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The deflection of spatial coatings with periodic structure
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Abstract. The scheme of the statically determinate spatial truss is proposed. Rectangular truss
has a vertical supports on the sides and loaded uniformly at the nodes by the vertical forces. The forces
in the rods and supports are determined using cut nodes method. The dependence of the deflection mid-
span on a number of panels is obtained. A generalization of the particular solutions on an arbitrary
number of panels obtained by the method of induction. All transformations and solutions are made in the
system of computer mathematics Maple. The homogeneous linear recurrence equation satisfied by the
members of the sequence of coefficients of the desired formula are derived and solved using the special
operators of Maple. The formula for deflection is polynomial type in the number of panels. Plots of the
deflection of the number of panels, height and the distribution ratio of cross-sectional areas of the rods
are given. Expression of forces in the most stretched and compressed rods are obtained to perform
durability and structural stability. The found solutions can be used by practical engineers to assess the
performance of the designed construction and its optimization.

AHHOTauma. [lpegnoxeHa cxema CTaTMYECKM OMNpeaenMmon MNpPOCTPaHCTBEHHOW d)epMbl.
MpsamoyronbHast B nNnaHe depma UMEEeT BEPTUKAIbHbIE OMNOPbl MO GOKOBBIM CTOPOHAM M PaBHOMEPHO
HarpyxeHa B y3nax BepTUKanbHOW Harpy3kon. YCUnus B CTEPXKHAX U onopax onpefdensitoTcs MeTOoAoM
Bblpe3aHus y3noB. HarigeHa 3aBMcMMocCTb npornba cepeamHbl nponeta ot yucna naHenen. O6obweHune
YaCTHbIX peLeHNA Ha MNPOM3BOMbHOE YWUCNO MaHenew mnony4yeHo MeToAoM uHAykumu. Bcee
npeobpasoBaHUsA U peLLeHNs BbIMOSIHEHbI B CUCTEME KOMMbIOTEpPHOW maTtematuku Maple. C nomoLlbto
cneumanbHbIX onepaTtopoB Maple BbIBOOASATCA M pellaloTCs OAHOPOAHbIE NMHENHbIE PEKYPPEHTHbIE
YpaBHEHUHA, KOTOPbIM YAOBMETBOPSAIOT 4feHbl MnocregoBaTenbHOCTeENn KOIWMUUMEHTOB MCKOMOM
dopmynel. MNMonyyeHHasa dopmyna Ans npormba MMeeT NONMHOMUATBHBIN MO YUCITY NaHenen xapakrep.
MocTpoeHbl rpacumkn 3aBMCMMOCTM Mpornba OT 4Yucna naHernen, OT BbICOTbl M OT KoadhduumeHTa
pacnpegeneHuns nnowiazen nonepeyvHbIX ce4eHUn B CTEPXHAX. NpUMEHUTENbHO K aHanu3y npoYHOCTU U
YCTOMYMBOCTU KOHCTPYKLUMM HaMOEHbl BblpaXeHus Ans ycunuid B Haubornee pacTAHYTbIX UM CXKaTbiX
CTEepXHAX. HaligeHHble pelleHns MoryT ObiTb UCMOSb30BaHbl NPaKTUYECKMMU UHXEHEPaMW ANsl OLEHKU
paboToCNOCOOHOCTU MPOEKTUPYEMOI KOHCTPYKLUM U A58 €€ ONTUMU3aunn.

Introduction

One of the urgent problems of structural mechanics is the problem of overlap in large areas. This is
required in the construction of hangars for aircraft, modern shopping centers, airports and concert halls.
Known variants of the coatings in the form of hanging structures [1-4], the overlap in the membrane [5,
6]. As one of the most simple and easily implemented solutions to cover large areas without the use of
intermediate supports is the use of lightweight trusses [7-11].

