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Ceemaoii namamu Yuumens — Bacuausa Cepeeeeuna Cmupnosa,
npogheccopa, unena-xoppecnondenma Axademuu nayk CCCP
nocesuwaemcs

BaaromapHbie aBTOpBI

NMPEANCIOBUE

VyeOHasg nucuuniauHa “Teopusi ynpyroctu M IUIACTUYHOCTU”
(1ubo “MexaHuKa CIUIOLIHBIX Cpef”), UMTaeMasl B 1IIECTOM CEMECTpe
cTyleHTaM, 00yJyalolIMMCcs 10 HampabieHusiM 551600“Matepuaio-
BeleHUe U TexHosiorust MatepuanoB” u 550500“Merannyprusi”, 3a-
BeplllaeT TaK Ha3blBaeMbIil MEXaHUUYECKUI LMK OOIIeMHXKEHEPHOMN
MTOATOTOBKM CTYACHTOB YKa3aHHBIX HaIlpaBIeHU MOCIe M3YYEeHHBIX
UMM paHee AucUUIINH “TeopeTnueckass MexaHuka” u “ConpoTuB-
JIeHUEe MaTepuayioB”.

OTIMYUTEIbHON OCOOEHHOCThIO OOJIbIIEH YacTh Y4eOHOU JuTe-
paTypbl IO TEOPUM YIIPYTOCTU Y TIACTUYHOCTHU (MJIUM MEXaHUKE CIUIOLI-
HBIX Cpe/l) SIBJISIETCSI OPMEHTUPOBAHHOCTD €e Ha HampasieHue “Crtpo-
WTeJIbHasl MeXaHuKa” U OJU3KUEe eMy, Ilie O0BbEeKTbl UCCIeIOBAHUSI—
JeTaIM MAlllMH M 3JIEMEHThI KOHCTPYKIIWI W COOPYKEHUI TIPU IKC-
TJTyaTallMOHHBIX Harpyskax.

Kypc nexkuumit mo “Teopuu ynpyroctv v miacTUYHOCTUA” JJIsI CTY-
JIEHTOB (DU3UKO-MeTalypruueckoro ¢axkyiabrera JIeHMHIpaacKoro
MOJUTEXHUYECKOT0 MHCTUTYTA (HbIHe— (aKkyJbTeT TEXHOJOTUHU U
uccienoBaHus matepuajio CITOI'TIY) ¢ akiieHTOM Ha uccliegoBaHUe
HaNpsKEHHO-Ae(OPMUPOBAHHOTO COCTOSIHUSI MaTepuaia B TeXHOJO0-
TMIeCKUX Ipolieccax 0OpabOTKM JaBJIeHUEM, TEPMUUYECKON 1 TepMO-
MexXaHU4YecKoi 00paboTKu ObLT moctasieH B 1950-x rogax npodecco-
poM B.C.CMUPHOBBIM, UMTaJICS UM A0 KOHLA >XKu3HM (1973 1.) 1 nanee
MOJAEPXKUBAJICS U pa3BUBajcs ycuausiMu yueHukoB B.C.CmupHoBa —
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npodeccopoB A.K.I'puroprsena u I'.C.KazakeBuya. B HacTosiiiee BpeMst
aKTMBHOE TBOPYECKOE YYacTUe B 9TOI paboTe MPUHMMAIOT TaKKe Mpo-
(eccopa A.M.Pyackoit u KO.U.PriouH.

JaHHasl KHWTra aapecoBaHa CTyJeHTaM M aclupaHTaM MO CIeLM-
AJTbHOCTSIM, MPEICTAaBICHHBIM B Ha3BaHHbBIX HAIpPaBJICHUSIX.

IpesuneHt CeBepo-3anagHoro OTAeaeHUs
AkaneMun MHXEHEepHbIX HayK PD,
JIOKTOp (DU3UKO-MaTeMaTUYECKUX HayK,
npogeccop B.B.PriOuH



I. TEOPHS HAITPSIKEHHY,
JTIED@OPMAITHI
H CKOPOCTEH JE®OPMAITHH

Thasa 1

HAIIPAKEHHOE COCTOAHUE TBEPAOI'O TEJIA

1.1. Hanpsokenne. Ten3op HanpszKeHuii

PaccMoTpuM TBepaoe Teao Mpou3BOJbHON (OPMBI. 3aMETUM, YTO
B KaueCTBE HOCUTEJISI OHSITHUS “TeJIo MPOU3BOILHOMI (DOpMBI” BO BCeit
y4yeOHOl JuTepaType C He3araMsITHBIX BpeMEeH M300paxkaeTcs Tejo B
¢opme orypua win Kaproumku. ITouemy He OBLIO BHIOpAaHO YTO-HM-
Oyab 3CTeTUUYECKU OoJiee TTpuBJeKaTeIbHOe— HeudBecTHO. Ham ocra-
eTCsl MPOJIOJIKATh MCMOJIb30BaTh 3TOT 00pas.

IlycTh Hallle MPOU3BOJIBHOE TEJIO B MPOCTPAHCTBE MPSIMOYTOJIb-
HBIX JEKAPTOBBIX KOOPAMHAT XyZ HAXOAUTCS B PABHOBECUM TIOA NEii-
CTBHMEM IPUJIOXKEHHBIX K HEMY BHEITHUX cui (puc. 1,a). nsa aHanuza
U OINMCaHUS JEUCTBUSI CUCTEMbl BHEIIHMX CUJ Ha JIloOylo 00JacTb
BHYTPH Tejia BOCIIOJIb3yeMCsl METOIOM cedeHMil. Pacceyem paccmar-
puBaeMoe TeJo MOBEpXHOCThbIO F Ha 1Be yactTu— A u B.

3aTteM yacTb A 0TOpOCHM, a ee IeMCTBUE Ha YacTb B 3aMEHUM CUJla-
MM, pacrpeaeICHHbIMU M0 CEYEHUIO F TaKUM 00pa3oM, 4TOObI YacTh B
ocTaBaJlach B paBHOBecuU. [l Tesia B LIJIOM CUJIbl B ceUeHUU F SIBIsi-
I0TCS BHYTPEHHUMU CHIaMH. B oOllieM ciiyyae BHYTpEeHHHE CHJTBI pac-
MpeAesItoTes 1o ceyeHuto F HepaBHOMepHO. Eciu Ha ajieMeHTapHylo
owaaky AF, BelIeJeHHY0 B cedyeHuun F, neictByet cuia AP, To npu
AF — 0 BBOAMTCS TIOHSTUE O 8eKMOpe HanpsjiceHus Ha TUIOIIAIKe

__dp
pv_dF'
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Puc. 1. IIpencraBiaeHue BeKTopa HaIpsKEHUs Ha IUIOLIANKE

3aech MHIEKC v 0003HaYaeT, YTO BHELIHSISI HOPMaJIb K TLJIOLIAIKe
uMmeet HampasieHue v. [Ipu 3Tom HamnpasiaeHue cuibl dP u, ciegoBa-
TEJIbHO, HAMPSIKEHUST P MOXET He COBMalaTh C HaIpaBJeHUEM HOP-
manu v (puc. 1,0).

Ecin Hale npou3BosibHOE TeJI0 HAXOAUTCS B MPOCTPAHCTBE KO-
OpIMHAT X)Z, TO TOJHOE HAIPsSKEHUE B TOM TOUKE Tesla, B OKPECTHO-
CTSIX KOTOpPOH BblaejieHa ruiolanka AF, MOXHO 3ajaBaTb U BEKTOPOM
HaIpsDKEHUST p, U NPOCKLMUSMU €ro Ha KOOPAUHATHBIE OCH, I10 OTHO-
LIEHNIO K KOTOPBIM, KakK K peOpaMm mapasuleenuIiena, p, TpencTaB-
JIsieT co0oi OOJbIIYI0 AMaroHallb, T.€.

2 2 2 2
pv - pvx +pvy +pvz'

HawnbGosee BaxkHOE 3HaU€HHWE B TEOPUU YIIPYTOCTH UMEIOT HaMpsi-
JKEeHUS, JEVCTBYIOLINE HA TIOIIAAKAX, MEPIIEHANKYISIPHBIX K KOOPIU-
HaTHBIM ocsM. Eciim HOpMaslb K IUIONIANKE MapasuiesibHa OCU X, TO
HaIpsDKCHUE p , NEMCTBYIOIIECE Ha 3TOW IUIOLIAIKE, PACKIIAIbIBACTCS
Ha TP COCTaBJSIOIIMX (pUC. 2), KOTOpbIE MPUHITO 0003HAYaTh TaK:
6 — HOpMaJjibHasl COCTaBJIAIOILAA (IEMCTBYET IO HANPABIEHUIO HOP-
MaJIM K TUIOLLAJIKE); T,, M T _— KacaTeJbHble COCTaBIISIOLINe (meicTBy-
10T B IUTOCKOCTHU TIJIOLIAAKM). AHAJIOTUYHO 151 TUIOLLAAKU, HOpMaJb K
KOTOpPOI mapajijieJibHa OCU ), UMEeM HabOp COCTaBIISIOLINUX Ty O Tys
a Juist IUIOLIAKK C HOPMAJIbIO, TTAPAJUICNIbHOM OCH Z, T_, T, O_.

Muaekcauus 3TUX HOPMaJbHbIX M KacaTeJIbHbIX HampsikKeHUn
MOJYMHEHA OYEBUIHOMY IMPABWIIY: MHAEKC HOPMAIbHOTO HarpsiKe-
HUs o, (I = X, y, 7) O3HAYAET, YTO JaHHOE HOPMAJIbHOE HAIPSKEHUE
JIEVCTBYET Ha TJIOIIAJAKE, MEPIIEHAUKYISIPHON K YKa3aHHOW MHAEKCOM
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Puc. 2. BeineneHHBI 13 HANIPSOKEHHOTO Tejla MaJlblid 3JIEMEHT
o0beMa, orpaHMyeHHbIN omaakamMu dxdy, dydz, dzdx,
MNepHeHAUKYISIPHBIMU OCSIM

OCH; MHJIEKChI KacaTeJbHOTO HAIpsDKeHus T, (i = Xy, yz, ZX) O3Ha4a-
10T, YTO JaHHOE KacaTeJIbHOe HaIpsDKeHUE IEeCTBYeT Ha ILIOIIaIKe,
MEePICHANKYJIIPHOM K OCH, YKa3aHHOM ITepBbIM MHICKCOM, B HaIlpaB-
JICHUH, TTapajule]IbHOM OCH, YKa3aHHOI BTOPHIM MHIEKCOM.

B uTore mosHOE omuMcaHue HAIIPSDKEHHOTO COCTOSIHUSI B OKPECT-
HOCTSIX TOYKHU TBEPIOro Tejia 00eCIeYyrMBaeTCsI CUCTEMOM U3 NeBATH
COCTaBJIIIONINX WJIM MHA4Ye— M3 JEBITH KOMIIOHEHT, COBOKYITHOCTh
KOTOPBIX 3aIICHIBAETCSI B BUIE MaTPUIIBI

Ox Txy Tz
T,=1tx 0, Ty (1)
Ty Ty O

Y Ha3bIBAETCS TEH30POM HanpskeHuid. Tensop Hanpsokenuii T, aBis-
€TCSI CMMMETPUYHBIM TeH30poM. CUMMETpHSI ero OOYCJIOBJIeHA TakK
Ha3bIBACMbBIM 3AKOHOM NAPHOCMU KACAMENbHbIX HANDANCCHUIL

T: =T

i =T (2)

Joka3aTeabCcTBO 3aKoHa (2) paccMmarpuBaeTcsl gajiee B IJlaBe .
31ech OH JaH 0e3 J0Ka3aTelbCTBa TOJIBKO IS TOTO, YTOOBI 0OOCHO-
BaTh CJICIYIOIIYIO 3alMCh TeH30pa HapsDKeHUI:



Oy Ty Tx
TH = . Gy Tyz ) (3)
. . o

Z

rue Toukamuy IokKa3aHo, YTo Ojarojgaps AEHCTBUIO 3aKOHa (2) numeer
MECTO CUMMETpPUsI T€H30pa HaNpsLKeHUN OTHOCUTENIbHO JUaroHaiu
HOPMaJIbHBIX HAMpsKEHU U 4To, ClieJ0BaTebHO, IS TIOJHOTO OMu-
CaHUS HaAMPSLKEHHOTO COCTOSIHUSI TEH30POM HampsKeHU HeoOXoau-
MO MMETb 3HAUYEHMSI HE NEeBATHU, a TOJIbKO 1IECTU HE3aBUCHUMBIX KOM-
MOHEHT TeHsopa T .

Hanee, Ha puc. 2, Ha IUIOLIAAKAX, NapaJIeJIbHBIX TeM, IIe Oeii-
CTBYIOT KOMIIOHEHTbI T€H30pa HaMNpPsLKeHWM, U OTCTOSIIMX OT Toce-
JTHUX Ha MaJible pacCTOSIHUSA dX, dy, dZ BIOJIb COOTBETCTBYIOILIMX KOOP-
JUHATHBIX OCei, yKaszaHbl MpUpalleHUs HaIpsIKeHUM, KOTopbie
0003HauYeHbI KaK do, u drij. Takum oOpa3zoM, HampsLKeHUST HA 3TUX
MUIollaKaXx B paccMaTpuBaeMOM OOllleM ciydyae HaIpsKeHHOIo Co-
CTOSTHMSI OKa3bIBAalOTCSI HECKOJIBKO OTJIMYAIOIIUMUCS T10 BEJIMUMHE OT
KOMIIOHEHT TeH3opa 7. OnucaHue U yyeT STUX TpUpalleHii Harpsi-
JKeHUI paccMaTpuBarOTCs B IJ1aBe 5.

1.2. HanpszkeHnsi HA MPOM3BOJILHO
OPHEHTHPOBAHHOM IIOMIAIKe

OmnpenennM HaIpsSKEeHUsS Ha MPOU3BOJILHO OPUEHTUPOBAHHOMN
TUTOLIAAKe, MTPOXOsIIe yepe3 TOUKY TBEPAOIo Teja, B OKPECTHOCTSIX
KOTOpOI HarpsixkeHus 3agaHbl TeH30poM (1). To ecTb uepes 3agaHHbIE
KOMITOHEHTbI TE€H30pa HampsKeHWH, NEWCTBYIOLIME Ha TUIOLIAaKaX,
MePTIEHANKYISIPHBIX KOOPAWHATHBIM OCSIM, BBIPA3UM HATPSDKEHUS,
NEHCTBYIONINE B HATIPSDKEHHOM TeJIe Ha TUIOIIAIKE, IIPOU3BOIBHO OPH-
EHTUPOBAHHOI B MPOCTPAHCTBE KOOPAMHATHOro Oasuca Xxyz, Clelbl
KOTOpOI Ha KOOPAMHATHBIX TIIOCKOCTSIX 00pa3yloT HEKOTOPHII Tpey-
rofbHUK ABC momaneio F, (puc. 3). INonoxenue romanku ABC
orpenessaeTcss HOpMaJIblo v, a HampaBlIeHHe vV MOXET OBITh 3aJaHo
TpeMsl HanpaBISIOLIMMUA KOCUHYCaMU:

[ = cos(x,v), m=cos(y,v), n=cos(z,v). 4)

ITnowanka ABC v Tpu B3aUMHO MEPNEHAUKYISIPHbIC TUIOLIAIKHU
BOC, AOC u AOB, nexaliie Ha KOOpAWHATHBIX TJIOCKOCTSIX, 00pasy-
101 Tetpasnp OABC. Eciu TBepaoe Teo B LIeJOM MO NIeHCTBUEM MPU-
JIOXKEHHBIX K HEMY BHEIIHMX CHUJ M BbI3BAHHBIX MUMU HaIpsLKeHUM



Puc. 3. Hampskenust Ha mpou3BOJIbHO OpUEHTUPOBAHHOMN
momanke ABC

HAXOIUTCS B COCTOSTHUM PaBHOBECHS, TO B PaBHOBECHUM OyIET HaX0-
JIUTHhCS U MpUHaMIexXalluii aTomy tesry terpasap OABC.

W3 ycnoBus paBHOBeCHs TeTpasapa CemyeT, 4TO CyMMa ITpOeK-
LM BCEX CMJT Ha KaXKIyIo M3 KOOPAMHATHBIX OCei JOJKHA OBITh paBHA
Hymo. [lepexonst oT HANpsSLKEHUN K CUjIaM, T.e. YMHOMXKasT HaIlpsbKe-
HUS Ha BEJIMYMHBI TUIOIIAACH, IO KOTOPBIM OHH IEMCTBYIOT, M TIPOCK-
THUPYS 3TH CHJIBI HA OCh X, TTOJTYIUM

pvsz = Gxe + Tnyy + TZ)CFZ’
tne Sypc = F; Spoc = Fx = KI5 Sqoc = F, = Em; Syop = F, = En.

Ecnu aHasiornyHo 3anucarh yCJAOBUSI paBEHCTBA HYJIIO CYMM IPO-
eKLUI BCEX CUJI Ha OCU y U Z, TO NOCJIE COKpalleHUs Ha F, monydum
BbIpaXKEHUs JJIS1 MPOEKIIMI Ha KOOPAMHATHBIE OCH MOJHOTO Hampsi-
JKEHMSI, NEeMCTBYIOIIErOo Ha MPOMU3BOJIBLHO OPUEHTUPOBAHHOM IJIO-
mwanke ABC:

Py = Ol + T m+ 1.0,
Py =Tyl +oym+1,.n,

(&)

Py; = Tl +1,m+0 0.



Teneps JIETKO ONPENENTUTD TIOJHOE p , HOPMAJILHOE G, U KacaTellb-
HOE T, HalpspKeHus Ha riowanke ABC:

Dy =AlPE + Pv2y + pfz — Ompeensdercsl Kak Oosblias AMaroHalb
napajuieNenumnena, pebpaMu KOToporo ABJISIOTCS TIPOEKLMUK p, HA OCH

KOOpIMHAT;
Oy = Pyl + pyym+ p,.n — onpezensieTcs Kak cyMMa MPOeKLUit p,
Ha HOpMaJlb V;

T, = N pvz - 03 — onpenensiercs o dopmyne Iudaropa Kak He-
M3BECTHBIN KaTET MPSIMOYTOJIbHOTO TPEYTOJIbHUKA 10 U3BECTHBIM TH-
IMOTCHY3C M APYIOMY KaTeTy.

1.3. I'naBHbIe HOpPMAJIbHBbIE HATIPSZKEHHUS.
DJUIAIICON]T HANIPSIKEHHT

J1)1s1 000CHOBAaHHOTO BBEICHUS ITOHSTHUI, ITOCTaBJIIEHHBIX B 3aro-
JIOBOK, TOKaxkeM CHayajla TeopeMy KJIACCUYECKOW TEOpUM YIIPYroc-
TU— Meopemy 0 CYUWeCme08aHuu 2Aa6HbIX NAOUAOOK.

Ilycth yepe3 Touky C HaIPSZKEHHOI'O TBEPIOTO Teja, CBI3aHHOTO
C KOOPIMHATHBIM 0a3MCOM XyZ, IPOXOIMT ILIOMIAAKA C HOpMaJIbIO v (/,

m, n). OTJIOXUM BIOJIb 3TOW HOpMaiu BekTop 1/./tc,. Takyto 3a-

NUCh MOAYJSl BeKTOpa OyaeM MOHMMATh CIEIYIOLIUM 00pa3oM: MO
PaZMKaJIOM UCIIOIb3YEM 3HAK “ILIOC”, eciu 6, > 0, 1 3HaK “MMHYC”,
ecin o, < 0. Torga moaKOpeHHOE BBIPAXEHME BCETA MOJOXUTEIBHO,
W JUIMHa BekTopa (MOIyJib BEKTOpa) MpelncraBisieT coboil neicTBuU-
TeJbHOE uncio. KoopanHaTel KOHIIAa BEKTOpa 0003HAUMM rpeyecKuMu
oykBamu & [kcu|, n [aTTa], C [3971a] (pHC. 4):

£= [ _om

- Jto, 1= IO, ’
¢ = n

_,/icv

l=\/£§, m=/to, n, n=.*o, . (6)

Bocnionb3yeMcs BeIpaxXeHUEM Ul 6, U3 pasaena 1.2 u ypaBHeHU-
amu (5):

150878

o, = Pyl + DPyym + py.n = (o, + Ty + Ty M)+

+Hyl +o,m+ 1, mm+ (Tl +1,,m+ 6, n)n.
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A)’

1/4*o, v (I, m, n)

O

Z

Puc. 4. K TEOPEME O CYHICCTBOBAHMM TIJIABHBIX IJIOLIAJOK

P aCKpbIB CKOOKU 1 IIpUBEOA Moa00HbIE YJICHBI, IOJYYUM

2 2
+0,n° + 21, Im + 21, mn + 2t 0l

2
o, =0,l" +o,m
Ecnu B nocineiHee paBeHCTBO MOACTaBUTh BbIpaxeHUst (6), To rmoce
COKpalLIeHHWs BCEX YWIEHOB Ha G, MOJYYMM ypPaBHEHME TOBEPXHOCTH,

ONKCHIBAEMOM KOHIIOM BEKTOpa l/diGV IIpHU BpalllCcCHMM BO BCEX Ha-
IpaBJICHUAX OKOJIO TOYKH C mIoLIAIKH ¢ HOPpMAaJIbIO V:

cxﬁz + csynz + Gzcz + 21,80 + 21, 0 + 21, L8 = 1. (7)
W3 aHanMTHYeCKOi TeOMETPUU U3BECTHO, YTO YpaBHEHUE TaKOTO
BUJIA SIBIIICTCS YPAGHEHUEM UCHMPAAbHOU NOBEPXHOCIU GMOPO20 NOPS0-
Ka, KaKOii MMEHHO— HaM IIPeJICTOMT YCTaHOBHUTh najee. A ceiiuac
BCIIOMHUM [OKa3aHHOE B aHAJUTUYECKONW TI'€OMETPUM ITOJIOXKCHUE
(1 BOCIIOJIb3yeMCsI M), YTO JUISI IIECHTPaJbHOM ITOBEPXHOCTH BTOPOIO
MOPSIIKA CYIIECTBYIOT TaKWe TPM B3aUMHO TICPIICHIUKYJISIPHBIC OCH
(o603HauuM ux I, 2, 3), Ha3bIBa€MbIE 24a8HbIMU OCAMU, B KOTOPBIX 3Ta
ITOBEPXHOCTh BBIPAXKAETCSI YypaBHEHUEM
0,82 + on? + 0507 = £1. (8)
IIpeBpaiieHue ypaBHeHus (7) B (8) BO3BMOXHO JIMILIb B TOM CITy-
yae, eCJIM Ha ILIOIIAaKax, IepIeHANKY/ISIPHBIX IJIaBHBIM OCsIM 1, 2, 3,
KacaTeJIbHble HalpPSKEHUs OTCYTCTBYIOT, T.€. T, = T,, = T, = 0.
TakuM 00pa3oM, MBI JIOKa3alu TCOPEMY: uepe3 Kaxucoy MmMOoUKy
HANpsIICeHH020 meaa 6ce20d MONCHO NPoGecmu Mpu MAKUX 63auMHO Op-
MOCOHANbHBIX HANPABACHUS, KOMOPble XAPAKMEPUIYIOMCS MeM, 4mo Ha
nAOWAOKAX, NePNeHOUKYAAPHLIX K HUM, KACAMeabHble KOMNOHEHMbl Ha-
NPSIICEHUS. PABHDI HYAH0.
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OTU TUIOLLAKY HA3BIBAIOTCS 2AAGHbIMU NAOUWAOKAMU HANPAICEHUL,
a HamnpspKeHusl, JEWCTBYIOLIME HAa HUX,— 2AAGHbIMU HANPANCEHUAMU.
W3 onpeneneHus: ciaeayer, YTO TJaBHbIE HaMpsKEHUsT HOPMasbHbI
K IJIaBHBIM TUIOLIaAKaM. MTHAeKCUpOBaTh IIaBHbIE HAMPSIKEHUs MpU-
HSITO C YYETOM COOTHOLIEHUSI

0| 2 0, 2 03, 9)

T.€. €CJIM OHM HE PaBHBI MEXIY CO0OIi, TO 6, HauboblIee, a G, Hau-
MEHbllIee TJIaBHOE HampsiKeHue.

TIpeanonoxum Tenepb, YTO OCU KOOPAMHAT X, ), Z COBIIAJAIOT C
m1aBHbIMU ocsiMu 1, 2, 3. Toraga OyieM UMETh CAeAyIOLIMe BbIpaKeHU s
JUISl KOMITOHEHT TIOJIHOTO HAIPSDKEHUS P

Pyx = Dy1 = Gll’ Pyy = Py =6M, Dy, = Py3 =034, (10)
OTKyJa
P _ g P2, P,
o, | ©, "o

Vicrionb3ysi M3BECTHOE PAaBEHCTBO, CBSI3BIBAIOLIEE KBAIPAThl Ha-
TMPABJISTIOLIMX KOCUHYCOB
P?+m?+n? =1, (1T)
MOJIYYMM YpaBHEHUE TTOBEPXHOCTH, OIMCHIBAEMON KOHIIOM BEKTOpa
TIOJTHOTO HATIPSDKEHUS B IIPOCTPAHCTBE TJIABHBIX OCEIA:

P My & + P 1
2 2 2 T
6 63 63
OTO ypaBHEHME 3JUIMIICOUIA, KOTOPbI HA3bIBAETCS 34AUNCOUOOM
Hanpsaxcenuld W aaauncoudom Jlams B yectb I'abpuans Jlama (Gabriel
Lamé, 1795—1870), kpynHoro yueHoro-mMaremMaTruka U MexaHukKa, Ko-
TOpBII BBEJ 3TOT 00pa3 B Teopuio. [Tojyocu ayumncouia Hampsoke-
HUI paBHbI G|, G, ¥ G,. PUC. 5 mokasbIBaeT, YTo JIt000ii pagnyc-BEKTOp
p, TOYKM Ha MOBEPXHOCTHU dyiuIiconsa Jlams uMeer BETMUMHY Tae-TO
MEXIY G, U G, B COOTBETCTBUU ¢ COOTHOIIEHUEM (9). ITpu aTOM BCe p,,
KpOMe€ TJIaBHbIX HaMpsDKeHWU, pacrojoXeHbl He MepHeHAUKYISIPHO
K IJIOLIAJKaM WX JEUCTBUSL.
PaccMoTpuM /1Ba YaCTHBIX Ciydasl JUUIMIICOMIA HAaMPSKeHUM.
l.o, > 6, = 0,— DJUIMIICOMI HAIPSKEHUI B IJIOCKOCTH, I€p-
NEHIUKYJIAPHON G, UMEET KPYrOBOE CEYEHHUE; HATIPSIKEHHOE COCTOS -
HUeE Tesla ¢ TAKUM COOTHOLIEHWEM HampsiXKeHUI Ha3bIBaeTCS YUAUHO-
DPUYECKUM.
2.0, = 0, = 6, = 0,— SJUIMIICOM] HANPSKEHUI MpeBpaIlacTCcs
B chepy; HANpsDKEHHOE COCTOsSIHUE Ha3bIBaeTcs cghepureckum. Tak Kak
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3 =5 =c.=
0-1 02 0-3 p v

Puc. 5. Bununcoun Puc. 6. Chepuueckoe
HanpssKeHUI HaIPsDKEHHOE COCTOSTHUE

B cepe JtoOble TPU OPTOrOHAJIbHBIX HampaBieHUs MOTYT ObITh MpPU-
HSITBHI 3 IVIaBHBIE, TO BCE IUIOLIAAKU, IPOXOISIINE Yepes3 o0y ToU-
Ky cepruecKy HAIpPSKEHHOIO TeJia, SIBJISIIOTCS IJIaBHBIMU (puc. 6).

Ecinu TeH30p HanpsiKeHUil B MIaBHBIX OCSIX, OYEBMIHO, 3aIUChI-
BaeTcsl B (hopme

O] 0 0
7,-10 o, 01, -
0 0 O3

TO €ro YacCTHBIN Clydail, Korma 6, = 6, = ©
cghepureck02o VN Wapogo2o meH3opa

= 0, HOCUT Ha3BaHHC

Op O 0
0 _
7" = 8 cz)o 0L (13)
Op

TTonsiTueM cgepruueckoro TeH3opa Mbl Jajee BOCMOJIb3yeMCs; a
rnoka oopaTuM BHUMaHKUE Ha TO, YTO (PU3NUYECKUM COJEepPKaHUEM 3TO-
IO TIOHSATUS SIBJISIETCS HAIPSIKEHHOE COCTOSIHUE JIMOO BCECTOPOHHEro
PaBHOMEPHOTO pacTskeHus (pu o, > 0), MO0 BCECTOPOHHETO paB-
HoMepHoro cxartus (rmpu 6, < 0). Bo BropoM ciyyae 6, Ha3bIBaeTCs
eudpocmamuueckum oasaenuem. Cienyer MOoAYEpPKHYTb, YTO MPU BCe-
CTOPOHHEM PaBHOMEPHOM PACTSDKEHUM WX CxXaTuu ¢opmMa Harpsi-
JKEHHOTO TeJla He MEHSIeTCS, TIPOUCXOAUT JIMIlb 00paTuMoe (yrpyroe)
U3MEHEHUE 00beMa: yBelnueHne oobeMa mpu 6, > 0 U yMEHbIIEHUE
npu o, < 0. Heo6xoaumo TBEpIO 3alIOMHUTD, YTO cheputecKuil meH30p
HanpsadjceHull ONUCvLI8aem HAnNPaICeHHOe COCMOsHUE, Gbi3blearoujee usme-
HeHue 00veMa HanpsjiCeHHo20 meaa 6e3 UsMeHeHus e20 Popmul.
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1.4. NuBapuanThbl
TEH30pa HANPSKEHUI

BbIpasyM KOMIIOHEHTHI ITOJTHOIO HAIpPSDKEHUsI Ha HAKJIOHHOM
IUIOIAAKE C HOPMAJIbIO v Yepe3 IJIaBHOE HaIlpsiKeHUE, KOTOpoe 000-
3HAYMM CHMBOJIOM G

Py =0l =0l +1,m+1,mn,
Py =om=1,l+c,m+1,mn,
Py, =on=1,l+1,m+o,n,

NN, NMEPpEHOCA BCC YJICHLI B OOHY CTOPOHY, ITOJYYUM

(6, —o) +1,,m+1,n=0,
Tyl + (6, —o)m+1,n=0,

Tl t1ym+ (o, —o)n=0.

B nocnenHux ypaBHeHUSIX Ha OCHOBaHMM paBeHcTBa (11) He Mo-
I'YT OMHOBPEMEHHO DPaBHSITHCSI HYJIO BCe TPU HEU3BECTHBIE [, m U A.
ITosToMy IOIyYeHHasT CUCTeMa TpeX JMHEWHBIX OMHOPOIHBIX YpaBHE-
HUI ¢ HEU3BECTHBIMU /, m, n MOJDKHA UMETh HeHyaegvie peuierus. Ciie-
JOBATEJILHO, OIPEACIUTENIb CUCTEMBI JOJDKSH PaBHSITHCS HYITIO:

Oy =0 Ty Tys
Ty 0,-6 T, [=0
T T, O0,—O

PackpbiBas onpeneuTeb, MOIyYUM KyOnyecKoe ypaBHeHHE, KOp-
HAMU KOTOPOTo OyAyT IJIaBHbIE HANPSXKEHUSA G|, O, U O

o’ —c’[y(T) + o LL(T,) - I5(T,,) = 0, (14)
rae 0003Ha4eHO
I,(T,) =0, +0, +0,,
[2(TH)=GXGy+GyGZ +Gzcx—r§y—riz —rﬁx, (15)
I;(Ty) =0,6,6, +27,,T,, T, — eriz - csy'cza - cszriy.

ITockoabKy TaBHbIe HAMPSIKEHUST HE MOTYT 3aBMCETh OT BhIOOpaA
ocelf KOOpAUHAT, TO B MOJYYEHHOM KyOMYeCcKOM YpaBHEHUM KOdGhdu-
uueHtel /[, [, 1 CBOOOMHBIN 4ieH [, TaKXKe HE 3aBHMCAT OT BbIOOpA
KOOPAVMHATHON CHCTEMbl M NOJKHBI OBITH MOCTOSIHHBIMM, €CJIM Ha-
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MPSKEHHOE COCTOSIHUME Tejla He M3MeHsieTcsl. ToJIbKO B 3TOM cilyvyae
KyOuyeckoe ypaBHeHue (14) Oyaer MMETh MOCTOSIHHBIE KOPHU G, G,
c,. Ha ocHoBanuu usnoxenHoro [, I, u I, iHBapUaHTHBI, T.€. HE
3aBUCSAT OT BbIOOpa KOOpPAMHATHOrO 6a3uca, MO3TOMY UX U UMEHYIOT
WHBapUaHTaMM TeH30pa HaIpsiKEHUI:

I, (T )— nepBblii, WX JIMHEAHBIA WHBAPDUAHT TEH30pa Harpsi-
KEeHUIA;

I, (T )— BTOpOM, WIM KBaApaTUYHbIA MHBapMAaHT TEH30pa Ha-
TIPSIKEHU;

I, (T )— Tperunii, iy KyOMYECKUI MHBApUAHT TEH30pa HaMps-
KeHUI.

Ecin 00bIuHBIE OCU KOOPAMHAT X, ¥, Z COBIAAIOT C IIaBHBIMU 1,
2, 3, TO Bce T, = 0, u uMeeM cieaylolle BbIpaXkeHUsi MHBaApUaHTOB
yepe3 IaBHbIe HaIpsKeHUsI:

[l(TH) =0p +02 +G3,
12(TH)=0102 +(52(53 +G3Gl, (16)
](TH) = 010,03.

CBolicTBa MHBApMAHTOB— HE3aBUCUMOCTb OT BbIOOpA CUCTEMBI U
Mpeodpa3oBaHusl KOOPAMHAT— JeJal0T MHBApUMAHThl TEH30pa Harpsi-
JKEHUI OCHOBHBIMHM XapaKTepUCTUKAMMU HaMpPsSKEHHOTO COCTOSIHMS
necdopMupyemoro teia. OueBUAHO, UTO J10Oble BbIPaXKEHMSI, COCTaB-
JIeHHbIE U3 MHBApPUAHTOB, TakXe OyayT MHBApUAHTHbBIMMU.

1.5. HaunoOoJpimue
KacaTeJIbHbIC HANIPS2KCHUA

Mbl onpenenwiu B pasaene 1.3 opyMeHTalUMIO IIaBHbIX MUIOLIAI0K
Y TJIaBHBIX HOPMAaJIbHBIX HaIpPsDKEHUI, AEHCTBYIOIIMX Ha 3TUX IJIO-
mwankax. KacarenbHble HampskKeHMsI HA HMX paBHbI Hymto. Haiigem
Terepb OPUEHTAIIMIO TaKMX TUIOIIANO0K, HAa KOTOPBIX IEUCTBYIOT HaM-
OoJIbllIMEe KacaTeIbHbIC HATIPSIKEHUSI.

ITycTh B OKPECTHOCTSIX HEKOTOPOI TOUKM Tejla OCHM KOOPAWHAT
COBMANAIOT C MIaBHBIMM OCSIMM HampsikeHuil. Torma ¢ yderom (10)
MOJYYUM CJIEAYIOIINE BhIPaKEHUS 111 HOPMAJIBHOTO M KacaTeJabHOIo
HaNpsDKEHUI Ha MPOM3BOJIBHO OPUEHTUPOBAHHOMN TJIOLIAAKE C HOP-
MaJibio V:

G, = Pyl + Py + py3n = 6,17 + 5,m* + 031, (17)

2 2 2 2 2 2 2
T, =Py — Oy, TIE py =Py + Pyt Diss
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OTKyJa

w2 = 6% + o3m? + o3n® - (6, + 5,m* + o3n°)>. (18)

s pelieHUs MOCTaBAEHHON 3aauyyd Hal0 HAWTW Takue 3Haue-
HUsI HAaIlPaBJIAIOIIUX KOCUHYCOB [, m, n, IpU KOTOPBIX T, IPUHUMAET
SKCTpeMalibHble 3HaUeHUsl. To ecTb Haj0 uccienoBaTh pyHKLMIO (18)
Ha 3KCTPeMYM OOBIYHBIM, TPAAULIMOHHBIM CIIOCOOOM: COCTaBUThH €€
MPOM3BOJIHBIE MO HATIPABJISIOLIMM KOCUHYCaM, MPUPABHSTD UX HYJIIO
U PEeLIUTb MOJYyYEeHHbIE ypaBHEHUSI OTHOCUTEIbHO HaMpaBJISIOLIMX
KOCUHYCOB. 3amaya objierdyaercsi TeM, YTO M3 TpeX HampaBIsIOLIMX
KOCHUHYCOB HE3aBUCHMMBbIMU SIBJISIIOTCSI TOJILKO JBa M3-3a CYLIECTBO-
BaHus Mexay Humu cBsidu (11). TToaTomy BHavasne ciienyeT UCKIIO-
YUTh U3 QyHKUMU (18) ONMH U3 HAMPaBISIOLIMX KOCUHYCOB, HAIpU-
Mep, 1, BbIpa3uB ero yepes aBa apyrux. [loactaBus B (18) BeipaxkeHue
n?=1— P — m?, noryunm

T, = (67 ~6)I* +(03 ~o})m’ +03 - (19)
—[(oy _53)12 + (o, _03)’”2 +03]2-

Ternepb cOCTaBUM IIPOU3BOIHBIE MOCISIHETO BEIPAXKEHUSI 110 [ U m
U IpUpaBHsIEM UX Hyao. [lomyduM nBa ypaBHEHUSI, OIPEHCIISTIOIIIX
IMOJIOKEHUSI TUIOIIAN0K, Ha KOTOPBIX KacaTeJIbHOE HAMPSDKEHUE TI0JTY-
yaeT MaKCUMaJIbHOE MJIM MMHUMAaJIbHOE 3HAYCHUE!

10, =) + (0, =03 =2 (0~ 03)] =,

m (o, —03)12 +(0; _03)’"2 —%(02 -063)]=0.

OpHo 13 pelleHuit nmoiyyaercst npu [/ = m = 0, Torga n = 1; 310T
Habop 3HAYEHWI HAIPABJIIIOIIMX KOCHHYCOB OIPEIC/ISICT ITOJIOKEHUE
OITHOM M3 IMIaBHBIX ILIOLIANOK, HAa KOTOPBIX KacaTeJbHOE HaIpsbKeHUe
MUHHMaJIbHO— PaBHO HYJII0. Ecii 1mooxXuTh To16K0 /= 0, TO 110 BTOPOMY

ypaBHEHUIO HaxoauM m = +,/1/2, u torna n = +,/1/2; npuuss m = 0,

10 TEPBOMY YPaBHEHUIO MonyuyuM [ = +,/1/2, u Torna n = i\/l/_2 . Ot
BBIKJIQJIKU CJIeIyeT MOBTOPUTh, UCKIOUas U3 ypaBHeHMs (19) cHavana m
MyTeM MOACTAHOBKM m? = 1 — [? — p?, a 3aTeM aHAJIOTMYHO, UCKJTIOYas /.
B wurore nonyuum 12 komMOMHaLMI 3HAUEHUIT HAMPABJISIOLIMX KOCUHY-
COB, ONPEICSSIONINX MOJIoXKeHre 12 TUIoIamoK, Ha KOTOPBIX KacaTeslb-
Hble HaIpsLKeHMST JIMOO PaBHSIIOTCS HY/IO (IJIaBHbIE TUIOLIAAKU), JIMOO
JIOCTUTAIOT HauOoJbLIMX 3HaYeHuit. Ha puc. 7 mokazaHbl Tpu Naphbl IJ10-
170K, T.€. LIECTh IJIaBHBIX, 4 HAa PUC. 8— TPU Taphl IUIOLIAAOK, Ha
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=21, m=n=0; m==x1;, I=n=0; n==x1;, I=m=0;
1=0; 6=o0, t=0; c=o0, 1=0; c=o,
3 3 43
A (100) (001)
[
L~
(010)
T = ! i |
2 2 2

Puc. 7. OpI/IeHTaHI/IH TJIaBHBIX IJIOIIAJ0K W BEJIMYMNHA HeﬁCTByIO]J.[PIX
Ha HHUX HaHpH}KCHI/IfI

KOTOPBIX JCMCTBYIOT HaMOOJIbIIIE KacaTeJbHble HampsokeHus. [locite-
JTHUE JIEJISIT IOIoJIaM IPsIMbIe TBYTPaHHbBIE YIJIBI MEXTY IJIaBHBIMU ILTO-
mankamu. Ha puc. 7 u 8 opueHTalMy TUIOIIAIOK TOTIOHUTEIBHO YKa3a-
HBI MHIEKCaMy Muyuiepa, IpMMEHsSIeMBIMU B KpUCTaJIOrpaduu.

1=0; m=n=\1/2; m=0; l=n=1/2; n=0; l=m=1/2;
0y~ 03); T31=i%(63—01); rlzzi%(cl—cz);
S(o11) = 5 (02 +03) S(101) = %(03 +01) S(110) = %(01 +03)

3 3

(110)

(110)
A

Puc. 8. OpueHTaIus TUIOIIAI0K, Ha KOTOPBIX ACMCTBYIOT HauOOJIbIITE
KacaTeJIbHbIe HAIIPSKEHMsI, ¥ BeIMYMHA HAPSDKEHU Ha HUX

INoncraBuB 3HaYeHMST HATIPABJISIIOIINX KOCHYCOB, OIPEIEIISTFOIIIX
MOJIOXKEHME BCEX OTUX IUIOLIAA0K, B BeipaxkeHus (17) u (18), Haxoaum
3HAYCHUST HOPMAJIbHBIX M KAacaTeJIbHBIX HAIPSDKEHWI Ha BCEX IBEHA-
LIaTH IJIOIIAaKax. B yacTHOCTH, MCKOMBIE 3HaUeHMSI HAMOOJIBIINX Ka-
caTeJIbHBIX HaIIPSDKeHUI (KOTOphIE MHOIA B JIMTEPAType UMEHYIOTCS
2NABHBIMU KACAMEAbHbIMU HANPANCEHUSMU) TIOTYJAIOTCST TAKUMM:

1 1 |
Ty = i§(01 —063), T3 = i5(('52 —03), T3 =i5(°3 —01)- (20
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OTMeTUM, YTO Ha OCHOBAaHUU COOTHOLIEHUs (9) MakCUMaIbHBIM
U3 TpeX HauOOJIbLIMX KacaTeJbHbIX HaNpPsKEHUN sABiseTCs T,,. [eii-
CTBYIOLLIME HA 3TUX IUIOLIAAKAaX HOPMaJbHbIE HAMPSKEHUST BbIYMUCIIS -
10TCs 1o (popMyJiaMm, TIPUBEAEHHBIM Ha puC. 8.

1.6. OKTasapuyecKue HANPSKEHUS
¥ MHTEHCHBHOCTH HANPSDKEHMI

OKTasApUUeCKUMM HA3bIBAIOTCS HATIPSIKEHUSI, AEHMCTBYIOIIME Ha
TiolaaKax, HopMajiu KOTOPbIX PaBHOHAKJIOHEHbI K TJIaBHBIM OCSIM
HanpsokeHuit 1, 2, 3, r.e. [=m=n= 1/ V3. Tlonusiit Habop 3TUX
IUIOLIA0K, KOTOpble 0003HavYalTes nHAeKcaMu Muiepa kak {111},

[ U g

Puc. 9. HopmanbHoe
M KacateJIbHOe HaIpsDKeHUst
Ha OKTa3ApUIeCKON TUTOIIAIKe

IpeICTaBIsIeT cO00i BOCeMb I'paHeit
okTaszapa. IlycTh ocu KoopauHAT Ha-
IIpaBJieHbl II0 HOPMaJsM TIJIaBHBIX
IUIOIAA0K, T.€. BAOJb TJaBHBIX Ha-
npskeHuit (puc. 9). KomMmoHeHTbI
IOJIHOTO HAIIPSIKEHUST B 3TOM CJIydae
BbIpaxawTcsi cooTHoweHusimu (10), u
IUIST TIOJTHOTO HANpSDKEHWs] Ha OKTa-
3IPUYECKOM TUIOIIANKEe UMEEeM ypaB-
HEHHE
P = o+ P 4y = (0 + 0} + ).
J1s1 HOpMaJTbHOTO HAIIPSDKeHUST Ha
TOM K€ IIIOIAIKEe TOIyIM

Gy = Ogyr = 6112 +c52m2 +03n2 = %(01 +0,+03) = %Il(TH)

150)878

o

=0¢p, 21

OKT

T.€. HOpMaJIbHOE HaMPsDKEHNE Ha OKTa3IPUUYSCKON TTOIIAIKE PaBHSI -
€TCSI CpemHeMY HOPMAaIbHOMY HAMPSKEHUIO TSI TAaHHON TOYKMU.
J1s1 KacaTeIbHOTO HAIIPSDKeHUs Ha OKTadApHYECKON TIIOIIamKe

nMeEeM

150)878
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OKT

172

1l 5
=—(cf +
3,(51 o

OKT

2
2

_ 2 2
=Py ~Ooxr

1
+03) - 5(01 +0,+03)°%



PackpbIB CKOOKM, MOJYUYUM

2 2.0, 2. 2
Tokr = §(01 + 03 + 03 — 6,0, — 0,03 — 030)), (22)

OTKyZIa

1 2 2 2
Tokr =§\/(01 -6,) +(06,-03)" +(03-0y)". (23)
IMomcraBisist BMECTO pPa3HOCTEN TJIaBHBIX HAMPSIKEHUI TTOTyJIeH-

HbIe BbILIE 3HAYEHUS HauMOOJNbBIIMX KacaTeJdbHbIX HampsikeHuii (20),
BbIPAXKEHUE I T, MOXHO IPEICTaBUTh TaK:

2
Toxr = 3 VTh + T + T (24)

OKTasapuIecKoe HaIIPsDKEHNE MOXKHO TaKsKe IIPEICTaBUTh BhIpa-
JKEHHMEM, COCTaBJICHHBIM 13 MHBApUAHTOB TEH30pa HaIlpsokeHuit. Bme-
cro (22) nonyyum

2 = %[IRTH) 3T, (25)

Ecim nepeitTu OT IJIaBHBIX Oceif K OOBIYHBIM, T.€. ITOJACTaBUTH B
(25) BBIpaXkeHUST MTHBAPUAHTOB Yepe3 KOMITOHEHTHI HalIPsDKEHMIA, e -
CTBYIOIIIMX IT0 OOBIYHBIM (HE TJIaBHBIM) OPTOTOHAJIBHBIM ILIOIIAIKAM
(15 ), To monyuum

1
Topr = 5\/(0)( - (sy)2 +(0, - csz)2 +(o, - csx)2 + 6(’530, + riz +'c§x). (26)

ITockoybKy BHIpaxkeHUsI, COCTaBJICHHbIC M3 MHBApUAHTOB, CaMU
VHBapMaHTHbI, YUCIEHHOE 3HAYEHUE T HE 3aBMCUT OT BbIOOpaA WM
rpeobGpa3oBaHMs KOOpArHAT. To ke OTHOCUTCSI ¥ K HOpMaJIbHOMY OK-
Ta3APUICCKOMY HAIPSDKEHUIO.

OmHako B MeXaHUKe ITe(opMUPYEMBIX Cpell OOJIbIIE YaCThIO UC-
TITOJIB3YIOT HE CaMM OKTa3IpMUECKUe HAIIPSDKEHUS, a IIPOTIOPIIMOHAIb-
HbIE UM CJIeYIOLIYE XapaKTePUCTUKU, KOTOPbIE B ONPEaeIEHHOM CMbIC-
JIe OKa3bIBAIOTCS YIOOHBIMU.

1. Obobwennoe nanpsajicerue uau UHMEHCUGHOCHb HANPANCEHUU G:

3
0; = ﬁrom . (27)

Yno06cTBO BBeOCHUS G, BMECTO T_ 0OBSICHSIETCS TEM, YTO OJIA
OIHOOCHOTO pacCTAXCHUA UM CXKaTuA, Korga OTINYHO OT HYJIA TOJIb-
KO OOHO IJIaBHOC HANPAXEHUEC, HAIIpUMEDP O,, MHTCHCMBHOCTb Ha-
IPAXKCEHNM CTAHOBUTCA paBHOM 9TOMY €AMHCTBCHHOMY HAIIPAKCHUIO,
T.. 6, = O,. 3910 y,I[O6HO IIp1 BBEACHWU B PACUYCTbhI SKCIICPUMCHTAJIbHbIX
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JAaHHBIX, ITOJYYa€MbIX UMCHHO IIPpU CTAaHAAPTHBIX UCIIBITAHUAX MATEC-
puajJoB Ha OJHOOCHOC pPaCTAKCHUEC.

2. HumencusHocms KacamenbHbix Hanpﬂwcenuﬁ

3
T = ETOKT . (28)
[1py1 0AHOOCHOM PACTSKEHUM WM CKATUU G, = G,, 6, = 0, = 0, 1
MO3TOMY Ty = 2 / 3)6,, a MpU YKUCTOM CIBUTE, KOTJa OHA TOJBKO
KOMIIOHEHTA T M3 BCETo TCH30pa HAMPSDKCHMIT He paBHA HYIIO, MO
dopmyne (26) Oynem UMETh T, = /6 /3)1:xy . C apyroii cTOpOHbI, TIpU

OIHOOCHOM HaNpsKEHHOM COCTOSIHMM T = T, = *(0, — 6,)/2 =

=%0,/2, 6, = 2t__, T.e. JUId ONHOOCHOIO PACTSXKEHMUA WM CXKaTHA
_H2 = 0,941 IT =

Toxr =~ Tmax = 0,941 Ty Tlpn wncroM cpsmre 7, = 1., T.€.

Toxr = 6 /3)1:max =0,8167,,,,. Bo Bcex ocTaibHBIX CIydasx Harpsi-
JKEHHBIX COCTOSIHUI MOJy4yaloTcss MPOMEXYTOUHbIe 3HAYCHUST MEXITY
STUMU KPaliHUMU, TaK YTO UMEET MECTO HepaBEHCTBO

0,816 < ToK1 < (0,941, (29)

T max

Takum O6p3.30M, BCJIMYMHA OKTadAPHUYCCKOIO HAIIPAXKCHUA MaJlo
OTJIMYACTCA OT MaKCUMMaJIbHOI0 Kacar€JlbHOI'O HAIIPpAXKCHUA, U B UH-
KEHCPHLIX pacdy€TaX MaKCHMMaJbHOC KacCcaTCJIbHOC HAIIPAXKECHNE MOXK-
HO TakK>KE Imojaratb MHBaAapUaHTHBLIM.

1.7. Chepuyecknii TeH30p
¥ TEH30p-JeBHATOP HATIPSKEHUIA

DKCIIEPUMEHTHI ITOKa3bIBalOT, YTO OJHU M T€ K€ MaTepHajIbl IO-
pa3HOMY IIPOTUBOCTOSIT HE TOJIPKO BHEIITHUM Harpy3kKam pa3Hoii BeJv-
yyHbL. JI1000li MaTepHal YyTKO pearupyeT Ha cXemy HaIlpsDKeHHOTO
COCTOSIHUSI, KOTOpasi BO3HUKAET B HEM IIOJ ICHCTBMEM BHEIIHMX CHJI.
To ecTb Kakasi-To CUCTeMa BHEIITHUX CUJI, ITyCTh OTHOCUTEILHO HeOOIb-
IIMX TI0 BEJIMYMHE M CO3MAIOIIMX, CIeI0BAaTeIbHO, HEBBICOKME HAIIPSsI-
JKEHUs B TOYKAX TeJia, MOXKET BBI3BATh OBICTPOE pa3pylleHUe Teja.

W HaobopoT, crucTeMa 3HAYUTEIBHO OOJIBIINX 110 BeJIUYMHE BHE-
LITHKMX CHJI, CO3MAIONINX BBHICOKHE HAIIPSDKEHUS B TOYKAX TeJla, MOXET
He MPUBECTU K Pa3pylICHUIO, eCIM BO3HMKINAS IPKY 3TOM CXeMa Ha-
MPSDKEHHOTO COCTOSIHMSI TaKoBa, YTO Marepuai aehOopMUpPYeMOro,
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Harpy>K€HHOI'O TeJIa CIIOCOOEH MPOTUBOCTOSTh JACHUCTBUIO TOI CXEMBI,
HEe Hapyllas cBoeil cruiolrHocTu. Kakme e cXeMbl HaIpsKeHHOTO
COCTOSTHMSI MOXKHO OTHECTHU K Oojiee OJIaronpUsITHBIM B 3TOM CMBICIIE
1 Kaknme— K OoJiee ormacHbIM?

* |

JBe cxembl TMHEWHOTO (U1 UHAYEe — v
OHOOCHOI'0, OJHOMEPHOTO)

HAaIIPSKEHHOTO COCTOSIHUS (H.C.)

A

1 2
A

h— —— e

Tpu cxembl TJIOCKOTO
(IByXMEpPHOTO0) H.C.

3 4 5
o A S
YetbIpe cXeMbl 00BEMHO- -— i Ao .
ro (TpexXMepHOro) H.C. 4 Y P4 e
6 7 8 9

Puc. 10. Bo3MOXXHbIEe CXEMbI HaNpsKeHUI HA 3JIEMEHTApHBIX TUIOLIAAKAX,
HOPMaJIbHbIX I''TaBHBIM OCAM, B OKPECTHOCTAX TOYKH TBEPAOIo TEJja,
Harpy>€HHOIro BHCIIHUMU CUJIaMU

PaccMmoTpuM Bech HAOOP BO3BMOXKHBIX CXeM HaNpsiKEHHOTO COCTO-
SIHUSI B OKPECTHOCTSIX MPOU3BOJIBHON TOUKU HAMPSI)KEHHOTO TBEPAOTO
Tena. Bce MHOrOOOpasye HaIpsKeHHBIX COCTOSTHUM YKITanbIBaeTCs B
Habop, cocTosiMnit U3 aeBsitu cxem (puc. 10):

JIBE CXeMbI JUHEWHOTro (OJHOOCHOTO, OJHOMEPHOI0) HAMPSIKEeH-
HOTO COCTOSIHUSI:

1— OIHOOCHOE pacTsLKeHUeE,

2— OOHOOCHOE CXaTHue;

TPU CXEMBbI TIJIOCKOTO (JIBYXMEPHOTO) HAIPSI)KEHHOTO COCTOSIHUS:

3— IUIOCKOE CXKaTue,

4— TJIOCKOE pacTsKeHUe—CxXaTue,

5— IUJIOCKOE pacTsSiXKEeHUE;

YEThIPe CXeMbl 00 BEMHOTO (TPEXMEPHOTO) HAMPSKEHHOTO COCTOSTHUSI:

6— BCECTOpPOHHEE CxXKaTtue,

7— &IBe KOMITOHEHTHI CXKAaTHUS M OMHA— PaCTSKEHMS,

8— omHa KOMITOHEHTAa CXKaTUS M IBe— PaCTSKEHMS,

9— BCeCTOpOHHEE pacTsSKEHHE.

DKCIEepUMEHTaIbHO YCTAHOBJIEHO, YTO OOJBIIMHCTBO TBEPABIX TEJ
(maxe Tak Ha3bIBaeMble XpYIKKE Tejla) MPOTUBOCTOST 0€3 pa3pyleHUsI
JNEWCTBUIO BCECTOPOHHETO CXATHS, T.e. HANPSIKEHHOTO COCTOSIHMS,
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BBI3bIBAIOIIETO TJIaBHBIM 00pa3oM u3MeHeHue oobeMa Tesa. M Haobo-
pOT, Te e Tejla ObICTPO pa3pyllaloTCs MPU CPaBHUTEBHO HEBBICOKMX
HaIpsLKeHUSIX, eC/I cXeMa HaIlpsSDKeHHOTO COCTOSIHMS TaKOBa, YTO OHA
BbI3bIBAE€T B OCHOBHOM M3MeHeHUe (DOpMbI Tejla, a He ero oobema. Yem
OJIKe KOHKPETHAsl cXeMa HanpsiKeHHOTO COCTOSIHUSI K CXeMe BCEeCTO-
POHHEro cxarusi, TeM OOJblINE 10 BEJIUYMHE HAMPSDKEHUS] TEJIO BbI-
JIepXKMBaeT, He pa3pyllIasiCh.

HanpamuyBaercss mosToMy il aHaJIM3a HaMpsKEeHHOTO COCTOSI-
HUSI HEOOXOIMMOCTb pa3feieHusl TeH30pa HallpsKeHU Ha JiBa CO-
CTaBJISIIOIIMX, Ha JBa CcJlaraeMbIX TEH30pa, OJWH 13 KOTOPbIX OLIeHWBa-
€T Ty JOJII0 OOLIEro HampsKEHHOTO COCTOSIHMSI, KOTOpasl BbI3bIBAET
U3MEHEeHME 00beMa, a Ipyroi— Ty J0J10, KOTOpash BbI3bIBAET U3MEHE-
Hue (GopMbl Tea.

Bocnonb3yeMcsl CHOBa MOHSITUEM CpedHe20 HanpadiceHus, KOTopoe
BCTPEUYAJIOCH MPU ONMUCAHUM HATIPSDKEHUIN HA OKTadIPUYECKOU TLIO-
maake. TaM Mosydyusaock, UYTO HOpMaJbHOE HAIpsiKEHUE Ha OKTadl-
pUYecKol TIIoNaaKke paBHO cpeaHeMy (21) u paBHO 1/3 mepBoro nH-
BapuaHTa TeH30pa HampsLKeHUH, T.e.

1 1 1
Ocp :gll(TH) :5(01 +0,+03) = g(ox +0,+0,).

Breimenum 210 cpemHee HampsDKeHHME U3 HAIIPSDKEHHOTO COCTOSI-
HUSl B OKPECTHOCTAX TOYKM, XapaKTepU3yeMoro TeHsopom 1, T.e.
MpeACTaBUM TeH30p HaIPSLKEHUI B BUIE CYMMBI IBYX COCTaBJISTIOIINX
TEH30POB:

T,=T°+D,. (30)

rae T}? — 9To 1wapoBoi (chepuueckuii) TeH3op HampspkeHuit (13),
ONUCHIBAIOIINI HAMPSDKEHHOE COCTOSIHUE B OKPECTHOCTSIX TOUKH TBEP-
JIOTO TeJia, KOraa 3JUTMIICOM, HAIPsSKeHW (CM. pUC. 5) mpeBpaliaeTcs
B Wwap (cM. puc. 6); D — TeH30p, Ha3bIBAEMbIIl desuamopom Hanpsice-
HUIl M BbIpaXKalOWW 1010 HAMPSIKEHHOTO COCTOSIHMSI, KOTOPasl Bbl-
3bIBaeT (hOPMOM3MEHEHUE BOKPYT TOM XK€ TOUKU.

MaremaTtuyeckas 3aluch 3TUX JIBYX TEH30POB Uepe3 cpeaHee Ha-
npsikeHue OyneT MMeTb BUI

Ocp 0 0 Ox — ch Txy Tz
0 _ . _
Ty =70 o, 0 Dy=1 1y Oy, — O¢p Tye o (31)
0 0 Gcp T Ty G, —O¢p

a CXeMbl HaIPSDKeHHBIX COCTOSIHUI, KOTOPbIE OHU OMMUCHIBAIOT, Mpe-
cTaBJeHbI Ha puc. 11.
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Z

Puc. 11. CxeMbl HanpsKEHHOTO COCTOSIHUSL (H.C.) 3JIEMEHTapHOTO 00beMa
B OKPECTHOCTSIX TOYKU HAMPSIKEHHOTO TBEPAOTO Tejda: a — H.C.,
onuchiBaeMoe c(hepruuecKuM TeH30pOM; 6 — H.C., ONMCHIBAEMOE

TEH30POM-JIeBUATOPOM HAIPSIKEHUI

TeH30p-neBraTop HaNPsDKEHUI IIPUHSITO 3aIIMChIBATh ellie U B (hopMe

Sxx Sxy sz
Dy =15y S Syt (32)
S Sy S

rae s, = o, ~ 6, s, = 1, VIHOr1a GbIBaeT yI00HO MPUMEHSTB U APYTYIO
3anmuch cheprIecKOoro TeH30pa HaIIPSDKeHUI, BBOS JOTIOJTHUTETHLHOES
TIOHSITHE e0UHUYHO20 CheputecKo20 meH30pa

1 00
I1=:0 1 0¢;
0 01
Torna cpeprmIeCKUil TeH30p HATIPSDKeHWM BRIpaXkaeTcsl MPOU3BeIeHM -
€M eIMHUYHOTO TEH30pa Ha CKAISIPHYIO BEJIMUYMHY— MOIYJIb BEKTOpa

CpeHETO HaNpsDKeHUS, M 3alliCh pa3fioXKeHUs TeH30pa HanpsKeHW
Ha cepuyeckuilt TeH30p U TeH3op-aeBuaTop (30) nmpuobperaet BUI

T,=1c,+D,.
B 3axioueHne OTMETUM, YTO MEPBBI MHBAPUAHT TEH30pa-1eBU-

aTopa HAIIPSDKEHUIN paBEeH HYJIIO, & BTOPOM MTPOMOPIIMOHATIEH KBaapa-
Ty KAacaTeJIbHOTO OKTa3IpUYECKOTO HATIPSIKEHUSI:

L(D,) =0, L,(D,)=-27 (33)

2 OKT »

YTO JIETKO ITOKa3aTb IMPOCTbIMMN aJIre6paI/I‘{CCKI/IMI/I BBIKJIaAKaAMMU.
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1.8. I'eomMeTpHuecKoe H300paKeHHe
HANPSZKEHHOTO COCTOSHHAS
KpyroBoii rmarpammoii Mopa

OauH U3 reoMeTpUUEeCKUX 00pa3oB HAIPSIKEHHOIO COCTOSIHUSI—
BJIJIAIICOU, HAMPSDKEHW— HaMU paccMoTpeH. HamoMHuM, uTO B ya-
CTHOM CJIy4ae BCECTOPOHHETO PAaBHOTO PACTSKEHUSI WJIM CXKaTusl, KOT-
Ja 6, = 6, = 0, = O, JJUIMIICOM] HAIIPSDKEHUIA IpeBpallaercs B cepy,
OTKyJa U Ha3BaHME TEH30pa HAMPSDKEHUM JJI TAKOTO HAIIPSIKEHHOTO
COCTOSIHUSI— C(epUUYECKUil TeH30p.

B oTiuyue oT TpexmMepHOro, 00bLEMHOr0O 3JUTMIICOMAA HaMpsiKe-
HUI nuarpamMa Mopa Bceraa IIocKasi Ijisl JIF0OOro HampsoKeHHOTO
coctosiHms. IlpoaHanu3upyeM MeTOn IIOCTPOeHUs auarpaMmbl Mopa
1 pacCMOTPUM HEKOTOPBIE €€ YaCTHbIEC CJIydau IJIsI KOHKPETHBIX CXeM
HaMpsKEHHOTO COCTOSTHUS.

ITycTh uepe3 TOUYKY HAIpPSKEHHOTOo Teja MPOXOAMUT IUIOIIAAKa
C HOpMaJIbIO V, COCTaBISIIONICH C MIABHBIMU OCSIMM YIJIbl, KOCUHYCHI
KOTOPbIX /, m, n. COCTaBJISAIOIINE MTOJHOTO HANpPSDKEHUA p, Ha OTOM
mwiowaake— o, u t,. Torma mis onpenesaeHus HEU3BECTHBIX [, m, n ¢
yuetoMm (10) u (1 1) MOXHO COCTaBUTH CJICAYIOLIYIO CUCTeMY ajredbpau-
YeCKUX YpaBHEHUIA:

03 + 173 1212 + cs%m2 + cs%n2

o, = 6,/* + 5,m* + o3n°, (34)
1= +m?+n’.

3mech JieBast 4acTh nepBoro YPaBHEHUsI 62 + T2 = p2, a B IIPABOMA €ro

vactu ofl? = ply, osm® = pl,, o3n’ = ply. Peas cucremy (34) otHO-

CUTCJIbHO TPEX HEM3BCCTHBIX HAIIPaBIAIOIINX KOCUHYCOB, ITOJYYUM

T, + (0, —0,)(0, —03)
(61 —0,)(0] —03)
m? = 73 + (0, —03)(0, _01), (35)

(0, —03)(0, —0y)
2 _ Tg + (0, —61)(0, —03)
~ (03-01)(03 - 0y)

I =

b

ITo ™M opmynnaM Kaxkmass 3 BeIUIWH /2, m?, n*> 1oKHA OBITh
MOJIOKUTEJIbHOM, MHAUe KaKOU-I1M00 HAMTPaBJISIOLINI KOCUHYC OKaXKETCS
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MHUMOW BEJIMUYUHOM, @ OHU BCE MOTYT OBITh TOJIbKO BELIECTBEHHbBIMMU.
CnenoBaresibHO, Ha 3TW (DOPMYJIbl HaJIaraeTcsl yCJAOBUE: BeTMUMHA YUC-
JINTENST KaXIOW M3 HUX JOJKHA ObITh OJHOIO 3Haka C BEJIMYMHOM
3HaMeHarTess JIM0O paBHa HYJIO; TIPYU 3TOM BCE TPU YUCIUTENIS HE MOTYT
PaBHSTBHCS HYJIIO, MHaUe He OyleT BBIMOJHSITLCS 00513aTEIbHOE YCII0-
Bue (11). 3naku 3HameHaTeneit hopmyna (35) Ham U3BECTHHBI Oaroaa-
psl TOMY, YTO MHIEKCALMsl IVIaBHBIX HaMpsDKeHUW TMOAYMHEHa yClo-
BUIO (9): TepBbIil U TPETUI 3HAMEHATEIU MOJOXUTEIbHbI, 2 BTOPO—
oTpuuarenbHbiii. Takum oOpa3oM, ycioBue, HajoxkeHHoe Ha (35), mo
OTHOILLIEHUIO K YHCJIUTENSIM BbIPaXKaeTCsl CUCTEMON

T% +(o, —0)(0, —03) 20,
w2+ (0, —03)(0, - 0) <0, (36)

T, + (0, —0)(0, —6,) 2 0.

Ecnu B cucteme (36) npuHUMAaTh BO BHUMAaHKE TOJIBKO 3HAKK pa-
BEHCTBA, TOIJa 3TO YPaBHEHUS OKPYXKHOCTEH B KOOpPAMHATAaX G, — T,
NIPUYEM LIEHTPBI OKPYXXKHOCTEM JIEXAT HA OCH abCLUCC, T.€. Ha OCH O,
Hccnenys nanee 3TM ypaBHEHUS, HAXOAUM, UTO OKPY>KHOCTHU Tepece-
KaloT och abcuuce (1.e. Korga T, = 0) B cleayommx Toukax (puc. 12):

1-9 okpyXHOCTb— B Toukax A (o, =03) U B (0, = 0y);

2-51 OKpYXXHOCTb— B Toukax 4 (6, =o3) u C (o, =0;);

3-1 OKpyXHOCTb— B Toukax B (o, =0,) u C (o, =0y).

Ty

03~ 0

02 =63 _

Puc. 12. KpyroBasa nuarpamma Mopa i1 HanpsoKeHUH
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Ecnu tenepb HapsiAy co 3HAaKaMU paBeHCTBA Mbl IPUMEM BO BHU-
MaHWe M 3HaKKM HepaBeHCTB B (36), To yoeauMcs B TOM, YTO BCE MHO-
JKECTBO TOYEK C KOOpAMHATAMU (G, T ), YAOBIETBOPSIOLIMX CUCTEMY
(36), mesxuT 6re 1-it M 3-1f OKPYKHOCTEM WITK HA HUX W 6HYymMpu BTOPOI
OKPY>XHOCTM WJIM Ha HEH, T.e. Ha puc. 12 B 3alUTPUXOBAHHOI 00J1aCTU
WIM Ha ee TpaHuLlaX— OKPYXHOCTAX 1-i1, 2-i1 mim 3-i1. [TocKonbKy
IIPU 3TOM CIIOCOOE MPEACTABICHUs KOOPAMHATA T, ONPEIE/IAET JTULIb
MOJyJIb BEKTOpa KacaTeJIbHOTO HAMPSLKEHUS, TO MPUHSTO U300paxaThb
TOJIbKO BEPXHUE MOJTYOKPY>KHOCTH CUMMETPUYHOI OTHOCUTEIBLHO OCU
c, amarpaMmmel Mopa.

Ha oany u3 okpyKHOCTel nruarpaMMbl TOUYKa TOIagaeT B ciyyae,
€CJIN TUTOIIAZKA, HA KOTOPOW MEUCTBYIOT HAIPSDKEHUS, BBIPAXKAcMbIe
KOOpAWHATaMU1 3TOI TOYKHU, MPOXOAUT Yyepe3 OAHY M3 IIaBHBIX OCEH.
ITpu 2TOM TOYKaA JEXKUT HAa OKPYKHOCTU C TeM K€ HOMEPOM, KaKoi
MMeeT TJlaBHasl OCb, Yepe3 KOTOPYIO MPOXoauT riowanka. Ecinu mio-
1IaJKa TPOXOJIUT Yyepe3 IBe IJIaBHbIE OCU, TO OHA COBITAJAET C TPEThel
[JIaBHOM TUIOLIAAKOM; Torna T, = 0, a 6, — I[JIaBHOE HAIpPSKEHUE, Ieii-
CTByIOIllee Ha 2TOW TpeTheil ruomaake. Ha puc. 12 Bce Tpu TOUKH,
NpuHaaIexallue OMHOBPEMEHHO IBYM OKPYXXKHOCTSIM Mopa, jexar Ha
OCH G, M UMEIOT KoopauHarel (6, t): 4 (o, 0), B (c,, 0), C (5, 0).

Kpyropast auarpamma Mopa rpaduyecku NpeacTaBisieT Beauuu-
Hbl HOPMaJIbHBIX M KacaTeJbHbIX HANPSDKEHUI Ha JTI00bIX IUIOIIaaKaX,
MPOXOAAIIMX Yepe3 paccMaTpUBaeMylo TOUKY HanpsikeHHoro Tena. Ha
puc. 12 yka3zaHbl, B YaCTHOCTU, 3HAUYEHUSI MAKCUMAaJIbHBIX KacaTelib-
HBIX HAIpsSDKeHW M HOPMAaJIbHBIX HaIpsDKeHUM, MEeMCTBYIOIIMX Ha
TUIoLIaKaX ¢ MaKCUMaJIbHBIMU KacaTeJIbHbIMU HampsikeHussMu. To
€CTb, MCIOJIb3Ysl Kpyrn Mopa u 3Hasi OpUeHTalMIO TUIOIIAAKU 1O OT-
HOILIEHMIO K IJIAaBHBIM OCSIM (3Has JII0OYIO TMapy M3 Tpex Hampapsiio-
LIMX KOCUHYCOB [, m, n), MOXHO HAlTH COCTABJISIOLINE G, U T, TIOJIHO-
ro HampsKeHMsI, JeMCTBYIONIEr0 Ha 9TOM IJIONIAaIKe.

PaccmorpuMm 3amauy oTbicKaHust 6, U T, B 001ieM Buze. M3 nepso-
ro ypaBHeHUs1 (35) HaxonuM

(6, ~0)(0, = 063) +1, = (0) = 6,)(0; ~63)/°. (37)
TTpeoGpasyeMm npousBeneHre cKoOok B JieBoit yactu (37):

2
(Gv - 52)(0\/ - 63) =0, - 6,0, - 06,03 + 0,03 =

2 2
0, +6 0, +6 0, +6
= 03—20V#+0203+( 2 3J —( 2 3) =

2 2

2 2
0y +0O 0, +0
:(GV_223J +0203_(223)’
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MOJICTaBUM 3TO BbIpakeHUe B UcXonHoe ypaBHeHue (37):
03 + 03 ’ 2 0y + 63 ’ 2
(ov ——J - (—j ~ 6,03+ (6, ~ 5,01 - 03)]
2 2
1, OOBEIVHSS TIEPBBIC ABA YieHA B MPABOM YaCTH, IMOJYIUM
63 + 03 ’ 2 0; — O3 ’ 2
(ov —TJ +1T, = (T) + (0, —0,)(0; —03)".

Ecinu opueHTauus ruiolaaky 3acMKCUpOBaHa, a HaIpsKeHHOE
COCTOSIHME MEHSIETCH, T. €. G, T, — var, / — const, To TOCIeaHee pa-
BEHCTBO €CTh YpaBHEHUE OKPYKHOCTHU PallyCcoOM

2
O, — O
h= (%J +(0) - 0y)(0, —03)I* (38)
L[eHTp KOTOpOfI HaAXOOUTCSI B TOUYKE
0,(0,.7,) =01("2—§"3,0J. (382)

W3 nByx Apyrux ypaBHeHUU cuctembl (35) aHaJIOTMUYHO HaXOAUM
ellle JBe OKPY>XHOCTHU:

2
0; -0
n = (#j +(02—03)(02—01)m2,

2 (39)
02<ov,rv>=oz(% , 0}
O — O 2
= (%j +(03—01)(03—02)n2,
(40)

0,(0y,7,) =03(&2°2 , 0)

Taxum 00pa3oM, KOOPAMHATBI TOYEK OKPYXXHOCTH PAagUyCoM 7,
cueHTpoM B O, PaBHbI 3HAYEHUAM G, M T, HAaNPSKEHWIA, KOTOPbIE
JIEHCTBYIOT Ha IIOIIAIKAaX, €CJIM HOPMaJIM K 9THM ILIOIIaIKaM COCTaB-
JITIOT C OChIO 1 OMHAKOBBIC YIJIBI 0L = arccos /. AHAJIOTMYHO KOOPIM-
HaThl TOYEK OKPYXHOCTEH pamuycamu r, U r, ¢ uentpamu B O, u O,
TIOKa3bIBAIOT 3HAYEHMs HANPSDKEHU G, U T, NEHCTBYIOIIMX Ha ILJIO-
IagKax, HOpMaJa K KOTOPBIM COCTaBJISIIOT ¢ OCSIMU 2 M 3, COOTBET-
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CTBEHHO, OJIMHAKOBbIE YIJIbI § = arccos m u y = arccos #. I[1pu aTtom,
KakK yXe OTMeuajochb, OpUMeHTalLMs TUIOLAAKK B 000K cucteme Je-
KapTOBBIX KOOPJAWHAT OIpeaessieTcs] 3afaHueM 3HaUeHU I JTI0ObIX TBYX
HaMpaBJISIIOIIMX KOCUHYCOB HOPMAJIM K 3TOW TUIOLIAAKE; TPETUMN Ha-
NpaBJISIOLIMI KOCUHYC orpenessieTcs: u3 ypaBHeHus (11).

Ecin 3aganel 6, 6, U ©,, @ TAKXKE 3HAYEHUS HANPABJIAIOLINX
KOCHHYCOB [, m" IJis HOpMAaJIU v K TUIOIIaaKe, Ha KOTOPOil TpeOyeTcs
HalTH KOMIIOHEHTHI G, ¥ T, IIOJIHOTO HAIPSDKEHUA p , TOTAA 3TU Ha-
MNpPsKeHUs JIETKO HaWTU KaK TOUKY MepeceyeHusi OKpYyKHOCTel pa-
auycamu r, U r, u uentpamu O, u O,; B hopmyiie (38) Hamo MONOXKMUTDH
I[=1",a8B(39) m= m". V3 Tpex pannycos r,, r, U r, Il OTBICKAHUSA
TOYKHU (G, T ) UCIOJIb3YEM [BA, KOTOPbIE COOTBETCTBYIOT JIBYM 3aJaH-
HBIM HaIpapisgolM KocuHycaM (puc. 13). I KOHTpOJIsSI MOXHO

BBIYMCJIUTH TPETUI HATIPABJISIIOIINIA KOCUHYC n =\1-1?-m"? uco-
OTBETCTBYIOLIMI €My paauyc r;; TOraa Iyra OKpy>KHOCTH, TIPOBEIEH-
Hast u3 Touku O; ((0] +0,)/2, 0) TMM paamycoM, TOJKHA MPOITH
4yepe3 TOYKY MEPECEYCHUs YT #, U F,, IPOBEICHHBIX PaHee.

T

v

)

v,

0 A 0

Puc. 13. OnpeneneHue ¢ moMolpio auarpammbl Mopa
HOPMaJIbHOTO M KacaTeJbHOTO HaIPsDKEHUI Ha TIOIIAAKe
3aMaHHOM OpUEHTAIINN

Ha puc. 14 mokazaHo IIpeACTaBIEHHE C IOMOIIBIO JIHarpaMMbI
Mopa JTUHEWHBIX, INIOCKUX ¥ 0ObEMHBIX CXeM HaIPSIKEHHOT'O COCTOSI-
HUSI C YKazaHHEeM HOMEepoB 3THUX cxeM 1o puc. 10. Puc. 14 HarmsimHO
JIEMOHCTPUPYET, YTO COOTHOIIICHUE TJIABHBIX HAIPSDKeHUI (pacTsIry-
BaOIIMX, CKMUMAIOIIUX M PaBHBIX HYJII0) B INTIOCKMX M OOBbEMHBIX CXe-
Max, ¢ 3-i mo 9-10, ompenesnsieTcsl MOJOXKEHUEM Havaja KOOpAMHAT
OTHOCHTEIHLHO KpyroB Mopa. Tak, UIsl TUIOCKMX CXeM XapaKTepHO pa-
BEHCTBO HYJIIO OJHOTO M3 IJIABHBIX HAIPSDKCHUI; ITO3TOMY Havyaslo
KOOpAMHAT ISt cxeM 3, 4, 5 coBmamaeT ¢ TOYKOIl, B KOTOPYIO “CTsI-
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rMBaeTcsl” OTPE30K Ha ocy abciuce, M300paXxarolyii HanmpsikeHre, paB-
HOE HYJIO B JaHHOI cxeme. [1pu BcecTopoHHEM cxkaTuu (cxema 6) Bes
JarpaMMa OKa3bIBaeTCsl B OTpULIATEIbHOM 00J1acT ocu abciuce, Tpu
BCECTOPOHHEM pacTsKeHUM (cxema 9)— BCs B TOJIOXKUTEILHOU obJiac-
TU. JIJIs1 OCTaJIbHBIX OOBEMHBIX CXeM Hadyajo KOOpAMHAT 3aHUMAaeT CO-
OTBETCTBYIOIIIEE TIPOMEKYTOUHOE TTOJIOKEHIE MEXIY cxeMaMu 6 1 9.

8 TATE ty T T 1Y

‘,’/ \‘\" | "J’I ™ ’/ﬁ\ E
o VLY s

_zl 0] G1>O n O;I O O1 02 02 03 o,

%<0 2=l 93 ®@ 0 (3)6)

Puc. 14. TlpencraBieHue ¢ MOMOIIBLIO aMarpaMMbl Mopa cxeM
HaMNpsIKEeHHOTO COCTOSIHMSI, MOKa3aHHbIX Ha puc. 10 (Hymepalius cxem H.c.
naetcs no puc. 10)

Jtst TUHEHHBIX CXeM HaIpssKEHHOTO COCTOSTHHSI, OJTHOOCHOTO
pactaxenus (6, > 0, 6, = 6, = 0), cxema I, 1 OZHOOCHOTIO CXaTUs
(0, =0,=0, 0,<0), cxema 2, pacuyer nio popmynam (38), (39), (40)
naet i exemel I 1, =o,l, O, (0, 0), a n1s1 cxemsl 2 r, = o,n, O, (0, 0),
MIpUYEeM Ha IIaBHBIX IUIOIIAAKaX, COOTBETCTBEHHO, /= /"= cos 0 = 1,
n=n =cos 0 = 1. Mcxonsa u3 sroro Ha puc. 14 cimeBa mocTpoeHa
JyarpamMma, cocTosilasi U3 OJHONM OKPYKHOCTH C LIEHTPOM B Hayaie
KOOpAMHAT, COTJIACHO KOTOPOM MaKCHMMAaJIbHOE KacaTeJIbHOe HaIlpsi-
JKeHNE MOXET IOCTUTaTh BEJIMYMHBI TJIABHOTO HOPMAJILHOTO HArps-
KeHMsI, Toraa Kak mo gopmynaM (20) OHO HEe MOXKET MPEeBbILIATh €ro
MoJIoBUHbI. TakuM 00pa3zoM, Kpyrosasi imarpamma Mopa HeajaeKBaTHO
OINUCBIBAET OJHOOCHOE HaIpsLKEHHOE cocTosiHue. Bripouewm, mist aHa-
JIN3a TIOCJIETHEeTO OHA HUKOTAA U He TIPUMEHSICTCS.

HarnpsikeHHOe COCTOSIHME Ha OKTadApUYECKOM IUIOLIAAKe (CM.
pasm. 1.6) ¢ moMollbio auarpaMMbl Mopa n300pakaeTcsl TOUKOi Ha I1e-
pecedyeHunu Tpex MeauaH KpuBoJIMHetHoro TpeyroibHuka ABC (puc. 15).
KoopmrHatel 3T0I TOYKM Ha IarpaMmme SIBJISTIOTCS HOpMaJTbHBIM 1 Kaca-
TEJIEHBIM OKTa3APUISCKUMI HATIPSKEHUSIMMU.

B 3akitoueHue paccMOTpUM, KakK M300paxkaroTcsl AuarpamMoit
Mopa chepuueckuii TEH30p U TEH30p-eBUaTOp HanpsikeHui. s cde-

7 O —_ = =
puyeckoro TeHzopa Hanpspkenuid 7, (31) u (13) umeeM 6, =6, = 6, =0,
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Puc. 15. IlpencraBieHue HaIpsDKEHHOIO COCTOSIHUS
Ha OKTadApUYECKOl Tulolanke auarpaMmmoin Mopa

(umn o). Torna r,= 0; O, (o, 1) = O, (5, 0); i =1, 2, 3. To ecTb Bce
TP OKPYKHOCTHU TMarpaMMBbl CTSTHBAIOTCS B OIHY TOUKY C KOOpIMHA-
Tamu (6, 0) (puc. 16,a). D10 03HAYAET, YTO IS TAKOTO HATIPSKEHHO-
IO COCTOSTHUSI KacaTeIbHble HAIpPsDKeHUST Ha BCeX ILIOMIANAKAX PaBHBI
HYJIIO, T.€. IUIOIIANKU C 000 OpPMEHTUPOBKOM SIBJISIIOTCSI TJIaBHBI-
MM, ¥ Ha HUX JCMCTBYET OHA U Ta XK€ CXeMa HaIIPSDKEHHOTO COCTOSI -
HMSI: BCECTOPOHHEE PacTsLKEHME I BCECTOPOHHEE CXaTue.

a)

T

v

=5.=0.= o
0,76,70570, v

Puc. 16. N3obpaxkeHnue quarpammoii Mopa ceprueckoro TeHzopa (a)
U TeH3opa-aeBuaTopa (6) HalpssKeHU
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Huarpamma Mopa i1 TeH30pa-aeBuaTopa HanpsikeHuit (32) pac-
roJiaraeTcsi OTHOCUTEbHO Hayajia KOOpPIAMHAT TaKUM 0Opa3oM, 4TO-
OBl BBIMOJIHSJIOCH YCJIOBHUE PaBEHCTBA HYJIIO €ro MepBOro MHBapuaH-
Ta:s, =s,=s,=0;5=0,— Ops i=1, 2, 3. IIpaBUJIbHOCTh pa3MelleHUS
9TOU AuarpaMMbl OTHOCUTEILHO Havajla KOOPAMHAT KOHTPOJIUPYETCS
BCIIOMOTaTeJIbHbIM T€OMETPUUYECKUM TOCTPOEHUEM, MOKA3aHHBIM Ha
puc. 16 wrpuxamu. BeimonHsieTcs: 310 mocTpoeHue Tak. M3 kpaiiHux
ToYeK muarpaMmbl A'm C BOCCTaHABIMBAIOTCS MEPIICHINKYIISIPHI K OCH
adclucc, KOTopble Ha HEKOTOPOI BbICOTE Hall AMarpaMMOil COeMHSI -
I0TCSI TOPU3OHTAJIbHBIM OTPE3KOM MPsSIMOil. 3aTeM BEepXHUE YIJIbI TO-
JIYUEHHOTO TIPSIMOYTOJIbHUKA KPEeCT-HAKPECT COSIMHSIOTCS OTpe3KamMu
NPSIMBIX C LIEHTPAMU OKpYXHOCTe nuarpaMMbl O, u O,. Yepes TOUKy
rnepecevyeHust MOoCJeIHUX U T0JKHA TPOXOIUTh OCh OpJAMHAT AUarpam-
MbI JUUISI TEH30pa-JAeBUaTopa HampsKeHU.

W3 npencraBieHust TeH30pa-AeBUATOPa HAMIPSDKEHWM qruarpaMMoit
Mopa BbIBOIMTCSI TaK Ha3bIBa€MbI nOKA3amenb euda meH3opa-oesua-
mopa HanpsaxceHul (WIU nokazamendb U0a HANPANICEHHO20 COCMOSAHUA,
wiu napamemp Jlods, Kak OH ellle UMEHYETCS B JIUTEepaType):

OB’
Ue _OZC"
OCv=|S1|+|S3|=S1_S3=01_03
2 2 2 2
S| +|s 28, —8 — S 26, -0y — O
Osz:|s3|_|1| |3|+|S2|= 2 1 3 _ 2 1 3,

2 2 2

202 — 0] — 03

Mo = (41)

61 =03
CornacHo opmyne (41), a1 0OIHOOCHOrO pacTsikeHus o, # 0,
0, =03 =0, U, =-1; 119 OAHOOCHOTO CXaTus G6; =6, =0, o3 #0,
U = 1; mmst yncroro caBura o; = —63, 6, =0, W, =0. Bce uHble cxe-
MBI HAIPSKEHHOTO COCTOSIHMS HE BBIBOASAT BEJIMYMHY |l 33 5TU paM-
KW, T. €. B utore -1 <pu, <1.

1.9. 3Be3na IleaunHCKOrO I HATIPSIKEHHI

Kybuueckoe ypaBHeHMe (14), KOpPHSIMU KOTOPOTO SIBJISIIOTCS
IJIaBHbIE HAMPSIKEHUs, a KO3 UIIUEHTHI 1 CBOOOIHbBIN YUJIeH— UH-
BapMaHTaMU TEH30pa HAIPSKEHUI, MOXKHO PELIUTh aHATUTUYECKU
Metogom Kapmano (Gerolamo Cardano, 1501—1576). Cyts MeToma
B TOM, UTO KyOMYeCKOe ypaBHEHUE
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Xrax?+bx+c=0

C TTIOMOIIIbIO MOJICTAHOBKU X = ¥ —a /3 TPUBOAMUTCS K BUAY, HE COaEp-
KaieMmy wieHa ¢ y: ) + py + q=0,tne p=—a*/3+ b, ¢ =2 (a/3)’ —
— (ab) / 3 + ¢. U manee mokasbIBaeTCs, YTO €CIM JUCKPUMHUHAHT 3TOTO
ypaBHeHUs A = (¢ / 2)* + (p / 3)° MeHbIIIe HyJIs, TO ypaBHEHUE UMEET
BeIlIeCTBEHHBIC KOPHU, 1 €TO PellleHNe UMeeT BUII

y= 2r cos%zkn,
e k=0, 1,2; r=+-(p/3)%; cos=-q/Q2r).

Hcnonb3yst 3ToT MeTon, ypaBHeHMe (14) ¢ TIOMOIIbIO TOACTAaHOBKU

G=S+—II(Z;H)=S+GCP

npeobpazyeM B KyOMuecKoe ypaBHEHHUE ISl OMNpeleeHUs] IIaBHbIX
HanpsDKeHU TeH30pa-aeBuaTopa HampsiKeHU:

s+ L(Dy)s = 1(D,) =0,
rne I,(D,) = p; I5(D,) =—q. Torna penieHre MOCIEAHETO YPABHEHNS
MojyyaeM TaKuM:

2 2
s = ﬁJIZ(DH) cos(y, + Ekn), 42)
33 _L(D,)

opuyeM cos 3y = 3mech y_ HOCUT Ha3BaHUE yena uda
o c

3/2 :
2 [2 (DH)
HANPANICCHHO20 COCMOAHUA. MCHOJ’[BSYH IOHATUEC MHTCHCUBHOCTU HOP-
MaJIbHbIX HaHpH}KeHI/Iﬁ u q)OpMYJ'[bI, C ITOMOIIIBIO KOTOPBIX OHO BBOAU-
JIOCh B pasaesie 16, MOXKEM 3aIlucaTh €ro BbIpa>kKEHHE 4Yepel3 BTOpOfI
MHBApUAHT TEH30pa-AeBUaTopa HaHpﬂ}KCHI/IﬁI

0; =31,(Dy). (43)
TToncrasnsist (43) B peuieHue (42) u mnoJiarasi mocljie1oBaTeIbHO
k=0, 1, 2, moayynuM BbIpaxke€HHUS TJIABHbIX HAIPSKEHUIA TeH30pa-

JIEBUATOPA HAIPSIKEHU:

2
5| = 301 COS Vo,

8§y = %Gi cos (W, + %n), (44)

2 2
§3 = gUi cos (¥, + ETC),
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rae cos3y, = %
(o))

1

C nomoliiblo 3TUX (HOpMYJT MOXKHO BBIPa3WTh Uyepe3 yroj Buaa
HAaIpsI>KEHHOTO COCTOSIHUS BEJIMUMHBI HAaMOOJIbIINX KacaTeJbHbIX Ha-
OPSDKECHU:

G, — 03 S2 - S3 o, .

T = = = —S1n s

23 ) ) NE Ve

0; — O3 Sl - S3 o, . 4
Ty = = = ——Lsin(y, + —m), 45
31 3 3 NE (Ve 3 ) (45)

6,—-0C, § -5 O . 2

T2 ) B \/g (‘Ifg 3 TE)

VYuutbiBast cooTHoleHus (9), B COOTBETCTBUHU C MOCAeAHUMU (Pop-
MyJIaMU CIpaBeJIMBbI HEPABEHCTBA /IJIsI CUHYCOB:

. . 4 . 2
siny, >0, sin(y, +§n) <0 , sin(y, +§n) >0,
OTKyJa CJIEAYET, YTO apryMeHTbl CUHYCOB TTOJYMHSIIOTCSI COOTHOLLIEHUSIM

0<wy, <m, nSwG+gnSZn, OSWG+§nSn.

W3 3Trx HepaBEHCTB TOJIyJYaeM CIICIYIOIINe MPeaeTbl U3MEHECHUS
yIJIa BUJA HATIPSOKEHHOTO COCTOSTHUS:

0<wy,<m/3.
[TosTomy npenenaMu U3MEHEHMs BEJIUYMHBL T = T, B (45) Oy-
ayT 3HaYeHus 6,/2 (npu y_ = 0u y_=m/3) u o, /~/3 (upm v, =m/6),

O;

T.e. V3 < < 2. TakuMm o6pa3om, Npenesbl U3MEHEHUS OTHOIIIE-

Tmax
HUsI 000011I€HHOTO HOPMAJILHOTO HaMPSKeHUST K MAaKCMMaJIbHOMY Ka-
caTeJIbHOMY BeCbMa HEBEJIMKU: CpeHee 3HaUCHME OTIIMYACTCST OT Kpaii-
HMX IpuMepHO Ha 7%. [losToMy C IOCTATOUHOM UISI MHXKEHEPHBIX
pPacyYeTOB TOYHOCTBIO MOXKHO TPUHATH MPOCTYIO JIMHEWHYIO 3aBHUCH-
MOCTb

2+3 243
G; = T’tmax = T(
KOTOPYIO yI00HEe UCMO0JIb30BaTh B pacueTax, 4YeM KBaapaTuuHyo (27).

0, —03) =0,933(0; — 03), (46)
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Puc. 17. 3Be3na [lea1unHCKOro mjisg HaNpsSLKEHUI

Dopmysl (44) 1 (45) MOKHO rpadpUIecKy THTEPIIPETUPOBATH C TO-
MOILIBIO JAuarpaMMbl, KOTOPYIO HasbIBalOT 36e3dou [leauunckoeo 044
Hanpsucenut (puc. 17).

B 3aximoueHre BBIpa3uM ITOKaszaTeslb BHIAa TEH30pa-IeBHATOpa
HanpsoKeHuii (41) yepes yroi Buia HaNPSKEHHOTO COCTOSHUA . s
3TOTO MOACTaBUM B (hopmyity (41) 3HaueHMs s, = G, — O [ = 1,2,3,u
UCIIOJIb3yeM BbIpaxkeHUs (44). B urore monyuum

4
W = —V3ctg(y, + gn)- (47)
B paznene 1.8 6b110 moKazaHO, YTO [1JIsI OAHOOCHOTO PACTSKEHUS
u, = — 1 u, 3Hauur, y_ = 0; 11 OAHOOCHOIO CXaTusl [ = 1, 3HAYuT,
Vo =/ 3; ana yncroro capura h, = 0u y, =m/6.
TakoBa xapakTepHuCcTHKa TeH30pa-IeBUaTOpa HAMIPSIKEHUIA.
B kauecTBe xapakTepucTuKU chepuueckKoro TeH30pa HanpsLKeHU

OOBIYHO MCIOJIB3YIOT TaK HA3BIBAEMbBIN nOKA3amenb 2u0pOCmamuuecko-
20 daeéaerus

=01+02+G3 Gl+02+03

y/ = . (48)
o; 0,933(c; — 03)
ITo ¢popmyne (48) mmonydaem, YTO AJII OOHOOCHOTO PACTSKEHUST
M = 1; nnsg yucroro casura /[ = 0; g omHOOCHOTO cxatus J = — 1.

W 510 numb yacTHBIE, HO He KpallHMe 3HauyeHUs /[, BOSMOXHBI U
J>> 1, << — 1.
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Ihasa 2

JE®OPMHUPOBAHHOE COCTOAHUE
TBEPAOI'O TEJIA

2.1. Tlepememenus, yIMHEHAS U CABHUTH.
Manas nedpopmanus

IlycTh Tes0 HaxXoAUTCS MO/ AeCTBUEM BHEIIHUX CUJI U 3aKpern-
JICHO TakK, YTO OTAEJbHbIE €r0 TOUKM MOIYT MepeMellaThCsl TOJIbKO
BCJIeACTBUE aedopMallMu, a Teao, Kak 1ejaoe, HemoaBuxHo. Mare-
puanbHas Touka A (x, y, 7) 1epOpMUPYEMOro Tejia B pe3yabTare ae-
(hopMaLuy EPEMECTUTCSL B HOBOE MoJioxeHue A,. [Ipoexunu BeKTo-
pa nepemMelleHust i IMHOM AA, (puc. 18) Ha ocu KOOpAMHAT U, u,
u, OynyT GyHKIMSAMEI KOOPAMHAT TOYKH X, Y, Z. [10CKOIBKY MBI pac-
cMaTpuBaeM AedopMalnio CIDIONIHOTO Tejla, TO BEKTOp MepeMelle-
HHUS W €TO TIPOCKIINU SIBIISIIOTCSI HETIPEPHIBHBIMU (PYHKIIMSIMU KOOP-
JIAHAT.

Ecnu B Tene no necopmaliiu BbIACIUTh B OKPECTHOCTU TOUKU A
BJIEMEHTApHBIM MapaljieJienuIiel, TO B pe3yibTaTe ac(opMalnu,

/
¥ /z

Puc. 18. Cxema aedopmaiimy Majoro oobeMa B OKPeCTHOCTH TOUKHU
nedopmupyeMoro Tesna
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BBI3BABLUEH INepeMelLeHre TOYKU A B MOJOXEHHUE A, OH MCKa3UTCH,
U MOKHO BBIAEIWTD IBE I'PYMITbl MCKAXKEHWIA:

I)uckaxeHue (opmbl mapasuiesenuieasa B pesyabTaTe U3MeHe-
HUS JUIMHBI pebep (IMIpU 3TOM MU3MEHSIOTCS TPU BEIWYMHBI, TaK KakK
W3MEHEHMUS MApHbIE);

2)uckaxeHue ¢hopMmbl Mapajiefienunena B pe3yjbTare U3MeHe-
HUS YIJIOB MEXIY peOpaMu (elle TPU BEIUUMHbBI U3MEHSIOTCS, TaK KakK
3TU U3BMEHEHMSI TaKKe MAPHBIC).

