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Abstract. The problem of calculating bending plates by the finite element method with considering of shear 
deformations is considered. The bending plates are widely used as common structures of various objects of 
civil and industrial construction. The solution was obtained on the basis of the principles of the minimum of 
additional energy and possible displacements. For approximation of moment fields, piecewise constant 
functions are used. Shear forces can be approximated by constant or piecewise constant functions. The 
necessary relations for rectangular and triangular finite elements are obtained. It is shown that the proposed 
method can be used in combination with traditional finite elements for thin plates obtained by the finite element 
method in displacements. A comparison of the solutions, obtained by the proposed method, with other known 
solutions for bending plates, with assuming of shear deformations, is given. A numerical estimate of the 
accuracy and convergence of the proposed method, when crushing the finite element mesh, is given. 

1. Introduction 
The bending plates are widely used as common structures of various objects of civil and industrial 

construction. Often, in modern constructions thick and multi-layered slabs are used. In calculating, such thick 
slabs, we should consider, besides the bending deformations, the shear strains, which can significantly affect 
the values of the plate displacements. The classical theory of Kirchhoff plate bending is based on assumption 
of the direct normals assumption and, therefore, does not allow for the shear deformations. The finite elements, 
which are developed based on the Kirchhoff theory, are can used only for the calculation of thin plates [1–2]. 
Therefore, Timoshenko–Mindlin theory of bending plates [3–4] are widely application for calculating thick 
plates. According to this theory, angles of rotation of the normals and the vertical displacements are considered 
as independent variables. Such an approach lowers the maximum order of derivatives in the strains energy 
functional and makes it possible to use the first-order function-forms for approximating the displacements. 
Studies have shown that the direct use of the Timoshenko–Mindlin theory for constructing finite elements in 
displacements leads to the effect of «locking», or to the impossibility of using these finite elements to calculate 
thin plates. 

To overcome the «locking» effect, various procedures are used, such as putting the assumption of direct 
normals at discrete points or applying high order shift theories [5–6]. The finite elements based on the putting 
the assumption of direct normals in the middle points of the finite element sides are widely used in program 
complexes. The new methods for considering for shear deformations, based on equations in displacements, 
are also offered in [7–8]. In [9–10], nonlinear solutions for rod systems with considering for shear deformations 
of cross sections are considered. The high order shear theories, when deformations along a cross section 
change by to a law other than linear, are used in constructing analytical solutions to bending problems of 
rectangular plates [11–12]. To construct finite elements, that considering shear deformations, the theory of the 
third order is successfully applied [13–14]. In [14], the quadrangular finite element is presented, that has seven 
degrees of freedom at each node: three displacements along the axes of coordinates, two shear angles and 
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two angles of rotation of the normals. This approach allows us to more accurately consider shear deformations, 
when the properties of the material change in various directions. 

The procedure for introduction shear deformations in existing finite elements designed for the calculation 
of thin plates is proposed in [15]. The deformations of the transverse shear can be accounting since the direct 
use of the equations of the three-dimensional theory of elasticity. This method and the Galerkin’s method in a 
weak form is used to construct a quadrilateral finite element [16]. Also, the Galerkin’s method is used to 
construct triangular and quadrangular finite elements according to the Timoshenko-Mindlin theory in [17]. 

Another way to construct finite elements with accounting shear deformations is the use of mixed and 
hybrid variational formulations [18–20]. This approach, on the one hand, simplifies the consideration of shear 
deformations due to the use of transverse forces and moments as unknowns, together with displacements. 
On the other hand, in order to ensure convergence of solution, it is necessary to agree on approximations of 
displacements and forces. Note the work [21–23], in which the solution of the problem of plate bending with 
consider the shear deformations, the modified Mindlin’s theory is used. The modification of the Mindlin’s theory 
consists in the introduction of an additional unknown parameter in the form of an angle of rotation in the plane 
of the plate. 

