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Abstract. Steel girder cages are widely used as plant buildings ceilings, bridge vaults, locks of 
hydraulic engineering constructions and other construction objects. An important task in case of their 
designing is the search of the most economic constructive decision with the smallest amounts of material. 
Therefore the great value in construction mechanics is attached to the development of methods of search 
of the most rational and optimal constructive solutions. The new technique of alternative engineering of 
steel girder cages with various cell forms, i.e. rectangular, triangular, rhombic and other, is offered. The 
technique is based on the principles of physicomechanical analogies and geometrical methods of 
construction mechanics. As a research object for a numerical example the girder cage of 12 x 6 m is 
considered. It has brick walls supporting. Girder profile is made of rolled sections, flooring is steel and 
solid. The studies showed that using a rhombic cage is the most economic. 

Аннотация. Стальные балочные клетки широко используются в качестве перекрытий 
промышленных зданий, пролетных строений мостов, затворов гидротехнических сооружений и 
других объектов строительства. Важной задачей при их проектировании является поиск наиболее 
экономичного конструктивного решения, на выполнение которого затрачивалось бы наименьшее 
количества материала. Поэтому большое значение в строительной механике придают разработке 
методов поиска наиболее рациональных и оптимальных конструктивных решений. Предлагается 
новая методика вариантного проектирования стальных балочных клеток с различной в плане 
формой ячейки: прямоугольной, треугольной, ромбической и другой. Методика основана на 
использовании принципов физико-механических аналогий и геометрических методов 
строительной механики. В качестве объекта исследования для численного примера 
рассматривается балочная клетка размерами 12 х 6 м с опиранием на кирпичные стены. Сечения 
балок из прокатных профилей, настил стальной сплошной. Исследования показали, что наиболее 
экономичный вариант достигается при использовании ромбической решетки. 

1. Introduction 
Working platforms and many plants ceilings, bridge vaults, locks of hydraulic engineering 

constructions are often made in the form of steel girder cages. The design of a girder cage presents 
system of supporting girders of one or several directions intended for bearing existing loadings and their 
further transferring to columns or walls. Supporting girders are covered with steel, steel concrete or 
wooden flooring. 

One of the major requirements when designing steel structures is metal economy as material cost 
makes more than a half of cost of designs. Therefore engineering of girder cages is conducted by 
comparison of a material capacity of various options of systems of supporting girders. Normal and 
complicated types of girder cages with a different spacing of flooring and minor girders and a cell are 
considered. The spacing of girders is set according to the existing loadings, the size of a flight, a type of 
flooring, purpose of the building, experience of engineering. For girders with steel flooring a usual spacing 
is from 0.6 m to 1.6 m, with steel concrete flooring it is from 2 m to 3.5 m, for minor girders it makes from 

3
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2 m to 5 m. Thickness of steel flooring is accepted from 6 to 40 mm. It is impossible to learn in advance 
what version of the project will allow the smallest material consumption. Therefore, when designing the 
supporting constructions the task of development of methods of search of rational and optimal 
constructive solutions is important [1,2]. 

Now computer programs of the final and element analysis of the intense deformed condition of 
designs are widely used as the tool of computing engineers, they are: SCAD, Nastran, Ansys, etc. [3, 4]. 
In tasks of alternative engineering and optimization of designs of steel girder cages numerical methods 
are also used [5, 6]. However, direct borrowing of universal numerical optimization methods which in 
some works are referred to as “search optimization methods” from mathematics leads to a problem of 
increase in dimension of tasks and significant growth in calculations in case of increase in number of 
project variables. Development of methodology of nonlinear mathematical programming should be 
pointed out from mathematical works on optimization methods for the purposes of designing and 
engineering of constructions. It requires accurate formalization in case of formulation of an optimization 
problem [7]. 

A set of methods which can be used when engineering supporting constructions is very broad: 
from rather universal, such as nonlinear programming and genetic algorithms, to problem-oriented [7-19]. 
All of them have advantages and disadvantages and means for setup which correct applying can strongly 
influence the speed of work of methods and even correctness of results. 

In this work the new technique of alternative engineering of steel girder cages with various in the 
plan cell forms with the choice of the most rational constructive decision from a condition of the smallest 
material costs for its production is offered. The technique is based on use of the principles of 
physicomechanical analogies and geometrical methods of structural mechanics [20]. 

2. Methods 
Geometrical methods of structural mechanics are based on mathematical analogy and the 

functional correlation, separate physicomechanical characteristics of the intense deformed status of plane 
elements of constructions (pressures, sags, oscillation frequencies, critical effort of loss of stability and 
others) in the form of plates, membranes, bar cross-sections with their geometrical parameters (sizes, 
angles, a ratio of the sides and so on). For this, it is necessary to choose some characteristic of a 
geometric shape for plates and membranes or of cross-section for the rods. And if it is proved that it is 
related to the parameters of the stress-strain state by some function or expression, then it is possible to 
study the change in the stress-strain state parameters using the chosen geometric characteristic. 

The originators of geometric methods for solving some applied problems in the theory of elasticity 
and mathematical physics were the well-known American mathematicians G. Polia and G. Sege [21, 22]. 
They were the first to adapt the known isoperimetric theorem for applications in physics. The theorem 
states that of all flat shapes of equal perimeter the circle has the largest area. Assuming this, they have 
proved that of all plates of a given area with fixed contour, the circular one has the lowest fundamental 
frequency of vibration. In their studies, as a geometric characteristic of the shape of plates, they used the 
following isoperimetric quotient [22]: 

2

4

L

A
, (1) 

where A is area of a plate; L is perimeter. 

As geometrical characteristics known also ones are: form coefficient [20], perimeter, inradius, 
circumradius, second moment of area and some other. 

In this work we suggest using of mapping radiuses of the areas restricted to a circuit of plates, 
membranes, bar cross-sections. Mapping radiuses are the radiuses received in case of conformal 
mapping of plane area on an interior and exterior of a circle. They are known from the theory of conformal 
mapping [23, 24]. Where, the mapping of a shape (domain) onto another one, at which two curves, 
intersecting at an angle at the inner point of the first shape, are transformed into curves intersecting at the 
same angle at the inner point of the second shape, is called conformal mapping. In Figure 1 show an 
example of conformal mapping of a triangular domain onto a unit circle. 
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Figure 1. An example of conformal mapping of a triangular domain onto a unit circle 

The mapping (Figure 1) is performed by the following function [25]: 
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0 0 0 0
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 (2) 

where z, ξ are the complex variables (the points of the complex plane); 0r  is radius of a circle 

circumscribed around a triangle. 

2.1. Definition of terms 

In case of mapping the domain z onto the interior of a circle in the plane ξ, an arbitrary point 
belonging to domain z shifts to the center of the circle. The circle is characterized by an internal mapping 

radius r . 

If in a simply-connected domain z we consider an infinitely remote point z = ∞, then this domain 
should be conformally mapped onto the outer domain of a circle in the plane ξ so that the infinitely remote 
point returns into itself. The radius of the circle is called the outer radius of the domain z and its length is 

denoted by the symbol r  [24]. 

2.2. Formulae 

Formulas for finding internal r  and external r  mapping radiuses for some singly connected 
domains take the form [22, 26]: 

– for a radius circle a 

ar  ,    ar  ; (3) 

1.  
– for the correct n-squares 
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, (4) 

where n is number of the sides; L is perimeter; G(x) is Gamma-function; 

– for random triangles with angles  ,  ,    

     4r f f f       ,      
A

r
r

   (5) 

where 

 
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1

2

1

1

1

x

x

x
f x

G x x


  
  

  

;   (6) 
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 is a long radius; A is square; x is α or β or γ; G(x) is the same that in (4). 

– for isosceles triangles with angles   =   expressions (5) will take the following form: 

   24r f f      ;    

2ctg h
r

r






 ,  (7) 

where α is an equal base angle; h is height; 

– for rectangular triangles ( = π/2) from expression (5) follows 

2sin 2

4

c
r

r






 , (8) 

where   is angle in case of hypotenuse; c  is hypotenuse; 

– for rhombs with angle   
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(9) 

where G(x) and L is the same that in (4); 

– for ellipses with semiaxis a and b (a ≥ b) 
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– for rectangles with the sides a и b (a ≥ b) 
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where 

a

bq e




 ,  is argument of complex numbers (circle points which images are rectangle vertexes 

in case of conformal mapping). 

2.3. Mathematical functional correlation 

Mathematical analogy and the functional correlation of mapping radiuses with characteristics of the 
intense deformed status of elements of constructions in the form of plates, membranes, bar cross-
sections are defined in works [27, 28].  

Since the stress state of a plate in bending is under consideration, then, the resulting relationship 
for the maximum deflection of a plate should be also considered. The maximum deflection of a plate 

maxw  is connected with mapping radiuses r and r by expression [27]: 

2

max

r qA
w k

r D


 
  

 
,  (13) 
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where k – the numerical constant turning expression into equality for round plates, in case of a hinged 
fixing of a plate k = 1.96, in case of rigid restraint of a plate k = 0.504; q – uniformly distributed load;  
A – area of a plate; D – cylindrical rigidity of a plate: 

3

212(1 )

Et
D





. (14) 

where E – modulus of elasticity; t – thickness of a plate; ν – Poisson’s coefficient. 

The expression (13) shows, that maximum deflection of a plate maxw
 is directly proportional to 

mapping radiuses r and r . It means that, the change in maximum deflection maxw
 for plates of various 

shapes can be studied by defining the change in mapping radiuses r and r .  Mapping radiuses r and r  
in expression (13) characterize the geometric shape of a plate. 

3. Results and Discussion 
In work [29] the technique, an algorithm (Figure 2) and the special computer program “RR 

Geometric Modeling” the certificate on No 2013613173 patent of Russia (fig. 3) on alternative 
engineering of plate and rod load-bearing units by geometrical modeling of their form from a condition of 
equal rigidity was developed. 

 

Figure 2. Algorithm of the computer program “RR Geometric Modeling” 
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Figure 3. Working window of the computer program “RR Geometric Modeling” 

The program performs the following procedure. The method of fixing of plates on a contour is 
chosen: either hinged fixing or tough jamming. Plates are a part of the supporting panel with two basic 
parallel guideways (longerons, girders). Plates loading is considered regularly distributed on the entire 
surface. Restriction for plates sag is set. The program considers plates of various forms in the plan 
(rectangular, triangular, rhombic, parallelogram, trapezoid) and determines their geometrical parameters 
corresponding to the set sag. In other words, the program determines geometry of plates (the sizes of 
sides, corners, sides ratio, etc.) of various forms which provide identical set sag to all the plates. 

Let us consider use of this program and a technique [29] for alternative engineering of a steel 
girder cage. 

The model of a steel girder cage represents a cross system of cores of the first and second levels 
which support plates. Girders are designed in the form of rods; the steel flooring is designed in the form 
of thin plates. Girders of the first level are freely based on walls, such binding is considered hinged. 
Girders of the second level are connected to girders of the first level by means of steel slips on bolts, 
such binding is considered hinged. The steel flooring is welded to flooring girders by means of semi-
automatic welding. Strictly speaking, such binding is considered tough, however in calculations such 
binding is considered hinge fixed in safety margin of material (Figure 4). 

Rods and plates under the influence of vertical loading experience the intense deformed condition 
of a cross bend. In case of this type of the intense deformed condition determination of the necessary 
sizes of bar cross-sections and plates is conducted from strength conditions (on the allowed stress) and 
rigidity (on the allowed deflection) [30, 31].  
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a) general view, b) model of flooring beams, c) model of a flooring 

Figure 4 Steel girder cage supported by walls 

At loading q < 50 kN/m2 flooring strength is provided and its rigidity is calculated. The maximum 
permissible ratio of span of beam L to its thickness t is determined by A.L. Teloyan’s  formula [1]: 

1

4

4
1 72

15

EL n
,

t n q

 
  

 
 (15) 

where Е1 – flooring cylindrical rigidity: 

4
4

1 2 2 2

2 06 10
2 26 10

1 1 0 3

E . kN
E . ,

. cm


   

 
 

where E = 42 06 10.   kN /cm2 – modulus of elasticity of steel; ν = 0.3 – Poisson’s coefficient of steel;  

n – quantity inverse to a limit relative flooring sag; q – uniformly distributed load of a flooring. 

The equation of strength of flooring girders has a form [30]: 

1

max
y c

M
R ,

c W
    (16) 

where σ – normal stress; Mmax – the maximum bending moment; c1 – coefficient considering development 
of plastic deformations in section; W – moment of resistance of cross section; Ry – proof strength;  

с – condition load effect factor of a girder. 

The maximum bending moment (Figure 4, b) [1]: 

2

8
max

qL
M .  (16) 

From a formula (16) we define the required moment of resistance of girder cross section: 

1

max

y c

M
W ,

c R 


 
 (18) 
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The condition of flooring girders rigidity has a form [1]: 

45

384
max u

q L
f f .

E J


  


 (19) 

where fmax – maximum deflection of beam; J – moment of inertia of girder cross section; fu – allowed 
deflection. 

The maximum deflection of a plate maxw  is connected with mapping radiuses r and r by 

expression (13). 

Normal x , y , and tangent xy stress are defined through sag w plate by means of the known 

formulas of the theory of elasticity [18]: 
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 (20) 

where 

2 2

2 2x y

 


 
 - Laplacian operator; x, y, γ - working space coordinates. 

We will carry out the search of versions of constructive solutions for steel girder cages in the 
following sequence. 

1. Restriction for flooring sag is set according to existing rules [31]. 

2. By a formula (15), flooring thickness is defined according to a range on the operating loadings. 

3. By means of formulas (20) flooring stress through a sag are defined.  

4. By means of the special computer program (Figure 3) the sizes of plates of various forms in the 
plan are defined: rectangular, triangular, rhombic, parallelogram, trapezoid. All plates have the identical 
maximum stress and a sag, the identical area, but a different form and sizes. 

5. Cross sections of girders of the second level are defined. For this purpose loads of girders 
transferred from flooring are gathered. By means of a formula (18) the required girder section is defined. 
Section is accepted according to a range of rolled iron. The condition of rigidity is checked (19). 

6. Cross sections of girders of the first level are defined. For this purpose loads of girders 
transferred from above from girders of the second level and flooring are gathered. Similarly, by means of 
a formula (18) the required section of a girder is defined and is accepted according to a range. 

7. Ceiling is done with the received variants of girder cages. 

8. We determine the mass of material which is spent for each option of a girder cage. We compare 
material capacity and choose the variant with the smallest material consumption. This option will be the 
most economic. 

Let us consider a numerical example. It is necessary to design a steel girder cage of a plant 
building with sizes in axes: length is 12 m, width is 6 m. Basic data: 

Material – C245 steel, calculated resistance Ry = 23 MPa [30]. 

Flooring – solid steel in accordance with State Standard Specification 19903-74 on sheet steel. 

Girder section of a flooring of the second level – equilateral angle in accordance with state 
standard specification 8509-93. 

Girder section of a flooring of the first level – either flange beam in accordance with state standard 
specification 8239-89, or a channel in accordance with State Standard Specification 8240-89. 
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Load of ceiling – q = 5 kN/m2. 

Solution. 

1. According to the operating construction regulations [31] the flooring and girders sags of designs 
of coverings and ceilings mustn’t exceed extreme value which depends on flight. For a flooring flight 
width, as a rule, doesn't exceed L = 3 m. For this flight the permitted sag constitutes 2 cm. 

2. We determine the required thickness of flooring by a formula (15): 

4

1

4 4 4

4 4 150 2 26 10
1 72 1 72 297

15 15 150 5 10

EL n .
,

t n q 

     
       

     
 (15) 

where n = 150 is quantity inverse to a limit relative sag of flooring according to [31]. 

So, 
300

1 01
297 297

L
t .    сm. In accordance with State Standard Specification 19903-74 we 

accept t = 10 mm. 

Taking into account dead load flooring load will constitute: 

1 1 5 5 0 01 1 8 78 5 5 1 41 6 41steelq q g t A g . . . . .              kN/m2, 

where A = 1.8 m2 – we set the area of plates, steelg =78.5 kN/m2 – dead load of steel. 

3. According to formulas (20) we will receive the maximum operating stress in the middle of 

flooring of x  40.4 MPa, y  18.5 MPa, xy 18.4 MPa. 

4. With the help of the computer program “RR Geometric Modeling” (Figure 3) we determine the 
sizes of plates of a various form (Figure 5). All plates have identical values of the maximum tension of 
40.4 MPa, sag of 2 cm and identical area A = 1.8 m2. 

 

a) rectangular, b) isosceles triangular extended down, c) rectangular triangular, d) parallelogram, 
e) isosceles triangular extended across, f) rhombic 

Figure 5. Plate of various forms of identical strength and rigidity 

5. Loading which is transferred to flooring girders of the second level along perimeter of plates P 
will make: 

1
2

6 41 1 8 11 54q A . . .
q .

P P P

 
    (21) 

Perimeter of a rectangular plate (Figure 5, a): 

P = (2+0.9) *2 = 5.8 m, 

perimeter of an isosceles triangular plate (Figure 5, b): 

P = 2.755*2+1.365 = 6.875 m, 

perimeter of a rectangular triangular plate (Figure 5, c): 

P = 2.535+2.910+1,435 = 6.88 m, 

perimeter of a parallelogram plate (Figure 4, d): 
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P = (1.920+1.230) *2 = 6.3 m, 

perimeter of an isosceles triangular plate (Figure 5, e): 

P = (1.930+3.025) *2 = 6.88 m, 

perimeter of a rhombic plate (Figure 5, f): 

P = 1.695*4 = 6.78 m. 

6. Loading which is transferred to flooring girders of the first level from girders of the second level 
will constitute: 

3

1

maxQ
q .

n
  (22) 

where Qmax – bearing reaction of girders of the second level (Figure 4, b), n1 – spacing of flooring girders 
of the second level. 

Results of determination of cross sections of flooring girders of the first and second levels from a 
condition of strength (15) in the maximum bending moment Mmax in the middle of flight (Figure 4, b) and 
conditions of rigidity (16) are given in table 1. In Figure 6 the received options of girder cages are shown. 

Table 1. Results of calculations 

A girder cage 
variant (fig. 6) 

Thickness of 
flooring t, mm 

Section of girders 
of the second level 

Section of girders of 
the first  level 

Materials consumption, kg 

1 2 3 4 5 

а)  

 

10 

 

angle 70x7 flanged beam No 24 1,679 

b) angle 90x7 flanged beam No 27 2,053 

c) angle 90x8, 75x9 flanged beam No 27 1,973 

d) angle 70x6 channel No 22 1,637 

e) angle 75x5 channel No 20 1,657 

f) angle 70x4.5 channel No 18a 1,616 

 

 

a) rectangular, b) isosceles triangular extended down, c) rectangular triangular, d) parallelogram, 
e) isosceles triangular extended across, f) rhombic 

Figure 6. Obtained options of steel girder cages with various cells 

12



Инженерно-строительный журнал, № 2, 2018 

 

Черняев А.А. Вариантное проектирование стальных балочных клеток геометрическими методами // 

Инженерно-строительный журнал. 2018. № 2(78). С. 3–15. 

The analysis of a material consumption of the received options (column 5 of Table 1) shows that 
the most economic option is reached when using a rhombic cells. 

The reliability of the offered new technique is confirmed by numerical studies. Test problems were 
solved to determine the variants of girder cages with different cells in terms of different loads. The 
resulting girder cages were created in the form of a finite-element plate-rod model in the SCAD program 
[3]. Using the built-in module for checking the bearing capacity of steel structures on the set of rules 
"Steel structures", the load-carrying capacity of the floor girder, secondary girders and flooring for the 
calculated combinations of forces from the payload and the load from its own weight was checked. The 
check confirmed the use of the bearing capacity of the selected cross sections and plates close to the 
maximum with coefficients of use of 0.9-1 depending on the number of the rolling section. A deflection 
was checked for the flooring. The values deduced in the SCAD program for plates of various shapes 
were approximately the same with an error of 5–10 %, for plates with sharp angles somewhat higher. 
They corresponded to the given permissible deflection. When the model was shattered by a smaller grid, 
a smaller error was achieved. The material capacity was automatically counted in the SCAD program [3] 
and manually. 

4. Conclusions 
1. There was offered the new technique of alternative engineering of steel girder cages with 

various in the plan cell forms with the choice of the most rational constructive decision on a condition of 
the smallest material costs for its production, on the basis of geometrical methods of structural 
mechanics. 

2. Numerical example of alternative engineering of steel girder cage of plant building shows the 
possibility of real engineering of designs of this kind on the basis of the developed technique. 

3. The offered technique can be used when designing this sort of constructive systems. 

4. The reliability of the offered new technique is confirmed by the solution of the test problems of 
designing steel girder cages of various shapes for different loads and by comparing the obtained results 
with the results of numerical studies obtained using the SCAD Office software. 

5. Shows that the most economic option is reached when using small cells. 

6. It is shown that the use of a fine grid in comparison with a large grid allows saving material of 
steel for producing a girder cage up to 20 %. 
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Abstract. The concentrically braced system is one of the most common lateral load-bearing 
systems among the steel structures. This lateral loadbearing system has various apparent forms where 
the main characteristic of them all is their significant stiffness and lateral strength. The main weakness of 
the concentrically braced system is buckling in compression. This issue causes that concentric bracings 
have low compressive load-bearing capacity together with undesirable ductility and limited energy 
dissipation capacity. In this study to solve this problem use has been made of a heuristic method. In this 
method a local fuse has been used in the middle of bracing where its periphery and inner circumference 
have been covered with an auxiliary casing within a casing. The local fuse is designed in a way that after 
yielding, the bracing undergoes local buckling at this area. But presence of an auxiliary element placed 
around the fuse prevents this local buckling and thus the bracing would exhibit almost a symmetric 
behavior during compressive and tensile loadings. Thus the bracing would exhibit a wide and spindle-
shaped hysteresis curve under a cyclic loading with desirable ductility and high energy dissipation 
capacity. Also in this article a numerical study is performed utilizing ABAQUS Ver. 6.12 software to make 
comparison between concentric bracings with local fuse –auxiliary element (LF-AECB) and usual 
concentric bracings (UCB) in terms of ductility, energy dissipation capacity and loadbearing capacity. The 
results of numerical studies have indicated the extraordinary better performance of LF-AECB with respect 
to that of UCB. 

Аннотация. Концентрически стержневая система является одной из наиболее 
распространенных среди стальных систем с поперечными несущими конструкциями. Эта система 
имеет различные формы, где основной их характеристикой является значительная жесткость и 
устойчивость против поперечной силы. Основным недостатком такой системы является изгиб при 
сжатии. Эта проблема приводит к тому, что концентрические раскосы имеют низкую несущую 
способность при сжатии вместе с нежелательной податливости и ограниченной способностью к 
рассеиванию энергии. В этом исследовании для решения проблемы использовался эвристический 
метод. Местный предохранитель использовался в середине раскоса, где его край и внутренняя 
окружность были покрыты вспомогательным кожухом внутри корпуса. Местный предохранитель по 
сжимающей нагрузке спроектирован таким образом, что после прогибания конструкции раскос 
подвергается местной потери устойчивости. Но наличие вспомогательного элемента, 
расположенного вокруг предохранителя, предотвращает это, и, таким образом, раскос будет 
проявлять почти симметричное поведение во время сжимающих и растягивающих нагрузок. 
Раскос будет иметь широкую и веретонообразную петлю гистерезиса при циклической нагрузке с 
оптимальной податливостью и высокой способностью рассеивать энергию. Также в этой статье 
проводится численное исследование с использованием ABAQUS Ver. 6.12 для того, чтобы 
сравнить концентрический раскос с местным предохранителем-вспомогательным элементом (LF-
AECB) и обычными концентрическими раскосами (UCB) с точки зрения податливости, способности 
рассеивания энергии и несущей способности. Результаты численных исследований показали 
лучшие эксплуатационные параметры LF-AECB по сравнению с UCB. 
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1. Introduction 
The concentric braced systems are one of the most applicable systems in steel structures. These 

systems due to having high stiffness and lateral load bearing with respect to other structural systems 
have been under focus of attention. The main weakness of these structural systems is buckling of the 
bracing under compressive loading. Therefore when these structures undergo a cyclic loading, they 
exhibit an undesirable ductility with low energy dissipation capacity. Hence, researchers from around the 
world have performed extensive studies to solve this problem in concentric bracings. In continuation, 
some of these studies are cited.  

One of the solutions for enhancing ductility and energy dissipation in concentric braced structures 
is use of energy dissipation elements located at the intersection of bracings. In this respect application of 
the rings made of steel tubes as energy dissipater element at intersection with the bracing has been 
investigated both analytically and experimentally by Abbasnia et al. [1]. The results of these studies have 
shown that these bracings possess wide and stable hysteresis curves. One of the disadvantages of this 
system is the certain dimensions of the steel tubes incorporated in the steel rings which cause 
dimensional restrictions. For this purpose Andalib et al. [2], introduced steel rings made of plates as a 
replacement for the initial rings and in this respect they have performed an experimental and numerical 
study to investigate performance of the mentioned rings. The steel rings made of steel plates include two 
semi rings which are connected to the bracing via some connections and form a single ring. The results 
of Andalib et al. [2] studies exhibit wide and stable hysteresis curves for the rings made of the steel 
plates.  

The off-center bracing system (OBS) is one of the invented systems to improve the concentric 
braced structures [3]. In this structural system, the tensile element is not straight and when a lateral load 
is exerted on the system, its initial geometry changes. Therefore the load-deformation curve of these 
systems is in the nonlinear geometric form. Moghaddam and Estekanchi [4] in their study on these 
systems found that the load-deformation diagram of OSBs follows a nonlinear hardening pattern with two 
yielding points. Then they subjected the single-story and two-story OBS structures to the seismic loading 
using this pattern. The results of these analyses indicated that the OBS structural system has a behavior 
similar to that of the Base Isolation system and has a good strength against lateral loads. Bazzaz et al. 
[5–8] have used a ductile annular steel element to enhance behavior of these systems (OBS-C systems). 
The results of this study have exhibited higher ductility and greater energy dissipation of this structural 
system with respect to the OBS system. In another study [9] which has been performed to make 
comparison between OBS-C systems and diagonal bracing systems with ductile steel rings i.e. DBS-C, 
the better behavior of OBS-C system in terms of ductility and energy dissipation capacity has been 
observed. 

Use of two-level or multi-level control systems is another method for improving the seismic 
behavior of structures which has recently been under focus of attention of researchers [10–12]. The main 
idea in these structural systems, is combination of different control systems with various stiffness and 
strength values which results into desirable energy absorption in the structure for various earthquake 
intensities. In one of this study, Zahrai and Vosooq [11] introduced a dual system in which use has been 
made of the combination of vertical link beam and knee elements to maintain energy absorption. In this 
structural system, in order to improve the seismic performance, the vertical link beam is used as an 
energy absorption element in the small loads area and knee elements are used for energy absorption 
under intense earthquakes. Another system created for implementing the idea of two-level control 
systems, is the passive tube in tube control system.  

Use of ductile fuse elements in the diagonals of concentric braced structures, is another method to 
improve their seismic behavior. Rezai et al. [13] investigated the effect of different cases of implementing 
local fuses on the behavior of bracing elements in an experimental study. The result of their study 
revealed that the fuse elements with appropriate lateral restraints exhibit a stable hysteretic response 
with high energy absorption and large non-elastic deformation capacity characteristics. In another studies 
by Legeron et al. [14] and Desjardins et al. [15], they investigated the application of local ductile fuses in 
the concentric bracings with single-angle section to reduce demand of the acting load on the connection 
to avoid the need for its strengthening. In this study the tensile capacity of the bracing has been reduced 
equal to the connection capacity. The Legeron et al. [14] studies showed that implementing ductile local 
fuses would effectively reduce the seismic load demand acting upon the bracing connections and would 
prevent their strengthening.  

One of the other invented structural systems for improving seismic performance of the structures 
with concentric bracings is application of the buckling restrained brace (BRB) [16–20]. In this structural 
system attempt is made that using bracings which include a casing and core, the main shortcoming of the 
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concentrically braced structural systems which is buckling in compression is removed [16, 17 and 19].The 
structures with BRBs, present symmetric and stable hysteresis curves which also have significant 
capacity in terms of ductility and energy dissipation. Furthermore, in the BRB structural system, the non-
elastic deformations are entirely and uniformly distributed over the length of buckling restrained bracing 
and thus damage to other structural elements is prevented. 

In this study a novel method is introduced for improving the seismic performance of concentric 
braced frames. In this method, use has been made of a fuse element in the middle of the bracing (Fig. 1). 
Design of this element is in a way that after yielding of the bracing at this point, it undergoes local 
buckling. 

 

 

(a) Local fuse position in brace (b) Details of local fuse 

Figure 1 Local fuse in LF-AECB  

To prevent local buckling of the bracing an auxiliary element in the form of casing within casing is 
used at the fuse area, as shown in Figure 2. This auxiliary element which covers the periphery and inner 
circumference of the fuse, allows the bracing to resist against local buckling of the fuse and thus prevents 
loss of the compressive loadbearing. This issue causes that the bracings equipped with fuses and 
auxiliary elements under cyclic loads to have wide and stable hysteresis curves together with desirable 
ductility and energy dissipation capacity. Also in this study using ABAQUS Ver. 6.12 [21] a comparison 
has been made between performances of the concentric bracings with local fuse-auxiliary element (LF-
AECB) and usual concentric bracings (UCB), under cyclic pseudo-static loads. In continuation, a 
complete introduction of LF-AECB bracing and the obtained results from the numerical study will be 
presented. 

 

 

(a) View of auxiliary element  (b) Section of auxiliary element 

Figure 2 Auxiliary element in LF-AECB 
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2. Methods 

2.1.  Introduction of LF-AEBC bracing 

LF-AEBC bracings are comprised of two parts. The first part is the local fuse implemented at the 
middle of the bracing area and the second part is the auxiliary element placed at the fuse area to prevent 
its local buckling. The local fuse used in the bracing, as shown in Fig. 1, is created by reducing the cross 
section area of the bracing and has a semi-circular transition zone to prevent stress concentration. To 
calculate the cross section area of the fuse, first the demand exerted load on the bracing (Pu ) should be 
obtained from the analyses. After calculating Pu  from Eq. (1), it is concluded:  

Pu = Tu,fuse (1) 

where, Tu,fuseis the ultimate tensile loadbearing capacity of the fuse. The value of Tu,fuse  could be 

calculated from Eq. (2): 

Tu,fuse = Afuse. Fu (2) 

In Eq. (2), Afuse and Fu are the fuse cross section area and ultimate stress of the bracing, 
respectively. Now regarding Eqs. (1) and (2), the fuse cross section area could be calculated from 
Eq. (3): 

Afuse ≤  
Pu

Fu,fuse
  (3) 

After calculating the fuse cross section area, the required cross section area of the bracing is 
calculated. For this purpose according to Eq. (4), the fuse ultimate tensile capacity should be taken less 
than 80 % of the yielding capacity of the bracing: 

Afuse.  Fu,fuse ≤ 0.8. Ag. Fy (4) 

In the above equation, Ag and Fy are the required cross section area and yielding stress of the 

bracing materials, respectively. In the above equation, the reason for selecting a coefficient value of 0.8 is 
to ensure lack of overall yielding of the bracing before the fuse reaches its ultimate capacity, as entire 
yielding of the bracing causes significant reduced stiffness after its yielding and thus according to Eq. (5), 
its buckling capacity also decreases proportionally. This issue causes that before the fuse reaches its 
ultimate loadbearing capacity, the bracing undergoes overall buckling and consequently the expected 
performance of LF-AEBC bracing system in terms of energy dissipation capacity and expected ductility is 
not happened. 

PCr =
π2.E

λ2   (5) 

In the above equation, E is the materials elastic modulus and λ is the slenderness ratio of the 
element under compression. Regarding Eq. (4), the required cross section area could be calculated using 
Eq. (6): 

A_g ≥ (A_fuse.  F_(u, fuse))/(0.8 . F_y )    (6) 

It should be mentioned that with respect to Eq. (1), the capacity of the bracing designed according 
to Eq. (6), is equal to that of the fuse and the loadbearing capacity of the bracing overall cross section 
area would not affect its loadbearing capacity. 

In LF-AEBC bracings, the fuse length is calculated in a way that the fuse buckling occurs after its 
yielding, so that maximum use of the fuse capacity is utilized for dissipating the input energy to the 
structure. Respecting this issue, Eq. (7) should be established in LF-AEBC bracings: 

PCr,fuse ≥  Tu,fuse (7) 

In the above equation, PCr,fuse is the fuse buckling capacity. The PCr,fuse value could be calculated 

from Eq. (8): 

PCr,fuse =
π2.E.Imin,fuse

Lfuse
2   (8) 

In the above equation, Imin,fuse and Lfuse are the minimum moment of inertia and fuse length, 

respectively. Now respecting Eqs. (2), (7) and (8) the Lfuse value could be calculated from Eq. (9): 
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Lfuse ≤ √
π2.E.Imin,fuse

Afuse.  Fu,fuse
  (9) 

The second component in LF-AEBC bracings is the auxiliary element. The auxiliary elements 
generally include the external and internal areas of the fuse with 1mm distance from the fuse walls so 
that they could not affect the fuse loadbearing capacity. The philosophy behind existence of the auxiliary 
element in LF-AEBC bracing is to prevent local buckling of the bracing in the fuse area. As is evident 
from Fig. 2, for bracings with box section, this element is comprised of one internal casing with 
rectangular shape and one external casing with four angle-section elements. These two casings are 
connected to each other by connecting plates which have passed through the fuse area. The connecting 
plates’ lengths should be exactly equal to the fuse length plus the length of its transition areas to prevent 
displacement of the auxiliary element over the bracing length. The thickness of connecting plates should 
also be taken in a way that they do not buckle over the length. Also the length of auxiliary element should 
be taken at least 15cm greater than the two ends of the fuse transition area.  

2.2. Introduction of the numerical models 

In this study in order to investigate the effect of implementing local fuse together with auxiliary 
element on the behavior of concentric bracings, a numerical study utilizing ABAQUS Ver. 6.12 [21] has 
been conducted. Regarding that all non-elastic deformations in structures equipped with LF-AEBC 
bracings occur within the fuse area, in this study only the behavior of these bracings under cyclic pseudo-
static displacement loads has been investigated, as the behavior of this element under cyclic load would 
indicate overall behavior of the structure under lateral loads. According to Figure 3, to investigate the 
behavior of LF-AEBC bracings and making comparison between response of these bracings and that of 
the concentric bracings, two models of B14 and B20-LF-AE are modeled using Solid Element and with 
fixed end condition in ABAQUS Ver. 6.12 [21] software. In this paper, model B14 represents the UBC and 
model B20-LF-AE represents the LF-AECB. 

  

(a) B14  (b) B20-LF-AE 

Figure 3 Analytical models 

The geometric characteristics of structural models are shown in Table 1. Also the materials 
characteristics utilized in these models are given in Fig. 4 and Table 2. The cross section area of the local 

fuse implemented in model B20-LF-AE has been obtained based on Eq. (3) and assuming that uP  value 

is equal to 117 Tons. The local fuse length also is selected 20cm based on Eq. (9). Also transition area of 
the fuse is a semicircle with a radius of 45.8mm. Regarding the fuse length and the transition area length, 
the length of auxiliary element is taken equal to 50cm. 

Table 1 Geometric characteristics of structural 

Models 
Brace 

section 
Brace 
area 

Brace 
length 

LF 
length 

LF area 
Transition 

Zone 
radius 

Inner 
sheath 
section 

Outer 
sheath 
section 

Connection 
plate section 

Auxiliary 
element 
length 

B14 
Box 

14*14*0.6 
32.16 400.00 none none none none none none none 

B20-LF-
AE 

Box 
20*20*0.8 

60.80 400.00 20.00 31.55 4.58 19.8*19.8*1 

Four 
11.4*11.4*1 

angle 
member 

3*1 50.00 

Note: The unite of lengths and areas are Cm and Cm² 
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Figure 4 Strain-stress curve of steel material used in the analytical models 

Table 2 Material properties used in the analytical models 

Element material 
Elastic 

Modulus 
Yielding 
stress 

Yielding strain Final stress Final strain 

ST37 2000000 2400 0.0012 3700 0.20 

Note: The unit of stresses is Kg/Cm² 

Model B14 is a UCB with equal cross section and tensile capacity equal to those of B20-LF-AE 
bracing. This model is built to make comparison between seismic behavior of LF-AEBC bracings and that 
of the UCBs which have equal ultimate tensile capacities. In the next section the responses of the models 
are compared to each other. Also to perform pseudo static analysis of the structural models and 
comparing their responses, the ATC-24 loading pattern has been utilized according to Figure 5. 

 

Figure 5 ATC-24 load pattern used in pseudo static analysis 

3. Results and Discussion 
In this section, the results obtained from analysis of models B14 and B20-LF-AE are investigated. 

First, the corresponding hysteresis curves of the mentioned models obtained from pseudo-static analyses 
are accurately investigated. Then, models B14 and B20-LF-AE are compared to each other in terms of 
ductility, loadbearing capacity and energy dissipation capacity. 

3.1. Interpretation of model’s hysteresis curves 

In this section the interpretation of hysteresis curves has been presented. In Fig. 6 the hysteresis 
curve of model B14 has been shown. As expected, this model has yielded at 77 tons load and a 
corresponding displacement of 0.5cm. But contrary to what is expected, this model has buckled in the 
first cycle of loading after yielding. The reason for premature buckling of the bracing is related to 
significant reduction in the plastic stiffness of the material with respect to its elastic stiffness. Based on 
the theoretical calculations, the elastic buckling load of model B14 is 458 tons. Therefore its plastic 
buckling load would be equal to 1.3 tons, because the plastic stiffness of material is 0.003 its elastic 
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stiffness. Thus, as during yielding, the available load in the bracing is greater than the plastic buckling 
load, the bracing has immediately undergone buckling.  

 

Figure 6 Hysteresis curve of B14 

Also after yielding, due to hardening of the steel it was expected that model B14 would enhance its 
tensile loadbearing capacity with a positive slope in the hysteresis curve, but according to Figure 6, the 
opposite was observed. The reason for this reduction in tensile loadbearing capacity after yielding of 
model B14 is also related to the premature buckling of this element. This issue is explained in detail in the 
next section. Finally model B14 failed at the tensile load of 57 tons and the compressive load of 19 tons 
and the corresponding ultimate displacement of 7.2 cm in both tension and compression cases. Figure 7 
shows the deformed situation of model B14 for its ultimate cyclic loading.  

 

Figure 7 Deformed shape of B14 in final cyclic loading 

The hysteresis curve of model B20-LF-AE has been shown in Figure 8. As seen in this figure, the 
hysteresis curve of this model is wide and spindle shaped which indicates desirable and good 
performance of this type of bracing in terms of ductility and energy dissipation capacity. 

 

Figure 8 Hysteresis curve of B20-LF-AE 
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This model has yielded at 76 tons and the corresponding displacement of 0.33 cm. In this model, 
after yielding and due to significant reduction in the stiffness of the materials, the bracing has undergone 
buckling. But as was explained before this bracing has been designed in a way that firstly local buckling 
occurs in the fuse area and secondly, due to presence of the auxiliary element, local buckling of the fuse 
has been prevented. This is clearly seen in the hysteresis curve of model B20-LF-AE. According to 
Figure 8, after yielding no loss is seen in the loadbearing capacity of B20-LF-AE bracing and loadbearing 
capacity of the bracing is increasing both in the compression and tension. But increase in the loadbearing 
capacity has continued till the bracing has reached overall yielding of the section in the compressive load 
i.e. a load equal to 146 tons. In this case, as is seen also in Figure 8, the bracing has undergone loss in 
its compressive loadbearing capacity. The reason for this issue is that when B20-LF-AE bracing has 
reached its overall yielding capacity, buckling is not as local in the fuse area but in this case overall 
buckling of the bracing has occurred. Therefore the auxiliary element is no longer able to prevent 
buckling of the bracing and loss in the compressive loadbearing capacity has occurred. Correspondingly 
and after overall buckling of B20-LF-AE bracing, its tensile capacity has also degraded. The important 
issue concerning overall buckling of B20-LF-AE bracing is that loss in the loadbearing capacity in this 
bracing has occurred with a lower rate with respect to model B14. Finally, B20-LF-AE bracing also has 
failed in the tensile load of 110 tons and compressive load of 82 tons and a corresponding displacement 
of 7.2 cm in both compression and tension. Figures. 9 and 10, present the deformation status of B20-LF-
AE bracing for the two cases of the final cycle of loading before overall buckling, and the ultimate loading 
cycle, respectively. 

  

(a) General condition of B20-LF-AE  (b) Condition of local fuse 

Figure 9 Deformed shape of B20-LF-AE in final cyclic loading before buckling 

 

Figure 10 Deformed shape of B20-LF-AE in final cyclic loading  

3.2. Comparison between loadbearing capacities of models 

To make comparison between loadbearing capacities of models B14 and B20-LF-AE according to 
Figure 11, the envelope of hysteresis curves corresponding to these two models have been utilized. As is 
seen in this figure, model B20-LF-AE both in the tensile load and compressive load has far greater 
loadbearing capacity with respect to that of model B14. In the tension area, as was expected both models 
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have yielded in their expected tension capacity. But after yielding the behavior of models has been 
entirely different. The tensile loadbearing capacity of model B14 is reduced after yielding which is not 
expected. Based on the theoretical calculations, the ultimate tensile loadbearing capacity of this model 
should have reached 119 tons due to the steel hardening, but because of overall buckling of the bracing 
and permanent lateral displacement due to it, this model could not achieve its loadbearing capacity.  

 

Figure 11 Comparison between envelope curve of analytical models 

When the bracing buckles, it experiences lateral displacement. A portion of this lateral 
displacement remains as residual in the bracing after yielding. This issue causes that the bracing could 
not become perfectly straight in tension and consequently its tensile loadbearing capacity would reduce. 
This is clearly seen in Figure 12. This figure shows permanent lateral displacement of the middle point of 
the bracing with respect to the bracing length (residual relative lateral displacement) for different loading 
cycles. 

 

Figure 12 Comparison between residual relative lateral displacement of analytical models 

As is seen in Figure 12, the B14 bracing has experienced significant residual lateral displacement 
from the 20th cycle on. This loading cycle corresponds to an axial displacement equal to 2.4 cm. With 
respect to the envelope curve of model B14 shown in Figure 11, it is observed that loss in the tensile 
loadbearing capacity in this model has also started from a displacement value equal to 2.4 cm and with 
increase in the residual lateral displacement in the next cycles its corresponding tensile force has 
decreased conversely. Finally, regarding Figure 11, the maximum values of tensile loadbearing capacity 
and ultimate tensile loadbearing capacity in B14 bracing are 77 tons and 57 tons, respectively. But 
concerning model B20-LF-AE, the issue is entirely different. The reason is that in this model due to the 
presence of auxiliary element, the fuse local buckling has been prevented after yielding and thus the 
bracing not only has not undergone loss in its tensile loadbearing capacity but also its tensile capacity 
has increased. This increase in the loadbearing capacity has continued up to a load equal to135 tons but 
after it due to the overall buckling of the bracing, this model has also undergone loss in its tensile 
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loadbearing capacity. This issue is evident in Figure 12. As is seen in this figure, model B20-LF-AE from 
cycle 33 on, has experienced a significant residual relative lateral displacement (greater than 0.01 which 
is equivalent to a lateral displacement greater than 4cm). This cycle corresponds to an axial displacement 
equal to 5.3 cm, where according to the envelope curve of model B20-LF-AE shown in Figure 11, 
reduction in the loadbearing capacity of this model has started from this displacement and with increase 
in the lateral displacement in the next cycles, the corresponding tensile force has decreased, conversely. 
Albeit it is essential to state that the rate of reduction in the tensile loadbearing capacity in model B20-LF-
AE has been considerably less than that of model B14 due to the presence of auxiliary element. This 
issue is also evident from Figures 11 and 12, so that according to Figure 12, the maximum residual 
lateral displacement in model B14 was about 29 cm whereas this value in model B20-LF-AE is 69 % less 
and was equivalent to 9 cm. For model B20-LF-AE also the maximum tensile capacity and ultimate 
tensile capacity values were 135 tons and 110 tons, respectively. These values were 75 % and 93 % 
greater than the corresponding values in the model B14, respectively.  

