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Abstract. This short paper considers the mathematical modelling of ecosystems in the
perspective of their control. It is shown that the adopted mathematical models to design con-
trol policies are oversimplified, leading to few successful practical achievements. It appears
that a reason for this is that many studies have adopted models of ecosystems which are
composed of finite-dimensional ordinary differential equations with lumped parameters
while their nature is essentially distributed. However, since the pioneer work of Alfred Lotka
and Vito Volterra about prey-predator models, a wide variety of mathematical formalisms
have been employed to study the dynamics of ecosystems. The present paper focuses on the
sensitivity analysis of ecosystems through dynamical models with lumped parameters since
this is a prerequisite for the design of control systems which may expect certain efficiency.
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The adopted formalism is an original one and is based on the use of the fuzzy-dual numbers,
functions and models. In this paper it is shown how this approach allows to tackle the uncer-
tainty of parameters with respect to sensitivity analysis in a parsimonious way, when consid-
ering its limited data requirements and resulting computational burden. After introducing the
essentials of the proposed formalism, a general approach is developed to generate dynami-
cally uncertainty bounds for the state of an ecosystem which result from the parametric un-
certainty of its model. The proposed method is illustrated in the case of the classical prey-
predator ecosystem.

Keywords: ecosystems, mathematical models, lumped parameters, fuzzy-dual
representation, sensitivity analysis, prey-predator ecosystems.
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Annomayua. B cratbe paccMaTpUBAETCs MATEMATUYECKOE MOJIETUPOBAHHE DKOCH-
CTEM, C TOYKH 3pEHUs yIpaBieHus UMU. [I0ka3aHO, 4YTO MPUHATHIE MATEMATHYECKUE MOJETU
JUIS Pa3paOOTKK MOJUTHKHU YIPABICHHUS YPE3MEPHO YMPOIIEHBI, YTO MPUBOAUT K HEMHOTO-
YUCJICHHBIM YCIIEIIHBIM MPaKTUYECKUM pe3ynbraram. [[o-BuauMomy, MpuyruHa 3TOTO 3aKJIIk0-
YaeTcs B TOM, YTO BO MHOTHX HCCIIEIOBAHUSIX OBLIM MPUHATHI MOAETHU SKOCHUCTEM, KOTOPBIE
COCTOSIT U3 KOHEYHOMEPHBIX OOBIKHOBEHHBIX MU (D (PepeHIIMAbHBIX YPaBHEHUN C COCPETOTO-
YEHHBIMH [apaMeTpaMu, B TO BpeMs KaK MX MPHUPOJIa, MO CYLIECTBY, pacnpeaeneHnas. Oa-
HaKo co BpeMeH pabotsl Anbdpena Jlotku u Buto Bonbreppsl 0 MOJESIX «OKEPTBA-XUIITHUAKY
JUISL U3YYEHUS] TUHAMUKHU DKOCHUCTEM MCIIOJIb30BAJICS IUUPOKHUM CIIEKTP NPUEMOB MaTEMATH-
yeckoil hopmanuzarnuu. HacTosimas ctarbst MOCBSIIEHA aHATN3Y YYBCTBUTEIHBHOCTH DKOCH-
CTEM C IMOMOLIBIO JUHAMUYECKUX MOJEIEN C COCPEAOTOUCHHBIMU [TApAMETPAMU, ITOCKOIBKY
9TO SIBJISIETCS] HEOOXOMMMBIM YCIIOBHEM TSI IPOCKTHPOBAHUS CHCTEM YIIPABIEHUS, OT KOTO-
pPBIX MOXHO OXHJAaTh ompenesneHHoi asddekruBHocTH. HMcmonb3yemblit  cmocob
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(I)OpMaJ’II/ISaI_II/II/I SABJIACTCA OPUTHUHAJIIBHBIM U OCHOBAH HAa NPUMCHCHHUU HCUCTKHUX AYAJIbHBIX
yucel, GyHKIui u Mozeneit. B ctarbe mokasaHo, Kak 3TOT MOIXO0 MO3BOJIICT MUHUMH3HPO-
BaTb HCONPCACICHHOCTD MMapaMCTPOB B OTHOIICHUH aHaJIn3a YyBCTBUTCIIbHOCTHU, YUHUTHIBAA
OrpaHMYEHHbIC TPEOOBAHMUS K JaHHBIM M, KaK CJICICTBUE, BHIYUCIUTEIbHYIO HAarpy3Ky. I1o-
Clie TIPEACTABICHUSI OCHOB IMPEIOKEHHOTO crocoba Gopmanu3aiuu, pa3padoTran oOmmii
MOAXO/ ISl JMHAMHYECKOTO OMPEICICHUS MPAHUI] HEONPEACICHHOCTH COCTOSHUSI 3KOCH-
CTEeMbI, KOTOPBIC SBJISIOTCS PE3y/IBTATOM MapaMETPHUECKON HEOPEICICHHOCTH €€ MOJICIIH.
[MpennaraeMplii METOJ HPOMJUTIOCTPUPOBAH HAa TMPHMEPE KIACCHYECKOH HIKOCHCTEMBI
(OKePTBA-XHUIITHUKY.

