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2nT-SHAPED EQUIVALENT CIRCUIT OF A TRANSFORMER
COMPRISING n WINDINGS
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2nT-ObPA3HAA CXEMA 3AMELLEHUA TPAHCD®OPMATOPA,
COAEPXALLEIO n ObMOTOK

The new detailed 2n7-shaped equivalent circuits of a transformer containing n concentric windings,
displaying on schematic all magnetic flux between the windings, in the windings, in the elements of the
magnetic circuit and between it and the tank in case of saturation of the magnetic circuit is presented. It
is based on the idea of stitching the 4 7-shaped circuit models for two-winding transformers, considered
as a unit cell of a more complex 2nT-shaped structure. The accuracy of the occurrence in various parts
of the magnetic circuit with short-circuit one or more windings of the magnetic super- and counter-fluxes
in comparison with the fluxes of idling is confirmed. It is shown that the observation of such anomalous
fluxes in the equivalent circuit is possible due to the presence of negative inductances. It is proved that
the multi-winding transformer equivalent circuits without negative elements are characterized by a three-
diagonal matrix of inductances.

TRANSFORMER; PRIMARY AND SECONDARY WINDINGS; MAGNETIC FLUX; EQUIVALENT
CIRCUIT; TREE-WINDING TRANSFORMER; MULTI-WINDING TRANSFORMER; SHORT
CIRCUITED; IDLING; COUPLED INDUCTANCE.

[pencrasneHs HOBbIE pa3BepHYThIe 21 T-00pa3HbIe CXeMbl 3aMellieHHs TpaHC(opMaTopa, CoiepKallero
1 KOHIIEHTPUYECKUX 0OMOTOK, C OTOOpakeHHeM Ha CXeMax BCeX MarHUTHBIX TOTOKOB MeX Ty OOMOTKaMH,
B CaMUX 0OMOTKaX, B 3JIEMEHTaX MarHUTOIPOBO/IA, a TAKXKE MEXTY HUM 1 0aKOM B CJIyyae HaChIIIeHUST
MarLHuronpoBona. B ocHoBy mosnoxeHa uaes ciiuBaHMsl 47T-00pa3HbIX CXeMHBIX MOJAENeil NBYyX-
0OMOTOYHBIX TpaHC(HOPMATOPOB, pacCMaTPUBAEMbIX B KAaUeCTBE 3JIEMEHTAPHbIX siueek 0oJiee CIIOXKHOM
2nT-obpa3Hoii cTpykTyphl. [loaTBep>KaeHa 1OCTOBEPHOCTh BO3HMKHOBEHUS B Pa3JIMYHBIX YaCTIX
MarHMTOIPOBO/IA MPU KOPOTKUX 3aMbIKAHUSIX OHOI WJIM HECKOJIBKUX 0OMOTOK MAarHUTHBIX CBEPX- U
AHTUIIOTOKOB B CPAaBHEHUU C TOTOKAMMU XOJI0CTOrO Xoaa. [TokazaHo, YTo HAOTIOAeHME 3TUX aHOMAJIbHbBIX
MOTOKOB Ha CXeMe 3aMellleHWsI BOBMOXHO OJiarofapsi TPpUCYTCTBUIO B HEW OTPULIATEIbHBIX MHIYK-
TUBHOCTe1. JloKkazaHo, YTO CXeMbI 3aMelleHYs MHOTOOOMOTOYHOIO TpaHCchopMaTopa 0€3 OTpUIIaTeIbHBIX
3JIEMEHTOB XapaKTePU3YIOTCS TPEXAMaroHaJIbHOM MaTpulleit MHIYKTUBHOCTEIA.
TPAHC®OPMATOP; [TIEPBUYHASA U BTOPUYHAI OBMOTKHW; MATHUTHBINM MTOTOK;
CXEMA 3AMEIIEHUS; TPEXOBMOTOYHBIY TPAHC®OPMATOP; MHOTOOBMOTOYHBIN
TPAHC®OPMATOP; KOPOTKOE 3AMBIKAHME; XOJIOCTOM XO; B3AUMHAS MHYK-
TUBHOCTD.

Introduction double-winding ones, which simplifies the connec-

o ) tion between the electric stations and the distribution
A multi-winding transformer is defined asthe one |, atworks and, in general, results in reducing the

with more than two electrically disconnected wind- | ~intenance costs and the total costs of electric
ings. Such a transformer can replace two or several power systems. However, the correct conclusion
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about the benefits of multi-winding transformers
(these also include split-winding transformers) can
be made only by understanding the complete picture
of the physical processes occurring in these trans-
formers, which have not been clarified up to the pres-
ent time. A discussion unfolded about the main fea-
ture of any of their equivalent circuits (polygonal-type
[1-5], tree-type [6], chain-type [1,6], etc.), that is,
of the negative inductances present in them, which
has been cause for alarmist statements such as “there
is no reason to look for a physical explanation of this
phenomenon...” (see p. 56 in [4]). Ref. [5, p. 124]
described the negative inductances as a mathematical
curiosity “due to difference between the RMS and
the mean values of the function”. Ref. [6, p. 89] even
went as far as to state that these “inductances have
no physical meaning”, and the explanation given for
their presence is rather nonsensical: “they merely
coordinate the equivalent circuit with the existing
couplings”. The negative inductances are described
in this same vein in all textbooks, and their low nu-
merical value in comparison with other inductances
is emphasized [7—10]. Despite this, A.Boyjian “phys-
ically interpreted them as a result of mutual-induc-
tance coupling” [3]. Following this study, the authors
of [11, 12] made a critical review of the papers on the
subject and offered to dispose of these “virtual’ values
(as described in [3]) by introducing mutual-induc-
tance couplings (M].J) between all leakage inductan-

ces. Speaking of the three-winding transformer, the
authors of [12] write, “we postulate that L, and L,,

must be mutually coupled “, giving a very vague sense
to M: “The mutual inductance M gives the mag-
netic coupling of the leakage fields between windings
(flux in air)”, but then go on to specify that “M does
not have any relationship with the commonly used
mutual inductance...”. The branch inductance matrix
of their equivalent circuit turns out to be completely
filled, and its off-diagonal elements Mw are deter-

mined by very complex formulae and have different
signs, which raises further questions.