As is seen in Figure 11, in the compressive area of model B14, immediately in the first cycle of 
loading after yielding which corresponds to a load value of 77 tons, has buckled due to reduced Post-
elastic stiffness of materials. Regarding Figure 11, the maximum compressive loadbearing capacity and 
ultimate compressive capacity in model B14 have been 79 tons and 19 tons, respectively. For model 
B20-LF-AE also after yielding of the fuse, the bracing has undergone local buckling in this area. But due 
to presence of the auxiliary element, this bucking is prevented and compressive loadbearing capacity of 
the bracing is increased. Increase in the compressive loadbearing capacity in model B20-LF-AE has 
continued up to a load value of 146 tons, which corresponds to yielding of the overall section of the 
bracing in this model. But immediately after this load and due to reduced post-elastic stiffness of the 
materials, the bracing has undergone overall buckling. Albeit it should be noted that due to presence of 
the auxiliary element, the rate of reduction in the compressive loadbearing capacity in this bracing is 
significantly less than that of model B14. This issue could be completely observed comparing envelope 
curves (Fig. 11) and residual relative lateral displacements of the two models (Fig. 12). Finally and with 
respect to Figure 11, the maximum and ultimate compressive loadbearing capacities in model B20-LF-AE 
were 146 tons and 82 tons, respectively. These values were 85 % and 331 % greater than their 
corresponding values in model B14, respectively. In Table 3, a comparison has been made between the 
maximum and ultimate tensile and compressive capacity values in models B14 and B20-LF-AE.  

Table 3 Loadbearing capacity of models 

Models Max Tension Capacity 
Final Tension 

Capacity 
Max Compression Capacity 

Final Compression 
Capacity 

B20-AE-LF 135 110 146 82 

B14 77 57 79 19 

Ratio 1.75 1.93 1.85 4.32 

Note: The unite of forces are Ton 

3.3. Comparison between ductility in the structural models 

In this section comparison has been made between ductility in models B14 and B20-LF-AE. The 
ductility coefficient values have been obtained separately for the tension and compression areas. In the 
tension area, the ductility coefficient value, according to Eq. (10), has been calculated by the ratio of the 
ultimate movement, 𝛿𝑢

𝑇which is equivalent to a corresponding movement equal to 70 % of the maximum 
force in the bracing in the tensile area to the yielding movement, 𝛿𝑦. 

𝜇𝑇 =
𝛿𝑢

𝑇

𝛿𝑦
   (10) 

Based on Figure 11, the  𝛿𝑦value for models B14 and B20-LF-AE are 0.5 cm and 0.33 cm, 

respectively. Also the 𝛿𝑢
𝑇 value for both models is 7.2 cm. Thus based on Eq. (10), the tensile ductility 

coefficient value for models B14 and B20-LF-AE are 14.4 and 21.8, respectively. In other words in the 
tensile area the ductility coefficient value of model B20-LF-AE has been 1.5 times that of model B14.  

In the compression area also the value of ductility coefficient, according to Eq. (11), has been 
calculated from the ratio of ultimate movement, 𝛿𝑢

𝐶, which is equivalent to the movement corresponding to 
a force equal to 70 % of the maximum force of bracing in the compressive area, to the movement 
corresponding to the first buckling in the model i.e., 𝛿𝐹𝐵. 

𝜇𝐶 =
𝛿𝑢

𝐶

𝛿𝐹𝐵
  (11) 
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As two models have undergone buckling immediately after yielding, their 𝛿𝐹𝐵 value is equal to their 
 𝛿𝑦 value. Also according to Figure 11, the 𝛿𝑢

𝐶 values of models B14 and B20-LF-AE are 2.09 cm and 

5.25cm, respectively. Then based on Eq. (11), the compressive ductility coefficient value of models B14 
and B20-LF-AE are 4.18 and 15.9, respectively. In fact the ductility coefficient of model B20-LF-AE is 
3.8 times of that in model B14.  

Thus in general and regarding the topics discussed in this section, it is found that LF-AEBC 
bracings in comparison to the UCBs, exhibit considerably much better ductility. Also in Table 4, the 
tensile and compressive ductility coefficient values in models B14 and B20-LF-AE have been compared 
to each other. 

Table 4 Ductility of models 

Models 
Yielding 

Disp 
Final Tension 

Disp 
Tension Ductility 

Ratio 
First Buckling 

Disp 
Final Compression 

Disp 
 Compression 
Ductility Ratio 

B20-AE-LF 0.33 7.20 21.82 0.33 5.25 15.91 

B14 0.50 7.20 14.40 0.50 2.09 4.18 

Ratio 0.66 1.00 1.52 0.66 2.51 3.81 

Note: The unite of displacements are Cm 

3.4. Comparison between dissipated energy capacities by the structural models 

As is in Figures 6 and 8, model B20-LF-AE having a wide and symmetric hysteresis curve, 
guarantees high energy absorption in this model under lateral loads. Furthermore as is seen in Figures 9 
and 10, damage concentration in this model has occurred in the fuse area and this means that in the 
braced structures with LF-AEBC bracings under lateral loads, the main structural elements are kept safe 
from damage and inelastic deformations remain in the bracing and are concentrated in the fuse area. To 
perform a more accurate investigation of the dissipated energy in the numerical models and comparing 
them to each other, the cumulative dissipated energy (CDE) curves in each loading cycle for models B14 
and B20-LF-AE have been shown in Figure 13.  

  

Figure 13 Comparison between cumulative dissipated energy (CDE) of analytical models 

As is seen in this figure, the maximum absorbed energy by model B14 was equal to 
13047 tons.cm, while this value for model B20-LF-AE was equal to 32016 tons.cm. This means that the 
amount of overall dissipated energy by bracing B20-LF-AE was 2.45 times of this value for the UCB in 
model B14. Then regarding that the design loadbearing capacity in both bracings is the same, it is 
concluded that LF-AEBC bracings have a much better performance in dissipating energy exerted upon 
the structure with respect to their corresponding UCBs. Also to investigate the effect of overall buckling 
on the amount of dissipated energy in the bracing, the relative dissipated energy (with respect to the 
displacement corresponding to each loading cycle) i.e., ECDE/Disp, in each cycle has been shown in 
Figure 14. 
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Figure 14 Comparison between ECDE/Disp of analytical models 

As is seen in this curve, for model B14 up to cycle 20 of the loading, where no overall buckling has 
occurred, the curve has an ascending trend which indicates increase in the amount of relative dissipated 
energy in each loading cycle but immediately after occurrence of buckling of the bracing in the 20th 
loading cycle, the slope of the curve has turned negative and the amount of relative dissipated energy by 
model B14 has decreased from this loading cycle on. For model B20-LF-AE also this issue is clearly 
observed. In this model up to the 33th loading cycle, where overall buckling of the bracing has not 
occurred, the curve has exhibited an ascending trend which indicates increase in the amount of relative 
dissipated energy in each loading cycle, but from this loading cycle on where overall buckling has 
occurred, the slope of the curve also has turned negative and the amount of relative dissipated energy in 
each cycle has taken a descending trend. The important issue concerning B20-LF-AE bracing is that till 
overall buckling of the bracing in the cycle 33, the positive slope of the curve is also decreasing. The 
reason of this is related to the fuse confined capacity. In fact after complete yielding of the fuse and 
reaching its maximum loadbearing capacity, there is no ascending trend for relative energy absorption 
and the slope of the curve turns zero and then negative. This case is the best and most ideal possible 
case for absorbing the input energy to the structure and design of LF-AEBC bracing should be in a way 
that this kind of energy absorption occurs in the bracing. But in this model, before the slope of the curve 
turns negative, due to reaching the fuse its maximum capacity, the bracing undergoes overall buckling 
and this factor has caused negative slope in the curve as shown in Fig. 14 and reduced relative energy 
absorption by the bracing in each loading cycle. Also comparing the EDCE/Disp curves for models B14 
and B20-LF-AE, as shown in Figure 14, it is observed that after overall buckling, the slope of the curve for 
model B14 decreases with a higher rate in comparison to the slope of the curve corresponding to model 
B20-LF-AE. This is due to the presence of auxiliary element in model B20-LF-AE and also proves 
positive performance of this element in the post-buckling behavior of concentric bracings.  

4. Conclusion 
In this study a complete introduction to the new LF-AEBC bracings has been presented to improve 

the seismic performance of concentric bracings. In this respect two numerical models of B14 and B20-LF-
AE, which represent UCB and LF-AEBC, respectively, have been modeled utilizing ABAQUS Ver. 6.12 
[21] and are subjected to the displacement cyclic pseudo-static loading. Then the results of these 
analyses in terms of loadbearing capacity, ductility and energy dissipation capacity have been compared 
to each other. In the following the general results obtained from these analyses are presented: 

 The hysteresis curve obtained from the analyses results for model B20-LF-AE is a wide 
spindle-shaped and stable curve. This curve indicates that LF-AEBC bracings could solve the main 
problem associated with concentric bracings which is buckling and ultimately present a symmetric 
hysteresis curve. 

 Based on the results obtained from this study, the concentric bracings which have an elastic 
buckling capacity greater than their yielding capacity, immediately after yielding and due to considerable 
reduced stiffness of their materials, undergo buckling. This issue should be considered in the design of 
concentric bracings, otherwise design of these structures would be incorrect. 
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 Generally and based on the obtained results from this study, the LF-AEBC bracings have 
significantly greater maximum and ultimate tensile and compressive loadbearing capacities in 
comparison to their corresponding concentric bracings, so that the maximum and ultimate tensile 
loadbearing capacity of LF-AEBC bracings are about 75 % and 90 % greater than their corresponding 
UCB bracings, respectively. These values in the compressive area for LF-AEBC bracings are 1.85 and 
4.3 times that of their corresponding UCB bracings, respectively. 

 Generally and based on the results obtained from this study, the residual lateral displacement 
due to overall buckling of the bracing causes reduced tensile loadbearing capacity of the bracing and with 
increase in this displacement, the tensile capacity of the bracing decreases, conversely. It is important to 
consider this issue that in LF-AEBC bracings with respect to UCB bracings, the rate of reduction in tensile 
loadbearing capacity is much slower due to presence of the auxiliary element. 

 Based on the study results, the tensile and compressive ductility coefficients in LF-AEBS 
bracings are about 50 % and 280 % greater than their corresponding values in UCB bracings, 
respectively. This issue indicates the significant impact of implementing LF-AE fuse in concentric bracings 
to improve ductility in these bracings. 

 Based on the results of this study, the amount of dissipated energy by model B20-LF-AE was 
about 2.5 times of this value for model B14. This issue indicates the much better behavior of LF-AEBS 
bracings with respect to their corresponding UCB bracings. Also the results of this study showed that in 
general, the overall buckling of the bracing results into reduced relative dissipated energy in each loading 
cycle. This reduction occurs with a lower rate for LF-AEBC bracings with respect to UCB bracings, which 
is due to presence of the auxiliary element and also proves positive performance of this element in the 
post-buckling behavior of concentric bracings. 
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Abstract. The article presents results of the experimental and theoretical research of bearing 
capacity determination for fixings, used for bearing and supporting brackets in facade systems with the 
base from sandwich panel. The experiment included the consideration of several types of brackets fixing: 
using self-tapping screws and threaded rods, taking into account the variation in the thickness of the 
bearing steel plates. The required values of the research were critical longitudinal force for the pull-out 
from the base, deformations of the base, which lead to the disruption of sandwich-panel structural 
integrity. In addition, full-sized samples of the bearing bracket (the most loaded element of the facade 
system), installed on sandwich panel, were tested for the longitudinal (wind) and shearing (self-weight of 
cladding and system) load with different types of fixing. As a result, the article gives recommendations for 
the joints design of facade system brackets fixing to the base from sandwich panel, developed on the 
results of tests and theoretical studies. 

Аннотация. В статье изложены результаты проведенных экспериментальных и 
теоретических исследований по определению несущей способности креплений несущих и опорных 
кронштейнов навесных фасадных систем (НФС) к основанию из стеновой сэндвич-панели. В 
процессе испытаний по определению несущей способности крепления НФС к стеновой сэндвич-
панели ставились задачи по определению критического продольного усилия необходимого для 
вырывания элемента крепления или деформации основания, приводящей к нарушению 
целостности конструкции; испытывались полноразмерные образцы несущего (наиболее 
нагруженного элемента системы) кронштейна расчетной продольной (ветровой) и вертикальной 
(весовой) нагрузкой; измерялись величины поперечной деформации сэндвич-панели от 
сосредоточенной силы, вызываемой действием весовой и ветровой нагрузок, действующей на 
систему НФС. По результатам проведенных испытаний и теоретических исследований даются 
рекомендации по проектированию соединений крепежных элементов креплений навесных 
фасадных систем к основанию из стеновой сэндвич-панели. 

1. Introduction  
Nowadays, rapid progress in the field of application of energy-efficient outdoor facade systems and 

increased amount of work, associated with using of various fastenings combinations for these systems, 
lead to the need of deciding large number of questions, which appear at engineers about requirements 
for reliability and durability of facade connections. Insufficient volume of the conducted researches in this 
sphere essentially complicates qualitative designing and the subsequent normal exploitation of facade 
systems designs. 

While researching this area, it is necessary to make a review of some works made on this theme. 
Questions of strength and anchor deformation from static and dynamic load, considered in the 
D.A. Kiselev dissertation work [1]. Author developed and proposed the practical application of the test 
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procedure, performed a comparative assessment of existing test methods, established criteria for the 
value of calculation load, which can act on the anchor and recommended some types of anchors for 
using in buildings and structures, constructed in areas with seismicity range: 7 - 9 points. 

I.V. Katranov in his work [2] developed a method for testing the shear and stretching of joints with 
rivets or self-tapping screws, identified and classified the failures of light steel structures connections and 
also made practical recommendations for conducting certification tests of rivet and screw connections for 
shear and tension. 

Articles [3, 4] show the experimental studies of the self-tapping screws work in seismic areas, in 
conditions of the dynamic loading effect; also authors give recommendations in the field of fastening for 
sandwich-panels in building areas with seismicity of 7÷9 points. A.V. Granovsky [5] developed and 
approved the testing method for breakout anchors from various base materials, compared the test 
methods that are conducted abroad and in our country and noted the advantages of testing anchors 
method, developed at the Kucherenko Central Scientific Institute. 

M.Yu. Ananyin and Yu.S. Vedischeva [6] revealed the nature of the deformation of the fastening 
system on the basis of a series of preliminary numerical experiments performed with the application of a 
uniformly distributed static load to the system, as well as loads arising from the difference in temperatures 
outside and inside the building. Calculated results obtained by authors and compared with theoretical 
calculations, however, during the experiment, the joint operation of the sandwich panel system with the 
building frame was not taken into account. 

Articles of O.A. Tusnina [7–9] considered fastening thin-walled Z-purlins supported by sandwich 
panels. In this paper she considered questions of numerical analysis of purlins in sandwich panel 
coverings. Numerical analysis was based on laboratory experiments and modeling of the situation in the 
program. The results of the theoretical study were compared with the results of the experiments. A finite-
element model proposed for constructing the connection of cold-bent purlins and sandwich panels. 

Paper [10] is devoted to the development of a complex geometrically nonlinear theory of three-
layered shells, which also includes the influence of initial geometric imperfections. It assumed that the 
sandwich panel is an anisotropic material. Taking into account all features, authors developed a structural 
model that provides checking load bearing capacity of the three-layer panels and, in addition, ways of 
increasing the load capacity of the three-layer shells and plates. 

In articles [11, 12], authors presented a technique of bearing capacity calculation for multilayer 
structures, determining stresses and deformations in sandwich panels, based on numerical simulation 
with taking into account design features and comparing the results of calculations with experimental data 
for the maximum permissible load. 

Currently, there are many newly constructed and reconstructed objects with enclosing structures 
made from sandwich panels. To impart for these buildings new aesthetic and architectural features, it is 
necessary to use non-standart technologies and materials to make cladding on the surface of sandwich 
panel. In this regard, the constructive solution is to fix the facing materials to the body of the sandwich 
panel. 

There are several types of these fastening (see Figs. 1, 2). 

         
Figures 1, 2. Existing methods of fixing systems to sandwich panels  

(Fig. 1 (left, section) – “Hand-made” system of fixing, Fig. 2 (right, top view) – system with 
uniformly fixed T-profile to sandwich panel) 

31



Инженерно-строительный журнал, № 2, 2018 

 

Галямичев А.В., Кирикова В.А., Герасимова Е.А., Спринце А. Несущая способность крепления навесных 

фасадных систем к сэндвич-панелям  // Инженерно-строительный журнал. 2018. № 2(78). С. 30–46. 

These two types of fixing have obvious disadvantages, due to the dependence from the cohesive 
joint bearing capacity between the zinc-coated steel sheet and insulation material, which will deteriorate 
over time due to temperature fluctuations and condensation. An example of such object with a similar 
fixing see on Figure 3. 

 

Figure 3. Western speed diameter office (St. Petersburg)1 

Researched type of fastening (Figs. 4–9) have known thermal and aesthetic disadvantages, due to 
the presence of "cold bridges" in the insulating structure and visible self-tapping screws at internal 
structure. However, theme of the study was obtaining of necessary and sufficient bearing capacity of 
connection. Negative factors solved by the thickness of insulation and internal finishing by gypsum 
plasterboard sheets [13]. 

 

Figure 4. One of the researched types of fastening to sandwich-panel 

The main aim of this article, based on the experimental and theoretical studies, is to develop: 

 Method of static testing connection between the facade system elements and sandwich panels 
on the action of wind (longitudinal) and self-weight (shear) forces; 

 Method of testing for the action of a cyclic (breakout) load; 

 Investigation of strength and deformation of fastening under the action of calculation loads; 

 Recommendations for different types of fastening application. 

The task of the study is to determine the bearing capacity for combinations of different facade 
systems fastening types to sandwich panels 

2. Materials and Methods 
The object of a study – is connection between the bearing and supporting brackets of facade 

systems with sandwich panels with external and internal zinc-coated steel sheets, at least 0.5 mm thick 
and mineral wool insulation (total panel thickness in experimental tests was 150 mm). 

                                                   
1 Photo link: https://yandex.ru/maps/-/C6aqM-6f 

32



Magazine of Civil Engineering, No. 2, 2018 

 

Galyamichev A.V., Kirikova V.A., Gerasimova E.A., Sprince A. Bearing capacity of facade systems fixing to 

sandwich panels. Magazine of Civil Engineering. 2018. No. 2. Pp. 30–46. doi: 10.18720/MCE.78.3. 

Research for defining the bearing capacity included several types of fastening to sandwich panels: 

1. Fixing system by self-tapping screw [14] to the structure from the following composition: zinc-
coated steel sheet with thickness 1 mm; sandwich panel t = 150 mm (0.5 / 0.5); steel zinc-coated sheet 
with thickness 1 mm. Type 1, abbreviated name “1+1” (Fig. 5). 

 

Figure 5. Experimental type of fixing (Type 1 – “1+1”) 

2. Fixing system by self-tapping screw to the structure from the following composition: sandwich 
panel t = 150 mm (0.5 / 0.5); zinc-coated steel sheet with thickness 1 mm from the inside. Type 2, 
abbreviated name “0+1” (Fig. 6). 

 

Figure 6. Experimental type of fixing (Type 2 – “0+1”) 

3. Fixing system by self-tapping screw to the structure from the following composition: sandwich 
panel t = 150 mm (0.5 / 0.5); zinc-coated steel sheet with thickness 2 mm from the inside. Type 
3, abbreviated name "0+2" (Fig. 7). 

 

Figure 7. Experimental type of fixing (Type 3 – “0+2”) 

4. Fixing system by threaded rod with M8 diameter to the structure from the following composition: 
zinc-coated steel sheet with thickness 1 mm; sandwich panel t = 150 mm (0.5 / 0.5); steel zinc-coated 
sheet with thickness 1 mm. Type 4, abbreviated name “TR 1+1” (Fig. 8). If this connection applied on 
construction objects, it is necessary to use the methods of locking the threaded connection provided by 
the existing normative documentation 
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1.  

Figure 8. Experimental type of fixing (Type 4 – «Threated rod 1 + 1») 

5. Fixing system by self-tapping screw to the structure from the following composition: zinc-coated 
steel sheet with thickness 1 mm; sandwich panel t = 150 mm (0.5 / 0.5); steel plate with thickness 8 mm. 
Type 5, abbreviated name “1+8” (Fig. 9). This type of structure is considered to show, how system work 
in conditions of fixing to existing steel substructure and to restrict the limit values of thickness for 
supporting plates. 

 

Figure 9. Experimental type of fixing (Type 5 – “1+8”) 

Determination of the fastening bearing capacity of faсade system brackets to the sandwich panels 
was performed in three stages: 

I.Determination of the longitudinal force, necessary for the breakout of fixing element from the base 
material, or deformation, which leads to defects in the structure integrity. 

II.Testing the full-sized sample of the bearing (the most loaded element of the system) bracket with 
the calculated wind (longitudinal) and self-weight (shear) load. 

III.Determination of the sandwich panel deformation from the forces caused by the action of the 
weight and wind load acting on the facade system. 

The essence of the first method is in test the fastening elements by the tensile load, applied to the 
connection element along its axis, determination the strength resistance and base deformation, setting of 
values for limit states.  Stretching bearing capacity of the fixing elements calculated by processing the 
test results, must ensuring the work of the fixing element in the elastic conditions. In addition, rivet joints, 
installed near to the anchor, increases the bearing capacity of the joint and test must provide the most 
disadvantageous position of rivets.  

The second method involves checking the calculated values on a full-size model in conditions of a 
complex stress state corresponding to the actual operation of the system and help to evaluate the 
accepted reliability coefficients for the design work. The principle of the test is to apply a constant vertical 
(weight) load to the fragment of a façade system and sequential increase of the horizontal (wind) load to 
determine the critical value of the applied force group. Experimental sample loaded by stages with 
subsequent unloading to determine the value of inelastic deformations. After evaluation of residual 
effects, the sample loading until the appearance of the first limit state signs on the fixing element or on 
the supporting base. 

The third method is designed to determine the maximum possible displacements of the building 
base under the action of a concentrated load, evaluate the rigidity of the sandwich panel and perform a 
comparative analysis for compliance with the second limit state. 

For the first test was applied method, given in [15]. 
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Measuring instrument: Hydrajaws 2000, EMC 91/130364526/100613273 (Fig. 10) – hydraulic jack 
“hydrajaws limited”. 

 

Figure 10. Measuring instrument (tensile machine) 

On the Figure 11, shown sample of a panel, in which was installed fixing elements for test. 

 

Figure 11. Sandwich panel test sample with a marking for the installation of fixings 

Self-tapping screws fixed in the basis in the most disadvantageous position, implying no effect of 
the rivet connections on the bearing capacity required for plate mounting. 

The basis for the analysis of the second testing is a comparison of the obtained values of the 
tearing force in full-sized modeling with the results obtained by pulling along the longitudinal axis of the 
fixing element during the first testing. The difference in the values lies in the fact that under operational 
loads, not only the longitudinal force comes to the bracket, but also the shearing loads in combination 
with the bending moment, caused by the effect of the weight of the liner and the subsystem. Conditions 
for the most disadvantageous position of system were determined during the test and include the 
maximum span of the system adopted on basis of [14] of 137 mm and the height of the bracket of 
130 mm (Figs. 12 and 13). At this case, the specimen is the most loaded upper fixing element, as it 
connects with the action of bending moment. In addition, it is necessary to take into account in the 
calculation the eccentricity of the load application in the plan, shown in Figure 12.  

To calculate the value of F1 with taking into account action of the moment in two planes, the 
standards of the manufacturer of anchor technics for this type of impact should be considered. 
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Figures 12 and 13. Scheme for testing the fixing element in the second stage 

3. Results and Discussion 

3.1. The first stage of the study 

Process of experimental determination of the longitudinal force, necessary for the breakout of fixing 
element from the base material, is shown on Figures 14 and 15.  

As a result, the following parameters were found for each type of structure: 

Table 1. The results of the pull out tests of structure Type 1 (“1+1”) 

№ Name 
Applied longitudinal load 

(kN) 

The mean square 
deviation of unit load 

values (kN) 
Type of failure 

1 1+1 2.17 0.000 Pull out a screw 

2 1+1 2.18 0.001 Pull out a screw 

3 1+1 2.59 0.192 Pull out a screw 

4 1+1 2.09 0.004 Pull out a screw 

5 1+1 2 0.023 Pull out a screw 

6 1+1 1.88 0.074 Pull out a screw 

  𝑁 = 2.15 𝑘𝑁 𝑆 = 0.242 𝑘𝑁  

 

        

Figure 14 and 15. Process of pulling out a screw (left), hole in the plate after the pull out (right) 

Average value of load [15]: 

𝑁 =
∑ 𝑁𝑖

𝑛
𝑖=1

𝑛
=

12.91

6
= 2.15 𝑘𝑁 (1) 

The mean square deviation of unit load values: 

𝑆 = √
∑ (𝑁𝑖−𝑁)2𝑛

𝑖=1

𝑛−1
= 0.242 𝑘𝑁    (2) 
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Variation coefficient: 

𝜈 =
𝑆

𝑁
= 0.11    (3) 

Design value of resistance for calculations: 

𝑅 =
𝑁(1 − 𝑡𝜈)

𝑚
 (4) 

where 𝑚 – Reliability coefficient of the material (𝑚 = 1.3 according to [14]); 

𝑡 – Coefficient corresponded to the lower limit of the bearing capacity of the anchor with security 
0.95 at veracity of 90 % (For 6 tests t = 3.091 according to [15] Table 1). 

𝑅 =
2.15 ∙ (1 − 3.091 ∙ 0.11)

1.3
= 1.08 𝑘𝑁   (5) 

As fixing elements were set in laboratory, it is necessary to reduce the results by coefficient of the 
working conditions 

𝑅𝑐 =
R

𝛾𝑛

=
1.08

1.1
= 0.98 𝑘𝑁    (6) 

Table 2. The results of the pull out tests of structure Type 2 (“0+1”) 

№ Name Applied longitudinal load (kN) 
The mean square deviation 

of unit load values (kN) 
Type of failure 

1 0+1 2.68 0.375156 Pull out a screw 

2 0+1 1.63 0.191406 Pull out a screw 

3 0+1 1.72 0.120756 Pull out a screw 

4 0+1 2.13 0.003906 Pull out a screw 

5 0+1 2.32 0.063756 Pull out a screw 

6 0+1 1.82 0.061256 Pull out a screw 

7 0+1 2.71 0.412806 Pull out a screw 

8 0+1 1.53 0.288906 Pull out a screw 

  𝑁 = 2.07 𝑘𝑁 𝑆 = 0.47 𝑘𝑁  
 

Design value of resistance for calculations [15]: 

𝑅 =
2.07 ∙ (1 − 2.755 ∙ 0.22)

1.3
= 0.6 𝑘𝑁 (7) 

𝑅𝑐 =
R

𝛾𝑛

=
0.6

1.1
= 0.55 𝑘𝑁   (8) 

Table 3. The results of the pull out tests of structure Type 3 (“0+2”) 

№ Name Applied longitudinal load (kN) 
The mean square deviation of 

unit load values (kN) 
Type of failure 

1 0+2 3.67 0.001344 Pull out a screw 

2 0+2 3.88 0.030044 Pull out a screw 

3 0+2 3.58 0.016044 Pull out a screw 

4 0+2 3.76 0.002844 Pull out a screw 

5 0+2 3.68 0.000711 Pull out a screw 

6 0+2 3.69 0.000278 Pull out a screw 

7 0+2 3.79 0.006944 Pull out a screw 

8 0+2 3.56 0.021511 Pull out a screw 

9 0+2 3.75 0.001878 Pull out a screw 

  𝑁 = 3.71 𝑘𝑁 𝑆 = 0.1 𝑘𝑁  
 

Design value of resistance for calculations [15]: 

𝑅 =
3.71 ∙ (1 − 2.645 ∙ 0.1)

1.3
= 2.65 𝑘𝑁 (9) 
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𝑅𝑐 =
R

𝛾𝑛

=
2.65

1.1
= 2.4 𝑘𝑁 (10) 

It was revealed in the course of experiment that the loss of the bearing capacity of joining type 4 – 
“Threated rod 1 + 1” and joining type 5 – “1 + 8” does not occur. The failure was caused by delamination 
of sandwich panel at 4.1 𝑘𝑁 (Figs. 16 and 17). 

𝑅𝑐 =
R

𝛾𝑛 ∙ 𝛾𝑚

=
4.1

1.1 ∙ 1.3
= 2.87 𝑘𝑁   (11) 

       

Figures 16 and 17. Delamination of sandwich panel 

 

Figure 18. Dependence of deformations on the tensile force 

3.2. The second stage of the study 

The experimental construction is shown in Figure 19.  

 

Figure 19. Scheme of the experimental structure with fixing to the plate t = 2 mm 
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Measuring instrument: strain gauge [18], accuracy class III according to [19]. 

Samples of joining Type 3 (“0 + 2”), Type 4 (“1 + 1”) and Type 5 (“1 + 8”) were not destroyed, but 
at a load of 595 kg the zinced sheathing began to flake off at the inner surface of the sandwich panel. 
This process developed most actively in the samples with fixing of the facade system by threated rod: the 
large diameter of shim M8 created a local zone of stress concentration and local areas of crumpling that 
contributed to the flaking of the sheathing. 

Table 4. The results of the tests of structures Type 1, Type 2 and Type 3 

№ 
Number 

of 
samples 

Fixing elements Load, kg 
Type of 
failure Plates 

Fixing 
tool 

Weight Stage 1 Stage 2 Max 

1 1 1+1 Screw 52 257 314 437 Pull out 

2 1 1+1 Screw 52 222 314 418 Pull out 

3 1 1+1 Screw 52 222 314 418 Pull out 

4 1 0+1.2 Screw 52 222 - 493 Pull out 

5 1 0+1.2 Screw 52 222 - 456 Pull out 

6 1 0+1.2 Screw 52 222 - 447 Pull out 

7 1 0+1 Screw 52 222 - 428 Pull out 
 

 

The breaking of bracket attachment to the sandwich panel occurred by pulling out the self-tapping 
screws from the sandwich with the simultaneous deformation of the shim of head of the self-tapping 
screw to the bracket. 

The maximum load on stages 4, 5, 6 was higher than for 1, 2, 3 due to a small (0.2 mm) increasing 
of the thickness of the plate (from 1.03 to 1.22 mm). 

The results of values of tensile forces in the top (𝐹1) and bottom (𝐹2) bracket fastenings, obtained 
during the second stage, are summarized in Table 5. 

Table 5. The value of tensile force based on the calculation results 

№ 

Type of fixing Critical load, kN 
Longitude force, 

kN Type of 
failure 

Plates Anchors 
Weight 

(Y) 
Wind (P) 𝐹1,kN 𝐹2,kN 

1 1+1 Screw 0.516 4.29 3.470 3.104 Pull out 

2 1+1 Screw 0.516 4.1 3.325 2.959 Pull out 

3 1+1 Screw 0.516 4.1 3.325 2.959 Pull out 

4 0+1.2 Screw 0.516 4.84 3.889 3.525 Pull out 

5 0+1.2 Screw 0.516 4.47 3.607 3.242 Pull out 

6 0+1.2 Screw 0.516 4.39 3.546 3.181 Pull out 

7 0+1 Screw 0.516 4.2 3.401 3.035 Pull out 

8 1+1 
Threated 

rod 
0.516 5.84 4.651 4.289 Delamination 

9 1+8 Screw 0.516 5.84 4.651 4.289 Delamination 

10 0+2 Screw 0.516 5.84 4.651 4.289 Delamination 

 

Results of numerical determination of forces 𝐹1 and 𝐹2 obtained in calculation comlex Hilti Profis 
Anchor (Fig. 20).  
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Figure 20. Design scheme, stress distribution along the base of bracket and the results of 
calculation (according to [21])  

3.3. The third stage of the study 

Experiments that are carried out to determine deformations of a wall sandwich panel impacted by 
load from an facade system make possible to conclude about occured stress-strain state of structures. 
The experimental construction is on Figure 21.  

 

Figure 21. Scheme of the experimental structure for determination of deflections 

Measuring instruments: deflectometer [20] for determining the values of displacement of 
considered points of structures under static loading; strain gauge [18], accuracy class III according to 
[19]. 
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Figure 22. Averaged displacement chart 

Thus, it is possible to draw a generalized conclusion about the operation of the structure for 
various types of fixing elements used. Table 6 gives the values of the longitudinal force of the fixing 
element necessary for the pulling out or deformation of the base, which causes structural integrity 
violation. 

 Table 6. Summary of the pull out tests 

№ Name 
Average calculative critical 

longitude force (kN) 
Type of failure 

1 0+1 0.55 Pull out 

2 1+1 0.98 Pull out 

3 0+2 2.4 Pull out 

4 Threated rod 1 + 1 2.87 Delamination 

5 1+8 2.87 Delamination 

 
On the basis of the obtained results, it can be concluded that self-tapping screws can be used as 

fixing elements of facade system to a bearing base by wall sandwich panel. In this case, the value of the 
bearing capacity of the joint is sufficient to resist the combined effect of peak wind loads and weight loads 
of the sheathing and the system within the design resistance to the breaking of the fixing element. 

It is recommended to use sandwich panels with additional amplification by steel zinced plates with 
a thickness of at least 2 mm. 

Usage of amplifying plates with a thickness of 1 mm in combination with self-tapping screw for 
fixing the brackets is not allowed due to considerable variation in the values of the tearing force (up to 
± 0.58 kN) while testing in laboratory conditions. It is caused by small thickness of the thread of the self-
tapping screw in the zinced plate and the random distribution of the thread turns while screw installation. 

This conclusion is confirmed, in particular, by the limitations established in [14]: the minimum 
thickness of the plates in which it is allowed to install self-tapping screws HSP3 is 2 mm. The values of 
the tearing force obtained in experiment are close to the values of the critical force given in [14] for plates 
with 2 mm thick: 

𝑅𝑐
𝑆𝑇𝑂 = 𝛾𝑐 ∙

𝐹𝑡𝑛

𝛾𝑚

= 0.9 ∙
3.315

1.3
= 2.3 𝑘𝑁 (12) 

𝑅𝑐 =
R

𝛾𝑛

=
2.65

1.1
= 2.4 𝑘𝑁 (13) 

The difference in the value of 0.1 kN is explained by the presence of additional steel sheets 
(2 x 0.5 mm) in the sandwich panel structure, for which fixing is also carried out, but due to results they 
have no significant effect. 
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As an alternative method of fixing, it is allowed to use threaded rods with a diameter of 8 mm in 
combination with a washer and a nut. To prevent unscrewing of the joint, it is necessary to use the 
methods of locking the threaded connection. 

In addition, on the basis of the tests, it can be stated that the fixing of the facade system by a self-
tapping screw to the bearing steel structures (on the example of a plate 8 mm thick) is permissible and 
reliable. 

On the basis of the test, it can be concluded that it is necessary to take into account the value of 
the edge distance from free edge of the sandwich panel to the axis of the fixing element installed by the 
panel manufacturers together with the producers of self-tapping screws. This requirement is set due to 
the need to prevent detachment of the inner sheathing of steel zinced sheet and mineral wool insulation. 
It is permissible not to take into account the value of the edge distance during installing the bracket in the 
immediate vicinity of the sandwich panel locks, and also during fixing of system elements directly to the 
frame of the building. 

The design value of the tearing force for the object must be taken on the basis of full-scale tests of 
the sample with considering possible features of sandwich panels, self-tapping screws and amplifying 
zinced plates. The test can be performed according to the methodological instructions described in [15]. 

Analysis, based on the results of pull-out tests, is confirmed by the study of static operation of full-
size models. Samples fixed with self-tapping screws in the sandwich panel with amplifying zinced steel 
plate 2 mm thick, and samples with a threaded rod and fixing in a steel plate 8 mm thick have sufficient 
bearing capacity for perception of loads from façade system. The first (ultimate) limit state was obtained 
due to detachment of sandwich panel near free edge of panel. At the same time, the connection remains 
bearing capable. 

Samples, which are fixed to zinced plate 1 mm thick, were destroyed during tests: first (ultimate) 
limit state occurred as a result of pulling the self-tapping screw out of the steel zinced plate. As in the 
case of pull-out testing, there was a significant variation in the values of the critical load, what confirms 
the thesis of the small thickness of gearing of the thread of self-tapping screw in the zinced plate and the 
random distribution of the thread turns while screw installation. 

Analysis of cyclic loading (loading-unloading-loading) revealed no significant residual deformations 
and decreasing of bearing capacity of the connection in the samples, taking into account the work within 
the design resistance of the fixing element. 

Tests indicated necessity of replacement the standard sealing EPDM shim of self-tapping screws 
by two shims M6 DIN 9021 due to significant deformations caused by the compression of the sealing 
rubber under loading (Fig. 23). 

       

Figure 23. Difference between using of rubber and steel plates 

It led to heeling of the screw, which causes additional deformations of the sample. When using 
double shims, such deformations were eliminated. In the design of facade systems, it is necessary to 
precise this requirement in working documentation. 

The difference in the results in the first and second test groups is explained by the effect of the 
weight (shear) load on the bearing capacity of the threaded connection in fixing to the sandwich panel. 
This effect contributes a better gearing of the thread of the self-tapping screw to the zinced amplifying 
plate. 
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At the same time, the physical modelling demonstrated a greater bearing capacity of the joint than 
results of the longitudinal tearing of self-tapping screws. 

In this way, when designing structures of façade system, it is recommended to adhere to 
calculated resistance to the tearing of the fixing elements obtained from the first test group (pulling out 
due to [15]), because coverings used at the construction sites have different weight characteristics and 
amplifying impact on the connections. The additional bearing capacity, acquired due to the weight of 
covering, is taken into the safety margin of the system. 

The obtained values of deformation for facade system fixed to sandwich panel by self-tapping 
screw and a zinced plate 2 mm thick must be correlated with the requirement [22] for second 
(serviceability) limit state (the value of permissible deformations). 

In accordance with paragraph E.2.4.3 [22], “The horizontal limit deflections of the racks and 
girders, as well as of wall hinged panels, from wind load, must be taken as l / 200, where l is the design 
span of the racks or panels”. 

Thus, for panels with a height between clutch locks 1200 mm: 

𝑓𝑝𝑒𝑟 =
1200

200
= 6 𝑚𝑚  (14) 

Maximum permissible load for the “0 + 2” system: 

𝑅𝑐 = 2.4 𝑘𝑁  (15) 

Therefore, on the basis of the deformation diagram given in Figure 22, the value of deflection 
under the given load will be: 

𝑓(2,4 𝑘𝑁) = 3 𝑚𝑚 < 𝑓𝑝𝑒𝑟 = 6 𝑚𝑚  (16) 

 

Figure 24. Enlarged graph of the averaged displacement, shown on Figure 22 

In this way, it can be concluded that the fixing of facade system to the sandwich panel 150 mm 
thick using a self-tapping screw and a zinced plate t=2 mm satisfies the requirement of the second 
(serviceability) limit state. 

4. Conclusions 
According to the results of the study, it can be concluded that use of self-tapping screws as 

element, which provides fixing of facade system [13] to a wall sandwich panel jointly with an amplifying 
plate with a thickness of at least 2 mm. An alternative method of fixing is the use of self-tapping screws 
as fixing element with fastening to the bearing metal frame of the structure with thickness of at least 2 
mm. It is also possible to replace the self-tapping screw with a M8 threaded rod fixed on both sides with a 
shim M8 and female screw M8, in this case, it is permissible to use amplifying plates with a thickness of 
at least 1 mm. Thread locking means on construction objects must be provided by the existing normative 
documentation.  
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While designing a façade system structure, it is recommended to adhere the following conditions: 

 To act in accordance with the calculated value of the resistance of the fixing elements to the 
tearing force, obtained by the method [15]. 

 To replace the standard EPDM shim of self-tapping screw with double shim in the working 
documentation to eliminate deformations and heels associated with the compression of the rubber seal. 

 To note that the application of self-tapping screws must be carried out taking into account the 
aggressiveness of the environment in accordance with technical certificate, and the steel and zinced 
elements must be protected against corrosion in accordance with [23, 24]. 

 To take into account the values of the edge distance between free trimmed edge of the 
sandwich panel and axis of the fixing element, which is set by manufacturers of panels jointly with the 
manufacturers of self-tapping screws. 
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Abstract. The article provides the research results of the continuous beam operation in case of the 
support damage. When the support is damaged, the design model of the beam is changing, the spans 
are increasing, and the force in the beam is increasing. Moreover, a fast removal of the support at the 
effect of the unaltering during the destruction of the beam concentrated or distributed force will lead to the 
evolvement of the vibrations and increase of the beam force. The theoretical jurisdictions are provided for 
the determination of dynamic factors which might be used for the determination of dynamic force based 
on the results of the static calculations for the damaged construction. Theoretical dynamic factors are 
determined for the beams loaded by the concentrated loads. The numerical computations have been 
performed with the use of finite-element design models. By the example of the continuous beams loaded 
by the concentrated and distributed forces, the consequence of the dynamic calculations for damaged 
beams is shown taking to account the time of the support breakdown. It is set that the maximum force 
values appear in the beams with time for the support damage from 0.01 to 0.1 sec. The comparison of 
theoretical and numerical dynamic factors is conducted. It showed a good compliance of factor values 
determined by different methods. The recommendations are provided for practical applications of the 
dynamic factor at the calculation of continuous beams. 

Аннотация. В статье представлены результаты исследования работы неразрезных балок 
при повреждении опор. При повреждении опор изменяется расчётная схема балки, возрастают 
пролёты и увеличиваются усилия в балке. Кроме того быстрое исключение опоры при действии на 
балку не меняющейся в момент разрушения сосредоточенной или распределённой нагрузки ведёт 
к развитию колебаний и увеличению усилий в балке. Представлены теоретические обоснования 
для определения коэффициентов динамичности, которые можно использовать для определения 
динамических усилий по результатам статических расчётов повреждённой конструкции. 
Теоретические коэффициенты динамичности определены для балок загруженных 
сосредоточенными нагрузками. Проведены численные расчёты с применением конечно-
элементных расчётных схем. На примере неразрезных балок, загруженных сосредоточенными и 
распределёнными нагрузками показана последовательность динамических расчётов 
повреждённых балок с учётом времени выхода опор из строя. Установлено, что максимальные 
значения усилий возникают в балках при времени повреждения опоры от 0,01 до 0,1 сек. 
Выполнено сравнение теоретических и численных коэффициентов динамичности, показавшее 
хорошее совпадение значений коэффициентов, полученных разными методами. Даны 
рекомендации для практического применения коэффициента динамичности при расчетах 
неразрезных балок. 

1. Introduction 
In Russia and other countries, a scientific direction which studies the behavior of load-bearing 

structures when they are damaged is developing. In the design practice, the analysis of the bearing 
capacity of structures in the case of damage is called the calculation of stability against progressive 
collapse or the calculation of survivability. The problem of studying of the bearing capacity of damaged 
structures is very urgent due to the adverse consequences of the destruction of buildings [1, 2]. In 
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Russia, such a calculation is carried out, as a rule, when designing unique buildings and structures. 
However, the calculation of stability with progressive collapse is also carried out for buildings of mass 
construction [3–5]. The purpose of the calculation of survivability is to increase the reliability of structures 
and to prevent the destruction of the building in case of damage to certain elements of load-bearing 
structures. 

In the article [6] there are represented an overview of the regulatory requirements of the United 
States, Canada, and Europe in carrying out calculations to prevent avalanche collapse, and methods to 
avoid progressive collapse are analyzed. 

