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TheмnewмdetailedмюnTщshapedмequivalentмcircuitsмofмaм transformerмcontainingмnмconcentricмwindingsшм
displayingмonмschematicмallмmagneticмluxмbetweenмtheмwindingsшмinмtheмwindingsшмinмtheмelementsмofмtheм
magneticмcircuitмandмbetweenмitмandмtheмtankмinмcaseмofмsaturationмofмtheмmagneticмcircuitмisмpresentedъмItм
is based on the idea of stitching the 4Tщshapedмcircuitмmodelsмforмtwoщwindingмtransformersшмconsideredм
asмaмunitмcellмofмaмmoreмcomplexмюnTщshapedмstructureъмTheмaccuracyмofмtheмoccurrenceмinмvariousмpartsм
ofмtheмmagneticмcircuitмwithмshortщcircuitмoneмorмmoreмwindingsмofмtheмmagneticмsuperщмandмcounterщluxesм
inмcomparisonмwithмtheмluxesмofмidlingмisмconirmedъмItмisмshownмthatмtheмobservationмofмsuchмanomalousм
luxesмinмtheмequivalentмcircuitмisмpossibleмdueмtoмtheмpresenceмofмnegativeмinductancesъмItмisмprovedмthatм
theмmultiщwindingмtransformerмequivalentмcircuitsмwithoutмnegativeмelementsмareмcharacterizedмbyмaмthreeщ
diagonalмmatrixмofмinductancesъ
TRANSFORMER;мPRIMARYмANDмSECONDARYмWINDINGS;мMAGNETICмFLUX;мEQUIVALENTм
CIRCUIT;мTREEщWINDINGмTRANSFORMER;мMULTIщWINDINGмTRANSFORMER;мSHORTм
CIRCUITED; IDLING; COUPLED INDUCTANCE.
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Introduction

Aмmultiщwindingмtransformerмisмdeinedмasмtheмoneм
withмmoreмthanмtwoмelectricallyмdisconnectedмwindщ
ingsъмSuchмaмtransformerмcanмreplaceмtwoмorмseveralм

doubleщwindingмonesшмwhichмsimpliiesмtheмconnecщ
tion between the electric stations and the distribution 

networksм andшм inм generalшм resultsм inм reducingм theм
maintenanceм costsм andм theм totalм costsм ofм electricм
powerм systemsъмHoweverшм theм correctм conclusionм
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aboutм theм beneitsм ofмmultiщwindingм transformersм
фtheseмalsoмincludeмsplitщwindingмtransformersхмcanм
beмmadeмonlyмbyмunderstandingмtheмcompleteмpictureм
of the physical processes occurring in these transщ
formersшмwhichмhaveмnotмbeenмclariiedмupмtoмtheмpresщ
entмtimeъмAмdiscussionмunfoldedмaboutмtheмmainмfeaщ
tureмofмanyмofмtheirмequivalentмcircuitsмфpolygonalщtypeм
[эщ5]шмtreeщtypeм[6]шмchainщtypeм[эш6]шмetcъхшмthatмisшм
ofмtheмnegativeмinductancesмpresentмinмthemшмwhichм
hasмbeenмcauseмforмalarmistмstatementsмsuchмasм thereм
is no reason to look for a physical explanation of this 

phenomenon… мфseeмpъм56мinм[4]хъмRefъм[5шмpъмэю4]м
describedмtheмnegativeмinductancesмasмaмmathematicalм
curiosityм dueмtoмdiferenceмbetweenмtheмRMSмandм
theмmeanмvaluesмofмtheмfunction ъмRefъм[6шмpъм89]мevenм
wentмasмfarмasмtoмstateмthatмtheseм inductancesмhaveм
noмphysicalмmeaning шмandмtheмexplanationмgivenмforм
theirмpresenceм isм ratherмnonsensical:м theyмmerelyм
coordinate the equivalent circuit with the existing 

couplings ъмTheмnegativeмinductancesмareмdescribedм
inмthisмsameмveinмinмallмtextbooksшмandмtheirмlowмnuщ
mericalмvalueмinмcomparisonмwithмotherмinductancesм
isмemphasizedм[7 эь]ъмDespiteмthisшмAъBoyjianм physщ
icallyмinterpretedмthemмasмaмresultмofмmutualщinducщ
tanceмcoupling м[я]ъмFollowingмthisмstudyшмtheмauthorsм
ofм[ээшмэю]мmadeмaмcriticalмreviewмofмtheмpapersмonмtheм
subjectмandмoferedмtoмdisposeмofмtheseм virtual мvaluesм
фasмdescribedмinм[я]хмbyмintroducingмmutualщinducщ
tance couplings (M

iшj) between all leakageмinductanщ
cesъмSpeakingмofмtheмthreeщwindingмtransformerшмtheм
authorsмofм[эю]мwriteшм weмpostulate that Lэю and Lюя

mustмbeмmutuallyмcoupledм шмgivingмaмveryмvagueмsenseм
to M:м Theмmutualм inductanceмM givesм theмmagщ
neticмcouplingмofмtheмleakageмieldsмbetweenмwindingsм
фluxмinмairх шмbutмthenмgoмonмtoмspecifyмthatм M does 

notмhaveмanyмrelationshipмwithмtheмcommonlyмusedм
mutualмinductance… ъмTheмbranchмinductanceмmatrixм
ofмtheirмequivalentмcircuitмturnsмoutмtoмbeмcompletelyм
illedшм andм itsмofщdiagonalм elementsмM

i,j
м areмdeterщ

minedмbyмveryмcomplexмformulaeмandмhaveмdiferentм
signsшмwhichмraisesмfurtherмquestionsъ
Theмreasonмforм theмaboveщdescribedмvacillationsм

betweenм theмlackмofмphysicalмsense мandм physicalм
interpretation мbasedмonмdubiousм postulates м isм inм
theмdeeplyм rootedмphenomenologicalм approachм toм
modelingмtheмtransformerмbyмexternalмcharacteristicsм
with respect to its n чмэмpolesмфasмaмruleшмbyмtheмshortщ
circuitмimpedanceмbetweenмtheмpairsмofмitsмwindingsхъм
This approach excludes the possibility of controlling 

theмphysicalмprocessesмinsideмtheмtransformerшмinмparщ

ticularшмtheмrelationshipмbetweenмtheмmagneticмluxesм
inм theм individualмpartsмofм theмmagneticмcircuitшм theм
windowшм theм spaceмaroundм theм tankшм etcъшмwhichм isм
extremelyмimportantмforмassessingмtheмmagneticмstateм
ofмtheмindividualмcomponentsмofмtheмmagneticмcircuitъм
Asмaмresultшмtheмissuesмrelatedмtoмtheмanalysisмofмelecщ
trodynamicм stabilityм ofм transformersм inм abnormalм
conditionsм remainмunsolvedъмNoneмofм theм existingм
theoriesшмasмwellмasмtheмstandardмpackagesмфSimulinkм
MatlabшмEMTRщtypeшмetcъхмdevelopedмonмtheмbasisмofм
theseмtheoriesшмdoмnotмallowмtoмevenмsetмtheмproblemм
onмassessingмtheмdiferencesмinмtheмsaturationмofмtheм
individualмcomponentsмofмtheмmagneticмcircuitмwithм
aмsuddenмshortщcircuitмinмoneмorмmoreмofмtheмtransщ
formerмwindingsм фwhichм isм importantм forм correctlyм
assessingм theм initialм shortщcircuitм currentsхшм asм itм isм
erroneouslyмassumedмthatмtheмmagneticмcircuitмisмnotм
saturatedмinмaмshortщcircuitмeventмфseeм[4шмpъмяь7]мorм
[8шмpъм8э]шмetcъхъ
Atмtheмsameмtimeшмasмshownмinм[эяшэ4]мforмaмdoubleщ

