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Abstract. We study the natural oscillations of a rectangular plate, two adjacent edges of which are 
clamped, and the other two are free (CCFF-plate), as an element of many building structures. The 
deflection function is chosen as a sum of two hyperbolic trigonometric series. Both series obey the main 
equation of free vibration. Meeting all boundary conditions of a problem leads to an infinite system of 
homogeneous linear algebraic equations with respect to eight series coefficients. This system is 
transformed in two subsystems due to four basic coefficients, for which the iterative solution process is 
organized. Initial values of a pair of basic coefficient series are chosen randomly. Frequency values are 
chosen so that iterations coincide starting with a certain number. This provides non-trivial solutions of the 
reduced system. For the first eight obtained natural frequencies there have been presented relevant 3D 
mode shapes. The paper provides accuracy analysis and its comparison with other familiar results. 

Аннотация. Исследуются собственные колебания прямоугольной плиты, два смежных края 
которой защемлены, а два других свободны (CCFF-пластина), как элемента многих строительных 
конструкций. Искомая функция прогибов выбирается в виде суммы двух гиперболо-
тригонометрических рядов. Оба ряда подчиняются основному уравнению собственных колебаний. 
Выполнение всех граничных условий задачи приводит к бесконечной системе однородных 
линейных алгебраических уравнений относительно восьми коэффициентов рядов. Эта система 
преобразуется к двум подсистемам относительно четырех базовых коэффициентов, для которых 
организован итерационный процесс решения. Начальные значения одной пары 
последовательностей базовых коэффициентов назначаются произвольно. Подбираются значения 
частот, при которых, начиная с некоторого номера, итерации совпадают, что дает нетривиальные 
решения редуцированной системы. Для найденных таким образом первых восьми собственных 
частот представлены соответствующие 3D формы колебаний. Приводятся анализ точности 
вычислений и сравнение с известными результатами. 

1. Introduction 
Industrial and civil buildings often have perpendicular side wings in plan. In the inner corners of 

buildings a rectangular balcony slab and flat roofs can be rigidly sealed to adjacent wall. The other two 
edges are usually free. In addition to static load, these elements can be subjected to dynamic effects. 
These are vibrations from various types of power units, sound or shock waves, seismic loads. The 
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frequencies of forced oscillations can vary in a wide range. Resonance phenomena occur not only at the 
first natural frequency, but also on overtones. Therefore it is important to know some initial spectrum of 
natural frequencies that will allow to carry out full-scale tests of the specified elements on resonance. 

Application of innovative materials in construction requires improvement of computational methods 
to carry out high-precision calculations, in particular, dynamic ones. An accurate closed-form solution to a 
problem of free vibration of a rectangular CCFF plate (C – clamped edge, F – free edge) has not been 
provided. Usage of approximate solutions contradicts validity of the obtained numerical results. Mesh 
methods are often efficient, however fine mesh can lead to less accuracy due to a badly – determined 
matrix of the system. Such methods need testing by analytical or numerical-analytical methods. 

At first the range of five natural frequencies for free vibration of a rectangular CCFF plate was 
obtained by Young [1] in 1950 by the Rayleigh-Ritz method using beam functions (three in each direction), 
which are combinations of hyperbolic and trigonometric functions. The Rayleigh-Ritz method was also used 
in the papers [2-7] to solve a similar problem. Leissa [2] increased a number of beam functions to 36. 
Dickinson and Li [3] applied double series with hyperbolic and trigonometric sine and cosine functions that 
satisfy the conditions of free support for opposite edges. Bhat [4] used characteristic orthogonal 
polynomials and the Gram-Schmidt procedure. Mizusawa [5] dealt with B-spline function. Zhang and Li [6] 
sought a solution in the form of the double Fourier cosine series, supplemented by several ordinary 
trigonometric series of a special form. The paper of Monterrubio and Ilanko [7] presents polynomials, 
trigonometric functions and their combinations for 55 types of boundary conditions with penalties during 
calculation.  