Knioueevie cnosa: 3KOoCUCTEMBbI, MaTeMaTHUYECKHE MOJEIH, COCPEAOTOYCHHBIC
nmapameTphl, He‘ICTKO-I[BOfICTBeHHOG MMpEaACTaBJICHUC, aHaJIn3 YYBCTBUTCIIbHOCTH,
IKOCHCTEMBI «GKEPTBA-XHUIIHUKY.

Introduction

Since the industrial revolution of the 19th century, human activity has
transformed the environment through its exacerbated exploitation of fossil or
living natural resources, through its accelerated energy consumption and
through the multiple resulting pollutions aggressively attacking the ecosystems
which constitute our environment. To deal with this situation by stopping this
catastrophic spiral for humanity and to ensure the long-term sustainability of
the planet, an environmental policy at several levels in space (from global to
local) and in the time (from long term to short term), has seemed necessary.
However, the first stages of these efforts invariably resulted in the postponement
of deadlines that seemed irrevocable. Beyond the possible lack of political will,
these repeated failures were also due to the fact that at the level of individuals
or groups of individuals, it was not possible to implement sufficiently effective
management actions over the ecosystems in which they move.

Sectors of Mathematics and Engineering have developed quantitative
tools, in general models, intended to represent the response of numerous eco-
systems to different policies [1]. However, the results actually obtained were
often different from what was expected. The decision support methods devel-
oped over the last decades to try to effectively manage ecosystems such as pop-
ulations’ dynamics, epidemics’ dynamics, spatial ecology and climate change,
can be divided into two:

— first, those establishing tactical decisions and which generally fall under
Operational Research [2];

— those establishing decisions influencing the short-term evolution of ecosys-
tems and which relate to Automation and more particularly to Control Theory [3].

Nevertheless, it appeared that the application of control theory to ecosys-
tems presented numerous difficulties: approximate representation of the internal
dynamics of the system, insufficient consideration of the interactions of the eco-
system with its natural environment, technical and economic insufficiency of
sensors and actuators available to practically guarantee observability and con-
trollability.
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In this paper is at first considered the issue of modelling ecosystems for
their control, then the sensitivity issue is discussed through the adoption of the
fuzzy-dual formalism to represent parameter uncertainty. This formalism is
briefly introduced, and the proposed approach is displayed. This approach is
illustrated using the classical model of a prey-predator ecosystem.

1. Mathematical modelling of ecosystems

Ecosystems involve complex dynamic processes over a given spatial do-
main which is in general continuous. Many theories allow to represent these
ecosystems by state models with distributed parameters described by partial dif-
ferential equations of infinite dimension.