 In article [7] the problem of providing load-bearing capacity in accidents leading to damage the 
structures is considered as a complex of preliminary and operational measures reducing possible 
adverse consequences from the destruction of individual elements. The formulation of the survivability of 
structures is presented in [8]. Great attention is paid to resistance to the progressive destruction of frame 
buildings [9–11]. The authors consider the destruction schemes, and the results of calculations of the 
damaged structures in static and dynamic formulations are presented. In the paper [12], a simplified 
approach to the calculation of damaged structures is considered, which ensures an acceptable accuracy 
of the results. The causes of the destruction of structures and constructive measures that reduce the 
possibility of progressive destruction are considered in [13]. The questions of the evaluation of the ability 
of structures to resist to progressive destruction have been investigated in [14], where new 
recommendations increasing the survivability of structures are shown. The design of the joints has a 
significant effect on ensuring the survivability of the load-bearing system [15]. The problems of 
progressive collapse of steel trusses and frames are being investigated. On the example of the 
destruction of the large-span bridge [16], the reasons for the collapse of the span are analyzed. For a 
multistory steel frame [17], questions of structural behavior in the case of damage of the lower floor 
column are investigated, as well as the influence of the damping coefficient, which varies from 0.01 to 
0.1. 

Static, dynamic, linear and nonlinear calculations are successfully used to analyze load-bearing 
capacity of the damaged structures [18–20]. The effect of an increase of the number of floors on the 
decrease in dynamic effects in the framework was noted [18]. 

The review of literature has shown that significant studies of the work of damaged structures have 
been carried out. There are normative requirements for the design of structures with regard to the 
destruction of individual elements. There are recommendations for the selection of damaged elements, 
the appointment of the load and the appointment of materials. However, up to the present time there are 
no recommendations for designers on the calculation of damaged structures taking into account dynamic 
processes. One way to calculate survivability is to apply a modified long-term load with a dynamic factor 
that is determined by the damaged element, its failure rate and the current load. The magnitude of the 
dynamic factor with a fast turn-off of the element can be taken as 2, assuming an instantaneous 
application of the load. However, for spatial structures, local damage, even with instantaneous failure of 
the element, does not always lead to dynamic effects corresponding to the dynamism factor 2. In 
addition, the dynamic effects on the structure depend on the failure rate of the structural element. 
Determination of the dynamic coefficients for typical structures with different damage schemes is of great 
practical importance. 

The aim of the study is to determine the dynamic coefficients for the concentrated and distributed 
load on continuous beams in the case of damage of intermediate supports. 

To achieve this goal, the following tasks are solved: 

1. Theoretical justification of the dynamic coefficients under the action of concentrated loads on the 
beam. 

2. Development of a numerical technique for the dynamic calculation of continuous beams in the 
case of damage of supports and the action of concentrated and distributed loads. 

3. Numerical studies of the dynamic coefficients of continuous beams in the case of damage of 
supports, including beam systems contain main and secondary beams. 

2. Methods 
For the purpose of theoretical justification of the dynamic factor, the simple beam construction can 

be used [19, 20]. Let us consider the double-span beam with a hinged support. In the midspan, the beam 

was subjected to a concentrated load P . Damage to the construction includes midspan support damage. 
The basic and damaged beams are shown in Figure 1.  
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Figure1. Beam subjected to a concentrated load in the midspan: 
a – basic construction; b – damaged construction. 

Depending on the initial position of the beam and midspan support (deflection or hogging of the 
beam in the support area), several types of interaction between this support and the beam are possible: 

Type 1. Supporting force is zero, i.e. at the static action of the load P  the beam span l due to the 

behavior in bending flexed to the size of deflection cw  ( cw  – beam deflection on two supports from the 

concentrated force P ), and only then an intermediate support was underpinned. 

Type 2. The support was pinned under a load оP  equal to force fraction P , at the moment of the 

contact of the beam with the midspan support the beam deflection is ow  and is equal to the proportional 

to the load part of deflection cw  of the beam on two supports from the normal load.  

Type 3. The beam supports on the intermediate support before the load is applied, initial deflection 
is zero. 

Type 4. The beam supports on the intermediate support, herein the beam is put into the shape of 

initial upward buckling equal to 
cw  of the beam span l on two hinged supports under the action of force 

P . 

We shall find the dynamic factor for the concentrated load, acting in each mentioned type of 

structural damage. To determine the dynamic factor dk  known relationship may be used [21]: 

2
1 1d

c

H
k

w
   , (1) 

where H  – height, with which the weight P  – falls down on the beam, cw  – deflection of the 

beam span l  of hinge-supported at each end of the static action of force P . This dependence is valid 

when the weight falls down on the undeformed beam, design model of which isn’t changed in the process 
of interaction between the beam and falling weight. If the design model is changed, additional studying of 
the behavior of the construction is needed.  

For finding the connection between force and deflection, use the following relations [21]: cP cw  

and d dP cw , where c  – control stiffness (the same for static and dynamic load action), dP  – dynamic 

force, dw  – dynamic deflection. 

2.1. Type 1 

In the first type, the beam originally has the deflection equal to the full static when it is supported 

on two seats at the ends, and the effect of force in the middle P . The absence of the intermediate 
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support in case of its damaging does not affect the behavior of the beam. Therefore, the dynamic factor 

for the load P will be 1.  

2.2. Type 2 

In the first type of the damage of the construction, the part of the full load оP  is taken up through 

the beam deformations, and the remaining load is delivered on the intermediate support. At the initial 

deflection ow  prior to the beginning of interaction with the support, the fraction of the force taken up by 

the beam deformation is 
o

o

c

P w
P

w
 . After removing the support, the beam will be affected by the 

instantly superimposed unbalanced fraction of force, equal to 1 o

c

w
P P

w

 
   

 
. This part of the load 

will have a dynamic effect with a dynamic factor 2, as instantly superimposed to the beam. The aggregate 

load on the beam will be: 
2

2 2 2o o o
d о

c c c

w w w
P P P P P

w w w

   
          

   
. The dynamic factor of 

the aggregate load, in this case, will be:  

2d o
d

c

P w
k

P w
    (2) 

With the initial deflection over the midspan support, 0.5o cw w the dynamic factor calculated 

using the formula (2) will be 1.5. 

2.3. Type 3 

In the third type of the damage of the construction, the total load is delivered to the midspan 
support. After the instant removal of this support, the whole load is instantly applied to the beam, the 

initial height from which the weight falls (acts) P  is zero, and the dynamic factor is 2dk  . This result 

can be obtained using the formula (1), or the formula (2). 

2.4. Type 4 

In the fourth type of the damage of the construction (the initial deflection of the midspan support is 

cw ), in order to determine the dynamic factor let us consider the power dU , which is accumulated in the 

system after its deformation, the strain power of preliminary hogging of the beam 
oU  and action A , 

performed by the load P  after the removal of the support. The power balance of the system makes it 
possible to make up an equation:  

o dU A U   (3) 

where 
2

c
o

Pw
U   is the power accumulated in the beam when it is hogged over the midspan support by 

the amount cw , ( )c dA P w w  , 
2 2

2 2 2

d d d d
d

c

P w cw Pw
U

w
   , dw  – the dynamic deflection of the beam, 

measured from the rectilinear axis of the beam. 

After the simplest transformations, we will get the quadratic equation:  

2 22 3 0d c d cw w w w    (4) 

The solution of the quadratic equation is as follows: 

1,2

2 23d c c cw w w w    (5) 

The roots of the quadratic equation are: 
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1
3d cw w , 

2
2d cw w    (6) 

The second root is in contrast to the physical content of equation, therefore, 3d cw w , and the 

dynamic factor is:  

/ 3d d ck w w   (7) 

The same value of the dynamic factor was obtained using the formula (2) if the initial deflection is 

as follows: o cw w  .  

At the initial hogging over the midspan support 0.5
cw the power accumulated with the beam:  

0.25o cU Pw , (8) 

In case of damaging the midspan support, the work of the force P is as follows: 

(0.5 )c dA P w w 
.
 (9) 

The power of the beam deformation is: 
2

2

d
d

c

Pw
U

w
  

With allowance for the power balance (3), the quadratic equation may be made up: 

2 22 1.5 0d c d cw w w w    (10) 

The solution of the quadratic equation is as follows: 

1,2

2 21.5d c c cw w w w    (11) 

The roots of the quadratic equation are: 

1
2.581d cw w ,   

2
0.581d cw w    (12) 

The second root is in contrast to the physical content of equation, therefore, 2.581d cw w , and 

the dynamic factor is:  

/ 2.581d d ck w w   (13) 

The dynamic factor obtained using the formula (2) at the initial deflection: 0.5o cw w  , is: 

0.5
2 2.5d c

d

c

P w
k

P w


     (14) 

The difference between dynamic factors calculated using the formulas (13) and (14) is not too 
large and is approximately 3 %. 

Thus, the dynamic factor depends on how the construction was formed during the construction. In 
the process of design and construction, the presence of the clearances between the supports and the 
construction should be taken into account, as well as the presence of the preliminary deflections in the 
process of assembling the supports. The presence of the preliminary deflection of the construction is 
considered to be more dangerous for design survivability. 

Let us consider the behavior of the construction in the form of the continuous double-span beam, 

subjected to a concentrated load P  in the middle of each span (Fig.2).  
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Figure 2. Double-span beam subjected to two concentrated loads in the middle of the span: 
a – basic construction; b – damaged construction 

The support reactions for the basic construction are as follows: 

 at the end supports:  

1

5

16
F P ; (15) 

 at the midspan supports: 

2

22

16
F P  (16) 

The deflection of the beam under each concentrated load in the basic construction is:  

3 37 (0.5 ) 0.001139

768
o

P l Pl
w

EI EI
   (17) 

The deflection of the beam under each concentrated load under the static action of the load in the 
damaged construction (without the midspan support), measured from the rectilinear axis of the beam is 
as follows:  

3 30.02083

48
c

l Pl
w

EI EI
   (18) 

To determine the dynamic factor, consider the power balance of the system (3). 

The power accumulated in the basic construction during its loading Р is: 

2

2

o
o o

Pw
U Pw   (19) 

The work performed by the power Р in case of damaging the support is: 

2 ( )d cA P w w   (20) 

The energy accumulated in the beam in case of damaging the support is:  

2 2 22 2 2

2 2 2

d d d d d
d

c c

P w cw Pw Pw
U

w w
    ,  (21) 

where 
dw

 
– dynamic beam deflection in the points of load application, measured from the rectilinear axis 

of the beam. 

After the simplest transformations, we will get the quadratic equation:  

2 2 0d c d c ow w w w w    (22) 

The solution of the quadratic equation is as follows: 

a 
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1,2

2

d c c o cw w w w w    (23) 

Taking into account the formulas (17) and (18), write down: 

0.001139
0.05468

0.02083
o c cw w w   (24) 

Then: 

1,2

2(1 0.05468) 0.9723d c c c cw w w w w      (25) 

The roots of the quadratic equation are: 

1
1.9723d cw w ,   

2
0.02773d cw w  (26) 

If we do not consider the second root, that is in contrast to the statement, then 1.9723d cw w , and 

the dynamic factor is:  

/ 1.9723d d ck w w   (27) 

2.5. Computational investigation 

The computational investigation is carried out using the finite element models of the damaged 
construction in the static and dynamic setting [22–27]. In the process of dynamic designing, the damaged 
element is removed, and the internal forces occurring in the element being removed are impressed upon 
the construction. The internal forces are impressed so as to completely replace the failed component, 
and then these forces are decreased to zero during the time corresponding to the breakdown of the 
component [22–26]. It is recommended to take the value of decrease time of the equivalent forces as 0 to 
0.1 sec. It is assumed, that if the vibration period of the damaged construction coincides with the 
decrease time of the forces, then the dynamic factor will be maximum. 

The computational investigation was carried out using the computer system Nastran. The beam 
was simulated with the axial finite elements “beam”. Each beam span was divided into 6 finite elements. 
For accounting the mass during the dynamic designing, the weight of which is equal to the actual loading, 
in the points of concentrated load application, the element of “mass” type is used. 

The investigation of the dynamic factors is carried out for the continuous double-span beam from 
double-T iron 20B1 Corporate Standard of Association CHERMETSTANDART 20-93. The beam spans 
are 6 m, the support is hinged. The damage to the construction in the form of removing the midspan 
support and several types of loading are considered: 

Type 1: concentrated force 48.94 kN is impressed above the midspan support upon the 
undeformed beam; 

Type 2: concentrated force is impressed upon the beam with the span of 12 m, after the 
deformation of the beam by the amount of the half of deflection the midspan support is pinned under the 
beam, and the load is adjusted to 48.94 kN, the support reaction is 24.47 kN; 

Type 3: the beam is hogged by the bearing of the midspan support by the amount equal to the half 
of deflection of the beam with the span of 12 m from the concentrated force of 48.94 kN, after that the 
concentrated force of 48.9 kN is impressed above the midspan support upon the beam, the support 
reaction is 73.41 kN.  

The types of the constructions under investigation are presented in Figure 3. The initial position of 
the beam and the support being removed are stippled in Figure 3. 

For each type of the damaged constructions, the frequency of the first vibration mode was 
calculated. When calculating the vibration mode for each type, the beam proper weight (21 kg/m) is taken 
into account as distributed mass, and the concentrated mass is 4894 kg (equivalent force is 48.94 kN). 
According to the results of the calculation, the frequency and the self-induced vibration period of the first 
form were: 0.712 Hz and 1.404 sec. The following time periods are considered, during which the support 
reactions are decreased, sec.: 0.05, 0.1, 0.14, 0.4, 0.7, 1.0, 1.404, 2.0, 3.0.  
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Figure 3. Diagrams of the constructions under investigation 
a – type 1; b – type 2; c – type 3  

When calculating the type 1 of the construction, the exterior load is constant, and the support 
reaction is decreasing for the predetermined time interval to zero. In types 2 and 3, the load and the 
support reaction vary according to the dependencies illustrated in Figure 4 (exterior load increases for 
20 sec. from zero to the complete value, the support reaction increases to the complete value for the 
same time period and then decreases to zero for the selected time interval). 

a    b  

Figure 4. Change of load and support reaction during 
a – load; b – support reaction 

The work of beams on load at the spams of the continuous beam from the double-T iron 20B1 was 
numerically studied. The behavior of two constructions (fig. 5) was considered: the beam with the 
concentrated force in the middle of each span and beam with the uniformly distributed load. 

 

Fig.5. Diagram of the studied construction on load at the span 
a – concentrated force; b – distributed force 

The proper weight (21 kg/m) is taken into account at the places of the concentrated load action of 
the 3915 kg mass. For beams with loaded distributed force, the distributed mass which is equal to 
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652.5 kg/m together with the self-weight is considered. For the diagrams of the load at the spams, the 
frequency and the period of the first form of the self-induced vibration are: at the concentrated load – 
0.794 Hz and 1.260 sec., at the distributed force – 0.812 Hz and 1.232 sec. The following time periods 
are considered, during which the support reactions are decreasing, sec.: 0.05, 0.1, 0.14, 0.4, 0.7, 1.0, 
1.260 (for concentrated load), 1.232 (for distributed force), 2.0, 3.0. 

When calculating the beams with load at the spam, the exterior load is recognized as permanent 
over time and the support reaction when removing the midsupport is changing during the above-
mentioned time intervals in accordance with the diagram, shown in the Figure 6. 

 

Figure 6. Change of the support reaction at the loaded beam in the spam and  
time interval of 3 sec 

The work of three- and fourspan beams from the double-T iron 20B1 is considered in case of the 
damage of one of the midspans. At the Figure 7, a threespan beam from the double-T iron 20B1 is 
shown; a fourspan beam – at the Figure 8. At the figures, the removed supports are pointed with dot line. 
The support reaction value of the removed support: 

for the threespan beam is 1.1*6.525*6=43.07 kN; 

for the fourspan beam is 0.929*6.525*6=36.37 kN. 

 

Fig.7. Design model at the destruction of the internal support of the threespan beam 
a – at the calculation in the dynamic setting; b – at the calculation in the static setting with kd=2 

for the load at the spans adjoining to the damaged support 

 

Figure 8. Design model at the destruction of internal support of the fourspan beam 
а – at the calculation in the dynamic setting; b – at the calculation in the static setting with kd=2 

for the load at the spans adjoining to the damaged support 
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The calculation in the dynamic setting was performed in the same manner as for the double-span 
beam; the time of the support reaction reduction during the removal of the midsupport is 0.05 sec. 

At the static calculation, the design model with the corresponding removed support is taken into 
consideration. The load in the spans adjoining to the damaged span is admitted with the dynamic 
factor 2. 

The behavior of the multispan beam which carries the secondary beams is studied at the removal 
of the midsupport. The main beam made of the double-T iron 20B1 is a fourspan beam, the length of 
each beam is 6 m. Secondary beams made of the double-T iron 10B1have span of 6 m length and are 
located at the 2 m pitch. Two types of construction are studied: type 1 – secondary beams are hinged to 
the main beam; type 2 – secondary beams are continuous. The load on the secondary beams is 1.088 
kN/m. Fig. 9 shows the design model of the continuous beam with secondary beams attached to the main 
beam by the hinged fastening. 

 

Figure 9. Design model with secondary beams attached by the hinged fastening 

The midsupport reaction of the continuous beam is 40.41 kN. In case of construction damage, the 
midsupport is removed, and the first form frequency of the vibration is 0.706 Hz (simply supported 
secondary beams) and 0.759 Hz (continuous secondary beams), vibration periods are 1.416 and 
1.318 sec. respectively. During the dynamic calculations, the following is taken into account: the 
distributed mass for the main beam – 21 kg/m; for the proper weight of the secondary beam – 8.1 kg/m, 
and the additional mass – 108.8 - 8.1=100.7 kg/m (for consideration of dynamic action of exterior load at 
the support damage). 

3. Results and Discussion 
Figure10 shows the relationship between the bending moment over the midspan (type 3) of 

doublespan beam and the action of the concentrated load over the midspan (Fig. 3) at the removal of this 
support within 0.05 sec. 

Table 1 provides the forces at the doublespan beam depending on reduction time of support 
reaction at the damage of the midsupport. Except for the forces, Table 1 gives dynamic factors calculated 
as the ratio of final force in the damaged construction to the corresponding forces calculated at the static 
loading conditions to the damaged construction. The forces of the static load are: 

maximum bending moment: М=48.94*12/4=146.82 kN·m,  

maximum shear force:          Q=48.94/2=24.47 kN. 
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Figure 10. Change of bending moment over the midspan for type 3 of the construction 

 

Table 1. Forces and dynamic factors at the double span beam when the middle support is 
damaged 

Parameter 
Forces and dynamic factors at the time of reaction reduction 

0.05 0.10 0.14 0.40 0.70 1.00 1.401 2.00 3.00 

1 type 

М, kN m 273.88 273.08 272.05 257.78 228.17 191.77 152.04 171.38 154.26 

kd 1.87 1.86 1.85 1.76 1.55 1.31 1.04 1.17 1.05 

Q, kN 45.95 45.82 45.65 43.24 38.23 32.07 25.35 28.62 25.35 

kd 1.88 1.87 1.86 1.76 1.56 1.31 1.03 1.17 1.03 

2 type 

М, kN m 210.25 209.95 209.43 202.14 187.49 169.30 149.43 159.10 150.54 

kd 1.43 1.43 1.43 1.38 1.28 1.15 1.02 1.08 1.03 

Q, kN 35.22 35.15 35.06 33.86 31.37 28.28 24.92 26.55 25.11 

kdyn 1.44 1.43 1.43 1.38 1.28 1.15 1.02 1.08 1.02 

3 type 

М, kN m 333.79 332.67 331.24 310.63 267.17 213.51 154.95 182.92 157.87 

kd 2.27 2.27 2.26 2.12 1.82 1.45 1.06 1.25 1.08 

Q, kN 56.12 55.94 55.70 52.20 44.85 35.76 25.85 30.58 26.34 

kd 2.29 2.28 2.27 2.13 1.83 1.46 1.06 1.25 1.08 

 

The computational investigation demonstrated that the less time for support reaction reduction the 
bigger is the dynamic factor. The studied simple constructions show that during the time of support 
reaction reduction equal to the period of the first frequency of self-induces vibration, the dynamic factor is 
close to 1. The maximum values of the dynamic factors received in numerical computation are different 

57



Magazine of Civil Engineering, No. 2, 2018 

 

Tusnin A. Dynamic factors in case of damaging continuous beam supports. Magazine of Civil Engineering. 2018. 

No. 2. Pp. 47–64. doi: 10.18720/MCE.78.4. 

from the theoretical values – from 4 to 8–12 %. Theoretical dynamic factors are a bit bigger than the 
numerically calculated. 

Carried out numerical calculations confirmed the effectiveness of the previously proposed [22, 26] 
method of numerical dynamic calculation with the replacement of the damaged element by internal 
forces, decreasing from time to zero for a time interval from 0 to 0.1 seconds. At carrying out the 
numerical researches the factor of damping 0.1 is accepted. Studies have shown that using such a 
damping factor reduces the damping time of the oscillations, but does not affect the level of peak values 
of forces and displacements of the structure. This was the results obtained earlier [17] in the calculation 
of multi-story steel frames. 

Figure 11 shows the relation of the dynamic factors to the time of support reaction reduction for the 
considered types of construction damage. 

а)  

b)  

c)  
Figure 11. Relation of the dynamic factors to time of support reaction reduction 

а – type 1; b – type 2; c – type 3 

- dynamic factor for the moment 

- dynamic factor for the shear force 

Figure 12 shows the ration of support reaction of the end supports of the doublespan beam in case 
of the load in the span by the concentrated loads (Fig. 5) to the removal of the support during the 
0.14 sec. 

Table 2 gives forces and dynamic factors of the doublespan beam loaded in the span depending 
on the time of support reaction reduction at the damage of midsupport. The forces of the static load at the 
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concentrated loads in the span are maximum bending moment: М=39.15*3=117.45 kN·m, maximum 
shear force: Q=39.15 kN. At the uniformly distributed load, the static forces are  
М=6.525*12^2/8=117.45 kN·m, Q=6.525*12/2=39.15 kN. 

 

Figure 12. Change of end support reaction at the concentrated loads in the span and at the 
removal of the midsupport within 0.14 sec 

Table 2. Forces and dynamic factors at the double span beam loaded in the span when the 
middle support is damaged 

Parameter Forces and dynamic factors at the time of reaction reduction 

0.05 0.10 0.14 0.40 0.70 1.00 1.260(1.232) 2.00 3.00 

Concentrated loads in the span 

М, kN m 217.97 217.38 216.07 200.93 170.39 137.05 123.39 132.90 128.57 

kd 1.86 1.85 1.84 1.71 1.45 1.17 1.05 1.13 1.09 

Q, kN 72.57 72.30 71.94 66.91 56.84 45.57 41.13 44.28 42.85 

kd 1.85 1.85 1.84 1.71 1.45 1.16 1.05 1.13 1.09 

Uniformly distributed load 

М, kN m 221.81 219.99 219.80 204.40 173.69 139.26 122.87 133.86 128.62 

kd 1.89 1.87 1.87 1.74 1.48 1.19 1.05 1.14 1.10 

Q, kN 66.14 65.92 65.64 61.58 53.63 44.70 40.42 43.28 41.91 

kd 1.69 1.68 1.68 1.57 1.37 1.14 1.03 1.11 1.07 

 
If the damage time of midsupport is decreasing, the dynamic factor will rise. When the time for 

support reaction reduction equals to the period of the first frequency of self-induced vibration, the 
dynamic factor is close to 1. The maximum dynamic factor at the load in the span received numerically 
can differ from the theoretical value which is 1.9723 no more than by 6 % (theoretical value is bigger than 
the numerical).   

Figure 13 shows the ratio of dynamic factor to the time of support reaction reduction at the load in 
the span. 
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а  

b  

Figure 13. Ratio of dynamic factor at the load in the span to the time of support reaction reduction 
а – concentrated load; b – distributed force 

 – dynamic factor for the moment 

 – dynamic factor for the shear force 

In the threespan continuous beam (Fig. 7), the maximum bending moment appears in the part of 
the beam where the support was removed and comprises 141.92 kN·m according to the data of dynamic 
calculation, and 159.05 kN·m – according to the data of static calculations with the dynamic factor. The 
maximum support reaction appears in the undamaged midsupport and comprises 113.5 kN (dynamic 
calculations) and 139.5 kN (static calculations).  

In the fourspan continuous beam (Fig. 8), the maximum bending moment appears in the area of 
removed support and comprises 90.32 kN·m according to the data of dynamic calculation and 
110.11 kN·m – according to the data of static calculations with the dynamic factor 2. The maximum 
support reaction appears in the closest to the middle of the beam undamaged supports and comprises 
92.54 kN (dynamic calculations) and 118.7 kN (static calculations).  

The comparison of the results of the dynamic and static calculations demonstrated that the 
bending moment and support reactions received by the dynamic calculations are smaller than the values 
received by the static calculations by 11–22 %.  

Table 3 provides the forces and dynamic factors in the continuous main beam and in the 
secondary beams (Fig. 9) depending on the time of the support reaction reduction with the damaged 
midspan. The forces of the static load without the dynamic factor in the damaged construction are: 
bending moment in the main beam in the area of the removed support is М=26.93 kN·m, the support 
reaction of the span which is closest to the damaged one is R=34.68 kN, in the secondary beam with the 
hinged fastening, the bending moment in the beam span is М1=4.90 kN·m, the shear force is Q1=3.26 kN, 
for the continuous secondary beam in the place of its attachment to the main beam М1=3.26 kN·m, shear 
force is Q1=3.26 kN.  
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Table 3. Forces and dynamic factors in the continuous main beam and in the secondary 
beams when the middle support is damaged 

Parameter Forces and dynamic factors at the time of reaction reduction 

0.01 0.05 0.10 0.14 0.40 0.70 1.00 1.416(1.318) 2.00 

Simply supported secondary beam 

М, kN m 46.80 45.68 42.31 38.43 33.78 32.11 30.23 28.07 28.44 

kd 1.74 1.70 1.57 1.43 1.25 1.19 1.12 1.04 1.06 

R, kN 46.18 45.60 43.69 41.59 38.19 37.13 36.14 35.54 35.19 

kd 1.33 1.31 1.26 1.20 1.10 1.07 1.04 1.02 1.01 

М1, kN m 6.61 6.58 6.52 6.46 6.23 5.74 5.37 4.98 5.06 

kd 1.35 1.34 1.33 1.32 1.27 1.17 1.10 1.02 1.03 

Q, kN 4.18 4.17 4.12 4.08 3.82 3.65 3.38 3.17 3.23 

kd 1.28 1.28 1.26 1.25 1.17 1.12 1.04 0.97 0.99 

Сontinuous secondary beam 

М, kN m 56.20 55.72 54.33 52.62 40.38 31.00 30.94 30.46 29.11 

kd 2.09 2.07 2.02 1.95 1.50 1.15 1.15 1.13 1.08 

R, kN 50.58 50.31 49.50 48.56 41.87 36.98 36.87 36.60 35.82 

kd 1.46 1.45 1.43 1.40 1.21 1.07 1.06 1.06 1.03 

М1, kN m 5.62 5.52 5.43 5.26 4.04 3.10 3.09 3.05 3.58 

kd 1.72 1.69 1.67 1.61 1.24 0.95 0.95 0.94 1.10 

Q, kN 6.87 6.82 6.65 6.46 4.98 3.75 3.76 3.70 3.25 

kd 2.11 2.09 2.04 1.98 1.53 1.15 1.15 1.13 1.00 

 
The final force appears in the continuous beam and secondary beams at the minimum time of 

support destruction. At the same moment, the dynamic factor for construction with continuous beams is 
bigger, than for constructions with the simply supported secondary beams. 

The calculation of the damaged construction with the loaded secondary beams in the area of load 
damage with the dynamic factor – 2. While other secondary beams are loaded with the initial load. Basing 
on the static calculations, the bending moment in the beam area located over removed support was 
57.12 kN·m, the reaction of support closest to the damaged one – 59.02 kN. For the secondary beams, 
the bending moment in the hinged secondary beams is 9.79 kN·m, in the continuous secondary beams - 
6.53 kN·m. The shear force in the secondary beams is 6.53 kN.  

The moment determined by the static calculation with the increased load on the beams in the area 
of support destruction exceeds the moment obtained by the dynamic calculation in the main beam by  
2–18 %, in the secondary beam by 14–34 %, the "static" support reaction of the main beam is more 
"dynamic" by 14–22 %, and the "dynamic" shear force in the secondary beam takes 64–105 % of the 
"static" one. Thus, for a spatial construction in the form of a continuous beam to which the secondary 
beams are adjoined, the static calculation can be used with a load doubled in the area of damage. Such a 
calculation is carried out with a reserve of load-carrying capacity, with the exception of the shear force in 
continuous secondary beams, which in case of a static calculation with a dynamic factor of 2 is less than 
dynamic by no more than 5 %. 

A suggestion regarding the continuous beams was not confirmed on the fact that the biggest 
dynamic factors should appear at the coincidence of time for construction damage with the period of the 
first form of vibrations of such construction. Maximum dynamic factors of such beams are determined at 
the time length of damage which is lower than 0.1 sec.  
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4. Conclusions 
Depending on the initial state of the continuous doublespan beam, the theoretical value of the 

dynamic factor varies in the range from 1 to 3. The possibility of numerical calculation of damaged 
constructions in a dynamic setting using the Nastran computer complex has been developed, and a 
numerical calculation method for the action of concentrated and distributed load has been worked out. 
The discrepancy between the theoretical dynamic factors and the factors determined by the numerical 
calculation is 4–12 %. It is revealed that in the considered constructions, the shorter the time of the 
midsupport destruction, the greater the dynamic factor. At the time of damage of the midsupport, equal to 
the period of the first form of vibrations, there are no significant values of the dynamic factors; the 
dynamic factors, in this case, are from 1.02 to 1.06. 

For simple beam constructions (in the form of individual beams, girders, consisting of main and 
secondary beams) with the load capacity reserve, it is allowed to perform a static calculation in the design 
using loads with corresponding dynamic factors. 

Taking into account the carried out studies on constructions in the form of simply supported and 
continuous beams, including those with secondary beams adjoining to them, in the absence of initial gaps 
or bends; in static calculations, it is recommended to use loads with a dynamic factor equal to 2 in the 
spans adjacent to the damaged support.  
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Abstract. Authors developed a mathematical model for estimating the discounted payback period 
of investments for reducing energy resources needed in building's development. Obtained equations 
allow calculating the projected payback period for investments in energy saving, taking into account the 
size of the investment, the estimated or actual value of the achieved energy saving effect, the dynamics 
of energy carriers tariff growth, the discounting of future cash flows, and also a value and a period of loan 
repayment. The proposed mathematical model allows to perform quickly and efficiently a comparison of 
various energy-saving solutions based on economic viability and choose the most optimal from them. 

Аннотация. Разработана математическая модель оценки дисконтированного срока 
окупаемости инвестиций, направленных на уменьшение потребляемых в здании энергетических 
ресурсов. Получены уравнения, позволяющие выполнить расчет прогнозируемого срока 
окупаемости инвестиций в энергосбережение с учетом размера инвестиций, расчетного или 
фактического значения достигаемого энергосберегающего эффекта,величины денежного потока, 
достигаемого в результате реализации энергосберегающих мероприятий,  динамики роста 
тарифов на энергоносители, дисконтирования будущих денежных потоков, а также величины и 
срока возврата кредитных средств. Предложенная математическая модель позволяет быстро и 
качественно произвести сравнение экономической эффективности различных энергосберегающих 
решений и выбрать из них наиболее оптимальное. 

1. Introduction 
Ensuring the energy efficiency of designed buildings is an important government’s goal, reflected in 

the EPBD directive and modern energy saving requirements. However, no less urgent task is to reduce 
energy consumption in existing buildings. Most of the existing buildings were built before the 
implementation of modern energy-saving programs. For this reason, the amount of energy consumed in 
those buildings is much higher compared to new buildings. 

One of the effective ways to reduce energy consumption in existing buildings is the implementation 
of a set of energy-saving measures. It can be achieved by building envelop heat insulation [1–3], 
improving the integrity of building structures [4, 5], implementing efficient engineering equipment [6–10], 
using secondary energy resources and renewable energy sources [11–15]. Energy-saving measures 
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usually lead to the reduction of energy consumption in buildings and, consequently, to the reduction of 
operating costs, for example, for heating. 

However, the implementation of any energy-saving event requires investments. Investments in 
energy saving usually are lump-sum costs. Reduction of operating costs, achieved as a result of the 
implementation of a set of energy-saving measures, will take place over the next several years, i.e. the 
profiting component of investment is spread in time. 

After a certain period of time, the total economic effect achieved as a result of the introduction of 
energy-saving technical solutions can reach the value of the initial investment. This time period should be 
considered as predictable period of their payback. 

If the payback period of investments is shorter than the estimated service life or operation of the 
implemented technical solution, it should be considered as economically justified. 

The main criteria for assessing the effectiveness of investments are: 

 Simple payback period (SPP); 

 Discounted payback period (DPP). 

 Accounting Rate of Return (ARR); 

 Net Present Value (NPV); 

 Profitability Index (PI); 

 Internal Rate of Return (IRR). 

The above criteria for assessing the effectiveness of investment and construction processes are 
described in details in [16–32]. 

The analysis of the economic viability of investments in energy saving is presented in [6, 33–35]. 

In the article [33], in a case of a public school building, simple and relatively inexpensive measures 
aimed at energy saving are considered. The authors evaluated the environmental benefits achieved as a 
result of planned activities and calculated a simple payback period for investments. 

The research [34] presents the results of the European project RePublic-ZEB. Its goal is the 
energy modernization of two existing public buildings. The aim of the research is to promote not only 
energy-efficient, but also cost-effective technical solutions. The research presents results as a "package 
of activities", calculation of energy consumption, global costs, actual payback period and CO2 emissions. 

In [35] authors investigated the energy consumption of office buildings equipped with heat pumps. 
Based on the analysis of the results of energy audit, the authors proposed measures for the 
modernization of existing heat pumps and calculated a simple payback period for investments. 

The research [6] presents an economic analysis of energy-saving technologies implemented in a 
complex production building. The return on investment model includes combination of simple return and 
cost analysis of the life cycle. 

In [36, 37], more complicated models of return on investment are considered. 

The research [36] carried out estimates of the economic viability of energy-saving measures 
implemented in public buildings. The methodology is based on a sample of 36 actions. The model is 
designed to find conditions that ensure the profitability of the project. Financial analysis is integrated with 
risk analysis, which allows to evaluate the sensitivity of the results to the original model data. 

In [37] the authors consider various scenarios for financing energy-saving measures aimed at 
reducing energy consumption in existing residential buildings, taking into account the size of the initial 
investment, the availability of the investor's own funds, the cost of borrowed funds, and the size of the 
state subsidy. The paper contains formulas for calculating net present value, simple and discounted 
payback period of investments. 

The above-mentioned studies do not contain an assessment of the contribution of energy tariff 
growth. In connection with the gradual exhaustion of sources of primary energy, despite some bursts of 
volatility, the cost of energy carriers has a steady rising trend. This is especially valid for developing 
economies, where energy tariffs are constantly increasing. In St. Petersburg, the total increase in the cost 
of heat energy for the period from 2006 to 2016 amounted to 224 %, reaching in some years 22.4 % per 
year (Table 1). 
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Table 1. Dynamics of thermal energy tariffs growth in St. Petersburg from 2006 to 2016 with 
centralized heat supply 

Year 
Tariff value, ruble/Gcal 

(VAT included) 

Increase in the cost of thermal 
energy in absolute terms, 

ruble/Gcal 

Increase in the cost of thermal 
energy in relation to the previous 

year, % 

2006 500.40   

2007 575.46 75.06 + 15.0 

2008 650.00 74.54 + 13.0 

2009 795.73 145.73 + 22.4 

2010 931.00 135.27 + 17.0 

2011 1050.00 119.00 + 12.8 

2012 1175.00 125.00 +11.9 

2013 1351.25 176.25 +15.0 

2014 1408.01 56.76 +4.2 

2015 1541.78 133.77 +9.5 

2016 1621.95 80.17 +5.2 

Average in 10 years 112.16 +12.6 

Total in 10 years  1121.55 +224.1 

 
The absence of an indicator characterizing the growth of the cost of energy resources in models 

leads to an overestimation of the payback period of investments in energy saving. Because of this, the 
investments risk increases. The authors propose a mathematical model of recoupment that takes into 
account not only the size of investments and the discount rate of future cash flows, but also the estimated 
value of the growth in the cost of energy carriers. 

The aim of the research is to develop a mathematical model which includes a combination of 
technical and economic indicators influencing both  the discounted cash flow value and  payback period 
in energy saving. The objectives of the research are to define essential factors influencing the 
investments payback period, to derive main defining equation, to provide the analysis of this obtained 
equation and to examine its properties and results. 

2. Methods 
Criteria for assessing the effectiveness of investment were originally developed for banking and 

financial sectors of the economy. Gradually, they became widespread in other areas of economic activity, 
including construction industry and energy. 

Currently, investment in energy saving is becoming actual. This type of investment is demanded by 
society and in many countries is supported by the governments. The development of legislation 
stimulates the introduction of energy service contracts. 

Despite the commonness of the basic economic laws, the construction industry has its own 
specifics. Incomplete accounting of variables in the mathematical model of payback or inaccurate 
forecast of their change within the period under consideration can lead to significant loss of the funds 
invested in the project and failure to achieve the forecasted profit. 

In Russia, payback period of investments is defined as the ratio of the initial investment’s size to 
the value of the estimated cash flow: 

0

1

,
IC

SPP
CF

  (1) 

where 0IС  – value of the invested capital; 

1C F  – cash flow, achieved as the result of the implementation of energy saving measures and 

savings in operating costs, or expected to be achieved at the stage of project development after the end 
of the calendar year or one full heating period. 
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For example, if the initial investment in energy saving is € 100,000, and the income from the 
energy-saving activities after the end of the first calendar year or the heating season is 10,000 euros, the 
simple (no-discount) payback period calculated by formula (1) is 100,000 / 10 000 = 10 years. 

It assumes that the cash flow in formula (1) is unchanged throughout the life cycle of the building. 
This approach was valid for the socialist model of the economy, when tariffs for thermal energy remained 
unchanged for a long period of time, and the government issued loans as interest-free subsidies. 

The payback period of investments, calculated according to the formula (1), was received without 
taking into account: 

- discounting future cash flows; 

- increase in the cost (tariff) for energy carriers; 

- interest on the loan (when borrowed funds are used). 

For this reason, the value of a simple payback period calculated by formula (1) can only be 
regarded as an estimate. 

Therefore the goal of further research is comprehensively taking into account the limitations of 
equation (1) noted above and developing a mathematical model that takes into account noted above 
factors. 

We can account discounting future cash flows for in the following amendment as: 

1

,
(1 )

n
t

n n
t

CF
CF

i




  (2) 

where t  – the calculation step (year, month, etc.); 

n  – number of the period under consideration; 

tC F  – cash flow in t  years; 

i  – discount rate. 

While estimating future cash flows to take only discounting into consideration is not enough. In this 
case, the size of the annual savings of funds obtained as a result of the implementation of energy-saving 
activities, with each subsequent year (or heating period) will increase. Therefore, each year the amount 
of cash flow will increase. 

Let us assume that the average annual increase in tariffs for energy carriers (in relative units) is r  
(for example, with an annual average tariff growth of 10 %, r  = 0.1). Then, the annual savings of funds 

for any considered year n  (first: n  = 1, second: n  = 2, third: n  = 3, etc.), achieved by the 

implementation of energy-saving measures, taking into account annual tariff growth can be defined by the 
following expression: 

 1 1 .n

tCF CF r    (3) 

The coefficient, taking into account the estimated growth dynamics in energy tariffs r  in 
subsequent years, in this case plays the same role as the deposit rate when opening a time deposit in the 
bank. 

In this case, equation (2) takes the form: 

1

1

(1 )
.

(1 )

nn

n n
t

r
CF CF

i


 


  (4) 

The exponents in the numerator and denominator of expression (4) coincide, because the time 
interval taken to calculate the discounted value of investments and the savings achieved as a result of 
the implementation of energy-saving solutions coincides. 

Let us introduce the following notation: 

i

r
q






1

1
. (5) 
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Taking into account expressions (4) and (5), the total cash flow after n  years from the moment 

implementation of a set of energy-saving activities is: 

2 1

1 1 1 1 .n

nCF CF q CF q CF q CF         (6) 

Multiply the left and right sides of equation (6) by q. We get: 

2

1 1 1.
n

nCF q q CF q CF q CF         (7) 

We subtract from (7) the expression (6). We get: 

  11 1 ,n

nq CF CF q        (8) 

from where: 

 
 1 1

1
1

1 1
1 .

( 1) ( )

n

n

n

r
q i

CF CF CF i
q r i

 
        

 
 

(9) 

Let us substitute the received expression of the total cash flow accumulated over n  years of 

implementation of energy saving solutions into the formula for calculating net present value: 

 0 0 0 1

1

1
1

1
1 .

( )(1 )

n

n
t

n n
t

r

CF i
NPV IС CF IС IС CF i

r ii

 
 

            


  (10) 

We equate the net present value to zero value: 

 0 1

1
1

1
1 0 .

( )

n
r

i
NPV IC CF i

r i

 
 

       


 
(11) 

This will allow to calculate the discounted payback period of investments into energy saving. In this 
case, the number of the considered period n  turns out to be identical to the discounted payback period 

of investments. 

We get: 

0

1

( ) 1
1 ,

(1 ) 1

DPP
IC r i r

CF i i

  
    

  
 (12) 

whence it follows that the discounted payback period of investments is: 

0

1

ln 1
1

.
1

ln
1

IC r i

CF i
DPP

r

i

 
  

 
 

  

 (13) 

The expression in the denominator of formula (13) can be transformed as follows: 

1
ln ln 1 .

1 1

r r i

i i

    
        

 

In this case, expression (13) taking into account (1) can be represented as: 
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0
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ln 1 ln 1
1 1

.

ln 1 ln 1
1 1

IC r i r i
SPP

CF i i
DPP

r i r i

i i

              
    

        

 (14) 

If the investor uses its own funds to accomplish the set of energy-saving activities, the calculation 
of the discounted payback period of investments into energy saving according to the formula (14) is final. 

If the investor uses borrowed funds, the amount of investment in energy saving (with annuity 
monthly payments) should be calculated by the formula: 

0 ,lIC m A IC    (15) 

where m  – the number of loan installments periods (for example, if the loan is taken for 1 year: m  = 12, 

if for 2 years: m  = 24, etc.); 

 A  – the annuity factor; 

0IC  – the same as in formula (1). 

The annuity coefficient is calculated by the formula: 

 

 

1
,

1 1

m

l l

m

l

р р
A

р

 


 
 (16) 

where lр  – the bank's interest rate on the loan; 

m  – the same as in formula (15). 

Then the final expression for calculating the discounted payback period of investments should be 
given as follows: 

1

ln 1
1

.

ln 1
1

lIC r i

CF i
DPP

r i

i

 
  

 
 

  

 (17) 

Equation (14) allows to calculate the discounted payback period for investments in energy savings 
using the investor's own funds, equation (17) takes into account the amount of the bank loan. The 
amount of the loan thus increases the payback period of investments in energy saving. 

The model allows to obtain the defining equation even when the investments consist of two parts: 
the investor's own funds and the bank loan. 

3. Result and Discussion 
We have obtained equations that allow calculating the discounted payback period for investments 

in energy saving, taking into account: 

 the required investment size; 

 loan repayments (if any); 

 the change in the time of the cost of energy resources; 

 discounting future cash flows achieved by saving money as a result of the implementation of 
the energy saving event or complex of activities. 

As a rule, other research studies do not take into account the whole combination of the factors 
described above. Most of the researchers estimate the expected payback period of the investments 
either using simple payback period model or taking into account only discounting future cash flow. 
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In the most general form, the proposed mathematical model is represented by the equation (17). It 
allows to calculate the discounted payback period of any energy-saving measure or technical solution. 

The accuracy of the mathematical model depends on the accuracy of the assessment of the 
energy saving potential of the planned energy-saving measure and the accuracy of the forecasted growth 
rates of tariffs for energy resources and discount rates. 

