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The stress-strain state of ribbed shell structures
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Abstract. The paper presents an analysis of the stress-strain state of shallow shell structures of
double curvature, reinforced from the concave side by a various number of stiffeners. Mindlin—Reissner
shell deformation theory is used, which accounts for geometrical nonlinearity and transverse shears, as
well as for discrete introduction of stiffeners with contact between the stiffener and the shell along the
strip. The mathematical model is written in the form of a functional of full potential deformation energy.
The algorithm of the analysis is based on the application of the Ritz method to the functional, which is
used for reducing the problem to a system of nonlinear algebraic equations. The resulting system is
solved by the parameter continuation method. Structural variations that are considered in the paper are
fastened with fixed-pin joints along the contour and are subject to external uniformly distributed
transverse loading. The values of stresses, forces, and moments in the stiffeners and in the shell skin are
obtained and analyzed. Specific features of their distribution are revealed. All values are given in
dimensionless parameters. It is shown that accounting for the contact of the stiffener with the shell skin
along the strip allows one to investigate the stress-strain state in the stiffeners, which are not possible
using delta functions with the introduction of stiffeners along the line.

AHHoTauumsA. B paboTte npoBoanTCca aHanM3 HanpsXKeHHO-AePOPMUPOBAHHOIO COCTOSIHUSA MOSIOrNX
060M0YEeYHbIX KOHCTPYKUMIA ABOSIKOW KPUBM3HbLI, MOAKPEMSIEHHBIX CO CTOPOHbI BOTHYTOCTU PasfnyyHbIM
yncnom pebep. Mcnonb3yetcs Teopus  gedopmupoBaHusi  obonoyek  MuHanuHa—PelicHepa,
yunTblBaLLass reoMeTpu4eckylo HenMMHEMHOCTb, NomnepeyvHble COBUMM, a Takke OUCKPEeTHOe BBedeHue
pebep XKeCTKOCTU C KOHTaKTOM pebpa n 06wmrBKKM No nonoce. Matematuyeckas Mogernb 3anncaHa B Buge
dyHKUMOHaNa MoMnHOMW MOoTeHumManbHOW 3Heprun pedopmaunn. ARropuTM pacyeTa OCHOBaH Ha
NpMMEHeHMn K dyHKUMoHany wmetoga Putua gna cBegeHus 3adadn K CUCTEME  HENUHEMNHbIX
anrebpaunyeckux ypasHeHun. lMonyyeHHas cucTemMa pellaeTcss MEeTOAOM MPOOOIMKEHUS peLueHus no
napametpy. PaccmaTtpuBaemble BapuaHTbl KOHCTPYKLUMW LUAPHUPHO HEMOABWXHO 3aKkpensieHbl no
KOHTYPY M Haxoadtcda nof AeCTBMEM BHELUHEW paBHOMEPHO pacnpefeneHHOr nornepeyHon Harpysku.
AHanM3NpyTCa MNOSMyYeHHble AaHHble O 3HAYEHUAX HaNpPsKEHWW, YCUIMMA U MOMEHTOB B pebpax
XKEeCTKOCTM U B 0oOLlMBKe. BbisiBNeHbl 0COOEHHOCTU WX pacnpefeneHuns. 3HavyeHWss NpuBeLeHbl B
6e3pa3mepHbIX NapameTtpax. MokasaHo, YTo y4yeT KOHTakTa pebpa ¢ OOLWMBKOM NO NoOfioce No3BonsieT
nccrnenoBaTh HanpsKeHHO-4eOPMUPOBAHHOE COCTOsIHWME B pebpax, YTO HEBO3MOXHO NpW BBEOEHUU
pebep Mo NMHUM C NOMOLLbIO AenbTa-yHKUUNA.
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Introduction
The study of the behavior of shell structures is essential for different sectors of industry [1-4],
including Civil Engineering [5—6]. For thin-walled shells, it is important to account for the reinforcement
with stiffeners [7—35], which make it possible to significantly increase the critical load value, redistribute
hazardous stresses, and thus increase the robustness of the structure.
Most of the stability studies of reinforced shells were carried out for closed cylindrical shells [10,
11, 17, 20, 21, 29-31], because such structures are the most widely used in practice. In addition, due to
their symmetry, they can be analyzed using simplified models (as an axisymmetric problem).
According to the type of external action, structures under axial compression are more frequently
investigated [11-22, 27-29, 32], whereas structures under uniformly distributed transverse loading are