In 1992 Singal et al. [8] obtained experimental data about natural frequencies of plates with different 
boundary conditions. This information is a reliable benchmark for theoretical calculations. In the above-
mentioned paper the authors provide theoretical results that were gained using the "Analdyne-1" computer 
software by the Gorman method (the superposition method) [9, 10].  

The papers [11–13] focus on various modifications of the Finite Element Method (FEM). Kerboua et 
al. 2007 [11] applied the semi-analytical FEM along with the Sanders Shell Theory. Patil [12] solved a 
problem using the Modified Discrete Kirchhoff Quadrilateral element (MDKQ) with the mesh 8×8 and 
16×16. The work of Rao and Mohan [13] is based on FEM using the ANSYS software and Galerkin 
analytical method to determine the first frequency for different materials and boundary conditions on the 
crack and non-crack surfaces.  

In the work [14] two-dimensional boundary value problem is reduced to one-dimensional, modifici-
specific method of spline-collocation. The one-dimensional problem is solved numerically by discrete 
orthogonalization. 

The papers [15–18] describe methods which were applied for plates with different boundary 
conditions. However, these papers do not contain numerical results for a CCFF plate, though they could 
have been used for solving this problem. Actually, the results [18] for CFFF and CCCC plates are equal to 
our results obtained in the papers [19–21]. 

In works [22–25] the questions of resonant phenomena at high frequencies are touched upon. It is 
noted that they are weakly expressed and are not able to cause destruction of structural elements. 
However, there is no analysis of the long-term impact of the disturbing force on the resonant frequencies. 

One interesting recent work [26] devoted to the solution of the problem of natural vibrations in 
stresses, and not, as usual, in displacements. 

We also note the works [27–29], devoted to the application of various computational methods for 
solving problems of the dynamics of structures, which can be used for this problem.  

Relevance of research of own oscillations of CCFF plates is caused by their wide application in civil 
engineering, and also in instrument making and nanotechnologies. 

The purpose of this work is to determine the initial spectrum of natural frequencies and vibration 
forms of a rectangular plate, two adjacent edges of which are clamped, and the other two are free. The 
task of the study is to build a numerical and analytical method to achieve this goal with high accuracy. The 
object of the study is the vibrations of the plates, and the subject of the study – the natural vibrations of the 
CCFF - plate. 
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2. Methods 
2.1. Problem statement 

The paper considers a rectangular Kirchhoff plate with two adjacent edges clamped (x = 0 and  
y = 0), and two other edges free. Let a and b be dimensions of the plate in plan, h is its thickness. It is 
required to find a spectrum of natural frequencies for such a plate and corresponding mode shapes. 

We introduce dimensionless coordinates x = X / b, y = Y / b, hence the plate dimensions will be 
the following: 0 ≤ x ≤ γ, 0 ≤ y ≤ 1 where γ = a / b (Figure 1). 

 
Figure 1. Rectangular CCFF plate 

The differential equation of free vibrations of the plate is determined by Lekhnitskii [30] 
2

2 2 2
2 0WW

t
η ∂

∇ ∇ + =
∂

, (1) 

where 2∇  – is the 2D Laplace operator; ( , , )W x y t  – is a desired function of the deflections of the middle 

plane of the plate; t is time, 2 4hb Dη ρ= , ρ is the density of the plate's material, ( )3 212(1 )D Eh ν= −  

is the cylindrical rigidity of the plate, Е is Young's modulus, ν is Poisson's ratio. 

According to the Fourier method, this function is written as follows: 

( )1 2( , , ) cos sin ( , ).W x y t C pt C pt w x y= +  (2) 

Here, С1, С2 are arbitrary constants, which are determined from the initial conditions; p is the 
unknown oscillation frequency (circular frequency) of the plate; w(x, y) is a coordinate function that must 
satisfy the differential equation [30]: 

2 2 2( , ) ( , ) 0w x y w x yω∇ ∇ − = , (3) 

2 /p pb h Dω η ρ= =  – is the natural dimensionless vibration frequency. This equation is obtained by 
substituting (2) in (1). Function w(x, y) determines mode shapes for the found frequency.  

Then we will solve the problem of determining natural frequencies and mode shapes.  