WckaxeHus1 mepBoil TpyMIbl HOCAT OOllee Ha3BaHUE yOAuHeHUs,
a MCKaXXeHMST BTOPOM TPYMITBI— cdguell.

Ecin npupanieHue JiMHbl pedpa B pe3yibTate Aedopmaliuu paB-
HoO d/, a Texyulee 3HaUeHUE JJIMHbI /, TO AedopMalivs yIIMHEHUS MO-
JKeT OBbITh OIpelesieHa 3aJaHueM BeJUuuHbl de = dl/Il, oTkyna, eciau
B pe3ysibTate aedopMauny [UIMHA pedpa U3MEHMIACH OT BEJIMYMHBI /)
mo [, Tak 4yto [, < /< /|, IpUHUMAETCs TaK Ha3blBAEMasi L02apugmuuec-
Kas oyeHka BEJIMYMHBI YIUTMHEHUS

har

e=|—=1In

. (49)
L

Ecnu nedopmanust Maia, TO OLIEHUTh M3MEHEHUE UIMHBI pedpa
MOXHO C TIOMOIIIBIO OMHOCUMEAbHOU OUeHKY BeTMINHBI YITMHEHUS

_ Al _ Al
e=— WIN ¢ = —
lo g

e abcoaromuoe yoaunenue Al = [ — I . IIOrpelIHOCTb TP IIEPEXOIE OT
Jjorapugmuyeckoit oleHku (49) Kk otHocutesbHou (50) sBIsIeTCS Of1-
HUM U3 KpuTepueB MajaocTu aedopmanui. OpueHTUPOBOYHO MOXHO
CUMTaTh Aedopmalinio Majlou, eciiu MaKCMMalbHOE a0COIOTHOE yBe-
JIMYEHUE UM YMEHbIICHUE JII0O0ro JMHEHHOro pa3Mepa aedopMupy-
€MOT0 TeJjla Ha JBa MOpPsIKa MEHBIIIE 3TOTO pa3Mepa, K MpUMepy, pas3-
Mep B HECKOJIbKO NELIMMETPOB U3MEHSIETCS B pe3yJibTare nechopMalu
Ha HeCKOJIbKO MUuIMMeTpoB. [Tpu 3Tom nedopmalius yaIuHEHUs CUK-
TAETCS TIOJIOKUTENBHOM, €CIY JIMHEUHBIA pa3Mep B pe3yJibTaTe [e-
(opMalM yBeJIMYMBAETCSI, U OTPULIATEJIbHOM, €CJM UCXOAHbBIN Ju-
HEUHBIN pa3Mep YMEHbIIAETCS.

3anaBasi KOMIIOHEHTHI TeopMaliiu pedbep 371eMeHTapHOTO napai-
JiefiennIena e,, e, e, Mbl TeM CaMbIM OIpe/essieM H3MeHEeHHe (OPMBbI
1 oObeMa MCXOIHOTO MapaljieieNnuiena B pesyjbrare aeopMaiiu mo
JJIMHe pedep (rpymnna uckaxeHuiut 1). Eciu no nedpopmatiiu Mbl uMe-
JI 2J1eMeHT o0beMa ¢ pedpamu [, 4, b, TO B pe3yabTate aedopmaluu
pasmepsl pebep cramu [ (1 +e), h (1 +e), b (1 + e) (puc. 19), n
OTHOCUTEbHAs 0ObeMHas nechopMalusi paBHa

(50)
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o Ihb(1+e,)(1+e,)(1+e,)-lhb
- Ihb B

=e,te,te, +ee, tee +ee +eee,.

VYuuteiBas, yto aedopmaliuu pedep Maabl U CYyIIECTBEHHO MEHb-
11Ie eIMHMILIbI, MOXXHO TpeHeOpeub MPOU3BeAeHUsIMU TechopMaluii U
rnoJjiaraTb, 4To

O=e,+e, te,. (51)
Benem noHsiTue cpenHeit aedopmaliuu
1
ep = g(ex te, t+e,), (52)

11 Tora o0beMHast AebOopMaIusl Yepe3 CPETHION BHIPAXKAETCS PABEHCTBOM
0 = 3e,. (53)

3HAUCHNS €, 1 O 0YCHb MAJIbI 110 CPABHEHUIO C KOMIOHEHTAMI €,

e, e, 1 B MHXCHEPHBIX PACUCTaX OOBIYHO IPUHIMAETCS JUIsI YIIPOLLIE-

HUS BBIYMCIICHU TaK HAa3bIBAEMOE yCA068Ue NOCMOSHCMEa 00sema,
yeaosue HecocumMaemMocmy Mamepuana, OqHO U3 BhIPaKeHU KOTOPOTO
e +e, +e, =0. (54)
OO0patuMcs Terepb K ONMMCaHUI0 (hOPMOU3MEHEHMSI, TIPOMCXOIS -
LIEro B pe3yjbTaTe UCKaKeHUs YIJIOB MeXIy pedpamu (rpyIna ucka-
KEeHUH 2), T.e. B pe3yJbTare CIABUTOB, 0003HaYaeMbIX OyKBoii y. CaBur
MOXHO 3a/1aTh ITOBOPOTOM OAHOro U3 pedep (puc. 20,a, 6), HO MOXHO
TOT € CIBMT 3a/aTh IBYMsI paBHBIMM ITOBOPOTaMU JIBYX CXOMSIIIIMXCS
pebep (puc. 20,6).

I (1+e)

s\l

Puc. 19. smenenue (opmbl 1 00beMa UCXOTHOTO
rapasuiesiernuriesa B pe3yiabTare yIJIMHEHU pedep
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Puc. 20. CnBuru B rJIOCKOCTH Xy B pe3yJibTrare aedopmaiuu

C uenblo onvcaHusl 1e(OPMUPOBAHHOTO COCTOSTHUSI CUMMETPUY -
HBIM TEH30pOM JiehopMaLivit (TaKUM XK€ CUMMETPUYHBIM OTHOCUTE I b-
HO JMaroHajiv, KakKuM SIBJISIETCSI TEH30p HampsDKeHUi, pacCMOTpPeH-
HbIH B r1aBe 1) NpUHAT UMEHHO MOCAeAHUI crocob 3a1aHusl CIBUTOB.

MHunexcanus caBura BBITTOJIHSETCS TaK, YTO MEPBbI MHIEKC yKa-
3bIBAET Ty OCh, MapajuieJIbHO KOTOpoli ObU10 pedpo 10 aedopmanuu, a
BTOPOM WHAEKC— Ty OCh, B CTOPOHY KOTOPOW MPOU3OIIEN TTOBOPOT
pebpa. Ilpu 3ToM 3HaK ciBUra MPUHUMAETCST MOJIOKUTEJIbHBIM, €CU
OH BEJET K YMEHBIIEeHUIO yIila MeXAY I'paHsIMU, OCYILECTBISIOIIMMU
TMOBOPOT OT TOJOXMUTEIbHBIX HAPABJIEHU OCE.

AHaJIorMyHOe MpeAcTaBieHHOMY Ha puc. 20,6 onucaHue CIBUTOB
rpaHeil B IUIOCKOCTSIX XY, VZ, ZX JAeT TPU Mapbl PaBHBIX KOMIIOHEHT
CHBUTA Yyy = Yyxs Yyz =Yg» Yo = Yz - OTH PABEHCTBA BBIPAXKAIOT 3a-
KOH NapHOCMu WU 83AUMHOCMU COBU20G:

Yi =Yji- (55)

To ecTp HaMMIIO aHAIOTWMS C 3aKOHOM MApHOCTU KacaTeJbHBIX
KOMITOHEHT T€H30pa HanpstkeHuid. JloBeaeM ganee 5Ty aHaJOTUIO 10
KOHIIa: 00beAMHUM JIMHEHHbIE U CABUTOBBIC TTapaMeTphl 1eopMuUpo-
BAHHOT'O COCTOSIHUSI B meH30p deghopmayuii.

2.2. Ten3op aedopManmii 1 €ro HHBAPHUAHTHI.
I'naBHbie Aeopmanuu

Tenzop aedopmaliuii, onuchiBalOIIMK 00U caydail AepopMu-
POBAaHHOI'O COCTOSTHMS TBEPIOIO Tejla B IPOCTPAHCTBE KOOPAMHAT X, ,
Z, IMEeT BUI
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X 5 ny 5 sz
(56)

1
SV FVzy 24

2

Biarogapst neiicTBUIO 3aKOHA MApHOCTU CABUIOB (55) TeH30p (56)
00Js1aiaeT CUMMETPUE OTHOCUTEJIbHO AMaroHaju, Ha KOTOPOW pacro-
JIOXKeHbI yauHeHusl. OpUeHTUPOBKA KOOPAMHATHOTO Oa3uca MOXET
OBITb MOJOOPaHAa TaK, YTO B MPOCTPAHCTBE KOOPAMHAT 3JIeMEHTAPHbII
napajjiejieniuiesa, rpaHd KOTOPOTO MapajuieibHbl OCSIM, He OyaeT
nojBepratbes Aeopmaliuy CABUTa, a UBMEHeHUe (POPMbI TPOU30MIET
TOJIBKO 3a CUCT JIMHEHHBIX KOMIIOHEHT e, €, e, ONPEeISIOLINX n3Me-
HEHUE JIMHBI pebep.

TakuM obGpa3oM, B IIPOCTPAHCTBE CYLIECTBYIOT TPU B3aMMHO Op-
TOTOHAJIbHBIX HaIlpaBJIEHUS], HA3bIBAEMbIE 2AA8HbIMU OCAMU Oeqhopma-
yuii, BIOJb KOTOPBIX BOJIOKHA Ae(OpMUpPYyEeMOro Tejla B OKPeCTHOCTHU
HEKOTOPOI TOUKM TMOJIy4yaroT HauboJIbllre JUHeHbIE 1ehopMaliu Mo
CPaBHEHUIO C BOJIOKHAMM, OPUEHTUPOBAHHBIMM HE T10 HAIIPaBJICHUSIM
IJIaBHBIX oceid. [1aBHbIe ocu nedhopmalnii 0003HaYarTCs YucaiaMu 1,
2, 3, a OpUEHTUPOBAHHbIE BIOJb HUX YIUIMHEHUS], UMEHYEMbIE 21a6-
HbIMU Deghopmayusmu, WHAEKCUPYIOTCS HOMepaMu OCeid, COOTBETCTBEH -
HO, e, e,, e,, U IIDU OTOM e, > e, > e,. B HanpaBjIeHUsAX IIaBHBIX OCEi
necdopMaluii CIBUTOBbIE KOMIIOHEHTHI AedopMaluii paBHbI HYJIIO, U
TeH30p JAedopmMaliuii B IJIAaBHBIX OCSIX UMEET BUJL

e 0 0
T,=10 e O} (57)
0 0 e

BripaxkeHuss ”HBapUaHTOB TeH30pa AedopMaliiii MOXHO HaIlu-
catb, GopMasibHO 3aMellas B BoipaxkeHusX (15) u (16) KOMIIOHEHTBI
TeH30pa HaIpPsSKEHUH HAa COOTBETCTBYIOIIME KOMIIOHEHThI TEH30pa
nedopMalimii, T.e. UCHOJb3Ysl aHAJIOTMU ¢ (OpMYyJIaMU U TTOHSITUSI -
MU M3JI0XKEHHOI B maBe 1 Teopuu HampsikeHuii. B cTpykType BbI-
paXeHUt MHBaApUAHTOB TeH30pa AeopMalluii OTIUYKMS OT BbhIpaxe-
HUIl MHBApMaHTOB TEH30pa HAIPSIKEHUUM BO3HUKAIOT M3-3a TOTO,
YTO CIBUTOBbIE KOMITOHEHTBI TeH30pa AehopMallii UMEIOT MHOXH -
Tenb 1/2, a'y albTepHATUBHBIX UM KOMIIOHEHT KacaTeJIbHBIX HaTps-
JKEHUU TeH30pa HaIpsKEHUU 9TOro MHOXMUTENS HET. B uTore nHpa-
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puaHThl TeH30pa nehopMaluil B TJaBHBIX M OOBIYHBIX OCSIX UMEIOT
CJICTYIOIINIA BUT:

I(T))=e, +e,+e, =¢ +te, +e3,

1
L(T)) =ee, +ee, +ee, - Z(yiy Y3 YR = ey + ees +ese, )

]3(T£[) = exeyez + %’ny’sz’sz - %(ex’Y?/z + einx + ezY)2€y) = €16563.

TIpononxkas aHaIOrMi0 ¢ TeoOpuei HamnpsKeHUi, st aehopma-
U MOXXHO BBECTU MHOTIA MCIIOIB3YEeMBIN MPU aHanmm3e aeopMu-
POBAHHOTO COCTOSIHUSI TEOMETPUUECKMI 00pa3 aaruncouda deghopma-
yutl, TIOJyOCH KOTOPOTO paBHBI €, e, U e,. MOXHO MOCTPOUTh U
AHAJIOTMYHYIO0 PACCMOTPEHHOI MoApoOHO B pasueie 1.6 muarpamme
HaIIpsDKeHUI KPpYyTOBYIO ArarpaMmy Mopa mrs gedpopMannii B Koop-
OuHaTax e, —v, /2. ITomoOHO BhIpakKeHUSIM sl HAaUOOJIBIINX Kaca-
TeJbHbIX HampsikeHuil (20), MOXHO 3amucaTh BBIPAXKEHUS 21d68HbIX
c08ue06

Yio = (e; —€y); Va3 = H(e; —e3); v31 = (e —¢)), (39)
MPOMCXOMSIIMX B IUIOCKOCTSIX, HAKIIOHEHHBIX MOJ YITIOM 45° K TJIaB-
HBIM OCSIM IehOopMaLIHii.

2.3. OkTasapuyeckue aedopManusa ¥ CIBHT.
NuTeHcuBHOCTH

Paccmorpum nedopmalivio yIIMHEHUS B TBEPAOM Telle, HallpaB-
JICHHYIO IT0 HOPMaJIM K OKTa3IpUUECKOM TIIOMIANKe BHYTPHY Teja, v Je-
opmarto cipura B INIOCKOCTH, ITapaJlJIeJIbHOIM 3TOM ILUIOIIANKE, HOP-
Majib K KOTOPOIl paBHOHAKJIOHEHA K IVIABHBIM OCSIM HedOopMallnii.
Hedopmaliyst yIJITMHEHUST B yKa3aHHOM HaIlpaBJICHUM HA3bIBACTCS OK -
masdpuueckoll deopmayueii 1 omnpenesieTcss (popmysoii, aHAIOTHY-
Hoit ¢opMmyiie (21) IJiss HOpMaIbHOTO HAaMPSDKEHUSI HA OKTasapuyec-
KOW TUIOLIanKe:

1
€oxr = €cp = g(el +e) + 63). (60)

BriBecTn opmyiy it onpeneieHus aeopMaliii CABUTA B OK-
Ta3APUICCKON TUIOCKOCTA MOXKXHO aHAJIOTMYHO TOJYIeHHUIO (hOPMYJIBI
(26) mas KacaTeIbHOIO HAIIPSDKEHUSI HAa OKTa3APUYSCKON ILIOIIAIKE.
st 3TOrO B paBeHCTBO BUAa (25), cOCTaBICHHOE W3 MHBAapUAaHTOB
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Terepb yXe TeH30pa aedhopMaluif, ciaeayeT MOACTABUTh BBIpAXKEHUS
MEepBOro U BTOPOro MHBapuaHTOB U3 (58). B utore nonyuum dhopmyiy
JUJIS1 OTIPEJIETICHUSI 0KMasdpu4ecko2o coeuea:

2 3
Yokt = g\/(ex _ey)2 + (ey _ez)2 + (ez _ex)2 +§(Y?cy +Yiz +Y§)¢) (61)

WU B TJIaBHBIX OCSIX nedopMalmit

Yoxr = %\/(’31 —e))’ +(ey-e;)’ +(e3—¢)) . (62)

IMockonbky BeipaxkeHus (60)—(62) mojydyeHbl U3 MHBAPUAHTOB,
OKTasapuyecKkre AedopMalus U CIABUT TaKXKe SBISIOTCS WHBApUAHT-
HBIMHM XapaKTEPUCTUKAMU 1e(HOPMUPOBAHHOTO COCTOSIHHUS.

B MexaHMKe CIUTOIIHBIX CPel U ya0OCTBa PELIEHNST TTPUKIIAL-
HBIX 3a/1a4 YaCTO MOJIb3YIOTCI HE OKTa3ApUYECKUMU Ae(DOPMALIUIMU 1
CABUTaAMU, a TIPOMOPLIMOHAIBLHBIMU UM TaK HAa3bIBAEMBIMU UHMEHCUE-
Hocmamu: 1)unmencusHocmoio degpopmayuu, Ha3bIBAEMOU TaKKe 0000-
wienHotl dechopmauueir:

3
: = —— ,
7 2 (2(1-1-“') YOKT

IJle UW— W3BECTHBI M3 Kypca COMPOTHBIIEHUS MaTepHualioB Koahhu-
mveHT [lyaccoHa, mim mHaye— KOX(POULMEHT TmorepedHoit medop-
MaIly, JUIST KOHCTPYKIIMOHHBIX CTalieil OOBIYHO MMEIOIINIA 3HAYCHHUST
w=0,3..0,5 2)unmencusnocmoio co8U208

3
L= >Your-
Yo (64)

Yuciaoseie KOa(POULIMEHTHI B BeIpakeHUSIX (63) u (64) mogobpa-
HbI TaK, 4TOObI NPU OJHOOCHOM PACTSIKEHUM, KOTHa e, = e, = ue,,
TOJIyYUTb €, = e, & TIPY YMCTOM CABUIE B TUIOCKOCTH Xy I =1y .

BenmunHa OKTasapryecKoro CIBUra Majo OTIMYAETCS OT MaKCH-

(63)

MaJIBHOTO Ymax = Y31, Y1 HA OCHOBaHMU YMCJIEHHOIO aHajur3a Iojay4da-
€TCs1 COOTHOLLEHUE, aHaTorMuHoe ( 29 ), BbIBEIEHHOMY ISl KacaTellb-
HbIX HAMpPSKEHUI:

0,816 < Yoxr < 941, (65)

Ymax

YTO IMO3BOJIACT B MHXKXCHCPHLIX pacy€Tax INpuUHUMATh Y B Ka4y€CTBEC

max

MHBApUaHTHOM XapaKTepUCTUKU Je(OPMUPOBAHHOTO COCTOSTHUSI, KaK
ue e, I'.

cp® YOKT’ il
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2.4. Cea3b nedopmanmii 1 nepemMenieHuii.
I'eomeTrpuueckue ypaBHenus Koum

PaccmotpuM aedopmaliyio Kyouueckoro ajieMeHTa ¢ pedpoM, paB-
HbIM eauHuLe (puc. 21). B nagpHeiiiemM Mbl OyaeM OpUEHTUPOBATHCS
Ha pellleHue TJIaBHbIM 00pa30M CTaTMYECKHUX 3aja4, MO3TOMY (haKTop
BpPeMEHM MOXHO HE YUYMUTbIBaTb U CUMTATh KOMIIOHEHTHI Iepemelle-
HUM QYHKIUSIMU TOJIBKO KOOpAMHAT. Mbl paccMaTpyMBaeM 00HOPOO-
HYyl0 degpopmayuro, T.€. TaKyl0, KOTOpasl BbI3bIBACT MEepeMelleHUS, O~
CbIBaeMble OMHOPOAHBIMU JMHEHHBIMU QYHKLMSIMU KoopauHat. Eciau
3JIEMEHT MoJBepraeTcsl Majaoil OMHOPOAHON AedopMaluu, TO IepeMe-
IIEHNUsT TOYCK JIEMEHTA U, U, U TIpU 00beMHON Aedopmaliid OyayT
MPOMOPLMOHATBHBI PACCTOSIHUSIM OT Havyaia koopAauHar (puc. 21,a):

U, =e.X, u,=e,y, u, =ez.
a) v o) &1
fEYZx_‘_____'__-—;

\ B !
|

|

!

!

—i !
{
!

1+e

!
{
t
4

N =
5
<

i
4
i

=)
=¥
)
=

1
l+te

Puc. 21. Cxema gedopMaiinii B riockocTu xOy rpaHu
KYOMYEeCKOTo 3JIeMeHTa, TapalIeIbHOM 3TOM TUTOCKOCTH

Ecnu snemMeHT noaBsepraercs euie 1 00beMHOMY CABUTY IO CXeMe
puc. 21,0 C KOMIIOHEHTaMHU Y, , Y., Y., TO IEPEMELLCHHUS U, U, U_OyIayT
Oosbliie.

KommnonenTa #_BO3pacTeT 3a CYET CABUIOB B IUIOCKOCTAX X0y 1
x0z, u,— 3a CYeT CIBUIOB B yOz u x0y, a u— B y0Oz u zOx; a1
npupallieHust OyayT NponopLUOHATbHbI KOOPAMHATAM, COOTBETCTBEH-
HO, YW Z, XM Z, X U y. B WTOTE MOJTyYnuM BBIpaKeHUsI

Y Y
u, :exx+%y+711,
u, :%x+eyy+%z, (66)
u, :%xx+%‘yy+ezz.

42



Heo6xoamMo oTMeTUTh, YTO YpaBHeHHMs (66) CIIpaBeUIMBBI, KOTIa
B MaJIoii OKPECTHOCTHY TOUKHU, NPpUHAIeKallei aecopMrupyeMomMy Tey,
dechopmauuu seasiomes manrvimu (KOMIIOHEHTHI TeH30pa JaedopMalnii
3HAUUTENIbHO MEHbIIE eAUHULIBI) U 00HOPOOHbIMU (KOMIIOHEHThI TeH-
3opa JgedopMalii moctossHHbI). Mcrnosib3yem ycaoBHe MOCTOSIHCTBA
KOMITOHEHT TeH30pa aedopManvii mpu quddepeHmpoBannm (66), co-
OTBETCTBEHHO, 110 X, ¥ 1 Z. [TomydynM ypaBHEHMS CBSI3W MaJIbIX YIJIA-
HEHMUI 1 MepeMEILCHUIA:

aux . au}’ _ aul

e, = =—=; e =—=.
S A A U 4
Elue Tpu ypaBHeHUs, CBA3BIBAIOLME CABUTH Y, U MEPEMEILCHNS
u,, TIOJIy4aroTCs, €CIIM CHavaja npoaudGepeHupoBaTh MePBOE ypaB-
HeHue u3 (66) Mo y, a BTOpoe— M0 X U PEe3yJIbTaThl CJIOXMUTb:

Y »x ny auy aux

= 4 = = v = + —x

2 2 ox oy

a 3aTCM INIOBTOPUTDb MOg0OHBIC orepaumm ¢ OCTaJIbHbBIMU ABYMA I1apa-

MU ypaBHCHI/IfI, KOTOPbIC MOXKHO CIpynmnumpoBaTb M3 CUCTEMbI (66),

ﬂH(i)(i)CpCHHPIpYH YpaBHCHUA OJTHOM M3 3TUX map 1o y u 1o 7, a ypaB-

HEHUA z[pyroﬁ— no z v 1o x. B urore IIOJIY4YUM HMCKOMbIC YpaBHCHMUA

CB4A3U CABUT'OB U HepeMeH.[CHHfI, KOTOPbLIC ITPUITUIIEM K IIE€PBbIM TPEM
YpPaBHCHUAM, CBA3LIBAIOIIMM YAJIMHCHHUA C IICPEMCIICHUAMM:

b

ou, ou, ou,
= —’ = —+4 ,
ST T oy
ou du, du
ey :a_;a sz :a_yz-i—a_zya (67)
B ou, _ou, du,
“ % YT Tax

YpaBHeHus (67) Ha3LIBAIOTCST 2eoMempU1ecKuMy ypasHeHUsMU, VT
ypasnenusmu Kowu B yectb OrtoctaHa Jlym Komu (Augustin Louis
Cauchy, 1789—1857), Bblmatolerocss MaTeMaThuka U MeXaHUKa, OJHO-
TO U3 co3maresieil TeOPUH YIIPYTOCTH.

2.5. Cdhepuyeckuii TEH30p U TEH30P-IAeBHATOP AedOpMAIIMIi.
3Be3na I[lemunnckoro aust nedopmanuii

[Momo6HO TeH30py HAIpsLKeHUI, TEH30p dedopMaliiii MOXHO
pasIoXuTh Ha cepudeckuii TeH3op 1 g, OIIPEICIISIONINI 0O0BEMHYIO
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nedopmaiuio, 1 TeH30p-aeBuatop nedopmarmii D, onpenensommi
U3MeHeHue (hopMbI Tena:

T,=T)+D, wim

1 1
ex 5 ny 5 sz
1 1|
2 Yix € ) Vyz (=
1 1
ple gl & (68)
e, —e 1 Y ! Y
X cp N T xy Xz
ey 0 0 | 2 f
= O ecp 0 + E,ny ey - ecp E'sz )
0 0 e 1 1
5 sz 5 Yzy ez ecp

a B IJIaBHBIX OCAX JedopMaliii pa3ioxXeHue TeH3opa (57) uMeeT BUI

e 0 0 e, 0 0 e — € 0 0
0 e 0(=10 e, 0t+: 0 e —e, 0 (.(69)
0 0 e 0 0 e 0 0 €3 — €

Hns1 chepryeckoro TeH3opa M TeH30pa-aeBuaTopa aedopmaluit
MOXHO COCTaBUTb MHBApUaHTHI. MIX aHann3 MOKa3bIBAET, YTO MEPBbIE
MHBapUaHThI chepruyeckKoro TeH3opa nedopmMaluuii U TeH3opa nedop-
MalMii paBHBI MeXAy cO00il U paBHBI YTPOSHHOI cpenHel aedopma-
1IMKY, a TIEPBbIi MHBApUAHT IeBUaTopa nedopMaluil paBeH HYJIIO

0 . —
I(Ty) = I|(T}) = 3ec,; 1,(D,) =0. (70)
I1o aHanoruu ¢ TEH30POM-AEBUATOPOM HAMPSIKEHUI MOXET ObITh
COCTaBJICH MOKa3aTesib BUAa TeH30pa-aeBuaTopa nedpopmanuit
2e, —e; —e;
e =275 gy, <1, (71)
€ &
npuyeM Jist ieopMalii OMHOOCHOIO PaCTsIKEHUs e, = e, i, = — I;
ISl YUCTOTO caBura e, = (e, + e,)/2, u, = 0; 11 OMHOOCHOTO CXATHs
e,=e,u t+ 1L
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Cdepurueckuii TeH30p AeopmMaliuit XapaKTepu3yeTcs oKa3aresieM
e +e, +e;
e; ’
Ecnu aToT nokazaresib 3Ha4YMTEIbHO MEHbIIIE €IMHULIBI, TO O0BEM-
Has aedopMalys MpeHeOpeXXuMo Majia, U B MHXEHEPHBIX pacyeTax
MOXHO €€ He YUMTBhIBaTh, YTO COOTBETCTBYET MPUHSITUIO YCIOBUS TO-
CTOsTHCTBa o0beMa B popMme (54).
ITponomkasi aHajioruto Teopuun nedopmalmit ¢ Teopuei Hampsi-
KeHuit (cMm. pasa. 1.9), MOXHO TIpeACTaBUThH IJIaBHble KOMITOHEHTbI
TeH30pa Aedopmalinii B BUIE

e =¢€;CoSVy,; & =¢; COS(\pe + %Tc); e3 =¢; cos(we + %Tc),
rae yeon euda 0ed)opMup08aHH020 COCMOsAHUA Y, OTIPEACTISICTCA (I)OpMyJIOVI
41 3 (D I )
— =

€

cos3y, =

BenuunHbI TJITaBHBIX CIBUTOBBIX ,Z[C(I)OpMaL[I/Ifl BbIpaXkaroTcd 4€pe3
yroJj Byjia I[e(i)OpMI/IpOBaHHOl'O COCTOAHMA 3aBUCUMOCTAMM:

¥a3 =V3esiny,; vy =—3e sin(we + %RJ; 2 =3¢, Sin(we +§n),

IIpUYEM 31€Ch, KaK 1 IMPU aHAJIN3€ HAIIPAKCHHOI'0 COCTOAHUA,

O<y, <X ; 2.4 L

b
3 3 ¥ max \/5
Bzsas Cp€aHEC 3HAYCHUEC 5TOr0 OTHOLICHUS, ITOJIydaeM

€i=—
2

DT0 3HAYCHUE OTIIMYAETCS OT KpaHUX TakXKe IpuMepHO Ha 7%.
TTokazaTtenp BUga TeH30pa-aeBuaTopa Aedopmaliuii MOXHO Bbl-
pa3uTh yepe3 yroy Buaa Ae(OpMUPOBAHHOTO COCTOSIHUS:

U, =— 3ctg[\p\,3 + %nj (73)

TTockoabKy /U1t OAHOOCHOTO PACTSIKEHUSI Y CXKaTUsl M J1JIS1 YUCTO-
IO CIIBUTA MApaMETPBI [ ¥ [, COBIANAIOT, TO COBMAAAIOT TAKXE U “YIJIbI
BUga” y_ U Y, IJIs OTUX HAINPSDKEHHBIX COCTOSIHUMA, T.€. ISl OQMHOOC-
HOro pactsokeHust y, = 0, 11 OOHOOCHOTO CXatus y, = m/3, M
YUCTOrO CABMIa \, = m/6. 3aBMCUMOCTH, BbIpaXKalollUe IJIaBHBIE

(2 1
S+ — [Ymax = 0,622(e; —€3). (72)
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1 \/ge,-
2
ei _
{
Y23
‘o V23
1 3 2
) Ve
0= {
e
& e, 2
VN, 3
(e, fe,=e)/3 Va1
6'2 2
el

Puc. 22. 3Be3na [lequuHckoro mis aedopmanuu

JIMHEHbIe meopMaluy 1 IIaBHBIE CABUTY Yepe3 Yrojl Buaa aehopMu-
POBAHHOT'O COCTOSIHHSI, MOXKHO T€OMETPUUECKH OTOOPA3UTh C TIOMOIIIBIO
MOCTPOEHUSI, KOTOPOE Ha3bIBaeTcsl 36e3doui Ileauunckoeo oas deghopma-
yuti (puc. 22).

2.6. YpaBHeHHsI COBMECTHOCTH
(Hepa3psiBHOCTH) AedopManuii

PaccmarpuBasi KOMIIOHEHTBI BeKTOpa IiepeMeIleHUsT MaTepHrallb-
HOM TOYKM U CBSI3b UX C KOMIIOHEHTaMU TeH30pa aedopMallnii, OIu-
CHIBAIOIIMMU 1e(POPMHUPOBAHHOE COCTOSTHME B OKPECTHOCTH 3TOM TOU-
KU, MBI YOCAMIINCh, YTO BCE wiecms gyrKkyui neopmannu e, e, e, v, ,
Y,s» V., OXHO3HAYHO ONPELEISIOTCS C MOMOLLBIO FCOMETPHYCCKHUX YpaB-
HeHuii (67) mpemsa gynkuusmu u, U, U,

W3 sTOro ciemyer, 4To KOMIIOHEHTBHI TeH30pa AedopMmaiuii He
MOT'YT 3aaBaThCsI HE3aBUCUMO, MEXIY HIMU 00sI3aTEJIPHO CYILIECTBY-
0T KaKMe-TO COOTHOIIIEHNST. DT COOTHOILICHUSI JOJKHBI OBITh M3BECTHBI,
TaK KakK MpU PEIIeHUU 3a1ad UX HeoOXOMMMO YIOBJICTBOPSITh. BBIBO-
JSITCSI OHU M3 TEOMETPUUCCKUX YPaBHEHMI CICIYIOIIM ITyTEM.

Bocrnonb3yemcst BHavYae IepBbIMU TPEMST YPaBHEHUSIMU CUCTEMBI

ou
(67). IlepBoe ypaBHEeHHE €, = 3 X nuddepeHIupyeM IBaXKIbI 10 Y, a
X
du,,
BTOPOE €, = o JIBaXXABI TIO X W PE3yJBTaThl CKJIAIbIBACM:
y
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e, e, u. . Pu, 3 (Ju, Ou, ) 0y,
+ = + = 2| =2
oy ox*>  9xdy* 9dyox? oxdy| dy  ox | oxdy

Bcero no m3iaoxeHHOMY aJiTOPUTMY M3 MEPBBIX TPEeX YpaBHEHUU
cucteMbl ( 67 ) TOJy4arOTCs MEePBbIC TPY UCKOMBIX YPaBHEHMSI:
2 2 2 2 2 2 2 2 2
any:aex+aey. 0™y aey+aez. 0™z :aez+aex
b b *
oxdy  9y*  ox? dydz  9z> 9y?  dzox  ox? 9z’
TakuM obOpa3zom, eciu 3agaHbl ABe AedopMaluy YIJIUHEHUS B
Kakou-1100 M3 KOOPAWHATHBIX TJIOCKOCTEM, TO 3TUM OMpeaesisieTcs
necdopMalusi CABUTA B TOM XK€ IJIOCKOCTHU, HampuMep, U3 BTOPOIo
MOJIyUeHHOTO YpaBHEHUS ClieayeT

o%e, 3%
y 4
Yoo = ||| —+ 0y0z7.
pz4 ...J. az2 ayz
ITponuddepeHurpyemM tenepb MnocjieaHue TpYU ypaBHEHUST CBSI3U
CIBUIOB M IiepeMelleHuit (67), COOTBETCTBEHHO, MO Z, X, J, a 3aTeM
BCe TPU paBeHCTBa elle 1o z. [Toayuyum
2 3 2 3 3
any:a”y a3ux.ayyz:a”z+a”y.
07> 9z%0x 0ydz?  0xdz  oxdydz 9z2ox

2 3
Vo _ a3ux 0"u,

0yoz  9ydz®  0xoydz

Terepb cTIOXUM BTOpPOE MOJTYIeHHOE YpaBHEHNE C TPETHUM 1 BbIU-

TeM TiepBoe. Ilpu sTom TEM, 4YTO M3 auz CJICOayEeT a3uz =
. , e, =—= ——=
p p y4 x = ay! Ixdydz
— aZeZ B
axay . UTOre IoJIydymum

d KN yz + N Ny | _ D) azez
dz| ox 9y 0z 0xdy

TakuM nmyTeM MOXKHO BBIYMCJIMTD €llle JBa aHAJTOTUYHBIX COOTHO-
LLIEHUSI, KOTOPbIe U 6€3 BBIYMCIEHHUS TTOJYyYaloTCsl ClIOCOOOM KPyTroBOit
MepecTaHOBKY MHIEKCOB.

Co0paB Bce TMOJyYeHHbIe pe3yJibTaThl OMMCAHHBIX BbIKJIAN0K, Oy-
JIEM UMETh ulecms ypaeHeHul cogmecmuocmu (WIN HepaspvleHocmu) de-
gopmayui:
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vy _ %, O e 10
oxdy  9y> ox? oxdy 209z| ox a9y oz |
vy, 0%, . 0%, _10(0v, Ly Oy

ooz 9z> oy’ dydz 20x| dy 09z  ox
3y, o, N 9%, 0, 19 ( 0y N Ny My
0z0x  9x2 972 9dzox 20y| 9z  ox 9y

Nye | N _ Ny

S .

(74)

TlocnenHue Tpu ypaBHeHUs1 U3 (74) MOKa3bIBAIOT, YTO €CJIU 3aIaHbl
TPM CIBUTa, TO 3TUM OIHO3HAYHO ONMPEAESIOTCS YAJIMHEHUS, HalpruMep,

0x0y .

oo L[ P
¥4
270z ox ay 0z

Tenepb ocTanoch BbIICHUTb, OUYEMY 1IeCTh ypaBHeHUl (74) mo-
JIYUWJIM Ha3BaHUE YpPaBHEHUI COBMECTHOCTHU WJIM HEPa3pbIBHOCTU U
KOrza uX He0OXOAUMO YIOBJIETBOPSTh.

HaszBaHue uM JaHO TIO TeOMETPUUYECKOMY cMbIcy. TTycTh criton-
Hoe TeJo 10 AedopMaliuy YCJIOBHO pa3dUTO Ha aHCaMOJIb JIeMeHTap-
HbIX 00beMOB. CIIJIOIIHBIM OHO JOJKHO OCTaThCs U mocie Aedopma-
1. OgHaKo, ec/iv Bce 1eCTb KOMIIOHEHT TeH30pa AedopMaliu 3a1aTh
MNPOU3BOJBHO U HE3aBUCUMO, TO OHM OYAYT OIMCHIBATH CUTYalMIO,
Korna u3 n1eOpMUPOBAHHBIX JIEMEHTAPHBIX 00BEMOB OKaXeTCsl He-
BO3MOXHBIM CJIOXUTh CIUIOIIHOE Telo. B KakMx-To MecTax sIKOObI
OKaXXyTCsl MYCTOTHI, a B KaKUX-TO, HA0OOPOT, M3OBITOK Marepuaia:
rabapuTHBIN pa3Mep cocefia MOJHOCTbIO MM YaCTUYHO OYAeT BbIXKU-
MaThb U3 aHCaMOJISl PSIJIOM PACIIONOXKEHHBIN 371eMeHT oobema. I1po Ta-
Kyl0 CUTyallMIO TOBOPST, UYTO 3afaHHble AedopMaliud HecoeMecHHbl.
st Toro, 4TtoObl OHU OBLIM COBMECTHBI, 00€CIIeurBasl CIUIOIIHOCTh
Tejla 1 1nocie nedhopMalnu, ypaBHeHUsI COBMeCTHOCTH (74) npu noj-
CTaHOBKE B HMX 3HAUYE€HUU KOMITOHEHT TeH30pa JechopMaluii JOJKHBI
YIIOBJIETBOPSITHCSI.

IIpu sTOM creayeT MMeTb B BUJY, UYTO €CJIM IO 3alaHHBIM BHeE-
LIIHMM CHUJIaM HEIOCPEICTBEHHO HalleHbl epeMellieHUs (B UHTerpaib-
HoMl chopme), Tora ypaBHEHUs] COBMECTHOCTHU YIOBIETBOPSIIOTCSI aBTO-
maTtudecku. Ho eciu 1o 3aiaHHbIM CUJIaM HalIeHbl HAIIPSDKEeHUsI, a 110
HUM— necdopMaliii, TO YpaBHEHUsI COBMECTHOCTH HEOOXOIMMO YIOB-
JetBopuTh. MHaue nedpopmaniin OyayT HECOBMECTHbBI, M 110 HUM Mpa-
BWJIbHO BBIUMCIIMTD MEPEeMEIeHUST He yaacTcs. DTO Mbl Jajee JOKHbI
Oy/leM y4yuTbIBaTh MPU PElIeHUM 3a7ad TEOPUU YIIPYTOCTH.
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2.7. Koneunas nedopmanus

Bomnpockl reoMmeTpuueckoii Teopuu aeopManii, KOTopble HAMU yKe
pacCMOTPEHbI, OTHOCWIMCH B OOJIBIIMHCTBE CIy4YaeB TOJbKO K MaJbIM
ngedopmanusM. 1o oTHOLIEHUIO K OONBIINMM (MU KOHeuHbiM) Aedopma-
LIMSIM PSIL TIOJTyYEHHBIX COOTHOIIEHUI OKa3bIBaeTCsl HEMPUMEHUMBIM.
[TosTOMy Teopust KOHEUHBIX AehopMaliMii pazpabaTbIBacTCsl KakK caMo-
CTOSITEJIbHBIN 1 BeCbMa CJIOXKHBIN pa3nes MeXaHWKW TBEpIOro Teja, Ko-
TOPBIA HOCUT Ha3BaHUE HeAUHelHOU meopuu ynpyeocmu. Mbl pacCMOTPUM
JIMIb HEKOTOPbIE MPOCTEHIIIE COOTHOLICHUST U3 DTOW TEOPUM, CIIpaBeI-
JIUBBIE UIS1 CIydasl, KOrna riiaBHble ocu AedopMaliuy COXpaHsIOT CBOE
MOJIOXKEHME B TEUEHME BCEro M3yyaeMoro mpoliecca aeopmMaiu.

ITycTh rnaBHble geopMaLi e, e,, e, ABIAITCA OTHOCUTEIbHBIMU
VIUIMHEHUSIMU B HallpaBJeHUHU IJIaBHbIX oceli. HailneM Be1MuMHY OTHO-
CHUTEJILHOTO YIIMHEHHUS €, BOJIOKHa 1e(hOPMUPYEMOro MaTepuaa JIin-
Holi L B Mpou3BoJIbHOM HampasieHuu v. Ilocie aecdopmaniiv BoJOKHO
Oyner uMeth UMHY (1 + e )L, U TOJDKHO BBIIOJHATBCS CIEMYIOLIEE
COOTHOILIEHUE, CBSI3bIBAIOLIEE JUIMHY 9TOrO 1e(OpMUPOBAHHOTO (yIUTU-
HEHHOT0) BOJIOKHA C €€ MPOEKIUSIMU Ha IJIaBHbIE OCH:

(I+e) 2 =(+e) 21> +(1+e,)2 Pm* + (1 +e3)* *n*, (75)

rae [, m, n— HaIIpaBJIsIoONIe KOCHHYCHI IepBOHAYAIBHOTO HarpaBie-
Hua v. Otcrona

e, =1+ €212+ (1+e,)*m* + (1 +e5)2n* 1. (76)

Haiinem BeIpakeHUs U1 HAIIPABIISIONIMX KOCMHYCOB ITOCTIE Iie-
dopmauuu. Pasnenm paBeHcTBO (75) mouneHHo Ha (1 + e )2L%

2

2 2
1+el 12+ 1+82 m2+ 1+e3 }12=1

I+e, I+e

v v

Torma ¢ yuetom cootHouueHuii (11) HampaBasiiolIe KOCHUHYChI
rociie nedopMaiiuy OyayT paBHBI BBIPasKEHHUSIM

_1+ell. ,_1+62 . ,_1+e3n

I = = =
l+e, ~ 1+e, l+e,

b
D1H POopMYJIBI HAIJISIIHO TIOKA3bIBAIOT, YTO T10JIaraTh HAIIPABIISIIO-
1Me KOCUHYChl HEM3MEHHBIMM IOIYCTMMO TOJIBKO Korma aedopma-
LMY 3HAYUTEJIbHO MEHBIIE eIMHULIBL.
[pu Gobimx geopMalmsIX ClaeayeT IIPUMEHSITh JIorapudmudec-
KYIO OLICHKY YIJIMHEHUI B BUIE
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rae [, u [, — KOHTpOJIMPYEMBII pasMep 10 U mocje aepopMaiyu.

YcraHoBUM Tenephb CBSI3b MEXIY ABYMsI OLICHKaMU JIMHEWHOM ae-
dopmanum (JrorapupMuUYECcKOil M1 OTHOCUTEJIHHON), a TakKxKe HalaeM
dopmyny miIsl BRIUMCICHUST O0BbEMHOM KOHEYHOH aedopmauuu. Bel-
MOJIHUM 3TO CHOBA JISl MPOCTEMILIeTo ciyJasi, KOorjaa IJlaBHble OCH Jie-
(opMalM cOXpaHSIOT CBOE IMOJIOKEHNE B TeUeHue Bcero aedopmu-
poBaHus. Ilycts medopmupyeTcsl 3JIeMEHTAapHBIN Iapalie/ienuIie]
00beMoM V ¢ pebpamu X, y, Z, COBNAAAIONIMMU C INIABHBIMUA OCAMU 1,
2, 3, Torga

X+Ax y+Ay z+Az _V+AV
X y Z /20

(77)
Jlorapudmupys (77), nonyuum

ln(l + H}L ln(l + ﬂJ+ ln(l + EJ = ln[l + ﬂj
x y z V

Tenepb yepe3 JUHeHHbIE 1 OObEMHYIO OTHOCUTEJIbHBIE Iedop-
MaLuu
Ax Ay . Az AV

— =€ — =€ —=e; — =0
X 1» y 2 z 3 V

BbIpaxkaeM Jiorapudmuyeckue aedopmaluu
In(l+e)=¢; In(l+e,)=2&,; In(l+e3)=¢;; In(1+0) =6
U 3anucbiBaeM Qopmyiy i 00beMHON KOHEUHOH nehopMalumn

é = e_l + e_2 + E3 .

JloGaBuM K 3TOMY, UTO B pe3yabTaTe nuddepeHnpoBaHus BbIpa-
KeHUN 151 JorapudmMudeckux aedopmaluii moaydaroTcsi COOTHOLLIE-
HUS, TTOKA3bIBAIOIINE CBSI3b MEXIY TIPUPAICHUSIMHI HATYPaJIbHOM (J10-
rapudmMUUecKoit) 1 OTHOCUTEIbHOM JehopMalinii, TMHEMHON 1 0ObeMHOM:

de,, do

de, = , k=12 3;do=—".
1+¢, 1+6

BepHeMcst Tenepb K pacCMOTPEHUIO KOHEUHON aedopMaliu BO-
JIOKHa B MPOU3BOJILHOM HampaBle€HWU V U, BbIPa3UB OTHOCUTEJIbHbIE
nedopMalu yepes JorapupmMuieckue:

e =e" -1, e,=e? -1, e3=€" -1,
IMOACTABUM 3TH 3HaUeHUs B BoipaxkeHue (76). [Tomyunm
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2,72 . 28,2 . & 2
eV:\/e U +em” +e“n” -1,

u Toraa Jorapudmuyeckas aedopmaliysi 3Toro BoJIOKHa OyeT paBHa

2, =In(l+e,) = InVe? +e2m? + %2 .
J11 He OYEHb BHUMATENBLHOTO YMTATENS 3AMETHM, YTO B MOCIE-

IHUX opmysax e 6e3 MHAeKca He aedopmalivsi, a OCHOBaHUE HaTy-
palIbHBIX JIOTapu(MOB, TO ecTb e = 2,71828 ... .

2.8. Cnioco0bI onucanus JIBMKEHUS
CIUIONIHOM Cpe/ibl

B KoHTUHyaJbHOII MexaHMKe (MeXaHMKE CIUJIOLIHOTO TBEPAOTO
Tejaa) TIPUMEHSTIOTCS JBa CITOCO0a OIMMCAHUS M M3YUYEeHUS TIepeMelle-
HU, YIUIMHEHWI 1 CIBUTOB MaTepPUAIbHBIX TOYeK KOHTUHYYMa (CTLTOIII-
HO cpelbl).

Ilepéuiii cnocob 3aKiI04aeTCsl B TOM, YTO BCE MEPEYMUCICHHbBIE 13-
MEHEHMS TTOJIOKEHUST MaTepUaTbHBIX TOUEK BBIPAXKAIOTCS (PYHKIIUSIMU
KOOpAMHAT Heae(hOPMUPOBAHHOM CIUloIHOM cpeapl. [lycTh, Hampu-
Mep, Touka M no necdopMaldu cpeabl MMesia KOOpAUWHATHI X, y, 72 M
(x, ¥, 7). KoMnoHeHTHI nepeMelieHusl 3TO TOUKU B pe3yjabTaTe Je-
dopmannm MBI MOXeM BBIPA3UTh, TIPUMEHSS TIEPBBIN CITOCO0O, Kak
(yHKUIMY KOOpAMHAT 10 Aedopmaliun

Uy =u (X, ¥, 2); u, =u,(x, y, 2); U =u(x, y, 2.

Cucrtema KOOpIAMHAT, OTHECEHHAs! K UCXOHOMY TTOJIOXKEHUIO Tesa
WK K Heae(OPMUPOBAHHOMY COCTOSIHUIO CIUIOILIHOM Cpe/ibl, Ha3bIBa-
€TCSI MamepuanbHoll cucmemoi KoopouHam, a COOTBETCTBYIOIIIME TIepe-
MEHHBbIE X, y, — nepemeHHbimu Jlaepaunca. Takum oOpa3oM, B HallleM
TNpUMepe KOMIIOHEHTBI U, U, U, 3a1aHbI B IEPEMEHHbIX Jlarpaxa uiu,
Kak ellle TOBOPIT— & .1a2paudicesom npedcmaesienuu. TepMUH TIPUHSIT
B YECTb BbIJAIOIIErOCs MaTeMaTrka U MexaHuka zKoseda JIyu JlarpaH-
xka (Joseph Louis de Lagrange, 1736—1813).

Bmopoii cnoco6 COCTOUT B TOM, YTO BCE M3MEHEHMS ITOJIOXKEHUST
MaTepHaTbHBIX TOUEK CIUIOIIHOM Cpembl BhIpaXKaloTcs (PYHKIMSIMU
KOOpAMHAT TOYEK 1eOPMUPOBAHHON cpenbl. B aTOM ciydae B mpo-
CTpaHCTBe (PMKCUPYETCS CUCTeMa KOOPAWHAT, M 3aTeM BCe YIJIMHEe-
HUS, CABUTU U Apyrue nedopMalOHHbIe XapaKTepUCTUKA MaTepu-
aJTbHOM TOUKU BbIPAXKAIOTCS KaK (PYHKIIMU KOOPAUHAT B IaHHBIA MOMEHT
nedopmaru. B 3ToM cityyae cructeMa KOOpAMHAT Ha3bIBAETCSI HPOCHPAH-
CMGeHHOoU, 2 COOTBETCTBYIOIIME TIEPEMEHHBIE B 9TO CUCTEME— nepe-
mennbimu Diinepa. DyHKIINN TaKOM MPOCTPAHCTBEHHOMN CUCTEMBI KOOP-
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JNUHAT HA3bIBAKOTC PYHKUUAMU, 300aAHHbIMU 8 NEPeMeHHbIX Jlinepa Uu
3a0aHHBIMU 8 21inepo8oM npedcmagieHuy. TepMUH NPUHSIT B YECThb BblAA-
IoLIErocsl MareMaTuka u MexaHuka JleoHapna Diiiepa, 00JbIIYyI0 YacTh
>Ku3HU padboTtasiiero B Poccuu (Leonard Euler, 1707—1783).

Hanee, mpu pelieHUU 3a4ay MEXaHWKM CIUIOLIHBIX Cpell, OyaeM
M0JIb30BaThCs U MepeMeHHbIMU JlarpaHxa, U epeMeHHbIMU Ditsepa,
BBIOMpAst KaXIbIi pa3 Te, KOTOPbIE JanyT HauboJiee MPOCThIE U SICHbIE
MaTeMaTUYeCKre CTPYKTYPhI MojydaeMbIx (popMy.

2.9. Tenzop ckopocTeii Aedopmanmii
M CONMYTCTBYIOMHE XapaKTePUCTHKH

IIpu nepemenieHurM MeTauia B oyare necdopMaluu, Hampumep,
yepe3 3a30p MeXJy BaJlkaMy MpU MPOKATKE WM Yepe3 CyxKarolleecs
OTBepCcTUE (PUJIbEPbl TIPU BOJOUYEHUM, TIPEACTABIISIET UHTEPEC uccie-
JIOBaTh paclpeiesieHue ckopocmel meuenus MeTajia, KOTOpbIe SBJIsI-
10TCSl (PYHKLMSMU KOOPAUHAT U BPEMEHU f:

Ve =V (6,0,2,0)5 vV, =V (6, 0,2,0); v, =V (X, ),2,1).

ITpuMeHUTETHLHO K TAKOMY TTPOIIECCY MOXKEM 3aIMcaTh, YTO Tepe-
MELIEHUs] MaTepUaJIbHONM TOUYKM 32 MaJIblii MPOMEXYTOK BpeMeHU dft
OyayT paBHBI

du, =v.dt, du, =v,dt, du, =vdt. (78)

3a TOT ke MaJblil MPOMEXYTOK df KOMIOHEHTHI TeH30pa Aedop-
Malyii mojyyaT TakKe Majble MpUpalleHus, U3 KOTOPbIX MOXHO CO-
CTaBUTb MeH30p NpupaueHull degopmauiili

1 1
dex Ed’ny Edsz
1 1
dTZL: Ed'yyx dey Ed'yyz . (79)
1 1
Edyzx Edyzy dez

ITpupamieHust nepopmManii MOKHO CUMTATh MajibiIMU aecopma-
nusaMu. T1oaToMy Bce paHee BBIBEIEHHBIE COOTHOIIEHUS JIST MaJlbIX
JedopMaldii OyayT crpaBedIMBbI U IJIsSI IpUpalleHuit neopMalnii.
K mpumepy, MoxkeM 3amucaTh 110 aHAJIOTMH C ypaBHEHUSIMU (67) CBsI-
31 nedopMaluii U MepeMelleHri caeayoure 3aBUCUMOCTHU:
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de, - a(dux);
ox
a(d

dey = ( uy)’
ady
d

de, = _8( ul);
0z

d(du,,)
W T ok
d(du,)
Vyz = 9y
o(du,.)
o = 0z

, Aduy)

, du,)

dy

0z

b

b

. a(duz)‘

ox

(80)

MoxeM TakxKe 3armcaTthb BblpaxkeHue 1Jisi UBMEHEHUsT 00bema:
do =de, +de, +de,. (81)
Ecnu mpoMexXyToK dt B3SITh paBHBIM €AWHWIIE BPEMEHU, TOTIA
KOMITOHEHTHI TeH30pa (79) OyayT XxapakTepru30BaTh NpUpalleHue ae-
¢dopmalMu 3a eIMHUILY BPpEMEHMU, T.€. cKopocmb deghopmayuu. Mo-
XeM, CIIeOBATEILHO, BBECTH meH30p ckopocmeli degopmayuii T |
TaK>Ke 3arucaTh ypaBHEHUS CBSI3U CKOPOCTei nechopMannii u ckopo-
CTeii TEUCHUS V , V , V_, TIPSACTABIISIOLINX COOOM CMEILECHMS B SANHU-
11y BpeMeHM. DTU ypaBHEHMSI CBSI3U OyayT MMETb BUM, MOAOOHBIN
ypaBHeHUsIM (80):

. 1. . 1.

Tll = E'ny ey Evyz ) (82)
I. I.
Eyzx Eyzy ¢

. OV, . OV, 9V,

“T 0 YT dy

, _ V0 _ e My (83)
oy ay 0z
ov, v, ov,

é, = —=; = +—=,

A e

(DOpMy.T[y I CKOPOCTHU MBMCHCHUA 00beMa MOXHO TaKxKe 3aru-
caTh IO aHAJOIUU C MOJOOHBIMU BbIpa>XCHUAMMU

O=é, +é,+¢,. (84)
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TTpu 3TOM eciiu CKOpOCTbh UBMEHEHMST 0ObeMa U CaMO UBMEHEHUE

o0beMa Tesla MpeHeOpeKuMO MaJjibl, TO YpaBHEHUE
é,té, +é, =0 (85)
BBIPAXAET YCJIIOBUE HECXKMMAEMOCTHA MaTepuasa.

TeHzop ckopocteit aecdopMalit MOXKET ObITh TaKXKe OOBIYHBIM
MyTeM pasioxXeH Ha chepUyecKUil TeH30p U TEH30p-IeBUATOP CKOPO-
creil aeopmarinii:

T, =T+ D,. (86)

MoXHO BBIAENTUTH TIEPBBIA, BTOPOU U TPETUI MHBAPUAHTBI TEH30-
pa ckopocTeil neopMalnii:

JiTg)=é,+é,+é,=¢ +é +é3,

DTg) =66, + 6,6, +6.6. — -2 +12 +124) =
2 ) =€exey + €y, + €8x 4ny Yy T ¥ox) =
=é1é2+é2é3 +é3é1,

J3(Ty)=¢é. e, + Znyszsz - (87)

| ) ) .2 L.
_Z(enyz eV t+ ezny) =e1ee;s.

B kauecTBe XapaKTepUCTHUK CKOpOCTeil ae(OpPMUPOBAHHOIO CO-
CTOSTHUS BBOZIAAT CKOPOCHb OKMA30PU4ecKoeo cosued:

. 2. . L . 3 . . .
Yokr = g\/(ex _ey)2 +(ey _eZ)Z +(€z _ex)2 +§(Y§y +Yiz +Y§x):

5 (83)
= 5\/(‘91 - é2)2 +(é _é3)2 +(é5 - é1)2 5
UHMeEHCUBHOCIMU cKopocmell deghopmayuil N ckopocmetl coguea:
. 3 . : \F
b= ——— 1l ==Y (89)
1 2\/5 (] + M) OKT 2 YOKT
CKOPOCMU 21ABHBIX COBUL08:
Yo =€ —€; T3 =6 —€3; 133 =é3-¢, (90)
U HAKOHELl, noKa3amesnb 8uda meH30pa-0esuamopa ckopocmeli oeghopmauuli:
26, -6, —¢
pe =2 L3 91
€ — €3

npuueM —-1<u, <1.
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2.10. CranuoHapHoe U HECTAIMOHAPHOE TeYEHMS.
YpaBHeHHSA TPACKTOPHiA TeYeHUS

IIpociennum u onuIieM MaTeMaTUIECKHU, YTO TIPOUCXOIUT C DJIe-
MEHTapHOM 4acTulieid, T.e. C MUHU-00JIaCTbI0O MaTepuajia B OKpecT-
HOCTH MaTepHabHOM TOYKU, KOTOpas TepeMelaeTcs B TIOTOKe Me-
TajuIa yepe3 ouar mepopManin (MeXIy TpOKaTHBIMM BaJKaMHM, Yepe3
OTBEPCTHE BOJIOUYMIIBHOM (DUITBEPHI, Yepe3 OTBEpCTHE B MaTpUIIe TIpecca
U T.1.). 3a MaJiblii TPOMEXYTOK BPEMEHU df KOMIIOHEHThI T€H30pa
nedopMaliii paccCMaTpMBaeMOTO 3JIEMEHTApHOTO oObeMa TMoyJaT
npupaieHue de; = §,e; + d,€;, KOTOPOE COCTOUT U3 BYX BKJIAAOB.

Ilepeuiil 6x1a0 maeT TiepeMellieHre Hallleil 3JIeMeHTapHOM YacTUIIBI B
APYIYIO TOYKY IIPOCTPAHCTBA, [JIs KOTOPOi 0000LIeHHas AehopMmaLms e,
MMeeT Ipyroe 3HaueHue. Bmopoli éxkaad B BEIMUIMHY TIPUpAICHUS JaeT
HeCTaIlMOHAPHOCTh TIpoIlecca BO BpeMeHM (HaIrpumep, MpU ITPOKATKe
MEHSIETCS CKOPOCTh BPaILIEHNUST BAJIKOB WJIM PACCTOSTHHE MEXKITY BaJIKAMM).

Wrak, 3a mpoMexXyToK BpeMeHU df Touka M (x, y, 7) IepeMecTuT-
cs B mojoxenue M'(x + dx, y + dy, z + dz), tne dx, dy, dz— npupa-
LIEHUS CMEILEHW du, duy, du, T.e. ¢ yaerom (78)

dx =du, =v,dt; dy =du, = v ,dt; dz =du, = v dr. 92)

Terepb olleHWM M OIMMIIIEM Ha3BaHHBIC JBa BKJIaaa B IIpUpalle-
Hue aedopmalmu.

Ilepewiii 6xk1a0— npupallieHude aedopmaliuy 3a cueT Iepemele-
HUS 9aCTHUIIBI B TIPOCTPAHCTBE:

S = %dx+%dy+%dz
0x ay 0z
WM C y4eTOM paBeHCTB (92)
o6 = %; —L v, dt + — i v, dt +—- o¢; v dt. 93)
0x ay az

Bmopoii eéxaao— mnpupanieHue ne@opManuu 3a CYeT HECTalMo-
HapHOCTH TIporiecca neopMupoBaHMs, IIpoliecca TeUSHWST MaTepraa
yepe3 oyar aedopmaiiuu:

dye; = %e’ dr. (94)

Torna nosHoe npupalleHue aedopmalui 3a BpeMs df TIOJIyYuM,
cymmupys (93) u (94):
oe; de;

dei = Slei + 528i l dt dt + —V dt + —
ax oy az

v, dt.

Z

55



TTonenus nocneaHee paBeHCTBO Ha df, MOJYYUM B UTOTe

de; ae,- oe; oe; oe;

— =LV -V, + -V,

dt ot ax ay 0z
nbo nepsasi MpoU3BoAHasA AedopMaliu IO BPEMEHU €CTb CKOPOCTb
nedopMauuu. PacripoctpaHsisi 3TOT pe3ysibTaT Ha KOMITOHEHThI TeH30-
pa ckopocTteit necopManuii (82), NoJyduM CUCTeMY YpaBHEHUI Teue-
HUSI, B KOTOPOH, €C/i MpoLecC TeYeHUs CTallMOHAPEH, TepBbIi WieH
KaXXJ0ro M3 BXOASIIMX B Hee ypaBHEHUI oOpalllaeTcsi B HYJIb:

=é

i

de, ae oe, oe,
é, = —Xv, + yt —=v,
ot ax ay 0z
y - X y z°
Jat  ox ay 07

3z, (95)

Perrast TexHosornueckue 3agadyu riacTUYECKOro TeUeHUsI, valle
BCEro B KayecTBe pe3yjibTaTa pellieHUs] yaaeTcsl MOJAYyYUTh 3HAaUYeHUs
MapaMeTpoB v, V,, V,, T.¢. TI0JIe CKOpOCTei TedeHust. [1o Hemy MOXHO
HEIOCPeCTBEHHO HATU cKOpocTu aedopMaiii. Ho yToObl nepeitTu
OT CKOpOCTel K caMuM aedopmaliusM, Hajao MHTErPUPOBaTh BCIO CU-
creMy (95) u3 mectu auddepeHIMaTbHbIX YpaBHEHUI B YACTHBIX MPO-
M3BOJHBIX. DTa 3ajJaya COIpsiKeHa ¢ OOJIbIIMMU MaTeMaTU4eCKUMU
TPYAHOCTSIMU, TIPEOIOJMMBIMU TOJILKO B HEKOTOPBIX ITPOCTEHILINX CITy-
yasiX, CO MHOTMMU YIIPOILIAIOIIMMU JOMYLIEHUSIMU U C TPUMEHEHUEM
NPUOJMKEHHbBIX, YUCIEHHBIX METOJ0B UHTETPUPOBAHMUSI.

Boicokasi mpou3BOAUTEILHOCTh BBIYUCIUTEIBHOTO Mpoliecca Ha
coBpeMeHHbIX DBM no3BojiseT ObICTPO MOJIYYNUTh UCKOMbBIE PE3Yib-
TaTbl, HO MPOTHO3 HAa TOYHOCTb TAKMX BBIYMCJIEHUM, KaK MpaBuUjo,
HeOJIaronpusITHBIN: BEJIMUYMHA BO3MOXHOMW MOrPEeIIHOCTUA, O0YCI0B-
JIEHHOW BCEMM ClieJJaHHBIMM YIIPOLLIEHUSIMU U AOMYLIEHUSIMU, OKa-
3bIBaeTCs OJIM3KOM K BeJIMUMHE caMOro pesyJibTaTa. Boixom U3 3Toro
3aTpyJHEHUs OOBIYHO HAXOJST B TOM, YTO OFPAaHUUYMBAIOTCS U3yye-
HUEM KMHEMaTUKM HEeCKOJbKMX XapaKTEePHBIX TOUEK Ha MOBEPXHOC-
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TH TIOTOKA, OIPEISISTIONINX BHEITHNE OYePTaHUsI, KOHTYP ae(pOpMU-
pyemoro Teja. Takoit B OYyKBAILHOM U MIEPEHOCHOM CMBICIIE TIOBEPX-
HOCTHBIN TTOAXOM OKa3bIBAETCs JJISI 3TOTO KJlacca 3amad BechMa TUIo-
JIOTBOPHBIM.

JIeiCTBUTEILHO, YYUTHIBAsI, YTO CKOPOCTH M3MEHEHUS KOOPIM-
HaT— 5TO CKOPOCTU TEYCHMS IO STUM KOOpAWHATAM, UMEEM

e ody_ o ode_ A _dy_dz

— = Vx» - s o= Vg,
d 7 d 7 dt Y0 Vx Yy Vg

DTO0 ypasHerus mpaekmopuii, KOTOpble UHTEIPUPYIOTCSI IIPU U3BE-

CTHBIX HaYaJIbHBIX YCJIOBUIX x\,:,o =Xp, J’\,:,o =)o, Z\,:,O =30, U B

pe3ynbTare IoIyJyaeM BBIpasKeHHUST KOOPAWHAT BBIOPAHHBIX XapaKTep-
HBIX TOYEK Ha KOHTYpe B 3aBUCHMOCTH OT ITapameTpa f:

x:x(x()ayOaantht); y:y(XO,y(),Z(),t(),t); Z:Z(XO’y()aZOat()at)'

s v _2
X | <

Y ) !0 g
l

Puc. 23. Cxema medopmaliiy MOJIOCHI
MPU MPOAOJBHOM MPOKATKE C YIINPEHUEM
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TTosicHuM 3TO pellieHre TEXHOJIOTMYECKUM TTPUMEPOM 151 TTPOI0JIb-
HOM MTPOKATKH TMOJIOCKI ¢ yiurpeHueM (puc. 23). Beruuciaus TpaeKTopuun
JBUXKEHMSI TOUEK OOKOBOI KPOMKMU TOJIOCHI BAOJIb ovara aedopMaiuu,
MbI CMOXEM OJTHO3HAYHO OIPENEIUTh pa3MepPbl MOJIOCHI MOC/IE MPOKATKU.
TTorpeniHocTh pacuera B 3TOU 3ajaue 3aBUCUT YK€ COBCEM OT JpYroro:
OT TOTO, HACKOJIbKO TOYHO OYAyT YUT€HbI B PEILIEHUU YIIPYroe CIUIIO-
1IIMBaHUE MPOKATHBIX BAJIKOB U YIIPYTOe BOCCTAHOBJIEHUE (DOPMBI TT0JI0-
Cbl TIpU BbIXoJe M3 oyvara aedopmanuu. Ho 310 yxXe coBcem apyras
3a1a4a: KOHMAaKmMHas 3a0a4a meopuy nPoKamku, KOTOPYO Mbl pACCMOT-
PUM B TIOCJIETHEU TJIaBE 3TOW KHUTU.



11. COITIPOTUBJIEHUE MATEPHA/IOB
yiiPpyrum
U IVNIACTHYECKHUM JIED@OPMAITUAM

Thasa 3

OBBEMHAS CCKUMAEMOCTD
METAJUVIMYECKUX MATEPUAJIOB.
OJHOOCHOE PACTAXKEHUE U CKKATUE

3.1. O0beMHAasI CXKHMAEMOCTh METAJLIIOB

Ilpu rugpocTaTUuecKoM AaBJIE€HUU OOBbEM METAJIOB U CILJIaBOB
YIPYro yMeHbllaeTcsl, MOAUYMHSISCh KBaIpaTUUHON SMITUPUUYECKOM 3a-
Bucumoctu Il.bpumxkmena [2]:

AV ap- b, (9%)
0

rie p— IUIPOCTaTUYECKOE JaBJIEHue, Krc/cM?; V— obbem npu p = 1 ar.
u t =30°C; a, b— smnupuyeckre Kod3(hGULIMEHTbI, 3HAYeHUSI KOTO-
PBIX JIJ1S1 OCHOBHBIX TTPOMBIIIUIEHHBIX METAJJIOB MpeACTaBIeHbI B Ta0. 1.
HaHHble TabAMLBI MMOKA3bIBAIOT, YTO CXKUMAEMOCTh METAVIOB OUYEHb
MaJla M TIpU MHXEHEPHBIX pacueTax MOXHO €10 MpeHeoperarb, IoJa-

rast, YTo COOJIIOJAaeTCs YCIOBME MOCTOSIHCTBA 00beMa.
Ta6nuuma 1

3navenne ko3¢ dunuentos B gopmye (96)

Mertaut a- 107 b 1012
Fe 5,87 2,1
Cu 7,32 2,7
Al 13,34 3,5
Pb 23,73 17,25
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B tex ciyuasx, Korga uaMeHeHrueM oObema IMpeHedperaTh Hexe-
JlaTeJIbHO M3-3a OOJIbIIOrO CHUXXEHUS TOUYHOCTU pe3yJbTaTOB pellie-
HUS 3a/7a4M, MOXHO BBOAMUTbH B pacueT YyIpOLIEHHYIO, JIMHEIHYIO 3a-
BHUCHUMOCTh bpumkMeHa

AV = ap, 97)
4
TaK Kak a >> b 1 moaTomy ap >> bp*. [locnenHee paBeHCTBO aaeKBaT-
HO BbIpaXXEHUIO 3aKoHa obsemHoU ynpyeocmu Iyka, U3BECTHOTO YuTa-
TeJII0 U3 Kypca CONMPOTUBJIEHUS MaTepraioB
cp = EOecp s (98)
rae E, = 3/a— monynb 00BbEMHOI YIIPYTOCTH.

PaBenctBo (98) cnpaBenivBo Mpu 00O cxeme HampsKeHHO-
neopMUPOBAaHHOTO COCTOsIHUS. Harnpumep, ogHO U TO XXe 3HaYeHue
0., MOXET ObITb JOCTUTHYTO MPHU BCECTOPOHHEM CXKATUH G, = G, = O,
U MIPU OJHOOCHOM 30,, 6, = ¢, = (. PazHuua B TOM, YTO OJHOOCHOE
CXXaThe MOXET COMPOBOXKAATLCS HE TOJIBKO YIIPYroi, HO 1 MjlacTUyec-
KoM necdopManmeit, Toraa Kak ruipocTaTudeckoe JaBjieHe BbI3bIBaeT
TOJIKO YIIPYyTroe YyMeHbllleHUe o0beMa.

B zakioueHre OTMETUM, YTO IMOJ OYE€Hb BBICOKHMM TUIPOCTATH-
YeCKMM JIaBJI€HMEM DSiJ METAJJIOB UCIIBITHIBAET MOJUMOpP(MHbIE Tpe-
BpalleHus ¢ 00beMHBIM 3((HEKTOM, T.€. MPOUCXOAUT ObICTpas mepe-
CTpOiiKa KpUCTAUIMYECKOU pellIeTKH CO CKaYKOOOpa3HbIM U3MEHEHEM
o0bema matepuasia. OgHako 3TOT 3deKT TpedyeT Misi CBOEro Mnpore-
KaHU$ OYeHb BBICOKMX JABJIEHUI, KOTOPbIE MTPU OOBIYHBIX TEXHOJIOTH -
YecKMX Mmpoleccax 00padoTKU METAJIOB JIaBJIEHUEM HE J1OCTUTalOTCS.

)

3.2. UcnbiTanue 006pa3ioB HA OHOOCHOE
CTATHYECKOE PACTSIKEHHE

WcnplTaHne Ha OTHOOCHOE CTATUYECKOE PACTSIKEHHE SIBIISIETCSI
HaumboJlee pacIpoCTpaHEHHBIM BUIIOM MCITBITAHUI IIJIST OLIEHKW MeXa-
HUYECKUX CBOMCTB METAJJIOB U CIUIABOB. Pe3yiabTaThl 3TOrO MCIBITA-
HUS OTJIMYAET BBICOKAs MH(POPMATUBHOCTD: OMPEICIISIETCS cpa3y He-
CKOJIPKO BaXKHBIX MEXaHMUECKMNX XapaKTePHUCTUK MaTeprajia, KOTOphIe
SIBIIAIOTCS KPUTEPUEM €T0 KauecTBa Ha (DUHUIIE TeXHOJIOTUUYECKUX
MPOLIECCOB 00PAOOTKM, CUTHATM3UPYIOT O JOMYIIEHHBIX HAPYIICHUSIX
TEXHOJIOTHH, a TaKKe HEOOXOMWMBI ISl BHITTOJTHEHHUST KOHCTPYKTOP-
CKMX pacyeToB MpHU MPOEKTUPOBAHUN U3AETUN MAIIMHOCTPOEHMUS.

MeToap! UCTIBITAHUS Ha PacTSCKEHUE periaMeHTHPOBAaHBI CTaHIAp-
Tamu. MIMeroTcs oTHenbHbIe CTaHTAPTHI HAa MCIIBITAHUS 00pa3loB MpU
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komHaTHOM Temniepatype (I'OCT 1497—84), npu nosblillieHHbIX 10 1473 K
(FOCT 9651—84) u noHmxkeHHbIX oT 273 mo 173 K (FOCT 11150—84)
temmiepatypax. CyIecTBYIOT TaKKe CITelIMabHble CTAHIAPTHI HA pacTs-
JKeHUE TOHKUX JIMCTOB 1 JIEHT, ITPOBOJIOKHU, a TAKXKE TOHYANIINX MeTas-
JIMYECKMX HUTEH, TIPUMEHSIEMBIX, B YaCTHOCTH, B KAUeCTBE YIIPOUHSIO-
el a3bl B BOJOKHUCTBIX KOMITO3ULIMOHHBIX MaTepuaiax. B HuXx gaHbl
ONpeeIeHNsI XapaKTePUCTUK MEXaHNUECKIX CBOMCTB, OLICHUBACMBIX ITPU
uchbITaHUU, (DOPMBI U pa3Mepbl 0OPA3LIOB ISl UCTIBITAHUS, CPOPMYJIK-
pPOBaHbI OCHOBHbIE TPEOOBAHMUS K UCIIbITATEILHOMY 000PYIOBaHUIO, Me-
TONMKA MPOBEACHHUS UCTIBITAHUS U 0OPAaOOTKU PE3YJIbTATOB.

JI1st UCTIBITAHUIM Ha pacTsKeHUe MCIOJb3YIT 00paslibl ¢ pado-
yeil yactbhlo B (hpopMe KpYyroBoro UMWJIMHApPA (UMEHYEMbIe yuUauHOpU-
yeckumu obpazyamu) WIN IPSIMOYTOJILHOIO CTEPXKHS (naockue 0bpas-
yvt). Ha puc. 24 mokasaHbl CTaHAapTHbIE 00pa3lbl, UCIOJb3yeMble
IUIST UCTIBITAHUM IPY KOMHATHOM TeMIIepaType.

O06pasIbl TSI UCTIBITAHUNA TIPU TTOBBIIIEHHBIX U KPUOTEHHBIX (OT-
pULATeIbHBIX) TeMIlepaTypax OTIMYaloTCsl UHBIMUA (popMaMu TOJI0BOK
JUTST KpeTUTeHUsI o0paslia B 3aXBaTaX MCIBITATeIbHOM MAallIMHEL.

OcHoOBHbIE pa3Mepbl 00paslia, OTMEeUEeHHbIe Ha puc. 24:

paboyas ajavMHa /— yacTh oOpasla ¢ MOCTOSIHHOM TUIOLIAIbIO TO-
MEePEeYHOro CeYeHMUs MeX/y roJIOBKAMM WJIM yyacTKaMM JUIsl 3aXBaTa;

HayaJlbHasl pacyeTHas UIMHA [— y4acTOK pabodyeill MUIMHBI, Ha
KOTOPOM OTNpeAeIsieTcsl YIJIMHEeHNUE;

a) l
X V8
=
h th| /
L
0) By A
N V3 ]

L

Puc. 24. CranmapTHble 00pa3ibl IJI UCIIBLITAHUIA
Ha OIHOOCHOE pacTsDKeHHWe MpU KOMHATHOM TeMIlepaType:
HWIMHAPUYECKUA (@) U TUTOCKUit (6)
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HayaJIbHbIA 1UaMeTp paboueii 4acT d, 1l UWMIMHIPUYECKUX U
HayaJlbHble TOJIUMHA @, ¥ IIMPUHA b, paboyeil 4acTu IS IJIOCKUX
00pa3LoB.

Mexny pazmepaMu obpasiia HeoOX0AUMO COOJIIOAATh ONIPeAe/IeH-
HBIE COOTHOIICHUS, MHAYE PE3YJIBTAThl HCITBITAHUS OKaXXyTCsS HECOTIO-
CcTaBUMbIMU. Pabouas mivHa / TMIMHAPUYECKUX 00pa3lioB JOKHA ObITh
or [, + 0,5d, no [, + 2d,, a y miockux mnpu TojaiuuHe 6ojee 3 MM— OT

ly + 1,5\/70 1o [y + 2, 5\/7, IpU TOJIILMHE MeHee 3 MM— oT [ + 0,55,
no [, + 2b,. PacueTHas 1IMHa JIOJDKHA COCTaBIIATh [y = 5,65\/70 (Tak

Ha3bIBaeMbIe Kopomkue 006pasuyvl) WA [y = 11,3\/70 (OaunHble 006pa3-
ubt), TIe F,— HavyanbHas IUIOLIAAb TTONEPEYHOrO CEYEHU B paboyeii
yacTtu. st UMIMHAPUYECKUX 00pa3lioB 3TO paBHO3HAYHO TOMY, YTO
I, = 5d, (nosToMy, KpoMe Ha3BaHUSI KOpOMKUe, OHU €lle UMEHYIOTCH
namukpamuoimu obpazyamu) v I, = 10d, (T.. OHU HE TONBKO OauH-
Hble, HO U decamukpamubie oopasuyst). [TocnenHre COOTHOIIEHUS JIETKO
MMOATBEPXKIAIOTCS MOICTAHOBKOM B IpenbInyie (hopMyIbl 3HAYCHUS

K= nd02 /4. AOCONIOTHBIE pa3Mepbl CTaHAAPTHBIX O0Pa3LOB MOTYT
MEHATBCS B IIMPOKUX TIpenesiaX. YCTaHOBJECHBI THANa30Hb M3MEHe-
HHUS pa3MepoB, OIpPeAeIISTIONINX HaYaIbHOE TIOTIEpeYHOe CeueHUe pa-
Ooueit yactu 00pa3LoB: I HWIMHAPUIECKUX 00pa3loB d; = 3+25 MM,
I IoCKuX— ag = 0,5+25, by =20+30 mm. g kaxmoro tuma
ob6pasuoB 'OCT ycTaHaBiMBaeT CBOI Auana3oH OCHOBHBIX pa3MEpOB.
HomnyckaeMmble OTKJIOHEHMST OT HOMUHAJIbHBIX Pa3MepPOB TakKe persa-
MEHTUPOBAHbI, IPUYEM IOMYCKU 3TU BeCbMa XKECTKHUE.

MaliuuHsbl Ui UCIIBITAHUI Ha PacTSKeHUE MOJIKHBI COOTBETCTBO-
Batb TpeboBaHusIM ['OCT 28840—90. [To KOHCTPYKLIMU COBPEMEHHbIE
HCHbITaTeJIbHbIE MAIIMHbBI BeCbMa pa3HOoOpa3Hbl. OCHOBHbBIE MEXaHU3-
Mbl MalIMHBI JIOOON KOHCTPYKLIUU: HAPYICAIOWUL MeXAHU3M, obecrie-
YUBAOIIMA TJaBHOE AehOpMUPOBaHUE 00paslia; CuioU3MepUmenbHblll
Mexanu3m JUIs U3MEpeHHUs MPUIOXKEHHOMN K o6pasiy nedopMupylolei
(pactsruBarollieil) CUIbL; OUazpaAMMHbBIL MeXaHU3M, 3aNChIBAIOIINI Ha
JyarpaMMHOI OyMare Tak Ha3blBaeMYIO UHOUKAMOPHYIO OUASPAMMY UC-
neimanus 00pasla— KPUBYIO B KOOpPAMHATAX “yCWJIME PACTSLKeHUs, P,
Kec— a0OCOJIOTHOE YIJWHEHUE, Al, MM”.

CoBpeMeHHbIe MCIbITaTebHbIe MALIMHbI BBICILIETO Kjacca ocHa-
1Ial0TCs BCTpOeHHBIMM DBM, KoTophle aBToMaTHYeCKH oOpadaThiBa-
0T UHAMKATOPHYIO AMarpaMMy MCIbITAaHMS U BbIAAIOT HA MevyaTh Tad-
JUIy 3HaUYeHUH BceX OMpenessieMblX MexaHUyecKux cBoicTB. Ilo
MPUHLIMITY ACHCTBUS HArpy>Kalollero MexaHu3Ma pasinyaioT MallluHbl
C MexaHuyeckum M eudpaseauieckum npusodamu. B mepBbIX MOIBUXKHBIA
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3axBaT IepeJaeT pacTiarupalolilee yecuiane oopasily ¢ MoMoLIblo Ipy30-
BOr0 BMHTA, MPOXOJSIIErO Yepe3 Bpalllalolilyocsl OT 3JeKTpOINpUBoaa
raiiky; B MalllMHaX BTOPOTO TUIIa MOABMXKHBIN 3aXBaT CBA3aH C MOPII-
HeM, KOTOpbIi Iepemelaercss B paboueM LUJIUHApPE TOJ AaBIeHUEeM
paboueii XuaKocTu (0OBIYHO Macia), CO3JaBaeMbIM HACOCOM.

HcnbiTaTebHble MallIMHBI ¢ TUAPOTPUBOIOM OOBIYHO 3HAYUTE I b-
HO MOIIHEEe, YeM C MEXaHUUYEeCKUM, HO Ha MEPBbIX TPYAHEE MOIAEPXKU -
BaTh MOCTOSIHHYIO 3aJJaHHYO0 CKOPOCTb pacTsiKeHUs oOpaslia.

Hawubonee pacnpocTpaHeHHbIE TUIIBI CUJIOU3MEPUTEIbHBIX MeXa-
HU3MOB: PbiYAJICHbIe, MAAMHUKOGbIe, MOPCUOHHbBIE U I1eKMPOMEH30Mem -
puueckue. OnucaHue UX yCTPOMCTBA, a TakxKe YCTPOUCTBA U OCOOEH-
HOCTel paboThl APYTMX MEXaHU3MOB U Y3JIOB MCIIBITATEIbHBIX MAIlIUH
MOXHO HaliTU B crneuuvaibHOU nurteparype [8]. 3mech e OTMETUM,
YTO B 3aBUCMMOCTHU OT KOHCTPYKLIMU MCHbITaTeIbHbIE MAlIMHbI OTJIW-
YalTCsd MOKa3aTeIsIMU KECTKOCTM M MHEPUMOHHOCTU IMpu padore,
BJIMSIIOIIMMHU Ha TOYHOCTh PE3yJIbTaTOB MCIIbITAHUMA.

MuaukatopHble AuMarpaMMbl, UMEHYEMbIE TakKXe TMepBUUYHBIMU
KPUBBIMU PACTSKEHMSI, NMPU UCIIBITAHUM 00Pa3ll0OB U3 Pa3HbIX MaTe-
puasioB ObIBAIOT TpeX OCHOBHBIX TUIOB. Juarpamma I tumna (puc. 25)
XapakTepHa JIJis TUIACTUYHBIX MaTepuajaoB, 00pa3libl U3 KOTOPbIX pa3-
pyllIaoTcs mocjie 00pa3oBaHUsl uieliky B pe3yJbTaTe CoCpeaoTOUeHHON
JneopMalldi Ha 3aKJIIOUMTEIbHOM (ha3e MCIbITaHUs (Yy4acTOK 6K Ha
nuarpamme). s auarpamm I Tuna xapakTepHO TakkKe HaJIMUue Ma0-
waoku mexky4ecmu riepe]l yd4aCTKOM S§6 YIpyroriacTuyeckoi aedopma-
uuu ¢ yrnpouHenuem. Jduarpamma Il Tuna (puc. 26) xapakrepHa s

P b

I;H / f_— k

w-

&

Ol Ar Al AL Al

B k

Puc. 25. UagukaropHast quarpaMmma
pactsokenust 1 Tuma
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BBICOKOTIPOUHBIX, YMEPEHHO MUIACTUUYHBIX MaTepuaaoB. OHa OObIYHO
HE COAEPXUT TJIOLIAAKY TEKYYECTH, ITOATOMY paspyllieHue oopasiia 13
TaKoro Matepuasa MOXeT ITPOMCXOIUTh U Toce 00pa3oBaHus 1IeHKN
(IyHKTUPHBI y4aCTOK 6Kk Ha KpUBOW puc. 26), u 6e3 oOpa3oBaHUsI
LIeHKU, O JTOCTUXEHUU MaKCUMaJIbHOTO yCUJIUS B Touke 6. Hako-
Hell, auarpamma III Tumna nojyyaercs: mpu UCIbITAHUM OOpa3lLOB U3
XPYIKMX MaTepuajioB; OCTaBjsieM ee 0e3 BHUMaHMSI, TaK KaKk 00beKTa-
MU U3YUYEHMS Y HaAC SIBJISIIOTCS MaTepuasbl, KOTOpPbIE 1e(OPMUPYIOTCS
U YIPYro U IiacTUYeCKH.

5 p, I
et ank :
Nal , AL AL Al O Al
= Al

Puc. 26. UnaukaTopHble AUArpaMMbI
pactskenus 11 u 111 Tumos

TTpu 06paboTKe pe3yabTaTOB UCTIBITAHUI HA pacTsSKEHWe Hampsike-
Hue B 00paslie MOXHO OLIEHMBATh OTHOLIEHWEM o = P/F,, nu6o
§'= P/F, tne F, n F— niowany ronepeyHoro ce4eHus paboueit vyac-
TH 00pa3iia B HAYaIbHbIN U B TEKYLIMIA MOMEHTBI pacTsikeHus. [lepBoie
HanpsbkeHus (o) Ha3bIBalOTCS yCA08HbIMU, BTOpbIE (S)— ucmunHbiMU.

Hedopmaninio obpasia Mpu pacTSKeHUU MPUHSTO OLIEHWBATh OT-
HOCUTEJIbHBIM OCTaTOYHBIM y/UIMHeHWeM. HanmomHum, yto aedopma-
LIV, WCUE3arole TTOCIe CHATUS HaIIPSDKEHUM, HAa3bIBAIOTCS YIIPYTH-
MM, a COXpaHSIOIINECS TTOC/Ie TIpeKpaIlieH!s AeCTBUS HATIPSDKEHMIT—
ocraTouHbIMU. Ha muarpammax pactspkeHust (puc. 25 u 26) mpsiMoiiv-
HEMHbBIN y4acTOK OT Havyaja KOOPAMHAT 10 TOUKU p COOTBETCTBYET UKC-
TO YIPYroMy MOBEIEHUIO 00pa3La, KOrna 3aBUCMMOCTb MEXAY Hampsi-
KEeHUsIMU 1 nedopMalmsiMu (YIpyrumMu) Bbipaxaercs: 3akoHoM T'yka.

Pasrpyska obpasiia u3 1000l TOYKM B Ipeaesiax 3TOro yyactka
MNpUBEIET K TOMY, UTO yrpyras jaedopmalius MCUe3HET, U BOCCTaHO-
BUTCSl HayallbHasl pacyeTHas [UIMHA /[, KOHTpOIMpyeMasi Ha pabouei
JIUIMHEe oOpasiia. Bellle TOUKM p, Ha ydyacTKe pe, pa3BUBaeTCs YIpy-
roruiacTuyeckasi paBHoMepHasi Aepopmalius, a aajiee, Ha yuacTKe 6K,—
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yIpyro-rjactuyeckas aedopmalnsi CTaHOBUTCS HEPaBHOMEPHOI, JIO-
KaJlbHO— B KaKOM-TO MecTe paboueil JJiMHbl 0Opa3yeTcsl U pa3BrBa-
ercs wetika. Pasrpyska oopasia u3 Jito00ii TOUKU y4acTKa peK MpuBe-
JIeT K MCUYE3HOBEHUIO YIIPYrol 4YacTu MOJHON aedopMaliiu Mpu
COXpaHEHUU OCTATOYHOIO yaIuHeHUs. [ToaToMy JIMHUU pa3rpy3Ku U3
TOUEK e, S, 6 U k Ha puc. 25 1 26 UIyT HE OTBECHO BHU3, 4 HAKJIIOHHO,
MapajyieIbHO TYKOBCKOUW MPSIMOM, UAYyIIEW OT Hadyaja KOOPAWHAT IO
Touku p. [TosSICHUM MOIMYTHO, YTO HEOOJIbILIOE UCKPUBJIEHUE MPSIMON
Op y caMoro Havajia KOOpJAMHAT MPOUCXOAUT U3-3a OTCYTCTBUS a0CO-
JIIOTHOM XECTKOCTU 3JIEMEHTOB UCIBbITATEIbHOW MallIMHbI: Harpy>KeH-
HbI€ JeTaji caMOil MalllMHbI B TTPOLIECCE UCTTBITAaHUST 0Opa3iia MmoaBep-
raloTcst HEKOTopoi ynpyroi aepopmannu. YToObl HAUTU TOYKY Havyasa
oTcyeTa yUIMHEHMsl oOpaslia, Mpu oOpaboTke MHAMKATOPHON auar-
pamMmbl nipsimast I'yka nipojsieBaeTcsl BHU3 10 MepeceyeHusl ¢ OChblo ab-
CILIMCC, U TOJIyJYaeTcsl yTOUHEHHasl TouKa Hayajla KOOpAMHAT, U3 KOTO-
POl Ha HAIIMX PUCYHKAX OCb OPIAMHAT MPOBEIEHA LUTPUXAMU.

OCHOBHbIE XapaKTePUCTUKU TJIACTUMHOCTU TPU UCHBITAHUM Ha
PACTSKEHUE: OMHOCUMENbHOe YOAUHeHUue nocie paszpvléa & U OMHOCU-
menvHoe cyycenue \f, BbIpaxkaeMble B MPOLEHTaX W BbIUMCISIEMBbIE MO
(popmynam

5= =100 2 A g, (99)
ly ly
W:Mmo’ (100)
F

rie /— KOHeyHas pacuyeTHas JJIMHa oOpaslia Iocjie paspbiBa (CyM-
MapHas pacyeTHas [UIMHA IBYX 4YacTeil pa3opBaHHOro obpasua); A/ —
abCOJIIOTHOE OCTAaTOYHOE YUIMHEHME oOpasua Iocje paspbiBa; F—
TJIOLAb TTOMEPEeYHOro ceueHus ek B MecTe pa3pbiBa 00Opasiia.
BenuuuHbl & 1y SBISIIOTCSI YCIOBHBIMU XapaKTepUCTUKAMM, T1O-
CKOJIbKY nedopmMaliMsi ¢ caMOro Hayajia MCIbITaHUSI pa3BUBAETCs Ha
HEIpepbIBHO M3MEHSIIOLIECs JJIMHE, U TUIOLIAlb CeYeHUS TaKXKe He-
MPepbIBHO U3MEHSIETCST B TIpoliecce UcTbiTaHus. OnHAKO OHU TpUMe-
HSIIOTCSI B KaU€CTBE OCHOBHBIX XapaKTepUCTUK e(hOpMallMOHHOM CITO-
COOHOCTM METaJJIOB M CIuiaBoB. IIpu MCNOIb30BaHUM CTaHIAPTHBIX
00pa3LOB C MATU- U AECATUKPATHBIM OTHOLUEHUEM //d, B 0003Haue-
HUK OTHOCUTEJIbHOTO YIJMHEHUs TPUMEHEHHbIN TUIT 00pa3lia yKas3bl-
BaeTca uHAeKcoM (3, ). Bkiuam cocpenoroyeHHoi aedopmanvy B
00111ee OTHOCUTEbHOE yIJTMHEHUE JJ1s1 OOJbIIMHCTBA METAUTMYECKUX
MaTepuajioB HEBEJIMK, U 3Ta XapaKTepUCTUKA CIYXUT B OCHOBHOM
JUJISI OLIEHKU CIOCOOHOCTHU MCCIelyeMOTO MaTepuaia K paBHOMEPHOM
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nedopmanu. M Bce XKe B HEKOTOPBIX Clydasix OKa3bIBaeTcs 1ieJIeco-
00pa3HbIM OTAEIBHO ONPEILIITh OTHOCUTEIbHOE PAaBHOMEPHOE Y-
HeHue (10 TOYKM MaKCHMyMa 6 Ha JuarpaMme), KOTOpOoe CUMTaeTCs
OJIHOM M3 cTaHAapTHbIX, BKIOUeHHbIX B TOCT 1497—84 xapakrepuc-
TUK TUIACTUYHOCTHU. JIJIs1 OLIEHKU MpenesibHON CIIOCOOHOCTH MaTepua-
Jla K TIJJaCTUYEeCKOMY PaCTSKEHUIO 10 pa3pbiBa Jiydllle MCIOJIb30BaTh
oTHocuTenbHoe cyxeHue (100), koTopoe sIBIsIeTCSl XapaKTepUCTUKOMU
IJIaBHBIM 00pa3oM COCpenoTOYeHHON Aedopmaliuu, eciu B oOpasle
Tepe pa3pylieHneM o0pa3yeTcs Ieiika.

XapaKTepUCTUKU TIJIACTUMHOCTU YacTO CBSI3aHbI ¢ MPOYHOCTHBI-
MU cBoiicTBaMM. [Ipu 1OCTaTOYHO BBICOKMX 3HAYEHUSIX OTHOCHUTE/b-
HOTO YIIMHEHUSI U CYXKeHUd, TpeBbimuaommx 15—20%, npouyHocTh
OOBIYHO T€M MEHbIIIE, YeM BbILIE MJIaCTUYHOCTbD.

OCHOBHbIE TPOYHOCTHBIE CBOMCTBA MaTepuaia, onpeaessieMble pu
WUCIIBITAHUM HA PACTSDKEHWEe— 3TO XapaKTEPUCTUKW COMPOTUBJIECHUS
maTtepuaja obpasua gedopManuu wiu paspyliueHuto. CrtaHaapTHbIE
MPOYHOCTHBIE XapaKTePUCTUKU BBIUMCIISIIOT KaK YCIOBHbIE pacTITr1Ba-
IolIMe HaMpPsKeHUS MO MOJOXEHUIO ONMpele/eHHbIX TOUeK Ha UHAM-
KaTOPHOU auarpaMmme pacTsKeHUS.