A general equation for these ecosystems is given by:

D = f(x(t,2) + g(t,2) - u(t,2), (1)
where t is the time between t T =]0, tz[, with tz being adopted the time hori-
zon for the study, z € Q © R3 is a position in the considered spatial domain Q
of boundary 0Q2, x € R™ is the state vector composed of the characteristic vari-
ables of the ecosystem with values over Q and T, u € R™ is the control vector
acting over Q and T, f and g are in general differential operators, n and m are
integer numbers. The initial situation of the ecosystem is given by:

x(0,z), z€ Q. (2)

Depending of the nature and configuration of the ecosystem, boundary
conditions may be present:

[(x(t,2)) =0, z€dQ, (3)

where [ is also a differential operator.

Many confined industrial processes are described by such type of equa-
tions [4]. Knowledge of their state throughout the system is obtained by using
batteries of sensors which promote the spatial discretization of the control prob-
lem. Various complex control techniques (non-linear control, adaptive control,
distributed control) [5] then make it possible to develop control orders imple-
mented by actuators distributed in or around the process.

In the case of ecosystems, detailed knowledge of the state of the system is
not possible given the scope of the task and possibly external conditions con-
trary to the realization of precise measurements. Also on the actuator side, the
options to act on the system are often very limited: local, one-off or of a static
nature. Leaving aside the perfect non-homogeneity of ecosystems (variable den-
sity of a component according to the position, irregular distribution os species
in an ecosystem) many mathematical models working on variables describing
in a macroscopic way the dynamic evolution of the ecosystem has been
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developed. This has led to the adoption of systems with lumped parameters
which are described by finite-dimensional ordinary differential equations such
as:

% = f(x,u,p,t) withx(0) = x,, 4)

where f is now a continuous function of class C*, x € R™ is the state vector
composed of variables characterizing over T at the macroscopic level (total
value or mean value) the ecosystem, u € R? is the control vector acting over T,
p is the vector of the lumped parameters.

An example of this class of models is the Lotka-Volterra predator-prey au-
tonomous (no entry) model [6] such as:

% = (a - bXZ)Xl Wlth Xl(O) = XlO’ (5)
22 = (cX; — d)X, with X,(0) = Xz, (6)

where X; (t) is the total amount of preys at time t over the whole ecosystem (a
pond, a forest, an island) and X, (t) is the total amount of predators at time t
over the considered ecosystem. Comparing (5) and (6) with (4), we get

x(t) = (X1 (1), X, (t))’ and p = (a, b, c,d)’. The interpretation of the vector of
lumped parameters is here such as a is the growth rate of the preys in the ab-

sence of predators, b is the prey death impact factor, c is the birth rate impact
factor and d is the death rate of predators in the absence of preys.

2. Fuzzy dual numbers, functions and systems

The formalism of fuzzy-dual numbers [7] has been proposed recently to
diminish the computational burden when dealing with uncertainty in decision
problems. A fuzzy dual number is written 7 + gu, where r is the deterministic
part and u is an uncertainty bound and ¢ is the uncertainty unit with €2 = 0. A
fuzzy dual number r + €u is attached to a triangular symmetrical fuzzy set of
mean value r and of half base width u. There addition and multiplications are
such as:

(p+eu) +(r+euy) =y +1y) +e(uy +uy), (7)
(ry + euy)(ry, + €uy) = rr, + e(ryu, + ryuy). (8)

The fuzzy-dual representation of uncertainty has to cope with uncertain
mathematical programming problems through fuzzy dual dynamic program-
ming [8], while in the field of optimal control of uncertain dynamical systems,
fuzzy dual necessary optimality conditions have been established [9]. A fuzzy
dual function f associated to a base function f with f € C® is such as:

flx+ey) = f(x) + efie(X)y. )]
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Relation (9) means that f represents any first order approximation of
f(x + 6x) around x for |ox| < |y|. Figure 1 proposes a scalar view of a fuzzy-
dual function where its fuzzy-dual input is related with the fuzzy-dual output of
the considered function (u( ) are fuzzy membership functions):

A

fix)

v ualx)
Fig. 1. Fuzzy-dual function with associated membership functions
Here it is considered that the state dynamics of the process are given by:
dz

— = f(z,u,t), (10)

dt

where f represents a fuzzy-dual function attached to a base function f which is
of class C” with respect to z and u where z is a fuzzy-dual variable written
z = x + ey with x(0) = x, and y(0) = 0.