Thus, construction the models with considering shear deformations, which are alternatives by the finite 
element method in displacements, is actual for the bending plates. The purpose of this work is to develop the 
method for calculating the plates with accounting shear deformations based on the functional of additional 
energy and the principle of possible displacements [24–27], as well as comparing the solutions obtained for 
plates with different support conditions with solutions of the other methods. 

2. Methods 
Solving the problems of plate bending with considering the shear deformations due to transverse forces, 

we will obtain based on the functional of additional energy for an isotropic plate (for simplicity, we assume that 
there are no specified displacements) [1]: 
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E is the modulus of elasticity of the material; t is the plate thickness; ν  is Poisson's ratio; k  is 
coefficient, which considering the parabolic law of change of the tangential stresses across the thickness of 
the plate. The functional (1), also called the Castigliano's functional, is also considered in [2]. In [1] it was 
shown that in the linear theory of elasticity the value cΠ  for the equilibrium state is minimal. 

We write the functional (1) in matrix form that is more convenient for solving by the finite element 
method: 
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In expression (2) the following notation is entered: 
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In the functional (2), the first member is associated with the bending deformations of the plate, the 
second – with shear deformations by transverse forces. xM  and xQ  are the bending moment directed along 

the X axis and the corresponding shear force; yM  and yQ  are the bending moment directed along the Y axis 

and the corresponding shear force; xyM  is torque. The bending moments are positive if the lower fibers of 
the plate are stretched. 

In accordance with the principle of minimum of additional energy, the functions of moments and shear 
forces must satisfy the corresponding differential equations of equilibrium and static boundary conditions. 
Since, in the general case, it is almost impossible to select such functions, we will operate as follows. Divide 
the plate into rectangular or triangular finite elements. On the region of the finite element, we approximate the 
moment and shear force fields by piecewise constant functions (Figure 1a). Below we show that transverse 
forces can also be approximated by the functions, which are constant over the finite element region 
(Figure 1b). 
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Figure 1. Approximation of moments and shear forces in the region of finite elements:  

a) piecewise constant moments and shear forces; b) constant transverse forces. 
Then the functional (2) can be written in the following form: 
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{ }M  is vector of unknown nodal moments for the whole system;  

[ ]D  is flexibility matrix for the whole system under bending;  

[ ]shD  is flexibility matrix for the whole system under shear.  

Then, using the principle of possible displacements, we are construct algebraic equilibrium equations 
of the nodes of the grid of finite elements. In this case, independently, possible displacements causing only a 
bending state and possible displacements causing only a shift are considered. In Figure 2, it is showing such 
possible displacements by the example of beam elements. Under the possible bend (Figure 2a), the cross 
sections rotate and remain perpendicular to the neutral axis, and the nodal moments do the work. Under shear 
(Figure 2b), the cross sections remain vertical and only transverse forces perform a work. For triangular and 
rectangular finite elements of a plate, possible states are like to those shown in Figure 2. 

 
Figure 2. Possible displacements of node 1: a) bending state; b) shear state. 

Under bending, the equilibrium equations are expressed through the nodal moments and can be 
represented in the following matrix form: 
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Static boundary conditions we write in the following form: 
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Under shear, the equilibrium equations are expressed only through the transverse forces and are 
represented in follow form: 

 { } { } .,0, zii
T

ish iPQC Ξ∈=+  (6) 

Static boundary conditions for transverse forces are as follows: 

 ,,0sincos ,,,, ΓΞ∈=−+= iQQQQ iniiyiixin ϕϕ  

iϕ  is the angle between the tangent to the border at node i and the axis X; inM , , inQ ,  are the values 

of setting moments and shear forces, which are normal to the boundary; insM ,  is the values of the setting 

moments, which are tangent to the boundary; ixyiyix MMM ,,, ,,  are unknown nodal moments; ixQ , , iyQ ,  are 

unknown nodal shear forces; { } { }ii QM ,  are vectors of unknown nodal moments and shear forces of all finite 

elements adjoining to node i; zΞ are set of nodes that have free displacement along the vertical axis Z; ΓΞ
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are set of nodes lying on the border; iP  is the generalized force corresponding to the potential of external loads 

under single possible displacement of the node i along the Z axis; { } { }ishi CC ,,  are vectors, which contain 

coefficients at unknown nodal moments and at shear forces in the equilibrium equations of node i along the 
vertical axis Z. Algebraic equilibrium equations provide the equilibrium of moments and shear forces in a 
discrete sense. 