The reason for the above-described vacillations
between “the lack of physical sense” and “physical
interpretation” based on dubious ‘postulates’ is in
the deeply rooted phenomenological approach to
modeling the transformer by external characteristics
with respect to its n + 1 poles (as a rule, by the short-
circuit impedance between the pairs of its windings).
This approach excludes the possibility of controlling
the physical processes inside the transformer, in par-
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ticular, the relationship between the magnetic fluxes
in the individual parts of the magnetic circuit, the
window, the space around the tank, etc., which is
extremely important for assessing the magnetic state
ofthe individual components of the magnetic circuit.
As a result, the issues related to the analysis of elec-
trodynamic stability of transformers in abnormal
conditions remain unsolved. None of the existing
theories, as well as the standard packages (Simulink
Matlab, EMTR-type, etc.) developed on the basis of
these theories, do not allow to even set the problem
on assessing the differences in the saturation of the
individual components of the magnetic circuit with
a sudden short-circuit in one or more of the trans-
former windings (which is important for correctly
assessing the initial short-circuit currents), as it is
erroneously assumed that the magnetic circuit is not
saturated in a short-circuit event (see [4, p. 307] or
[8, p. 81], etc.).

At the same time, asshown in [ 13,14] for a double-
winding transformer, implementing the idea of ob-
taining circuit models with all magnetic fluxes of the
transformer displayed is possible (!) if primary quan-
tities, i.e., the electric and magnetic field strengths
and the Poynting vector, are used as a basis, and if
the operating principles of the transformer are ap-
proached from a completely different perspective.
The equivalent circuits with fluxes give physical sense
to each of the circuit’s elements. It turned out that
allocation of negative inductances was required to dis-
play the magnetic fluxes in the equivalent circuit of
even a double-winding transformer; besides, these
inductances also play a key role in explaining the
physics of magnetic super- and counter-fluxes under
short-circuit conditions and in case of sudden short
circuits. The existence of these fluxes was conclu-
sively proved both experimentally [15] and by con-
structing images of the magnetic fields in a short-
circuited transformer [16, 17].

The goal of this study is in obtaining similar ‘phys-
ical’ circuit models for a multi-winding shell-type
transformer with a clear presentation of all magnetic
fluxes between its windings, in the windings them-
selves, in the elements of the magnetic circuit, as well
as between the magnetic circuit and the tank in case
of saturation of steel (fig. 1). The term ‘physical cir-
cuit models’ is arbitrary and is used in order to:

— emphasize the fundamental difference between
these models and the existing conventional equivalent
circuits which in fact oversimplify the concept of an
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n-winding transformer, describing it as a ‘black box’
with n+1 poles,

— reflect the universal character of the new models
allowing, as a result of slight simplifications, to obtain
the known equivalent circuits, as well as to control
and correct the errors in any other models, for
example, the ones proposed in [11].

Assumptions and notations. In accordance with
the general rules [4,11], let us assume that all windings
have been reduced to the same number of turns, i.e.,

o))

which allows to avoid using strokes that usually mark
the reduced values. In describing the operating prin-
ciples and the key features of any device, the second-
ary factors are initially neglected, and the device is
regarded as a system with the optimal (limit) perfor-
mance indicators, which the real device should ap-
proach. In our case, this means moving on to the
analysis of the performance of the n-winding idealized
transformer (fig. 1) with the following assumptions:

the magnetic circuit is characterized by p_, = o
and the conductivity vy, = o;

the resistances of the windings R, = R, = ...
=R =0;

additional resistances for the steady state,
caused by eddy currents in the windings,

Wa=Wb=WC=Wd=We%W1

eddy _ peddy _ _ peddy _ (.
REAdy — Reddy _ | _ Reddy _ ().

winding height 4= h, where 4 is the height of
the transformer window;

the magnetic field lines in the window are straight
and parallel to the core axis.

Fig. 1 shows the arbitrary positive directions of
the magnetic fluxes. The absolute values of the flux

complexes (D « ) coincide with their effective values
(®,). The typical relationship between the coil vol-
tage and its flux has the form:
where the constant

3)

The magnetic fluxes in the magnetic circuit (fig. 1):

) leg — in the leg;

@ ., — in the side yoke;

side
R a
(I)j
towards the internal winding w, ;
d')‘;s,(bi’.s,d)js,d)?ﬁ — in the joint yoke from the
side of the windings towards the gaps between the
windings;
Cbib ,(i)i’.c,cbid,cbi’.e — in the joint yoke from the
side of the gaps towards the windings;

— in the joint yoke from the side of the leg

d)j — in the joint yoke from the side of the exter-

nal winding w, towards the side yoke.
The magnetic fluxes in the transformer window:

by, D5, Dy, D5, — inthe channels between the

windings;
Joint yoke Joint yoke
|
i D D64
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Fig. 1. Magnetic fluxes in the steel and in the window of a 5-winding shell transformer
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&, ,®,,»,,,,®, —within the bulk of the win-
dings.

