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Abstract. To determine the load-carrying capacity of the drillpipe slip, it is necessary to calculate 
the drag force on the surface between the pipe and the slip. To improve such capacity, the grip surface is 
provided with teeth that can indent into the pipe body. As a result, the friction force on the contact surface 
is supplemented with the drag force generated by plastic shear strain of the pipe body. The paper 
presents an analytic dependence of the indentation force of an ideal (untruncated) and non-ideal 
(truncated) wedge punch that models tooth operation on the indentation depth and friction factor on the 
punch lateral face both for shallow (with prevailing elastic strain of the gripped body) and deep 
indentation (with prevailing plastic strain). Multiple computational experiments were performed to identify 
parameters of the proposed formula. Such computations were complemented with determination of the 
punch drag force dependence on the indentation depth during punch shearing.  The developed model 
was verified by experimental studies of punch indentation and slip as well as indentation and drag force 
measurements. The obtained results proved the high level of accuracy of the analytical indentation force 
model. The outcome of drag force determination experiments was further used to calculate the slip load-
carrying capacity. 

Аннотация. При определении несущей способности клинового захвата бурильных труб 
возникает проблема расчета силы контактного сопротивления на поверхности раздела захвата и 
удерживаемой им конструкции. Для повышения надежности поверхность захватывающего 
устройства снабжается зубцами, которые могут внедряться в тело конструкции. В результате 
наряду с силой трения на контактной поверхности будет дополнительно действовать сила 
сопротивления, вызванная пластической деформацией тела при сдвиге.  В статье предложена 
аналитическая зависимость для силы внедрения штампа идеальной (неусеченной) и неидеальной 
(усеченной) клиновидной формы, моделирующего работу зубца, в зависимости от глубины 
внедрения и коэффициента трения на боковой поверхности штампа как при неглубоком (с 
преимущественно упругим деформированием захватываемого тела), так и при глубоком 
внедрении (с преимущественно пластическим деформированием). Для идентификации 
параметров предложенной формулы были выполнены многовариантные вычислительные 
эксперименты. Расчет дополнялся определением зависимости силы сопротивления штампа при 
сдвиге от глубины внедрения. С целью верификации разработанной модели были проведены 
экспериментальные исследования процессов внедрения и сдвига штампа с измерением сил 
внедрения и сопротивления. Полученные результаты подтвердили высокую точность 
аналитической модели для силы внедрения. Результаты эксперимента с определением силы 
сопротивления были в дальнейшем использованы для расчета удерживающей силы клинового 
захвата. 
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Introduction  
Slips, slip elevators, spiders, etc. have been widely used as oilfield service tools to hold drillstrings, 

drill collars and casings acting as a wedge [1] (Fig. 1). A pipe in a slip with a conical bearing surface is 
subjected to compound loads comprised of axial tensile, compression and bending stresses. To increase 
the holding force, the bearing surface of the gripping device is provided with teeth that can indent into the 
pipe body. This generates additional drag force on the contact surface resulting from plastic strain of the 
pipe surface as it shears relative to the slip that supplements the friction force. 

 

Figure 1. Slip scheme 

The Reinhold-Spiri equation [2] accounting for the maximum breaking stress limit being equivalent 
(von Mises) stress is used in drilling mechanics to determine the holding force. Pipe failures in slips 
during deepwater drilling in the 1990s and full-scale experiments demonstrated that in some cases the 
Reinhold-Spiri equation could provide a non-conservative estimation [3]. This results from pipe strength 
reduction as its surface is damaged by teeth. 

An accurate model of contact interaction of the pipe contact surface with the gripping device 
equipped with teeth of various forms is required for better understanding of causes of pipe breaking in a 
slip. Such model is based on a single tooth model where such tooth can be considered as a wedge 
punch: ideal (untruncated) or non-ideal (truncated). 

Finite element (FE) modeling of the indentation and scratch processes of a wedge-shaped indenter are 
considered in [4-8], while experimental investigations are discussed in [9-11, 6, 5]. However, a universal 
analytical description, which takes into account the wedge geometry, process staging and friction, which 
oriented to practice, was not proposed. 