Thus, we have obtained the problem of minimizing quadratic function of several variables (4) with 
constraints in the form of system of linear algebraic equations. Unknown parameters are nodal moments and 
shear forces. To solve this problem, we use the well-known Lagrange multipliers method for account the 
equilibrium equations and static boundary conditions. Then, we get the following expression of the extended 
functional: 
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Static boundary conditions can also be considered using the penalty function method, then we get 
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iw  is vertical displacement of the node i, associated with the bend of the plate; ishw ,  is vertical 

displacement of the node i, associated with the shear of the plate cross sections; α  is penalty parameter 
(large number). Obviously, the total displacement will be equal to the sum of these two values.  

The use of penalty functions to account for static boundary conditions eliminates the introduction of 
additional unknowns, as compared to the Lagrange multipliers method. The calculation of the derivatives of 
the penalty functions along the unknown nodal forces leads to the appearance of additional addends to the 
elements of the flexible matrix [ ]D  and to the elements of the load vectors { }MF  and { }QF . If the static 

boundary conditions are zero, then the elements of the vectors { }MF  and { }QF  are equal to zero. With 

considering the static boundary conditions, the matrix of flexibility will be denoted with the index Γ - [ ]ΓD . 

Then, the expression of the functional (7) can be represented in a more compact matrix form: 
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{ } { }shww ,  are vectors of global displacements of nodes, associated with bending and shearing, 

respectively; { }F  is the loads vector, whose elements are equal to the works of external forces on the single 
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vertical displacements of nodes; [ ] [ ]shLL ,  are matrices of equilibrium equations, the rows of which are formed 

from the vectors { }iC  and { }ishC , , respectively. 

Equating to zero the derivatives of the functional сΠ along the vectors { }M  and { }w , we obtain the 
system of equations, consisting of the equations of the compatibility of deformations and the equilibrium 
equations for bending: 
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If piecewise constant approximations are used for the moment fields, then the we easily get inverse 

matrix [ ] 1−ΓD  analytically. Therefore, we can easily express the vector { }M  from the first matrix equation: 

 { } [ ] [ ] { } [ ] { }MT FDwLDM 11 . −Γ−Γ += . (10) 

Substituting expression (10) into the second matrix equation of (9), we obtain the system of linear 
algebraic equations for determining the vector { }w : 

 [ ]{ } { } [ ][ ] { } [ ] [ ][ ] [ ] ., 11 TM LDLKFDLFwK −Γ−Γ =+=  (11) 

The expressions for the elements of the vector { }F , matrices [ ]D , [ ]L , the algorithm of their formation 
and examples of the calculation of bent plates corresponding to the Kirchhoff theory, are given in [27]. 

To determine the displacement vector { }shw  and the vector of transverse forces { }Q  associated with 

shear deformations, we equate to zero the derivatives of the functional сΠ along the vectors { }Q  and { }shw
. Then we get the following system of equations, like the system of equations (9): 
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The solution of the system of equations (12) can be performed in the following sequence: 
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Thus, solving the minimization problem of the functional (7) is reduced to solving two independent 
systems of linear algebraic equations (9) and (12). This allows, if necessary, to analyze the state of bending 
and state of shear of plates separately from each other. For example, one can solve the problem of plate 
bending, without considering the shear, by the finite element method in displacements, and the additional 
displacements, associated with the shear of cross sections, can be determined from the solution of the system 
of equations (12). 