windingмtransformerшмimplementingмtheмideaмofмobщ
tainingмcircuitмmodelsмwithмallмmagneticмluxesмofмtheм
transformerмdisplayedмisмpossibleмфнхмifмprimary quanщ
titiesшмiъeъшмtheмelectricмandмmagneticмieldмstrengthsм
andмtheмPoyntingмvectorшмareмusedмasмaмbasisшмandмifм
theмoperatingмprinciplesмofм theмtransformerмareмapщ
proachedм fromмaм completelyмdiferentмperspectiveъм
Theмequivalentмcircuitsмwithмluxesмgiveмphysicalмsenseм
toмeachмofмtheмcircuit sмelementsъмItмturnedмoutмthatм
allocation of negative inductances was required to disщ
playмtheмmagneticмluxesмinмtheмequivalentмcircuitмofм
evenмaмdoubleщwindingм transformer;мbesidesшм theseм
inductances also play a key role in explaining the 

physicsмofмmagneticмsuperщмandмcounterщluxesмunderм
shortщcircuitмconditionsмandмinмcaseмofмsuddenмshortм
circuitsъмTheмexistenceмofм theseмluxesмwasмconcluщ
sivelyмprovedмbothмexperimentallyм[э5]мandмbyмconщ
structingм imagesмofм theмmagneticмieldsм inмaм shortщ
circuitedмtransformerм[э6шмэ7]ъ

The goal of this studyмisмinмobtainingмsimilarм physщ
ical м circuitмmodelsм forм aмmultiщwindingм shellщtypeм
transformerмwithмaмclearмpresentationмofмallмmagneticм
luxesмbetweenмitsмwindingsшмinмtheмwindingsмthemщ
selvesшмinмtheмelementsмofмtheмmagneticмcircuitшмasмwellм
asмbetweenмtheмmagneticмcircuitмandмtheмtankмinмcaseм
of saturationмofмsteelмфigъмэхъмTheмtermм physicalмcirщ
cuitмmodels мisмarbitraryмandмisмusedмinмorderмto:

мemphasizeмtheмfundamentalмdiferenceмbetweenм
theseмmodelsмandмtheмexistingмconventionalмequivalentм
circuitsмwhichмinмfactмoversimplifyмtheмconceptмofмanм
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n-windingмtransformerшмdescribingмitмasмaм blackмbox м
with nчэмpolesш

мrelectмtheмuniversalмcharacterмofмtheмnewмmodelsм
allowingшмasмaмresultмofмslightмsimpliicationsшмtoмobtainм
theмknownмequivalentмcircuitsшмasмwellмasмtoмcontrolм
andм correctм theм errorsм inм anyм otherм modelsшм forм
exampleшмtheмonesмproposedмinм[ээ]ъ

Assumptions and notations. In accordance with 

theмgeneralмrulesм[4шээ]шмletмusмassumeмthatмallмwindingsм
haveмbeenмreducedмtoмtheмsameмnumberмofмturnsшмiъeъш

              1a b c d ew w w w w w= = = = →       фэх

whichмallowsмtoмavoidмusingмstrokesмthatмusuallyмmarkм
the reduced values. In describing the operating prinщ
ciplesмandмtheмkeyмfeaturesмofмanyмdeviceшмtheмsecondщ
aryмfactorsмareм initiallyмneglectedшмandмtheмdeviceмisм
regardedмasмaмsystemмwithмtheмoptimalмфlimitхмperforщ
manceмindicatorsшмwhichмtheмrealмdeviceмshouldмapщ
proachъм Inмourмcaseшм thisмmeansмmovingмonм toм theм
analysisмofмtheмperformanceмofмtheмnщwindingмidealizedм
transformerмфigъмэхмwithмtheмfollowingмassumptions:
theмmagneticмcircuitмisмcharacterizedмbyмµ

stell
 = ∞ 

andмtheмconductivityм
stell

 = ∞;

the resistances of the windings R
a
 = R

b
 = ...= 

= R
e
м=мь;
additionalм resistancesм forм theм steadyм stateшм

causedм byм eddyм currentsм inм theм windingsшмм

... 0;eddyeddy eddy
a ebR R R= = = =

winding height h
w
 = hшмwhereмh is the height of 

theмtransformerмwindow;

theмmagneticмieldмlinesмinмtheмwindowмareмstraightм
and parallel to the core axis.

Figъмэмshowsмtheмarbitraryмpositiveмdirectionsмofм
theмmagneticмluxesъмTheмabsoluteмvaluesмofмtheмluxм
complexesмф kΦ хмcoincideмwithмtheirмefectiveмvalues
ф

k
хъмTheмtypicalмrelationshipмbetweenмtheмcoilмvolщ

tageмandмitsмluxмhasмtheмform:

        1 0 ,k k kU j w k= ω Φ = Φ                 фюх

where the constant

        0 1 .k j w= ω                             (3)

Theмmagneticмluxesмinмtheмmagneticмcircuitмфigъмэх:

legΦ  – in the leg; 

sideΦ  – in the side yoke;

Φ a
j
 – in the joint yokeмfromмtheмsideмofмtheмleg

towards the internal winding aw  ;

, , ,a b c d
j j j j
δ δ δ δ

Φ Φ Φ Φ     – in the joint yokeм fromм theм
side of the windings towards the gaps between the 

windings; 

, , ,b c d e
j j j j
δ δ δ δ

Φ Φ Φ Φ     – in the joint yokeм fromм the
side of the gaps towards the windings;

e
jΦ  – in the joint yokeмfromмtheмsideмofмtheмexterщ

nal winding w
e
 towards the side yoke.

Theмmagneticмluxesмinмtheмtransformerмwindow:

1 2 3 4, , ,
δ δ δ δ

Φ Φ Φ Φ      – in the channels between the

windings;

FigъмэъмMagneticмluxesмinмtheмsteelмandмinмtheмwindowмofмaм5щwindingмshellмtransformer

Joint yoke Joint yoke

Side

yoke
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, , , ,a b c d eΦ Φ Φ Φ Φ     мwithinмtheмbulkмofмtheмwinщ
dings.

Unlikeмtheмluxesмinмtheмwindowмofмtheмidealizedм
doubleщwindingмtransformerшмtheseмluxesмareмnotмinщ
phase and depend on the nature of the winding loads.

The following relations are obvious between the 

magneticмluxesмinмtheмnodesмofмtheмmagneticмcircuit:

            ;a a
leg j a j

δΦ ≡ Φ = Φ + Φ                  (4)

  1 ;a b
j j
δ δ

δΦ = Φ + Φ                (5)

  ;b b
j b j
δ δΦ = Φ + Φ   м мммммммммммммф6х

  
2 ;b c

j j
δ δ

δΦ = Φ + Φ                 (7)

  ;c c
j c j
δ δΦ = Φ + Φ                 (8)

  3 ;c d
j j
δ δ

δΦ = Φ + Φ   м мммммммммммммф9х

  ;d d
j d j
δ δΦ = Φ + Φ   м мммммммммммфэьх

  
4 ;d e

j j
δ δ

δΦ = Φ + Φ   м мммммммммммфээх

    .e e
j e j e side
δΦ = Φ + Φ ≡ Φ + Φ     ммммммммммммфэюх

The principal idea of creating an expanded equivaщ
lentмelectricalмcircuitмфinмtheмsenseмthatшмalongмwithмtheм
electrical values ( 1 2 5, ,...,U U U   шм 1 2 5, ,...,I I I   хшмitмwillм
displayмallмofмtheмaboveщlistedмmagneticмluxesшмiъeъшм
they can be seenхмwillмbeмimplementedмthroughмdiщ
rectly using these relations.