The purpose of this study is to develop a unified universal model of deep and shallow indentation 
and shift of an ideal and non-ideal wedge-shape punch, taking into account the dependence of force on 
the depth of the indented tooth, its geometry and friction on the lateral surface. To achieve the goal, 
analytical and experimental studies along with numerical simulations are carried out. 

The analytic dependences for the indentation force from the depth of wedge teeth indentation into the 
pipe body are developed for the most common shapes of teeth used in oilfield service tools. In case of shallow 
(elastic) truncated wedge indentation, it is offered to use known solutions of the linear elastic problem of 
rectangular shaped punch pressure on half space. The dependence of indentation force on indentation depth 
and friction factor on the lateral wedge face in case of deep (plastic) indentation is more complex. Parameters 
of such dependence were identified by multiple FE method computations, where the wedge drag force 
dependence on the indentation depth during its shearing was additionally calculated. The calculations used 
both the simplest rigid ideally plastic models [12-14] and elastic-plastic models with nonlinear 
hardening [15-17]. 

The developed model is verified by multiple experimental studies of indentation and shift with 
indentation, breakout and drag force measurements. The obtained results proved the high level of 
accuracy of the proposed models and can be used to calculate the force of pipe holding in a slip. 
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Experimental Data  
The experimental setup used for wedge punch (single slip tooth) indentation and shear testing was 

comprised of Instron 8801 multipurpose test system with additional accessories (Fig. 2) to create force 
normal to the main force generated by the test system. Instron 8801 is a servohydraulic testing system 
with a maximum load capacity of 100kN and stroke of ~ 80mm. The force measurement accuracy is 
±0.5 % of indicated load (load cell capacity 1:100), crosshead position measurement accuracy is ±1 µm. 
Accessories (Fig. 2) include tooth holder 1, lower table 2 with above installed U-shaped frame 3. Pipe 
segment 4 is installed on lower table 2 on special mandrel 5. The mandrel is installed on roller guides 6 to 
reduce the measurement error. Besides, movement in the perpendicular plane is limited by four 
adjustable rollers 7 to exclude any movement normal to the applied shear force. Shear force (marked 
with a blue arrow in Fig. 2) is generated by jack 8 actuated by a manual pump, force is measured with 
load cell 9 with an accuracy of ±200 N. Shear is measured with LVDT transducer 10 with an accuracy of 
±1 µm fixed on frame 3. 

 

Figure 2. Single tooth test setup 

The test program was as follows: 

 The tooth was indented to a set depth with the multipurpose test system with simultaneous 
recording of the indentation diagram using the developed software; 

 While the constant indentation depth was maintained, the pipe segment was sheared in relation 
to the tooth using the jack driven by a manual pump with simultaneous recording of the indentation force 
and shear force vs. shear diagram using the developed software. 

Figure 3 presents the results of single tooth indentation into the pipe segment for as-received and 
ground surfaces and three depths (~150 µm, ~350 µm and ~750 µm). The diagrams were plotted by 
averaging of three tests with further correction for the system compliance. Based on the above diagrams, 
the indentation curves for corroded surfaces feature a sufficiently large statistical variability while ground 
surface curves practically do not demonstrate such variability. 

It was established that indentation depth during testing should be measured excluding as many 
compliant elements as possible. Optimally, noncontact measurement methods should be used that 
measure the distance between the tooth and the pipe segment. 

Figure 4 presents shear curves for various depths and surface conditions. Such curves 
demonstrate sensitivity both to the indentation depth and surface condition. The appearance of 
specimens after the shear tests is shown in Figure 5. 
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Figure 3. Sample experimental indentation curves 

 

Figure 4. Sample experimental shear curves 

a)  b)  c)  

Figure 5. Appearance of specimens after indentation with further shear tests.  
Initial indentation depth: а) 150µm, b) 350µm, c) 750µm 

An interpolation surface (Fig. 6) was plotted for ground specimens based on the test results, which 
represented shear force dependence on the indentation depth and shear. 
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Figure 6. Interpolation surface of shear force dependence on indentation and shear 

The resulting dent profiles were measured at the indentation depth of 150µm (ground surface) 
(Fig. 7). Depth was measured with MIG measuring head in the grooved section (accuracy ±1µm) and a 
dial gauge in the “crest” section (accuracy ±10µm). Positioning in the shear direction was ensured by the 
lathe carriage with an accuracy of ±50µm. 

