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Abstract. The article describes various methods of assessment of load-bearing capacity 
(reliability) of a pile as a main element of pile foundation. It is shown that deterministic, probabilistic and 
possibilistic methods have a number of advantages and limitations. An actual task is to develop new 
approaches to assessment of foundations load-bearing capacity. The combined method providing the 
optimal assessment according to the given examples is developed in the article. Some features of the 
proposed methods are in the probability and possibility theories application to account uncertainty or 
incompleteness of initial data in quantifying the reliability of a pile. Presented in the article methods for a 
quantitative assessment of single piles reliability can be used for more complex computational models, 
including multielement pile foundations and more complex models of soil foundations. These methods 
have not been applied to piles reliability research so far and the article pre-sented is a pioneering one 
and has no analogues known to the authors. 

Аннотация. В статье рассмотрены различные методы оценки несущей способности 
(надежности) сваи как основного элемента конструкции свайного фундамента. Показано, что 
детерминированный, вероятностный и возможностный методы имеют ряд преимуществ и 
ограничений. Актуальной является задача развития новых подходов к оценке несущей 
способности фундаментов. В статье развит комбинированный метод, дающий оптимальную 
оценку, что продемонстрировано на примерах. Особенность предлагаемого метода заключена в 
совместном применении теорий вероятности и возможности для учета неполноты или 
неопределенности исходных данных при количественной оценке надежности сваи. 
Представленные в статье методики количественной оценки надежности одиночных свай могут 
быть использованы для более сложных расчетных моделей, в том числе многоэлементных 
свайных фундаментов и более сложных моделей грунтовых оснований. 

Introduction 
One of the main indicators characterizing the properties of “a pile-soil environment” system is  

load-bearing capacity, i.e., property of the pile to resist external load in the absence of further punching. 
In design practice to determine the load- bearing capacity various methods based on the use of test and 
experimental data are applied in the deterministic setting. Estimates of load-bearing capacity are made 
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using a number of empirical coefficients input into the calculations to consider the working conditions of 
the pile, immersion techniques, the strength characteristics of the pile material, the pile grillage structure 
[1–4, 9, 10, 15, 17, 22, 26, 29]. Some examples of such assessments, based on the static probing 
results, are set out in [27, 28].The significant scatter of input data can dramatically affect the results 
obtained, which can be refined by methods described below. 

An actual task is to develop new approaches to assessment of foundations load-bearing capacity. 
The combined method providing the optimal assessment according to the given examples is developed in 
the article. 

Some features of the proposed methods are in the probability and possibility theories application to 
account uncertainty or incompleteness of initial data in quantifying the reliability of a pile. 

In the works of other authors on this subject [2–4, 9, 10, 26] there is no possibility of taking into 
account the incompleteness and uncertainty of initial data when assessing the load-bearing capacity of a 
pile. In this paper this problem is solved by applying the theory of probability and possibility theory to take 
account of uncertainty or incompleteness of initial data in quantifying the reliability of a pile. 

Methods 
A condition providing the required load-bearing capacity of a pile by the method of limit states is 

expressed in the form of inequality: 

dF
k1

d

1
N  , (1) 

where dN  is the axial load on the pile, dF  – ultimate bearing capacity, 1k  – safety factor.  

Obviously, the result of substituting in the expression (1) known values of the axial load on the pile 
and ultimate bearing capacity allows us to formulate one of the two alternative, mutually exclusive 
judgments about the reliability of the pile. Thus the basic feature of the initial data – their random nature 
is ignored; both as regards the parameters of the external action and the characteristics of soil and the 
pile material. This can lead to the wrong conclusion on the reliability of the pile. A more reasonable 
estimate of reliability which takes into account the random nature of the original data and has a 
quantitative expression is a technique based on a probabilistic approach, possibility theory, the theory of 
fuzzy sets as well as their combinations [6–8, 10–14, 19–21, 23, 24]. 

As a simple example of the use of such methods, consider a pile reliability quantitative assessment 
based on the strength criteria for piles of any type and based on the bearing capacity of soil foundation in 
the case of a friction pile. 

The assessment of a pile load-bearing capacity by the strength criterion  
for the pile material 

In the deterministic approach the condition of providing the necessary strength of a pile material is 
as follows [9]: 

dssbb NARAR  )(
k

1

1

, (2) 

where sR,Rb  are the resistance of concrete and reinforcement accordingly, 

sA,Ab  – cross-sectional areas of the pile and the reinforcement, 

dN  – axial load. 