Theмmagneticмresistancesмofмtheмannularмchannelsм
in the window:

      
1 2

0 1 0 2

3 4
0 3 0 4

; ;

; .

M M

M M

h h
R R

s s

h h
R R

s s

δ δ
δ δ

δ δ
δ δ

= =
µ µ

= =
µ µ

           фэях

where the lower index in the notation for the surface 

area (s
k
) coincides with the notation for width of the 

corresponding annular channel:

      
1 1 1 2 2 2

3 3 3 4 4 4

, ,

, .

s D s D

s D s D

δ δ δ δ

δ δ δ δ

= π δ = π δ
= π δ = π δ

ммммммммммммфэ4х

Theмmagneticмresistancesмofмtheмannularмchannelsм
occupied by the windings:

       0 0

0 0

; ;

; ,

M M
a b

a b

M M
c d

c d

h h
R R

s s

h h
R R

s s

= =
µ µ

= =
µ µ

м ммммммммммфэ5х

where

 
, , ,

, .

a a b b c c

d d e e

s D a s D b s D c

s D d s D e

= π = π = π
= π = π

мммммммфэ6х

Theseмvaluesмareмusedмtoмdetermineмtheмtermsмthatм
areмpartмofмtheмexpressionмforмtheмshortщcircuitмфsыcхм
inductance of the corresponding pair of windings. 

Forмconvenienceмofмnotationмforмtheмinductancesшмletм
usмintroduceмaмcoeicient

  

2
1 0

0 .
w

h

µ
β = м мммммммммммммммммммммммммфэ7х

Toмconstructм anм equivalentм circuitм forм aм threeщ
windingмtransformerмwithмaшbшcщwindingsшмweмshouldм
consider the properties and characteristics of three 

4Tщshapedмcircuitмmodelsмofмdoubleщwindingмtransщ
formersмфa/bшмb/c and a/cхмthatмcanмbeмseparatedмfromм
itмandмessentiallyмcomprisingмitъ

Negative inductances in a model of a double-wind-

ing transformer.мInмviewмofмtheмnotationsмintroducedшм
theмequivalentмcircuitмofмanмidealizedмdoubleщwindingм
aшbщtransformerмtakesмtheмformмshownмinмigъмюшa. Fig. 

юшb next to it shows the equivalent circuit for aшмbшcщ
transformerъ

Figъмюъм4 щshapedмequivalentмcircuitsмofмdoubleщwindingмaшbщмфа) and bшcщмфb)

transformers

a) b)
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Inмcontrastмwithм[эяшмэ4]шмforмtheмsakeмofмconveщ
nience the branches with negative inductances are 

displayed vertically in both circuits. Both circuits are 

of the reduced 4T- shapedшмasмtheyмcontainмfourмtransщ
verseмarrowsшмeachмhighlightingмaмmagneticмluxмinмoneм
ofмtheмpartsмofмtheмmagneticмcircuitъмUsingмKirchhof sм
secondмlawшмweмcanмverifyмthatмEqsъмф4хшмф5хшмф6хмholdм
inмtheмcircuitмinмFigъмю шмandмEqsъмф6хшмф7хшмф8хмholdмinм
theмcircuitмinмFigъмю ъмAllмinductancesмinмtheмcircuitsм
фFigsъмю шмю хмareмseriesщconnectedъмTheirмtotalмvalueм
inмeachмcircuitмisмtheмtypicalмshortщcircuitмinductanceм
(LshхъмForмtheмcircuitмinмigъмюша

  1
sh
ab a bL L L Lδ= + + м мммммммммммфэ8х

andмforмtheмcircuitмinмigъмюшb

   2 .sh
bc b cL L L Lδ= + + м мммммммммммфэ9х

Howeverшмunlikeмconventionalмtheoryмфdescribedм
inмtextbooksхшмtheмnewмtheoryм[эяшмэ4]мregardsмeachм
componentмofмtheмshortщcircuitмinductanceмnotмasмaм
leakageм inductanceшмbutмasмaм functionalмelementмofм
theмequivalentмcircuitшмorмasмaмmeans for displaying the 

powerмlowмфorмtheмPoyntingмvectorхмthroughмtheмcorщ
respondingмsegmentмofмtheмtransformerмwindowъмBeщ
causeмofмthisшмtheмquantitiesм

       
1 0 1 2 0 2

3 0 3 4 0 4

; ;

;

L s L s

L s L s

δ δ δ δ

δ δ δ δ

= β = β
= β = β

           фюьх

should be called the inductance of power transportation 

(or the inductance of Poynting vector transportation) 

in the corridors between the windingsмorмjustмcorridor 

inductancesшмwhileмeachмofмtheмquantities:

           
0 0 0

0 0

; ; ;
3 3 3

;
3 3

a b c
a b c

d e
d e

s s s
L L L

s s
L L

= β = β = β

= β = β
мммммфюэх

should be called the inductance of power low increase 

(or the inductance of Poynting vectorм increaseхшм ifм itм
belongsмtoмtheмprimaryмwindingшмorмtheмinductance of 

power low decrease (or the inductance of Poynting vec-

torмdecreaseхшмifмitмbelongsмtoмtheмsecondaryмwindingъ
The branches with negative inductances should 

beмallocatedмinмtheмequivalentмcircuitмofмtheмdoubleщ
windingмtransformerмforмthreeмreasons:
эхм forм localizingм theмluxesмpassingм throughм theм

bulk of the windings ( aΦ шм bΦ мinмigъмюша and ,b cΦ Φ 

inмigъмюшb); these branches are then used to display 

theмcontributionмofмtheмluxesмinмtheмbulkмofмtheмwindщ

ingsмtoмtheirмluxмlinkageмфseeмformulaeмф57хмandмф58хм
inм[э4]х;
юхмtoмclearlyмdemonstrateмtheмsuperщмandмcounterщ

luxesмinмtheмmagneticмcircuitмinмcaseмofмaмshortмcircuitм
inмoneмofмtheмtransformer sмwindings;
яхмtoмconvenientlyмimplementмtheмkeyмideaмofмtheм

paperшмwhichмisмinмconstructingмtheмequivalentмcircuitsм
forмmultiщwindingмtransformersмbyмstitching together 

фcombiningхм theмcircuitмmodelsмofмdoubleщwindingм
transformersъ
Shortщcircuitмsuperщмandмcounterщluxesмareмdeterщ

minedмbyмcomparingмtheмsыcмluxesмwithмtheмnoщloadм
luxмф oΦ хмinмtheмsteelмmagneticмcircuitмwhichшмinмviewм
ofмtheмassumptionsмmadeмearlierшмtakesмtheмsameмvalщ
ueмinмallмpartsмofмtheмmagneticмcircuitмregardlessмofм
whichмofмtheмwindingsмфigъмэхмisмpoweredмbyмtheмpriщ
maryмvoltageм 1U :

       

1
0

0

.
U

k
Φ =


 м мммммммммммммммммммммммммфююх 

Ifмonlyмtwoмwindingsмareмusedмinмaм5щwindingмtransщ
formerшмtheмotherмthreeмcanмbeмregardedмasмmeasuringм
coilsшмwhichмallowsмtoмassessмtheмmagnitudesмofмtheм
superщмandмcounterщluxesмinмsыcмmodesмofмdoubleщ
windingмtransformersъ

Note 1ъмWeмareмgoingмtoмuseмtheмgeometricмdimenщ
sionsмofм theмwindingsм forм theм5щwindingм transformerм
фigъмэхшмpresentedмinм[ээ]шмforмourмcalculationsмфinмmilщ
limetersх:

41, 43, 10, 10, 10, 438,

578, 667, 723, 769,

a

b c d e

a b c d e D

D D D D

= = = = = =
= = = =

1 2 3 4 1

2 3 4

28, 18, 18, 13, 507,

639, 695, 746, 979.

