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Hysteresis of the soil water-retention capacity:
estimating the scanning branches
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Abstract. Designing of underground constructions, such as irrigation and drainage systems,
requires engineering surveys. Such surveys include the study of the hydrological conditions of the
territory, which are determined by the hydrophysical properties of soils, such as their water-retention
capacity. The formation of a hysteresis loop for the soil water-retention capacity occurs because of the
variability of meteorological conditions. It is almost impossible to measure all possible scanning branches
that fill the gap between the main branches of the hysteresis loop. A mathematical model of the hysteretic
soil water-retention capacity is proposed. The model is based on physical concepts of the structure and
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capillary properties of the soil pore space. Model parameters are identified by dot fitting using data on the
main (boundary) hysteresis branches. Scanning branches starting with pre-calculated reversal points are
evaluated. Suggested model has a quite low error to predict the scanning branches of soil water-retention
capacity. The use of this model ensures reliable estimates of the hydrological conditions of the territory
for underground construction. Also it gives precision irrigation rates which result in reduction of
gravitational runoff of excessive moisture, preventing pollution of groundwater with agrochemicals.

AHHoOTauums. MpoekTMpoBaHMe OGHLEKTOB NMOA3EMHOINO CTPOUTENbLCTBA, TakUX Kak MppUralnoHHbIe
N OpEeHaxHble CUCTEMbI, TPEOYIOT NPOBEAEHUS] MHKEHEPHBIX U3bICKaHUA. Takne U3bICKaHUs BKIOYaoT B
cebsl n3yyeHve r’MOpONorMYeckux YCroBWin TEPPUTOPUK, KOTOpble OMpenenstoTcs rmapodu3nyeckumm
CBOWCTBaMW  MOYB, Hanpumep, WX  BOAOYAepXMBallWeid  CrocoBGHOCTbI.  M3MEHUMBOCTLIO
METEeOpPONorM4eckux ycroBuin oBycrnoBrneHo opMMpoBaHWe NeTnv ricTepesnca BOAOYAEpXUBatoLLEN
CNOCOGHOCTU MOYBbLI. M3MepeHne BCeEX BO3MOXHbIX CKaHMPYIOLLMX BETBEi, 3aronHsWmUX NpoMeXyToK
MeXZy [NnaBHbIMM  BETBAMM NETNM  UcTepesnca, NpakTU4eckn HeBOo3MOXHo. [MpepnoxeHa
mMaTemaTuyeckasi MOZenb rcrepesnca BogoyaepuBatoLLeit cnocoGHocTH noyskl. Mogens ocHoBaHa Ha
hU3MYeCKMX NPEACTaBMNEeHUAX O CTPOEHUM U KanUMMspHbIX CBOWCTBaxX NMPOCTPaHCTBA MOYBEHHLIX MOP.
MapameTpbl MOAENU MAEHTUPULIMPYIOTCS MYTEM TOYEYHOW annpoKCMMaLunn ¢ UCMONb30BaHWEM AaHHbIX
0 rnaBHbIX (rPaHW4YHbIX) BeTBsX rMcTepeanca. OueHeHbl CKaHupyloLMe BEeTBM, HaduMHalomecs C
NpeaBapuTENbHO PaccYMTaHHbIX NMOBOPOTHbLIX Todek. Hapsgy ¢ obecneyeHMeM [OCTOBEPHbIX OLEHOK
rMOPONOrMYECKMX YCMOBUA TEPPUTOPUM MOA3EMHOIO CTPOWTENLCTBA, UCMOSIb30BaHWEe AaHHOW MoAenu
no3BonsieT 6oree TOYHO paccUnTaTb HOPMbl OPOLLEHUS CENbCKOXO3ANCTBEHHBIX KynbTyp. MpumeHeHne
MPELM3NOHHbIX HOPM  OpOLUEHUS MpeaoTBpallaeT rpaBUTALUMOHHBIA  CTOK  M3ObITOYHOW BRaru,
CYLLECTBEHHO YMeHbLUaeT BbiMblBaHWE YAOOPEHWI, MENUOpPaHTOB M CPEACTB 3aluTbl pacTeHui 3a
npepenbl KOPHeOGUTAaeMOro Crosi MOYBbI W, Kak CNeACTBUE, CHIKAET PUCK 3arpsi3HEHUs! TPYHTOBbLIX BOZ
arpoxuMmkaTaMu, YTo UMeeT BaXKHOE 3KOSOro-aKOHOMUYECKOE 3HaYeHue.

