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Abstract. A hollow cylinder with thick walls is one of the most complex objects to calculate the unsteady
temperature field, so this field is the least studied. However, such objects are found in many modern
constructions of systems of generation and distribution of heat. In the proposed work it deals with the study
of propagation of temperature waves in the wall of the hollow cylinder with harmonic temperature change
of external environment arising from its diurnal fluctuations. The approximate analytical solution is presented
by separation of variables in the complex domain with the use of cylindrical functions. The algorithm of
calculation of temperature fields numerically is shown using an explicit finite-difference scheme of high
accuracy in conditions of cylindrical symmetry with boundary conditions of the first kind. The results of
calculations according to the considered algorithm, depending on the time since the start of heat exposure
and their comparison with the analytic solution are given for its implementation. Calculated radial profiles of
the temperature in the cylindrical wall within the temperature waves and the analytical approximation
relations for the description of its damping coefficient are presented. The results are compared with the
existing analytical solution in rectangular coordinates and it is marked that they have some differences but
the common results are found regardless of the material and geometry of the cylinder, as well as of
temperatures of inner and outer environment. Presented dependences are invited to apply for the analytical
evaluation of the temperature amplitude on the inner surface of the heated cylindrical structures that will
allow the use of engineering methods to verify compliance with industrial safety requirements.

1. Introduction

In this article, an unsteady temperature profile of a hollow thick wall cylinder under periodic thermal
influence is studied.

The problem of unsteady thermal conductivity in bodies of various geometric forms is studied for a long
time. Moreover, currently, due to achievements of computational equipment, numerical methods of solving the
problem are more attractive. Nevertheless, in most cases, they are either related to a single dimension case
or consideration is done in rectangular coordinates. This rather corresponds to the most really existing
problems in both unsteady and steady modes [1-2]. Under the condition of cylindrical symmetry, heating and
cooling of solid hollow cylinders are the most developed issues [1].

Over the last years a number of researches, where such issues are studied in both analytic and
numerical ways, is emerged. However, the results obtained by the authors are either very difficult for use in
engineering practice [3, 4, 9, 14, 17] or too rough, contrary [11]. The other solution variants are related to
specific types of constructions used in limited areas and functioning in super critical modes [8], in nuclear
power industry [13] or composite material production [5-7, 10], as well as in case of phase transitions [12],
[15, 16, 18] or fuel combustion [19], or for underground pipes [20].
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In the same time, the calculation of an unsteady temperature profile of thick walled hollow cylinders,
including a periodic mode, is interesting. For instance, this can be useful for solving the problem of condensate
formation either on the internal surface of fume stacks or on the external surface of thermal pipe insulation
with daily fluctuation of ambient air temperature and heat carrier temperature. This is especially interesting for
open-laid pipelines of heating systems with a significant moisture content of the outside air, which happens at
a temperature close to zero and above, when it may be necessary to assess the conditions of freezing and
thawing of atmospheric moisture and snow. In addition, such a calculation is needed to confirm the absence
of condensation on the inner surface of the air ducts of exhaust ventilation systems with their outer gasket,
which in some cases is allowed in case of structural necessity with the condition of their thermal insulation.
The same applies to the outer surface of the air intake ducts, when they are laid as an exception inside the
building, also in a heat-insulated form. Finally, the considered calculation may be required to assess the
temperature fluctuations on the outer surface of cylindrical furnaces with changes in their operation mode in
order to solve the question of the admissibility of this temperature for sanitary and hygienic requirements. The
author of the published paper [21] has obtained a simple solution for thick walled cylinder cooling. However,
the solution is related only to aperiodic mode conditions, whereas an analytic solution, but for a small diameter
linear source is given in the paper [22]. Therefore, the relevance of the proposed research is in the necessity
to search the precise and physically well-reasoned (in the same time acceptable for engineering usage)
dependences of temperature alteration in periodically heated/ cooled cylindrical structures. Obtained results
may be acceptable for a large number of energetic facilities of such structure.

The calculation of a temperature profile at harmonic fluctuations of ambient temperature near the
external surface of a cylinder is the research purpose. Research tasks are as follows:

— building up an analytical solution for an equation of thermal conductivity in the cylinder wall for a
regular mode;

— development of an algorithm, which implements finite-difference approximation of the equation;

— obtaining analytic dependences for temperature across cylinder cross section and temperature wave
amplitude by results of correlating the theoretical results with software generation data.

2. Methods

Figure 1 shows a diagram of studied cylinder and some conventional symbols used further. The main
of them are rp and r1, i.e. the external and internal radii of a cylinder, M, respectively.

e

o

Figure 1. A diagram of a hollow cylinder
and unsteady temperature profile in its wall.