D

D D D h

δ

δ δ δ

δ = δ = δ = δ = =
= = = =

Theмnumberмofмturnsмofмtheмwindingмisмwэм=мэььъм
Theмcrossщsectionalмareasмofмtheмwindingsмareмthenм

equalмtoмфinмmю):

s
a
м=мьшь564;мs

b
м=мьшь78э; s

c
м=мьшьюэь;мs

d
м=мьшьюю7; 

s
e
 =мьшью4юъ

Theмcrossщsectionalмareasмofм theмgapsмbetweenмtheм
windingsмareмthenмequalмtoмфinмmю):

sδ1 = 0,0446; sδ2 = 0,0361; sδ3 = 0,0393; sδ4 = 0,0305.

AccordingмtoмфюьхмandмфюэхшмweмobtainмthatмфinмmHх:

Lδ1 = 0,5724; Lδ2 - 0,4638; Lδ3 = 0,05044;

Lδ4 = 0,03910;
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L
a
м=мьшю4эя;мL

b
м=мьшяя4ь; L

c
м=мьшь896;

L
d
м=мьшь97э;мL

e
 =мьшэьяяъ

Shortщcircuitмresistancesмforмtheмpairsмofмwindingsмareм
obtainedмbyмEqsъмфэ8хшмфэ9хмandмsimilarмonesмфinмmHх:

1,1479; 2,696; 3,1505;

3,8393; 0,8876; 1,6685;

2,3573; 0,6913; 1,3801;

0,5916.

sh sh sh
ab ac ad

sh sh sh
ae bc bd

sh sh sh
be cd ce

sh
de

L L L

L L L

L L L

L

= = =

= = =

= = =

=

Let us consider an aшbщtransformerмфigъмюшмa). The 

other three windings (cшd  and eхмareмopenмфigъмэхъм
Regardless of whether the winding a or b is the priщ
maryмoneшмtheмsыcмcurrentмisмequalмto

           1 1

1

.
( )

sh sh
a bab

U U
I

j L L Lj L δ
= =

ω + +ω

 
 мммммммммммюях

The aщwindingм isмprimaryмф 1 aU U=  хшм thereforeм
theмluxмinмtheмcore

        

1

0

1
0

0

2

1 1 ,
2 2

a
sh

a shsh
leg j

a a

sh sh
ab ab

L
U j I

k

L LU

k L L

  
− ω − ⋅    

Φ ≡ Φ = =

   
= + = + Φ   

   

 
 




ммммфю4х

andмtheмluxмinмtheмsideмyoke

             0

1
0

0

2

.
2 2

b
sh

b shsh
side j

b b

sh sh
ab ab

L
j I

k

L LU

k L L

  
ω − ⋅    

Φ ≡ Φ = =

= − = − Φ


 




мммммммфю5х

Since 0
sh
legΦ > Φ шмthenмtheмluxм sh

legΦ  is the super-

luxп Since sh
sideΦ мisмdirectedмtowardsмtheмluxм sh

legΦ шм

then sh
sideΦ  is the counterоluxъмInмourмcaseшмweмobtainм

forмtheмsuperщluxмinмtheмlegмofмtheмaшbщtransformer:

0
1

0 0
1

= 1
2( )

1 1,105 .
2 6 2

sh sh a
leg leg

a b

a

a b

L

L L L

s

s s s

δ

δ

 
Φ ≡ Φ + Φ = + + 

 
= + Φ = Φ + + 

  

 

Itsмcounterщluxмinмtheмsideмyokeмisмequalмto

(

0
1

0 0
1

2( )

0,146 .
2 6 2 )

sh b
side

a b

b

a b

L

L L L

s

s s s

δ

δ

Φ = − Φ =
+ +

= − Φ = − Φ
+ +

 

 

Allмwindingsмhaveмtheмsameмnumberмofмturnsшмsoм
the voltage readings in the c, d, e windings are idenщ
tical and equal to:

( )

0

1 1
1

0,146 .
2 6 2

sh sh sh sh
c d e side

b

a b

U U U k

s
U U

s s sδ

= = = Φ =

= − = −
+ +

   

 

Theмirstмrowмofмtableмэмlistsмtheмnumericalмvaluesм
ofмcurrentsмandмvoltagesмinмtheмsыcмmodeмunderмconщ
sideration at 1 1000 .aU U W≡ =   The frequency

f =м5ьмHzмwasмusedмwhenмcalculatingм theмcurrentsъм
Theмfrequencyмisмnotмinvolvedмinмtheмratiosмforмluxesм
and voltages. Designation Tr.мfromмtheмwordмTrans-

former.

Tableмэ
Examples of calculating voltages and currents in the 5-winding transformer

Example Quantity
Windingsмфigъмэх

a b c d e

э

ф шbщTrъх

U
k
 (Volt)

sh
kI мфAmpereх

эььь

ю77юш9

ь

ю77юш9

э46

ь

э46

ь

э46

ь

ю

(b,aщTrъх

U
k
 (Volt)

sh
kI мфAmpereх

ь

ю77юш9

эььь

ю77юш9

ээ46

ь

ээ46

ь

ээ46

ь

3

(b,aщTrъх

R м=мэΩ

U
k
 (Volt)

мфAmpereх

94ьш7
ф945шях

94ьш7
ф945шях

эььь
фэьььх

94ьш7
ф945шях

эьэ8
фэьэ5шях

ь
фьх

эьэ8
фэьэ5шях

ь
фьх

эьэ8
фэьэ5шях

ь
фьх

sh
kI
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Shortщcircuitм superщм andм counterщluxesм inм theм
sameмtransformerмchangeмplacesмifмtheмbщwindingмis
primaryмandм 1 bU U=  м фiъeъшм inм theмbшaщtransformer
фigъмюшa)). The current shI м forм theм shortщcircuited
aщwindingмcoincidesмwithмitsмvalueмфюяхшмandмtheмluxм
inмtheмlegмbecomesмtheмcounterщlux:

 0

1
0

0

2

,
2 2

a
sh

a shsh
leg j

a a

sh sh
ab ab

L
j I

k

L LU

k L L

  
ω − ⋅    

Φ ≡ Φ = =

= − = − Φ


 




whileмtheмluxмinмtheмsideмyokeмisмtransformedмintoмtheм
superщlux

1

0

1
0

0

2

1 1 .
2 2

b
sh

b shsh
side j

b b

sh sh
ab ab

L
U j I

k

L LU

k L L

+ ω ⋅
Φ ≡ Φ = =

   
= + = + Φ   

   

 
 




Theмvoltageмreadingsмfromмtheмcшмdшмe windings will 

exceedмtheмappliedмvoltageшмasмshownмinмtheмsecondм
rowмofмTableмэ:

0

1 1
1

1 1,146 ,
2 6 2 )

sh sh sh sh
c d e side

b

a b

U U U k

s
U U

s s sδ

= = = Φ =

 
= + = + + 

   

 

thusмconirmingмtheмoccurrenceмofмtheмsыcмsuperщluxм
in the side yoke.

Theм thirdм rowмofм tableмэмdemonstratesм thatм itм isм
possibleмforмaмsuperщluxмtoмemergeмatмaмloudмR м=мэмΩъм
The calculations are given in the Appendix.