In this paper, we design and analytical calculation of truss (Fig. 1). The design consists of several
gable trusses connected along the long sides. Statically determinate truss with 2N panels on one side

and 2m on the other contains Ng =3(4MN+2m+2n+1) rods, including three rods, forming a spherical
bearing A and cylindrical B. At the sides of the truss located 4(m+ n) vertical support legs with a length
h and h+c (Figs. 2,3). Truss consist 2n(2m+1) horizontal rod a long, 4mn bracing of length

d =+a?+b?+h? and 2m(2n+1) inclined struts of length g =+b?+h?.
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Figure 3. Truss and load in plane y — z, m=4

The calculation of the stresses in the rods

The task is to find the analytic dependence of the deflection of the panels under uniform loading of
a truss in the joints. A mathematical model of truss has been built in the system of analytical
transformations Maple [12]. A similar problem for statically determinate rectangular cover with four nodes
in the corners of the structure and an arbitrary number of panels is decided by the author [13, 14]. The
analytical dependence of the spatial deflection of the cantilever truss on a number of panels is found in
[15]. Beam spatial truss with the construction rise is investigated in an analytical form in [16].

The program [12] is used to determine the stresses in the bars. The algorithm is based on the
method of cutting nodes in symbolic form. Therefore, it allows applying the method of induction to
generalize the solution for an arbitrary number of panels. The program introduces the coordinates of the
nodes of the core mesh
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X =a(-1),y,=b(j-1), z, =0, k=i+(j-1)(2n+1), i =1..,2n+1, j=1,.,2m+1],

. : 1)
Zi+(2j71)(2n+l) - h, | :1,..,2n+l, J :1,..,m.

The order of connection of rods and nodes (joints) is set by the special vectors containing the
numbers of the rods ends. Orthogonal mesh of coating is specified, for example, by vectors

Vieon(j-ny =0+ (0 -D@2n+1),i+(j-D(2n+1)+1], i=1,.,2n, j=1.,2m+],
Vissom(j-y =1+ @n+D)(i-1), j+(2n+D)i], u=2n(2m+1),i=1.,2m, j=1.,2n+1.

Similarly, the braces and support legs are encoded. The matrix of equilibrium equations of the
nodes is formed of the guides of the cosines of forces, determined based on the given geometry of the
structure and the order of connection of terminals [13-16]. The rows of the matrix with numbers

3i—2,i=1..,n, corresponding to a projection of the efforts on the axis of x. The rows 3i-1
correspond to the projections on the y-axis; rows 3i are the projection on a vertical z-axis. The load
(vertical force P) is applied at all nodes of the truss. The right part of the system of equilibrium equations
is a vector By =—P,1=1,..,(2n+1)(2m+1). The solution of the system equations in symbolic form
with specified numbers of panels M and N gives the forces in all members (including supporting
members) of the respective truss. Reactions of supports of the vertical struts along the longitudinal side
length 2na do not depend on the number of panels M the transverse direction: R, =—(2n+1)P /2. This

dependence turned out the simplest generalization of the solutions for N=1, 2, 3, ... . The reactions of the
supports along the lateral sides do not depend on the number n: Rb =—P. These supports take the
vertical load applied to the corresponding node. The reactions of horizontal connections in the corner
hinge A and hinge B equal to zero.

For the calculation of the stability of rods in the truss according to the calculations of forces in rods
with different numbers of panels on the sides of the structure one can be obtained the function of efforts
in the most compressed and stretched rods from the values of n and m. Here depending on the parity of

m longitudinal horizontal rods in the middle of the span, connected with the Central node in the truss will
either be compressed or stretched. For even n these rods are in the stretched lower zone (Figs. 1, 2, 4).

These values are independent of number m, and the dependence of the number of longitudinal panels N
revealed by induction with the help of operators rgf findrecur and rsolve of Maple [11-16]:

s™ = P(2n2 ~1-(=D)Ma/(2h), m=2Kk. For odd m (Fig. 5) the corresponding rods are at the top of
the truss, and they are compressed, and also the efforts do not depend on m>1. The dependence of the

number N has the form S =—P(2n? +(=1)" —1)a/(2h). Transverse oblique bars (Figs. 4, 5)
connected to the central node, depending on the parity of n are compressed or stretched at any values of

m: T =—(-1)"Pg / (2h).
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Figure 4. The forces in the rods and the support reaction for the even numbers m,(n = 2,m = 2)
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Figure 5. The forces in the rods and the support reaction for odd numbers m, (n = 2,m = 3)