Then a differential equation of unsteady heat conductivity for the cylindrical symmetry case may be
written in the following way [1-2]:
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A

where a = 5 — coefficient of cylinder body material heat conductivity, m?/s;

A is its thermal conductivity, W/(m-K);

C and p are specific heat capacity, J/(kg-K), and density, kg/m?3, respectively. The solution in this case
will show a current temperature profile in the temperature wave distribution zone.

The boundary condition on the cylinder external surface for a periodic mode in the complex view of the
harmonic oscillation simplest case may be written as follows:

t= A, exp(-ior), @)
where At is oscillation amplitude of ambient air temperature te, K;

o = 27/T is wave circular frequency of te, s™1. Here T is oscillation period, s. As the initial condition we
may adopt t(r) = 0, considering an average period value teay = 0, and, if it is not, we shall consider excessive

temperature 0 = t(r) — te.av. Therefore, we adopt conditions of 1-st type, and in case of known heat exchange
intensity on the surfaces, in first approximation it is possible to introduce additional layers with thickness equal
to Arcond = Ao, where o — full heat exchange coefficient, W/(m2-K), at a corresponding side.

Then we may search for solution of equation (1) by the method of dividing the variables as the production
of cofactors depending respectively only on T and I

t =exp(-iot)o(r'), ()

where I’ = o — I' is radial coordinate, with respect to the fact that a temperature wave distributes from outsides
(see Figure 1). After substituting in (1) we obtained a regular differential equation for @:

2 .,
r @ q2> +a—(p,+—"Dr 0=0. (4)
or? or a
Such equation is Bessel's equation in the complex area. The equation may be solved by Hankel
cylindrical function of zero order first type Hél) [1] under applied boundary and initial conditions. The final

shape of the function t may be found by substitution into (3):

t= A, exp(-iot) HS? (r\/%) (5)

Through selecting a real component and using the known asymptotic approximation of the function
HY at sufficiently large values of the argument, which may be used, since we are interested in the
0
established oscillation process, we finally find:

_A 2|1 |a N RO N 14 o
Re(t) = A, -2 nr,\/;cos(m r\/;+njexp( r\/;j. (6)

Therefore, unlike temperature waves in a flat wall, for a cylindrical wall it is more likely to have rapid
decrease of amplitude as depth increases: not only due to the exponential factor, but also in a proportional

way l/\/F In this case, there is an additional shift of a phase in relation to oscillations te expressed by cosine

argument summand equal to t/n. The theoretical value of the parameter N makes 1/8, however, taking into
account the approximated character of the dependency (6), it is reasonable to clarify it through comparing with
numeric calculation data based on the finite-differential approximation of the equation (1).

Since we need the obtained result precision, whereas used memory volume and quantity of made
operations are not significant due to high computational resources of modern computers, a finite-differential

diagram will be the most favorable due to its programming simplicity. Then a temperature value in i-n grid
node at j+1-n time moment may be calculated according to the following expression:

2i-1 1 2i—3
b jar = FOA| iy | +[?_2]ti,j ot | 7)
_ A _
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Here 1, ti—1,j and tj+1,j are temperature values at j-n time moment in i-n node and two adjoining nodes
on the right and left (node numbering from the cylinder axis to the external surface side);

Fou _aAt
(ar)®
coordinate steps representing parameters of finite-differential diagram. As it is known [1-2], the adopted
diagram converges at FOa < 1/2. In this case, the value FOa = 1/6, providing high precision of 4-th order
approximation by a space coordinate and 2-nd order approximation by a time coordinate, was chosen.

is dimensionless local Fourier criterion, where At, s and Ar, m is respectively, time and

3. Results and discussion

Calculation results according to the formula (6) and author provided software in Fortran language according
to the diagram (7) for A =1K, ro=1m, a=5.1.10"m?/s and ® = 21/86400 =7.27-105s, i.e. with daily
oscillation period are given in Figure 2. On the internal radius I'1 = 0.5 m, temperature was kept constant.
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Figure 2. Temperature alteration along the cylinder radius (continuous lines — numeric calculation,
dotted lines — according to the formula (6)); 1 - ®T =23.7; 2—- T =474;3-®t=71.1.

In this case, for maximal matching it is necessary to adopt the value n = 32, i.e. real additional phase
shift at cylindrical symmetry is very insignificant. It is clear, that in general, correctness of the relation (6) is

confirmed, except I’ < 0.05. It is true that the function approximation Hél) used in the conclusion (6) poorly

works in this area, however for the considered problem it is meaningless, since in most cases a value of the
relation Arcond/Fo, showing relative radius of the additional external cylindrical layer with considered external
heat exchange is more than 0.05 or, at least, equal to 0.05.