If the parameters ds NR ,,Rb are considered as normally distributed random variables with known 

probability characteristics – mathematical expectations )(),m(R),m(N bd sRm  and the standard 

deviations )(),(),(Rb ds NR  , the probability of failure-less operation of the pile P is determined by 

the relation 
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0)P(F F , (3) 

where: Ф – the function of normal distribution (Laplace),  

 dNF )( ssbb ARAR   (4) 

In general, when dealing with such problems function F is non-linear and the reliability assessment 
is carried out by various methods (linearization, statistical tests, etc.). In this example the function of 

random parameters F is linear of dsb NRR ,,  and has a normal distribution and its characteristics are 

determined in accordance with the rules laid down in the guidelines on probability theory for linear 
functions of normally distributed variables: 

 dmNm(F)  )]()([ ssbb ARmARm  , (5) 

)()()()( 222

ssbbd ARRANF    
(6) 

By setting different values of the mathematical expectations of axial load )m(Nd we can obtain the 

probability of failure – free operation of the pile by material strength criterion. 

It is known, however, that the correct use of probabilistic methods is associated with the presence 
of sufficiently complete statistical information on the basic random variables included in the mathematical 
models of limit states and loads. The lack of sufficient initial statistical information is the main reason of 
the emergence of the need to look for other (non-probabilistic) methods for uncertainties account. Since 
the 60s of the last century the various theories for the formal description of uncertainties began to 
develop intensively. In particular, the possibility theory developed by American mathematician Zadeh [12] 
and its further development in Dubois and Prada work [7, 13] were fairly widespread.  

The result of its application is the interval estimate of reliability. 

Note that interval estimations can be obtained on the basis of a probabilistic approach as well, but 
the interval resulting from this analysis quite roughly estimates the required probability in most cases [8, 
14]. 

Also a variety of combined techniques that allow the most complete account of the available 
information on the parameters are proposed. V.S. Utkin and N.S. Galaeva [25] proposed a method in 
which, depending on the availability of information, some variables are considered as random (in terms of 

probability theory) and others – as fuzzy ones (in terms of possibilities theory).For example, if S is a 

fuzzy variable and R is a random variable changing according to the normal distribution with the density 
function 


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then the expressions for the lower P  and upper P  boundaries of the reliability interval look like 
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where Sa – an average value and Sb - a fuzziness factor are the parameters of fuzzy value S . 

Results and Discussion 
The estimations of the probability of failure-free operation of a pile based on the strength condition 

and made by the probabilistic and combined methods are discussed below. When using the combined 

5



Magazine of Civil Engineering, No. 7, 2016 

 

Ivanova T.V., Albert I.U., Kaufman B.D., Shulman S.G. The load-bearing capacity of hanging piles by the strength 

criterion of a pile or soil material. Magazine of Civil Engineering. 2016. No. 7. Pp. 3–12. doi: 10.5862/MCE.67.1 

method the pile bearing capacity was considered a random variable, the load – a fuzzy variable. The 
comparison of the results of two approaches is given in Table 1.  

The evaluation of piles reliability with regard to the specific construction site does not introduce any 
fundamental changes in the technique and procedure of calculation under review. 

As the initial data we will use the data of the example given in [4]: 

the pile length – 12 m 

the cross section is a square which side is 0.35 m 

concrete class (options) – В10, B15, B20 

reinforcement class – А1 

cross sectional area, m
2
 – 0.1225 

axial load variants (mean values), kPa – 500–1500 

reinforcement cross-sectional area m
2
 – 8.042*10

-4
. 

The calculation results are shown in Figures 1 and 2 in the form of dependences of probability of 
ensuring pile strength on the axial load average value (mathematical expectation) for the three types of 
concrete. The comparison of the results of probabilistic and combined approaches is given in Table 1. 

 

Figure 1. The probability of ensuring the strength of the pile  
by the material strength criteria (reinforced concrete). Reinforcement class A1,  

the number of reinforcing bars 4 

 

Figure 2. A pile strength probability as a function of an average value of axial loading 

6



Инженерно-строительный журнал, № 7, 2016 

 

Иванова Т.В., Альберт И.У., Кауфман Б.Д., Шульман С.Г. Несущая способность висячих свай по критерию 

прочности материала сваи или грунта // Инженерно-строительный журнал. 2016. № 7(67). C. 3–12. 

Table 1. Probabilistic and combined estimations of failure-free pile operation according to 
strength criterion 

dN ,kPa 
Concrete В 10 Concrete В 15 Concrete В 20 

Prob. Comb. Prob. Comb. Prob. Comb. 

500 0.971 0.9091 0.997 0.9901 1 0.9991 

600 0.901 0.7200.998 0.987 0.9551 0.998 0.9941 

800 0.648 0.2260.970 0.903 0.7180.997 0.981 0.9431 

1000 0.390 0.0250.853 0.720 0.3400.980 0.918 0.7690.997 

1200 0.230 0.00.644 0.510 0.0940.922 0.794 0.4860.988 

1400 0.140 0.00.442 0.340 0.0150.804 0.641 0.2280.962 

 

The probability of ensuring required load-bearing capacity of a friction pile. 