Unlike the fluxes in the window of the idealized
double-winding transformer, these fluxes are not in-
phase and depend on the nature of the winding loads.

The following relations are obvious between the
magnetic fluxes in the nodes of the magnetic circuit:

Dy = D4 =D, + OP; 4)
PP = by + O (5)

P = b, + b (6)

PP = g, + DY (7

¥ =, + O )

D = by + ¥ )

¥ = b, + DB (10)

D =y, + DY (11)

¥ =, + 0 =D, + Dy, . (12)

The principal idea of creating an expanded equiva-
lent electrical circuit (in the sense that, along with the
electrical values (U1 ,Uz,...,US , jl’j2 ,...,js ), it will
display all of the above-listed magnetic fluxes, i.c.,
they can be seen) will be implemented through di-
rectly using these relations.

The magnetic resistances of the annular channels
in the window:

where the lower index in the notation for the surface
area (s,) coincides with the notation for width of the
corresponding annular channel:

51 =TD5, 8y, 85, = WDsy9,,

(14)
Sp3 = WD5383, S54 = D548y

The magnetic resistances of the annular channels
occupied by the windings:

HoS, LoSp
h y (15)
HoS. LoSq
where
s, =nD,a, s, =nDyb, s, =nD,c, (16)

s; =nD,d, s, =mnD,e.

These values are used to determine the terms that
are part of the expression for the short-circuit (s/c)
inductance of the corresponding pair of windings.
For convenience of notation for the inductances, let
us introduce a coefficient

B — WIZ!'LO

To construct an equivalent circuit for a three-
winding transformer with a,b,c-windings, we should
consider the properties and characteristics of three
4T-shaped circuit models of double-winding trans-
formers (a/b, b/c and a/c) that can be separated from
it and essentially comprising it.

Negative inductances in a model of a double-wind-

RM _ h RM _ h . ing transformer. In view of the notations introduced,
o1 oS5 > T2 WoSso ’ 3 the equivalent circuit of an idealized double-winding
y h " h (13) a,b-transformer takes the form shown in fig. 2,a. Fig.

Ry = —s; Ry = —s 2,b next to it shows the equivalent circuit for a, b,c-

HoS53 HoS34 transformer.
;%QG'C%_L_Q _ELE,})@& ,%Dci:a&(g_%a L&)@.:
3 _ _ _ g 3 _ T3
[ 1Pl P
e - o e TR o)
4 | %La | La \ %Lb b Y / %Ea i Liz \ %Lc ©
L ta kcifﬁ -,?E, ] L_3 b EIJ'M ,{’EIJEC
J%—UEI:E‘?’S'.,%U@{F T ’%—G?Ijjk_ Hihd i’%—“q:‘fjegl,h@f k—? i Dn' Jkocifaz,%uci: y
N ¥ 4y o MO TN e Y y Y Y : L

l

Fig. 2. 4T-shaped equivalent circuits of double-winding a,b- (a) and b,c- (b)
transformers
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In contrast with [13, 14], for the sake of conve-
nience the branches with negative inductances are
displayed vertically in both circuits. Both circuits are
of the reduced 4T- shaped, as they contain four trans-
verse arrows, each highlighting a magnetic flux in one
of the parts of the magnetic circuit. Using Kirchhoff’s
second law, we can verify that Egs. (4), (5), (6) hold
in the circuit in Fig. 2a, and Egs. (6), (7), (8) hold in
the circuit in Fig. 26. All inductances in the circuits
(Figs. 2a, 20) are series-connected. Their total value
in each circuit is the typical short-circuit inductance
(L*"). For the circuit in fig. 2,a

Lh=1, + L + L, (18)
and for the circuit in fig. 2,6
Ll =1, + Ly, + L,. (19)

However, unlike conventional theory (described
in textbooks), the new theory [13, 14] regards each
component of the short-circuit inductance not as a
leakage inductance, but as a functional element of
the equivalent circuit, or as a means for displaying the
power flow (or the Poynting vector) through the cor-
responding segment of the transformer window. Be-
cause of this, the quantities

Lsy =Bossis Lso = Bossas
L3 = BoSs3s Lsa =BoSsa
should be called the inductance of power transportation
(or the inductance of Poynting vector transportation)

in the corridors between the windings or just corridor
inductances, while each of the quantities:

(20)

N N S
La :BO?a; Lb :Bo?b§ Lc :BO?C;
21
Sd. Se ( )
L, =Bo?a L, =Bo?

should be called the inductance of power flow increase
(or the inductance of Poynting vector increase), if it
belongs to the primary winding, or the inductance of
power flow decrease (or the inductance of Poynting vec-
tor decrease), if it belongs to the secondary winding.

The branches with negative inductances should
be allocated in the equivalent circuit of the double-
winding transformer for three reasons:

1) for localizing the fluxes passing through the
bulk of the windings (®, , ®, in fig. 2,aand ®,,®,
in fig. 2,b); these branches are then used to display
the contribution of the fluxes in the bulk of the wind-

ings to their flux linkage (see formulae (57) and (58)
in [14]);

2) to clearly demonstrate the super- and counter-
fluxes in the magnetic circuit in case of a short circuit
in one of the transformer’s windings;

3) to conveniently implement the key idea of the
paper, which is in constructing the equivalent circuits
for multi-winding transformers by stitching together
(combining) the circuit models of double-winding
transformers.

