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Abstract. The stress state around the holes in cylindrical part of prestressed concrete protective 
shells is examined in this paper. This stress state is caused by general shell prestressing having the aim 
to compensate internal emergency pressure and the curvature of the reinforcement elements near 
technological holes in cylindrical part of shell. Presence of technological holes predetermines occurrence 
of so called “disturbed” stress state of a local nature (stress concentration). The exact solution of the 
stress concentration problem at any load does not exist even for a plate. So the approximate solution 
using complex functions and Fourier series for a plate with a hole is proposed. It can be concluded on the 
basis of the calculation results that the stress concentration due to curvature of reinforcement elements 
near hole has to be taken into account, since in this case the maximum compressive stress is 
considerable. 

Аннотация. В данной работе рассматривается напряженное состояние конструкции вокруг 
отверстий в цилиндрической части предварительно напряженных бетонных защитных оболочек. 
Это напряженное состояние вызвано общим предварительным напряжением оболочки, 
необходимым для компенсации внутреннего аварийного давления, и кривизной арматурных 
элементов вблизи технологических отверстий в цилиндрической части оболочки. Наличие 
технологических отверстий предопределяет возникновение так называемого «возмущенного» 
напряженного состояния локального характера (концентрация напряжений). Точного решения 
проблемы концентрации напряжений при любой нагрузке не существует даже для пластины. 
Поэтому предлагается приближенное решение с использованием комплексных функций и рядов 
Фурье для пластины с отверстием. На основании результатов расчета можно сделать вывод о 
том, что необходимо учитывать концентрацию напряжений, вызванную искривлением арматурных 
элементов вблизи отверстия, поскольку в этом случае максимальное сжимающее напряжение 
является значительным. 

Introduction 
Cylindrical part of prestressed concrete protective shells for nuclear power plants with a helical 

scheme of reinforcement is compressed by two groups of reinforcement elements, oriented over the 
counter spirals and directed at an angle of 55 degrees to meridian. 

The general stress state of the cylindrical part of the shell caused by the preliminary compression 
forces in areas, sufficiently distant from the bottom and the support ring, is momentless and can be 
determined in accordance with the membrane theory of thin shells [1–8]. 
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In areas of technological holes, the largest of which reaches a diameter of 4 m (at elev. 38.1 m), it 
is necessary to bend the reinforcement elements around the hole. To reduce the prestressing losses from 
friction trajectory of the reinforcement is made fairly smooth; nevertheless there is considerable pressure 
of the reinforcement elements (Fig. 1) and the additional stress state in concrete. Of course, in Figure 1 
for illustration a simplified scheme of the fragment of rather complicated reinforcement system around the 
circular hole is presented. 

Presence of technological holes predetermines occurrence of so called “disturbed” stress state of a 
local nature (stress concentration). Thus the stress concentration around the holes is caused by the 
general compression and by the influence of the curvature of the reinforcement around these holes. 

The concentration of the stress caused by a general shells compression is sufficiently investigated 
[9–23], so the aim of this article is the research of effect of the reinforcement elements curvature for the 
stress state near the holes , because only a few studies is devoted to this problem [24–25]. 

 

Figure 1. Loads due to curvature of the reinforcement elements 

Methods 
In the framework of the theory of elasticity a number of special problems of shell theory is currently 

still not resolved taking into account the complicating factors connected with the mathematical nature of 
the difficulties. One of such problem is the determination of the stress-strain condition of shells in the area 
of technological holes. So one has to substitute shell fragment around the hole by the plane fragment in 
order to solve many engineering problems and consider the plane task. The latter does not lead to 
significant errors if the fragment is characterized by small curvature, and the hole can be considered as 
"small". Methods for solving some problems for thin isotropic cylindrical shells (membranes) are 
described for example in [8, 9, 11]. The holes in these membranes is called small if the following 
condition take place: 

1,а   (1) 

where 
24 3(1 ) / 2 ;Rh  

R, h – radius and thickness of the shell; a – radius of the hole. 

For this problem solution the following sizes are accepted: R = 23.1 m; h = 1.2 m; a = 2.0 m, which 
corresponds to βa = 0.25, that is, the hole is certainly small. Note that, if in the above formulas for the 
stresses around the holes [9, 11] to accept βa = 0, one gets the corresponding formula for a plate of 
unlimited size.  

Comparative calculations show that for the shell with accepted parameters in case of uniaxial 
tension (or compression) along the cylinder the maximum stress for the shell near hole exceeds 
corresponding stress for the plate by only 3 % and in case of internal pressure – by 18 %. It can be 
assumed, that in case of the reinforcement curvature influence the error is less than above. 

However, even for plates stress concentration around the holes is one of the most difficult sections 
of the theory of elasticity, so here analytical solutions in its final form have been obtained for 
comparatively simple cases of loading [12]. 

Solution of the problem of stress concentration around the hole can be realized as follows. Due to 
the task linearity the overall stress-strain state of the plate or membrane can be taken as the sum of 
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“background” stress-strain state and “disturbed” stress-strain state. The state of the plate (or membrane) 
without holes loaded with an arbitrary system of forces and moments is considered as “background” 
stress-strain state. 

In determining the disturbed state of stress a plate with a hole is considered, and this plate is under 
influence of the load applied to the hole contour. This load has to be taken equal to stress of the 
background state, but has to have the opposite direction in order to get zero stress on the hole contour, 
as well as it should be within the meaning of the problem. 