Double-winding elements of the three-winding 

transformerъмWithм theмd and e windingsмopenшм theм
5щwindingм transformerм becomesм aм threeщwindingм
aшbшcщtransformerъмItмcontainsмthreeмdoubleщwindingм
transformers:мaшbщшмbшcщм andмaшcщtransformersм фseeм
igsъмюшашмюшbшмandмяша).

Inмtheмschematic (igп яшахшмL
a
 is the inductance of 

power low increaseшмandмL
c
 is the inductance of power 

low decrease. Since the width of the corridor between 

the windings a and c is equal to

δэмчмbмчмδюмш

then the inductance of power transportation in this 

corridor

 Lδэ чмbмчмδюм= 
β0 (Sδ1 + S

b
мчмSδ2).           фю6х

Takingмintoмaccountмфюьхмandмфюэхшмitмcanмbeмrepщ
resented as:

     1 2 1 2

3 3
.

2 2
b b bL L L L Lδ + +δ δ δ= + + +          фю7х

Theмmagneticмluxм inм theм corridorмbetweenм theм
windings 

( 1 2)

( 1 2) 1 2
0

.
b

b b

j L I

k

δ + +δ
δ + +δ δ δ

ω
Φ = Φ + Φ + Φ =


    фю8х

Figъмяъм4Tщshapedмequivalentмcircuitмofмaмdoubleщwindingмaшcщtransformerмwithмtheмconcentrated
inductance Lδэ чмbмчмδю (aхмandмitsмpartitionмintoмfourмcomponentsмwithмtheмcentralмnodeмq (b)

Example Quantity
Windingsмфigъмэх

a b c d e

4

(a, cщмTrъх

U
k
 (Volt)

sh
kI мфAmpereх

эььь

эя4яшя

445

ь

ь

эя4яшя

э8ш9

ь

э8ш9

ь

Endingмtableмэ

a) b)
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Itмfollowsмfromмфю7хмandмфю8хмthatмtheмluxмinмtheм
bulk of the open bщwindingмisмequalмto

   
0

3 3

2 2
,

b b

b

j L L I

k

 ω +  
Φ =


            фю9х

whichмisмshownмinмigъмяшbъмItмisмalsoмpossibleмtoмidenщ

tify the quantities 0
b

jk δΦ  and 0
b
jk δΦ м inм theм scheщ

maticшмmarkedмbyмdashedмlinesъмTheмresultм isмaм6Tщ
shapedмequivalentмcircuitмofмaмdoubleщwindingмtransщ
formerшмwhichмwasм aм consequenceмofм dividingм theм
corridor between its a and c windings into three anщ
nularмchannelsмwithмtheмwidthsм эшмb andм юъ

Note 2. By partitioning the corridor into a larger 

numberм ofм channelsшм itм isм possibleм toм constructм anм
equivalentм circuitмwithм anм arbitraryм largeмnumberмofм
transverseмarrowsшмthusмobtainingмaмdistributed structure 

forм theм equivalentм circuitм ofм theм doubleщwindingм
transformerъ

The internal inductance of the a,c-transformer (or 

theмsыcмinductanceхмfromмtheмsideмofмtheмaщwindingм
with the cщwindingмshortмcircuitedмisмequalмto:

1 2 1 2( 3 )

0,00237H.

sh
ac a b c a b

sh sh
c ab b bc

L L L L L L L L

L L L L

δ + +δ δ δ= + + = + + + +

+ = + + =

Note 3.мThisмexpressionмimpliesмaмusefulмrelation

          ( )sh sh sh
b ac ab bcL L L L= − +             фяьх

whichмwillмbeмusedмbelowмwhenмstudyingмaмthreeщwindingм
transformerъ

For the s/c current we obtain

1 = 1343,3sh sh
ac

U
I

j L
=

ω


 A.

Similarмtoмфю4хмandмфю5хшмweмindмtheмluxesмinмtheм
sыcмmode:

0

0 0
1 2

1
2

1 1,051 ;
2 6( ) 2

a shsh a
leg j sh

ac

a

a b c

L

L

s

s s s s sδ δ

 
Φ ≡ Φ = + Φ = 

 

 
= + Φ = Φ + + + + 

  

 

0

0
1 2

2

0,0189 .
2 6( ) 2

b shsh c
side j sh

ac

c

a b c

L

L

s

s s s s sδ δ

Φ ≡ Φ = − Φ =

= − = − Φ
+ + + +

  



They are weakened due to the fairly wide gap 

betweenмtheмwindingsмфseeм theм lastм rowмofм tableмэхъм
The voltages in the open windings eшмd are equal to:

0 10,0189 .sh sh sh
e d sideU U k U= = Φ = −  

Theмvoltageмatмtheмterminalsмofмtheмopenмbщwinщ 
dingмcanмbeмfoundмfromмitsмluxмlinkage

 0 1( ) .
2

b
b b leg aU j k δ

 Φ
= ωΨ = Φ − Φ − Φ − 

 

        фяэх

InмtheмsыcмmodeмweмobtainмфseeмTableмэх

1

1

1 1

( )
2

3 3

2 21 0,445 .
2

sh
sh sh sh sh b
b a

a b

a

sh sh
ac ac

U k

L L
L

L
U U

L L

δ

δ

 Φ
= Φ − Φ − Φ − = 

  
 

+ + 
= + − = 

 
 

   

 

ст0

Note.мTheмsыcмvoltagesмlistedмinмtableмэмareмpreщ
sentedмasмtheмconsequencesмofмtheмemergenceмofмsuщ
perщмandмcounterщluxesъмThisм indicatesм thatмunderм
realм conditionsм theмmagneticм circuitм isшмirstlyшмunщ
evenlyмmagnetizedмinмanмsыcшмandшмsecondlyшмitsмpartм
containingмtheмsuperщluxмcanмturnмoutмtoмbeмфdependщ
ingмonм theмcrossщsectionмofм theмmagneticмcircuitм inм
thisмpartхмanмorderмofмmagnitudeмmoreмsaturatedмthanм
underм theмnoщloadмconditionsъмWithм suddenм shortм
circuitsмthisмmayмleadмtoмanмincreaseмinмtheмinitialмsыcм
byмюьщяьсмfromмitsмcalculatedмvalueмdeterminedмbyм
theмformulaeмofмtheмconventionalмtheoryмфknownмtoм
haveмbeenмderivedм inмdisregardмofм theмmagnetizingм
currentsшмiъeъшмassumingмthatмtheмmagneticмcircuitмisм
demagnetizedмinмtheмeventмofмanмsыcмфseeм[4шмpъмяь7]шм
[8шмpъ8эмandмpъмэяэ]шмetcъххъмTheмerrorмupмtoм5ьсмoccursм
inмtheмcalculationsмofмelectrodynamicмforcesмunderмaм
short circuit.