We will obtain the necessary expressions for the elements of the matrix [ ]shD , [ ]shL  and vector { },F  
when using the rectangular and triangular finite elements for the discretization of the subject area (Figure 3). 
To approximate the fields of transverse forces on a finite element region, we consider piecewise-constant 
(Figure 1a) and constant (Figure 1b) functions. 

Consider the variant of piecewise constant approximations of transverse forces. We introduce the 

following notation: { }
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,  is vector of shear forces at node i in the global coordinate system .XOY  
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Figure 3. Triangular and rectangular  

finite elements. 
Figure 4. The division of triangular finite 

element into areas with constant transverse 
forces: a) arbitrary triangle; b) orthogonal 

triangle. 
If the shear forces are piecewise constant, the expression of the additional strain energy in the global 

coordinate system can be written as simple sum: 
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m is total number of nodes;  

Rin ,  is the number of rectangular elements adjoined to node i;  

Tin ,  is the number of triangular elements adjoined to node i;  

sA  is area of the s-th finite element;  
s
iA  is the area of the part s-th of the triangular finite element with constant transverse forces, adjoined 

to the node i (Figure 4a). 

For rectangular finite element, the division of the finite element into regions with constant moments is 
uniquely – into four equal regions. For triangular element, each side must be divided equally, but there must 
also be the point, inside the element, at which the three areas connected to the nodes intersect. This point 
can be defined as the intersection point of perpendiculars drawn from the middle of the sides (Figure 4a). If 
the greatest angle of the triangle is more than 90 degrees, then such the point will lie outside the triangle. 
In this case, the triangle is divided into zones by lines passing through the midpoints of the sides. These 
lines will be parallel to the sides of the triangle. The proposed division of the triangular element into regions 
with constant moments, allows to obtain more accurate results, than when simply dividing into three equal 

parts – 1
3 .sA  

In Figure 4a point O is the center of the circle, described around triangle. OA, OB, OC are 
perpendiculars, which drawn from the midpoints of the corresponding sides of the triangle. Denote the lengths 
of the sides of the triangle as 12 23 31,  ,  .l l l  From geometric scheme in Figure 4a we get: 
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Obviously, for orthogonal triangle (Figure 4b) we get – .
2
1,

4
1
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sssss AAAAA ===  If one of the 

corners of the triangle is greater than 90°, then, as well as for orthogonal triangle, we get: 

.
2
1,

4
1
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sssss AAAAA ===  In addition, it is obvious, that it is better not to use too long triangles. 

We introduce the notation for the flexible matrix [ ]ishD ,  of “neighborhoods” of node i and for the global 

flexible matrix for the whole system [ ]shD , which consists of matrices for all nodes of the system: 
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The matrix [ ]shD  has the block-diagonal form and is easily invertible analytically. 
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If the shear forces are constant on the finite element region (Figure 1b), then 
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,  is vector of unknown transverse forces of the finite element in the global coordinate 

system. In this case, the flexible matrix for the whole system is determined by formulas like formulas (17)–(18), 
with the replacement of the index m by the index n. 

We obtain the equilibrium equation for the possible displacement of a node of the rectangular finite 
element in the local coordinate system (Figure 3). For the rectangular finite element, we also introduce the 
local coordinate system, associated with its center, and the functions, which are expressed in normalized local 
coordinates in the following form: 
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The index i denotes the local node of the finite element; yx,  are coordinates of the node along the 

axes 1X  and 1Y , respectively; ii ηξ ,  are local normalized coordinates of node i, taking values of 1 or –1. 
Nodes are numbered counterclockwise, starting with the lower left node. 

Possible displacements of the points of the finite element, for the possible shearing displacement of a 
node, are expressed in the following form: 
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As a result of the possible displacement of the node, such shear deformations will arise in sections: 
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Then, for the case of piecewise constant approximations, the work of internal transverse forces for finite 
element k, on possible displacements of node i, can be expressed as follows: 
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Substituting in (22) i equal to from 1 to 4, we obtain, for the considered finite element, expressions for 
the work of internal transverse forces for possible displacements of nodes, from the first to the fourth. 

