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Abstract. In this paper, we investigate the cosmic evolution of a spatially homogeneous
and anisotropic Bianchi type I universe filled with new holographic dark energy (NHDE) and
cold dark matter (CDM) within the framework of General Relativity by considering both the
components of the universe to be interacting with each other. To obtain the exact solutions
of Einstein’s field equations, we consider two expansion laws: an exponential expansion and
a power-law volumetric expansion. The evolutions of some parameters of cosmological im-
portance are studied for both the models corresponding to the exponential expansion and the
power-law volumetric expansion. We observe that in both the models the anisotropy parameter
decreases as time evolves and tends to zero at late times. The model corresponding to exponen-
tial expansion behaves like CDM model and the model corresponding to power-law volumetric
expansion behaves like quintessence holographic dark energy model at late time. We also com-
pare the equation of state (EoS) and energy density of our interacting NHDE model with that
of quintessence scalar field and establish a correspondence between them. The quintessence
potential is reconstructed which depicts the observed accelerated expansion of the universe.
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9BOJIIOLIMS OJHOPOJHOM MO MPOCTPAHCTBY M aHU30TpornHoil BcenenHoit buanku tumna I,
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matepueit (XTM); mpu 3ToM choelaHO IIPEIITOJIOKeHHWEe, YTO oba KOoMIIOHeHTa BcenmeHHoI
B3aUMOJIECMCTBYIOT MeXIy c000ii. YTOOBI IMOJYUYMTh TOUHBIC PEILICHUS IOJIEBbIX YpaBHEHUM
DHHIITeiHa, PacCMOTPEHbl JBa 3aKOHA pPaCIIMPEHUs: 3KCHOHEHIMAJIbHOE U CTEIEHHOE
obbeMHoe. [J1s1 060uX ciyyaeB U3yYeHO U3MEHEHUE HEKOTOPBIX KIIOUEBbIX KOCMOJOIHMYECKUX
napaMeTpoB. YCTAaHOBJIEHO, YTO IJId 00eUX MoOMeJell aHU30TPOITHBIN MapaMeTp YMEHbIIAETCS
CO BpeMEHEM U B UTOTe CTpeMUTCS K Hymo. OKa3aloch, YTO MOIETb, COOTBETCTBYIOIIAS
9KCMOHEHLIMAJILHOMY PacllUPEHNIO, BeneT ce0s Kak Moniesib X TM, a Moiesib, COOTBETCTBYIOIIAS
CTeNIeHHOMY OOBbEeMHOMY paciiupeHuio, — Kak moxaenab I'TD mosgHero nepuopa. IlpoeneHo
TaKXXe CpaBHEHME YpaBHEHUSI COCTOSIHMSI U IUIOTHOCTM 3HEpruM B3auMopeiictsus B HTTD
(Hama Moaeab) U B MOMAEJM CKAJISIPHOTO IMOJS KBUHTACCEHUMM U HaWACHO COOTBETCTBUE
Mexny Humu. [loTeHIManm KBMHTICCEHIMM PEKOHCTPYMPOBAH TaKMM 0Opa3oM, YTOOBI OH
OMUCHIBAJ HAOIIOaeMOe YCKOPEHHOE paciinpeHue BeeneHHOI.

KmoueBbie cioBa: Becenennasa buanku tuna I, HoBas rojorpaguyeckasl TeMHasi SHEprusl,
KBUHTACCEHIIUSI, YPABHEHUE COCTOSIHMS

Jlna murupoBannsa: MaxanTta Y. P., Jlac M. I1. PekoHCTpyKIIUSI MOIENN CKAJISPHOTO TTOJIS
KBUHTICCEHIUMU AJIsI HOBO# rojiorpacpuuyeckoil MoAeNu TeMHON »Hepruu Bo BceneHHoit
buanku tuna I // HayuHo-texHuueckue Begomoctu CIIOGITIY. Ddusuko-mateMaTuyeckue
nayku. 2022. T. 15. Ne 2. C. 79—92. DOI: https://doi.org/10.18721/ JPM.15208
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1. Introduction

Until the late 20th century, no consensus has been reached about the expansion rate of the
universe. However, various cosmological and astrophysical observations such as Supernovae Type
Ia (SN Ia) [1 — 3], Cosmic Microwave Background (CMB) [4, 8], Baryon Acoustic Oscillations
(BAO) [9], Large Scale Structure (LSS) [10 — 12] and their cross relations make it clear that
our universe is currently undergoing a phase of accelerated expansion. A strange kind of physical
entity is supposed to be the cause of this late time cosmic acceleration which is termed as dark
energy.