Short-circuit super- and counter-fluxes are deter-
mined by comparing the s/c fluxes with the no-load
flux ( d)o ) in the steel magnetic circuit which, in view
of the assumptions made earlier, takes the same val-
ue in all parts of the magnetic circuit regardless of
which of the windings (fig. 1) is powered by the pri-
mary voltage U 1

_U

b, = o (22)
0

If only two windings are used in a 5-winding trans-
former, the other three can be regarded as measuring
coils, which allows to assess the magnitudes of the
super- and counter-fluxes in s/c modes of double-
winding transformers.

Note 1. We are going to use the geometric dimen-
sions of the windings for the 5-winding transformer
(fig. 1), presented in [11], for our calculations (in mil-
limeters):

a=41, b=43, ¢=10, d =10, e=10, D, = 438,
D, =578, D, =667, D, =723, D, =769,

The number of turns of the winding is w, = 100.

The cross-sectional areas of the windings are then
equal to (in m?):

s,=0,0564; 5, = 0,0781; 5= 0,0210; 5, = 0,0227;
5,=0,0242.

The cross-sectional areas of the gaps between the
windings are then equal to (in m?):

85, = 0,0446; 5., = 0,0361; 5, = 0,0393; 5, = 0,0305.
According to (20) and (21), we obtain that (in mH):
L, =0,5724; L,,—0,4638; L,, = 0,05044;
L,,=0,03910;
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L, =0,2413; L, =0,3340; L, = 0,0896;
L,=0,0971; L,=0,1033.
Short-circuit resistances for the pairs of windings are
obtained by Egs. (18), (19) and similar ones (in mH):
Lab =1,1479; LSh = 2,696; Lsd = 3,1505;
L' =3,8393; L' =0,8876; L, =1,6685;
L =2,3573; Lcd =0,6913; L =1,3801;
L =0,5916.

Let us consider an a,b-transformer (fig. 2, @). The
other three windings (c,d and e) are open (fig. 1).
Regardless of whether the winding a or b is the pri-
mary one, the s/c current is equal to

U _ Uy
joLy,  jo(L, + Ly + L)

The a-winding is primary (U'1 = Ua ), therefore

the flux in the core

. . L .
{5
a sh _

Since @ leg > Do » then the flux d),eg is the super-

flux. Since ®*" s directed towards the flux CD,eg ,

side

then &% is the counter-flux. In our case, we obtain

side

for the super-flux in the leg of the a,b-transformer:

L .
&M =Y = 1+—2 |, =
leg — "leg ( 2(La+L51+Lb)J 0

=1+ : D) =1,105D,.
2s, + 655, + 25,

Its counter-flux in the side yoke is equal to

o = - Ly d, =
sude 2L, + Ly, + L)

- _ 5 B, =—0,146D, .
(2sa + 655, + 255)

All windings have the same number of turns, so
the voltage readings in the ¢, d, e windings are iden-
tical and equal to:

q)leg = (D J k. v sh v sh 7Ssh
0 (24) Ut =U3 =0 = k@, =
U L L ). . .
=L+ = 1 |y, _ 5 U, =-0,146 U,.
and the flux in the side yoke The first row of table 1 lists the numerical values
‘ L , of currents and voltages in the s/c mode under con-
poh _ JO o)) Ly, sideration at U, = | = U =1000W . The frequency
¢ = =
side J ky (25) /= 50 Hz was used when calculating the currents.
U L I The frequency is not involved in the ratios for fluxes
=L = __ b D,. and voltages. Designation Tr. from the word Trans-
k 2LSh 2L3h
0 “Lyp ab former.
Table 1
Examples of calculating voltages and currents in the 5-winding transformer
Windings (fig. 1
Example Quantity gs (fig. 1)
a b c d e
1 U, (Volt) 1000 0 —146 —146 —146
(a,b—Tr.) ];h (Ampere) 2772,9 2772,9 0 0 0
2 U, (Volt) 0 1000 1146 1146 1146
(b,a-Tr.) I (Ampere) 2772,9 2772,9 0 0 0
3 U, (Volt) 940,7 1000 1018 1018 1018
(b,a-Tr.) (945,3) (1000) (1015,3) (1015,3) (1015,3)
R=1Q | I(Ampere) 940,7 940,7 0 0 0
! (945,3) (945,3) (0) (0) (0)
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Ending table 1

Windings (fig. 1
Example Quantity gs (fig. 1)
a b c d e
4 U, (Volt) 1000 445 0 —18,9 —18,9
(a, c- Tr)) I,“:h (Ampere) 1343,3 0 1343,3 0 0

Short-circuit super- and counter-fluxes in the
same transformer change places if the b-winding is

primary and Ul =U , (i.e., in the b,a-transformer
(fig. 2,a)). The current ish for the short-circuited
a-winding coincides with its value (23), and the flux

in the leg becomes the counter-flux:

o 5]

(i);h =¢." =
eg J kO
_ Ul La La
=————=——"-Q,
ko 2Ly 2Ly

while the flux in the side yoke is transformed into the
super-flux

] L L ).
=ﬂ[1+—’;h]=[l+ ’;thJO.
ko 2Lab 2Lab

The voltage readings from the c, d, e windings will
exceed the applied voltage, as shown in the second
row of Table 1:

U = U{;h = UeSh = kO(i)i?de =

c

thus confirming the occurrence of the s/c super-flux
in the side yoke.

The third row of table 1 demonstrates that it is
possible for a super-flux to emerge ataloud R =1 Q.
The calculations are given in the Appendix.