The desired function of the form of oscillations w(x, y) is to satisfy the boundary conditions [31], 

0w = , 0w
x

∂
=

∂
 at x=0, (4) 

( )
2 2 3 3

2 2 3 20, 2 0w w w wv v
x y x x y

∂ ∂ ∂ ∂
+ = + − =

∂ ∂ ∂ ∂ ∂
 at x = γ, (5) 
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0w =  , 0w
y

∂
=

∂
 at y = 0, (6) 

( )
2 2 3 3

2 2 3 20, 2 0w w w wv v
y x y x y

∂ ∂ ∂ ∂
+ = + − =

∂ ∂ ∂ ∂ ∂
 at y = 1 , (7) 

2

0w
x y
∂

=
∂ ∂

 in point (γ; 1). (8) 

Boundary conditions show the absence of deflections and angles of rotation for clamped edges, the 
lack of bending moments Mx, My and shear forces Qx, Qy on free edges and the torque Mxy in a free angular 
point. 

2.2. Methods 
The exact solution of the problem (3–8) can be obtained if the desired deflection function is 

represented as the sum of two such hyperbolic-trigonometric series of sinuses of the following form  

1,3,...
( , ) [ cosh ( ) cosh ( )k k k k

k
w x y A x B xα γ β γ

∞

=

= − + −∑  

 sinh ( ) sinh ( )]sink k k k kC x D x yα γ β γ λ+ − + −  

 
1,3,...

[ cosh ( 1) cosh ( 1)s s s s
s

E y F yξ η
∞

=

+ − + −∑  

 sinh ( 1) sinh ( 1)]sins s s s sG y H y xξ η µ+ − + −  

(9) 

where Ak, Bk, Ck, Dk, Es, Fs, Gs, Hs are undetermined ratios,  

,
2 2k s

k sπ πλ µ
γ

= = . (10) 

Ratios αk, βk, ξs, ηs result from the biquadratic equations, when each series are inserted in the basic 
differential Equation (3): 

2 2 2 2, , ,k k k k s s s sα λ ω β λ ω ξ µ ω η µ ω= + = − = + = − . (11) 

Note that the series (9) have only odd harmonics, which ensures symmetry in the solution due to 
edges x = γ and y = 1. Thus, we consider the plate of 2γ × 2 dimensions with additional conditions along 
the symmetry axes (5, 7, 8) instead of conditions on fictitious edges x = 2γ and y = 2. 

It is required that the deflection function w should satisfy all boundary conditions. Primarily, 
deflections on the clamped edges of the plate have to go to zero (first conditions (4), (6)). This results into 
two equations for the unknown ratios: 

cosh cosh sinh sinh 0k k k k k k k kA B C Dα γ β γ α γ β γ+ − − = , (12) 

cosh cosh sinh sinh 0s s s s s s s sE F G Hξ η ξ η+ − − = . (13) 

Then the partial derivatives and their combinations included in conditions (4) – (8) are found. 

The condition of the absence of rotation angles for the clamped edges (the second conditions (4), 
(6)) also leads to two equations:  
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( )
1,3,...

sinh sinh cosh cosh sink k k k k k k k k k k k k
k

A B C D yα α γ β β γ α α γ β β γ λ
∞

=

− − + +∑  

1,3,...
[ cosh ( 1) cosh ( 1) sinh ( 1)s s s s s s s

s
E y F y G yµ ξ η ξ

∞

=

+ − + − + −∑  

 sinh ( 1)]s sH yη+ −  = 0.  

(14) 

( )
1,3,...

sinh sinh cosh cosh sins s s s s s s s s s s s s
s

E F G H xξ ξ η η ξ ξ η η µ
∞

=

− − + +∑  

1,3,...
[ cosh ( ) cosh ( ) sinh ( )k k k k k k k

k
A x B x C xλ α γ β γ α γ

∞

=

+ − + − + −∑  

 sinh ( )] 0k kD xβ γ+ − = . 