Introducing the Jacobian matrix:

e ut) = |(\ofi/0z), | (11)

the fuzzy-dual state equation (10) can be rewritten in R%™ as:
dx

—=flout) withx(0) =x, (12)
and
2 = f(xu,t)y withy(0) = 0. (13)

The uncertainty about the future value of x can originate in its initial value
and in the dynamics of the process.

3. Fuzzy dual parametric sensibility analysis
Here it is supposed that an ecosystem obeys to the dynamics given by:
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== feutp), (14)

where p is a vector of J,, parameters such as f is also of class C* with respect
to him.

Here the case in which the uncertainty in the dynamics manifests itself at
the level of the model parameter values, is considered for sensitivity analysis
purposes. Since a detailled probabilistic distribution of these values is in general
unavailable, it is assumed that an expected interval of values is available and a
fuzzy-dual representation is adopted for their values:

p =D+ elp. (15)

Introducing as additional state variable Ap with state equation Ap = 0, the
augmented fuzzy dual state equation can be written now as:

% = f(x,u,y,p) withx(0) = x,, (17)
d _ — .
2 = £ w t,p)y + f,(6,u,t,p)Ap  with y(0) = 0. (18)

Considering the uncertainty of the state of the system at time ty (tp > 0),
the solution of equation (13) can be written under the form:

y(tF) = M(tF)ul ﬁ)Apa (19)
where the values of M (tg, u, p) are computed numerically. Let now m;;(tg) be

the i*™ row and j™ column component of this matrix, the uncertainty interval
for the i*" state of the original system at time t can be computed. Since at tp:

J Ap; _ J Ap;
yi (tp) = Zjillmij(tp)|7p and y; (tp) =—X7; mij(tp)|7p (20)

we have:

J
yi(tp) = ij=1|mij(tF)|Api (21)
and a fuzzy-dual representation of the state of the system at time ¢ is given by:
z(tp) = x(tr) + €y (tr), (22)

where x(tr) is the solution of equation (17). In the case of the previous Lotka—
Volterra predator-prey model given by the equations (5) and (6), the vector of

parameters is given by: p = (a, b, ¢, d)’ while equation (18) is written here:
yl] _ C_l - I;XZ _I;Xl }’1] + XlAa - X1X2Ab (23)
V2 cX, ¢X;—d|Wl " 1XiXAc — X,Ad)

The nominal non-zero equilibrium of this model is given by X;, = d/c
and X,, = a/b and a direct fuzzification of this result gives the fuzzy-dual ex-
pression for the equilibrium state:
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~ a bAa—aAb
and XZe =4+ &—

d cAd—dAc
¢ b b2

Xle =-+te &2
Observe that these uncertainties lead to the equilibrium of system (23),
allowing to conclude on the consistency of the proposed approach.

Conclusion

This paper has considered first the issue of modelling the dynamics of eco-
systems for their control, leading to the consideration of differential models with
lumped parameters. To tackle the sensitivity analysis of this class of models, the
fuzzy-dual formalism has been adopted to represent in a parsimonious way the
uncertainty of the values of these parameters. The fuzzydual formalism has been
briefly introduced and then the proposed approach has been displayed. There,
the dynamics of the uncertainty of the states of an ecosystem are established
and have allowed to compute all along their evolution, uncertainty bounds for
these states.

This approach is illustrated using the classical model of a prey-predator
ecosystem, from its initial state, up to its equilibrium state.

This study should be completed by extensive numerical simulation studies
to display the effectiveness of the proposed sensitivity analysis approach. Also,
the application of this formalism should be extended to the analysis of the ef-
fects of parameter uncertainty over the predicted stability of ecosystems.
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