When the superposition of background and disturbed states is realized, the result stress state of 
the plate with the hole will take place. 

In this paper the pressure of the reinforcement elements, caused by its curvature (Fig. 1), for the 
plate without hole is taken as a background stress state. The intensity of this pressure can be calculated 
as: 

/q N Ri i
,
 (2) 

where N – tension force in the reinforcement elements, Ri – radius of curvature of these elements in the 
plane of the plate. To calculate stress state the actual distribution of the load was replaced by an 
equivalent in the form of a large number of concentrated forces oriented at different angles to the vertical 
axis (Fig. 1). 

Calculation of the background state of stress from the effects of each of the concentrated forces 
was carried out according to formulas derived by Melan [1] for the force acting within an infinite plate 
(without holes) in its plane: 
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In the above formulas: r – distance from the force to the point at which the stress is determined; 

 – angle is measured from the vertical axis. 

The state of stress from all the concentrated forces approximating a distributed load is determined 
by a superposition of solutions for each of the concentrated forces. Then the transition from Cartesian 
coordinates to polar has to be fulfilled. 

To solve the problem of the second stage (the calculation of the disturbed state) it is advisable to 
apply the solution of the plane task of elasticity theory with complex variables, which in some cases leads 
to significant simplifications. 

The components of stresses for plane stress state in polar coordinates can be expressed as 
follows [6]: 
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some analytic functions. Subtracting (7) from (6) we obtain: 
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Let us consider the general solution for unlimited size plate with a circular hole with the origin in the 

center of the hole. If to run the boundary conditions on the contour of the hole, then r  and 
r

   
will be 

known when 
i

z ae


 , where a – the radius of the hole, r – distance from the center of the hole (on the 

contour r = a). 

Analytic functions   ,' ''( )F Z Z  can be expanded in power series, so that the functions remain 

finite at r   
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where An and Bn − complex constants (independing from Z). 
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Since the stresses r  and r
   must be known on the hole contour ( r  = a), the expression

( )r air r
     can be expanded in a complex Fourier series [6]: 
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the coefficients of which are determined by the formula: 
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where n = 0; 1; −1; 2; − 2; … 

Equating the right-hand side of the equation (8), expressed in terms of (9)–(12) and the expression 
(13), we obtain: 
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since at the hole contour 
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The last expression can be written as follows: 
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Equating the coefficients before the same powers of e in both parts of the equality, we get: 
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Constants 
0 0,A A

 
equal to each other, since the imaginary part determines the displacement of a 

rigid body, and in the analysis of strain and stress can be assumed to be equal zero [6]: 
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From (19) we get: 
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Taking into account, that 
0 0 02A A A  , from (17): 
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From equations (20) and (22): 

n

n nА C a
 when 3;n   (33) 

  2

2 21 ,n

n n nB n a A a C   
 when 3n  .

 (34) 

Thus, all members of the functions    ' , ''( ), ' , ''( ),F Z Z F Z F Z  are known  

(expressed in terms nC ), and the problem reduces to the determination of the coefficients nC  by the 

formula (14), which can be written as follows: 
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Results and Discussion 
When the plate is loading by the pressure of curved near the hole reinforcing elements (Fig. 1), 

coefficients in the complex Fourier series were determined by numerical integration in accordance with 
expression (35). Convergence was studied by doubling the number of intervals between concentrated 
forces. The calculation results show that for the scheme of loading, which has two axes of symmetry 
(Fig. 1.), it is sufficient to restrict 8–10 members of series (9)–(12). 

The calculations were performed for the reinforcement elements with the prestressing force of 
8000 kN. Accordingly accepted radius of curvature distributed load intensity are 

1 2888,9 / , 800 / .q kN m q kN m   According to the calculations, the maximum value of the tangential 

forces near the hole, induced by curvature of two reinforcement elements, when 
2


   is about 1900 

kN/m.  

Since the influence of the curvature of individual prestressed elements near holes was hardly 
studied by other authors, the force from curvature of two

 
elements is compared with the vertical force of 

general compression which is necessary to compensate internal emergency pressure p = 0,4 MPa. This 
force in the shell with a hole, but excluding influence of the curvature of reinforcement elements near 
hole, is approximately determined as 3pR/2 [26–37], where R is the radius of the cilindrical part of the 
shell. This force at R = 23.1 m is equal to 13860 kN/m. 

It can be concluded on the basis of the calculation results that the stress concentration due to 
curvature of reinforcement elements near holes has to be take into consideration, since in this case the 
maximum compressive stress may achieve about 15% of the maximum stresses caused by general 
compression.  

400 23,11
3 3 13860 / .

2 2
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(36) 
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Conclusions 
1. Analysis of existing analytical solutions related to the study of stresses around the holes in the 

cylindrical shells and plates, showed that, when examined relations between the radius of the shell and 
the radius of the hole take place, solutions for the plates is allowed to use. 

2. It can be concluded on the basis of the calculation results that the stress concentration due to 
curvature of reinforcement elements near hole has to be take into account, since in this case the 
maximum compressive stress may achieve about 15 % of the maximum stresses caused by general 
compression. At the same time, a significant value of tensile stresses, caused by curvature of 
reinforcement, may result in inadequate general compression in some areas of the shell around the 
holes. 

3. The method developed for calculation of the stress state near the holes of plates using complex 
functions with some improvements can be used in any case of the load distribution in plane of the plate. 
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