1. Introduction

To substantiate acceptance of the engineering solutions for the construction and operation of
hydraulic structures (including urban underground infrastructure objects, irrigation and drainage systems
of agriculture), data on the hydrological conditions of the territory are very important. These conditions
are largely determined by the hydrophysical properties of the soil. Among these properties is the water-
retention capacity of the soil. This property is usually described as a dependence of the volumetric soil

water content 6 [cm3-cm~3] on the capillary pressure (potential) of the soil moisture ¥ [cm H20] [1-4].

Direct measurement of the 9(\|/) dependence is a rather laborious process [5]. Because of the

hysteresis, the water-retention capacity of the soil is characterized by a multitude of branches of this
dependence. However, usually only the main (boundary) branches of the hysteresis loop are to be
measured [6]. The scanning branches that fill the hysteresis loop are measured much less frequently.
Limited number of scanning branches is chosen arbitrary. Measuring the entire range of scanning
branches is rather problematic. Nevertheless, during the periods of projecting and constructing activities
and also under the actual conditions of operation of the irrigation and drainage systems these data can
be necessary for the justification of the engineering solution. But it is not possible to predict what exact
scanning branch will be required. Thus, we face the problem of estimating of the scanning branches from
using the available data, for example, data on the main (boundary) branches of the hysteresis loop. The
only rational way to solve this problem is the method of mathematical modeling.

Several mathematical models had been suggested before [7-14]. The authors of this paper
investigated the mathematical model based on physical concepts of the structure and capillary properties
of soil pores [15-19]. This model allows estimating the scanning branches of the hysteretic soil water-
retention capacity. Description of the model is given in part 2 Method.

The purpose of the work is the verification of the investigated model [15-18]. Verification of this
model is based on literature data on four soils: White silica sand [12], Dune sand [19], Rideau clayey
loam and Rubicon sandy loam [20]. The tasks of the study are comparison the investigated model with
three analogical models [12-14]. The results of the work could be applied in the various hydraulic
engineering projects [21].
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2. Method

Numerical methods and computational experiments are used to solve the problems posed in this
study. To describe the mathematical model, an analytical method is used. The water-retention capacity of
the soil is described by formula:

1

1 (v ((y-y v-ve ||
— VYae ~ — VYae .
Se = Eerfc( 4 In[ D~ 1+( J y U< Wee; )

Vo~ Wae Vo~ WVae

1, W2 Ve,

where:  Sg :(G—GR)/(GS —GR) - effective soil saturation with moisture; 05 [cm3-cm=]— maximum
volumetric soil water content; 0g [cm®-cm~3] — minimum volumetric soil water content at which the
moisture has the properties of a liquid; e [cm H20] — capillary pressure of soil moisture at air entrance
(bubbling pressure); y, [cm H20] — capillary pressure, which corresponds to the most probable value of
the random variable — the logarithm of the effective radius of the soil pore; o — standard deviation of this

z
random variable; n = 4/(0\/5); erfc(z)=1- (2/\/E)J‘exp(—t2 )dt - complementary error function.
0

To describe the hysteretic soil water-retention capacity, formula (1) is applied with two sets of

parameters: yow [cm H20], yye [cm H20] and Ny (for wetting), as well g, 4 [cm H20], yae [cm H20]

and Ng (for drying). Scanning (primary, secondary, etc.) branches start from turning points. The

algorithm for calculating the reversal points is proposed in the literature [13]. Formula (1) with relations for
the reversal points describe the mathematical model of the hysteretic soil water-retention capacity [15-18]
investigated here.