Unite the nodal transverse forces, expressed in the local coordinate system, for the finite element k into 
the vector { }kQ . 
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Tk QQQQQQQQQ =  (23) 

Also, we introduce vector combining the values of the work of internal transverse forces for possible 
displacements of all nodes of the finite element: 
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Then, we can write the following expression: 
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Using (22) we get the expressions of the elements of matrix [ ]kL . 
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Nodal forces { }k
iQ , expressed in the local coordinate system, and { }k

iQ , expressed in the global 
coordinate system, are connected by the matrix of direction cosines 
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α  – the angle between the Y1 axis and the Y axis (Figure 3). Using (27) we obtain the matrix of direction 
cosines for the finite element 
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The work of the internal forces (25) can be represented as follows: 

 { } [ ]{ } [ ] [ ][ ]., kk
sh

k
sh

kk
sh

k
z SLLQLU ==δ  (29) 

The matrix [ ]k
shL , conditionally, can be called as local «equilibrium» matrix of finite element for shearing 

in the global coordinate system. From matrices for finite elements [ ]k
shL , in accordance with the numbering of 

the nodes and elements, the global matrix [ ]shL  for the whole system is formed (see (12)). 

Consider the case, when the transverse forces are approximated, in finite element region, by constant 
functions (Figure 1b). Then, the work of internal transverse forces for finite element k on the possible 
displacement of node i can be expressed as follows: 
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 (30) 
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kxQ , , kyQ ,  are transverse forces for finite element, expressed in the local coordinate system, are 

combined into the vector of unknowns for finite element{ } ( ).,, kykx
Tk QQQ =  The matrix [ ]kL , in this case, 

will have the following form: 
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The matrix of directional cosines will coincide with the matrix [ ]l  (see (27)). 

The potential of the external concentrated and uniformly distributed loads, for possible displacements 
of the node i along the global coordinate axis, is determined by (32). 

 .
4
1

i
k

ii RabqPV =+=δ  (32) 

iP  is force concentrated in node;  

kq is uniformly distributed load.  

The generalized forces iR , in accordance with the numbering of nodes, are placed in the vector { }F  
(see (12)). 

We obtain the equilibrium equations for triangular finite elements. The equilibrium equation for possible 
displacement of node of the triangular finite element can be obtained directly in the global coordinate system. 
For this, the possible displacements of the points of the finite element k on shearing will express using the 
triangular coordinates: 
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Ak is area of the triangular element;  

ii yx ,  are coordinates of the node i (Figure 3). Triangular coordinates are natural coordinates of 
triangular area.  

The function iT  takes the value 1 at node i and the value zero at other two nodes. With the possible 
displacement of node, constant shear deformations arise in cross sections: 
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Consider the case of piecewise constant approximations of transverse forces in finite element region. 
The vector of nodal forces for triangular finite element, expressed in the global coordinate system, will have 
the following form: 

 { } ( ).3,3,2,2,1,1, yxyxyx
Tk QQQQQQQ =  (36) 

The work of the internal transverse forces of the k-th finite element on the possible displacement of the 
node i is expressed as an integral: 
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k
jA  is area of part of k-th triangular finite element is adjoined to the node j (Figure 4a) and is determined 

by (16). We introduce the vector, that combines the values of the works of transverse forces on possible 
displacements of finite element nodes: 
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z
Tk
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Then we get 
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In the case of using constant approximations of transverse forces, the vector of unknowns for the 
triangular element will have the following form: 

 { } ( ).,, kykx
Tk QQQ =  (40) 

Calculating the integral (36), we get: 
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From matrices [ ]k
shL  for triangular finite elements, in accordance with the numbering of the nodes and 

the elements, the global matrix [ ]shL  for the whole system is formed (see (12)). 

The potential of the external concentrated and uniformly distributed loads for possible displacements of 
the node i, along the global axis of coordinates, is calculated by (42). 
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The global «equilibrium» matrix [ ]shL  for the whole system will have tape structure of nonzero elements. 