studied less often [15-18, 26, 27].
Stability of shells under static loading is considered in [16-24], and the vibrations of such
structures in [7, 8, 13-15, 32]. Optimization issues of reinforced shells for solving specific practical

problems were discussed in [26—30].
In most cases the stiffeners are located on the side of the concavity of the shell, but the cases

where the stiffeners are located on the external side of the shell are also of interest [17, 18, 28, 31].
The finite element method for calculating reinforced thin-walled shells was used in [4, 7, 8, 11, 17,

20, 25, 26, 34, 35].

In most studies it is assumed that stiffeners interact with the shell skin along the line: thus, for
example, A.l. Lurie [36] and V.Z. Vlasov [37] considered the stiffeners as Kirchhoff—Klebsch bars, where
the locations of stiffeners were defined with the aid of delta functions. With this approach, it is assumed
[38] that the effect of shell-reinforcing stiffeners on the shear and torsion of the median surface of the
shell skin can be neglected, and deformation of reinforcements is described by the relations of a linear

stress state without accounting for their interaction.
The most accurate approach is when the contact between the stiffener and the shell skin occurs

along the strip [39]. Also, for reinforced shells, it is essential to account for transverse shears [40].
The purpose of this paper is to analyze the stress-strain state of stiffened shell structures and to

identify the features of their deformation process.
The objective of the study is to perform a computational experiment to determine the stress-strain
state of shallow shells of rectangular base with a varying number of shell-reinforcing stiffeners.

Methods
Let us consider shallow isotropic shell structures of double curvature, of square base (Figure 1),

with fixed-pin joints along the contour and subjected to external uniformly distributed transverse loading
g. The load is oriented along the normal to the median surface. The shell is reinforced from the concave

side by an orthogonal grid of stiffeners, parallel to the coordinate lines.
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Figure 1. Schematic representation of a shallow shell structure of double curvature, of square base
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Mathematical model

The mathematical model of deformation of such structures is constructed from three groups of
relations: geometric (associating displacements and strains), physical (associating stresses and strains),
and the functional of the total potential deformation energy.

Let us consider a geometrically nonlinear version of the model, which also takes into account
transverse shears (the Mindlin—Reissner model), and the possibility of discrete introduction of stiffeners,
taking into account the contact of the stiffener and the shell skin along the strip and accounting for the
shear and torsional rigidity of the stiffeners. In this case, the unknown functions are three displacement

functions U :U(X, y), \Y :V(X, y), and W :W(X, y) and two functions of the angles of rotation of
the normal, ¥, =P, (x,y), and Y, =Y, (X, y); and the geometric relations will have the form:

oU 1 9 oV 1 - oV ouU
&x=——KW+26°" &, =—-kW+=6,°, =+ +60,,
Tk X b Ay Ty TR TR My T g gy T2 "
¥, oY, ov, ¥
= v Y= 2Ypp =+,
4 o 22 oy 212 x oy

where &y,&y are axial strains along the X and y coordinates of the median surface; 7y, is the shear

strain in the XOYplane; 41, X2, Y12 are functions of change of curvatures and torsion;
kx =1/Ry,ky =1/R; are primary curvatures of the shell along the X and Yy axes; Rj,R, are the
principal radii of curvature; and

W W

91: 2 = ay . (2)

o
The physical relations for linearly elastic deformation of an isotropic material under a plane stress
state will have the form

E E
Oy =— gx—l-ﬂé‘y—i-Z()(l-l-ﬂ){z) , Uy =3 5y+ﬂ‘9x+z(){2+ﬂ;{1) :
1-u 1-p 3)

Ty = Gl{?’xy +22)(12}

where E is the elastic modulus of an isotropic material; 4 is the Poisson’s ratio; and Gy, is the shear
modulus.