TlepBasi xapakTtepHast Touka— Touka p. COOTBETCTBYIOIIEE ITOU
TOUKe ycuiaue P Ha OCH OpIMHAT OTIPENENIsieT BEJIMINHY npedend npo-
NOPUUOHANBHOCMU— HATIPSIKEHUS, 1O KOTOPOro marepuan obpasiia
crenyer 3akoHy I'yka. To ecth ycunue P COOTBETCTBYET TOUKE, IIe
HayMHaEeTCs pPacXOXJAeHUEe KPUBOM PACTSKEHUS U TTPOAOJIKEHUS Mpsi-
MOJIMHEWHOTO yyacTka. Korna ycunue P onpesiesieHO, BETMYKMHY TIpe-
JieJia IPOINOPLIMOHATIbHOCTU BBIUMCIISIIOT MO (hopMyJie

Oy = P . (101)
£y

Crenyiolliasi XxapakTepHasi TOUKa Ha KpUBOW PaCTSKEHUSI— TOUYKa
e. Eil cooTBeTCTBYET Harpyska, 1o KOTOpoi pacCUMTHIBAIOT YCIOBHbIM
npeden ynpyeocmu— HanpsLKeHUE, TPU KOTOPOM OCTaTOYHOE OTHOCH-
TeJbHOE YIJIMHEHNE JOCTUTAET 3aJaHHON BeMndnHbI, 00br9HO 0,05%,
vHorna MeHblie. [Tpu 3TOM KMCNOIb30BaHHbBIM JOIMYCK YKa3bIBaeTCs B
0003HAYCHNH MPEeIa YIPYTOCTU: Oy o5, O 15 -++» O gos-

Takum o6pa3om, 4TOObl HAWTU BEJIWMUYUHY Ipeaesa YINpyrocTu,
CHayajia BBIYMCISIIOT BEJIMUYMHY aOCOJIIOTHOTO OCTATOUYHOIO YIJUHE-
HUSI, COOTBETCTBYIOIIYIO 3aJaHHOMY JOIYCKY Ha OTHOCUTEIbLHOE OCTa-
TOYHOE YIJWHEHHE, T.e. pelllaloT OTHOCUTENIbHO A/' ypaBHEHUE

d'= £100 =0,05%, 3areM OTKJIAIbIBAIOT TMOJYYEHHYIO BEJIUYUHY

0
a0COJIIOTHOTO YAJIMHEHUA Ha OCH abcuucc JuarpaMMbl pacTsAKCHUA OT
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YTOUHEHHOT0, KaK ObLJIO MOSCHEHO paHee, Hauajla KOOpAMHAT U Tocje
3TOrO MPOBOAST MPSIMYIO OT 3TOM TOUKM Ha OCU a0CLIMCC MapalieJIbHO
IYKOBCKOM MPSIMO 10 TepeceueHust ¢ KpuBo# pactsikeHus. HaitneH-
HYIO TOUKY MEPECEYEHUS MTPOEKTUPYIOT HA OCh OPIMHAT U TTOJYyYAIOT B
Macuitabe 5TOM OCHM UCKOMYIO BEJIMYMHY YCUIHs P, COOTBETCTBYIO-
11y npeneny yrnpyroctu. M torna BeJIMUMHY Mpenesa ynpyrocTy Bbl-
YUCSIOT 1Mo (popMmyJie

P,
Go,05 = 76 (102)

0

Ilrowaoxa mexyuecmu, pacrosokeHHas Ha YPOBHE TOYKHU S (CM.
puc. 25), onpenesieT BEIUUMHY TaK Ha3bIBAEMOTO pusuueckoeo npede-
Aa mekyuecmu, KOTOPOMY COOTBETCTBYET ITOCTOSTHHOE B TpaHUIIAX TUTO-
IaaKu TeKydect ycunue P. dusnyeckuii mpeaen TeKy4ecTu

=T (103)

YACTO HA3bIBAIOT HUNICHUM B OTIIMUUE OT GEpXHe20 npedeaa mekyyecmu
G, ., PACCYMTBLIBAEMOrO II0 HArpy3Ke P;, COOTBETCTBYIOLIEI BEPILIMHE

3y6a meky4ecmu (MIOKA3aHHOTO HA pUC. 25 IITPUXaMU), €CIU TIOCIETHUI
HaOJII0MaeTCsl Ha KPUBOM PACTSIKEHMS,

_B
TAB_E)'

OOpa3oBaHue cHayajga 3yda M 3aTeM IUIOLIAAKM TeKydyecTu (Tak
Ha3bIBa€MOE f6/1eHUe Pe3Koll meKyyecmu) HabI0IaeTCsl B TEX CIydasix,
KOTIJa yIpyroe pacTsokKeHUe BbI3bIBA€T IJIaBHbIN MTOABEM COMPOTUBIIE-
HUs aeopMaluy BILIOTh 10 G, , @ 3aTeM IPOMCXOIMT PE3KUIA CIaj
HAIPSDKEHWIA 10 6, 1 nocieayroas aepopmanus (00bIMHO He Gosiee
1%) uper mpyu HEM3MEHHOM BHEILIHEM YCUIMU— OOpasyercsl IUIO-
maaKa Tekydect. @U3ndecKyo CyTh 3TOTO SIBICHUS OOBICHSET meo-
pust QUCAoKayui.

Ilpy OTCYTCTBMM Ha AuarpaMMe pacTsKeHUs 3yda M TUIoIIaaKu
TEKYyUeCTU OMNPENeIISIIOT YCA08HbIL npedes meKyecmu— HampsLKeHue,
MPU KOTOPOM OTHOCHUTEJIbHOE OCTaTOYHOE YJIMHEHME JOCTUTAET 3a-

c (104)

TAHHOW BeJIMYMHBI, 00bIYHO 8" = 0,2%. MeTonuka HaXOXIECHMS Ha
KPUBOM PACTSIKEHUS TOYKU, COOTBETCTBYIOIIEN NICKOMOMY YCUIIUIO Po,z>
AHAJIOTUYHA U3JIOKEHHOW BBIIIE METOAUKE OTBHICKAHUWS YCUJIUS, COOT-
BETCTBYIOLIETO MPEeTy YIPYrocTu; TOJIbKO WISl HaxoxaeHust P, Ha
auarpaMMe puc. 26 BHauajie BBIUUC/SIIOT BEJIMUMHY a0COIOTHOIO Y-

JIMHEeHUs1 Al" U3 ypaBHEHMUS
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5" =Aliloo ~0.2%.

0
HaiineHHoii B uTore Touke s U OyJAeT COOTBETCTBOBATH HaMpsiKe-
HHUe, Ha3blBaeMOe YCJIOBHBIM MPENeOM TEKYYECTU

Oo2 = - (105)

TIpu nanpHeiileM pacTsoKeHUM oOpaslia 3a MpeiesioM TeKydyecTu
HaIpsiKEHUsI CHOBa BO3pAacTaloT BCAEACTBUE NehOpMallMOHHOTO YII-
pouHeHusi. [Ipu aTOM oOpasel; pacTaruBaeTcsi paBHOMEPHO MO Bcei
JUIMHE paboyeit yactu. ITpoucxoauT 3To BILIOTh A0 JOCTUXKEHUS MaK-
CHMaJIbHOM Harpysku Ha oOpaseu P, = P_ B TOYKE ¢ Ha IMarpaMme
PACTsKEHMsI, KOTOPOM COOTBETCTBYET YCIIOBHOE HAIPSKEHUE G, Ha-
3bIBAEMOE NpedesomM NPOUHOCMU NPU PACMANICCHUU VTN 8DEMEHHbIM CO-

npomuenenuem paspoley

6, = 1o, (106)
Fy

ITo mocTvkeHMM Harpy3ku P, mpouecc pacTsSKeHHs TEpseT yc-
TOUYUBOCTD, Aedopmalius JIOKaJIU3yeTcsl B HeOOJbIIOM oO0beMe 00-
paslia, TJe pa3BUBAETCSI MECTHOE CYXXEHUE MOIepeyHOro ceueHus: 00-
pa3ma— oOpasyercs mielika. HampsixkeHHO-aedopMuUpoBaHHOE
COCTOSIHUE B 1lI€MKe OTJIMYAETCSI OT OTHOOCHOTO, OHO SIBJISIETCS O0BEM-
HbIM, TPEXMEPHBIM.

Bce nuarpaMmbl pacTsiKeHUsS OKAHUYKMBAIOTCs TOUYKOM pa3pbiBa 00-
paslia, Koraa obpasell caMm cedsl pa3rpyxaeTr, 0CBOOOXIAETCS OT pacTsi-
ruBatoliero ycwius. PaspblB npoucxoauT B uieiike. Habmromarorcs
cllyyau, Korja B oopasue popMUpyroTcs ABe 1ieiiku. Torna oH pa3pbl-
BaeTcs IMpu OOJbllIel OTHOCUTENIbHON AehopMaliMy, TPpUYeM pa3pbiB
MPOUCXOANUT B OTHOU M3 1IEEK.

VYcnoBue notepu ycTOMYMBOCTH, WJIM YCIIOBHME Havyala oopa3oBa-
HUS LIEHKU B pacTArMBaeMOM 0Opa3lie BbIBOIUTCS CAEAYIOLIMM 00-
pa3zom. Hauayno oOpa3zoBaHus 1IefKM COBIagaeT ¢ MAaKCUMyMOM pa-
CTSTUBAIOLIETO YCUJIMS Ha 3axBaTax MCHbITATEJbHOW MAalUHBI.
CrnenoBaTeibHO, JJISI PELIeHUs] MOCTaBJIEHHOMW 3ajayyd HYXHO MHC-
clieloBaThb Ha 9KCTPEMYM BbIpaxkeHUe JJIsl pacTIrMBaloIIero yCuamns
P = oF. IuddepeHupysi 3TO BblpakeHWe U NpUPaBHUBAsI pe3yabTaT
K HYJII0, TTOJyYUM MUCKOMOE YCJIOBME MaKCUMyMa Harpy3ku Uiy Haya-
JIa JJoKaybHOU nedopmaunu obpasua: dP = Fdo + odF = 0 unn

do  dF

T (107)
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Ortcroia cieayeT, UTo yBeJMyeHue Harpy3kKu mpekpaiiaercs, Kor-
Jla TOBBILLIEHUE HAIPSKeHUsI KOMIIEHCUPYETCS YMeHblIeHueM F—
TJIOLLAM TIOTIepeYyHOro ceueHust oopasua. edopmaiinio MOXHO olle-
HUBaTb, KaK YKa3blBaJOCh paHee, IBOSIKO: @)KaK HaTypajbHylO (Jiora-
pudmuUuecKyro) U 6)kak oTHocuTenbHyto. [Tosarasi, Kak Bcerma, 4yTto
MpU TIaCTUYECKOU aedopMaliiu cobtonaeTcsl yCaoBUe TTOCTOSTHCTBA
o0beMa, MOXeM 3aIucaThb
a)ezlnl lnE) @e:ﬂzi—l. (108)
Boipaxast uz (108) Fu noacrasisist B (107), moaydum BbIpakeHUs
YCJIOBUMS TIOTEPU YCTOMUMBOCTHU:

do c
L6 _:—, 109
9 de o 9 de l+e (109
KOTOpbIE HETPyAHO MpoBepuThb. [eiicTBuTenbHO, cortacHo (109 a),
dF £
@=de= ———, 3HAUWT, e = — dar _ —lnF|i = -(InF-InF) =
c F i F 0
= lni.
F
CoracHo yciioBuio 0), E = _de_ = _d_F; HO l+e = ﬁ, MO3TO-
c l+e F F
_ dF _ K dF -2 2
Myde——(1+e)7= TE R = F-F~“dF. Torz[ae_—FOﬁfF dF =
0
N U

A F F F

HenocpencrBeHHOE M3MepeHUE MPOJAOJIBLHOW U MONEPEYHOU Jie-
(opmanuii B mpoliiecce pacTsokeHuUsl (C MOMOILbIO MPUKPETIEHHBIX K
00pasily 3KCTEH30METPOB) IMO3BOJISIET ONpPENeaUTh U3MEHEHUE 00be-
Ma. IlycTh B BbIpaXeHUM OO0BEMHON nedopmaunu 6 = e, + e, + e,
e,— TponoJbHad AeopMalus, a monepeyHas aeopManus IUIUHI-
pudeckoro obpasua |e,| =|es| = e, rae u— xoaddurment Iyacco-
Ha, KOTOPbIM M3 MOCJIEeIHUX PABEHCTB MOXHO BbIpa3uTh (PyHKUMENH

_If .6
_5[1 el} (110)

rnokasblBalollleil, uTo BesmurnHa KoadduuueHta [lyaccona onpenensi-
eTCsl COOTHOLIEHUEM O0beMHOI M oceBoil nedopmaiuii. IIpu 607b-
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0 1
mmx e, u— 1/2; npu Manbx e, o = const = 3 Ecnu ncnonp3oBaTth
1

BeipaxxeHue (110) coBMeCcTHO ¢ BhIpakeHHEM 3aKOHAa OOBEMHOI yIIpy-
roctu I'yka (98) wist OXHOOCHOTO pacTsiXeHus, Korna o, = o, / 3, T0
MOJYYUM YpaBHEHME CBSI3UM MEXIy HOPMaJbHBIM M OOBEMHBIM MOJY-
JISMU YIIPYTOCTU B YIIPYroil o0iacTu:

E/E, =1-2u. (111)

IMomoxus B (111) u = 1/3, mpuxonnm K MpUOIMKEHHOMY COOTHO-
LIEHNI0, OOBIYHO UCITOJIB3YeMOMY B MHXKEHEPHBIX pacueTax:

E, =3F. (112)

Hano oTMeTUTh, YTO B TEXHOJOTMYECKMX pacuerax IMpOoLEecCOB
00pabOTKM METAJIJIOB U CIJIAaBOB IaBJIeHMEM U3 BCEro Habopa MpoyHO-
CTHBIX CBOWCTB, ONpenessieMbIX MPU CTaHAAPTHBIX UCIBITAHUSIX 00-
pa3lLoB Ha OJJHOOCHOE CTaTUYECKOE PACTSIKEHUE, UCIIOIb3YIOTCS B OC-
HOBHOM Mpenes TeKy4eCTH U pexXe— BPEMEHHOE COMpPOTHUBJCHUE.
OcranbHble MPOYHOCTHBIC XapaKTePUCTUKM HApsAy ¢ Ha3BaHHBIMU
HYXHBI JUISl pacyeToB B cepe CTPOUTEIbHON MeXaHUKU: PU KOHCT-
PYUPOBAaHUU AeTajeil U y3J10B MalllMH, MEXaHU3MOB, 3JIEMEHTOB KOH-
CTPYKUMI M coopyxkeHuil. Ho wisi TexHoMOrnyeckux pacueTon oopa-
0OTKM IaBJeHUEM, KpOMe yyeTa CTaHIapTHBIX XapaKTEePUCTUK
MEXaHUYECKUX CBOMCTB, ObIBaeT BeCbMa BaxKHO OLIEHMBATb U YYUThI-
BaTh AeopMallMOHHOE YIIPOYHEHME MaTepuara.

Ha yyactke muarpaMMbl pacTsKeHUs, Tae MTPOMCXOIUT YIIPOUYHe-
HUe, BbILLIE Mpeaeia TEKYYeCTH, CBSI3b MEXIY HamnpsKeHUeM U nedop-
Maluen Takxke MOXeT ObITh 3amucaHa B (popme 3akoHa ['yka, HO BMe-
cto EF Hamo OpaTh 3HAYUTEJNbHO MEHbLIIMK MO BEJMYUHE TakK
HasbIBaeMbIA cexywui modyas E- Ilpn E’ << E, cormacHo (111),
u—1/2. IpenctaBisas KpUBYIO PACTSKEHUS B KOOpPAWHATAX “yCIIOB-
HOE€ HampsikeHUe 6— OTHOcUTeIbHas aedopmaiius e” (puc. 27), Mo-
JKeM 3aImucarth [l yrupyroit objnactu 6 = Fe, F = tgo; nag Touku A

B YIpyro-riacTudeckoit obiaactu o = E'e, E’ = tga’. IlocneaHee BbI-

paxkeHue, KaK MoKa3aHO Ha puc. 27, MOXHO CYMTATh CIIPaBEIMBLIM
JIUIIb IJ19 TOYKU A 1 OJvKailei OKpeCTHOCTU Ha KPUBOIA.

st “oxBarta” Bcelt KpMBOM YacTO MPUMEHSIIOT TaK Ha3bIBAEMYIO K-
COYHO-NUHELIHYI0 annpoKcuMauuro ee IByMsl oTpe3kamu npsMbix: OS, Ha-
KJIOH KOTOPOro 3aaH HOpMaJlbHbIM MoayJeM ynpyroctu (FOnra), npo-
MOPLIMOHAILHBIM TaHI'€HCY YIa o, U SA, HAaKJIOH KOTOPOTro 3aaeTCsl TaK
Ha3bIBaEMbIM Modyiem ynpouHeHus, MPONOPLUUOHATbHBIM TAHTEHCY YIJia

o". TlepBblii OTPE30K MPUHMMAETCSI B KauecTBE ydacTKa YIpyrou je-
(hopMaLiu, a BTOpoii— yIpyro-ractuyeckoi. B Touky S “crarubaror-
cs1” YCJIOBHBIE MPENesbl MPOIMOPLIMOHATLHOCTH, YIIPYTOCTU U TEKY4YECTH.
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a’ \
(0] = e

Puc. 27. Hexortoprbie criocoObl yueTa
VIPOUHEHUS B YIIPYTro-TIaCTUYECKOM obnacTu
Ha KPUBOU pacTsKeHUsI B KOOpAUHATAX G — e

C y4yeToM TOro, 4YTo KpMBasl PacTSLKeHUSI B KOOPAMHATAX “UCTUH-
HO€ HaIpsiKeHue S— oTHOcUTebHas Aedopmaiinsi e” JeKUT HeCKOJIb-
KO BbIllI€ KPUBOW YCJIOBHBIX HANpPsSDKEHUN U HE MMEET MaKCMMyMa,
KYCOUHO-JIMHEMHAas anmnpoKCMMalMsi BO MHOTMX Ciydasix obecrneuu-
BaeT I0CTaTOYHO BBICOKYIO TOUHOCTb OMMCaHMSs Tpolecca aedopma-
uuu. MbI elie BepHeMCs K 3TOMY B CJIeyIOLIEl I1aBe MpU pacCMOTpe-
HUU MPOCTBIX Mojeieil moBeaeHus 1e(OPMUPYEMBIX Cpe/l.

B 3akitoueHue OTMETHM, UTO MPU UCIBITAHUM 0Opa31l0B Ha pac-
TSIKEHUE MOXKHO TakKe OINpPENessiTb NOAHVI0O U YOeabHyr pabomy Oe-
¢opmayuu. TlonHast pabota AedopMalu ompenesieTcsl TIoIIaabo
MEXy TIEPBUYHOMN KPUBOI PacTSKEHUST U OChIO Jeopmaluii, a yneab-
Hasl peJCTaB/sIeT cCo00i paboTy, OTHECEHHYIO K eMHUIIe 00beMa pac-
yeTHOM yactu obpasua. CooTBEeTCTBYIOIIME paboune (GopMyJibl JETKO
BBIBOJISITCSI M3 MPOCTBIX TEOMETPUUECKMX COOTHOLIEHUI C YYETOM YC-
JIOBUSI TMOCTOSTHCTBA 00beMa.

3.3. UcnbiTanus HA cKaTHe.
Dddekr baymmnarepa

B pesynbrare miaactuueckoi necopMaludu Mpu cxXaTuu odOpaselr
yKopauuBaetcs u yumpsiercs. [loatoMy BMecTo & U \y B KauecTBe Xa-
PaKTEPUCTUK TJIACTUMHOCTU TIPU CKATUU MOXXHO OMPENEIISITb OMHOCU-
meAnvHoe YKOopoYeHue
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:MIOO% 113
e [%] (113)

1 omHocumenbHoe yuupernue

(p:%]oo (%], (114)

rae h, v h,— HadyajabHas M KOHEYHas BbicOTa oOpasua; F,u F,— Ha-
yajbHasl U KOHEeUYHasl TJIOLIaAu MOMepeyHOro ceueHus.

B oGnactu Manbix aedopmalivii mpu MCHBITAHUM Ha CXaTue Co-
XpaHSeTCsl JTUHEMHOCTb CXeM HaIpsSIKEHHOro U Ae(OpMHUPOBAHHOIO

a)

{

---..-u--u...r----------

L]
1

— o | e e

LEE Ry -t

L]
o

b}

Mo

0)

Puc. 28. Cxema ncnbITanus
Ha cxaTtue (a) U 3CKU3 OJHOTO

W3 TUTIOBBIX 00pa3ioB (0)

COCTOSIHMSI, KaK 1 TIPY PACTSIKEHUU.
TTosToMy oTMeuaeTcs 6IM30CTh 3HA-
YEHU I XapaKTepUCTUK COMPOTUBIIE-
HUS MaJibIM AedopMaliusM OJIHOTO
maTepuaiia, UCITbITIBAEMOTO 3TUMU
nBymsi MetrogamMu. Ho miocie nepe-
X0Jla K CYLIECTBEHHBIM IJIaCTUYEC-
KM nedopMalusam (pu HampsoKe-
HUSIX BbIlLIE Mpeleia TeKydyecTH)
cxeMa OJTHOOCHOTO CXKaTusl Hapyllla-
eTCsl, U XapaKTepUCTUKU MTPOUYHOC-
THBIX CBOWCTB INpPU CXKATUU YXKe
CWJIbHO OTJIMYalOTCSl OT OTpeaessi-
€MBIX TIPU PACTSKEHUH, TOE cXeMa
OJTHOOCHOI'0 HaIpsKeHHO-aedhop-
MUPOBAHHOTO COCTOSIHUSI COXPaHsI-
eTcsl B TeYeHUE BCEro MCIIbITAHUSI.
Taxk npoucxoauT MOTOMY, UTO IO
Mepe CXaTusl Ha TOPLIOBBIX TTOBEp-
XHOCTSIX LIMJIMHAPUYECKOTO 00pas-
11a, KOTOpble KOHTAaKTHUPYIOT C Jie-
(GopMupyromMM MHCTPYMEHTOM
(1TamnaMu), BOSHUKAIOT CUJIbI Tpe-
HUSI, HaIlpaBJeHHbIE IO paauycam
B CTOPOHY BEpPTUKAJIbHON OCU CUM-

METPUU U NPEeNITCTRYIOLIME AepopMaliii B TOPM30HTAaIbLHOM Harpas-
JICHUM 10 TTIOBEPXHOCTU KOHTaKTa 00pa3ell—MHCTPYMEHT.

B pesyabTare obpasel] mpuobdpeTaeT XapakTepHyto 00UKOOOpa3Hyto
(opmy (puc. 28,a), a cxema HaIpsLKEHHOTO COCTOSIHUS YCIIOXKHSIETCS U
CTAaHOBUTCSI Pa3IMYHON B pa3HbIX TOukKax obpasia. B Toukax, pacroso-
JKEHHBIX Ha BEPTUKAJIbHOW OCH, KaK y TOplia, TaK U B CEPEMHE BbICOTHI,
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BO3HHMKAET cxeMa 00beMHOTro cxxaTus (Kotopas Ha puc. 10 Obl1a momeue-
Ha HOMepoM 6), a B TOUKax BOJIM3U O0UKOOOPa3HOi OOKOBOI ITOBEPXHO-
CTU — CX€Ma IJIOCKOTO Pa3HOMMEHHOTO HAIPSIKEHHOTO COCTOSTHUS (Cxe-
Ma 4 Ha puc. 10). UToObl YMEHBIIUTb BIMSIHUE HEOJAHOPOJHOCTU
HaNpsDKEHHOTO COCTOSIHMSI oOpaslia Ha ompeessieMble MPOYHOCTHBIE
CBOWCTBA MPU CXKaTUU, CTAPAIOTCSl YMEHbBILMWTh CUJIbI TPEHMST Ha TTOBEPX-
HOCTSIX KOHTaKTa o0paslia ¥ 1ITaMIIOB, UCMOJIb3Ys pa3IuuHble CMa3Ku U
MPOKJIAJKU, a TakKe TMpuaaBasi TUM MOBEPXHOCTIM (OpMy KOHYCOB C
TaKUMU YIJIaMyd KOHYCHOCTU O, YTOOBI tgo. ObLT paBeH KO3(GUIIMEHTY
KOHTAKTHOTO TpeHus. Tak Bo3HUKIIa KOH(pUTYpalys oOpaslia, oKa3aH-
HOTO B pa3pe3e Ha puc. 28,6; B HEM ITPOCBEPJICHO LIEHTPaJIbHOE OTBEp-
CTH€ JUIsl YCTPaHEeHUs] KOHLEHTpalKU HAMPsDKEHW B BepLIMHAX KOHYCOB.

OaHako TMepeuyrcIeHHBIMU CPeICTBAMU HE yIaeTcsl MOJHOCTHIO
YCTPAHUTb BJIMSIHUE KOHTAKTHOTO TPEHUsI U OOECIeUUThb JMHEWHOe
HAIpsKEHHOE COCTOsIHME B 00paslie B TeYEHUE BCETO UCTBITAaHUS. DTO
ObL10 Obl BOBMOXHO TOJBKO €CJIM OTIAUTh KOHTaKTUPYIOLIMEe MOBep-
XHOCTU OT paboueil ;uHbI 0Opaslia, T.e. yTeM yBeJIMUYEHUsI OTHOILIe-
HUA h/d;, 9TO HEAOIMYCTUMO U3-3a IOTEPU YCTOMYMBOCTH U BOZHUK-
HOBEHUSI MPOJOJbHOIO M3ruda oopasia, ecjivu BeJMYMHa yKa3zaHHOTO
OTHOLLIEHUS O0JIblIe 3, KaK JOKa3aHO meopuell yCmou4ueocmuy cmepic-
Heu JI1.Diinepa, 3HAKOMOI YUTATEIO MO KypCy CONMPOTUBJIEHUS MaTe-
puasioB. B utore 3HaueHUsI MPOYHOCTHBIX XapaKTEPUCTUK IPU CxXKa-
TUM, OCOOEHHO Mpejesa MPOUYHOCTU, OOBIYHO CYILIECTBEHHO BbILIE, YEM
MPU PACTSKEHUMU.

Ecnu pactsiruBaemblii 00pa3sell, MOABEPrHYTHIN pa3rpy3Ke U3 TOU-
KU A Ha auarpaMMe, COOTBETCTBYIOLLIEH YNPYro-IjacTU4ecKoMy CO-
crossHU1O (puc. 29), CHOBa HArpy3UTh PACTITUBAIOILIUM YCUJIMEM, TO
HarnpsikKeHus: OyayT Bo3pacTaTh mo npsimoit O’ A, a 3aTeM 110 MPOaoJI-
JKEHUIO MIEPBUYHONM KPUBOU pacTsikeHus. Eciu ke mocie pasrpy3ku

a) 0)
+ o ;‘\ A §
; 1x45° H R3.5
1 8| v7 -
iff o
I e e i |
0 0
7 25 40
90
447
/ Puc. 29. lnuarpamma (a), nosicusitotasi apdexr
e Baymnrepa, 1 yeprex obOpasua baymmxrepa (6)
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00pa3iia OT pacTATUBAIOLIETO YCUJIUS TTOABEPTHYTh €r0 CXKATHIO, T.€.
JIaTh Harpy3Ky oOpaTHOTO 3HaKa, TO TOJYIMM CHavaja MpsSIMOJIUHE -
HBIN y4acTOK yIpyroro cxkaTtust OA’, a KpuBasl yIIpyro-IriacTUYecKoi

nedopMaLy ¢ YIPOYHEHHEM HAYHEeTCsT TIPH |0 4| < [0 4.

CHUXeHHUe Tipenesia yIpyrocTd NpU CMEHe 3HaKa YCUJIUS IoC-
Jie pa3rpy3ku HasbiBaeTcsl agpghekmom baywuneepa. Teopusi nucio-
Kaluii npejiaraet ciaeaylollylo Moejb Mpoliecca, ONnpeaessiiolnero
aT1oT 3(pdexT. [Tpy MOBTOPHOM HArpyXeHuM obpasiia B 0OpaTHOM
HampaBjieHUM MPOUCXOIUT OOpaTHOE NBUXKEHWE NUCIOKallMil, Mmo-
POXIEHHBIX Pa3IUYHBIMM MCTOYHUKAMU (mpexae Bcero— PpaH-
Ka-Pupa) npu nepBoHavyaibHOM pacTsikeHuMU. Ha HayalibHBIX cTa-
IUsIX nedopMaliuu pacTsixKEHUs TOCTENEHHO yBeJaunuuBalouieecs
YUCJIO TEHEPUPYEMbIX AUCIOKAIIMOHHBIX TIeTeIb IBUXKETCS OTHOCU-
TEJIbHO JIETKO U Ha 3HAUYMUTEeJIbHbIE PACCTOSIHUS BIUJIOTH 10 OCTAHOB-
KM y Kakux-To 0apbepoB. Bo3HuKawIas aucioKallMoHHas CTPYK-
Typa AOCTAaTOYHO CTaOWJbHA W MaJlo MEHSETCsl B pe3yJibTaTe
pasrpy3ku. [ToaToMy NMpu MOBTOPHOM PACTSIXKEHUU COMPOTUBIIEHUE
neopMUpoOBaHUIO MO0 HECKOJILKO BO3pacTaeT, JUOO MpaKTUUec-
KM He MEHsIeTCS 110 CPaBHEHMIO C MepBOHAYaNbHBIM. [1pu n3MeHe-
HUM 3HaKa HaIpsKeHus (C pacTsTMBAIOIIEro Ha CxXumMalollee) Iuc-
JIOKAllMU BBIHYXIEHbBI JBUTaThCsl 0OPAaTHO K UCTOUHMKAM, OTUETO U
MOSIBJSIETCS TaK Ha3biBaeMmas “OayliMHrepoBckas aedpopmaiius’ npu
0o0Jiee HU3KOM COIPOTUBACHUU NeopMalluM.

IIpu skcnepuMeHTaaIbHOM HcciaenoBaHuu pdekra bayiimHrepa,
KaK W TPW WUCTIBITAHUM Ha CXKaTue, TIPUMEHSIOTCS CIIellMaabHbIe 00-
paslibl, 0osiee KOPOTKHUE, YeM CTaHAapTHbIe 00pa3libl TPU UCTILITAHUN
Ha pacTsiKeHue, YTOObl UCKIIIOYUTD MPOAOJIbHBIM U3rM0 Ha 3Tare Ha-
TPYXXEHUS CXKUMAIOIIUM ycuineM. YepTexX OIHOro U3 TaKMX 00pa3iioB
noxkasaH Ha puc. 29. O6pazell UMEET YMEHbIIEHHYIO0 padouylo JUIMHY 1
CHa0XeH pe3b0OBBIMU TOJIOBKAMHU, TTO3BOJISIIOIIIMMU 60Jiee TOUHO (PUK-
CUpOBaTh €r0 B 3aXBaTax MCIbITATEIbHON MalllMHBbI.

3.4. Penakcanus HanpsoKeHmit
¥ T0J13y4eCTh METAJIIOB
U CILIABOB

Eciu npu ucnbiTAHUM Ha pacTsLKeHUE Harpy3uTb obOpasell 10
TOUKU A B yIPyro-rJiaCTUu4eckKoi 00J1aCTU U OCTaBUTh €ro 3apuKcu-
POBaHHBIM IIPU JOCTUTHYTOM B TOYKE A MOJHOM AeopManuu e, TO
C TeYeHHWEM BPEMEHM HaIpsikeHHue B oOpaslie OyaeT caMONIpOU3BOJIb-
Ho yObIBaTh (puc. 30).
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CaMonpou3BOJbHOE yYMEHbIIEHUE HaMNpsDKeHW B oOpasle Wiu
JleTaqy Mpu HEM3MEHHOI BeJMUMHe oOl1eit nedhopMallii Ha3biBaeTCs
penraxcayuei Hanpsycenuti. Ha puc. 30 moxazaHO, UTO 3TO SIBJICHUE
BbI3BAHO TOCTENEHHBIM TEPEXO-

JIOM 4YaCTu YIpPYrou cocrasiisito- © g ]
1Ieil MoJIHOIM JecopMaluu B He- 'EO‘
00paTuMylo, MJIAaCTUUYECKYIO.
OCco0eHHO OBbICTPO M 3HAUUTENb-
HO peJIaKCUPYIOT HamNpsKeHUs
TIPY MOBBIIIEHHBIX TEMIIEPATYPAX,
Korma ruiactuyeckas aecdhopmarius
obseryaercs. Ouznyeckuit Mexa-
HU3M peJjlakcalliM CBsI3aH C IIO- 20 o0 > Bpews ;
CTEeTICHHBIM MepeMeIleHUEM I1C- 1 yup peakcalum
JIOKAIMHA 3a CYET TOIEPEYHOTO %
CKOJIbXXEHUS U Meperno3aHus

JIaXXe B YCIOBUSIX CHUKAIOIIETOCS

BHEIIIHETO HamnpstkeHus. B mpo-

liecce BbICOKOTEMIMEPaTYpHOU peflakcalldi HaNpsiKeHUM IacTuyec-
Kas ageopmaliysi COmpoBOXKIAETCS 00pa3oBaHUEM CyO3epeHHOM CTPyK-
TYypbl ¥ CMEIIEHUSMHU MO TPaHULIAM 3€PEeH.

C penakcauueil HAamps&KEHUR CBS3aHO ellle OAHO sSIBJICHUe— HO0/-
3yuecmsb mMemannog. B 4acCTHOCTU, CKOPOCTh peJlakcallMyi OOBIYHO Mpsi-
MO CBSI3aHAa CO CKOPOCTBIO ITOJI3YyYECTH: YEM BBIIIE COMPOTHUBICHUE
MOJI3YYECTH, TEM OOJIbIIIE peJlaKCallMOHHAs CTOMKOCTh Marepuaia. Yro
K€ TaKoe TO0JI3y4ecTh?

IIpu paccMOTpeHMU TJIACTUYECKOM JedopMaliui Mbl 10 CUX TIOP
rnojpazyMeBajin, 4YTO KaXXJ0My 3HAUEHUIO HAMPSKEHUsI COOTBETCTBYET
onpenenaeHHas aecdopmanms. Ha camom xe nene o060l MaTepuai noj
JIECTBUEM TMOCTOSTHHOTO HANPSDKEHWST MOXKET B TEX WJIM WHBIX YCJIO-
BMSIX TIPOTPECCUBHO NehOPMUPOBATLCS C TeUeHUEeM BpeMeHu. [loa3zy-
yecmoio Ha3bIBAETCS SIBJIEHUE, BbIpakalollieecsi B TOM, UTO oOpasell uiu
JleTajlb HeMpPEePBHIBHO TJIACTUYECKU e(OpMUPYETCS NPU IAJTUTEIHbHOM
JIECTBUU MTOCTOSIHHOTO HAIpsSIXKEHUsT HUXKe Mpejesia TeKyyecTu. B me-
XaHUKE MaTepUasioB BBIIEJSIOT YETBIPE OCHOBHBIX BUIA TMOJI3YyYECTH,
KOTOPBIE PEATU3YIOTCS B PA3JIMYHBIX TEMIIEPATYPHO-CUIOBBIX YCJIOBU-
SIX ¥ OMUCHIBAIOTCS pa3HbIMU (PU3MUYECKUMU Moaeasamu [8].

B zakiioueHre OTMETUM, YTO U3MEHEHUE TeMIlepaTypbl U CKOPO-
cTu aedopMaliy BeleT K U3MEHEHUIO BUJa AuarpaMMbl pacTsKEeHUsI
U CYLIECTBEHHO MEHSIET TEXHOJOIMUYeCKre CBOMCTBA METAJJIOB U CILJa-
BoB. C MOBBILIEHUEM TEMIIEPATypbl U C MOHMXKEHUEM CKOPOCTU Je-
(opMay BeTMUKMHA COMPOTUBIECHMS AehopMalIMy TOHMXKAETCS, a TeX-
HOJIOTMYECKAS TUIACTUYHOCTD YBEJINYUBAETCS.

7

Puc. 30. Cxema penakcauuu
HanpsKeHU
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Ihasa 4

PU3NYECKUE YPABHEHUA
JE®OPMUPYEMBbIX CPE/]

4.1. ®u3nyeckoe ypaBHenne aedopManum
YIPYTo-ILIACTHYECKOI CpeIbl

ITpu KOHEUYHBIX CKOPOCTSIX HArpykKeHUs U AechopMaliii MaTepua-
Ja (cpeabl) OyaeM paccMaTpuBaTh YHpPYro-rulacTMyeckyro nedopma-
LIMIO KaK Tpoliecc Nepexoa Cpeabl B HEPAaBHOBECHOE COCTOSIHUE, KOT-
Jla OHa TMoJTy4yaeT B pe3y/ibTaTe MPUIOKeHUs Harpy3K1 HEKOTOPbIi 3amac
noTeHMaabHoi sHepruu W. [1oaToMy B cpelie JOJKHBI BO3HUKATh U
WATU MPOLECChl, CHUXXAIOIIME 3Hepruio W 1o paBHOBECHOIO YPOBHS
W,. 1 4em Gosblie SHepreTUYeCcKuii mepemnan W — W, Tem ObiCTpee
JOJDKHBI MATU TIPOLIECCHl pejlakcallMd HaKOIUIEHHOW 3HEpruu, T.e.
CKOPOCTb pejlakcallui B O0LIeM BUAE MOXKHO BbIPA3UTh YpaBHEHHUEM

aw W -W,

dr T

rae 7— BpeMs pejlakcallii CUCTEMBI (Cpelbl), a MUHYC B IIPABOii YaCTH
IIOCTABJICH IIOTOMY, YTO OIMCLIBACTCA IMPOLECCC YMECHbIICHUA SHEPIUNA.
OFpaHI/I‘{I/IBaHCb pPaCcCMOTPEHUEM U3MCHCHMU A TOJIBKO MEXaHNYEC-

KO 3Hepruu, MOXHO MpeobOpa3oBath (115) K uM3BecTHOMY U3 Kypca
obuieli (pu3uku ypaBHeHUI0 MakcBellia

(115)

do de o
—=F—-— 116
dt da T (116)
OTKYy/Ia TIPOLIeCC pelaKcally HampsKeHU (Korga e = const, % =0)
do o
BBIpAXXaeTCsl YpaBHEHUEM —— = ——, pellIeHUe KOTOPOro Iocjie pas-

dt T
JNeJIeHUsl TepeMEeHHbIX U MHTEerpupoBaHUS IMOJiydyaeM B BUAE
6 =0, exp (—#/T), Tne 6,— HaYaJIbHOE HANPSDKEHUE B MOMEHT OCTa-
HOBKM MWCIIBITATEJIbHOM MalllMHbl; O— HalpsKeHue 4depe3 Bpemsl 1.

do _ 0 ) 6ymer, cormnac-
dt

HO ypaBHEHMIO MakcBesia, IPOXOAUTh C MOCTOSIHHON CKOPOCTHIO
de o
dt ET’
76
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cl1abocTh: ypaBHeHMe MakcBesuia JJIsl METAJVIOB HE TMOJATBEPXKIAeTCsI
9KCIIEPUMEHTAIBHO, €C/IM noJiarath, 4To 7 = const.

BpeMms penmakcalimy HamnpsoKeHHI B MeTajljlaX MEHSIETCSI B 3aBU-
CUMOCTHU OT TapaMeTpPOB KPUCTALIMYECKOUN pelIeTKn U OT TemIiepa-
Typbl, T.e. T— (yHKUUs, KOTOpas IO pe3yjbTaraM McCieloBaHUl
JI.M.IIlecTonasoBa uMeeT BUI

T = T, exp(a. — hthyo) = Ty exp(-Athyo), (117)
rae o, A, T,— KOHCTaHTbI, BHIOUPAaEMbI€ B 3aBUCMMOCTH OT COCTOSI-
HUS Y TUNA KPUCTALINYECKOM PelIeTKH U OT TeMIlepaTyphl, B YaCTHO-
cru, oo = u/kT, . = u /kT, 30eCb u;— SHEPrUsl aKTUBALMM HEHa-
NpPSDKEHHOM pelneTku, k— KoHcranTa JI.bonbumana, u, = const—
K03 GULIKMEHT pa3MepHOCTU, T— TeMmepaTypa.

Takum obpasom, 1o ypasHeHuto [llecronanoBa BpeMsi pefakcaluu
C yBeJMUEHUEM HampspKeHUs: ¢ ymeHbluaetcs. CienoBaTesibHO, s
METa/UIOB MOXHO UCIIOJIb30BaTh ypaBHeHe MakcBesuia TOJIbKO COBMe-
cTHO ¢ ¢dyHkuuei IllecTtonanoBa, ¥ TOrna, €CIv BBECTU MEePEeMEHHbIN

do .
MO0yab ynpouneHus mamepuanra D = T XapaKTepU3YIOLINA CKOPOCTh
e

U3MEHEHMST HaMpsiKeHUs, ToyduM B auddepeHunaibHON hopme ¢u-
3ueckoe ypagHeHue degpopmayuy yupyro-raacTUIECKON Cpebl

é;?f exp(?»thyc)=E—%, (118)
KOTOPOE BhIpaXkaeT CBA3b MEXKIY HalpsbkeHueM, aeopMalneit, CKopo-
cThlo AeopMaliuy U Temreparypoit. Oo1iee perieHue ypasHeHus (118)
He TToJTy4eHo. MIMeroTcs yacTHBIe pellre- oA
HMS JUTSI HEKOTOPBIX CJIydaeB Harpyxe-
Hus1. OMHAKO YCTaHOBJIEHO, YTO ypaBHe-
Hue (118) npaBUJIbHO BOCIIPOU3BOIUT X0
SKCTNePUMEHTAIEHON 3aBUCUMOCTH MOIY-
Js1 D ot HanpstxeHust. Ha rpaguke puc.
31 MOXHO BBIIEIWUTb TPU XapaKTepHbIE II
obnactu: I— ynpyruii yyacTtok, rae
D = E; 11— obnacth OBICTPOrO CHMXKE-
Hus moaynsa D; Il1l— obnacte MenseH- =
HOTO YOBIBAHMSI MOIYJISI IIPY OOJIBIIMX Ha- e
npsaxeHusx u gedopmauusax. Ipu Puc. 31. 3aucnmocts
HaIps2KEHUA OT CKOPOCTHU
¢T >> 1 TIpONCXOMUT ynpyroe GOPMON3-  jegropyaunu ¥ Temmeparypel
MeHenue, ipu €7 << 1 — Baskoe Teye-
HME; TAKOBO BJIMsSHUE CKOpPOCTU Aecdopmaiiuy. YeM Bbllle TeMIiepaTy-
pa, TeM MEHbllIe BpeMsI peJlakcallii U Bce 0OJIbliie MpeodanaeT BI3KOCTb.

D=E-

eT

111
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4.2. TIpocTsie MOEIH MOBEAECHHUS
nedopmMupyembIx cpe

VYpaBuenune Makcsesia (116) u dyuxkuus Ilecronanosa (117) mist
WHXXEHEPHBIX PACUETOB CJIIMILIKOM CJIOXHBI, XOTS U OMMCHIBAIOT MOBE-
JIeHre HeKOTOPO# YIPOILIEHHON Moen MeTALIMUeCKOro MaTepuaa.

Jnsg vccnenoBaHUsl CIOXHBIX HaIpsSKEHHO-AeDOpMUPOBAHHBIX
COCTOSIHMIA 1ieJlecooOpa3Hee UMETh Habop Mojesieil HeCKOJbKMUX YII-
POILLIEHHBIX CPell, KaXash U3 KOTOPbIX OMMCHIBAETCS TTPOCTHIM ypaBHE-
HueMm. PaccMoTpuM HEKOTOpPbIE M3 TaKWX MOjeNei, oTpaxawllux Mo
OJIHOW—JIB€ BaXKHEUIIMX OCOOEHHOCTE MOBeAeHUS METAJLJIOB.

1. Hoeanvhas ynpyeas cpeda (cpeda I'yka, puc. 32,a). Moaenb Xopo-
1110 OINMCHIBAET yMpyroe MoBeAeHUE META/UIOB MPU KPaTKOBPEMEHHBIX
HATPY>KEHUSIX HE BbILLIE Mpeesia MPONoOpLUOHATbHOCTU, KOTIA MaTEPU-
aj roguyuHsieTcs 3akoHy I'yka. MexaHM4YeCcKOil MOJEIbIO TaKOil Cpeabl
SIBJISIETCS] TIPYKWHA C JIUHEWHOW XapaKTEPUCTUKOM, HATPYXKEHHAsI TIPO-
JIOJIbHBIM OCEBBIM HaIlpsKeHHeM, KOTopasi M3o0paxeHa Ha puc. 32,6.

2. Hoeanvnas scecmko-naacmuueckas cpeda. Ee MexaHuueckas
MoJieJib— OpYCOK, Harpyxaemblil cABUralollleil Cuaoi, KOTOpbIii Ha-
XOJIUTCSI B COCTOSIHUM TTOKOsI, HE TIepeMelIaeTCsl 110 MMOBEPXHOCTU Tpe-
HUS 10 JOCTUXKEHUSI HEKOTOPOW MPENCTIbHON Harpy3Ku, OTBEYAKOIIEH
11t 1eOpMUPYEMOM CPEIbI MIPENENY TEKYYECTU G, (puUc. 33).

3.Hdeanvnas ynpyeo-naacmuueckas cpeda (cpeda Cen-Benana,
puc. 34) coueTaeT CBOWCTBA ABYX NMPEAbIAYIIMX: MPOSIBISET JUHEN-
HYIO YIPYrocTh 10 3aKoHy I'yka OT Hyjsl 10 6 = G, a 3aTe€M TeYeT

a )". I
0T
S
ET e
e
YWAAMAA— °
D o EUNNNNN
Puc. 32. Monenb uaeajibHOMI Puc. 33. Monenb uaeajibHOMI
YIIPYTOii Cpeibl JKECTKO-TUTACTUYECKOM CpeIbl
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Puc. 34. Mopenb uaeanbHOR Puc. 35. Mogenb uaeanbHOI

YIIPYTO-TIaCTUIECKOM CPEIIbI BSI3KOU CpEIIbI

npu 6 = const. Ee MexaHu4yeckasi Monesib: Mocae0BaTeIbHO COeaM -
HEHHbIe OPYCOK U MpYXKUHA.

4. Hoeanvhas éa3kas cpeda (cpeda Hvromona, puc. 35). 9ta mojenb
OIMChIBACT Bs3KOE MOBEAECHUE MaTepraa, Korna HarpsokeHrue IpsiMo
MPONOPLUUOHATIBHO CKOPOCTH fedopmannu, a KoahGUIUEHT MPonop-
LIMOHAJBLHOCTHU, PaBHbIM TAaHTE€HCY yIJla HAKJIOHA MPsSIMOM K OCU é B
KOOpAMHATax HamnpsikeHue— CKOpOCTh Aedopmalivu, Ha3biBaeTCs
Koagguyuenmom ésazxocmu (v). IloBeneHue cpeabl ONMUCHIBACTCS ypaB-
HEHUEM G =1 é W MOMAETUPYETCs IeMIDUPYIOLINM YCTPONCTBOM, CO-
CTOSIIIMM W3 TUIYHXKEpa B IUJIMHIPE, 3alIOJTHEHHOM BSI3KOM KMIKO-
CThbIO (Ba3eJIMHOBBIM MAacjoM, TJIMLUEPUHOM U T.I1.).

5. Hdeanvnas esa3xoynpyeas cpeda. YpaBHEHHUE, OMMCHIBAIOIIEE €€
TIOBeJICHNE, €CTU TIPY>KMHA 1 neMrdep (yrpyras v Bsa3Kass KOMITOHEH-
THI) COeOWHEHBI TTapauieabHo (puc. 36,a): o= Ee+mé, a ecnm moc-
JefoBaTellbHO (puc. 36,0), TO TTolydaeM TaK Ha3bIBaeMylo cpedy Mak-
cgeana— Pa3HOBUAHOCTb BSIBKOYIPYIO Cpefibl, MOBeIEeHUE KOTOPOit

. 6 ©
ONUCHIBAECTCS YPAaBHEHUEM € = z +—.

n

PaccmotpenHbie cpenbl (/—5) HEYIpOUHSIONIMecs. YIIPOUYHEHME
CTajieil M LBETHBIX CILJIABOB MPU XOJOAHOU AedopMaliiyd ONMUCHIBAIOT
CJIeIYIOIIE MOICIIN.

6.2Kecmio-naacmuueckas ynpounsiowasics cpeda (puc. 37). Ee nose-

JIEHe OIMCBIBaeTCsl ypaBHeHNEeM G = 67 (1 +Ae), Tme KoadduiueHr A,
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c 4

0)

AN

i
Puc. 36. Monenp nneabHOI BSI3KO-YIIPYTOM CpPeIb

Ha3bIBaeMbI Modyaem YynpouHeHus, POTOPLMOHATIEH TAHTeHCY HAKJIO-
Ha npsimoit (cM. puc. 37) K ocu e. Mojelib KeCTKO-TIJIACTUYECKON YII-
POYHSIIOLLIEHCST cpelibl TPUMEHSIETCs, KOora ruiactTuieckas nedpopmanmsi
marepualia ¢ YpouHeHUEM HauMHaeTCsl 0e3 MpeaBapuTeIbHOI YIpyroi
(rykoBcKasi mpsiMasi MpakKTUUeCKM CIMBAETCSl C OChIO OPJAMHAT G).

7.Ynpyeo-naacmuueckas ynpounsrowascsa cpeda (puc. 38). Ee no-
BeJIEHME OTMChIBAETCSl B KOOPAMHATAX G—e Pa3pbIBHON (DyHKIIMEN C TOU-
KOI paspbiBa (o, e,):

0, e<er;

o=FEel-0), o= k(l—i), e>ep.
e

T
c | c j
GT GT ------ r
[}
1
]
[
]
]
]
1
1
1
1
e e e
Puc. 37. 3aBucumoctb Puc. 38. 3aBUCHMOCTb HaIpsLKe-
HamnpsikeHue—aedopmanus Hure—nedopMaIus st yIpyro-
JUTS KECTKO-TLTACTUYECKOM TJTACTUYECKON YITPOUHSIIOIIECS
YIIPOYHSIIOILEHCS CPeabl cpelbl
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To ecTh 5TO Ta KyCOUHO-TMHEHHAS allMIPOKCUMAIIASI KpUBO Ha-
npskeHue—aedopmalivs, KOTOPYIO Mbl pacCcMaTpuBaIu B pasaelie 3.2
(cm. puc. 27).

8. Annpokcumayus ynpyeo-niacmuueckoll 0egpopmayuu ynpouHsoweli-
cs cpedvl cmenennoli Gyukyuei (ypasHenuem Xoaiomona), ¢ = Ae"
(puc. 39), rne A, n— ko3hGULKMEHT U MoKa3aTesib CTeNeHU, KOTOPbIe
HAXOIAT MPU MAaTEMATHKO-CTaTUCTHYEC- A
KO 00pabOTKe Pe3yJibTaTOB MCIbITAHUI
00pa3uoB. YpaBHeHUEe XOJUIOMOHA JaeT
Xopoliiee TPUOIMKEHNE pacueTHON KpH-
BOM K 3KCITEpUMEHTATbHBIM 3aBUCHMOC-
TSM, TIOJTy4aeMBIM MPU CTAaHAAPTHBIX UC-
MBITAHUSIX OOPA3IOB Ha PacTSKEHHE W3
METaJUIOB M CTUIABOB C HEBBICOKMMM 3Ha-
YEHUSIMU TIpesiesia TeKyJIecT (Meb, ajTio-
MUWHUI U ux cruiaBbl). [ToaToMy B cnipa-
BOYHOU JIUTEepaType MO MeXaHMYeCKUM
CBOMCTBaM TIPOMBIIIUIEHHBIX METAJJIOB U
CIJIABOB COJEPXKATCs TaOJUIIBI 3HAUCHUIA
AW n 11 MSITKKX CTaJIel U CTIJIaBOB IIBET-
HBIX METAJIJIOB.

ITpyHUMIIMATBHON C1a0OCThIO allM-
POKCUMAIIMN CTETIEHHOUW (DYHKIIMEH SIBJISIETCS UTHOPMPOBAHUE TIPSI-
MOJIMHEITHOTO HAYaJbHOTO yJacTKa Ha KPUBOW PacTSIKEHUS— yJacT-
Ka YMCTO yIPYTOTro COCTOSTHUS AehopMupyemMoro Marepuaia. OmgHako
3TOT HEOCTATOK KOMITEHCUPYETCS TEM, UTO 3aBUCUMOCTh G—e OITHMCHI-
BaeTCsl HEMPEPbIBHOU (DyHKIIMEH B OTIMYME OT MpPeablayllei, Kycou-
HO-JIMHEHOI, 4TO OBIBAaET BaskKHO, KOTAAa (DYHKIIWS YIIPOUHEHUS BXO-
IUT B ypaBHEHWE, KOTOPOE HAIO MHTETPUPOBATh.

==
e

Puc. 39. Annpokcumanusi
3aBUCHMOCTH HaIpssKEHUEe—
necdbopMalirsl CTereHHOM
ynkuuei

4.3. IlpuHuunsl nocTpoeHns (GpU3NYECKUX YPABHEHUI
nedopmupyembIx cpen

st mocTpoeHust (pru3nuecKux ypaBHEHUM aeopMUupyeMbix cpen
HEoOXOIMMO BBECTU TPU HOBBIX TEH30pa:
1)HanpaBisItOIIMii TEH30P-IeBUATOP HaIMpPsSKEeHUM

0 0
D, = 0 63 = Ogp 0 ;
oKt 0 0 03;-0

cp
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2)HanpaBsIOlIMi TeH30P-AeBUaTOp Aedopmaliunii

- 5 e — e, 0 0
D, = 0 € — e 0 ;

YOKT O O e3 —e

cp

3)HanpaBsIOLIMN TEH30P-IeBUaTOp CKOpocTeil aedopmaliuii

, 6=t 0 0
0  é-é, O

D, = -
YOKT O O e3 _ e

cp

CrenoBaTeIbHO, KOMIIOHEHThI KasKJIOTO HAIIPaBJISIONIETO JIe¢BUa-
TOpa TIOJYy4YaroTCs AeJICHUEM KOMIIOHEHT COOTBETCTBYIOIIEIO HEHa-
MPAaBJISIOLIEr0 TEH30pa Ha er0 MHBAPUAHTHI.

Ha ocHOBaHMM 3KCIIEPUMEHTOB YCTAHOBJICHBI CJIEAYIOIINAE TTPUH-
LIUIIBL.

Ilpunyun I

D, =D,, (119)
a 3HAYUT, U g = WU, .
Ilpunyun II: KOMIIOHEHTHI C(peprUUECKUX TEH30POB AehopMalliil 1

HanpsoKeHUi (MM TiepBbleé MHBApUAHTbI 3TUX TEH30POB) CBSI3aHbI
00beMHBIM 3aKoHOM T'yka (98), u ¢ yuerom (112) moxeM 3anucaTb

ch = EO ecp = 3Eecp.

Takum obpaszom, uzmernenue odsema AUHEUHO U 0Opamumo.
Ilpunyun I1T: Tpy MajbIX YIPYro-niaacTUUecKux aedopmanmsx

D, = D,; (120)

npu 3ToM GYHKIUSA ©; = O(e;) OmpenensieTcss MPpUpoOAOH Marepuana,
HO He CXeMOI HaIpsDKeHHOTO COCTOSTHMS (cIeaaeM, OMHAKO, OTOBOP-
Ky B ckoOkax: Il.bpuakmMeHOM YCTaHOBJIEHO, UTO MPU OYEHb OOJIb-
IIUX THIPOCTATUYECKUX AABJIECHUSIX 3aBUCUMOCTb ©; = ®(e;) CTaHO-
BUTCSI UYYBCTBUTEIBHON K CXeM€e HaMNpPsIKEHHOTO COCTOSIHUS AaXKe Tpu
ManbIX Aedopmaiusx).

ITpumepurBasi U3JTOXEHHbIE TPU MPUHIMIA K TPEM COCTOSIHUSIM
nedopMupyemMoit cpebl, MPUXOIUM K OYEBMIHOMY BbIBOAY, UTO (pu-
3UYECKHUE YPaBHEHUS ISl COCTOSIHUS MAACMUYecKo20 meuerus TIPUXo-
JIUTCSI CTPOUTDb, peajausdyst camoe CiloxHoe paBeHCTBO— (119); mis
MOCTPOCHUS PU3NUYECKUX YPaBHEHUI TPUMEHUTEIbHO K MAAbIM YAPY-
20-naacmuieckum deghopmayusam MOXKHO BOCIIOJIb30BAThCsI PABEHCTBOM
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nonpouie— (120); anst ynpyeux degpopmayuii TonsiTcs BbIpakeHUs 3a-
koHa I'yka, 00001IeHHbIe (/151 TTOJTHOTBI OMMCAaHMSI) Ha Cilydall CJIoX-
HOTO HANpPSIKEHHOTO COCTOSTHUSI.

4.4. OuznyecKue ypaBHEHUs CBSI3U HANPSKEHUIA,
nedopmanuii, CKopocrteii aedopmanuii

NPH IJIACTHYECKOM T€UEHHH,

MAJIBIX YIIPYTO-IUIACTHYECKHX W YNPYTuX AedopMammsax

Ilaacmuuecxkoe meuenue

Packpoem (119) kak paBeHCTBa KOMIIOHEHTOB YKa3aHHbIX HaIllpaB-
JISTIOIIMX TEH30POB B IIPOM3BOJIBHBIX OCSIX X, V,

6,-0 2(e, —é 21 . .
= x =+ 5 Ox =O¢ = —— (ex _ecp)s

TOKT YOKT OKm

x cp

)

3aMeHUM TeNephb T, HA G, @ Yo — HA €;, UCIONb3Ys 3aBUCUMOCTH
(27) u (89), u noayuum CI/ICTeMy U3 1IeCTU (PU3NIECKUX YPaBHEHUI:

1 5 . 1 Si. .
o= = g G )i T T e

1 1 G; .
oy -0 D Ty = sty
y Cp 1+“'e (y C) R4 2(1+M) ei sz

i 1 O; .
G,-C DT, = ————
@ O 1+ue( o) Ta = e, 1

Ipn mnactudyeckoM TeueHuu €., =0, w=1/2; moxcraBus >TH

3HA4YCHHUA B 3allMCAHHYIO CHUCTEMY, ITOJIYUYUM d)u:)’ll"ieClCue YpaeHeHu:A

npu naacmu4ecKkom mevenuu:
_20; . . lo; .

_ch —ge_—iex, Txy 3e 'ny,

Ox

(121)
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IIpu pewreHuu cucreMbl (121) HyXXHO UMEThb AJis TOACTAHOBKU B
3TU YpaBHEHUS HAIEHHYIO U3 3KCIIEPUMEHTOB (DYHKLUIO G; = O(e;, é;)
WJTY TIPY HEM30TepMUUeCKOM necdopMupoBannu o; = O(e;, é;, T), tme
T— Temmeparypa.

Maavste ynpyeo-naacmuueckue degpopmayuu

AHanornyHo packpbiBasi (120) paBeHCTBaMU KOMIIOHEHTOB B ITPO-
WU3BOJIBHBIX OCSIX X, ¥, Z W YYUTBIBAsl, YTO MPU MaJIbIX yIPYro-TiacTh-
YeCcKUX Z[fi(I)OpMaHHHX w<l1/2ue, #0, moayunm cucTeMy Qusuueckux
YPABHEHUU npu MAAbIX YAPY20-NAACMU1ECKUX deopmaiusx:

c, -0 ’( —-e.,); T ——] Siy .
* = % = 1+ue x " el Tay 2(1+p)e,.y"y’
o; 1
Gy _ch ]+ ( y cp) T 2(] +!,,l) e sz: (122)
Oz =O0¢p = ( €, —€cp); T = Lo

1+Me e &

IIpu pemrenuu cuctembl (122) HYXHO 3HATh 3aBUCUMOCTH
; = ®(e;), KoTopas yCTaHABIMBAeTCsl MO pPe3yJbTaTaM WCHBITAHUI
00pa3loB Ha pacTsikeHue, KpydyeHue, U3rud uian cxarue.

Ynpyzue degpopmauuu
Ipu medopmanmsx HUKe TIpeaesia YIPYroCTH JECTBYeT 3aKOH

O
FYKa, 3Ha4uT, O, = Eel., U MBI MOXEM IOACTaBUTHL 3HaAUYeHUE —L = F

€

B ypaBHeHMs (122) nmpu ynpyromMm COCTOSIHUM AeOpMUpPYyEeMOId CPeibl,
MocJie Yero rnepBoe MoJayyeHHOEe TaKUM MyTeM YpaBHEHUE

cp 1+M(ex_ecp) (123)

npeodpasyeM ciaeayroinuM odbpazom. V3 BeIpakeHUST 00bEMHOTO 3aK0-

_og(1-21)
=

Ha T'yka (98) e, = C;ﬁ w ¢ yuerom (111) e, IMox-

1
CTaBJIsIsl OTO BBIPAXEHUE U O¢p = E(GX +06,+6,) B (123), momyunm
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2 1 l+p (oy+o,+0,)(1-2u)
e, :[gcx—§(0y+cz)} z S 4 3Ez .
PackpoeM ckOOKHM U MpUBEIEM MOJOOHbBIE WIEHbI, TOr1a

e, = 110, (o, +5,)]

[Iponenas aHaOrMYHBIC TIPeOOPA30BAHUS IPYTUX YPAaBHEHUI CH-
crembl (122), TOJYyYUM B UTOTe (usuuecKue ypasHeHus npu ynpyeux de-
@opmayusx, KOTOpble HA3BIBAIOT TAKXKE 0000UCHHbIMU GbIPANCCHUSIMU
3akoHa [yka v ghusuueckumu ypagHeHuIMu meopuu ynpyeocmu npu cA0x4c-
HOM HANPSIJICCHHOM COCMOSIHUUL

1 ' 1
ex =E[Gx_“'(0y+cz)]s ny =5Txya
1 1
€, = E[Gy _“(o-z +0—x)]; Yyz = Etyzs (124)
1 1
ez :E[Gz_u(ox-i—oy)]; ,sz :E’czx’

rae Modyab cosuea
G= £ .
2(1+ )

®dusnyeckne ypaBHeHHS (124) MOXHO pelNTb OTHOCUTEIBHO
HaIPSDKEHMI, W TOTA TOJYYUM CUCTEMY

(125)

Gx = ZG(ex +L6J, Txy = Gny:

1-2u
u .
o, = 2G[ey o o 6} T, =GY,,, (126)

4.5. YciioBuSA IUNIACTHYHOCTH
JIJISi H30TPOIHOr0 KOHTHHYYMa

ﬂ,f[ﬂ npeacKasaHuAd nepexoaa M3 yrnpyroro B nmiaCTu4eCKoe Co-
CTOAHUC IIpU Mo00I cxeme HaIpsAXK€HHOIo COCTOAHUA HG(I)OI)MI/I-
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pPYyeMOTO M30TPOITHOTO CIUIOIIHOTO TeJIa UCITOIb3yeTCs ypaBHEHHE,
KOTOpOE Ha3bIBaeTCsd ycaosuem niacmuyrnocmu. [1o Mepe pa3BuTuS
MEXaHUKW KOHTHUHYyMa OBLIO MOCIeNOBaTeIbHO MPEaIoKeHO He-
CKOJIbKO TaKMX YpaBHEHWI, U3 KOTOPHIX BBIACPKAIN IPOBEPKY IKC-
MMEPUMEHTOM M OCTAJIMCh B TEOPUM M JUIST TIPUMEHEHUS B MPaKTH-
YeCKMX pacyeTax JBa YCIOBUS TUIACTUIHOCTH: YCA08UE, OCHOBAHHOE
Ha 3HepeemuyecKol eunomese NpedesbHO20 COCMOSHUS, HA3bIBAEMOE
TakKe 10 MMEeHaM ero aBTOpoB ycaosuem Iybepa— Museca, v ycaosue
MAKCUMAAbHBIX KACAMEAbHbIX HANPSAJCeHUl VTN, TaKXe M0 MMeHaM

aBTOPOB, ycaosue Tpecka— Cen-Benana.

HecMoTpst Ha cioXHOe Ha3BaHUE, OTpaxarollee MyTh ero Bbl-
Boja U 0OOCHOBaAHUSI, NMEPBOE U3 ITUX YCIOBUU B KOHEUHOM MTOTE
0aszupyeTcsl Ha MPOCTEMIlE U3 pacCCMOTPEHHBIX B pasnese 4.2 Mo-
neneit 1epopMUpyeMbIX Cpel— MOJEJU UAeaIbHON >XeCTKO-Iac-
TUUYECKOU cpeibl, ypaBHEHUE KOTOPOIi, 00001IEeHHOE [JISI CJIOXKHOTO
HaIpPSAXEHHOIO COCTOSIHMSA: G, = G, MOCJIE MOACTAHOBKU (YHKLUI
(26) u (27) pa3BopauMBaeTCsl B BbIpaxK€HUE BTOrO YCJIOBMS ILIAC-
TUYHOCTHU:

(o, - Gy)2 +(o, —csz)2 +(o, - 6,.)+ 6(Tiy + riz + rix) =252, (127)

JleBast yactb ypaBHeHus (127) B TeOpuM HOCUT Ha3BaHUE MAACHU-
Yeck020 NOMeHUUala. DTOT TEPMUH OTpaxKaeT SHEPreTUYeCKU oAX0
K OlLleHKe MOMEHTa Iepexona AeopMupyeMoro KOHTMHyyMa B Tij1ac-
THYecKoe cocTosiHue. [Ipeaen TekyyecTu B IpaBoil yacTu Mpearosara-
ercs 6o busndeckuii 6, (103), 1160 ycaoBHBIA Gy, (105), B 3aBUCH-
MOCTHM OT THUIA AMarpaMMbl HampskeHue—aedopmaiius aas 1aHHOTO
matepuasia. Ilnactuyeckoe cOCTOsIHME MaTepuala HacTylaeT B TOT
MOMEHT, KOT/Ia 3HaUeHMeE TJIaCTUUECKOro MoTeHIMalia o Mepe yBeu-
YeHUs] HaNpsSDKEeHUN CTAaHOBUTCS PaBHBIM IMPaBOW YacTU YpaBHEHUS
(127); xorma miacTUYECKUil MOTeHIMaN MeHblIe (o, < ©,), MaTepua
HaxXOAUTCS B yIpyrom coctosiHuu. [Ipr3HakoM MjiacTU4ecKoro cocTo-

SIHUS SIBJIIETCS COOTHOIIIEHUE ©; > G,. B rmaBHBIX OcsX ycaoBUe Iia-
ctuuyHoctu I'ybepa—Mu3zeca nmeeT BULL

(Gl_02)2+(02—G3)2+(53_01)2 2203- (128)

DTO yCJI0BME XOpPOLIO pabOTaeT MPU BbICOKOTEMIIEPATYPHOM Jie-
(hopMupoBaHMM METAJJIOB U CIIABOB, KOTAa YIIPOYHEHUE MaTepuaia
MaJIO Y MPaKTUUYECKHU MOJHOCTbIO CHUMAETCSl pa3BUBAIOILIMMMUCS TMPO-
leccamMu pasyrnpoyHeHus: (BO3BpaToM M pekpuctaiausaunuein). IMpu
XOJIOJHOM TJIACTUYECKOU nehopMalinu ¢ ynpouHeHueM yciaosue (127),
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(128) TpebyeT KOppeKTUPOBKH— BBEIEHHUS B MPaBylO YacTh (hakTopa
YIIPOUYHEHUSI, XOTs Obl MOayst A (cM. pasfd. 4.2).

[pyroe ycnoBue IUIACTUYHOCTU— YCA0GUE MAKCUMANbHbIX Kaca-
MenbHbIX HanpAXceHUuli— TIPeJCKa3bIBaeT Hauaslo riacTuyeckoi aedop-
Maldu IO JOCTHXKEHUM MaKCHUMaJbHBIMU KacaTeJbHbIMU HaIpsike-

HUSIMU |‘C31| no (20) mos0BUHBI Mpejesia TeKydyecTu. B urore yciosue

mactuyHocTu Tpecka—CeH-BeHaHa 3anucbhiBaeTcs yepes IJlaBHble Ha-
MpsSXeHUsT paBeHCTBOM

G| — 03 = 0. (129)

DTU IBa yCJIOBUS MJIACTUYHOCTU COCYLIECTBYIOT, UMesl KaxXaoe
CBOI0 00J1aCTh MPUMEHEHUs, B KOTOPOil OHO 60Jiee TOUHO paboTaer.
B yacTHOCTH, MpU TEXHOJOIMYECKUX pacyeTax MpoleccoB 0opabdboT-
KW MeTaJUIoB naBieHueM yciaoBue ['ydbepa—Mmuseca HECKOJIbKO TOY-
Hee NPUMEHUTENBHO K pacyeTaM IPOLECCOB MPOKATKMU, a yCJIOBUE
Tpecka—CeHn-BeHaHa— K pacueTam MpoOLECCOB MPECCOBAHUS U BO-
JoyeHwus. Jloas npenyoXua yHuBepcaabHylo (hopMy 3alMCH YCIOBUS
MJIACTUYHOCTU, KOTOpas BKIIIOYaeT B ceds ycioBus u ['yoepa—Mmuse-
ca u Tpecka—CeH-BeHnana:

o, - o3 =fo,, (130)
rae koopuuuenr Jlons B = 2/ A3+ Mé . Ilpn namenennu pu, mno (41)

B nipezienax —1 <, < 1 usmeHenue kosppuumenta Jloms 1 <p<2//3

KakK pa3 ¥ OrpaHUYMBAETCSI 3HAUCHUSIMU, TTOJICTABIISISI KOTOPBIE B YC-
JIOBUE IIACTMYHOCTH, MBI ITOJIydaeM JIMOO YCJIOBHE MaKCHMaJbHBIX
KacareJlbHbIX HanpsbkeHUil Tpecka—CeH-Benana (npu f = 1), nu6o
YCJIOBHE 110 SHEPreTUICCKOM TMIIOTe3e MPeneIbHOTO cocTostHUs ['y0e-
pa—Mumuseca (ipu f = 2/ J3).

YTOoOHl HAIJAIHO IPEACTAaBUTH cebe, HACKOJIBKO OTIMYAIOTCS
apyr ot apyra yciaoBusi I'yoepa—Mmwuzeca u Tpecka—CeH-BeHaHa B
YUCJIECHHOM BBIPaXX€HUM, MOXKHO ITOCTPOUTh B MIPOCTPAHCTBE IJIaB-
HBIX HAaNpsSXKEHUH G, 0,, G, IBE€ NOBEPXHOCTHU, Ipa)UUECKH Tpea-
crapisomye ypapHeHue (128)— uunuHap paauycom R = ¢ _u ypas-
HeHue (129)— wecTUrpaHHYIO MPU3MY, BOMCAHHYIO B LIUJIMHID
(puc. 40). PucyHok HarisimHO JeMOHCTPUPYET YMCIEHHYIO OJM30CTh
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IMpuszma Cen-Benana

Hunuuap Muszeca

Puc. 40. IToBepXHOCTH YCIOBHIA TUTACTUIHOCTH
B TIPOCTPAHCTBE TJTaBHBIX HAMPSOKECHUI

JBYX YCJIOBUM MJIACTUYHOCTU: B CEYECHUH, ONEPNCHANKYIAPHOM OCHU

CHUMMETPUH, 3TU IOBEPXHOCTHU OTCTOSIT APYTr OT Apyra Kak OYrd H
XOpAbI, OTPAaHUYCHHBIC yIriaaMu B 60°.
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II1. IIOCTAHOBKA H METO/IbI
PEIITEHUA 34/1A9 TEOPHUH YIIPYTOCTH,
IUVIACTHYHOCTH H TEYEHHA

Ihaea 5

PABHOBECHUE JTE®OPMUPYEMOMU CPE/IbI
U YCJIOBUS HA KOHTAKTHO¥ ITOBEPXHOCTHU

5.1. YpaBHeHHSI PABHOBECHS
B IPAMOYTOJIbHBIX J€KAPTOBBIX KOOPIAHHATAX

[TycTh HeKOTOpOE TEJIO HAXOAUTCS B KBAa3UCTATMUECKOM PaBHOBE-
CHUU, KOTZIa BHEIIIHWE CUJIbI, 1e(hOpMUPYIOLIME er0, ypaBHOBEIIMBAIOT-
csl BO3HMKAOUIMMU B oObeMe Tesla HampstbkeHusiMu. Ecnu Bce Teso
HAXOJAWTCS B pABHOBECUHU, TO U OECKOHEUHO MaJIblii 2JIEMEHT B OKpec-
THOCTU JIIOOOM TOYKM ITOrO Teja TaKKe HAXOAMUTCS B PAaBHOBECHUU.
Bbiesnnm B o0beMe Tesla 0eCKOHEUHO MaJlblid Mapaiieenumnea U u300-
pa3dM Ha HeM BEKTOpaMU BCIO CUCTEMY HaNpsLKeHUI, B MOJie KOTO-
PBIX Mapayiiesienuies HaXoAUTCs B paBHOBECUM (MCIOJIb3yeM IS pac-
CMOTpEHUs BTOU cuTyauuu puc. 2 u3 pasa. 1.1). YciaoBus ero
pPaBHOBECHS COCTaBJISIIOT 1IECTh YPAaBHEHUI, U3 KOTOPBIX MEPBbIE TPU
BBIPAXXAIOT PABEHCTBO HYJIIO MPOEKIMI CUJI Ha COOTBETCTBYIOLIIUE KO-
OpIMHATHbBIE OCY M OCTAJIbHbIE TPU — PABEHCTBO HYJII0 MOMEHTOB CHJI
OTHOCUTEIbHO KOOPIAMHATHBIX OCEN:

YX=0, M, =0,
Sr=0, ¥ M, =0, (131)

37=0, ¥ M, =0.

[Ipu aTOM ClieayeT UMEeTh B BUIY, UTO MOJIHbIC MpUpalleHUs hyH-
KLU HaNpsKeHUI MpU Mepexoae K coceqHell Touke Teia B oOlleM
cJlyyae BbIpaxkaloTcsl YpaBHEHUSIMU BUA
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do, =% 4e 0% gy 4 9%y, (132)
ox dy 0z

B Hamem cinyyae (cM. puc. 2) IpaHU 2JIeMEHTapHOIO Mapajuiese-

nurnena napajulelibHbl ocsiM KoopauHat. IToaTomy nepexon, Hampu-

MEp, OT MPABOU TIOLIANAKN, HOPMAJBHOM K OCH X, K JIEBOM TaKOU Xe

MJIOILAIKe HE BbI3bIBA€T U3MEHEHUsI KOOPAMHAT ¥y U Z, U TIPU TaKOM

Jo

X

nepexone do Oyner GyHKUMEH TONBKO X, T.e. do, = dx. Ocranb-

Hble aBa uyjeHa ypaBHeHus (132) obpauaioTcst B HyJb. TakuM oOpa-
30M, MCHOJIb3Ysl MEpBOE ycioBUe paBHoBecust u3 (131). ZX =0 n
nepexos Mpy 3TOM OT HaMPsIKeHUM K cuiaM MyTeM YMHOXEHUs Tep-

BbIX Ha IUIOLIAAKY UX NEHMCTBUS, MOXEM 3allUcaTh 0e3 yy€Ta MHECpLUU-
OHHBbIX 1 MaCCOBbIX CHJI

o
o, dydz _(Gx + 8516 dxjdydz + Ty, dxdz —(’L’xy + %dy]dxdz +
X y

+1.dxdy — (sz + 8;; dz)dxdy =0.

ITocne packpbITHSI CKOOOK 1 MPUBEACHUS MOAOOHBIX YJICHOB OYy-

0
IeM UMeTh —dxdydz 90 + L 90,
ox Jdy 0%

MOJIyYMM YpaBHEHHME, IIPEACTaBIsIolIee CO00I paBEHCTBO HYJIIO BhIpa-
>KeHHSI B CKOOKaX, ¥ MPUCOSIMHUM K HEMY aHAJIOTMYHBIE IBa APYTUX

] =0, aTaKk Kak —dxdydz # 0, To

ypaBHEHUsI, BBIBEICHHBIX 13 yctoBuii » Y =0 u > Z=0:

‘%LjL Ity N 0Ty, _0,
ox ay 0z
Tox 0% T g, (133)
ox ay 0z
Oty |, 9Ty 90, _ 0
0x dy 07

YpasHenust (133) sBasioTcst NpuOAMKEHHBIMY YPaBHEHUSIMU PaB-
HOBeCHs B IIPSIMOYTOJIbHBIX JE€KAPTOBBIX KOOPIMHATAX; IPUOJIMKEH-
HBIMH TTIOTOMY, YTO IIPY MX BBIBOZE, KaK YK€ OTMEYaJoCh, HE YUTEHBI
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WHEPLIMOHHbIE U TPaBUTALMOHHBIE CUJIbI, KOTOPbIE MPU TEXHOJOIU-
YeCcKMX pacueTax MpoleccoB 00pabOTKM METALJIOB AaBJI€HUEM OObIYHO
3HAYUTEJIIbHO MEeHbllIe AeOPMUPYIOLIUX YCUTUMA.

VYcnoBus paBHOBECHSI 1O MOMEHTaM JalOT BbIpak€HUSI 3aKOHa
MapHOCTU (MM B3aMMHOCTH) KacaTeJbHbIX HampskeHuil (2), eciu
MpuBeJeHNE MOJOOHbBIX YJIEHOB JieJlaTh, TpeHeOperasi 606CKOHEYHO Ma-

JILIMU BbICILIETO Mopsiaka. B yacTHOCTH, U3 paBeHCTBa ZMX =0 mo-
ydaeM Ty, = T, U3 ), M, =0 nomygaem T,, =T, nus » M, =0

NojyyaeM Ty, =T, . B UTOre ¢ yuyeTrom nocjaeIHUX PaBEHCTB IOJIY-
YyeHHbIe TpU AUPdepeHIInaTIbHBIX YPAaBHEHUS CTAaTUUECKOrO paBHOBE-
cust (133) cogepxat He AeBSIThb, a TOJbKO LIECTh MOAJEXalluX Orpe/e-
JIEHUIO HE3aBUCUMBbIX (DYHKIIMI OT KOOPJAMHAT pacCMaTpUBAEMOM TOUKU:
Gy, Gy, O,y Tyys Tyoy T

x> Pys> Pz txyo tyzo taxe
ITockoabKy 4YMCI0 HEM3BECTHBIX (YHKUMI (11eCTh) MpeBbIIIACT
YUCJIO ypaBHEHWH (TpU), TO, 3HAYMUT, OJHOTO TOJIBKO CTaTUYECKOIO
pPacCMOTpEHHUs 3aJauMd HEITOCTaTOYHO UISI HAXOXICHUsS IIeCTH HEeU3-
BeCTHBIX (DyHKLMI. MHBIMU CIOBaAMU, 6csaKas 3a0aua meopuu ynpyeoc-
mu cmamuyecku Heonpedeauma. I103TOMy KpoMe ypaBHEHUI CTaTUKU
BCerga NPUXOAMTCS €Ile HMCIOJb30BaTh BBIBEACHHBIE paHee
reoMeTpuuecKre cooTHoIIeHus (67) n ¢pusmyeckre ypaBHeHus (124)
nmn (126). Torma ymciio ypaBHEeHHI yaaeTcs clelaTh paBHBIM YUCITY
HEM3BECTHBIX (DYHKIIUI, W 3a7aya OKa3bIBaeTCs ITOCTaTOUYHO OIIpelie-
seHa. OmHAKO ClieAyeT MMETh B BUIY, YTO XOTsSI MHTETPUPOBAHUE TIe-
PEUYUCICHHBIX UCXOMHBIX AUbdepeHIIMaTbHbIX YPABHEHUI B KOHEY-
HOM CUeTe ITO3BOJISICT HAWTW BUJ MCKOMBIX (DYHKIIMiA, HO IIPH 3TOM
TTOSIBJISTFOTCSI IIPOM3BOJIbHBIC TTIOCTOSTHHBIC MHTETPUPOBAHUSI, TTOIJICKA -
1I1e ONPEACIICHUIO U3 epaHu4HbIX Ycaoeutl, GOpMYIUPYEMBbIX IS KaxK-
JI0¥1 KOHKPETHOI 3amaur. Borpoc o TpaHUYHBIX YCIOBUSIX Jajiee OyaeT
pPaccMOTpeH OTAEIbHO, KaK M O METOAAX ITOCTAHOBKM M PEILICHUS 3a-

Jaq TeOPUHU YIIPYTOCTH.

5.2. YpaBHeHHsI paBHOBECHS
B KPUBOJIMHEHHBIX KOOPIAUHATAX

HuddepeHumanbibie ypaBHeHUsT paBHoBecus (133) BbIpakeHbl
B JI€KapTOBBIX MPSIMOYTOJIBHBIX IPSIMOJIMHEITHBIX KOOpAMHATAX. DTa
(opMa craTmuecKux ypaBHEHUI SIBJIIeTCS HauboJiee IIMPOKO IIPH-
MeHsiemoii. Korna HapyxKHasi TOBEepXHOCTh 1e(hOPMUPYEMOTo TeJia Tia-
pajuteJibHa OJHOW WJIM ABYM KOOPIMHATHBIM ILUIOCKOCTSIM JIE€KapTO-
BOI CHCTEeMBI, TO BUIl YpPaBHCHU paBHOBECHSI UMEHHO B JIEKapTOBBIX
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Puc. 41. PaBHOBecHe Majioro 3jeMeHTa OCECMMMETPUYHOTIO TEJia
B IIOJIAPHBIX KOOpAWHATax

KOOpAMHATaX OKa3bIBACTCSI U CAMBIM YIOOHBIM TSI 3aJaHUSI TpaHY -
HBIX YCJIOBUI IPU UX MHTETPUPOBAHUMU.

OmHaKo IpH pellicHUM 3a1a4 Ha paBHOBECHE WJIM IBMKCHUE YII-
pyro nehopMUPYyeMOro Tejia, MMEIOIIero KpUBOJIMHEMHBIC TTIOBEPXHO-
CTU KOHTYypa, IMPUMEHSIOT KPUBOJUHEIHHBIE KOOPAMHATHI, CUCTEMY
KOTOPBIX IOAOMPAIOT TaK, YTOOBI M YpaBHEHMsI pPaBHOBECHS, U Ipa-
HMYHBIE YCJIOBUS BBIPAXKaIMCh KOMIIAKTHO M IIPOCTO.

Hawubonee pacrpocTpaHeHHBIMM CHCTEMaMU KPUBOJIMHEWHBIX KO-
OpIVHAT B TEOPUU YIPYTOCTH U ILIACTUYHOCTU SIBIISIOTCS HOAADHbIE
Koopounams! Ha TIJIOCKOCTHU, YUAUHOpUUeCcKUe U chepuvecKkue— B TPeX-
MEpHOM IIpocTpaHcTBe. [IprMeHeHre MMIMHIAPUIECKON CUCTEMBI KO-
OpIMHAT K IUIOCKOM 3amadye IO CYLIECTBY CBOIUT LWJIMHAPUICCKYIO
CHCTEMY K TIOJIIPHOM.

PaccMoTpuM yCIOBHSI CTaTMUECKOTO PABHOBECHS JIEMEHTapHOTO
00beMa B LIMJIMHAPUIECKON CUCTeMe KOOPIMHAT VIS TUIOCKOTO Harpy-
JKEHUs, T.e. B ITOJIIPHBIX KoopauHaTax (puc. 41). Ha pucyHke mokasa-
HBI HaIlpsDKEHMsI, TEMCTBYIOIIME Ha BBIIEJICHHBI OECKOHEUHO MaJIbIit
00BEM CMMMETPHMYHOIO OTHOCHUTEJIPHO OCH Z Tejia. TOJIIIMHY BhIICICH -
HOT'O 3JIEMEHTa I1ojlaraeM paBHOM eauHuLe: 7 = 1, T.e. 3TO pa3Mep 110
OCH Z, PACIIOJIOXKEHHOM MePIEHANKYIISIPHO TJIOCKOCTH YepTexka, a yep-
TEX BBITTOJIHEH B KOOPIMHATHOM IIOCKOCTH p0. 3ammilieM IIepBoe YCIIo-
BH€ PaBHOBECHST MAJIOTO 3JIEMEHTA, BhIpaxkalolliee paBCHCTBO HYJIIO CyM-
MBI TIPOEKIIMI BCeX MEMCTBYIOIIMX CHJI HA paaraibHOE HaIlpaBICHUE P:
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06 a0, do
o, +—dp (p+dp)dd - o,pd0 - 09+—d9 dp sm?—

o
—-0odp sin?+[rpe+%dejdp cos?—rpedp cos?=0.

PackpbIB CKOOKM M MpUBENs MOMOOHBbIE WIeHbI, TPUHUMAsT M3-3a
Majioctu 0, uto sin(d6/2) = d0 /2, v pa3neauB Kaxablii YWICH Ha Mpo-
u3BeneHne dp-do, MoIyInM TOCe MCKITIOUeHUST OECKOHEYHO MAJIbIX
BBICIIIETO TMOpsiaKa nepBoe auddepeHIMalbHOe YpaBHEHUE PaBHOBECHSI:

d6, 0JTp
p——+——+0, -0y =0.
ap d0
AHAaJIOTUYHO TOJIyYaeTcsl BTOPOe ypaBHEHUE PAaBHOBECHS U3 YCIO-
BMSl PABEHCTBA HYJIIO0 CYMMBbI MPOEKIIMI BCEX CMJI Ha TaHTEHLIMAIbHOE
HanpasieHue 0. B pesynbraTe 118l MI0CKOH 3a7a4M MOJYyYUM JABa ypaB-

HCHHA PaBHOBECHA B HMJIMHAPHUYCCKUX (HOJIF{prIX) KOOpAuHaTax:

a5, 9
p&+ﬂ+cp—ce 0,

op 00

9% 90 o g (9
ap P gp T

B zakimroueHne 3anuiinem 6e3 BeiBoga AudbepeHIInaIbHbIC ypaB-
HEHUSI paBHOBECHSI ISl TPEXMEPHOM 3a1aud B POCTPAHCTBE LIMJIMHI -
PUYECKMX KOOPAMHAT POz, TAKKe 0e3 yuyeTa MHEPIIMOHHBIX 1 I'paBUTa-
LIMOHHBIX CHJI:

Jc, Ot ot
p—p+—pe+pﬁ+cp—ce=0;

op 00 0z

T4 do ot

po | Y999 0z .

_® + +21.,=0; 135
P T Py T (135)

Jt ot tolo}

P TR 2y, =0.

P o0 "o TP or T

HamoMHuMM, 4TO OT ypaBHEHMIA, BHIPaKCHHBIX B OTHOM CHCTEME
KOODPIMHAT, MOXXHO TIePeXOAMTh K (hOpMe YpaBHEHMIA B IPYTUX KOOPIH -
HaTax ¢ MOMOIIBI0 (OpMy/I MpeoOpa3oBaHMsl KOOPAMHAT, M3BECTHBIX
YUTATEIO U3 aHAJIMTHYECKOM reoMeTpru. [103TOMy MBI HE TIPUBOIMM
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3/1ech 0oJiee PeIKO UCIOIb3yeMbIe B 3a/1auax TCOPUM YIIPYTOCTH U T1Jia-
CTUYHOCTH YPaBHEHMUSI paBHOBECHSI B chepUueCcKUX KoopauHaTtax. [1pu
HEOOXOIMMOCTH JII000I CMOKET MX BBIBECTU C ITIOMOIBIO YITOMSIHYTBIX
(dopmyn npeobpa3zoBaHUs.

5.3. I'panuyHbIe yCIOBHSA

I'panuunbie ycnoBus (I'Y) nepBoro Buga— cmamutueckue— yc-
TaHABJIMBAIOT 3aBUCUMOCTh HAMIPSIKEHUI Y TPAaHUIIBI Te(POpMUPYEMO-
TO TeJla OT BHELIHUX CWJI, AEHCTBYIOIINX Ha TEJIO CO CTOPOHBI 1edop-
MUPYIOLIETO MHCTpyMeHTa. Boo0iiie xe 1o crocoOy 3aaaHus ['Y ObIBatoT
YETBIPEX BUIOB:

1)cmamuueckue (unmu I'Y 6 nHanpsiceHusx);

2)kunemamuueckue (I'Y 6 nepemewenusx);

3)dunamuueckue (I'Y 6 ckopocmsx u ycKopeHusx rpaHUIHbBIX TOUYEK);

4)cmewannvie (KOTOPBIE 3aMaI0TCS M CHJIOBBIMU XapaKTePUCTHUKA-
MM ¥ TIepeMeIIeHUSIMA WA CKOPOCTSIMU TIepeMEIIeHUIA).

Cratuueckue I'Y mpenctaBiasioT co00il COOTHOIIEHUSI MEXAY
KOMITOHEHTaMM (IIPOEKIIMSIMHU Ha OCU) BHEITHEW HATPy3KH, TIPHUIO-
KeHHOM Ha TpaHWIle Tela, W HAMpPSLKeHWSIMU BHYTPHM Tejla BO3JIE

yKa3aHHOU rpaHUIBl. B KauecTBe

Aﬁy dFm MPOCTOTO MpUMepa COCTaBUM CTa-

TUYECKUE I'PaHUYHbIC YCIOBHUS TSI
IUIOCKOM 3agaur. MaJiblii KpaeBoit
o0beM aedopMUpyeMOTo Tela,
HMMEIOIIEero BHEIIHUI KOHTYpP Mpo-
M3BOJILHON KOHGMUTYpaLMKU, MOX-
HO aInMnpoOKCUMUPOBATh TPEYTrOJib-
HOM TNPU3MOM, HAKJIOHHAd TpaHb
KOTOPOI MpeAcTaBisieT y4yacTOK
MmoBepxHocTU Teaa (puc. 42).
ITycty mnowanb 3Toit rpaHu dF.
Ha nnomanky dF neiicTByIOT BHe-
HUe AehOoPMUPYIOIIUE CHUJIbI,
yaeJbHasi paBHOAEWCTBYlOLIAs
KOTOPBIX p B OOLIEM CiIy4ae He

Puc. 42. K BeIBoOy cTaTUYeCKUX

TPAaHUYHBIX YCJIOBUM IS TUIOCKOU
3amaun COBITAJACT C HAMPABIEHUEM HOP-

MaJjiu v K 3Toit moiaake. Cocras-
JISTIOLLME CUJIBL p, TIO OCSIM KOOPAMHAT MYCTh Oyayt p, 1 p, . Hampsike-
HUSl Ha JBYX JIPYTUX TPAHAX MPU3MBI— O ,0,,T,, — CTaTUYECKU
YPaBHOBCLUMBAIOT YAEIbHbIC CUIBL p, 1 p, . [IpOEKTHPYST Ha OCH KOOP-
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IWHAT BHEIIHUE W BHYTPEHHME CWIIBI, NEHCTBYIOIINE Ha 3Ty IpHUTpa-
HUYHYIO 3JIEMEHTApHYIO TIPU3MY, TTOJIYYUM M3 YCIOBUI CTATUYECKOTO

pasroBecust Buna (131) Y X =0; DY =0 ypaBHeHust

Doy = csxl+1:xym;

Dy =Ty l+0,m, (136)

rJie HampasJsitolue KOCUHychl / = cos(v,x), m =cos(v,y). YpaBHe-

Hust (136) HocaT Ha3BaHHWe cTaTUdecKux [Y s TUIOCKOM 3amadm
B oO1ieM Buae. st TpexmMepHoil (00beMHOI) 3a1auK CTaTUYECKUMU
I'Y Moryt ObITH ypaBHeHUST BUaa (5), €CU MPUHSITh, YTO TLJIOLIAAKA

F,,. = F, (cMm. puc. 3) annpokcu-

. y
MUpPYET MasIblii y4acTOK KOHTypa -
nedopMupyeMoro Teja B IMpo- UL,
CTPaHCTBE KOOPAMHAT XYZ.
Kunemaruueckue I'Y 3anator

rnepeMelleHUs TPaHUYHbBIX TOYEK, f 0 T =
a JMHAMUYECKHE— CKOPOCTU U |

CKOPEHUS 3TUX TepeMelIeHUMN.
3113 TeXpHOJ'IOFI/I‘IeCKI/IX I;az[at{ax KU- \\\\\\\\\\\ \Q
HeMaTUYeCKue U JUHaMUYECKUE Ty b p
I'Y yanie 3amaroTcd COBMECTHO CO Putc. 43. K BbiBOLY rpaHUUHbIX
CTaTUYECKUMMU U COCTABJSIIOT Ta- VCIOBHIA JUTSl 330a49H OCAIKH
KUM 00pa3oM cmeluaHHble ['Y. 3arOTOBKU MEXJLy TUIOCKUMU
B kxauecTBe MpocTOro u xapakrep- KECTKUMHU GOKaMu
HOTO NMpUMepa pacCMOTPUM 3aja-
yy 00 ocajke METaJIUYecKOl 3aroTOBKM MEXAY XKECTKUMMU IJIOC-
kuMu Ooiikamu (puc. 43). Jlasg sToii 3agaumn crtatuyeckue I'Y— te

xe ypasHeHust (136), ToabKo HanpsikeHue G, OyIeT ¢ MHHYCOM, Tak
KaK OHO B 9TOW 3ajaye CKuMapuiee, a T — TMEPEMEHHbBIM!

Tyy = rxy(x, f), tne f— K03 PULUUEHT KOHTAKTHOTO TPEHUST MEX-

Ny 6olikaMu U ocaxuBaeMoit 3arotoBkoil. Kunematuueckue I'Y s
5TOU 3aMa4u TaKue:

h U, =u, (fa X),
npu y=+-— ~ y
2 |u, = const(ycioBre XeCTKOCTH GOIKOB).

K Bompocy 3amanusi I'Y Mbl OyieM HEOJHOKpaTHO oOpalliaTbCs B
JajibHENIIIeM TMPU U3JI0XKEHUM PEelIeHU KOHKPETHBIX 3a1ady Teopuu
YOPYIrOCTU M TUIACTUYHOCTHU, YTO U TOCHYXMT 3aKpeIIeHWUIO Mpel-
CTaBJIeHUII 00 3TOM BOMNpOCE y BCEX M3YyYalolllMX JaHHYI Y4eOHYIO
JTUCLUMILIAHY.
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5.4. KoHTakTHOE TpeHHE

KOHTaKTHOe TpeHMe SABISETC MPEAMETOM MOAPOOHOrO aHaIu3a B
Kypcax TEOPMU ¥ TEXHOJIOTMM 0OpabOTKM METAUIOB JAaBIEHUEM. 31eCh
K€ MBI €I0 PACCMOTPMM KPATKO ¥ TOJILKO IOTOMY, YTO, KaK BBIACHUIOCH
TOJILKO YTO, NpH 3agaHuu ['Y B (DyHKIMU KOHTAKTHOTO KACaTeNbHOIO
HAMNPSDKEHKS U TIepeMELLEHHS BIOJb TIOBEPXHOCTH KOHTAKTa MEXIY JIe-
(OpMUPYEMBIM METAIUIOM U 1e(DOPMUPYIOLIMM MHCTPYMEHTOM BXOIUT
XAPAKMePUCMUKA PedcUMa KOHMAKmHO20 mperus, B KA4eCTBE KOTOPO MO-
ool KET ObITh KOS (MULUMEHT TPEHNA
T IP KeCTKHUiA CKOJIbXEHMsI, HO HE TOJIBKO OH,

Sl kak OyzieT MOKa3aHo Jajiee.

PaccMoTpuUM cHauana yc-

JIOBUSI CyXOro KoHTtakra (6e3

O06J1acTH YIIPYro-IuIacTUYeCKOro CMSITHS CMa3KI/I) MEXIY TIOBEPXHOCT:I-
JehOpMUPYEMOTO MaTepHaia MU Je(hOopMUPYEMOTO MeTajia

U 1eHOPMUPYIOILIETO UHCTPY-

Puc. 44. CxemMa MUKpOreoMeTpuu MeHTa. MUKPOTeOMETPHS 9TO-

KOHTaKTa MEXJIy TTOBEPXHOCTSIMU
nedopMUpyeMoro Matepuaa
" 1e(OPMUPYIOIIEro MHCTPYMEHTA

IO KOHTaKTa B MPoGUIb NUMEET
MIPUMEPHO TaKOM BUJI, KaK I10-
KazaHo Ha puc. 44. Ha pucyH-
Ke 0003HaueHbl: P— HOpMaslbHas (CXKUMarolast) cuia; T— TaHTeH-
LMajbHas cuja, IpeojojeBalolasl CUJIy KOHTaKTHOIO TPEHUS U
BBI3BIBAIOIIIAs] OTHOCUTEILHOE CMEIIICHHE.