The number of rows of the matrix [ ]shL  is equal to of the number of loose nodes of the system. Numbering of 
unknown are assigned according to the numbering of nodes and finite elements. Therefore, the width of the 
tape of nonzero elements of the matrix [ ]shL  will be determined by the maximum difference in the numbers of 
nodes of all finite elements adjoined to the node. After calculating the width of the tape for each of the rows, 
its maximum value maxl  is determined. Then, for the elements of the matrix [ ]shL , you can use a rectangular 

array consisting of columns maxl  and m rows. The tape structure of nonzero elements is used in constructing 

the matrix multiplication algorithm, when we calculate the elements of matrix [ ]shK . Note, using constant 

approximations of transverse forces in finite element region, the value of maxl  and, thus, the width of the tape 
of matrix will be significantly smaller. 

3. Results and discussion 
To assess the accuracy of the proposed method, rectangular plates were calculated with different 

conditions for supporting the sides (Figure 5) on the action of uniformly distributed load. 

In Figure 5, the dashed line and the letter S denote the hinged supported side along the X axis, the 
skew hatch and the letter C denote the clamped side, the letter F denote the free side. Table 1 presents the 
results of calculations of the SS plate, given in [8] for various theories, and the results obtained by the proposed 
method – SFEM. For approximation of shear forces, piecewise constant functions were used (Figure 1a). For 
crushing the plates, square finite elements with a side size of 0.05 m. were used. And the size b = 6 m. 
Poisson's ratio is 3.0=ν . The results of calculations in Table 1 are presented in the dimensionless form: 
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Figure 5. Conditions of supports and the sizes of sides of the Levi's plates. 

Table 1. Displacements and stresses for the SS plate under the action of uniformly distributed 
load. 

ab /  ta /  Methods w  yzτ  xzτ  

1 5 ABACUS 0.0536   
  CRT 0.0444 0.4909 0.4909 
  FSDT 0.0536 0.4909 0.4909 
  TSDT 0.0535 0.3703 0.3703 
  Analytical [8] 0.0536 0.4909 0.4909 
  SFEM 0.0536 0.5064 0.5064 
 10 ABACUS 0.0467   
  CRT 0.0444 0.4909 0.4909 
  FSDT 0.0467 0.4909 0.4909 
  TSDT 0.0467 0.4543 0.4543 
  Analytical [8] 0.0467 0.4909 0.4909 
  SFEM 0.0467 0.5064 0.5064 
 100 ABACUS 0.0444   
  CRT 0.0444 0.4909 0.4909 
  FSDT 0.0444 0.4909 0.4909 
  TSDT 0.0444 0.4909 0.4905 
  Analytical [8] 0.0444 0.4909 0.4909 
  SFEM 0.0444 0.5064 0.5064 

2 5 ABACUS 0.1248   
  CRT 0.1106 0.5240 0.6813 
  FSDT 0.1248 0.5240 0.6813 
  TSDT 0.1248 0.4569 0.5615 
  Analytical [8] 0.1248 0.5240 0.6813 
  SFEM 0.1249 0.5541 0.6969 
 10 ABACUS 0.1141   
  CRT 0.1106 0.5240 0.6813 
  FSDT 0.1142 0.5240 0.6813 
  TSDT 0.1142 0.5051 0.6448 
  Analytical [8] 0.1142 0.5240 0.6813 
  SFEM 0.1146 0.5541 0.6969 
 100 ABACUS 0.1106   
  CRT 0.1106 0.5240 0.6813 
  FSDT 0.1106 0.5240 0.6813 
  TSDT 0.1106 0.5238 0.6809 
  Analytical [8] 0.1106 0.5240 0.6813 
  SFEM 0.1107 0.5541 0.6969 

 

Table 1 shows the results of calculations performed: by the ABACUS program; according to the classical 
Kirchhoff plate theory (CRT); according to the theory of plate bending with first order shear theory (FSDT); 
according to the theory of plate bend with third order shear (TSDT); by an analytical method, based on the 
third-order shear theory [8]. 
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Comparison of calculation results shows, that the proposed calculation method (SFEM) in stresses, 
allows us to obtain solutions of the same accuracy for both thin and thick plates. This indicates the absence 
of a «locking» effect, which does not allow to obtain correct results for thin plates, when we use some types 
of finite elements. The values of displacements, obtained by the proposed method in stresses, practically 
coincide with the values obtained by other methods, that considering the shear deformations. 