A dark energy candidate which can simply explain the late time cosmic acceleration is the
so called cosmological constant A introduced by Einstein in his field equations. However, due
to its non-evolving nature, it suffers from some theoretical challenges such as the fine-tuning
and the cosmic coincidence problems. Therefore, quintessence [13 — 15], a minimally coupled
homogeneous scalar field which provides a solution to the fine-tuning problem and also to the
coincidence problem by means of tracker solutions, is considered as dark energy candidate.
Different dynamical dark energy models such as phantom [16], k-essence [17], tachyon [18],
dilatonic ghost condensate [19] and the interacting exotic fluid models such as Chaplygin gas
models [20 — 23] etc. have also been investigated in the literature.

Holographic dark energy is another candidate of considerable interest which emerges from
the Holographic Principle, first put forwarded by Gerard 't Hooft [24] in the context of black
hole physics. This principle states that the number of degrees of freedom directly related to the
entropy of a system scales with the enclosing surface area of the system and not with its volume.
Based on the effective Quantum Field Theory, Cohen et al. [25] proposed a relationship between
the ultraviolet (UV) cutoff and the infrared (IR) cutoff of a system due to the limit set by the
formation of a black hole which in turn gives an upper bound on the zero-point energy of a
system. When the whole universe is taken into account, this zero-point energy density has the
same order of magnitude as the dark energy density which is referred to as the holographic dark
energy.

In the cosmological context, a new version of the Holographic Principle was first proposed
by Fischler and Susskind [26] which states that at any point during cosmological evolution the
gravitational entropy within a closed surface should not exceed the particle entropy that passes
through the past light-cone of that surface. Granda and Oliveros [27] proposed a new holographic
dark energy density of the form

© Maxanra Y. P., lac M. I1. 2022. Uznarens: Cankr-IleTepOyprckuii monutexnuueckuii yausepcutet [lerpa Benukoro.

80



Theoretical physi
4 retical physics >

Pxipe ~ ot + BH,
where H is the Hubble parameter, and the two constants o and 3 are to be determined so as to
satisfy the restrictions entailed by the current observational data.

In Ref. [27], they showed that this new dark energy model can explain the current cosmic
acceleration and being consistent with the observational data. In Ref. [28], these authors also
established correspondence between quintessence, tachyon, k-essence and dilaton dark energy
models with this new holographic dark energy in the flat Friedman — Robertson — Walker (FRW)
universe. Many other researchers have since investigated several aspects of new holographic
dark energy (NHDE) in an isotropic as well as in anisotropic background and studied the
correspondence between the scalar fields such as quintessence, k-essence and NHDE models in
cosmology [28 — 46].

The goal of this paper is to investigate a spatially homogeneous and anisotropic Bianchi type |
universe filled with interacting cold dark matter and new holographic dark energy within the
framework of General Relativity.

The reason why an anisotropic universe is considered in our investigation is that although our
universe is homogeneous and isotropic at large scale, recent experimental tests like Wilkinson
Microwave Anisotropy Probe (WMAP) [7, 8], Cosmic Background Explorers (COBE) [47] and
Planck Collaboration results [48] support the existence of an anisotropic phase in the evolution
of the universe that approaches an isotropic one.