Expressions for forces and moments are separated into components acting in the shell skin
(index 0), and in the stiffeners (index R). Consequently, we have

_nO R _nNO R _NO R _NO R
N, =Ny +N,, Ny—Ny+Ny, ny—nyJfoy’ Nyx—Nyx"'Nyx’
_ a0 R _ a0 R _ a0 R _np 0 R 4
My =M +M, My =My+My, My =My +Mg, M, =My +Mg, “)
0 R 0 R
QX:QX+QX' Qy:Qy"'Qy-
If the stiffeners are introduced discretely, then in the expressions (4) one should take [35]

NS =Gyhle, +pe, ) NS =Ghle, +pey ) NS, = NS =Gy,
0 h® 0 h® 0 0 h®
My :Glﬁ(X1+“X2)’ MyzGlﬁ(Xz +HX1)’ MxszyX=2G12EX12’
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ny - N?X :Glz[':ny +2§){12].

(5)
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Here h is the thickness of the shell skin; F, S, and J are the area of the cross-sectional or

longitudinal section of the stiffener per unit length of the cross-section; the static moment of the area; and
the moment of inertia of this cross-section. In the discrete approach, it is taken into account that the

contact of the stiffener with the shell skin occurs along the strip, the shear and torsional rigidity of the
stiffeners are taken into account, and then these characteristics are calculated as follows [41]:

QX =G kF (P —a) Q) = stk':(‘{'y -6, ) G, =

F= ZFJg(x X; )+ ZF'Ey V) iipijg(x_xj)g(y_yi);
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where
Fi=n', Fl=h), F1 =nl, s"=h'(+h' )2, 7 =hi(h+ni )2, 7 =hi(h+nl )2
) =0asnn’ +osnf'f + ('], -
21 =02sh?hi+oshfhi f+(nif, 39 ~02snni+oshln f+ ],
Here h' hJ are the height of the stiffener; indices i and j indicate the order number of the

stiffener located parallel to the Xand Yy axes, respectively; N,Mm are the number of stiffeners;

h' = min {hi,hj }; and 5(X— Xj), S(y— yj) are unit bar graph functions equal to 1 in places where
stiffeners are connected, which are equal to the difference of two unit functions:

Sx—x;FU(x-a;)-Ulx-b;) &(y-y)=U(y-c)-U(y-d;) (8)

Moreover, aj =X;—rj/2, bj=x;+rj/2, ¢=Yy;—-/2, dj=y;+r/2, where Ij,Ij are

the width of the sﬂffener, and indices 1 and j indicate the order number of the stiffeners located parallel
tothe Xand y axes, respectively.

The total potential deformation energy of a shallow shell of double curvature can be written with the
aid of a functional Ep that represents the difference of the potential deformation energy of the system
and the work of external forces:

ab
=;_([E[{ngx+Ny€y+;(ny+Nyx)7xy+Mle+MyZZ+(Mxy+Myx)le+ o

+Qu (¥, —6)+Q, (¥, -, )-2qW jdxdy.
Representing this functional as the sum of two functionals, individually corresponding to the shell
skin and the stiffeners, we obtain

0 R 10
E,=Ep+Ej,, (10)
where [41]
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An expression for EE is obtained analogously:
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Algorithm

In this paper, it is proposed to use an algorithm based on the Ritz method and the method of
parameter continuation for the study of shell structures.

According to this algorithm, the Ritz method is applied to the functional in order to reduce the
variational problem to a system of nonlinear algebraic equations. For this, the required functions are
represented in the form

U(x,y)= ZU(I)Zl(I) V(xy)= ZV(I)ZZ(I) W(x,y)= ZW(I)ZS(I)
1=1 1=1

(13)
v, ( ZPS(I)Z4(I) ¥, (x,y)= ZPN(I)ZS(I)
1=

and the system of nonlinear algebra|c equations is obtalned relat|ve to the unknown numerical
parameters U (1), V(I), W(l), PS(l), and PN(I).

The convergence of the Ritz method in solving the problems of stability of thin-walled reinforced
shells was shown in [40], where for problems with symmetric shells the difference in the critical load

values for N =9 and N =16 was minimal. In this paper, all the results were obtained with N =9.