Since in practical problems, temperature fluctuation amplitude is interesting, it is possible to introduce its
attenuation coefficient vr = Atw/At, which may be associated with thermal inertia of a cylindrical layer Dy in the
same way as in the single dimension problem. From (6) the following expression may be obtained for it:

_ nD, exp(Dr/\/E)
2

Do
,where Dy =T E (8)

r

It is not hard to see that the obtained dependency differs from the single dimension case [2] only by the
\ 7D,
2
cylindrical layer is really more significant. In the considered example for the entire cylinder

/ -5
D, =(1-0.5) % =5.965, then vr = 147, or 2.16 times more than for a flat wall with the same heat

inertia. For illustrative purpose, the ratio between damping coefficients for a flat and cylindrical layers shown
in Figure 3.

additional factor . Itis clear that at Dy > 4/t = 1.26 this factor is more than 1, therefore damping in a
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Since the ratio (8) is written in a dimensionless form, it is common, and having no dependency on actual
air temperature values, cylinder radius, cylinder wall material, and the ratio r1/ro, at least at r1/ro> 0.5, for which
numeric calculations are done.
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Figure 3. The dependence of the heat wave damping coefficient
on heat inertia for a flat wall (dotted line) and cylindrical profile.

The results are principally matched with the data given in [2] for a flat wall with precision down to a factor
nD,
2
authors, for instance, [15], whereas their analytical description discovers similarities in theoretical solutions of
other sources, in particular, [13], [14].

. Besides, a general form of calculated temperature profiles corresponds to results of some other

To illustrate the practical use of the ratio (8), we calculate the temperature fluctuations in the insulation
layer of an open air duct with the parameters 1 = 0.25 m, Ip = 0.35 m, i.e. with the insulation thickness of
100 mm, with the amplitude of the outdoor air temperature fluctuations Ate = 2.7 °C for the average conditions
of the heating season. In this case the condition r1/ro > 0.5 is satisfied. For thermal insulation of mineral wool
A =0.044 W/(m-K), C = 840 J/(kg-K), p = 50 kg/m3, so a = 1.05-10-% m?/s. Since we are primarily interested in
the temperature on the inner surface of the air duct t(r1) from the point of view of assessing the possibility of
condensation of water vapor, then I’ = ro — r1 = 0.1 m; and when the daily period of oscillations according to
the formula (8) Dr = 0.83, where vr = 1.45, and therefore the oscillation amplitude of the fluctuations of t(r1)
is equal to Ate/vr = 2.7/1.45 = 1.86 °C. This means that when checking the adequacy of the adopted thickness

of the insulation will need to take into account that the minimum during the day the value of t(r1) will be below
the average of 1.86 degrees.

4. Conclusion

— It is noted that temperature wave distribution is controlled by the same laws as in the single dimension
case, but with a slightly different attenuation coefficient and phase shift.

— It is proved that unlike temperature waves in a flat wall, for a cylindrical wall it is more likely to have
rapid decrease of amplitude as depth increases: not only due to the exponential factor, but also in reverse
proportion to square root of a radial coordinate.

— It is shown that a real additional phase shift of temperature fluctuation at cylindrical symmetry in
comparison with the single dimension case is very insignificant and equals to 1/32 of a period.

— It is shown that the ratio of the internal and external radii of a hollow cylinder does not explicitly
influences on the temperature profile character in the temperature wave zone, at least, at ro/R > 0.5.

— It is shown that temperature field distribution in the zone of temperature wave penetration into the
cylinder, according to results of analytic and numeric solutions, coincides within engineering calculation limits,
which means that the obtained dependences are correct.

—It is proposed to apply the ratios obtained in the research for analytic evaluation of temperature
fluctuation amplitude on cylindrical surfaces of heated and cooled structures. It is necessary, first of all, to
solve the problem of condensate formation on the internal surface of fume stacks in case of boiler unit load
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fluctuation or on the external surface of heat line insulation as well as on the surfaces of the open-laid heat-
insulated air ducts in case of daily ambient temperature alteration and on the outer surface of cylindrical
furnaces in variable operating modes. It will allow to use not only software methods, but also engineering
methods to check meeting the industrial safety requirements.
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Mepuoanyeckmne TemnepaTypHble KonebaHus
B LIMNUHOPUYECKOM CIioe Npu GonbLION TOMWUHE CTEHKM
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®eldeparnbHoe 2ocydapcmeeHHoe b6iodxemHoe obpaszosameribHOE ydYpexOeHue ebicuie2o obpa3zosaHusi
«HayuoHanbHbIl uccriedoeamernbckuli Mockogckull 20cydapcmeeHHbIl CmMpoumerbHbIl yHU8epcumemy,
Mockea, Poccus