A section with newly formed smooth surface (about 2mm in the shear direction) and a ruptured 
section can be distinguished on all the tested specimens. The correct description of the ruptured section 
requires utilization of fracture mechanics methods [18, 19]. 

 

Figure 7. Dent profiles for the initial indentation depth of 150µm 
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Approximation of indentation curves of ideal (untruncated) and non-ideal 
(truncated) wedge punch  

Mathematical formulation of indentation model 

The representative experimental indentation curve (plotted by averaging of multiple tests) of a 
symmetric wedge punch with a rectangular flat base (Fig. 8) takes the form of a monotonic increasing 

dependence of force on indentation depth )(hFF  , tending to an oblique asymptote not passing 

through the origin of coordinates. 

 

Figure 8. Representative experimental indentation curve (left) of a wedge punch with  

a rectangular flat base (right) (w=381m, l=4.826m, =30o) 

To approximate indentation curves of ideal and non-ideal (flat base) wedge punches )(hFF  , 

this paper proposes to use the following equation: 
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The validity of equalities (4) can be easily verified using equation for the derivative of F(h) function 
(1): 
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The choice of the exponent function used to describe the nonlinear indentation curve segment is 
proved by the calculation data, which does not preclude searching of any alternatives. 

0 100 200 300 400 500

0

2000

4000

6000

8000

10000

12000

14000

 Experiment

 Approximation (1)

 Approximation (2)

 Approximation (3)F
0

k
p

1

k
e

P
en

et
ra

ti
o
n
 f

o
rc

e 
F

, 
 N

Penetration depth h, m

1

 

Figure 9. Approximation (1) of the indentation curve of a wedge punch with a rectangular flat base 
and geometric interpretation of its parameters 

To analyze processes of indentation of non-ideal (truncated) wedges to considerable depths 

7/wh  , where w is the truncated wedge base width, linear approximation (2) can be used instead of 

(1), which differs from (1) by less than 0.1% for typical values of used wedge parameters. When 

indentation processes of ideal ( 0w  ) wedges are analyzed, there is no pressure contribution in the 

area perpendicular to the action of force ( 00 F ) and it would be reasonable to use the simplified 

equation 

hkF p . (6) 

Approximation in the form of Eq. (1) using three parameters 0,, Fkk pe  can be justified by the 

ability to estimate the latter based on the known analytical solutions of contact problems in the context of 

the theory of elasticity (for 
 

) and theory of plasticity (for 0, Fk p ). It should be noted that, in the general 

case, parameters 0,, Fkk pe  admit dependence on the wedge geometry and mechanical properties of 

the indenting and indented material. Analytical solutions help define the above dependences concretely. 

Elastic and plastic analytic solutions 

At the initial stage ( 0h ) of indentation of a wedge punch with a flat base, solution of the linear 

elastic problem of punch pressure with a rectangular base on half space [20, 21] can be used: 
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where E  is Young's modulus, v  is Poisson's ratio, w  is the truncated wedge base width, l  is the 

truncated wedge base length, m  is the parameter determined as the ratio of the base sides (if 10/ wl  

71.0m , Fig. 10). Eq. (7) was derived by generalization of the solution of the Boussinesq problem on 

the action of a normal concentrated force on the surface of elastic half-space. It should be noted that 
solution (7) was derived based on the assumptions of infinitesimal mechanics, where small strains are 
assumed and the difference between the actual and reference configurations are neglected. In this case, 
the form of the wedge side face is not crucial, only the truncated wedge base sizes are essential. The 
solution is true for very weak indentation forces only and, therefore, for shallow penetration depths (

0h ), when the plastic zone and contact on the side wedge faces may be neglected. When solution 

(7) was derived, it was assumed that contact pressure was evenly distributed, there was no friction and h 
was assumed as the average displacement value under the punch. Such conditions are not crucial as the 
difference from the solution for the rigid punch (constant displacements and variable contact pressures) is 
about 8% [20]. 
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Figure 10. Parameter m in Eq. (7) vs. base side ratio l/w. The simplest approximation of this 

dependence within the range up to l/w<20 is )/04.01/(1 wlm   

Comparison of Eqs. (7) and (3), get an estimate of the initial indentation curve section slope: 
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For the considered case with 210E GPa, 3.0v , 381w  m, 4826l  m, 67.0m : 