Various numerical methods can be used to solve this system [40, 42, 43]. In this paper we use the
parameter continuation method [40].

Approximation functions in (13) are selected depending on the method of fixing the shell contour,
and must satisfy the boundary conditions. With the fixed-pin joint along the contour, we obtain the
following boundary conditions:

for x=0,x=a
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U=V=W=0, M, =0, ¥, =0;

fory=0,y=b:
Uu=v=w=0 M, =0, ¥, =0.

Taking into account the fact that shallow shells of double curvature of square base have symmetry,
the approximation functions for this type of fastening can be taken in the form:

U(x,y)= ggu 1 Sin (an stin ((ZI ~1)n Zj

k=11=1 a

V(x,y)= ggvk, sin ((Zk ~1)n :j sin (gmg}

k=11=1

N +/N

W(xy)= ggwkl sin ((Zk ~1)n Xj sin ((ZI ~1n ?)/j

k=1 1=1 a

Il
Mz
LMz

PSy, cos((Zk ~1)n X]sin ((ZI ~1n E)lj

¥, (xy) A

5
5

A

¥y (%, y)

PN, sin ((Zk ~1n :) cos((ZI ~1)n ZJ

=

I
" M
g

22N

1 1=

Results and Discussion
Calculations are carried out for shallow shells of double curvature of square base with a = b, and
Rlz R2 , with fixed-pin joint along the contour and subjected to uniformly distributed transverse loading.

Let us introduce the dimensionless parameters

X y au bV w a2k b2k a¥
=— n=>-U=" V=" W=— k.= Xk :7)/’?: x’
4 a n b h2 h2 h' ¢ h n h X h ”
2 2 2
g 2y poata @y o aNy o aMy
y h ' Ent’ 7 En2 7T ER T ER*

We will investigate the nature of stress distribution on the outer surface of the shells for different
numbers of shell-reinforcing stiffeners with height 3h and width 2h for a=60h and
R, =R, =225h (k: =k, =16).

Figure 2 shows the stress diagrams oy for P =150, reinforced with four stiffeners (Figure 2, a)
and two stiffeners (Figure 2, b). The curve with number 1 corresponds to the cross-section £ =0.1,
curve 2 to the cross-section £=0.2, curve 3 to the cross-section & = 0.3, curve 4 to the cross-section
& =0.4, and curve 5 to the cross-section & = 0.5.

As can be seen from Figure 2, the stresses on the stiffener decrease substantially, but closer to the
central cross-section (¢ = 0.5), the character of the stress becomes smoother.

For shells reinforced with two wide stiffeners (width 12h), the stress pattern remains the same
(Figure 2, c).

Now let us investigate the nature of the distribution of forces and moments in the stiffeners and in
the shell skin.
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Figure 2. Diagram of stresses oy of a shallow shell with various cross-sections

Figure 3 shows diagrams of forces N; and moments M,? acting in the stiffener (Figure 3, a) and

along the stiffener (Figure 3, b); and N,? and Mf; (Figures 3, ¢ and 3, d) in the shell skin along the

stiffener (for the shell reinforced by two stiffeners intersecting in the center with height 3h and various
widths for P=150, £=0.5).

Curve 1 corresponds to the width of the stiffener 2h, curve 2 to width 12h, and curve 3 to width

24h . As can be seen from Figure 3, the forces and moments in the cross-section of the stiffener are
much larger than in the shell skin. Moreover, the fibers in the shell skin are compressed, and the fibers in

the stiffener are elongated, because N,? and N,? have opposite signs.

Figures 3,e and 3,f show the diagrams of moments M,? and forces N,? in the cross-section of a

shell skin 77 = 0.1 (between the stiffeners). All values presented in Figure 3 are related to the unit length
of the cross-section.

@) &)

—101

4 0

1071

—4ﬂN£

Figure 3. Diagrams of forces N,7 and moments M,7 of a shallow shell in the cross-section
£=05
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As can be seen from Figure 3, as the width of the stiffener decreases, the forces and moments in
the stiffeners increase. Let us consider shells reinforced with two and four intersecting stiffeners of height

3h and width h. In Figures 4 and 5, the curve number indicates the number of shell-reinforcing
stiffeners.