When borrowed funds are used, we recommend to use key interest rate of the Central Bank of the 
country  as a discount rate When one’s own funds are used while setting the value of a discount rate in 
formula (17) risks shall be taken into account, the numerical values of which depend on the specifics of a 
particular project financing. 

The advantage of the presented mathematical model is that it allows to estimate the discounted 
payback period of investments using a single formula. 

Factors that have a positive impact on reduction of the investments discounted payback period in 
energy saving are: 

 growth of tariffs for energy carriers; 

 decrease in interest rates on the loan; 

 reduction of inflation and risks; 

 increase of energy saving potential; 

 reduction of the size of the initial investment. 

Let us analyze the obtained mathematical model using the example of expression (13). 

The value of the coefficient characterizing the growth dynamics of tariffs for energy resources will 

be taken equal to the discount rate value: r i . 

Under this condition, the numerator and denominator in expression (13) become equal to 0: 

 
 

0 0

1 1

ln 1 ln 1
ln 11 1 0

.
1 1 ln 1 0

ln ln
1 1

IC ICr i i i

CF i CF i
DPP

r i

i i

    
      

       
    

       

 (18) 

Thus, we obtain an uncertainty of the form 0/0. We will uncover the uncertainty obtained. 

We introduce an infinitesimal quantity r i   . We expand the numerator and denominator of 

expression (13) in a series and leave only the first two terms of the expansion. We will receive 
accordingly: 

 

   

2 2
0 0 0

2
1 1 1

ln 1 ;
1 (1 ) 2 1

r iIC IC IC

CF i CF i CF i

    
       
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 (19) 
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 (20) 

We transform the expression (13) to the form: 

 

 
0 0

1 1

1 1 .
2 1

r iIC IC
DPP

CF i CF

    
    

   
 (21) 

The second term in the curly brackets of equation (21) gives an amendment to the evaluation of 
the payback period of investments. 

If we assume again r = i  we get the following: 
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 
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1 1 1 1

1 1 1 0 ,
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r iIC IC IC IC
DPP S PP

CF i CF CF CF

    
        

   
 (22) 

Then the expression for the payback period of the investment returns to the original expression (1), 
which is used to calculate the simple (not discounted) payback period of investments. 

A deeper analysis of the mathematical model presented above shows that: 

 for r > i , the discounted payback period, calculated by formula (18), is less than the simple (no-

discount) calculated by formula (1), i.e. DPP < SPP ; 

 for r i , the discounted payback period, as was shown above, becomes equal to the simple 

one, i.e. DPP  = SPP ; 

 for r < i , the discounted payback period is more simple, i.e. DPP  > SPP . 

Thus, neither the growth of tariffs for energy resources nor the discount rate independently affects 
the payback period of investments in energy saving.   

As a result, the government can create favorable, to some extent, conditions for attracting 
investments in energy saving. 

When comparing different options for energy-saving technical solutions, the most optimal one 
should be one for which the discounted payback period of investments takes the least value, i.e. the 
following condition is fulfilled: 

1
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1
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IC r i

CF i
DPP
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i

 
  

  
 
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 (23) 

It should be noted that equation (23) contains several variables with time parameters. In particular, 
these include:  

 the parameter characterizing the dynamics of changes in tariffs for heat energy; 

 the rate at which discounting of future cash flows is estimated. 

For long time intervals (for example, tens of years), forecasting the dynamics of changes in these 
variables is a difficult task. Therefore, when predicting the discounted payback period of investments 
invested in energy saving, one should consider not one, but several possible scenarios of behavior of the 
variables in equation (23), and choose the most probable scenarios from the list of obtained results. 

4. Conclusions 
We developed a mathematical model for estimating the discounted payback period of investments 

aimed at the reduction of energy resources consumed in the building. The obtained equations allow 
calculating the projected payback period for investments in energy conservation, taking into account the 
size of the investment, the estimated or actual value of the energy saving effect achieved, the growth 
dynamics of energy tariffs, the discounting of future cash flows, and the amount and maturity of the loan. 
The proposed mathematical model allows a quick and high-quality comparison of the economic viability 
of various energy-saving solutions and choose the most optimal one from them. 

As a result of the research it is concluded that the factors positively affecting the decrease in the 
discounted payback period of investments in energy saving are: 

 growth of tariffs for energy carriers; 

 decrease in interest rates on the loan; 

 reduction of inflation and risks; 

 increase in energy-saving potential of the implemented technical solution; 

 reduction of the amount of the initial investment. 
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When determining the discounted payback period of investments in energy saving, a more 
accurate estimate is provided not by numerical values of the coefficient characterizing the dynamics of 

changes in the cost of energy resources and discount rates, but by their difference ( r i ). 

If r i  the discounted payback period of investments in energy saving becomes equal to a simple 

payback period. 

The greater the positive difference between the parameters and, entering into the defining 
equation, the faster the investment in energy saving pays off. 

With r  < i the risks of non-return of investment in energy saving significantly increase. 

Borrowed funds also increase the discounted payback period of investments in energy saving. 

The results of the research can be used by investors to assess the effectiveness of investments in 
energy saving more accurate, and by public authorities - to develop a set of activities to attract 
investment (to stimulate energy service activities). 
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Abstract. The paper relates to the field of hydraulics and is devoted to the study of fluid flow states 
in a non-submerged Venturi channel. The aim is improvement of the method of hydraulic calculation of 
the classical Venturi channel. Authors applied experimental methods with the use of hi-tech certified 
measurement equipment allowing for digital technology-based automated collection and processing of 
empirical information; calculation and analytical methods. Distribution of depths, velocities and Froude 
numbers in flow direction inside the classical Venturi channel water gauge are obtained. The theoretical 
method of hydraulic calculation of the full-capacity discharge of the Venturi channel is considered, which 
does not contain empirical coefficients. It is established that the calculation of the full-capacity discharge 
of the classical Venturi channel in accordance with the current State Standard of the Russian Federation 
MI 2406-97 gives underestimated values of the design flow rate with the actual flow rate with a 
systematic error of more than -2 %, the theoretical method of hydraulic calculation of the full-capacity 
discharge of the Venturi channel has a relative error of ±1 %. 

Аннотация. Работа посвящена исследованию режимов течения жидкости в неподтопленном 
расходомерном канале Вентури. Целью является совершенствование метода гидравлического 
расчета классического канала Вентури. Были применены экспериментальные методы с 
использованием высокотехнологичного сертифицированного измерительного оборудования, 
позволяющего на основе цифровых технологий производить автоматизированный сбор и 
обработку эмпирической информации; и расчетно-аналитические. В результате были получены 
распределения глубин, скоростей и чисел Фруда в потоке по длине проточного тракта 
классического расходомерного канала Вентури. Рассмотрен теоретический не содержащий 
эмпирических коэффициентов метод гидравлического расчета пропускной способности канала 
Вентури. Установлено, что расчет пропускной способности классического канала Вентури по 
действующему Госстандарту РФ MИ 2406–97 даёт заниженные значения расчетного расхода 
относительно расхода действительного с систематической погрешностью более -2 %, 
теоретический метод гидравлического расчета пропускной способности канала Вентури имеет 
относительную погрешность ±1 %. 

1. Introduction 
Attitude to water not as the main resource of life support for the population, but as an expendable 

material that does not have strategic value for the State and human, leads to out-of-order consumption of 
water, decrease in its quality in water bodies, aggravates the contradiction between water users. The 
priority of the use of water resources for domestic and drinking water supply purposes, declared in the 
Water Code of the Russian Federation, is not being fulfilled. Today, monitoring the volume of water 
consumption from natural sources and the return of treated wastewater to the environment has become 
the main function of the State hydrometric services, the implementation of which must be ensured by the 
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high accuracy data obtained at gauges. Of importance became the commercial accounting of water 
consumption [1]. The requirements for its organization are approved by the resolutions of the 
Government of the Russian Federation of 12.02.1999 No.167 "On Approval of the Rules for the Use of 
Public Water Supply and Sewage Systems in the Russian Federation", dated 10.04.2007 No. 219 "On 
Approval of the Regulations on Implementation of State Monitoring of Water Bodies" and dated July 29, 
2013 No. 644 "On Approval of the Rules of Cold Water Supply and Sanitation and on Amending Certain 
Acts of the Government of the Russian Federation", as well as the Order of the Ministry of Natural 
Resources of Russia of 08.07.2009 No. 205 "On Approval of the Procedure for the Owners of Water 
Bodies and Water Users to Take into Account the Amount of Water Abstraction (withdrawal) from Water 
Bodies and the Volume of Discharge of Sewage and (or) Drain Water, their Quality". These documents 
determine that the gauges of commercial recording the volumes of clean water intake and discharge of 
effluents must be installed at all enterprises in the Russian Federation, without exception. Measurements 
of water flow in open canals and channels are governed by several State Standards, the main of which 
are the two regulatory documents [2, 3]: MI 2220-13 "The Flow Rate and Volume of the Waste Fluid. 
Gauging Procedure in Non-pressure Water Conduits by the Level of Filling with Preliminary Calibration of 
the Measuring Section" and MI 2406-97 "Liquid Flow in Open Channels of Water Supply and Sewerage 
Systems. Gauging Procedure with the Use of Standard weirs and Flumes". 

According to regulatory documents, flow gauges are recognized as effective means of determining 
the discharges of pure and suspended load-bearing open flows in natural watercourses, reclamation 
canals and in domestic water supply and sewerage systems. The Venturi flume water gauge (Fig. 1)  
[3–9] is a typical self-cleaning flume, which is an open non-prismatic channel with vertical walls, gradually 
tapering downstream forming a convergent channel followed by a straightforward gorge portion, then 
gradually expanding downstream portion (diffuser). The Venturi flume is capable to pass fine and coarse 
mechanical inclusions: suspended load, sand, branches, logs and other debris. The Venturi flume 
hydraulics have been studied for over a hundred years [10], but even today it is of interest for the 
engineering and scientific community. This is reflected in a number of publications devoted to this issue 
with the research carried out across the entire spectrum of directions of hi-tech science from 
experimental to numerical and theoretical [3, 11–24]. Undoubtedly, this is due to the necessity to improve 
the methods for calculation of hydraulic characteristics of the Venturi flume – one of the main water 
gauge tools for open flows. The classical Venturi flume in the State Standard of the Russian Federation 
МI 2406-97 and the International Standard ISO 4359:2013 is a horizontal channel of critical depth with a 
free (not flooded) fluid outflow, at which the downstream water level variation (ho) has no effect on the 
flow rate (Q). There are similar Standards in the most developed countries of the world, for example, U.S. 
ASTM D 5640-95(2014). 

 

Figure 1. Venturi flumes: on the left – prototype (view from downstream pool); 
on the right – model (view from upstream pool) 

Considering the Venturi flume as a channel of critical depth, the Standards declare that within a 
straight gorge portion there is a stream transition from a calm subcritical to a stormy supercritical flow 
through the critical depth hc (Fig. 2). This statement was transferred from the previous domestic and 
international Standards (RPD 99-77, MI 2122-90, ISO 4359:1983, ISO 4359:1983/Cor.1:1999), based on 
the results of experimental studies carried out in the 60-70s of the last century on the equipment that is 
substantially inferior to the modern one. Since then, it has been 50 years, obviously, it's time to refine or 
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supplement the provisions of the current Standards, using modern hi-tech equipment, devices and 
instruments. Such papers began to appear recently [3, 22, 24–28]. 

 

Figure 2. The laboratory model of Venturi flume (measurements in millimeters) 

Objectives of the Experiments: determination of flow states within the flow path of the classical 
Venturi channel; determination of the position of the section in which the flow passes through a critical 
depth; determination of the hydraulic characteristics of the Venturi flume on the basis of experimental 
studies performed on hi-tech certified measurement equipment, allowing on the basis of digital 
technologies for automated collection and processing of empirical information; checking the provisions of 
the State Standard of Russia MI 2406-97; improvement of the method of hydraulic calculation of the 
Venturi channel. 

2. Methods 

2.1. Equipment, Devices and Instruments 

Experimental studies of the model Venturi flume water gauge have been made in the National 
Research Moscow State University of Civil Engineering (NUR MGSU). The following equipment, devices 
and instruments have been used in the studies [24, 27 and 28]: 

 НМ 162 scientific research hydraulic calibrating flume [29] (manufacturer: G.U.N.T. Gerätebau GmbH, 
Germany) with width of cross-section В = 311 mm, height 450 mm and length 15.5 m with relative 
roughness of the walls of the flume made of hardened glass and its floor (stainless steel) produced 
according to the Manning design [10] n = 0.009; 

 built-in instruments in the HM 162 flume: SHS4 80-200/40/P pump (manufacturer: Lowara S.R.L. 
Uniperso-nale, Italy) with maximal head 10 m, maximal delivery 150 m3/h, power 5.5 kW; Promag 10 
D electromagnetic flowmeter (manufacturer: Endress+Hauser Flowtec AG, France) with 0 – 150 m3/h 
range of measurement, accuracy class 0.3; GSZ-100 lifting jack system for controlling the slope of the 
flume (manufacturer: ZIMM Maschinenelemente GmbH & Co KG, Austria) with range of variation of 
slope i from -0.5% to +1.75%; 

 НМ 162.91 digital level gauge [29] (manufacturer: G.U.N.T. Gerätebau GmbH, Germany) with range 
of measurement from 0 to 455 mm correct to within 0.01 mm; 

 НМ 162.51 model of Venturi flume (cf. Fig. 2) [30] (manufacturer: G.U.N.T. Gerätebau GmbH, 
Germany) with height 430 mm, width and length of the gorge portion b = 153 mm and l = 150 mm, 
made of plexiglass and attached on a polyvinyl chloride plate,15 mm thick; the model is a prototype of 
Venturi channel water gauge, which practically corresponds to the typical design 902-9-44.87 [31] with 
the design maximum flow rate Qmax = 250 m3/h; 

 DLE 40 Professional digital laser rangefinder (manufacturer: Robert Bosch GmbH, Germany) with 
range of measurement from 0.05 to 40 m with accuracy within 0.5 mm. 

 All the equipment is certified consistent with the Russian Laws. 
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2.2. Methods of the Experimental Research 

1. Before performing the study the hydraulic flume НМ 162 was set in horizontal position (i = 0) 
and the model of Venturi channel НМ 162.51 placed in the middle part of the flume (cf. Fig. 2). The digital 
level gauge НМ 162.91 was mounted on instrument carriage and its zero adjusted relative to the floor of 
the model НМ 162.51. The HM 162.12 specialized software package (manufacturer: G.U.N.T. Gerätebau 
GmbH, Germany) was loaded into the control computer in order to record the discharge, which was 
measured in course of the study by an electromagnetic flowmeter Promag 10 D. 

2. The forward flow rate (or discharge) Q was specified on the panel used to control the operating 
regime of the laboratory flume HM 162 or from the computer and the flume pump SHS4 80-200/40/P then 
turned on. 

3. Following stabilization of the discharge with the pump turned on or with a variable operation 
regime of the pump (stabilization time 10 min), the value of the discharge was written to the hard disk of 
the control computer into a newly created data file by the HM 162.12 program. The total time needed for 
the measurement was 200 sec with interval between measurements 1 sec; during this period the 
computer system automatically executed 200 measurements. The obtained data were translated into an 
Excel file in the course of laboratory processing of the measurement results in which the average value of 
the full-capacity discharge in the course of a measurement session 
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were calculated, in which k is the size of the sample, k = 200; Qj is the jth element of the sample. The 

values of Q and  are written in Table 1. 

4. The same Table 1 shows measured digital level gauge НМ 162.91 values of flow depths (or 
water levels) hx at 11 points x along the length of the model of Venturi flume НМ 162.51 (cf. Fig. 2). The 
distances x were determined from the input edge of the model HM 162.51 using the digital laser 
rangefinder DLE 40 Professional, the same meter determined the values of the width of the Venturi flume 
bx at points x. The values of x and the corresponding values of bx are written in the title lines of Table 1. 

5. Next, the discharge transmitted through the flume was changed with preliminarily selected step 

Q and the operations from Step 3 to Step 5 repeated. The total being investigated 11 regimes of 

transmission discharge Q from 10.06 to 110.37 m3/h with step Q ≈ 10 m3/h. All measured values were 
written in units of dimensions of the measuring instruments. 

Table 1. Experimental Data 

Q, m3/h 
x, mm -200 -100 0 100 200 300 400 500 600 700 800 

bx, mm 311 311 305 167 153 153 182 209 237 264 291 

110.37 0.00245 hx, mm 227.98 226.84 224.75 211.70 178.34 139.34 109.11 89.64 75.02 64.72 55.97 

99.95 0.00273 hx, mm 213.32 213.32 210.78 198.58 166.12 129.93 102.05 83.64 70.39 59.94 52.09 

90.14 0.00262 hx, mm 200.12 199.43 196.97 184.63 154.47 119.74 94.38 77.66 65.07 55.13 47.87 

80.15 0.00201 hx, mm 185.58 184.68 181.87 170.19 141.28 108.83 87.04 71.76 59.82 50.43 43.14 

69.92 0.00226 hx, mm 169.29 168.73 166.69 154.92 127.35 98.57 78.95 65.49 54.48 45.00 39.64 

60.08 0.00235 hx, mm 153.08 153.08 150.23 138.79 113.28 87.68 71.26 59.30 48.18 39.66 35.87 

49.89 0.00251 hx, mm 135.77 135.77 133.18 122.05 99.20 76.78 63.81 52.38 41.11 34.18 32.85 

39.96 0.00224 hx, mm 117.27 116.38 114.23 105.02 83.90 65.55 55.00 44.76 33.81 29.89 29.48 

29.83 0.00427 hx, mm 96.31 95.69 93.60 85.49 67.89 54.31 46.11 35.14 26.93 25.58 25.50 

19.94 0.00394 hx, mm 73.26 72.78 70.97 64.79 50.56 41.93 35.84 24.91 21.11 21.11 19.85 

10.06 0.00689 hx, mm 46.10 46.10 44.83 39.99 31.54 28.19 20.77 15.98 15.15 13.74 11.91 
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3. Results and Discussion 
Laboratory processing of the measurement results was implemented in Microsoft Office Excel 

2007 and the results of computations are written in Tables 2 – 4. The following quantities were 
calculated: 

 critical depths [10, 24, 27, 28, 30] (Table 2) 

 3
2

2

x

c
gb

Q
h  ,  

where g is the gravitational acceleration, g = 9.81 m/sec; 

Table 2. Critical Depths 

Q, m3/h 
x, mm -200 -100 0 100 200 300 400 500 600 700 800 

bx, mm 311 311 305 167 153 153 182 209 237 264 291 

110.37 hc, mm 99.69 99.69 100.99 150.89 159.96 159.96 142.48 129.93 119.48 111.19 104.20 

99.95 hc, mm 93.31 93.31 94.53 141.24 149.73 149.73 133.37 121.62 111.84 104.08 97.54 

90.14 hc, mm 87.10 87.10 88.23 131.83 139.76 139.76 124.49 113.52 104.39 97.15 91.04 

80.15 hc, mm 80.54 80.54 81.59 121.91 129.24 129.24 115.12 104.98 96.54 89.84 84.19 

69.92 hc, mm 73.53 73.53 74.49 111.30 117.99 117.99 105.10 95.84 88.13 82.02 76.86 

60.08 hc, mm 66.46 66.46 67.33 100.60 106.65 106.65 94.99 86.63 79.66 74.13 69.47 

49.89 hc, mm 58.72 58.72 59.48 88.88 94.22 94.22 83.92 76.53 70.38 65.49 61.38 

39.96 hc, mm 50.64 50.64 51.30 76.65 81.26 81.26 72.38 66.00 60.70 56.48 52.93 

29.83 hc, mm 41.67 41.67 42.21 63.07 66.87 66.87 59.56 54.31 49.95 46.48 43.56 

19.94 hc, mm 31.86 31.86 32.27 48.22 51.12 51.12 45.53 41.52 38.18 35.53 33.30 

10.06 hc, mm 20.20 20.20 20.46 30.57 32.41 32.41 28.87 26.32 24.21 22.53 21.11 

 

 Flow velocities (Table 3) 

xxhb

Q
V  ; (1) 

Table 3. Flow Velocities 

Q, m3/h 
x, mm -200 -100 0 100 200 300 400 500 600 700 800 

bx, mm 311 311 305 167 153 153 182 209 237 264 291 

110.37 V, m/sec 0.4324 0.4346 0.4472 0.8672 1.1236 1.4381 1.5439 1.6364 1.7243 1.7943 1.8823 

99.95 V, m/sec 0.4185 0.4185 0.4319 0.8372 1.0924 1.3966 1.4949 1.5883 1.6643 1.7545 1.8316 

90.14 V, m/sec 0.4023 0.4037 0.4168 0.8120 1.0594 1.3667 1.4576 1.5426 1.6235 1.7203 1.7974 

80.15 V, m/sec 0.3858 0.3877 0.4014 0.7834 1.0300 1.3372 1.4055 1.4846 1.5705 1.6724 1.7736 

69.92 V, m/sec 0.3689 0.3701 0.3820 0.7507 0.9968 1.2878 1.3517 1.4190 1.5042 1.6349 1.6837 

60.08 V, m/sec 0.3506 0.3506 0.3642 0.7201 0.9629 1.2441 1.2869 1.3466 1.4616 1.5940 1.5989 

49.89 V, m/sec 0.3282 0.3282 0.3412 0.6799 0.9131 1.1798 1.1934 1.2660 1.4224 1.5359 1.4498 

39.96 V, m/sec 0.3044 0.3067 0.3186 0.6329 0.8647 1.1068 1.1089 1.1865 1.3852 1.4067 1.2939 

29.83 V, m/sec 0.2766 0.2784 0.2902 0.5804 0.7977 0.9972 0.9873 1.1282 1.2982 1.2270 1.1166 

19.94 V, m/sec 0.2431 0.2447 0.2559 0.5119 0.7160 0.8634 0.8491 1.0639 1.1071 0.9938 0.9589 

10.06 V, m/sec 0.1950 0.1950 0.2045 0.4186 0.5793 0.6482 0.7396 0.8371 0.7786 0.7707 0.8066 

 

 Froude numbers (Table 4) [10, 31, 32] 

xgh

V
Fr . (2) 
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Table 4. Froude Numbers 

Q, m3/h 
x, mm -200 -100 0 100 200 300 400 500 600 700 800 

bx, mm 311 311 305 167 153 153 182 209 237 264 291 

110.37 Fr 0.2891 0.2913 0.3012 0.6017 0.8495 1.2300 1.4922 1.7450 2.0100 2.2519 2.5403 

99.95 Fr 0.2893 0.2893 0.3003 0.5998 0.8557 1.2371 1.4940 1.7534 2.0028 2.2881 2.5623 

90.14 Fr 0.2871 0.2886 0.2998 0.6034 0.8606 1.2610 1.5148 1.7673 2.0321 2.3392 2.6228 

80.15 Fr 0.2859 0.2880 0.3005 0.6063 0.8749 1.2941 1.5211 1.7694 2.0501 2.3777 2.7263 

69.92 Fr 0.2863 0.2877 0.2987 0.6090 0.8918 1.3096 1.5359 1.7703 2.0576 2.4606 2.7000 

60.08 Fr 0.2861 0.2861 0.3000 0.6171 0.9135 1.3414 1.5391 1.7656 2.1260 2.5555 2.6954 

49.89 Fr 0.2844 0.2844 0.2985 0.6214 0.9256 1.3594 1.5083 1.7660 2.2399 2.6524 2.5539 

39.96 Fr 0.2838 0.2870 0.3010 0.6235 0.9531 1.3802 1.5096 1.7906 2.4053 2.5977 2.4060 

29.83 Fr 0.2846 0.2874 0.3029 0.6337 0.9775 1.3661 1.4680 1.9215 2.5258 2.4493 2.2325 

19.94 Fr 0.2868 0.2896 0.3067 0.6421 1.0166 1.3461 1.4320 2.1521 2.4327 2.1839 2.1729 

10.06 Fr 0.2900 0.2900 0.3083 0.6684 1.0415 1.2326 1.6384 2.1142 2.0197 2.0993 2.3599 

 

By results of measurement and processing of the experimental data the hydraulic characteristics of 
flows inside Venturi flume have been constructed. They are presented in Figures 3–5. 

Figure 3 shows a grid consisting of two families of intersecting curves: the first family shown by 
black dots and lines reflects the experimental data of flow depth measurements lengthwise the flow path 
of the examined Venturi flume hx = f(x) (cf. Table 1). The second family (blue lines) shows the calculated 
values of the critical depths hc = f(x) (cf. Table 2). To the right of the graph opposite the experimental 
curves, the values of the corresponding flow rates Q are indicated in black. The flow rates corresponding 
to the blue lines of critical depths are indicated in blue for maximum and minimum values in the chart 
field. The points of intersection of curves hx = f(x) and hc = f(x) are shown in red. These points show the 
positions of the critical depths on the free surface lines of the stream at various flow rates through the 
Venturi flume. The red envelope curve is drawn along these points. To the right of this curve there are 
calm subcritical flow states, below there are stormy supercritical ones, and the red envelope curve 
corresponds to the critical flows. 

 

Figure 3. Water levels in the flow direction (profiles) for different flow rates 

According to the data obtained (cf. Fig. 3), it can be asserted that in the classical Venturi flume with 
free (not flooded) fluid outflow, regardless of the flow rate, the flow passes a critical depth always within 
the gorge portion with parallel vertical walls. And the position of the critical section corresponds to the 
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middle of the gorge. Just a minor displacement of the critical depth range in one direction or another from 
the middle of the gorge depends on the flow parameters (on the flow rate passed), in particular, with an 
increase in the flow rate, the critical depth shifts slightly toward the diffuser. These studies, as well as 
studies carried out earlier [24], have shown that the flow inevitably passes the critical section within the 
gorge length of a multiple (3 to 5 times) less than in accordance with the regulations of the State 
Standard of Russia MI 2406-97. Thus, the length of the rectilinear gorge portion, recommended in 
MI 2406-97, is unreasonably overestimated that accordingly leads to unreasonable hydraulic losses in 
the entrance section of the Venturi flume. This distorts the hydraulics of the classic flume, according to 
which the hydraulic losses in its inlet section should be reduced to the utmost, and ideally reduced to 
zero. This is exactly what is observed in the studied channel [24], in which the hydraulic losses at the inlet 
section to the critical cross-section are negligible and lie in the range of accuracy of hydraulic studies. 
The authors believe that the Venturi open channel can be performed as a pressure flow gauge nozzle of 
the same name where the smooth confusor terminates with a gorge section, immediately followed by a 
smooth diffuser. In this case, the gorge will be the dividing cross-section, and hydraulic losses at the inlet 
to be virtually eliminated. The fact of formation of a flow with critical depth in a dividing cross-section is 
well known from hydraulics of structures [10, 27, 28]. However, this assumption requires experimental 
verification. 

Since the flow with critical depth is physically unstable [10], the flow passes the critical section in a 
rapid fall with a sharp change of depth in the form of a waterfall. The fall of the depth below the critical 
one with formation of supercritical flow in the horizontal channel should cause subsequent flow braking, 
which is what happens. However, this is imperceptible for flows with a large discharge and, therefore, 
with a high inertia, but is very noticeable in the flows of low inertia with low flow rate. Explicit the flow 
braking we can be observed in the diffuser of the flume. Change in the flow velocities along the flow 
channel of the Venturi flume is shown in the graphs of Fig. 4 (V = f(x)) – Table 3). 

 

Figure 4. Flow velocities in the flow direction for different flow rates 

In Figure 4 one can see significant fluctuations in the flow rates within the diffuser. This 
phenomenon is typical for the flows with low rates and is manifested in the wavy nature of the free 
surface. Such a surface can be seen in the photo on the left in Figure 1, made from the downstream side, 
where the entire section of the diffuser with surface waves are clearly visible. The phenomenon is 
associated with many factors, including flooding in the downstream h0 and the possible formation of a 
hydraulic jump (cf. Fig. 2). However, this does not affect to the flow within the gorge section and, hence, 
does not affect to the main hydraulic characteristic of the Venturi flume: its discharge-head characteristic 
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Q – h. Thus, the Venturi flume remains a channel of critical depth regardless the flow nature within the 
diffuser. 

Figure 5 shows the change in the Froude numbers in the direction of flow for all flow states being 
investigated (Fr = f(x) – Table 4). As is well known [10] the Froude number shows the flow state: 
accordingly with Fr < 1, the flow is calm subcritical, with Fr = 1 – transient critical flow and with Fr > 1 – 
stormy supercritical flow. Therefore, in the figure, the red horizontal line shows the value Fr = 1, which, 
being a boundary state, separates the subcritical flow states from the supercritical ones. What lies 
beneath this red boundary line, refers to subcritical states, what is above – to supercritical states. Also 
red lines are allocated zone of critical depths in the gorge of the Venturi flume. Thus, the graphs in 
Figure 5 show the change of flow states lengthwise the classical (not flooded) Venturi flume: in the 
upstream portion of the flume and in its confusor (converging portion) the flow is calm subcritical, in the 
middle section of the flume gorge, regardless of the flow rate passed, the flow features the critical flow 
state and supercritical flow in the diffuser. 

 

Figure 5. Froude numbers in the flow direction for different flow rates 

According to the graphs in Figure 5 we also note important noteworthy features. Upstream of the 
inlet to the Venturi flume, the Froude numbers are always less than unity and have the same value 
(Fr = C = const) for all the flow rates passed through the flume. Hence, according to Eq. (2) the flow 
velocity in the upstream pool can be written as 

 ghCV  ,  

where h is upstream water level.  

On the other side consistent with Eq. (1) we have 

 
5.1hgCBVBhQ  ,  

where B is the width of the upstream channel. 

Thus, the Froude number in the upstream pool, equal to Fr = С = const, can be considered as a 
flow coefficient of the classical Venturi channel. And this coefficient remains constant over the entire 
range of flow rates, which is an important property of the flow gauge. 

A linear increase the Froude numbers along the length of the flow path is observed on the section 
from the entrance facet of the Venturi flume confusor to the exit from its rectilinear gorge. Here the flow 
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undergoes a drastic change from calm subcritical with Froude numbers less than unity (Fr < 1) to stormy 
supercritical with Fr > 1, bypassing critical state at Fr = 1 in the middle of the gorge. In the area of smooth 
linear growth of Froude numbers the hydraulic losses are negligible. The picture changes in the diffuser 
of the flume where the flow state stormy supercritical (Fr > 1), but the nature of changing the Froude 
numbers at low flow rates (for the investigated flume its less than 60 m3/h – cf. Fig. 4) does not follow 
linear law. Here the flow has a wavy free surface and is accompanied by significant hydraulic losses. The 
Venturi flume remains a classical channel of critical depth while the supercritical flow state in the diffuser 
is maintained or within its limits the supercritical flow by hydraulic jump passes into the subcritical one. 
But, if there is the subcritical flow in the gorge, then the Venturi flume loses the properties of a channel of 
critical depth and in flume is establishes the flooded mode of fluid outflow [3]. The methods of hydraulic 
calculation of the Venturi channel with a flooded outflow state are fundamentally different from those 
described in the State Standard of the Russian Federation MI 2406-97. 

The Russian State Standard presents semi-empirical formula for use in hydraulic calculation of the 
full-capacity discharge of the classical Venturi flume  

5.1

3

2

3

2
bhgCCQ VD , (3) 

where СD and СV are empirical coefficients; b is width of gorge portion; h is upstream water level. 

Empirical coefficient СD takes into account the hydraulic losses on the section between the 
upstream pool and the gorge. In the document the coefficient is approximated by empirical dependence 

5.1
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СD , (4) 

where l is the length of the gorge portion of the Venturi flume. 

In article [3], one of the authors of which was a developer of the State Standard of Russia  
МI 2406-97, this coefficient is determined by equality 
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h
С w

D


, (5) 

where  is the Coriolis (Saint–Venant) coefficient; hw is hydraulic losses on the section between the 
upstream pool and gorge portion; E is unit energy of flow in the head race of the Venturi flume 

 
g

V
hE

2

2
 .  

According to empirical dependence (4), the coefficient СD is less, and the hydraulic losses hw are 
the greater, the longer is the gorge. It was noted above that the length of the gorge according to the 
regulations of the State Standard of Russia МI 2406-97 is unreasonably overestimated in the authors’ 
opinion, at such a length, significant hydraulic losses are quite possible. But on the inlet section of the 
Venturi flume under study the hydraulic losses are negligible in comparison with the accuracy of hydraulic 
studies and engineering calculations, so they can be neglected by putting hw = 0 in Eq. (5). In addition, in 
the incidence sections and all-round compression of the flow in the conditions of increasing velocities of 
turbulent flow, the boundary layer near the walls breaks down. As a result, the velocities are aligned over 

the flow cross-section, and the Coriolis coefficient  approaches the unity [10, 24, 27, 28, 30]. All of the 
above, according to Eq. (5), allows us to put СD = 1. 

Empirical coefficient СV takes into account the relationship between the unit energy of flow and 
water level in upstream pool. The values of СV coefficient are presented in Table 4 in the Appendix of the 
State Standard MI 2406-97 depending on СD

.b/B parameter. In article [3] the coefficient is written in 
explicit form 
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and the equation for its calculation is given 
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Further in article [3] it is stated that it is rather difficult to find the solution of equation (6) in general 
form relative to СV, that is why the authors solve it obviously graphically or by iteration method. Having no 
objections against using any methods, including graphical and iteration ones, we nevertheless should like 
to note that this equation has rigorous analytical solution. Let us rewrite it in the form 
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Equating now СV
2/3 = y, we reduce Eq. (7) to classical cubic Cardano equation of y3 + py + q = 0 

form [32], in which 
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is also less than zero, as B > b, the cubic Eq. (7) has a trigonometric solution with three real roots 
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The sought solution must satisfy the condition 1 ≤ СV
2/3 ≤ 1.5, as СV

2/3 = E/h = 1 + 0.5(Fr)2, where 
the Froude number in the upstream pool for a calm subcritical flow is always less than unit (Fr < 1). The 
analysis showed that the solution of the cubic Eq. (7) is its third root corresponding to n = 2 
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Substituting the values of the coefficients СD and СV in Eq. (3) we find 

 
5.15.1 2arcsin

3

1
sin2 Bhg

B

b

b

B
Q 








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






 .  

This theoretical formula not containing empirical coefficients was obtained by us earlier in [24] and 
underwent experimental verification, which showed that the calculation errors were ±1 %. The formula 
can be rewritten in the traditional form for weirs 

5.12 hgmBQ  , (9) 

where m is a theoretical flow coefficient of the classical Venturi flume water gauge  
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It can be seen that for b/B = 1 we have m = 0.50.5, and for b/B → 0, respectively m → 0. We note 
that the flow coefficient is proportional to the Froude number of upstream flow m = 0.50.5 Fr. 

The traditional form of the flow formula (9), in which the depth (h) and the width along the flow front 
(B) are measured in the same section, is more logical than the form of equation (3) from the State 
Standard of Russia MI 2406-97, in which the depth of the flow (h) is measured in the upstream pool, but 
its width (b) is measured in the gorge of the flume. Eq. (10) allows us to compare the full-capacity 
discharge of the Venturi channel with the capacity of other water gauges and select the best variant of 
water meter or the optimal ratio b/B. 

The comparison of the experimental data with the results of calculations using the semi-empirical 
methodology of the State Standard of Russia МI 2406-97 and theoretical Eqs. (8), (9) and (10) are 
summarized in Table 5 and presented graphically in Figure 6. The first two columns of Table 5 show the 
experimental values (cf. Table 1) of the upstream water levels and the flow rates passed through the 
flume. The values of the upstream water levels (or flow depths) h are measured in the cross-section of 
the hydraulic flume НМ 162 at a distance x = –200 mm before the entrance edge of the confusor of the 
Venturi channel. The experimental values of flow rates in Table 5, in Figure 6 and further in the text are 
denoted as Q0, in contrast to the calculated values of Q. The next four columns of Table 5 show the 
calculated values: of coefficients CD (Eq. (4)), obtained as per the regulations of the State Standard of 
Russia МI 2406-97, of parameters CD

.b/B, of coefficients CV, which are presented in Table 4 in the 
Appendix of Russian State Standard MI 2406-97, and of flow rates Q. The following column shows the 
deviations of the calculated values of flow rates Q from their actual values Q0 

1
оо

о 



Q

Q

Q

QQ
; (11) 

underneath Table 5 shows the value of the root-mean-square error of the calculation method as a whole 





k

jk 1

21
 , (12) 

where k is the size of the sample, k = 11. 

The last four columns of Table 5 give the calculated theoretical values: of coefficients СV (Eq. (8)), 
of coefficients m (Eq. (10)), of full-capacity discharges of the Venturi channel Q (Eq. (9)) and of deviations 

 (Eq. (11)) of flow rates Q from their actual values Q0. Underneath Table 5 shows the value of the root-

mean-square error of the theoretical calculation method  (Eq. (12)). 

The following dimensions of the Venturi flume under study have been used in the calculations (cf. 
text above and Fig. 2): width and length of the gorge portion, respectively b = 153 mm and l = 150 mm, 
width of the cross-section upstream channel B = 311 mm.  

Table 5. Full-Capacity Discharge of the Venturi Flume 

Initial data Russian State Standard MI 2406-97 Theoretical Eqs. (8), (9) and (10)

h, mm Q0, m3/h CD CD
.b/B CV Q, m3/h  CV m Q, m3/h  

227.98 110.37 0.9912 0.4876 1.0600 107.40 -0.02688 1.0612 0.20094 108.47 -0.01717 

213.32 99.95 0.9910 0.4875 1.0600 97.19 -0.02765 1.0612 0.20094 98.18 -0.01772 

200.12 90.14 0.9908 0.4874 1.0600 88.29 -0.02051 1.0612 0.20094 89.21 -0.01027 

185.58 80.15 0.9905 0.4873 1.0599 78.82 -0.01667 1.0612 0.20094 79.67 -0.00610 

169.29 69.92 0.9902 0.4871 1.0599 68.64 -0.01823 1.0612 0.20094 69.41 -0.00728 

153.08 60.08 0.9897 0.4869 1.0598 59.00 -0.01807 1.0612 0.20094 59.68 -0.00664 

135.77 49.89 0.9892 0.4866 1.0598 49.25 -0.01293 1.0612 0.20094 49.85 -0.00081 

117.27 39.96 0.9884 0.4863 1.0597 39.50 -0.01157 1.0612 0.20094 40.02 0.00146 

96.31 29.83 0.9872 0.4856 1.0595 29.35 -0.01589 1.0612 0.20094 29.78 -0.00150 

73.26 19.94 0.9850 0.4846 1.0592 19.43 -0.02573 1.0612 0.20094 19.76 -0.00901 

46.10 10.06 0.9796 0.4819 1.0585 9.64 -0.04242 1.0612 0.20094 9.86 -0.01997 

      = 0.02308    = 0.01101 
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Figure 6. Discharge-head characteristics of the Venturi channel: the black points and line  
Q0 – h are drawn from the experimental data, the blue line Q – h is calculated by the method of 
Russian State Standard MI 2406-97 and the red line Q – h is calculated from Eqs. (9) and (10) 

The obtained results show that the semi-empirical method for calculating the full-capacity 
discharge of the Venturi channel water gauge by formula (3) from the State Standard of Russia  

MI 2406-97 has a relative error exceeding 2 % ( = 0.02308 – see Table 5). Moreover, according to the 
received data, this error is systematic, by which the calculated values of flow rates Q are always less than 
their actual values Q0. The same was noted in a previously published paper [24]. Underestimation of the 
volumes of water resources consumed and wastewater discharge is undoubtedly beneficial directly to 
water users, but it is not beneficial to the State and population of the country as a whole. Therefore, the 
situation when the State Standard has a systematic error cannot be considered admissible. The analysis 
allows us to conclude that this systematic error is associated with overstating the hydraulic losses in the 
confusor and gorge area of the Venturi channel to the critical cross-section. It is established that the 
theoretical solution (Eqs. (9) and (10)) obtained that does not have empirical coefficients provides a 
higher accuracy of the received hydrometric information in relation to the State Standard, and it has a 

relative error of about ±1% ( = 0.01101 – cf. Table 5 and [24]). This error is not systematic. Eqs. (9) and 
(10) work equally well at high and low flow rates, therefore the limitation in the State Standard of Russia 
MI 2406-97, which regulates the minimum water level in the upstream pool hmin = 0.1 m, can be removed. 
On the whole, the studies performed make it possible to conclude that the theoretical method of hydraulic 
calculation of the classical Venturi channel water gauge, which meets the modern requirements of 
engineering practice, can be recommended for inclusion in the new edition of the State Standard of the 
Russian Federation МI 2406-97. 

4. Conclusions 
1. The use of hi-tech certified measurement equipments on the basis of digital technologies allows 

us to obtain empirical information of high accuracy, the analysis of which allows us to clarify, supplement 
or review the recommendations of existing normative documents, to prepare them in a new edition, 
partially or completely excluding empirical coefficients. This is especially true for the State hydrometric 
services, which take into account and control the use of water resources and discharge of waste water 
into the environment. 

2. In the classical Venturi channel with free fluid outflow, regardless of the flow rate, the flow 
passes the cross-section with critical depth always within a short gorge with parallel vertical walls. It is 
established that the length of the gorge can be prescribed 3 to 5 times less than specified in the State 
Standard MI 2406-97. 

3. In the upstream pool of the Venturi channel and in its confusor part the flow is calm subcritical 
with Froude numbers Fr < 1, in the middle section of the gorge the flow is critical (Fr = 1), in the diffusor 
the flow is stormy supercritical (Fr > 1). The Froude number in the upstream pool of the classical Venturi 
channel is directly proportional to its flow coefficient m = 0.50.5 Fr and remains constant over the entire 
range of flow rates, which is an important property of the flow gauge. The flow with critical depth is 
physically unstable, so the flow passes the critical section in a rapid fall with a sharp change of depth in 
the form of a waterfall. As long as in the diffuser the flow state is supercritical or within it the flow is 
transiting from supercritical to subcritical in the hydraulic jump form, the Venturi flume remains a classical 
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channel of the critical depth. If the subcritical flow is set along the entire length of the gorge, then the 
Venturi flume loses the properties of a channel of critical depth and the flooded mode of fluid outflow 
establishes therein. 

4. On the section from the entrance facet of the confusor of the classical Venturi channel to the 
exit from its rectilinear gorge a linear increase in the Froude numbers is observed in the flow direction. In 
this area of smooth linear growth of the Froude numbers the hydraulic losses are negligible and lie in the 
range of accuracy of the hydraulic studies. Therefore, coefficient СD, taking into account the hydraulic 
losses in the area between the upstream pool and the critical cross-section of the gorge of the Venturi 
channel, is equal to unity. 

5. Coefficient СV, which takes into account the ratio of the specific energy of the flow in the 
upstream pool to the water level in it E/h, depends only on the ratio of the width of the gorge of the 
Venturi flume to the width of the upstream channel b/B and is determined by Eq. (8), but does not depend 
on parameter СD

.b/B, as stated in Standard MI 2406-97. The coefficient varies from СV → 1 at b/B → 0 to 
СV = 1.51.5 at b/B = 1. 

6. It was established that, using the Russian State Standard MI 2406-97, the calculation of the full-
capacity discharge of the classical Venturi channel water gauge always give the understated values of 
the design discharge relative to the values of the discharge which in fact passed through the channel. 
The systematic error of calculations in accordance with State Standard MI 2406-97 is more than –2 %. 

7. As a result of the research, the method of hydraulic calculation of the classical Venturi channel 
was obtained that meets the to-date requirements of engineering practice. This method is based on 
theoretical formula (10) for calculating flow coefficient m. Formula (10) is free from empirical coefficients. 
It is established that the flow coefficient of the classical Venturi channel varies from m → 0 at b/B → 0 to 
m = 0.50.5 at b/B = 1. 