467ek  N/m. (9) 

At the stage of deep ( h ) indentation of an ideal wedge punch, the solution of the rigid ideally 

plastic problem can be used accounting for geometric similarity of transient plastic flow at plane strain. 
For the indentation case without friction in [12], the following equation is proposed for the resulting 
vertical load on the wedge during indentation: 

 
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hlF Y
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


sincos

sin1

3

4
. (10) 

where Y  is the yield stress,   is the wedge half-angle,   is the angle implicitly defined by the equality 

      sincossincoscos   (Fig. 11). 
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Figure 11. Rigid wedge indentation in half plane. The plastic zone is highlighted in grey 

Correlation of Eq. (10) with (6) results in the equation for the final penetration curve section slope: 
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The equation for an ideal wedge with 660Y  MPa, 4826l  m, γ = 30°: 

41.7pk  N/m. (12) 

Analytic solutions similar to (10) can be derived for the case of wedge indentation with taking into 
consideration the friction [13, 14, 10]. Curves corresponding to elastic solution (7) and a series of rigid 

ideal plastic solutions for various friction coefficients  are shown in Figure 12. 
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Figure 12. Linear approximations of indentation curve based on analytic elastic and  

plastic solutions with various values of friction coefficient  

There are two causes of mismatch of curves plotted based on the ideal plastic solution with the 
experimental curve shown in Figure 8. First, different geometry: truncated wedge in the experimental 
studies and ideal (untruncated) wedge in the analytic solution. Truncation additionally contributes to the 
resulting pressure force acting on the wedge base area, which raises the indentation curve. This is 
proved by experimental results [22] and FE computations (Fig. 13). The quoted results require 
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consideration of )(0 wF  in model (1). Second, real material hardening that is not considered in the 

analytic solution obtained based on the ideal plastic model. Comparison of analytic indentation curves for 
an ideally plastic material with FE solutions (Fig. 14) that consider hardening shows slope increase by 
20-30 % due to hardening. 

0 20 40 60 80 100 120 140
0

2000

4000

6000

8000

10000

P
en

et
ra

ti
o

n
 f

o
rc

e 
F

, 
 N

Penetration depth h, m

 w = 571.5m

 w = 381.0m

 w = 190.5m

 w = 0m

 

Figure 13. Indentation curves of truncated wedge punches with various base dimensions w 

plotted based on FE computations ( = 0) 

 

Figure 14. Effect of hardening on the slope of wedge punch indentation curves (w = 0) 

The analytic solutions of simplified elastic and plastic indentation problems provided above enable 

to determine the linear character of indentation force dependence on its depth for the studied idealized 

loading cases and wedge geometry and get explicit dependences of respective slopes of indentation 

curves on such parameters as E , v , 
Y , , l , etc. In the general case of truncated wedges and 

hardening of the indented material, FE computations are required to identify the parameters 0, Fk p  of 

model (1) that characterize the process of indentation at various developed plastic strains. The parameter 

ek  that characterizes the initial stage of indentation can be completely determined by Eq. (8). 
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Identification of pk  and 0F  for a truncated wedge 

Assume that the parameters 0, Fk p  depend on the truncated wedge base width w  and friction 

coefficient . To identify the specified dependences, multiple computational experiments were performed 

for four values of w  =0 m; 190.5 m (50 % of the standard value); 381 m (100%); 571.5 m (200%) 

and three values of =0; 0.2; 0.4. The results of computations are shown in Figure 15. 

 

Figure 15. Indentation curves of a wedge punch with various base dimensions w and values of 
friction coefficient   plotted based on FE computation results 

The model of an elastic-plastic body with nonlinear hardening (see for details [15-17, 23, 24]) was 
used for FE computations. The experimental stress-strain curve is shown in Figure 16. It is plain that its 
ideally plastic approximation is crude enough. Computations were made by multiplicative decomposition 
of the strain gradient into elastic and plastic parts. Dissipation along the contact line due to the Coulomb 
friction was considered along with volume plastic dissipation. 