A 6T-shaped equivalent circuit of an idealized 

three-winding transformerъмComparingмtheмmodelмofм
theм doubleщwindingмaшcщtransformerм фigъм яшbхмwithм
theмtwoмcircuitsмinмigъмюшмweмcanмconcludeмthatмitмcanм
be regarded as the result of stitching the equivalent 

circuits of the aшbщмandмtheмbшcщtransformersмinмnodeм
q. If we preserve the vertical branch with the negative 

inductanceмфщL
b
мыюхшмweмobtainмaмthreeщpoleмcircuitшм

whichм isм theм equivalentм circuitм ofм aм threeщwindingм
(aшbшcхщtransformerмфigъм4хъмTheмproofмisмinмcheckingм
whether the boundary conditions thatм theм threeщ
windingмtransformerмmustмsatisfyмareмfulilledмinмthisм
schemeшмthatмisмtoмsayшмthatмtheмtransformerмmustмbeм
simultaneously:м
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Figъм4ъм6Tщshapedмequivalentмcircuitмofмanмidealizedмthreeщwindingмtransformer

an aшbщtransformerмfromмtheмsideмofмpolesмэмandмюм
(with pole 3 idle);

a bшcщtransformerмfromмtheмsideмofмpolesмюмandмям
фwithмpoleмэмidleх;

an aшcщtransformerмfromмtheмsideмofмpolesмэмandмям
фwithмpoleмюмidleхшмwhichшмobviouslyшмfollowsмfromмtheм
aboveщdescribedмprocedureмofм stitchingм theм subcirщ
cuits along the negative inductance фщL

b
мыюх. A fourth 

boundaryм conditionм isм alsoм satisiedшм iъeъшм thatм theм
inductance фщL

b
мыюхмisмsimultaneouslyмincludedмinмtheм

aшbщ and the bшcщtransformers. The circuit obtained 

alsoмcompliesмwithмtheмinternalмpropertiesмofмtheмtransщ
formerмbothмinмtheмrelationshipsмbetweenмtheмluxesм
and in the winding currents:

      .a b cI I I= +                фяюх

Theмaccuracyмofмtheмcircuitмфigъм4хмisмconirmedм
by the fact that the inductances of the circuit branchщ
esмemergingмfromмnodeмq coincide with the known 

expressions for LэюяшмLюэя and Lяэюмthatмhaveмbeenмirstм
obtainedмinм[э]мasмcombinationsмofмsыcмresistancesмofм
separateмdoubleщwindingмtransformersъмInмparticularшм
we can write for the inductance of the branch between 

nodesмэмandмq directlyмbyмtheмschematicмфigъм4хшмtakщ
ingмintoмaccountмrelationмфяьхш

1, 1

123

( )
2

( )
,

2 2

b
q a b

sh sh sh sh sh sh
ac ab bc ac ab bcsh

ab

L
L L L L

L L L L L L
L L

δ= + + + =

− + + −
= + = =

whereмtheмpenultimateмfractionмcoincidesмwithмtheм
expression for Lэюя fromм[4]мafterмitsмindicesмaшbшc are

substitutedмforмэшюшяшмrespectivelyъмTheмinductanceм
ofмtheмbranchмemergingмfromмnodeмqмtoмnodeмюмofмtheм
central bщwindingмisмnegativeмandмcanмbeмrepresenщ
ted as

2,

213

( )

2 2

0.
2

sh sh sh
ac ab bcb

q

sh sh sh
ba bc ac

L L LL
L

L L L
L

− +
= − = − =

+ −
= = <

Forмtheмinductanceмofмtheмbranchмemergingмfromм
node q to node 3 of the external cщwindingшмweмhave

3, 2

312

1
( )

2

( )
.

2 2

q b b c

sh sh sh sh sh sh
ac ab bc ac cb absh

bc

L L L L L

L L L L L L
L L

δ= + + + =

− + + −
= + = =

Whenм comparingм theseм expressionsм withм theм
knownмformulaeшмitмshouldмbeмborneмinмmindмthatмinм
contextшмofмcourseм .sh sh

pq qpL L=

Flux linkage in the central winding of the three-

winding transformerъмInмanмidealizedмthreeщwindingм
transformerш
      1 0 1/ ;a aU j k w= ωΨ = Ψ               (33)

      2 0 1/ ;b bU j k w= ωΨ = Ψ               (34)

      3 0 1/ ;c cU j k w= ωΨ = Ψ               (35)

Itмfollowsмfromмtheseмexpressionsмandмtheмcircuitм
schematicмфigъм4хмthatмtheмluxмlinkageмinмtheмwindingsм
can be written as:

         1
1 ;

3

a
a leg

w
w

Φ
Ψ = Φ −


  м мммммммммммфя6х

        2 ;b

U

j
Ψ =

ω


              (37)

        1 1
1 1 .

3 3

c c c
c j side

w w
w wδ Φ Φ

Ψ = Φ + → Φ +
 

      (38)

The arrow in the last expression indicates the 

equalityмofмtheмluxesм c
j side
δΦ = Φ  мinмtheмthreeщwinщ

dingмtransformerъмExpressionsмфя6хмandмфя8хмcoincideм
withмformulaeмф57хмandмф58хмinм[э4]ъ
Toмexpandмфtoмopenхмexpressionмфя7хшмitмisмnecesщ

saryмtoмdetermineмtheмvoltagesмshownмbyмtheмdashedм
arrowsмinмigъм4мandмdenotedмasмtheмproductмofмkь by 

,a c
b bΦ Φ   and b

bΦ ъм Itм followsм fromм theм circuitм thatм
areмrelatedмthroughмaмsystemмofмequations
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    ;a c
b b bΦ + Φ = Φ   м ммммммммммфя9х

  0

3
;

2

a
b b ak j L IΦ = ω  м ммммммммммф4ьх

  0

3
,

2

c
b b ck j L IΦ = ω  м ммммммммммф4эх

whence it follows that

  ;a a
b b

a c

I

I I
Φ = Φ

+


 

  м ммммммммммф4юх

  .c c
b b

a c

I

I I
Φ = Φ

+


 

              (43)

Thenмitмfollowsмfromмtheмexpressionмforмtheмvoltage

     0

3 3

2 2
b b a b ck j L I j L IΦ = ω + ω             (44)

that

  0 ,
2 3( )

b b

a c

L k
j

I I

Φ
ω =

+


              (45)

and we obtain for the voltage in the vertical branch

            0
0

2 3

b b b b
b b

a c

L I k
k j I

I I

Φ
Φ = ω =

+

 
  ммммммммммф46х

or

         0
0 .

3

a cb b
b

a c

I I k
k

I I

− Φ
Φ =

+

  


              (47)

Asмaм resultшм theм voltageм inм theм terminalsмofм theм
central winding can be represented as

2 0 0 0

0
0 0 .

3

b a b
j b b

a cb a b
j b

a c a c

U k k k

I II k
k k

I I I I

δ

δ

= Φ − Φ + Φ =

− Φ
= Φ − Φ + ⋅

+ +

   

  
 

   

Takingмintoмaccountмфяхшмфяюхмandмфя7хшмweмobtainм
theмformulaмforмtheмdesiredмluxмlinkage:

 1 1
3 .

b
a

b

b j b
a c

I
I

w w
I I

δ
−

Ψ = Φ − Φ
+




  
              (48)

A 6T-shaped equivalent circuit of a real three-win-

ding transformerъмRefъм[э4]мexaminedмinмgreatмdetailм
theмtechniqueмofмenhancingмtheмcircuitмmodelмofмtheм
idealizedмtransformerмbyмtheмwindingмresistancesмandм
the transverse branches to take into account the active 

andмreactanceмlossesмinмtheмsteelшмincludingмtheмsectionsм
betweenмtheмtankмandмtheмmagneticмcircuitмpartsшмinм
orderмtoмobtainмtheмequivalentмcircuitмofмaмrealмdoubleщ
windingмtransformerъмSimilarlyшмtheмidealizedмmodelм
фigъм4хмcanмbeмsubstitutedмbyмtheмequivalentмcircuitмofм
aм realм threeщwindingм transformerшм asм shownмbyм theм
dashedм linesм inмigъм5ъмTheмnotationsм forм theмaddedм
inductancesмandмluxesмcorrespondм toм theмonesмadщ
optedм inм[э4]ъмNonlinearм inductancesмandмtheмconщ
ductivitiesмparallelщconnectedмtoмthemмcorrespondмto:

L
leg
шмg

leg
м toм theм legм inмwhichм theмluxм legΦ м lowsм

фigъмэх;
a
jL δ шм a

jg δ м toмtheмpartмofмtheмjointмyokeмinмwhichм

theмluxм a
j
δΦ мlows;