Double-winding elements of the three-winding
transformer. With the d and e windings open, the
5-winding transformer becomes a three-winding
a,b,c-transformer. It contains three double-winding
transformers: a,b-, b,c- and a,c-transformers (see
figs. 2,a, 2,b, and 3,a).

In the schematic (fig. 3,a), L is the inductance of
power flow increase, and L is the inductance of power
flow decrease. Since the width of the corridor between
the windings a and c is equal to

8,+b+3,,

then the inductance of power transportation in this
corridor

LESI +b+52=B0(S<31+S1;+ ng)- (26)

Taking into account (20) and (21), it can be rep-
resented as:

3 3
Ly 4 p150 =L +5Lb +5Lb + Ly,

The magnetic flux in the corridor between the
windings

(27)

s : . .
=1+ : Uy =1146 U, : ~ L JOL1 50
( 2s, + 655 + 231,)} : : D514p452) = P + P+ Py = k—.(28)
0

[ i:m(‘s'f ) kyjom _ 'é‘?')i'ﬁc T -‘%‘g)@;ﬂ

3 '%UCD" ‘}h@(alhﬂaz) kﬂ'i)f: ? \ 3 kU(I)a ;-TUCI:'M iL 3!:9 kg@az ﬁ@c 3 \‘

U, P e A . Ua E N LALE T S o
"I %L" ' e Ligirarsz) \. e %’-r'c = .' %La Ly i “‘""-gz—uq;g“?’ é Liz ‘%Lc 2

e K Co IR 0t T
¥ ¥ ¥ v A% =pk°¢%='d?v L. A v yoT i By

Fig. 3. 4T-shaped equivalent circuit of a double-winding a,c-transformer with the concentrated

inductance L81 P,

(@) and its partition into four components with the central node g (b)
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It follows from (27) and (28) that the flux in the
bulk of the open b-winding is equal to

. (3 3 ;
jw(sz +E b)l
kO

@, = : (29)

which is shown in fig. 3,b. It is also possible to iden-
tify the quantities k@5 and ky®” in the sche-
matic, marked by dashed lines. The result is a 6T-
shaped equivalent circuit of a double-winding trans-
former, which was a consequence of dividing the
corridor between its a and ¢ windings into three an-
nular channels with the widths 81, b and 02.

Note 2. By partitioning the corridor into a larger
number of channels, it is possible to construct an
equivalent circuit with an arbitrary large number of
transverse arrows, thus obtaining a distributed structure
for the equivalent circuit of the double-winding
transformer.

The internal inductance of the a,c-transformer (or
the s/c inductance) from the side of the a-winding
with the c-winding short circuited is equal to:

Lh =1L, + Lsispesy + Lo = Ly + (Lsy + 3L, + Ls) +
+ L, =L + L, + ) =0,00237H.
Note 3. This expression implies a useful relation

L, =L - (L) + L) (30)

which will be used below when studying a three-winding
transformer.
For the s/c current we obtain
: U
[Sh = . lsh
JoL,,
Similar to (24) and (25), we find the fluxes in the
s/c mode:

=1343,3A.

. - ash L ).
AR =[1+ a ]@ =
h 0
2L,

=1+ %a d, = 1,051, ;
25, + 6(s5; + 55, + S5,) +25,

s _absh o Lo
cI)sia'e =% - 2[%; (DO -
= % =—0,0189, .

25, +6(s5, + 5, + S55)+ 25,
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They are weakened due to the fairly wide gap
between the windings (see the last row of table 1).
The voltages in the open windings e, d are equal to:

U =US" = kyd*, = —-0,0189 U,

The voltage at the terminals of the open b-win-
ding can be found from its flux linkage

In the s/c mode we obtain (see Table 1)
. . . . o
U = k| (3 - @3 - b3y - =2 |-

L %+L§l+

a
sh sh
2 Lac Lac

3L,
2 \U, =0,445U,.

Note. The s/c voltages listed in table | are pre-
sented as the consequences of the emergence of su-
per- and counter-fluxes. This indicates that under
real conditions the magnetic circuit is, firstly, un-
evenly magnetized in an s/c, and, secondly, its part
containing the super-flux can turn out to be (depend-
ing on the cross-section of the magnetic circuit in
this part) an order of magnitude more saturated than
under the no-load conditions. With sudden short
circuits this may lead to an increase in the initial s/c
by 20-30% from its calculated value determined by
the formulae of the conventional theory (known to
have been derived in disregard of the magnetizing
currents, i.e., assuming that the magnetic circuit is
demagnetized in the event of an s/c (see [4, p. 307],
[8, p.81 and p. 131], etc.)). The error up to 50% occurs
in the calculations of electrodynamic forces under a
short circuit.