 

Figure 16. Stress-strain curve used in FE computations 
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An indentation in computational experiments was modelled by rigid indenters with various wedge 
base width values. Computations were made under assumption of the plane strain conditions. The results 
of computations are provided in Figure 17. 

          

 w = 0 m                                                             w = 190.5 m 

           

w = 381 m                                                          w = 571.5 m 

Figure 17. Deformed states after indentation of wedge punches 
with various base dimensions w 

The slopes of asymptote pk and the heights of asymptote intersection with Y-axis determined based 

on the calculated indentation curves presented in Fig. 9 are provided in Tables 1 and 2. 

Table 1. Slopes of asymptote pk  [N/m] vs. wedge base width w and friction coefficient  

  = 0  = 0.2  = 0.4 

w = 0 m 9.66 13.9 16.4 

w = 190.5 m 12.3 16.7 18.7 

w = 381.0 m 15.6 19.3 21.4 

w = 571.5 m 18.1 21.8 23.5 

 

Table 2. Heights of asymptote intersection with Y-axis 0F  [N] vs. wedge base width w and 

friction coefficient 

  = 0  = 0.2  = 0.4 

w = 0 m 0 0 0 

w = 190.5 m 2095 2029 2013 

w = 381.0 m 3835 3787 3748 

w = 571.5 m 5548 5481 5469 
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The graphic presentation of the parameters pk  and 0F  is shown in Figure 18. 
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Figure 18. Dependences of ),( wk p  and ),(0 wF  

Constants of bilinear, biquadratic and mixed approximation of ),( wk p  and ),(0 wF  were 

determined using the least square method.  

For bilinear approximation  

CBwAk p   (13) 

the constants take the following values 

mN/   15.2125

mN/   0.01381

mN/   10.2915

2







C

B

A

 (14) 

The root mean square (RMS) error in this case is =0.358. 

For biquadratic approximation  

 PwQDwCBwAk p  22
 (15) 

the constants take the following values 

2

36-

2

mN/       -0.00606

mN/        -24.1875

mN/10-1.4696

mN/            26.62

mN/        0.01586

mN/        9.56917






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

P

Q

D

C

B

A

 (16) 

The RMS error in this case is =0.0267. 

For mixed approximation  

2 DCBwAkp   (17) 

the constants take the following values 

90



Magazine of Civil Engineering, No. 6, 2017 

 

Semenov A.S., Semenov S.S., Melnikov B.E, Tikhonov V.S. Modeling of indentation and slip of wedge punch. 

Magazine of Civil Engineering. 2017. No. 6. Pp. 78–101. doi: 10.18720/MCE.74.8 

mN/      -24.19

mN/        24.89

mN/    0.01381

mN/       9.969

2









D

C

B

A

 (18) 

The RMS error in this case is =0.0810. 

The dependence ),(0 wF  (Fig. 12) demonstrates almost total absence of   effect on 0F , and 

the dependence )(0 wF  is close to linear, therefore, assume that 

HwGF 0 , (19) 

where the best values of constants are as follows 

mN/   9.6

N     95





H

G
. (20) 

It should be noted that constant G is small as compared to the observed levels of F (thousands 
and tens of thousands Newton) and it may be neglected. 

The constants from (14), (16), (18), (20) fit the case of l  = 4826 m and should be changed 

proportionally to the changes in the wedge base length l. 

Visual analysis of functions ),( wk p  (Fig. 12) demonstrates that dependence )(wk p  is very 

close to linear, while )(pk  is nonlinear. Therefore mixed approximation (17) will be further considered 

as the principal one. Usage of approximations (17) and (19) is equivalent to development of an 
indentation model based on two hypotheses: 

Linear dependence of slope pk  and shear in Y direction 0F  on the base width w; 

Quadratic dependence of slope pk  and independence of 0F  from the friction coefficient . 

Thus, based on (17) and (19), approximation (1) can be presented as 

  













 

 h
HwG

ke

eHwGhDCBwAwhF 1),;( 2 . (21) 

Comparison of approximation (21) with results of FE computations demonstrated (Fig. 19) good 
accuracy in a wide range of the parameters w  and  . 