B Teopum KOHTAaKTHOTO B3aMMOICIHCTBUS MaTepUaIOB BeJIMYMHA
CUIIBI TPeHUsI BbIpaxkaeTcst opmynoit 1' = SipTe, - 3mech T, — YACIb-
Has CHUJIa cpe3a, KOTopast TIpy Pa3BUTUM CMEIICHNS YBETMUUBACTCS 10
3akoHy ['yka oT HyJST 10 MaKCUMAaJIbHOM BEJIMUMHEI, PaBHOU TIpeIesTy
TEKY4eCTU IPU YUCTOM CIBUIE:

i (137)

S,,— TIPOCKLMSI ILTOLIAIM Cpe3a Ha IUTOCKOCTb, 10 KOTOPOii MPOKCXO-
IUT CMEIlleHNe KOHTAaKTHBIX TTOBEPXHOCTEM, BBIpaxkaeMmass (hOpMYIIOi
Sep =S54CiC,, B KOTOpOIA SCb = P/H, tne P— HopMajbHasl CXXUMalo-
masi cuia, H— TBepnoctb aepopMupyeMoro Marepuania; 3aMeTUM, 4ToO
TBEPIOCTBIO HA3bIBACTCSA TEXHMUECKAsT XapaKTePUCTUKA, BhIpaKaloliast
VIEIBHOE COTIPOTUBIICHNE MaTepuajia CMSITHIO, U TIOSTOMY OHa MMEET
pPa3MepHOCTb HaIPSLKEHUS; ClieIoBaTe/IbHO, B ociaeaHel dopmysie pas-
MEPHOCTb CUJIbI, MOJAEAEHHAs Ha Pa3MEPHOCTh HAMPSKEHUSsI, NeHCTBU-
TEJIbHO IAET pasMepHOCTD mromany; C,— KO(bOULMEHT, YIUTHIBAKO-
LN BIMSTHYE IIIEPOXOBATOCTH MHCTPYMEHTA Ha Pa3BUTHE OOTACTH CIBUTA
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(M cpesa); BEIMUYMHA 3TOT0 KO3((ULIMEHTA MOBBILIACTCS C YBeIUUe-
HUEM YKCTOThI MMOBEPXHOCTU Ae(HOPMUPYIOLIETO MHCTpyMeHTa; C,—
KO3 GULIMEHT, YUYUTHIBAIOIIMI BIUSIHUE CUJI CONPOTUBIICHUS], BO3HU-
KaIOIINX B pe3yJbTaTe (PU3NKO-XUMIUIECKOTO B3aUMOICHCTBIS MaTepH-
aJioB: 1e(POPMUPYEMOTO M TOTO, U3 KOTOPOTO M3rOTOBJIEH Ne(hopMuUpy-
IOIINI MHCTPYMEHT; 3HaUeHMe 3TOro KO3 PUIIMeHTa YBETMUNBACTCS C
MOBBILICHUEM TeMIepaTyphbl, C YMEHbILIEHUEM MEXaHUYEeCKOH MpOYHO-
CTU MACCUBUPYIOIIMX OKCUIHBIX TUIEHOK, C YBETMYEHUEM BPEMEHU KOH-
TakTa— T.€. C Pa3BUTUEM TepMOAUMPDY3MOHHBIX MPOLIECCOB.

GG

Takum oOGpaszom, moiayuyaem T = T, P. BennmuumHa

/= C Gy, / H HazbiBaeTcst Koaghuyuenmom KoHmaKmnozo mpenus, a pa-
BeHCTBO 7 = fP BbIpaxkaeT 3aKOH cyxoro TpeHusi KyioHa—AMOHTOHa.
PaznenuB mocnenHee BhIpakeHHe Ha HOMUHAJIBHYIO TUTOIIAIb TTOBEPX-
HOCTHM KOHTaKTa (T.e. TUIoIaah 0e3 yueTa MUKpOTeOMETPUN TTOBEPXHO-
CTH), TIOJIyYUM OOBIYHO TIPUMEHSIEMOE BO BCeX MHKEHEPHBIX pacyerax
IUTSI OTIUCAHUST PedcUMa Cyxoeo0 mpeHus ypaBHEHUE CBSI3W HOPMAaTbHOTO
JABJICHUS p ¢ KOHTAKTHBIM KacaTeJIbHBIM HampsKeHUEM:
t =/ (138)
ITpy HaMMUIMM cMa3KW Ha TTOBEPXHOCTH KOHTAKTa PEXXKUM TPEHUS
He OyaeT onuchiBaThcsl 3aKOHOM KynoHa—AMoHTOHa. Eciau KOHTakT
nedopMupyeMoro MeTajia ¥ MHCTPYMEHTa MO BCell KOHTAKTHOM T10-
BEPXHOCTH, BO BCEX €€ TOYKaX MPOMCXOAUT Yepe3 CI0i BA3KOM KUI-
KOCTU (CMa3Ku), TO UMEET MECTO pedcum JcUuoKocmuo2o mpenus. Ipn
KMIKOCTHOM TPEHUM YaeJdbHas Cujla TpeHUs (HAmpsDKEHME KMIKO-
CTHOTO TPEHHUs) BbIpaxaeTcsl ypaBHEHUEM

nx=n%?, (139)

rae N— KO3(PPULUUEHT BA3KOCTH CMa3KU; V_— CKOPOCTb CKOJbXKE-
HUS MeTajljla OTHOCUTEIbHO MOBEPXHOCTU MHCTPYMEHTA; A— TOJIIIM-
Ha CJI0SI CMa3KH.

TonuuHa c1osi cMa3Ky B 3HAUUTENILHON Mepe 3aBUCUT OT JaBJICHUS
p. Ecnu TomumHa Mana U He MCKJIIOYaeT “MeTalIMYecKuii” KOHTaKT U
BO3HMKHOBEHME peXMMa CYXOro TPeHMSI Ha OTAEJIbHBIX yJacTKaX KOH-
TaKTHOU MOBEPXHOCTU, TOTIA UMEET MECTO HEYCTOMUYMBBIN TTIPOMEKYTOU-
HbI peXXuM MeXIy peXuMaMU CYXOro U >KUIAKOCTHOTO TpeHUsl. DTOT
MPOMEXYTOUHBIN PEXUM TPEHUSI HOCUT HA3BaHUE SPAHUUHO2O PelCUMA.
Pexxum rpaHUYHOrO TpeHUsI HEBO3MOXKHO OINMKMCATh AHATUTUYECKUMU 3a-
BUCUMOCTSIMU, TaK KaK OH OMpeAessieTcsl Pa3BUTOCTbIO OCTPOBKOB KU~
KOCTHOTO TPEHMsI Ha KOHTAKTHOI MOBEPXHOCTH, MX JOJIeil B BEIMUYMHE
0011LIei MIo1aaM KOHTaKTa. JIJ1s1 MpruOIMKeHHbBIX MHXXEHEPHBIX PacueTOB
MPeUIOXKEHbI JIUIIb IMIMPUYECKUE 3aBUCMMOCTH, HE TIPETeHIYIOIE Ha
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BBICOKYIO CTEIEHb JOCTOBEPHOCTU TIPEICKA3bIBAEMOM BEJIUYUHBI T _—
KOHTaKTHOTO KacaTeJbHOIr0 HanpsKeHUsl MpU rpaHUYHOM TpeHuu. Io-
3TOMY JUISl PeXMMa TPaHUYHOIO TPEHUsI MOXKHO J1aTh JIMILb AWara3oH
BO3MOXHbBIX 3HAYEHUI KOHTAKTHOI'O KacaTeJIbHOTO HaIpPSLKEHUS:
Tex S Ter S - (140)
Bbiiensiior elne Tak Ha3blBaeMbliA pedcum mopmodiceHuss, Koraa OTHO-
CUTEJIbHOE CMelIeHUE (CKOJIbXKEHME) N0 KOHTAKTHOM MOBEPXHOCTH Me-
TaJUI—MHCTPYMEHT COBCEM HE IPOMCXOIUT U3-3a OOJbIION BEJIUYMHbI
Koa(duieHTa KOHTAaKTHOTO TpeHus /. B aToM ciydae aecdopmanus pe-
aIM3yeTcs 3a cYeT BHYTPEHHUX CMelleHU (pparMeHTOB oObeMa nedop-
MUMPYEMOTo MeTajula, YTO OTBeYaeT yCJIOBMIO, KOIJla KOHTAaKTHOE Kaca-
TeJIbHOEe HampsbKEHHE MOCTOSIHHO M PaBHO Ipeaey TeKydyecTd MeTajuia
Ha casur (137), T.e. peXXrMy TOPMOXKEHHUST COOTBETCTBYET PaBEHCTBO

Ter =TT \/g . (141)

B uTore Mbl paccCMOTPENU Yembipe OCHOBHBIX PelCUMa MpeHus, KO-
TOpbIE€ MOTYT BO3HUKATh HA KOHTAKTHOM MOBEPXHOCTU MEXAY MeTa-
JIOM U UHCTPYMEHTOM:

1) cyxoe TpeHue no 3akoHy KyioHa—AMOHTOHA;

2)XUJIKOCTHOE TpeHUe;

3)rpaHUYHOE TpEeHUE;

4)pexxuM TOPMOXKEHMUSI.

[haea 6

OCHOBHBIE YPABHEHUS
TEOPUM YIIPYTOCTHU
Y METO/IbI PEIIIEHWS 3ATAY

6.1. Ucxomnasi cucTeMa ypaBHEHHId
JUIS pellieHust 327129 TeOPHH YIIPYTOCTH
1 TPH OCHOBHBIX METO/IA MX PeIIeHHAs

B o0uiem ciyyae 3amaya TeOpUM YOPYrOCTU CBOJUTCS K PElLLIEHUIO
CHUCTEMBbI BBIBEAEHHBIX HAMM B MPEAbIAYIIMX IJIaBaX UCXOAHbBIX ypaB-
HEHUI, Kyaa BXOAST (MPU PELIEHUU B JE€KapTOBBIX MPSIMOYIOJbHBIX
KOOpAMHaTax):

(I) Tpu ypaBHeHus paBHoBecus (133);
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(II) wecTh reoMeTpUYECKUX ypaBHEHUI (67);

(I1I) wects pusnueckux ypasHeHuii (124) wim (126).

Takum o6pa3oM, pellieHue 3aauM 3aKJII0YaeTCs B TOM, YTOObI Haii-
™ 15 HemsBeCcTHBIX GYHKIMI (6 HanpspkeHuin + 6 medopmanmii + 3
repeMelleHus ), YIOBAETBOPSIIOIIMX 15 mepeuncieHHbIM YPaBHEHMSIM,
T.€. 3ajaya JOCTaTOYHO oripejaesieHa. s OTbICKaHUSI TTPOM3BOJIbHbIX
MOCTOSIHHBIX, KOTOPbIE MOSBATCS B pe3y/IbTaTe BbIITOJIHEHUST onlepaluu
WHTETPUPOBaHUSI, UCTIOIb3YIOTCSI TPAHUYHBIE YCJIOBUSI; ISl OTIPEIesIeH -
HOCTU YKaXkKeM CTaTMYeCKMe rpaHWYHbIE YCIOBUS:

(IV) Tpu rpaHnYHbBIX ycaoBUs BUaa (5), KOTOPbIM TaKXe JOJIKHBI
YIOBJIETBOPSTH BbIUUCTIsSIEMble HEM3BeCTHbIE (hyHKIIMKU. MMeroTcs elne

(V) 1ecTb ypaBHEHUI COBMECTHOCTU (HEepa3pbIBHOCTH) nedop-
Mauuit (74), KoTopble IpY peLIeHNU 33a4i MO0 MCTIOIb3YIOT BMECTO
reomeTpuueckux ypasHeHuii (I), 1ubo B KauecTBe KOHTPOJIbHBIX YpaB-
HEHMI JJ1s1 TPOBEPKU COBMECTHOCTM IMOJyYEHHbIX 3HAYEHUI nedop-
MaIui.

PeuieHue 3agay Teopuu ynpyroctu Mpou3BOAUTCS TPEMSI OCHOB-
HBIMU METOJAMMU:

1)merogom cui (MM MHAUYEe— METOAOM HAIpsSIXKEHMIA),

2)MeTOJIOM MepeMeleHU,

3)cMelllaHHBIM METO/OM.

PaccMoTpuM Ha3zBaHHBIE METOJIBI.

6.2. Pemenue 3a1a4 T€OPUH YIIPYTOCTH
B HANPSKEHASAX
(peanmu3amus “meTona cuir’”’)

TTonb3ysich puznueckumu ypaBHeHusiMu (I11T)—(124), noacraBum B
ypaBHeHHUsI coBMeCTHOCTU (V) BMECTO KOMIOHEHT JedopMalliu COOT-
BETCTBYIOLLIE BbIpaXKEHUS Yepe3 KOMIIOHEHThI HanpsbkeHuid. B yacTHoO-
CTH, BXoJsliiMe B niepBoe ypaBHeHUe (V) MPOU3BOAHBIE TPUOOPETYT BUI

e, 1|0, %o, 9%

- Z

= +
ay2 E ay2 M ay2 ay2

0% 1| 0% 9’c. 9%
y Yy X
ox? E ox? H ax; ' ox? (142)

My 1ty 24w 9Ty

oxdy G oxdy  E oxdy
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TloacraBus (142) B nepBoe u3 ypaBHeHuUil (V), mocie cokpalie-
Hus Ha 1/FE momyyum

2 2 2 2 2 2 2
RISy Ye)
dy ox ox oy ox oy oxady

Uckmounm u3 ypaBHeHus (143) dpyHkKiuo Ty s 3TOT0 HEOOXO0-
JMMO MMETb BBIPAKCHHUE BTOPOil MPOU3BOAHOM T, 110 X ¥ 10 y. Ecin
Mbl npoangdepeHuUpyeM MepBoOe U3 ypaBHeHMIA paBHOBecus (1)) mo
x, a Bropoe (I,))— mo y, T0 B KaXIOM M3 IOJIyYEHHBIX PE3YIbTaTOB

OyaeM MMETb UCKOMYIO BTOPYIO MPOU3BOAHYIO azrxy /(0x9y) :

d%c, 821xy 9’1, _
ox2  oxdy  0zox ’
0%t 0%c 0%t

¥y Yy, 2
oxdy 9y’ = 0zdy

CkJiaabiBasi 3TU IBa YpaBHCHUA, ITOJIYyYUM

aZ 2 az 2 82
By 970y 90y 0T 0Ty (144)
oxdy  ox>  9y? 0z0x  9zdy

0’1,

YTOoObI UCKITIOUUTH U3 MTOCEIHETO YpaBHCHMA IPOU3BOIHBIC 970,
70X

2
071y, )
1 Grgy MPOMMGdEPEHLIpYeM TpeTbe 3 ypabieHuii pastobechs (1)

MO Z U pe3yJbTaT

2 2
9%t 01T 0o
x + 3y + 2Z _ 0
0xdz dydz 9z
BoiuTeM u3 (144). ITonyuum
2 2 2 2
07Ty, :_a Gx_a Gy+8 c,
oxady x> o 97
Tenepb MOXeM UCKITIOUUTh T, U3 (143), nmoacrtaBuB B HEro mocJe-
JIHee BbIpaxeHue. ITocyie packpbITusl CKOOOK M TPUBEACHUS MOJ00-
HBIX YJIEHOB TOJYyYEeHHOE TaKMM MyTeM ypaBHEeHUE OyIeT UMEThb B
2 2 2
d°c, d°c, d°c

9%, oo, N N _do,
ox? 9y? ox? 9y? 07>
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+ +—=1=0. (145)
ox? 8y2 07>
2 2
070, ; d°o,
9z* a7’
TO OHM COBMECTHO C IMEpPBbIMM YeThIpbMs uwieHamu (145) cocraBsit
2 2 2
y» TIe v? = 8—2 + 8_2 + 8_2 — oneparop Jlan-
ox~ Jdy° 0z
naca. YToObl He HapylIuThb paBeHCTBO (145), mpudaBUM U OTHUMEM
yKazaHHbIe WieHbl. Toraa moayyum
2
2 2 d 2
V<o, + V7o, —g(cx t+o,+06,)-pu Vo, =0.

Ecnu Tenieps B ypaBHeHue (145) n106aBUTh YieHbI

BbIpaxKeHue Vzcx +Vis

,ﬂeﬁCTBYH W aJIbllle TTOA00HBIM 06p3.30M I1I0 OTHOILICHUIO K ITOCJIC-

JHEMY YpPaBHCHMUIO, HpI/I6aBI/IM 1 OTHUMEM YJICH V2C5 z» dTO IIO3BOJIUT

BBIHECTU V2 3a CKOOKHU, U B CKOOKAax OCTaHEeTCs c + o, +o, = ol—
MEePBLI MHBAPUAHT TEH30pa HaIIPSDKEHUM, T.€. B pe3yJbTaTe MOIYyYUM

82
v2o! ——20’ —(1+p.)V2c5Z =0. (146))
0z
Ecnu aHanormyHble ornepauuu MpojaesaTh MocieaoBaTeIbHO Haf
cJenyoIMMU IByMs ypaBHeHUsIMU (V), TO MOJY4YUM elle ABa ypaBHe-
Hud Buga (146)), T.e. GyneM MMeTh

32
vio! —ax—20’ -(1+wVvis, =0,

2
vis! _aay_zcl -(1+wVvis, =0, (146)

82
2 1 1 2
VG —go —(1+M)V GZ:O'

CkianpiBasi Bce Tpu ypaBHeHust (146) v yuuThIBasi, YTO BTOpPBIE
YJIeHbl 00pa3yIoT BhIpaxkeHUe y2g! M CyMMY MOCTAEIHUX YJICHOB MOX-
HO BBIPa3UTh Yepe3 !, Moayuyum

3v3e! -Vl —(1+n) V2! =0, 1-pVi' =0
WJIK, TTIOCKOJbKY 1 —w # 0,
vis! =0. (147)
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Ecnu noacraBuTh mojiydeHHbIA pe3ynbrar (147) B ypaBHeHust (146),
TO HalizeM Habop TpeX ypaBHEHUI

2 1
Vzcsx+L 802 =0,
I+n  ox
2 1
vis,+ 1 99 o, (148)
I+u oy
2 1
V2c5Z+L 802 =0.
l+u oz

OO6paTtuMcst Tereph K IMOCISTHUM TPeM YPaBHEHUSM COBMECTHOC-
™ (V,), (V,), (V,) ¥ BHIIOJHUM aHAJIOIUYHbIE MpeodpasoBaHusd. To
€CTb, MOb3YsICh pusnueckumu ypasHeHusimu (111)—(124), moacraBum
B (V) BMeCTO IPOU3BOIHBIX KOMIIOHEHT Je(OpMaIIil MX BBIPAKEHUS
yepe3 KOMIIOHCHTBHI HaIpsDKeHUi. B 9acTHOCTH, eclid BhIpaskeHMS
NPOU3BOIAHBIX 11l ypaBHeHUs (V,), NONy4eHHbIE B PE3y/bTaTe AUd-
(bepeHLIMPOBaHUS COOTBETCTBYIOIIMX GYHKUMMA (124)

%o, d%c, d%c,
—u + ;
0ydz dydz  0yoz

Py 20+w) 0Ty, 0%y, 2(1+p) A,

ox2 E  9x?’ oxdy E  oxoy’

d’e, 1

0yoz " E

vy _ 2L+ Oty

0x9z E  oxdz’

nozactaBuTh B (V,), TO mocne cokpaueHus Ha 2/E GyneM uMeTh

%o, 820y Mazc _a%yz azrzx a%xy

e axay | oxaz |

3
- 1
dy0z H 0y0z (1)

0y0z -

(149)

Hckmounm n3 (149) T, u T, NCMIONMB3YsI A71s1 5TOTO ypaBHEHMsI paB-
Hosecus (1). [Mponuddepenuupyem (1,) no z, a (I,) o y 1 nonyyeHHbIE

82er a%a )
YpaBHEHUSI PEIIMM OTHOCUTENTEHO TTPOU3BOIHBIX n———:
0x07 0xdy
2 2 2 2 2 2
8Txy__8csy aryz'arzx__aryz J°c,

axdz  dydz 9z2  oxdy 9y’ oyoz
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IMoxncraBuB nocnenHue BeIpaxkeHus B (149), cnenaB mpuBeacHUE
MOJOOHBIX WIEHOB U BB orepartop Jlamniaaca, mojaydum
2

0
ay_az(c" +0,+0,)+(1+WVit, =0

WIN
Vz 1 8201
Ty, +——
1+ dyoz
AHaJI0OTUYHO BBIBOJSITCS €l ABa YpaBHEHUsI, HO X MOXHO (hop-
MaJIbHO 3aIMcaTh, MCMOJIb3YSl LIUMKINYECKYIO MepPeCcTaHOBKY OYKBEH-
HBIX MHJIEKCOB B TOJIbKO YTO MOJYYeHHOM ypaBHeHUU. B utore BMecTe

¢ ypaBHeHusiMu (148) nonyyaem 1iectb ypaBHeHuii beabrpamu (Eugenio
Beltrami, 1835—1900):

21 2 1
I .
1+ ox2 1 +uw 0xdy
2 1 2 1
Vi, + 1900 g v, 4+ 1 90 _g (150)
l+un oy 1 +up dyodz
2 1 2 1
Vzcsz+Lac =0, VzrszrLaG =0,
I+u oz’ 1+ dzox

KOTOpbIE COBMECTHO C TpeMsl ypaBHeHUsIMU paBHoBecus (I) obpasyror
MOJIHYIO CHUCTEMY YPaBHEHUIl IJIS HEMOCPEACTBEHHOTO BBIYMCICHMUS
KOMITOHEHT HanpsikeHUil. Peliasi Ha3BaHHbIE AeBATh YpaBHEHUM, TpU
YIOBJIETBOPEHUU TPAHUYHBIM YCJIOBUSIM HAXOISIT UCKOMbIE HampsiKe-
HUSI G, 6, G, T, T, T_. B2TOM MeTone peiieHust ynobHee u mpoiie
YIOBJIETBOPUTh CTAaTUYECKUM TpaHUYHbIM ycioBusiM (IV), koTopbie
HCIOJIb3YIOTCSI HEMOCPEACTBEHHO UISI OThICKAHUS MPOU3BOJIbHbBIX MO-
CTOSIHHBIX MHTEIPUPOBAHUSI OCHOBHBIX YpaBHEHUI.

Ecnu e rpaHuyHbIe YCJIOBMS 3alaHbl B KMHEMaTUYecKoi dopme
(B pyHKIMSIX TIepeMelIeHni), TO MPUXOIUTCS CHavYala BbIpakaTb Tepe-
MELICHUsT Yepe3 HampsKeHUsI, UCMOJb3ysl TeoOMeTpUUecKre YpaBHEHUS
Koum (IT) u dusnueckue ypasaenust (I111), u 3atem yxxe BBIUUCSATD MO-
CTOSIHHbIE MUHTETPUPOBAHUST OCHOBHBIX YPABHEHU, MCITOJb3YsI TTOTyYeH-
Hble (PYHKLIMU MTPeoOpa30BAHHBIX KWHEMATUYECKUX TPAHUYHbBIX YCIOBUIA.

ITocne oTbickaHusl HanpspKeHUi u3 pusndyeckux ypasHeHuit (111)
nonyyaeM feopMaLuu e, e, €, Y, , Y,., ¥,,, 3aTeM MOACTaBisieM (yH-
KUK aedopmalnii B ypaBHEHUs Ko (IT) u B pe3yabTaTe MHTETPU-
POBaHWsI HAXOLMM MEPEMEILCHNUSI U, U, U. 3aJa4a peleHa.
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6.3. Pemenne 3a1a4 TeopuH yNpyrocTu
B NepeMeneHnsIX
(peasm3anua “meToaa mepeMemeHmii”)

B sTOoM MeTome yepes rmepeMeleHUs BhIpaskaloTCsT YypaBHEHUS paB-
HoBecus (I). JIyist 3TOro cHavajga ucnoJyib3yloTes (U3nMUecKre ypaBHe-
Hua (I11)—(126). IMoxncrasum B (I,) BMECTO KOMIIOHEHT HaNpsKEHUI
UX BBIpAXKEHUsI Yepe3 KOMIIOHEHThI aedopMarinii (126) 1 moaydum

206206 b B, 6% 6O
0x 1-2u ox ay 0z

Wcnonw3ys tenepb reomerpuueckue ypaBHeHusi (II), Bbipazum
MOJIyUeHHOE ypaBHEHUE Uyepe3 KOMIIOHEHThI MepeMelleHui
2 o’u 2 0%u o’u
Oy g M O 6o 9 9% g% g (151
x> 1-2u ox 0x9y 9y? 0x07 072
Hnsa npugaHus ypaBHeHuto (151) KOMIakTHOTO BMIa pa3feiuM
ero Ha G u BBeaeM oneparop Jlamnaca:

o2 u 90 G(E)UX+3&+8uZJ

2G

u, + — | == —
1-2u ox ox| dx dy 02

AHaJIOTMYHO MOJIyyaroTcs ellle JBa ypaBHEeHUsI. 3amnuiieM ux ¢op-
MaJIbHO, MPUMEHsSI K MOJIyYeHHOMY II€pBOMY YPaBHEHUIO IMPaBUJIO
LIMKJIMYECKOM MepecTaHOBKU OYKBEHHBIX MHAEKCOB, U YUTEM MPU 3TOM,
YTO BbIpakeHHe B cKoOKax Ha ocHoBaHuM (II) paBHO 0OBEMHOI e-
(bopmanuu 6. B utore mosyuyum

Viu, + a—6=0,
1-2u ox
1 29
Vau, + = =0, 152
7 1-2u oy (152)
Vau, + a—e:O.
1-2u oz

VYpaBHeHus (152) Ha3bIBalOTCA ypaBHEHUsIMU Jlama.

TIpu pelieHuyM 3aga4M TEOPUUM YIPYTOCTU B MIEPEMEILIEHUSIX JieTue
BCEro YIOBJIETBOPUTh KMHEMaTUUYECKMM TPaHWUYHBIM YCJIOBUSIM, T.€.
I'Y, copmyaMpoBaHHBIM B MCKOMbIX (DYHKLMSAX U, U, u. TTopsimok
petueHust crenyroumii. CHavana HAXOAUM MEPeMCLUCHYsT U, U, U_ 110
ypaBHeHUsIM (152) ¥ rpaHUYHBIM YCJIOBUSIM, 3aT€M BbIYMCIISIEM KOM-
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MIOHEHTHI TEH30pa AeopMaLuii e , €, €,V ¥y ¥, IO (IT) u, Hakowner,
HaxOAMM KOMIIOHEHThI TeH30pa HampspkeHuid us (111)—(126).

6.4. Pemenue 3a1a4 TeOpUH YIIPYTOCTH
CMENIAHHBIM METOIOM.

IIpsmasn, odpaTHas

1 MOJTyo0paTHas 321291

ITpu penieHuun 3agaum cMellIaHHBIM METOJOM 32 OCHOBHBIE HEM3-
BECTHbIE MPUHUMAIOT U MepeMelIeHUs] U HaMpsDKeHUs, BHIOMpasi Te U3
HUX, KOTOPbIE BBIUMCIISIIOTCS HanboJsiee S5KOHOMHO U MpocTo. B 3aBucu-
MOCTU OT TOTO, HACKOJBKO yIa4HO CIejaH 3TOT BbIOOp, OyaeT mu3me-
HATBCI W YUCJIO YPAaBHEHUWM, MOIJIEXAIINX UHTETPUPOBAHUIO. YUUTHI-
Basi MHOrooOpa3ue BO3MOXKHBIX CXeM PELLIEHUS U HAJTMUKe CyObeKTUBHOTO
(hakTopa, BKIIOYAIOLIETO B C€0$1 OMBITHOCTh U OCTPOTY UHTYMIIMU YeJI0-
BeKa, BbIOMPAIONIETO TOT WIM MHOW MyTh PELIEHUS 151 KaXI0i KOHK-
PETHOI 3agauM, Mbl He OyleM aHaJIM3UPOBaTh, KaK BCE OTO NEIaeTCsl.
Jlydie mpocto pa3odparh B HalbHEHIIEM KOHKPETHOE PELIEHUE HE CITUIL -
KOM CJIOXKHOW 3ala4yi B Ka4eCTBE OJJHOTO U3 MPUMEPOB.

3aech ke OTMETUM, YTO MPUMEHUTEIbHO KO BCEM TPEM PacCMOT-
PEHHbIM HaMM B MPUHILMIE METOJAM pelIeHUs] B TEOPUU YIPYTrOCTU
TIPUHSTO Pa3IuYaTh NPAMYIO, 00PAMHYI0 VI NOAYOOPAMHYI0 3a1aUH.

IIpamoii Ha3bIBaeTCs 3aja4a, B KOTOPOUl 3adaHvi:

1)pasmepnl u popma Tena (ypaBHEHHE MTOBEPXHOCTU, HaMpaBsi-
I01I1Me KOCUHYCHI [, m, n);

2)MaTtepuan Tesa (J1100ble ABE M3 TPeX KOHCTAHT YHpPYrocTH—
um E, u, umu G, u, ummn E, G);

3)rpaHUYHbIE YCJIOBUSI HA BCEil MOBEPXHOCTH Tea.

Hckomoimu gensiiorest 15 dyHkunii— o, Gys Oy Tyys Ty
Toor €xs €5 €1 Yaps Yyzo Yoo Uy, Uy, Uy, XapaKTEPU3YIOLIMX Ha-
MpsIKEHHO-1e(OPMUPOBAHHOE COCTOSIHME BCEro TeJa.

O6pamHoii Ha3bIBaeTCA 3aja4ya, B KOTOPO KpoMme pazmepoB, hop-
Mbl U MaTepuralia Teja 3allaHbl IJid BCero ero oobema Kakue-to u3 15
MepeuyMrCAEHHbIX (PYHKUMN, XapaKTepu3yIOIIMX HaIpskKeHHO-nehop-
MHPOBaHHOE COCTOSIHUE (HAaNpuMep, GYHKIMU Gy, Oy, ..., Ty, WIH

GYHKUUK e, ey, ..., Y,y ). MCKOMbIMU SBISIOTCS BCE OCTaIbHbIE (DYH-
KM 13 yucnaa 15.

PaccMoTpuM TUITMUHYIO CXeMY pelleHus oOpaTHOI 3agauu. 3aaa-
I0TCS TIepeMeIeHUIMI, KaK (YHKINSIAMHU KOOPAWHAT, U U3 TEOMETPU-
yeckux ypaBHeHu#t Koiuu (IT) Haxonsat nedpopmaniuu. Ilocie aToro us
usuueckux ypaBHeHuit (I11)—(124) HaxonmsaT HampsikeHus. 3aTtem

T T
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C TIOMOIIBIO CTATUYECKMX TPAHUIHBIX YCIIOBUI HAXOMSAT BHEIITHUE CHITHI,
COOTBETCTBYIOILIIME 3aJaHHBIM TiepeMeleHnsiM. OnucaHue 3TOi cxe-
Mbl MOKa3bIBa€T, UTO pellieHWe OOpaTHOM 3agauu 3HAYUTEIBbHO IPO-
e, 9YeM TIPsSIMOii, TaK KaK B 0OpaTHOM 3amade OCYIIeCTBISIETCS TUd-
(pepeHMpOBaHUE (PYHKILIMIT, KOTOPOE BCETJa BHIMOJIHUMO, B TO BpeMs
Kak TMpU pelleHUU TMPpsSIMOK 3agauu HeOOXOAMMO BBITIOJIHSTH Olepa-
L0 MHTETPUPOBAHUS, COTIPSKEHHYIO YacTO ¢ OOTBITMMHA MaTeMaTH-
YECKUMM TPYITHOCTSIMU.

ITloayobpammuoii 3adaueti Ha3bIBAIOT PA3HOBUAHOCTH OOpaTHOM 3a-
Jlayr, KOTJa 3a/1aloTCsl HEKOTOPbIE M3 BHELIHUX CUJ U HEKOTOpble U3
nepemelleHuit. OcrajibHble PYHKIMU— HeudBecTHble. X omnpenensi-
10T, YIOBJIETBOPSISI OCHOBHBIM YpPaBHEHUSIM Teopuu ymnpyroctu. Ilpu
3TOM TNpUXoAUTCS U AuddepeHInpoBaTh U UHTerpupoBaTh. [Ipume-
HsIETCSl 3[IeCh M METOJ UTepalluii, WM WHaye— METOJ IocjeaoBa-
TeJIbHbIX NTpUbaMKeHui. Hanpumep, cHavasa roJjiyyaroT npocTeiiiiee
NpUOIMKEHHOE pellleHre— COMpoMaTHOe. 3aTeM ero MOACTaBJSIOT
B YpaBHEHMSI TEOPUU YIIPYTOCTH, KOTOPbIE B 3TOM Cllyyae He yIOBJIeT-
BOPSIIOTCSI TOXIeCTBeHHO. HO Ha oCHOBe aHaM3a MOJYyYeHHbIX HeCco-
OTBETCTBUI CONpOMaTHOE pellieHue KoppekTupyercs. CKOppeKTUpo-
BaHHOE pelleHNe CHOBA IMO/ICTABJISIETCSI B OCHOBHBIE YPaBHEHUSI TEOPUU
YIPYrOCTM— U TaK J0 JOCTMXKEHUS 3alaHHOW TOUHOCTU. DTOT METO
yIOo0eH TeM, YTO OMMCAHHYIO UTepallvio BBIUMCIUTEBHOTO Tpoliecca
COBPEMEHHBIE BBICOKOIIPOU3BOAUTENbHBIE DBM BBIMOJHSIOT OBICTPO.

Ihasa 7

YPABHEHUSA Y PEHIEHUE 3AJTIAY
3A IIPEJEJIAMUA
YIIPYTOI'O COCTOAHUS MATEPHUAJIA

7.1. YpaBHeHHs U pelllecHHEe 33124
TEOPUH MAJIBIX YIPYTO-IIaCTHYECKHX Aedopmanmii

OTIMume CUCTEMBl OCHOBHBIX YpaBHEHUI TEOPUU MaJbIX YIIPY-
ro-IJIacTMYeCKuX nedopMalii OT ypaBHEHHUIA TEOPHMU YIPYTOCTH
KacaeTcs B OCHOBHOM (DM3MYECKMX YpaBHeHUI. BMecTo ypaBHeHMIA,
0000IIAIOIIMX JTMHEHHBIN 3aKOH YIpyrocTu ['yka, IUIsl MajIbIX YIIpYyro-
MacTuueckux AedopMannii Mbl BbIBeIM B pasnaeie 4.4 duzudeckue
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ypaBHeHus (122), B KOTOPBIX BeJIMUYMHA cpeaHel aedopMaiiu e,, BbI-
yucnsietces 1o dopmyde (98), a Bxoasiuii B opmyiy (98) Moayinb 00beM-
HoW yrpyroctu E;— mo (111). 3aBucuMocTb 0OOOLIEHHOIO HAMIPSIKe-
HUA OT 00001eHHOM nedopmannn 6, = F (e) Haxomar, oOpabarbiBast
pe3y/bTaThl UCTIBITAHUI CTaHIAPTHBIX O0pa3lloB Ha pacTsikeHue. Bun
(pyHKI1IMY BBIOMPAIOT B 3aBUCMMOCTH OT BUJA 9KCIIEPUMEHTAIbHOMU Kpu-
BOM pacTSKEHMST UCCIIelyeMOM CTallu WX LIBETHOTO criiaBa. st MHO-
IUX CTaJleil U MPOMBILLJIEHHBIX CIIJIAaBOB 3TY KPUBYIO YIOOHO anIpOKCH-
MUPOBATh MOJECJIBIO YIIPYTO-TUIACTUYECKON JIMHEWHO YIIPOUYHSIIOIIEUCS
cpennl (pasa. 4.2, monenb 7; puc. 38).

CxeMbl pellieHUs 3a7a4 aHaJIOTUYHbI MTOJPOOHO PACCMOTPEHHBIM
B TEOPUU YIPYTOCTU, HO 3HAYUTEIBbHO clioXkHee. OOLIMX METOIOB pe-
LLIEHUS HeT.

7.2. YpaBHeHHUs U pellleHue 33124
TEOPHH IJIACTUYECKOTO TeUeHUS

3agaya TeOpUU IJIACTUUYECKOTO TEUEeHUSI CBOAUTCS K PelLIeHUIO
CHUCTEMBI YpaBHEHU, KOTOpasi BKJIIOYAET B ceOs:

1)Tpu craTMueckux ypaBHeHHUs paBHoBecus Buaa (133)— ecnu
3a/laya pelraeTcsl B MpSIMOYTOJIbHbBIX JI€KaApTOBbIX KOOpAWHATAX;

2)ceMb KMHEMAaTUYECKUX ypaBHEHMI (1IeCTb— IepBble MPOU3-
BOJIHbIE OT reomeTpuueckux ypaBHeHuit Koiu (83) u cenbmoe— yc-
JIOBME HECXKMMaeMOCTU B CKOPOCTSX (85));

3)uiecTsb pusnveckux ypaBHeHuii (121), npu BbIBOE KOTOPBIX B

paszene 4.4 yuTeHO yclIoBHe HECKMMAEMOCTH (T.€. TIOJOXEHO €y, =0,
u=0,5);
4)nonydyeHHas SKCMEPUMEHTaIbHO QYyHKIUSA ©; = D(e; ,é;);

S)TpaHUYHbIE YCIOBMSI TOTO WJIM MHOTO THUIIA.

OO1ero Merofa pelleHusl 3afay MJIaCTUYECKOTO TeUEeHMsl HeET,
pa3pabaTbhIBalOTCS YaCTHbIE PELIeHUs AJIS1 OTAEbHbBIX KJIAaCCOB 3aay.
Teopust aTa sgBisieTcss TPUOIMXKEHHON U MPUTOIHA TOJIBKO JUIsl Onuca-
HUSI TIPOLIECCOB C MHTEHCUBHBIM T€UeHUEM (TOTa BEJIMUMHbBI MOTPEL -
HOCTel pe3ybTaToB MeHbliie). Cle1oBaTeIbHO, €€ MOXHO MPUMEHSITh
JIJIs1 pa3pa0OTKM MHXXEHEPHBIX METOA0B pacyeTa apaMeTpOB TEXHOJIO-
FMYECKUX TIPOLIECCOB OOPabOTKM META/IOB JaBieHUEM (BOJIOUEHUE,
MpoKaTKa, MpeccoBaHME, KOBKA M IITAMIIOBKA).

MHTEpecHO OTMETUTD, UTO €ClIK B (hU3NUecKUX ypaBHeHUsX (121)

O
TTOJIOXKUTh e,—’ =1, TIe N— KO3DGUIMEHT BI3ZKOCTH, TO ITOIyJaIOTCs

i
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ypaBHEHUS TeUCHUS BSI3KOU XUIKOCTU. [1OTBITKA ONMMCAaHWS TEUCHMS
METaJUTOB KaK BSA3KUX KMUAKOCTEW ObLIAa TIpeArnpuHsSTa B Hadaime XX
BeKa, T.e. ObUI MPEIOXKEeH MPUMEHUTEIBHO K MeTajlllaM Memoo euo-
DPOOUHAMUYECKOU aHan0euy B TIPEATIONIOXKEHUH, YTO JJIS METaJIOB Be-
JUYUHA 1) TIepeMeHHasl, Toraa Kak IJIsT BI3KUX KUAKOCTEH B THIPOME-
XaHUKE M = const.

Ilpu pemreHnm 3amad TIACTMYECKOTO TEYCHMST METAJUTMYECKUX
MaTepraIoB MOXHO HAWTH HANPSIKCHNUSI, CKOPOCTU TCUCHUSI V,, V , V,,
a 3ateM ¥ nedopMaluy, UHTeTPUPYsI KWHEMAaTHUYeCKNe YpaBHEHUS Te-
OpUY TUTACTUYECKOTO TeUCHUS.



V. IVNIOCKAS 3471494 TEOPHH YIIPYTOCTH
U IVIACTHYHOCTH

Thasa &

HAYAJIBHBIE ITPEJICTABJIEHUS
O INTOCKOM 3AJIAYE

8.1. /Ipa THNA MJIOCKO# 321241

PeuieHue 3agaum TeOpum yIpyrocTy U MjaacTUYHOCTUA 3HAYUTESb-
HO YIIpOLIAeTcsl, Korjaa ero MOXHO CBECTM K OTbICKaHWIO (DYHKIIMI
JIBYX, a HE TpeX KOOpAMHAT. DTO MPUBOAUT K TaK HA3bIBAEMOM MiocC-
Kol 3agaye. Takoe HazBaHMWE JaHO MOTOMY, YTO BeChb HAOOP HEOOXO-
JHUMBbIX YPAaBHEHUII OTHOCUTCSI B 3TOM CJIy4yae K OJHOU KOOPAMHATHOM
TUIOCKOCTH, JUJISI ONIPEACIEHHOCTU— K TIJIOCKOCTH XY MPSIMOYTOJbHBIX
JIEKapTOBBIX KOOPAUHAT XYz, MO0 K IMUIOCKOCTU PO MOJISIPHBIX KOOP-
JUHAT, MPEeACTABISIOINX cOO0M “IIOCKYI0 BepCul0” LWIMHIpUYEC-
KUX KoopAauHaT poz.

JIns miockol 3a1auu, clieoBaTeIbHO, XapaKTepHa He3aBUCUMOCTh
CUJI, TiepeMellleHn, nechopMaldii 1 CKOpOCTel OT TpeThbel KOOpau-
HaThl Z, TaK YTO BCE MPOM3BOJHbBIE MO Z 0OpAIIAIOTCSI B HYJIb.

B Teopuu yrpyroctu BbIIESIOT ABa TWMA IJIOCKOW 3agayu. Pac-
CMOTPUM MX, OTPAHUYMBASICh 1€KAPTOBOU CUCTEMOU KOOpAMHAT.

Ilepebiii mun XxapakTepusyeTcsl OTCYTCTBMEM HaIPSIKEHUI B TJIOC-
KOCTSIX, TIePIeHAMKYISIPHBIX K HAlpaBJIeHUIO Z, T.€. B TaKOU 3amaue
T, =1, =0,=0u, Kpome 1010, G, G, T, HE 3aBUCAT OT 2. TaKoii THIT
3a7a4d HOCUT Ha3BaHME 3aJauM HA0CK020 HANPANCEHHO20 COCMOSHUS
(ITHC). IlpuMepoM TJIOCKOTO HAMPSI)KEHHOTO COCTOSIHUS MOXKET CITy-
JKUTb TOHKAS TJacTUHA (JIMCT MeTaljla), Jiexalasi B MIOCKOCTU Xy U
Harpy>XeHHasl 1o KOHTYpY CUJaMu, JeMCTBYIOIIMMU B TOM Xe TJIOC-
KocTu. [TOCKOJIbKY TOJIIIMHA MJIACTUHBI MaJjia, TO MPUJIOXEHHbBIE CUIIbI
MOXHO CUYMTaTh PAaBHOMEPHO paclipe/leJIeHHbBIMU MO €€ TOJIIMHE.
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OTO SIBIISICTCST YCTIOBUEM BBITNIOIHEHMSI PaBEHCTB T, = T = 6, = 0 Ha
JII00OH TUToLIaAKe, MapaieibHOM Xy, Ha JIIOOOM YpOBHE IO TOJIIIMHE
MiacTuHbl. B 3a1auax ¢ MaIoCKUM HaIpsLKEHHBIM COCTOSIHUEM JiepopMa-
LIMM B HAaMpaBJEHUU OCHU Z CYILIECTBYIOT. M3 (hM3MUYeCcKOro ypaBHEHMSI

e, = _[Gz _M(Gx +Gy)]1

‘T E
nonarast 6, = 0, HAXOAMM BEIMYMHY OTUX AeopMaLuii

e, =—%(0x+cy). (153)

Bmopoii mun i10cKO# 3ama4, HA000POT, XapaKTepU3yeTCsT OTCYT-
CTBMEM He(OpMalnK e, B HATIPABJICHWUH, MIEPIIEHANKYISPHOM K TIIOC-
KOCTH JIEUCTBMS BHEITHUX CHJI. 10 yCaoBUIO 1000 TJIOCKOM 3amaun
(He3aBMCHMO OT ee TUIIA) MEPEMELICHUS U, 1 U, HE 3aBUCAT OT KOOP-
JUHATHL Z, a TEPEeMEILEHUE U, B 3aaye BTOPOrO TUIIA PABHO HYIIIO.
IloatomMy U3 reoMeTpruecKux ypaBHeHU Kol Teopuum ympyroctu
cienyer, 4to v, =y, = e = (0. B 3TOM THIIe [IIOCKOI 3a1a41, COMJIACHO
uznueckuM ypaBHEHUSIM

Ty T

1
e, :E[Gz - u(o, +csy)], Ve =?, - =sz,

nMeeM

6, =0, +0,), (154)
Ty = Ty, = 0. Taxoii TMI MI0CKO# 3a1a4n Ha3pIBaeTCs 3amaveii naoc-
kot degpopmavuu (I10). ITpumepoM 3agaum IJIOCKOM nechopMaiu Mo-
JKeT CIIYXUTb KJlacCuueckasl 3ajada O CXXaTUM TOJOChl MEXIY ABYMS
napajuieJibHbIMU TiMTaMu. OTMETUM OJHO BaXKHO€ CBOWCTBO Hampsi-
JKEHHOTO COCTOSIHUS TIPU TJIOCKOU nechopMalliu: €Ciu U3 HarpyxkeH-
HOI IOJIOCHI MbBICJIEHHO BBIIEJIMUTbL IMOJOCKY ABYMSI CEUEHMSIMU, Tla-
pajuleJIbHbIMU TUIOCKOCTU Xy, TO OHA Oy/1eT HaXOAUThCS B HAMPSDKEHHOM
COCTOSIHUU, TOXJIECTBEHHOM COCTOSIHUIO MPUMBIKAIOIIMX K HEl TaKUX
XKe TOJIOCOK. DTUM YCTPAHSICTCSI B CUITy CUMMETPUH BO3MOXHOCTD U, # ()
1 BO3MOKHOCTb IMOSIBJIEHUSI HA CTBhIKAX MOJOCOK KacaTeJbHbIX HaMpsi-
XKeHUH T, ¥ T,

8.2. Pemenue miockoi 3agauu
TEOPUH YyIIPYrOCTH

MaremMaTtnueckuii anmnapar peieHus: 06eux IJIOCKUX 3a1ay Teo-
pUuY yIpyrocTu— IJIOCKOW JehopMalliu U TJIOCKOTO HaIpsSiKEHHOTO
COCTOSIHUSI— TIOUTM OJMHAKOB; 00€ 3aJauu MOXHO OOBbEAMHUTb U
YCTAHOBUTb OOIIMI TJIaH U €UHBINA MyTh pelleHMs TIOCKOU 3a1aun.
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[Tockombky B 0beux 3amavax T, = T, = 0 u Bce HeHyseBble (DyHK-
LIMMA CYMTAIOTCS HE 3aBUCSIIMMU OT KOOPAMHATHI Z, TO MPUOIMKEH-
Hble AuddepeHIaabHble YpaBHEHUSI paBHOBecHs (MTpUOIMXKEeHHbIE
MOTOMY, UTO OHU HE YUUTHIBAIOT MACCOBBIX 1 MHEPLIMOHHBIX CUJI) MIPU-
HUMAIOT BUI

d 0 0
J0, + Txy -0, Tyx + Gy -0, (155)
0x oy 0x ay
a ypaBHEHUE COBMECTHOCTH AehopMammii—
V:(o, +0,)=0. (156)

HMHTerpupoBaHue cucTeMbl MOCAEAHUX TpeX YpaBHEHUU U CO-
CTaBJISIET pellleHMe TUIoCcKou 3agauu. [Tosyyaemoe pellieHUe AOJKHO
YIOBJIETBOPSTH TPAHUYHBIM YCJIOBUSIM, T.€. MOCTOSIHHbIE MHTETPUPO-
BaHMSI CJIEAYET BBIUMCISATh, UCIOJIb3YSl TPAHUYHbBIE YCIOBUS.

HekoTtopoe paznuuue B pelleHUU IBYX IUIOCKMX 3aj1ad TeOpUu
YIIPYTOCTU OOHAPYKMBAETCS MPU Tepexojie OT HaMPSIXKEHHOTO COCTOsI-
Hus K gepopmupoBaHHOMYy. [TpuMeHsst pusznueckue ypasHeHust (124)
K TIJIOCKOMY HaNpsiKEHHOMY COCTOSIHUIO, TIOJIydaeM C y4eTOM PaBEHCTB
T,=T,=0, = 0 cucremy

XZ

1 Ty  2(1+p)
x = E(Gx _Mcy)a ey =E(Gy _Mcx)s ny =?y =T1xy' (157)

J1y1st TUTOCKOM nehopMaliiy, YUUThIBasi paBeHCTBA
Yx; =Yy, =€, =0, o, =w(o, +0,),
MOJIYYMM UHYIO CHCTEMY:

e

1 1
ex = [0x 1o, — 1 (0, + 0,)] = [ =)o, —u( +p)o, ],

1 2(1+
ey :E[(I_MZ)G};_H(“'M)C;;], ny :%Txy-
E E n
CJIN BBECTU HOBbIC KOHCTAHTHI YIIPYTOCTU El = 1 3 nu = 1—,
-u -u

TOrJa MOCAeAHSSI cucTeMa MPUBOAUTCS K BUIY, aHAJJOTUYHOMY TOJTy-
YEHHOM JUIs1 TIJTIOCKOTO HaIpsikKeHHOro coctossHust (157):

1 > 1-p? 1-p? n
e, =—[(1- - - - M 5y=
x = g ld-uo, ul_ucy] 7 Ox 1_Mcy)
1 1
= E(Gx _Mlcy)a ey = E(Gy _Mlox)a
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I-p+p

2w (w-w) . d-w
Xy E Xy Xy E(I—M) Xy E
I+wd-w
u
I+ —
=21 1_M=2(1+M1)’C
Xy E E1 Xy
l—p,z

8.3. Pemenue miockoi 3agauu
TEOPUH IJIACTHIYHOCTH

Bce uznoxeHHOe BbIllle OTHOCUTCS K TUIOCKOM 3amaye Teopuu yIi-
pyroctu. PaccMoTpuM Tenepb XOJ pellieHusl TJIOCKOM 3aiauyd Teopuu
MJIACTUYHOCTU, TIPUYEM JUISI pa3HOOOpasusl He B JEKAPTOBBIX, a B IO-
JIIPHBIX KOOpAMHATaxX p, 6, KOraa Bce TPU KOMIIOHEHTbI HAMPSIKeHUs
0,, O, 1 T, OTIMYHBI OT HyJsl. D10 peluerue naHo B.C.CMUPHOBBIM.

HMMeeM MCXOMHYIO CHCTEMY YpaBHEHUI, COCTOSIITYIO U3 IBYX YpaB-
HeHuii paBHoBecus (134), o6o3HaueHHbIX 3aech Kak (I), (IT), u ycio-
Bus actuyHocTu (I1T)

Jo ot

pa—pp+a—ge+(7p—09=0, (I)
a0, ot
Tg+pf+2rpe =0, (1)
(6, - 0y)” +41 = 4k, (1II)

1 y
rae k = EGT IO TECOPUU MAKCHUMAJIBbHBIX KaCaTCJIbHBIX HaIIPsS2KCHUUN

1 N
Tpecka—CeH-Benana n k = — o, 1o sHepreTryeckoit Teopuu ['yoe-

pa—Museca. 3

YrtoObl noJyuyuTh AU depeHIIaTbHOe ypaBHEHNE 3a1a4M, BBITOJ-
HUM psii TipeoOpa3oBaHMil MCXOAHBIX ypaBHeHUU. YpaBHeHue (IIT)
PeLIMM OTHOCHUTEJIBHO G !

_ [l2_2
O, = 0y £ 2{k” =159
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¥ TIOZICTABUM 3TO BBIDAXEHNE G, B YDABHEHNE (I), npencrapieHHOE B BUJIE

8109
— =0.
(pG )—0g + "

TTonyuum

b b I 0T,
a*p(pﬁe)iz$(p\/k _Tpe)_ce"'ﬁ:(),

OTKyZda

609 0 2 2 ane
9% 199 (o\Jk? - — _ .
Y o o (P Tpe) + 30

HuddepeHupyem mnocieaHee ypaBHeHHMe Mo O M IpUcBanBaeM
aTOMY BhIpaxkeHnIo HoMmep (1), yKa3pIBaroInii, 9YTO OHO TTOJIYIEHO B
pe3ysbTaTe npeo6pa30BaHm71 ypaBHeHus (I):

8209 .
_o 2 0T I
P opo0 a 20 0k “T0) "o @

Tenepb ypaBHEHHME CTaTUYECKOIO PaBHOBECHSI (ll) M3 UCXOIHOMN
cucTeMbl TipoauddepeHIInpyeM 1Mo p, 3aTeM YMHOXUM Ha p W IIpHU-
CBOMM TIOJTlydYeHHOMY pesysibraty Homep (11°):

aeap op? op
Yo6enuBIIKCh, uTo JeBbie yacTu paBeHCTB (I7) m (I11") ommHaKOBHI,
MpUpaBHUBAEM MX IIPaBbIe YacTH M ITOJIydaeM B UTOre nuddepeHIm-
aJlbHOE YpaBHEHME 3aauM:

2 2

50 Too 3 arpe d Too — 1)

pT——+3p -—5 =% —(p
p oo 00 0pdo

Hanee B.C.CMUpPHOB OTMEUAET, YTO IPU PELICHUH MHOTUX IIPH-

KJIATHBIX 3a7a4 TEXHOJOTMIECKOI0 XapaKTepa 3aBeIOMO M3BECTHO, UTO

BO BceM o0beMe fepopMupyeMoro Tesia T <<k, U 4To [isk TAKMX 3a1a4

BEJIMYMHOM Tge 1o, paaukKajJoM B HpaBOfI YacCTH IOJYYCHHOTIO ypaB-

HEHUSI MOXHO IpeHeOpeyb. DTO MOMYyIIeHUE COOTBETCTBYET IIPEIITO-
JIOXXKEHMIO, YTO HaIlpaBJICHUE IJIaBHBIX OCEl HaNpsDKeHUI B TeUCHUE
BCEro LIMKJIa neOpMUPOBAHUS Tejla Majlo OTJIMYAETCSl OT HarpaBlie-
HMSI OOBIYHBIX oceil. Torma ypaBHeHHe TIPUHUMAET BUJI
2 2

5 0 Ty 3 0t 07Ty 0
2 top YV
op Jdp 90

2
~Tho)-
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DT0 ypaBHeHME yHOOHO pemiatbh MeTogoM PDypbe, Iojaras, 4To
MC)io;:[Haﬂ byHK1IMS T, TIPEZICTABIISICT €000 mpousBeieHre ABYX (PyHK-
LM, U3 KOTOPbIX OJTHA 3aBUCUT TOJIbKO OT P, a Apyrasi— TOJbKO OT 6:

Too = P(p) - 9(0) = D ¢.
Torna nuddepeHunanbHOe ypaBHeHHUE MPUOOPETAeT BU
P2Q®” — D¢’ + 3pp®d” =0
WJIN TI0CIe OeJIeHUusd Ha @@:
@/f ®l ”
pP—+3p— = e
() [OTNG)

B 3TOM ypaBHEHUU JieBast YaCTb 3aBUCUT TOJILKO OT p, a MpaBasi—
TOJIKO OT 6, YTO BO3MOXHO, KOTJa JieBasi U MpaBasi 4yacTu paBHbI OJ1-
HOMY TIOCTOSTHHOMY YHMCJIY, KOTOpoe 0003HaumMm depe3 m?. B mrore
uMmeeM aBa aAuddepeHInaTbHbIX YPaBHEHUS:

nepBoe —
@ m? wm ¢ -m*o=0
¢
U BTOpOC—
” ’ 2
22 > 2d_c1>+3 d—q)—msz:O
pq)+3pq)—m mmpdp2 pdp :

JJ1s IepBOro XapaKTepuCTUYECKOE ypaBHEHUE OyleT UMETh BUIL
n* — m* = 0, ero KOpHu n , = tm, 1 TakuM 00pPa3oOM, PELICHHEM
MepBOTO ypaBHeHUs siBIsieTcst GyHKIUS @ = Ae™ + Be ™,

T n
OO01Mii MHTErpaJl BTOPOTO YpaBHEHU ULIeM B Bune & = Cp”, oT-
do n-1 2CD n-2
Kyna o Cnp"™, I = Cn(n-1)p"*. TloncTaBuB 3TU BBIPAKEHUS
p p

BO BTOPOE YPaBHEHHUE, COCTABUM €r0 XapaKTePUCTUYECKOE YPAaBHEHMUE:

nn-1)+3n-m*=0 win n* +2n-m? =0,

pellieHre KOTOporo nm, =-l+v1+ m* = {Z’ N Takum obGpaszom,
q) = Clpd + Czpb

IToncrapnsaa HaiineHHbIe 3HAYeHUA QYHKIMA @ U @ B Ty = P o,
MOJIyYuM
Ty = (Cip” + Cyp”)(Ae™ + Be™™).
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Bocmonbp3oBaBLINCh MPUHATEIM JOMYLIEHUEM, UYTO T,g << K, TIpe-
HeOpekeM BeJIMYMHOMN T, B YCIOBUU TIACTUMHOCTU (III). MMonyuum
O, — Oy = 2k, ¥ C YYETOM TIOCNIEHETO MCX0aHOE ypaBHeHue (I) Oymer
TaKWM:

do, J7,g
P+ 42k =0
op 00
WX TI0CJIE ITOACTAHOBKM B HETO ITOJIYYECHHOTO BBIIIEC BBIPpAXKCHUA Tpe:
Jdo
2 = _m(Cp + CypP ) (Ae™ — Be™™) - 25,
ap p
OTKyJla B pe3yJbTaTe MHTETPUPOBAHUA MOJIYUYUM
G, = _m&P C2p 2P y(4e™ — Be™) — 2k Inp + £(8).

Komnonentsl 6, n Gz HAWIEM M3 CIEAyIOIUUX YPaBHEHUI: G, =
o, +0p

=6, — 2k w3 ypasHenus Buna (154) nmpup=1/2: o, = — = o, —k.

IToncranoBka IIOJIYYCHHBIX TaKUM IIYyTEM Bpra}KeHI/Iﬁ Togs Op M

o, B ucxonHsle ypasHeHus (I)—(III) npuBoanut K TOMy, 4TO ypaBHEHUS

(I) u (IIT) ToxxaecTBeHHO YaOBIETBOPsIIOTCS, a ypaBHeHue (I1) obparua-
eTcs B TOXAECTBO Ipu yciaoBuu, eciu f(0) = C, rne C— KoHcTaHTa. B
WTOTe TI0JIyJaeM pellieHre 3a1adyi B BUIEC CUCTEMbl YpaBHCHUIA:

Ty = (Cip” + Cyp”)(Ae™ + Be™™),

Czp

= om(GP7 LGP emd By ok inp + .

(ST Czp

oy = —m( =2 )(Ae™ - Be™™) - 2k(Inp+1)+C,

G, =

_m&P” Czp Sy Ae™ — Be™) _2k(Inp + )+c.
a

W3 3T0i crUCTeMBl MOXHO ITOJYYUTh OOJIBIIOE YMCIO YACTHBIX
pelleHuit It 3a1a4, IPUMEHUTEIbHO K KOTOPHIM CIIPaBEIJIUBO JI0-
MyLIEeHUe T,y << k. YacTHBIe pellieHNsI MOy4aloTCsl B Pe3ysIbTaTe MO -
CTaHOBKM B o0Ouime (hopMyiibl 3HaueHuil KoHcrant 4, B, C, C,, C,, a,
b, m, KOTOpble HAXOIST C MOMOIIbIO TPAHUYHBIX YCIOBUI ST KAXKIOM
KOHKPETHOM IJIOCKOU 3a1a4yMu.
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8.4. OyHKIMS HANPSKEHMIA 1A IUIOCKO# 3a1a4u
B NPSIMOYTOJIbHBIX JIEKAPTOBBIX KOOPAMHATAX

BcrnmoMHMM 13 MaTeMaTUKM, YTO COOTHOIIIEHUE MEXKIY TTPOU3BO/I-
HBIMU IBYX (PYHKIIUAMN OT X U Y

op(x,y) _ 09(x,y)
ay 0x

SIBJISIETCSI HEOOXOAUMBIM U TOCTATOYHBIM YCJIOBMEM TOTO, YTOOBI BbI-
paxeHue p(x, y)dx + q(x, y)dy 6b110 oaHBIM AU hepeHInaIoM HeKO-
TOPOI TpeTbell (PYHKLIUU OT X U ).

CrenoBaTeibHO, IIEPBOE CTATUUECKOE YPaBHEHUE PABHOBECUST TSI
TI0CKO¥ 3amaun (155,) mokasbiBaeT, 4To BhIpaXeHUe 6, dy — T, dx eCTb
NoJIHBINA auddepeHIral HeKOTOpoi (hyHKIIMKU, KOTOPYI 0003HAUUM
yepe3 A (x, y). Torna

04 04

Oy ==, Ty =——.
) A ox

AHaJIOTMYHO BTOPOE ypaBHEHME paBHOBecus (155,) mokasbiBaer,
YTO BBIPAXKECHUE csydx - rxydy €CTb IOJIHBIN nuddepeHIIrnal HEKOTOPO
¢pynkuuu B (x, y), 1 Toraa

JB JB
=, 0, =—.
ay’ ¥ ox

Ty ==
[purpaBHMBast APYT K APYTY MONYYCHHBIC BBIPAKEHMUSI JUTA T, , HAXO-
UM, 4TO

a4 _oB
ox ay’
cienoBatesbHO, Bdx + Ady ectb nojaHblil auddepeHimanr HeKOTopoit
byskumnum ¢ (x, y), 1 3HAUYUT,

B=2 4-%
ox ay

Takum 00pa3oM, Bce HaIPSDKEHMS B TUIOCKOM 3aade MOTYT OBITh
BBIPAXKEHBI Yepe3 oJHY (PYHKUUIO ¢ (X, y), KOTOpasi Ha3bIBaeTCs (yHK-
yueil HanpsaxceHul, U ynxyuetl Ipu (Airy):

_ 94 _ 0 99 _d¢. _ _9B_ 0

_ _de. _3B o9 _ %,
Yooy ay ay g? Y ox ox ox  ox?’
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o 040 % o
v ox  ox 9y  oxdy’
T.€. TTOJIYYMJIA (POPMYIIBI IJIST BBIYMCICHUST HATIPSKEHUI TIPU U3BECT-
HOW pyHKUMU Dpu
0’ 0’ 9*
0 =20 6,=2 1= (158)
oy ox dxady
3aMeTHM, YTO MOCKOJIBKY 3TH (hOPMYJIbI BBIBEACHBI U3 YPaBHCHUIA
paBHOBeCHsI, TO HAIIPSDKCHUSI, BhIpaskaeMble Yepe3 ¢, YIOBICTBOPSIIOT
YpaBHEHUSIM PaBHOBECHS IIPHU JIOOOM BUIEC (DYHKIIUM .
IMoactaBnsast popmynsl (158) B pusznueckue ypaBHeHus (157), Mbl
BbIpa3uM uepe3 QYHKIUI0 DpU TakKe U Aedopmalnuu:

1 (92 02
=3[ Te-uTs)
E| oy ox
1(d% 9%
e, =—| 22 22| 159
) E[axz “ay (159)
_ 2+ P
Yy E  oxdy

Hedopmauuu (159) noKHBI YAOBIETBOPSTL MEPBOMY YCIOBUIO
coBMecTHOCTU CeH-Benana (74)). OcrajbHble IATh COOTHOILEHUI (74)
YIOBIIETBOPSIOTCS TOXKIECTBEHHO, TaK KaK BCe MX WICHBI IS TUIOCKOM
3amauyM obpainaipTcs B Hyau. Eciau momcraBuTh 3HaueHUs nedopma-
LM, BbIpaXeHHbIE yepe3 dyHkuMo Opu no (159), B eaMHCTBEeHHOE
ypaBHEHHE COBMeCTHOCTH (74), TO IOCIIe MpUBeACHUS MOTOOHBIX YJIe-
HOB MnoJjyJaercsl muddepeHInaaIbHOe YpaBHEHNE, KOTOPOMY JOJDKHA
YIOBIIETBOPSTh (DYHKITUST HAIIPSDKEHMIA:

1fd%e | e ) 1[de e |_ 2+w
Eloy* “ox*oy’ | Elox*  ox?oy? E ox2ay?’

4 4 4
070 5, 09 00 _g (160)

—_ + [ — _ =
ox* ox2ay® oyt

Anddepennmanbioe ypaBHeHHe (160) MOXHO BBIBECTH IPYTUM
IyTeM— M3 MCXOMHOM CHUCTeMbl YpaBHEHUIA M1 00OMX TUIIOB TLIOC-
Koit 3amaum (155)+(156):
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acx arx

x ayy =0

i,

ox oy (161)
V2(0x+0y)=0.

Cnauana npoaudpepeHumpyem ypasHenue (161,) mo x, a (161,)—
10 ¥ U PEe3YJIbTaThl CJIOXUM:

2 2 2
o, 90y | Ity (162)
8x2 8y2 axay
Ypasuenue (161,) npeobpasyem Tak:

2 2 92 2 2 92
a—2+a—2(cx+0y)= 02y+862x+ acz"+ Gzy =0
ox“ dy 0x ay ox ay

3aMmeHssl BbIpaXeHHe B CKOOKax Ha ero 3HaueHue uyepes T, U3
(162), a 3aTteM BbIpaxasi HampsKeHUs yepe3 QyHKUUI0 Dpu, cpasy
mojyuuM uckomoe auddepeHunaibHoe ypaBHeHue (160). Ocraercs
npeobpa3oBaTh €ro B KOMIAKTHYIO (popmy:

2 %[ o*  9? 202
-+ — _— =0’ \Y [V (p]=0,
[8x2 8y2 ]Kaxz 8y2 ¢

vte=0. (163)

TakuMm obGpaszom, pellleHHe MIOCKOHW 3alaul CBOAUTCS K OMpee-
JIeHNI0 (QYHKIMKU HaMpsKeHU ¢ (X, y), YAOBJIETBOPSIOLIECH OJHOMY
OMrapMOHUYECKOMY ypaBHEHHMIO (163)— U 3TO rapaHTusi TOro, 4YTO
TOT/Ia BCE YpaBHEHUSI TEOPUHN YIIPYTOCTU YA0BIETBOPstOTCS. [Tpu aTOM
V* HasbIBaeTCs onepayuell Habaa uemwipe.

Heobxomumo enie odecrieunTh, YTOObI (PYHKIIMST DpHU yAOBIETBOPSIIA
TpaHUYHBIM YCJIOBUSIM. B yaCTHOCTH, cTaTuuecKue rpaHUYHbIE YCIOBUS B
pesyibrare noacraHoBku (158) B (136) Beipaxkatorcst uepe3 GhYHKLHUIO ¢

2 2
a_(pl _ a_(pm — pvx ,
9y?  oxdy
5 5 (164)
¢ , 970

l+—m=p,,.
0xay +ay2m Poy
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8.5. ®yHKuusa HaNpsKeHUi
B TOJISIPHBIX KOOPAMHATAX

boiBaeT ynoO6HO M 0oJjiee MPOCTO pellaTh IJIOCKYIO 3agauyy He
B IIPSIMOYTOJIbHBIX, @ B KPUBOJWHEWHBIX KOOpAMHATaX. B yacTHOCTH,
BCe 3ajauu, rjae aepopMupyemblie Teja 001aaal0T OCEBON CUMMETPU-
el (Tak HazbIBaeMble ocecumMmempuunble 3a0a4u), y10OHO pellalTcs B
MOJIIPHBIX KoopauHaTax (p, 0). st 3Toro, UCrnoJib3ys MepBblid WH-
BapMaHT TeH30pa HANPSDKeHWH I TUIOCKOM 3amadyu, 3aluileM, 9TO
6, o6,==06, 1 G, Torla ypaBHEHNE COBMECTHOCTI (156) ipeobpa-
3yeTcs K BUILY

VZ(c, +04) =0, (165)

U BMECTe C BbIBEIEHHBIMM paHee ypaBHeHUsIMU paBHoBecust (134)
“MeeM JIJI paccMaTpuBaeMOM 3alauyid UCXOJHYIO CUCTEMY YPaBHEHUIA:

) 0
p&+ﬂ+6p — Oy =0’
ap d0
90 (Y ap Tpe ( )
VZ(o, +0y) = 0.

BoiBenem Tenepb B MOJSIPHBIX KOOpAMHAaTaX IuddepeHImaibHOe
ypaBHEHME COBMECTHOCTU IJIs1 (DYHKIIMM HaMpsKeHU, a Takke pop-
MYJIbI, BBIPAXAIOIME HANPSXKEHUS G, G, T o Uepes3 dynkuumio ¢ (p, 0).

HuddepeHipys 1o x u 1o y reomerpuyeckue hopmMmysibl peood-
pa30BaHUs 1€KAPTOBBIX KOOPAMHAT K MOJISIPHBIM (puC. 45)

o

c-g
0 X X

Puc. 45. TeomeTprueckoe IpeacTaB-
JIeHUe Tiepexoja OT IeKapTOBBIX
K MOJISIPHBIM KOOpAMHATaM
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p= \/xz +y2, 0= arctgl,
b

HaiaeM COOTHOILIEHUS

ap _ b — cosO 0 _ y _ sin@
W fy? 42 Tox x4 y? r’
op y . 00 X _ cosf (167)

— =-—=——=3in0, — = =
W x?+y? Wy x+yt T
Torga nepBbie TpoU3BOAHbBIE OT (YHKIMUU Dpu @ (p, 0) IO X U IO
y OyayT TaKUMU:

gﬁzg_m g_mg_g g—e=cos6 gﬁ_w %

X X X

0 ap Jdp , dp 00 ap pe 0 (168)
%_% 9,09 NO_g .4 90, C0S0 I

dy dp dy 96 Oy dp p 00

71T BTOPBIX TIPOM3BOIHBIX OT TOM K¢ (PYHKIIMU— KOTOPBIC SIB-

JIAIOTCA 3HAYEHUAMM G, Oy, Ty, , cormacHo Gopmynam (158) ¢ moa-
CTAaHOBKOM TTPOM3BOIHBIX (168),— moyyaloTcst BEIpaXKeHUS:

20
Gy:a d (d¢ Cosea dj ) sin6 d a(p
x> ox|ox op| ox p 90| ox

2 2

= cos’ ea—(p—sin(%cosela—(p

or? p 0pdod )

+ sinecoseLa—(p—
2 90

2
—sinecosela—(p+sinzela—(p+sm 00— 1o’ (p+

p dpod p Jp p? 00°
+smOcosOLa—(p = COS ea—q’+

p2 00 apz

2 2
+sin” 0 la(p+iza—2 +2sin0cos0 Lza—(p—l ¢ |.
pop p~ 90 00 p 0p00 |

2
6, =00 _0(00)_ g0 (00|, c0s00(dp)_
ay*  dylay play) p o0lay)
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2 2
=sin’ 0 a—(§)+cos2e [l 8(p l 8_@]_

p o o o
199 1 9%
-2sin 0 cos0O
2 0 p 8p89

2 2 2
—Ty 9% _ 9[99 =sinBcosO 99 _19¢_19%)_
v = axay ax| oy 0

2
—(cos? 6 — sin” 0) 19 1 90
p? 00 pop 00|

MBI BbIpa3suIn HaNpsSKeHUst G,, O, Ty, Yepe3 GyHKUMIO Dpu,
KOTOpasi B CBOIO OYepenb BhIpaXkeHa B IOJIIPHBIX KOOpAMHATAX, T.C.
¢0(p,0). Eciu Terepp CI0XKUTH IIEPBIC 1Ba U3 TPeX ITOCICIHUX YpaB-

HEHUI1, TO MOIYYaeTCs BhIPAXEHUE WISt V2. BHIIOIHUB 3Ty MPOCTYIO
OTIepaLINIo, He 3aMUChIBAs MHOXUTEIEM PaBHYIO eIMHULIE CYMMY sin’ 6 +
+cos’ 0 = 1, GymeM UMETh

2 2 2
Vz(p a(p d°¢ a(2p+13<p+1a2’
ox? ay dp° pIdp p” 9o
OTKyla JIeTKO HaWTHU BbIpaxkeHHe OurapMoHuyeckoro audddepeHun-

anbHoro ypasHeHus (163), neiicteys 1o cxeme V4o = v2 [V2¢]. B utore
MTOJIyYUM

2?1 9, 1 92 (9% 1ap 1 9%
PR Fyv Il e e w i Ry
ap pap p? 90% || 9p> pIp p? 9O

(169)

J: 0.  (170)

BriBenieM Tenephb popMyJibl, BEIPaXalOLIME HANPSDKEHUS O, G,

Toe 4epe3 GyHKumio ¢(p,0). BocmoabdyeMcsa nmpuemMoM moBOpoTa
KOOpAMHATHBIX oceil. Eciu moBopoToM KoopAuWHAT Ha yros 6 co-
BMECTUTb OCh X C PAAUYCOM-BEKTOPOM P, TO BO BCEX TOUKAX Ha 3TOH

ocu OyIeT CrpaBelIMBO PABEHCTBO Oy = Gy, IMOTOMY U3 GOPMYJIbI

9% 2(p _
o, =8_2 ClefyeT, 4To Gy = —, nobo JJIsI 3TOro ciaydast cosd =
X

=cos0 = 1, x = p. Takum oOpa3oM, OJHY UCKOMYIO (OpMYyITy— IS
G,— MBI TOJYYUIIN.
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Jlajniee ypaBHEHUsI paBHOBECHSI [UISl TUIOCKOM 3aJauM B IOJISIPHBIX
koopauHarax (166,) u (166,) nepenuuieM B Buie

JT,9

6 =0

)
—(Po,)+
P (po,)
a(p’t
(p pe) + p(’)& -0.
ap 00

HOZ[CTB.BIIHH BbIpa>XCHUE IJId Ge BO BTOPOC€ YpaBHCHME PaBHOBC-

Cusd, MOJYyYUM
W) 0 _ Do _Po oo _
dp 9p%00 0pod 9pde  9pd0

_0(d0_ 2%
| 90 " opoe |

Tenepb MOZKHO BBIIOJIHUTb MHTETPUPOBAHUEC, KOTOPOC OAacT

e te Fo 1o 1

730 Tapoe M 5290 papae’
T.€. MOJIYYWJIU ellle oJHY McKomyto opmyiay. IlocTossHHass MHTErpu-
poBaHUs OblIa paBHA HYJIO, ITO3TOMY OHa HE IMOSIBUJIACh B BbIpaxKe-
HUM T . PaBeHCTBO HYy/IO0 MTOCTOSSHHOW WHTErPUPOBaHUS CleayeT U3
TPAaHUYHOIO YCJIOBUSI, COTJIACHO KOTOpOMY Tipu @ = ( HampsikeHue T
TakxKe paBHO HyJO. Takoe rpaHMYHOE YCIOBUE MPUHSITO KPaTKO 3a-

MKMCHIBATh B BUIIE: rpe‘ 0= 0. Dtoit popMoii 3amuCH TPAaHUIHBIX yC-
(p:

JIOBUi1 OymeM MOJIb30BaThCs B majbHeinem. [lomctaBiss Temeph Io-
JIy4CHHYIO (DYHKLMIO T, B [IEPBOC YPABHEHUE PABHOBECHSI, TTOJIyINM

__ 910 1% d%_
3| p2 30 papde | 9p?

_1aip+1 B 0%

— - +
o2 307 popa? gpr MM

0 9 (ap 1%
—((po,)=—"| —+——= |
ap(p ») Bp(ap paez)
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ITocne VHTETPUPOBAHNUSA C yYE€TOM I'PAHUYHOTO YCIOBUA G| =0 = 0

TTOJTIYIUM TIOCIIEAHIOI MCKOMYIO (OpMYITy; IpHUIMCaB K Heil OCTalb-
HBIE IBE, OyIeM MMETh CUCTEMY

_1op 1 9%
% = 90 o2 292’
pop p® 3o
82
Ge:ai(f,
P (171)
Lo 1op 1% _ o[l
75290 papdd  dplpoo |

Ihasa 9

KJJACCUYECKHME KOHTAKTHBIE 3ATAYA
TEOPUU YIIPYTOCTH

N DJIEMEHTbBI

MEXAHUWKUW PASPYIIIEHUA

9.1. JleiicTBHE cOCPEIOTOYEHHOM CHIIbI
HA OCTPHE YNPYTOTro KJIWHA.
ITonsiTHE 0 KOHTAKTHBIX 324a9aX

B 57011 3amaue, u3BecTHOI B TEOpUHU Kak 3agadya Mutuena, Tpedy-
€TCsl HAaTH HaIpsSIKEHHOE COCTOSIHUE OECKOHEUHOTO YIIPYroro KJinHa,
Harpy>KeHHOTO CHUJIOi, KOTOpas MPUJIOXeHa K ero BepluuHe. 3agaya
MuTtyena— npuMep MoOJayoOpaTHOrO METOoJa pelleHMs 3aiady Teopuu
ynpyrocTtu. Pelllaem 3agauy B MOJISIPHBIX KoopauHaTtax (p, 6), mome-
11asi Hayajo KoopauHaT (MoJoc) B BeplllMHy KianHa. KinH obGpasyer
yroia 2o, K ero BepliuHe IpujioxkeHa cuiia P o yriaoM y K OCu KJIrMHa
(puc. 46).

TTonoxum, 4yTo B 11000 TOUKE BepxHel rpaHu KiIMHA (0 = o) PyH-
KLMST HANPSDKEHUI @ U, ClieoBaTeIbHO, €€ MPOU3BOJHbIE IO P U 110 6
paBHbI Hy/110. B M1000# TOuke HUXXHEN TpaHM KvMHa (0 = — o) 3Haue-
HUe PyHKIIMU DpU paBHO MOMEHTY CUJIbI P OTHOCUTEJIbHO paccMaTpu-
BaeMoil Touku. Takum oOpa3zoM, MPUXOAMM K TPAaHUUYHBIM YCIOBUSIM
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y P

Puc. 46. JleiictBue cuibl P, IpUIOXEHHOM!
K OCTpHIO OECKOHEYHOIO YIPYroro KjiMHa

)

=0,
00°

0| =o=0;

= Ppcos(o+7). (172)

@lo-_o= —Ppsin (o +7v); a—(p N

I'panuunbie ycmoBus (172) mokas3biBalOT, YTO Ha KOHTYpe KJIMHA
byHKUMS DpU 1 ee MpOor3BOIHAS TPONOPLIMOHAIBHBI P, TOITOMY (DYH-
KIIM0 ¢ OyaeM MCKaTh B BUIC

¢ =pf(0). (173)

YroOs! HaliTu f(0), moacTtaBuM BhipaxkeHue (173) B GurapmoHuuec-
koe ypaBHeHue (170); 1)— nepBoe auddepeHurpoBaHue; 2)— BTOpOe
auddepeHIMpoBaHue; 3)— MpUpaBHUBAHUE HYIIO HAWJEHHOTO BbIpa-
JKeHUsI— TI0C/e0BaTeIbHbIe OIepaluy 1o (bopMyJIe (170):

v (p——[pf(e)]+——[pf(6)] [pf( )=

2 a a2
- é[f(@) £ 17O);
2) v“@—ap { [f<e>+f<e>1}+——{ [f<e>+f<e>]}

1 92

2892{ [f(e>+f<e)1} LI @) +2770) + £O));
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3) S (0)+2/7(0)+ f(8) =0. (174)
O6uuii uHTerpan auddepeHimanbHoro ypasHeHust (174) umeeT B
£(0)=ek?. (175)

ITocne noacraHoBku BbipaxkeHus (175) B ypaBHeHnue (174) npuxo-
IUM K XapaKTepHUCTUIeCKOMY ypaBHeHMIO k* + 2k + 1 = 0, mBoitHbIe
KOPHU KOTOPOTO kl,2 =1 k3,4 = —] TIPUBOMAIT K YEThIPEM HE3aBUCHUMbIM
YaCTHBIM peleHusM ypaBHeHus (174): cos 0, sin 0, 0 cos 0, 0 sin 0, u, cie-
JoBaTeJIbHO, MCKOMasi (hyHKILIMs HarpsbkeHuit B opme (173) umeet Buz

¢ =Cipcosd+Cypsind + C;p0 cosO + C,pHsin 6. (176)
Teneps o popmynam (171) HaxoAUM HaTPSIKEHUSI
6, =20, 300 4 5¢, €8
p p (177)

Bripaxenust (177) mokasbIBaloT, UTO MEPBbIC ABA CJaraeéMbIX B (DyH-
K ¢ 1o Gopmysie (176) He BIUSIOT Ha HAIPSDKEHUSI, U OIIpeesie-
HUIO TOMIeXaT TOJIbKO moctosgHHbie C;, u C,. JIBe TMOCTOSHHBIE U3
JBYX I'paHMYHBIX ycioBuil (172) moryT ObiTh ompeneneHbl. [loacTa-
HOBKa BeIpaxkeHus (176) B ycimoBus (172) maeT yeThIpe ypaBHEHUS:

Ccosa+ C,sina + Cyocoso + Cyosina = 0;
(Cy +C5)cosa—(C) —Cy)sina+ Cyocos o — Ciasino = 0
C, cosa—C,sina— Cyacosa + Cyasino = —Psin(o +v);
(Cy +C3)cosa+ (C; —Cy)sina — Cyocos o — Cyasino = Pcos(o+ ).

INonmapHo cKiIambIBast M BBEIYUTAS TIEPBOE U TPEThE, a TAKKE BTO-
poe M 4eTBEPTOE YpaBHEHUS, TTOTydaeM

2C, cosa + 2C4asino = —Psin(o +v);
2C, sino + 2C;50.cos o = Psin(o +v);
2(Cy + Cy)cosa —2C5asin o = Pcos(o+v);
-2(C, - Cy)sina+ 2C40.cosa = —Pcos(o + ).
Terepb B TIepBOE 1 YETBEPTOE M3 TIOCIECIHNX YeTHIPeX YpaBHEHUI
Bxoxsat Tonbko C, u C,, a Bo Bropoe u Tpethe— C, u C,. Onpenenus

orciona C, u C, ¥ MOACTaBUB 3HAYEHMUSI YKA3aHHBIX OCTOSHHBIX B (177),
MOJIlyYUM pellieHue 3agauyd MuTtyesna B oOlleM BUJIE:

b

P p | 20—sin2a 20 +sin2a

s :_2_P sinysin 6 N cosycos0
(178)

og =0; 19 =0.
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PaccmoTpuM Temeph IBa YaCTHBIX CIyvas 3agadd O ACHCTBUM CO-
CPEeIOTOUYEHHOM CUJIBI P Ha OCTpre KIIMHA.

1.y = 0— caucamue kauna. J171s1 3TOTO Cilydasi U3 OOLLEro pelieHust
(178) numeem

S, :_2_P(0+LS.9J Ui o, =—%' 179)
p 200+ sin 20 (a+2sin2u]p

YactHoe pemeHue (179) coxpaHseT 3HaK MUHYC BO BCeM Juana-
30He 3HaueHui O(—o<6<0), TaKk Kak B MEepBOM KBaapaHTe

(0O<|aj<m/2) cos(-o) = cosa.
2.y =mn/2— uzeub xauna. JAng 3TOoro ciaydas u3 oOllIero pelie-
Hug (178) mojsyyaem yacTHOe pellieHue B BUIE

G -5 bsin® (180)

P + 1
(oc —isin 2d)p

YactHoe pemeHue (180) MeHsIET 3HAK MpU Mepexoae yepe3 och
CUMMeTpUM KiIuHa X (Korma oo = (), TakK KaK Ipu M3rM0aHUM KJIMHA
MEePIEeHIUKYISIPHON K OCU X CUJIOM P B TOI MOJOBUHE KJIWHA, TIE
—a <0 <0 (cM. puc. 46), HanpsLKeHNE o, OyIeT pacTSrMBaloOLINM, a
e 0<0<o— cxumatoumm, 1 mpu 0 <|o| <m/2 sin (—a) = — sino.

B dopmynax (178)—(180) mpuiekaeT BHUMaHuUeE TO, yTO rpu p = 0
G, = co. DTOT pe3y/IbTaT— CHHIYISIPHOCTb (GYHKLMK G B HaYale KOOp-
JIUHAT— CUTHAJ O MPAKTUYECKON HEBBIIOJHUMOCTH IIPEIITONIOXEHHS,
YTO cwiia P cocpemoTodeHa CTPOro B OMHOM TOUKe— B BeplIMHE abCco-
JIIOTHO OCTPOTO KJIMHA. B MeiiCTBUTEIPHOCTH MPUJIOKEHNE CHJIBI K OCT-
pUIO KJIMHA BCETa IMPUBOIUT K HEKOTOPOMY IIPUTYIUICHUIO 3TOIO OCT-
pusl, 1 B UTOTe cuiia P oKasbIBaeTCsl paclpeleIeHHOM Ha HEKOTOpPOI
IJIolIAnKe BOJIM3M Havyaja KOOPIWHAT, a He B TOUKE, COBITAIAIOIICH C
HavasioM. OO 3TOM TOBOPST KaK O KOHMAKMHOM 83aumo0elicmeul men.
Té1a, HAXKMMAIOIIETO Ha ocTpue KiuHa (“HocuTens” cuibl P), U caMo-
ro KivHa. Ha Bo3HUKaroIIeil IIpy TaAKOM B3aUMOJICHCTBMM KOHTaKTHOM
IJIolIaaKe, obueid 1isi 060MX B3aMMOACHCTBYIOLIMX TeN, NEHCTBYIOT
KOHMaKmHble HanpsjiceHuss. DTA HAIIPSDKCHUST HOCST MECTHBIN Xapak-
Tep, T.e. OBICTPO YOBIBAIOT IO Mepe YOaJeHUsI OT ILIOLIAAKM KOHTaKTa
B IUTyOMHY B3aMMOIEHCTBYIOIIMX Tej1. J1elicTBUTEeIbHO, TOJIBKO YTO I0-
nydyeHHble obuiee (178 ) u yactHeie ( 179 ) u ( 180) pewueHus 3agauu
Muryena MpeAcCTaBIsIOT co00i TUIepOoImIecke GYHKIMU p, T.C.
HArpsDKeHHe o, OBICTPO YMEHBLIACTCS OT MeCTa MPUJIOXEHHs CUJIbL P
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B IyOuHy kiuHa. CrieoBareibHO, PaCCMOTpeHHas 3aiavya (M Kak yBU-
JIMM, HECKOJIBKO CJIEMYIOIIMX 3a7a4) OTHOCUTCS K CelMaIbHOMY KJlaccy
KOHMAKMHbIX 3a0a4 meopuu ynpyeocmu— 3aad O HanpspKeHHO-aedop-
MMPOBAHHOM COCTOSIHUM TTPU KOHTAKTHOM B3aMMOJIEMCTBUMN YIIPYTUX TeJl.

9.2. JleiicTBHE COCPEIOTOYEHHOM CHIIbI

HA YIPYTYIO
NOJIy0eCKOHEYHYI0 ILIOCKOCTD

nepIeHINKYJISIPHO ee IPAHKIIE

HaszBanHas 3amaua, m3BecTHas ellle Kak 3amaya daamaHa— 4acT-
HBII CyYyail Mpenblaylieil KOHTAaKTHOM 33a1a4yu, U MO3TOMY pelleHue
€€ BBIBOAUTCS M3 pEILIeHUs O CXKaTUM KJIMHA, KOraa OeCKOHEYHBIi
TJIOCKUIA YIPYIMi KJIMH pa3BepHYT Ha yroia m, T.e. obpasyeT mosybec-
KOHEYHYIO MJIOCKOCTh (COKpalleHHO— IMOJyIaockocTb). Eciau B pe-
weHuu (178) nmonoxutb v =mn/2, y=0, TO NOJy4uMm

, =200, 05 1 =0, (181)
o

Pewrenue (181), kak n (178), mokasbiBaet, 4TO G, sIBIASCTCS [JIaB-

HBIM HampspkeHueM. WM 31ech CUHIYISIPHOCTh B Hayaje KOOPAMHAT

(cp| 0= o) YCTpaHSETCs 3aMEHOM COCPEIOTOYCHHOM CUbl P B TOUKe
p:

Ha €e CTaTUYCCKUI 9KBUBAJICHT— pacIpele/ICHHYIO0 Harpy3Ky MHTCH-
CUBHOCTBIO G (pHcC. 47).

P
()
X .
ANNA AANSNNNNAN y
- gAp dF=I
o, T,
y 0 o,
Y O

X\

Puc. 47. Cxema nepexojia OT TOJISIPHBIX
K JeKapTOBBIM KOOpPIMHATAM U PaBHOBECUS
BBIIEJIEHHOTO 3JIeMEeHTa
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TlepeiineM OT MONSIPHBIX KOOPAMHAT K I€KapTOBbIM, UCTIOJIb3YsI Te0-
METPUYECKYIO CXeMY C BbLIEJIEHHBIM 3JIEMEHTOM— TPEYrojbHON Mpu-
3Moit (cM. puc. 47) u npusiiekast (opMyJibl peodpa3zoBaHUsl KOOPAUHAT

X =pcosO = \/x2 +y2 cos0; cosH = x/\/xz +y2;
y :psinequ2 +y2 sin6; sine:y/w/x2 +y2.

(DOPMYJ'IBI 1 6, O s Ty IIOJIYYUM M3 YCJIOBUA CTaTUYECKOI'O

paBHOBECHS BbIAEJICHHOIO MPU3MATUYECKOIo 3JeMEHTa C ILIOIAIbIO
HaAKJIOHHOM rpaHu dF 1 MOJOXUM, YTO B BBIOpaHHOM MaciuTade dF = 1,
YTOOBI MMOTOM HE MPUILJIOCh COKpalllaTh Ha dF cocTaBleHHbIE YpaBHE-
HUSI CTaTUYECKOI'0 paBHOBECHSI.

W3 ycioBusl paBeHCTBA HYJIO CyMMbI NMPOEKIMI HAa OCh X BCEX
CUJI, ICUCTBYIOLIMX HA TPAHU MPU3Mbl, HOPMAJIBHOM K OCH X, TTOJTYYUM

2P 2P X
6, =0,c080-1-cosb =0, cos’f=-""cos’ 0= ——
Wy (X7 +y7)
N3 ycnoBust paBeHCTBa HYJIIO CYMMBI IPOEKLMI Ha OChb ) BCEX
CWJI, IEMCTBYIOILMX HA TPAHU MTPU3MBbl, HOPMAJIBHOI K OCH Y, TIOJTY4YUM

T

_ . RS _ - 2N
G, =0,8in0 1 sin6 =o,sin” 0 =

2P . 2P x?
=-2"sin’0cos 0 = ——%.
o T (x°+y%)
W3 ycinoBusg paBeHCTBa HYJII0O CYMMBI IIPOCKIIMIA Ha OCh X BCEX
CWJI, ICHCTBYIOIIMX HA IPaHU, MapaJyIeIbHOM OCH X, ITOJyYUM

: 2P 2P yx?
Tyy = 0, €080 -1-8in0 =—-— sinfcos” 0 = ——ﬁ.
p T (xT+Y7)
HakoHne1, n3 ycnoBusi paBeHCTBa HYJII0 CYMMBI IPOEKLIMIA Ha OCh
¥ BCEX CHJI, NEMCTBYIOLIMX Ha IPAaHMU, MapajuIeJIbHONR OCH y, TIOJTYYUM
TO K€ PaBEHCTBO, YTO U B IOCJIEAHEM CIIyYae.

B urore nony4eHs! (popMyJIbl UL BEIYMCIeHUA QYHKUUHA G,, O,

Ty - 110 HUM MOXHO IOCTPOMTL SMIOPbI, WIS YETO IMPEABAPUTENLHO
HEOOXOIMMO HAWTU TOUKM SKCTPeMYMOB. Jlanee [uid nmpumepa InpuBo-
VM MCCIIEeNOBaHUE HA MAKCUMYM (DYHKLIMU

2P xp}

o, =—————5—5.
T (x*+33)?

y
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do,  2Py; (x* +y0)* —4x* (X’ +y3) _

dx m 2+t

_2Py; 5 -3

= =0; = = ()
R Gaygy Dy =00, =0

2
2)npu  y, #0 2Py L. B3 =0, x.. =2 _ 510
" NG
KoopanmHata TOYKM MaKCHMMyMa Ha DOIIIOpE Gy (Gy)max —
2P yixwe 2P oo /N3 o33P
n (xrznax +y§)2 T (yg/\/§+yg)2 y/max S n m

5TO 3HAYCHHUE G, B TOYKE SIMIOPBI C KOOPAUHATAMH (X, ., V) Bua smop
HaliIeHHbIX (PYHKLIMI HampsDKEHUI TToKa3aH Ha puc. 48.

P
(O ¥,
4 y
=
=y o o
X éh =
© % ~
L4
T
Xy
¥ x

Puc. 48. K 3agaue dramana.
Bun smrop HampsoKeHMi, TeiiCTBYIOIINX
B TMOJTyO€CKOHEUHOM TUIOCKOCTH

Haiinem Temepbh reoMeTpUYECKOE MECTO TOUEK IMOJYIIOCKOCTH C
OIMHAKOBBIM I10 BEJIMYMHE HanpsikeHueM o . C 3T0i 1eibio hopmy-
ny (181) anst 6, OOBSIBUM KOHCTAaHTOM, PaBHOW—A, T.e. 3ammiIeM
BBIpaXKeHUE

2P cosh An
6, =——co0s0=—-A4, oTKyma —— = —.
p
o p 2P

Ecimu Temepb IpoOBeCTH OKPY:KHOCTb TaK, YTO €€ BePTUKATbHBIN

muameTp D ecTh IMPOAOJIKEHNEe BEKTOpa CWIIBI P, M BIIMCATh 3aTeM B 3TY
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OKPY>KHOCTb ITPSIMOYTOJIbHBINM TPEYTOJIbHUK, Y KOTOPOTo auametp D ecTb
TUTIOTEeHY3a, a KaTeT MO/ YIJIOM 0 K TUIIOTEHY3¢e eCTh P, TOTIa MBI yOexkK-

cosb 1
JaeMcsl, 4To =3 Kak 3TO cliefyeT Mo mocTpoeHuto (puc. 49).

b
p
CrenoBatesibHO, KaxXI0OMy YPOBHIO HANpPSKeHUst 6, = —A COOTBETCTBY-
€T CBOSI COOCTBEHHAsI OKPYICHOCHb paHbix HanpaxceHutl. CeMencTBO Ta-
KMX OKPYXHOCTEl MMeeT OJHY OOIlIyH TOYKY— Hayajlo KOOpAMHAT
(0, 0), puc. 49. [InameTp Kaxi0il OKPY>KHOCTU PaBHBIX HAIPSKEHUM

p=_P__2P
cos® mA
P
7 1
Q "o W
in/2 S
¥

Puc. 49. K 3agaye ®dmamana.
JlvHuy paBHBIX HaNpPSDKEHUI o,

MMeHHO Takue OKPY>XKHOCTH MOXHO Ha0JIt0AaTh B MOJISIPU30BaH-
HOM CBeTe, Ipuiarasi COCpeAOTOUEHHYIO CUIIy K TUJIOCKOMY 00pasily
OINTUYECKU aKTUBHOTO MaTtepuaia. JIMHUU 3TU, BbISIBJIEHHbIE MOJISIPU-
3alIMOHHO-ONTUYECKUM METOJO0M, Ha3bIBAIOTCS U30XPOMAMU PABHBIX
HanpsadiceHul.