(13) 

The conditions (5) of the absence of bending moments and shear forces on the edge x = γ provide 
other two equations: 

2 2 2 2 * 1 2 2

1,3,... 1,3,...
[ ( ) ( )]sin ( 1) [ ( )cosh ( 1)s

k k k k k k k s s s s
k s

A B y E yα νλ β νλ λ µ νξ ξ
∞ ∞

+

= =

− + − + − − + −∑ ∑  

2 2 2 2( )cosh ( 1) ( )sinh ( 1)s s s s s s s sF y G yµ νη η µ νξ ξ+ − + − + − + −  
2 2( )sinh ( 1)] 0s s s sH yµ νη η+ − + − = , 

(16) 

2 2 2 2[ (2 ) ] [ (2 ) ] 0k k k k k k k kC Dα α ν λ β β ν λ− − + − − = , (17) 

where s* = (s + 1) / 2. 

The conditions (7) of the absence of bending moments and shear forces on the edge y = 1 leads to: 

* 1 2 2 2 2

1,3,...
( 1) [ ( )cosh ( ) ( )cosh ( )k

k k k k k k k k
k

A x B xλ να α γ λ νβ β γ
∞

+

=

− − + − + − + −∑  

2 2 2 2( )sinh ( ) ( )sinh ( )]k k k k k k k kC x D xλ να α γ λ νβ β γ+ − + − + − + −  

2 2 2 2

1,3,...
[ ( ) ( )]sin 0s s s s s s s

s
E F xξ νµ η νµ µ

∞

=

+ − + − =∑ , 

(18) 

2 2[ (2 )] [ (2 )] 0s s s s s sG Hξ ξ ν η η ν− − + − − = , (19) 

where k* = (k + 1) / 2. 

Note that the condition (8) is met “automatically” by both functions (9). 

In the obtained system of eight Equations (12–19) we expand hyperbolic functions in a Fourier series 
with the following formulae: 

*

2 2
1,3,...

2 ( 1) sinhsinh ( ) sin ,
s

k s k
k s

s k s

x xα µ α γα γ µ
γ α µ

∞

=

− +
− = −

+∑  

2 2
1,3,...

2 coshcosh ( ) sin ,s k
k s

s k s

x xµ α γα γ µ
γ α µ

∞

=

− =
+∑  

*

2 2
1,3,...

( 1) sinhsinh ( 1) 2 sin ,
k

s k s
s k

k k s

y yξ λ ξξ λ
λ ξ

∞

=

− +
− = −

+∑  

(20) 
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2 2
1,3,...

coshcosh ( 1) 2 sink s
s k

k k s

y yλ ξξ λ
λ ξ

∞

=

− =
+∑ . (21) 

Expansions sinh ( ), cosh ( ), sinh ( 1), cosh ( 1)k k s sx x y yβ γ β γ η η− − − −  result from the 
above-mentioned by substituting αk for βk and ξs for ηs.  

The formulae (17) and (19) lead to 

,k s
k k k s s s

k s

D C H Gα ξϕ ψ
β η

= − = − . (22) 

where 
2

2

(1 )
(1 )

k
k

k

ν λ ωϕ
ν λ ω

− −
=

− +
, 

2

2

(1 )
(1 )

s
s

s

ν µ ωψ
ν µ ω

− −
=

− +
. (23) 

Insert (22) into (12) and (13), then solve the equations due to Ck and Gs  
* *

sinh
k k

k
k k

A BC
δ α γ

+
= , 

* *

sinh
s s

s
s s

E FG
τ ξ

+
= , (24) 

Where 
* coshk k kA A α γ= , * coshk k kB B β γ= , * coshs s sE E ξ=  , * coshs s sF F η=  

sinh1
sinh

k k
k k

k k

α β γδ ϕ
β α γ

= − , 
sinh1
sinh

s s
s s

s s

ξ ητ ψ
η ξ

= − . 
(25) 

Now substitute (22), (24), and expansions (20), (21) in (14) and (15), change the order of summation 
in double series, disable the external summation. Then obtain the equations: 