8. When specifying and revising the State Standard MI 2406-97, it is recommended to include in 
the new edition the theoretical method of hydraulic calculation of the flow rate of the classical Venturi 
channel water gauge based on Eqs. (9) and (10), taking the relative error of the theoretical method equal 
to ±1 %. 
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Abstract. Approbation of the procedure for predicting the production of effective bitumen 
emulsions at the stage of water phase preparation and also predicting the compatibility of the mineral 
aggregate and the surface-active substance used to emulsify the bitumen was carried out. As criteria 
characterizing the optimal composition of water phases, the following indicators were proposed: the 
surface tension of the water solutions under investigation and the wetting contact angle. The study of the 
dynamics of changes in the properties of the water phase and surface tension at the interface of the 
"water phase–mineral substrate" system during the emulsifier concentration change made it possible to 
establish that in the range of the emulsifier content for the bitumen emulsion recommended by the 
manufacturer, there are ineffective concentrations, the effect and variability of which is manifested in case 
of contact with mineral materials of different nature. The possibility of early prediction of the compatibility 
of the emulsifier used to prepare the bitumen emulsion and the mineral material, which will interact with 
the production emulsified binder, was evaluated. 

Аннотация. Проведена апробация метода прогнозирования получения эффективных 
битумных эмульсий на стадии подготовки водной фазы, а также прогнозирования совместимости 
минерального заполнителя и поверхностно-активного вещества, используемого для 
эмульгирования битума. В качестве критериев, характеризующих оптимальные составы водных 
фаз, предложены показатели: поверхностного натяжения исследуемых водных растворов и 
краевого угла смачивания. Изучение динамики изменения свойств водной фазы и поверхностного 
натяжения на границе раздела системы «водная фаза-–минеральная подложка» при изменении в 
ней концентрации эмульгатора, позволило установить, что в рекомендуемом производителем 
интервале содержания эмульгатора для битумной эмульсии, существуют неэффективные 
концентрации, действие и изменчивость которых проявляется при контакте с минеральными 
материалами различной природы. Произведена оценка возможности раннего прогнозирования 
совместимости эмульгатора, используемого для приготовления битумной эмульсии и 
минерального материала, который будет взаимодействовать с производственным 
эмульгированным вяжущим. 
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1. Introduction 
The present moment can be attributed to the era of high-tech and economical technical solutions in 

virtually all segments of the economy. These factors determine the increased interest of various fields in 
emulsions – dispersed heterogeneous colloidal systems. In road construction, as well as in the 
production of protective coatings and adhesives in the construction industry, the bitumen emulsion is also 
a popular and relevant type of binder. This is due to the fact that emulsions combine many advantages. 

However, it is a heterogeneous – inhomogeneous system, consisting of heterogeneous phases, 
differing in composition and properties, and separated by the interface. Therefore, it is difficult to develop 
and produce an emulsion, regardless of the field of its application, which consists in the correct choice of 
surface-active substances, as well as their concentrations to exclude or reduce the destruction processes 
and increase the kinetic stability of the entire system. As practice shows, the calculation of the amount of 
surface-active substances that is necessary for the stabilization of heterogeneous systems is often 
carried out experimentally without justification from the point of view of the colloidal system. 

In the road construction segment, bitumen road cationic emulsions (BRCE) are the most common 
ones; they most often refer to the type of oil-in-water emulsions when bitumen is dispersed in the water 
phase [1–4]. To ensure this process, it is necessary to equalize the surface tension of two phases – 
bitumen and water. For this purpose, a certain amount of emulsifier is introduced into the water phase. It 
must be taken into account that the properties of colloidal dispersions depend significantly on the nature 
of the interface between the dispersion phase and the dispersed medium. Despite the large surface-to-
volume ratio, the amount of surface-active substances required for a significant change in the volumetric 
properties of colloidal disperse systems is very small [5]. In this case, each emulsifier has a minimum limit 
of its concentration, at which emulsification is possible. A large amount of surface-active substances is an 
undesirable factor contributing to a slowing down of the emulsion breakdown rate – the time for which the 
adhesion-cohesive bonds will reach the level necessary for the formation of the composition structure, 
and also leading to an increase in the cost of production and the total cost of production [6]. 

These factors contribute to the fact that at the present time, when developing the formulation of 
bitumen emulsions and determining the optimum content of surface-active substances in them, test 
batches of emulsified binder with various surface-active substance concentrations are prepared. With the 
subsequent study of the main processing and operational characteristics of the prepared disperse 
systems. At this, such selection is long, energy-intensive and resource-intensive, and also does not take 
into account the specifics of a particular type of the aggregate that will contact the emulsion. The 
importance of the compatibility of the mineral substrate with the bitumen emulsion was noted in the study 
[7], where it is proposed to optimize the choice of the emulsifier in accordance with the type of mineral 
material used in the composition in order to achieve the maximum efficiency of preparation and use of the 
bitumen emulsion. The efficiency is evaluated on the system "stone material-bitumen emulsion". 

Based on the foregoing, the goal of scientific research was formulated, it consists in developing the 
procedure for predicting the efficiency of cationic bitumen emulsions at the early stage of their selection. 
To do this, it is necessary to solve the problem of identifying algorithms for determining the effective 
content of the emulsifier in the water phase, to ensure the production of stable cationic bitumen 
emulsions, and also to predict the compatibility of the mineral aggregate and surface-active substances 
used to emulsify the bitumen. 

2. Methods 
In this study, the procedure is tested for determining the effective content of an emulsifier in the 

water phase for the preparation of stable cationic bitumen emulsions, and also predicting the compatibility 
of the mineral aggregate and surface-active substances used for the emulsification of bitumen. The 
following indicators were taken as criteria characterizing the optimum concentrations of emulsifiers in the 
water phase: surface tension of the solutions under study and their wetting contact angle for substrates of 
red granite and white marble. 

The proposed method is based on the study of the dynamics of changes in the properties of the 
water phase and the interface of the "water phase – mineral substrate" when its surface-active substance 
concentration changes. 

The choice of substrate type is explained by the opposite of their chemical properties. Granite 
refers to acid rocks, and marble to basic ones. In this connection, it can be assumed that the 
manifestation of the properties of the water phase upon contact with these mineral materials will be 
different. The substrates of the rocks used were previously prepared: sawn to plates, washed, dried, 
ground, then washed again and dried. 
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The surface tension of the water phases was studied on the Lauda TVT 2 instrument, which allows 
to determine the dynamic parameters of the surface and interfacial tension of liquids by the drop volume 
method [8]. The method is based on an accurate measurement of the volume of droplets when they fall 
from the dosing capillary. The value of surface or interfacial tension is calculated on the basis of the 
volume of droplets, depending on whether droplets form in the air, or in another, immiscible phase (oil). 
Measuring of droplets accurate to microliter provides high accuracy and reproducibility of measurement 
results. 

To study the wetting contact angle, there were used droplets (Fig. 1), which were obtained with a 
digital camera. The wetting angle was calculated using the droplet height and width values obtained 
experimentally [9]. 

a)  b)  
Figure 1 Form of the water phase droplet with the REDICOTE EM-44 emulsifier on the substrate of 

а) marble, b) granite 

The contact angle of wetting is a characteristic of the hydrophilicity or hydrophobicity of the 
surface, and also serves as a characteristic of the adsorption that occurs when the water phase and the 
mineral substrate come into contact. Such contact, in some cases, can be accompanied by chemical 
interaction of liquids and minerals, ion exchange, and also dissolution and electrokinetic phenomena [5]. 

3. Results and Discussion 
The experiment was performed on cationic emulsifiers produced by AkzoNobel: REDICOTE E-11 

and REDICOTE EM-44. The choice of additives is justified by the difference in the mechanism of their 
action on the emulsion. In accordance with the manufacturer's product specification, REDICOTE EM-44 
is a liquid emulsifier for bitumen cationic road emulsions with a rapid breakdown rate (EBKD B), which 
also acts as an adhesive additive. The recommended concentration for quick-breaking emulsions is 
0.12–0.25 %, REDICOTE E-11 is a liquid emulsifier for bitumen road cationic emulsions with a slow 
decay rate (EBDK M), its recommended concentration in the water phase is 0.6–1.5 %. The basis for the 
production of REDICOTE additives is polyamines [4, 10–12]. 

The laboratory studies performed earlier [13] made it possible to determine the serrated profile 
dependencies of the surface tension and the wetting contact angle of the water phase on the emulsifier 
concentration in its composition. It was assumed that in the manufacturer's recommended range of 
emulsifier content for the bitumen emulsion, there are inefficient concentrations, the effect and variability 
of which is manifested by contact with mineral materials of different nature. 

To confirm or refute the suggested hypothesis, there were chosen a number of concentrations 
of emulsifiers in the water phase with a minimum surface tension for industrial tests. This factor 
should lead to the formation of effective adsorption layers stabilizing the bitumen emulsion. 

The composition and properties of water phases prepared in industrial conditions are shown in 
Table 1. 

Table 1. Compositions and properties of the water phase 

Emulsifier type 

REDICOTE E-11 REDICOTE EМ-44 

No of 
composition 

content, % 
РН of the water phase No of 

composition 

content, % РН of the 
water 
phase 

emulsifier acid emulsifier acid 

1 0.15 0.07 2.21 9 0.10 0.13 2.08 

2 0.20 0.07 2.19 10 0.15 0.16 2.08 

3 0.25 0.08 2.14 11 0.25 0.20 2.05 

4 0.60 0.10 2.04 12 0.30 0.21 2.07 

5 0.80 0.08 2.16 13 0.40 0.48  2.05 

6 1.01 0.08 2.15 14 0.50 0.60  2.00 

7 1.30 0.08 2.10 15 0.60 0.69  1.90 

8 1.51 0.09 2.19 16 0.80 0.91  1.93 

Note: Compositions No. 1–12 are prepared using hydrochloric acid (HCl), formulations No. 13–16 using 
orthophosphoric acid (H3PO4) 
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To obtain stable bitumen emulsions, the pH of the water phase should be in the range of 1.5–2.5. 
The achievement of the specified parameters was carried out by varying the acid: orthophosphoric and 
hydrochloric one, depending on the emulsion obtained (slow-breaking or quick-breaking emulsion). 

Surface tension is the determining factor of many manufacturing processes, including the 
emulsification of bitumen. Thus, at very low values of the surface tension at the interface of two phases, 
spontaneous emulsification of the system is possible [14]. 

According to the generally accepted opinion [5, 11, 14, 15], if the system is heterogeneous, the 
interface necessarily exists between the phases. And although the "interface surface" is noted most often, 
in reality it is a definite transition layer of finite thickness. With the passage of time, after the phases come 
in contact, there is a mutual diffusion of the molecules. As a result, the equilibrium distribution of the 
components in the volumes of the contacting phases and at the interface is gradually achieved [15]. 

Two types of the emulsifier were considered for the preparation of quick- and medium- (EM-44), as 
well as slow-breaking (E-11) emulsions. Disintegration is a controlled emulsion breaking, resulting from a 
disruption of the structure of the emulsifier adsorption layers or with a decrease in their stabilizing ability. 
Thus, due to the difference in the mechanism of the effect of the emulsifier on the emulsion breakdown 
rate, the intensity of mutual diffusion of the water phase components and the disruption of the structure of 
the adsorption layers will change when the surface-active substance is changed, leading to changes in 
the surface tension of the system. 

In accordance with the data of Table. 1, the surface tension dynamics was studied as a function of 
the emulsifier concentration and the lifetime of the water phase solution Figure 2. 

a)  

b)  

Figure 2. Surface tension of the water phase prepared on the emulsifier  
a) REDICOTE E-11, b) REDICOTE EM-44 

The exposure time was 0 days, which corresponds to the test of the freshly prepared water phase, 
and also 10 and 20 days. To eliminate the effect of moisture and evaporation, tubes with ground glass 
stoppers were stored in a dark place at a constant temperature. 

As you can see at the Figure 2 the dynamics of the water phase surface tension in time on the 
basis of REDICOTE E-11 and REDICOTE EM-44 emulsifiers is opposite. So, with the passage of time, 
the effectiveness of the REDICOTE E-11 emulsifier in the water phase increases which can be judged by 
the reduction of its surface tension and the detection of a clear extremum in Figure 2a. According to the 
data obtained, the most effective composition is water phase series No. 6 with an emulsifier 
concentration of 1.01 %. At the same time, regardless of the exposure time of the solution, the nature of 
the surface tension dependencies on the emulsifier concentration (compositions No. 1–8), Figure 2a, 
varies insignificantly, which indicates that the selection of stable slow-breaking emulsions is possible 
already at an early stage of the selection of the water phase. When considering the system "water-
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emulsifier REDICOTE EM-44ˮ Figure 2b, the surface tension of the water phase having an initially 
sinusoidal nature of the variation of the dependencies on the emulsifier concentration over time takes a 
smoothed out form. Obviously, this effect can be explained from the point of view of the functionality of 
emulsifiers. In connection with this, when selecting the compositions of bitumen emulsions, it is 
necessary to take into account that the stabilizing capacity of emulsifiers in the water phase for  
quick-breaking emulsions is short, while the "viability" and efficiency of the "water-emulsifier" system for 
slow-breaking emulsions grows in time, which confirms the dependencies established earlier [13]. 

When investigating the spreading ability of the water phases under study, depending on the 
concentration and type of the emulsifier on the surface of mineral materials, interesting dependences 
were recorded (Figure 1), which were used to assess the possibility of early prediction of the compatibility 
of the emulsifier used to prepare the bitumen emulsion and mineral material which will subsequently 
interact with the production emulsified binder. Therefore, to study the wetting contact angle, as before, 
substrates were used: white marble and red granite. To verify the reproducibility and reliability of the 
experiment, substrates were selected from different batches of materials, it is displayed as two lines in 
Figures 3–4. It is obvious that the substitution of the substrate affected the changes in the wetting contact 
angle. However, the general pattern within one type of stone material was preserved. 

a)  

b)  

Figure 3. Dynamics of the contact angle of wetting with a water phase prepared on  
REDICOTE E-11, a mineral substrate of: a) white marble, b) granite 

In the process of setting up the experiment, data were obtained confirming the provisions of the 
developed hypothesis, as described in previous works [13, 16]. 

In the general case, upon contact of different phases on the interface, a monolayer is formed. 
Upon contact of the water phase with the mineral substrate, the monomolecular layer is formed due to 
adsorption of the surface-active substances from the solutions under study. With an increase in the 
emulsifier concentration in the water phase, the monomolecular layer can transform into a polymolecular 
surface layer [9], as a result of which the properties of the mineral surface vary significantly. And it can be 
accompanied by the transformation of mineral substrates from hydrophilic to hydrophobic ones in case of 
contact with various emulsifiers, which subsequently leads to hetero-alescence of bitumen particles from 
bitumen emulsions on the mineral surface [7]. This phenomenon is based on the selective adsorption of 
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the emulsifier in points of contact with the mineral surface from the water phase. In the system "mineral 
substrate – cationic emulsifier" adsorption occurs due to physical processes, such as electrostatic 
attraction and bonding on the surface of the hydrocarbon chain of the emulsifier. Electrostatic forces are 
created due to the attraction of the positively charged polar groups of the emulsifier ions and the 
negatively charged point of the mineral material ions when the critical concentration is exceeded, which 
depends on the nature of the stone substrate and the pH of the medium [7]. These connections can be of 
various types. Electrostatic characteristics of the mineral surface and properties of the water phase are 
the most significant parameters that initiate adsorption processes of the emulsifier in the system. 

a)  

b)  

Figure 4. Dynamics of the contact angle of wetting with a water phase prepared on  
REDICOTE EM-44, a mineral substrate of: a) white marble, b) granite 

Also, it is necessary to note a high correlation of the results on the surface tension of the water 
phase prepared on the REDICOTE E-11 emulsifier, with the data obtained in studying the wetting contact 
angle on granite. And the similarity of trend lines in Figures 2a and 3a rises as the exposure time of the 
water phase increases. What is natural, in view of the fact that the emulsifier under consideration relates 
to the cationic one according to the mechanism of action and is intended for efficient work when 
combined with mineral materials of acidic nature, including granite. 

The most significant differences in the dependences of the wetting contact angle on the 
concentration of the emulsifier, Figure 4, obtained on various mineral substrates, are observed at high 
concentrations of the emulsifier (0.6–0.8 %). In this case, upon contact with the granite substrate, a full 
spread of the droplet of the water phase occurs. Which is more than understandable, since, in 
accordance with the manufacturer's recommendations [4, 9], the concentration range for the preparation 
of the medium-breaking emulsion is 0.25–0.6 %. 

Analysis and comparison of the obtained data showed that in accordance with the proposed 
method for prediction of the properties of bitumen emulsion compositions, the graphs show the most 
effective concentrations corresponding to the series of water phases on the emulsifier REDICOTE E-11 – 
No. 6 and No. 8, on REDICOTE EM-44 – No. 9, 11 and 13, and also No. 15 and No. 16. Such a choice is 
justified by the low interfacial tension at the interface of the phases of the "water solution- surface-active 
substances" system, which predetermines the high dispersity of the emulsion prepared on its basis, and 
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the small values of the wetting contact angle of the mineral substrate surface show high compatibility of 
the system "water phase – stone material". Thus, it can be assumed that bitumen emulsions prepared 
using the indicated series of water phases will be kinetically stable, with the presence of adsorption layers 
of the emulsifier that inhibit the flocculation and coalescence of emulsion droplets and will be 
characterized by the relative one-dimensionality of the droplets of disperse systems [17–20]. 

One of the main methods for studying the structural features and properties of the bitumen 
emulsion is optical microscopy [18], which allows one to obtain an image of particles of emulsified 
bitumen without overlapping one another. 

In this connection, at the next stage of the experiment, in order to study the structural features 
under production conditions, experimental batches of bitumen emulsions were prepared and samples of 
emulsified binder were selected, the surface-active substance content of which, according to the 
performed studies (Figures 2–4), was effective (compositions No. 6 and 13) and ineffective (compositions 
No. 7 and 14). The choice of compositions is justified by a lower content of emulsifier, which determines 
the economic effectiveness of the studied compositions. The evaluation was carried out using the 
MICMED-1 microscope, using the transmitted-light brightfield method, the essence of which is as follows: 
in the absence of the specimen, a light beam from the condenser passing through the lens gives a 
uniformly illuminated field near the focal plane of the eyepiece, in the presence of an absorptive element 
in the specimen, partial absorption and partial dispersion of light shone upon it occurs, which makes it 
possible to obtain an image of the emulsified bitumen in the volume. The transfer of the image to the 
computer monitor and the preservation of the pictures were carried out by a special camera for  
the DCM 310 microscope (with a resolution of 3 MPix). The samples were examined under a microscope 
at the magnification factor of 400. The obtained photos were processed and saved using the image editor 
"AxioVision". The results of the study are shown in Figures 5, 6. 

a)  b)  

Figure 5. Microphotography of the structure of the bitumen emulsion on the REDICOTE E-11 
emulsifier with the concentration: a) 1.01 % series No. 6, b) 1.30% series No. 7 

a)  b)  

Figure 6. Microphotography of the structure of bitumen emulsion on the REDICOTE EM-44 
emulsifier with concentration: a) 0.40 % series No. 13, b) 0.50 % series No. 14 
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As can be seen, the emulsions, Figures 5a and 6a, prepared on effective water phases from series 
No. 6 and No. 13, are characterized by homogeneity of the particle size distribution in geometrically 
correct shape, which will have a positive effect on their stability. The emulsions, Figures 5b and 6b, 
prepared on solutions with a high content of emulsifier, which, according to preliminary tests of water 
phases (Figures 2–4), were attributed to ineffective, are characterized by a different scale of structure, a 
coalescence effect is observed, which is evidence of low efficiency of the adsorption layers of the 
emulsifier. As a result, this system becomes unstable. 

To ensure the production of an effective bitumen emulsion, it must be characterized by structural 
stability, that is, by property retention in time, but at the same time it must break upon contact with the 
surface of mineral materials at a certain rate due to technological requirements, providing strong 
adhesion-cohesive bonds to the surface to be applied. 

Structural stability and consistency of bitumen emulsions were studied by the nature of the change 
in their properties for seven days (Table 2). The emulsion breakdown rate upon contact with the mineral 
material was evaluated by determining the breakdown index. This method, performed in accordance with 
Russian State Standard GOST R 55420-2013 (EN 13808: 2011), allows one to study the degree of the 
emulsion breakdown and consists in determining the maximum amount of the disperse quartz filler of a 
strictly defined granulometric and mineralogical composition that is mixed with the standard amount of the 
emulsion. The larger the value of this index is, the slower the breakdown proceeds. Table 2 presents data 
on the determination of the stability and breakdown index of bitumen emulsions. 

Table 2. Stability and breakdown index of bitumen emulsions 

Emulsifier type 

REDICOTE E-11 REDICOTE EМ-44 

No of 

compo
sition 

When stored after 7 days 
Breakdo

wn 
index* 

 

No of 

compos
ition 

When stored after 7 days 

Breakd
own 

index *  

Storage stability 
according to 
screening 

residue N 014,% 

Segregation 
resistance, 

method А, % 

Storage stability 
according to 

screening residue N 
014,% 

Segregation 
resistance, 

method А, % 

 

GOST 
R 

55420-
2013 

EBDK M 
GOST 

R 
55420-
2013 

EBDK B 

0.30 
5 ˃80 

0.30 
5 

20-50 

6 0.20 3 82.3 13 0.20 2 48.30 

7 0.31 4 84.2 14 0.32 5 64.70 

* The breakdown index was determined using powder quartz 

Analyzing the obtained results, it can be seen that compositions No. 7 (slow-breaking) and 
composition No. 14 (quick-breaking) cationic bitumen emulsions are characterized by unsatisfactory 
structural stability, which agrees with the preliminary results on the study of water phases (Figures 2–4). 

Thus, as a result of the conducted study, an algorithm was developed for the method of early 
prediction of the efficiency of cationic bitumen emulsions, which consists in studying the change in 
surface tension as a function of the concentration of the emulsifier at the initial time of the "life" of the 
water phase solution, in connection with the established constancy of the character of changes in the 
studied factors in the time of exposure of the solution. And in the subsequent study of the wetting contact 
angle of the investigated water phases of the surface of mineral materials of different nature depending 
on the concentration and type of the emulsifier. This allows us to select the optimal ratio of the 
components of the water phase already at the early stage of preparation of bitumen emulsions and to 
predict the compatibility and activity of the interaction of the emulsified binder with the mineral substrate, 
to rank the mineral material by the efficiency of the interaction with the bitumen emulsion, which provides 
for obtaining improved and stable composite indicators. It makes the procedure of early prediction 
particularly relevant. Because at the present moment [5, 6], when developing the formulation of bitumen 
emulsions and determining the optimum content of surface-active substances in them, test laboratory 
batches of emulsified binders with different concentrations of surface-active substances are prepared, 
which is a long, energy and resource intensive process, and it also does not take into account the 
specifics of a particular type of aggregate, which will be in contact with the emulsion, and therefore, to 
evaluate the performance of the composite, it is necessary to perform a number of additional tests to 
assess the compatibility of bitumen emulsions with the mineral aggregate. 
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4. Conclusions 
1. Thus, it has been established and confirmed that the proposed method for studying the 

dynamics of changes in the properties of the water phase and the interface of the "water phase-mineral 
substrate" with a change in the surface-active substance concentration allows for the determination of 
optimal concentrations of various emulsifiers at the early stage for the preparation of effective cationic 
bitumen emulsions. In the work, at the stage of preparation of the water phase, optimum concentrations 
of emulsifier were selected, composition No. 6 (REDICOTE E-11 – 1.01 %) and No. 13 (REDICOTE  
EM-44 – 0.40 %), the use of which allowed obtaining effective bituminous emulsions characterized by 
structural stability. 

2. It has been found that, under certain optimal concentrations of emulsifiers, a higher degree of 
structuredness of the prepared bitumen emulsion is observed, it is expressed in a more homogeneous 
and uniform distribution of particles throughout the volume and the possibility of regulating the production 
breakdown rate, which indicates the sedimentative and aggregative stability of the emulsion. The ability 
to predict the effectiveness of cationic bitumen emulsions at the stage of the water phase preparation can 
significantly reduce the time and material funds in the process of their production, while improving the 
quality of the final product, which is an actual and promising direction for ensuring the development of the 
road construction industry. 
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Abstract. В статье рассмотрено совершенствование методов расчета различных 
конструкций инженерных сооружений, которое осуществляется на основных этапах 
проектирования: 1) формирование нагрузок (для конструкций вертикальных цилиндрических 
резервуаров); 2) совершенствование проектных решений (для конструкций жесткой ошиновки); 3) 
оценка надежности принятых проектных решений вероятностно-статистическим методам (на 
примере рамно-консольных покрытий над трибунами стадионов). Основной целью исследования, 
проведенного при решении первой проблемы, является улучшение метода нормирования 
ветровой нагрузки на поверхности цилиндрического резервуара объемом 20000–50000 м3 с учетом 
типа крыши (провисающей мембраны) и блочности (группа из 4 резервуаров). Решение второй 
задачи рассмотрено на примере новых демпфирующих устройств для уменьшения колебаний, 
создаваемых ветровым потоком конструкции для конструкции жесткой ошиновки балочного типа. В 
нормативных документах формулируются только общие требования, но в то же время нет 
конкретных рекомендаций по рациональному определению размеров осцилляторов и данных об 
эффективности их применения. Третья проблема решена на примере оценки надежности 
проектно-конструкторских решений рамно-консольных покрытий над трибунами стадионов с 
учетом случайного характера основных факторов проектирования. 

Аннотация. The enhancement of calculation of different structures for engineering constructions 
which is carried out on the main stages of design, has been considered in this paper: 1) the formation of 
loads (for structures of vertical cylindrical tanks); 2) improving the design solutions (for structures of rigid 
bus); 3) assessing the reliability of the adopted design decisions by probabilistic and statistical methods 
(on the example of frame-cantilever coatings above the stands of stadiums). The main aim of the 
research carried out in solving the first problem is to improve the method for normalizing the wind load on 
the surface of a cylindrical tank with a volume of 20000–50000 m3, taking into account the type of roof 
(sagging membrane) and the block arrangement (a group of 4 tanks). The solution of the second problem 
has been considered on the example of new damping devices to reduce oscillations generated by the 
wind flow of the rigid jumper construction of girder type. The normative documents formulate only general 
requirements, but at the same time, there are no specific recommendations on rational sizing of 
oscillation dampeners and data on their application efficiency. The the third problem has been solved on 
the example of reliability estimation of design project solutions of frame-consol cover structures over 
stadium tribunes, taking into account the casual character of the main design factors. 
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1. Introduction 
Most of the researches aimed at improving the energy efficiency of buildings are closely related to 

arrangements for thermal modernization, usage of modern thermal insulating materials and improving the 
efficiency of utilities system. 

However, the solution of energy efficiency problem is impossible without the improvement of 
technological solutions throughout the whole process chain “energy generation – transportation – 
consumption”. 

The methods of calculating and designing the structures for engineering constructions of the fuel 
and energy complex play an important part in this scheme. Such methods should ensure the creating of 
effective constructive forms which would meet all reliability requirements for high responsibility of 
buildings. 

The enhancement of calculation of different structures for engineering constructions which is 
carried out on the main stages of design, has been considered in this paper: 

1) the formation of loads (for structures of vertical cylindrical tanks); 
2) improving the design solutions (for structures of rigid bus); 
3) assessing the reliability of the adopted design decisions by probabilistic and statistical methods 

(on the example of frame-cantilever coatings above the stands of stadiums). 
The main aim of the research carried out in solving the first problem is to improve the method for 

normalizing the wind load on the surface of a cylindrical tank with a volume of 20–50 thousand m3, taking 
into account the type of roof (sagging membrane) and the block arrangement (a group of 4 tanks). 
Existing methods for calculating the wind load on buildings and structures, using aerodynamic formulas 
were developed in the early 70-ies in the V.A. Kucherenko Central Scientific Research Institute for 
Building Structures based on the works of A. Davenport and A. Vaiz and implemented in SNiP II-6-74 [1]. 
In 1985, with the release of SNiP 2.01.07-85 [2], expressions describing the dynamic response of 
structures under the action of the wind were simplified [3]. The main theoretical information on building 
aerodynamics and methods for determining the wind load on buildings and structures have been 
presented in the works [4–6]. In works of Ye.V. Gorokhov [7], R.I. Kinash [8], Y. Uematsu [9], Y. Zhao 
[10], Y. Zhang [11, 12] the issues of wind effects on buildings and structures and experimental simulation 
of the interaction of wind flow with engineering constructions in a wind tunnel have been considered. In 
books of P.G. Eremeev [13, 14] the results of model experimental studies of wind and snow loads on 
technically complex large-span coatings with complex geometry have been presented. The research of 
numerical modeling of wind influences has been considered in studies of A. Michalski, T. Okaze, 
K. Togbenou, A. Mochida [15–18] and others. At the same time, the issues of the normalization of wind 
loads on reservoirs in the form of a sagging roof and block arrangement (a block of 4 tanks [19]) remain 
open and require further study. 

The solution of the second problem has been considered on the example of new damping devices 
to reduce oscillations generated by the wind flow of the rigid jumper construction of girder type. The 
normative documents [20, 21] formulate only general requirements in the form of parameter values of 
strain-stress state of a designed construction and general recommendations in the form of oscillation 
suppression methods which are able to furnish these requirements. At the same time, there are no 
specific recommendations on rational sizing of oscillation dampeners and data on their application 
efficiency. 

The solution of the third problem is devoted to the development of the existing heart of the 
reliability theory and probability calculation of enhanced responsibility constructions. In this case this 
problem has been solved on the example of reliability estimation of design project solutions of frame-
consol cover structures over stadium tribunes, taking into account the casual character of the main 
design factors. In spite of the fact that the basic problems of the reliability theory have been solved in the 
works of A.R. Rzhanitsyn [22], V.V. Bolotin [23], V.D. Raizer [24], the peculiar features of different 
influences have been considered in the works of S.F. Pichugin [25], A.V. Perelmuter [26], S.A. Timashev 
[27], A.M. Ayzen [28], V.P. Mushchanov [29–32], M. Krejsa, P. Janas [33] and others, the practical 
realization problems of the requirements given in the normative documents [34–36] are often unsolved. 

The main motivation that prompted the authors to carry out this research is the desire to ensure an 
increase in the efficiency and reliability of the industrial structures of the fuel and energy complex and 
engineering facilities used by improving the calculation, design and construction procedures. 

In this regard, the main purpose of this study is to clarify certain provisions for the calculation, design 
and construction of structures of engineering structures in the form of vertical cylindrical tanks, rigid 
buses of open switchgears and stationary canopies over the stands of stadiums. 

Objectivity and reliability of the obtained results is confirmed by good conformity between the data of 
theoretical and experimental studies and their implementation in design practice. 
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2. Methods 
General methods used in the performance of all problems given in the report are: 

 calculus of approximations of constructional mechanics (method of finite-elements – MFE) with 
the use of universal program complexes “SCAD Office”[32], “LIRA”; 

 method of physical simulation with the use of the similarity theory; 

 methods of mathematical statistics (while processing the results of experimental and numerical 
simulation); 

Additionally used: 

a. while solving the first problem – calculus of approximations of finite volumes (MFV) of simulation 

of turbulent flows with the use of program complex “SolidWorksFlowSimulation” [37]; 

b. while solving the second problem – the methods of mathematical physics and the methods of 

harmonic analysis (while processing data of field dynamic tests of structures with the help of 

vibrating machine) [38];  

c. while solving the third problem – trial and error methods of investigation, and specifically 

destructive methods of definition of material strength characteristics. 

3. Results and Discussion 

3.1. Perfection of normalizing loads on structures of vertical cylindrical reservoirs 

Some experimental and computational investigations have been done to solve this problem. The 
experimental investigations have been carried out in the meteorological wind tunnel MWT-1. While 
performing these investigations the main similarity parameter is Reynolds number: 

𝑅𝑒 =
𝐿 ∙ 𝑈(𝑧𝑒)

𝑣
 (1) 

where L – diameter; v = 1.5∙10-5 m2/с = s – kinematic air viscosity, U(ze) =14.9 m/s – peak wind velocity, 
U(ze). 

Similarity condition of aerodynamic processes in the field and on the model is the geometrical 
similarity. To supply this similarity, corresponding sizes of field structures lH and models lM must be 
corresponded to the single scale of linear dimensions 

𝑀𝑙 =
𝑙𝑀

𝑙𝐻
 (2) 

According to the plan of experimental investigations of the reservoir model M 1:320 in the wind 
tube MWT-1 DonNACEA foresaw the definition of coefficients of the wind pressure (Cp) in 49 supporting 
points on the reservoir (Fig. 3). In the process of investigations the dependence Срi = f(β) is defined within 
β = 0…360˚ in increments of Δβ = 10˚. The results have been presented on 6 directions (β = 0˚, 45˚, 90˚, 
150˚, 180˚, 270˚) (Fig. 1). 

Calculus investigations were conducted with the use of the finite volume method (MFV) of 
simulating turbulent flows with the use of program complex “SolidWorksFlowSimulation”. As the test 
calculations of Japanese Institute showed, the size of calculation domain in vertical direction for isolated 
structures had to be minimum 5H. While investigating groups of structures it should be necessary to use 
the blockage coefficient. This coefficient is equal to cross area of structure – cross area of computational 
domain ratio. The coefficient mustn’t be more than 3 %. In our case for the group when the height of the 
structure is 78 mm the blockage percent will be 2.09 %. The width of the calculation domain must be 
given, so that the blockage coefficient would be less than 3 %. The distance along the flow to the 
structure must be minimum 5H. The distance behind the structure must be ≥ 15H. The scheme of the 
domain is shown in Figure 2.  
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a)

 
b)  

c)  d)  

е) 

  
 

   

Figure 1. Conducting experimental investigations: a – cross section of model;  
b – scheme of disposition of draining points; c – single model with draining taps;  
d – simulation of the group of reservoirs; e – schemes of conducting experiment 

 

Figure 2. Visualisation of numerical investigation results 

Figure 3 shows the data of the contrastive analysis of results of numerical and experimental 
investigations for the reservoir with the overhanging roof coating (single and in the group). 
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Figure 3. The distribution of aerodynamic coefficients for the reservoir  
with the overhanging roof covering: a – single, b – in the group. 

Model with overhanging roof (Re = 1.13E + 05) 

Isofields of coefficient distribution on the roof covering 

                                             Experimental method                            Numerical method in 
                                                                                                                calculative program  

                              a) 

 

Coefficient distribution profile on the roof covering 

 

                            b) 
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3.2  New approaches to the oscillation compression of girder electricity supply 
constructions 

The tasks of creating new rational damping devices and perfecting existing ways of oscillation 
suppression of rigid jumper constructions of open distribution devices in the wind flow are being 
considered nowadays. The rigid jumper is applied for transmission and distribution of electricity between 
high-voltage apparatuses both within open distributional devices (ODD) and close distributional devices 
(CDD) of quick-repaired factory-assembled transformer substations (see Figure 4). Known methods of 
wind resonance particles exclusion: 

 the usage of elements having small bays; 

 placing mould cores or wires into the pipes; 

 installation of spiraling (screw-shaped) helical spoiler ailerons, this results in the asynchronous 

vortex separation along the length of cylinder; 

 frequency drop of characteristic vibrations (for example, by installation of busbar overhauling 

weight); 

 dampers in the shape of half-socked pipes, covering up to 40 per cent of the busbar length, this 

reduces the amplitude of wind vibration by several times; 

 structural damping – energy dissipation at the site of busbar mounting (special structure of 

busbar clamp). 

 

Figure 4. Outdoor switch gear construction having rigid  
busbar 110-750kV SJSC (ZAO) “ZETO” 

Without revealing details of advantages and disadvantages, arguments of efficiency of one or 
another oscillation suppression method it will have been given the results of theoretic and experimental 
investigations, carried out by the authors for “dampener on ligament” (Figures 5–8). 

 

Figure 5. “Dampener on ligament” structure of bending vibrations of pipe-busbar:  
1 – pipe-busbar; 2 – damping checker filling; 3 – contact wire dropper 

  

Figure 6. Design model of broaching 
construction (pipes) 

Figure 7. Design model of dampener  
on ligament 
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Figure 8. Model of combined actions of “dampener on ligament” and pipe-busbar:  

y1, y2 – axis of motion of high-low nodes of pipe-busbar;  
y3, y4 – axis of motion of high-low nodes of damper; m – pipe bulk weight;  

m1 – ligament bulk weight, M – dampener weight 

Mathematical model of being investigated dampener construction can be represented by motion 
equation 

)sin(),
2

(

)sin()
cos

(sin),(

222
2

2

1111





















twAet
L

y

twshkx
chk

K
KxAetxy

T

T

 (3) 

Perfectly elastic collision of pipe wall and stringed dampener has been taken in calculation. Motion 
speed following collision is determined according to the known hit theory formula: 
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V1, V2 are speed of rigid busbar and dampener on ligament up to collision; k is the coefficient that takes 
into account energy dissipation. 

Collision moment is determined out of following statements:  
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– collision at the pipe top is the result; 
 
– collision at the low point of pipe is the result 
 

Completed numerical experiment has allowed determining the ration characteristic of dampener 
given type. By doing so controlled parameters are: A – beam vibration magnitude; t – blanking period of 
vibrations by factors affecting them: 1 – gaps between beam and dampener; 2 – vibration frequency of 
dampener; 3 – dampener net weight. Factors limiting control is given in Figure 9. 

Change in the performance criterion k of the “thread-based damper” on affecting factors change is 
given in Figure 10. 

Experimental data correspond to the theoretical evaluation and allow for the conclusion that the 
application of the “thread-based damper” enables us to reduce the amplitude of vibration in resonant 
mode by a factor of 1.5 and increase the logarithmic decrement by a factor of 2. 
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Figure 9. Numerical experiment controlled parameters 

a)   

b)   

c)  

Figure 10. Change in the performance criterion k of the “thread-based damper” on affecting 
factors change: a) on damper natural vibration frequency change; b) on damper weight change;  

c) on damper dimensions change 

 

 
 
 
 
 
 
 
 
 
 
 

Controlled parameters: 
A, t 

   
 

  
 

 

 
    

Gaps between beam and 
dampener              

Vibration frequency of dampener 
             

Dampener net weight 
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3.3  Probabilistic approaches to design reliability assurance of space framed 
structures being designed (by the example of the framed and cantilever 

structures of stadium stands roofs) 

In terms of structural concepts, 36 % of the five-star stadium stands roofs are beam roofs and 
framed cantilever ones, 14 % of them are steel cable and beam roofs, 18 % of them are suspended 
shells and structures, 25 % of them are bar structures, 7 % of them are suspended roofs (cable nets and 
membrane shells). On the grounds of the survey made we can draw a conclusion that the framed 
cantilever roofs for stadium stands are more widely used in the world practice nowadays. It has also been 
identified that structural erection imperfections have negative effect on the structures further 
serviceability. The failure ratio resulted from these defects is high enough and cannot be neglected. The 
methods of erection procedure are of great concern for improving the erection procedure quality. The 
structural design variants of the stands roofs under consideration are given in Figure 11 and Table 1. 

1                                                    2                                    3 

     

4                                           5                                                       6 

     

7                                            8 

   

Figure 11. Design Diagram for Simulation Experiment 
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At the first stage the aggregate of the system bar elements to be recalculated is formed. It is more 
appropriate to make calculations for the most critical components as the system is redundant. For this 
purpose the iterative geometrically and structurally nonlinear structural analysis is made. As a result, the 
list of successively unserviceable members is being formed. The procedures of this stage are similar to 
those demonstrated in Figure 12. Following on from the data obtained, the group of the most critical 
structural members is selected to make recalculation of the condition load effect factor.  

 

Figure 12. Control flow chart of condition load effect factor and cross section choice  
for framed and cantilever roofs over stadiums 

The iterative structural analysis with regard to random values given is made for the elements 
selected in the previous stage. Hence, the sample collection of stresses for the group of bars in question 
is being formed. The sampling should be over the 104 to 108 range. The second random value in the 
analysis is the random value of the strength of constructional material (liquid limit). Two generalized 
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random values obtained are processed by mathematical statistics methods (their distribution law and 
density). Handling the density, laws and characteristics of distribution, the probable failure of the 
members selected is analyzed. The reliability characteristics obtained are compared to the normative 
values according to the importance of the structure. If the reliability requirements are satisfactory, the 
analysis is finished. If the reliability is not provided, the particular reliability factors are recalculated and 
the required probabilistic mean value of stress in the structural members is defined taking into account 
the required bars area. The structure with redefined cross section area is recalculated according to the 
algorithm described before. Iterations continue until the reliability conditions of the members considered 
are satisfied. 

Table 1. Combinations of variable parameters of the system 

Variant Angle of Dip α (Degrees) Framing Space Н  
(m) 

Overhanging Length L  
(m) 

1 0 4 4 

2 30 4 4 

3 0 12 4 

4 30 12 4 

5 0 4 22 

6 30 4 22 

7 0 12 22 

8 30 12 22 

 
The condition load effect factor is defined as: 

𝛾𝐶 = 1 −
𝛾𝑚 (

𝜎̅𝑝

1 − 𝜇𝜎𝑘𝜎
− 𝜎0

𝑝
)

𝑅̅𝑦
𝑛(1 − 𝜇𝑟𝑘𝑟)

; (5) 

where: γm – particular reliability factor for material strength; 𝜎̅𝑝 – mean square deviation of stresses in 

the structural member; 𝜇𝜎 , μr, – probabilistic mean value of stress in the structural members and 

probabilistic random mean value of strength of material (liquid limit), correspondingly; 𝑘𝜎 , 𝑘𝑟   – variation 

coefficients of two random values considered; 𝑅̅𝑦
𝑛 – normative value of design strength of structure’s 

material; 𝜎0
𝑝

 – design value of stress in the structural member, derived from the deterministic structural 

design. 

Whereas it is necessary to correct the condition load effect factor values, the simulation experiment 
for framed cantilever roofs over stadium stands has been made. The purpose of the experiment was to 
find the correct mathematical model connecting the condition load effect factor and the system’s initial 
variable parameters such as: the overhanging length of cantilever girder (L), the base cantilever frame 
space (H) and the understressing ratio of the cross section (due to product mix grading and designing 
requirements) (Table 2). 

Table2. Analysis of Generalized Parameters of Durability and Carrying Capacity Allowances 

No. 
Diagram 

Safety Parameters Failure Probability Allowance   
(βmax - βmin) 

βmin βmax Pƒ min Pƒ max Δ 

1 4.47 7.01 0.824*10-4 0.773*10-8 2.54 

2 4.49 6.98 0.772*10-4 0.259*10-7 2.49 

3 4.52 7.12 0.835*10-4 0.528*10-8 2.6 

4 4.89 7.48 0.568*10-6 0.156 *10-8 2.59 

5 5.01 7.81 0.986*10-6 0.257*10-9 2.8 

6 3.57 5.72 0.378*10-4 0.956*10-8 2.15 

7 3.22 5.03 0.267*10-4 0.887*10-6 1.81 

8 3.08 5.01 0.399*10-4 0.892*10-6 1.93 

 

111



Magazine of Civil Engineering, No. 2, 2018 

 

Mushchanov V.P., Orzhekhovskii A.N., Zubenko A.V., Fomenko S.A. Refined methods for calculating and 

designing engineering structures. Magazine of Civil Engineering. 2018. No. 2. Pp. 101–115.  

doi: 10.18720/MCE.78.8. 

The relationship of the condition load effect factor, the overhanging length and the framing space 
takes the form of the equation: 

γс = 0.9969 + 0.00191*H + 0.00295*L – 0.001025*H*L, (6) 

where H – base frame space (m); L – overhanging length (m). 

The application of the above mentioned estimations is quite difficult due to the certain 
mathematical complexity in use. For this reason in design practice these techniques are difficult to 
implement. It is therefore suggested to make integrated assessment of reliability and durability according 
to safety parameters spread assessment (failure range) β for upper and lower limits of the system 
reliability. 