The paper is organized as follows: In Section 2, we derive the field equations for the Bianchi
type I line-element and find the expression for the equation-of-state (EoS) parameter for
interacting cold dark matter and new holographic dark energy. In Section 3, we solve the Einstein
field equations by considering two expansion laws viz. an exponential expansion and a volumetric
expansion law. We construct two different models corresponding to these two expansion laws.
In this section, we also obtain the expressions for some parameters of cosmological interest and
discuss some physical and geometrical properties of both the models. In Section 4, we establish
the correspondence between the quintessence and the new holographic dark energy for the model
with volumetric expansion law. We conclude the paper with a brief discussion in Section 5.

2. Metric and field equations

A spatially homogeneous and anisotropic Bianchi type I universe is described by the line-
element
ds* = —dt* + A*dx* +Bzdy2 +C%d72, (1)

where A, B, C are functions of the cosmic time t alone.

We assume that the universe is filled with two interacting components: cold dark matter
(CDM) and new holographic dark energy (NHDE).

In natural units (8nG =1, ¢ = 1), Einstein’s field equations are

1 _

)~ &R =T, +T)), 2)
where R is the Ricci tensor; R is the Ricci scalar; T is the energy-momentum tensor for cold
dark mat/ter given by

T, =p,uu,. (3)

and 7_;] is the energy-momentum tensor for new holographic dark energy given by

_,, = (Pepe * Prie )“i”j + & Pxue - C))

Here, p is the energy density of cold dark matter, p, .. and p . are respectively the energy
density and the pressure of the new holographic dark energy.

In a comoving coordinate system, Eq. (2) with Egs. (3) and (4) for the metric (1) lead to the
following system of field equations:
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C A4 c4
E+Z+a=_pNHDEa (6)
A B AB
Z+E+E:_pNHDE7 (7)
AB+BC+CA . ®
1B BC  CA Py T PxrpE >

where an over dot denotes differentiation with respect to .
Following Ref. [27], we consider the new holographic dark energy density as

Parpe = 3M L (aH? +BH), )

where M <2 =8nG = 1; a, B are constants.
The pressure of the NHDE is given by

Pnipe = OnupePwpe » (10)

where . is the EoS parameter of NHDE.

In a universe where dark matter and dark energy are interacting with each other, their energy
densities do not conserve separately. So, when CDM and NHDE are interacting the continuity
equations can be obtained as

b, +3Hp, =0, (11)

Pruoe T 3H (Pyupe + Pripe) = —0, (12)

where Q represents the interaction term between CDM and NHDE.
A natural choice for the interaction term available in the literature is Q oc Hp , Q oc Hp
or a combination of these. We take

O =3H (YPxupe +0P,,)> (13)

where vy, 6 are coupling constants.

For y =0, we have Q =3Hdp , and for 6 = 0, we have Q = 3Hyp,, .. CDM and NHDE are
non-interacting for y =0 = 9.

From Egs. (9), (10), (12) and (13), we obtain

20HH +BH _ (. 3p, (14)
3H(aH? +BH) '

Onppg = —1—
PNrDE

3. Solutions of the field equations
From Egs. (5) — (8), we derive

A(t)=a V3 exp(b, [ V'dp), (15)
B(t) = anj exp(b, [ V'd1), 06)
C(t)=a,l? exp(b, [V "'dr), (17)

where a a,a, = 1, b + b + b =0, and V' = ABC is the volume of the universe.

Now, as we have four equatlons in five unknown parameters 4, B, C, p, and p,., therefore,
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we need one extra condition to obtain an exact solution of the field equations. In view of Egs.

(15) — (17), we consider an exponential expansion law given by
V=ce?3"

and also a volumetric expansion law given by
V=ct?,

where ¢, [, n are positive constants.

A model for exponential expansion (Model 1). Using (18) in Egs. (15) — (17), we get

3 b
A=ace" exp [——1€_3h:|,
3cl

: b
B=a,c3e" ex ——26_3"},
? p{ 3cl

1 b
C=ac3e"ex ——36_3h:|.
’ p{ 3cl

(18)

(19)

(20)

1)

(22)

For this model, the directional Hubble parameters /, and the mean Hubble parameter H are

obtained as

H, :£:l+ﬁe‘3h,
A c
H, :E:ler—ze_y’,
B c
H, :£:l+ge’3”,
C c
H=1I

(23)
(24)

(25)
(26)

The scalar of expansion 0, the spatial volume V, the shear scalar 62, the deceleration parameter

g and the anisotropy parameter 4 for this model are obtained as

0=3/,

M
m:3lzczeét

2

where M =b] +b; +b;.
From Eq. (9) we obtain ,
Pipe = 30U,

and from Eq. (11), using Egs. (13) and (26), we get
o = 3OWIZ 4 do 3D
"1-8 ’

where d is an integrating constant and & # 1.