Haiinem tenepb nepeMellieHUs] TOUYEK TMOJYIIOCKOCTU, COOTBET-
CTBYIOLLME HAMIPSIKEHHOMY COCTOSIHUIO MO ICCTBUEM COCPENOTOUYEH-
Holt cuibl. Bocnonb3yeMcst pusnuyeckumu ypaBHeHusiMu tuna (124),
HO TOJIbKO B MOJISIPHBIX KOOpJAMHATax, BbIOpaB U3 HUX T€, KOTOpbIE
OyayT HEOOXOIUMBI JIJII paccCMaTpUBaeMOU TJIOCKON 3aJauu:

1 1
ep = E[Gp _M(Ge + Gz)]? ee = E[Ge _“(Gz + Gp)]a
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1 1 2(1+w)
ez :E[GZ_M(G;)-{_GS)]:O’ YpG :Etpe = E Tpe‘
Bocmonb3yeMcst TakKe TeOMETpUIECKUMI YpaBHEHUSIMU TuUIa (67),
KOTOpPbI€ B MOJSIPHBIX KOOPAMHATAX MBI 3[IeCh MTPUBJIEKAEM BIIEPBbIE,
Y MO3TOMY 3aMullieM BCe 111eCTh YPaBHEHUI B LIMJIMHAPUIECKUX KOOP-

JUHAaTax, XOTsd JaHHas 3aaaydya IIocKasd:

ou
o oy Lo Gty
ap padd dp p
eezl%Jr”_P, Yez=% 1ou; (182)
p oo p 0z p 90
ou, du, du,
e, = —=, =24+ =,
T Ty op

ITo 3™TMM ypaBHeHMAM HaiineM nedopMallM C Y4eTOM O, = U X
X (0, +0y), TIONY4EHHOTO U3 PABEHCTBA e =0:

ou, 1-pu? 2(1-p?) PcosO
_9% _1-u u _ M .
p—a—p——[%—mce)—— 1E o (183)
1 10wy 1-p? u 2u(l+u) Pcoso
€ =—U, +——>= - = :
0 p " p oo F Ce 1—M0p nF (184)
1ou, Quy uy 1
=P %% _ T _—r —0. 185
Ype P 20 ap P GTpe ( )
Wnuterpupys (183) mo p, HaXoaAuM
2(1-u)P
u, :—ﬂcoselnp+f(e). (186)
nE
IMoncrasnsas (186) B (184) u uHTETPUPYS 1O O, TOTYIUM
2
uy = 2HAHEWP G g 2 ; )P Ginolnp-o@0)+ Fp),  (187)
b1 i1

rae ®(0) :jf(e)de, Tak 4to f(0) = ®’(0).
JIs1 HaXOXXAeHUST HEU3BECTHBIX (yHKLU ®(0) u F(p), MOSIBUB-

IIUXCS B TIpollecce MHTeTpupoBanust, moactaBum (186) u (187) B (185)
U TIOCJIe TIPUBEICHUS MOAOOHBIX WICHOB ITOIyYUM

L 070y + L)+ 2EWU=2WPsin6 oy 1y 2o,
P p nE P
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YMHOXUM TIOJIyUeHHOE BBIpaXkeHUe TTOYJICHHO Ha P W TIepeHeceM
TOCJIeHYE IBa WIeHA B MPABYIO YacTh:

"(0) + D) + 21+ ) -2w)P
nE

JleBasi yacTb 3TOro paBeHCTBA 3aBUCUT TOJBKO OT 6, IpaBas—
TOJIBKO OT P, YTO BO3MOXHO JIMIIIb B TOM Cjlyyae, Korma o0e yacTu
paBHbI OJJHOU U TOM XK€ MOCTOSIHHOM BeanunHe. OO03HAUYMB 3Ty BeJU-
yuHy C,, MOJYYUM [Ba YPABHEHMSI:

sin®=—-pF'(p)+ F(p).

07(0) + d(0) = — 2LHWU=20) o0
nE
-pF'(p)+ F(p)=C,.
OO011Me MHTeTpasbl 3TUX YPaBHEHUI:
T+w)d-2u)P

D0) = F

BcosO+C, +C,cos+C;sinb,
F(p)=C +Cyp.
IMocne ux moacranoBku B (186) u (187) BbipaxkeHUsT AJis1 ICKOMBIX
TepeMeleHui OyayT MMETh BUI

_2(1-pH)P

u. = —]npcose_w
nE

nkE

o 0sin0 +

+{C3 +M}cose—cz sino;
nE

—_— 2 —_—
ue:2(1 u )Plnpsine_(HM)(l 2u)P

nkE nE

0cosO—

2wl +w)P | .
-G, cose—{q _2udrwP sin@ + C,p.
nE
Tenepb HeoOXxoAUMO CHOPMYJIUPOBATH TPAaHWUYHBIE YCIOBUS IS
onpenenenus nocrosHueix C,, C,, C,. Ilpeanonoxum, 4ro paccMar-
puBaemas MoJiyljaOCKOCTb HE CMEIaeTCsl B TOPU30HTAIbHOM HallpaB-
JICHUM U He TOBOpauyMBaeTcs. DTO JAET MepBOe I'PaHUYHOE YCJIOBUE:

”e|e:0 =0. IlpeamosoxuM gajee, 4TO TOYKA, JIEXKAIas Ha ITOJIYII0C-

KOCTU Ha JIMHUU JEeUCTBUS CWIbl P U Ha pacCTOSIHUM A OT IpaHULbI
MOJIYTIJIOCKOCTHU (TOUKU MPUJIOKEHUs CUIIbl P ), 3aKkperuieHa U He MO-

2KEeT CMELIAThC, TaK YTO up o=
0=

h= O, T.C. UMEEM €1IC OJHO I'PAaHUYHOC
0
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yciioBre. OTU 1Ba IPAaHUYHBIX YCJIOBUS MO3BOJISIIOT ONPENETUTh NCKO-
Mbl€ 3HaUE€HHUS TTOCTOSTHHBIX KO3(PUILIMEHTOB:

— 2 —
C o=, = 20WDP ) (- 20P
nE nE
rocJjie MoACTAaHOBKM KOTOPBIX MTOJTy4aeM OKOHYATEIbHbIEe (POPMYIIbI JIsI
OTIPENCIEHUS TIEPEMEIICHUIA:

2
= 2BDP P og s L2 gging |
nE h 2(1-w)
X (188)
ue=—2(]_M )P {lnp+ ] sin@ — 1=2u ecose}
nE h 20 -p) 2(1-w)

B gacTtHOCTH, TIepeMellieHsT TOYeK TPaHUIIBI TTOJTYTITIOCKOCTH (KOT-
Ia 0= tmn/2) OyayT TaKUMM:

_d+w)d-2u)P

(u, )e:ig = °F
2 -w2)P, p (1+p)P (189)
(Ug) ,=- In= - .
o=t nkE h nE

9.3. ILnockas aeopmanmsi

JIBYX CONMPUKACAIOIIUXCSA YNPYTrUX HUJIHHAPOB
¢ MapaJuiebHbIMH OCSIMHA

DTO o/lHA U3 ABYX M3BECTHBIX KOHTAKTHBIX 3ajay ['epia; npyrasi—
0 nedopMalMy JBYX COMpPUKAcCAIOIIMXCs YIPYruX 1apoB. 3agaya o 1u-
JIMHApax 3/1eCh BbIOpaHa He CIyvyaillHO: pe3yJibTaThl €€ pelleHus] HaXxo-
JIT MPUMEHEHMEe BO MHOTMX KOHKPETHBIX 3a/Jayax TEeXHOJOIMYecKOou
HaINpaBJIeHHOCTU B METa/UIyprud M MallMHOCTpOeHUU. B yacTHOCTH,
JIJIS1 OLIEHKHU M y4eTa YIPYroro CIUTIOIIMBAHMST BAJIKOB ITPOKATHOTO CTa-
Ha IIpy 00>XaTUM MTPOKAThIBAEMOTO MeTajljla TPYIHO O0OUTHCH Oe3 TIpu-
BJIEYEHMUS pe3yIbTaTOB PELIEHUSI UMEHHO 3TOI 3a1ayuM.

PaccmoTtpuM cHavana LMIMHAPBI paguycoB R, ¥ R, xorga oHu
TOJIbKO KacaroTcs apyr apyra (puc. 50,a), a 3aTeM, Korjaa OHU TpyxXa-
Thl APYT K APYTY CUJIaMU, PABHOMEPHO paclpeleJeHHbIMU MO IJUHE
uuanHaApoB (puc. 50,6).

Ha manom paccrosinuu & ot nuaumn uentpos O, O, nposenem ce-
yeHue, napajieJibHOe 3TOU JUHUU M OCSIM LIMJIMHAPOB. PaccrosiHue
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mexay Toukamu A u A, (cMm. puc. 50,a) 10 cAaBIMBaHUA LIUIAHAPOB
paBHO (; + (5 :
2 2
& & 2
+6z=—+=2—=0&",
R TR Tl
rae p=(R +Ry) /2R Ry).

Ilyctb Tenepb UMIMHAPBI CXaThbl TOJ AEUCTBUEM MPUIOXKEHHbIX
cuit P (cM. puc. 50,6). O6pa3oBajiach KOHTaKTHasl IUJIOLIAAKa yIIPYroro
CMSITUSI LLIMPUHOM 2a, KOTOpas Majla Mo CpaBHEHUIO C paJuycaMu -
aMHApoB, HO a > &. Torna Toukn A, U A, CONBIOTCA HA KOHTAKTHOM

IUIOIAKEe, U TIPM 3TOM CyMMa IIepeMeIleHMI Yepe3 TeOMeTPUUISCKIE
cooTHoleHus puc. 50,6 BRIPA3UTCS CICAYIOIIMM 00pa30M:

6_uy2_uyl:Cl+z;2:B&Z;uyl+uy2:8_[3§2- (190)
ITockobKY IIMpHUHA IUIOIIAIKI KOHTaKTa 2 MaJjia 110 CPaBHEHUIO
C paguycaMu, TO IIOTIEPEYHOE CeUSHMEe KaXKI0To M3 IIMJINHIPOB B Ipe-
JeJiax IDIOIAIK KOHTaKTa MOXKHO pacCMaTpUBaTh KaK IMOJIYIIOCKOCTD,
HCTIOJIBb3Ys (POPMYJIbI, ITOIyUYeHHBIC IpK pellleHru 3amayn dramaHa.
JlapjieHre Ha TUTOLIAIKE KOHTAKTa SIBJISIETCST TIEPEeMEHHBIM 110 IITMPH-

He TUIoNIaAKM— B HampapieHuu x (puc. 51,a)— u paBHO p (X), mpuyemM

(191)

Puc. 50. Cxematueckoe n3o0paxkeHHe MONEPEIHOrO CEUCHMS
JIByX COTIPUKACAIOIIMXCS YIIPYTUX HUJIMHIPOB C MapauieIbHbIMU
OCSIMU, KOTJIa OHM KacaloTcs ApYT apyra (@), v 1o AeliCTBUEM
crasnuBatoux cui P (6)
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a 0,
) YA ) )

T @ 500 | P
// X S i -

2a a a

Puc. 51. JlapieHue Ha IUTOLIAAKe KOHTAKTa ABYX YIIPYTUX LUJIMHIPOB
¢ mapa/uleJIbHBIMU OCSIMU, TIPUXKATBIX APYT K APYry cuiamu P

[Mon neiicTBUEM dreMEHTApHOM CUJIbI p(x)dx TOYKa A, TOIy4aeT
HEKOTOPOE BEPTHKATBHOE MEPEMELLECHHE di ;, BEIMIMHY KOTOPOTO MOKHO
OIIPEACUTh 10 BTOPOil opMysie WIS IepeMeIIeHUI TOUeK TPaHUIIbI
nonyriockocty (189,), T.e. B 0003HaYEHMSAX TaHHOM 3a1a4uu:

2(1 - uf -1
du,, = —(nTiLI)P(x)dx In |§R1x| - :ELILI p(x)dx =
2 1
(’n:EM]){ (x)In[€ - x| + [ Ml)—lan]P(x)}dx-

Ot gaBneHus Bcelt cuiibl P Ha BClO ITOJIOCKY KOHTaKTa 2a Touka A1
MOJYYUT BCPTHUKAJIBHOC IECPEMCIICHUEC, PABHOC MHTErpaly II0 BCEH
KOHTAKTHOM IIOINAAKE OT 3aIIMCAHHOIO BbIpa>XCHUA OJId dLlyll

ey = 2(11t M1)|:J'p(x)1n|é x|dx+(2(%ul)—lan)P}. (192)

1 a

AHAJIOTUYHO HalaeM BEPTUKAJIbHOC NICPEMECIICHNUE TOYKU A21

—-a

_ 2\ | a
Uy :—MR—EEW{I P(X)1“|§—x|dx+(2(l+uz)—lnRzJP}- (193)

[loacTaBrM MmosydyeHHbIe BbIpaxkeHust nepemelteHuit (192) u (193)
B ypaBHeHue (190) u mojayyuM OCHOBHOE ypaBHEHME paccMaTpuBae-
MOW 3a1ayu:

2(1-pwf  1-p3 )¢ 2
s —L =2 x)In|€ — x|dx = + const,
n[ E E, _fap() |& — x|dx = BE
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rIe yepe3 const 0003HaYeHa cyMMa WIEHOB, He 3aBUCAIINX OT &. UTo-
Obl OT HMX M30aBUTHCS, TpoauddepeHIIMpyeM TTOCeHee ypaBHEHUE
1o & ¥ TOJlyYUM MHTETpaIbHOEe YpaBHEHUE

2(1-pf  1-w5 )¢ p(x) ,
n[ £ + i, ]_fai_xdx—mi. (194)

PenieHue 1100010 MHTErpaabHOTO YpaBHEHUSI CBOIAMUTCS K OIpese-
JIEHUIO €To sipa, KOHKPETHO uisl ypaBHeHUs (194)— K omnpeneneHuIo
Buaa QyHKUUU p(x), yaoBieTBopsitolleil ypaBHeHMto (194) mpu Bcex
3HAYCHUAX & B MHTEpBaJie OT —a 10 +a U YCIIOBUIO HOpMUPOBKHU (191).

ABTOp 2TOM 3a7auyu Halllesd, YTo AaBjAeHUs p(X) MpONopUHUOHaAb-
HBl OpAWHATAM TIOJIYOKPYXKHOCTH, TOCTPOCHHON Ha auameTpe 2a

(puc. 51,6), T.e. p(x)= va> —x*, HO C IApYroil CTOPOHBI, Do = 4
CrenoBaTebHO,

p(x) — pmax
a2 _ x2 a
OTKyzaa
p(x) = Pmax g2 2 (195)
a

YroObl HaiiTh 3HAueHHWe p_ , HyXHO moxacrtaButh (195) B (191),
BBIYMCIIATD OTPee/IeHHBIN MHTEeTPpaJl U PEIINUTD MTOJTYyIeHHOE BhIpaXke-
HUe OTHOCUTeNbHO p . Torna OyneM UMeTb

Pmax = 2P/(ma). (196)

TToacraBum tenepb GyHkKLM0O (195) B MHTErpajibHOE ypaBHEHUE
(194) u npenBapuTeIbHO BBIUMCIMM HEOIPEAeIEeHHbI UHTerpal

J\/a - x? dx J-a —x?+¢&? édx
(€ - x)Wa -

max’

=(a*-&)
J.(ﬁ x)\/a -x?

(E+x) (@ X)d (2 g2 dx dx
I(ﬁ x)\/ = &)J(é—x)\/az—x2+&'[\/az—x2+

x dx 73, @ —Ex+y@ - @ -x?)
J'm Ja' —&%In T +

. X
+Earcsin = —va® - x?.
a
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OnpenesieHHbIN MHTETpas, BXoasuil B ypaBHeHue (194), Bbruuc-
JISIeTCsl ClIeAyIoM 00pa3oMm:

1 PX)AX _ Pray i f va-xt f Vo' -x?
2, E-x a a-0| 7 tie, § X
£,—0
ITpuxoaurcst pa3duBaTh UHTErPaJl HA ABa MOTOMY, UTO MOJBIHTET-
paJgbHOE BhIpakeHHe obpalaeTcs B 0eCKOHEYHOCTh TIpH X = &.
IlepBoe cnaraemoe Mmoj 3HAKOM IIpefesa, COTJIaCHO pe3yJbTaTy
MpeaBapuTEIbHOTO BBIYMCIIEHUSI HEOMpeleIeHHOTO MHTerpaa, oyaer
MMETh BUIL

I = Ja? - &? [ln 2Aa® -1 -1- lirr%) ln(ela)} + é[g + arcsin%j,

a BTOPOC cCJlaracMo€ —

I, = N [_lirr%) In(e,a) - In 2a* -8+ 1} + é(g - arcsin%).

OO0beIMHUM TCIICPb o0a cllaraeMbIX U BOCITIOJIb3YEMCA ITOHATH -
€M ITaBHOT'O 3HAYC€HUs MHTErpaia, T. €. IOAYMHUM € U €, YCIIOBUIO

. €

lim =2 = 1. Torma
g;—0 )
£,—0

J' P(x)dx np;nax E_,

IloacTaBuB 3TO 3HaUeHME MHTeTpaja B ypaBHeHue (194), mocie
COKpallleH!s Ha & 1 3aMeHHI 3 eT0 3HaYeHUEM TTOIyYUM

(I—M%_Fl_uglzpmax:RI-I—Rz. (197)

El E2 a R1R2

3amenss B (197) p_ ero BeipaxkenueMm (196), Haiinem dopmyity 1
BBIYMCIICHUS TIOJIOBUHBI IIIMPWHBI TIIOIMIAAKA KOHTAKTa IVJIMHIPOB:

2 2
g | APRR f1-w Tow | (198)
R + Ry) E, E,

Ecnu 3nauenue a no (198) moncrasuth B (196), T0 GyneM uMeTh
P(R +R,)

Pmax = ) N
\janRz(l_“’l +1_M2]
E, E,
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Korna o6a uunmnapa cieaHbl U3 OIHOro Marepuaia, 1o k£ = E=
= FE, u =u, = 0,3, u nmoryyaem

a=1,52 /—E(; RIR} %
+
b (199)
Py = 0,42 | P R),
RIRZ

9.4. Ynpyroe pacTszKeHHe IJIACTHHbI
C MaJIbIM KPYIJIbIM OTBEPCTHEM.
Ilonarue o Ko3(ppunmente
HHTEHCHBHOCTH HANPSIKEHH

ITyctb cHavasa criioniHasi, 6e3 OTBEPCTUS TJIACTUHA UCTIBITBIBAET
PaBHOMEPHOE HAIPSIKEHHOE COCTOSTHUE TOJ IEMCTBUEM PACTSKEHUS
MO HAaIIpaBJICHUIO MPOAOJbHON ocu Xx. I 3TOI mpocTeliineil 3amaun
MOXEM Cpa3zy 3aIucaThb

o,=p; 6,=0; 1, =0. (200)

TTpoaHanu3upyem, Kak U3MEHUTCSI HATIPSDKEHHOE COCTOSIHUE B Ta-
KOW MJIaCTUHE TIPU MOSBICHUU B HEW KOHILIEHTPATOPA HAMIPSIKEHUN B
BUJIE PACTIOJIOKEHHOTO TTOCEPENNHE TUIACTUHBI KPYTJIOTO OTBEPCTUS,
y JMaMETp KOTOPOro 2a maj Io
CPaBHEHUIO C IIMPUHOU TIac-

pE 0 = , TuHb d (puc. 52), T.e. pac-
H -~ A /@"’ = CMOTpPUM pellleHHe M3BECTHOI
- -, —> B TEOPHMHU YIPYIOCTH 3agaydu
~— b X
- 2q —> Kupiua.
= — Bcnmomuum u3 kypea “Co-

MPOTUBJIEHUE MaTepUAJIOB”, UYTO
HUCKaXeHue HampsiKeHHOTO Co-
CTOSIHUMSI MaJIbIM KOHLIEHTpaTO-
pPOM HarnpsiKeHUI Bceraa HOCUT
MECTHBIM XapakTep, UCKaXXKeHUe JTIOKaIU3yeTcsl BOJIM3U KOHIIEHTPATO-
pa, a Ha JOCTAaTOYHO OOJIBILIOM PACCTOSIHUM OT HEro (B JaHHOM CJy-
yae— OT OTBEPCTHsI) HAIIPSIKEHUSI OCTAHYTCSI TTIOYTU TeMU XKe, UYTO U B
CIUIOIIHOM TUTACTUHE.

HanpstxkeHusiMm B crutoliHoi miactuHe (200) cooTBeTCTBYeT (hyH-
KIusi Opu
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OTBEPCTHEM TTOCEepeaHE



1
%=5pf, (201)
KOTOpaH B HOJ'IHprIX KOOpZ[I/IHaTaX NMECT BU/,

(po:Eppzsinzezippz—%ppzcos%. (202)

Hckomasa GyHKIIMS HATIPSDKEHUI ¢ IS TIACTUHBI C OTBEPCTHEM

JIOJDKHA TaBaTh TIPU TOCTATOYHO OOJBIIMX 3HAYEHUSIX P T€ XK€ Harpsi-
KEHMsI, YTO ¥ (DYHKLHUSA @

Ha xoHType oTBepcTUs

¢ _ =0; % _y, (203)
p=a op oma
bynem uckath pyHKIMIO @ B o6o6atoieM (202) Buae
¢ = fi(p)+ f2(p)cos26. (204)

IToncraBus (204) B ypaBHeHue (170), OyaeM MMeThb

T s
dp?> pdp | dp*> pdp
+[d_2+11_ J[dzfz Ldf, 4%
dp*> pdp p’ )| dp> pdp p’
TTocKobKy MoydeHHOE YpaBHEHUE JOJIKHO YIOBJIETBOPSITHCS TIPU
BCeX 3HAYCHMSX 0, KaXKI0e M3 IBYX €TO CJIaraeMbIX TOJIZKHO ITOPO3Hb PaB-

HSTBCSL HYJIO, T.e. ypaBHeHue (205) pacnamaercs Ha ABa ypaBHEHMSI.
1. {uddepeHumanbHoe ypaBHEHUE I f:

2 2
LN (/R 1 Y (206)
dp* pdp | dp*> pdp
DTO NTUHEWHOe ypaBHEeHUE TUIla ypaBHeHUsT Ditnepa. OTbICKUBas
€ro YacTHbIE PEIIEHMs B BUAE f, = p”, IONYYUM

d’f 1fﬁ
dp? pdp

(205)

] cos20=0.

_ [l’l(i’l—l)-i— n]pn—Z _ n2pn—2.

2
d_+li n pn_2 = n2[(n—2)(n—3)+n—2]pn_4 =
dp p dp

=n*(n-2)*p""*=0.
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Xapakrepucriueckoe ypasHerne #°(n—2)° =0 uMeer 1Ba ABOi-

HbIX KOpHS: 1, , = 0, n,, = 2; cie10BaTeIbHO, OOLINiT MHTerpas ypas-
Henus (206)

fi =C +CyInp+Cyp* +Cyp? Inp. (207)

2. IndepeHnnanbHOe ypaBHEHUE IS f):

2 2
4 1d _ANdh Ldh 4 (208)
dp® pdp p* )| dp® pdp p

DTo TOXe JIMHEHOe YpaBHEHME TUIIa ypaBHeHUs Dittepa. OThIC-
KMBas €T0 YaCTHBIE PEIIEHUS TAKXKE B BUIE f, = p”, TIOJIyYUM

&h Vdh _4h
de o dp p2

> 1d 4 )
—t———— |(n+2)(n-2)p"" =
[dpz i pzj< )(n-2)p

=[n(n-1)+n-4]p"2 = (n+2)(n-2)p"?;

=(n+2)(n-2)[(n-2)(n-3)+n-2-4p"* =

= (n+2n(n-2)(n-4)p"* =0.
C)IGI[OBaTCJ'[bHO, IJId BTOPOro ypaBHCHHA n UMECT YCTBLIPE 4YacCT-

HBIX 3HaYeHus: n, = =2, n, = 0, n, = 2, n, = 4, u o0OLIMIA MHTErpa

auddepeHLMaabHoro ypaBHeHus (208)
=S acoCpt Gt (209)
P

[MoxcraBnas BeYMCIEHHbIE BhIpaxeHus f, u f, no (207) u (209)
B opMmyny mist pyHkunu Dpu (204), monyuum
0=C +C Inp+Cyp*> +Cyp*Inp+

+(C—§+C6 +Cyp’ +Cgp4]00826. (210)
p

I1pu noacraHoBKe 3Toi (yHKLUU B (hopMyaibl (171) BhIsICHSETCS,

4yTO NBa caraeMbix GyHKimu (210), a ©MeHHO C4p2 Inp u Cgp4 cos 26,
JAIOT 3HAYEeHUs HAIPSLKEHUM, HeOTpaHUMUEHHO BO3pacTalollne ¢ yBe-
JTUYeHreM 3HaueHus p. PaKTUYECKN XK€ HATIPSKeHUs TOJDKHBI UMETh
KOHEYHbIe 3HaueHu 1pu Beex p. CrnenosarenbHo, C, u C; MOTYT ObITh
TOJIBKO HYJISIMU:

C,=Cy =0. Q11)
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st Toro, 4ToObl MPpU OOJILIIKMX 3HAUYEHUSX P HAIpPSIKEHUs, CO-

OTBETCTBYIOIIME (DYHKIIUU @, ObLIM TAKMMMU K€, UTO U HAIPSIKEHMUS,

COOTBETCTBYOLIME DYHKIMU ¢, BbIpaxkaeMoit hopmyJoit (202), nos-
JKHBI BBIIOJHSTHCS YCIOBUS

CG=p/4; CG=-p/4. (212)

VYcenosus (203) mociie moacTaHOBKY B HUX (hyHKIMU @ o (210) garoT

C +C21na+lpa2+ g+C6—lpa2 c0s20 =0,
4 a’ 4

213
&+lpa+ &—lpa c0s20=0. @13)
a 2 a 2

YpasHeHust (213) JOKHBI YIOBAETBOPSITHCS MPU BCEX 3HAYEHUSIX
0, ciemoBaTebHO, MX MOXHO pas3lejuTh Ha cllaraeMble, Kaxioe U3
KOTOPBIX TOJKHO OBITH pAaBHO HYIIIO:

G +C21na+lpa2 =0; ﬁ+c6_lpa2 =0;
4 a’ 4

c 1 20 1
Gl 226 1o,
g 2P P

OTKYyJa IMoJIiydacM 3HauUCHUA CLIC YETBIPEX C

1 1 1 1
C = 2p02 lna—E C2——§pa C5——Zpa C6=5pa (214)
Or6pocum B BeipaxeHnuu (210) mocrosHHyo C|, HE BIMSIOLIYIO
Ha HanpsikeHus1, U coopaB B (210) octanabHbie 3HaueHust C o (211) n

(214), Tak kak BbIpaxkeHus (212) yxe yuteHbl B (214), OIy4YUM OKOH-
JaTeJIbHO MCKOMYIO (DYHKITUIO HATIPSIKCHUIA:

4

IToacraHoBka (pyHkumuu (215) B popmyabl (171) gaet BoipakeHUs
JUISL AEUCTBYIOIIMX HANPSKEHUIA:

4
(p:lp|:p2—2a2lnp— p2—2az+a—2 00526}. (215)
p

2 4
09:£ 1+9 - 1+3L cos 26 |,
20 ¢ p*
(216)
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HauGonbliuii MHTEpPEC MPENCTaBIsSIOT HAIpsiKeHUs y Kpas OT-
BepcTus (p = a) U B 0CJIabJIEHHOM IOMNEPEeYHOM CE€YEHUHU TJIACTUHbI

(06=xm/2).
ITpu p = a dpopmyinsl (216) maror
=Ty =0; 09 = p(1-2c0s26). (217)

3aBUCUMOCTb G, OT O y Kpasd oTBepcTus 10 (217) mpencrasieHa

Op

rpapuueckn Ha puc. 53. PUCYHOK MOKa3bIBaeT, 4YTO °9|e— )2 = 3p;
Ge|e:0 wun =P 1lpu 0 =1£1/2 dopmyisl (216) mator pacripenesie-
HUE HaNpsKeHU B 0c1abJeHHOM OTBEPCTHEM MOMNEPEeYHOM CEYEHUU
TUTACTUHBI:

4

Gy = Typ =0; Gy = p 1+;L2+3i4, (218)
p° 2p

a 3aBMCUMOCTb G, OT P B 3TOM IIONEPEYHOM CEUEHUM IPENCTABIECHA
rpapukoM Ha puc. 54. PUCYHOK MOATBEPXKIAAET UAEI0, MOJOXEHHYIO
B OCHOBY pelleHHUs 33ajJauyu, O TOM, YTO KOHLIEHTpALWsl HampsKeHUs
HaOJII0AaeTCs TOJABKO BOJIM3U OTBEPCTUS, a NIPU YAAJIEHUU K nepude-
pyUKY HampsiKeHUs ObICTPO CHUXKAIOTCS MOYTH O TOTO YPOBHSI, KOTO-
pbIif XapakTepeH ISl He oclabJIeHHBIX OTBEPCTUEM CEUEeHUIA.

Y v A

o S,
S

Puc. 53. Puc. 54. 3aBucumocts o,
3aBUCUMOCTb G, OT p B OC/1abJIeHHOM

oT 8 y Kpas OTBEPCTHEM MONEPEYHOM
OTBEPCTUS CEYEHMH TIIACTUHBI
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ITonyyeHHbIe (DOPMYJIBI BEPHBI MTPU YCJIOBUHU, €CJIM LIIMPUHA T1J1a-
CTUHBI d BeJIMKa MO CpaBHEHUIO C IMaMeTpoM oTBepcTus Za. Eciu
lMpuHa ¢ He OYeHb BeJMKa, HO BCe Xe Oojblie, yeM 4a, TO IJjs
ornpeeseHuss HauOOJbIIIEro pacTIrMBaloIero Hanpsi>keHus B 0caa0-
JICHHOM C€YEHUU Yy KOHTYpa OTBEPCTUSI PEKOMEHAYETCS MPUOIMXKEH-
Has ¢opmyia

(Oe)max =3pd/(d -a).

IIpencraBnsger WHTEpeC IS MPAKTUKHU €Ile oaHa (opMyia st
HanOOIbIIEro HAIPSKEHUS B pacTITUBAEMON IIJIaCTHHE OOJIBIION
IIUPUHBI C JUTMITUISCKUM OTBEPCTHEM:

(Ge)max = p(l + 261/1)),

rne a u b— monepevyHast ¥ MPOJOJbHAsI IO OTHOIIEHWIO K Hampas-
JIEHUIO PaCTSKEHUS MOJIYOCH SJUTMITUYECKOTO OTBEPCTHUSI, COOTBET-
CTBEHHO.

Ecnu Gosbliiasi ochb 3/UTMIITUYECKOTO OTBEPCTUS PACTIONOXKEHA Mep-
NEHAMKYJISIPHO K HalpaBIe€HUIO pacTsikeHus (a > b), 1o (c,) > 3p,
€CJIv ke, Ha00OpOT, OOJIbILIAsI OCh BJIIMIICA OPUEHTHUPOBAaHA BAOJb 3TO-
ro Hanpasjenus (a < b), o p < (c,) . < 3p.

3agavya Kupiia siBjisieTcs IpuMepoM 1IeJIoro Kjacca 3a1ad O KOH-
LIEHTPAIlM HATIPSDKEHUN BOJM3M BHYTPEHHUX Ne(eKTOB— pPaKOBHH
B OTJIMBKAX U Pa3IMYHBIX MAaKPOCKOITMUECKHNX CTPYKTYPHBIX 1e(hEeKTOB
B MeTajuie (MOop, TPelIWH, BKIOUEHUU U T.I.). MUKpocKonuyeckue
CTPYKTYpHBIE Te(eKThl PaCCMaTPUBAIOTCS C TTO3UIIMHU TIPEICTaBIeHUI
TeOpUM Auciiokaluii. PazpaboTraHbl AMCIOKAIIlMOHHbIE MOJAEIU, OMNU-
CHIBAIOIIIME TIPOIIECC PA3BUTHS MUKPOCKOIMYECKMX Ne(PEKTOB B Me-
Tajaax B aeekTbl Makpockomnuueckue. COBMECTHOE MCIOIb30BaHUE
pe3yabTaToB (PU3NYECKOTO (IMCIOKALIMOHHOIO) pacCMOTPEHUs 3a1au
0 KOHLIEHTpaTopax HaMps>KeHU U pe3yIbTaTOB MEXaHWUYECKOTo OIMu-
caHus (tuna 3agaun Kwupina) mosBossier paspadbaTbiBaTh (PU3MUECKU
00OCHOBaAHHbIE, ClIeIOBaTEeIbHO, 00JiIee TOUHbIE METOAUKUA MHXEHEep-
HBIX pacyeToB B 00JIaCTU CTPOUTEJIbHOW MEXaHUKU U Teopuu oopaboT-
KW JaBJI€HUEM CTPYKTYPHO HEOJHOPOJIHBLIX METAIJIOB W CILJIaBOB, a
Tak>Ke KOMMO3ULIMOHHBIX MaTepUaioB.

He orcTynas oT NpuUHATOrO HaMM MaKpOCKOMHWUYECKOTO YPOBHS
OIucaHusl, paCCMOTPUM ILJIACTUHY, B KOTOPOU IO/ AEWCTBUEM BHe-
IIHUX CWJI C TeYeHWEeM BPEeMEHM pa3BUBaeTCs TpellnHa. Yem mImH-
Hee TpelllHa, TeM OOJIBIIYI0 KOHIEHTPAIIMIO HATIPSDKeHWI OHA BBI-
3prBaeT. CiaegoBaTeIbHO, CKOPOCTh Pa3BUTHUS TPEIIMHBI C TCUCHHEM
BPEMEHM YBEJIWYMBACTCS, a IPOYHOCTD TIJIACTUHBI TAKXKe YCKOPEHHO
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yMeHblaetcs. [To 1ocTuXXeHUr pa3BUBaOLLIECcs TPElIMHOK KaKoro-
TO KPUTHUUYECKOTO pa3Mepa MacTMHA JIeTKO pa3pyllaeTcs npu Aei-
CTBMM Harpy3Ku, KOTOpasi Mpu OTCYTCTBUU TPELIMHBLI HE CIOCOOHA
JIOBECTU TIJIACTUHY /10 pa3pylleHus, Kak Obl JOJro OHa HU JAEMCTBO-
Baja. B peasibHBIX yCI0OBUSIX pabOThI, MpU AEUCTBUU TaK Ha3blBae-
MBbIX 9KCIUIyaTallMOHHBIX HAarpy3okK, B JeTaJIsIX MalllMH U 3JeMeHTax
METAJJIOKOHCTPYKLIMIA MOTYT 3apOXIaThCsl TPEIIMHbI U3 KaKUX-JT100
3apojbllIei— MUKPOMOBPEXIEHUN B MeTajljle. DTO O3HA4yaeT, YTo
peajibHasi KOHCTPYKLMSI MOXET MMETb JIMIb OrpaHWYEHHYIO J0JIr0-
BeuHOCTb. HayuyHbIM MPOrHO3MpPOBAHUEM JIOJTOBEYHOCTU KOHCTPYK-
LIM 3aHUMAaETCs CHelMalbHbI pa3aes] MeXaHWKM TBEPIOro Teja—
MEXAHUKA PA3PYUEHUSL.

ITo oTHOlIEHUIO K paccMaTpUBaeMOil HAMM TpellMHE B pacTsi-
rMBaeMoOM 3JIeMEHTe KOHCTPYKUMHU (IMJIaCTUHE) MeXaHUKa pa3pyliie-
HUSI CeTOJAHs JaeT OTBETbl Ha MHOTHME BOMPOCHI, U3 KOTOPBHIX Mbl
BbIJIEJIUM OJIMH, Haubosiee OJU3KUIA K 3aJauaM TEOPUU YIIPYTroCTU U
MJIACTUYHOCTHU:

Kaxkoea 3aeucumocms npounocmu om pamepa mpewunvl?

PaccMoTpuM CKBO3HYIO TPELIMHY JUIMHON 2a B OECKOHEUHOM Ilja-
cTuHe (puc. 55), pacTaruBaeMoul HampskeHusiMu o. Jist anemMeHTa
dx-dy nnacTMHbI Ha PACCTOSIHUU P OT BEPIUMHBI TPELIMHbBI U MO/ yT-
JIOM 6 K TJIOCKOCTU TPEIIMHbI AEUCTBYIOIIME HAMPSKEHUs Bblpaxka-
10TCs (hopMyJiaMU, BbIBEAEHHBIMU B MEXaHUKE pa3pylleHUS:

a 0 .0 . 30
6, =0, [—cos—|]l-sin=-sin— |,
2p 2 2 2
a 0 .0 . 30
Oy =0,[=—cos~ |l +sin—-sin— |,
2p 2 2 2

a . 0 0 30 (219)
’ny =0,/[—SImM—-COS—-COS—,
2 2 2 2

6, =0(mpu ITHC);
6, =W, +o,)(mpulll).

Dopmyist (219) TTOKa3BIBAIOT, UTO HATIPSKEHUST TTPOITOPIIMOHATTEHEL
KBaIpaTHOMY KOPHIO M3 padMepa TPeLIMHbI, CTPEMSTCSI K OECKOHeY-
HOCTHU B BeplidHe TpeluHbl (p = 0), a mpu OOJbLIMX 3HAUYEHUSIX P
o — 0, B To BpeMsI KaK JIOJKHO OBITh 6,— 0. Taxum obpazom, popmy-
Jbl (219) cnpaBeiMBbl TOJBKO B OrpaHMYEHHON 00JacTU— BOJM3U
BEPLLUMHBI TPELIUHBI. DTO MOJYYMUTIOCH TOTOMY, YTO MPpU BbIBoaE (219)
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Puc. 55. HanpstkeHus: B pacTsruBaeMoil 66CKOHEUHOM
MJIaCTUHE, UMEIOLIEN CKBO3HYIO TPELIUHY

JUIS1 KaXI0T0 ypaBHEHUS UCTOJIb30BAIM TOJBKO MEPBbIA YJEeH ObICT-
po cxoasuerocs psiaa. OKoJa0 BepLIMHbI TpellMHbI popmybl (219)
JMIOCTAaTOYHO TOYHO OITMCHIBAIOT TOJIST HAMPSKEHW, TTOCKOIbKY OC-
TaJibHbIC WICHBI psiga Maybl. Ha OOJMbIIMX pacCTOSIHUSAX OT BePLIMHbI
TPELIMHBI CJIEAYET MOJIb30BATHCS YCIOXKHEHHBIMU (hopMyJiamu ¢ 00J1b-
UM KOJUYECTBOM WIeHOB psima. Popmynsl (219) MOXHO 3amucaTh
B 00001IIEHHOM BUJE:

o = L
v 2rp

rae K — xoo(hGUUMEHT MHTEHCUBHOCTU HanpsikeHuid. Korna ussec-
TeH Ko3(hbuuueHT K|, Noje HalnpsKEeHWA NPU BEPLIMHE TPELUIMHbBI
OIIPEICICHO.

VYpasHenue (220) ectb pelieHue ymnpyroil 3agauu. OOpallieHUe
HaNPSKEHUS TIPU BEPIITMHE TPEIIMHBI B 06CKOHEYHOCTD SIBIISICTCS CUT-
HaJIOM O TOM, YTO YMCTO YIIPYTOro pacCMOTPEHUS 3aJauu HEA0CTaTOu-
HO. B IeicTBUTEIHLHOCTU TIpK BEPIIMHE TPEIIWHBI BOZHUKAIOT TIAC-
TUYeckue nedopMalldu, KOTOpble OTPaHUMYMBAIOT HaMpPsI>KeHUS
B IIpejiesiax KOHEYHbIX 3HaUeHUi. Pazmep mactuyeckoii 30HbI mepen
BEPIUMHON TpEeLIMHbI (3alUTPUXOBAHHASI 00JaCTh Ha pUC. 55) MOXHO
OIpPENETUTh PACCTOSTHUEM OT BEPLIMHBI TPELIUHBI P, HA KOTOPOM YII-
pyroe HampspkeHHe o, BbIYMCICHHOE 110 opmyre (219,), npesbiiiiaet

f;©); K, =ovna, (220)
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npejes TEKYy4eCcTd MaTepuasia IUIACTMHBI G, B HallpaBJIEHUM OCH ).

Tloacranss 0, = G, B ypaBHeHUE (219,) n nojaras 6 = 0, MONIY4UM C
yuyetoM (220)

c _ K =0, WINp :K—IZ:G—2

Y 2mp, ' el 202

KosbduumeHToM MHTEHCUBHOCTU HaNpskeHuid K| ompeneser-
Csl HE TOJIBKO T10JIe YIPYTUX HaNpsKeHUM, HO TaKXe M HampsKeHHO-
Jne(opMrUpOBaHHOE COCTOSIHME BHYTPU 30HBI TJ1acTUYHOCTU. Korna Ha-
npsikeHuss U nedopMaluu B OKPECTHOCTSIX BEPILIMHBI TPELIUHbI
JIOCTUTAIOT KPUTUUECKUX 3HAYEHMI, MPOUCXOAUT paclIMpeHue Tpe-
wmHbL [Tpy noctixennu K, KpUTUIECKOTO 3HaYeHus1 K| mpousoiiner
paspylieHue. B MexaHuke paspylueHus BeIMYMHY K & CUMTAIOT KOH-
CTAHTOI MaTepuaja, Mepoil ero TpemuHocToikocTu. IMostomy K
Ha3bIBAIOT GA3KOCMbI0 PA3PYUIEHUS NPU NAOCKOM 0eqhopmMUupo8aHHom co-
CMOSHUU.

BennuuHy K|, HaxomsT 9KCHNEPUMEHTAIBHO U3 OIBITOB CTATUYEC-
KOT'0 pacTsKeHUs1 00pa3lioB B BUJIE TJIACTUH C TPEIIMHON U3BECTHOTO
HayajbHOro pasmepa. Ilo BeJIMUMHE PacCTATMBAIOLIETO YCWIIMSI, MPU
KOTOPOM IPOU3OIILIO pa3pyllieHre oOpaslia, BHIYMCISIETCS pa3pyliaro-
Liee HalpspDKeHUe G, a 0 6,— BeauuuHa K| :

K. =o.vna. (222)
dopmyna (222), cripaBemyinBast It 6eCKOHEYHOM TJIACTUHBI, JaeT

BenuuHy K. B mepBoM npuOaMxeHuu. [ MIacTMHBI KOHEYHbIX
pa3MepoB CYIIECTBYET YTOUHEHHas (popMyIia:

K\, =0.\ma fa/d), (223)
IJe d— IMpHUHA TUTACTUHBI, KaK U B 3agade Kupia. 1151 BEIYUCICHUS
K, 1o (223) HeoOxonumo 3HaTh PyHKLMIO f (a/d), KOTOpasi CTpEMUTCA
K eIMHUIIC TIPY MaJIbIX 3HAYCHUSIX OTHOLIeHUs a/d. Kpome Toro, mpu
SKCIEPUMEHTAIbHOM onpeseeHun K, HeoOXoaMMO CTpOroe cooo-
JeHUe YCJIOBUS IIockoro aegopmupoBaHus. Eciu agedhopmanuu B
HampaBleHUH, NePICHINKYISIPHOM IUIOCKOCTU IIACTMHBI, HUYEM He
OoTrpaHUYeHBI (IIPU IUIOCKOM HampskeHHoM cocrossHun— [THC), To
BeanunHa K| OyoeT 3aBMCETh OT TOJILIMHbI TTACTHHBI.

(221)

9.5. Kpurepnii I'puddurca

PaccmoTpeHue noBeneHus Mo HanpsKEHUEM TIJIAaCTUHBI KOHEY-
HOW IJIMHBI, OECKOHEYHOW IIUPUHBI U EAMHUYHOMN TOJIIMUHBI C IEHT-
paJbHOM TOMEpPeYHON TPeINHOW JINHOU 2a (puc. 56) TTo3BOISIET
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BbIBECTU OJHO M3 OCHOBHBIX YPaBHEHUM MeXaHUKMU pa3pylleHUs—
kputepuit A.I'puddurca. ITycTb Kpasi MIacTUHbI, OrpaHUYUBAIOLINE
ee IUIMHY L, HEIOABVKHBI, a HApsDKEHKE B Hell paBHO 6. Ha puc. 56,6
BblUE€pUYEH HaYaJIbHbIM YUaCTOK UWHAMKATOPHOW AMarpaMMbl pacTsike-
HUS TUIACTUHBI. 3araceHHasi B IJACTUHE yIpyrasi Heprus npeacran-
JieHa Ha auarpamme ruioianablo OAB. Ecnv nivHa TpeluHbl YBeJIU-
YUTCS B KaX/1yl0 CTOPOHY Ha da, TO XECTKOCTb IJIACTUHbBI YMEHBIIUTCS
(muamuss OC cocTaBiisieT MEHBIINI yroil ¢ ocklo adcuucce, yeM OA);
cliefoBaTebHO, Harpy3ka P mpu 3TOM YMEHbIIUTCS Ha BeIMYnuHy AC,
MOCKOJIbKY Kpasi TIJIaCTUHbI HEeMOABUKHBI.

S bt D
A

S 4

:E

| s

R L

Puc. 56. K BeiBoay kputepusi I'puddurca

3armaceHHas B TJIaCTUHE yIpyras SHEpTys OymeT Terepb Ipem-
crapiieHa 1mowanasio OCB, T.e. yBeJIMUEHUE JUIMHBI TPELIMHBI OT a 10
a + da ocBOOOXKIAET YIIPYTYIO SHEPTHUIO, TIPEICTABICHHYIO 3aIITPUXO-
BaHHOI Ha nuarpamme roianbio OAC. Tlpu GoJbliieM Harpy>KeHuu
IJIACTUHBI— O TOYKM [ Ha AuarpaMme— yBeJIWYeHUE UIMHBI Tpe-
LIMHBI HA TY XK€ BEJIMUMHY BbI30BET OCBOOOXIEHWE OOJbIIEH S9HEPTUH,
npeacrapasieMoil miaowanbio ODE. T'puddurc mpeamnoaoxuia, 4To
mpewjuna Oyoem pacmu AUWb 8 MOM cay4ae, ecau 0ceoboxcoaemas npu
2MOM 3Hepeus 00CMamouHa 041 00echeveHus ecex 3ampam Hepeul, C6s-
3aHHbIX ¢ pocmom mpeuiunbl. Takum obpaszom, kputepuii I'pudputca
MpeacTaBisieT co0oit ypaBHEHUME 3HepreThueckoro daynaHca. M ecimn
U— ynpyras sHeprusi, a W— sHeprusi, HeoOxoauMmas 1Jisl pocTta Tpe-
LLIMHBI, TO YCJIOBUE, HEOOXOAMMOE JIJIsl pOCTa TPELIMHBI, BhIpaxalollee
kputepuit I'puddurca, 3anucreiBaercs Tak:
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du _dw

o da’ (224)
npuyeM 1o pacuyetam I'pucdpurca
dU mo’a
=2 = =G, 225
da F (225)
aw
—=R= t.
Ja cons (226)

B mocnenHux paBeHCTBax E— MOIyJb HOPMaJbHOW YIPYrocTu;
G— mpewunodsuxcywas cuaa— SHEPTHUSI, OTHECEHHAs K CIWHUIIC
TOJIIIMHBI TJIACTUHBI M K €AWHUIIE JJIMHBI TPEIINHBI; R— COMPOTHUB-
JIEHUE POCTY TPEIIUHBI— 3HEPTUsI, HeOoOXomumMasl i pa3pbiBa aTOM-
HBIX CBsI3eil U 00pa3oBaHUsI TaKMM IMyTeM TPELIMHBI; R MOXHO CUM-
TaThb MOCTOSIHHOM ISl JIIOObIX NMpUpalleHUil da, T.e. KOHCTaHTOM
marepuana. C yuetoMm (225) u (226) ycnoBue pocTta TpelIuHbI (224)
COCTOUT B TOM, 4TOObl G ObLIO, MO KpaliHeil Mepe, paBHO R. Ilpu
MOCTOSTHHOM R BenmmumHa G OOJDKHA MPEBBICUTH HEKOTOPOE KPUTH-
yeckoe 3HavyeHue G, T.€.

ncla EG,,

‘> (G|, umoc, > . (227)
na

Kpurnyeckoe 3HaueHue G, TOIYy4alOT U3 OKCIEPUMEHTA 110 M3-
MEPEHHOMY HAIpPSKEHUIO G, KaK OMMCAHO BhIILE NPUMEHUTETBHO K
omnpeneneHuio K, .

BenmumHa R i XpyIIKUX MaTepUaIoB ONPEnessIeTCsl TOJBKO TT0-
BEpXHOCTHOI 3Heprueit. B BI3Kmx Marepuainax, K YMCIy KOTOPBIX OT-
HOCUTCST OOJNBITMHCTBO METAJIJIOB U MX CILIABOB, BeIMUMHA R oIpese-
JISIeTCsl ITIaBHBIM 00pa3oM dHeprueit nedhopmaiuu B IIaCTUYECKOi 30He.
IToBepxHOCTHAsl SHEPIUSI B 9TOM ciyyae MpeHeOpexkuMo Maia.

W3 ypaBHeHuii (220) u (225) caemyeT, 4To

K}

E

MoxHo nokaszaTb, YTO ypaBHeHUe (228) crpaBeiuBO ISl TLJIOC-
KOT'0 HaMpsi>KeHHOTO COCTOSIHUSI, a JUIsl TUIOCKOM nedopMaiuu HeoO-

XOIMMO BBECTH HOBYIO KOHCTaHTy ynpyroctd £, = E/(1 — u?), uto
MPUBEICT K COOTHOIICHUSM

2 2
A e K g (229)
(1-w)E, (1-u9)E

=G. (228)
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Ihasa 10

METO/1 JIMHUH CKOJIbXEHUS
N Ero NIPUMEHEHUE
K PEINIEHUIO 3ATAY

10.1. MeTon JiMHMii CKOJIbKEHHUS

MeTonoM JIMHUI CKOJIBKEHUsI OOBIYHO PEIaroTCs IJIOCKUE 3a1a-
Y1, KOTOpbIe He ITOANAIOTCS PEIICHUI0 B KBampaTypax. DTO OAMH U3
YUCJICHHBIX METOIOB PEIICHUS TUIOCKUX 3a/1a4 TEOPUHM IIaCTHYHOCTHU
1 Teopuu OOpabOTKM METa/UIOB IaBjieHHEeM. B KpaTKoOM M3JI0XEHUM
[9] cyTh MeTOma COCTOUT B CIICAYIOIIECM.

Ecim oObIyHBIE OCH IEKAPTOBBIX KOOPAMHAT Xy OPUEHTUPOBAHBI
110 OTHOIIICHUIO K IJIaBHBIM OCSIM HampspkeHuid 1, 2 Tak, 4To OCh X
COCTaBJIIET HEKOTOPBII YTOJI @ C OChIO 1, TOIma KOMIIOHEHTHI TeH30pa
HaIpsDKEHWH TIOCKOM 3amayu B (DyHKITMU YIJIa o BBIPAXKAIOTCS ypaB-
HEHUSIMU

o, =0y +ksin2w; o, =0) —ksin2w;, 1,, =-kcos2w, (230)

rae 6,— CpeAHEC HOPMAJbHOC HAIIPAXKCHUE, k= T,— HPEaes TCKy-
YE€CTHU Ha CABUI, T.C.

_0110, Or 01~ 0) 231
GO =, k = —=7 =T = . ( )
D) N T =2
IMoacraBnsast ypaBHeHus (230) B ypaBHEHUSI paBHOBECHUSI TIOCKOM
3agauu (155), mosyunM aBa ypaBHEHUS

aaﬂ + 2k(cos 2033—“0 +sin 2mg—°°) -0,
x ~ Y (232)
80'0

—+ —2k(cos 20)8—0) —sin 20)8—(0) =0,
ay ay 0x

KOTOphIe, Oyayyu mpeoOpa3oBaHHBIMU YPaBHEHUSIMU DPaBHOBECHSI,
OITHOBPEMEHHO YIOBJIETBOPSIIOT M YCIOBUIO IIACTUYHOCTH, ITOCKOJIb-
Ky B HHUX YYUTBIBAETCSI BTOpOE paBeHCTBO (231), omuchiBaloliee MO-
MEHT Hayaja IUIacTUYecKoi medopMmaiuy (Iepexom B IIACTUIECKOe
COCTOsIHME), KOTIa MAKCUMaJIbHOE KacaTeJlbHOe HaNpsiKeHue T, 10C-

TUTaeT YPOBHS Mpeesia TeKy4ecTH MaTepyaia Ha CIBUT Op / V3. Jlna
JIMHeapu3aluuu ypaBHeHU (232) mepeiigeM OT JeKApTOBBIX KOOPIU-
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N -
js— X,

Puc. 57. Cxema nepexoaa OT TpsSIMOYTOJIbHBIX
K KPUBOJIMHEHBIM OPTOrOHAJILHBIM KOOpAMHATAM

HAT Xy K KPUBOJIMHEMHBIM OPTOrOHAIbHBIM KOOPAMHATaM S,5, (puc. 57),
ceMeiicTBa KOTOPHIX 3a1al0TCST YPaBHEHUSIMU
d d
Y _ ey Y- _ctew, (233)
dx dx
a TI0 (PM3MYECKOMY CMBICITY SBJISIIOTCS TPAeKTOPHUSIMU TJIaBHBIX Kaca-
TeJIbHbIX HAMpPSKEHUM WU UHAYe— AUHUAMU CKOAbICEHUS.
B xoopauHaTtax s,s, ypaBHeHUs (232) NpUMYT BUIL

aﬂ+2ka_w:0; 9% _ 5, 90 _
05, 05, 95, 08,
Wi
d 0
—(0g +2kw) =0; — (o) —2kw) =0. (234)
s, 98,

WMHuterpupyst ypaBHeHus (234), MoaydyuM Tak Ha3biBaeMble UHTET-
paJibl XeHKMU:

6o + 2k = &(s,); oy - 2kw =n(s,) , (235)

B KOTOPBIX IIPOU3BOJIbHbIE QYHKUMK E(s,) U N(S,) UMEIOT MIOCTOSHHbIE
3HAUEHUS MPU MepPEeMEeIleHUU BAOJb OJHOW U TOH K€ JUHUU CKOJIb-
JKEHUSI, COOTBETCTBEHHO, CUCTEM S, U §,.

CoryacHo uHTerpajiaM XeHKU, Mpy IBUKEHUU MO JIMHUM CKOJIb-
JKEHUS 3HAUYECHUE G, UBMEHSETCS HA BEJMUYMHY, IPONOPLUUOHAIBHYIO
W3MEHEHHIO yrjia MoBOpOTa KacaTeJbHOW K JMHUM CKOJIbXeHus . Ta-
KMM 00pa3oM, eciu JIMHUU CKOJbXEHUS U3BECTHbI, TO MHTETpasbl
ypaBHEHUU MIacTUYHOCTH (235) MO3BOJISIIOT ONMPENEIUTh CpeHee Ha-
NpsiKeHUe B JIIOOOK TOYKE IO M3BECTHOMY CPEIHEMY HalpsiKeHUIO
B IPYTOM TOYKE.
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Puc. 58. K paccMoTpeHuto nepexona 1o JUHUMU
CKOJIBXXEHUSI OT OHON TOYKU K JAPYroi

[lycTb, K npuMepy, B TOUKE a HEKOTOPOTO TeJla IeHCTBYET Cpeli-
HEe HANpPSXKEHUE G, = G, W JIMHUS CKOJbXEHUS IPOXOIUT Yepe3
3Ty TOUKY IO yIJIoM w, (puc. 58). B Touke b myCTh, COOTBETCTBEH -
HO, 6, = 6, © ® = o, IlogcraBnaa 5T 3HavYeHUs B MEPBOE W3
ypaBHeHU# (235), noayuyum

0, +2ko, = &(5); 65 + 2k, =&(sy).

Ho npu nepemenieHuu BAOJb ONHOHM M TOW K€ JIMHUM CKOJIb-
>KEHMSI MPOMU3BOJIbHAS (DYHKLMSI HE M3MEHSIETCSI, TT0O3TOMY Ha OcC-
HOBaHMM WHTeTpaoB XeHkU (235) umeeM o, +2kw, = 6, + 2kwy;
6, —2ko, = 0, -2kw, unu o,-o, = £2k(0, —®,). OOG03HaYUM
W, — Oy =W, ; TOrIa

6, -0, =12ko,, (236)
OTKyZa
6, =0, t2ko,,. (237)
PewvB ypaBHeHUs (235) OTHOCUTENBHO G, U M, MOJYYUM
o) =k(@E+m), o=~1/2)(E-m), (238)

e Ui KPaTKOCTH 3amucu 0003HaYeHo & = &(s,), n = n(s,). YpaBHe-
HYsl (238) MO3BOJIAIOT IO U3BECTHBIM & U M) ONIPENENUTD G, ¥ 1, & 3aTEM
no dopmynam (230)— KOMMOOHEHTHI TEH30pa HaMpPSKEHUIA.

Ha ocHoBanum Bcex ¢popmyia ¢ (230) mo (238) MmoxHO chopmynu-
pOBaTh CIICAYIOIINE CBOMCTBA JIMHMI CKOJIbXKCHUS:

1)IMHUM CKOJIbXKECHUST HEINPEPHIBHBL;

2)oHU 00pa3yloT ABa CEMENCTBa;

3)ceMelicTBa JTMHUM CKOJBXEHUSI B3aUMHO OPTOTOHAJIBHBL;

4)yriipl HaKJIOHA JIMHUN CKOJIBXEHMS 3aBUCAT OT BEJIMYMHBI Ka-
CaTeJIbHOTO HaIpPSKeHUST Ha MIOBEPXHOCTH M M3MEHSIIOTCS B IIpenesax
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or 0 no n/2:mpu v, =0 o ,= £m/4; npu t = k (mpunnanue gehop-
MMPYEMOTO TeJla K Ae(OpMUPYIOLIEMY MHCTPYMEHTY) o, = 0, o, = 1/2;
npu 0 <t <k m/42w 20, /4 <o, < n/2; 3nech uHgeKC | 1 2
OTHOCSITCS, COOTBETCTBEHHO, K JIMHUSIM CKOJIbXXEHMSI IEPBOTO U BTOPO-
o CEMENCTBA;

S)U3MEHEeHUE CPEeIHEr0 HOPMaJIbHOTO HAIpSIKEHUs MpPU IBUXKe-
HUM BIOJIb JIMHUU CKOJILXEHUST TPOMOPLIMOHAJIBHO YIJIy €€ MOBOPOTa;

6)Ipu mepexone OT OIHOMU JIMHUKM CKOJBXEHUSI K IPYroil OQHOro
ceMelcTBa BOJIb JIMHUU CKOJILXEHUS IPYroro CeEMencTBa NU3MEHEHUS
BEJIMYUH G, U (0 HE 3aBUCAT OT TOTO, MO KAKOW JIMHUU CKOJIbXEHUS
JIPYroro ceMeicTBa coBeplaeTcs nepexo (rnepsasi TeopemMa XeHKH);

7)yron nepeceyeHusl KacaTeJbHbIX K JBYM JIMHUSIM CKOJIbXEHUS
OJIHOTO CeMelCTBa B TOUKaX MepeceuyeHus 3TUX JUHUM TMHUSMU CKOJIb-
JKeHUST BTOPOTO CEMENCTBA HE 3aBMCUT OT BbIOOpPA MOC/EIHUX;

8)ecin HEKOTOPbI OTPE30K JUHUU CKOJIbXXEHUSI OJHOTO ceMeli-
CTBa MEXJ1Y IBYMS TUHUSIMU CKOJIbXXEHUST IPYTOro ceMeiCcTBa SIBIsIeT-
Csl TIPSIMBIM, TO BCE COOTBETCTBYIOIIME OTPE3KU JIMHUM ITOTO ceMeli-
CTBa, OTCEKAaeMbl€ JMHUSIMU CKOJILXEHHUS IPYTroro ceMeicTBa, mpsiMble;

9)nipsiMble OTPE3KU JUHUN CKOJbXEHUSI OJHOTO ceMeicTBa, OT-
ceKaeMble JIMHUSIMUA CKOJIbXEHUs IPYroro ceMeicTBa, UMeIOT OJHa-
KOBYIO JUIMHY.

JIMHUSIMU CKOJIBXEHUSI MOTYT OBITh:

B3aMMHO TEPIEeHAUKYJISIpHbIE TIpsiMble (PaBHOMEPHOE T10JIE);

OKPYXXHOCTU M OPTOTOHaJbHble K HUM DPaauychl (LIEHTPUPOBAH-
Hoe T10J1e);

LIUKJIOWIbI;

JjorapugmMuyeckue crnvupanu
1 MHOTUE NPYyrue KPpUBbLIC.

ITone HanpsKeHWi, B KOTOPOM OJHO CEMEICTBO JIMHUI CKOJIbXE-
HUSI COCTOUT U3 MIPSIMbIX TUHUI, Ha3bIBa€TCSl MPOCThIM. BeTUUMHbBI o,
G, ¥ KOMIIOHEHTBI JEUCTBYIOIINX HANPSDKCHUI BIOJb MPSIMOM— BCe
MOCTOSIHHBI. JIerko goka3aTb reOMETPUUYECKU, YTO B 00JIaCTH, COCell-
Hell ¢ 00J1aCcThl0 PABHOMEPHOTO TOJIsI HANIPSDKEHUH, T1oJie HampsiKe-
HU Bcerga sIBisieTcsl POCThIM.

Ecnu nponuddepeHiimpoBaTh nepBoe U3 ypaBHeHuit (232) mo y, a
BTOpO€— TI0 X U MPOU3BECTH BbIUYMTAHKE OJHOIO U3 APYroro, To Mmoc-
Jie ieJIeHUs1 pesysibTaTa 3TUX ollepalldil Ha Sin2w MOJYyYMM JIMHEHOe
OTHOCUTEJILHO YaCTHBIX MPOM3BOJHBIX BTOPOro mopsiaka auddepeH-
LIMajibHOE ypaBHEHUE TUIEPOOJIMYECKOro TUMA:
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ow ow
+2ctg2m [( % j ( o J ] =0, (239)

KOTOPOE B TEOPUU HA3BIBAETCS YCA08UEM NAACMUHECK020 PABHOBECUS.
Yb6enumcs, 4To MOJy4YeHHOE YpaBHEHUE NEUCTBUTEIHLHO OTHOCUT-
csl K TunepoosmyeckoMy Tuiy. B teopuun auddepeHInanbHbIX ypaB-
HEeHUI1 MOoJ00HBIe YpaBHEHUS B OOIIEM BUAC 3alMCBHIBAIOTCS TakK:
2 2 2
PRSI XAC) Ca—+F( %7,0,22.9%) 0. (240)
ax axay y ox a

W Torma z[H(l)q)epeHHI/Iaanoe YpaBHEHUE
A( ) a Dic=0 (241)

OyZeT ypaBHEHUEM XapaKTepuCTUK ypaBHeHUs (240), a pelleHus: ero

(XapaKTEepUCTUKM )
dy B+B’-AC
0x A
U ONpPEIENSIOT TUIl JUHEWHOro aud@epeHInaIbHOTO YpaBHEHUS B
YaCTHBIX TTPOM3BOMHBIX BTOPOTO Topsiaka. Ecim mpu peleHun ypas-
HEHUS XapaKTEePUCTUK:
1)1Ba KOpHS ypaBHEHUS IEUCTBUTEIBHBI U pa3nuaHbl (B> — AC >
> (), ypaBHEHME Ha3bIBACTCSI TUTIEPOOTUUECKUM;
2)IBa KOPHSI OEUCTBUTENBHBI M OOWHAKOBHI (B2 — AC = 0)—
napaboJuuecKuM;

3)o6a xopHs KoMIuteKcHBIe (B2 — AC < 0)— 3JUIMIITUYECKUM.

N3 cpaBHenus (239) u (240) HaxoauM, 4TO B ypaBHeHUU (241)
A=-1, B=ctg2w, C=1; B?— AC=ctg?2w + 1 > 0. TakuM o6pazom,
ypaBHEHUE OTHOCHUTCS K THUIIEPOOIMIECKOMY THUITy, a €r0 ypaBHEHUE
XapaKTepUCTUK UMeeT BUI

YV d Y J
(¥ —2ctg2w—y+1 =0 wm 4 +2ctg2w—y—1 =0.
0x 0x ox ox

KopHu 3toro ypaBHeHUSI:

[a_y) = —ctg2m + \/ctg2 20+1 = tgw;
1

0x
[g_y) = —ctg2m— \/ctg2 20+ 1 = —ctgm.
X )
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CrnenoBaTeIbHO, KOPHSIMU YPaBHEHUST XapaKTePUCTUK SIBJISIOTCS
JIBa cemelicTBa KpuBbIX (233), T.e. 006a cemelicTBa XapaKTEPUCTUK CO-
BITAAIOT C CEMEMCTBAMM JIMHUM CKOJIbLXEHUSI U 001a1al0T CBOMCTBOM
OPTOTOHAJILHOCTH.

Takum 006pa3zoM, YTOOBI HAWTU JIUHUU CKOJIBXEHUS, JOCTATOYHO
OIIpeNenTh XapaKTepUCTUKU A depeHINaIbHOIO YpaBHEHMS IIac-
TUYECKOTO paBHOBecus. MIMest TMHUM CKOJIbXEHUSI WIN XapaKTepuc-
TUKH, MOXKHO OIIPENe/JIUTh HAIIPsSIKEHUS B JI000I TouKe nedopMupye-
moro Tena. CiaegoBaTelbHO, CYIIHOCTh METONA JUHMI CKOJIBXEHUS
WIN XapaKTepUCTUK 3aKJII0YaeTCsl B TOM, YTOOBI B IUIOCKOM 3agaye
TEOPUHM ITUIACTUYHOCTH pellIaTh YpaBHEHUS XapaKTePUCTUK BMECTO UC-
XOIHOW CHCTEMBI U3 ABYX AU depeHLIMaNIbHbIX YPaBHEHUI paBHOBE-
cust (155) u ycinoBus NIACTUYHOCTHU

J, -0, +472, = oy, (242)

rae B— xoapdunment Jlome, 1<p<2/ \/§, npuyeM mpu B = 1 nony-
YyaeM YCJIOBUE MaKCUMaJbHOTO KacaTeJbHOIo HampsbkeHus Tpecka—
Cen-Benana, a ipu f=2/ J3 — yc/loBHE 110 9HEPreTUYecKoil TUIo-

Te3e MpeaeabHoro coctosiHus I'yoepa—Museca (cMm. 1. 4, pasn. 4.5).
Korna amHUM CKOMBXEeHUs U HapsKEHUS OTpeeieHbl, 1ajee Ha-
XOJISIT T0JIe CKOPOCTEM, UCTIONb3YS (PU3MUECKUE YPaBHEHUS CBSI3U MEX-

Ny HaNpsDKEHUSIMU M CKOPOCTSIMU Aedopmaiiuit (é ) u TedeHus (v):

G, — Oy =26_T 'x =2ﬁan;
3¢ 3¢ ox
ov
Gy_GO :zG._Téy zzﬁ_y’
3¢ 3¢ dy
T :lG_T an +%)
¥o3e oy ox

13 KOTOPLIX BbIBOAUTCA YPABHCHUEC, BbIpaXXarollIce MU3BECTHBIN B TEO-
PUHN 3AKOH meveHus Xenku:

G, -0, ov vy, , 0
= (S-S /(
y

\%
L+
21, 0x ay
K ypaBHeHMIO 3aKOHa TeueHUs] X€HKW Haao J00aBUTH YCJIOBUE
HECXKMMaeMOCTH, TaKXKe BbIPAXXEHHOE B CKOPOCTSIX:
ov, OV,

—X 4+ —==0,
ox  dy

ov
-y
0x )
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¥ MHTETPUPOBATH UX COBMECTHO OTHOCHTEJBHO V, U V,, TOJCTABUB B
JIEBYIO YaCcTh YpaBHEHUS 3aKOHA TeueHUsI XeHKU cooTHolueHus (230).
Torna noayuyum cucremy
Wy W g Py oy N Ny g
dQy  ox dy  ox ox  dy
KOTOpast Uil CKOPOCTE VU vV, SABJISETCH nuHeiiHo#. TTocTtymasi Tak
Ke, KaK U ¢ ypaBHeHUsIMU (232), MOXHO J0Ka3aTh, YTO MOCJCIHSIS
cHCTeMa YpaBHEHMI TOXe SIBIISICTCSI TUTIEpOOIMIECKO, a ee XapaKTe-
PUCTUKM COBMANAIOT C JIMHUSIMHM CKOJIBXEHUS.

MeTonoM JMHUM CKOJBbXEHWSI PellieHO MHOXECTBO 3agady. Mbl
BOCIOJIb3YeMCsI fajiee TUM METOIOM TSI U3JIOXKEHHUS B KaueCTBe Mep-
BOIO MpUMepa pelIeHUs] OJHOW M3 MPOCThIX U JaBHO PELIEHHBIX 3a-
Jady— 3amgadyn 00 OcaaKe TOJIOCHI JKeCTKMMU IITaMIIaMU.

Vy

10.2. MeToap! pemeHns AByX
OCHOBHBIX KPaeBbIX 32/1a4

IIpu pelieHUMM MHKEHEPHBIX 33a4 METOIOM JIMHUI CKOMBXEHUS
MIPUXOIUTCS pelllaTh paccMaTpUBaeMbie B OOIIEH TECOPUU OCHOBHbIE
Kpaesvle 3a0auu. 3MeCh U3IATAIOTCS IBe U3 HUX, KOTOPHIE BCTPETITCS
HaM B JAJIbHEHUIIIEM.

1. Hauanvhas xapakmepucmuueckas 3adaua (3adava Pumana). T1ycthb
Ha OTpe3Kax JIMHUiA cKonbxeHus OA u OB (puc. 59,a) BeTMYUHBL G, U
( U3BECTHHI U CBsI3aHbI ypaBHeHUsIMU (235). B aToM ciyyae MOXHO
ONpENENNTb BEIMYMHEL G, U (0 B KPUBOJIMHEHHOM 4ETHIPEXYTOJIbHUKE
OACB, orpaHUYE€HHOM YEThIPbMST JIUHUSIMU CKOJIbXEHUS.

a) 0)

X X

Puc. 59. K penieHnto HayaIlbHOM XapaKTepUCTUUECKON 3a1aun
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Jns pellieHUs1 TOM 3aga4n OTPEe3KU JIMHUI cKobxkeHuss OAu OB
pa3zouBaloTcsa Ha Majible ygactku toukamu 1,0; 2,0; ...; m, 0; ...; 0,1;
0,2; ...; 0, n; .... Ilo mepBoit Teopeme XeHku (cM. ¢. 152, 6-e cBOICTBO
JIMHUIA CKOJILXEHUST) C YYETOM COOTHOILEHUIA (238) BETMYMHBI G, U
B TOUKE m, 1 ONpeAesitioTcs mno (gopmyaam

Somn = O0m,0 +500,n ~ 000,05 Omn = Wpo T Wo, ~ W 0- (243)
YToObl omnpeneauTb KOOpAUHAThl TOYKWA M, K TI0 KOOpAWHATaM
Touek m — I, nu m, n — 1 ¥ Mo yrjlaMm @ B 3TUX TPeX TOUKaX, UCHOJIb-
3YIOTCSl ypaBHEHUSI JIMHUI CKOJIbXKeHus (233), mpencrasisieMble B pa3-
HOCTHO# ¢opme, T.e. Mayble AYTM aIllIPOKCHUMUPYIOTCS XOpHIaMH,
B MPEANOJIOXEHUU, YTO YIOJl HAaKJIOHA XOP/bl PaBeH CpelHEMY 3Haue-
HUIO YIJIOB HAaKJIOHA KacaTeJbHBIX B KpalHMX TOYKAX paccMaTpuBac-
MOTO OTpe3Ka JIMHUU CKOJIbXKEHUSI:

Ymn = Vm-1n = (xm,n - xm—l,n) tg(l / 2) : ((Dm,n + wm—l,n);

ym,n - ym,n—l = _(xm,n - xm—l,n) Ctg(l / 2) : (wm,n + wm,n—l ) (244)

Tak moiaroBbeIM CYeTOM, HauMHasl ¢ TOYKU 1,1, ompenesnstoTcs
KOOPIMHATHI TOYEK U 3HAYEHMS G, M 0 B HUX 10 BCEMY KPUBOJIMHE-
HOMY 4eTbIpexyrojibHuKy OACB.

Ecinu nMmeeT MecTo BIpOXIEHHbIN ciydaii 3anaun PumaHa, korna
OTpe30K JIMHUU cKoJibxXeHUs OB (unu OA) ctsiHyT B Touky O (puc. 59,0),
TO To4YKa O ABIAETCA 0COOOIA, U BEJIMYMHA G, B HEM paspbiBHA. B aTOM
cllyyae U3BECTHBI 3HaueHUs o, U w Ha OA u yron AOC. [ls pelieHus
3a71a4M OTPE30K JIMHUU CKOJIbXeHUsT OA pa3duBaeTcsl Ha Majible yac-
TH, ¥ Yepe3 TOUKY 1,0 MpOBOANTCS JTMHUSA CKONBXEHUS b, YTOOBI UC-
KJIIOUUTH U3 paccMOTpeHust 0co0yio Touky O. Yron AOC Takxke neauT-
Cs Ha MaJjble YacTU W MNPOBOISITCS HayvajlbHble YYacTKU JIMHUM
ckonbxeHus 01, O2, ..., On. TakuMm IyTeM OIPEISISIIOTCS 3HAUCHUSI
® B TOYKAX JINHUN CKOJIbXEHMUS b,. [10 BeIMYMHAM G, , U O, , B TOUKE
1,0 nuaun OA ¢ nomouibio BTOpoil hopmysnl (235) onpenensieM mna-
paMeTp M Ui TMHUK b :

1 So1,0
n =130 (245)
2 k e
I0CJIe Yero BHIYMCIISIeM 3HAYCHNs G, B Pa3IMYHbIX TOYKAX JIMHUN b:
Ooro = 2k(M; +®; ). (246)

B wuTore BBIpOXICHHBIN CIydail 3amayum PumaHa cBoOmuTCS K OC-
HOBHOMY— K OIpEIeICHUIO HATIPSKeHUM B KPUBOJUHEHOM YEThI-
pexyroibHuke (1,0)DCA 1o U3J10XXKeHHOU BbIlle METOAUKE.

2.Cmewannas 3adaua. I1ycts Ha muHUM cKobxeHus: OA (puc. 60,a)
M3BECTHBI 3HAYEHUS G U 0, YIOBJIETBOPAIOLINE IPAHUYHBIM YCIIOBUAM, U
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nmyctb Ha TuHUKM OB 3anaH yron o. JIunust OB siBisieTcst cenoM nosep-
XHOCTU TeJla Ha IJIOCKOCTH Xy U HE COBMAIAeT C JIMHUEH CKOJIbXEHMSI.
Ecau npu 3TOM MOBEpPXHOCTH Tejla CBOOOJHA OT TPEeHUs, TOrAa JIMHUU
CKOJIBXEHMS TepecekaroT Juauto OB non yriaoMm ©t/4 (eM. ¢. 151—152,
4-e CBOWCTBO JIMHUI CKOJIbKEHMST). 3a1aua COCTOUT B TOM, UTOOBI B pac-
CMaTPUBAEMOM CJIy4ae ONPENETUTh 3HAYECHUS G, U 0 B KPMBOJIMHENHOM
TpeyroyibHuke OAB, tine AB— nuHUS CKOJIbXEHUSI BTOPOrO CeMENCTRA.

a) b 0)
by

o

Puc. 60. K pelieHnio cMelaHHOM KpaeBoi 3agaun

ITyctb yron o B Touke O Ha JMHUM cKoJbxXeHuss OA u nuauu OB
OJIMH U TOT Xe. Pa3o0beM OTpe30K JIMHUM CKoJibXeHUs1 OA Ha Majibie
yactu Toukamu 1,0; 2,0; ...; m,0. IIpoBeaem u3 Touku /,0 nepreHau-

Kyisip K tuHun OA nmo mepecedyeHust B Touke C’ ¢ jauHueir OB, Ha

KOTOpO# 3HaueHus1 o u3BecTHhI. [1o BeamumHam o B Toukax [,0u C’
HaXOJUM CpefHee 3HaueHue yrja o U M3 Touku 7,0 mpoBOAMM Mpsi-
MY10, MEPIEeHANKYISIPHYIO TIPSIMOI, KOTOpasi HaKJIOHEHa K OCH X IO
YIJIOM, PaBHbIM CpeHEeN BeJIMUnHe U3 3HaUeHUH yIJIoB o B ToukKax 1,0

u C’. Takum nmytem ompexaensieM Touyky C”. Jlajiee, YKJIOHSSICH OT
MPUMEHEHUsT MeToJa TOCeI0BaTeIbHbIX MPUOIMKEHUI, TPOCTO Ha-

XOIUM CpeIHIOI0 TOUKy Ha oTpe3ke C'C” u ompenesniseM ee KaK TOUKY
1,1. 3HayeHKe G, B OTOI TOUKE HAXOAUM TaK XK€, KaK B BIPDOXIEHHOM
cllyyae HavyaJlbHOM XapaKTepUCTMYECKOU 3amauu: 1o (opmyne (245)
orpejessieM MmapaMmeTp 1M i JMHUU CKOJIbXEHUs ceMeicTBa b, mpo-
xoasuiei yepe3 Touku 1,0 u 1,1, ucrnoib3ysi KOTOPbIiA BbIYUCIISIEM Be-
JNYUHY G, B Touke 7,1 1o gopmyne (246):
Op1,1 = 2k + o).

3HaueHUs1 6, U ® B TOYKAX 2,1; 3,1; ... BBIYUCIIAKOTCA TaK XKe, Kak

MPpU peLIEeHUM HavyaJbHOM XapakKTepucTuuyeckoi 3agauu. OmnpeneaeHue
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MOJIOXEHMSI TOYKH 2,2 U HAXOXIEHUE BEIMYMHBI G, B HEM MPOU3BO-
JSTCSl Kak 11 Touku /, I. Tak mouaroBbIM C4eTOM, HaUMHasl ¢ TOYKU
1,1, HaxooMM 3HAYEHMs G, U ® BO BCEX TOYKAX B KPMBOJIMHEHHOM
TpeyroibHuke OAB v TioaydaeMm pellleHHWe CMEIIaHHOW 3ajauu Jisl
ciydast, Koraa yriabl @ B Touke O Ha JuHusIXx OA u OB onuHaKOBBI.
Ecnu ke 3Tu yribl He paBHbBI MEXIy cO00U, HaAIIpUMEp, €CIu MePBbI
0oJIblIIE BTOPOTO, TOrAa TpeyronbHuK AOB pazouBaercs Ha n1Ba— AOA,
u A, OB (puc. 60,6) Tak, 4To6bI yros o B Touke O Ha MHUsAX OB 1 OA,
ObUI OAHOM BeMYMHBI. I mpuXoauM [Ijid MEPBOTO U3 3TUX TPEYroJib-
HUKOB K BBIPOXIEHHOMY CJIyyal0 HayaJlbHOW XapaKTepUCTUUECKOU
3a7a4M, a JUISi BTOPOro— K CMeIlIaHHOW 3ajaye.

10.3. 3ama4a 00 ocaake MJIOCKO#M MOJIOCHI
KECTKHMH IITAMIIAMU

PeiieHue 3agaun 00 ocajgke MojoChl KECTKMMU IITAMITAMU JAETCs
MHOTHMMM aBTOPaMU yU4eOHO! JIUTepaTyphl, U3IaraloliuMu peLeHMs TeX-
HOJIOTMYECKMX 3a7ay ¢ MCMOJb30BaHUEM IOJOXKEHWI TeOpUU IJIacTUY-
Hoctu. PaccMmoTrpuMm 3aech Hanbosee MpocToe U SICHOe, Ha Halll B3IJISI,
MU3JI0KEHUE pelleHusl 3Toi 3amgauu, kotopoe naHo H.H.ManuHuHbIM
[15]. Ocanxe moxsepraeTcs 1ojoca TOMUUHOM 2, INMPUHOM 2/ v [In-
HOli B HampaBJIeHUN OCH Z, TIEPIEHIMKY/IAPHO YepTexy, g, (puc. 61).

a) y P
NN I A S >
4, afC, E, H, [,
< o B ‘D F : X
A, bYC, £, H /,
R AN

21 P
8) 1P,1
H, - 4
f—a
TmaX=T o é*

0

Puc. 61. K aHaiu3y MeTOIOM JIMHUI CKOJIBKEHUS TIpollecca OCaaKu
MOJIOCHI MEXY XKEeCTKUMU TUIMTaMM B YCIOBMSIX TUIOCKOM AedopMaliiu
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OHa cxxaTta MeXIy XeCcTKUMU 1uTaMIiaMyu cuiaMu P, paBHOMEpHO pac-
npeAeJleHHbIMA B HaIlpaBJIeHUM, MEPHeHAUKYISIPHOM uyepTexy. Ecim
pasMep 3aroTOBKU ¢, 3HAYUTEJILHO OOJIbILE IMUPUHBL 2/ (a, >> 21 ), TO
JIMHelHas nedopMalivsi B HampaBJeHUU OCU Z paBHA HY/IIO, U UMeeM
TJIOCKYIO JiehopMaliuio.

ITycth MaTepuas Mojockl B MPOLIECCE OCAAKM HE YIIPOUHSETCS, U
ero ynpyrumu aedopMaiysiMu MOXHO TpeHeOpeyub, T.e. MPUMEeM MO-
JIeJib WJeaqbHOTO XEeCTKO-TUIAaCTUYECKOro MaTepurasia, MoBeJeHue KO-
TOPOTO MpH Ae(POpMALIMU TTOAYUHAETCH YPABHEHUIO G, = O.

Ilyctb nepopmupytollie mTaMnbl HACTOJIbKO LIEPOXOBATHI, UTO
MHTEHCHUBHOCTb CUJI TPEHMS ¢ Ha TJIOCKOCTSIX KOHTaKTa OCaxKMBaeMOou
MOJIOCHl CO LITaMIlaMM paBHA MaKCUMaJIbHO BO3MOXHOMY HaIpsike-
HUIO TpeHust: ¢ = t =k. Crienys [15], Oynem nasee mojararb, 4To K TOPLY
MOJIOCHI IPUMBIKAET XeCTKask obnactb A, BA,, orpaHuyeHHast IpsIMbl-
MU JIMHUSIMU CKOJIbXEHUs A B u A, B, B1OJIb KOTOPBIX JEUCTBYIOILNE
HaIpsDKeHUs He U3MEHSIIOTCS BCJIEICTBUE UX MPSIMOJIMHEMHOCTU. A Tak
KakK Ha CpeMHHOM m1ocKocTu OG 10 yCIOBUI0O CUMMETPUM KacaTesb-
HBIX HANPSDKEHUM HET, TO COMIACHO CBOMCTBAM JIMHUM CKOJIbXEHMUS,
JHUU A B v A, B 1OJDKHBI ObITh HAKJIOHEHBI K ocu OG 1o yriioM /4.
Ha rpansix A, B u A, B xacaTe/IlbHble M1 HOPMaJIbHbIE HAIIPSKEHUs pac-
npeaeaeHbl paBHOMEPHO, MpUUeM KacaTelbHble HANpPSKEHUST paBHBI
T;, @ HOPMaJIbHble— CPEIHEMY HOPMaJIbHOMY HampspKeHuio o, M3
YCJIOBUS PAaBHOBECH S XKeCTKOM 06/1acTu A BA, (cM. cxemy Ha puc. 61,0)
CIIEIYET, 4TO 6, = —T, = k. Jlajiee NPUHSATO, YTO K XKECTKOI 0baacTu
A, BA, TpUMBIKAIOT LIEHTPUPOBAHHBIE MOJIS IMHUIA CKOIbXeHUs1 A BC,
u A,BC, (cm. puc. 61,a). nterpanbl XeHku (235) njis TMHWIA CKOJb-
KEeHUSI @ U b, COOTBETCTBEHHO, MOXHO 3amnucaTh B BUE

oy /Rk)+w=¢&, oy/2k)-m=n. (247)

[Mapametper € u s nuHwii ckobxenus A,BC, (a) u A BC, (b),

COIJIACHO ypaBHeHUsIM (247), paBHbI
E=-1/2+mn/4, n=-1/2-n/4.

Pacnonarast stumMu BeaMuMHaMu, MO TeM Xe ¢dopmynaMm (247)
MOKHO OINPENENUTh 3HaUYEHUS G, B TOYKAX JIMHUIA cKonbkeHnus BC, u
BC,. B yactHoctH, B Touke C, (w = m/2), CIeI0BaTENbHO M BO BCEX
Toukax JuHuU A, C, no nepBoit popmyse (247) ¢ y4eTOM BETUYMHBI
MTOJIyYUM

oy =—k(1+m/2).
CornacHo 3aBucuMocTam (230), HanpspkeHue B Toukax tuHun A, C|

6, =0y =—-k(l+m/2).

y
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CremoBaTeIbHO, CHUJIa Ha €AWHUILY JUIMHBI B HAIIpaBICHUM, TIep-
NEHANKYJISIPHOM YepTeXy, AeHCTBYIOLIas Ha romanb Konrakra 4, C,,
paBHa

P =k(1+m/2)AC,.

3Has BEJIMYMHBL G, U (0 B TOUKaX JIMHUI cKojibxeHnus BC u BC,,
MIPUXOIUM K HavaJIbHOM XapaKTepUCTUIECKOM 3amaue, peleHne KOTO-
poil TIO3BOJIACT OMpPEACINUTh HAIMPSIKEHHOE COCTOSHHWE B 00JIACTH
C,BC,D.

B obnactu C DE, iMeeM CMELIAHHYIO 3aa4y, TaK KaK BIOJIb JIM-
nuu C E, 3anan yron o = m/2, MOCKOIbKY Ha JMHUM KOHTAKTa Kaca-
TeJIbHBIC HAIPSDKeHUS MTPUHSITB MAKCUMAaTbHBIMU U, CJIEIOBAaTEIbHO,
TUTOIIANIKY CKOJIBXKEHUS COBITAMAIOT C TpaHUIIeH cios. PelreHne cme-
LIAaHHOM 3aa4M TTO3BOJISIET OIIPENEINUTh HATIPSKEHUE G B TOUKAX JIM-
Huu C E,. UaTerpupoBanue 310 (PyHKUMK AT CUIy P, Ha eAUHULY
JUTMHBI B HATIpaBJICHUH, TIEPIICHINKYJIIPHOM YepTeXKY, IeHCTBYIOIIYIO
Ha ruow@anb Konrtakra C E:

P = f | o, | dx.
ClEl

B pesynbrare penieHusi CMELIAHHON 3a/1aud ONPeesiioTCsl Besu-
YUHBI G, U ® B TOUKAX JIMHUIA cKojbxeHust DE, w DE,, u, cienoBateiib-
HO, CHOBa MPUXOIUM K XapaKTepHMCTUUYECKOM 3agaye, pelieHue KOTO-
POii TIO3BOJISAET ONPEIETUTh HANIPSDKEHHOE COCTOsIHME B 00s1acti DE FE,
U T.1. [ToCKOJbKY Ha BEPTUKAJIbHON TUIOCKOCTA CUMMETPUM KacaTellb-
Hble HaMPSIXKEHUST OTCYTCTBYIOT, UTO MTPOTUBOPEUMT YCIOBUIO MOCTOSIH-
CTBa KacaTeJIbHOTO HaIpsKEHMsT Ha TUIOCKOCTU KOHTaKTa, K BEPTUKAJIb-
HOH TIJIOCKOCTM CUMMETPUU JOJKHA MPUMBIKATh XecTKasi 00J1acTb,
OrpaHUYEHHasl IMHUEH KOHTAKTa W JIMHUEH CKolbxkenus H, G, mpuxo-
Jsiieit B Touky G, Jiexalllyro B IBYX IJIOCKOCTSIX CUMMETPUM TTOJOCHI.
Pacripenenenue nasnenusi Ha yyactke H [ neompenenenHo. Cuia Ha
€IVHMILY IJIMHBI CJIOSI B HAMpPaBJICHUM, MEPIEHIUKYISIPHOM YEPTEXKY,
MNPUXOISIIASCS Ha 3TOT YYaCTOK, MOXET ObITb BbIYMCIEHA U3 YCIOBUS
paBHOBecHsl obnactu H [ G (cM. cxeMy Ha puc. 61,6):

P, = J' (kcosw+ | oy | sinw)dl.
HG
Cuia, CXMMAIoLIasl BCIO TI0JIOCY, COCTABIISIET CYMMY
P=2(F+P+..+P).
Tak ornpezensieTcsl cuiia, pU KOTOPOM HaumHaeTcs a1eopMUpo-
BaHWe TOJIOCHL. [l onpenelieHNs AalbHERIIMX 3HAYEHUIA CUJIbI P,

KOTOpad B MpOoLECCE OCaaKM BO3pacTacT, HEoOXOIMMO YUYECTb UCKPUB-
JIeHre OOKOBBIX CTOPOH 3aroToOBKH.
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H3snoxeHHOe pellieHWe CIIpaBelJIMBO MPU YCIOBUM, YTO Touka D
He TI0NajaeT 10 APYIylo CTOPOHY ocu cummeTpuu /[, (cM. puc. 61),
4TO UMEET MeCTO 1pu [ ,/h>3,64 1 4TO BIIOJIHE yAOBIETBOPUT T€ YCIIO-
BUsI, TIPM KOTOPBIX jajiee HaMM OyIyT MCMOJIb30BATbCs Pe3yJIbTaThbl
pelIeHUs 3TOI 3amaun.

MoxHO 1moka3aTh, UTO B 9TOM 3ajauye JUHUU CKOJILXKEHUS Mpe.-
CTaBJISIIOT cOOOM IBa ceMeCcTBa OPTOrOHAIbHbBIX LIUKJIOU C PAANYCOM
npousBoasLIero Kpyra A, Ilpu aTom npsiMbie y = £ A ABISIOTCS OTH-
OalolIMMK 3TUX CEMENCTB LUKIIOU/I.

Cnenys H.H.Manununy [15], paccMoTpuM najnee M3T0XKEHUE
MPUOJIMXKEHHOTO pellleHMsT 3aJauyd 00 ocalike TOJIOChl M3 UIeabHO
JKECTKO-TJIACTUYECKOTO MaTepurasia, KOTOpOe OCHOBAHO Ha JIBYX yIIPO-
AKX pellieHue AOMYIIeHUsIX: 1) 00 OTCYyTCTBUM KacaTeIbHbIX Ha-
MPSKEHUI B TJIOCKOCTSIX, MapajuleJIbHbIX CPeIMHHON MIOCKOCTH 3a-
TOTOBKM (Zx) U 2) O HE3aBUCUMOCTH HaIpsiKeHUN U aedopmauuit ot
KoopauHarhbl y. JonyieHue 1 o3HayaeT, YTo ceyeHUs, MepreHauKY-
JISIpHbIE OCH Y, BCErJa OCTAIOTCS MJIOCKMMMU, YTO TPOTUBOPEUUT 3aKO-
HY MapHOCTU KacaTeJbHbIX HANIPSDKEHUH B TOUKAX MTOBEPXHOCTH 3aro-
TOBKM, KOHTaKTUPYIOLIUX CO 1ITaMIaMU, HO 3HAYUTEIbHO yIpolIlaeT
yCJIIOBUE MJAACTUYHOCTM IJIS1 MJOCKOM 3amauu Buaa (242), npu

B=2/3, Bo, =20, /3 =21, =2k :

Jo, —0,)? +473, =2k,
MO3BOJIIS MPeHeOpeUYb BTOPBIM YIEHOM IO/ PaAWKAJIIOM WM 3amnucaTb
YCJIOBME TIJTACTUMHOCTU B BUIE
oy -6, = 2k. (248)

HonyiieHue 2 CBOAUT ABYXMEPHYIO 3ajauy K OMTHOMEPHOM, yIpo-
1asi ee peuieHue 1HeHOM HEeBO3MOXHOCTU MCCAedOBaHUSI MCKPUBIE-
HUsI OOKOBBIX I'paHeil MOJI0Ck B poliecce 1ehopMUPOBaHUS 1 HEBO3-
MOXHOCTHU OLEHKM HEpPaBHOMEPHOCTU AedopMaluud MO TOJLIMHE
nechopMUpyeMOro MaTepuala.

YT1o0Obl COCTaBUTH YpaBHEHUE KBA3UCTATUUECKOTO PaBHOBECUST IS
paccMaTpruBaEMOV OMHOMEPHOM 3a/1a4M, BEIPEXKEM M3 OCAXKUBACMOM TTO-
JIOChI, UMEIOLLEN B KaKOH-TO MOMEHT ae(opMUpOBaHUsT pa3mephbl 2/ 1
2h (puc. 62), 271eMEHT IUMPUHOIA dX, IINHOI a, (B HANIPABJIEHUN OCH Z)
U ToJIMHON 2h. O603HAYMM MHTEHCUBHOCTb KOHTAKTHBIX CUJI TPEHUSI
yepes ¢. M 3anuilieM ypaBHEHUE paBHOBECHS 3TOTO 3JIeMEHTa B BUJIE

(o, +do,)2hay — 6, 2hay —2qay,dx =0,
OTKYIla MOCJIe PACKPBITUSI CKOOOK M MPUBENEHUS MOJOOHBIX UMEEM
do, ¢q

dx h’
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Puc. 62. K cocraBieHnI0 ypaBHEHUST PaBHOBECUS BJIEMEHTA,
BBIPE3aHHOTO M3 OCaXXMBAEMOMU TTOJIOCHI

TToacTaBnsisi B 3TO COOTHOILIEHUE MEPBYIO MPOU3BOAHYIO YCIOBUS
IJIACTUYHOCTH (248) do = — dcsy W YYUTBIBas, YTO G, = —p, TOe p—
HOpMaJibHOE JIaBJIeHUE Ha MJIOCKOCTSIX KOHTAKTA MOJIOCHI U 1ITaMIIOB,
MOJIyUMM TIpOCTOe JIMHelHoe nuddepeHiinaibHOe ypaBHEHUE 3a1aun

dp _ ¢
dx 0 (249)

Hns uHTerpupoBaHus ypaBHeHUs1 (249) HeoOXoaMMO BbIOpaTh U
MOJCTaBUTh B HEro (popmysy, BbIpaXalolllyl0 3aKOH W3MEHEHUS CUJI
KOHTaKTHOTO TpeHus. Eciau npuHsaTh 3akoH KynoHa—AMoHToHa (138),
KOTOpPBIN B CUMBOJIaX TaHHOM 3a1aun BbipaxaeTcs: (hopmysoit

q = Jp, (250)

rae f— KO3 ULUUEHT KOHTAKTHOTO TPEHMUS, TO MOCJe pas3aesieHust
TepeMeHHBIX OyleM UMETh ypaBHEHME

a __J dx,
)/ h
WHTETpajl KOTOPOTO
p =Cyexp(—fx / h). (251)
[oncrarisist rpaHUYHOE YCIIOBHE G | =( B YyCJIOBUE IJIACTUYHOC-

™ (248), npu x = / OyneM uMeTb —C =P 2k u torna C,=2k exp (fl/h).
[Mocne noacranoku C| B pelieHne (251) TOJIYYM (1)opMyJ1y JUTSL BBI-
YUCJIEHUS] HOPMAJIbHOTO KOHTAKTHOTO AaBJI€HUS BAOJIb OCH X :

p=2kexplf(l-x)/h] (252)

Tenepb UHTEHCUBHOCTb CUJI TPEHUSI BIOJIb OCU X MOXET ObITb BbI-
yucieHa 1o ¢dopmyie (250). IIpu sToM crienyeT UMETb B BUIY, UTO
MHTEHCUBHOCTb CUJI TPEHUSI ¢ HE MOXKET IMPEBbILLIATh BEJIMUMHY TIpeie-
Jla TeKy4YeCTu Tpu casure, T.e. popmyia (250) naeT BepHble 3HAYEHMS
¢, TI0OKa BBIMOJHSIETCS yCIIOBUE ¢ < k, a B TOU 30HE, Tae 1o (GopMyie
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(250) npu noACTaHOBKE B Hee 3HAUYEHUI p, BBIUMCIEHHBIX 1O (popmyie
(252), Oynet nosiyyatbes g > k, cieayeT NpuHUMaTh ¢ = k = const.