* *
11 12 1k ka A a B b+ = , * *

11 12 1s sa E a F b+ =   , (26) 

where 

11
coth cosh1 tanh

cosh
k k

k k k
k k

a α γ β γα ϕ α γ
δ α γ

  
= − −  

   
, 

12
coth cosh1 tanh

cosh
k k k

k k k
k k k

a α α γ β γβ ϕ α γ
β δ α γ
  

= − −  
   

, 

* *
1 2 2 2 2

1,3,...
2 k k

s s sk s sk
s k s k s

b E Fλ λµ ε ε
λ µ ω λ µ ω

∞

=

    
= − − + −    + + + −     

∑ , 

11
coth cosh1 tanh

cosh
s s

s s s
s s

a ξ ηξ ψ ξ
τ ξ

  
= − −  

   
 , 

12
coth cosh1 tanh

cosh
s s s

s s s
s s s

a ξ ξ ηη ψ ξ
η τ ξ
  

= − −  
   

 . 

* *
1 2 2 2 2

1,3,...

2 s s
k k ks k ks

k k s k s

b A Bµ µλ χ χ
γ λ µ ω λ µ ω

∞

=

    
= − − + −    + + + −     

∑ . (27) 
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Here  

* *

2 2 2 2

1 ( 1) sinh ( 1) sinh
sinh

k k
s k s s s k s

sk s
s s k s s k s

ξ λ ξ ξ η λ ηε ψ
τ ξ λ µ ω η λ µ ω

 − + − +
= −  + + + − 

, 

* *

2 2 2 2

1 ( 1) sinh ( 1) sinh
sinh

s s
k s k k k s k

ks k
k k k s k k s

α µ α γ α β µ β γχ ϕ
δ α γ λ µ ω β λ µ ω

 − + − +
= − + + + − 

. 

Now substitute (22), (24), and expansions (20), (21) in (16) and (18), change the order of summation 
in double series, disable the external summation. Then obtain the equations: 

* *
21 22 2k ka A a B b+ = , * *

21 22 2s sa E a F b+ =    , (28) 

where 
2 2

21 22
(1 ) (1 ),

cosh cosh
k k

k k

a aν λ ω ν λ ω
α γ β γ

− + − −
= = , 

2
* 1 *

2 2 2
1,3,...

(1 )
2 ( 1) k ss

s sk
s k s

b E
λ ν µ νω

ε
λ µ ω

∞
+

=

   − −   = − −
 + +  

∑   

2
*

2 2

(1 )k s
s sk

k s

F
λ ν µ νω

ε
λ µ ω

  − +   + −
 + −  

 , 

2 2

21 22
(1 ) (1 ),

cosh cosh
s s

s s

a aν µ ω ν µ ω
ξ η

− + − −
= =  , 

2
* 1 *

2 2 2
1,3,...

(1 )2 ( 1) s kk
k ks

k k s

b A
µ ν λ νω

χ
γ λ µ ω

∞
+

=

   − −   = − −
 + +  

∑  

 
2

*
2 2

(1 )s k
k ks

k s

B
µ ν λ νω

χ
λ µ ω

  − +   + −
 + −  

. 

(29) 

Here 

*
2

2 2

1 ( 1) sinh (1 )
sinh

k
s k s

sk s
s s k s

ξ λ ξε ν µ νω
τ ξ λ µ ω

 − +  = − −  + +
  

*
2

2 2

( 1) sinh (1 )
k

s s k s
s s

s k s

ξ η λ ηψ ν µ νω
η λ µ ω

− +  − − +  + − 
, 

s*
2

2 2

1 ( 1) sinh (1 )
sinh

k s k
ks k

k k k s

α µ α γχ ν λ νω
δ α γ λ µ ω

 − +  = − −  + +
  

s*
2

2 2

( 1) sinh (1 )k k s k
k k

k k s

α β µ β γϕ ν λ νω
β λ µ ω

− +  − − +  + − 
. 