3.4  Discussion 

For constructions of vertical cylindrical tanks on the basis of numerical simulation, the values of 
aerodynamic coefficients for wind influence on the roof of a vertical cylindrical reservoir in the form of a 
sagging shallow shell, both separately standing and located in the group, were obtained and 
experimentally confirmed. The testing of models on standard tanks with a convex spherical roof 
confirmed their adequacy and good conformation with the norms of a number of countries. However, 
further dissemination of the results to other reservoirs is needed, which is the task of further research. 

For the design of a rigid bus the theoretical and experimental results obtained allowed us to justify 
the rational parameters of devices for damping the oscillations for the first time. Recommendations for 
their use are given in the regulatory documents of a number of countries [20, 21], but they do not contain 
any specific recommendations for design. Theoretically, the results obtained are confirmed by studies for 
systems of one mass [38]. At the same time, it is planned to expand the field of application of the results 
obtained, including for beam systems with a different cross-section. 

The results of studies of the reliability of canopy structures above the tribunes of the cantilevered 
frame with through cross-section made it possible to propose for the design practice new values of the 

operating conditions coefficient d for the elements of compressed chords that were absent in the 
standards [34–36] and provide, the most rational way the required level of reliability of this design with 
increased responsibility. In this regard, further research requires the question of rethinking the values of 
the reliability coefficients for the responsibility of the construction, the structure of which is rather 
complicated and contradictory. 

4. Conclusions 
1. The specified values of wind pressure aerodynamic coefficients for four reservoirs have been 

obtained by simulation modeling. It is to provide the specified assessment of the strain-stress state 
analysis of the structures compared to National Building Codes and Eurocodes applied nowadays. 

2. On the grounds of theoretical and experimental research a new method of bending vibrations 
damping of rigid bar structures has been developed – “a thread-based damper”. It allows to reduce 
vibration amplitudes in subresonance mode much simpler compared to the common compatibles. The 
rational parameters of the damper under consideration have been obtained 

3. For the first time, on the grounds of the failure analysis of the steel framed and cantilever roofs 
over stadium stands it has been suggested the structural design algorithm taking into account the 
geometrical and structural non-linear conditions of the system. The algorithm provides the required 
reliability level for critical structures. 
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Abstract. The paper presents results of numerical research oriented to the influence of heat 
conducting inclusions on thermo-technical properties of vertical and horizontal sandwich panels. 
Sandwich panels consist of flat steel sheets and thermal insulation core (from foam polystyrene, foam 
polyurethane and rock wool). Thread forming screws, which cross the sandwich panel through its depth, 
and connect the sandwich panel to frame, creates the heat conducting inclusions. The numerical analysis 
is carried out using software ANSYS. Based on the numerical analysis results, the regression equations 
for calculation of minimal values of temperature on an internal surface of a vertical sandwich panel are 
easy to obtain. The analysis of thermal field of the “sandwich panel – metal frame” system shown that the 
hygiene requirements are not complied. Proposed solution allows the reduction of the influence of heat 
conducting inclusions on thermo-technical properties. 

Аннотация. Представлены результаты численного исследования влияния теплопроводных 
включений, на теплотехнические свойства стеновых сэндвич-панелей вертикальной и 
горизонтальной разрезки с плоскими металлическими обшивками и эффективным утеплителем 
(пенополистирольным, пенополиуретановыми, минераловатным). В качестве теплопроводных 
включений рассматриваются самонарезающие винты, прорезающие тело панели, с помощью 
которых панель крепится к каркасу здания – ветровым ригелями или колоннам. Исследование 
выполняется в программном комплексе ANSYS путем моделирования сэндвич-панели с 
теплопроводными включениями и, действующего на нее теплового поля, вызванного разностями 
температур внутреннего и наружного воздуха. По результатам проведения многофакторного 
численного эксперимента решены уравнения регрессии для вычисления минимального значения 
температуры на внутренней поверхности ограждающей конструкции, состоящей из панелей 
вертикальной и горизонтальной разрезки. На основе данных численного эксперимента проводится 
анализ температурного поля системы «сэндвич-панель – каркас здания». Показано, что при 
существующей системе крепления сэндвич-панели к каркасу здания не соблюдаются 
гигиенические требования, регламентирующие температурный перепад между внутренней 
поверхностью ограждающей конструкции и температурой внутреннего воздуха в помещении. 
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Сделаны выводы о возможности выпадения конденсата водяного пара на внутренней поверхности 
ограждающих конструкций общественных зданий и промышленных зданий с сухим и нормальным 
влажностным режимом и внутри сэндвич-панели. Предложен вариант утепления мест крепления 
сэндвич-панели к каркасу здания. 

1. Introduction 
Energy saving is the most important task for all industries, including the construction sector. 

Energy saving in the construction sector is a complex of measures aimed at reducing heat losses during 
a building life cycle. Design of energy efficient and energy saving structures is the priority area of modern 
science and technology. It is general knowledge, that the building loses most quantity of heat energy 
through windows and a ventilation system. However, the building loses more heat energy through a solid 
wall and roof than considered in the thermo-technical calculation. 

Energy efficiency of buildings is a very topical task, so many researches and studies focus on this 
issue. Some authors compared the different types of external wall insulation in the context of their 
influence on energy saving and environmental pollution [1]. Other authors describe the tools used to 
analyze economic life cycle and different facade systems of the building model with the point of energy 
efficiently and life cycle optimization [2]. 

The improvement of building economic efficiency is possible by reducing the cost of heating and 
ventilation process by increasing resistance to heat transfer of building enclosing structures. Reducing 
the influence of possible “thermal bridges” on the overall resistance to heat transfer achieves these goals. 
Analysis and studies for the improvement of enclosing structures of buildings are presented in many 
researches and papers. The possibility of wetting the core of the sandwich panels due to the “thermal 
bridges” existing is shown in paper [3, 4]. “Thermal bridges” influence can be estimated through the 
thermotechnical uniformity coefficient. In paper [5] the method of thermotechnical uniformity coefficient 
evaluation by analyzing thermo grams are accounted. In other way this influence can be estimated 
through the reduced total thermal resistance [6, 7]. Evaluation of thermal performance of building 
envelope using the thermo vision control was carried out in papers [8–10]. In [11] non-stationary heat 
transfer through exterior building envelope was described. Evaluation of efficient of an energy-saving 
measures complex was carried out in [12–14]. 

Generally, the cause of heat loss and humidification of wall elements is due to the presence of heat 
conducting inclusions, which are inevitable for some types of wall. Sandwich panels are in active use as 
enclosing constructions for different types of buildings [15]. The sandwich panel is a multi-layer structural 
element consisting of thermal insulation located between flat or profiled metal sheets and fixed to the 
buildings bearing structure by means of threaded screws. These screws often create “thermal bridges” 
cross the sandwich panel system. 

Thermo-technical properties of sandwich panels are a subject of researches carried out by many 
authors [13, 16–19]. Mentioned researches focus on the thermo-technical bending analysis of sandwich 
panels, their non-linear thermal behavior and temperature-bending dependence, using various methods 
and mathematical equations. 

Action of external load together with temperature changes of the surrounding environment affect 
the global bearing capacity of the structure, so the thermo-technical properties of individual structural 
elements, including enclosing constructions, can also influence this bearing capacity. The research of 
some authors was oriented to polymer foam core exposed to elevated temperature and possible changes 
of sandwich structures behavior, other authors dealt with sandwich panels subjected to compression 
and/or bending load from the stability and serviceability point of view [20–23]. Therefore, loads and 
temperature changes are essential in the analysis of sandwich panels’ behavior. 

The development of computer technologies and software environments allow the researchers for 
more sophisticated and effective approaches for the solving of challenge tasks and simulations using 
different FEM based mathematical models and numerical analysis. Researchers, using the mentioned 
possibilities, can create 3D models of composite structures consisting of materials with different 
properties in various directions and investigate the behavior of individual layers and elements from the 
thermal, deflection, stiffness point of view and so on [24–31]. 

The purpose of this research is the numerical study of thermo-technical behavior of sandwich 
panels consisting of two flat steel sheets and core from different materials, such as polystyrene foam, 
polyurethane foam and rock wool and the investigation of the sandwich panels and frame elements 
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humidity due to the external and internal temperature differences. The thermo-technical behavior is 
undergoing investigation using CAE-software with thermal field simulation. 

The objective of this study is to investigate the influence of fasteners on the thermal behavior of the 
wall of the sandwich panels. 

2. Methods 

2.1. Types of sandwich panels 

The numerical analysis of this study covered two types of sandwich panels: the first type named 
vertical sandwich panel has vertical size more than horizontal size (Figure 1) and the second type named 
horizontal sandwich panel has vertical size less than horizontal size (Figure 2). 

The two types of sandwich panels mounting are existed: with use of vapor and vibration barrier 
films and without it. For this research we considered the variant without vapor and vibration barrier films. 

 
 

Figure 1. Vertical sandwich panels Figure 2. Horizontal sandwich panels 

 

2.2. The determination of the temperature values and humidity near fastening 
elements 

Sandwich panels were: width 1.2 m; length 6.0 m; steel sheet’s thickness 0.5 mm; core thickness 
100 mm. Next analysis covers a part of sandwich wall structure at the connection of the four sandwich 
panels. Dimensions of considered part were 1.2 x 6.0 m (Figure 3). 

 

Figure 3. Part of sandwich wall structure: 1 – steel sheets, 2 – core, 3 – threaded screws,  
4 – considered part of the wall 
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The transverse spacing of the screws (
1B ) was 350 mm for both types of the sandwich panels 

(vertical and horizontal sandwich panels). The longitudinal spacing of the screws (
2B ) for vertical 

sandwich panels was 1475 mm, for horizontal sandwich panels as 6000 mm. 

The joint profile between panels wasn’t included in this numerical model because its thermal losses 
are less then thermal losses through screws. 

Presented values of different coefficients in this paper are actual for the time of numerical analysis 
and modeling realization. The model of sandwich panel core was isotropic material. This materials’ 

characteristics are: heat transfer coefficient ( c ); 0.05 W/(m·°С); specific heat 0.84 J/(kg∙°С); density 110 

kg/m3. For the purpose of finite element mesh simplification, the connecting screws had square cross-
sections without threads. This solution does not affect the target or expected results of the thermo-
technical analysis. Screws had dimension 6.3 mm and density 7871 kg/m3 for steel [32] in the model. The 
heat transfer coefficient of the screws was 44.5 W/(m·°С). Material of steel sheets had the following 
characteristics: heat transfer coefficient 58 W/(m·°С); specific heat 482 J/(kg∙°С); density 7871 kg/m3. 

ANSYS 3D finite elements model consisted of 8-nodes thermal solid elements (SOLID 70). 
Temperature was the only element’s degree of freedom in each node. The Boolean operations had 
allowed creating the correct model. The model’s finite hexagon sweep-elements mesh size was 0.014 m. 

Convection on areas is the boundary condition. The external sheet had following parameters: film 
coefficient 23 W/(m3∙°С), bulk temperature -35 °С. The internal sheet parameters were: film coefficient 
8.7 W/(m3∙°С), bulk temperature 20 °С. 

The ANSYS temperature field calculation gave node temperature volumes on the external surface 

( ext ) and internal surface ( int ) of the structure and gave possibility do determine the average value of 

the temperatures for both of them. 

In addition, temperature data processing included comparison of the: 

 minimal values of temperatures on the internal surface of sandwich panel (
min

int ) and the dew 

point temperatures for two types of buildings: industrial buildings and public places; 

 the indoor temperature and temperature of the internal surface of enclosing structure with the 
temperature gradient, given by Russian national standard [33]. 

The temperature field near the lengthwise connecting screws also underwent investigation. 

2.3. The numerical complete multivariable analysis 

Complete multivariable analysis resulted in the equations for calculation of minimal values of 
temperature on the internal surface of vertical and horizontal sandwich panels. Sandwich panels had: flat 
steel sheets of thickness 0.5 mm; varied core thickness from 50 mm to 150 mm; heat transfer coefficient 

from 0.03 W/(m·°С) to 0.05 W/(m·°С). The transverse spacing between screws (
1B ) varied from 300 to 

500 mm and the longitudinal spacing between screws (
2B ) varied from 1500 to 6000 mm. Because the 

diameter of screws (d) may be also varied according to environment conditions, their diameters in the 
analysis varied from 5 to 8 mm. 

3. Results and Discussion 
The numerical analysis results gave the regression equations for the calculation of minimal values 

of temperature on the internal surfaces of vertical and horizontal sandwich panels: 

сvert d   812.24527.1372.21min

int,  (1) 

сhor d   125.25522.136.21min

int,  (2) 

Differences between calculation results according to equations 1 and 2 are minimal from the 
accuracy point of view, so the both equations are applicable.  

Figures 4, 5 illustrate the area near fitting location of the sandwich panel to metal frame for 
analysis of the temperature values on the internal surface of panel (Figures 4, 5). 
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Figure 4. The cross sections of the horizontal sandwich panels with the area for analysis 

 

Figure 5. The cross sections of the vertical sandwich panels adopted for analysis 

The diagrams (Figures 6–9) show temperature distribution (t, C) by panel length direction (L, 
meters). The diagrams demonstrate that the thermal gradient exceeds the requirements values for some 
types of buildings: 

 the green lines (Δtn(1)) in the diagrams show the lower limit of standard temperature gradient 
between internal surface of enclosing structure and indoor temperature for public buildings; 

 the red lines (Δtn(2)) show the lower limit of standard temperature gradient between internal 
surface of enclosing and indoor temperature for industrial buildings of dry and normal humidity 
conditions; 

 the violet lines represent the dew point temperature ( dt ) for values of relative humidity () 

60 %; 

 the blue lines represent the dew point temperature ( dt ) for values of relative humidity () 55 %; 

 the orange lines represent the dew point temperature ( dt ) for values of relative humidity () 

50 %. 
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Figure 6. Diagram of temperature distribution along the internal surface of the horizontal 
sandwich panel. The cross section passes through the screws (section 1-1 Figure 4) 

 

Figure 7. Diagram of temperature distribution along the internal surface of the horizontal 
sandwich panel. The cross section is at the junction of sandwich panels (section 2-2 Figure 4) 
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Figure 8. Diagram of temperature distribution along the internal surface of the vertical sandwich 
panel. The cross section passes through the screws (section 3-3 Figure 5) 

 

Figure 9. Diagram of temperature distribution along the internal surface of the vertical sandwich 
panel. The cross section is at the junction of sandwich panels (section 4-4 Figure 5) 
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The analysis of the thermal field on the internal surface of sandwich panels showed that the 
thermal gradient between internal surface of enclosing structure, in the case of both horizontal and 
vertical sandwich panels, and indoor temperatures exceed the nominal values [33] at the bonding 
locations of panels to frame for public buildings and for industrial buildings of dry and normal humidity 
conditions. 

Obtained results show that temperature on an internal surface of an enclosure structure is less 
than the dew point temperature for considered parameters – the indoor temperature (tint = 20 °С) and for 
the relative humidity is φ = 50 %, φ = 55 % and φ = 60 %. If the value of element temperature less than 
dew point temperature on the surface of the element than condensation of water vapor is possible. So, 
condensate formation is possible on an internal surface of enclosure structures. 

Based on the results obtained by numerical simulations, following facts became clear: condensate 
formation is possible on the internal surface of sandwich panels bonded to the frame due to existence of 
thermally conductive elements. Areas with temperatures less than the rated temperature tend to appear 
on sandwich panel surface. The width of these areas was 62 mm for industrial buildings of dry and 
normal humidity indoor conditions, and the width of these areas can achieve 200 mm for public buildings 
with indoor temperature less than the rated. 

In order to eliminate the negative influence of possible condensation on the internal surface of 
enclosure structure we should use the corrosion protection of fitting locations of sandwich panels to metal 
frame. 

Diagrams for analyzing the humidity conditions of the area near the screws, distribution of 
temperature values along the screw for places on the surface of screw and near it (Figures 10, 11). 

 

Figure 10. The distribution diagram of temperature values along the screw on surface of screw 

 

Figure 11. The distribution diagram of temperature values along the screw near screw 
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The diagrams show that the temperature values at areas located near the screw are less than the 
dew point temperatures. Therefore, the humidification process at areas located near the screws can be 
monitored. It follows that besides the internal surfaces, insulation cores of the sandwich panels can be 
exposed to humidification process. This process results in the reduction of thermal insulation and also in 
the reduction of sandwich panel life-cycle, because the insulation core is moisture-laden and the steel 
sheets are exposed to the corrosion process. In addition screws and frame are also exposed to the 
corrosion process. 

Therefore, reduction of thermal insulation properties of sandwich panels, corrosion process of 
screws, sandwich panel steel sheets and frame, as well as the exceeding of temperature gradient result 
in the reduction of the construction life-cycle and comfort of people living in the building. Usage of 
additional thermal insulation at connection locations of sandwich panels to frame by mounting of panel 
strips with an additional thermal insulation layer may solve the above-mentioned problem. The new type 
of joint thermal insulation is necessary. One possibility is that we can use a thermal insulation tube when 
we screw fasteners into sandwich panel (Figure 12). 

 

Figure 12. The alternative to thermal insulation at connection location of a sandwich panel to 
frame: 1 – screw, 2 – thermal insulation tube, 3 – sandwich panel core, 4 – sandwich panel,  

5 – frame element 

Nylon and plastic expansion bolt shield can work like a thermal insulation tube. According to 
thermo-technical analysis of sandwich panel with plastic expansion bolt shield thermal insulation tube the 
temperature gradient between the internal surface of the enclosing structure (the sandwich panel) and 
the indoor temperature does not exceed the standard temperature gradient near the bolt. In this case, the 
temperature values near the screw are less than the dew point temperature. This solution is useful to 
prevent condensate formation in the core near the screw. 

Influence of the influence of heat conducting inclusions on thermal properties of sandwich panels 
can estimate with use reduced total thermal resistance. Author of follow papers [7, 30] had simulated 
sandwich panel thermo behavior with use other software and obtained thermal fields of roof sandwich 
panels with screw connections. The results shown that thread forming screws reduce the overall thermal 
resistance of sandwich panel. Influence of heat conducting inclusions was estimate through the reduced 
total thermal resistance without temperature values on constructions. This method is useful for practical 
evaluation by designers and engineers. Both of these methods should be considered together for 
different engineers tasks. 

4. Conclusions 
Following the above presented results and analysis, gave possibility to make following conclusions: 

1. The equation for calculation of minimal values of temperature on an internal surface of a 
vertical sandwich panel was obtained. 
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2. The thermal field of a blank wall from vertical and horizontal sandwich panels was analyzed. 
3. For affixing sandwich panels to a frame with thread forming screws with diameter 6.3 mm, the 

Russian building code hygiene requirements are not complied: 
3.1. The temperature gradient between an internal surface of an enclosure structure on affixing 
locations of a sandwich panel to a frame and the indoor temperature are more than requirements 
for public buildings and for industrial buildings with dry and normal humidity conditions. 
3.2. The temperature on internal surfaces of an enclosure structure is less than the dew point 
temperature in the fastening points of the sandwich panel to the frame. 
4. Thermal insulating effectiveness of sandwich panels is less than designed and sandwich panel 

steel sheets and thread forming screws and frame elements are in danger of corrosion process. These 
facts reduce the life cycle of these constructions. 

5. Proposed to use nylon and plastic expansion bolt shield like a thermal insulation tube, which 
makes it possible to reduce the influence of heat conducting inclusions on thermal technical properties. 
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Abstract. In this paper, the problems of thermal cracking resistance of massive concrete and 
reinforced concrete structures during the building period are considered. The calculation results of a 
research on the effect of hardening temperature on the process of heat dissipation process of concrete 
are given. The analysis of the thermal stressed state of a massive foundation plate with a fixed thickness 
of thermal insulation was carried out, the values of the minimum thicknesses of the surface thermal 
insulation ensuring cracking resistance of structure were obtained. Calculations are performed at various 
plate heights taking into account the effect of hardening temperature on heat dissipation and without this 
account. The conducted research demonstrates that not taking into account the effect of hardening 
temperature on the process of heat dissipation in problems of ensuring cracking resistance of concrete 
and reinforced concrete massifs leads to a noticeable increase in the required thickness of the necessary 
thermal insulation. 

Аннотация. В настоящей работе рассматриваются вопросы термической трещиностойкости 
массивных бетонных и железобетонных конструкций в период строительства. Представлены 
результаты расчетного исследования по оценке влияния температуры твердения на процесс 
тепловыделения бетона. Проведен анализ термонапряженного состояния массивной 
фундаментной плиты при фиксированной толщине теплоизоляции, получены значения 
минимальных толщин поверхностной теплоизоляции, обеспечивающих трещиностойкость 
конструкции. Расчеты выполнены при различных высотах плиты с учетом влияния температуры 
твердения на тепловыделение и без данного учета. Проведенное исследование показывает, что 
не учет влияния температуры твердения на процесс тепловыделения в задачах обеспечения 
трещиностойкости бетонных и железобетонных массивов приводит к заметному увеличению 
требуемой толщины необходимой теплоизоляции. 

1. Introduction 
Calculations of thermal cracking resistance of the massive concrete and reinforced concrete 

structures during the building period are based on thermal stressed state definition and thermal field 
irregularity inside of these structures [1–5]. In the design and construction of massive concrete and 
reinforced concrete structures, much attention is paid to the regulation of the temperature regime of the 
concrete mix during the construction period [6–9]. This is due to the fact that the reaction of cement 
hydration during the hardening of concrete leads to the release of a noticeable amount of heat which 
gives rise to the temperature of concrete [10–14]. The resulting irregular thermal fields in the structure 
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generate tensile thermal stresses, first on the surface of the structure and then in its central zones, and 
are the main cause of the formation of thermal cracks [15–17]. 

Using a complex of special structural and technological measures for the erection (covering the 
surface of the structure with thermal insulation, peripheral concrete electric cable, forced cooling of the 
concrete mix, pipe cooling of the plate), it is possible to ensure the absence of thermal cracks in the 
building period in the construction [18–20] 

Calculations of the thermal stressed state of concrete plates in the building period and the 
assessment of cracking resistance are classified as complex problems in the mechanics of a solid 
deformed body. Some researchers close to solution of these problems in a simplified variant. The 
influence of the hardening temperature on the heat dissipation of concrete [21–24] and its deformation 
characteristics is not taken into account in part of the techniques used in practical calculations at the 
present time. 

The purpose of this work is to estimate the influence of the hardening temperature on the process 
of heat dissipation of massive concrete and reinforced concrete structures in the calculations of the 
thermal stressed state and cracking resistance in the building period and the calculation justification for 
the need for such accounting 

2. Methods 
Calculation of the thermal stressed state of a concrete foundation slab during the hardening period 

is carried out with the help of the TERM software developed by the staff on the Structural Mechanics and 
Building Structures department of the Institute of Civil Engineering at the Peter the Great St.Petersburg 
Polytechnic University [25]. The program takes into account the influence of temperature on the 
thermophysical and deformative characteristics of concrete. In order to estimate the cracking resistance 
of the concrete foundation slab, we would use the deformation criterion suggested by P.I. Vasiliev [13]. 
According to this criterion, concrete elongation deformations, determined in view of the concrete creep 
factor and variable deformation modulus, should not exceed the ultimate concrete elongation. 

Considering horizontal mats sizes significantly exceed their height, we can study a one-
dimensional structural model for the mat central part with the reasonable degree of accuracy. In this 
model, stress and temperature are functions of the vertical coordinate space. 

Consider B35 foundation slab (thickness varies from 1.0 to 3.0 m) with the cement consumption of 
340 kg/m3. The concrete bedding layer B12.5 with the grade foundation supports the foundation slab. 
Thermal and physical characteristics of the concrete B35 are defined by the concrete thermal conductivity 
λ = 2.67 W/(m∙°C) and thermal capacity c = 1.0 kJ/(kg∙°C). The air temperature is 20 °C, the concrete mix 
is 20 °C. The top surface of the slab is open – it does not have a special thermal insulation. 

The heat dissipation process follows the I.D. Zaporozhets equation [26]. The equation parameters 
I.D. Zaporozhets gets from experimental evidence on concrete heat dissipation. 

     1

1

max 11 


 mTAQQ   (1) 

where maxQ  – is limit to which heat dissipation of concrete tends; 

TA  – the heat release coefficient characterizing the rate of heat release at a constant temperature 

T;  

т – the order of the water hydration reaction, which depends on the type of additives used for 
portland cement ( from 1.1 to 2.3) 

The effect of hardening temperature on the heat release of concrete is carried out using the 
temperature function: 



21

2

TT

Tf



 , 

where   – the characteristic temperature difference.  

When the the temperature function  21 TT  is 2Tf , that is when the temperature is raised 

by   degrees, the rate of heat dissipation will increase by 2 times. 
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In this paper there is suggested the hypothesis of "reduced time" according to which at times of 

equal heat dissipation 21 QQ  , where 1Q , 2Q  are the heat dissipations at temperatures respectively 1T

, 2T . The ratio of the rates of heat dissipation as well as the corresponding terms 𝜏2 and 𝜏1 remains 

constant throughout the process and equal to the temperature function: 

 

 

The parameters of the heat dissipation process were determined experimentally: heat-liberation 
value of cement q = Q / C = 482.2 kJ/kg; А20 = 2.12∙10 -6 c-1. The cement consumption C is 340 kg/m3.  

As shown in [22] it is possible to neglect the influence of the hardening temperature on the 
remaining thermophysical characteristics of concrete (thermal diffusivity, heat capacity, thermal 
conductivity) in calculations of the thermal stressed state of massive concrete and reinforced concrete 
structures during the building period. 

3. Results and Discussion  

3.1. Investigation of the effect of temperature hardening on the heat dissipation 
process 

We will illustrate the results of calculations using a 2.0 m thick plate as an example. The graph of 
the temperature changes in the control points of the slab (top surface, bottom surface and center) is 
shown in Figure 1 

 

Figure 1. The graph of the temperature dependence in the center and on the top of the slab  
(solid line with the influence of temperature of hardening, dash line without of such influence) 

Analysis of the results shows the following:  

1. The nature of the change in temperature in the center and on the upper surface of the base 
slab in time is the same in both cases. 

2. Without taking into account the influence of the hardening temperature on the process of heat 
generation (dash lines), the maximum temperature in the center of the slab is reached on the 5th day 
from the moment of laying the mixture and is 47.5 °C, and on the upper surface – on 3-rd day and is 
24.9 °C. 

3. Accounting for the effect of temperature (solid line) gives a peak at 63.8 °C in the center of the 
slab for 3rd day, and on the upper surface, the peak occurs on 2nd day and is 28.2 °C. 

In such a way ignoring the influence of the hardening temperature on the heat dissipation process 
leads to an underestimation of the temperature in the center of the plate (by 26 %) and on the upper 
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surface (by 12 %). The moment of formation of the peak of temperature rise in the structure shifts to an 
earlier period (from 5 days to 3 days). 

Figure 2 shows the graphs of the stress changes at the reference points of the foundation slab (the 
upper surface and the center) ignoring and taking into account the effect of hardening temperature on the 
heat dissipation of concrete. 

 

Figure 2. The graph of the dependence of thermal stresses in the center and on the top surface of 
the slab on time without taking into account and taking into account the effect of hardening 

temperature on heat dissipation 

Analysis of the results shows the following:  

1. The character of the change in thermal stresses in the center and on the upper surface of the 
slab is the same. 

2. The maximum stresses at the peak of exothermic warming without taking into account the 
effect of hardening temperature on the heat dissipation (red dash line) are observed on 4-th day: tensile 
stresses on the slab surface are 1.38 MPa, compressive in the center are 0.57 MPa. In the first day 
cracks on the surface of the slab are observed – the criterion for cracking resistance is not satisfied by 
35 %. The thickness of the surface layer of thermal insulation ensuring the absence of cracks is 0.5 cm, 
(coefficient of heat conductivity λ = 0.03 W / m∙°C). 

3. Taking into account the effect of hardening temperature on the process of heat dissipation, the 
maximum stresses are observed on 3-rd day: tensile at the slab surface – 2.43 MPa, compressive in the 
center of the slab – 0.93 MPa. The formation of cracks is observed in the first day (the criterion is not 
satisfied by 61 %). The thickness of the surface layer of thermal insulation, ensuring the absence of 
cracks is 6.1 cm, (coefficient of heat conductivity λ = 0.03 W / m∙°C). 

In such a way  ignoring the influence of the hardening temperature on the heat dissipation process 
leads to an underestimation of tensile stresses on the upper surface of the slab by 43 %, and 
compressive in the center of the plate by 38 %. In addition, dangerous tensile stress at earlier times (shift 
for one day). The calculation results are close to the actual data [9]. 

With an increase in the thickness of the foundation slab, an increase in the hardening temperature 
in the center, on the upper and lower surfaces of the slab was observed, and the thermal stresses at 
these control points also increased. (Figures 3, 4). 
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Figure 3. The graph changes the temperature in the center, on the top and bottom surfaces of the 
plate, depending on the thickness without taking into account and taking into account the 

influence of the hardening temperature on the heat dissipation 

 

Figure 4. The graph of the dependence of the change in thermal stresses in the center and on the 
upper surface of the slab depending on the thickness of the slab without taking into account and 

the influence of the hardening temperature on the heat dissipation 
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In studies carried out by some authors earlier [21, 22] a calculation evaluation of the effect of 
hardening temperature on the thermal stressed state of massive concrete hydraulic structures was 
carried out. As is known, concrete mixtures used for such structures have a relatively low consumption of 
cement and a relatively low heat dissipation. In this paper concrete was considered with a significant 
cement consumption, cement also had a relatively high specific heat dissipation (concretes with similar 
characteristics were used for the construction of base slabs of nuclear power plants and other unique 
buildings and structures).  

4. Conclusions 
The results of the conducted experiments allow us to make following conclusions: 

1. Not taking into account the effect of hardening temperature on the process of heat generation 
of massive concrete and reinforced concrete structures in the calculation of the thermal stressed state 
leads to a significant underestimation of the temperature at control points (up to 26 %) and tensile 
stresses (up to 43 %) on the slab surface. 

2. The safe thicknesses of the surface thermal insulation, determined without taking into account 
the influence of temperatures, have significant deviations (upwards) from similar values obtained with 
such influence. Deviations were up to 92 %. 

3. When the thickness of the slab is increased from 1.0 to 3.0 m, taking into account the 
influence of temperature leads to an increase in the maximum temperature in the body of the slab from 
22 % to 52 %, and the maximum deformation of elongation on the plate surface is from 21 % to 60 %.  
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Abstract. Fiber Reinforced Polymers (FRP) are commonly used nowadays for strengthening 
deteriorated structures. The purpose of this research was to determine the combined behavior of 
masonry walls and reinforcing meshes together, according to their deformation characteristics. A sample 
wall with average masonry parameters and seven different common polymer nets on them were modeled 
in Abaqus Software. Moreover, a case study wall was also modeled according to the strength values 
obtained from direct testing of a demolished masonry wall that was shaped as secondary blocks for 
reusing purposes. In addition to the analysis of this plain recovered wall, the strengthened version of it 
with carbon fiber polymer mesh was also modeled. The results obtained from the theoretical sample wall 
and the case study wall with plain and reinforced alternatives stated that; the compatibility of deformation 
characteristics between the wall and the reinforcing mesh is the key for combined strength behavior of 
the wall. Lastly, besides illustrating and discussing all the stress-strain conditions for the analyzed cases, 
this study also offered a formula for the detection of combined behavior in question, according to the 
material properties of unreinforced wall and reinforcing mesh separately. This formula is quite useful in 
order to decide to the suitable mesh type prior to the application. 

Аннотация. Композитное поверхностное армирование обычно используются в настоящее 
время для усиления повреждённых конструкций. Цель исследования предполагала определение 
поведения кладки стен и армирующих сеток при их совместной работе с учётом их 
деформационных характеристик. Образец стены с усреднёнными характеристиками кладки и семь 
разновидностей композитного армирования были смоделированы в программном комплексе 
Abaqus. Кроме того, для оценки возможности применения подобной симуляции к реальным 
конструкциям, был произведён расчёт восстановленной каменной стены с учётом характеристик, 
полученных по результатам лабораторных испытаний. Учитывались случаи неармированной 
стены и стены с композитным поверхностным армированием. Результаты, полученные при 
моделировании условно принятой стены и практического случая, показали, что совместимость 
деформационных характеристик каменной стены и материала поверхностного армирования 
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является ключевой в совместной работе всей конструкции. Также была предложена формула для 
определения степени деформационной совместимости в зависимости от свойств материала 
неармированной стены и поверхностного армирования. Определение деформационной 
совместимости может быть применимо при подборе вида поверхностного армирования. 

1. Introduction 
Unreinforced masonry has been widely used as a construction technique in the building industry 

throughout history. Most of these buildings are still in service and some of them require strengthening in 
order to adapt the structure to a new use or to fulfill the requirements of current regulations. Among the 
masonry structures, the most difficult ones to analyze are vaults and others under the impacts of 
compression and bending. Several prerequisites were proposed for calculating and evaluating the 
strength of such structures by the researchers [1–6] and many works were devoted to this issue [7–14]. 
Besides the investigations on masonry structures such as destructive, semi-destructive and non-
destructive testing; there are also available formulae and tables representing the strength of masonry 
walls by the strength of masonry components separately. Since masonry is a composite body out of unit 
and mortar, the researchers state that, the most realistic strength result could be obtained when the 
combined behavior of masonry unit and masonry mortar is well represented [15]. Even after detecting the 
effective strength of a masonry structure, a new question i.e. suitable method for its strengthening 
appears. 

Nowadays, one of the widely used reinforcing methods for strengthening damaged concrete and 
masonry structures is the use of Fiber Reinforced Polymers (FRP) in the form of plaster nets [16]. These 
polymers are applied as embedded meshes within the cement based plasters on the structure’s surface, 
and are commonly available in two different geometries i.e. grid texture or a striped texture as illustrated 
in Figure 1.  

 

Figure 1: Grid and stripe textured FRP meshes within the plaster 

The FRP nets are produced out of different materials such as carbon, glass, basalt and steel fibers 
in order to achieve the desired strength and compatibility with the deteriorated structures [17, 18]. 
Although many researchers have already focused on the relation of reinforced concrete structures and 
FRP based strengthening techniques, this relation is not well studied yet and hence not clear for the 
masonry structures. The available studies point out that a serious increase could be achieved in the 
strength of masonry with the help of FRP meshes [19–26]. Although, most of these studies determined 
the ultimate destructive loads and types of failures under various reinforcement technologies, they did not 
well define the comparative behavior of different reinforcing materials under one specific condition.  

Lastly it was clearly shown that the performance of the strengthening system strongly depends on 
the accuracy of the installation, the preparation of the substrate surface and the curing condition of the 
plaster [20].  

A significant amount of researches on FRP strengthening is devoted to their use on protecting the 
structures against seismic impacts [27–32]. The results show that; seismic resistance of masonry 
structures can be substantially improved with proper use of FRPs. On the other hand, it is a known fact 
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that, masonry has different behaviors under static and dynamic loads. Although many studies focused on 
strengthening for dynamic loads, this relation still requires to be studied in terms of static loads.  

Lastly, in addition to the seismic studies, FRP strengthening can also propose opportunities in the 
field of reuse of construction materials. It is a known fact that, many concrete and masonry buildings are 
either deconstructed or demolished, though their component material still has good quality. Even though 
the separated material still has good quality; their re-integration as a new component can require 
alternative techniques in order to achieve the expected unity and strength. From this perspective, the 
FRP meshes appear as a featured way to sustain the unity between the recovered materials as a new 
component. 

Besides the alternative studied explained above, the main hypothesis of this study was clarified as 
that; the combined behavior of strengthening intervention and masonry structure in the yielding zone is 
influenced more by the elastic modulus rates of the FRP and the masonry structure than the strength 
capacity of the FRP mesh. Therefore, in this paper deformation characteristics of a masonry structure 
and different types of FRP meshes as well as their combined behavior were analyzed in numerical 
manners. Hence, the objectives of the study can shortly be noted as follows: 

 Evaluation of non-linear behavior of a masonry structure under eccentric loading, that is 
reinforced by different types of FRP meshes 

 Comparison of different stress-strain states of this structure  

 Determination of relative deformations of the FRP meshes and the adjacent masonry wall 

 Determination of the impacts of FRP mesh addition, to a material reuse project as a case study 

2. Methods 
A masonry model was used considering its non-linear behavior for the simulation. The model was 

constructed in Abaqus 6.14 Software, using so-called “Extended” Finite Element Method that takes the 
initiation possibility of cracks and their growth, into account [33]. 

The simulation was carried out in a plane problem formulation. The eccentrically loaded masonry 
wall (under the combined action of compression and bending) was analyzed. The analytical model 
included a masonry wall element, concrete distribution plate [through which the load was transferred] and 
a composite reinforcing mesh that is rigidly connected to the masonry as illustrated in Figure 2. Under the 
proposed loading configuration, the expected deformation is also illustrated in the Figure. 

 

Figure 2. Schema of the masonry wall model used for the simulation  
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Seven models based on different FRP reinforcement types were used: Basalt grid (BFRP grid), 
Aramid stripe (AFRP grid), Natural fiber grid (NFRP grid), Glass fiber grid (GFRP grid), Glass fiber stripe 
(GFRP stripe), Carbon fiber grid (CFRP grid) and Carbon fiber stripe (CFRP stripe). Additionally, a 
reference model i.e. unreinforced (plain) masonry was obtained for the sake of comparisons. The 
characteristics of the materials given Table 1 were adopted from the studies of other researchers [6, 34].  

Table 1. Mechanical properties of considered materials [Adapted from reference 6, 29]  

Material 

Modulus of 
elasticity, 

E  

Poisson 
coefficient, 

  

Tensile strength,  

t  

Compressive 
strength, 

c  

GPa – MPa MPa 

Basalt (grid) 85 – 400 – 

Aramid (stripe) 120 – 320 – 

Natural fiber (grid) 25 – 180 – 

Glass fiber (grid) 70 – 280 – 

Glass fiber (stripe)  105 – 250 – 

Carbon fiber (grid) 230 – 350 – 

Carbon fiber (stripe) 280 – 350 – 

Plain Masonry 25 0.2 0.1 2 

 

Non-linear behavior of the masonry wall under compression was specified by the piecewise 
approximation based on deformation characteristics of the masonry sample as shown in Figure 3, 
according to the data obtained from the other studies [14, 35]. When the data from these studies were 
used for simulation, it is found that a crack is initiated in the masonry element as soon as the tensile 
stress reaches to 0.1 MPa. Additionally, the stresses in the masonry element were redistributed when the 
crack appears.  

 

Figure 3. Plasticity diagram of the masonry wall sample  

Lastly, a case simulation was completed in order to see how FRP mesh addition can add to a 
material reuse project. A study completed by a group of researchers offers a recovery project for the 
debris came out from the demolition of a brick masonry building [36]. In this study, the broken wall pieces 
(out of solid brick and cement based mortar) were collected from the accumulated debris and they were 
shaped in order to obtain prismatic blocks for compressive and shear tests as illustrated in Figure 4 and 
the test results were presented in Table 2.  
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Figure 4. Accumulated brick debris on the demolition plot, prism preparation for compression and 
shear test and test set-ups 

Table 2. Test results of compression1 (upper side) and shear blocks2 (lower side) [31] 

Prism Area [cm2] Load [kN] Fmt sample [kN/cm2] K Fmt corrected [MPa] 

1 408.59 575 1.41 

0.75 

10.55 

2 401.77 435 1.08 8.12 

3 436.77 432.5 0.99 7.43 

      

Mean 8.70 sd 1.34 COV 0.15 

 

Prism A1+A2 [cm2] F [kN] F 0i [MPa]  Mean 0.16 

4 484.77 11.66 0.24  sd 0.05 

5 472.33 5.33 0.11  COV 0.33 

6 428.33 6.00 0.14    

 

                                                   
1 According to the researchers of the reference study [36], compression test was done according to ASTM C1314: Standard Test 
Method for Compressive Strength of Masonry Prisms (2014) and K is the correction factor to convert the obtained prism results 
into standard cube strength. K is dependent on the proportions of the prism, the prisms for this research was 20x20x20 cms and 
the closest available proportion was 1:1.3 with 0.75 constant value.  
2 Reference study [36] states that, EN 1052-3: Methods of Test for Masonry, Part 3: Determination of Initial Shear Strength 
(2007) was used as shear test method.  
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Figure 5. The schema for the material reuse case simulation 

As stated in Table 2, the mean compressive strength of these blocks are 8.70 MPa while the mean 
shear strength for the bed mortar of them is 0.16 MPa. Although both values are quite promising in terms 
of reusability according to the limit definitions in the sources3, the integrity of these blocks as a new wall 
is a question to be answered. One featured answer is the use of FRP meshes as a plaster net for better 
bonding characteristics as illustrated in Figure 5, obtained according to the system noted in Figure 1. 
Consequently, the test results obtained from the recovered blocks presented in Table 2 were used for the 
simulation of a masonry wall with the addition of Carbon fiber grid (CFRP) according to the loading 
schema given in Figure 2. The outcomes obtained from this simulation are presented in the results 
section and their comparison with the default values are presented in the discussion section. 

3. Results and Discussion 
The results obtained from the simulations belong to the mid height of the masonry element on the 

compressive zone side (the wall surface without the reinforcement) as illustrated in Figure 6. The 

diagrams in this figure illustrate Strain, yy , on X axis versus Stress, yy , on Y axis. As seen in this 

Figure, there are sudden changes in all diagrams that are stress jumps caused by crack initiation and 
resultant sudden redistribution of stresses. Larger amplitude of jump with an earlier time of the crack is 
distinctive for FRP with a higher modulus of elasticity as the graphs of glass fiber stripe or carbon fiber 
grid reinforced masonry walls illustrate in Figure 6. This big-scale stress jump reflects the initiation of the 
main crack, sharp decrease in the cross section and local strength loss for the masonry element in the 
compressed zone. When the stress increases again, the jump is completed as a result of the inclusion of 
adjacent masonry region in plastic state. Moreover, the second jump in the diagrams reflects the 
occurrence of a new large crack and one more strength loss for the masonry wall. This dual crack 
formation is not observed in plain masonry wall and its destruction starts with the first main crack as 
illustrated with a model in Figure 8.  

Lastly, the expected depth of cracks are shown with the stress distribution schema in Figure 7. 
(Embedded within Figure 6). In general, crack formations were local and took almost the same form in 
each FRP type in the final stage, except aramid and glass fiber stripes. In these two cases, the main 
crack appeared and passed through 60 % of the section. 

                                                   
3 The researchers of the reference study [36] concluded that, the compressive strength value obtained from the direct tests on the 
prisms (shaped wall sections) is higher compared to the allowable strength value indicated in related national standard [37]. This 
document defines the allowable masonry wall strength according to a formula based on the strengths of brick and mortar. The 
researchers checked the brick and mortar strengths one by one as well as wall prims for the comparison [36]. Additionally, the 
researchers stated that, the shear value obtained from the tests is higher compared to the limiting value defined in Eurocode 6, 
Design of Masonry Structures – Part 1-1: General Rules for Reinforced and Unreinforced Masonry Structures (1996). 
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.  

Figure 6. Stress-strain diagrams for compressive zone 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. The type of cracks on 
analytical model of AFRP (Aramid)  
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Figure 84. Deformation of the FRP meshes and the adjacent masonry walls, tension zone 

Diagrams showing the deformation of FRP meshes and the adjacent masonry walls in tension 
zone were plotted in Figure 8 to analyze the possible slippage of the mesh and its full separation from the 
masonry body. These diagrams reflect the deformation levels in FRP and the masonry when the load 
reaches to maximum.  

                                                   
4 Diagram for Naural fiber mesh reinforced wall is opposite of the others in terms of capacity comparison of the masonry wall 
and the reinforcement. This result is expected since this mesh type has quite low modulus of elasticity.  
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Lastly, the results obtained from the simulation of the case study wall i.e. the masonry body out of 
recovered wall sections is given in Figure 9. The compressive strength value that was obtained from 
direct test of wall prism i.e. 8.7 MPa was used to derive and calculate the modulus of elasticity according 
to the formula given below5:  

𝐸 = 𝑓𝑚𝑡 ∗ 𝛼 

= 8.7 ∗ 1000 

= 8700 𝑀𝑃𝑎, 
(1) 

[37] 
where 𝛼 = 1000 is elastic characteristic of masonry with mortar type M106  

Lastly the tensile strength of recovered masonry wall was assumed same as the sample wall 
(0.1 MPa), while the mean shear strength value 0.16 MPa (Table 2) was used as the modeling parameter 
in Software. The two diagrams plotted in this Figure illustrate the stress-strain diagrams for the 
unreinforced wall and its strengthened version with carbon fiber grid mesh. 