30Ha, B KOTOPO# MpUHMUMAETCs TMOCcAeaHee yCIoBUe, Mo Mpeaio-
xkeHuto E.I1.YHKcoBa [27] Ha3bIBaeTCsl 30HOU MOPMOdNCEHUs, a 30Ha,
IJie BBIMOJHSETCS 3aKOH TpeHusi KyJ1oHa—AMOHTOHA W CripaBeivBa
¢dopmyna (250), Ha3BIBaeTCS 30HOU ckoabdcenus. KoopauHaTty rpaHu-
bl 3TUX 30H X, MOXHO HAiTH, IPUPAaBHUBAsA MHTEHCUBHOCTb CUJI TPE-
Hus 1o popmynam (250) u (252) npeaenay TeKydecTd MaTepuaa rmoJjo-
Cbl MIPU CIBUTE Kk, T.€. U3 YpaBHEHUs

k = f2kexplf(I-x)/hl,

OTKyZa MmojiyyaeM

x/h=1/h+(n2f)/ f. (253)

OrnpeneanM Teriepb, Kak MEHsIETCsS] HOpMaJTbHOE JaBJIeHE Ha KOH-

TaKTHOM TTOBEPXHOCTU AehopMHUpyeMast MojJoca— IINTaMIT B 30HE TOP-

MoxkeHus1. st aToit 30HbI B i depeHImanbHoe ypaBHeHue (249) Hano

MMOACTaBUTh BHIPaKEHWE 3aKOHA KOHTAKTHOTO TPEHMS TOPMOKCHMS
B (popme g = k, u Toraa peuieHueM U bepeHIIMaTbHOTO0 ypaBHEHMS

@ __k
dx h
OoyaeT (pyHKLUS
p=—kx/h+C,. (254)

ITocTtostHHAs MHTETpUPOBaAHUA B Hel OIIPCACIACTCA M3 IpaHUY-
HOro ycCJIOBUA

PLC:Xl = p = 2kexplf(l-x))/hl,
MOJCTaHOBKA KOTOporo B (254) maet
G, = p +kx /h,

1 ToJydyaeM ISl 30Hbl TOPMOXKEHMST JIMHEMHBIA 3aKOH WM3MEHEHMUS
HOPMaJIbHOTO KOHTAaKTHOI'O JaBJEHUST B BUIE
p=p +k(x—x)/h (255)
TTocKobKy (pyHKIIMSI KacaTeJIbHOTO KOHTAaKTHOIO HAITPSIKEHUS TIPU
x = 0 J0oJKHA MMETh HYJIEBOE 3HAYEHME, U3 ATOTO CJIECAYET, YTO Hapsay
C 30HaMU CKOJIbKEHMST 1 TOPMOKEHMSI CYLLIECTBYET el11ie O/IHA 30Ha B OK-
PECTHOCTU TIJIOCKOCTM CUMMETPUU OCaXkMBaeMOU MOJIOCHI, T.€. B Mpe-
nenax 0 < x < x, (x, < x,). EIL.YHKCOB Ha3BaJl ee 30HOU npuaunanus
MPEeUIOKUI CUUTATh, YTO IIMPHUHA 3TOU 30HBI C TOUHOCTbHIO, TTpUeMJIe-
MOI IIJIST TIPAKTUKM WHXXEHEPHBIX pAacyeToOB, PaBHA TOJIIMHE TTOJOCHI
(x, = 2h) ¥ 4TO U3MEHEHKE KACATEIbHOTO KOHTAKTHOIO HATIPSLKEHMUS B
30HE MPWIMIIAHUS ONMUCHIBAETCS JUHEeHOU (pyHKImen x [27]:
q =kx/(2h). (256)
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7151 TOTO, YTOOBI OIPEACINTh, KaK MEHSIETCS HOpMaJIbHOE JaBje-
HUE Ha KOHTAKTHOM TMOBEPXHOCTU B TIpelmeiaX 30HBI MPUIUITAHUS,
noactaBuM opmyiy (256) B ypaBHeHue (249):

dp  kx

dx 2K
U B pe3yabTaTe MHTETPUPOBAHUS MTOCTIEAHETO MOJIYIUM

p =—kx* /(4h*) + C;.

51 onipefesieHUs MOCTOSIHHOM MHTETPUPOBaHUSI UCTIOJIb3YyeM Tpa-
HUYHOE YCIIOBUE: MPU X = X, = 2h p = p,, Tle HOPMAJIbHOE KOHTAKT-
HOE JaBJIEHUE p, HA TPAHMILIE 30H TOPMOXEHMS U IPUIUIIAHUS BHIYMC-
JsieTcs o opmyie (255):

])2 = pl +k(x1 —2h)/l’l,
orkyna C, = p, + k, ¥ B UTOre MUMEEM
p=p, +k[1-x*/(4h%)). (257)

Ha puc. 63 moka3aHbl 3MI0pbl HOPMaJIBHBIX KOHTAaKTHBIX JaBJIe-
HUI 1 MTHTEHCUBHOCTE! CUJI TPEHUSI, TTOCTPOEHHBIE 1o hopMmyam (252),
(255), (257), (250) n (256). MakcuMmaabHOEe HOPMAaJbHOE IABJICHHE
(BBICOTA KyIOJIa 3IIOPhI HOPMAJIbHBIX KOHTAKTHBIX JaBJICHUI) MOJIY-

YaeTcsl BblYMCIeHreM 110 ¢popmyne (257) npu x = 0: p_ = p, + k.
40
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Puc. 63. Dmopbl HOPMAIBHBIX KOHTAKTHBIX JaBICHUI
W UHTEHCUBHOCTEW CUJI TPEHUS MPU OCAIKE MOJOCHI MEXITY
JKeCTKMMU TUTUTAMU B YCJIOBUSIX TIJIOCKO#M AedopMaliuu
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W3 ananu3za puc. 63 cieayer oueBUIAHBIA BBIBOA, YTO B Ciydae,
KOTJa X, = X,, 30Ha TOPMOXEHMS BBIPOXIAETCS, M BCs TOBEPXHOCTh
KOHTaKTa COCTOMT M3 IBYX 30H: CKOJbXeHUs W npuaunanus. ITona-
rag, Kak ¥ paHee, 4To X, = 2h, Ha OCHOBaHUU (253) MojIy4aem, 4To 3T0
umeeT Mecto nipu I[/h<2 - (In2f) /f.

B cpaBHeHMM ¢ TpUMepOM NMPUMEHEHUsI METOJA JIMHUI CKOJIbXKe-
HUs TIOCJIeJHEE PACCMOTPEeHHOE MPUOIMXKEHHOe pelleHue 3aaauu 00
ocajike TMOJIOCHI Kak OyATo AaeT 6ojee YAOOHYI0 METOAUKY PEeLICHMS
TEXHOJIOTUUYECKUX 3aJay oOpaboTku MeTaysioB gaieHueMm (OMJI).
OpHako He ciedyeT 3a0bIBaTh, UTO BCJIEACTBHUE IPUHSIITOIO I'PyOOro
JONyILIEeHUsT 00 OMHOPOAHOCTU HAIPSKEHHOTO U Ae)OPMUPOBAHHOTO
COCTOSIHUIA MO BBICOTE MOJIOCHI MPUOJIMKEHHOE pellieHe He MO3BOJIS -
€T CYIUTb O HANPSKEHHOM COCTOSIHUM B OKPECTHOCTSIX JIIOOOH TOUKU
1o o0beMy JechopMUpyeMoro Marepuaia. Takum odpa3omM, 3TOT U eMy
MOJ0OHbIE MPUOJIMKEHHDBIE METOIbI PELLIEHUS] TEXHOJOTMUYECKUX 3a1a4
OM/I, kak npaBwIo, He Jal0T BO3MOXHOCTH OLIEHUBATh ITyOUMHY MpO-
HUKHOBEHHUS U CTEIeHb HEPAaBHOMEPHOCTHU TJIacTUYeCcKoi aedopma-
LIMU 10 Mepe MepeMelleHUsT BIJyOb OT KOHTAKTHOM MOBEPXHOCTHU Jie-
(opMUpyeMoOii 3arOTOBKM.

CrnenoBaTebHO, MPUOJIMXKEHHbIE pacueTHble METOAMKU, MOA00-
Hble 00CYXXIaeMOM, Jal0T pelleHUe YMCTO MEXaHUYEeCKOi, HO He Ma-
TepUAIOBEIUECKOM 3a/lauM, TaK KaK He CIOCOOHBI JaTh Jaxe Kaue-
CTBEHHOI'O OIMUCAHUS CTPYKTYPHBIX MEPECTPOEK B PA3HBIX 00JACTSIX
no oovemy aedopmupyemoro matepuana. ITo saToii mpuurHe Mbl Oy-
JIeM [1ajiee MCIT0JIb30BaTh U METOJ JMHUI CKOJIbKEHUS, U KlacCuyec-
KVe METOIbI pellleHUs, OCHOBAaHHbIE Ha MHXKEHEPHON TEOpUM IIac-
TUYHOCTU, MPUMEHUTEJIbHO K aHaJau3y IPOLIECCOB BOJIOYEHUS U
MPeCcCcOBaHUS TJIOCKOM TOJOCHI (JIUCTA).

10.4. 3ana4a o BoIoYECHNH
IJIOCKO# MONOCHI (JIMCTA)

Cpenu TIOCKUX 3a1a4y YCTAaHOBUBIIETOCS ABVMKEHUS B MHXKEHEP-
HOW TEOPUHU IMJACTUYHOCTU OOBIYHO pacCMaTPUBAIOTCS C MCIIOIb30Ba-
HUEM MeTOoJa JIMHUI CKOJbXEeHUs 3aJauu O IuiacTuyeckoi aedopma-
LIMY JIMCTOBOM 3arOTOBKM BOJIOUEHUEM, ITPECCOBAHUEM M MPOKATKOM.
P.Xwnn [29] nan peliieHre 3a1a4u O BOJOUYEHUU JIMCTA BHAaYajle B TPOC-
Tell1lel MocTaHOBKe (MPU OTCYTCTBUM KOHTAKTHOI'O TpeHUS U aeopma-
LIMOHHOTO YIPOYHEHMSsI), a 3aTeM U B 00Jiee CIOXHOI ITOCTaHOBKE.
BoNBLIMHCTBO YMCTO MHKEHEPHbBIX PellleHuii, B yacTHOCTHU [16, 25],
MPEeCTaBIISIIOT COO0 HEKOTOPYIO KOHKPETU3allMIO 3TOM 3a1auyn B MPO-
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creiiiieit mocraHoBke. IToaToMy paccMOTpUM BHavajie UCXOAHbIE TO-
JIOXKEHUS B pellieHUr Xujula 3aayd O BOJIOYEHUU UIIeAIbHO XKECTKO-
TJIACTUYHOTO JINCTA Yepe3 MKyt (huibepy, UTHOpUpys TpeHue. [Tyctb
YIoJ1 MEXIY CTeHKaMK (UIbepbl paBeH 20t (puc. 64), TMHUKM CKOJIbXE-
HUS B MaTepualie JUCTa BbIXOJAAT Ha KOHTAKTHYIO MOBEPXHOCTb IO
yriamu ©/4 (omHO ceMeiicTBo) 1 (3/4)m (mpyroe cemeiicTBO), 0Opasys
NPSIMOYTOJIbHBIN paBHOOeApeHHbIM TpeyroibHUK ABC. JleBee nuHuu
AC u npaBee BC BeposiTHee BCEro MOXHO MpPeICTaBUTh LIEHTPUPOBAH-
Hble nosst ACD u BCE ¢ 1ieHTpaMu B Toukax A U B, COOTBETCTBEHHO.
Junun CD u CFE ompenensitor obnacte CDEQ, 0 KOTOpPOii MOXHO
CKa3aTb, YTO €CJIM 30Ha IUIaCTUYECKU Ae(POPMUPOBAHHOIO MaTepuaia
B IMPOLIECCe BOJOUEHUS MPOXOIUT CKBO3b BCIO TOJIIIMHY JIMCTa, TO TOUKa
O NeXUT Ha LUEeHTPaJIbHOU JIMHUU (OCU CUMMETPUH JIUCTA X), U JIMHUU
CKOJIbXXEHMsI, OrpaHMYMBalOllIMe paccMaTrpruBaeMyto odiacte CDEO,
JOJIKHBI BBIXOAUTH K TouKe O Takxke 1mof yriaaMu /4 1 (3/4)m K ocH x.
OTu orpaHuueHus Ha O yctaHaBiauBaloT yribl y (CAD) u y (CBE),
KOTOpBIE, TAKUM O0pa3oM, He MOTYT ObITh MPOU3BOJIbLHBIMU.

] T —

Puc. 64. Cxema moJieil JTUHUNA CKOIbXEHUS
MPpU BOJIOYEHUU JINCTA O3 yueTa KOHTAKTHOTO
TpeHUs

3aech XUl ejlaeT OCTOPOXXKHOE 3aMeUaHMe, UTO TaKoe MOoCTpoe-
HUE TIOJIEW JIMHUM CKOJIbXEHUS B JAHHOW 3a1a4e€ BO3MOXHO TIPU J0C-
TaTOYHO MAJIOi BEJIMYMHE OTHOCUTEBHOTO obXarus r = (h,— h,)/h,.
OTO 3aMeyaHue BbI3bIBAET HEKOTOPbIE BOMPOCHI, TJIaBHBINA U3 KOTO-
PbIX TaKOM: a OyET JIM NP “TOCTATOYHO MaJIO” BeIMUMHE 00XKaTUSs
(M B KaKOM KOHKPETHO JIMara3oHe) BBIMOJHATHCS HavyallbHOE YCJIO-

166



BME, UTO IulacThueckasi aedpopMaiysl MpoXoauT Yepe3 BCIO TOJIIUMHY
mcta? Ecau nmem, Torga Touka O HE MOXKET JieXKaTb HA OCHU X, U BCS
KapThHa HaIpsKeHHO-1e(OPMUPOBAHHOTO COCTOSIHUSI OKa3bIBAETCS
He TakKoM, Kakasl Moctyaupyercs B pelieHuu Xwuia. Ecau da, Torna
BEpHBI BCE TOCIIEAYIONINE BEIYUCICHUS pacIipene/ieHusT CKOpoCcTeil 1
paccyxxaeHus 6e3 BRIUMCICHUI B pacCMaTPMBAeMOM PEIICHUH 3a1aui
[29], 13 koTOpOTO 3amulleM B 3akoueHue Gopmyiy sl onpeaelie-
HUsI MaKCUMaJbHOTO obxaTusl (korga Touku £ u O coBmaaaror):
h  2sina
h 1+2sina’
OTKyIa
h—zzl— 2sina _ 1 ' (258)
hy 1+2sina 1+2sina

C nomoliIbio 3Toi (OPMyYJIbI MBI Jajiee YCHEeIHO COCThIKYeM pe-
meHue Xwijia ¢ MHXEHEPHbIM pelleHUeM TOW Xe 3amadyd, JaHHbIM
H.H.MamuuuueM [16] ¢ MCTIONB30BaHUEM TEOPETUUECKUX pa3pado-
tok P.Xunna [29] u B.B.Cokonosckoro [24]. B aToMm pelieHuu pac-
CMATpPUBAETCSl YCTAHOBUBLUMICS MPOLIECC BOJIOYEHMS JIUCTA U3 UME-
aJbHO TUIACTUYHOIO MaTepuasia yepe3 IJAAKYIO XeCTKylo (uibepy,
npeHeOperas KOHTaKTHLIM TpeHueM. I1ycThb A, U A,— TOMLUHBI TUCTA
0 ¥ TIOCJIE BOJIOYEHMS, @ V, U V,— CKOPOCTH IIPU BXOJE B QUIbEPY U
BbIXOnEe U3 Hee. [l reoMeTpuyeckKoro pacCMOTPEHUS 3a1a41 BOCIIONb-
3yeMmcs puc. 64. M3 yclioBrsI HECKMMAaeMOCTH MaTepuaja JIicTa clie-
Iyer v, =V, h, / h,. [lenaercs 1onyiueHue, YTo JaBJI€HUE p HA KOHTAKT-
HOI MoBepXHOCTU AB pacnpeneieHo paBHoMepHo. Toraa K tuHuu AB
MPUMbIKaeT paBHOMEPHOE IM0JIe HAMPSKEHU I, OrpaHUYEHHOE MPSIMO-
YTOJIbHBIM PaBHOOEAPEHHBIM TpeyrojibHukoM ABC, B koTopoM LACB=
=mn/2, ZABC = ZBAC = /4. Ilo obe cTOpOHBI OT HEro HauboJee
BEpPOSITHO HajuMyue LeHTpupoBaHHbIX nojeit ACD u BCE ¢ Heu3BecT-
HBIMM Ha HayaJbHOM 3Tare pelleHus UEeHTPaIbHbIMU YIJaMU \y U Y.
CocTtaBuM ypaBHeHME paBHOBecHsI 1l ob1acTu ABC eIMHUYHOMI TOJI-
IIMHBIL (pUc. 65,a), IPUPaBHSIB HYJIO CYMMY IIPOCKIIMI Ha BCITOMOTA-
TEJIbHYIO OCbh M WM 1 BCEX CUJI, ACHCTBYIOIIMX Ha 9Ty 00JaCTh:

B¢ . AC-1+k-CB-1-p-AB-1-cos(n/4) = 0;
npu 31oM AC = CB = AB - cos (n/4), orkyna AB = AC / cos (n/4), T.c.
o8¢ -AC+k-AC—chos(n/4) =0 wm o8 +k-p=0,
cos(mt/ 4)
1 B UTOTe I0JIydaeM BBIpaKEHME TSI CPEIHEr0 HOPMaJbHOIO HaIlpsi-
xeHus B obngactu ABC:
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6)
T ji
L t,

Puc. 65. PaBHOBecHe pa3IMUHBIX 00JACTEN MPU BOJIOYEHUH JINCTA

ABC
oy =-(p-k), (259)
B KOTOPOM 3HaK “MHUHYC” Tiepel CKOOKaMU IOCTaBI€H IOTOMY, UTO

9TO HAIIPAKCHUEC CKHMMAIOLICC.

3Has 3HaueHue o 2C u BemmunHy yra o B Touke C: of =1/4 - o,

o dopmynam (235) onpenensiem & u v a1t imau BCD n ACE:

ABC ABC
Oy T . Op T
= +— -0 M= -Z+o.
12 o tTTs M=t (260)

Tenepsp mo Tem xe dopmynam ( 235 ) onpeaesroTcs 3HaYeHUs O,
B TOUKax JUHUK ckonbxeHuss CD u CE, KoTopble SIBISIIOTCSI TyraMu
OKpyXHocTell paBHbIX paanycoB AC = BC. B utore npuxoavum K Ha-
yaJbHOW XapaKTepucTUUecKoil 3amauve. PellieHue ee M3J0XEHHBIM B
pazaene 10.2 MeTOIOM MO3BOJISIET ONPENEIUTh HAMPSIKEHHOE COCTOSI-
Hue B obnactu CDOE (cMm. puc. 64).

Hanee ycTraHaBIMBaeTCsl 3aBUCUMOCTb MEXIY HEW3BECTHBIMU
noka yriamu \y u . Jasg 2Toro cHavyaja cpejHee HOpMaJbHOE Ha-
npsixkeHue B Touke O BbIpaxkaeM 4yepe3 BeJIMUMHY ero B Touke C
nepemeltiasichb ot Touku C K Touke O no quHusiMm CDO u CEO. Tlpu
3TOM U3 T€OMETPUUECKUX COOTHOLICHUI puc. 64 HAXOAUM, UTO Be-
JIMYMHA yIjla ® B ToYke D BbIpaxkaeTcsl uepe3 Yribl o U\ COOTHOIIe-

nem o” =n/4-a-y=n/4-(0+y). U Torma no (235,) u (260,
Hoy4aem
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i+5— o+\y) = +— -0
2k 4 2k 4 7

OTKYyJa ITOCJIE OYCBUIHBIX COKpa]_L[CHI/Iﬁ nMeeM

ob _ o’

2% 2%
Tenepn ¢ nomoeio (261) mo opmyne (260,) onpenensiercs na-
paMmeTp M ISl IMHUU CKoJibXeHust ADO:

+y. 261)

D
Op T
=————+(0+Vy).
2k 4
Hcnonb3ya Ty xe popmyiy (260,) 1 M3BECTHOE 3HAUEHUE B TOUKE
O yrma o° = /4, MOXHO CBSI3aTh CpeIHNE HOPMaJIbHBIC HATIPSKEHUS
B Toukax O u D paBeHCTBOM

n

0 D
Op T Op T

D22 Zr@rw,

2k 4 2k 4

13 KOTOPOTo I0cCJIe MOoACTaHOBKU (261) mosyyaercst 3aBUCUMOCTD, CO-
JiepKaliiast yroJ \:

0 ABC
%) _90

2o _ + oL+ 2w,

2k u ATV (262)

Tak ke BbIBOAMTCS 3aBUCUMOCTb MEXIY CPEIHMMU HOPMaJbHbI-
MU HamnpskeHussMu B Toukax C u O Mpu mnepexojie OT MepBOi KO
Bropoii no auHuu CEO:

0] ABC
S0 _% 442 263
k- o et (263)

KOTOpasl COAEPXKUT yToid .
Bripaxkenust (262) u (263) MO3BOJISIIOT HANTH UCKOMYIO 3aBUCH-
MOCTb MEXIy YIJIaMH \ U X, :
X =W+ (264)
Takum oOpa3oM, 4acTb 3aJauM IO YCTAHOBJIEHUIO 3aBUCUMOCTU
MEXIy YVIJIAaMH \J M ¥ TeTleph BBHITIOJTHEHA, M Jajiee TOCTaTOYHO HAWTH
VIOBJICTBOPSIONIYIO YCJIOBHUSAM 3a1a4M BEJTMYMHY JTFOOOTO OMHOTO M3 3TUX
VIJIOB, @ TAKXKe HATHW KOHTaKTHOE HOPMAaJIbHOE JIaBJIeHUE TIPU BOJIOUEe-
HUM p. DTa vacTh 3amaun peuaercss H.HManununbsiM [16] u3 aByx
YCIIOBUIA: PaBeHCTBA HYJIIO CYMMBI TIPOEKIINI Ha TOPU3OHTAIBHYIO OCh
BCEX CHUJI, ACUCTBYIOIIMX Ha MOBEpXHOCTh ADO (cM. puc. 65,0)
j (og cosw + k sin w)ds =0,
ADO
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U TMoJioKeHUs Touku O Ha ocu cuMMeTpuu. Takoe peleHre MeToau-
YeCKHU MPOCTO, HO TPEOYET peann3aliii UTepallMOHHOTO BbIYMCIUTE b-
Horo mnpouecca. P.Xuu1 npenioXui MHOe pelleHUe 3TOM YacTy 3aaa-
yy: B ero kHure [29] KkoopauHaThl paBHOYTOJbHON CETKMU C sSTUeMKOi
B 5° BBIUMCJIEHBI U TaOyJIMPOBaHbBI JUIs1 MOJISI JIMHUIA CKOJIbXEHUS, OIl-
penessieMoro Mpu NOMOILLIM ABYX PaBHBIX KPYTOBbIX 1yr. TOUHO Takoe
rnojie umeercs B yeThipexyrojibHuke DCEO (cM. puc. 64), orpaHUYEH-
HoM cBepxy AByms ayramMu DC (¢ yriom y) u CE (C yIjioM ) paBHBIX
paaunycoB. YTOObI BOCTIONIL30BaTbCl YKa3aHHBIMU TaOyJIMpPOBaHHBIMU
JaHHbIMU, TIpeiaraeTcsl Touky O TPUHSTH 3a Y3JIOBYIO TOUKY 3TOM
cetku. Ilar TabyinpoBaHHOU CeTKU B 5° TpeOyeT, YTOObI yTro nmpodu-
JIs1 uabepbl o ObLI LIEJBIM YMCIOM, KpaTHBIM 5. JIJIsI KaxXaoro u3s
YIJI0B (pUjibepbl MOXXKHO BBIYMCIWTH O0XaTHs, KOTOpble OyIyT COOT-
BETCTBOBATb 3HAUEHUSIM O OT HYJIsI BBEPX C MHTepBajiaMu B 5°, U Hali-
TU BEJIMYMHBI UICKOMBIX YIJIOB. 3HAUEHUS Y U X, JJISI JIIDOOTO ITPOMEXY-
TOYHOTO OOKaTusl TpejiaraeTcsl rmojaydyaTb MHTEPIOsSLe.

ITo HaiiieHHOMY KOHTaKTHOMY JaBJICHUIO p BeJUUMHA YCUJIUS
BOJIOUEHUS P Ha eIMHMIlYy LIMPUHBI JUCTa (B HampaBleHUU, TIepreH-
JUKYJISIPHOM YEPTEXKY, PUC. 65,6) BRIYMCIISIETCS U3 YCIOBUSI KBa3UCTa-
TUYECKOTO PaBHOBECUs JIMCTa B o4are Aedopmaliuy Npu BOJOUYECHUM:

P = p(h - hy). (265)

ITpu MakcHMaIbHOM OTHOCUTENbHOM oOXxaruu (r, )y = 0, u ye-
TeIpexyroabHUK CDOE craruBaetcs B tunanio CO (puc. 66,a). B atom
cilydyae He TpeOyeTcsl pellieH!s HayaJbHOI XapaKTepUCTUUECKOM 3a/1a-
yp. CommacHo dopmyie (264), x = o, U HETPYIHO J0KAa3aTh IMPOCTHIM
TeOMETPUYECKIM PacCMOTpPeHUEM ouara jaedopmaiiuu, 4To B ciIydae
BOJIOYCHMS JIMCTA TIPM MaKCHMMaJbHOM OTHOCUTEJIbHOM OOXKaTUU JIV-
Hust BO HakJIOHEHa K TOPU3OHTAJIbHON OCH MOJ YIJIOM Tt/4.

JIeHiCTBUTEIIPHO, TIOCKOJIBKY paccMaTpHMBAaeTCs PELIeHME 3aaadyu
BOJIOYCHUSI, KOIlla KOHTaKTHBIM TpeHHeM 10 AB mpeHeOperaeM, TO

AABC — paBHOOEIPEHHBIM IPSIMOYTOJIBHBIN TPEYTOJIBHUK, B KOTOPOM

Y -

Puc.66. K paccMOTpeHUIO BOJIOUYEHUS JINCTA TIPU MaKCHUMAaJIbHOM
o0XaTumn
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Puc.67. Jloka3aTeabCTBO TOTO, YTO MPU MaKCHUMATbHOM
oOxatuu TuHUS BO HakI0HEHa K TOPU3OHTAIBHON OCHU
oz yriaom m/4

£ ACB=m/2,a £ CAB= £ CBA = n/4 (puc. 67). CienaeM BCIIOMO-
rarejbHble F€OMETPUUYECCKUE IMOCTPOCHUsI, IMOKa3aHHbIe Ha puc. 67
wTpuxamu: /) mpoBeneM ropu3oHTalib BM, koTtopast pasaeinsieTr £ CBA =
= /4 Ha nBa yrma £ ABM = o u £ CBM = n/4 — «; 2) IpOIOIKAM
npsimyto BC 10 nepeceyeHusi ¢ TOpu30HTaJIbHON OCbIO CUMMETPUU B
Touke N; n 3) omycTUM MEPHEeHAUKYJISAp U3 TOUKU B Ha Ty XXe ropu-
30HTAJIbHYI0O OCh BTOUKy R. Terepb BO BCIIOMOTaTeJbHOM MPSIMO-
yroIbHOM TpeyronbHuke A NBR £ BNR = m/4 — oL KaK COOTBETCTBEH-
Hbllt emy £ CBM, torna B TpeyroibHuke A NBR « RBN =mn/4+ a,
Tak Kak £ BRN = m/2 no moctpoenuto. [loaromy, ecnmm £ NBO = a,
T0 £ RBO = m/4, cnenoBareibHo, AOBR — TpsIMOYTOJIbHBIN paBHO-
6enpeHHbI, 1 B HeM £ ROB = Z RBO = n/4, 1.e. nuans BO HaKJIOHe-
Ha K TOPM3OHTAIbHOI OCH TIOJ1 YIJIOM Tt/4, UTO U TpeOOBaIOCh J0KA3aTh.

Jlajiee MOXHO MOKa3aTh, YTO BEJIMYUHBI /1,, A, Y1 0. CBA3aHBI IPOCTHIM
COOTHOLIEHHEM, KOTOPOE BBIBOAMUTCS U3 PACCMOTPEHUSI TOTO Ke puc. 67:

%2=BO-cos(n/4)= BC-cos(n/4)=
= AB-cos(n/4)-cos(n/4)= ATB;
HO
h—h _ AB -sino, h—h _ ﬁsinoc, 12l 2 2sina,
2 4 2 W

hy 1

OTKYy/Ia MOJIy9aeM Ul MaKCUMAJIbHOTO OOXaTHd —= = ———— T.€.
b 1+2sino

dopmyny Xumna ( 258 ).

171



CpenHee HOpMaJbHOE HaIpsiKEHUE 10 JMHUKU BO MOXHO HalTH
no dopmynam (235,) u (260,), ucnonb3ys Takxe cooTHoueHue (259):
BO
1

0 m__ 1 T
TR T AR
OTKyJa
680 = —p+k(l+20). (266)

Ecnu ypaBHeHUE paBHOBECHSI XKECTKOM 00JacTu Ha puc. 66,6 3a-
MKcaTh B BUIAC PABEHCTBA HYJIO CYMMBI IIPOEKLMI BCEX CUJI, MIPUIIO-
JKEHHbBIX K 3TOi 00JIACTH, HAa TOPM30OHTAIBHYIO OCh CUMMETPUM, TO
peliasi 3T0 ypaBHEHME OTHOCUTEIBHO YCUJIMSI BOJOYECHHSI, IOJIYIUM

c yaetom BO = h,/(2cos(n/4)):

1

P=2k-cos(n/4)-h—2-—+
2 cos(m/4)
1

h
+2689 cos(n/4) - 2 ——
2 cos(m/4)

ITocne moacTaHOBKM B 3TO PaBEHCTBO BhIpaxkeHuit (266), (258), a
TaKXe PEIIeHHOI0 OTHOCUTENIBHO p (265), B pe3yJibTaTe MPOCThIX IIpe-
00pa3oBaHUI MOJYYUM

= (k + Ggo)hz.

_ 4(1+ o) sin o

kh,.
1+2sina 2 (267)

10. 5. IIpsamoe npeccoBaHue JUCTA
gyepe3 KIMHOOOPA3HYI0 MATPHILY

JlaHHBIIA TIPOLIECC, CXEMATUYECKU MPEACTaBICHHbII Ha puC. 68, cxo-
JIeH ¢ pacCMOTpeHHbIM B pasnesie 10.4 nmpoueccoM BOJIOUYEHUS JUCTA.

OCHOBHOE OTJIMYME COCTOUT B TOM, UTO MPU BOJOUYEHUU JIUCT
npomseugaemcs 4epe3 UHCTPYMEHT KJIMHOooOpa3Horo npoduis (pu-
JIbepy), a MpY MPECCOBAHUU BbiMAIKUEAeMca YEPE3 KIMHOOOPA3HYIO
maTtpully. BeiaencrBue aToro st onvMcaHus U aHajavM3a HamlpsKeHHO-
rO COCTOSIHUS B MpoLecce MPsSIMOTro MPecCOBaHUS MPY MPOXOXIEHUU
MeTajjla yepe3 MaTpully C MOJHBIM YIJOM Mpoduss, paBHbBIM 20,
MOXHO MCIT0JIb30BaTh MOJI€ JUHUIN CKOJBbXEHUS U3 3a/1a4u O BoJioUe-
Huu. OJHAKO BCJIEICTBUE HEOJMHAKOBOTO pacrpeaesieHusl MOBepX-
HOCTHBIX CHJI TIPU MPECCOBAHUU U BOJIOYEHUMU, XXKECTKasl 4acTh Iiac-
TUYECKOU 00JIaCTU M HaMNpSIKeHUs B HeIJacTUYecKo obsacTu
maTepuasa JKUCTa oKa3blBaloTcs pasnuuHbiMu. HanpsikeHHOe cocTo-
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siHUE B 1e(pOPMUPOBAHHOM YacTH TJacTUYeCKON 00JIacTU MpU mpec-
COBaHMU OTJIMUYAETCS OT HAMPSDKEHHOTO COCTOSIHUSI B aHAJIOTUYHOM
30H€ MPU BOJOUYEHUHU JIMCTA 3a CUET JOIOJHUTEIbHOTO I'MIPOCTATH -
YECKOTO JaBJeHHUs, BeJIMUMHA KOTOPOrO paBHA HAMPSLKEHUIO BOJIO-
yeHusi. CienoBaTesibHO, €CJIM MEX/Yy CTEHKOW KOHTeHepa U JTUCTOM
TPEeHUE UTHOPUPYETCS, TO AJIsi MATPULILI C TEM K€ YIJIOM ¢, 1aBJIeHUE
npeccoBaHus (OmnpenaensieMoe Kak yCUuaue MpeccoBaHUs, pa3leieH-
HOE Ha MJIolalb Mpecc-11aidbl) paBHO CpeaHEMY HamNpsKeHUIO BO-
JloueHusi. Takum o0pa3oM, JaBieHHWe Ha MaTPUILy MPU MPECCOBAaHUN
B H/h pa3 Gosblie naBieHus Ha Guabepy npu BosodyeHuu (Hu h —
TOJILIMHA JINCTA [0 U IOCJIe MpeccoBaHust, puc. 68).

Y 740 < ///

Puc. 68. Cxema IpsIMOTO MPECCOBAaHMUSI JIMCTaA Yepe3 TIIAAKYIO
KJIMHOOOPa3HYI0 MaTPUILy U IOJIe JIMHUI CKOIBKCHUS
B 30HE MaTpPHIIBI

s cnydasi, Koraa aegopmaiiysi Ipu MpeccoBaHUM Majia, XUJUT
[29] aHanu3upyeT nBe BO3MOXHOCTU. Eciu U cTeHKa KOHTelHepa u
MaTpula SBJISIOTCS TJaAKUMU, YTO MO3BOJISIET UTHOPUPOBATh KOHTAKT-
HO€ TpeHHe U MO CTeHKe U MO MaTpulie, TOTAA, B COOTBETCTBUMU CO
CBOMCTBAMMU JINHUU CKOJIbXEHUS, BBIXOMSIIAN HA KOHTAKTHYIO TO-
BEPXHOCTb MPSIMOJIMHENHBIN y4acTOK JUHUU CKOJbXeHust ADO non-
JKeH 00pa30BbIBaTh CO CTEHKOU yroj n/4, u auHust ADO noixHa 3aHU-
MaTh MojoxeHue AQ’, moKa3aHHOEe Ha puc. 68 LITpUXaMu.

TakuM oOpa3oM, MakcuMajibHasl BEJIMUMHA YIJIa f MOXET COCTaB-
JITh \y = 7/2 — o, YTO JIETKO ITOKAa3aTh MPOCTHIMU TeOMETPUIECKIMU
BhIK/IaaKamu. [eiictButenibHO (cM. puc. 68), eciu LSAU = nt, LSAO" =
=n/4, /BAC=n/4, /BAU= o, Tornay = LO'AC= LSAU — £SAO"—
— £LBAC— £BAU=r1 — n/4 — n/4 — o= /2 — o.. JIpyras BO3MOXHOCTb
BbIpaXKaeTcsl B BO3pACTaHUM JIaBJIEHUSI HA MaTpUILy MPY MPECCOBAHUM 10
TeX Top, TMOKa IulacThyecKasi o0JacTh paclpOCTPaHSIETCsl BOKPYT Kpasi
MaTpU1Ibl K TOBEPXHOCTH BbIIABJIEHHOTO JIMCTA; 110 pacyeTam Xujjla Mak-
CHMaJIbHOE JaBJIeHNEe Ha MaTpUILy MOXET ObITb paBHO 2k (1 + m/2 + o).
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3mech YMECTHO 3aMETHUTh, YTO PEIIEHUST OMHMX U TeX K€ TUIOCKUX
3a/1a4 METOJIOM JIMHUN CKOJIBKEHMS TTOIYac MPUBOAAT K HECKOIbKUM
pa3IMYHBIM pe3yiabTaTaM. M HampalmuBaeTcsl BBIBOJ, YTO IPUMEHE-
HUS OHOTO TOJIBKO METOA JIMHUM CKOIBXEeHUs HemocTaTouHo. [Ipen-
CTaBJISIETCS 11eJIeCO00pa3HBIM MCIIOIb30BaHME MOJICNICH TeUeHUs Tiia-
CTUUYECKOT0o MaTepualia uepe3 cxofsiuiics kaHan [24, 29].

Thaea 11

IINTIOCKAA 3ATAYA

VWHXEHEPHOH TEOPUU IIJIACTUYHOCTH,
BKIIOYAIOIIIAA YITPABJIEHUE
TEXHOJIOIT'MYECKUMU ITAPAMETPAMMU
ITPOLECCA JE®@OPMALINUN

N COCTOAHUEM MATEPUAJIA

11.1. TeyeHne MIACTHYECKOTO MATEPHAIA
yepe3 CXOMAMMAC KaHA

JaHHBII Mpoliecc TeUeHUsI OMMChIBACTCS B MOJISIPHBIX KOOPAMHA-
Tax (p, ) ¢ mojawcomM B Touke O— BepllMHE yrja mpoduis KaHaia,
paBHoro Zo (puc. 69). IlycTh CTOpOHBI KaHaja SIBJSTIOTCS IIEPOXOBa-
TBIMU, U HaNpsKeHWE KOHTAKTHOTO TPEHHUSI MOCTOSIHHO W PaBHO K.
IMocTynupyercsl TakKe, UTO HampaBiIeHUS JTUHUNA CKOJbXEHUS 3aBU-
CAT TOJIBKO OT © U He 3aBUCAT OT p. JIMHUU TeyeHusI HaIpaBJeHbI 110
paauycaM, npoxoasium yepe3 O. U eciau BHEILIHUE YCIOBUSI ONHU U
Te Xe, TO MOoJie JIMHUI CKOJIbKEHMST BOJIM3M KpaeB KaHajla Takoe Ke,
KakK Mpu MpecCOBaHUU Yepe3 KIMHOOOPa3HYIO MATPHUILY.

151 MaTeMaTUYecKoro omnucaHus mnpoiecca Xul [29] BBoaUT
napameTp , 3aBUCSILINI, COrJTaCHO HayaJlbHOM TMIOTE3€e, TOJbKO OT 6
U 10 (pU3NYECKOMY CMBICTY MPEACTABISIOIIMI COO0I yroa Mexay pa-
JYCOM W HampaBjeHHeM ajaredpanyecku 0oJbliero rJaBHOro Hampsi-
>xeHus. Toraa ycaoBue MIACTUYHOCTU AJIs TJIOCKOU 3adayM B IOJISIP-
HbIX KoopauHaTtax (¢opmyna (/1) B pazmene 8.3)

(csp - 09)2 + 41736 = 4k?
YIOBJIETBOPSIETCST TIPU
Tpo = ksin2y, o, — oy =2k cos2y. (268)
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Puc.69. Cxema TeueHMs IIJIaCTUYHOIO MaTepuajia
yepe3 KIMHOOOPA3HBIN CXOMSIIMIICS KaHa

Yroa y uMeeT TOT Xe 3HaK, 4YTo M 0, TaK KaK IeHCTBUE TPEHUS
MIPOTUBOIIOJIOKHO OTHOCUTEIPHOMY ABMXKEHUIO B KaHase; y=0 Ha ocH
CUMMETPUM KaHajla M IPpUHUMAET 3HaYeHUs B Ipeneiax —m/4<
<y < 7/4, Tak Kak Ha CTOpOHAX KaHaja | rpe| = k.

YpaBHeHUST paBHOBECHSI [UIS IJIOCKOM 3a1ayil B IOJIIPHBIX KOOP-
IMHATaX UCIONIb3yeM B 00bI4HOM (opme (134). U3 ypasHenus (268))
oJry4aeM

g_li:;—]‘;—coshp = —_fsinde9+f(p), (269)

oTKyza
,(?j_li = —[sin 2yd0 + cos 2y + f(p) = %COS 2y +cos2y + f(p);
a TaK KaK y = f(0), To

Jdo, 9 ,

— = —[3kcos2y +2k - f(p)] =2k - f(p).
dp  dp

IMoxcrasnss 3Ty NPOU3BOAHYIO M NPOU3BOAHYIO DYHKIMU (268))

9
% - aa—e(ksinhp) = 2k cos 2y,
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a Takxe paBeHCTBO ( 268,) B ypaBHeHuMe paBHOBecys (134,), Oynem umeTh
p2k - f'(p) + 2k cos 2y - y'(0) + 2k cos 2y = 0,
WIn
cos 2y(1+y'(6)) = —p - f'(p).
Takum 06pa3oM, MBI TTOJTYIMIN PaBEHCTBO, JIEBast 4aCTh KOTOPOTO
3aBUCUT TOJIBKO OT O, a MpaBasi— TOJbKO OT P; 3TO BO3MOXHO, €CIU 1

TpaBas M JieBasi YaCTU PABHBI OMTHOU M TOW XK€ TTOCTOSTHHOM ¢, YTO AAET
HaM JiBa ypaBHEHMUSI:

nepBoe —p- f'(p)=c (270)

u BTopoe W'(6) = —l=c-sec2y-1. Q71)

cos 2y

Wnuterpupys (270), noayyaem

f(p)=—cf%+A=—clnp+A, (272)

rne A— MoCTOsSIHHAsi MHTerpupOBaHMUSI.
IToaroroBky Kk mHTerpupoBaHuto ( 271 ) BBIMOJHSIEM TaK:

v'(0) Z%ZC'SGCZW—IQ

40 = dy 3 dy _ cos2ydy
c-sec2y -1 ¢ cos2y  c-cos2y’
cos2y  cos22y

g
o= .[ cos2ydy

0 C—cos2y’ (273)

Bblllie ObLJI0O OTMEUEHO, YTO |y UMEET TOT XK€ 3HAK, UTO U 6, M03TO-
MY € JOJDKHO OBITH ITOJIOKMTEIBHBIM; KPOME TOTO, YTOOBI M30eXaThb
OeckOHeUYHOCTU B MHTerpaje (273), Ha ¢ HEOOXOAUMO HaJIOXKUTh YCJIO-
Bue ¢ > 1. [loacraHoBka 2y = x, dx =2dy, dy=dx/2 npuBoaut

A+ B
unTerpan (273) K Ta6nanomy ([6], ¢.162, Ne2.554.2) [ ﬁdx ,

BKotopoM A=0; B=1;a=c, b=— 1.
B pesynbTaTe monyyaem pelreHue

_I J- _cosx

a+bcos x 2
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B KOTOPOM HMHTerpajl B cKoOKax TabaumuHbiii ([6], c. 162, Ne2.553.3).
B utore nmeem

(274)

¢ -1
c c+1
= -y + ————arctg(,|——tgy).
Vel —1 c-1
3nech 3HaYeHMEe apKTaHTeHca Oepercsl B auarnaszoHe— m/2 ... +m/2,
a y=n/4, Korma 6 = o, MOTOMY UTO TOJie JINHUN CKOJbXEeHUsT BOTU-
34 KpaeB KaHajla, KaK yXe OTMEYaJoCh BbIlIE, MOJOOHO MO0, OMU-
CaHHOMY IPU 3KCTPY3UMU JIMCTA Yepe3 KIMHO0Opa3Hyto marpully. [Toa-
craBisis ¥ = n/4 u 6 = o B (274), nojaydyum

arctg, |71 =T 4 o (275)

c
Je? -1 c-1 4
M mockombKy oo MOXKeT U3MeHsThes B quanaszone 0 < o < /2, TO,
coracHo (275), ¢ MOXET U3MEHSThCS B Auana3oHe « > ¢ > ~1,192.
Bripaxkenue 1151 paqdaabHOTO HAPSKEeHUS B (YHKIIUM KOOPIM-
HAT MOXKHO MOJY4YHTh U3 (269), (272) u (273) cieayrolmuM myTeM:

‘z’—k = cos 2y + f(p) -

__[SiHQWdG = Cos2w—c1np+A—J'wd
c—cCcos2y
IMonctaHoBka cos2y =u; -2sin2ydy =du; sin2ydy = _%

u du

IpUBOAUT MNOCIeIHUI MHTErpal K BULy — —I KOTOprI71 COOTBET-

cTByet Tabmuunomy ([6], c. 73, Ne 2.112.1) | X =2~ Lin(a+bx);
e E s aebx b b2
yHac a=c¢; b=-1; x=1u; dx =du, mosTomy
1 ¢ udu 1| u 1
i - __ | = _ e Ny —
2'[c—u 2{_1 - ])2 In(c - u)} 2[ cos 2y

—cln(c—cos2y)] = l cos 2y + ; cln(c — cos2vy).
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B urtore nonyyaem

g—l‘; = cos21|;—c1np+A—%coshp—%cln(c—coshp)

NIn

g—z = —clnp+%cos21p—%cln(c—cos21p)+A. (276)

AHAJIOTUYHO NOJIy4a€M BbIPAXKCHUE V11 TAHTCHLIMAJIbHOT'O HAIIPSRKEHMSA!

I .

— = — | sin 2y do,

o =/ ®) = [sin2y
OTKyJa 110 aHAJIOTUU C TPEIBIIYIINM Pe3yIbTaTOM

%=—clnp—lcoshu—lcln(c—cos21|1)+A. (277)
2k 2 2

IMomyuennsie ypaBHeHUs (276) u (277) Ha3bpIBaIOTCS YpaBHEHUS -
MU A.Hamgau mo MMeHM M3BECTHOTO BEHIEPCKOro YUYEHOro B 00JacTH
TEOpUHU IIACTUYHOCTH, KOTOPBIMA BhIBEJ UX BHepBhie [17].

Paccyxnast nanee, OTMETUM, YTO MOCKOJbKY TEUEHUE Yepe3 CXOMs-
LIMICS KaHaJ SIBJSIETCSl paaiuaibHbIM, a KacaTeJbHOEe HaIpsDKeHUe Mpu-
HUMAETCs] MOCTOSIHHBIM BIIOJIb JIIOOOTO paauyca, TO pacrpeaesieHue Ha-
MpsLKeHUI BHYTPU CEKTopa =+ 6 MpeacTapisieT co0oi pellieHre TUIOCKOR
3a0a4u Il CXOASIIErocsl KaHaja C YIJIOM, paBHbIM 20, 1 HanpsDKeHUEM
TpeHUs, PaBHbIM k sin 2y, cormacHo (268,). MHTepecHO 3aMeTUTh, YTO
€CJIi KacaTeJbHOe HaMpsbKEHHWE Ha CTOPOHAX KaHajla HampaBieHo K Io-
JIIOCY, TO OHO MOMOTraeT TeUEHWI0 MaTepuaa yepes ouar aedopmanuu,
Kak 9T0 MMeeT MECTO MPU MPOIOJIbHOI MpokaTke. Takum oOpa3om, pac-
CMaTpYBaeMbIil METOM pelIeHUsT JIETKO MPUMEHUM He TOJIbKO K 3a1ayam
BOJIOYEHMSI U TIPECCOBAHMsI, HO U K MPOJOJIbHOM npokaTke. B aToM moc-
JIeHEM cJlyJyae HampspKeHHOE COCTOsSTHUE (pacripeesieHre HanmpsKeHMiA )
MOXHO HaiTH, €ClM B3STh \f MPOTUBOIIOJIOXHBIM IO 3HaKy ¢ 0. Torma
3HaYEHME ¢ JOJDKHO ObITh MEHBIIIE, YeM COS O, U OyIeM UMETh

c /c+1
0 = -y — ——arct, —t _
1 S g c_lglll (c<-1),

0=—y-—"arctg 1flJr—ctg\IJ (-1<c<0).
/1_02 I-c

Ilpu momcraHOBKe B TociemHue GOpMyabl 0 = o U y = — /4
MOXHO MPOaHAJIM3UPOBATh B3aMMO3aBUCUMOCTb U3MeHeHuUs ¢ 1 o. [Tpu
YBEJIMYEHUM 3HAUEHUS ¢ OT —eo 10 —1 3HAYeHME oL BO3pACTaeT OT HYJs
1o /4 —1/2; ipy DOCTVMKEHUM ¢ 3HA4eHUsT ¢ = () YroJ of CTAaHOBUTCS
paBHBIM T/4.

178



DTy TeOpeTUUeCKyl0 pa3pabOTKy YA0OHO UCMOJIb30BaTh IJIsl UC-
clieloBaHUs TIpoliecca MPOJOJIbHON MPOKATKM HU3KUX U IIUPOKUX
MOJI0C, KOT/Ia BBITTOJIHSIIOTCS YCIOBUS ITOCKOM aedopmanmu. ITpu aTom
Jlyra KOHTaKTa B ouare Aedopmaluy anmnpoKCUMMUPYETCsl XOpAoi, a
yIpyroe CIUTIOLIMBAaHKWE BajiKa B o4yare M yIpyroe BOCCTAHOBJIEHUE
MOJIOCHI 3aJ1al0TCsl CMelleHreM noJiroca U3 Touku O B nojioxeHue O’
(puc. 70) Ha OCHOBaHMM pe3yJibTaTa OTAEIbHOTO pacueTa, BbITTOJIHEH-
HOTO, HampuMmep, 1o Metoauke [22, 23]— cM. raBy 15. Ho BHauase
paccMOTpUM pellieHWe HOBOM M BeCbMa MHTEPECHON TEXHOJIOrnyec-
KOW 3a7a4yu O MPsSIMOM M30TEPMMUYECKOM IPECCOBAHUM TOJOCHI C UC-
noJjib3oBaHueM 3¢ dekTa cBepXIacTUuHOCTU. Pelienue [12] 6asupy-
€TCsl Ha U3JIOKEHHOM Bblllie TPAaHWYHOU 3a/1auye TeOPpUU TIACTUIHOCTU
0 TeYEHUM MeTajllla B KIMHOBUIHOM CXOJSILEeMCs KaHajle U SIBJISIETCS
peanu3zanueit Mmarematuueckoii monenu A.M.Pynaesa.

Puc.70. IlpencraBienue nedopmanuu
MpY MPOKaTKe TeYeHUeM Yepe3 KIMHOOOpa3HbIi
CXOIALIMIC KaHal

Mogaenb 3Ta [19], KpoMe Ha3BaHHOI I'PaHUYHON 33aul, UCTIOb3YeT
MOJIOKEHUST U MOJAXOJbl CUHEPIETUKM, TEOPUM KaTacTpod U crieluaib-
HbI€ BOIPOCHI TEPMOJMHAMUKU, T.€. TIOHSITUSI U OIpelesieHus], He BXO-
Jsgie B MH(GOPMAaIlMOHHOE MPOCTPAHCTBO IMOATOTOBKU COBPEMEHHOTO
WHXXeHepa-MeTajulypra 1 mMarepuaioBeaa. [1oaTomy B JaHHOM yuyeO-
HOM MMOCOOUY M3JIOKEHUIO PEllIeHMs] Ha3BaHHOM 3a/1auM MpeallecTBy-
eT HeoOxorMMasl BBOAHas MH(opMallus, a caMo pellieHue JaHO B MaK-
CUMaJIbHO aJaliTUPOBAaHHOM BUJIE.
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11.2. DddekT cBepXmIacTHIHOCTH

CBepXIUIACTUIHOCTD METAJUIOB 1 CILIABOB BHEIITHE MPOSIBIISICTCS B
opMe aHOMAaTBEHO OOJIBIIOTO YIJIMHEHUS TIPU MaJIbIX 3HAYCHUSIX Ha-
MPSCKEHMI TUTacTUYeCKOro TeueHusl. [IprunHa BOSHUKHOBEHMS 3TO
AHOMAaJIMM — TICPEXOJ IIPU OIPENeICHHBIX YCIOBUSIX K 36pHOIPAHUY -
HOMY IIPOCKAaJIb3bIBAHMIO KaK IPEeBAIMPYIOIIEMY MeXaHU3MY TUIaCTH-
YecKoi nedopMalinu.

Peanuzaiuy Ha3BaHHOTO MeXaHM3Ma CITOCOOCTBYET (hOpMMPOBa-
HUE YIbTPAMEJIKO3EPHUCTON CTPYKTYPhI Ha IPEIBapUTEIIPHOM 3Tarle
00pabOTKM MaTepuaa (CmpyKmypHas c6epxniacmu4HOCmMy) WU B IPO-
liecce HarpeBa W aedopMalMu TMPU OCYLIECTBACHUM TOW WM MHOMN
TEXHOJIOTMU 00pabOTKU JaBieHUEM (QuUHAMUYECKas C8EPXNAACMUYHOCID).

IMoHsITHO, YTO HaMOOJIee MHTEPECHOM M MEepPCIIEKTUBHON TEXHO-
JIOTUIECKOM MPOOJIEMOiA SIBIISTIOTCS TTOMCK 1 pean3aliyisi BO3MOXKHOC-
TU YIpaBJICHUSI BTOPHIM M3 Ha3BaHHBIX 3G(EKTOB, T.e. U3yYCHUE U
MaTeMaTHYeCKOe OIMMCaHNe 3aKOHOMEPHOCTEM BEICOKOTEMITEPaTypHOit
IJIACTMYECKOM AeopMally B IIMPOKOM IUAIla30He CKOPOCTE 1 TeM-
repaTyp, BKJIIOYasT PeXXKUMbI CBEPXILIACTUYHOCTH, IJIT METAJUIMUECKIX
MaTepurasioB, KOTOPbIe Ha cTapTe (OPMOM3MEHSIIOIICH TeXHOJIOTUM He
UMEIOT TPEIBapHUTEIBbHO ITOATOTOBICHHOM YIBTPaMeIKO3ePHUCTOMN
CTPYKTYDHI.

3HaKOMCTBO CO CIIELIMaJIbHOM JIUTEPATYpOii IT0 CBEPXILIACTHYHO-
CTH TI0Ka3bIBAaeT, YTO MCCACIOBAHMS ITPOOIEMBbI CBSI3aHBI C METAJLIO-
BEIYECKUMHM, TEPMOIUHAMUIECCKUMHM, (DU3UKO-METAITYPTUISCKUMU 1
CUHEPreTUYeCKUMHM MOHSATUSIMU U Toaxogamu [19].

Memannosedueckue uccaedosanus CBEPXIIACTUYHOCTU TIPUBEIN K
MPU3HAHMIO KJTIOUEeBOI poJIM B 3TOM 3(pdekTe MexaHM3Ma 3epHOrpa-
HUYHOTO IIPOCKAIb3bIBAaHUSI IPU BHITIOJTHEHUU TPeOOBaHMST paBHOOC-
HOCTU ¥ HECKJIOHHOCTH K YBEJIIMYCHUIO 3epHA IIpU Harpese u aedop-
Mauuu. [Ipu 3TOM BaXHBIM CTPYKTYPHBIM 2JIEMEHTOM CUMTAlOTCS
TPaHUIIBI 3epEeH.

C no3uLIuUu mepmMoOUHAMUKY HeoOpamumbix npoyeccos Ha TIepBbIi
IJIaH BBIABUIAETCSI TIPUHIINII JIOKAIIBHOTO paBHOBECHSI, KOTOPHBI Tpe-
OyeT paccMaTpuBaTh o0Opasell MaTepuaia py Harpese U aechopmMalvuu
KaK CJIOXHYIO CUCTEMY, B KaXKIOM 3JIEMEHTE KOTOPOI MIYT TaKKe IIPO-
1ecchl, Kak auhPy3MOHHBII MacCOMepeHOC, ABKEHUE pPa3INnIHOIO
BHIIA AMCIIOKAIIMI U OISITh Xe— 3ePHOTPAHUYHOE CKOJIbXEHHE, IIPU
CBEPXILIACTUYHOCTH COIIPOBOXIAIOIICECS CMEHOM coceneil 3epeH ¢
MTOCICAYIOIIMMH aKKOMOJIAIIMOHHBIMY IIPOIIECCaMMU.

HccrienoBaHus TOKa3bIBalOT, UTO peaIu3allysl CBePXILIAaCTHYHOC-
TU HE IMPOMCXOIUT BO BceM 00beMe omqHOBpeMeHHO. Ha 3ToM ocHoBa-
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HUU ClieJIaH BbIBOJ, YTO HACTYIUIEHUIO CBEPXIUIACTUYHOCTU Tpele-
CTBYET MeTacTaOMIbHOE COCTOSIHUE, CBSI3aHHOE CO CTAHOBJIEHUEM Me-
XaHM3Ma 36pHOrPAaHUYHOTO MPOCKATb3bIBAHUS MTPU MJIACTUUYECKOM Jie-
dopmauuu.

B cooTBeTcTBUU C YIIOMSIHYTBIM MTPUHIIMIIOM JIOKAJIBbHOTO PaBHO-
BECHS COCTOSTHUE OTKPBITON HEPABHOBECHOUW CUCTEMBI, K KOTOPOW CBO-
JITCs 00pasipl AeopMUpyeMOro marepuaia, XapakTepusyeTcs Jo-
KaJbHBIMM TEPMOJAMHAMUYECKMMHU NoTeHIuaaMu. [TocnenHue, B CBOIO
oyepellb, 3aBUCIT OT BPEMEHU Yepe3 XapaKTepUCTUUECKUE TEePMOAM-
HaMMYECKHe TMapaMeTphl, MpUUYeM JJISI BCeX MOTEHUMATOB BBITTOIHS -
I0TCSl ypaBHEHMS KJIaCCUUYECKON TepMonrHaMuku. OTMEUYeHO, YTO BO3-
HUKHOBEHNE B YCIOBUSIX HEPABHOBECHBIX (ha30BbIX MEPEXOI0B HOBBIX
CTPYKTYP MPOUCXOIUT KaK pe3yIbTaT MPOLIECCOB camoopeanudayuu [19].
Takum 06pa3oM, HEpPAaBHOBECHbBIE OTKPBITbIE CUCTEMbl MOTYT aHasu-
3UpPOBAThCsl KaK TEPMOJAUMHAMUYECKU CaMOOPTaHW30BaHHBIE CTPYKTY-
pPbI, B KOTOPbIX JIOKAJIM30BaH KBAa3MPaBHOBECHbBIM TepMOIMHAMUYEC-
KWUI TTpoLIeCC.

IIpouecchl camMmoopraHuM3alM caMblX Pa3HOOOPa3HbIX CTPYKTYpP
MU3y4yarTCs MOJIOAON, HO OYeHb OBICTPO pa3BUBAlOLIEHCS HayKOu —
cunepeemuxotl. KHHETHKA TaKUX CTPYKTYp paccMaTpUBAaETCs CUHepre-
TUKOM Kak Tepexo] uepe3 psii TepMOJAMHAMUYECKU KBa3MpaBHOBEC-
HBIX COCTOSIHMIA, a 3aBUCUMOCTb CUCTEMbI OT BPEMEHU OMNMChIBAETCS
yepe3 napaMeTpbl COCTOSIHUS.

B uHTepecylolmnx Hac ciiydyasix HarpeBa M CTaTUUYE€CKOTO Harpyxke-
HUS METAUIMYECKUX MaTepuaaoB CTPYKTYpHasl cCaMOOpraHu3alus pe-
aJii3yeTcsl B YCJIOBUSIX MEIJIEHHbBIX OJHOPOJHbBIX U3MEHEHUI BO3/ei -
CTBHUSI OKpYXKawlleil cpeiabl Ha OTKPBITYIO CUCTEMY, NPU KOTOPOM
MOCJIeHSSI IEPEXOAUT B HOBbIE COCTOSTHUS, OTIMYatoluecs 6oJjee Bbl-
COKHM MOPSIAKOM U CTPYKTYpOii. B TepMMHAX CMHEPreTUKY TaKO# CITo-
CcO0 CTPYKTYpHOI CaMOOpraHU3alMu OTHOCUTCS K CaMOOpeaHu3ayuu
yepe3 uaMeHeHue Ynpaeiaouux napamempos. BzaumMoneicTBue 3J1eMeH-
TOB OTKPBITOW CHCTEMBbI NIEPEHOCUTCSI HAa BHEILIHUE CUHEPTreThuYecKue
Makpoa(deKThl, MOpOXKIaEMble CTPYKTYPHBIMU U3MEHEHUSIMU.

OCHOBHBIMU OCOOEHHOCTSIMU CHUHEpreTuYeckux 3(pdekToB cyu-
TalTCS YMOPSAOUYEHHOCTD, 1IeJeHANPaBIeHHOCTb MOBEACHUS OTKPbI-
TOW CHUCTEMBbI MPU OTHOCUTEJIbHONH XaOTUYHOCTU MOBEAEHUS OTIEb-
HbIX ee aieMeHTOB. OIHAKO MOAX0 K OOBSICHEHUIO CBEPXILJIACTUMHOCTU
TOJIBKO KaK CHHEPreTM4yeckoro apdekra He MOXET BBIUTU 3a paMKu
KOHCTaTauuu (pakta opMUpOBaHUS TUCCUTIATUBHOM CTPYKTYphl. Mc-
TOpHUSI HACTYILJIEHUsS] U OKOHYaHUsl 3¢deKkTa MpU TaKOM IMOAXOAEe He
paccMaTpuBaeTcs U He yuuThiBaeTcs. CUHEpreTuKa Xe ¢ puBJIeueHU-
€M acMMNTOTHYecKOoro Meroja [28] aHanu3upyeT B ABUXKEHUU CTPYK-
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TypHbIC U3MEHEHUS HETMHEHHBIX CUCTEM, BBIIEIIAS B HUX HEKOTOPBIE
MpeAeTbHbIC COCTOSTHHS, KaueCTBEHHBIN aHAJIN3 KOTOPHIX IIPUBOIUT K
KOJIMIECTBEHHOM OILIEHKE TPOIIECCOB CAMOOPTaHM3AIINH.

NmeHHo Takoii moaxon ucnonb3oBaH A.M.PynaeBbiM mpu moct-
POEHUM MOJEJIM Mmpolecca TMHAMUYECKOW cBepXIiacTuuHocTu [19].
C MOMOIIBIO 3TOM MOIEIN, K M3JTOXEHUI0 KOTOPO MBI TIEPEXOINM,
Jajee pellleHa YITOMSHyTas BBIIIE TEXHOJOTUUYECKas 3aada O IPSIMOM
M30TEePMUYECKOM MPECCOBAHUM TIOJIOCHI C MCTIOJIb30BaHWEeM 3(PdeKrTa
CBepxIiacTUuHoCTH [12].

11.3. MaremaTnyeckas MOJIeJIb
COCTOSIHMI MaTepraia

NpH OJHOPOIHOM 0CEBOI
BbICOKOTEMIIEPATYPHOIi JedopManun,
BKJIIOYAIOLIAS COCTOSIHUE
JMHAMHYECKO# CBEPXILIACTHYHOCTH

PaccmaTtpuBaemast Molelb OrpaHMYEHA OIMMCAHUEM COCTOSHUIMA
MaTepHraJioB C OMHMM CTPYKTYPHBIM (pa30BBIM MEepPEXOI0OM— JTMHAMU-
YeCKOM peKpucTaIn3aliueii, Ipu KOTOPOil BO3HUKAEeT paBHOOCHAS

(&
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o :
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Puc.71. KayecTBeHHBIE M30TepPMHUYECKIE 3aBUCUMOCTH HaIPsSDKEHUE
O— CKOpPOCTh Aedopmanum € IIpM pa3HBIX TeMmIlepaTypax 0 B Ouara3oHe
CYILIECTBOBAHMS TPAHULL YCTOMYMBOCTU CTPYKTYPHBIX COCTOSIHUIA
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MUKPOCTPYKTYpa ¢ OYEHb MEJKUM 3€PHOM, COU3ZMEPUMBIM C Ccyb3ep-
HaMM, NpU HaJWYUM BO30YXIAEHHOTrO (HEpaBHOBECHOTO) COCTOSIHUS
IpaHULL 3epeH C BO3ZHUKHOBEHMEM aMopdHoro ciosi. B pesynbraTe
CO3JAeTCs CTPYKTYpa, CIIOCOOCTBYIOIIASI OCYILIECTBICHUIO 36pPHOTPAHUY -
HOTO MPOCKaJIb3bIBAHMSI, XapaKTEPHOTO /Il CBEPXILIAaCTUYHOCTU. [1po-
SIBJIEHUEM CTPYKTYPHOI HEPaBHOBECHOCTH SIBJISIETCSI HEOAHO3HAYHOCTD
3aBUCUMOCTH HaMpsKeHUsI 6 OT CKOPOCTU nedhopMaluu ¢ Mpu pas-
HBIX TeMIepaTtypax 0 (KpuBble Ha puc. 71,a) U TNOSBIEHUWE Ha HUX
0COOBIX TOUEK, COOTBETCTBYIOILIMX I'PaHUIIAM TEPMOAMHAMUYECKOU yC-
TOMUYMBOCTU CTPYKTYPHBIX cocTosiHUM (puc. 71,0).

Mojenb OCHOBBIBAE€TCSI Ha CAEAYIOIIMX 9KCIIEPUMEHTATbHO MO/~
TBEPXKIAEMBbIX MOJOXEHUSIX.

1. CrpykTypHast TepMOCTaOUIBLHOCTb ropsiueacdopMrUpOBaHHBIX
CIIAaBOB HE 3aBUCUT OT CTeTleHU JAedopmaliuu, a 00yclioBJIeHa TOJIbKO
CKOpPOCTHbIMU OorpaHuueHusiMu. [ToaToMy npeamnosaraercst CyiecTBo-

BaHKE KaKOW-TO HAayaJIbHOM JorapudpMudeckoi nedopManum g = g°,
rocJjie JOCTUXKEHUSI KOTOPOM BBIMOTHSIETCST YCIOBUE

9o

=0. 278
o€ (278)

0

€€

2. TemmepaTypHbIii AUANa30H CBEPXIIACTUYHOCTU OFpaHUYEH ce-
Me}ICTBOM MOCTPOEHHBIX NPH € > €0 M30TEpPM “HaNpsSXKeHHe— CKO-
poctb aepopmanuu” (cM. puc. 71,a), KOTOpble COOTBETCTBYIOT 00J1a-

CTU HEYCTOMYMUBOCTU 6 € JG?,B?[, rae 6,607 — HWXKHSISA U BEPXHAA

KPUTUUYECKUE TeMIIepaTyphbl, onpeaeasieMble MyTeM 00pabOTKM 3KC-
MepUMEeHTAIbHbBIX JAHHBIX 110 METOAMKE, pa3padoTaHHOI aBTOPOM MO-
nenun S.W.PynaeBbiM ¢ corpynHukamu [3]. ITpu 3ToMm, Kak u mpea-
CTaBJIeHO Ha puc. 71,a, U30TepMbl ©—¢ SBIASIOTCS TJIaIKUMU
KPUBBIMU, Ha KaXJA0W U3 KOTOPBIX UMEIOTCSI TOYKU Meperuda, ynoB-
JIETBOPSIIOIINE YCIOBUIO

0%c
02|,
€

S

-0, (279)

[
rnpuyeM ckopoctu aedopmannu € (€,0) craBUTCS B COOTBETCTBUE Ha-
MpsSKEeHUE G (g,0). ITostomy ¢ no paccMaTpuBalOTCs KaK BHYTPEH-
HUE aJbTePHATUBHbIE NTAPAMETPbI COCTOAHUA, NIPUYEM ¢ = ¢ (€,07),

€ = ¢ (E,0°).
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YpaBHEHHUE COCTOSHUSA, SIBIISIIOIICECS SIIPOM MOJIEH, TOJKHO OBITh
COCTaBJICHO TaK, YTOOBI MPU KPUTUIECKUX TeMmIlepaTypax OHO YIOB-
JIETBOPSIJIO YCJIOBUSIM

Jo 9’c
. =Y, _2 = 05
88 621’621 ag elcl,éi.l
(280)
J0c B d’c ~0
Fr R vy Y I
08 lgs g o€ op et

I'pacduk 3aBucumoctn o—¢ (puc. 71,6) paccmaTpuBaeTcsl Kak

(parmMeHT (a30BOIT TUAarpaMMbl PaBHOBECHUS TIPU 0O € ]ec“,ef[. Torma
nepsasi Bocxojsiasi BeTBb (1—2) KprMBOI paBHOBECHSI COOTBETCTBYET
(popmupoBaHUIO U3MENTBUEHHOM Ae(POPMUPOBAHHOI CTPYKTYPhI, a BTO-
past Bocxojsiiast BeTBb (4—5)— (opMUpoOBaHUIO KPYMHO3EPHUCTOM
PEKPUCTAIIIIM30BAHHOM CTPYKTYPbl. MeXly HUMM HaXOAUTCS 30Ha Tep-
MOJMHaMUUYECKOU HeycTOMUMBOCTU (2—3—4) B CKOPOCTHOM MHTEpBa-

Je ¢ e }é”, é“[ (cM. puc. 71,6), B KOTOpoM TposiBisieTcs: 9¢hdeKT CBEpX-
MIACTUYHOCTU. B KpaiiHux Toukax (2 1 4) 5TOi 30HBI BBIMOJHSIOTCS
YCJIOBUS

Jo

00
- = O’
0¢

é=¢" 0¢

= 0. (281)

g=¢"
KpOMC TOro, aJisd BCEro CKOPOCTHOIro AguaradoHa CTPYKTYPHBLIX

npeBpaiieHuit (1—5) Ha KpUBOIl paBHOBECHSI B YKa3aHHOI BHIIIIe 00-
JIACTH TeMITepaTyp 6 MOXHO 3aIucaTrh

oI
c

& Jo
| (—] edeé = 0. (282)
0¢
0

3. MOZ[GJII) YUYUTBIBACT IIPOLUCCCHI TOJIbKO aKTUBHOI'O HAIrpy>kK€HUAI,
IIPUTOM TaKM€, KOIrJa CTPYKTYPHBIC USMCHCHUA B PE3YJIbTaTC IMHAMMN -
YEeCKOM peKpUCTAUIM3ALMU HEOOpaTUMBI.

OCHOBHBIM COOTHOILIIEHUEM paCCManI/IBaeMOfI MOACIN ABJISACTCA
YpaeHeHue coCmoAHUs, KOTOPOE aBTOP MOAEIU NPEACTABISET, C OAHON
CTOPOHBbI, KaK BbIpa>X€HME MUHMUMYMa TCPMOJIMHAMMUYCCKOIO ITOTCH-
myana Jlangay, yYUTBIBAIOIIETO BAWSIHUE BHEIIIHETO II0JIS, a ¢ IPYyroi
— KaK aHaJIMTUYCCKOC BbIPA>XKCHUC ITOTCHIMaIa KaTaCTpO(I)bI C60pKI/I,
T.€C. BBOOUT CBA3b OIIMCaHUA MPOLECCOB I[e(i)OpMa]_II/II/I N CTPYKTYPHBIX
HpeBpaH.IeHI/IfI HC TOJIbKO C MaTC€pruaJOBCACHUECM U TepMOHHHaMHKOﬁ
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HeoOpaTUMBbIX MPOLIECCOB, HO U ¢ Teopueit KatacTtpod [5]. Eciu Bbipa-
JKEeHUe TEPMOAMHAMUYECKOTo MoTeHIMaia JlaHaay ¢ y4eToM BIUSTHUS
BHEILHEro MoJisd (M OHO XXe — BbIpaXeHME MOTeHIMaJla KaTacTpodbl
coopku [3])

d(n,B,q) = %”107]4 + %B(E, &M’ —gn

MMHHAMU3UPOBATh 110 TTapaMeTpy ', TO YpaBHEHUE COCTOSHUS TIOJY-
YaeTcs B BUIE

g =myn’ +B(E,Em, (283)
roe
_ * ._.* . G—GH
g=2"9 -9 n=F e 084y
c c £ ¢ 0, — 0,

my = const, B =p(g,&) — HeKoTopass GyHKIUS CTENeHU AeopMaliin
1 HOPMHUPOBAHHOM TEeMITepaTypHI.

Brllre ObIO OTMEYEHO, YTO CHMHEPTETUUYECKUI MOAXOM K OTIH-
CaHWIO N3MEHEHUS CTPYKTYPHBIX COCTOSIHUI MaTepualia TpakTyeTcs
KaK caMOOpTaHM3allus yepe3 M3MEHEHME YIPaBJISIOMNX ITapamMeT-
poB. B ypaBHeHUU cocTtosiHus (283) ceMelCcTBO ynpaB/sIoluX mnapa-
METPOB OIPENeNIIIOT 3HAUeHUS 3 W ¢, a M omnpeeiseT 3HAYCHUS
napameTpoB nopsiaka. [pu stom eciu B> 0 (&€ [0,1]), To nsmene-
HUI CTPYKTYpPHOIO Xapakrepa B Ae(OopMHUpPOBaHHOM MaTtepuajie He
npoucxoaut; ecan B <0 (&€ [0,1]), To MMeeT MECTO CTPYKTYPHO He-
YCTOWYMBOE COCTOSTHME MaTrepuaja; paBeHCTBO [3=0 COOTBETCTByeT
MEePEXOAHBIM COCTOSIHUSIM.

3HavyeHUs MapaMeTpoB TMOPSAKa 1, M, U CKopocTeil nedopma-
o €] , €, , OrPAaHMIMBAIOIINX OBJIACTh CTPYKTYPHBIX M3MEHEHUIA (CM.
puc. 71,6), MOXHO HaiiTu U3 yciaoBus (282), kotopoe ¢ yueToM (284)
TpaHchopmupyetrcad B ¢ =0. Torna u3 (283) nonyyaem

Ny = F(B/my) /2 &2 =& (15 (-B/ my)' /). (285)

Otmeueno [19], uto (283) ¢ yueTom (284) ynoBieTBOpsieT yCIOBU-
aMm (280).

Takum obpa3zom, B ypaBHeHME COCTOSIHUS (283) BXOISAT ajnbTep-
HATUBHBIE BHYTPEHHME MapaMeTpel ¢ U ¢ (cM. puc. 71,a) u obyc-
JIOBJICHHbIE CUHEPIeTUYECKUM MOAXOI0M YIPABISIOLIME TTapaMeTPhbI
B u ¢q. Ilepexon MaTepuasia U3 UCXOAHOIO B PEKPUCTANIM30BAHHOE
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COCTOSTHHE OCYIIECTBIISIETCS Uyepe3 CUJIbHBIE CTPYKTYpPHBIC M3MeHe-
HUSI, KOHTPOJIMpPYEMbIe ITapaMeTpoM 3. YKa3aHHBIM ImapaMeTp He 3a-
BUCHUT OT CKOPOCTH ae(opMamuu, O3TOMY

ap _ .

rae g = d& / dt — CKOpOCTb BO3pacTaHUsI HOPMUPOBAHHON TeMIlepaTy-

pul &, t— Bpemst. ®yakmusa f(B, g), Bxonmsias B (286), Ha3BaHa B COOT-
BETCTBUU C €€ POJIbIO B MONENU PYHKYUEU UYBCMBUMEAbHOCIU MAmepu -
ana K cmpykmypHuimM npegpaujeHusm. Bun aToit pyHKIINYM onpenensiics ¢
yuyeToM psifia TpeOOBaHUIi, OOYCIOBIIEHHBIX HEOOPAaTUMOCTbIO yKa3aH-

Hpix npespamenuit: f'(B,¢) <0 mnpu &e |0,1[; fB,q)>0 mnpu
ﬁe ]0, 1[, f,’((),q) = 0, KpOME TOrO, f(Ba q)‘§<1/2 < 09 f(67Q)|y;>1/2 > 03

f@, q)|i:1 /= 0, rme 3HAUeHME HOPMUPOBAHHOI TeMmnepatypsl & =1/2
COOTBETCTBYET CepeluHe MpeBpaileHus. B utore ¢GbyHKIIUS YYBCTBU-
TEJILHOCTU MaTepuajia K CTPYKTYPHBIM IIPEeBPAICHUSIM 3a1aeTCsI B MO-
JeJIA BBIPasKCHUEM

£®, >-i“ 1[ ®.5-+ } (287)

raoe I'(B,&) Ha3bIBaeTCsl cmeneHbld NOAHOMbL (hA306020 nepexoda N Bbl-
yucisiercs no popmylie
rey=a-po -l 1 (288)
2 1+pRE-1)° 2

Bxopasue B BoipaxkeHus (287) u (288) nocrosiHHbIe KO3 Puiiu-
€HTBl MOJIEJIM O M I OMpeleeHbl Kak KOHCTAHTbl MaTepuaa, 3Haye-
HUS KOTOPBIX HAXOMIT TIPU COIOCTABIICHWU SKCIIEPUMEHTABHBIX U
pacYeTHBIX TaHHBIX; Iajiee MPUBOISTCS B BUIE TAOIMITLI 3HAYCHUST BCEX
TTOCTOSTHHBIX MOJIENIH, TIOJYYeHHBIC TAKWM ITyTeM IJIST TPEX aTlOMUHM-
€BBIX CIUTIABOB IIPU TEeMIIepaTypax M3 AMAITa30Ha CBEPXILIACTUYHOCTHU
(B <0) u BHe aTOTO MMamnaszoHa (f>0) .

J1J1s1 3aBeplIeHUsI TIOCTPOCHUST MOMIEIM OCTaJOCh 3allMcaTh ypaB-
HEHUsI, KOTOPBIM YIOBJICTBOPSIIOT BHYTPEHHUE TTapaMeTPhl COCTOSTHUSI
o u ¢ . Kunernueckue ypaBHEHMSI ISl yKA3aHHBIX TTAPAMETPOB MO-
JiydyeHsl [19] B Bune

dlnc

= A&lexp(B - )1/ (B, 9), (289)
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ding" -,
U5 = Ao - )IB- £(6.9). (290)
rie 20 =const, a B ecTb pellleHre ypaBHeHuUs (286), mpuuem Ipu

HekoTopoM & <0 P =s.

B Tab6n.2 npuBoasATCS 3HAYEHUs] MOCTOSIHHBIX KO3(D(MUIIMEHTOB
[19], Bxomsiiux B (hOopMyJibl MOJEIU, I YKAa3aHHBIX MapoOK alloMHU-
HUEBBIX CIUIABOB B 16(DOPMUPOBAHHOM COCTOSIHUM.

Taonuma 2

3Hayenus K03 hHIMEHTOB, BXOAAIMX B (DOPMYJIBI MOIEIH

Mapka 3HaueHUs MOCTOSIHHBIX KO3(hDUILIMEHTOB

cIuIaBa my a n go
J18T 0,3965 0,5 1,20 —1,0987
1561 0,3717 0,6 1,20 —2,8445
AK4 0,2428 0,4 1,33 —1,2622

PaCCMOTpeHHaH MOICJIb OITMCBhIBACT CBA3M MCXKIAY HaIlPpAXCHUA-
MU, TGMHCpaTypOfI N KMHEMAaTUYCCKMMU NMEPEMECHHLBIMU, BKJIIO4Yasd
JHarta3oHbl CBEPXIIIACTUYHOCTHU, AJIA ITPOCTOIO paCTAXCHMA U CKaTUA
U MOXeT ObITb 00O0IIEeHa Ha CIIOKHOE Hamnpsa>kX€HHOC COCTOAHUC C
NPUBJICYCHUEM TCH30OPHDbIX COOTHOLLIEHU I TECOPUU TCUCHUA, KaK 6y2[€T
IIOKa3aHoO Jajic€ Ha IpUMEPE PCLICHUA TEXHOJIOTMYECKON 3amayu, O
KOTOpOI71 TOBOPMJIOCH BBIIIEC.

11. 4. 3agaya o npsAMOM H30TEPMIUIECKOM NMPECCOBAHUN
M0JIOCHI C HCTIO/Ib30BAHHEM CBEPXILIACTHIHOCTH

PeuieHue gaHHOM 3aJayyd COCTOMT M3 ABYX 4YacTeil U COACPKUT
IPOMO3JKME MaTeMaTuyeckue BhIKIaaku. [ToaToMy moctaHOBKa U pe-
LIeHWe 5TOM 3aJayd JaloTCsl JIWIIb B KPaTKOM M3JIOXKEHUU, TOJIBKO
YTOOBI TTOKA3aTh, KAK MOXHO MCIIOJb30BaTh PACCMOTPEHHYIO B pasjie-
se 11.3 monenb B TexHoMormyeckux 3agayax OMJI.

B nepeoil wacmu— rpaHUYHON 3aJaye TEOPUM IUIACTUYHOCTU —
HCCenyeTcsl TeYeHNe MeTalljla B KIMHOBUIHOM CXOZSIIEMCSl KaHale,
Kak Ha puc. 69. MatemaTnyeckasl IOCTAaHOBKA 3a1a4yy B LIVUIMHIPH -
YECKMX KOOPAMHATAX PO BKITIOYAET:

1) ypaBHeHuUsI paBHOBecusi, (hpopMalbHO Takue ke, Kak (134)
B IJ1aBe 5
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06, 0t
p—+—" 46 -0,=0,

o oda P

00 0T,
—+p——+21,, =0,
P

(291)

— *
HO 311eCh G; =G;; /6 — OGe3pasMepHbIe KOMIIOHEHTBI TEH30pa HaMpsi-

KeHUI (6 =0,,0,T, ), G — BHYTPEHHHUIl TTapaMeTp COCTOSHUS T10
monenu, pazmen 11.3;

2) reoMeTpruuYecKre COOTHOLIEHUSI B CKOPOCTSIX

00 ) ) ] 1 00
P Eoc__p; Yp(x:__p'

_ . : 292
P 9p P p do (292)

€

[JIe aHAJIOTMYHO TPEbIIyIieMy €; = &, /¢ — Oe3pa3MepHbIe COCTaB-

JIOIINE CKOpOCTeil nedpopmannii, ¢ — BHYTPEHHUIA TTapaMeTp, ajlb-
_

TepHATUBHBIA o ; O, =0, /& { — Ge3pasmMepHas CKOPOCTb paauaiib-

HOro IepeMelleHus, IIe B CBOIO ouepelb 59 — JeicTBUTENIbHAS
CKOPOCTb TepeMellleHus]; ¢ — XapaKTepHbIi pa3Mmep;
3) ¢pusznueckue ypaBHEHUS

20
3¢
36p =06, +0,; O, U &, — UHTEHCUBHOCTH HAINpPsSKEHUI M CKOPOC-
Tel medopMalnii, cBsI3b MeXKIy KOTOPBIMU OIpeaelisieTcsl 0000IIeH-

HBIM YpPaBHEHMEM COCTOSIHMSI M3 Moneiau pasaena 11.3 ciemyoinum
o0pazoM:

) o, .
“Eos Toq = gypa, (293)

c, .
o Ep’
u

GD_GOZ Oy —Op =

u u

oy, =L+ my(e, —1)° +B(&, - 1); (294)
4) ycloBre HECXKMMAEeMOCTU B CKOPOCTSIX:
€, +&, =0. (295)

ITocne MOCTaHOBKM 3afaud pellicHUe ee HAauMHACTCsI C OIpeesie-
HUs paspewarowei gynkyuu. T1pu MOACTaHOBKE COOTHOILIEHUM (292)
B (295) nmonyyaercs auddepeHunaIbHOe ypaBHEHHE

. 0
D Doy, (296)
oo P

PEUICHUE KOTOPOro 3alMCbhbiBACTCA B BUAC
5 = K@) (297)

. p

188



rae k = k(o) — (yHKIIMS YIJIOBOrO apryMeHTa (., Ha3BaHHasl pa3pellia-
tolieil. Ee BblpaxkeHue onpeaesieHO B pe3ysbrare pelleHus: auddepeH-
LIMAJIBHOTO ypaBHEHMUsI, MOJYYEHHOTO M3 MCXOAHbIX ypaBHeHMH (291) u
(293), 1 ananuza noJjsi ckopocrteit aepopmanuii B ovare aecdopmaiuiu,
OTpaHNMYEHHOM B TAaHHOM 3a/a4ye TTOBEPXHOCTRIO KIIMHA U IBYMSI TIOBEPX-
HOCTSIMU Pa3pbIBa CKOPOCTei Py = Po () 1 P = P, () (puc. 72). B uto-
re /Ui paspeuiarolei q)YHKHI/H/I MOJIy4EHO OKOHYATEIbHOE BhIPAXKEHUE

k(o) = ° (w cos 201), (298)

B KOTOPOM

Y= w(oc*,x) =cos20 +

— 2 %
VI X sin 20, (299)

X

1+coso +cos’ o —%(l—w)

y=y(a,y) = - , (300)
1-cosa

CKOPOCTb IpECCOBaAaHUA

_ M
0=l (301)
rJe B CBOIO ouepeab (CcM. puc. 72)
A=hy/h, (302)

a W— BblyuciasgeMblii Metogom KapmaHo BelllecTBEHHBIN KOpPEHb Ky-
01UYeCcKOro ypaBHEHMUsI

S

s /”/// ////,f =P
"y

o
/ / L //‘-5\7\}/
[ =

o
~
[@\]

Q
2h
N A

///////’//

Puc.72. K 3agadye o mpeccoBaHMM MOJIOCHI B KJIMHOBUAHOW MaTpHIIe
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ay(0) + @y (0 )+ ay (o ) +as (o )’ = 0; (303)

%m3=i%u—%—mx

o /2

o J-/ (v — cos 20))(sin? o — yar)
0 \/qu —2ycos2a+1

crgo - dog

i 0°/2(1p cos2oc)s1n(xcosoc .
(o) =CGmy +B) | ot
0 sin? o — ya
* 4
az(oc ):—Tn;()x
o /2
XJ- V- COS2a3sm30ccosoc\/q12—2l|lcos2oc+ldoc;
0 (s1n2oc \UOC)
16
03(0( )—_Em(]x

o /2

/
XJ- Y — cos 20
0

— 2" sin’ occosoc(tp2 —2ycos2a + l)doc.

(sm o— woc)

B nocnennux opmynax o*f— mosioBUMHa yriia Mpy BepLIMHE KJIMHA
(cm. puc. 72), a x— KO3(QPULUMEHT MPOIMOPLUNOHATBLHOCTH, OIIpee-
JISIEMbBIM 9KCIIEpUMEHTaIbHO.

VYpaBHeHUs MOBEPXHOCTEN pa3pblBa CKOPOCTEN TMOJYyYEHbI B BUIE

3 sin? o — yo 3 sin? o -yo
pp= = XV o 2 S ETWE T (304)
- 2y  sino 2yA  sino -

Hanee MOXHO BbIBeCTU (hOPMYJTy JIJIs BBIUMCIIEHUST O€3pa3MepHO-
ro ycuaus mpeccopaHus P =P/ G*AO, rne P — peiicTBUTENbHOE
ycwine; A, — TJIoLaab MONEPEeYyHOro CeYeHMsT KoHTeliHepa. To ecTb
MMeeM BbIpaXXeHUe

o /2

/
-2 _[ Gp| __pgcosa-da, (305)
0 P=Po
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rocJie MojacTaHoBKU B KoTtopoe (293), (298) u (304) mist BbluuciaeHust
YCWIIMST TIPECCOBAHMS TToTydaeTcs popmyia

P=0y(A0)+0/(A0) + 0y (A,0) + O5(A,0 ), (306)

B kotopoit Q,(A,0’), n=0,1,2,3 — crenytomme GyHKIAN:

23
Qo(A,Oc)=—(l— -B)x
)
/2 .2 s 2
< | 2ylgA I sin” 2o(sin” o wo;)/(z:o:soc doi—
0 —2ycos2a+1)’/ “sina
o /2

(2cos 20— y)(sin® o — yar) cos o

73 do -

-lgA |

(y? = 2ycos2a + 1)/ ?sina

o /2

0

/
-
0

(w cosoc)(sm o — \oL) CoS oL )
2 do |;
—2ycos2a+1)/“sina

0/(A,0) = 3 (3 +B)0y x

5 sinocosa - do —

f22 cos 20—\
b sin“a-wo

o .
sina.coso-da. |;

0y (A, ") = 8/3myyo] x

oc*/2 .2 .3
X{—%(I—A‘*){A -[ sin” 2a.8in” o.cos o y

(1|12 —2ycos2a + 1)1/2(sin2 o-— w(x)3

o /2

_ 1/2
xdo+ | (2c0s 20, — ) (y? — 2y cos 20 + 1)
0

= sin’® occos o - dot |+
(sin (x—\uoc)
o

1/2
+4A4

J-/2 (y —cos20.)(y? = 2y cos 20 +1)
0

sin® accos o - do |;
(sm (x—\uoc)
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. (8V
0 (A, 0 >=(§j my g0

1-AS /2 5in? 2asin® a.cos o
o 2y J‘ — s do+
3 0 (sin” oo — you)
+0CJ‘/2 (2c0s 20 —y) (w* 2y cos 20 +1) sin® ocos o - dot |~
0 (sin? o — oy’
o /2 _ 2 _
“2A° | (2c0s 20— w)(y” —2ycos2a+1) o5 cocor. do |,
0

(sin’ o — yar)°

B urtore Takum IIYyTEM ITIOJYYCHO PCLICHUC FpaHPI‘IHOIZ 3agayu
IIPECCOBAHMUSA IIOJIOCHI B U30OTEPMUUYECKUX YCIOBUAX: ITPMU U3BECTHOM

Bue paspeluatoleit pyHkunu (298) HaliieHbI SIBHbIE BbIpaXKeHUS IS
CKOpOCTel mepeMellieHuid U aedopMaliuii, orpeaesieHo MoJjie Hampsi-
JKeHUU U BbIBeAeHa (popMyJia il BBIUMCICHUST YCUIUS TTPECCOBAHUS.
Ho 570, KaKk ObLJ1I0 OTMEUEHO, COCTABJISIET MEPBYIO U3 IBYX YacTeil pe-
LLIeHUS 3a/1auu, YKa3aHHOI B 3arojoBke pazaena 11.4.

CognepxxaHue émopoil wacmu: ONTUMHU3ALMS SHEPTOCUIIOBBIX U KMHE-
MAaTUYECKUX MapaMeTPOB IMPHU MPecCOBaHUM MOJIOChI C UCMOIb30BaHUEM
addexra CBepXIIaCTUUHOCTU. 3[AeCh UCCIEAYyeTCsl MPOLIECC, OCYIEeCTB-
JISEMbI B U30TEPMUUECKUX YCJIOBUSX 1 ONTUMAIBHOM ISl IPOSIBICHUS
addexra cBepXIJIaCTUYHOCTH TEMITEPaTyPHO-CKOPOCTHOM PEXUME.

TTpu onTMuU3aLMK MpolLecca MPecCOBaHMS pelliaeTcs 3aaadya OThIC-
KaHU$ YCIOBUM, TIPU KOTOPBIX, BO-MEPBbIX, 00pa3yeTCsl 30Ha CBEPX-
TUJIACTUYHOCTU MaKCUMaJIbHOTO 00beMa, U BO-BTOPbIX, 0OecIieurnBaeT-
cs HauOoJsiee palMOHAJIbHOE PacIoJioKeHUe 3TOW 30HblI B Tpejaesnax
ouara aedopmanuu. IToaToMy B KauecTBe 1ieJ€BOM (PYHKILIMU BbIOpaH
00beM V 30HBI CBEPXILJIACTUMHOCTU B oyare Jaedopmaliu, KOTOpPbIit
MpU ONTUMAJIbHOM COYETAaHWU CUJIOBBIX, TEPMUUECKUX U KUHEMAaTu-
YeCKMX YCIOBUM JOCTUTAeT MakKCUMyMa

V =[[[aV — max. (307)
)
B umiamHapuyeckux koopauHatax BbipaxeHue (307) umeer BUI

fpzda — max. (308)
0
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K aTOoMy ycmoBuio mo0aBisSItOTCS OTpaHMYEHUS Ha CBEPXILIACTH-
YyecKylo 00J1acTh MO CKOPOCTSIM jaedopMalivii. YpaBHEHUE COCTOSIHUS
(294) moxHO Tmepenucatb B BUe

q, = mym, +BEM,, (309)

rie, aHaJJoTUYHO PacCMOTpPeHHOU B paszaene 11.3 monenu

Gy =281, o, =w_q (310)
o €
MHTEeHCUBHOCTH CKOpocTell aedopmalinii ipeacTapieHa B hopme
1/2
by =t 1, 311)
Y

rne L(o) = %[4/(2 (o) + £ (o)]. 3HaueHus M, TIPY CBEPXIIACTUYHOCTH

UMEIOT orpaHuueHust [12]
iy <m, <ni, (312)
rae

D = (=B/3my) % P = (B/3my) 2 (313)

B dopmynax (309), (313), xak u B Momenu pasaena 11.3, my —

KOHCTaHTa MaTepuana; [ — ympaBasgommii mapamerp (f<0 mpu

CBEPXIUIACTUYHOCTH).
W3 (312) u (311) nonyyaetcsi HEpaBEHCTBO

P =P =py, (314)
B KOTOPOM P; U P, — HUXKHEE U BEPXHEE 3HAYEHUS HOPMUPOBAHHBIX

pamnycoB, OrpaHMYMBAIOIIMX 00JIACTh CBEPXIUIACTUYHOCTH, BEIYMCISI-
eMble 10 (hopMyTam

2 a2 1/2

o1 = UL+ (=B /3my) /2T % . G19)
2 2\/2 1/2

0y = 11— (=B /3my)'/ 2" % . G16)

Orcrona TIPOM3BOJIBHOC 3HAYCHUEC P € ]pl N [ MO2KHO 3aI1icCaThb TaK:
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1/4

2 2
1 [4k°+k , (317)

p= /2 3
rae T =[(1-(-B/3my)"/?), (1+(-B/3my)"/?)].
Takum obpa3oM, MojiyueHa BapualMoHHas 3aaava. s ee pelie-
Hus B coorBeTcTBUU € (308) mocTpoeH (yHKIIMOHA

® = [ (4k* + k) *da, (318)
0

3aBUCIINN TOJIBKO OT K M k”, ¥ TTOC/IE BBIYMCIEHUI TTOJIydaeTCst

2 2
o = dNAk - CT V‘”E—C, (319)

rae C— IMpPOM3BOJIbHAS TTOCTOSSHHAsE WHTEIPUPOBAHUS.

VYpaBHenue (319)— nuddepeHumranbHoe ypaBHEHUE € pasaess-
IOIIMMHUCS TTepeMeHHbIMK. [lociie moacraHoBKM (GYHKIUU k €T0 WH-
TerpaJl IoJyYeH B BUIC

C
=——\ (320)
2 cos4a
Kk

M3 (320) mosyyeHo orpaHUYEHUE HA BEJIMUYMHY yIIa o = o , 00-

pasyollero rpaHuIly 00JIaCTU CBePXIIACTUYHOCTH,

a<o =mn/4. (321)
Takum o6pa3oM, 06beM 30HbI CBEPXILJIACTUYHOCTU OYJAET MaKCH-
MaJIbHbIM I1pu BeinoiHeHUU (315), (316) u (321). Ocranoch OTbICKATh
HauboJjiee pallMOHAIbHOE PACMoJIOKEHNE CBEPXIIaCTUYECKOl obJac-
TU B Tpefenax ouyara aedopmaliuy, UCXO[s U3 TOTO, YTO KOHEUHOM
1IeJIbIO TIpoliecca MPECCOBaHUS SBJSIETCS MOJYyYeHUe TT0JI0ChI C BBICO-
KOKaYeCTBEHHOM yJIbTPaMeIKO3epHUCTOU CTpyKTypoii. [ToaTomy Bax-
HO Ha “(UHMIIHON MpsSMOK” TMpoliecca, T.e. Ha BbIXOJAE MOJIOCHI U3
MaTpulibl, 00€CIIeYUTh CKOPOCTHBIE YCJIOBUS, HE BBIBOASIIME MATEPU -
aJl U3 COCTOSTHUSI CBepXIJIacTUUHOCTU. [ToBepXHOCTH pa3pbiBa CKOPO-
CTeii Ha BBIXOJIE U3 MaTPUIIbI ONMChIBaeTCs ypaBHeHUueM (304,), KoTo-
poe MOXHO MepernucaTb B BUIE

2 _ ﬂ (322)
pK 4“_!2/\2 b}
rae
. 2 _
) e (323)
sin o

IToBepXHOCTDH, OTpaHMYMBAIOLIAS 30HY CBEPXIJIACTUYHOCTHU IO
BEepXHEMY TIpe/IeNTy CKOPOCTE, OIpenensaeTcsl ypaBHeHUEM
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2 305 H;
i

= 324
2L+ (=B /3my)' /21 (29

rae

H, = \/qu — 2y cos 20+ 5cos? 20 (325)

YcnoBue nepecevyeHUs: MOBEPXHOCTEM, ONpeaessseMblX YpaBHEHU -
saMu (322) u (324), BbIpaxaeTcs paBeHCTBOM

Pd _q - SUHIG [+ (=B /3my)'/° )

o} 165*A* 303 H3
otkyzaa ¢ yuyeroM (301) monyyaeM pyHKUMIO
H 16 u?