Now the Equations (26), (28) are combined into two symmetric homogeneous systems, from which 
it is required to find values ω to provide non-trivial solutions  
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* * * *
11 12 1 1

* * * *
21 22 2 2

( , )
( , )

k k s s

k k s s

a A a B b b E F
a A a B b b E F

 + = =


+ = =
, (30) 

* * * *
11 12 1 1

* * * *
21 22 2 2

( , )

( , )
s s k k

s s k k

a E a F b b A B

a E a F b b A B

 + = =


+ = =

 

 

 

 

. (31) 

The right-handed parts of the system (30) have ratios E*
s, F*s in the sigma notation, which are found 

from solving the system (31). Besides, in its right-handed parts under the summation sign the system (31) 
has ratios A*

k, B*
k, which can be regarded as ratios of the previous iteration. The ratios for the initial 

iteration, for example, can be fixed as equal to one. Ratios E*
s, F*s, which resulted from the system (31), 

are substituted in the system (30) to obtain ratios A*
k, B*

k of a new iteration. Hereby the iterative process 
of finding ratios A*

k, B*
k, E*

s, F*s is organized. 

Both systems as a parameter contain vibration frequency ω, which should be set. Changing the 
frequency, it is possible to pick up its value in such a way that corresponding ratios for all subsequent 
iterations, starting from a certain one, will be similar (and non-trivial). This frequency is the required natural 
frequency, with which the systems (30), (31) will have non-trivial solutions. It is in line with mode shapes of 
the free vibration which can be obtained in a 3D format, using the formulae (9). This method was effectively 
used in the papers [19–21] for a cantilever or clamped plate.  

3. Results and Discussion 
The spectrum of natural frequencies was determined using software product Maple in the course of 

the iterative process of finding non-trivial solutions to the reduced homogeneous system of linear algebraic 
equations. The following parameters were variable: the frequency of vibrations, the ratio of sides of the 
plate, the number of terms held in the series (the size of the reduced system), the number of iterations, the 
number of significant digits in calculations, the number of digits displayed on the screen as a result of 
calculations, the initial values of the ratios A*

k0, B*
k0. The following basic ratios A*

k, B*
k, E*

s, F*s were 
displayed at each iteration, which allowed us to control the iterative process. The standard values of the 
number of iterations were m = 20, 25, i.е. it was assumed to be sufficient to conclude about the iterations 
convergence or divergence at the chosen frequency when the ratios of the neighboring iterations were 
compared. If the ratios, while decreasing in absolute value, tended to zero or increased indefinitely, a new 
frequency value was assigned. The number of terms in the series was chosen to be equal to n = 29, 39, 
49, 59, 69 to clarify the results in the neighborhood of the desired natural frequency. If the process turned 
out to be poorly converging in the area of separate frequencies, the number of iterations was increased up 
to 50, 100, 200, ..., 1000 and more.  

We considered a square plate as a numerical example. Note that the values obtained by other 
authors served as a reference to select intervals to search for the first six natural frequencies. The criterion 
for the closeness of the frequency to the natural one was a slow change in the ratios, beginning from a 
certain iteration. The frequency at which the neighboring iterations began to coincide up to 4-5 signs was 
taken as a natural frequency. The search for natural frequencies whose mode shapes were symmetric with 
respect to the main diagonal did not take much time.  

It was much more difficult to search for the natural frequencies of antisymmetric mode shapes. Due 
to a slow convergence of the process in the neighborhood of the desired natural frequency, it was 
necessary to increase greatly the number of iterations. The antisymmetric frequencies ω2 and ω7 take a 
special position here. When searching for ω2 it was found from the behavior of the ratios that in the 
neighborhood of value ω = 23.49015 (n = 49), the ratios with growing iterations (we investigated the range 
up to 9000 iterations. The computing time is about 30 minutes) changed roughly in accordance with the 
Law of Harmony A(m)sin(m/2) with a variable amplitude. Moreover, the amplitude slowly decreased down 
to the specified value and then increased. At a value of 23.49015, amplitude A remained constant, the 
sequence became almost strictly periodic, i.e. it did not tend to any limit. Comparison of the 3D mode 
shapes at adjacent iterations showed that for amplitude values of the ratios the mode shape was close to 
the expected one (with a nodal line at the main diagonal). The maximum deviation from the straight line 
was approximately 3.5 % with respect to the maximum amplitude of the mode shape. Then the mode was 
distorted and after six iterations acquired the same shape again, but of the opposite direction. This 
phenomenon was unexpected. Perhaps the paradox is due to the instability of the very shape of 
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antisymmetric vibrations, its "blurring". A negative result was achieved in thorough search for any other 
value in the frequency range 23 ≤ ω ≤ 25, which could be the natural frequency. The study made it possible 
to take the approximate value ~ 23.49 as the second natural (unstable) frequency ω2.  