3. Results and Discussion

The model (1) parameters were identified from the measured data on the main (boundary)
branches of the hysteresis. Then, using the identified parameters, the scanning branches were
calculated. Based on a comparison of such calculated scanning branches with experimental data that
were not used to identify the parameters, it is possible to characterize the predictive accuracy of the
model with respect to the estimated hysteresis scanning branches. Using the formula (1), the following
computational experiments were performed: 1) identification of the parameters of the model investigated
here by dot approximation (fitting) procedure of data on the main (boundary) branches (Table 1, Table 2);
2) predictive estimation of hysteresis scanning branches.

Table 1. The parameters of the model investigated here, which have been identified from
data on the main (boundary) branches of the hysteretic soil water-retention capacity by means of
a dot approximation (fitting) procedure

Parameters
Soils
Or 0s Yae Ywe Vo,d Yo,w Ny Ny
White silica sand 0.0861 0.3574 -12.09 -1.797 -112.2 -41.42 3.996 2.287
Dune sand 0.0934 0.3010 -19.82 -3.594 -33.68 -19.99 3.170 3.298
Rideau clayey loam 0.2896 0.4179 -20.00 6.26 -66.96 -29.44 1.951 1.999
Rubicon sandy loam 0.1688 0.3829 -13.00 16.00 -88.42 -36.32 2.911 2.993
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On Figures la,b—4a,b the measured data are shown by dots; the results of the dot approximation
(fitting) procedure for the main (boundary) branches, as well as the results of the predictive estimation for
the scanning branches of hysteresis loop (using the model investigated here) are shown by solid curves.
Based on the computational experiments, a comparative analysis for an accuracy of the predictive
estimating the hysteresis scanning branches was carried out. The model investigated here and three
analogical models [12—14] were used.

In Table 2 and Table 3 the underlined font indicates the minimum average absolute values of the
deviation of the results for the dot approximation (fitting) procedure, as well as for predictive estimating
the hysteresis scanning branches, from the corresponding measured data. From Table 2 and Table 3 it is
clear that the model presented in this paper most often shows the best result for dot approximating
(fitting) the measured data on the main (boundary) branches, and also this model most often achieves
the highest accuracy for the predictive estimates of the scanning branches of the hysteresis loop. The
quite low mean absolute values of the deviation between the simulation results and the experimental data
confirm that the model investigated here corresponds to physical concepts of the nature of the soil
hysteretic water-retention capacity.
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Figure 1. White silica sand. Using the investigated model for dot approximation (fitting) of
measured data on the main branches and for predictive estimation of:
a) the wetting primary branch, the drying secondary branch, the wetting tertiary branch;
b) the drying primary branch, the wetting secondary branch, the drying tertiary branch
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Figure 2. Dune sand. Using the investigated model for dot approximation (fitting) of measured
data on the main branches and for predictive estimation of:
a) the three wetting scanning branches; b) the four drying scanning branches
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Figure 3. Rideau clayey loam. Using the investigated model for dot approximation (fitting) of
measured data on the main branches and for predictive estimation of:
a) the four wetting scanning branches; b) the three drying scanning branches
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Figure 4. Rubicon sandy loam. Using the investigated model for dot approximation (fitting) of
measured data on the main branches and for predictive estimation of:
a) the five wetting scanning branches; b) the four drying scanning branches