,b
jLδ  ,b

Jgδ мtoмtheмpartмofмtheмjointмyokeмinмwhichм

theмluxм b
j
δΦ мlowsшмetcъ

Theмlinearмinductancesмseriesщconnectedмtoмthemм
areм introducedм toм takeм intoм accountм theмmagneticм
luxesмoccurringмdueмtoмtheмiniteмpermeabilityмofмsteelм
or its saturation. They correspond to:

2
0 0 0 1 /L s w hδ δ= µ мtoмtheмsegmentмwithмtheмwidth

δь between the leg and the internal aщwindingшм inм
whichмtheмluxм 0δΦ мlowsмфigъмэх;

Figъм5ъм6 щshapedмequivalentмcircuitмofмaмrealмthreeщwindingмtransformer



Electrical Engineering

59

2
0 1 /oj oj oj

a a aL s w lδ δ δ= µ мtoмtheмsegmentмwithмtheмsurщ

face area oj
as δ  and the length oj

al δ мbetweenмtheм joint

yokeмandмtheмtankшмinмwhichмtheмluxм oj
aδΦ мlowsмparalщ

lelмtoмtheмluxм a
J
δΦ мinмtheмjointмyoke;

2
0 1 /oj oj oj

b b bL s w lδ δ δ= µ мtoмtheмsegmentмwithмtheмsurщ

face area oj
bsδ  and the length oj

blδ мbetweenм theм jointм

yokeмandмtheмtankшмinмwhichмtheмluxм oj
bδΦ мlowsмpaщм

rallelмtoмtheмluxм b
j
δΦ мinмtheмyokeшмetcъ

Note 4.мTheмcircuitмфigъм5хмshouldмalsoмbeмcompleщ

mentedм withм theм resistancesм , ,eddyeddy eddy
a cbR R R  by

dividingмeachмofмthemмintoмaмpositiveмandмaмnegativeмpartшм
forмexampleш

      
3

.
2 2

eddy
eddy eddy b
b b

R
R R

 
= + − 

 
ммммммммммммф49х

The resistance 3 / 2eddy
bR м shouldм beм seriesщconщ

nected with the inductances 3L
b
мымяшмandмtheмnegative

resistance ( )/ 2eddy
bR− м shouldм beм seriesщconnected

withмtheмinductanceмфщL
b
мымюхъмThisмtechniqueмisмsubщ

stantiatedмinм[6шмpъ87]ъмAsмaмresultшмtheмcircuitмwillмobtainм
seven additional resistances for taking into account the 

eddy currents in the windings. The winding resistances 

R
a
, R

b
, R

c 
shouldм beм dividedм similarlyъмTheyм areм notм

shownм inм theм schematicшм soмasмnotм toмoverloadмigъм5ъ
Note 5. The negative inductances in the equivalent 

circuitsмareмtypicallyмregardedмasмaм minor мhindranceмфa 

thorn in the sideхъмMonographм [6]шм speciicallyмdediщ
catedм toмmultiщwindingм transformersшмmentionedм theм
negativeм inductanceмbrielyм inм sevenм linesъмRefъм [5шмpъм
эю5]мgoesмasмfarмasмtoмsuggestм toмdisregardмtheмnegativeм

inductancesмforмtheмmodesмwithмhighмsaturationмofмsteel ъм
Howeverшмitмfollowsмfromмtheмequivalentмcircuitмфigъм5хм
that this can lead to an increased error in calculating the 

superщluxesмinмaмshortщcircuitedмtransformerъмIndeedшм
assumingмforмtheмsakeмofмsimplicityмthatмinмthisмcaseмonlyм
theмlegмisмsaturatedмinмtheмeventмofмanмsыcшмweмobtainмaм
circuitмфigъм5хмwithмaмleftмtransverseмbranchмwhoseмvoltщ
age can be represented as:

    0 0 0 1 .
2

sh sh sha
leg a

L
k k U j Iδ

 
Φ + Φ = − − ω  

          ф5ьх

The s/c current 
sh
aI мisмhighъмTheмsecondмtermмinмtheм

rightщhandмsideмofмthisмexpressionмisмalsoмfairlyмsubstanщ
tial. This is why neglecting it will lead to a substantial

errorмinмdeterminingмtheмsuperщluxм sh
legΦ  in the core. It 

followsмfromмф5ьхмthatмtheмvalueмofмtheмsuperщluxмinмaм
saturatedмshortщcircuitedмtransformerмexceedsмthatмinмanм
unsaturatedмtransformerъ

A 2nT-shaped equivalent circuit of an n-winding 

idealized transformerъмTheмaboveщdescribedмmethodм
of stitchingм 4Tщshapedмmodelsмofм doubleщwindingм
transformersмisмfullyмapplicableмtoмdesigningмanмequivщ
alent circuit for any nщwindingм transformerъмAsмanм
exampleшмigъм6мshowsмanмequivalentмcircuitмofмanмideщ
alizedм5щwindingмtransformerъмTheмnumberмofмtransщ
versalмvoltageмarrowsмфwithмtheмluxesхмinмtheмcircuitм
isмequalмtoмюnш whichмgaveмreasonмtoмcallмitмtheмюnTщ
shapedмmodelъмTheмtotalмnumberмofмnegativeмinducщ
tancesмinмtheмcircuitмisмequalмtoмtheмnumberмofмwindщ
ingsшм inм thisм caseшм iveъм Anyм windingм orм groupм ofм
windingsмcanмbeмregardedмasмprimaryшмtheмrestмofмtheм
windings as secondary ones. The aщwindingмactsмasм
primaryм inм theм schematicм inмigъм 6ъмToмobtainм theм
modelмofм theм realм transformerшм theмcircuitм inмigъм6м
shouldмbeмcomplementedмbyмtransverseмbranchesмtakщ
ingмintoмaccountмtheмlossesмinмtheмsteelшмasмwellмasмtheм
resistancesшмasмdescribedмinмNoteм4ъ

Figъм6ъмEquivalentмcircuitмofмaм5щwindingмtransformer
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Transformation of negative inductances of the in-

ternal windings into mutual inductances. Negative 

inductancesмcanмbeмeliminatedмbyмtransferringмthemм
across the nodes. According to the rules of these 

transformationsм[э8]шмwhenмtransferringшмforмexampleш
the inductance (–L

b
мымюх across node qмфigъм6хшмitsм

value should be added to both inductances 3L
b
мымю 

(after which they will be equal to L
b
хмandмtheмmuщ

tualм inductanceшм equalм toмM
b
 = L

b
м ым юшм shouldмbeм

introducedмbetweenм themшмasм shownм inмigъм7ъмTheм
negative inductances of two other internal windings  

(–L
c
м ым юхмand (–L

d
м ым юхмhave been transferred in

aмsimilarмmannerшмandмtwoмnewмmutuallyмinductive
couplings M

c
 = L

c
м ым юм and M

d
 = L

d
м ым юм have

appearedмinмtheмcircuitъмWithмtheмlabelingмadopщtedм
forмtheмschematicмinмigъм7шмallмmutualмindu tancesмareм
positive.