Search for the next antisymmetric natural frequency ω5 was standard, in contrast to ω2. The 
frequency ω5 = 62.7025 and the corresponding mode shape could be found for n = 49 after 1000 iterations. 
There was a coincidence of the values of the neighboring iterations by three significant digits (the difference 
in the fourth one is not more than one). When n = 59 we obtained ω5 = 62.7038 after 2500 iterations, with 
an error in the fourth digit not more than one.  

Like the first frequency ω7, the third antisymmetric frequency ω7 = 82.2325 was found roughly after 
numerous calculations with a wide variation in the number of terms in the series, the number of iterations, 
the initial values of the base ratios. With a growth in iterations the ratios changed around this value roughly 
in accordance with the harmonic law A(m)sin(m) with a variable amplitude: on the left it was decreasing, 
on the right it was increasing. At a value of 82.2325, the amplitude became constant. The corresponding 
mode shape was also unstable. The best mode shape had the greatest deviation from the main diagonal 
of about 10 % with respect to the maximum amplitude of the mode shape.  

The numerical results obtained in this work are given in the upper rows of Table 1.The corresponding 
mode forms of natural vibrations are shown in Figures 2–9. The following rows of the table show the 
theoretical results of other authors, as well as the experimental data of Singal et al. [8].  

Table 1. Comparison of the dimensionless natural frequencies of the square CCFF plate 

( 2 /pb h Dω ρ= ) for ν = 0.3 

 
 Theory 

 Natural frequencies 

ω1 ω2 ω3 ω4 ω5 ω6 ω7 ω8 
S A S S A S A S 

Present theory m=20 – m=50 m=25 m=2500 m=25 – m=300 
 n=69 

 
n=49 

6.9189 – 26.5845 47.6487 62.7038* 65.5293 – 88.34705 
m=20 m=3000 m=25 m=25 m=1000 m=25 m=3000 m=80 
6.9188 23.49 26.5843 47.6505 62.7025 65.5298 82.2325 88.3448 

Young [1] 6.958 24.08 26.80 48.05 63.14 – – – 
Leissa[2] 6.9421 24.034 26.681 47.785 63.039 65.833 – – 

Dickinson[3] 7.1631 23.974 26.687 47.753 62.967 65.772 – – 
Bhat[4] 6.9243 23.923 26.591 47.670 62.850 65.685 – – 

Mizusawa[5] 6.883 23.70 26.56 47.34 62.54 – – – 
Kerboua[11] 6.92 23.96 26.50 47.23 62.77 65.65 – – 

Patil[12] 7.007 24.208 – – – – – – 
Monterrubio[7] 6.92 23.905 26.585 47.653 62.708 65.535 – – 

Singal[8] 6.86 23.59 26.53 47.20 62.26 65.46 – – 
Experiment       – – 

Singal[8] 6.85 23.61 26.58 48.33 63.08 65.75 – – 
 

S is a symmetric mode shape, A is an antisymmetric mode shape (with respect to the diagonal); the 
value 62.7038* is obtained for n = 59. 

Note that Mizusawa [5] has confused data for the CFCF and FFCC plates. To match the formula
2 /pb h Dω ρ= , the data obtained by Singal et al. [8] divided by a conversion factor of 6.06, and the 

data presented by Patil [12] is multiplied by 10. 
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Figure 2. The first mode shape at frequency ω1 = 6.9189 

a)  b)  

Figure 3. The second mode shape at frequency ω2 = 23.49: 
(a) 3D shape, (b) view from the diagonal 

 
Figure 4. The third mode shape at frequency ω3 = 26.5843 

a)  b)  

Figure 5. The fourth mode shape at frequency ω4 = 47.6505: 
(a) 3D shape, (b) view from the Ox axis 

a)  b)  c)  