—_— = 326

Hy 27 [1+(-B/3my)' /? 1 (20
JICCIIeIOBAaHNE KOTOPOIl TTOKA3bIBAET, YTO B TIpeleiax o < o OTCYT-
CTBYIOT IepeceyeHts TOBEPXHOCTE, OrpaHMYMBAIOIIMX oYar aedopma-
LIMU 1 30HY CBEPXILUTACTUYHOCTH O BEpXHEMY Ipesiely cKopocTeil. M3
3TOTO CJEIyeT, YTO Haubosee PalMOHAIBHBIM HalO MPU3HATH TAKOE
B3aUMHOE PacIookeHHe 3TUX moBepxHocTeil Py () u Pr() , 4TO6BI
Ha MPOAOJBHOU ocu (CM. puc. 72) obecreunThb BhIMOJHEHUE YCIOBUS

P (0) = p(0). (327)

PaBenctBo (327) BhlpaxaeT TpeOOBaHME KacaHMsl MOBEPXHOCTEH

P =Pc(@) 1 p; =p(c). TTosaTomy, pemias (326) OTHOCUTENBHO U U

nojoxuB B dopmyinax (323) u (325) o =0, moayuum 3HaYEHUE Mapa-

MeTpa W =, , COOTBETCTBYIOLIEeEe Haubosiee palMOHaJIbHOMY DPAacIo-

JIOXKEHUIO 30HbI CBEPXILIACTUYHOCTHU B ovare aedopmanuu. [1pu aTom
TpebyeTcsl paCKpbITh HEOMpeaeIeHHOCTh B (pyHKUMU (323):

. 2 _

H| -0 limm—wz lim(sin(x— T“OL ):
=0 w50 sino a0 sina
= limsinoc—lim(\u : smocjz 0 - limy : lim smo_
o—0 o—0 o o—0 a0 o
=0-y:il=-y
HY| =(-y)* =y’
a=0

B utore noJiydyacM

V2T WL+ (B/3my) 2]

328
4y? -2y +5)!/? (328

Wy =
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HawnbGonee GiaronpusitHasi CKOpOCTb MPECCOBAHUS OTNPeAeIsieTCs
u3 (301) u (328):

5. = N2 WP+ (B/3my)' 2 129
oA -2y +5)  2gAr (329)
v v v

W3znoxeHHoOe pelleHre IMPOBEPEeHO CPaBHEHUEM BBbIYMCIEHHBIX U
MOJYYeHHbIX U3MEPEHUSIMU B TEXHOJIOIMUYECKOM 3KCIIEpUMEHTE 3aBUCH-
MOCTE CKOPOCTH MPECCOBAHHS U 1e(hOPMUPYIOLLETo YCUTHS OT YIVIA Ol .
Oka3zajioch, UTo TTapaMeTphbl Ipoliecca MpeccoBaHus, 3ahMKCUPOBaHHbIE
B BKCIIEpUMMEHTE Ha o0pa3sliax M3 HECKOJbKUX MPOMBIIUIEHHBIX CIIJIABOB
JIIOMUHUS U BIUMCIIEHHBIE 10 (hopMyJiaM pa3paboTaHHOM Moenu, O13-
KW TI0 BEJIMYMHE U M3MEHSIOTCS MO OJMHAKOBBIM 3akoHaMm. Kpurepuu
MaKCUMU3alM o0beMa 30Hbl CBEPXIIJIACTUYHOCTY M Haubosiee paluo-
HaJIBHOTO PACMOJIOXEHUST 3TOM 30HbI B oyare aedopmalvu, Kak ObUIO
MOKa3aHo, MO3BOJIMIM YCTAHOBUThH OTpaHMYEHUSI Ha YIoJl HaKJIOHA Mart-
PHIIBI M HAa CKOPOCTh TipeccoBadus. [1pu cobmoneHn Ha3BaHHBIX OTpa-
HUYEHUI yCUJIMe TPECCOBAHUS 3aMETHO YMEHbILIAETCSI CPABHUTEILHO C
TEMM BeJIMUMHAMU, KOTOPbIE PETMCTPUPYIOTCSI B 9KCIIEpUMEHTe U Mpea-
CKa3bIBAIOTCS PACUETOM 32 MpeeslaMi BBEACHHbBIX OrpaHUUEHUI.

OTOT pUMeEp pellieHUs] KOHKPETHON TeXHOJIOTMYECKOM 3a1auu OT-
KpbIBAeT ONMH M3 MEPCHEKTUBHBIX MyTeil pa3pabOTK HOBBIX HAYKOEM-
KUX (POPMOM3MEHSIOLIMX TEXHOJIOTH, YKa3bIBa€T Ha BOBMOXKHOCTb MpH-
MEHEHUS 3TOTO XK€ TOAXO0Ia, 3TOM Xe PACUETHON METONUKU U K JPYTUM
3aa4yaM 1 0a3upyIoIMMCS Ha UX pellIeHU TEXHOJOTMUECKUM TPOLIeccaM.

Thaea 12

OCECUMMETPUYHAA 3AJAYA
N TEIIJIOBBIE HAIIPA2KEHUA

12.1. Pemenne ocecCAMMETPHYHOI yIPYToii 3a1a4n
B HANIPSKEHUSIX

Hanuuune oceBoii cCMMMETPUN MaKCUMAJIbHO YIIPOIIACT IIOCKYIO
3amady TeOPUHU YIpPYroctu. B aToM ciydae HOpMasIbHbIE HAIIPSDKEHUSI
He 3aBUCST OT yIjia 0, T.e. SIBJISIIOTCST QYHKIIMEH TOJIbKO paauyca p, a
KacaTeJbHOe HalpsDkeHue Ty =0. DTo ciemyer U3 cUMMETpUM OC-
CUMMETPUYHOM 3aJa4l: CHMMETPUYHBIMU OTHOCUTEIbHO OIHOM U TOM
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K€ OCHU SIBJISIIOTCSI KOHTYpP e(OpMUPYyeMOTo Tejla (KpyroBoii) M cxema
HarpyxeHusl (paBHOMEPHO pacripe/ieJieHHasi 0 KOHTypy Harpy3ka). [Tpu
5TOM BTOpPOE ypaBHEHUE CTaTUUECKOIO PaBHOBECHUS B MOJISIPHBIX KOOP-
auHartax (134,) TOXIECTBEHHO YIOBIETBOPSETCH, W VISl PELICHMsI 3a/1a-

4M OCTAETCA OJHO MEPBOE ypaBHEHME O€3 WieHa, COAEPXKAILETrO Typ:

9
paippmp 6y =0. (330)

YcnoBue coBmectHocTu (auddepeHunanbHoe ypaBHeHue (170),
KOTOPOMY JOJIKHA YIOBJIETBOPATH (DYHKIIMS DpH) MOIydaeT TOXE CO-
KpallleHHYIO hopMy:

2 2
Lz+li L;hlaﬁ ~0
op° PIp || dp~ PP

WM TTOCJe PACKPBITUSI CKOOOK:
¢ 200 13% 10
R I
00" pop> pTap” p 9P
OO01mit mHTEeTpas aToro AuddepeHINaTbLHOTO YpaBHEHUS 1aeTCs
GyHKIMENH

(331)

¢=Alnp+ Bp* +C, (332)

MpH MOACTaHOBKE KOTOpOoit B ypaBHeHUe (331) nmocienHee TOXKAeCTBEHHO
YIOBJIETBOPSIETCS:

2
a_(p:£+2Bp; a—(zp:—iz+23;
dp p op P

Po_24 o0 _ 64,

o 0t Pt

64 44 A 2B A 2B

pt ot et ot b e

Tloacrapnsst ¢pyHkuuio (332) B opMysibl IJ1s1 BBIYMCAEHUS] HOP-

=0.

) 1 9o . 1 9%
MaJIbHBIX HaNIPSDKCHUN O, = Ba— (BTOpPOI1 UicH Tﬁ =0 mo ycio-
p p

2

BUIO KPYTOBOW CUMMETPUM) U Gy = TTOJTYYUM pellleHre 3amaqu

6p2 ’
B O0IIIEM BUJIE:
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o, :£2+ZB; (o :—%+2B, (333)
p p
rie KOHCTaHTbl A U 2 B onipefensitoTcsl U3 TPaHUYHBIX YCIOBUIA KaxKa0H
KOHKPETHOM 3a1auu.
Peanmmsyem Termepb MoJlydeHHOE pellleHWe Ha TIPOCTeiIeM Tpu-
Mepe U3 3TOro KJacca 3amad.
3adaua. B ToOJACTOCTEHHOW Tpyde C BHYTPEHHUM PaaUycoM a U
HapyXHBIM paglycoM b OIpeNeNINTh HANpPSDKEHUsS OT BHYTPEHHETO
paBHOMEPHO pacIIpefeIeHHOTO HaBJeHMS p. [laBleHue CHapyXH I10-

JlaraeM OTCYTCTBYIOIIUM (puc. 73,a).

Puc. 73. K 3amauye o TpyOe, Harpy>keHHOI BHYTPEHHUM J1aBIIeHUEM

Wiuem yactHoe pelieHue 3agauu o gopmynaam (333):
o
Op 92

Ha gBe koHCTaHTBI A U 2B uMeeM JIBa CTaTUYECKUX T'paHUYHbIX
yC10BuUA:

p}:iA+2B.

ool _, =P oy, =0, (334)

Plo-a

NOCTABIsAA KOTOphle B (hopmyJy (333) md O, , MOIyYUM

A A
-p=—+2B; 0 == +12B8B,
a’ b?
OTKyIa
2,2 2
a‘b a
A=-p5 2’2B:pb2_az
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IToacraHoBka aTux 3HaueHuir B dopmynabl (333) maeT McKomoe
YacTHOE pellleHUe 3a1a4uu

Gp} _ a2 bz_ _ P
=Fp———| = Fl|=Fp , (335)
G P _d| o (sz_l

a

T.€. paJiMajJibHOE HAIpPsKEHWE O, OTPULATEIbHO (CKUMAKOLIEE), a

TaHTEHUMAJIbHOE Gy — IMOJIOXKUTENBHO (pacTarusatouiee). I'paduyec-
KOe KauyeCcTBeHHOe MpeacTaBieHue peuieHus (335) smopamu gaercs
Ha puc. 73,0.

12.2. Pemenne ocecUMMETPHYHOI YIIPYroi 3a1a9u
B NlepeMeIleHUsIX

C y4eToM yCIOBUIA CUMMETPUH 3a1a4u UMEEM UCXOIHYIO CUCTEMY
YpaBHEHUI TEOPUU YIIPYTOCTHU:

ofHO ypaBHeHue paBHoBecus (330);

JIBa TeoMeTpuuecKux ypaBHeHus1 Koiiu, cBsizpiBaomx aegopma-

8up U,
LMK U MIEPEMELIEHUS: e, = a—; ey = —;

nBa GU3NIYSCKUX YpaBHEHMUsI, BhIpaXKarollMX 3aK0oH ['yka:

1 ' 1
€ =E(Gp—HGe): € =E(59_M0p)-
PeruB (I)I/I3I/I‘ICCKI/IC YPAaBHEHUS OTHOCUTEIbHO HAIPSIKEHUNA U

MOICTaBUB B HUX BMECTO €, U €y WX BbIPAXCHUS YE€PE3 NMEpPEMEILC-
HUA, IMOJyYUuM

E (ou, U, E (4, du,,
o, = —+u—|[; 0y = — tu—. (336)
. l—uz(ap p] ’ l—uz(p dp

Ecau Teneps BeIpaxkeHust (336) OACTaBUThL B ypaBHEHUE paBHO-
Becus (330), To OyneM uMeTh

&i —Gp _ Ge = E X
ap p 1-u?
azup u aup u 10u, pou, u u
+ [ N —

(Y P P (Y (Y
—r = 2 y——L_E PP Li=0
> pdp p> pdp pop p> P
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WJIM TIOCJIe TpUBEAEHUS TOAOOHBIX UMeeM AuddepeHIIMallbHOe ypaB-
HEeHMe

9* d
D 1% B, (337)
- pPIp p
0o0LIMI1 MHTerpaja KOTOPOro
u, = Ap + B (338)
P

SIBJISIETCSI pellIeHUEM 3a1a4u B OOIIEM BUJIE, TaK KaK MPU MOJCTaHOBKE
(338) B ( 337) ypaBHeHue (337) TOXIECTBEHHO ynoBieTBopsieTcs. Te-
nepb BocroJjibdyemcst hopMyioit (338) miist pelieHUs1 KOHKPETHOM oce-
CUMMETPUYHON 3a/1auul.

3adaua. PemiyuM 1151 CpaBHEHUSI METOIOM IepeMelleHUi 3a1auy
u3 pasnena 12.1 o HaNpsKeHUSIX B TOJCTOCTEHHOU TpyOe, HarpyXXeH-
HOIf paBHOMEPHBIM BHYTPEHHUM JaBJIEHUEM.

TTonyyeHnyo ¢yHkumio nepemenieHus (338) u ee nepsyio Mpo-

U3BOIHYIO aaﬁ =A- Ez MOJCTaBUM B BeIpaxkeHUs (336):
p p

°p}= Ez{(lw)Ai(l—u)% (339)
Og I-n P

U C TIOMOIIIbIO TEX XK€ CTaTMYECKMX TPAaHUYHbIX yciaoBUul (334) Haiinem
3HAUYE€HUSI KOHCTAaHT A U B:

l-w @, l+u @’

Ev-a  UEp-a

noactaBuB KoTopbie B (339), mojaydyum mocie cCoKpallleHUui UCKOMbIEe
(bopMyJIbl UIS1 BBIYMCEHUS paaraibHOTO U TAHT€HILIMAJbHOIO HaMpsi-
KEHU B TpyOe:

EcrecTBEHHO, MBI MPUILIA K TEM Xe BbIpaxkeHusM (335), uto u
MpU pellieHUH 33aJaur B HampsbkeHusix. CpaBHEHUE IBYX METOIOB pe-
LLIEHUST OTHOM U TOM Xe 3a7a4M MOKa3bIBaeT, UTO KOTJA 3alaHbl CTaTHU -
yeckMe T'paHWYHbIE YCJIOBUS, pellieHUEe B HaNPSKEHUSIX TMOJydaeTcs
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ObIcTpee, TpeOyeT MeHbllle BbIUMCIUTEIbHBIX Olepaluii, 4yeM pelle-
Hue B nepeMellieHus1X. Cienyer Takxke oOpaTUTh BHUMaHUE Ha TO, YTO
HAINpSKEHUS. G, U Oy, KaK IOKa3bIBalOT UTOTOBbIE (GopMyIbl (335),
HE 3aBMCSIT OT CBOMCTB Marepuaja TpyObl, T.e. oT Moayist FOHra £ u
koadunmenta Ilyaccona w. Yrpyrue KOHCTaHThI MaTepuaja Mpu Bbl-
YUCJAEHUU HaIpsKeHWM 3HaThb He TpedyeTcs. OHM HYKHBI MIPU aHa-
JIM3e ynpyrux aedopmanuii ¥ nepeMeiieHui.

12.3. 3agaya I'. Jlamd

3amaya o TOJICTOCTEHHOM TpyOe, pellieHre KOTOPOl pacCMOTPEHO B
pasmenax 12.1 u 12.2, sBisieTcs YIPOIICHHBIM BapUaHTOM CJIEIYIOIICH
KJIACCMYECKO 3allaul TeOPMH YIIPYTOCTH, CBSI3aHHOW C MMEHEM BCe-
MHPHO M3BECTHOIO (PpaHIIy3CKOro MaTeMaTuKa M MexaHMKa [abpuais
Jlama (1795—1870): 6 moacmocmennoii mpybe ¢ eHympeHHUM paouycom a
U HapyJICHbIM paouycom b onpedeaums HAnpsJICeHUs OM HYMPEHHE20 Pas-
HOMEPH020 0aéAeHUs. P; U HAPYICHO20 PAGHOMEPHO20 OABACHUS D, .

OO01Mit BUI pellieHusT 3TOi 3a1auu, KaK Mbl OTIPEACIAIN B pa3ie-
qie 12.1, wutst Bcero Kiracca 0OCeCMMMETPUYHBIX 3a7ad TEOPUH YIIPYToC-
TU OIWH U TOT Xe. OTIUYHBI TOJKO TPAaHUYHBIC YCIOBUSI:

Gp|p:a =-=Di Gp|p:b =-D,
MOJCTAaHOBKA KOTOPBIX B IepByl0 (opmyny obuiero pemeHus (333)
MO3BOJISIET HAUTU KOHCTAHTHI A U 2 B:
272 2 2
_ab(p-p). Hp_ap—-b'p
A=——5= 51 2B=—7—5—".
b*-a b*-a
3ameHuB B hopMynax (333) KoHCTaHTh A U 2 B Ha MX BbIpaxKeHUs,
cpasy IMoJyyuM pelleHue 3agauu Jlamo:

Sp| _d*p -0’ n a’b*(py - py)
oy b2 _ a2 (b2 _aZ)pZ

B uznenusix sHeproMaimHOCTPOeHUsI TPYObI, HArpy>KEHHbIe BHYTPEH-
HMM JIMOO Y BHYTPEHHWM W HApy>KHbIM IaBJICHUEM U 3a[eJJaHHbIe CBOMMU
KOHIIaMH B TaK Ha3bIBaeMble TPYOHbBIE JOCKHU, SIBJISIIOTCS SIEMEHTaMU Ter-
JIOOOMEHHBIX aIlapaToB Pa3IMYHbIX TEIUIOBBbIX SHEPreTUYECKUX YCTaHO-
BOK. Takum 00pa3oM, B YCJIOBUSIX CITy>KObI MOIOOHbBIE TPYObl HAXOASTCS
MO/ BO3AEWCTBUEM HE TOJBKO MEXaHWYECKUX, HO M TETUIOBBIX HampsiKe-
Huii. [ToaTOMY BIOJTHE JIOTMYHBIM MPOJOKEHUEM JAHHOM IVIaBbl OYIYyT
HCCIIEI0BAHME TEIUIOBBIX HAIMPSDKEHUN B OCECUMMETPUYHBIX ACTAISAX U
pellieHre HECKOJIbKMX 3a[a4 10 OMpeaeSICHUIO STUX HAMPSIKEHUIA.

201



12.4. Tennopbie HanpszkeHnsi. OCHOBHbIE YPABHEHUS

Eciu paBHOMEpPHO HarpeTh YIpyroe TeJO OO0 TeMIIEpaTyphl f, U
IIPY 3TOM HUYTO He OYIET MPEIsITCTBOBATh €r0 CBOOOTHOMY pacilinpe-
HUIO, TOTJA 3TO TeJIO OYIET pacIIMpsThCs BO BCEX HAIPABICHUSIX, ITPH-
YeM TeIIOBbIe AehopMalliy eTo BhIpas3siTcsl (hopMyIaMK

Yy =Yy = Vi = 0. (340)

Ecnu teno HarpeTo HepaBHOMEPHO UM KaKue-JTU0O yJacTKU ero
TMOBEPXHOCTHU CBA3aHBI C IPYTUMM TeJIaMU, TO HEKOTOPBIE YaCTH Teja
He MOT'YT CBOOOAHO PaclIMpPsITbCS, U B HEM BO3HMKAIOT TEIJIOBbIE Ha-
npsikeHus. [1pu aToMm aedopMalivss KaKaoro sjieMeHTa Teja CKIaabl-
BaeTcs M3 TEeIUIOBOM nedopmanuu U Ynpyroil necopmauuu, BbI3BaH-
HOI1 TEeMJOBBIMU HAMPSDKEHUSIMU. ECiiv 9TU HanpskKeHWs 0003HAYUTh,
KaK OOBIYHO, Yepe3 Oy, G,, O, Ty, Tyz, Th, TO GU3NUECKUE YPaAB-
HeHus 0000111eHHOro 3akoHa I'yka mjisi paccMaTpuBaeMoro ciydasl ¢
yuyeToM paBeHCTB (340) OyayT TaKMMU:

1
[Gx _M(Gy +Gz)]+a t: ny ==T

*TF G
1 1

e, = E[Gy -u(o, +o,)]+ot, Yy = Eryz, (341)
1 1

e, = E[GZ —wo, to)ltat, v, = ETZX.

W3 3Tux ypaBHEHUI MOXHO HAWTHU BBIPAXKEHUSI HAMPSDKEHUI ye-
pe3 nedopmanuu. CkianbiBasi epBble TPU YPaBHEHMSI, MOJTYIUM

B=e, +e, +e, =%(0x+cy+cz)+3cxt. (342)
Ypasuenue (341)) ¢ yuetom (342) npeobpasyem 3aTeM K BULY

1
e, :E[Gx(1+u)—u(0x +0,+0)]+at=

343
Oy R, 1tH (343)

= —= - f.
26 T-2n -

W3 aToro YPaBHEHUSA OIIPEACIILIEM G, W AaHAJIOTMYHO HaxXoAuM O y

U O, , UCTIOJIb3YS BTOPOE U TPEThE YpaBHEHUs crucTeMbl (341); OKOH-
YyaTeJbHO UMEeM
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o, =2G| e, + o e—“—“at s Ty = Gy,

1-2u  1-2u
u l+up
Gy =2G ey+me—l_2“0ﬂt . Tyz :G'sz,

(344)

c, =2G ez+1_M2ue_11_+2!L

ot |, T, =Gy,.

151 Tena, UCIBITHIBAIOLIETO TEIUIOBBIC HAMPSIKEHMSI, OCTAIOTCS B
cuJjIe TeOMETpHUYECKre COOTHOIIeHUsT Kol MexXmy nepeMelleHsIMU
u nedhopMalsaMu, a Takxke ycJioBus HepaspbiBHOCTH CeH-BeHaHa.
TernnoBble HAMIPSIKEHUST JOJIKHBI YIOBIETBOPSITH YPABHEHUSIM PaBHO-
BECHSI U CTATUYCCKMM I'PAHUYHBIM YCIOBUSIM.

12.5. 3agaya o KpyrJioii minre
C paJguaJibHbIM Iepenaaom
TeMnepaTyp

PaccMOTpUM TOHKYIO KPYIIyIO IIUTY (puc. 74, CIUIOLIHON KOH-
Typ) € paavajbHbIM MepernagoM teMmnepatyp ¢ = #(p). Ecau naura ToH-
Kasl, TOraa HarpsoKeHHOE COCTOSIHME B HE MOXKHO CUMTATh MJIOCKUM
U B husnyeckux ypaBHeHUsX st nepopmariimii mosiarate, yto 6, = 0.
M3 oceBoit cuMMeTpUU 3a1auu ClIeayeT, YTO paardajibHble TepeMele-
HUSI U 3aBUCSIT TOJIBKO OT pajuyca p, a MepeMeLLeHNMsI 4, PaBHbI HYJIIO.
Torna ¢hbyHKIMM OCHOBHBIX AedopMaldii UMEIOT BUI

du 1
e, =—>=—(c, - +at,
p dp E(Gp MGG)
U, 1
€ =—=— - +aot,
6 P E(Ge Mcp)
Ypezoﬂ

OTKyZHa

(345)
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Puc.74. K 3amgaue o Kpyrioi miire
(CTUIOLIHOM KOHTYP) U O TpyOe
(IITPUXOBOI KOHTYpP) C paauaJIbHBIM
TepenanoM TeMrepaTyp

Ioncrasnas o, u oy u3 (345) B ypaBHeHue paBHoBecus (330), mo-
JyyuM auddepeHimaibHOe ypaBHEHWE 11 paAuaIbHOTO MepeMellieHus]

d*u, 1du, u dt

— PP —(l+po—. 346

a2 pdp o dp (346)

Jis ynoGcTBa MHTEIPUPOBAHUS IpEACTaBUM ypaBHeHMe (346) B

npeodpa3oBaHHOM BUJIE:
d|1ld dt
—|=—=(puy) |=1+wa—.
dp|pdp dp
TTocne mepBoro MHTErpMpoOBaHUS MOJYUUM

d
d_p(pup) =(+watp+Cp

U TI0CJIe BTOPOIO —

P
y = LWLy %Clp &, (347)
p p

a

riue rnepeMeHHasi MHTerpupoBaHus o0o3HaueHa yepe3 r. [loacrasisis
(347) B ypaBHeHus (345), HaxoauM (hOPMYJIbl IS BHIYMCIIEHUST Ha-
MNPSIKEHUM:
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[
c, = - E—gj't(r)rdr + EG _ EG >
P4 2= (1+wp

EC,_, EC, . (348)
(I-w  (+wpp*’

Op = E—zit(r)rdr - Eot(p) + 5

Tpo = 0.
[Mocrosituubie C; u C, onpeAensoTcs U3 rPAHUYHBIX YCIOBUI Ha
Kpasgx MauTbl. PaccMoTpuM Terepb pellieHre KOHKPETHOW 3aJ1ayuM.
3adaua. HalijeM TemioBble HAMpPSLKEHUSI B CIUIOLIHON KPYIJIO
TUIUTE CO CBOOOMHBIM KpaeM, TeMIEpaTypa KOTOPOU IMagaeT OT LeHTpa
K Kpalo Mo KBaJpaTUYHOMY 3aKOHY

2

P
t=ty—(ty -1 =,
0=t ~h)3

(349)
tak yro ipu P =0 =1, anpu p=>b f=1¢. B ueHTpe IIUTHI NIEPE-
MelleHue u, =0, OTKyIa ClenyeT, YTo C, =0 — comracHo (347).
Ha xpaio mmutet p = b, o, =0, 4to naet
G

Eo® E
_b_gi[t(r)rdr + m =0. (350)

IMoncraBnsst B ypaBHeHue (350) BoipaxkeHue ¢ 1o (349), mocie
BBIYMCJICHHSI MHTeTpajia OyIeM UMeTh
EC Fo
S =R+ 1),
20-p) 4

B utore nmoiryyaem oKOHUYaTeJIbHBIE (hOPMYJIbI IS HAIIPSDKEHMIA:

5 =_Emm—m[L¢ﬁ}

P 4 b2
_Eay -1)(, 3p? (351)
Ge = 4 _2 9
b
OTKYJIa CJIeJTyeT, YTO HauOOBLLINM OKA3bIBAETCSI HANPSDKEHUE Gy TIPU P = b
Eo(ty - 1))
(Ge)max = %
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12.6. 3agaya o Tpybe
C paauaJbHBIM MepenaaomM
TeMIEpaTyp

PaccMOTpuM JUIMHHYIO TOJICTOCTEHHYIO TpYyOy C TaKUM K€ paiu-
aJIbHBIM TlepenagoM TeMIepaTyp, Kak B IpeAblayliieit 3ajauye o KOoJblie
(cM. puc. 74). TlpeHeOperasi UCKaXXEHUSIMUA Ha TOPLAX, MOXHO CUM-
TaTh, YTO CEUEHUS TPYObI, MEPHEHIANKYISIPHBIE OCU Z, OCTAIOTCS MJI0C-
KUMU W HaXOISTCSd B OJMHAKOBBIX YCJIOBHUSIX, TaK UTO paaudalibHbie
NePEMEILEHMA U, 3aBUCAT TOJILKO OT P, TIEPEMELUEHUS Gy OTCYTCTBY-
10T, a neopMalMy BbIpaxaroTcsl ypaBHeHUssMU Kolllv B HMJIMHAPU-
YeCKMX KOOpAMHATAX IJII OCECUMMETPUYHOM 3aayu, MPUYEM OTHO-
CUTEJIBHOE YUIMHEHNME 110 HAIIPaBJIEHUIO OCH Z IIOCTOAHHO (e, = const ),
HO BeJIMYMHA 3TOW KOHCTaHThI MOKa HeudBecTHa. [Jist aToro ciydyas
no ¢opmysiam (344) noayuyum

du, d
p =26 — K ﬁ+u—p+e1 -
dp 1—2M dp p
1+p
-——at
1-2u }
o, =2G u—p+L %+u—p+e - 332
’ po1-2u (dp p (352)
—1+M0ct
1-2u )

TToacraBnsisi 3TM BblpaXeHUsl B ypaBHeHUe paBHoBecus (330),

nojyyaeM Qb depeHLnaNnbHOe YPaBHEHUE Ul BbIYUCICHUS U, :

2
d up 1du u_p (A +wa dt
d? pdp pr I-u dp

DTO0 ypaBHEHUE OTIMYACTCS OT ypaBHeHus (346) mnpeablaylueit
3a71a4M TOJIbKO BEJIMUMHOU KoadduiimeHTa B mpaBoit yactu. IToatomy
MOXHO cpa3y HalucaTb eTo pellieHre, aHaJIoTMYHoe BbipaxeHuto (347):

(353)

A ((i+“)a.[t(r)rdr+ C1p+% (354)
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Hanpsixenus 6, u o, HaxoauM 1o popmynam (352), a Hanpske-
HUE O, — W3 paBeHCTBa (341,):

e, = E[oz -uo, + 09)1 +at.
Bce caBurm, a ciaemoBaTesIbHO, M KacaTeIbHbIC HAIIPSDKEHMS paB-
Hbl Hymo. O0beIUHS B cCTeMy (DOPMYJIBI JUIT HOPMaJIbHBIX HaIIpsi-

>KeHUi, OyaeM MMeThb

—%Tt(r)rdrwA——

(&)

Gy = M)92 -[t(r)rdr——u+A 7 (355)

o, = Eat+2uA+Ee
l-u

Z

rie
_ E(C, +2ue,) B EC,
21+ p)(1-2u) Lp
IMocrosinubie A, B, e, ompenensiotcst U3 yCJIOBUI HA BHYTPEH-

HEl ¥ HApYXXHOI MOBEPXHOCTSIX U U3 JOMOJIHUTEIBHOIO YCAOBHSI, UTO
TpyOa He HeCceT OCEBOM HArPy3KU U, CIIeIOBATEIbHO,

b
Ioz2nrdr =0,
a

a Tak Kak 2n # 0, TO

l“ﬁ Hryrdr + ~ (Ah4+E?)@2 a*) = 0. (356)

Eciu BHYTpeHHSSI M Hapy>XHasl TOBEPXHOCTU TPYObI CBOOOIHBI OT
HanpsKeHU

kzzo, (357)

TO, MojctaBuB ycyoBue (357) B (355), nociie BbIYUCIEHUN TTOTYYUM

b
A= L It(r)rdr,

A-w)*-d*)

(358)
B:azA’ €Z=MA.
E
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W3 dhopmyn (355) u (358) caenyer, 4To B J10OOM TOUKe TpyObI

cp+oe=oz=—%+2f1. (359)
w

Tereppb BeIBeIeM pacuyeTHBbIC (hOPMYJIIBI IJIT TTPAaKTUIeCKN BaskKHO-
TO cllyyas, KOTJa Ha BHYTpEHHEN WM Hapy:KHOM MOBEPXHOCTSIX TPYOBI
MOIEPXKUBAIOTCA ITOCTOAHHbIE TEMIIEPATYPHI 7, U £, . I1ycTh mpu 5TOM
B CTeHKaX TPYOBI MMEET MECTO YCTAHOBUBIIIMIACS ITOTOK Tellia, M pac-
MpeesIeHre TEMITepaTyp T10 TOJNIIMHE CTEHKH BhIpaxkaeTcst (hopMyIoit

f In b +14 In P
fo__ P a (360)
b
In—
a
Torma Ha BHYTpeHHEI M Hapy:KHOM MOBEPXHOCTSIX TPYObI, CBO-

OOIHBIX OT HAIIPSIKEHUIA O, T.€. C y4eTOM ycioBus (357) OyneM UMeTh

_ _Eath-n) | B 1
(Ge )p:a - (Gz )p:a - 1- u b2 — a2 21n(b / a) ’
_ Ea(ty~1) i 1 (361)

(Ge )p:b = (GZ )p=b 1- u b2 — a2 - 211’1(1)/0) )

12.7. 3agaya 0 TOHKOCTEHHOI IAJIMHAPHIECKOI 000/10UKe
C paguaJibHbIM
1 0CEBbIM MepenagamMn TeMIepaTyp

W3 Gosbloro Kiacca 3agay 0 TOHKOCTEHHBIX 0007104KaX pacCMOT-
pUM TIPOCTOM clydyaid, Koraa oObeKTOM HCCIEeIOBaAHUS SIBJSIETCS TOH-
Kasl LUJIMHApUYecKas 000Jiouka (TOHKOCTEHHasi TpyOa), oceCuMMeT-
pUYHO HarpyxXeHHas paauMaibHOW Harpy3koi (Kak MpaBuJo,
BHYTPEHHUM JaBJACHUEM) U YCUJIUSIMU, MPUIOXKEHHBIMU K TOpLIAM,
KOTOPbIE CBOIATCA K M3TMOAIOLIMM MOMEHTaM M, 1 paauajibHbIM T1e-
pEpPE3BIBAIOILUM CUIaM (), PABHOMEPHO PACIIPENEIEHHBIM IO OKPYX-
HOCTHU TpyObI-000104KU. OCh 7 HUIUHAPUYECKON CUCTEMbI KOOPAU-
HaT HampaBUM, Kak Bceraa, BAOJb OCU O0OJOUKH.

Benencrrue cuMMeTpUM 3a1aur Bce MepeMelleHUs U HaIPsDKEHUS
He 3aBUCAT OT KoopauHaThl 6. KpoMe Toro, oTCyTCTBYIOT TaHTE€HIIMAIb-
HbIe MepeMelLeHMs BAOb OKPY>KHOCTU U iBa KacaTeIbHbIX HATIPSDKEHUSI:

Uy =0; 1,9 =0; 79, =0. (362)
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ITpu pelieHuu 3ama4d 0 HAMPSLKEHHO-Ae(OPMUPOBAHHOM COCTOSI -
HUU TaKMX 000JI0YeK MPUHUMAIOT CAeAYIOLIue TOMYIIEeHUS:

1) 0, 1 6y — OCHOBHbBIC HANpPSIKEHUH, a O, U Tp; — BTOPOCTE-
MeHHbIE, TPEHEOPEXKMMO MaJible, KOTOPbIE MOXKXHO HE YUYUTHIBATh MPU
BBIYMCJICHUU JedopMaluii;

2) U3MEHEHUE TOJILIMHbBI 000JOUYKM Majo MO CPAaBHEHMUIO C ee Te-
peMelleHneM— MPOrudOM B pajuaJbHOM HAIPaBJIEHUM U,, TaK YTO

u,(p,2) = u,(R,2), (363)
T.€. IPOrub-repeMelleHne U, Mpu 000N KOOpAUHATE F ITPAKTUYEC-

KM He OTIMYaercs oT mporuba u#, mpu p = R, rae R— pamuyc cpe-

JUHHOM ITOBEPXHOCTH OOOJIOUKH.

OTMETHM, YTO MPUHUMAEMOE IOIYIICHUE O BTOPOCTCIICHHOCTH,
HE3HAYMTENBLHOCTY HANPSIKEHUS Ty, OTKyIda CIEAYET, 4To Yo, =0,
SKBHUBAJICHTHO IIPUHSTHUIO CICHYIOLIEH eunomesvt NPAMbIX HOpMAAel.
MPSIMOJTMHEHBIE OTPE3KM, KOTOPBIE 10 Ae(hOpMUPOBAHUS ObLIA HOP-
MaJIbHBI K CpEAMHHOM TTOBEPXHOCTH, TP 1e(OPMUPOBAHNN OCTAIOTCS
MPSIMOJTMHEHBIMM ¥ HOPMaJbHBIMU K 1e(OPMHUPOBAHHOM CpEIMH-
HOI TTIOBEPXHOCTH.

W3 3T0i1 BCTYNUTENBbHOM YaCTU CICAYET, YTO 3amayr 00 000JI0u-
KaX — 3TO CaMOCTOSITEIbHBII CIeIMaIbHbII KJIacc 3a1a4y TeOPUH YII-
PYTOCTH, U Tepel pellicHeM KOHKPETHOM 3a1auyi Haao B OOIIUX Yep-
TaX pacCCMOTPETh TEOPUIO pacyeTa TeIIOBBIX HANIPSDKEHUI B 000JI0UKaX,
YYUTBIBAIOIIYIO TOJIBKO YTO IPUHSITHIC TOIMYIICHNS.

BbIBOI OCHOBHBIX ypaBHEHHii T€OPHH 000J109€eK

PaccmoTpuM HekoTopyto TOuky A(p,z) HUIMHAPUYECKON 0060-
nouku (puc. 75). 1o necdhopMupoBaHUs 000JOYKM TOUYKa A HAXOIM-
JJach Ha PacCTOSIHUM & OT CpeAMHHON MOBEPXHOCTH; CIeI0BATEIbHO,

p=R+E. (364)

W3 104K A onycTHIN Ha CPEAMHHYIO TIOBEPXHOCTH HOPMallh A4,
[Tpoexuuy nepeMeLIeH s TOYKU A, Ha HAITPaBIEHUS P U Z 0003HAYUM
yepes Uy U Uy -

C yuyeToM ceJlaHHbIX JOMYLIEHUI U3 pacCCMOTPEHUSI pUC. 75 MOXHO
3amycaTh MPOSKIIUM TepeMeIIeHUsST TOUKU A:

up = upo ,

oug (365)
07

u, =iy —¢
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Puc.75. Cxema medopmamum
HWIMHAPUYECKON 000JI0UKHU

Takoe npeAcTaBieHUE YKa3aHHBIX BEJIMUYMH NEepeMEIeHUI T0ITy-
CTMMO TIOTOMY, YTO BO-TIEPBbIX, U3BMEHEHUE JUIMHBI OTpe3ka & B pe-
3yibTare aedopMaly NpeHeOpexKMMO Majio M0 CPaBHEHMIO C BEJIM-
YUHOM Uy; U BO-BTOPBIX, MOXHO CUMTaTh, YTO OTPE30K & ocTaercs
HOpPMaJIbHBIM K 16(DOPMUPOBAHHOM CpeAMHHOMU moBepxHOCTU. MHaeKC
0y u, B HanpHEWLIEM NUCATL HE OydeM.

[lepemeleHus u, BOOIb OKPYXKHOCTHU PaBHBI HYJIIO, KaK yXe yKa-
3pIBaJIOCh. Kcmonb3yem majiee reoMeTpuyeckue ypaBHeHus Koimu,
KOTOpbIe B LIWJIMHIPUYECKUX KooparuHatax umetot Bua (182). o ypas-
HenusaM (182) u popmynam (365) HaiimeM BBIpaXKeHUS IUTSI OCHOBHBIX
nedopmaliuii 000JOUKU:

2
o, = e L el e == (366)
Jz  dz dz p
B ¢usnueckux ypaBHEHUSX, CBSI3BIBAIOLIMX 3THU AedopMalluu C
HaIllpAXCHUAMMU,

e, = %[cz - (o, + 09)1; ey = %[09 -u(o, + Gz):l (367)

NpeHeOpeKeM BTOPOCTENEHHBIMU B 000J104YKaX HANPSKEHUAMU O, U
MOJIyYuM
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E E | duy dzup wu,
= + = — + s
Gz 1 _ !,Lz (ez v ee) 1 _ Mz dZ dzz R
E (u, duy _ d’u, || (368)
Gy = ey tue,)=——|—+ -
0 I_Mz(e u Z) 1_“2 R u dZ Mé dzz

ITockonbky Hallla 000/104Ka He HeCeT MPOAOJbHON Harpy3ku, TO
BEKTOP HOPMAJIbHBIX HATIPSDKEHUH O, , NeMCTBYIOLIMX B CEUSHUH, TIep-

MEeHAMKYJSIPHOM OCH Z, JOJKEH paBHSIThCS Hy10. BeinuuHa 3amTpu-
XOBAaHHOTO 3JIEMEHTA MOBEPXHOCTU 3TOro ceueHus (puc. 76) cocraB-

nsieT 2npdp = 2n RdE, a yclioBUE OTCYTCTBUSI MPOAOJBHONM CHUIIbI
B 000JIOYKE BBIPAXKaeTCsl paBEHCTBOM

h/2
[ o,2mRdg=0. (369)
-h/2
[Mocne noacranoBku B (369) 3HayeHust 6, .u3 (368) 1 uHTErpUpO-
BaHUS TTOJYIUM

h
duy, £ d’u, 2 duy, ny
== + =h —=+"21=0.
S = g L

Puc.76. Ceuenue 0060JI0YKH,
MePIEeHANKYIIPHOE OCH Z,
C BBIICJIEHHBIM KOJIBLIEBBIM

3JIEMEHTOM
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C MOMOLIbIO 3TOr0 PaBEHCTBA Mbl MOXEM HMCKIIOUUTL U3 (368)

du
YyjieH dzo , IUIs1 4ero Haao MocjeaHee YpaBHEHHE PEelIuTb OTHOCH-
74
TeJIbHO 3TOM MPOM3BOJHOMN U MOACTABUTH BMECTO HEE MOJIyYeHHOE BbI-
paxenue B (368). [Tomyuum ¢opMyJibl WUIsI OCHOBHBIX HAIpPSKEHUI

G, U Oy 4Yepe3 paauajibHbli MPOrub 0OOJOYKM U, :

Et d’u, Eu, Ept d’u,
Gz:_]_!ﬁ_dzz;cez R _I_Mz dzz.

PaccmoTpuM Tenepb paBHOBecue 3jieMeHTa 000J0YKU, OTpaHu-
YEHHOTO ABYMSI MepPUAMOHAJIbHBIMU TJIOCKOCTSIMU, MPOXOASILIUMU
yepe3 OCb Z, U JABYMS TUIOCKOCTSIMU, MEPINEHAUKYISIPHBIMUA OCHU Z
(puc.77). Ilpu sTOoM npumeM 0003HauYeHUS: M,— U3rubdarIUii MO-
MEHT B IMPOAOJbHOM HampasieHuu, M,— U3rubarolnii MOMEHT B
MornepevyHoM HampabiieHuu; Q— mepepesbiBatolias cuia; 17— pacts-
rMBalolllasi cuja B TaHTEHLMAJIbHOM HampaBleHUM; p— paauayibHast
Harpyska (BHyTpeHHee JaBJIeHUE).

(370)

A “‘w{c’ie
RN
s 0

v

/ \%‘
' —

£ X

y | T o

H-x\_\ i d—de
RN
My
z %1 M+ = dz

Puc.77. PaBHoBecue Majaoro sjeMeHTa
000JI0YKU

CuJibl I MOMEHTHI OTHECEM K eMHUIIE JJIMHBI KOHTYpa 3JIeMeHTa
Ha CPEAMHHOI TOBEPXHOCTH, a HArpPy3Ky p— K CIUHUIE ILIOIIAIN
cpenuHHOM moBepxHOocTU. OCh p MpoBeleHa 4yepe3 ICHTP 3JIeMeHTa
MePIICHIUKYJISIPHO K ocu z. [1pu aTom
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hfz d2up
My = [ o tdi=-D—2F,
-h/2 ¢ dz2
h/2 d2u
My = [ o48dg=-puD—2", (371)
~h/2 dz
h/2 Eh
T= [ cpdg=""1,
~h/2 R

rie

_EW
12(1-p?)

B teopuu o6osouex D Ha3bIBAETCS YUUAUHOPUHECKOU JICeCMKOCMbH)
000104KU.

W3 mrect ypaBHEeHMIT paBHOBECHUS pacCMaTpUBAEMOTO 3JIeMEHTa
(Tpu ypaBHEHHUS MO cujaM + TpU MO MOMEHTaM) YeTbIpe YAOBJIETBO-
PSIIOTCSl TOXKIECTBEHHO, a JIBa OCTaJbHBIX Jal0T:

ypaBHEHUE MOMEHTOB OTHOCUTEIbHO OCHU S, MEePIEeHAUKYIIPHONI
pugz

(372)

(Ml i
dz

1 ypaBHEHME MPOEKIINI CHJI Ha OCh P

dz)Rde—Mlee—deedz=O (373)

[Q+‘fl_de)Rde—QRde—szde+deedz =0 (374)
<

WM 1IOCJEC NMPUBCACHUA MOJIOOHBIX YJIEHOB C y4e€TOM R= p:

%_QZQ,@_Z+I,:0, (375)
dz dz R
ITonctasuB (371) B ypaBHeHus1 (375), MoayyuMM BbIpaxkeHUE
nepepes3biBatolieil cuiibl U nuddepeHInaibHOe ypaBHEHUE MPOTH -
0a CUMMETPUYHON LHMJIMHIAPUYECKON 000JIOUKU MEepeEMEHHOMN TO-
LIMHBI:

d dzup
0=-4 (D 2 ] (376)
2
ot Bn,  om
dz dz R
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s 060/104KM MOCTOSIHHOM TONIIMHBI YpaBHEHUS OYyIyT TaKUMU:
d*u
Q=-D—*~ (378)
dz?’
4
4 2
du, 1203 _p
4 2p2 0T e
dz h°R D
HuddepeHumnanbHoe ypaBHeHUe nporuba (379) siisieTcs TMHEeR-
HBIM TG GepeHIIMaTBHBIM YpaBHEHUEM YeTBEPTOIO TOPsIIKa C ITOCTO-
SIHHBIMM K03 duiineHTamu. Ecim BBecT 0003HaUCHUE

(379)

31 -u?)
p=g2-t) (380)

TO BMecTO ypaBHeHMSs (379) MOXHO 3amucaTtb COOTBETCTBYIOLIEE €My
OJIHOPO/IHOE YpaBHEHUE
d*u
d—4p+4B4up=0. (381)
74

Bynem wnckatb pemienne ypauenus (381) B Bume u, =e*

U 11T
OTIPEIEIIEHNUSI O COCTABUM XapaKTepHCTHIecKoe ypaBHeHue o + 4% =0,
KOpHAM KoToporo oy = (1+0)f; o, =(1-0)B; o3 =(1+0)B; o, =
= (-1 -1i)P COOTBETCTBYIOT CJIEAYIOIIME YETHIPE JIMHEHNHO HE3ABUCHUMbIE
pemennsa ypasHenus (381): eP<cospz, ef* sinfz, ePZcosPz,
ePZsinBz. CrenosarensHo, o0Lee peleHye ypaBHeHus (379) MMeET BUIL
_ Bz ;
u, = e’ *(Cy cosPz +C, sinfz) + .
+e P 2(Cy cospz +C,sinPz) + Uy » (382)

TIe U, — Kakoe-TO OJHO YaCTHOE PCLICHHE TOrO Xe YPAaBHCHUS
(379). Hanpumep, st ciaydasi paBHOMEpPHOW Harpysku p = const,
KOraa BHYTpeHHee AaBjeHHUE Ha 000J0UKY MOCTOSIHHO, MMEeM

RZ

uy =L (383)

Eh

AHanu3 mokasbiBaeT, uto ¢opmyna (383) ocraercsl BepHOI U B
TOM clly4yae, ecJIM Harpy3ka p 3ajaHa B BUIE MOJMHOMA OT Z He BbILE
TpeThell CTeNEHMU.

Yersipe noctosinHele C,, n=1, 2, 3, 4, B dopmyne (382) npu-
XOJUTCS OTPEACIITh U3 UeThIpeX FPAHUYHBIX YCIOBUI HA KOHIIaX 000-
JIOUKM— TI0 ABa IPaHUYHBIX YCJIOBMSI Ha KaxaoMm KoHue. Haiinsg Tta-
KUM TIyTeM OKOHYATEJbHBIC BBIPAXKEHUSA Ul U,, MOXHO 3aTEM
ONpeNeInTh U3rubarole MOMEHTbl M|, M, 1 pacTATUBAIOILYIO TaH-
reHuuanbHyw cuiny 7 o dopmynam (371).
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OCHOBHBIE HANPSIKEHUsI G, U O, AOCTUralOT HauOOJbILMX 3HA-
YeHWII Ha BHYTPEHHE M HapyXKHOI ITOBEPXHOCTSIX OOOJIOYKU. DTH
3HAYCHUST BBIPAXKAIOTCS CJCAYIOIIMMU (GOpMyJaMu, KOTOPBIE JIETKO
BoiBoasITCs U3 (370) u (371):

6M,
(GZ)}’;:iﬁ = ih_zla
2 (384)
T, 6M,

M310XeHHOTO 3/1eCh COKPAIlleHHOTO 1 aAallTUPOBAHHOTO OYepKa
TeOpUM 000JI0UEK HAM JOCTATOYHO ISl TOCTAHOBKY M PELIeHUs 3a1a-
Yy, YKa3aHHOI B 3arojoBke pazaena 12.7.

Onpenesienne HANPSZKEHUi B TOHKOCTEHHOM HUJIHHIpE
C PaJMAJIbHBIM M OCEBBIM NepenaiaMi TEMIIEPATYP

IIpumem, 9TO TeMITepaTypHOe TT0JIe, KaK M Harpy3Ku, CUMMETPUIHO
OTHOCUTEJIbHO OCHU LIWJIMHAPA-000JIOUKU, MPUUEM TemIleparypa ! u3Me-
HSIETCS JIMHEMHO 1O TOJIIMHE CTEHKHU W MO MTPOU3BOJILHOMY 3aKOHY — IO
HaITpaBJICHUIO OCH IIMJIMHIIPA, TaK YTO BBITIOJTHSIETCST ypaBHEHME

t=F(z)+%§, (385)
rne F(z) — cpenHssl Mo TOJIIMHE CTEHKM TemIiiepaTtypa, a f(z)—
pamuanbHBIA TIEpEran TEMIIEPATyp MEXIY HApY>KHOW W BHYTPEHHEU
TTOBEPXHOCTSIMU.

Bripaxenust (366) ocHOBHBIX nedopMaliniii 000JI0UYKU OCTAIOTCSI B
cuJie I paccMaTpuBaeMoro ciaydas. Jledopmalnu cBSI3aHBI ¢ HATIPSI-
KeHusimu ypaBHeHusimu (341). ITpeHeOperass MajJbIMU HaIpsiKEeHUsI -
MU O, , HaXOIAMM U3 YIIOMAHYTBIX 3aBUCUMOCTEN BBIPAXEHUA Ul OC-
HOBHBIX JEMCTBYIOLIMX HAMPSIKEHUIA:

Eor (386)
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YcinoBue OTCYTCTBHS MPOAOJIbHON CUiibl B 0600uke (369) mocie

MOJICTAHOBKY B HEero 6, 1o (386) M BBIYMCIICHUST MHTETpaa JaeT

h
E [ duy € du Eafq &) _
l_uz[i i) a2 +ué— J _H(Fé+h2 ) =

Eh |du uu (387)
z0 P

- 20 % (1 +w)F |=0

1_M2|: dz R ( ) :|

C nomonibto paBeHCTBa (387) Mbl MOXXEM UCKJIIOUUTh 13 BbIpaxke-

du,,

74
TeJIbHO 3TOW MPOM3BOJHON W TMOJYYEHHOE BbIpaxk€Hue IOJACTABUTh
BMecTo Hee B hopmyibl (386). Tak mosyyaem OpMyJibl AJisi OCHOBHBIX
HaIPSDKEHU:

Huit (386) uineH . C aroii tenpto Hago pewnTh (387) oTHOCHU-

Eg d’u, Eatf
1-p? a’z 1-u2 h’
Eu, Ept du, Eat f

P
of - )
R ludz / l-p h

Z

(388)

Ge=

W3rubaroirie MOMEHTHI B IIPOAOJIBHOM M TIOTIEPEYHOM HaIIpaBJie-
HUSAX U PacTATWBAIONIAs TaHTeHIIMAIbHAS CUJla BBIpAXKalOTCS TakK:

h/2 du 7
M, = c,&8dE=-D i L,
: —h'[/z ) dz? h
h/2 du f
M, = oeEdé =-D|u—2> 1, (389)
’ —hJ./Z ’ dz’ h
h/2 u
T= | cedngh[—p—uF],
~h/2 R

I1e IMIMHAPUYIECKAas XKeCTKOCTh 000J10UKr D BeIYMCIIsIeTCs 10 (op-
myne (372).
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VpaBHeHus paBHoBecus (375) ocraroTcsi B cuiie JJisl paccMaTpu-
BaeMoOli 00OJIOUKM C TeMIlepaTypHbIM MOJIEM; MO3TOMY, IMOJCTaBISS
(389) B (375), MOXeM MOJIyYUTh BbIpaxke€HUs IJis Tepepe3blBalolieii
cwibl U auddepeHIraIbHOe ypaBHEHUE MPOornda CUMMETPUYHON 111~
JIMHJIPUYECKOU 00O0JIOUKM TEepeMEHHON TOJIMHBI ¢ TeMIlepaTypHbIM
MoJieM, OTNUChIBaeMbIM ypaBHeHUEM (385):

2

d d‘u
0--41p|°% % , (390)
d? d’u Ehu, f\ EohF
4 pdt | 20 14 (21 Eanrl
dz? | d7? TR -+ ) ( h j (391)

7151 000JI0YKM TTOCTOSTHHOM TOJIIWHBI 3T YPaBHEHMS TIPUMYT BUIT
3

d’u, Dd
0=-D"" ol 7, (392)
d*u, 12(1-p D, _ l+wdf EahF
dz4 + h2R2 p - h dzZ + DR . (393)

VpaBHeHue (393) otanuaercs ot (379) ToJbKO MpaBoOil YacThlO U
JIETKO pelraeTcs, KaKk ObUIO TTOKAa3aHO B BHIBOJE OCHOBHBIX ypaBHE-
HUI Teopum obosiouek, eciau F(z) u f(z) 3anaHbl B BUJE MOJMHOMOB
OT Z. A KaK MU3BECTHO, MOYTHU JIIOOYI0 (PYyHKIIMOHATbHYIO 3aBUCUMOCTb,
MTOYTHU JTIO0YI0 3aKOHOMEPHOCTh MOKHO BBIPA3WUTh ITOJUMHOMOM TOM
WX WHOW CTEIMeHM, TOCJIe Yero 3amadya CBOIUTCS K 2JIEMEHTapHOM
ajrebpanyecKkoi mpolienype BbluuciieHus: Koo UIMEeHTOB 3TOro 1Mo-
JIMTHOMA.

ITpu MpoU3BOILHOM OCECMMMETPUYHOM paclipeeSIeHUN TeMIle-
paTtyp B TOHKOCTeHHOW LUJIMHAPUIECKON 0001049Ke popmyiibl (389)—
(393) ocraloTcsl BepHbIMU, €CJIU MOJOXUTh B HUX

h/2
F@) =+ [ rde,
hjs
s (394)
fR)=-5 [ r&dg,
h -h/2

a opmybl 1ist HanpsikeHuit (388) 3aMeHSI0TCS CleyIOIIUMU:
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EE d*u, Eo
o, = - gz > 22 (- F),
l1-p° dz” 1-p
_Eu, Engdu, Ea
R 1—}12 dz2 1-n

(393)

Iae U, MO-NpeXHEMY Bbuuc/sgercs no gopmynam (382) u (383).

12.8. Pemenne ocecuMMeTpUYHOM 321291
TEOPHH IJIACTHIHOCTH
METO/IOM JIMHUIA CKOJIbKEHHS

PaccMoTpuM npumep pelieHusi TpocToil 0CeCUMMMETPUYHOM 3a-
Jayy TEOPUHU TIACTUYHOCTA METOIOM JIMHUI CKOJIBXKCHMUS.

3adaua. JIaHO TJIOCKOE KOJIblIO, HAarpy>keHHOEe IO BHYTPEHHEMY
KOHTYpY paBHOMEPHO pacmpeneIeHHON Harpy3koit p. ONpeneanTh Be-
JUYUHY p, TIPU KOTOPOI BCEe KOJBIIO OYIeT HAXOAUTHLCS B TJIACTUYEC-
KOM COCTOSTHUM.

Pewenue. Tlo ycnoBusim cummeTpunt Ty =0, u ©,, 0y — I1aB-
Hble HanpsikeHusi. [1o3ToMy TpaeKTOpMH TJIaBHBIX HaIpSKEHUI B
KoJjble (puc. 78) mpeAcTaBIsSIOT cOO0M CeTKY OKPYXKHOCTE U OpTO-
TOHAJbHBIX K HUM PaAUYCOB, a JUHUU CKOJBXEHUS HAKJIOHEHBI K
TpaeKTOpUsIM IJIaBHbIX HampsikeHul non yriaom n/ 4. TlocnenHee yt-
BepKIEHNUE CIEAYET U3 TOTO, UTO JUHUN CKOJIBXKEHUS SBIISTIOTCS Tpa-

3 -.”"‘P:f)’ :
SRR
<X

Puc.78. K 3amaue o Kosblle ¢ Harpy3koi, paBHOMEPHO pacrpeneieHHOI
110 BHYTPeHHEMY KOHTYPY
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CKTOPUsAMU MaAKCHUMaJIbHBIX KacCaTCJIbHBIX HaHpH}KCHI/Iﬁ n IIOTOMY
HampaBJICHbI ITOJ YIJIOM 7'5/4 K rinaBHbIM. MHBIMU cJioBaMM, JTUHUU

CKOJIbXEHMST 00pa3yloT yroj ©/4 co BceMM paarycaMM M KacaTesb-

HBIMU K KOHUEHTPUYECKUM OKPYKHOCTSIM, OPTOTOHAJBbHBIM paauny-
caM. A KpuBas, KOTOpas mepecekaeT Bee JIydH, MCXOAAIINE U3 OTHOM
TOYKH, TTOJ OMHUM U TEM Ke YIJIOM o, €CTh JJorTapudpMudecKas CIii-
panb. Ee ypaBHeHUE B MOJISIPHBIX KOOPIMHATAX

p= reectgoc

B ycnoBusix Haieii 3amaun ctgo = ctg(n/4) =1 , moaToMy UMeeM

p=re’. (396)

Tak Kak JMHUU CKOJIbKEHUST HAKJIOHEHBI K paadycam Ioj MocTo-
STHHBIM YTJIOM T /4, TO YTOJI TIOBOPOTA MX PaBeH YIJIy TTOBOPOTA paim-
yca OT OJHOM TOYKM IepeceyeHust 1o apyroil. Jlorapudmupys (396),
nojayuuM Inp=Inr+6, orkyma In(p/r)=06. CienoBaTejabHO, yIroja
MOBOPOTA JIMHUM CKOJbXEHUSI MEXAy Toukamu a u b (cMm. puc. 78)
ectb 0,, =0, =In(R/r). Ha ocHoBaHnM mHTerpanoB XeHku (235)
13 001Iell TeOpUX Pa3HOCTb MEXIY CPEAHUMU HAIPSKeHUSIMU B TOY-
Kax a U b BbIpaxkaeTcsl paBeHCTBOM (236) Buna 6, — 6, = +2kw,, WK
6,—-0, =22kIn(R/7r), (397)

IJe 3HaK “IUIIOC” OTHOCUTCS K HAarpyXXeHMIO pacTsrMBarolleit, a “Mu-
Hyc”— cXuUMalouleil Harpy3koil p.

YcroBre MIaCTUYHOCTH O, — Oy = 2k JUIst TOUKM b, Jexalueil Ha

BHELIIHEM KOHType, e o, =0, uMeer Bun o, = -2k, a cpenHee Ha-
MpsCKEHNE B TOYKE b

0, +05 2k

= —=-"—=-k.
=7 2
Torna Ha ocHoBaHUM (397)
o, =12kIn(R/r)-k. (398)

Touka a 1eXUT Ha BHYTPEHHEM KOHType, Iiae o, = p. IloaTomy

+ 0
Cpe€aAHEC HAIIPsAKEHUE B TOUKE d G, = % . YcloBHE TUTaCTUYHOCTH
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BTOYKE a p— G, =2k, OTKyoa o, = p—2k. B nurore cpenHee Harpsi-
JKEHHNE B TOUKE a
p+p-2k
Ca=Ty T
Ha ocHoBanuu (398) u (399)

p—k. (399)

p—k=+2kIn(R/r)-k,

p=x2kIn(R/r).

3agava pellieHa.



V. YIIPYTO-IUVIACTHYECKHE 3A/[AYH

Thasa 13

VIIPYTO-IUVIACTUYECKAS JE®OPMAILINS
TOJICTOCTEHHOW TPYBbI

13.1. Tpu cocTosnus
TIPH HATPYKEHHH TPYObI
3a mpeaeJiaMH yIPYroCTH

BepHeMcst K mpocTeiiliieil U3 pacCMOTPEHHBIX HAMU OCECHMMET-
PUUYHBIX 3aJlad— O TOJCTOCTEHHOW TpyOe, MoJBepraeMoil BHyTpEHHe-
MYy paBHOMEpHOMY nAaBjieHUt0 p. CHapyXu JaBieHUE OTCYTCTBYET.
BHyTpeHHUI 1 HapYXHBIN paguychl TPYObl paBHBI @ U b (cM. puc. 73).
Mbl nojaydyusiv pelieHue 3Toi 3agauu (335) 1ist yIIpyroro COCTOSTHUS
TPyObI, B KOMMAKTHOM 3alIMCU €T0 MOXHO BbIPa3UTh TaK:

2 2 2
o b
p}=$q (BJ ¥l q=bza—p=p (ZJ —-1|.  (400)

OueBUIHO, MPU YBEJIUUYEHUU JABJICHUS p HACTYMUT TaKOl MoO-
MEHT, KOrja Ha BHYTPEHHE! MOBEPXHOCTU TPYObl BOZHMKHET ILjac-
TUYECKOe COCTOsIHME MaTepuasa. [Ipu elie OosiblieM AaBJIeHUHA TL1a-
CTUYECKOE COCTOSTHUE OXBATUT HEKOTOPOU TOMIIUHBI KOJBIIEBOM CIIOH,
MPUMBIKAIOIIMI K BHYTpeHHel moBepxHOCTU. OH OyneT coceacTBO-
BaTb CO CJI0OEM, NMPUMBbIKAIOIIMM K HAPY>XKHOU MOBEPXHOCTU, B KOTO-
POM ellle COXpaHUTCS yIpyroe HamnpsikeHHO-1e(DOPMUPOBAHHOE CO-
crostHue. Mexy yrpyroi U riacTUu4eckoi o0acTsIMu, B CUTy OCEBOM
CUMMETPUU, TIOBEPXHOCTh pasjesa OyJdeT UMeTb (POopMy KPYroBOro
LUJIUHIPA, KOHLEHTPUYHOTO C HApY>XKHOU M BHYTPEHHE! MOBEPXHO-
cTsiMu TpyObl. OOG03HAYMM PaAJUyC 3TOM TPaHUUYHON MOBEPXHOCTH Ye-
pe3 pr (puc. 79). M1 HakoHell, MPU HEKOTOPOM, ellle OOJIbIIEM AaB-
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JICHUU p BeCb MaTepuasl MO TOJIIUHE TPyObl MepeiaeT B maacTuyec-
KO€ COCTOSIHHUE.

s OTbICKAHUSI KOMITOHEHT HaNpPsLKeHUI B TJ1aCTUYECKON o01a-
CTU MMEeM CHUCTEeMY U3 ABYX YPaBHEHUI: ypaBHEHUS] paBHOBECUS BUaa
(330) u ycnoBus miactuuHocTu I'yoepa—Museca Buaa (130) , rinaBa 4,

¢ koabduumentom Jons f=2/+/3 U ¢ yueToM TOro, 4TO0 G, U G
B OCECUMMETPUYHOI 3a1aue SABIAIOTCS [TIABHBIMU HAMPSKEHUAMMU:

do,,
pa—+ 6, =0y =0,
P , (401)
o, 0y =—=07.
P 0 \/§ T

PaccMoTpuM TmocienoBaTebHO
TPY COCTOSTHHS MaTeprasa Tpyobl Ipr
ee Harpy>XeHWM BHYTPEHHUM JaBJje-
HUEM.

1. Tpyba ewe naxooumcs 6 ynpy-
20M COCMOSHUU, HO HA ee 8HYMpPeHHell
Puc.79. IlpumepHblil BUL 30D pogepxHoCmU npu Hapacmanuu dasne-
HaNPsDKEHUiA Gy B TpYOE OT BHY-  HUS D 803HUKAEM NAACMUYECKOe COCHO-

TPEHHEr0 JaBICHUS IIPU YIIPY- SAHUe mamepuand.
TO-TUIACTUYECKOM COCTOSHUN O“ICBHI[HO, BC.TH/I‘-H/IHy IaBJICHUS D,
L0 .
1 OCTAaTOYHLIX HaITPpSAXKCHUUN Ge HpI/I KOTOpOM Ha BHyTpeHHeI/I HOBep—
TTOCIIe CHSITUS TABJICHMS XHOCTU TPYOBbI BOSHMKHET IJIaCTUYEC-

KO€ COCTOSIHME MaTepuajia, MOXHO
OIpPENEINTh MPOCTOI TMOACTAHOBKOI B yciaoBue IuractuaHocTH (401,)
3HAUCHU N G, U G, U3 PeLIeHNs] 3a1auyl JUIsl YIPYTOro COCTOSHUS (400)
Nnpu p = a, 1 TOcje NMPUBEACHUS MOJOOHbBIX YJIEHOB MOJYyYUM

b2 - a2 OT
b V3
II. Mamepuan mpybul no éceii moaujure nepeuiea 8 NAACMUYECKOE
cocmosHue.
ITpuMeHUTEILHO K 3TOMY ITOACTaBUM B YpaBHEHUE PaBHOBECUS
(401,) BbIpaxeHWe IS PA3HOCTU 0, — O, U3 YCJIOBUS TUIACTUYHOCTH
(401,) 1 moNyYeHHOE YpaBHEHUE TIOCIIE PA3IE/IEHHS IEPEMEHHBIX

p=-

MIPOUHTETPUPYEM, 3aTEM U3 TPAHUIHOTO YCIOBUS HAMIEM ITPOMU3BOIIb-
HYIO TIOCTOSTHHYIO MHTETPUPOBAHUS 1 B UTOTE TIOJYYUM (DOPMYITY TS
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paauaNIbHOTO HAMNpPSDKEHUsI B TpyOe, KOoraa Marepuasn TpyObl 1Mo BCei
TOJIIIIMHE TIepellieNl B TUTACTUYECKOE COCTOSTHUE:

=0=—ichnb+C;

p|p:b \/§

2 2 b
C=—orlnb; o, =—orIn—.
P
V3 3
[oncrapsst nonyyeHHoe G B yeiioBue riactuynocty (401,), pe-
IIEHHOE OTHOCUTEJIBHO O, HalileM U TAHIeHLMATIbHOE HANPSKEHNE B
TpyOe, Koraa Bcsl TpyOa Mepeluia B IUIACTUYECKOE COCTOSIHUE:!
2 b
0y =—07|In=-1
V3 P
JaBnenue p,,., COOTBETCTBYIOLIEE ITOMY MPEIEIbHOMY COCTOS-
HUIO, MOXHO HaiTH MCXOSI U3 TOTO, YTO YPABHEHUE JUISI G, JOJDKHO
B 5TOM CJIy4ae YAOBJIETBOPSATb M TPAHUYHOMY YCJIOBUIO HA BHYTPEH-

o =—icT1np+C; c

B

Hell TTOBEPXHOCTU TPYObI Gp|p:a = —Pmax » OTKYIA

Prnax = 2 orIn b
max — T -
V3 a
1I1. Ilpomescymounoe cocmosnue mexncoy I u I, koeda cocedcmeyrom
ynpyeasa u naacmuyeckas 00aacmu; nAacmuveckas npuMvlkaem K eHym-
penHell nogepxrocmu mpyool, a ynpyeas— K HAPYICHOU, U ePAHUUA MelC-

0y Humu xapaxkmepusyemcs paduycom pr(a < pr < b).

2
Jlist aT0TO Ciydyasi B ypaBHEHUU G, = _ch Inp + C KoHCTaHTYy
WHTETPUPOBAHUS CICAYET OTPEAETISATh N3 TPAHUYHOTO YCIOBHS HA BHYT-
peHHEl MMOBEPXHOCTH TPYObI, K KOTOPOil TPUMBIKAET TIacTUYecKas

00J1acTh:

2 2
=-p=——o7Ilna+C; C=—oylna-p,

N N
U TOrJa panvanbHOE HAMpsDKEHUE B IMJIACTUUECKOi 00JacTu ompesne-
JisieTcst hopMyJion

0|
Plo=a

2 P
6,=——07In=-p.
SRVE] a
[Toncranoska atoro o, B ycnosue miactuanocty (401,) naer gop-
MYJTy [UISI TAHTEHIIMAIbHOIO HAMPSDKEHUS B ITIACTUYECKOM 001acTH:

Oy = —%GT[1+lngj—p.
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Hns paccmaTpuBaeMoro npomexyrouHoro coctosinus III, korma
COCYILIECTBYIOT PSIIOM YIIpyras U rjiacTudyeckasi o0JacTh, Hy>XKHO ellle
OIpEeIE/IUTh 3HAYeHWE pP,. Ero MOXHO HallTM M3 YCIOBMS, YTO IIPU
pp =Py 3HAYCHUS] G YIPYIOro ¥ IIACTUYECKOTO PELICHUS IOJKHBI
OBITb paBHbI APYT IPYTY, YUYUTHIBASI CILJIOIIHOCTh TPYOBI; BbIpaxKkasl 3TO
yCJI0BH€ MaTeMaTUYeCKMU:

2 2
—lGTlnp—T_ =—%p b—2_1 ,
a b*—a PT

MoJiydyaéM ypaBHEHHUE, B KOTOPOM MCKOMOC P 3alaHO HEsBHO. Crnenoba-
TCJIbHO, 3HAYCHUE P NMPUXOIUTCA BBIYMCIIATH METOIOM HTepaHHﬁ.

13.2. Ocrarounbie HANPSKEHUST
nocJjie pasrpy3Ku TpyobI
U3 YNPYTO-IUIACTHIECKOTO COCTOSIHUS

BoisicHUM Tenepb, YTO MPOM3OMIET IOCAE CHSITUSI BHYTPEHHETO
JaBJICHUS p, T.€. MOCJE Pa3rpy3Ku TPYObl, €CIU O] Harpy3Koi ObLIO
YIIPYro-ruiacTuyeckoe COCTOsSIHUE MaTepuasa.

MbI He cTaBWJIM ATOT BOMPOC MPU PEIIeHUN 3a1a4u sl yIIPyroro
coctostHUs. TaM ObLIO BCe SICHO: pa3rpy3ka MpUBOIUT TOJBKO K yIIpY-
roMy BOCCTAHOBJIEHMIO HayaJlbHOTO COCTOSIHUSI, KOTOPOe ObLIO A0 Ha-
rpyXeHust TpyObl BHYTPEHHUM JaBjieHueM. Terepb Xe MpU CHSITUMU
BHYTPEHHETO NIaBJeHMS p MO BCEH TOJILIMHE IJIACTUYECKOH 00JIacTu
BO3HMKAET COCTOSIHUE pa3rpy3Ku W BCTyMaeT B CUJy 3aKoH I'yka, 1o-
TOMY UYTO MpeKpallaeTcs MIacTUueckKoe COCTOSTHUE.

CHsiTMe Harpy3ku MOXHO MHTEpPHpETUPOBaTh HAJIOXEHUEM Ha
BHYTPEHHIOIO TTOBEPXHOCTb TPYObl HATPY3KX MPOTUBOIOJOKHOTO 3Ha-
ka. To ectb Ha mpeabiaylilee YCUIIME CXaTUsl MHTEHCUBHOCTBIO p Ha-
KJIaAbIBae€TCsl PACTSIKEHME ITOU K€ MHTEHCHUBHOCTU. A 3TO 3HAYWT,
YTO Ha CYLIECTBYIOIIEe HANPSDKEHHOE COCTOSIHUE TpyObl HaKJIaabiBa-
€TCsl YIPYyroe HampsbKeHHOE COCTOSIHME, ONpeelisieMOe MTOTOBBIMU
(opmynamu ynpyroro peieHust 3agauu (400) , HO TOJbKO BMECTO Be-
JIMYUHBI ¢ B HUX JOJIKHO CTOSITh —(, T.€.

2
%l 1 b 11|,
Op p

Takum oOpa3om, B ObIBIIEH TUTacTUYECKOI obnactu (a < p < pr)
TOCyIe CHSTHST Harpy3KH OYAyT AeCTBOBATh OCTATOUHBIC HATIPSKEHMST:
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og=—q||—| +1 —ichnB—p— OT.
P a

7 N

B ObiBHICH ynipyroii obnacTu (pt < p < b) pa3rpy3ka MPUBOAUT K

CHSITUIO HANpsKeHW OT Harpy3ku. Ho BOZHMKHOBEHME TO0Js1 OCTa-
TOYHBIX HaMpsKEHUM B ObIBIIEH MJIACTUYECKON 00JacTy MPUBOAUT K
BO3HUMKHOBEHHIO B OBIBIIEH YIPYyroil 00J1acTu TakxKe CBOETro IoJjis Oc-
TaTOYHbBIX HAIPSXKEHUI, ypaBHOBELIMBAIOLIMX OCTaTOUHbIE HaMpsKe-
HUsI, ONKUChIBaeMble MOJYYeHHbIMU (hopmynaMu. To ecTb B ObIBLIEH
YIpYyroi 06acT¥ BOZHUKAET IOJI€ OCTATOYHbBIX HAMPSIKEHWM Kak cTa-
TUYeCKasl peakliivs Ha AefCTBUE, OKa3blBAeMOE BOZHUKIIIMMU OCTATOY-
HBIMU HaIpPsDKEHUSIMU B OBbIBLIEH MJIaCTUUYECKON 00J1acTHu.

Jl1st onpefiesieHUs OCTaTOUHBIX HAMPSDKeHUI, BOZHUKAIOIIUX Ta-
KHUM 00pa3oM B ObIBLIEH ynpyroi o0jaacTu, cienyer:

1) MbICIEHHO OTOPOCUTD OBIBIIIYIO MJIACTUYECKYIO 00J1aCTh, 3aMEHUB
ee BO3MEHCTBME Ha OCTaBILUYIOCS OBIBIIYIO YIIPYTYIO 00JIaCTh CUCTEMOM

CHUJI, 9Ta CUCTEMA CUJI OIIPECACIILACTCA C ITOMOILIBIO BBIpEDKCHI/Iﬁ JTA Gg n

Gy TpU p = Py, T. €. WIS TIOBEPXHOCTU Pa3[eia MeXIy OONacTAMMU;

2) pelInTh 3a1ady TeOpUU YIPYTOCTU B HAMPSDKEHUSIX IJis1 ObIB-
el ynpyroit 06acTu, Harpy>k€HHOI 3TOW CUCTEMOU CUJI; B pe3yJib-
Tare MoJy4yuM (DYHKUMU OCTAaTOUHBIX HANpsIKEHWM, AeiCTBYIOLIMX
B ObIBILIE} ynpyroit objacTu.

M3 u3j10:)keHHOro HEOOXOAUMO YETKO 3alIOMHUTh, YTO HOCAe pa3-
2pY3KU U3 YNPY20-NAACMUYECK020 COCMOAHUs 6 00seme meaa ocmaemcs
cmamu4ecky ypagHoeeuleHHoe nojae 0CMamo4HbiX HANPANCeHU, 0X6AMbl-
saioujee eecv 0bsem meaa.

C TeueHUeM BpeMEHU OCTaTOUHbIE HAIpPSIXKEHUs CHUXKAIOTCS, pe-
JIAKCUPYIOT U, KaK Mbl TIOMHUM, C MOBBILIEHWEM TeMIlepaTypbl CKO-
pPOCTb pejlakcallii HampsbKeHu# ypenuuuBaeTcs. CiienoBatebHO, 1S
CHSITUSI OCTAaTOYHbBIX HAMIPSKEHW I, BOSHUKILIUX MPU U3TOTOBJIEHUU WU
Kakoi-11bo obpaboTke netaiv, HeOOXOAMMO 3Ty JeTajlb HarpeBath,
MOJBEPraTh OTXKUTY.

B 3axitoueHue pelieHus 3agaum MOXHO U300pa3uTh MIPUMEPHbBII
BUJL SIIIOP HAMPSKEHUI G, OT BHYTPEHHETO JABJIEHUS U OCTATOYHBIX

HAIMPSKEHWI o7 TMOC/IE CHATUS JaBjieHus (CM. puc. 79).
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TTpaBUJIBHOCTL pacyeTa OCTATOYHBIX HaNpsikKeHWi (opmaabHO
MOXHO MPOBEPUTH MJIAHUMETPUPOBAHMEM BIIOPHI: TIOLIAAb MOJOXKM -
TeJIbHOM (pacTsIHYTOIt) 001aCTH 3MIOPbhI JOJKHA ObITh PaBHA TLIOLIAIN
OTpULIATeJIbHOM (C3KaToi) 00J1aCTH, UTO CAEAYET U3 YCIOBUS CTaTUYEC-
KO0 paBHOBECHS MOJISI OCTATOUHBIX HaMPSIKEHUA.

B npakTuke MHXeHEPHOU NesITeIbHOCTH ONMpPeIessiTh OCTATOUHbIE
HaIpsiKeHUs TTPUXOIUTCS CIielMaacTaM CaMbIX Pa3HbIX METaJLTypru-
YeCKMX M MallIMHOCTPOUTENIbHBIX CeNATbHOCTEM:

JUTEHIIMKAM— B OTJIMBKaxX, YTOObl YCTAaHOBUTb, HE JOCTUTAlOT
JIU OCTaTOUYHbIE HAMPSIKEHUSI OMACHOTO YPOBHS, MPUBOJSILETO K BO3-
HUKHOBEHUIO TPEIIMH WIM HEeIOIMYyCTUMBIX JehopMallnii;

MeTa/uloBeaM-TepMUCTaM— B JIeTaJIsIX, MOABEPraeMbIX TEPMO-
00paboTKe, B pe3ybTaTe KOTOPOU BOBHUKAIOT TaK Ha3biBaeMble (ha3o-
Bble HaMpsiKeHUsI, Koraa (pazoBasi epeKpucTalIn3alus COMpOBOXKIA-
eTcsl UBMeHeHueM oobeMa (00bEMHBIM 3(P(PEeKTOM), OTUETO BOZHUKAIOT
WHOTa OYEHb BbICOKME HAIpPsIKEHMSs, TIPUBOASILIME K OpaKy Io Tpe-
LIIMHAM WJIY 10 UCKaXeHUI0 (pOpMBbI IeTalu;

CBaplIMKaM— TIOCTOSTHHO TPUXOAUTCSI TaK MPOEKTUPOBAThb TEX-
HOJIOTMYECKUE MPOLECChl MOHTaXKHO-CBAPOUYHbIX PabO0T, YTOOBI 130e-
raTb HampsKeHWM, BbI3bIBAIOLIMX pa3pylleHrue W HeIOMyCTUMOUN Be-
JIMYUHBI AedopMaliMy 3JIEMEHTOB CBAPHBIX KOHCTPYKIIMIA;

npoKaTynKaM, Ky3HelaMm U JIpyruM clielrajiuctam 1o oopadborke
METaJJIOB IUIACTUYECKUM Ae(DOPpMUPOBAHUEM MPUXOAUTCS UMEThH J1eJ10
C OCTaTOYHBIMU HAIpPSKEHUSIMUA OYKBaJIbHO Ha KaXXIOM Iuary, moo
nedopMalds MeTaljla mpu mpoieccax oopaboTKU JaBIeHUEM— 3TO
MOYTH BCerja yrpyro-mjaactuueckas aedopmaiusi.

Thaea 14

JTE@OPMAIIAN
ITPY JINCTOBOM IITAMIIOBKE
DJUTATICOMIA

14.1. O npuMeHeHNN TeopHH
K PElIeHHI0 TEXHOJOTHYECKHX 32124

B OPCAbIOAYIIMX TJ1aBax ObLIO IIOKa3aHO, KaK OCHOBHBIC ITOJIO2KCHMA
TCOPUHN YIIPYTOCTU U IJIACTUYHOCTU MOKHO M HY>KHO MCITOJIb30BaTh 1JIA
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pelIeHUs TEXHOJIOTMYECKUX 33Jay 00pabOTKM META/UIOB JAaBJICHUEM.
B rnase 11 paccMoTpeH yOeauTeNIbHBI MPUMEpP CO3JaHUSI COBPEMEH-
HOM HAYKOEMKOU TEXHOJIOTMMA, OCHOBAHHOW HAa KOMIUIEKCHOM TIPUME-
HEHUU Hapsiy C TEOPUEN YIPYTroCTU U TUIACTUYHOCTH TAKXKE TEOPETH -
YECKMX pa3paboTOK B MaTepUANIOBENECHWUU, TEPMOJUHAMUKE, TCOPUU
KaTacTpod U CUHEpPreTUKeE.

Co3sHaBasi 0co0y10 BaXXHOCTb IPU MOATOTOBKE MHKEHEPOB-MaTe-
pUaANOBEOB U METATyPrOB OPUEHTAlIMM Ha aKTUBHOE TBOPYECKOE
MPUMEHEHHUE CITELUATUCTAMU OCHOB TEOPUU K PEIIEHUIO aKTyaJbHBIX
3a/1a4 TeXHOJIOTUUYECKOM MPaKTUKK, Mbl BEIOpaJIU JIJIsS1 pACCMOTPEHUS B
MOCJIeAHUX ABYX IVIaBax UMEHHO TaKue 3aja4yu, He0OXOIUMOCTb pelle-
HUS KOTOPBIX MPOIMKTOBAHA OCHOBHBIMU HamlpaBJIE€HUSIMM HAy4YHO-
TEXHUYECKOTO Mporpecca.

14.2. 3agaya o MOBBIMIEHAN TEXHOJOTHIHOCTH JedopManun
TIPH JIACTOBO# IITAMIIOBKE-BbITSIKKE
H3/1eJIMiA CI0KHOT0 Mpoduiis

[IpoGeMa MOBBIIIEHWSI TEXHOJIOTUIHOCTH JAe(hOpMaIU TIPU M3-
TOTOBJICHUM JIMCTOBBIX IITAMIIOBOK CJIOKHOTO TPOGWIIS TPUBICKIIA
K cebe IMprcTaJbHOe BHUMaHKE, KOT/Ia B Psiie OTpaciieil MalllMHOCTPO-
eHUs (XMMUYECKOM, S9HEPTeTMUECKOM, CYTOCTPOUTEIbHOM) CTaId aK-
TUBHO HMCITOJIb30BaTh B KAUeCTBE KOHCTPYKIIMOHHBIX MaTePUAJIOB IS
CTPOUTENILCTBA OOBEKTOB HOBOM TEXHMKHM CIIaBbl HA OCHOBE THTaHa,
obJ1amarole B CpaBHEHUH C 3aMEHSIeMBbIMA UMK KOHCTPYKIIMOHHBIMH
JIETUPOBAHHBIMU CTAJIIMU 3aMedaTeIbHBIM KOMITJIEKCOM (hU3UKO-Me-
XaHMYECKUX CBOMCTB (IIPEXIe BCEro, BHICOKOM YIOCIBHOM IMPOYHOC-
ThI0, HEMarHUTHOCTHIO, aOCOJIOTHON KOPPO3HMOHHOM CTOMKOCTHIO
B MOPCKO#1 BO/Ie M BO MHOTHX arpeCCUBHBIX cpefaX, MOBBIIIEHHON pa-
IUALIMOHHOM CTOMKOCTHI0). M Torma Gosiee BRICOKAsk CTOMMOCTD TUTA-
HOBBIX CIUIaBOB IT0 CPAaBHEHUIO CO CTAJISIMM 3aCTaBWJIa HAXOAMTh U UC-
MTOJTb30BaTh TEXHOJOTUYECKIE BO3MOXHOCTH SKOHOMUU MeTajlla TIpu
Ha3HAYCHUU pa3MepPOB MCXOIHOM JTMCTOBOM 3arOTOBKM, a TaKXKe IPO-
BelleHUsT nepopMaliMy B IIPOIIeCCe IITAMIIOBKM TaKMM 00pa3oM, 4TO-
OBl KOHTPOJIMPYEMbIE pa3Mephl IITAMITOBAHHBIX M3IEINN yKJIaIbIBa-
JINCh B YXECTOYECHHBIC NOMYCKU COOTBETCTBYIOIIUX OTPACEBBIX
cTaHmapToB. JlaHHas 3amava IpeAcTaBIsIeT cOOOi pellleHre yKas3aH-
HOU TIPOOJIEMBI MPUMEHUTETLHO K JINCTOBOM IITAMITOBKE-BBITSIKKE OCE-
CUMMETPUYHBIX M3ICIUI ¢ JHUIIEM 3JUTAIITHYSCKOIO, OBAJTbHOTO WM
Kpyrosoro npocuis [11].
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14.3. Ananu3 nedopmanmii npu MTAMIIOBKE 3JUIMIICOMIA

1 BbIBOJI, (hOpMYJI IS BHIMHCJIEHHS PaIyca 3aroTOBKH

W M3MEHEHHs TOJIIAHbI

BJI0JIb 00pa3yIoleil MepuIHOHAILHOTO MPOGIIS MTAMIIOBKH

Ilycth U3 Kpyrjioit JMCTOBOM 3arOTOBKM TOpsiueil 1ITaMIOBKOU B
BBITSDKHOM 1ITaMIle M3TOTaBIMBAETCS OCECUMMETPUYHOE U3Jesue,
MOBEPXHOCTb KOTOPOT'O COCTOUT M3 30HBI AHUIIA B (hOPME BJUTUTICOU -
Ja BpalleHus (30Ha D) U UMWJIMHIPUYECKOU 30HBI 100KM (30Ha II).
ITnockocTh compsikeHust 30H D u L mpoxoaut yepe3 OOJbIIYIO OCh
BJIIMIICOMIA, TOTAA KaK ero Majiasi OChb COBIQJAeT C OCbI0 CUMMETPUU
30HHI 1 (KpyroBoro LUIMHIApPA), SIBIISISICh, TAKMM 00pa30M, OCBIO CUM-
MeTpuu Bcel aetanu. [Tpu aTom GoJibliiasi MoJyoCh JUTMIICOMIA PaBHA
panuycy uwiuHiapa 3oHbl L (puc 80).

ITycTh 10 yCIOBUIO YCTOMYMBOCTH 1LITAMITOBKA MPOU3BOAUTCS Oe3
KoJibLia cKyafakoaepxaresiss. O003HAUMM: 7, — PainyC CKPYIJIEHMS BXO/-
HOI KPOMKM MaTpMLbl; S,— TOJIUMHA 3arOTOBKM; R — HayvaJbHBIA
panuyc daHua (paauMyc 3aroToBKu); R — Tekyliuid paauyc (paaHua
IpY IUTaMIIOBKe; R — OGosbllasg MOJyoCh dJuIMIncouaa (Wi paauyc
HuaMHApa 30HbI 1) oT ocu cuMMeTpuu 10 cpeaHei JUHUM NpohuIst
IITAMIIOBKM B MEPUIMOHAIBHOM cedeHuu; H — BbicoTa 30HbI L[ 1o
OCU CUMMETPUM LUTAMIIOBKHU; H — BbICOTAa 30HBI O 10 OCH CUMMET-
pUY 1TAaMMOOBKU OT CpeAHed JUHUU Tpoduias B MEpUIMOHAIBHOM
CEYEHUM.

TakuM 00pa3oM, BBICOTY IITAMIIOBKW MO OCH CUMMETPUU, Ipe-
HeOperasi 31eCh YTOHEHUEM 3aroTOBKHM, B HAllIMX 0003HAaYEHUSIX BbIpa-
31UM KakK

H, :HH+H3+%°,

a HapyXXHbIU paiuyc IITaMITIOBKM B IJIaHe (HApY>KHBIN pagnuyc HAJUH-
JPUYECKOM 30HbI) KaK
S0
Ru_[ = RM + ?

st ynoOcTBa 3aricy reOMETPUIECKMX COOTHOIIEHUI BBEIEM €11

So
R, SRt M a =R, +R.

bynem onuceiBaTh mpouecc aedopMaliMy Halllero MU3Aeaus Kak
OCECMMMETPUUHYIO 33Ja4y B LIMJIMHAPUYECKUX KoopauHartax. [Tpu aTom
W3 CPEIHEN YaCTU KPYIJIOW JIMCTOBOM 3arOTOBKU BBITSIKKOW B MEpU-
JTUOHAJIBHOM HATIPABJICHUU Y TIPUJIETAHUEM K TOPIIEBOM, SJUIMIICOU-
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Puc.80. K ananusy nedopmaiinii B 3JITUTICOMIHON 30HE
IITaMITOBKH

IaJIbHOM ITOBEPXHOCTH ITyaHCOHa hopMupyeTcs 30Ha D. M3 mepude-
PUITHOM YaCTH 3arOTOBKM peayliipoBaHueM (uIaHIla, IIPOCTPAHCTBEH-
HBIM M3rMOOM IpHM OTMOAHWM BXOMHOW CKPYIJICHHOM KPOMKU MaTpH-
1IbI, CIIPSIMJICHUEM ITOCJIe IIPOXOXKIACHMST CKPYIJIEHHOM KPOMKU, a TaKKe
BBITSDKKOIM B MEPUIMOHAIBPHOM HaIlpaBJIeHUU (POPMUPYETCS LIETUKOM
30Ha Ll 1 HemocpencTBeHHO ITpUMBIKaroliasi K 3oHe Ll kakasi-To OTHO-
CUTEJIPHO HeOOJIbIIasl IO IMPOTSIKEHHOCTH YacTh 30HBI D. [locmenHsisa
MPEICTaBIISIET CO0O0 KOJIBIIEBOM YYaCTOK B3aMHOIO TIEPEKPHITHSI OITH -
CaHHBIX IBYX KOHIIEHTPUYECKMX YaCTeil 3arOTOBKM, BBIICICHHBIX 10
MPU3HAKY OOIIHOCTH OCHOBHBIX 3JIEMEHTOB, M3 KOTOPBIX CKJIAIbIBa-
I0TCST MX AehopMallii B IIPOLIECCEe IITaMITOBKHU.
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TTockosbKy onucaHue nedopmaldii Mo BCeil 3aroTOBKE Hempe-
PBIBHBIMU (DYHKUMSIMU KOOPAMHAT COIPSIKEHO ¢ OOJIbIIMMM Mate-
MaTHYECKUMU TPYTHOCTIMU, OyIeM paccMaTpuBaTh aedopMaiiim pas-
JeJIbHO B KaXJIOW M3 OCHOBHBIX ABYX KOHILIEHTPUYECKHUX YacTei.
Hanuuue nmpoMexXyTOUYHOTO KOJIbLIEBOTO yyacTKa, XOTs U Majoro, HO
HEOoIpeaeJeHHOU MPOTSXKEHHOCTH, 3aCTaBJIsIeT BECTU pacyeT aedop-
Mallnil B 00eMX OCHOBHBIX YaCTSAX BO BCTPEYHBIX HAITIpaBICHUSIX: CHA-
yaja B nepudepuitHoit yactu (3oHe 1) mo HampaBJeHUIO OT KPOMKU
K LEHTPY, 3aTeM BO BHYTpeHHeU yacTtu (3oHe D) oT ocu Z (p=0) mo
conpsiKkeHus ¢ nepudepuiitHoil 30Hoi. B ciyyae HeBsSI3KM B pacuere,
MpeBbIIAIONIIEN TOMYCK MO 3aJaHHON TOYHOCTU, 3Ta HEBSI3Ka 3aTeM
YMEHbIIIAeTCsl TTOBTOPHBIMU TlepecyeTaMy METOJ0M IOCJieloBaTe/b-
HBIX TIpHOJMKEeHU# (TIpW TpOorpaMMHON peaau3allny pacuera Ha
TI9BM— nytem opraHuzaluu “uukia rmnocie”). MuHUMaabHOE KO-
JIMYECTBO BBOJMMBIX B pacyeT KOPPETUPYIOLIMX MHOXUTEIE— BCe-
ro ABa— rapaHTUPYET JOCTAaTOUHOCTb ABYX—TpeX MOBTOPHBIX Mepe-
CUETOB JJIS JNOCTHUXEHMS TOYHOCTU pe3yJibTaTa, NpUeMIIeMOU
B UHXXEHEPHOW TTPAKTUKE.

ATMNPOKCUMUPYS DIIMOTUYECKUN MPOGhUIb 30HBI D B MEPUAUO-
HaJbHOM CEUYEHMHU IO CPelHEe JMHUM ABYMS OyraMu, WMEIOIIUMU
paguychl R, 1 R, 1 OTpPaHMYEHHBIMU YIJIAMU O, U O.,, BEIPA3UM JUIUHY
oOpasymolleil 30Hbl D B BUIE CYMMBI [y =/ +1, = Rjoy + Rya,, Tre
R >Ry, oy <oy u a+a,=n/2, (cMm. puc. 80). Bynem paccmatpu-
BaTh MOBEPXHOCTh IITAMIOBKHU KaK COCTOSIIIYIO U3 YYACTKOB: OOKOBOM
MOBEPXHOCTH IIMJIMHAPA PAIMycoM R, W BbICOTOW H,|, MOBEPXHOCTH

LIaPOBOIO CETMEHTa BBICOTON Hy — R, cosoy Ipu paamyce R, 1 dactu

MOBEPXHOCTU TOpa, OrPaHUUYEHHON B OJHOM M3 ABYX BHEIIHUX KBal-

PaHTOB KPYIJIOTO MEPUAUOHATBHOTO CEYEHMsI IYTOM R 0L, TIpK paauyce

9TOrO ceueHus R, u paguyce BpalieHus 1eHTpa ceuenust R,—R,. Eciun

MPUHSTh KaK MepBoe MPUONMKEHNE, YTO BCE U3MEHEHUsI TOJIIIUHBI B

npoliiecce WTAaMIIOBKU B 1I€J0M 0 00beMY B3aMMHO KOMITEHCUPYIOT-

csl, MOXXHO HamucaTh YCJIOBHE PABEHCTBA MOBEPXHOCTEI 3arOTOBKU U
IITAMITIOBKU:

R =2nR,H, +2n R (H, - R, cosay)+

(402)

+4n*(R, — R)) R, (at, / 2m).

BBoasi momnpaBouyHbIil KOA(DOUIIMEHT, YYUTHIBAIOIIUN MPUPOCT
MOBEPXHOCTH ITAMIIOBKMA M3-32 HEKOTOPOIO YTOHEHUsS B IIpoliecce

BBITSDKKM, ¢ = f(Sy,7,) =0,90...0,97, u3 ycnosus (402) momyyaetcs
(opmyna njisT BEIYMCICHUS pagnuyca 3arOTOBKH:
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R, = q\/ZRMHu +2R(H, - Rycosa)+ 2Ry (R, — Ry)a, . (403)
OTMeTUM Terepb, YTO B 3ajJayaX paccMaTpUBAEeMOro TUMA B CUJTY
0CEeBOIl CUMMETpUU JIeDOPMHUPOBAHUS KacaTeJIbHOE HaIlpsiKeHUe
Tpo = 0, a HOpMasbHBIE paIuaNbHOE G, ¥ TAHTEHLMATBLHOE Gy HaIpsi-
JKEeHMST OyAyT TIaBHBIMU HAINpPsDKEHUSIMU, HE 3aBUCSIIMMU OT KOOPAM-
HaThl z. POpMYIIBI 11 MX BbIUMCIeHMs ToiydeHbsl M.B.CTopoxkeBbiM
u E.A.IlonoBbiM [25] npu pelieHUH 3aJa4M O BBITSDKKE LIMJIMHAPUYEC-
KOro CTakaHa W B HalllMX 0O03HAYEHUSIX UMEIOT BUIT

o, =Bo, ln%, oy = —Po, l—ln& , B= (404)
P

2
N
3
rae GT (I/UH/I (50 2)— npeaca TCKy4eCTu MaTtepuala.

Ilonaraga Jajee, 4To Nnpu YMEPECHHBLIX ,I[C(I)OpMaL[I/IHX MOZKHO C 10-
CTaTOYHOI CTENEeHbIO TOYHOCTU MCIOJb30BaTh B Halllei 3a1a4c ypaB-
HCHUA CBA3W MCXKIAY HAIIPAXKCHHUAMU U ,Z[e(i)OpMaHHHMI/I n3 TCOPpUU
MaJIbIX YIIPYTrO-IJIaCTUYCCKUX He(i)OpMaHI/II;'I, 3aluiiemM

—0 -0 *n (405)

rae €,(=¢€,) — oTHOcuTeNbHas AedhopMalUsl B HATIPABICHUY TOJIIIN-
Hbl (b1aHLa (n— HaIlpaBJeHWe HOPMAJIM K IIOBEPXHOCTHU (iaHua); €,
U €, — OTHOCUTEJIbHBIE Ae(OPMALIMM B MEPUAVOHAIBHOM M TaHTEH-
LIMaJIbHOM HampaBJIeHUSIX.