It should also be noted that the values of tangential stresses (in dimensionless form), obtained by the 
proposed method, do not depend on the thickness of the plate. For square plates, the maximum tangential 
stresses, obtained by the proposed method, are larger than the corresponding values, obtained by other 
methods, by about 3 %. For rectangular plates: the maximum tangential stresses, obtained along the short 
side of the slab, are 5.7 % larger, than the values obtained by other methods, and values along the long side 
are 2.2 % larger, than the values, obtained by other methods. Accounting for shear deformations is most 
important, when calculating flexural plates on stability, and, when determining the frequencies of free vibrations 
of plates. The values of the critical forces and frequencies of free oscillations will be affected by a decrease in 
the rigidity of the plates, due to additional shear deformations, therefore the accuracy and correctness of 
considering shear deformations is important. The proposed method for considering shear deformations is 
based on the fundamental principles of the minimum of additional energy and possible displacements. No 
additional techniques, such as the satisfaction of the Kirchhoff hypothesis at individual points (DKT – 
elements), or double approximation of displacements (MITS – elements), are not used in the proposed 
method. 

Table 2. Displacement the center of the plate ( )4/100 qaDww ×=  for different conditions 
of supporting of sides, under the action of uniformly distributed load ( 2 6b a m= = ). 

ta /  Methods Bounders conditions 
CC CS SS CF SF FF 

5 ABACUS  1.0000 1.0703 1.1429 1.2089 1.2842 1.4280 
 FCDT 1.0000 1.0704 1.1430 1.2090 1.2844 1.4283 
 Analytical [8] 0.9357 1.0373 1.1430 1.1757 1.2849 1.4293 
 SFEM 0.9792 1.0617 1.1474 1.1992 1.2876 1.4325 

10 ABACUS 0.8850 0.9637 1.0453 1.0980 1.1827 1.3225 
 FCDT 0.8850 0.9637 1.0454 1.0981 1.1829 1.3228 
 Analytical [8] 0.8673 0.9546 1.0454 1.0893 1.1834 1.3239 
 SFEM 0.8813 0.9637 1.0495 1.0964 1.1848 1.3248 

25 ABACUS 0.8511 0.9329 1.0180 1.0663 1.1545 1.2935 
 FCDT 0.8511 0.9330 1.0181 1.0664 1.1547 1.2938 
 Analytical [8] 0.8481 0.9314 1.0181 1.0651 1.1550 1.2944 
 SFEM 0.8539 0.9363 1.0221 1.0676 1.1561 1.2947 

1000 ABACUS 0.8445 0.9270 1.0128 1.0604 1.1494 1.2884 
 FCDT 0.8445 0.9270 1.0129 1.0605 1.1496 1.2887 
 Analytical [8] 0.8445 0.9270 1.0129 1.0605 1.1496 1.2887 
 SFEM 0.8485 0.9311 1.0169 1.0613 1.1496 1.2877 

Table 2 presents the results of determining the displacement of the center of a rectangular slab, for 
different variants of supporting the sides, and, for different ratios of the slab thickness to the size of short side 
of the slab. For crushing the slab, square finite elements with a side size of 0.05m were also used. For ratio 

5/ =ta , when the effect of shear deformations is greatest, the displacements, obtained by the proposed 
method (SFEM), differ from the displacements, obtained by the ABACUS program and the FCDT method by, 
no more than 2 %. At the same time, for some boundary conditions, the obtained values of displacements, are 
larger, and for others, less, than the compared ones. For thinner plates, the values of displacements for all the 
methods listed in Table 2, differ a little. 