Figure 6. The fifth mode shape at frequency ω5 = 62.7025: (a) 3D shape, 
(b) view from the main diagonal, (c) view from the other diagonal 
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Figure 7. The sixth mode shape at 
frequency ω6 = 65.5298 

Figure 8. The seventh mode shape at 
frequency ω7 = 82.2325 

 
Figure 9. The eighth mode shape at frequency ω8 = 88.34705 

The frequencies of the natural vibrations calculated in this work are in good agreement with the 
experimental data obtained in the work by Singal et al. [8]. Comparison with the theoretical results 
correspond well to the data by [8], Bhat [4], Kerboua et al. [11], Monterrubio and Ilanko [7], which has been 
obtained with accurate calculations. 

It should be noted here that it is difficult to provide a clamped edge in the experiment, so the 
experimental frequencies for the CCFF plate [8] should be slightly lower than the corresponding sufficiently 
accurate analytical frequencies. However, the authors [8] have reversed results, starting from the second 
frequency. In our solution, the "correct" pattern is manifested for the first and third frequency, which is then 
violated for higher frequencies, too. Such an effect can be explained by the influence of inertial forces and 
deformation of the transverse shear at high frequencies, which are not considered in the theoretical 
Kirchhoff model. Comparison with Young’s results [1] bears such evidence too. 

Romakina [14] calculated the first three resonant frequencies and obtained the corresponding 
symmetric 3D forms of plate oscillations from different materials in the presence of transverse sinusoidal 
load. These forms are similar to those obtained in this paper. 

 The fact that the values of the second (antisymmetric) frequency differ significantly in the works by 
different authors: from 23.59 to 24.08 indicates the instability of calculations at this frequency. We note that 
the approximate value of 23.49 obtained in this work (the least value listed in the table) is the closest to the 
values (experimental and theoretical) obtained in the work [8].  

Note also that in the works [1–5, 7, 8, 11, 12] 3D forms of natural oscillations have not been obtained. 

4. A note on the initial condition problem 
If a certain spectrum of n natural frequencies and vibration forms is found, then the nearest solution 

of the problem, according to (2), is written as follows: 

( )1 2
1

( , , ) cos sin ( , )
N

i i i i i
i

W x y t C p t C p t w x y
=

= +∑  

where i = 1, 2,..., N the order number of the eigenfrequencies found (in general, there should be an 
infinite set);  

wi = w1i + w2i. 
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The problem can be solved to the end if the initial conditions are given: 

0 0 0 0( , , ) | ( , ), | ( , )t t
WW x y t W x y V x y
t= =

∂
= =

∂
 

where W0(x, y) and V0 (x, y) are the initial deflections and velocities of the plate points. 

Setting initial conditions is a separate complex task. The field of initial displacements of the plate 
points W0(x, y) and the field of initial velocities V0 (x, y) should correspond to the real physical state of the 
plate at the initial time. Often, free oscillations begin after the static transverse load is momentarily 
terminated. Then it is necessary to solve the problem of bending such a plate, and the found function of 
deflections will be the field of initial displacements. The initial velocity field will be zero. More complex are 
the cases of application of shock load, etc. 

If the initial conditions are set, the coefficients in the expression (2) will be found from the system of 
equations 

1 0

2 0

( , ) ( , ),

( , ) ( , ).

N

i i
i
N

i i i
i

C w x y W x y

C p w x y V x y

 =

 =


∑

∑
 

This will in turn require the decomposition of the functions on the right side of the equalities into rows 
by the wi own functions, which is also a separate challenge. 

5. Conclusions 
1. In this paper we propose an efficient algorithm for finding eigenfrequencies and vibration forms 

of CCFF-plates. 

2. The spectrum of eight eigenfrequencies for a square plate and corresponding 3D waveforms are 
obtained with high accuracy. 

3. Two special antisymmetric forms of oscillations from the mentioned spec-tra are revealed, for 
which the computational process is unstable. 

4. The obtained numerical results are shown to be in good agreement with the results of other 
authors who used other high-precision methods. 
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