Dependences ),( hF  at four different values of w  and ),( whF  and three values of   

demonstrate (Fig. 20) that w  has a dominant impact on the indentation force of the two considered 

parameters w  and  . If the friction coefficient   has a fixed value, approximation (21) will be simplified: 

  













 

 h
HwG

ke

eHwGhBwAwhF 1');( . (22) 

If the base width value w  is fixed, approximation (21) takes the following form: 

   hQeGhDCAhF '2 1'");(   . (23) 
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Figure 19. Comparison of calculated wedge punch indentation curves with approximation (21) 
(thick lines) at various base dimensions w and friction coefficients  
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Figure 20. Parametric analysis of approximation (21) 

The size of the area of the nonlinear (transition) indentation curve section at the deviation from the 

linear approximation of = 1 %, neglecting G and assuming that ke is constant, can be roughly estimated 

based on the relationship 

10/
01.0ln

%1 ww
k

H
h

e

 . (24) 
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If the deviation from the linear approximation =0.1%: 

7/
001.0ln

%1.0 ww
k

H
h

e

 . (25) 

For a more accurate estimate, the following equation should be used 

 

wl

GHw
m

E

v
h




ln1 2 
 . (26) 

For the set of parameters 210E GPa, 3.0v , 381w  m, 4826l  m, 67.0m , obtain 

37%1 h  m and 55
%1.0
h m. 

To determine the coefficients of Eq. (21), both experimental and FE results can be used. 

Subject to the plane strain state condition (w << l), it is possible to consider the dependence on l 

explicitly and use the following approximation instead of (17) to calculate pk
 

 lDCwBAk p
2  , (27) 

where the constants are obtained by dividing the values of constants from (18) by l  = 4826 m: 
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Eq. (19) can be modified for 0F  in a similar way 

  lwHGF 0 , (29) 

where the constants take the following values 

2mN/    0.00199
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H

G
 (30) 

Based on the obtained results (27) and (29) and the explicit equation of ek  in terms of w and l (8), 

if 1/20 <  w/l << 1, the following formula should be used instead of (21): 
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Identification of parameter pk  for untruncated (ideal) wedges 

Symmetric untruncated wedges (Fig. 21а) can be considered as a special case of symmetric 
truncated wedges at 0w  (see Fig. 2). Unsymmetric untruncated wedges (Fig. 21b) should be 

considered separately. However, based on the experimental and FE computations data, both cases allow 
for linear approximation (6) 

hkF p . (6) 
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Figure 21. Symmetric (а) and unsymmetric (b) untruncated (ideal) wedges 

It is assumed that the parameter pk  depends on the friction coefficient  . Computational 

experiments were performed to identify the above dependence for three values of 
 
= 0; 0.2; 0.4. The 

results of FE computations are provided in Figure 22. 
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Figure 22. Indentation curves of symmetric (а) and unsymmetric (b) untruncated wedge 

punches at various friction coefficients , obtained using FE method 

The model of an elastic-plastic body with nonlinear hardening was used for the indented material in 
FE computations. The strain diagram obtained from experiments and used for computations is shown in 
Fig. 16. A rigid indenter was used for indentation. Computations were based on the plane strain state 
hypothesis. Computation results are shown in Figure 23. 

    

а)                                                                                   b) 

Figure 23. Strain state during indentation of a symmetric (а) and  
unsymmetric (b) untruncated wedge punches 

The asymptote pk  slope values determined by the predicted indentation curves shown in 

Figure 22 are provided in Table 3. 
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Table 3. Asymptote pk  [N/m] slope values vs. friction coefficient . 

  = 0  = 0.2  = 0.4 

Symmetric wedge 30о/30о 9.55 13.7 16.1 

Unsymmetric wedge 60о/30о 24.2 28.6 29.9 

 

The graphic representation of the parameter pk  vs.   is shown in Fig. 24. Dependences for 

symmetric and unsymmetric wedges are practically similar. The only significant difference is the height of 
the intersection point with Y-axis. 

 

Figure 24. Dependence 
)(pk
 

The quadratic approximation constants )(pk
 
were determined using the least square method: 

2 DCAk p   (32) 

the constant values for a symmetric wedge are: 
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the constant values for an unsymmetric wedge are: 

mN/      -38.75

mN/        29.75

mN/        24.20

30/60
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 (34) 

 

The above constants are valid for l  = 4826 m and should be changed proportionately to the 

changes in the wedge base length l. 