Table 3. Displacement of the center of the hinge plate under the action of uniformly distributed 
load 2/10 mkNq = . 

b/a na nb 
Constant Q Piecewise-constant Q 

Rectangular elements Triangle elements Rectangular elements Triangle elements 
1 5 5 0.28875 0.28610 0.28842 0.28534 
 10 10 0.28214 0.28184 0.28205 0.28155 
 20 20 0.28049 0.28050 0.28047 0.28042 
 30 30 0.28020 0.28021 0.28019 0.28017 

2 5 10 0.69531 0.69810 0.69515 0.69724 
 10 20 0.68753 0.68869 0.68749 0.68840 
 20 40 0.68559 0.68539 0.68558 0.68531 
 30 60 0.68523 0.68544 0.68523 0.68536 

Table 3, to assess the convergence of the proposed solution, for different numbers of finite elements 
along the sides (na and nb) presents the results for plate 0.6 m thick. The modulus of elasticity 
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2/10000 mkNE =  and Poisson’s ratio 3.0=ν . Piecewise-constant and constant approximations of shear 
forces, as well as rectangular and triangular finite elements were considered. The grid of triangular finite 
elements was formed by dividing rectangular finite elements into two triangular elements. For the square 
hinged plate (b / a = 1) in [28], an analytical solution was obtained for displacement of the center of plate with 
considering for shear deformations: 
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Comparison with the values from Table 3 shows, that the values, getting by the proposed method, differs 
from the analytical value by less than 1 % for fine grid, and by about 4 %, for the coarsest grid. Note, that the 
results differ very slightly, both when using rectangular and triangular finite elements. The influence of the 
choice of the type of approximation of transverse forces is also insignificant. Thus, for solving using the 
proposed method, one can use constant approximations of transverse forces, which are more convenient for 
calculating branched systems. 

4. Conclusion 
1. The method for considering shear deformations, when bending plates are calculating by the finite 

element method, is proposed. The method is based on the fundamental principles of the minimum of additional 
energy and possible displacements and is applicable for the calculation of both thin and thick plates. 

2. For approximation of shear forces, piecewise constant and constant approximations in finite element 
region can be used. To calculate branched systems, one can use constant approximations of shear forces 
without loss of accuracy. 

3. Displacements from shear deformations are determined independently of bending-related 
displacements, therefore, the proposed method can be used in combination with traditional finite elements for 
thin plates, which was obtained by the finite element method in displacements. 

4. Comparison of the solutions, obtained by the proposed method, with other known solutions for 
bending plates, considering shear cross sections, shows its good accuracy and convergence, when crushing 
the finite element mesh. 
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Метод расчета изгибаемых плит с учетом деформаций сдвига 
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Ключевые слова: изгибаемые плиты, деформации сдвига, напряжения, конечные элементы. 

Аннотация. Рассмотрена задача расчета изгибаемых плит методом конечных элементов с учетом 
деформаций сдвига. Изгибаемые плиты широко применяются для различных объектов гражданского и 
промышленного строительства. Решение задачи получено на основе принципов минимума 
дополнительной энергии и возможных перемещений. Для аппроксимации полей моментов 
используются кусочно-постоянные функции. Поперечные силы могут быть аппроксимированы 
постоянными или кусочно-постоянными функциями. Получены необходимые соотношения для 
прямоугольных и треугольных конечных элементов. Показано, что предлагаемый метод может 
использоваться в сочетании с традиционными конечными элементами для тонких пластин, 
полученными методом конечных элементов в перемещениях. Приведено сравнение решений, 
полученных по предлагаемому методу, с другими известными решениями для изгибаемых плит с 
учетом сдвига. Дана численная оценка точности и сходимости предлагаемого метода при измельчении 
сетки конечных элементов. 
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