A 6T-shaped equivalent circuit of an idealized
three-winding transformer. Comparing the model of
the double-winding a,c-transformer (fig. 3,b) with
the two circuits in fig. 2, we can conclude that it can
be regarded as the result of stitching the equivalent
circuits of the a,b- and the b,c-transformers in node
q. If we preserve the vertical branch with the negative
inductance (-L, /2), we obtain a three-pole circuit,
which is the equivalent circuit of a three-winding
(a,b,c)-transformer (fig. 4). The proofis in checking
whether the boundary conditions that the three-
winding transformer must satisfy are fulfilled in this
scheme, that is to say, that the transformer must be
simultaneously:
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Fig. 4. 6T-shaped equivalent circuit of an idealized three-winding transformer

an a,b-transformer from the side of poles 1 and 2
(with pole 3 idle);

a b,c-transformer from the side of poles 2 and 3
(with pole 1 idle);

an a,c-transformer from the side of poles 1 and 3
(with pole 2 idle), which, obviously, follows from the
above-described procedure of stitching the subcir-
cuits along the negative inductance (-L, /2). A fourth
boundary condition is also satisfied, i.e., that the
inductance (-L, /2) is simultaneously included in the
a,b- and the b,c-transformers. The circuit obtained
also complies with the internal properties of the trans-
former both in the relationships between the fluxes
and in the winding currents:

I,=1,+1.. (32)

The accuracy of the circuit (fig. 4) is confirmed
by the fact that the inductances of the circuit branch-
es emerging from node ¢ coincide with the known

expressions for L,,,, L, ;and L, , that have been first

obtained in [1] as combinations of s/c resistances of
separate double-winding transformers. In particular,
we can write for the inductance of the branch between
nodes 1 and ¢ directly by the schematic (fig. 4), tak-
ing into account relation (30),

L

L, =(L, + Ly + Lb)+7b:

Loe = (Liy + L) _ Ly + Ly — Lye

where the penultimate fraction coincides with the
expression for L, from [4] after its indices a,b,c are
substituted for 1,2,3, respectively. The inductance
of the branch emerging from node ¢ to node 2 of the
central b-winding is negative and can be represen-
ted as

_ gsh
=L+

L L

ha=775 7 2 B
h h h
_ Lia + LZC B wa _ L213 <0.
2

For the inductance of the branch emerging from
node g to node 3 of the external c-winding, we have

1
L, =5Lb +(L + Ly + L) =

L -+ ) e L+ Ly - L
= ) t Lpe = 5 =Ly

When comparing these expressions with the
known formulae, it should be borne in mind that in

sh _ ysh
context, of course qu = Lqp.

Flux linkage in the central winding of the three-
winding transformer. In an idealized three-winding
transformer,

U, = jo¥, = k¥, /w; (33)
U, = jo¥,= k¥, /w; (34)
Uy = jo, = kY, /w;; (35)

It follows from these expressions and the circuit
schematic (fig. 4) that the flux linkage in the windings
can be written as:

. . w, D
¥, =wd,, - —13 a. (36)
.U
W, = =2 (37)
Jo
. . ) . i)
W, = wd? + D2 Ly WlT (38)

The arrow in the last expression indicates the
equality of the fluxes d');S =0
ding transformer. Expressions (36) and (38) coincide
with formulae (57) and (58) in [14].

To expand (to open) expression (37), it is neces-
sary to determine the voltages shown by the dashed
arrows in fig. 4 and denoted as the product of & by

b4, ¢ and ). It follows from the circuit that

are related through a system of equations

side in the three-win-

57



* St. Petersburg Polytechnic University Journal of Engineering Sciences and Technology. 3(249)’2016

Df + & =D, ; (39)
. .3 .
. 3.

whence it follows that

. Vi .
d=—"2 @,; 42
R (42)

. I .

CI)Z =——q,. (43)

I,+1,

Then it follows from the expression for the voltage

ky®, = jm%Lbia + jm%Lbic (44)
that
L k@
jo2=—0"t__ (45)
2 3(,+1,)

and we obtain for the voltage in the vertical branch

L I, k@
ky®) = jo—bf, =Lt 0% (46)
2 1,+1, 3
or
L, A =, k,®
ko®j = —4—< =00 (47)
I,+1, 3

As a result, the voltage in the terminals of the
central winding can be represented as

Taking into account (3), (32) and (37), we obtain
the formula for the desired flux linkage:

I
s 4 3
‘I‘=W<I) ——wd, . 48
b 1 a+Ic 1%b ( )

A 6T-shaped equivalent circuit of a real three-win-
ding transformer. Ref. [14] examined in great detail
the technique of enhancing the circuit model of the
idealized transformer by the winding resistances and
the transverse branches to take into account the active
and reactance losses in the steel, including the sections
between the tank and the magnetic circuit parts, in
order to obtain the equivalent circuit of a real double-
winding transformer. Similarly, the idealized model
(fig. 4) can be substituted by the equivalent circuit of
a real three-winding transformer, as shown by the
dashed lines in fig. 5. The notations for the added
inductances and fluxes correspond to the ones ad-
opted in [14]. Nonlinear inductances and the con-
ductivities parallel-connected to them correspond to:

L, 8, to the leg in which the flux @, flows

(fig. 1);
L‘}S , g75 to the part of the joint yoke in which

the flux d)j.s flows;
L?b , g?b , to the part of the joint yoke in which

the flux Ci)i’.b flows, etc.

The linear inductances series-connected to them
are introduced to take into account the magnetic
fluxes occurring due to the finite permeability of steel
or its saturation. They correspond to:

_ + 0b a
= ko®j — ky®f + ky®f = Lgo = oSsowi / h to the segment with the width
— kPO 1 ko 1 ]c koq)b J, between the leg and the internal a-winding, in
= Ko® 0Py ; . .
/ .+ 1. I,+1, 3 which the flux @, flows (fig. 1);
; R
1 L5 : 5 q
et I ko:.] fakie! Le;,l Y ey =3 2
iy R £ R3 \
12 . kcb" ’kci:F . . zy |
[N N N e N S e
) o, d;“& b/Z gl a2 - S H\lﬁ
U Co3n, k. P L N ! 3Y]
Dbyt sy a0 ’?‘@g{aﬁ fody 33k o 2 ik R
50\'1.1\550 aé}\ 'r'f{’@aa aai-l;‘, WDz L o1 If{—’@a} 500:.", 0500 jc
Iy P ." -, . e v
k& {i‘gﬁ g AL"a ,Q—cI: i iegql 8;':.11 i -'{rucI:';c J ‘fl'de.l
! feg i 53\_}n 53: FEIL I‘“ jj’(nl firtan \‘ I
W } Sleg IL )r ' o " \'I“F /Jgj ! )r s Sl\fek J‘gﬂd@