Therefore, for this model, the total energy density and the EoS parameter are given by

(27)
(28)
(29)
(30)

(1)

(32)
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Fig. 1. Graphs of the total energy density Q (a) and the EoS parameter (b) vs
cosmic time ¢ at different y: 0.05 (red lines), 0.5 (blue ones) and 1.0 (green ones);
a=1,0=-1,d=100,/=1

It is evident from the graphs in Fig. 1, that for small values of y, our model approaches a flat
isotropic universe in the course of time and behaves like a ACDM model. However, the model
does not represent a flat isotropic universe for 6 = 0 and sufficiently large values of .

A model for volumetric expansion law (Model 2). Using Eq. (19) in Egs. (15) — (17), we obtain

1 .
! b
A(t) = a,c3t" exp| ———17" |, 35
(t)=a, p_c(l_?m) (35)
B(t)=a c%t” exp _b—zt’3’1+1 _ (36)
? c(1-3n) ’
C(t)=a c%t" exp _b—3z‘3”“_ (37)
’ | c(1-3n) ’

where n # 1/3.
The directional Hubble parameters /, and the mean Hubble parameter H for this model are
obtained as

H =nt" 42, (38)
C

H,=nt"+ %ﬁ", (39)
b

H,=nt"+=¢7", (40)
C

n
H == (41)
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The scalar of expansion 0, the spatial volume V, the shear scalar 62, the deceleration parameter
g and the anisotropy parameter 4 are obtained as

3
6="", “2)
R
oy ; (43)
=-1 +l
9 P (44)
1 M
A =——"
" 3ctnt! (45)

where M =b] +b; +b;.

The cosmological observations indicate that the value of the deceleration parameter lies in the
range —1 < g <0, so it is clear from Eq. (44) that for an accelerating expansion of the universe,
we must take n > 1. Moreover, Eq. (45) reveals that the anisotropy parameter is a decreasing
function of cosmic time and tends to zero in the course of time.

The NHDE density for this model is obtained from Eq. (9), as

3(an’ —PBn)
PxupE = 2 . (46)
Using Egs. (13), (41) and (46) in Eq. (11), we obtain
2
= Iny(an” —PBn) £ 4 dp 0, (47)
3n(1-9)-2
where d is an integrating constant.
Therefore, for this model, the total energy density and the EoS parameters are given by
3 _ dt—3n(l—8)—2
Q:QNHDE"'Qm:pNLDzE—'_p—mz:(l_E'|_ an ) + PR (48)
3H° 3H n 3n(1-0)-2 3n
o) 3 3192
Oy = —1+——{y+8 il . (49)
3n 3n(1-8)-2 3(an” —PBn)
AT
P | |
pNHDE 21
11
0 1 1 B 4 5 h

!

Fig. 2. Graphs of the new holographic dark energy density p . (the red line) and the cold dark
matter density p (the blue one) vs cosmic time 7, d = 100,6=~1,n=2,a =1, =0.05,
vy=0.05
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Fig. 3. Graphs of the total energy density Q (a) and the EoS parameter o, . (b)
vs cosmic time ¢ at different y: 0.05 (red lines), 0.5 (blue ones) and 1.0 (green ones);
n=2,a=1,=0.056=-1,d=100

It is clear from the graphs in Fig. 2 that both the CDM density p and the NHDE density
Parpe are decreasing functions of cosmic time. The former tends to zero as time evolves while
the latter is near to zero in the course of time. For y = 0 and for sufficiently small values of y
this model approaches a flat universe and the EoS parameter enters into quintessence region
~1 <o, <—1/3 at a later time (Fig. 3). The same as Model I, this model fails to represent the
current universe for sufficiently large values of y and for & = 0.