 

Figure 9. Stress – strain diagram of the recovered masonry wall on the left hand side and its 
reinforced version with CFRP grid mesh on right hand side 

These two diagrams in Figure 9 illustrate that; the reinforced wall has slightly larger stress capacity 
i.e. the maximum stress for unreinforced version is about 8.0 MPa while the reinforced one can reach up 
to about 8.5 MPa. Additionally, the strain capacity of reinforced one reaches to 0.0015 mm while the 
unreinforced one is about 0.0011 mm. Moreover, the unreinforced masonry is rapidly destroyed by the 
crack growth in the tension zone that results in critical cross sectional reduction, which is visible with the 
sharp fall in the diagram, while the reinforced wall can keep the bearing capacity even after the first fall 
i.e. first main crack in the diagram as seen in Figure 9. In the reinforced case, the CFRP mesh prevents 
the growth of the first main crack at a certain stage that appears as a jump in the stress diagram for the 
reinforced wall. Since the main crack is restrained, the bearing capacity of the masonry wall slightly 
increases until the appearance of new cracks. These new cracks are also neutralized by the 
reinforcement until the fourth main crack as illustrated in Figure 10 and their reflectance as small stress 
jumps in Figure 9.  

Lastly, when the comparative crack formations are analyzed for these two wall options, it is clear 
that only one single region occurs for the plain wall while this region is reduced and divided into two, for 
the reinforced alternative as seen in Figure 10. 

In plain masonry wall case, there is no source for significant shear stress as seen in Figure 11. 
Additionally, the shear failure occurs in the reinforced surface of the masonry wall when the tangential 
stresses reaches to shear strength limit, since FRP cannot provide its full strength capacity. The FRP 
could provide the best performance when its modulus of elasticity is close to masonry wall, in other words 
the two components are compatible in terms of deformation properties.  

One final aspect to be clarified is the behaviors of recovered masonry wall and the CFRP 
reinforcing grid mesh. Their diagrams in terms of time and deformation are given in Figure 12 below. 
These diagrams are presented in order to have an opinion on their compatibility as well as the 

                                                   
5 National Standard [SNIP II-22-81], (2012). 
6 The mean compressive strength of mortar obtained from direct tests is convered into 14.13 MPa cube strength [36] 
and it falls into M10 type. 
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comparison to the sample wall and different reinforcement alternatives on it, as explained in the previous 
sections of this study.  

Unreinforced masonry time-strain diagram here and time-strain diagram for masonry and carbon 
fiber grid mesh together (as the diagrams in Figure 8), the tension zone. 

 

 

Figure 10. Simulation of cracks for recovered 
wall 

Figure 11. Tangential stress diagram for recovered 
wall (tension side) 

 

Figure 12. Deformation of recovered masonry wall on the left hand side, and 
Deformation of the CFPR mesh and the adjacent recovered masonry wall on the right hand side, 

tension zone 

Following the analysis on seven different FRP meshes and their behaviors on a masonry wall 
sample as well as a recovery case study with and without CFRP reinforcing, all data obtained from the 
simulations are discussed in the following section. 

All the separate stress-strain diagrams obtained from the simulation of seven different FRP 
meshes on the sample masonry wall are gathered in Figure 13, for the sake of comparison. The curves 
are of similar nature, but the difference in the appearance of spikes and the formation of the fracture 
cracks are clearly distinguishable in this Figure. Comparatively the earliest formation of a crack was 
observed in a model with carbon fiber grid reinforcement (stripe version is also one of the earliest cracks), 
while the latest first jump i.e. latest crack appeared in the basalt fiber grid reinforcing model. The first 
jumps of the NFRP grid and AFRP stripe reinforced masonry walls are located almost in the same point. 
Lastly, the largest amplitude of the jump occurred in the masonry model with GFRP grid reinforcement.  
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Figure 13. Stress-strain diagram of reinforced masonry alternatives in compression zone 

Aramid and glass fiber stripe reinforced masonry walls experienced large cracks that are deeper 
than 60 % of the wall section but there is no explicit reflection of this on their stress-strain states as 
shown in Figure 13. This could be interpreted as that, the cracks reached to this significant depth only 
after the second stress jump was passed, namely; the samples reached their limits of bearing capacity on 
the second sharp fall. In case of aramid and glass fiber stripe, this second sharp fall resulted in fast 
growth of the first main crack, instead of initiation of new big crack as appeared in the other cases. 

Diagrams in Figure 8 show that, the difference in deformation of the reinforcement mesh and the 
adjacent masonry wall reaches to significant values in some cases (as seen in pre-crack part of strain 
diagrams and especially in case of CFRP stripe, where strain difference grows up long before the 
initiation of the first main crack). As an example, the deformation of CFRP stripe mesh is twice as large 
as the deformation of the adjacent masonry wall, which can cause the slippage of the reinforcement from 
the surface. Although it is not possible to determine the relative strain difference resulting in slippage, 
with the help of a numerical model, where the experimental data from the real samples are compulsory; it 
is possible to detect the relative deformation compatibilities from the strain diagrams. Thus, the simplest 
expression of the deformation compatibility is the sum of the difference between relative strains of 
reinforcement and masonry wall; as noted in Formulae 2 and 3. 



1

0

,dt  (2) 

where   – Deformation compatibility; 

FRP M      – Strain difference of reinforcement and masonry body. 

Using the relative strain values can be a logical way to compare the deformation compatibility of 
the masonry body and the reinforcing mesh, as noted in Formula 3. The closer this value is to 1.0, the 
higher the relative deformation compatibility. 

𝛼𝑟𝑒𝑙 = 1 − (∑(|𝜀𝑖
𝐹𝑅𝑃 − 𝜀𝑖

𝑀| × 𝑡𝑖)

𝑖

) × 104 (3) 

 

where rel  – relative deformation compatibility; 

i  – Number of calculation iterations, where the deformation of the masonry wall and 

the reinforcing meshes are calculated in each step; 

𝑡𝑖 – Duration of each iteration 

Lastly, relative deformation compatibility values of seven different FRP meshes, analyzed in this 
study were calculated according to the suggested formula above, and the results are given in Table 3.  
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Table 3. Deformation compatibility of different FRP meshes  

Reinforcement Type 

Maximum strain difference,  

max  

Value of relative deformation 
compatibility, 

rel  

BFRP (grid)  4.63 ∙ 10−5  0.786 

AFRP (stripe) 3.51 ∙ 10−5 0.855 

NFRP (grid) 4.72 ∙ 10−5 0.898 

FGRP (grid) 4.54 ∙ 10−5 0.822 

FGRP (stripe) 4.50 ∙ 10−5 0.794 

CFRP (grid) 4.06 ∙ 10−5 0.86 

CFRP (stripe) 6.17 ∙ 10−5 0.715 

 
As noted in Table 3, the maximum strain difference is the lowest for AFRP reinforced model 

whereas it is the highest for CFRP-stripe reinforced model. Additionally, relative deformation compatibility 
value is maximum for NFRP-stripe reinforced model, while it is minimum for CFRP reinforced model. 
These values can be interpreted as that, regarding the low strain difference value and comparatively high 
relative deformation compatibility value; AFRP features as a favorable application for strengthening the 
modelled sample masonry wall, among the other alternatives. On the other hand, since both values in 
question are the maximum ones for CFRP stripe reinforced model, this wall – reinforcement combination 
appear as the least suitable one. Moreover, this model also demonstrated the earliest fracture crack in 
stress-strain diagram, in Figure 8, which confirms the incompatibility of its components. 

Table 3 indicates a large difference between the calculated values both for maximum strain values 
and relative deformation compatibility for reinforcing options. This deviation is a direct result of the distinct 
deformation diagrams of failures for reinforcing options; as already noted in Figure 8. 

Lastly, the maximum strain difference and relative deformation compatibility values were calculated 
for the recovered masonry wall and CFRP grid reinforcement combination; according to the Formulae 2 
and 3 as noted in Table 4.  

Table 4. Deformation compatibility for recovered wall and carbon fiber based reinforcement 
combination  

Reinforcement Type 
Maximum strain difference, 

max  

Value of relative deformation compatibility, 

rel  

CFRP – grid  5.14 ∙ 10−5 0.842 

 
Although only one type of reinforcement was modelled for the recovered masonry wall, these two 

values were still obtained in order to have a broad opinion on their comparison with the sample wall 

models noted in Table 3. The maximum strain difference is  5.14 ∙ 10−5 where the compatibility 
deformation value is 0.842. When these values are compared with the values for the sample wall in 
Table 3, two options appear. The maximum strain value obtained from CFRP grid on the recovered wall 
is between the CFRP strip and the CFRP grid on the sample wall. Although the relative deformation 
compatibility of CFRP grid on the recovered wall is closest to the AFRP strip on the sample wall, the 
value from CFRP grid on the sample wall is also very close. Consequently, regarding these two 
parameters together, the behavior and crack formation expectation for the CRRP grid on recovered wall 
would be most similar to the CFRP grid reinforcement on the sample wall.  

After obtaining strain difference and relative deformation compatibility values for the sample and 
the recovered masonry walls, the comments and summaries are presented in the following section.  

4. Conclusions 
The featured outcomes obtained by this study were presented and explained one by one in the 

following text.  

1. Stress-strain state and deformation compatibility of different fiber reinforced polymer (FRP) 
reinforcement types for masonry walls under eccentric load were obtained. 
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2. Stress jump reflecting the initiation of a main crack was presented as a possible way for 
determining the limit bearing capacity of FRP reinforced masonry walls. 

3. Different behaviors of representative masonry wall with and without FRP strengthening in the 
post-peak stage was determined. It was obtained that, the emergence of the main crack protects the wall 
from further damage and allows the strength contribution of the neighboring sections of the wall, when 
the reinforcement is present. On the other hand, the main crack results in the rapid destruction of the 
structure, if there is no reinforcement. 

4. Although this outcome requires further inquiry with real experiments, the simulation model 
illustrated that the main cracks continue more than 60% of the wall cross section; as obtained for AFRP 
and GFRP stripe reinforcement cases. 

5. It is shown that, the deformation diagrams of FRP meshes and the masonry wall can be used 
as a tool for determining their relative deformation compatibility. Additionally, this compatibility was 
pointed as the key element during the suitable reinforcement type selection according to the deteriorated 
wall in question.  

6. Although the FRP reinforcing resulted in a slight strength capacity increase in the reclaimed 
wall alternative (case study), its main impact appeared as increasing the ductility of the wall. The wall 
model without reinforcement showed a brittle, sudden failure while the reinforced case could keep its 
unity for a while even after the failure. This is a life-saving property for the structural elements, when the 
case is sustaining enough time for inhabitants to escape before the failure. 

7. The reinforcing mesh on the recovered wall case could have provided better shear strength 
behavior (since it has larger capacity) if its properties were more similar to the wall’s deformation 
characteristics.  

8. The values of maximum strain difference and the relative deformation compatibility for the 
CFRP reinforced, recovered wall case was closest to the CFRP stripe strengthened sample masonry 
wall. These approximate values are pointed as expectable behavior similarities for these two cases. 

In brief, besides the 8 items noted above, the simulation software used for this study (Abaqus) 
showed its usefulness in terms of deformation compatibility calculations. On the other hand, the 
verification and refinement of the simulation results as well as combined behavior detection of masonry 
and reinforcement mesh (especially under compression and bending) require full scale experiments. 

References 
1. Bespalov V.V., Zimin S.S. The strength of masonry vaulted 

structures. Construction of Unique Buildings and 

Structures. 2016. No. 11(50). Pp. 37–51. (rus) 

2. Zimin S.S., Kokotkova O.D., Bespalov V.V. Vault structures 
of historical buildings. Construction of Unique Buildings and 

Structures. 2015. No. 2(29). Pp. 57–72. (rus) 

3. Zimin S.S., Bespalov V.V., Skripchenko I.V. Spandrels 

influence on the stress state of masonry vaults. 
Obsledovanie zdanij i sooruzhenij: problemy i puti ih 
resheniya: Materialy VII mezhdunarodnoj nauchno-

prakticheskoj konferencii. Izd-vo SPbGPU, 2017.  

Pp. 133–144. (rus) 

4. Skripchenko I.V., Bespalov V.V., Lukichev S.Y., Zimin S.S. 
Unconventional cases of the stone vaults. Construction of 
Unique Buildings and Structures. 2017. No. 2(53).  

Pp. 87–95. 

5. Bespalov V., Orlovich R., Zimin S. Stress-Strain State of 
Brick Masonry Vault with an Aperture. MATEC Web of 

Conferences. 2016. No. 53. 01009. 

6. Sousa R., Guedes J., Sousa H. Characterization of the 
uniaxial compression behavior of unreinforced masonry–

Sensitivity analysis based on a numerical and experimental 
approach. Archives of Civil and Mechanical Engineering. 

2015. No. 15. Pp. 532–547. 

7. Ulybin A.V., Startsev S.A., Zubkov S.V. Humidity control in 
the inspection of masonry structures. Magazine of Civil 
Engineering. 2013. No. 7(42). Pp. 32–39. (rus) 

8. Silva B., Pappas A., Valluzzi, M.R., Porto F., Modena C. 
Calibration of a numerical material behaviour model for the 
simulation of multi-leaf stone masonry walls. Structural 
Analysis of Historical Constructions. 2012. Pp. 575–583. 

9. Bisoffi-Sauve M. Etude des ouvrages maçonnés en pierre 

Литература 
1. Беспалов В.В., Зимин С.С. Прочность каменной кладки 

сводчатых конструкций // Строительство уникальных 

зданий и сооружений. 2016. № 11(50). С. 37–51.  

2. Зимин С.С., Кокоткова О.Д., Беспалов В.В. Сводчатые 
конструкции исторических зданий // Строительство 

уникальных зданий и сооружений. 2015. № 2(29).  
С. 57–72.  

3. Зимин С.С., Беспаолв В.В., Скрипченко И.В. Влияние 
распалубок на напряженное состояние каменных 
сводов // Материалы VII международной научно-

практической конференции (Обследование зданий и 
сооружений: проблемы и пути их решения). СПб.: Изд-
во СПбПУ, 2017. С. 133–144.  

4. Скрипченко И.В., Беспалов В.В., Лукичев С.Ю., 
Зимин С.С. Нетипичные случаи каменных сводов // 
Строительство уникальных зданий и сооружений. 2017. 

№ 2(53). С. 87-95.  

5. Bespalov V., Orlovich R., Zimin S. Stress-Strain State of 

Brick Masonry Vault with an Aperture // MATEC Web of 
Conferences. 2016. No. 53. 01009.  

6. Sousa R., Guedes J., Sousa H. Characterization of the 

uniaxial compression behavior of unreinforced masonry–
Sensitivity analysis based on a numerical and experimental 
approach // Archives of Civil and Mechanical Engineering. 

2015. №15. Pp. 532–547.  

7. Улыбин А.В., Старцев С.А., Зубков С.В. Контроль 
влажности при обследовании каменных конструкций // 

Инженерно-строительный журнал. 2013. № 7(42).  
С. 32–39.  

8. Silva B., Pappas A., Valluzzi M.R., Porto F., Modena C. 
Calibration of a numerical material behaviour model for the 
simulation of multi-leaf stone masonry walls // Structural 

148



Magazine of Civil Engineering, No. 2, 2018 

 

Bespalov V.V., Ucer D., Salmanov I.D., Kurbanov I.N., Kupavykh S.V. Deformation compatibility of masonry and 

composite materials. Magazine of Civil Engineering. 2018. No. 2. Pp. 136–150. doi: 10.18720/MCE.78.11. 

par la méthode des éléments discrets: caractérisation et 

modélisation du comportement cohésif des joints. 
Mécanique des structures. Ph.D. Thesis. Universite de 

Bordeaux. 2016. 191 p. 

10. Bisoffi-Sauve M. Caractérisation et modélisation des joints 
de mortier dans les structures maçonnées en pierre. 
34èmes Rencontres de l’AUGC. Université de Liège, 

Belgique. 2016. Pp. 1–8. 

11. Villemus B. Etude des murs de soutenement en 
maconnerie de pierres seches. Ph.D. Thesis. Ecole 
L’institut National des Sciences Appliquees de Lyon. 2004. 

254 p. 

12. Bagneris M., Dubois F., Martin A. Numerical analysis of 
historical masonry structures for stone degradation 
diagnosis: An application to the Roman Amphitheater of 
Nîmes. Digital Heritage. 2013. Pp. 521–528. 

13. Tabbakhha M. Multiscale methodology for vulnerability 
assessment of masonry structures. Ph.D. Thesis. Ecole 

Centrale Paris. 2013. 241 p. 

14. Derkach V.N. Kamennoye zapolneniye karkasnykh zdaniy: 

prochnost, zhestkost i silovoye vzaimodeystviye s 
karkasom [Masonry filling of frame buildings: strength, 

stiffness and force interaction with the frame]. D.Sc Thesis. 

Brest, 2016. 260 p. (rus) 

15. Zubkov S.V., Ulybin A.V. and Fedotov S.D., Assessment of 
the mechanical properties of brick masonry by a flat-jack 
method. Magazine of Civil Engineering. 2015. No. 8. 

Pp. 20-29. 

16. Parghi A., Alam S. A review on the application of sprayed-
FRP composites for strengthening of concrete and 
masonry structures in the construction sector. Composite 

Structures. 2018. No. 187. Pp. 518–534. 

17. Shaw I., Andrawes B. Repair of damaged end regions of 
PC beams using externally bonded FRP shear 
reinforcement. Construction and Building Materials. 2017. 

No. 148. Pp. 184–194. 

18. Gattulli V., Lampis G., Marcari G., Paolone A. Simulations 
of FRP reinforcement in masonry panels and application to 
a historic façade. Engineering Structures. 2014. No. 75. 

Pp. 604–618. 

19. Valluzzi M.R., Binda L., Modena C. Mechanical behaviour 
of historic masonry structures strengthened by bed joints 
structural repointing. Construction and Building Materials. 

2005. No. 19. Pp. 63–73. 

20. Bernat-Maso E., Escrig C., Aranha C.A., Gil L. 
Experimental assessment of Textile Reinforced Sprayed 
Mortar strengthening system for brickwork wallettes. 
Construction and Building Materials. 2014. No. 50. 

Pp. 226–236. 

21. Shaheen E., Shrive N.G. Strengthening of masonry 

columns with sprayed glass fibre reinforced polymer 
(SGFRP). 10th Canadian Masonry Symposium. Banff, 

Alberta. 2005. Pp. 1–10. 

22. McGinley W.M., Corzo A.M., Gergely J., Foster P.B., 
Young D.T. A design methodology for FRP systems for 
masonry structures. 10th Canadian Masonry Symposium. 

Banff, Alberta. 2005. Pp. 34–44. 

23. Zanaz A. Approche probabiliste d’aide au diagnostic des 

voûtes en maçonnerie. Ph.D. Thesis. Université de 

Limoges. 2016. 208 p. 

24. Este A., Toson B., Saliba J., El Yagoubi J.,  
Mindeguia J.-C., Martin E., Morel S. A new approach to 
simulate interface damage in brittle matrix composites. 
Procedia Structural Integrity. 2016. No. 2. Pp. 2456–2462. 

25. Bernat-Maso E., Escrig C., Aranha C.A. Construction 
Experimental assessment of Textile Reinforced Sprayed 

Mortar strengthening system for brickwork wallettes. 
Building Materials. 2013. No. 50. Pp. 226–236. 

26. De Santis S., De Felice G. Bond behaviour of steel 

reinforced grout strengthening systems applied to the 
extrados of masonry vaults. Structural Analysis of Historical 
Constructions. 2016. Pp. 344–350. 

27. Garmendia L., San-Mateos R., García D., Gandini A., San-
José J.T., Marcos I. Retrofitting of masonry vaults with 
composite materials. Structural Analysis of Historical 

Analysis of Historical Constructions. 2012. Pp. 575–583.  

9. Bisoffi-Sauve M. Etude des ouvrages maçonnés en pierre 
par la méthode des éléments discrets: caractérisation et 
modélisation du comportement cohésif des joints. 
Mécanique des structures. Ph.D. Thesis. Universite de 

Bordeaux. 2016. 191 p.  

10. Bisoffi-Sauve M. Caractérisation et modélisation des joints 

de mortier dans les structures maçonnées en pierre. 
34èmes Rencontres de l’AUGC. Université de Liège, 
Belgique. 2016. Pp. 1-8.  

11. Villemus B. Etude des murs de soutenement en 
maconnerie de pierres seches. Ph.D. Thesis. Ecole 
L’institut National des Sciences Appliquees de Lyon. 2004. 

254 p.  

12. Bagneris M., Dubois F., Martin A. Numerical analysis of 

historical masonry structures for stone degradation 
diagnosis: An application to the Roman Amphitheater of 
Nîmes // Digital Heritage. 2013. Pp. 521–528.  

13. Tabbakhha M. Multiscale methodology for vulnerability 
assessment of masonry structures. Ph.D. Thesis. Ecole 
Centrale Paris. 2013. 241 p.  

14. Деркач В.Н. Каменное заполнение каркасных зданий: 
прочность, жесткость и силовое взаимодействие с 

каркасом. Дисс. д.т.н. Брест, 2016. 260 с.  

15. Зубков С.В., Улыбин А.В.,  Федотов С.Д.  Исследование 
механических свойств кирпичной кладки методом 

плоских домкратов  // Инженерно-строительный 
журнал. 2015. № 8(60). С. 20–29. 

16. Parghi A., Alam S. A review on the application of sprayed-
FRP composites for strengthening of concrete and 
masonry structures in the construction sector // Composite 

Structures. 2018. № 187. Pp. 518–534.  

17. Shaw I., Andrawes B. Repair of damaged end regions of 
PC beams using externally bonded FRP shear 

reinforcement // Construction and Building Materials. 2017. 
№ 148. Pp. 184–194.  

18. Gattulli V., Lampis G., Marcari G., Paolone A. Simulations 

of FRP reinforcement in masonry panels and application to 
a historic façade // Engineering Structures. 2014. № 75. 
Pp. 604–618.  

19. Valluzzi M.R., Binda L., Modena C. Mechanical behaviour 
of historic masonry structures strengthened by bed joints 

structural repointing // Construction and Building Materials. 
2005. № 19. Pp. 63–73.  

20. Bernat-Maso E., Escrig C., Aranha C. A., Gil L. 

Experimental assessment of Textile Reinforced Sprayed 
Mortar strengthening system for brickwork wallettes // 
Construction and Building Materials. 2014. № 50.  

Pp. 226–236.  

21. Shaheen E., Shrive N.G. Strengthening of masonry 

columns with sprayed glass fibre reinforced polymer 
(SGFRP) // 10th Canadian Masonry Symposium, Banff, 
Alberta. 2005. Pp. 1–10.  

22. McGinley W.M., Corzo A.M., Gergely J., Foster P.B., 
Young D.T. A design methodology for FRP systems for 
masonry structures // 10th Canadian Masonry Symposium, 

Banff, Alberta. 2005. Pp. 34–44.  

23. Zanaz A. Approche probabiliste d’aide au diagnostic des 

voûtes en maçonnerie. Ph.D. Thesis. Université de 
Limoges. 2016. 208 p.  

24. Este A., Toson B., Saliba J., El Yagoubi J., Mindeguia J.-

C., Martin E., Morel S. A New Approach to Simulate 
Interface Damage in Brittle Matrix Composites // Procedia 
Structural Integrity. 2016. № 2. Pp. 2456–2462.  

25. Bernat-Maso E., Escrig C., Aranha C.A. Construction 
Experimental assessment of Textile Reinforced Sprayed 

Mortar strengthening system for brickwork wallettes // 
Building Materials. 2013. № 50. Pp. 226–236.  

26. De Santis S., De Felice G. Bond behaviour of steel 

reinforced grout strengthening systems applied to the 
extrados of masonry vaults // Structural Analysis of 
Historical Constructions. 2016. Pp. 344–350.  

27. Garmendia L., San-Mateos R., García D., Gandini A., San-
José J.T., Marcos I. Retrofitting of masonry vaults with 

149



Инженерно-строительный журнал, № 2, 2018 

 

Беспалов В.В., Ючер Д., Салманов И.Д., Курбанов И.Н., Купавых С.В. Деформационная совместимость 

каменной кладки с композитными материалами // Инженерно-строительный журнал. 2018. № 2(78).  

С. 136–150. 

Constructions. 2016. Pp. 351–356. 

28. Wang X., Ghiassi B., Oliveira D.V. Numerical analysis of 
the in-plane behaviour of TRM-strengthened masonry 
walls. Structural Analysis of Historical Constructions. 2016. 

Pp. 365–371. 

29. Hojdys L., Krajewski P. Glass fiber grids embedded in a 

cement-based matrix as strengthening of masonry 
structures. Structural Analysis of Historical Constructions. 

2016. Pp. 372–376. 

30. Serhal J. Etude de la vulnérabilité des bâtiments en 
maçonnerie soumis à des mouvements de terrains et 
élaboration de critères d’évolution de leur rigidité. Ph.D. 

Thesis. Universite de Lorraine. 2016. 188 p. 

31. Taforel P., Dubois F., Martin A., Pagano S. Développement 
de formulations dynamiques adaptées à la modélisation 

par éléments discrets de structures maçonnées sous 
chargements sismiques. 10e colloque national en calcul 
des structures. 2011. Pp. 1–12. 

32. Kabantsev O.V. Nauchnyye osnovy strukturnoy teorii 
kamennoy kladki dlya otsenki predelnykh sostoyaniy 

kamennykh konstruktsiy seysmostoykikh zdaniy [Scientific 

basis for the structure theory of masonry for the 
assessment of limit states of masonry structures for 

earthquake-resistant buildings]. D.Sc Thesis. Moscow, 
2016. 358 p. (rus) 

33. Martin A., Esnault J.-B., Massin P. About the use of 

standard integration schemes for X-FEM in solid 
mechanics plasticity. Computer Methods in Applied 
Mechanics and Engineering. 2014. Pp. 283–293. 

34. Geometrical and Mechanical properties of the hemp FRP 
composite. [Electronic resource]. System requirements: 

AdobeAcrobatReader. URL: 
http://www.fidiaglobalservice.com/ 
eng/materiali_schede/FIDHEMP20UNIDIR2024020HS40.p

df (accessed: 19.10.2017). 

35. Pelà L. Continuum damage model for nonlinear analysis of 
masonry structures. Ph.D. Thesis. Universitat Politècnica 

de Catalunya. 2009. 299 p. 

36. Ucer D., Ulybin A., Zubkov S., Elias-Ozkan S.T. Analysis 

on the mechanical properties of historical brick masonry 
after machinery demolition. Construction and Building 
Materials. 2018. No. 161. Pp. 186–195. 

37. SNIP [II-22-81], Building Regulations for Stone and 

Reinforced Masonry Structures, Central Institute of 
Standard Design [CNIISK Institute], Moscow, [1987], 2012. 

composite materials // Structural Analysis of Historical 

Constructions. 2016. Pp. 351–356.  

28. Wang X., Ghiassi B., Oliveira D.V. Numerical analysis of 
the in-plane behaviour of TRM-strengthened masonry walls 

// Structural Analysis of Historical Constructions. 2016. Pp. 
365–371.  

29. Hojdys L., Krajewski P. Glass fiber grids embedded in a 
cement-based matrix as strengthening of masonry 
structures // Structural Analysis of Historical Constructions. 

2016. Pp. 372–376.  

30. Serhal J. Etude de la vulnérabilité des bâtiments en 
maçonnerie soumis à des mouvements de terrains et 

élaboration de critères d’évolution de leur rigidité. Ph.D. 
Thesis. Universite de Lorraine. 2016. 188 p.  

31. Taforel P., Dubois F., Martin A., Pagano S. Développement 

de formulations dynamiques adaptées à la modélisation 
par éléments discrets de structures maçonnées sous 
chargements sismiques // 10e colloque national en calcul 

des structures. 2011. Pp. 1–12.  

32. Кабанцев О.В. Научные основы структурной теории 

каменной кладки для оценки предельных состояний 
каменных конструкций сейсмостойких зданий. Дис. 
д.т.н. Москва, 2016. 358 с.  

33. Martin A., Esnault J.-B., Massin P. About the use of 
standard integration schemes for X-FEM in solid 
mechanics plasticity // Computer Methods in Applied 

Mechanics and Engineering. 2014. Pp. 283–293.  

34. Geometrical and Mechanical properties of the hemp FRP 

composite. [Электронный ресурс]. Сист.требования: 
AdobeAcrobatReader. URL: 
http://www.fidiaglobalservice.com/ 

eng/materiali_schede/FIDHEMP20UNIDIR2024020HS40.p
df (дата обращения: 19.10.2017).  

35. Pelà L. Continuum damage model for nonlinear analysis of 

masonry structures. Ph.D. Thesis. Universitat Politècnica 
de Catalunya. 2009. 299 p.  

36. Ucer D., Ulybin A., Zubkov S., Elias-Ozkan S.T. Analysis 
on the mechanical properties of historical brick masonry 
after machinery demolition // Construction and Building 

Materials. 2018. No. 161. Pp. 186-195.  

37. СП 15.13330.2012 «Актуализированная редакция СНиП 
II-22–81* Каменные и армокаменные конструкции». 

 

Vladimir Bespalov,  
+7(981)785-08-99; chanchullero@yandex.ru  
 
Deniz Ucer,  
+7(981)956-03-45; deucer@metu.edu.tr  
 
Ildus Salmanov,  
+7(911)843-34-26; ildussalmanov@gmail.com  
 
Israfil Kurbanov,  
+7(962)715-11-17; Israfil-kurbanov@mail.ru  
 
Svetlana Kupavykh, 
+7(812)328-86-74; 
Siniavina_SV@pers.spmi.ru 

Владимир Владимирович Беспалов,  
+7(981)785-08-99;  
эл. почта: chanchullero@yandex.ru  
 
Дениз Ючер,  
+7(981)956-03-45; эл.почта: deucer@metu.edu.tr 
 
Ильдус Динисламович Сальманов,  
+7(911)843-34-26;  
эл. почта: ildussalmanov@gmail.com  
 
Исрафил Низамович Курбанов,  
+7(962)715-11-17;  
эл. почта: Israfil-kurbanov@mail.ru  
 
Купавых Светлана Викторовна 
+7(812)328-86-74;  
эл. почта: Siniavina_SV@pers.spmi.ru 
 

© Bespalov V.V.,Ucer D.,Salmanov I.D.,Kurbanov I.N.,Kupavykh S.V.,2018 

150



Инженерно-строительный журнал, № 2, 2018 

 

Рассохин А.С., Пономарев А.Н., Фиговский О.Л. Микрокремнеземы различных типов для высокопрочных 

мелкозернистых бетонов // Инженерно-строительный журнал. 2018. № 2(78). С. 151–160. 

doi: 10.18720/MCE.78.12 

Silica fumes of different types for high-performance  
fine-grained concrete 

Микрокремнеземы различных типов для высокопрочных 
мелкозернистых бетонов 

 

A.S. Rassokhin, 
A.N. Ponomarev, 
Peter the Great St. Petersburg Polytechnic 
University, St. Petersburg, Russia 
O.L. Figovsky, 
International Nanotechnology Research Center 
Polymate, Migdal Haemek, Israel 
 

Аспирант А.С. Рассохин, 
канд. техн. наук, профессор 
А.Н. Пономарев, 
Санкт-Петербургский политехнический 
университет Петра Великого,  
г. Санкт-Петербург, Россия 
д-р техн. наук, директор О.Л. Фиговский, 
International Nanotechnology Research Center 
Polymate, г. Мигдаль ха-Эмек, Израиль 
 

 

Key words: silica fume; fine grained concrete; 
modified concrete; nanocarbon; comparation of 
properties 

 

Ключевые слова: микрокремнезем; 
мелкозернистый бетон; модифицированный 
бетон; наноуглерод; сравнение свойств 

 

Abstract. One of the most often and successfully applied admix as a part of the modified concrete 
is active amorphous silica fume. The increased practical interest in this admix has led to emergence in 
the market of various producers and also to emergence of different types (brands) of the silica fume 
produced from various raw materials with use of various technologies. At the same time their makeup, 
dispersion and content of silicone dioxide drastically ranges. It takes toll on results of use of such 
admixes in relation to the same recipes of concrete mixtures. The research is focused on the 
experimental study of the most useful types of active silica fume and the comparison of results of their 
using in fine-grained concrete. Results of these researches have shown a dependence of properties of 
the modified concrete on the content of active silica fume and from degree of its dispersion. The best 
results had silica fumes produced as the accompanying product by silicon production and including some 
additional quantity of particles of nanodimensional carbon. 

Аннотация. Одна из наиболее часто и успешно применяемых добавок в составе 
модифицированных бетонов – активный аморфный микрокремезем. Однако повышенный 
практический интерес к этой добавке привел к появлению на рынке различных производителей и, 
что более существенно, к появлению различных видов (марок) микрокремнеземов, получаемых из 
различного сырья с использованием различных технологий. При этом заметно варьируется их 
состав, дисперсность и содержание собственно диоксида кремния. Это не может не сказываться 
на результатах использования таких добавок применительно к одним и тем же рецептурам 
бетонных смесей. Настоящая работа посвящена экспериментальному исследованию нескольких, 
наиболее распространенных в настоящее время видов активного микрокремнезема и 
сопоставлению результатов их применения в мелкозернистых бетонах. Результаты этих 
исследований показали зависимость характеристик модифицируемых бетонов от содержания 
активного микрокремнезема и, особенно, от степени его дисперсности. Наилучшие результаты 
были получены для микрокремнеземов, получаемых, как сопутствующий продукт при 
производстве кремния и содержащего некоторое дополнительное количество частиц 
наноразмерного углерода. 

1. Introduction 
Active silica fume is an important part of many high-strength and special concrete now that has led 

to emergence in the market of various producers and also to emergence of different types of active silica 
fumes. It affects properties of the product. From the analysis of literature, it is visible that active silica 
fume was initially used only as means for increase in strength characteristics of the modified concrete 
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and cement economy [1–5]. A little later, it has become clear, that the use of this admix allows to improve 
also rheological and technological properties of concrete [6, 7] and, along with a plasticizing agent, to 
provide effective water reduction and increase in durability (frost resistance) of the created concrete. The 
first detailed contributions about results of comparative researches of properties of fine-grained concrete 
with the silica fumes containing various amount of silicon belong to the beginning of the 90th years  
[8–14]. Industrial production of silica fume for use in construction has reached mass proportions so far. 
The statutory enactments use of active silica fume and other mineral and organo-mineral microadmixes 
to concrete have been developed [15–20]. And new combinations of silica fumes not only with plasticizing 
agents, but also with some new types of nanocarbon have been developed [21–25]. All this does relevant 
this research to find out the best materials in the market. The main research task is the detailed 
comparative study of the quality of silica fume of various producers and effects of their application in 
recipes, first of all, of fine-grained concrete because use of the modified fine-grained concrete all-time 
increases [26–32]. 

2. Methods 
As the studied types of silica fume in this research have been studied: 

 amorphous silica fume MKU-85 (compacted) productions of JSC Kuznetskiye ferrosplavy 
containing 82-87% of SiO2; 

 amorphous silica fume MKU-95 (compacted) productions of JSC Kuznetskiye ferrosplavy 

 amorphous silica fume MKU-95 productions of PJSC Rusal; 

 amorphous silica fume MD1 productions of pilot production of INRTU [33]; 

 amorphous silica fume with nanocarbon MD2 productions of pilot production of INRTU [33]; 

 amorphous silica fume with mark MK 17-42 productions of PJSC Rusal. 

For research of extent of influence of dispersion of silica fume on properties of the modified 
concrete have been used methods of mechanical (spherical and planetary mills) and ultrasonic 
dispergating (the density of the power of ultrasonic machining is from 3 to 5 VA/cm³). The size distribution 
of silica fume before additional dispergating and after additional dispergating was controlled on a laser 
granulometr "Mastersizer" productions of Malvern Instruments Ltd. 

The test recipe of fine-grained concrete is: 

 Portland Cement CEM I 42.5 N, production of JSC Mordovtsement (content of free alkalis (in 
terms of Na2O) doesn't exceed 0.85% of masses)………….…………………18.82 % of masses; 

 Washed-out river sand with the fineness modulus 0.5……………….………..66.42 % of masses; 

 Silica fume of different studied types …………………………………………..….3.32 % of masses; 

 Water of mixing as per GOST Standard 23732-2011 [21]………………...….11.44 % of masses; 

The prepared concrete mixes were filled in standard forms with the sizes of 100х100х100 mm 
(time of vibration is 30 seconds) in number of 6 pieces for each type of the test mix and for every curing 
period. Form stripping was carried out on the second day. The tests of control samples for compressive 
breaking strength as per Russian State Standard GOST 10180-90 [22] on a hydraulic press PSU – 50A 
(the certificate on checking No. 0028982 of March 09, 2017) were carried out for 2, 3, 7, 14, 17, 21 and 
28 days. 

3. Results and Discussion 
Characteristic results of additional dispergating of silica fume MKU-85 by mechanical methods (in 

spherical and planetary mills) are presented on Figure 1. 
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Figure 1. Size distribution of particles of initial MKU-85 and MKU-85  
after additional mechanical dispergating 

On the graphics (Figure 1) it is distinctly noticeable that particles that size less than 1 micron are 
practically absent in initial MKU-85 and that the quantity of particles that size less than 10 microns don´t 
exceed 4.5 % of masses. After an additional mechanical dispergating the quantity of particles with sizes 
less than 10 microns already exceeds 26 % of masses. Also, the fraction begins to be shown by sizes 
less than 1 micron. 

The results of the additional dispergating of silica fume MD2 with admixes of carbon nanoparticles 
(up to 0.5 %) are presented in Figure 2. 

 

Figure 2. Particle size distribution of initial MD2 and MD2 after additional mechanical dispergating 

Here it is impressive to see that particles that size less than 1 micron are completely absent as a 
part of MD2 before additional dispergating and a quantity of particles with a size of less than 10 microns 
is available no more than 6.8% of masses. The results are obtained by the weight of the spectra recorded 
on a dense cardboard. After dispergating the situation changes the quantity of particles with a size of less 
than 10 microns is available already more than 65 % of masses. Also, there are particles with a size of 

less than 1 micron in the quantity of about 10.5 % of masses. 

The results of additional ultrasonic dispergating of the particles of silica fume MKU-85 which have 
undergone intensive mechanical dispergating show some displacement of this distribution towards 
increase in quantity of particles of the smaller sizes (Figure 3). 
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Figure 3. Particle size distribution of silica fume MKU-85 pre- and post of ultrasonic and 
mechanical dispergating 

 

Figure 4. Particle size distribution of silica fume MD-2 pre- and post of ultrasonic and  
mechanical dispergating 

The results of the ultrasonic dispergating for the MD-2 are in an interval between size distribution 
of initial silica fume and size distribution of the silica fume particles which have been mechanically 
dispersed (Figures 3 and 4). 

It is possible to interpret such differences proceeding from the fact that as a part of the MD-2 there 
are carbon nanoparticles which promote aggregation of silica fume particles at enough high concentration 
of silica fume in dispersion. 

Nevertheless, the main interest is represented by the obtained results at determining of 
compressive breaking strength of samples of the fine-grained concrete modified by different types of the 
silica fumes which are different not at least because of the structure dispersion. The obtained results on 
various curing periods of concrete samples are given in the Tables 1–7. 
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Table 1. Comparative properties of the test samples of fine-grained concrete modified by 
different types of silica fumes (curing period is 2 days) 

                                            Properties of  

  Type of                                     concrete        

  silica fume  

Compressive 
breaking strength, 

MPa, 2 days 

Density, 
g/cm3 

Strength-to-density 
ratio 

Check sample, without silica fume 8.1 2.26 3.58 

Sample with MKU-85 11.15 2.19 5.09 

Sample with MKU-85 with additional dispergating 8.1 2.24 3.61 

Sample with MKU-95 11.1 2.24 4.95 

Sample with MKU-95 with additional dispergating 7.85 2.17 3.62 

Sample with MKU-95* productions of PJSC Rusal 13.65 2.26 6.04 

Sample with MD-2 10.1 2.27 4.45 

Sample with MD-2 with additional dispergating 7.35 2.21 3.33 

Sample with mark 17-42 of PJSC Rusal 13.55 2.26 6.0 

 

Table 2. Comparative properties of the test samples of fine-grained concrete modified by 
different types of silica fumes (curing period is 3 days) 

                                        Properties of  

  Type of                                  concrete                     

  silica fume  

Compressive 
breaking strength, 

MPa, 3 days 

Density, 
g/cm3 

Strength-to-density 
ratio 

Check sample, without silica fume 12.15 2.245 5.41 

Sample with MKU-85 15.15 2.21 6.85 

Sample with MKU-85 with additional dispergating 11.1 2.21 5.02 

Sample with MKU-95 15.45 2.26 6.84 

Sample with MKU-95 with additional dispergating 10.9 2.2 4.95 

Sample with MKU-95* productions of PJSC Rusal 17.3 2.25 7.69 

Sample with MD-2 14.15 2.25 6.29 

Sample with MD-2 with additional dispergating 10.1 2.22 4.55 

Sample with mark 17-42 of PJSC Rusal 14.7 2.14 6.87 

 
Table 3. Comparative properties of the test samples of fine-grained concrete modified by 

different types of silica fumes (curing period is 7 days) 

                                           Properties of  

  Type of                                     concrete                     

  silica fume  

Compressive 
breaking strength, 

MPa, 7 days 

Density, 
g/cm3 

Strength-to-
density ratio 

Check sample, without silica fume 17.25 2.25 7.67 

Sample with MKU-85 29.51 2.2 13.41 

Sample with MKU-85 with additional dispergating 27.15 2.2 12.34 

Sample with MKU-95 23.4 2.24 10.45 

Sample with MKU-95 with additional dispergating 28.2 2.22 12.7 

Sample with MKU-95* productions of PJSC Rusal 31.9 2.235 14.27 

Sample with MD-2 21.2 2.245 9.44 

Sample with MD-2 with additional dispergating 29.75 2.215 13.43 

Sample with mark 17-42 of PJSC Rusal 27.1 2.125 12.75 

 

From the Tables 1-3 it is absolutely visible that silica fumes MKU-85, MKU-95 with additional 
dispergating, MKU-95*, MD-2 with additional dispergating and MK 17-42 lean toward to attainment of the 
early strength of the check samples. It will be possible to discuss the possible reasons of such a fact after 
an analysis of all data on a curing period of am attainment of maximum strength, which will be specified 
in the subsequent Tables 4–7. 
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Table 4. Comparative properties of the test samples of fine-grained concrete modified by 
different types of silica fumes (curing period is 14 days) 

                                             Properties of  

  Type of                                      concrete                     

  silica fume  

Compressive 
breaking strength, 

MPa, 14 days 

Density, 
g/cm3 

Strength-to-density 
ratio 

Check sample, without silica fume 23.2 2.23 10.4 

Sample with MKU-85 33.41 2.2 15.18 

Sample with MKU-85 with additional dispergating 35.65 2.195 16.24 

Sample with MKU-95 26.1 2.225 11.73 

Sample with MKU-95 with additional dispergating 33.9 2.19 15.48 

Sample with MKU-95* productions of PJSC Rusal 35.31 2.23 15.83 

Sample with MD-2 24.42 2.24 10.9 

Sample with MD-2 with additional dispergating 37.2 2.23 16.68 

Sample with mark 17-42 of PJSC Rusal 32.7 2.125 15.39 

 
Table 5. Comparative properties of the test samples of fine-grained concrete modified by 

different types of silica fumes (curing period is 17 days) 

                                           Properties of  

  Type of                                     concrete                     

  silica fume  

Compressive 
breaking strength, 

MPa, 17 days 

Density, 
g/cm3 

Strength-to-density 
ratio 

Check sample, without silica fume 25.0 2.225 11.23 

Sample with MKU-85 35.0 2.05 17.05 

Sample with MKU-85 with additional dispergating 37.1 2.195 16.9 

Sample with MKU-95 27.65 2.21 12.51 

Sample with MKU-95 with additional dispergating 36.35 2.17 16.75 

Sample with MKU-95* productions of PJSC Rusal 36.72 2.225 16.5 

Sample with MD-2 25.05 2.235 11.2 

Sample with MD-2 with additional dispergating 41.0 2.2 18.63 

Sample with mark 17-42 of PJSC Rusal 33.15 2.12 15.62 

 

Tables 4 and 5 equally fix the dominating strength enhancement on the compression for control 
samples with an admix of MKU-85, of MKU-85 with an additional dispergating, of MKU-95 with an 
additional dispergating, of MKU-95 productions of PJSC Rusal, as also of MD-2 with an additional 
dispergating. 