Fig. 5. 6T-shaped equivalent circuit of a real three-winding transformer
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0/ _ 0,2
L, “osaa“ﬁ

/1%
and the length lOJ between the joint

to the segment with the sur-

face area s

yoke and the tank, in which the flux <I>Z’8 flows paral-
lel to the flux &% in the joint yoke;

L% = wysgwi /1% to the segment with the sur-

face area sgj) and the length lg{J between the joint
yoke and the tank, in which the flux d')gfl; flows pa-

rallel to the flux d)?b in the yoke, etc.

Note 4. The circuit (fig. 5) should also be comple-

mented with the resistances Rjddy , RbEddy , Rfddy by

dividing each of them into a positive and a negative part,
for example,

Reddy
R = %R,fddy + [——bz ] (49)

The resistance 3Rbeddy /2 should be series-con-

nected with the inductances 3L, / 3, and the negative

resistance (—R,fddy / 2) should be series-connected

with the inductance (-L, / 2). This technique is sub-
stantiated in [6, p.87]. As a result, the circuit will obtain
seven additional resistances for taking into account the
eddy currents in the windings. The winding resistances
R, R,, R should be divided similarly. They are not

shown in the schematic, so as not to overload fig. 5.

Note 5. The negative inductances in the equivalent
circuits are typically regarded as a ‘minor’ hindrance (a
thorn in the side). Monograph [6], specifically dedi-
cated to multi-winding transformers, mentioned the
negative inductance briefly in seven lines. Ref. [5, p.
125] goes as far as to suggest ‘to disregard the negative

inductances for the modes with high saturation of steel’.
However, it follows from the equivalent circuit (fig. 5)
that this can lead to an increased error in calculating the
super-fluxes in a short-circuited transformer. Indeed,
assuming for the sake of simplicity that in this case only
the leg is saturated in the event of an s/c, we obtain a
circuit (fig. 5) with a left transverse branch whose volt-
age can be represented as:

L.
ko®jn, + ky®3) = U, - (— ]@7”)1;’1. (50)

The s/c current [ aSh is high. The second term in the

right-hand side of this expression is also fairly substan-
tial. This is why neglecting it will lead to a substantial

error in determining the super-flux <i>7ehg in the core. It
follows from (50) that the value of the super-flux in a
saturated short-circuited transformer exceeds that in an
unsaturated transformer.

A 2nT-shaped equivalent circuit of an n-winding
idealized transformer. The above-described method
of stitching 4T-shaped models of double-winding
transformers is fully applicable to designing an equiv-
alent circuit for any n-winding transformer. As an
example, fig. 6 shows an equivalent circuit of an ide-
alized 5-winding transformer. The number of trans-
versal voltage arrows (with the fluxes) in the circuit
is equal to 2n, which gave reason to call it the 2nT-
shaped model. The total number of negative induc-
tances in the circuit is equal to the number of wind-
ings, in this case, five. Any winding or group of
windings can be regarded as primary, the rest of the
windings as secondary ones. The a-winding acts as
primary in the schematic in fig. 6. To obtain the
model of the real transformer, the circuit in fig. 6
should be complemented by transverse branches tak-
ing into account the losses in the steel, as well as the
resistances, as described in Note 4.

: I,

1 k= joow, . I 3 2
. o kg 3 14 g

2 W {2 Fre L W

E kN U A (2 A

R | wE L kR | e . k[ k] } e
B ba i M on BB ar, Nz BB g Nap 3B b, | .U

ey a o SLA1NG el BLefy o 3gh| B X S oo TH
1 .3L T > i | e o U Y

k;I) | a651 | 5 B [ afm | s ke Lﬁﬂm |_M"G¢‘d |-a'5 54 | 2% | U,

D', Ieg'%—cb .-%":I:' J%":b k’gq:_'; E[]CI)} h(I)J k]@; ,{:JCI); ’%CD.SJde/ /
Vo {4 d{ \L \!‘ l l ‘li vy ¥y ¥ ¥

Fig. 6. Equivalent circuit of a 5-winding transformer
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Transformation of negative inductances of the in-
ternal windings into mutual inductances. Negative
inductances can be eliminated by transferring them
across the nodes. According to the rules of these
transformations [ 18], when transferring, for example,

the inductance (—L, / 2) across node ¢ (fig. 6), its
value should be added to both inductances 3L, / 2
(after which they will be equal to L,) and the mu-

tual inductance, equal to M, = L, / 2, should be

introduced between them, as shown in fig. 7. The
negative inductances of two other internal windings
(=L, / 2) and (=L, / 2) have been transferred in
a similar manner, and two new mutually inductive
couplingg M, = L,/ 2 and M, = L, / 2 have
appeared in the circuit. With the labeling adop-ted
for the schematic in fig. 7, all mutual inductances are
positive.

Negative inductances of the external windings
(=L, /2) and (-L, / 2) have been preserved, thus

ensuring that all transverse voltages remain the same
asin the circuit (fig. 6). Therefore, the circuit in Fig.
7 can also be converted into a circuit of a real trans-
former by adding transverse and longitudinal branch-
es which take into account the additional resistance
and reactance losses, as described above for the cir-
cuit in fig. 6.