Deflection
Figures We use the formula of Maxwell-Mohr for the computation of deflection:
nSsl & Ssil
A:A1+A2:ZJJJ+Z JJJ’ (2)
it BFy S EF
where Ny =2(6mn+m+n) — is the number of rods of the covering, E — cthe modulus of elasticity of
the rods FJ— . IJ- and Sj — the cross-sectional area, length and stress in j-th core under the action of a
given load Sj— forces under a single vertical force applied to the central node C. The sum Al allocated

separately by member cover and the sum A2 — of vertical supports. The summ has been conducted on

all cores of the truss. In the General case of the square sections of the truss may be different. Let the
sections of all the trusses of the truss, in addition to the vertical support posts, have an area

Fj =F, j=1.,n;, and the cross-sectional area of the racks Fj =yF, j=n+1,.,n,. The ratio
y defines the cross-section of the compressed struts and set by the designer. Consider the casem=n.

A consistent calculation of the deflection of the truss by the formula (2) shows that the formula A; for all
values of n did not change (which is a consequence of the regularity of the structure [17-19]):

A, =P(C,,a° +Cy,d° +Cy,0°) / (BNZEF). ©)

The coefficients in this relationship form a sequence, shared members, which can be determined

using operators rgf_findrecur and rsolve of Maple. For the coefficient at a’ the operator rgf_findrecur
returns an equation of the fifth order

Cin=5C;;—10C; , , +10C;, 3—5C; 4 +Cyp 5.

The initial conditions obtained from the solutions of the problems of deflection of trusses with
n=2,...,6, have the form

C,=96,C 3 =552,C,, =1728,C, 5 = 4200, C, ; = 8688.
The operator rsolve gives the following solution of the recurrence equation
Cyp =6(n* +2n°-13n” +38n-40) .
Similarly, there are other coefficients
C,, =4n%,
Cypn =(@1-2n)((-D)" -1),
and also, the second term in (2) — the deflection due to deformation of the support pillars:

A, =P@n+(c+hA-(-D)")/2)/ (yEF). 4)
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Curves of the dimensionless deflection of the panels (Fig. 6) in the condition of the constancy of

the span constructon L=60m, b=a=L/(2n), and the total load to the truss P,,, =(2n +1)%P
show almost monotonous decrease of the deflection with increasing number of panels. Given the
notation: A '=AEF /(P,,,L).
Al N
\
04 o>

Figure 6. The dependence of the deflection of the panels.
1-=12m,2-h=11m,3-h =10m

The dependence of the deflection of the height of the truss (in the previous assumptions on the
total load and length of span) is more complicated. At sufficiently high altitudes of the truss, curves reveal
the minimum (Fig. 7). This fact can be used to optimize stiffness. Analytical expressions for the minimum
value cannot be obtained. Simple numerical calculations by formula (3) show that with the increase in the
number of panels the critical height decreases.
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Figure 7. The dependence of the deflection of the height
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The effect of the gain of the cross sections of the support racks on the solution is shown in the
curves in Figure 8. An interesting and unexpected effect of the intersection of the curves was found for
different numbers of panels.
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Figure 8. Dependence of the deflection on the cross-section ratio,h =10 m, L =60 m

We also give a formula for deflecting a truss from the action of one concentrated force in the
central hinge C

Ay =P((n%a® +nd®+ (1 (-1)")g* 12) /h? + (2 +h(1—(-1)")) / 7 )/ (4EF). (5)

To derive this formula, it was sufficient to use the values of the forces Sj obtained from the action

of the unit force used in the derivation of the solution (3). The coefficients here turned out to be quite
simple, and the operators of the Maple system did not need to compile and solve recurrence equations.
The check of the analytical dependencies (3), (4) and (5) was carried out for different values of
n according to the same program [12] but in the numerical mode. The speed of numerical transformations
in Maple is inferior to specialized programs based on the finite element method, but it is an order of
magnitude higher than the rate of symbolic transformations. It is this feature of the symbolic
transformations, which does not allow directly obtaining a formula of the form (3) for large numbers of
panels, that has caused the development of inductive methods. From the practice of calculating spatial
trusses, it was noted that as the number of panels increases, the time of symbolic transformations grows
faster than the geometric sequence. If seconds are required to obtain the formula (3) for N =2 with