It should be noted that the investigated model, in principle, does not exclude the possibility of
undesirable artificial "pump effect”, as well as the intersection of the main and scanning hysteresis
branches. This effect consists in the fact that with the oscillation of the capillary pressure of the moisture
in a fixed range of values, the volume water content can assume values that go beyond physically
acceptable frames. Such possibility is due to the formal character of the mathematical description.
Indeed, for an arbitrary choice of parameter values, a "pump effect" cannot be ruled out. At the same
time, if the values of the parameters are physically realistic (reliable), then the "pump effect" cannot arise.
Of course, the property of physical adequacy (realistic and reliability) of parameter values is inherent only
in those parameters that have a physical sense [13]. Otherwise, the absence of a "pump effect" cannot
be guaranteed [14]. Models with artificially closed loops formed by the main and scanning hysteresis
branches, in the opinion of the authors of this work, are physically absurd and untenable, since in this
case at the reversal points the function of the soil differential moisture capacity assumes an unlimited
number of values [12]. More realistic is the assumption that this function takes only two values (one for
drying and one for wetting). As a rule, the formal (that have no physical interpretation) models are
characterized by low accuracy of predictive estimates. Only a physically adequate model, coupled with
realistic and reliable values of the interpreted parameters, excludes the appearance of undesirable
artificial "pump effect”, and also allows accurate prediction of the scanning hysteresis branches. The
model investigated in this work refers to the type of physically adequate models [15-18]. The use of
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precision irrigation rates calculated with the help of the model investigated and verified by the authors
prevents the excess moisture from draining and thus minimizes the loss of irrigation water, as well as the
unproductive losses of fertilizers, ameliorants and plant protection matters due to the leaching of
agrochemicals beyond the root layer of the soil.

Table 2. The average absolute deviation between the measured data cited from the literature
and main (boundary) branches calculated using the four models by means of a dot approximation
(fitting) procedure

Models
Soils ]
Scott et al. Kool and Parker Huang et al. Investigated
White silica sand 0.0028 0.0107 0.0030 0.0019
Dune sand 0.0027 0.0080 0.0031 0.0023
Rideau clayey loam 0.0032 0.0057 0.0057 0.0032
Rubicon sandy loam 0.0045 0.0130 0.0055 0.0098

Table 3. The average absolute deviation between the measured data cited from the literature
and hysteretic scanning branches estimated using the four models

Models
. Scanning -
Soils branches Scott et al. Kool and Parker Huang et al. Investigated
Wetting | Drying | Wetting | Drying | Wetting | Drying | Wetting | Drying
Primary
White il 0.0033 0.0070 | 0.0035 0.0028 | 0.0035 0.0066 | 0.0024  0.0087
Ite sllica
and Secondary | 00029 0.0035| 00054 00095 | 0.0050 0.0031 | 0.0014  0.0028
Tertiary | 0.0099 0.0128 | 0.0130 0.0137 | 0.0082 0.0042 | 0.0130  0.0149
Dune sand Primary | 0.0074 0.0096 | 0.0096 0.0151 | 0.0057 0.0096 | 0.0067  0.0095
R'deﬁ)‘érﬂayey Primary | 0.0038 0.0050 | 0.0024 0.0065 | 0.0034 0.0071 | 0.0024  0.0062
R“b"l:g;‘ nfa“dy Primary | 0.0106 0.0141| 0.0118 0.0175 | 0.0076  0.0105 | 0.0052  0.0108

4. Conclusions

The importance of the study is that the using the mathematical model of the hysteretic soil water-
retention capacity presented here provides an opportunity to assess the soil hydrophysical characteristics
that are applied in the design of hydro-technical structures, as well as in the calculation of irrigation rates.
The estimates obtained in the framework of computational experiments with this model contribute to an
increase in the study effectiveness of the hydrological conditions of the hydraulic structures territory when
performing pre-project engineering surveys. The model investigated in the work is verified. The
verification was based on literature data on four soils: White silica sand, Dune sand, Rideau clayey loam
and Rubicon sandy loam. Comparisons of the investigated model were carried out with respect to three
analogical models. It is shown that the model investigated in this work has the highest accuracy for
estimating the scanning hysteresis branches of the studied soils. The results of the research can be
applied at designing various facilities of hydraulic engineering and underground construction as well at
developing a precision irrigation technology.
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