Some difference of the constant values (33) as compared to (18) (also describing the untruncated 
wedge behavior at w = 0) is due to the fact that the constants (18) were obtained from a wider 
calculations database that accounts for w variations and therefore provides a less correct prediction for 
the case under consideration. 
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Based on (32), approximation (6) can be rewritten as 

 hDCAhF 2);(    (35) 

It is obvious that Eq. (35) can be considered as a special case of function (21). 

Comparison of approximation (35) with FE computation data showed (Fig. 25) good accuracy in a 
wide range of parameter   variation.  
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Figure 25. Comparison of predicted indentation curves of symmetric (а) and unsymmetric (b) 

untruncated wedge punches with approximation (35) at various friction coefficients . 

Subject to the plane strain state condition (w<<l), it is possible to consider the dependence on the 

wedge length l explicitly and use the following approximation instead of (23) to calculate pk   

 lDCAk p
2  , (36) 

where the constants are obtained by dividing the values of constants from (33) and (34) by l  = 4826 m. 

For a symmetric wedge, such constants are as follows: 
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and for an unsymmetric wedge, such constants are as follows: 

2
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 (38) 

If approximation (32) is substituted by (36), the following equation that comprises explicit 

dependence on the wedge length l can be considered instead of (35): 

  lhDCAlhF 2),;(   . (39) 

It should be noted that both experimental and FE computation data can be used to determine 

constants of Eqs. (35) and (39). Approximation (39) is valid only if w << l and its factors can be obtained 

using 2D FE analysis. 

Results of FE modeling of slip of indented tooth 
Obtaining of universal analytical estimations to describe the transient indented tooth slip process is 

an independent and quite difficult problem. Such problem is confined below to consideration of 3D FE 
modeling of the single tooth slip and experimental data. In future they can be useful for development of 
an analytical tooth breakaway force model. 

Figures 26 and 27 show the results of FE computations of single tooth indentation to a depth of 
150 µm with its further slip. The problem was solved for the symmetric case. 

 

Figure 26. Plastic strain intensity field distribution during tooth indentation 

 

Figure 27. Plastic strain intensity field distribution during indented tooth slip 
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According to the figures, the material is subjected to a considerable plastic strain when a bed is formed 
in front of the slipping wedge even at shallow indentation depths. The effect of the side edge and 3D strain is 
shown in Figure 27. It results in a smaller bed formed in front of the tooth near the side edge, besides an 
additional lateral face is formed where tribological phenomena are also taking place. 

Figure 28 shows tooth slip diagrams drawn based on 2D and 3D FE solutions. The tooth was 
assumed to be a rigid body. Oscillations on the assumption slip diagrams are attributable to 
inhomogeneity of the dynamic process of slipping during shear. It should be noted that similar oscillations 
are also present on the experimental diagrams (see Fig. 4). Figure 28 shows a smooth monotone 
approximation derived by averaging of several tests results. The comparison of the solutions in 2D and 
3D statements enables to assess the effect of side edges and 3D strain state close to such edges. Such 
effect does not exceed 10 %. 

The solution of this boundary value problem accounting for the nonlinearities of three types 
(plasticity, finite strains, and contact with friction) requires effective computation methods [24], detailed 
spatial discretization and a considerable amount of time increments for convergence of iterative 
procedures. The geometrically nonlinear problems were solved using FE software MSC.Marc [25]. The 
Lagrange updated formulation was used. The model of elastic-plastic body with nonlinear hardening was 
used for the indented material in FE computations (Fig. 16). Computations included multiplicative 
decomposition of the strain gradient into the elastic and plastic parts. 

 

Figure 28. Single tooth shear diagrams 

The comparison of the computational and experimental shear diagrams demonstrated satisfactory 

accuracy (less than 15 % for the shear of up to 500 m), therefore the computational diagrams may be 
used as the basis for assessment of the punch indentation force and punch breakaway drag force during 
its shearing as a function of indentation depth. A limitation of such approach is the need to perform new 
FE computations for each new punch size, configuration and each material grade. This requires 
development of universal analytical models to describe the slip process similar to those proposed above 
(see e.g. (35), (40), (41)) to describe the indentation process. 