[Moncrapmuss (404) B (405) ¥ UCTIONBL3YS AJIsl UCKIIIOYEHUS €, YC-

JIOBUE TIOCTOSIHCTBA 00BEMA Ep + €9 + €, = 0, ITOJIyYUM
1—2m R
g, = ——Rpee; (406)
2 In"w
P

C€CJIM K€ aHaJIOTUMYHBIM ITIYTEM UCKIIIOYUTH €, , TO MOJTYYUM

l+ln&

€ =~ ———to- (407)
2-In—*t
p

[TockosbKy npu BBITSIXKKE Beeraa €, < 0 — nedopmauus cxarusi,
T0 13 hopMybl (406) mist obecriedeHs BHITSDKKY 6e3 yTOHEHMS (hiiaHLa
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(T.e. uTOOBI OBLTO €, >0) MpPU p =a; IOIKHO BBHIMOJHATHCS HeEpa-
BEHCTBO

21n% <1 wm q 20,61R,. (408)
1

BoinonHeHue HepaBeHcTBa (408) 11s1 MaTepuanioB ¢ HU3KOM TeXHO-
JIOTUYECKOM TUIACTUYHOCTBIO 00513aTe/IbHO, TaK KakK 3[eCh MIPU 3TOM yla-
eTcsl u3bexaTb yTOHEHMUS, a TIpU JajbHelel aeopmaliin, Koraa pemy-
LIMPOBaHHbIE YYACTKU (hiaHLIA TTPOXOAST CKPYIJIEHHYIO BXOJAHYIO KPOMKY
MaTpULBI (IPU P < @; ), HEKOTOPOE YTOHEHNE UMEET MECTO HEM30EKHO.

Bospauasick Tenepb K dhopmynam (406) u (407) , 3ameTum, 4TO
eclu penyuupoBaHue (raHua npousBoautcsd oT R,y 1o R, u
R, /p; = const, TO U3 TEOMETPUYECKUX COOTHOLLIEHUH CIIEyeT:

Se :]n&,
n
A 1+ In Fuo
Pi Pi Pi
eE. = 1’1—’:——111'1_l:y
’ Al; 2—lnh R,
Pi
1—21nh
€, S P I &/ P/
Si 2—lnh R,
Pi

OTKyJa Tocie BBeAeHus koadbunmenta k, = f(r,/sy) =0,9, yuu-
THIBAIOIIETO JOTIOJHUTENBHYIO Ae(opMaIiiio OT U3rnba ¢ pacTsKeHH -
€M TIpY TIPOXOKACHUM BXOMHOM CKPYTJIEHHON KPOMKM MAaTPUIIBI, ITO-
Ay9uM QOpPMYIBl IS BBIYMCIeHUSA nedopmanuit B 30He LI
B HaIIpaBJICHUM OT Nepudepun K MeHTPY:

t+in 10 1-21n R0
Isi Pi
A i ; _1n 2H0 . R
Al,- = k—pl z—l 2-In T kM S ;—l 2—lnp‘—f() > (409)
M u

"

rae Ap; — HaydaJbHBIA (B 3aroToBke, no Aedopmanuun), a Al;— Ko-
HeYHbII (Tocie aedopmalinn) pa3Mep i-ro dJieMeHTa B MepUIUOHaN b-
HOM HampaBlIeHUU P; P, — KOOPAMHATA /-TO JIEMEHTa B 3arOTOBKE
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(mo medopmanumn); s— TONLIMHA [-TO 3JIEMEHTA Mocie Ae(popMalnu;
i=0,1,2,3,..— B HarpaBieHuu ot R,, K R,. Takum obpazom, no

dopmynam (409) pacuer BbimosHsietcst B uHTepBane 0< Y Al < H,

i
IIpHU4YeM HOZ[60pOM IIOCJICAHETO 3agaBa€MOro 3Ha4YCHUA Ap,- cJaenyeTr

NOOGUTHCSI TOYHOCTH PaBeHCTBA », Al; = H ||, 4TO JIETKO AOCTIXUMO TIPH

o 1
MPOTpaMMHOI peaim3anuu pacdeta Ha [IDBM. 3areM Hamo mpucTy-
IUTH K pacyeTy 30HbI D BO BCTPEYHOM HaIIpaBJICHUHU, MTOCICI0BATE/Ib-
HO B MHTEpBaJax:

nepsbiit yuactok— 0< Y Al < Ry,
i

BTOpoit yuactok— 0< Y Al < Rya,
7

TaK, YTOOBI MPOITH BCIO 30HY D oT /[, =0 no /=1, = Ro, + Rya.,.
[Ipu BbIBOZE bopmyn msi moacuyeTa Al; B MEepBOM U BO BTOPOM
y4acTKax 30Hbl D MpUHUMaeM 0003HaueHUs p;, Ap;, §; U Al; c TeM xe
CMBICJIOM, UTO M B pacyere 30HHI LI, 1, KpoMme TOro, BBeIeM B COOTBET-
ctBUM ¢ puc. 80 crenyroiue 0003HAYEHUS: p,; — PaAUyC (paccTOsTHME
OT OCM CUMMETPUU Z) i-TO KOJIbLIEBOTO 3JIEMEHTa IUTaMIIOBKU (TOcje
nedopMali), UMEIOLIEro pasMep B MEPUIMOHAIBLHOM HalpaBieHUU
(impuHy) Al; U TIEpBOTO y4acTka OylaeM UMeTh p,; W Al , s

BTOPOTO — py; U Al; 04, — TeKyllUil yron HaklIoHa paauyca R, B
MEPBOM Y4YacTKe Win R, BO BTOPOM, ONPENENAIONIMI Ha CpeqHEN Ju-

HUU MEPUIUOHATBHOTO MPOGUIS 30HbI D MOJOXEHHUE i-TO dJEMEHTa
Al ; 115 IEpBOTO yyacTka U3 reOMeTPUIECKUX COOTHOLLIEHUI OyieM UMeTh

1 , 1 ’
oy = R All_} , a Uit BTOPOTO— 0y, = FZAIH . Moncrasmsist te-
1i- 2 i-1

rephb B yCJIOBMe TIOCTOSTHCTBA 00BeMa JUTS TIEPBOTO yJacTKa 21 py; Als; =
=2mp,; Ap; S, 3HauYeHue Py; = R sinoy; = R sin ZAI , HaiineH-
HO€ 13 TeOMETPUUYECKUX COOTHOLIEHUH (CM. pucC. 80) nonqu/IM (hopmy-
JIy TSl BBIMUCTeHUST Al] :

Pi Api

All = .
'Rlsm( EA D) (410)
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[pu moncraHOBKe HaWIEHHOTO TAaKXKe T€OMETPUYECKU 3HAUCHUS
pr; = (R — Ry)sina,; + R, sin(a; + 0t,;) B aHAIOTMYHOE YCIOBUE MTOCTO-
SIHCTBa 00beMa, HallMCaHHOE JJIsl BTOPOTO y4yacTka, MouyuuM Ghopmy-
Jy Uil BlYMCIeHust Alf:

S Ap;
Al =20 PP . (@11

]
Si (R, - Ry))sinoy + R, sin(oy + €L SAILY)
R, i3
B dopmynax (410) u (411) i = 1, 2, 3, ...— B HamnpaBjJeHUU K
nepudepun TaMIOBKH.
Hnsg Ttoro, 4ytoObl HayaThb BblYMCIeHUE Aedopmaliuii B MepBOM

y4yacTKe, Haao 3aJaTbCAd JOCTATOYHO MaJIbiIM 3HAYCHHUEM Ap,- " I10J10-

XuTh B hopmyre (410) , uto | Y AL |-, = Ap; . Ilepexons k pacuety
i1

BO BTOPOM YUYacCTKe, UCII0JIb30BaTh TAKOM IIPUEM HET HaTOOHOCTU, TaK

Kak mpu Y. Al | =0 dopmyina (411) cpasy maer 3HaueHue Al{, paBHOE
il

nocienHeMmy Al/, momydaemomy no dopmyne (410) mpu o = o

Al = (s /51)p1 Apy /(R sinayy).
B KOHILIE KaXXIOro U3 ABYX YYAaCTKOB, B ITOJIHOM COOTBETCTBUU C

pacye€ToOM B 30HE ]_I,, CJacayer JOOUTHCSI TOYHOCTU PaBCHCTB 2 All.' = RIOLI

1

1 Y Al = Ryo., MOAGOPOM TOCTIENHETO 331aBAEMOTO JUTsl JAHHOTO y4a-

1

CTKa 3HA4YEHUs Ap;.

YToObl BBIYMCIUTL M3MEHEHUE TOJIIIMHBI BAOJb OOpasylollieil B
30He D, BOCIIOIb3yeMCs aMIupuueckoil popmyoii [11], BeIBeneHHON
C ToMolIblo TporpamMHoro moayiasi Nonlinear Estimation maketa
STATISTICA ¢upmnbr StatSoft Inc., CIIIA [1]; mpoBepka ee ¢ MomMo-
1o nporpaMmMHoro nakera Microcal ORIGIN, Bepcus 6.1, mokasa-
Jla, 4yTO 3amucaHHas najgee ¢popmyia (412) nmpuroaHa Kak JJisi IepBoro,
TakK W AJIs BTOPOTO yyacTKa:

R, +R sin(E +0;)
-1- 4 , (412)

So kpRi\R »
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3nech Ry, = R;, KOTIa pacuer BHIMOJIHSCTCS B IEPBOM y4acTKe, 1

LEAI{_I B TIEPBOM Y4YacTKe

R, = R,, xorna Bo BTOpOM; o = ay; = R
1l

1
U o; =0 +0y = 04 +R—2Ali”_1 BO BTOPOM y4YacTKe; k — Koo du-
2 i1
LIMEHT, 3HAaYeHUE KOTOPOTO INIaBHLIM 00pa3oM 3aBUCUT OT BEJIMUYMHBI
001Iel BBITSKKU M KoJiebJIeTcsl 0KOoJIO urcia 3,5 B mpenesax HeCKOJb-

KHX JeCSThIX. B KOHEYHOM ceueHMH 30HBI D, rae Y, Al = Rya,, TOII-

IMHA S;, BBIUKMCIEHHas mo dopmyne (412) , B mpenenax MPUHSTON
TOYHOCTH JOJIKHA OBITH paBHA ITOJYYEHHON BCTPEUYHBIM PACYETOM 10
dopmyne (409,) TonmHe s, B KOHEYHOM cedyeHuu 30HbI LI, Tak Kak

Ha3BaHHbBIC CEUCHUS TIPEACTABISIOT COOOI OTHO M TO Xe CeUeHUEe CO-
npsikeHus 30H D u 1. B ciyyae HecoBmaneHUs yKa3aHHBIX TOJIIMH
pacuer no ¢dopmynam (409)—(412) ciaenyeT MOBTOPUTH MPU APYIUX
3HaueHUAX Koopduumentos k B dopmyaax ( 409) u k B dopmyie
(412) MeTOoIOM MOC/IEeI0BATEIbHBIX TPUOJINKEHUIA.

Hanee B KauecTBe IIpuMepa IIPUBOISATCS pe3yIbTaThl pacuyeTa, Bbl-
MOJIHEHHOTO ¢ ucnoJjib3oBaHueM dopmyra (403) u (409)—(412) . Uc-
XOIHBIE TaHHBIC IS pacyeTa:

a) Marepuaja 3aroTOBKM— TropsiyeKaTaHblii JIUCT TOJLIMHON
s, = 11,8MM u3 nceBo-anbda — crulaa TutaHa tuna BTS ¢ monwm-
JKEHHBIM COIepXKaHUEM aTIOMUHUS;

0) reomMeTpUYECKHe Pa3MepBI IITAMIIOBKHU 110 YepTexy: H, = 50Mm,
H =94mmM, R = 235MM, aninpoKCUMaLUs SJTMITUYECKOTO NPOdHU-
78 IHULA (30HbI D) no cpeaHeit muauu R, = 631mm, o = 0,108 m,
R, = 56mM, a,= 0,392 =, Torna no ¢opmyie (403) R, = 316mm,
MpuHSB q = 1;

B) IIPOYME JAHHBIE: 1, /S, =3 , TeMIlepaTtypa MeTaula Py 1UTaM-
noske 850°C , cMazka— cMech rpadura ¢ MalllMHHBIM MacjoM, Mpu-
HATbIE 3HaYeHUs1 Kodpduuumenros k, = 0,91, k = 3,5.

PesynbTaThl BoluMCIeHUS AedopMalvii TpeAcTaBleHbl B Ta0a.3 u
4. Ha puc. 81 no jaHHbIM TaOJIMI] TOCTPOEHA pacueTHasl KpruBasi u3me-
HEHMS TOJIIWHBI BIOJb OOpasylolieil MepuInOHaTbHOTO IPOQWIIST
HITaMITOBaHHOTO 3yutnriconaa. Ha aTom Xe rpaduke HaHeCEeHBI TOU-
K1, TIOJlydeHHBbIC M3MEPEHUEM TOJIIMHBI IITAMIIOBKA B TIJIOCKOCTH,
TIPOXOMAIIEH Yepe3 OCh CUMMETpHUH zZ. Kaxkmast onbITHasT TOYKa Ha pH-
CYHKE TIpeICTaBIIsIeT co0O0i cpemHee 3HaYCHNE M3 ABYX CUMMETPUIHBIX
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OTHOCHUTENILHO OCH Z 3aMEPOB, OTHECEHHOE K TOJILIMHE 3aTOTOBKH .
PaccrosgHue Mexmy coceqHUMM 3aMepamMu (1Iar 3aMepoB) BbIICPIKU-
BaJIOCHh ITOCTOSTHHBIM— 20MM.

Tabauma 3

PesyabTaThl BbruucieHus aedopmanuii B 3one L1

i 0 1 2 3 4

07 MM 316,0 306,0 296,0 286,0 276,0
Ap; MM 0 10,0 10,0 10,0 10,0
Al; MM 0 12,7 12,6 12,4 12,2
3 Al v 0 12,7 253 37,7 50,0
5; MM 12,5 12,2 11,9 11,7 11,5
5 /% 1,060 1,033 1,010 0,992 0,975

Tab6nuuma 4
Pe3yabraThl BoruncieHus aegopManuii B 30He D
a) Ha nepeom yuacmke

i 1 2 3 4 5 6 7
p;, MM 0 30,0 | 60,0 | 90,0 | 120,0 | 150,0 | 180,0 | 211,5

Ap;, MM 30,0 | 30,0 | 30,0 | 30,0 | 30,0 | 30,0 | 31,5
AL M 30,0 | 30,8 | 30,2 | 30,3 | 30,4 | 30,4 | 31,9
Y Al wv | 30.0 [ 608 [ 910 [1203]1517 [182.1214.0
oy, pan. | 0,048 [ 0,096 | 0,144 [ 0,193 0,241 0,289 | 0,339
sin o, 0,048 | 0,096 | 0,144 | 0,192 | 0,240 | 0,284 | 0,334
i 0,739 [ 0,772 | 0,801 | 0,830 | 0,855 | 0,877 | 0,903
sm(—+oc,-]

5/ % 0,980 | 0,980 | 0,980 [ 0,979 | 0,979 | 0,979 | 0,978
MM 11,6 | 11,6 | 11,6 | 11,6 | 11,6 | 11,6 | 11,5

N

IE)

6) Ha émopom yuacmke

i 1 2 3 4 5
Pi» MM 211,5 222,0 240,0 255,0 267,0 276,0
Ap; , MM 10,5 18,0 15,0 12,0 9,0
Al MM 10,8 18,6 16,1 13,2 10,2
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Oxonuanue maba.4(6)

i 1 2 3 4 5
Safwm| 108 | 294 | 455 | 87 | 690
ar.pan. | 0,193 | 0525 | 0811 | 1,045 | 1,230

sino; | 0,507 | 0760 | 0913 | 0,983 | 1,000

‘ (n 0,968 | 00997 | 00934 | 0826 | 0,707
sin| = + o

s:/ 5 0,978 | 0,959 | 00961 | 00965 | 0975
572 MM 11,5 11,3 11,3 11,4 11,5

5./8, t‘\
1,04

1,02
1.00 \405 80 120 160 200 240 280 320 wmwm

\

0,98 \ o ¢ o

0,96

30Hal_[:T' 30mHa D

Pnc.81. U3MeHeHMe TOJIIWHBI 1O IJIMHE
oOpa3sylolleil 2JINIICONIa B HallpaBJICHUN
OT nepudepun K LUeHTPY

Puc. 81 mokasbiBaeT xopollee COBIaJeHWe pacueTHbIX U U3Me-
PEHHbIX 3HaYeHUi. I1s1 u3MepeHuit MCMoJIb30BaHO CEepUIHOE 1ITaM-
MOBAaHHOE U3/IEJINE, U3TOTOBJIEHHOE B YCJIOBUSIX MPOMBIIILIEHHOTO MPO-
u3BojcTBa. Ha 6aze OOJbIIONW ONBITHOW MapTUM TaKUX IITAMMIOBOK
(6osiee 100 1ITYK) OBLIM TPOBEPEHBI MPEI0XKEHHBIE B JaHHOU padboTe
(opMyJIbl TSI BBIYMCIEHUST AUaMeTpa 3arOTOBKM, a Takxke aedopma-
uuii B mpoiecce mraMmnoBku. [TpoBepka nmokasajia xopoliee CoBIaje-
HUE BBIYMCIEHHBIX U U3MEPEHHbIX BEJMUYMH, KaK U B MPUBEIECHHOM
npumepe. B nipoliecce aToro mucciienoBaHus BbISICHUIOCH, YTO (DOpMY-
any (412) Bmecte ¢ popmynamu (410) u (411) MOXHO MCIOIB30BAThH
JUJIS1 BBIYMCIIEHUSI U3MEHEHHUS TOJIIMHBI B 30HE JTHUILA TP LLITAMITOB-
K€ OCECUMMETPUYHBIX U3JEIUI JUIMIITUYECKOTO, OBAJIbHOIO U KPYTo-
Boro (cdepa) mpoduseit. Takum oOpa3oMm, NpemIOXKEHHbIE B TaHHOM
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peleHUr HopMyJibl MO3BOJISIIOT Ha3HAYaTh TaKKMe pa3Mepbl JUCTOBbIX
3aroTOBOK (IMaMeTpP M TOJILIMHY), KOTOpble 00eCeunBatoT MoayYeHue
pa3MepoB LITAMIOBAaHHbBIX U3NENUI B Mpeesax 3agaHHbIX JOMYCKOB,
perjiaMeHTUPOBAHHBIX COOTBETCTBYIOLIMMU CTaHIapTaMu.

Ihasa 15

IUIOCKASI KOHTAKTHAS 3ATTAYA
TEOPUH ITPOKATKH

15. 1. Pemenne, 0CHOBaHHOE HA aNNPOKCHUMAIAA
JIyT¥ KOHTAKTAa XOpPAO#

HccnenyeM KOHTaKTHbIE HaMpsKEHMST TPU MPOKATKEe HU3KOU U
LIUPOKON MOJIOCHI, T. €. ISl TUIOCKOM nedopMaluu, Koraa yiupeHue
MPOKAThIBAEMOI MOJIOCHI MPeHeOpexkMMo Maio. JonycTuM NpUMeHM-
TEJbHO K TUIOCKON KOHTAKTHOM 3aJaye TeOpUU MPOKATKM, UTO Ha JAyre
KOHTaKTa MEXIy BaJKOM U METa/JIOM MMEIOTCSI TOJbKO 30HBI CKOJb-
JKEeHUS, pas3fielisieMble TaK Ha3blBA€MbIM HEHTpaIbHbIM ceueHueM. [1pu
9TOM 30HA CKOJILXEHMSI MEXIYy CeueHWeM BXoja MeTajja B odyar Jie-
(hopmaluu 1 HeUTpaIbHBIM CEYEHUEM B TEOPUU MPOKATKU Ha3bIBaeT-
Csl 30HOI OTCTaBaHMUS, TTOCKOJbKY Ojiarofapsi CKOJbXEHWIO MeTasuia
B 9TOI 30HE B HaIpaBJIEHUHU, TPOTUBOIOJOXHOM HamlpaBIeHUIO MPO-
KaTKM, HaOJI0JaeTcsl YMEHbIIeHWe CKOPOCTH TMPOXOXASHUS MeTallia
yepe3 ovar B CpaBHEHUU C OKPYXXKHOU CKOPOCTbHIO BaJIKOB IMPOKATHOTO
CTaHa.

B npyroii 3oHe CKOJIbXEHUSI— MEXIY HEHUTpaJibHbIM CEUeHUEM U
CeYeHMEM BbIXOJa MeTajlla U3 BAJIKOB— HA00OOPOT, CKOPOCTh BaJIKOB U
CKOPOCTb CKOJIbXXEHMSI MeTallJla B HalpaBJIeHUM MPOKATKU CKJIaJbIBa-
I0TCS, MeTasul “O0roHsieT” BaJIKU, MO3TOMY 30Ha MEXI1y HeHTpabHbIM
CEeYEHMEM U CeUyeHHUEeM BbIXOJa MeTaula M3 ouara jaedpopMaliMd HOCUT
Ha3BaHME 30HbI OMIEPEXKEHUsI. YTOJI C BEPLIMHON B LIEHTPE MOMEePeyHO-
ro CeyeHMsl BaJIka MEXIy CEUeHUSIMM BXOJa MeTa/ula B oyar M BbIXOJa
U3 ouara aedopmallii Ha3bIBaeTCs YIJIoM 3axBaTa. B paccMarpruBaemMom
cyJyae MpoOKaTKW HU3KOM (TOHKOM) IMOJIOCHl 3HAYEHMSI yIJla 3axBara o
MaJibl, U B ouare necopMaliMy CBSI3b MEXI1y HOPMaJbHbIM JdaBJIEHUEM

P =0, M KacaTeJbHbIM HaNpSKEHUEM Ty, MMEET BUI T,, = |u p|
(puc.82), roe w = const — mosiaraeMblii B TIEPBOM MPUOIMXKEHUM T10-
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Puc.82. Cxema ouara aedopmaniuu npu mpokaTke
Y paBHOBeCHe 3JIeMeHTa 00beMa MeTajlla B oJare

CTOSIHHBIM KO3(P(DULHUEHT KOHTAKTHOrO TpeHus. Toraa 3agaya cBOAUT-
Cs K PelIeHUIO CUCTEMBI IBYX YPaBHEHUN ¢ HEM3BECTHBIMU G, U p:
1) ypaBHeHuUsI paBHOBecUs! (C yueToM paBeHcTBa tgo, dx = dh, /2,
cM. puc.82)
h.do, +o.dh, + pdh, £2u p dx =0, (413)
r1e 3HaK “TUTIoC” Tepen MoCAeIHUM YWIEHOM OTHOCHUTCS K 30HE orepe-

KEeHUsI, a “MUHYC”— K 30HE OTCTaBaHUSI;
2) ycIoBU IIACTUYHOCTU G, + p = T, OTKYyAA

o, =1-p, do, =—dp. (414)
2TT0 T T

2
TIpeaesibl TEKyJ4eCTH MeTalljla Ha CIBHT 0 M TTOCJIe TpoKaTkn). HyxkHO

B nepBoM nmpuOamkeHUM T = =T+ T (T U Ty —

eule BBecTM yHKUMIO A, = f(X), aNIpPOKCUMUPYIOIIYIO AYTY KOH-

takTa. OOBIYHO MCIOJB3YIOT JIMOO JIMHEHUHYIO alMpOKCUMALUIO TYTU
KOHTaKTa (xopaoii), npemioxeHHyo A.MU.Ilexukossim [30, 31], 1ubo
napabonudeckyto (T. ¢on Kapman [32], A.Hanau [17], B.TomceH,
Y.Adur u L. Kobasiuu [26]). B oboux ciaydasx mojiydaemble peliie-
HUS HE JTal0T 9KOHOMHBIX CITOCOOOB BBIUMCIIEHUS KOOPAMHATBHI HEUT-
paJlbHOTO CEYEeHUSI U ydyeTa yIpyroro CIUIOLIMBaHUS BAJIKOB B ouyare
necdopMaliu, Tak Kak UTOTOBble (hOPMYJIbl OKa3bIBAIOTCSI HESIBHO 3a-
JaHHBIMU (DYHKIIMSIMU OIpeAesieMbIX BEJIMUUH, U TTOCTAEAHUE MOKHO
BBIUYMCIIUTD JIMILb METOJIOM UTEpaLlUiA.
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Hanee OyaeT M3JI0XEHO MHXEHEpHOE pellleHWe BTON 3amauyu
B.C.Cmupnosa u I'.C.KazakeBuua [22, 23], B KOTOpOM TONpaBKa Ha
yIpyryto aedopmaluio Bajka U MPOKaTbIBAEMOU MOJIOCHI C CaMOIo
Hayajia BBOJUTCSI B OCHOBHbIE pacueTHbIE 3aBUCUMOCTH, a BbICOTA I10-
JIOCHl B HEUTPaJIbHOM CEYEHUU OIpeAesieTcsl SIBHO 3aJJaHHOM MoJy-
sMmnupuueckoil pynkuueit. Ho BHauasne, ¢ 1e/bl0 OCBOCHUSI pacuer-
HOW METOAMKU, MCIOJb30BAaHHOW B pewieHuu [22, 23], noayyum
MnocJjieoBaTeIbHO U3BECTHbIE (hOPMYJIbI, OCHOBAHHbIE Ha aIllMpPOKCU-
MalMW YT KOHTaKTa XOpAOM M MmapaboJioil, a 3aTeM PacCMOTPUM
WHXeHepHoe pelleHue [22, 23], cBoOOOAHOE OT YKa3aHHbIX BbIllIe He-
JOCTAaTKOB TIPEAIIECTBYIOIINX PEIICHMIA.

Wtak, B COOTBETCTBUM C 3aroJIOBKOM pazaeia 15.1 cHavyana naercst
pellieHre, OCHOBAaHHOE Ha amnnpoKCUMAallMKU JYyTM KOHTaKTa XOPAOi.

IIpyn ManbIXx 3HAYEHMSIX yIjla 3axBaTa o U3 IFeOMETPUUYECKUX
COOTHOILLIEHUH alMpoKCHUMalus 1yTM KOHTaKTa XOpJAoi BblpaxaeT-
cs IPOCTOU JTUHEWHON 3aBUCUMOCTBIO A, = Iy + Ah, = b + oox. Tor-
na dh, = odx unu dx =dh, /o. [loncrasisig mociaenHUe Bblpaxe-
HUs 1 ypaBHeHus (414) B (413) u BBOusi o603HaueHue 6 =2u/ o,
MOJyYnuM

dp/dh, 8/ h)p=1/h,. (415)
Ecnu nonoxwuts i=h,, j=p, j=di/di=dp/dh., P(@i)=
=58/ h,, Q(i) =1/ hy, T0 tuHeiiHOE TN bEpeHIInATbHOE ypaBHEHIE
(415) nmpuBOAUTCS K KAHOHUYECKOMY BUIY
J 4 P@) j=00). (416)
OGuiee pelreHue ypaBHeHHUs (416) ymoOHO MCKaThb IO METOLY
®ypre. [IpencraBum B (416) j mpousBeaeHUEM OBYX GYHKIUN u(i) U
v(i), KOTOpBIE 3aTeM TTOCIIeIOBATEIILHO OIIPEACIINM:

j=uv, j=u'v+uv,
uv+uv+ Pi)uv=00»),
u'v+ulv+ PG)v]=00).
ITockoabKy oaHY M3 (YHKUMNA (4 WA V) Mbl MOXEM Ha3HAYMTh
HE3aBUCUMO, TO BBIFOIHO MOA00PATh TAKOE 3HAUEHUE V, YTOOBI BhIpa-
SKeHUE B KBaJIpaTHBIX CKOOKaX B MOCIEAHEM ypaBHEHUU 00paTUIOCh B

HyJlb, T.€. B KauecTBe (yHKUUM V OepeM J1000e YacTHOE pelleHue
JuddepeHLInaTbHOIO YpaBHEHUSI:

av .
v+ P>i)v=0 mm E+P(1)V =0.
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Paznenss mepeMeHHBIE M MHTETPUPYS, TTOTYIUM

av N g _ N o [ e
7:—P(z)dz, Inv = fP(l)dz, V—CXp[ _[P(l)dl:|.

ITpou3BoJIbHYIO TTOCTOSIHHYIO 3[1eCh HE BBOAMM MOTOMY, UTO YCJIO-
BWJIKChH UCITIOJIb30BATh JIIOOOE YACTHOE PellieHUe BCIIOMOTaTeIbHOTO Tu -
(bepeH1IMaNbHOTO YpaBHEHHUSI, YTOOBI TOJILKO BhIpaXKeHUE B KBaIpaTHbIX
CKOOKax o0paTWIoCh B HyJIb; U BBIOMpPAeM caMoO€ MPOCTOE U3 YaCTHBIX
pelleHuii— TO, B KOTOPOM ITPOM3BOJIbHASI MOCTOSIHHASI MHTErpUpOBa-
HUs paBHa HY/10. Torna rnpeodpazoBaHHOE OCHOBHOE AU depeHIalb-

HOe ypaBHeHMe mpuMeT Bun u'v = Q(i) wm M'GXP[—IP (D)di] = 0@),
otkyna u’ = Q(i)exp [ P(i)di.
TToc/ie MHTErPUPOBAHUS UMEEM
u=[[QG)exp [ P(i)di +C.

IMToacTaHoBKa HalAEeHHbBIX 3HAUYEHWUM (DYHKUMNA # U V B j = uv
naet hopMyJly pellieHUs: JuHeiHoro nuddepeHIIMalbHOTO YpaBHEHMS
(416) B ob1IEM BUjIE:

J = {exp[-[ P()dil{C + [[Q(i) exp [ P(i)dildi}. (417)

ITo dbopmyne (417) nonyunm peleHue AuddepeHIMaTbHOro ypaBs-
HeHus (415):

P = lexp (3 [ (dh, / h,))]x
x(C +[{lexp (73 [ (dhy / he))dh, / h}).
3mech
exp[8 (dh, / h,)] = exp(BInh,) = [exp(Inh,)]’= h);

tf lexp (£ (dh, / h))dh [ hy =
=t (dh, / I>) =71/ (50°).
Takum obOpa3zom,
p/t=C h3387", (418)
Hnst 30HBI oTCTaBaHUSI KOHCTaHTy C| OIpenenuM U3 YCIOBUS

Oyl, _ j, = 00, TI€ Oy — HampsDkeHue ot 3adne20 HamsadiceHus (KOTO-

poe B YaCTHOM CJIydae IPOKaTKU 0e3 HaTsSDKEeHMSI paBHO HyJo). Torma
13 YCJIOBUS TUTACTUYHOCTH, 3aIlIMCAHHOTO I CEUYSHUsI BXOIa MeTalia

B ouar nedopmanuu, 6, + p =27, 0pu h, =Hhy p =21, -0, WK
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P /() =1-00/(21y) =& (419)
Iloncrasnsas (419) B ypaBHenue (418), 3armmcaHHoOe 1T 30HBI OT-

crtraBaHuUud C HUXHHMMU 3HaKaMHu, IIpU hx ZhO 6YZ[€M NUMETb

gy =C /I +87", otkyma C, = (8¢, —1)A# /8. Takum obpasom, st
30HBI OTCTABAHMSA MOMYYMM (YHKLMIO pacrpe/ie/leHnsl AaBIeHUs Ha
BaJIOK:

p/t=8"(8 Dk /h)° +1]. (420)
AHaJIOTUYHO JIJ11 30HBI OIepeKeHUs 0x| h=n = O (o, — Hanpg-

>KEHHE OT TMEepeHero HaTsSXKeHUs), U Torna o; + p =21, B CEYCHUU
BbIXOJIa U3 oyara ujiu

p/2ty) =8 =1-0,/Q1y). (421)

Tloacrasnsst tenepnb (421) B ypaBHeHue (418), 3anmucaHHoe st

30HBI OMEPEXEHUS C BEPXHUMHM 3HaKaMU, oJayynM 3HaueHune C), Ko-

Topoe TojcTaBuM 3aTeM B (418). B utore misi 30HbI onepexeHus Oy-
JIeM UMeTh

p/r=-8"[G& + Dk /h) -1], (422)

T.e. monyuuau uzBectHoie opmynnsl A.W.Henukosa (420), (422) nns
30H OTCTaBaHUS U OIEpeKeHUs] COOTBETCTBEHHO.
O0benaunsisa (420) u (422), MmoxxeM 3anucarb

p/T=+1/8)[ L TV /h)P £1], =0, 1,

roe ;=0 W BEepXHUE 3HAKWM— 30HA OTCTaBaHWI, a i=1 1 HUXHUE
3HaKM— 30Ha OIICPCKCHMUA.

15.2. Pemienne, 0CHOBaHHOE HA ANMPOKCHMAIAH
JIyTH KOHTAKTAa MapadoJioi

COOTHOILIEHUSI TeOMETPUUYECKHUX DJIEMEHTOB B ouyare aedopmanuu
OyzneM BbIpaKaTbh 4yepe3 ABa ymia (CM. puc.82): TeKylMi yroa o, ,
COOTBETCTBYIOIIMIN TEKYIIMM 3HAYE€HUSIM KOOPAMHATBI X U BBICOTBI
nosiocsl A, , 1 yroia 3axsara o. [Ipu atom 0 <o, < o. [loacrasnsis B

ypaBHeHue paBHOBecusi (413) cooTHoweHue dx = dh, /(2tga, ) ¢ yde-

ToM (414) n packpbiBasi CKOOKHU, TOCJIe MPUBEICHUSI MOJOOHBIX uJjie-
HOB OyIeM UMETh
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h.dp-(xpu/tgo, +t)dh, =0. (423)
YuuTbiBasi, 4To MpU Malbix o0 coso, =1 U x = Rtgo, cosa, =
= Rtgo, , mapaboauuecKyio 3aBUCUMOCTb A, OT X 3aIUIIEM B BUIE

he=h+x*/R=h+Rtg’a,. (424)
3aTeM BBeZEM IMMapaMeTp W, CBA3AHHBINA C O, COOTHOLIEHUEM
tgw=(R/h)"/*tgo., . (425)
Torma tg’o, = (h / R)tg?w, u (424) npumer Buz
he = by (1 +tg’w). (426)

Nuddepenuupyst (426) mo w, ¢ yueToOM TPUTOHOMETPUYECKOI
dopmynb sec? w— tg’>w =1 momyuunm:

dh, /dw = 2hdw - d(tgw) / dw = 2ltgw -sec’ w =
= 2y tgw(l + tg?w).
Toncrapnss (426) u (427) B (423) n o6o3Havas A = 2u(R/ i)'/ 2,

IOCJjIe MPUBEACHUS MOIOOHBIX YJICHOB ITOJyUYuM IuddepeHIaIbHOe
ypaBHeHue T. ¢pon Kapmana

dp — (£pA +2ttgw)dw =0, (428)
KOTOpPOE B TEOPUU IMPOKATKU PEILIAeTCS METOIOM, IPEIIOKEHHBIM

A.Hagau [17]— ¢ mnomoliplo YMHOXEHUSI Ha WHTETPUPYIOLLIUIA MHO-
Aw

(427)

JKUTENb e~
MeToja.
MN3-3a manoctu o, yuutbiBasg (425), MOXeM TOJIOXUTb, YTO
tgw = w. Torma ypaBHeHue (428) mpuBoaUTCS K BUAY (416):
dp/dwF Ap=21tw,
a peuieHueM ero no dbopmysne (417) oyner
p = [exp(xA[ dw)|{C + 2t [w exp(A[ dw)law} .

. MBI xe OymeM TIpUAECpPKUBATLCS M3JIOKEHHOTO BBIIIE

3mech
AI dw = Aw; 2TI (wexp(FAw))dw =
= 21exp(FAW) (A2 t w / A) = =21(1 £ Aw) A% exp(FAW).
Takum 006pa3zoM, TPUXOAUM K (DYHKLIUU
p/1=Cexp(Aw) — (2 / A*)(1 £ Aw). (429)

B 30He onepexenus npu o, =0 w=0; U3 yCIOBUS MIACTUYHO-
CTH MIPU G, = G; U CEYeHUs BbIXOJAa M3 ovara noiydaeM (421), u
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Torga u3 (429) C, =&, +2/ A?*. TloacTaBisisl MOJy4eHHOE 3HAUEHUE
C, B ypaBHeHue (429), 3an1caHHOE I/l 30HBI ONEPEXEHMS C BEPXHU-
MM 3HaKaMmu, OyneM MMeThb

p/t=(E +2/ A% exp(Aw) - (2/ A*)(1 + Aw). (430)
AHaJIOTMYHO [UIsI 30HBI OTCTABAHUS IIPU O, = 0. (CEUYEHUE BXOAA B
ouar gedopmarmn) w=w, =R/ h)"/?, o, =0, 1 U3 ycnosus
riactuuHocTH nojtydaeM (419). Torna u3 (429), 3anmucaHHOTO /11 30HbI
OTCTaBaHWs C HIDKHUMU 3HAKAMU, TTOJTYYMM BBIPaXKEHME TSI KOHCTAHTHI
uHTerpupoBanust B Bune C = [&, +2472(1 — Aw,)]exp(Aw,), mocme

MOJCTAaHOBKM KOTOPOTO B ypaBHeHUeE (429) OyaeM UMeTh OKOHYATEIb-
HO JUTSI 30HBI OTCTaBaHUSI

p/t=1[& +2A472(1 - Awy)]exp[A(wy — w)] - 2A72(1 — Aw). (431)

KoopnuHnara HeHTpanbHOrO Ce4eHMs W, , PA3NENSAIOLIErO 30HbI
OTCTAaBaHMUSI U OTIEPEKEHUSI, BBIUMCIISIETCS U3 YPABHEHMSI, TTOJTYYEHHO-

ro MpUpPaBHUBAHUEM APYT K APYTY 3HAYEHUN GYHKUMI p /T IS 30H
OTIEpEXeHUsI U OTCTAaBaHWS B TOUKE W, , T. €. U3 YPAaBHEHUS

(&, +2A472)exp(Aw,) - 2A72(1 + Aw,) =
=[&y +2A472(1 — Awy)]exp[ A(wy — w, )] - 2A72(1 - Aw,,).

B sTOM ypaBHEHMM MCKOMas KOOpAMHATA W, 3aJlaHa HESIBHO U
JIOCTaTOYHO CJIOKHO, TaK YTO BBIYMCISTH €€ 3HAuYeHUe MPUXOIUTCS
MyTeM pelleHus] ypaBHEHUsI METOIOM Moa0opa.

O6cyxaaemoe pellieHUe, KaK U Mpeablayliee, He COAepPXKUT TaK-
K€ yIoOHOro crocoba yyeTa yrpyroro CrllollMBaHUsI Bajika B ouare
nedopmanmu. st BBeAeHUS MOMpPaBKU Ha yIpyroe CIUTIOLMBAHUE
BaJIKa MpY XOJIOJHOW IMpoOKaTKe IMpejjiaraeTcs paauyc BajikoB R 3a-
MEHUTh (PUKTUBHBIM paguycoM R’>R (IpUOIMXKEHHBIM paguycoM
KPWBU3HBI YIIPYTOM TMHUM KOHTAKTA CILIIOILIEHHOTO BaJIKa BIOJIb ovara
nedopmaiium). s BIYMCIEHUS MOCAEAHET0 peKoMeHa0BaHa (hop-
myja Xuykoka

R = R[1+16(1-v?)p /(nEAh)],

rae Ah=hy —h; v— xoabduunent I[lyaccona; E— moaynp lOHra
MaTepuaia Bajka. [IoHAITHO, 4TO B 3Ty (DOpMYJTy BXOAUT HEU3BECTHAS
BeJIMUMHA p— JAaBJICHUE IPOKATBIBAEMOTO MeETajla Ha BaJIOK, W OT-
crojia clieayeT Heu30eXKHOCTh MHOTOKPATHBIX TIEPECYETOB 10 JOCTUKE-
HUS 3aJJaHHOM TOYHOCTHU BLIYMCJICHUS p.
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15.3. Pemmenue 0e3 npuBjiedeHns anmpoKCUMHUpYIomieil (hyHKIm

PaccmoTpuM nHXeHepHoe pelieHue 3amauu [22, 23], B KOTOpoM
OCHOBHOe AU bepeHIIMaTbHOE YpaBHEHNE UHTETPUPYETCST TPUOTMXKEH-
HO 0e3 MpeaBapUTeIbHBIX allMPOKCUMALUI, 1 KOOpAUHATA HEHTpalb-
HOT'O CEUCHUsI OIpenesieTCsl SIBHO 3aIaHHOM (hYHKIIMEH, NCKITIoYalo-
1Ieil HeOOXOIMMOCTh HECKOJIbKIX ITepecueToB. IlompaBka Ha yrpyroe
CIUTIONIMBAaHKE BaJIKa C CAaMOTO Hayajia BBOIUTCS B OCHOBHBIC pacyeT-
HbIE 3aBUCHMOCTH, YTO TaKKe CHUMAaeT HEOOXOIUMOCTh MCITOIh30Ba-
HMSI B pacyeTe MeTola MTepallnid.

W3 cooTHOIIeHUIT TeOMETPUUECKHUX 3JIEMEHTOB ouara nedopma-
uuu (cM. puc.82) MoxeM 3amucaTb

Ah, /2= Rsino, - tg(o, /2).

ITonarasa u3-3a Majgoctu o, 4To sino, = o, tgla, /2)=o, /2

X

v Ro, = x, nonyuuM h, — (b — Ahg) = Ro2 = x> /R wn
he =h —Ahg +x* /R, (432)

rae Ahgp — pa3HocTb Mexay GakTUUeCKOil TOJIIMHON MOJIOCH! TOCie
MPOKATKU A Y TOJIIMHOMN, KOTOPYIO UMesia Obl KeCTKO-TTacTUIecKast
(Heyrpyras) moJjioca Mocje NpoKaTKu B aOCOJIIOTHO XKECTKUX BajKax.

BcnencrBue cuMMmerpum ouara aedopMainivii mpuBeaeHHas K OfI-
HOMY BaJKy morpaBka Oyner Ahp /2 (puc.83). [lo maHHBIM puc.83
OIpENeISIOTCSl TaKKe YIJIOBbIe MapaMeTphbl oyara, KOTOpble MOHAI0-
0sITCSl B NaJIbHEHILIEM.

&y
R .
lAhE oy
2 2
(=l J - =
~
/ X,
_—y ll
x’ 0

Puc.83. K ompenenenuto mormpaBku Ahg
U YTJIOBBIX TTapaMeTpoB ovara aedopMaiiuu
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W3 paBeHctBa Ahp /(2Rsino,) =tg(a, /2), mpuHUMAsg, 4YTO
sina; = oy, tgloy /2)=a;/2, moaydum
oy = (Ahg / R)V/2. (433)
3anucas st Becero ovara aedpopmanuu (0 <o, <oy + o)
0,5[A(o, ) — (I — Ahg)] /(R|0°x -0y |) =
= tg(|ocx _O(1|/2) = |ch _Ocl|/2;
C yueToM BbIpaxkeHus (433) moaydum
o = (Ahg / R)'? 3 [h(oy) = (hy = Ahp)I /P R72 (434
3necy A(o,) ycnoBHast TeKylllasi BbICOTa TMOJOCHI B oyare, Kormua
BaJIKM aOCOJIIOTHO XXeCTKue, a mosioca n1ehopMUpyeTcsl YIpyro-ac-
TUYECKU OT BBICOTHI /iy MPU o, = 0 + 0 10 A npu o, =0, mpoxons
yepe3 A — Ahp TIpu o, =0 .
3HaK “MUHYC” MEXIy MepBbIM U BTOPHIM ujieHaMu B (434) OTHO-
CUTCS K MHTepBalty A > h(a,) > (h —Ahg), a “Iumoc”— K UHTepBaly
(h — Ahg) < h(ew,) < By
®opmyna 11T BEIMUCICHMS YIJIa o TTOJIyJaeTcsl B pe3yabTaTe BbI-
yutaHus (433) u3 (434) pu o, = o +o, h(o,)=hy:
o =[hy — (ly — Ahg)]"/2R7'/2. (435)

Ecnu npoauddepeHurponBath ypaBHeHue (432) 1o x v 3aTeM M-
CTaBUTh B IOJyYeHHOE BBIpakeHHWE 3HAYECHUE X M3 IIPOIOPIIUHU

X/(ROC) = Ahx /Ah = [hx _(hl _AhE)]/[hO _(hl - AhE)]’ TO, pClIUB
TI0JIYY4EHHOE YpaBHEHUE OTHOCHUTEIIBHO dx, OyneM UMETh

X, dh
dx=20 _ x 436
"= (h M) (430

rae ¢ yuyetoMm BwipaxeHuit (435) u (432) mpu h, =hy x=Xxp,
X =l — (I — Ahg)IR.

TMoncrapnsas (436) u (414) B (413), mociie MPOCTHIX TTpeodpa3oBa-
HMII ToyuYnM JinHeliHoe auddepeHmanbHoe ypaBHeHue Buaa (416):

dp + U X T

dh, h(h —ty+ i) Y R (437)

X

YT00BI peiinTh ypaBHeHue (437), Kak U paHee, MpeIcTaBUM B
HeM p npousBeneHueM ABYX GyHKuuit u(h,) u v(h,), KoTopble 3a-
TEeM OMNpeAcIUM M3JIOXEHHBIM Bblllle MeToaoM. Torma Bmecto (437)
OyaeM MMETh
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uv+u| vt

KXo _T.
ho(h —h +0hg) | B (438)

X

OTCIOa BCioMoTaTenbHoe aruddepeHIInaTbHOe YpaBHeHUE IS OTIpe-
JeJIeHUS V OyIeT TaKuM:

dV uw xO
+ = 0.
i, ho(h, —h + Ahg) (439)

Paznenss mepeMmeHHble U MHTerpupys (439), MoysoXuB paBHOM
HYJIIO TIPOM3BOJIBHYIO ITOCTOSIHHYIO, MOJYIMM

dh,
hx(hx - hl + AhE) .

V= exp[iux()f (440)

IMoncrapnss (439) u (440) B (438) u pelast MoJyyeHHOE ypaBHe-
HME OTHOCHMTEJIBHO 4, TIOCJIC MHTEIPUPOBAHUS ITOIYUYNM

dh, dh,
- (441)

= t
! TJ.exp|: onJ.hx(hx_hl+AhE)

IToacranoBka (441) u (440) B ypaBHeHUE p = UV TNPUBOIUT K
(opmyne Buna (417) obiero peieHust ypaBHeHust (437):

dh, dh,
= {C + r_[exp[iuxoj o —h + AhE)} A }x

dh,
hx(hx - hl + AhE) .

(442)

X exp {wxof

[Moncranoska (/h, =t, dh, /h, =-2dt/t NIpUBOAUT BHYTPEHHUI
uHTerpasn B (442) Kk TabnuyHoOM ¢hopMe, U, IpUHUMAs BO BHUMaHUE
MPU PACKPBITUU MOIYJNS, 4TO Hy = h, >k, TIOTYYUM

| dh, 2w, dt )
’ hx[hx _(hl _AhE)] ’ t[(hl —AhE)—tz]
1 | £ |
= 2ux Sf=Nhn—=>
2~ dhg) Mo —anpy 2| h, —<h1 Ahg)’
rue
N =uxy /(hy - Ahg). (443)
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Takum 00pa3om, JJ1s1 TOACTAHOBKU B ypaBHeHUe (442) OyaeM UMeThb

dh dh
i X X —
Tjexp{ “xofhx(hx "y +AhE)} h

444
_off1- AhE N dan, (444)
h,
WMHuterpan (444) ¢ moMollbIo MOJACTaHOBKHU
1—h1‘h—AhE=z, +hh—2AhEdh _ dr,
dh hx h h d (44)
i M g L MM, d
h, b —Ahg h—Ahp 1t 1-¢

TIPUBOIUTCS K BUIY (IUIS1 30HBI OTCTaBaHUSI C BEpXHUM 3HAKOM Trepen N)
Jo =fdt /[N (1-1)].
ITocne BTOpOIi MOACTAHOBKH
l-t=¢q, -dt=dq (446)
uHTerpan J, BBIYMCISIETCS MPUOIUKEHHO C TIOMOIIBIO PA3IOXKEHUS B

OMHOMMAIBHBIN psI, KOTOPBIM TIPU HAIMX 3HAYEHUSX ITapaMeTpoB
CXOMUTCST aOCOJIOTHO, M TIOTOMY €ro IpMMEHEHUE 3[eCh MaTeMaTH-
YeCKU KOPPEKTHO:

= —'{lnq+Nq+MQ_}=

:—*{ln(]—t)+N(1—t)+W(]—t)2}.

OI‘paHI/I‘{I/IBaHCL JABYMA YJICHaAMM 6BICTpO CXOOAIICTOCA pdaa

P
In(l-t)=—|t+—=—+—+...|,
2 3

rme 0 <t <1 TpU JOMYCTUMBIX Mpeaenaax ajs atoro psga —1<¢<1,
npeobpasyeM MOJyYeHHbII pe3ysbTarT:
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Jy =-Tx

2
X{_t_%JrN_NHN(]ZH)_N(]\;+1)t+N(]\£/‘+l)t2}=

—%[N(N +5)-2N?+3N + 2)[1 = Ahy ‘hAhE j_

2
C(N? 4 N+2)[1—h1_h—AhE] }

X

IMoacTaBnsst monyyeHHOE BbIpakeHUe B ypaBHeHMe (442), 3anu-
CaHHOE C HIDKHMMU 3HaKaMU, ITOJIyYUM ISl 30HBI OTCTaBaHMS

L N
P sl
T h,

LA =~ Ahp)]Y
4nY

2
[(N2 +N+ 2)[1 —}’I_M’E)
* (447)

+2(N? +3N + 2)[1 - ”l‘hjhEJ— N(N + 5)}.

Koncranty C, onpenenum U3 rpaHUYHOIO YCJIOBUA Npy h, = hy ¢
nomouibto opmyJisl (419):

-N 2
cl=§0[1—h1‘AhEJ 1 {(N2+N+2)(1—%j .

hy 4
+2(N? +3N + 2)[1 —%} N(N +5)}.

[Moncrasnas nonyyennoe C, B (447) u 0603Hayas 1l KPATKOCTH

By — A
—4[1-A"2%E
=122

" , - Ahg |
o= (N2 + N+ 1= | (448)

+2(N? +3N + 2)[1 _h _hOAhE j
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IJIs1 30HBI OTCTaBaHUs OKOHYATCJIbHO MMEEM

P I{QOAO +(N2+N+2)(1—hl_h—AhEJ+

T 4 X

N
L AN? +3N+2)(1 —hl‘h—AhEJ—MO}[l —hl‘h—AhE] .

X X

(449)

AHAJOTUYHO BBIBOAUTCS DYHKIIMS p IUTSI 30HBI OTepeskKeHUsS— TI0
(opmyine (442) ¢ BepxHUMU 3HaKaMU. [IprMeHSIIOTCS Te Xe MOJACTaHOB-
Ku (445) 1 (446) n Te xe pasnoxenus B paa. Koncranrta C, onpenens-
eTCsl U3 TPAHMYHOTO YCIIOBUS TIpU A, = Ay ¢ moMollbio hopmydsl (421).

TTonyyaeM yHK1IMIO, KOTOpas nocjie oobenuHeHus ¢ (449) npu-
MeT BUII

2
2ol v N2gN+)| 1=z
T 4 hx
Ly (@50)
AN 53N +2)| 1= BB | gy (g A )
h, h,
e
N
A =4 |- Ak :
h,

i hi

2
M, = (N3 N+2)(1—h1‘h—AhEJ +2AN2 3N+ 2)(1—MJ,

npuyeM j = ) ¥ BepXHUE 3HAKKM OTHOCSITCSI K 30HE OTCTaBaHUS, a | = |
U HIDKHUE 3HaKM— K 30HE OICPEeKCHMS.

Takum oGpa3oM, oIpeesieHa B TIEPBOM IPUOIVDKEHUM (DYHKIIHSI
JaBJICHUsI MeTaJlJla Ha BaJIKW IPU ITPOKATKE HU3KOM M IIUPOKOI TOJI0-
cel. [1pu 3TOM MHTETpHPOBAHUE UCXOTHOTO T (P hEepeHIINATEHOTO YpaB-
HEHMSI BHITIOJTHEHO Oe3 BBeIeHMsI 3aKOHa e(hOpMaIliOHHOTO YIIPOYHE-
HMSI MeTaju1a. DTO MO3BOJIMIIO M30eXKaTh MaTeMaTUIECKIX TPYITHOCTEI,
HO JUTS TIOBBIIIEHUSI TOYHOCTH PACUCTHBIX (GOpMYIT Teleph TpeOyeTcst
YTOYHUTh MOJYYEHHYIO (DYHKIIMIO TTepBoro npudamkeHus (450).

ITpubnuxeHHOe BblUMcIeHUEe uHTerpaia (444) BBIOJHUM MHAYE:
BHayaJie mpeodpasyemM C MOMOILbIO MTOACTAHOBKU (445), 3aTeM MPOUH-
TEIPUPYEM I10 YACTSIM M BBIYMCIIMM ITOJIyJ4aeMbIi IIPH 3TOM MHTErpaj
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¢ moMolIblo pasioxeHus GyHkiuuu In(l-¢) B NMpuUBENEHHbIN BbIlIE
ObIcTpO cxonsiuuiics psia. Juist 30HbI onepexkeHus ucnosbzyem (444) c
HWXHUM 3HaKoM mepea N :

rj[ AhEJ dhy _ j—dt_rjd[ In(1-H)1" =

=1-t" In (1 ~t)+ N[t In(l - n)dr] =

N 28 Nt 2B
=T1|t t+3+?+... —th t+?+?+... dt | =

tN+2 tN+3 N

WAL — Fo—— N
2 3 N +1

__ N W“-L N3 =

2 (N+2) 3 (N +3)

=1 I—L tN“+l I—L N2 4
N +1 2 N +2

IMoacTaBnsst monydyeHHbIN pe3yabTaT B (444), a 3aTteM B (442), Oy-
JIeM MMETh

h

X

— - _ N+n(451)
h P ln N+n h

X X

-N
gzcl(l_hl—Ath .
T

Koncranty C| onpenenuM M3 TPaHUYHOTO YCIOBMA NpU h, =
¢ TToMolibio popmybl (421):

Mg |G LN Yk
él( hy J Z‘ln(] N+nJ( h J
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Ecau reniepb nmoacraButh nojtyyeHHoe 3HaueHue C| B (451) u mpe-
HeOpeub BeJIMYMHON

N+n N
Zl - N Ahg «¥, Ahg ’
on N+n) B h
To pyHKUsE p /T (450) ns1 30HBI OMEPEXKEHUST 3HAYUTEJIBHO YIIPOC-
TUTCS, U 3TO YIPOIIeHNEe OyIeT S5KBUBAJICHTHO TTPU3HAHUIO CITPABEeI-

JIMBOCTHU CJICAYIOILEIO PaBEHCTBAa, KOTOPOE U TPeOOBajIOCh IOATBEP-
JIUTh BBITOJIHEHHBIM YMCJIEHHBIM aHAIU30M:

2
(N2+N+2)(1—hl_h—AhEJ ,

X

| —ang

+2(N2+3N+2)( ]—Mlzo.

X

OmHaKo Takoe yIpOIIEHNE OKa3bIBAETCS CIMIIKOM TPYOBIM ISt
30HbI oTcTaBaHUsl. 1 OHO CTaHOBUTCS TPpyOBIM AJ1s1 00EUX 30H, ECJIU B
MnopsiiKe YTOUHEeHUs] GYHKUMU p /T BBECTH B Hee XOTS Obl JUHEM-
HbII 3aKOH Ae(OpMalIMOHHOTO YIIPOYHEHHUSI, T.€. BMECTO T (CpeaHe-
ro) BBECTU

Tr1 — Tr0 o

T =Tl_
T ot

x - (452)

OKOHYaTeNbHOE KOPpPEeKTUpOBaHUE (DYHKLIUMU TEepBOTO MpUOIU-
KeHust (450) BbIMOJHEHO Ha 0a3e 9KCIepUMEHTATbHBIX JAHHBIX paboT
[18, 20, 21, 26] ¢ ucmoap30BaHKEM allliapaTa MaTeMaTUIeCKOM CTaTH-
ctuku [7, 13, 14]. [TpoBeaeHHBII YUCIEHHBIN aHAIU3 TTO3BOJIUI YIIPO-
cTUTh QyHKIUIO (450) ¢ OMHOBPEMEHHBIM MOBBILLIEHUEM €€ TOYHOCTH.
B urtore ona umeet Bug [23]

h-h 4

1= (hy = Mhg) ) by }N[m 'T‘W] (i=0,1). (453)

1= (B = Ahg) / by

b= 2Tx‘s’;i |:

B (453) m = f(h,), tne h, — BbICOTa TIOJIOCHI /1, B HEUTpPAJIBHOM
ceyeHUM oyara aedopMaliuy, BbIYMCIECHHAs MO MOJYIMIMPUYECKON
bopmyie
h — Ahg

hy = .
1= (Al / 1)(0,148, / &) /4N

(454)
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3Had A, , JeTKO OMpPENeNUTh /M U3 YCIOBUS PAaBEHCTBA 3HAYEHUI
(bynkunu (453) nns 30H onepexeHus: (i =1) u orcraBanust (i =0) B
TOouke A, = hy:

&1(1_(}11 —AhE)/hHTN/(g ) _

Ny [ by
mloh__4_
e (L= ahg) N[ h w]
1=y = dhg) / '

IMocne mpeobOpa3oBaHMii ImoxydaeM (OPMYITY IS BBIYMCICHUS
rokasareJsisi cTerneHu B GyHKuuu (453), 3anyMcaHHOMR 1711 30HbI OTCTAa-

BaHUs (j =()):

hy—h 4
N =
(’” h wﬁ]
b= Ahg ) (AR ] 9k &
_ 4N lgHI hy ]/ ( hy H av % (455)

EEGRER

B KOTOPO# KOX((HULMEHT m paBeH MEPBOMY WieHY B (DUTYPHBIX CKOO-

Kax, TIOAeICHHOMY Ha BEJTUYUHY %M
4 h

Texyuiast BBICOTa MOJIOCHI /1, C YYETOM YNPYTrOro CILTIOLIMBAHUS

BaJIKa U yIIPYroro BOCCTAHOBJIEHUS MOJIOCHI BIUUCIISIETCS 110 (hopmyIie

he = h(o) + f(ay), (456)

8 (a+0oy —a,)o
rie f(o,)=— %A@ — (yHKLUS, annpoKCUMUPYIO-
3 ooy + oy
1as yIpyrylo JMHUIO KOHTaKTa METalljla ¢ BaJIKOM.
Terepb ocTaeTcst MONYYUTH (OPMYITY IJII BEIYMCICHUS TTOMIPABKH
Ahg , KOTOpas IO CYIIECTBY OTHOCHUT BCIO YIIPYTYyIo AedhopMalluio Ba-
Ka ¥ TMOJIOCHI K MOJIOCe, a BaJoK MPU OTOM YCJIOBHO CUMTAeTCsl abco-
JIIOTHO XECTKUM, TToctie yero yHKums f(o,.) B popmyie (456) omnpe-
JesisieT pacrnpelefieHue ynpyroi nedopMmalnuu MexXIy BaJlkKoM U
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MOJ0CON. YUUThIBast 3TOT (GU3NYECKUIl CMBICT TIONPaBKU Al , BOC-
MOJI3yeMCsI ISl €€ BhIUMCIEHUS] TOTOBOM 3aBUCUMOCTBIO M3 PELLIeHUS
KOHTAKTHOM 3alaui O BAABJIMBAHUM KECTKOTO LMWJIMHIPA B YIPYIYIO
cpeny NMpU HAJIMYUU TpeHus [4]. DTa 3aBUCUMOCTb B CUMBOJIaxX Hallei
3a71a4M C YYETOM Pe3yJIbTaTOB MaTeMaTUKO-CTaTUCTUYECKO 00paboT-
KW OMBITHBIX JAHHBIX UMEET BUI

A -1-9, 457
0.3-0,2u+12)y(h ~ )/ R 7

rae 0 = larctg{(l - 2v) /[2u(1 - v)]}, v— koabduuuent IMyaccona
MPOKaThIBAEMOI0 MeTajlia.

Oyukuns @ tabynuposaHa [4, Ta6u. 1] mig 3Hayenmit v = 0,25
u 0,30.

Ecnu Teneps paBeHCTBO (433) pelinTb OTHOCUTENIbHO A/ U MOJ-
CTaBUTb B HErO BbIpaxkeHue i o,; 1o Gopmyne (457), To noaydnum

Ahg = (hy = Iy)(1-6)7(0,3-0,2u+ %)%, (458)
Hns ynobcTBa nojib3oBaHust popmyJoii (458) B kuure [10] Homor-
pacdupoBaHbl 3HAYeHUs O U (l—e)2 B LIMPOKOM AvAIla30HEe U U V,

OXBaTHIBAIOIIIEM BCE TEXHOJOTUYCCKM BO3MOXKHBIC CUTYaIlUH.
B urore npuxomum K JIETKO pean3yeMoMy Ha 1060t DBM anroput-

My BBIUMCIIEHUS] (DYHKLIMIT HAMPSDKEHHOTO COCTOSIHUS Oy (0L ), O, (0Ly),
T,y (0lx) TIPU MPOKATKE HU3KUX TIOJIOC:

I)ro dopmyse (458) BbluMCIsIEM BEIUYUHY Ahpg ;

2)1Id TMPOKATKM C HATSKEHUEM OIpeaeisieM BeJIWYUHBI
€,(i=0,1) mo dopmynam (419) u (421); ansg npokaTtku 6€3 MepeaHero
u 3agHero HaTsxeHuit o; =0, u, cormacHo (419) u (421), &, =1;

3) onpenensieM KOOpAMHATY C€YeHMs BXoIa B oyar rno dopmye

Xo = lhy = (hy = Ahg)IR;

4) o ypaBHeHUIO (443) BbluMCasgeM mapameTp N,

5) o dopmyne (454) omnpenesisieM BBICOTY IOJOCHI B HEWTpasb-
HOM CCUCHMU;

6) BBIYMCIIIEM BEJIMIMHY ITOKa3aTeliell cTernneHn B GyHKINH (453):

IUTSI 30HBI ornepexkeHust 4N / 9\/5 (BenMurHa, oOpaTHAasI ITOKa3aTellio

noja paaukaaom B opmyie (454)) u st 30HBI oTcTaBaHus o (454);
7) onpenesisieM YIJ0BbIe MapaMeTphl ouara AehopMauu o, o U
ato, no dopmynam (433) u (435);
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8) 3amaBasCh MOC/IEN0BATENBHO PA3IUYHBIMU /(0L ), BEIYUCIAEM
1o ¢opmyie (434) psn 3HaYEHUI o, OXBAaThIBAOLIMI BECh Ovar Je-
(dopmannu;

9) mia nonydeHHOro psiga h(o) U o, BBIYUCIAEM 3HAYEHUS h,
o dopmyie (456);

10) m1st Bcex TOYeK psia o, BBIYUCISIEM 3HAUEHMS Mpeeia TeKy-

YECTU HA CIBUT T, MO (452) (IpU 3TOM HaA0 UMETh B BUNY, UTO IMOJY-
yaeMble 3KCIMEePUMEHTAIbHO 3HAYEHMS Mpeaena TeKy4yecTH Ha pacTsi-

KEHUE O, CBSA3aHBI C T, M3BECTHBIM COOTHOIIEHUEM T, = O / V3);
11) ucronp3yst 3HaYCHUs IOKas3aTeJell CTeNeHM ISl paBeHCTBa
(453), BBIUMCIIEHHBIE TIO T1. 6, U 3HAUEHUST & — TIO 1. 2, OTpeaesseM

3HaueHus 0,(c,) = p(o,) 10 (453) pas3nenbHO LIS 30HBI OTCTABAHUS
W 30HbI OIMEPEKEHUs] B TOUYKAX, AJIsI KOTOPBIX BBIUMCIEHBI O, , H, U
T, B 1. 8—10;

12) onpenensieM (TakXe BBIYMCIEHUEM psiia TOUEK) OCTabHbIE
nBe (GYHKIMM HANpsSXKEHHOTO COCTOSIHMS: Oy(0y) =T, —0,(0,) un
T (o) =W o, (0y);

13) cTpouM 3MIOpbl HAMPSKEHUN Oy (0 ), 0, (0L), Ty, (0L);

14) mpoBepsieM NpaBUJIbHOCTb pacyeTa: MepeceuyeHue BeTBei
amopsl p(0.,) IUIST 30H OTCTABaHUsI U OMEPEKeHUs] TPOU3O0UIET B
TOYKE O, =0, , W IIPU MOJCTAHOBKE 3TOr0 3HAYeHUs o, B (popmy-
1y (456) c yaetom dopMmyiel (434) 114 o, DOJKHBI TOJIYYUTh A, = hy
o (454).

I'padmyeckoe conocTaBieHNe Pe3yIbTATOB BBIYUCIEHNS p(0., ) TIO
MPeMTOKEHHBIM (hOpMyIaM ¢ pacUyeTHBIMU pe3yJibTaTaMM U SKCIepU-
MeHTaJIbHO# KpuBoit n3 kKunru B.I1.TTomyxuna [18, puc.6] mpencraB-
JIeHo Ha puc.84. PacyeT BBINOJHEH IS MPOKATKU antoMuHus A1M
npu R=102,5 mm; A =1,94 mm; (hy — k) / hy =0,4; HaTsKeHME OT-
cyTcTBYeT. B pacuere mo mpemnoxeHHbIM ¢dopmyinaMm npu u=0,1
Ahg =0,027 mm; ipu u=0,2 Ahg = 0,03 mm; ipu u=0,4 Al =0,05 mm.
[Ton smiopamu p(a,.) BelYEpUYEHA KpUBask U3MeHEHUs KoadduureHrta
KOHTAKTHOTO TPEHUS BIOJIb o4ara, ooecreunBaroiias CoBIaaeHue 3T~
PBI, PACCUMTAHHOM IO TIPEMIOKEHHOMY aJITOPUTMY, C SKCIIEPUMEH-
tanbHoOI KpuBoit B.IT.ITonyxuna. Kpusasi 1 moiayyeHa obpaTHbIM pac-

yeToM Mo ¢opMyaaM alroputMa, a KpuBass 2— rpaduk
anmnpoKcUMuUpytolein GyHKIuu
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H(ch) = Wmax —

LA 16 A o e S OEHM ) (459)
60 ooy 9 ooy 2

Iae A = Umay = Mmin 5

f(ocx>oc+2a1j=

0 npu OS&XS%;
(7 16 A o+ o
[@‘3‘“)%% Mpu T < % (0 o).
1
a)
p, Mlla I
800 :;{M':O"l
600 ‘
u=0,2
400
200
01
0)
u
0,4
1
0,2 . 2
s 1™

0 0,02 0,04 0,06 0,08 0,10 o, pan

Puc. 84. Brropsl HOpMaJIbHBIX HATPSLKEHUI (a)
U KpUBbIe U3MeHeHUs KoadduimeHnta TpeHus (6)

Ecinu npokarka BbIMOJHSETCS B YCIOBUSIX, KOTAa BeJIMYMHA AR
He3HauMTeNlbHa, 3mopa p(a, ), BBIYUCIEHHAS MO IMPeII0XEeHHOMY
JIrOpUTMY, OJIM3Ka K SKCIIEPUMEHTATbHOM KPUBOM, U BKIIOUEHUS B aJl-
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p, MIla

400

»—\l\)

300

200 2

100 \-

0 1 2 3 4 5 5,75
0., Tpaj

Puc.85. DxcnepuMeHTanbHast KpuBasi |1,
MOJIyYeHHas TPy MPOKaTKe aTlOMUHMUS
0e3 HaTSKeHUSI, U 3T0pa HOPMaJIbHbBIX

HampsDKeHWH 2, paccyuTaHHast
1o opmMysiaM JaHHOTO pELIEHUS

roput™ ¢dopmyisl (459) He TpebyeTcs. DTO XOPOIIO WILIIOCTPUPYET
puc.85, Ha KOTOPOM IpeacTaBjieHa dKCIepUMeHTalbHas Kpubas 1,
3aMMCTBOBaHHAas U3 KHUTHU [26], ¢ no6aBiIeHneM KpuBOil p(o., ), BBI-
YUCJAEHHON MO MPUBEACHHOMY aJrOpUTMY JUISl MPOKATKU aTOMUHMUS
0e3 HaTsKeHus, Tipu T, = 140 MIla; t,, =310 MIla; R=39,25 mwm;
hy =1,6 mm; A =1,32 mm; u=0,3; Ahy =0,01 mm. Hanuuue umcro
YIPYTroro KpaeBoro yyacTka Ha 3KCIEepUMEHTaIbHON KpUBOH puc.85
npu o, > 5", Korma p(a,) < 2t,, He yIUTBIBACTCS HU MPELIOKECHHBI-
MU (opmyiaaMu, HU (OpMyIaMU U3 MPElIeCTBYIOIIMUX PelleHUA.

Takum 006pa3oM, pacCMOTPEHHOE pelleHUEe TJIOCKON KOHTAaKTHOM
3aIa49M TEOPUH MPOKATKU 00ECIIeYNBAET XOPOIIIYIO CXOTUMOCTD Pe3yiTh-
TaTOB pacueTa ¢ SKCIIePUMEHTATBHBIMM U TOYHBIMU pacYeTHBIMU JaH-
HBIMM JIPYTUX aBTOPOB, a TakKe 00JIamaeT BO3ZMOXKHOCTSIMU UTSI TaThb-
HEeWIIIero YCOBEPIIIeHCTBOBAHMS 1 YTOUHEHUS (BBeIeHNe (DYHKIINI THTIA
(459), yyeT HaMuMsl 30H 3aTpyaAHEHHOU AedopMaluy U ap.).

257



BUBJINOTPAOMYECKNI CIIMCOK

1. Boposukos B.II., BoposukoB U.II. STATISTICA ® - Crarucrtuyec-
KMil aHanu3 u o0paboTka gaHHBIX B cpeae Windows ®. M.: MHpopmamoH-
Ho-u3naTeabckuii mom “@ununas”, 1997. 608 c.

2. bpumxkmen I1. MccrnemoBaHue GONBIIMX IJIACTUYECKUX AedopMalinii u
paspeiBa. M.: UWJI, 1955. 444 c.

3. Bamues I1I.U., Knanos H.B., Pynaes fI.1. [ludposoe monenupona-
HUE CIYYailHbIX MPOLIECCOB BhICOKOTEMIepaTypHoro aecdopmuposanust //C6.:
TTpouHoCcTh M AeopMalMs MaTepruaoB U KOHCTpyKuwmii. ®pynze: Uzn. OIIN,
1989. C. 42—-55.

4. Tamun JI.A. KoHTtakTHble 3amauu Teopun yrnpyroctu. M.: TUTTII,
1953. 264 c.

5. I'mamop P. Tpuknagnast teopus karactpod. Y. I. M.: Mup, 1984. 285 c.

6. I'pammreiin U.C., Poukuk .M. Tabau1Ibl MHTETPAIIOB, CYMM, PSIIOB 1
npousBeneHuii. M.: Hayka, 1971. 1108 c.

7. Dama A.M. Marematuueckasi craTuctuka B TexHuke. M.: CoBeTckasi
Hayka, 1951. 292 c.

8. 3onoropesckuii B.C. Mexanuueckue cBoiCTBa METAJUIOB. 3-€ U3, M.:
Hzn-Bo MUCHUC, 1998. 400 c.

9. Kazakesnu I'.C. 3amauu Teopuu ynpyroctv M IIACTUYHOCTHU: Yueo.
moc. / JITTK. JI., 1983. 80 c.

10. Kaszakeuu I'.C. [IporHozupoBaHue MPOYHOCTU M AHU3OTPOITHOTO
COCTOSTHUSI 1e(hOPMUPOBAHHBIX KOHCTPYKIIMOHHBIX Matepuanos. JI.: M3a-Bo
Jlenunrp. yH-ta, 1988. 180 c.

11. Ka3akesnu I'.C., KazakeBuu A.I'. MeTton pacueta nedopmanuii mpu
JINCTOBOM IITAMITOBKE-BBITSIKKE MBI ¢ THUINEM B (hOpMe SIITUTICOMIA
BpaieHust //C6. Tp. MexayHap. Hayd.-TeXH. KoH®. “CoBpeMeHHbIe MeTas-
JINYEeCKUe MaTepuasbl MU TeXHOJOTMU WX MCIOib3oBaHUs B TexHuke”. CII0.,
2001. C. 127—134 (Ha pyc. u aHIJI. $13.).

12. Kazakesuu I'.C. u ap. [Ipsimoe nzorepmuueckoe mpeccoBaHUE MOJIO-
cbl ¢ ucrnoab3oBaHueMm cBepxmuiactuuHoctn / I'.C.Kazakesuu, JA.1.Pynaes,
A.B.Caprb6aeBa, JI.W.Yamnukos // Tam xe. C. 135—138 (Ha pyc. u aHII. 513.).

13. JIunnuk FO.B. Meroa HaMMeHbIIMX KBaApaTOB U OCHOBBI MaTeMaTH-
KO-CTaTUCTUUYECKOI 00paboTku HabmoaeHuit. M.: @uszmarrus, 1982. 320 c.

258



14. JIykomckmii SI.M. Teopust KoppesiliMu U ee MpUMeHeHUe K aHaIu3y
npousBoacTea. M.: I'occraTtuznar, 1958. 385 c.

15. Mamuaun H.H. TexHonornyeckue 3agayu IMIaCTUYHOCTU U MOJI3y4Ye-
ctu. M.: Beicur. k., 1979. 119 c.

16. Mamunnn H.H. IpukiagHas Teopust MIACTUYHOCTA U TOJI3YYECTH.
M.: MamuHoctpoenue, 1975. 400 c.

17. Hapam A. T1nactTiyHOCTb U paspyiieHue TBepabix Ten. M.: UAJL. T. 1,
1954. 647 c.; T. 11, 1969. 863 c.

18. Tloayxun B.II. MaremaTnueckoe MoaeaMpoBaHue U pacuer Ha DBM
JIUCTOBBIX MPOKATHBIX cTaHOB. M.: Metanyprus, 1972. 512 c.

19. Pynaes A.A. O nuHamuueckoii cBepxruiactuyHoctu //C6.: KoHsep-
croHHbIN noteHMan Keipreizckoir Pecniyonnku u npoektst MHTLL. buii-
Kek, 1998. C. 186—195.

20. CmupHos B.C. Teopust npokatku. M.: Metamnyprusi, 1967. 460 c.

21. Cmupnos B.C. Teopust 00paboTKM MeTaJLIOB naBieHreM. M.: Meraj-
nyprust, 1973. 496 c.

22. CmupuoB B.C., Kazakesnu I'.C. O pelieHUM IJI0CKOM KOHTAKTHOM
3agaun Teopun npokatku. CoobiuieHue 1 // W3B. By3oB. UepHast MeTayp-
rust. 1974. Ne 9. C. 85—88.

23. CmupuoB B.C., Kazakesnu I'.C. O pelieHUHM TJI0CKOM KOHTAKTHOM
3agaun Teopuu npokatku. CoobiueHue 2 // W3B. By3oB. UepHast MeTayp-
rust. 1975. Ne 1. C. 72—75.

24. Cokonosckmii B.B. Teopust utactuaHoctr. M.: Bercir. mik., 1969. 608 c.

25. Cropoxes M.B., Ilono E.A. Teopust 06paboTKM METaJUIOB JaBJICHU -
eM. M.: MamuHoctpoeHue, 1971. 424 c.

26. Tomcen D., dur Y., Kodasaum III. MexaHuka racTuyeckux aedop-
Maluii ipu 06paboTke MetaioB. M.: MarmHoctpoeHue, 1969. 503 c.

27. YukcoB E.Il. MHxeHepHast Teopus IIaCTMYHOCTUA. M.: Malirus,
1959. 328 c.

28. Xaken I'. CuHepreTuka: uepapxus HeyCTOMUMBOCTENl B CAaMOOPraHu-
3YIOLIMXCS CUCTeMax M ycTpoiicTBax. M.: Mup, 1985. 423 c.

29. Xmaa P. Matematuueckasi Teopusi miaactuuHoctu. M.: TUTTII,
1956. 407 c.

30. IemukoB A.M. BiusiHve BHEIIHEro TpeHUs Ha HATSDKEHUE U JaBiie-
HHe MeTaJllla Ha BaJIKM TIpH Ipokatke // Metamtypr. 1939. Ne 6. C. 62—76.

31. Iemmkos A.A. OcHoBbI TeopHH MpoKaTtku. M.: Metamtyprust, 1965. 247 c.

32. Von Karman T. Beitrag zur Theorie des Walzforganges // Zeitschrift
angew. Math. Mech. 1925. Bd. 5. S. 139—142.

259



OI/TABJIEHUE

TIPEIMCITOBYIE ..ottt e e ettt e e e e e e e e e ettt eeaeeeeeeeeennes

1. Teopus nanpsaxcenuii, deghopmauuii u copocmeii oegpopmauuii ........

Taea 1
HanpskeHHOe COCTOSHUE TBEPHOTO TEMIA .............c.oeveeeeeereereaeraneaneannss

1.1. HanpsikeHue. TeH30p HAMPSDKEHUM ...........coevvvvvvvvvvvnnninnnnn.
1.2. HampsikeHusi Ha MPOU3BOJIBLHO OPUEHTUPOBAHHOMN TIO-

1.3. I'maBHBIE HOpPMaJIbHBIC HANPSIKEHUS. DIUTUIICOMI HaIpsi-
1.4. IHBapHUaHTBI TEH30PA HATIPSIKCHUM ....vveeeeveeeeiieeeerieeeeveeenne

1.5. HaubGonblre KacaTeabHble HAIPSIKEHMS ..
1.6. OxrasgpuyecKre HANpPSKEHUS M WHTCHCUBHOCTHU Har[p;{—

7. Chepudeckuii TEH30p M TEH30P-AeBUATOP HAMPSIKEHUIA ...

8. TeoMeTpuueckoe M300pakeHHWE HAMPSIKEHHOTO COCTOSIHUS
KPYroBOM auarpaMMoOM Mopa ............coevvvviiviiiiiiiiiiieeeennnn.

1.9. 3Be3na [MeaUMHCKOTO AT HAMPSIKEHUM vovveeenevvieeeeiiiieeeennns

1.
1.

Thaea 2
JedopMUpOBaHHE COCTOSTHUS TBEPAOTO TEJMA .......cceeeeeneeeiirrrieeeaaaaaannns

260

2.1. IepemeltieHus, yIJIMHEHUST U cABUTU. Manasi nechopmariusi ..
2.2. Tenszop nedopmauuit 1 ero MHBaApUaHTHI. [J1aBHbBIE Aedop-
MALITIHL ..oovvveeeeeiiiieeeeeiiteeeeeeiaaeeeeessaseeeeeesabaeeessssseeeesnasseeeesnnnseas
2.3. Oxrasmpuueckue aedopmaunsd U CIBUT. VIHTEHCUBHOCTH ...
2.4. Cs3b medopMalnii u rmepeMeleHuil. [ eomerpruueckue ypas-
HEHUS KON ..oovviiiiiiiiiiiiieeeee e
2.5. Chepuueckuii TEeH30p 1 TEH30p-IeBraTOp AedopMaii. 3Be3-
na IMemuynHCKOTo ISt AeMOPMALIUM ....oeeeeeiiiiiiieeeee e,
2.6. YpaBHEHMSI COBMECTHOCTH (HEPa3phIBHOCTH) IeOpMaIIHii .
2.7. KoHeUHAST HEPOPMALIHIST ....oovvvvvvrriiinniieeeeeeeeeeeeeeeeeeeeeeevaananans
2.8. CriocoObl OMUCaHUS ABUKEHUS CIUIOIIHOM CPENBI .............
2.9. TeHsop ckopocTeit nepopMalinii 1 COMyTCTBYIOIINE XapaKTe-
PUCTIKI ..vveeeeiviieeeeiiieeeeeetseeeeeessseeeesessseseesssssessesnasseseesssneens

10
14
15

18
20

24
31

35
35

38
40

42
43
46
49
51

52



2.10. CramioHapHOe ¥ HeCTallMOHAPHOE TeUeHUsI. Y paBHEHUST Tpa-
CKTOPHI TEUCHUIS ....vvveeeeeveeeerreesereeesareeessreeesssesesseeassseessneeens

II. Conpomueéaenue mamepuaios ynpysum u niacmu4ecKum oegop-
MAUUAM  ......oooooieeeeeeieieeeeeiee e e e ettt e e e e taaeeeeeaaeeeeestbaeeeeessaeaeensssaeaens

Thasa 3
O0beMHasg CKHMaeMOCTh METAUIMYECKHX MaTepuayioB. OaHoOoCHOe
PACTSZKCHHE M CIKATHE ..........cooiniiiiiiiiiiitiiiiiiiii it ieeaeaaas

3.1. O6beMHAS CKUMAECMOCTD METAIIIOB ...uvvveeeiiivenneeeeiiinneeennnns
3.2. UcneiTanue o0Opa3oB HA OJHOOCHOE CTAaTUUYECKOE PacTsi-
D () 5 1 (T
3.3. UcnbiTanus Ha cxatue. Dddekr bayimmHrepa...................
3.4. Penakcaliyist HarIpsDKEHUIA M TIOJI3YUECTh METAIIOB U CIUIABOB .

Thasa 4
DusnyecKue YpaBHEHHS TePOPMHPYMBIX CPEI ..........cccvvveeeeeerreeeeannnns.

4.1. @usnyeckue ypaBHeHUs necopMalliy ypyro-riacTuyeckoi
10101511 (USRS
4.2. IlpocTteie Moaeau ToBeACHUS 1e(hOPMUPYEMBIX CPE .........
4.3. [IprHLIMIIEI TTOCTPpOeHUS (U3NISCKNX YpaBHEHNN 1edopMIU-
DYEMBIX CPEIL «.evvvveeeeeniiieeeeeiaeeeeeeitaeeesannneeeesannsreeessnnseeesannnes
4.4. ®usnueckure ypaBHEHUS CBSI3W HANpPsDKEHUH, AedopMaliuii,
cKopocTeil AecdopMaruii Ipyu MJIACTUIECKOM TeYEHUU, Ma-
JIBIX YIPYTO-TIACTUYECKUX M YIIPYTUX AehOpPMAIUsIX ........
4.5. YcnoBus MIaCTUYHOCTH TSI U30TPOITHOTO KOHTUHYYMA .....

III. ITocmanoska u memoovl pewenuss 3ada4 meopuu ynpy2o0cmu,
NAGCIMUMHOCHIU U MEHEHUSL ...............evvveveeeaaeeeeeeeeniiaaaeeeaaeeeeeeensssssnees

Thasa 5
PaBHoBecue nedopmupyemoii cpeiabl W YCJOBHS HAa KOHTAKTHOM
110037510, 43 (111 o U UPUUUURRN

5.1. YpaBHeHUsT paBHOBECHUsI B MPSMOYTOJbHBIX J€KAPTOBBIX KO-
OPIITHATAX ..eeeuevvveeeenereeeeeessseeeesssseeseesesseeeesssssessessssseesssnssees
5.2. YpaBHeHUsI paBHOBECHSI B KPMBOJMHENHBIX KOOpAMHATAX .
5.3. TPAHUUHBIC YCIOBUS ......cceeeeeiiiiiiiieeeeeeeeeeeeeeeitiaareeeaeaeeaanns
5.4, KOHTAKTHOE TPEHUE ....cceeeeeeeeieiiiriiiieeeeeeeeeeeeeeiiianeeeeaaaaaaanns

Tasa 6
OcHoBHbIE YPABHEHHSI TEOPUH YIIPYTOCTH M METO/IbI pelieHus 3a1a4 ...
6.1. McxomHas cucteMa ypaBHEHUI [UTsSI PEIIEHMs 3a1ad TCOPUU
VIIPYTOCTA Y TP OCHOBHBIX METOJA MX PEIICHUS .............
6.2. Peirenue 3ama4 TeopuM YIPYrocTH B HATIPSDKEHUSX (peav-
BALMSA “METOMA CHIT”) cuvvvvvrvireeiieeeeeeeeeeeeciiieeeeeeeeeeeeeeeeeeeaanns
6.3. PerieHue 3amay Teopuur YIPYroCcTH B ITEpeMEIICHUSIX (pean-
3alMST “METONA TEPEMEIIEHUM ) toeeeeeeeiiiiiiiiieeeeeeeeeeeeiians
6. 4. Pemenue 3ama4 TeOpUU YIPYTrOCTU CMEIIAHHBIM METOIIOM.
IIpssmast, oOpaTHasI U MOJlyoOpaTHAS 3a0AYM ........evvvvvennnnn.

55

59

59
59

60

71
74

76

76
78

81

83
85

89

89

89
91
94
96

98
98
99

104



Thasa 7
YpaBHeHHs W pelleHHe 3a1adY 32 NpeAeaMd YNPYroro COCTOSHHS
MATEPHATIA .......ovveeeeneiiieeeeeiiteeeeeeteeeeeeesseeeesaesseeeesassseseaesssseseesassseeaaansns

7.1. YpaBHEHHUs U pellleHre 3a1ad TeOPUU MaJIbIX YIIPYro-TIacTh-
YECKUX TEMDOPMAIIMI ....veieeeerrieeeeeiiiieeeeeiieeeeeeivreeeeeeneeeaenens
7.2. YpaBHeHUs M pelleHUe 3aJay TeOPUU IJIACTUYECKOro Te-

1V. ITrockasn 3adaua meopuu ynpy2ocmu u nAACMUYHOCHU ................

Thasa §
HavajbHbie MOHATHS W NPEICTABJIEHHS 0 ILIOCKO 3a1a4e

8.1. JIBa TUIIA TUTIOCKOM 3aIAUM .........covvvvvvvvvenrrrnnnnnn
8.2. PelieHue miIockoi 3agayu T€OpUM YIIPYrOCTU
8.3. PemieHue miIockoi 3agauu T€OPUM TUIACTUYHOCTH ..............
8.4. ®yHKLMS HATIPSDKEHUI IS TIJIOCKOM 3a1auil B IIPSIMOYTOJIb-
HBIX JE€KAPTOBBIX KOOPIMHATAX .....cceeeeeeeenrrrereeeeeeeeeeeeeeeennns
8.5. dyHKILIMS HANIPSLKEHUI B MOJSIPHBIX KOOPAMHATAX ............

Inhasa 9
Knaccuyeckue KOHTaKTHble 3aJa4d TEOPHMM YNPYIOCTH W JJIEMEHTbI
MEXAHUKH PABPYHICHIST ......oouveemeieiieaiiianiiantiesieeanteateesueeseneenseenneeseeeeens

9.1. JleiicTBUE COCPEAOTOYEHHOM CUJIBI Ha OCTPUE YIIPYTOro Kiu-
Ha. [TOHATHE O KOHTAKTHBIX 3AJAYAX .....evvvvrvrrrrrrrnnnnnnnnannnns
9.2. JleiicTBUE COCPEAOTOYEHHOM CUJIbI Ha YIPYTyI0 MOJIyOecKo-
HEUHYIO IIJIOCKOCTh MEePHEHAUKYISIPHO €€ TPAHULIE ...........
9.3. [1nockas nedpopmalivsi IByX COMPUKACAIOIIMXCS YIPYTUX 11 -
JIMHIPOB C MAPAUICTIBHBIMI OCSIMIE ...vvvvennnneeeeaeeeaaaaaaaaeanens
9.4. Ypyroe pacTsoKeHUe TUIACTUHBI ¢ MaJIbIM KPYTJIBIM OTBEp-
crueM. IloHsThe o Ko3(p(dULIMEeHTe MHTEHCUBHOCTU Ha-
TIPSIIKEHII «evvvuneeeiiiiiieeeeeeiiieeeeeertiieeeeeeaaeeneeeeeesnneeeeanasnnaaaes
9.5. Kputepuit IpUGMUTCA ...,
Thasa 10
MeToa JMHHUIE CKOJIbXKEHHS M ero NPUMEeHEeHHE K PellieHuIo 3a1aY .......
10.1. MeTOI TMHUMA CKOBKEHMUST «.vvvvveeneeeeeeeeeeeeeanenenes .
10.2. MeTtoasl pelieHUsI IBYX OCHOBHBIX KPaeBbIX 331y ...........
10.3. 3amaya 06 ocagke IUIOCKOI ITOJIOCHI XKECTKMMU IITaMITaMU
10.4. 3agaya 0 BOJIOYEHUH TIJIOCKOU MOJIOCH (JTUCTA) ................
10.5. IIpsimoe mpeccoBaHME JTUCTA Yepe3 KIMHOOOPa3HYIO MaT-

Thaea 11

Ilnockas 3amaya WHIKEHEPHOH TEOPHH MJIACTHYHOCTH, BKJIIOYAOMIAS
ynpaBJjieHHe TeXHOJOTHYECKHMH NapaMeTpamMM mpouecca aedopManuu
M COCTOSTHUEM MATEPHAIIA .......ooooeeiieiiniiiiiiiieeeeeeeeeeeeeiiiiaeeeeeaeaeeeeeeeans

11.1. TeyeHue MIaCTUYECKOro MaTepHalia yepe3 CXOMSIIMIACS

262

106

106

107
109

109

109
110
112

116
119

123

123

127

133

138
146

149

149
155
158
165

172

174

174



11.2. DDOGEKT CBEPXTITIACTUYHOCTH «..vvvvveeeeeeeeeeeeeiiiiireeeeaaaaaaenns

11.3. MaTtematuueckasi MOJie/Ib COCTOSTHUI MaTepuaia pu OJHO-
POIHOI 0CEBOI BEICOKOTEMIIEpaTypHOIi AeopMariu, BKITI0-
qaroliasi COCTOSTHAE TUHAMUYECKOM CBEPXIIIACTUYHOCTH ...

11.4. 3amaya o0 MPSIMOM M30TEPMUUYECKOM MPECCOBAHUM TOJOCHI
C MCIOJIb30BAHUEM CBEPXTUIACTUUHOCTH ...vvvvvreenevvreeeenneee

Thasa 12
OcecHMMeTpHYHAS 321292 ¥ TEIJIOBbIE HANPSIKEHHSA ..............oo.ennn....

12.1. Pemenme oceCMMMETPMYHON YIIPYroil 3agadyd B HaIlps-
JKEHMSIX +.euvvvvreeeinnieeeeantreeeesnnseeeesasssaeesannsseeessssseeesansseeeesnnes
12.2. PenieHue oceCMMMETPUYHOM YIpyroi 3amayu B Mepeme-
TIIEHTISTX ..vvvveeeeuereeeeeserseeeeessseseeesssseeessassseaesssssseessanssseseannes
12.3. 3agaua I'. Jlamo .. .
12.4. TernoBble HanpspkeHUs:. OCHOBHBIE YPAaBHEHUS ...............
12.5. 3agaya o Kpyrjoil MmiauTe ¢ paavajJbHbIM TepernajoM TeM-
TICDATYD «evvvveeeeurrreeeaanereeeeeaiarseeeaasssseeeesassseeesssssreesassssesaanes
12.6. 3amava o Tpybe ¢ paaualbHBIM ITEepenagoM TEMITepaTyp ...
12.7. 3agaya 0 TOHKOCTEHHOM IWJIMHAPUYECKON 000JI0UKe C pa-
JIMATbHBIM M OCEBBIM MepenagaMu TEMIIEPATYD ................
12.8. PeleHue ocecCMMMETPUYHOM 3a/1a4i TEOPUHU TUTACTUYHOCTH
METOIOM JIMHUN CKOTBKEHMS ....vvvveeeeevreeeeeeiireeeeeearreaeenanns

V. Ynpyzo-naacmuueckue 3a0auu ...............................cccceeeuvvvennnnnnn....

Thasa 13
Yupyro-niactudeckas nedopmManus TOJCTOCTEHHOM TPYOBI ................
13.1. Tpu cocTosiHUS TIpU HArpy>XeHUU TPYObI 3a MpeaesamMu yri-
DYTOCTH ..veeeeeiieeeeeeiireeeeetteeeeeeaseeeeeesasaeeeeenaseeeeeetsseeeennnnees
13.2. OctaTouHble HAMPSKEHUs MOCe pa3rpy3Ku TPyObl U3 YIIpy-
TO-TUTACTUYECKOTO COCTOSTHUST wevvvreenrrrreeeninreeeeenirereeeennnnens

Thasa 14
Jedopmaiuu npu JTMCTOBOI MITAMIOBKE JJUIMIICOUAA ..........cccennnnee...
14.1. O NmpUMEHEHUU TEOPUM K PEIIEHUIO TeXHOJOTHYECKUX
BAIA ...vvvvveeeeeereeeeeeereeeeestareeeeeasseeeeesasseeeeassseeeeaassseeeeannnees
14.2. 3amaya 0 MOBBHILIEHWM TEXHOJOTUIHOCTH AchopMaluu
MpY JIMCTOBOM IITAMITOBKE-BBITSIXKKE W3IETUN CIOXHOIO
TIPOMUTIS vt
14.3. AHanu3 nedopmMaiivii py 1ITAMITOBKE SJIJTUIICOUIA U BbI-
BOJ (hOpMyJT TSI BBIUMCIICHUS palyca 3arOTOBKA M MU3Me-
HEeHUsI TOJIIMHBI BAOJb OOpasylolleii MepuAMOHATbLHOTO
TIPOMUIIS THTAMITOBKH ...vvvvveeeeniireeeeeeerreeeennereeeeennnreeeesnnnneens
Thasa 15
IIn0cKasi KOHTAKTHAS 32129 TEOPHUH MPOKATKH ........ccevvvveernrreeeennnnn.
15.1. Penienne, ocHOBaHHOE Ha amlMIPOKCHUMAIIMK AYTM KOHTaKTa
D (0] )1 (0) SR UPPTRURURPPN

180

182

187

196

196
199
201
202

203
206

208

218
221

221

221

224

226

226

227

228

238

238

263



15.2. PenieHne, OCHOBaHHOE Ha alIPOKCHUMAIIMKM AYTM KOHTaKTa
TAPAOOIIOM ....eeeeeeiiiiiiiecceceeeeee e e e e e e e e e e e

15.3. PemieHue 0e3 mpuBieYeHUS aNNpPOKCUMUPYIOLIEH
DYHKIIM ..ottt

BUOIMOrPaAMUUECKHIA CIIUCOK ....vvvvvviiiiiieeeeeeeeeeecciiiiiieee e e e e eeeeeeianns



Yuebno-nayunoe uzdauue

Kazakesuu I'enpux Cmanucrasosuu
Pydckoii Andpeii Hseanosuu

MEXAHUKA CIUIOHIHBIX CPE]

Teopus ynpyrocTu v IJiaCTUHIHOCTH

Penakrtop A.B. Hecmeennas
Texnuueckuii pegakrop A. 4. Konoodsaucnas
Koppexrop JI.JI. Hukxughoposa
KommnbiotepHas Bepctka E.A. Tunyoeoti

Hupexrop Usnarenscta CIIOITIY A.B. Heanos
Cgoa. temmian 2002 r.

JInuensus JIP Ne 020593 or 07.08.97

Haunorosas nbrora — OO6uIepoccuiickuii KinaccubukaTop NpoayKInu
OK 005-93, 1. 2; 95 3005 — yuyebHast 1uTeparypa

Ionmucano B meyath 04.12.2002. @opmar 60%90/16. [Teyats odceTHass
Yen. mey. 1. 16,5, Yu.-usn. 1. 16,5. Tupax 1000. 3aka3 484.

Canxkr-TleTepOyprekuii rocyniapCTBEHHbBINM MOJUTEXHUUECKUI YHUBEPCUTET.
WznarenbcrBo CII6ITTY, unen Msnarenbcko-noaurpaduyeckoii
accoumnanuu By3oB CaHkT-ITerepOypra.

Azlpec YHUBEpCUTETa U U3AATEbCTBA!

195251, Cankr-IletepOypr, [TonutexHuyeckas, 29.