Hence, to consider the interaction between NHDE and CDM, it suffices to take the coupling

parameter 0 as the interacting term and y = 0. Thus, putting y = 0 in Eq. (49), we obtain

) dyra-9-2

S PP S P
Onmpe 3n 3(ocn2 —Bn) (50)

4. Correspondence between new holographic dark energy
and quintessence scalar field model

Quintessence is described by an ordinary scalar field ¢ minimally coupled to gravity and self-
interaction described by a potential V(¢) that leads to late time cosmic acceleration.
The action for the quintessence scalar field ¢ is given by an expression

5= [d'xJ=gl-58°0,00,0-V (@) (51)

The energy density and pressure of the scalar field are given by expression

1.,

p(cp)=5<p +V (o), (52)
1.,

p(cp)=5<p —V(9). (53)

Using Egs. (52) and (53), the EoS for the quintessence scalar field is obtained as

o = p(9) _ ¢’2 _2V((P). (54)
op(e) O +2V(9)

In order to establish the correspondence between the new holographic dark energy and the
quintessence scalar field model, we compare the EoS and the dark energy density for the interacting
new holographic dark energy and quintessence dark energy models.
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Thus, comparing Egs. (50) and (54), we obtain

2 dt—3n(1—§)—2 _ (]-[)2 _2V((p)

—-1+—-9 5 ) . (55)
3n 3(an” —Bn) ¢ +2V (o)
Also, comparing Egs. (46) and (52), we obtain
3on® —Bn) 1.
wz_ 2+V((P)~ (56)
t 2
Again, from Eq. (55), we derive
. 4(on—PB) =284t 102
(Pz = 2 ( P) 3n(1-5)2 V(o). (57)
6(an” —Pn)—2(an—P)+odt
Using Eq. (56) in Eq. (57), we obtain
3(an® —Pn) 6(an® —Bn)—2(on —P) +ddt >0
gy 3@ =B San” ~pm) = 2(an—p) 5

r 6((1”2 —Bn)+2(an—-B)— Sy 392"

This type of potential can produce an accelerated expansion of the universe. Thus a
correspondence between the interacting new holographic dark energy and quintessence scalar
field model is established.

5. Conclusion

In this work, we study a spatially homogeneous and anisotropic Bianchi type I universe filled
with interacting the new holographic dark energy and the cold dark matter by taking the coupling

parameter Q as
Q - 3[_I(’YPNHDE + Spm)'

To obtain the exact solutions of the Einstein field equations, we consider two expansion laws:
an exponential expansion and a power-law volumetric one; they correspond to Models 1 and 2,
respectively.

Considering Model 1, we find that the average Hubble parameter and the NHDE density are
constant and the deceleration parameter equals —1. The anisotropy parameter decreases as time
evolves and tends to zero at late time. The total energy density for this model approaches 1 for
vy — 0. Thus, for small values of vy, this model approaches a flat, isotropic universe at late time
and the EoS parameter approaches —1 showing thereby that the Model 1 behaves like a ACDM
model.

In Model 2, the Hubble parameter, NHDE density and CDM one are decreasing functions of
cosmic time. We also observe that the anisotropy parameter decreases as time evolves and tends
to zero. Hence, we conclude that the anisotropy of our universe dies out in the course of the
evolution to reach the present isotropic phase. It can be also seen from Fig. 3,a that the total
energy density approaches 1, and from Fig. 3,b we see that the EoS parameter of this model lies
in the quintessence region

1 <oy, <-1/3

fory — 0.
So, this model behaves like a quintessence holographic dark energy model.
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In both the models we define the interaction between NHDE and CDM by taking

O = 3H(ypyupe T 0P,)-

But the models represent current universe only for small values of y. Therefore, we ignore
v while establishing correspondence between the new holographic dark energy model and the
quintessence scalar field model. Quintessence potential is reconstructed which describes the
accelerated phase of expansion of the universe.
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