Discussion 

The results of analytical [12-14, 20, 21, etc.] and experimental [9-11, 6, 5, etc.] studies of the 
processes of teeth indentation in to the elastic [20, 21, etc.] and plastic [12-14, etc.] continuum are widely 
presented in the literature. However, there is no unified model of deep and shallow indentation processes 
of an ideal and non-ideal wedge-shaped punch, taking into account the dependence of force on the depth 
of the indented die, its geometry, plastic hardening of material and lateral friction, which is oriented to the 
determining the load bearing capacity of gripping devices for drillpipes. In this paper, an attempt is made 
to construct a similar unified model based on the unification and generalization of known analytical 
solutions, as well as identification of model parameters based on multivariant finite element computations 
and its experimental verification. 

The proposed analytic dependence of the indentation force of an ideal and non-ideal wedge-
shaped tooth with symmetrically sloped sides (30o) and unsymmetrically sloped sides (30o/60o) modeling 
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tooth operation as a function of indentation depth and friction coefficient on the punch lateral face both for 
shallow and deep indentation is determined in general case by the expression: 

  













 

 h
HwG

ke

eHwGhDCBwAwhF 1),;( 2 . (21) 

Simplified version of (21) in the form of the linear approximation (6) can be used to analyze the 
process of indentation of ideal (untruncated) symmetric and unsymmetric wedges, which in expanded 
form (35) allows for the following representation: 

 hDCAhF 2);(   , (35) 

which constants are determined according to (33) for a symmetric wedge and according to (34) for an 

unsymmetric wedge. An analogous (linear in respect to h ) dependence is considered in [13]. 

Linear approximation (2) can be used to describe the process of non-ideal (truncated) wedge 

indentation to considerable depths ( 7/wh  , where h is the indentation depth, w is the truncated wedge 

base width), which in expended form (obtained for special case (21) at high wh / values) can be rewritten 

as: 

  HwGhDCBwAwhF  2),;(  , (40) 

where the constants for a symmetric wedge are determined according to (18)-(20). 

Nonlinear approximation (1) should be used to analyze the process of truncated wedge indentation 

to shallow depths ( 7/wh  ), which in expended form (obtained for special case (31) at low wh / ) can 

be rewritten as: 

  













 

 h
HwG

wQ

eHwGhDCBwAwhF 1),;( 2 , (41) 

where 
3/2mN/ .923 Q  and the remaining constants HGDCBA ,,,,,  are the same as the above 

factors for considerable indentation depths (18)-(20). 

The form of introduced approximations is based on the analysis of experimental indentation curves 
and analytic solutions of the boundary value elasticity and plasticity problems. The constants of the 
introduced approximations were obtained by the least square method based on the results of multiple FE 
computations and agree with the available experimental data. The ranges of the valid argument 
variations, for which the approximation is kept interpolational are: 

.4.0 0

μm, 5.571μm 0

μm, 150μm 0









w

h

 

The wedge base length l and the wedge half-angle  were assumed fixed l = 4826 m,  = 30o to 

determine the approximation factors. Subject to the condition w << l, it is possible to use the 

approximation that explicitly provides for the dependence on l, as (39) for untruncated and (31) for 

truncated wedges. Cases with 
30  require further study, which can be performed in a similar way, if 

necessary, based on multiple computational experiments. 

Conclusion  

A simplified analytical model was proposed to determine the indentation force of an ideal 
(untruncated) and non-ideal (truncated) wedge punch with symmetrically sloped sides (30o) and 
unsymmetrically sloped sides (30o/60o) modeling tooth operation as a function of indentation depth and 
friction coefficient on the punch lateral face both for shallow (mostly typical of elastic strain) and deep 
(mostly typical of plastic strain) indentation. The developed models closely agree with the FE analysis 
and experimental data. 
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The FE modeling of single tooth indentation and slip was performed with using 2D and 3D models. 
The comparison of the computational slip diagrams with the experimental data demonstrated satisfactory 
accuracy, therefore such computational diagrams may be used as a basis for assessment of punch 
indentation, breakaway and drag forces during its shearing as a function of the indentation depth. 

The obtained results can be used to develop a holding force model for a multi-tooth slip. 
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