integer coefficients C, , C, ,, C3, necessary for the initial conditions of the corresponding recurrent

equations, then the solution of the same problem for n = 9 requires the operating hours of the
computer with a high-speed processor i7 and 16 GB memory. However, in this problem, an interesting
move has been found that makes it possible to shorten the time of obtaining a sequence with a length

sufficient to reveal its common term. It turned out that for C, , C5 , simpler formulas are obtained based
on the calculation of only six trusses with n= 2, ..., 7, while the lengths of the corresponding sequence
of coefficients C, , are still insufficient to obtain a common term. The rgf_findrecur operator does not
give a recursive equation for Cl'n if the sequence is not long enough. Therefore, it was decided to obtain
a sequence of solutions in a numerical mode that is practically unlimited in counting speed, and subtract
the terms Cz,ndS and C3‘,1g3 from the obtained numerical values of the deflection, and formulas for the
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coefficients in which have already been obtained. If we take a = 1 in this numerical experiment, then the
difference found just gives the coefficient C, | for n = 2, ..., 10. After this, with the involvement of the

operator, one can obtain the desired common term.

Results and Discussion

In [17, 18] R.G. Hutchinson and N.A. Fleck announced the "hunt" for schemes of statically
determinate periodic trusses. The number of such constructions is limited [19, 20]. In this paper, we
propose new scheme of a spatial construction of this type. The advantages of analytical calculations of
such trusses are obvious. By changing only one parameter in the solution, one can obtain and analyze
solutions for a fairly wide class of constructions. Sometimes when analyzing such solutions, hidden and
quite dangerous features of the trusses are found. For example, in [11] it was found that for an even
number of panels the truss becomes a kinematically variable mechanism. The investigated truss (Fig. 1)

does not possess similar features, however, when the shape of the surface z = Z(i, j) given by function

(1) changes, one can obtain the case when the determinant of the system of equations becomes zero. In
particular, this is possible if all rods connected to a node are in the same plane. In this case, the load on
the node perpendicular to the plane of the rods can not be balanced. We note that it is the easiest
method to discover the unique features of the construction and to outline the ways of its optimization from
the formal representation of the result. It is the direction of the research chosen by the author and his
students [20-23]. Another direction in analytical research can be the solution to problems based on the
symbolic form of equilibrium equations or equations of the finite element method. This method has the
right to exist, especially for solving problems for irregular (non-periodic) systems. However, it is not
possible to obtain any closed compact formulas suitable for analysis and practical use [24]. In [25-27]
simple semi-empirical approximate formulas are proposed for the calculation of flat and spatial trusses. It
is possible that the linear formulation of the problem, adopted in analytical calculations, does not always
yield exact solutions. Non-linear analysis of the trusses [28] is usually performed numerically, but some
algorithms used in this study can be useful for a non-linear statement of the problem.

Conclusions

A new periodic core structure of the spatial coverage is proposed and analytically investigated. A
formula has been obtained for the dependence of the deflection in the middle part of the span on the
number of panels. The solution found, in addition to the magnitude of the load and the characteristics of
the material, contains five geometric parameters describing the dimensions and shape of the structure.
Therefore, it allows us to apply the desired formula for a fairly wide class of similar trusses, both for a
simple estimation of the possibilities of the construction and for testing the numerical solutions found
possible with a more general formulation of the problem. The applied algorithm of modeling the cover
with supports along its entire perimeter makes it possible to easily generalize the form of the coating to
some more complex, possibly non-periodic, surface. However, in this case, the possibility for an
analytical calculation of deflection and effort disappears. The experience of modeling and experiments in
the Maple system in this direction showed that not all surfaces, even periodic ones, allow the use of the
induction method. The limitation here is the time of symbolic transformations. Transformations lasting
more than a day and with a result in the form of a formula per page or more lose their practical meaning.
Facilities with these properties make sense to calculate numerically, obtaining particular solutions for
each specific case
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