E-mail: samarin-oleg@mail.ru

KnioueBble cnoBa: nonbii LMNWHAP; YpPaBHEHME TEMMONPOBOAHOCTY; (PYHKUMSA XaHKensi; KOHEeYHOo-
pasHOCTHas cxema; LMnuHapudeckasl CUMMETPUST; KOS(MMULMEHT 3aTyxaHust; rpakaaHCKoe CTPOUTENbCTBO;
3[aHue; CTpoUTENbHasA NHAYCTPUSA

AHHoOTauma. MNonbIn ULMANHAP C TONCTBIMU CTEHKAMU SBNSETCS O4HMM M3 Hanbonee CnoXxHbIX 0O6bEKTOB
ONA pacyeTa HeCTauWOHApHOro TeMnepaTypHOro nosfs, No3TOMYy Takoe Mofe SABMSEeTCs HavMeHee
n3y4eHHbIM. BMecTe ¢ TeM Nogo6HbIe 06 BEKTHI BCTPEYAKTCH BO MHOTUX COBPEMEHHbBIX KOHCTPYKLMSIX CUCTEM
reHepaumMm K pacnpegenexdvs Ttennotel. B npegnaraemoii pabote paccmaTpuBaeTcsi uccnegoBaHue
pacrnpocTpaHeHnsi TeMNepaTypHON BOIMHbI B CTEHKE MOSIOr0 UUNUHAPa NpyM FapMOHUYECKOM W3MEHEHUU
TemnepaTypbl HapykHOW cpefbl, BO3HWKAIOWEM TMNpU e€ee CYTOYHbIX konebaHusx. [lpeacrtaBneHo
NpUONKEHHOE aHanNUTUYEecKoe peLleHue 3ajayn MeToAOM pas3fefieHuUsl MEePEMEHHbIX B KOMMIIEKCHON
obnactu ¢ Mcnonb3oBaHMEM LMNMHAPUYECKUX QyHKUMIA. MNokasaH anroputm pacyeta TeMnepaTypHOro nons
YUCIEHHBIM METOLAOM C MOMOLLbIO IBHOW KOHEYHO-Pa3HOCTHOM CXEMbl MOBLILEHHOW TOYHOCTU B YCNOBUAX
LUUNTMHOPUYECKOM CUMMETPUM NMPU rPaHUYHbIX YCNOBUSAX NepBoro poaa. lNpueeneHsl pesynbTaTthbl BbIYMCNEHNI
Mo pacCMOTPEHHOMY anropuTMy B 3aBUCUMOCTM OT BPEMEHM C MOMEHTA Hadana TensoBOro BO3AENCTBUS U
NX COMOCTaBIIEHNE C aHANUTUYECKNM PeLLIEHMEM O1S OCYLLECTBNEHMS ero naeHTudumkaumm. NpencrasneHsl
paccyMTaHHble paguarnbHble Npoduny TeEMNepaTypbl B CTEHKE LMNUHAPA B Npeaenax TemnepaTypHO BOJTHbI
1 NpeanoXeHbl aHanMTMYeCcKne 3aBMCMMOCTH A koadduuneHTa ee 3aTyxaHus. [NonyyeHHble pe3ynbTaThl
COMnocTaBEeHbl C UMEKLLUMCS aHaNIMTUYECKUM pEeLLIEHMEM B MPSAMOYTOfbHbIX KOOPAMHATaX U OTMEYEHbI MX
pasnuuusl, a Takke OOLWHOCTb HaWAEHHbIX pe3ynbTaTOB HE3aBWCUMO OT MaTepuana W reomeTpum
uunuHgpa, a Takke Temnepatyp BHYTPEHHEM W HapyxHOW cpefbl. [MpefcTtaBneHHble 3aBUCMMOCTU
NPeanoXeHo MNPUMEHSTb AN aHaNUTUYEeCKOW OUeHKU amnnuTyabl KonebaHui TemnepaTtypbl Ha
BHYTPEHHEN MOBEPXHOCTU UMIMHOPUYECKMX HarpeBaeMblX KOHCTPYKUWWA, YTO MO3BOSIUT MCMONb30BaThb
WHXXEHEepPHble MeTOAbI MPOBEPKUN BbIMONHEHNSA TpeboBaHN NPOMbILLNIEHHON 6&30MacHOCTM.
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