Figure 4 shows the "load P - deflection W' in the center of the shell" dependencies and diagrams
of the angles of rotation of the normal ¥, along the axis & for P =150 and 7 = 0.1. As can be seen

from this figure, at the point where the stiffener is attached to the shell skin, the angles of rotation ‘ITX
become practically equal to zero.

Figure 5 shows the diagrams of forces N,7R (Figure 5, a) and N,? (Figure 5, b), and moments

M,? (Figure 5, ¢) and I\/I,? (Figure 5, d) per unit length of the cross-section, for P =150 along the
stiffener (parallel to the y axis).

Since the force and moment diagrams are given along the stiffener, then for the shells reinforced
with two stiffeners, the stiffener is located at & = 0.5, and for the shells reinforced with four stiffeners at

£=0.35.

As can be seen from Figure 5, in the cross section of the stiffener, significant forces and moments
appear along the stiffener, while these values are much smaller in the shell skin. Near the edge, the
stiffener is subject to compression, and further from the edge, to elongation. At the place of intersection of
the stiffeners, the forces are reduced. A smooth change in the forces is observed in the shell skin.

Since the model of the stiffened shell, taking into account the transverse shears, permits the out-of-
plane bending of the stiffener, let us analyze this point.

Figure 6 shows the diagrams of bending moments M,7R (in the direction of the axis 77) in the

cross-section of the stiffener (£ = 0.5) and the longitudinal section of the stiffener (77 = 0.5) which are
mutually orthogonal, for the shells reinforced with a different number of stiffeners: 2 stiffeners (curve 2)
and 6 stiffeners (curve 6), with height 3h and width h. The index “1” in Figure 6 designates that the height
of the stiffeners is 6h and the width is h. A shallow shell of square base with parameters

a=120h, k; =32 is subject to uniformly distributed transverse loading, P =300.

As can be seen from Figure 6, the bending of a stiffener in cross-section is somewhat larger than
in longitudinal section, but is of the same order. As the height of the stiffener increases, bending
moments also increase. At the intersections of the stiffeners, their bending (out-of-plane) decreases. The
direction of bending of the stiffener out of its plane differs for a shell that has only one stiffener in the
direction being examined and a shell that has several stiffeners in the direction being examined.

Next, let us study the character of the normal stress distribution along the stiffener in different
layers of the stiffened shell along the thickness of the stiffener.

7 P=150 p=01 Ny

300+ 7 0

5 02 | 4 =

2004 04 Z
0.6
100+ 0.8
T,
o f £ e

Figure 4. "Load-deflection" graphs for a shallow shell reinforced with two and four stiffeners,
and diagrams of the angles of rotation of the normal ‘PX
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Figure 5. Diagrams of forces and moments in the shell skin and in the stiffeners of a shallow shell
reinforced with two and four stiffeners
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Figure 6. Diagrams of moments M,;{ in different cross-sections for a shallow shell reinforced with
a different number of stiffeners

Let us examine the stress distribution in the shell skin and in the stiffener under critical load. Figure
7 shows the stress diagrams o, for £=0.5 along the 77 axis for the shell with a =60h,k; =16 curve

1for Z=—h/2, curve 2 for Z=0, curve 3 for Z=h/2, curve 4 for Z=h/2+3h (at the center of the
stiffener), and curve 5 for Z=h/2+6h (bottom part of the stiffener). Figure 8 shows similar results for
shells with parameters K: =32, a =120h (index “1”), and a= 240h (index “2”) near the critical load
value (for the shell with a=120h, B, =1860, and for the shell with a =240h, B, =1580). The

shells are reinforced with six stiffeners with height 3h and width 2h.
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Figure 7. Diagram of stresses o, in different cross-sections of the stiffener for a = 60h, k; =16

n

Figure 8. Diagram of stresses o, in different cross-sections of the stiffener for a =120h, k§ =32

n

As can be seen from Figures 7 and 8, stresses occurring in the stiffener significantly exceed
stresses in the shell skin. These stresses increase with the height of the stiffener. Therefore, plastic
deformations will appear in the stiffener first, and only afterwards in the shell skin. When plastic
deformations occur in the stiffener, the moment of stability loss may occur earlier.