It is known that the piles are classified on the basis of interaction with the soil environment into two 
groups: 

 pile-pillars that rely on rocky ground, and perceive the external axial load due to front resistance 
of the rock;  

 friction piles – resistance consists of two components: 

a) resistance forces arising due to the friction between the outer surface of the pile and the soil 
environment and 

b) front resistance force due to the interaction between the lower end of the pile and the soil 

environment [9].The values of coefficients ifR, as the functions of the depth of a pile penetration, soil 

types and some physicomechanical characteristics are presented in the same tables and in graphs in 
Figures 3, 4. 

The method of estimation of reliability by the ground in a deterministic setting is based on the 
inequality: 

 
i

iid
)fh(uA*R(

k
NF 0

1

1

, (9) 

where F – reliability function, 

d
N – the axial load on the pile, 

R – front resistance coefficient, 

A – cross sectional area of the pile, 

u – the cross-sectional perimeter, 

h I – the depth of the i-th layer, 

fi – lateral resistance coefficient of the i-th soil layer, 

1
k

 
– safety factor.   

The procedure for quantitative assessment of bearing capacity by the ground is carried out in the 
same sequence as in the previous example. Function F which determines the bearing capacity is linear 

regarding random parameters
id
f,R,N . Assuming that all the random variables are normally distributed 

with known probability characteristics (mathematical expectations and dispersions) the expressions for 
them can be written as follows: 

)]f(mhu)A*R(m[()m(N(F)m
d 111

  (10) 

fAAffRN

2

F
uhr)uh()(A)(

d
 222222

, (7) 

 

(11) 
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where 
fRN

,,
d

 standards for random variables, 
Rf
r

 
– correlation coefficient for random variables

.f,R  

To estimate the degree of relation between random variables R, f in Figure 5 there is a 
dependence f(R).You can see from the graph that the coupling equation with a sufficient degree of 
accuracy can be approximated by a linear dependence; therefore, a normalized correlation coefficient 
may be set equal to one.  

To simplify the calculation the soil foundation is assumed to be homogeneous: 1i   ; in the case 

of inhomogeneous foundation the sum of terms of the form ii fhu   should be calculated.  

The calculation results are shown in Figure 6, which shows two dependencies: the probability of 
ensuring the bearing capacity by the pile material and by the foundation soil. 

 

Figure 3. The dependence of the front resistance coefficient of  
the immersion depth of the pile 

  

Figure 4. The dependence of the lateral resistance coefficient of  
the immersion depth of the pile 
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Figure 5. The relation between random variables 

 

Figure 6. The probabilities of ensuring a friction pile bearing capacity  
by the ground and by the pile material 

The graph in Figure 6 shows the dependences of the probability of ensuring a given level of 
reliability by pile material strength and by soil material. The graph shows that with the load increase the 
probability of reliable operation of the pile decreases both by the soil strength criterion and by the pile 
material strength criterion. 

Table 2 shows the results of estimation by the foundation soil for a failure – free pile operation in 
two cases – in the first case loading and soil characteristics are represented by random variables and 
point probability estimation is given and in the second case loading is a fuzzy variable, and ground 
characteristics are random ones, i.e. a combined method giving the interval estimation is used. In all 
cases, the probabilistic estimations lie within the intervals. 
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Table 2. Probabilistic and combined estimations of failure-free pile operation based on the 
foundation soil 

dN ,kPa 
P Prob P Comb. 

500 0.987 0.9750.996 

600 0.977 0.9530.993 

800 0.938 0.8710.985 

1000 0.869 0.7260.970 

1200 0.770 0.5380.944 

1400 0.65 0.3480.905 

 

The comparison of pile load-bearing capacity calculations by the pile material and foundation soil 
allows for the following conclusion: 

 from the two variants of load-bearing capacity estimations the bearing capacity by the soil is 
less favorable (with the exception of the medium axial loads of more than 1,400 kPa) 

 the final load-bearing capacity estimation at adopted initial data is taken minimal. 

The proposed method allows a quantitative assessment of the load-bearing capacity and reliability 
of a pile with incomplete information about the characteristics of the soil parameters and loads, as well as 
the considerable variation in the original data values. In the works of other authors such a possibility was 
not available until now.  

The deterministic approach used by other authors’ results in a qualitative assessment only. The 
correct application of probabilistic methods giving a point result cannot always be realized due to lack of 
the initial information. In this situation the authors use the combined method in which the parameters of 
the problem are presented as fuzzy values [7, 12] and which gives a reliable interval assessment 
(Table 2). 

Conclusion 
Thus, in this article the technique of quantitative assessment of piles reliability under incomplete 

initial information about the parameters of mathematical models is presented. 
Presented in the article methods for a quantitative assessment of single piles reliability can be 

used for more complex computational models, including multielement pile foundations and more complex 
models of soil foundations. 

These methods have not been applied to piles reliability research so far and the article presented 
is a pioneering one and has no analogues known to the authors. 
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