On the basis of the data it is possible to mention the availability of a not really big but stable effect 
of an air entrainment, which is characteristic for silica fumes MKU-85, MKU-95 and MK 17-42 regardless 
of their dispersion degree. 

Table 6. Comparative properties of the test samples of fine-grained concrete modified by 
different types of silica fumes (curing period is 21 days) 

                                            Properties of  

  Type of                                    concrete                     

  silica fume  

Compressive 
breaking strength, 

MPa, 21 days 

Density, 
g/cm3 

Strength-to-density 
ratio 

Check sample, without silica fume 26.1 2.225 11.73 

Sample with MKU-85 36.41 2.2 16.55 

Sample with MKU-85 with additional dispergating 38.82 2.19 17.72 

Sample with MKU-95 28.73 2.21 13.0 

Sample with MKU-95 with additional dispergating 38.15 2.17 17.58 

Sample with MKU-95* productions of PJSC Rusal 39.55 2.225 17.77 

Sample with MD-2 27.9 2.235 12.48 

Sample with MD-2 with additional dispergating 43.15 2.2 19.61 

Sample with mark 17-42 of PJSC Rusal 34.55 2.12 16.29 
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Table 7. Comparative properties of the test samples of fine-grained concrete modified by 
different types of silica fumes (curing period is 28 days) 

                                               Properties of  

  Type of                                         concrete                     

  silica fume  

Compressive 
breaking strength, 

MPa, 18 days 

Density, 
g/cm3 

Strength-to-density 
ratio 

Check sample, without silica fume 27.9 2.225 11.23 

Sample with MKU-85 38.27 2.195 17.43 

Sample with MKU-85 with additional dispergating 40.35 2.19 18.42 

Sample with MKU-95 30.2 2.21 13.66 

Sample with MKU-95 with additional dispergating 39.6 2.165 18.29 

Sample with MKU-95* productions of PJSC Rusal 40.42 2.225 18.17 

Sample with MD-2 29.12 2.233 13.1 

Sample with MD-2 with additional dispergating 44.24 2.197 20.13 

Sample with mark 17-42 of PJSC Rusal 36.13 2.116 17.07 

 

Summarizing the experimental data obtained in the research on the comparison of 8 types of 
active silica fume manufactured now in the Russian Federation, it is possible to draw the following main 
conclusions: 

 the best results on late terms of concrete maturity had silica fume MD2 with additional 
dispergating (with additive of nanodisperse carbon of 0.5 % of masses, productions of pilot production of 
INRTU). The increase of strength of the fine-grained concrete by it referred of control sample modified 
without admixes has made 58.5 %. 

The most air-entering properties has shown silica fume with mark 17–42 productions of PJSC 
RUSAL. Its air-entering property at concentration of admix in 3.32 % of masses referring the mass of 
concrete mix (17.6 % of masses referring the mass of cement) was from 3.4 % to 6.6 %. 

Some of the made available samples of silica fumes (from our point of view) were retained or 
transported to the test location in breach of temperature-humidity conditions, in particular samples of 
silica fume MD-1, which have been rejected. It has led to an increase in amount of sorption humidity and 
to partial loss of activity. However, as it was revealed, except reduction of the sizes of particles at 
additional dispergating there is almost a complete recovery of admix activity. 

Besides of the comparison of properties of fine-grained concrete modified by silica fumes of 
different types this research confirms earlier conducted researches in the field. 

This research like other [1–9, 17] shows increase in durability of concrete when using silica fume. 

Also, there is a confirmation of improvement of properties of silica fume at increase in its dispersion 
which has been made in the article [17]. 

This research confirms improvement of properties of silica fume at addition of microamount of 
nanodimensional carbon that has been investigated in the research [28]. 

4. Conclusions 
The main result of the research can be considered the comparison of several, best known types of 

active silica fumes manufactured in the Russian Federation in the recent years. All tested types of active 
silica fumes were suitable for an improvement of strength (and also rheological) properties of fine-grained 
concrete. The use of the studied types of silica fumes in quantity up to 17.6 % of the mass of cement 
brings in an increase in strength properties of control samples of fine-grained (sand) concrete at a size 
from 29.5 % to 58.5 %. The shared use of these admixes with a plasticizing agent of perspective 
generations promises much more impressive results that forms the basis for continuation of this research. 
From all studied samples the best results were shown by the silica fume MD-2 productions of pilot 
production of INRTU activated by microamount of nanodimensional carbon. 
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Abstract. A hollow cylinder with thick walls is one of the most complex objects to calculate the un-
steady temperature field, so this field is the least studied. However, such objects are found in many 
modern constructions of systems of generation and distribution of heat. In the proposed article it deals 
with the study of propagation of temperature waves in the wall of the hollow cylinder after a sudden 
temperature change of the internal environment, fuss-causes upon termination of the movement or 
circulation of the heated stream. The algorithm of calculation of temperature fields numerically is shown 
using an explicit finite-difference scheme of high accuracy in conditions of cylindrical symmetry with 
boundary conditions of the first kind. The results of calculations of the penetration depth of the 
temperature wave according to the considered algorithm, depending on the time since the start of heat 
exposure and their comparison with the existing data for one-dimensional case are given for the 
implementation of the identification obtained mathematical model. Calculated radial profiles of relative 
temperature in the cylinder wall within the temperature waves in dimensionless coordinates and the 
analytical approximation relations for the description of these profiles are presented. The results are 
compared with the existing analytical solution for an unlimited array in rectangular coordinates and it is 
marked that the common results are found regardless of the material and geometry of the cylinder, as 
well as of temperatures of inner and outer environment. Presented dependences are invited to apply for 
the analytical evaluation of the minimum temperature on the inner surface of the heated cylindrical 
structures that will allow the use of engineering methods to verify compliance with industrial safety 
requirements. 

Аннотация. Полый цилиндр с толстыми стенками является одним из наиболее сложных 
объектов для расчета нестационарного температурного поля, поэтому такое поле является 
наименее изученным. Вместе с тем подобные объекты встречаются во многих современных 
конструкциях систем генерации и распределения теплоты. В предлагаемой работе 
рассматривается исследование распространения температурной волны в стенке полого цилиндра 
при скачкообразном изменении температуры внутренней среды, возникающем при прекращении 
движения или циркуляции нагретого потока. Показан алгоритм расчета температурного поля 
численным методом с помощью явной конечно-разностной схемы повышенной точности в 
условиях цилиндрической симметрии при граничных условиях первого рода. Приведены 
результаты вычисления глубины проникновения температурной волны по рассмотренному 
алгоритму в зависимости от времени с момента начала теплового воздействия и их 
сопоставление с существующими данными для одномерного случая для осуществления 
идентификации получаемой математической модели. Представлены рассчитанные радиальные 
профили относительной температуры в стенке цилиндра в пределах температурной волны в 
безразмерных координатах и предложены аналитические аппроксимационные зависимости для 
описания данных профилей. Полученные результаты сопоставлены с имеющимся аналитическим 
решением для неограниченного массива в прямоугольных координатах и отмечена общность 
найденных результатов независимо от материала и геометрии цилиндра, а также температур 
внутренней и наружной среды. Представленные зависимости предложено применять для 
аналитической оценки минимальной температуры на внутренней поверхности цилиндрических 
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нагреваемых конструкций, что позволит использовать инженерные методы проверки выполнения 
требований промышленной безопасности. 

1. Introduction 
The proposed work has unsteady state temperature field of hollow thick-wall cylinder at a single 

heat exposure as target of research.  

The task of research of unsteady state conduction in bodies of various geometric forms has been 
investigated for quite a long time. Most such investigations come from a solution of differential equation of 
heat transfer in solids, known as Fourier [1–2]. For the last time, due to development of computing tools, 
the center stage is taken by numerical methods of its solution obtaining, if required, approximation 
analytical dependences [2–3]. In most cases, though, they belong to one-dimensional case, or the 
consideration is performed in rectangular coordinates. This, though, corresponds to prevailing part of 
actually met tasks, and also not only in unsteady, but also in steady state [3]. In condition of cylindrical 
symmetry the most developed are the issues of heating and cooling of solid or thin-wall cylinders [1–2]. 
At the same time in some applications the calculation of unsteady state temperature field of hollow 
cylindrical structures with thick walls is of interest. But even in fundamental monograph [1] corresponding 
solution is not provided. For the last time there arise a set of publications, where such issues are 
considered both analytically and numerically. But the results obtained by the authors, as a rule, are 
extremely complicated for application in engineering practice [4, 5, 10, 15, 17, 18] or, otherwise, are too 
rough [12]. Others relate to specific options of structures, applied in limited fields and functioning in 
specific conditions, for example, under supercritical modes [9], in nuclear power industry [14] or 
composite materials production [6–8, 11, 13], and in the presence of phase transitions [16, 19], or fuel 
combustion processes [20].  

Thus, the relevance of the proposed research lies in the need of finding sufficiently accurate and 
physically based, but at the same time acceptable for engineering use variations of the temperature of 
the heated cylindrical structures in emergency conditions. For example, it can be useful when resolving 
the issue about beginning of condensate formation at internal surfaces of smoke stacks when boiler unit 
is stopped or at outer surface of heat insulation of heat pipelines when heat supply is switched off. One 
can in general note that these tasks mainly bear a relation to safety, both industrial and connected with 
human livelihood. The obtained results can be applied in this case for quite wide range of power facilities 
of such structure. 

The target of the work is the calculation of unsteady temperature field at discontinuous variation of 
environment temperature at internal surface of cylinder. The tasks of the research will be: 

 development of algorithm realizing a finite difference scheme of resolving an equation of heat 
conduction in cylinder wall; 

 obtaining of analytical dependences for a depth of penetration of temperature wave and 
temperature at internal surface of cylinder on the results of approximation of program 
generation results.  

2. Methods 
Figure 1 shows the scheme of cylinder under consideration and some conventional symbols. Main 

of them are R and r0 – correspondingly outer and inner radius, m. 

 

Figure 1. Scheme of hollow cylinder and steady state temperature field in its wall 
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In this case in cylinder wall a steady state temperature field tst(r) of logarithmic type is set. It can be 
calculated in a usual way [1, 2]. Its typical character is also shown at Figure 1. For convenience of further 
narration and to achieve maximum collectivity of the obtained results it is convenient to pass to a relative 
non-dimensional temperature θ. It can be defined according to the equation: 

exin

ex

tt

tt




 , (1) 

where tex and tin – correspondingly environment temperatures, К, from outer side of cylinder and inside its 
chamber. Then the differential equation of unsteady state conduction for cases of cylindrical symmetry 
can be written in the following way [1–2]: 
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c
a – coefficient of chamber wall material temperature conductivity, m2/s; λ – its heat 

conductivity W/(m·К); с and ρ – specific heat capacity, J/(kg·К), and density, kg/m3; t, s – time moment for 
which θ value is calculated; r – radial coordinate (see figure 1). Solution in this case will show current 
deviation of temperature field from initial steady state. 

This equation in the simplest case can be tried to investigate at boundary conditions of first order, 
i.e. consider that θ = 1 at r = r0 and θ = 0 at r = R. This just corresponds to the mode of non-continuous 
variation of heat current at switching off or, vice versa, switching on of heat supply. Then at a first 
approximation the actual value θ at internal surface of chamber can be calculated, if we input an 
additional cylindrical layer. Its thickness can be defined from conditions of internal heat exchanging, on 
account of equality of thermal resistance of such layer to actual resistance of heat exchange: 





























































 1

Bi

1
exp1exp

0
0

00
0

*
0 r

r
r , (3) 

where α0 – coefficient of convective heat exchange to internal surface, W/(m2·К);  




 00

0Bi
r

– non-dimensional criterion Bio for this surface. It is easy to see that at big values Bi0 

thickness of additional layer with sufficient preciseness can be determined as λ/α, and for flat wall too. 

Then actual radius r0, for which θ = 1 is fixed, is obtained from actual by reduction by value 
*
0 . The 

same is actual radius R of outer surface, where θ = 0 is maintained, will be increased by thickness 
* . It 

can be calculated according to (3), but instead r one shall use R, and as α0 a corresponding coefficient of 
outer heat exchange will be used. 

 To resolve the equation (2) one can use numerical methods. The main importance in this case is 
the preciseness of the obtained result, and volume of the used memory and amount of performed 
operations is not critical due to high computational resources of modern computing devices. So the 
explicit finite-difference scheme appears to be advantageous due to its simplicity for programming. Then 
temperature value in i-th mesh point in  j+1-st time moment can be calculated according to equation: 
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Here ti,j, ti–1,j and ti+1,j – value of temperature in j-th moment of time in  i-th mesh and neighboring on 
the left and on the right (mesh numeration from chamber axle in direction of outer surface);  

 2r

a
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


 – non-dimensional local criterion of Fourier, where Δτ, s, and Δr, m – correspondingly 

steps on time and coordinate, representing parameters of finite-differentiate scheme. As it is known [1], 
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[2], the adopted scheme is concurred at FoΔ ≤ 1/2. So in calculations they selected the value FoΔ = 1/6, 
providing improved accuracy of approximation – of 4-th order on space and 2-nd – on time coordinate.  

3. Results and Discussion 
For analysis and interpretation of results of calculations it is required first of all to note that from 

general theoretical considerations, including dimensional analysis method, it arises that the depth of 
penetration of temperature wave into the depth of material Δ, m, shall be increased with the flow of time 

in general as  ak [1]. Of course, within the frames of the applied phenomenological model, 

providing the basis of derivation of differential equation of hat conductivity, specific level of coefficient k 
will always be an issue of some reasonable agreement. Really, as a result of supposition about infinitely 
big speed of spreading heat in a substance, the values θ appear to be different from zero at any r for 
each moment t > 0. That is why it is required to stipulate, what the calculated value θ will be equal to at 
the boundary of the area of penetration of temperature wave. If we accept for this case θ = 0.01, series of 
sources gives value k = 3.6. In this case the approximation of results of numerical calculations allows with 
good accuracy to consider k = 3.75. Some deviation from known data can be explained, apparently, with 
the fact that in this case we investigate the case of cylindrical symmetry. Figure 2 shows the results of 
calculations according to scheme (4) for correlation r0/R = 0.7 with the help of the program developed by 
author for computing device at algorithm language Fortran.  

 

Figure 2. Dependence Δ from τ according to data of numerical calculation (dot line) and  

its approximation in the form of  a75.3 for r0/R = 0.7 

The calculated non-dimensional profile of temperature on chamber profile web within the limits of 
the layer with thickness Δ at the value of Fourier criterion, related to the outer chamber radius 

4

2
105 




R

a
FoR , is shown at Figure 3 with dots. Here parameter δ is a difference (r – r0), i.e. distance 

along chamber radius from its internal surface. At other FoR of the same order the results differ only in the 
within the limits of thickness of approximating lines. 

 

Figure 3. Non-dimensional temperature field in chamber wall at small FoR 
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The calculated curve is well approximated with the following dependency: 
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Here 
2




a
Fo – Fourier criterion, related to the current distance δ. The plot of the obtained 

expression is shown at figure 3 with full line. It is easy to see that taking into account the easiness of this 
formulae and meaning an inadvertent error, which is entered when passing to a finite-differentiate 
scheme, this solution can be acknowledged as quite successful. The condition of its application is, 
naturally, performance of inequation r0 + δ < R. It can be compared with theoretical solution for spreading 
of temperature wave in non-limited single-dimension array [1]: 
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where erf – special function of errors, and numerical coefficient n = 2. Calculations show that for 
approximation of results of program calculations the dependency (6) is also useful on condition that 
parameter n will be taken in the amount of 2.27 = 1 + 4/π. Corresponding plot is provided at figure 3 with 
dot line. This coincidence additionally confirms the fairness of obtained solution. Like in the case of 
coefficient k when determining Δ, the deviation on n can be explained by cylindrical symmetry. 
Correlations (5)-(6) are written in non-dimensional form. So they are general, regardless actual values 
tex and tin, of definite material of chamber walls and correlation r0/R, at least, at r0/R > 0.5, for which 
numerical calculations were performed. These results are in principle agreed also with data which were 
previously obtained by author for another structure geometry [21–23], and, as it was previously noted, 
with theoretical considerations, provided in [1–2]. Besides, general view of the calculated temperature 
fields corresponds to results of some other authors, for example [16], and their found analytical 
description finds out analogies in theoretical solutions from other sources, in particular [14, 17]. 

To illustrate the practical use of the ratio (5) and its comparison with other solutions, we calculate 
the cooling of the brick chimney with the parameters r0 = 0.6 m, R = 1 m at an initial flue gas temperature 
tin = 120°C and the outside air temperature tex = –25 °C. In this case, the r0/R > 0.5 condition is met. For 
brickwork λ = 0.81 W/(m·K), c = 880 J/(kg·K), ρ = 1800 kg/m3, so a = 5.11•10-5 m2/s. Since we are 
primarily interested in the temperature on the inner surface of the chimney ts in terms of estimating the 
time of condensation of water vapor, for the actual value of r0, which is fixed tin = 120 °C, we accept, as it 

was mentioned above, the value of 
*
0 = r0 – λ/α. The factor α at a given radius of the tube and the speed 

of movement of gases about 12 m/s will be near 21 W/(m2·K), then 
*
0 = 0.039 m, r0 = 0.561 m and the 

ts is still defined at r = 0.6 m. In the calculations it was taken into account that in the considered mode the 
value θ, as it was already noted, shows the deviation of the current dimensionless temperature from the 
initial stationary distribution tst(r), therefore it was initially calculated the value of tst on the inner surface of 
the chimney. In this case it is equal to 104 °C. In Figure 4 the dependence of the ts from τ, constructed 
according to the formula (5), is shown by a solid line. The dotted line in figure 4 shows also the results of 
calculations using the analytical solution in the form of a series of data [24], and the dash – also on the 
analytical solution in the form of a series of [17]. As an example, we can cite a series of [24] with some 
changes corresponding to the peculiarities of the problem under consideration and the symbols accepted 
in this paper: 
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where –0.5772 is the Euler’s constant. 

It can be noted that the coincidence of the curves in figure 4 is close enough both in quality and 
quantity. In all cases, the decrease of value ts over time occurs practically by the same law, which in the 
considered time interval can be approximated by hyperbolic (5) or logarithmic [17, 24] dependence 
from τ. We can notice that, in general, the decrease of ts looks somewhat sharper when calculating by (5) 
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and smoother when calculating by analytical solutions in the form of series. However the difference lies 
within the accuracy of engineering calculation and the deviation lies within the accuracy of the 
engineering calculation, but the expression (5) is much easier in structure and is available for use in 
engineering practice. 

 

Figure 4. Dependence of the temperature on the inner surface of the cooling chimney  
from the value τ 

4. Conclusion 
1. It is noted that the speed of spreading of temperature wave in cylindrical wall complies to the 

same conformities that is in one-dimensional case, but with another proportional coefficient. 

2. It was found that correlation of inner and outer radius of hollow chamber does not influence at 
the character of temperature field in the area of temperature wave, at least, at r0/R > 0.5. 

3. It is proved that the radial temperature profile in the wall of the hollow cylinder when r0/R > 0.5 
within the temperature wave propagation is described with good accuracy by quadratic dependence or 
with the use of an error function similar to a flat wall. 

4. It is shown that the rate of temperature change over time at a fixed point in the cylinder wall 
within the temperature wave is sufficiently well approximated by hyperbolic dependence into which the 
expression for θ passes at r = const. 

5. It is proved that the error in the use of formulas obtained in the paper in comparison with the 
results of numerical calculations and existing analytical solutions in the form of series lies within the 
accuracy of engineering calculations. 

6. It is proposed to apply correlations obtained in the research for analytical estimation of minimal 
temperature at inner surface of cylindrical heated structures, primarily when resolving the issue about 
beginning of condensate formation at internal surfaces of smoke stacks when boiler unit is stopped or at 
outer surface of heat insulation of heat pipelines when heat supply is switched off, which will allow 
applying not only program, but also engineering methods of checking execution of industrial safety 
requirements.  

7. It is noted that the ratio r0/R, typical for modern designs of chimneys and thermal insulation of 
pipelines, allows to use the found formulas for θ when assessing the cooling time of their surfaces. 

8. It is shown that the cooling rate of the inner surface of the smoke stack of a typical design, 
calculated in accordance with the found dependencies, before condensation of water vapor from flue 
gases of a standard composition is limited to tens of minutes which determine the available time for 
repair. 
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Abstract. The design and construction of unique buildings, facilities and complexes of “modern” 
architectural forms and constructive solutions in Russia began less than 20 years ago in the conditions of 
a shortage of national design codes and experience of such construction. Thus these objects were not 
provided with proper scientific and technical support and structural health monitoring (SHM) systems. 
Generally only the instrumental monitoring system, based on results of finite element analysis and 
comparison with measured data allows performing planning activities to prepare for and respond to 
changes in state of critical structures and drawing conclusions about the actual state and the possibility of 
further safe operation of the building. Theoretical foundations of methodology of such SHM have been 
developed. Parameterized finite element models of buildings, special algorithm of adaptation (calibration) 
in accordance with results of measurements, methodology of measurements of natural frequencies and 
modal shapes and algorithm of structural evaluation are proposed in this paper. So-called “start” finite 
element model is normally developed to study the load-bearing capacity of the current version of the 
project. Parameterized “monitoring-oriented” three-dimensional dynamic finite element model for each 
significant stage of life cycle of the building (the stages of construction and operation) is constructed or 
modified, verified and adapted in accordance with the measured data. The main criterion for the 
adaptation is the correspondence of calculated and measured spectrum of the natural frequencies and 
mode shapes in the entire frequency range, significant for the assessment of system-wide changes and 
for identification – localization of possible defects. 
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Аннотация. Расчетное обоснование, проектирование и строительство уникальных зданий, 
сооружений и комплексов «современных» архитектурных форм и конструктивных решений в 
Российской Федерации начинались менее двадцати лет назад в условиях дефицита национальной 
нормативной документации и опыта подобного строительства, в результате чего не были 
обеспечены надлежащим научно-техническим сопровождением и мониторингом соответствующих 
несущих конструкций. Вообще, лишь система инструментального мониторинга, построенная на 
основе анализа результатов конечноэлементного моделирования в сопоставлении с данными 
измерений, позволяет выполнять планирование мероприятий по подготовке и реагированию на 
изменения состояния ответственных конструкций, сделать выводы о фактическом состоянии и 
возможности дальнейшей безопасной эксплуатации здания (сооружения). Теоретические основы 
соответствующей методики разработаны и представлены в настоящей статье. Описываются 
параметризованные конечноэлементные модели зданий, алгоритм их адаптации (калибровки) по 
данным инструментальных наблюдений, методика измерения собственных частот и форм 
колебаний, подход к оценке несущей способности для фактического состояния объекта. 
«Стартовая» конечноэлементная модель используется, как правило, для обоснования несущей 
способности актуального проектного варианта. Для каждой значимой стадии «жизненного цикла» 
здания (этапы строительства и эксплуатации) строится, модифицируется (актуализируется), 
верифицируется и адаптируется по текущим данным инструментальных наблюдений 
параметризуемая пространственная динамическая «мониторинговая» конечноэлементная модель. 
Основным адаптационным критерием здесь принимается соответствие расчетного и измеренного 
спектра собственных частот и форм колебаний во всем диапазоне частот, значимом как для 
оценки общесистемных изменений, так и идентификации-локализации возможных дефектов. 

1. Introduction 
The main target of research of this paper is unique buildings, facilities and complexes of “modern” 

architectural forms and constructive solutions. The design and construction of unique buildings, facilities 
and complexes of “modern” architectural forms and constructive solutions in Russia began less than 20 
years ago in the conditions of a shortage of national design codes and experience of such construction. 

The systematic process of observing, tracking and logging data over a period of time in order to 
characterize the health state of structures and to detect any possible change due to damage occurrence 
is referred to as structural health monitoring (SHM) [1]. SHM is nowadays a field of great concern. The 
main aim of SHM is to prevent and avoid fatal structural damages through the determination of stresses 
and deformations (i.e. displacements) of whole structure or a specific component. It is clear that external 
loads and boundary conditions should be previously identified [2]. 

Due to the above-mentioned reasons, unique buildings, facilities and complexes in Russia were 
not provided with proper scientific and technical support and SHM systems [3]. Corresponding 
consequences of this situation include, in particular, inadequacy of the structural analysis and the poor 
quality of the construction works [4, 5]. The problem of SHM (at the construction and operation stages) 
takes on special significance, the importance of which has already been recognized by designers, 
builders and specialists of supervisory organizations [6, 7]. However, there is no algorithm for the solution 
of this problem in the Russian design codes. Besides, SHM systems of erected unique buildings and 
structures exist, as a rule, only on papers, approved by the Russian State Expertise [8]. 

In the last decades, SHM technology has emerged creating an exciting new field within various 
branches of engineering. This technology integrated remote sensing [9], smart materials, and computer 
based knowledge systems to allow civil engineers see how built up structures are performing over time. 
Since the emergence of this technology, it became more and more useful for large infrastructures, such 
as bridges, buildings, tunnels, pipelines, offshore platforms, wind turbines, and railway infrastructure 
where performance is critical but onsite field test is difficult or even impossible [10, 11]. Besides, the 
request for damage detection by means of non-destructive methods is greatly increasing in order to 
reduce the maintenance costs and to increase the safety level of the structures [12]. 

As is known, there are four basic methods of instrumental monitoring at the present time: geodetic 
measurements; geotechnical monitoring the state of foundation; measuring loads and strains in the 
substructure and superstructure; dynamic (seismometric) approach [13–15]. Special mention should go 
to seismometric method that allows investigator to explore the whole building and to identify significant 
changes in the load-bearing structures without instrumental actions and visual inspections of each 
structure [16, 17]. The experiments on real objects confirmed the potential of this method, however, 
revealed a number of problems [18, 19]. It is necessary to note complex specify of unique buildings and 
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advantages of seismometric method in the context of the monitoring problems (high dimensionality and 
variability (relative to loads, masses and stiffness) of object; difficulty of corresponding instrumental 
measurements (online access to the majority of load-bearing structures in residential and other premises 
is difficult or impossible [17]). 

Instrumental monitoring of unique buildings without corresponding correct and adequate 
“monitoring-oriented” mathematical and computer models has random nonsensical nature and therefor it 
is not of practical interest. These “monitoring-oriented” models (several models or parameterized one) 
have a number of specific differences from the conventional design models, which are normally used to 
justify design decisions (input of real (actual measured instead of design) physical and mechanical 
parameters of construction materials (steel, concrete, reinforcement etc.) and geometry of structures; 
input of real (actual measured instead of design) loads; inclusion of non-bearing structures (dividing 
walls, facades, etc.) in static and dynamic operation of structures under weak “background” loads; 
modelling of work of several joints in accordance with schemes, different from design ones (for example, 
elastic restraint instead of hinge joint); adaptability (calibration, “learning”) of model in accordance with 
data obtained from instrumental measurements (including detected defects). 

The main objective of this paper is the development of correct adaptive finite element models in 
SHM systems of unique buildings. Thus, the following tasks are solved: 

1. Formulation of basic theoretical foundations of advanced methodology of structural health 
monitoring. 

2. Development of parameterized finite element models of buildings (so-called “design” and 
“monitoring-oriented” models). 

3. Adaptation (calibration) of finite element models in accordance with results of measurements. 

4. Introduction of effective technology of measurements of natural frequencies and modal shapes. 

5. Introduction of correct approach to structural evaluation in real situation of building. 

6. Approbation of advanced methodology of structural health monitoring. 

2. Methods 

2.1. Formulation of basic theoretical foundations of advanced methodology of 
structural health monitoring 

Block diagram and content of developed computational and experimental methodology of structural 
health monitoring dealing with load-bearing structures of unique buildings, is presented in Figure 1. 

So-called “start” (“design”) finite element model is normally developed to study the load-bearing 
capacity of the current version of the project. Parameterized “monitoring-oriented” three-dimensional 
dynamic finite element model for each significant stage of life cycle of the building (the stages of 
construction and operation) is constructed or modified, verified and adapted in accordance with the 
measured data. The main criterion for the adaptation is the correspondence of calculated and measured 
spectrum of the natural frequencies and mode shapes in the entire frequency range, significant for the 
assessment of system-wide changes and for identification – localization of possible defects. 

Computational assessment of load-bearing capacity of structures is carried out in accordance with 
design codes with the use of “design” and “monitoring-oriented” finite element models based on design 
and measured parameters of structures, foundation, loads etc. Basic peculiarities of components of 
proposed methodology of structural health monitoring are discussed in the distinctive paper. 
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Figure 1. Block diagram and content of developed computational and experimental methodology 
of structural health monitoring dealing with load-bearing structures of unique buildings 

2.2. Parameterized finite element models of buildings (“design” and “monitoring-
oriented” models) 

Three-dimensional shell-beam finite element model (models) of coupled systems “foundation – 
building” are normally constructed for strain-stress state analysis and load-bearing capacity of actual 
design version. It is so-called “start” (“design”) model for subsequent parameterization and adaptation. 

Vector of parameters of model has the form 

𝜃𝑙 = {𝜃}𝑙 = {𝜃1 𝜃2 𝜃3 … }𝑙 , (1) 

where 𝑙 is the number of stage of construction and operation (𝑙 = 1,2 … ) with corresponding 

instrumental SHM. 

Vector (1) can contain the following measured parameters, which normally differ from design ones: 

𝜃1is dynamic parameters of foundation; 𝜃2 is physical and mechanical parameters of construction 

materials (concrete, reinforcement, steel, etc.); 𝜃3 is geometrical parameters of load-bearing structures 

(particularly eccentricities and inclinations of walls and columns; 𝜃4 is measured loads and impacts; 𝜃5 is 
stiffness and mass of nominally non-bearing structures (dividing walls, façade structures), included in 

dynamic operation of structures under weak “background” loads; 
6  is modeling of structural behavior of 

several joints in accordance with schemes, different from design ones (for instance, elastic restraint 
instead of hinge). 

Well-known methods of construction of three-dimensional shell-beam dynamic finite element 
models [20, 21] with allowance for above mentioned factors are realized. Thus, the reduction of the actual 
class of the concrete in comparison with the project one are taken into account by corresponding 
reduction in the modulus of elasticity, deviations of the geometric positions of the columns, walls and 
other load-bearing elements are taken into account by introduction of so-called “rigid inserts” allowing 
displacement of the elements in the plan, and their inclination. 

The most problematic is the allowance for stiffness of dividing walls (especially located inside 
apartment) and façade structures included in the dynamic operation of the system for the operation 
stages, under weak background loads. We can use “integrated” approach (a proportional increase of 
stiffness of the vertical load-bearing structures), and introduction of each non-bearing structure with 
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reduced dynamic stiffness in finite element model (this approach can substantially (at times) increase 
computational dimension of the model). 

Partial eigenvalue problem is formulated and solved for parameterized finite element model 

(computing of natural frequencies 𝜔𝑖  and mode shapes {𝜑𝑖}) of dynamic system has the form 

[𝐾(𝜃𝑙)][𝛷] = [𝛺2][𝑀(𝜃𝑙)][𝛷], (2) 

where 

[𝛷] = [{𝜑1} … {𝜑𝑛}];  [𝛺2] = 𝑑𝑖𝑎𝑔(𝜔1
2 … 𝜔𝑛

2); (3) 

[𝐾(𝜃𝑙)] is the global stiffness matrix of system; [𝑀(𝜃𝑙)] is the global mass matrix of system. 

The following parameters (criteria) of the solution of partial eigenvalue problem can be used:  

the number (≤ 𝑛) of computing lower natural frequencies and mode shapes; frequency range (from Ω1 

to Ω2), within which all natural frequencies (mode shapes) must be computed; frequency range (from Ω1 

to Ω2), and the number of computing lower natural frequencies and forms within this range. 

If the frequency range is given, shift 𝜎 of stiffness matrix within triangulation procedure and 

eigenvalue analysis must be done. Recommended value of this shift  can be defined by formula 

𝜎 = −0.5 ∙ (Ω1
2 + Ω2

2). (4) 

In accordance with recommendations from [4] the most advanced and competitive methods of 
solution of generalized and partial eigenvalue problems (subspace iteration method, and block Lanczos 
method) can be used as basic methods. Numerous computational experiments (including samples with 
“contrasting” ill-conditioned systems and systems with multiple eigenvalues) showed reliability and 
efficiency of current implementations of these methods. Experience has proven that Lanczos method had 
undeniable advantages in high speed of computing of the given number of eigenvalues and eigenvectors 
for practical problems (of high dimension; up to 10 million of unknowns (dynamic degrees of freedom)) of 
finite element analysis of unique buildings. 

2.3. Adaptation (calibration) of finite element models in accordance with results of 
measurements 

Two main groups of approaches are used for adaptation of finite element models in accordance 
with results of dynamic monitoring data: “intuitive-engineering” approaches and mathematically 
formalized approaches. The first group of approaches, which is the most popular at this time in Russia, 
leaves wide scope for interpretation of the calculated and measured dynamic characteristics. We should 
note the most severe and challenging approach from the second group, which is based on numerical 
solution of incorrect inverse problems by Tikhonov regularization method. It should be noted that 
algorithms and software, enabling identification of the actual status and localization of defects for simple 
linear-elastic structures (beam and plate on elastic (Winkler) foundation, frame, framework etc.) have 
been already developed. 

Let’s consider one of the versions of corresponding algorithm based on solution of nonlinear 
optimization problem (i.e. minimization of objective function): 

min
𝜃

𝛱(𝜃) =
1

2
∑ 𝑎𝑖

𝑁𝑚𝑑

𝑖=1

‖𝜑𝑖 − 𝜑̂𝑖‖2on condition that 𝑅(𝜃) ≥ 0. (5) 

Sensitivity function is defined by formula 

𝛱,𝜃 = ∑ 𝑎𝑖

𝑁𝑚𝑑

𝑖=1

‖𝜑𝑖 − 𝜑̂𝑖‖ 𝜑𝑖,𝜃
;   𝜑𝑖,𝑒

= − ∑
𝜑𝑖

𝑇𝐾,𝜃𝜑𝑗

(𝜆𝑖 − 𝜆𝑗)𝜑𝑖
𝑇𝑀𝜑𝑖

𝜑𝑖 (𝑖 ≠ 𝑗)

𝑁𝑚𝑑

𝑖≠𝑗

 (6) 

Regularization has the form 

min
𝜃

𝛱(𝜃) =
1

2
∑ 𝑎𝑖

𝑁𝑚𝑑

𝑖=1

‖𝜑𝑖 − 𝜑̂𝑖‖2 +
𝛽

2
‖𝐾(𝜃) − 𝐾(𝜃0)‖2on condition that 𝑅(𝜃) ≤ 0,  

 
(7) 
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where 𝜃 = {𝜃}={𝜃1 𝜃2 𝜃3 … } is previously user-defined vector of parameters of model; 𝛼 is weight 

coefficients; 𝜑𝑖  and 𝜑̂𝑖  are computered and measured natural mode shapes; 𝑅(𝜃) is constrain with 

respect to parameters; 𝜆𝑖  is computered eigenvalues (angular frequencies squared); 𝜃0 is initial state; 𝛽 

is parameter of regularization; 𝐾 is the global stiffness matrix; 𝑀 is the global mass matrix. 

It is necessary to note specific requirements to accuracy of structural design and instrumental 
measurements (including modal analysis in corresponding significant frequency range). 

2.4. Technology of measurements of natural frequencies and modal shapes 

As follows from the common engineering sense and confirmed by formal above-mentioned 
mathematical manipulations, seismometric method of measurement should provide reasonable accuracy 
of computing of not only lower total-system performance natural frequencies [22] and mode shapes but 
also natural frequencies and mode shapes corresponding to local deviations of state of structure 
(including structural failures). Besides, efficiency and economic competitiveness are also provided. 

Analysis of available sources showed that so-called standing wave method, proposed by Professor 
A.F. Emanov, is fully consistent with these principles and criteria. Standing wave field, different from other 
waves by coherence property in time, is always formed in closed spaces. Standing waves extraction from 
recorded wave fields on filtering basis by coherence in time and conversion of nonsimultaneous 
observations in simultaneous standing waves records in studied objects forms the basis of standing wave 
method. The method performs well in study of self-induced buildings vibrations. Amplitudes and phases 
maps of standing waves in set of natural frequencies fully characterize object and allow to determine not 
only seismic stability, but realize physical state diagnostics at a constructional elements level. In 
microzoning the standing wave method performs well as direct research method of resonant properties of 
section. As a result of standing wave method use we have set of section natural frequencies and 
vibration amplification maps. On the basis of maps of standing wave phases a resonance type is simply 
set. The resonances, formed as multiples between horizontal boundaries, have the same close phase on 
area, whereas in lenses and block mediums horizontal resonances may appear characterized by banded 
change of areal phase. Combination of high-accuracy study of resonant properties of areas and buildings 
provides a new echelon of accuracy in seismic risk assessment [4, 15, 18]. 

Russia already has positive experience of using this method to determine the dynamic 
characteristics of dams, bridges and buildings. However, there is no such experience for high-rise 
buildings, complexes and long span structures. It is planned to fill this gap in research on real objects. 

2.5. Structural evaluation in real situation of building 

Analysis of stress-strain state and load-bearing capacity of structures is carried out in accordance 
with the design codes and corresponding criteria with the use of finite element model comprising 
parameters of “monitoring-oriented” and design models. 

Static and dynamic (including seismic) stress-strain state for stage number l can be obtained after 
solution of system of linear algebraic equations. In particular, we have displacement equations of 
equilibrium 

[𝐾(𝛩𝑙)][{𝑢}1 … {𝑢}𝑚] = [{𝐹(𝛩𝑙)}1 … {𝐹(𝛩𝑙)}𝑚] (8) 

and displacement equations of motion 

[𝑀(𝛩𝑙)]{𝑢̈} + [𝐶(𝛩𝑙)]{𝑢̇} + [𝐾(𝛩𝑙)]{𝑢} = {𝐹(𝛩𝑙)}. (9) 

Stability analysis (computing of lower critical loads 
i

  and modes of buckling 𝜑) can be done as a 

result of solution of partial eigenvalue problem 

[𝐾(𝛩𝑙)][𝛷] = [𝛬][𝐾𝐺(𝛩𝑙)][𝛷], (10) 

where 

[𝛷] = [{𝜑1} … {𝜑𝑛}];  [𝛬] = 𝑑𝑖𝑎𝑔(𝜆1 … 𝜆𝑛). (11) 

This enables the additional (as compared with the dynamic model), the properties, namely, 
parameters of foundation, stiffness and loads (set of parameters 𝛩𝑙). The model is complemented by data 
measures within SHM. 

The proposed approach allows verification of results of progressive collapse analysis at each stage 
of SHM based on the actual state of the object. 
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Planning for measurement at the current stage of SHM should be done with the use of results of 
the previous stage. Thus, the detection of “suspicious” of natural frequencies and mode shapes requires 
installation of a sufficient number of sensors for the measurements for the qualitative identification of 
these frequencies and shapes. However it should be noted that for most SHM applications, the number of 
available sensors for monitoring is usually significantly less than the number of potential monitoring 
locations. 

3. Results and Discussion 
We considered so-called Evolution Tower as a vital object for approbation of proposed 

methodology of SHM. One of the most ambitious skyscraper projects in Moscow, Evolution Tower is part 
of the Moscow International business center Moscow City. The impressive design of this 255 meters high 
skyscraper, its well-developed facilities and efficient state-of-the art engineering services form most 
comfortable conditions for work and rest (Figure 2). 

 

 

 

 

Figure 2. Evolution tower. Building and corresponding finite element models 

Basing on the files of the research activity customer in the form of AutoCAD and the set of 
drawings in the software ANSYS, a “design” shell-beam finite element model (FE model) of a building 
was constructed (Figure 1). Then basing on the “design” (ideal) model another two models were 
developed: “actual no. 1” – finite element model of an object, in which the deviations of piles from the 
designed positions were taken into account, that were found out as a result of investigation; “actual no. 2” 
– finite element model of an object, in which the deviations of walls from the designed positions were 
taken into account, that were found out as a result of investigation. 

In frames of verification of finite element models the natural frequencies and vibrational modes of 
the considered system were estimated (for “design” and “actual no. 1” models), which means almost 
most informative test tasks were solved, which, from the one hand, integrate many factors and 
parameters of the design models, and, from the other, allow detecting their difference. Thus determined 
natural frequencies and vibration modes of the building were expectable characteristic (for the objects of 
a similar type) in quality and quantity senses (in terms of natural frequencies spectrum and systemic 
forms), which allowed making a conclusion on the correctness and adequacy of the created finite element 
models to the “design” variant of the building (“actual no. 1” model is dynamically equivalent to the 
“design” one). 

The comparative analysis of the corresponding results for “design” and “actual” finite element 
models revealed the slight “sensitivity” of the stress-strain state parameters, which predetermine the 
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reliability of the bearing structures (piles, columns and walls), to the considered deviations of the columns 
and walls from the designed positions, detected as a result of the investigations. It was established, that 
the design reinforcement of the piles and walls generally possesses an essential reserve compared to the 
corresponding design parameters for “design” and “actual” models. 

Basing on the results of the investigations the authors made a conclusion on the correspondence 
of the design parameters of the stress-strain state and reliability of the bearing structures of a high-rise 
building to the specified criteria of stability and deformability at set actual deviations of the reinforced 
concrete structures from the designed positions, detected as a result of field measurements (account for 
eccentricities and vertical deviations [17, 20]. 

The obtained results of the mathematical simulation of a building – static displacements, natural 
frequencies and vibration modes – may (и and as authors believe, should) be used at developing and 
implementing the program and methods of monitoring the state of the foundation and bearing structures 
of a building on all the stages of its operating life [4, 23, 24]. 

4. Conclusion 
Generally the finite element method (FEM) method is nowadays a very powerful computer aided 

simulation technique, allowing the user to study any kind of problem virtually without limitation in model 
size and complexity. 

Finally we can formulate the main results. 

1. Formulation of basic theoretical foundations of advanced methodology of structural health 
monitoring is presented 

2. Parameterized finite element models of buildings (so-called “design” and “monitoring-oriented” 
models) are proposed. 

3. Algorithm of adaptation (calibration) of finite element models in accordance with results of 
measurements is described. 

4. Effective technology of measurements of natural frequencies and modal shapes and correct 
approach to structural evaluation in real situation of building are introduced. 

5. The results of the approbation of advanced methodology of SHM were very satisfactory and 
were discussed in this paper. Since the investigated cases are taken from real structures, it can be 
concluded that the proposed advanced methodology can be a valuable tool for SHM. 

6. Thus only the instrumental monitoring system, based on results of finite element analysis and 
comparison with measured data allows performing planning activities to prepare for and respond to 
changes in state of critical structures and drawing conclusions about the actual state and the possibility of 
further safe operation of the building. 

As we have already mentioned, the monitoring of building structures is rather complicated due to 
complex relationship between various loads and structural members. However, if the proposed advanced 
methodology of SHM is developed, it will have a positive effect on the maintenance of structures. 
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