A compact ladder equivalent circuit for an idealized
transformer without negative inductances. Combining
the series-connected inductances between the nodes
of the circuit in fig. 7, we obtain the circuit in fig. 8
with positive inductances equal to the s/c induc-
tances of the corresponding double-winding trans-
formers. In particular, by summing up the induc-
tances between node 1 and node ¢, in view of (18),
we have

L, 3
—7”+5La+l/51 + L, =

h
L,.
Similarly, for the group of series-connected induc-
tances to the right of node ¢, based on (19), we find

Lb+L62+Lc:LZﬁ9

and so on. As a result, we obtain a compact ladder
equivalent circuit of an idealized equivalent n-winding
transformer, described by a symmetric tridiagonal in-
ductance matrix L shown in fig. 8. However, the op-
portunities for monitoring the fluxes, including the
super- and counter-fluxes in case of an s/c, are lost for
this circuit. The accuracy of the circuit model (fig. 8)
is partially confirmed by the fact that the solutions to
the examples in table 1 found using this model coincide
with the numerical data for the voltage currents in
table 1, previously obtained from the analysis of super-
and counter fluxes.

Fig. 7. Equivalent circuit of a 5-winding transformer without negative inductances of the

internal windings

1 £ . 2 L M, 0 0
a c 7; <3 L— Ay, If;,hc M, 0 B
—a = =
P 0| e | LT |
o skt s [ \ I I R =
2 .
. [T [T [T \ PR 4
Ul RN g*/_ R A,*/ . é(*/ o E i . U3 ) 1’ 1479 0, 1671 0 0
sh sh sh Lsh o Uy
ab L, L, de 3 | 01671 | 0,8876 | 0,04428 0 lio%m
/ / 0 0,04428| 0,6913 | 0,0485%
p vy v 14 0 0 0,04853 | 0,5916

Fig. 8. Compact ladder equivalent circuit of the idealized 5-winding transformer with s/c

resistances and its tridiagonal inductance matrix
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The structure of the compact circuit (fig. 8) co-
incides with the topology of the model in [11], but
differs from it by the elements of the matrix L which
is completely filled in Ref. [11], as, according to the
hypothesis of the authors, mutual inductances M:;/

should supposedly hold between all inductances of
the circuit’s branches. The physical interpretation of
these mutual inductances seems rather artificial, as
hey exhibit alternating signs. In contrast to [11, 12],
this paper presented a compact model (fig. 8) based
on the rigorous methods of circuit theory instead of
conjecture and hypotheses. All off-diagonal elements
of the matrix L are positive, which follows from the
very method used for obtaining them.

Conclusion. We have obtained a new ladder equiv-
alent circuit of an n-winding transformer, allowing
to fully represent the physical picture of the pro-
cesses occurring in it by displaying the paths of the
magnetic fluxes and their values in the circuit. A key
feature of the designed circuit is its modular structure
resulting from stitching simpler circuit models of con-
ventional double-winding transformers. Unlike pre-
vious meaningless assessments of the negative induc-
tances as “referencing the equivalent circuit of the
n-winding transformer with the real relations”, this
paper regards them as elements of the circuit playing
a key role in displaying the magnetic fluxes, which is
important for the developers of standard software
packages for correctly simulating and refining the
processes occurring in a multi-winding transformer
in abnormal operation modes. It was rigorously
proved that the equivalent circuit of an n-winding
transformer with mutual inductances introduced in-
stead of the negative ones is characterized by a three-
diagonal matrix of positive inductances. The circuits
described can be used for the analyzing both steady-
state and dynamic processes.

Appendix

[t seems interesting to evaluate the fluxes and volt-
ages in the presence of a small resistive load R=1 Q
in a b,a-transformer (fig. 2,a) at U'1 = Ub =1000V
and compare the results with the data obtained in [11,
p. 360] for this case. It follows directly from the circuit
in fig. 2,a that the current

U U,
R+ ijZ};; R+ jo(L, + Ly, + L)
=(884,9 — j319,1),A,

I

the absolute value of the current / = 940,7 A. The
voltage for the load R =1 Q is equal to

U, = RI =(884,9 - j319,1),V

and, consequently, U = 940,7 V. We can write for
the flux in the core

L) . L
R-joa|. i, . |R-jo=
e A1

ko  ky (R+ joLh)y

(i)leg = q);l =

(x-io%)
:mcbo = (0,873 — j0,353)d,,,
‘ab

and, consequently, ®,, = ®} =0,941®, . It also

follows directly from the circuit in Fig. 2a that the
flux in the side yoke is equal to

. L .
Uy — jo|—-2| 1
- (-3)

. p
(I)side = (Dj = k() =
Ul JoL, JoL,
= s 1 e [P
k| 2R+ joLh) AR+ joL)

=(1,0167+ j0,0464)d,

andsince @, = d)l/’- =1,018®,, it can be regarded

side
as a super-flux. The voltages in the windings c,
d, e are equal to

. . . . JjoL
U =U,=U, =ky® =(1+2(1€+—job3Ls”)] =
‘ab

=1,018 U,

and exceed by modulus the applied voltage (see row
3intable 1). The values obtained in [11] are listed in
brackets. The reason for the discrepancy between the
calculated results and the data of [ 11] is that the con-
ditions for calculating the s/c voltages are formulated
imprecisely in [11, p. 354].
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