Therefore, it is necessary to analyze the maximum stresses in the shell and stiffeners for
comparison with the maximum allowable values in order to remain in the elastic zone.

To confirm the reliability of this approach to the introduction of stiffeners, let us consider the results
of an experimental study of the stability of stiffened shells, performed at the Ural Scientific Center of the
USSR Academy of Sciences and described in the work of V. I. Klimanov and S. A. Timashev [43]. Tests
were carried out on 18 samples of shallow shells of square base from plexiglass, the parameters of which

are a=b=0.6 m, R, =R, =1.51 m, h=0.001 m, reinforced by an orthogonal grid of stiffeners with a
cross-sectional area 0.0033x0.0092 m?2 (3.3hx9.2h) and step size for stiffener arrangement 0.075 m ( 9x9
stiffeners). The dimensionless parameters of the curvature of such shells are ké‘: = kn =238. The load
was assumed to be uniformly distributed over the area of the shell.

As a result of the experiment, the authors of Ref. [43] obtained critical load values that ranged from
0.411-102 MPa to 0.703-10 MPa. According to the method of calculation of reinforced shells
proposed by us, a study of similar structure was conducted: when reinforced with stiffeners (3.3hx9.2h

), the critical load value is 0.72-1072 MPa (the difference in values is explained by the fact that during
calculations, the ideal structure is considered, as well as the possibility of plastic deformations and other

factors), and when reinforced with stiffeners (2hx3h) the critical load value is 0.3-1072 MPa.

Karpov V.V, Ignat’ev O.V., Semenov A.A. The stress-strain state of ribbed shell structures. Magazine of Civil
Engineering. 2017. No. 6. Pp. 147-160. doi: 10.18720/MCE.74.12.
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It is also noted in [43] that the shells were initially exposed to cavities, which, under further loading,
developed to a depth of 0.55h . On average, under load ¢ =0.195-10"% MPa, deflections of the model

centers are 2.5h. For a load q =0.389-107% MPa, they were equal to 7h [43]. Similar qualitative
results of the process of stability loss of the shell were obtained in this work.

Conclusions

As a result of the calculations and analysis of the data obtained, the following features of the
stress-strain state of stiffened shallow shell structures of double curvature can be outlined:

— when the shell is reinforced with a small number of stiffeners, stresses in the area of their
connection to the shell skin decrease quickly, and their redistribution occurs in comparison with
the smooth shell, but closer to the central cross-section (£ = 0.5) the character of stresses

becomes smoother. Moreover, as the width of the stiffeners increases, the nature of the
stresses remains the same;

— as the number of stiffeners increases, the distribution of stresses on the outer surface of the
shell skin becomes smoother;

— as the width of the stiffener decreases, the forces and moments in the stiffeners increase;

— at the places where the stiffeners are connected to the shell skin, the angles of rotation of the
normal Wy become close to zero, but in the other part of the shell they increase, so that, in

comparison with smooth shells, accounting for transverse shears significantly affects the stress-
strain state of the stiffened shell;

— in the cross-section of the stiffener there are significant forces and moments, whereas in the
shell skin these values are much less than in the stiffener itself. Near the contour of the shell,
the stiffener is subject to compression, and closer to the center it is under tension.

— as the height of the stiffener increases, bending moments in the stiffener increase;

— at the intersection of the stiffeners, their bending (out of the plane of the stiffener) decreases,
which proves the necessity to take into account the joint action of the stiffeners at their
intersection. With the introduction of stiffeners along the line, this effect is not taken into
account;

— stresses occurring in the stiffener significantly exceed stresses in the shell skin. These stresses
increase with the height of the stiffener. Therefore, plastic deformations will occur first in the
stiffener, and then in the shell skin. When plastic deformations develop in the stiffener, the
moment of stability loss may occur earlier.

Thus, taking into account the contact of the stiffener with the shell skin along the strip makes it
possible to investigate the stress-strain state in the stiffeners, which is not possible using delta functions
with the introduction of stiffeners along the line.
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