Negative inductances of the external windings 

(–L
a
мымюхмandмф L

e
мымюхмhaveмbeenмpreservedшмthus

ensuringмthatмallмtransverseмvoltagesмremainмtheмsameм
asмinмtheмcircuitмфigъм6хъмThereforeшмtheмcircuitмinмFigъм
7 can also be converted into a circuit of a real transщ
formerмbyмaddingмtransverseмandмlongitudinalмbranchщ
es which take into account the additional resistance 

andмreactanceмlossesшмasмdescribedмaboveмforмtheмcirщ
cuitмinмigъм6ъ

A compact ladder equivalent circuit for an idealized 

transformer without negative inductancesъмCombiningм
theмseriesщconnectedмinductancesмbetweenмtheмnodesм
ofмtheмcircuitмinмigъм7шмweмobtainмtheмcircuitмinмigъм8м
with positive inductances equal to the s/c inducщ
tancesмofмtheмcorrespondingмdoubleщwindingмtransщ
formersъм Inмparticularшм byм summingмupм theм inducщ
tancesмbetweenмnodeмэмandмnodeмqшмinмviewмofмфэ8хшм
we have

1

3
.

2 2

sha
a b ab

L
L L L Lδ− + + + =

Similarlyшмforмtheмgroupмofмseriesщconnectedмinducщ
tances to the right of node qш basedмonмфэ9хшмweмind

2 ,sh
b c bcL L L Lδ+ + =

andмsoмonъмAsмaм resultшмweмobtainмaмcompactм ladderм
equivalent circuit of an idealized equivalent nщwindingм
transformerшмdescribedмbyмaмsymmetricмtridiagonalмinщ
ductanceмmatrixмL shown inмigъм8ъмHoweverшмtheмopщ
portunitiesм forмmonitoringм theмluxesшм includingм theм
superщмandмcounterщluxesмinмcaseмofмanмsыcшмareмlostмforм
thisмcircuitъмTheмaccuracyмofмtheмcircuitмmodelмфigъм8хм
isмpartiallyмconirmedмbyмtheмfactмthatмtheмsolutionsмtoм
theмexamplesмinмtableмэмfoundмusingмthisмmodelмcoincideм
withм theмnumericalмdataм forм theмvoltageмcurrentsм inм
tableмэшмpreviouslyмobtainedмfromмtheмanalysisмofмsuperщм
andмcounterмluxesъ

Figъм7ъмEquivalentмcircuitмofмaм5щwindingмtransformerмwithoutмnegativeмinductancesмofмthe
internal windings

Figъм8ъмCompactмladderмequivalentмcircuitмofмtheмidealizedм5щwindingмtransformerмwithмsыc
resistancesмandмitsмtridiagonalмinductanceмmatrix
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Theмstructureмofмtheмcompactмcircuitмфigъм8хмcoщ
incidesмwithмtheмtopologyмofмtheмmodelмinм[ээ]шмbutм
difersмfromмitмbyмtheмelementsмofмtheмmatrixмL which 

isмcompletelyмilledмinмRefъм[ээ]шмasшмaccordingмtoмtheм
hypothesisмofм theмauthorsшмmutualм inductancesмM

i,j

 
should supposedly hold between all inductances of 

theмcircuit sмbranchesъмTheмphysicalмinterpretationмofм
theseмmutualмinductancesмseemsмratherмartiicialшмasм
heyмexhibitмalternatingмsignsъмInмcontrastмtoм[ээшмэю]шм
thisмpaperмpresentedмaмcompactмmodelмфigъм8хмbasedм
onмtheмrigorousмmethodsмofмcircuitмtheoryмinsteadмofм
conjectureмandмhypothesesъмAllмofщdiagonalмelementsм
ofмtheмmatrixмLмareмpositiveшмwhichмfollowsмfromмtheм
veryмmethodмusedмforмobtainingмthemъ

ConclusionъмWeмhaveмobtainedмaмnewмladderмequivщ
alent circuit of an nщwindingмtransformerшмallowingм
to fully represent the physical picture of the proщ
cesses occurring in it by displaying the paths of the 

magneticмluxesмandмtheirмvaluesмinмtheмcircuitъмAмkeyм
featureмofмtheмdesignedмcircuitмisмitsмmodularмstructureм
resultingмfromмstitchingмsimplerмcircuitмmodelsмofмconщ
ventionalмdoubleщwindingмtransformersъмUnlikeмpreщ
viousмmeaninglessмassessmentsмofмtheмnegativeмinducщ
tancesмasм referencingм theмequivalentмcircuitмofм theм
nщwindingмtransformerмwithмtheмrealмrelations шмthisм
paperмregardsмthemмasмelementsмofмtheмcircuitмplayingм
aмkeyмroleмinмdisplayingмtheмmagneticмluxesшмwhichмisм
importantм forм theмdevelopersмofм standardм softwareм
packagesм forм correctlyм simulatingм andм reiningм theм
processesмoccurringмinмaмmultiщwindingмtransformerм
inм abnormalм operationм modesъм Itм wasм rigorouslyм
proved that the equivalent circuit of an nщwindingм
transformerмwithмmutualмinductancesмintroducedмinщ
steadмofмtheмnegativeмonesмisмcharacterizedмbyмaмthreeщ
diagonalмmatrixмofмpositiveмinductancesъмTheмcircuitsм
describedмcanмbeмusedмforмtheмanalyzingмbothмsteadyщ
stateмandмdynamicмprocessesъ

Appendix

Itмseemsмinterestingмtoмevaluateмtheмluxesмandмvoltщ
agesмinмtheмpresenceмofмaмsmallмresistiveмloadмR =мэмΩм
in a bшaщtransformerм фigъмюшa) at 1 1000bU U V= = 

andмcompareмtheмresultsмwithмtheмdataмobtainedмinм[ээшм
pъмя6ь]мforмthisмcaseъмItмfollowsмdirectlyмfromмtheмcircuitм
inмigъмюшa that the current

1

1( )

(884,9 319,1), A ,

b

sh
a bab

U U
I

R j L L LR j L

j

δ
= = =

+ ω + ++ ω

= −

 


 

the absolute value of the current I =м94ьш7м ъмTheм
voltage for the load R =мэмΩмisмequalмto

(884,9 319,1), VaU RI j= = − 

andшмconsequentlyшмU
a
м=м94ьш7мVъмWeмcanмwriteмforм

theмluxмinмtheмcore

1

0 0

0 0

2 2

( )

2
(0,873 0,353) ,

( )

a a
sh

a
leg j sh

ab

a

sh
ab

L L
R j I R j

U

k k R j L

L
R j

j
R j L

   
− ω ⋅ − ω      

Φ ≡ Φ = = =
+ ω

 
− ω  

= Φ = − Φ
+ ω




 

 

andшм consequentlyшм 00,941a
leg jΦ ≡ Φ = Φ  . It also

followsмdirectlyмfromмtheмcircuitмinмFigъмюa that the 

luxмinмtheмsideмyokeмisмequalмto

0

1
0

0

0

2

1 1
2( ) 2( )

(1,0167 0,0464)

b
b

b
side j

b b

sh sh
ab ab

L
U j I

k

j L j LU

k R j L R j L

j

 
− ω − ⋅  

Φ ≡ Φ = =

   ω ω
= + = + Φ =   

+ ω + ω   

= + Φ

 
 






and since 01,018 ,b
side jΦ ≡ Φ = Φ  it can be regarded

asм aм superщluxъм Theм voltagesм inм theм windingsм cшм
dшмe are equal to

0 1

1

1
2( )

1,018

b
c d e side sh

ab

j L
U U U k U

R j L

U

 ω
= = = Φ = + = 

+ ω 

=

   



andмexceedмbyмmodulusмtheмappliedмvoltageмфseeмrowм
ямinмtableмэхъмTheмvaluesмobtainedмinм[ээ]мareмlistedмinм
brackets. The reason for the discrepancy between the 

calculatedмresultsмandмtheмdataмofм[ээ]мisмthatмtheмconщ
ditionsмforмcalculatingмtheмsыcмvoltagesмareмformulatedм
impreciselyмinм[ээшмpъмя54]ъ
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