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We have employed the RMF+BCS (relativistic mean-field plus BCS) approach to 
study the phenomenon of shape coexistence in N = 28 isotones towards the proton-
deficient side. Our present investigations include single particle energies, deformations, 
binding energies as well as excitation energies. It is found that towards the proton-
deficient side, N = 28 shell closure disappears due to reduced gap between neutron 
1f7/2 and 1f5/2 and the nuclei 40Mg, 42Si, and 44S are found to possess shape coexistence, 
giving further support to weakening of the shell gap. These results are found to be in 
excellent agreement with other theoretical and experimental studies and are fortified 
with a variety of calculations and parameters.
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В работе теоретически изучено явление сосуществования форм ядер изо-
тонов (нуклиды, имеющие одинаковое количество нейтронов в ядре, N = 28 
в данном случае, но разное количество протонов) при условии протонного 
дефицита. В расчетах использовано приближение RMF + BCS (релятивистская 
модель среднего поля плюс теория  Бардина – Купера – Шриффера (БКШ)). 
Рассмотрены энергии одиночных частиц, деформации, энергетика связей, а 
также энергии возбуждения. Установлено, что заполнение энергетической обо-
лочки ядра, состоящей из 28 нейтронов,  нарушается ввиду протонного дефи-
цита, вследствие уменьшения энергетической разности между нейтронными 
состояниями 1f7/2 и 1f5/2. Также установлено, что ядра 40Mg, 42Si и 44S обладают 
сосуществованием форм, приводящим к дальнейшему уменьшению указан-
ной энергетической разности в оболочке ядра. Установлено, что полученные 
результаты находятся в прекрасном соответствии с данными других теорети-
ческих и экспериментальных исследований и подкреплены рядом расчетов и 
соответствующими значениями параметров. 
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1. Introduction

The evolution of ground-state shapes in 
an isotopic or an isotonic chain is governed 
by changes of the shell structure of a single-
nucleon orbital. In recent past, evolution of shell 
structure guiding shape coexistence has been 
observed in the N = 20 and N = 28 isotones 
around the proton drip-line [1 – 4]. In a more 
general manner, the major structural features 
along the isotonic and isotopic chains around 
the spherical magic numbers 8, 20, 28, 50, 82, 
and 126 were reviewed by Sorlin et al. [5] using 
evolution of the binding energies, trends of first  
collective states and characterization of single-
particle states. A number of experimental 
investigations have shown [3, 6] that in the 
proton-deficient N = 28 isotones below 48Ca 
the spherical shell gap progressively reduces 
and the low-energy spectra of 46Ar, 44S, and 42Si 
display evidence of ground-state deformation 
and shape coexistence.

Theoretical treatment of evolution of shell 
closure has been successfully described using 
mean-field theories [7 – 9] and with their 
relativistic counterparts [10 – 15]. The main 
advantage of the RMF + BCS (Relativistic 
Mean-Field plus Bardeen – Cooper – 
Schrieffer theory) approach is that it provides 
the spin-orbit interaction in the entire mass 
region in a natural way [10 – 12]. This indeed 
has proved to be very crucial for the study of 
nuclei near the drip-line. As nuclei move away 
from stability and approach the drip-lines, 
the corresponding Fermi surface gets closer 
to zero energy at the continuum threshold. 
A significant number of the available single-
particle states then form part of the continuum. 
Indeed, the RMF + BCS scheme [11, 14] yields 
results which are in close agreement with the 
experimental data and with those of continuum 
relativistic Hartree – Bogoliubov (RCHB) and 
other similar mean-field calculations [15]. 
Recently, deformed relativistic Hartree – 
Bogoliubov (RHB) theory in continuum has 
been developed aiming at a proper description 
of exotic nuclei, particularly for 42Mg [16]. 
Moreover, development of the covariant density 
functional theory in continuum has been 
introduced for the description of neutron halo 
phenomena in medium heavy and heavy nuclei, 

including the relativistic continuum Hartree – 
Bogoliubov theory, the relativistic Hartree – 
Fock – Bogoliubov theory in continuum and 
the deformed relativistic Hartree – Bogoliubov 
theory in continuum [17].

In recent past, the RMF approach 
has successfully investigated two-proton 
radioactivity [18], weakly bound drip-line 
nuclei [19] and magicity [20]. More recently, 
relativistic mean field study has extensively 
used to describe actinides and superheavy 
nuclei within covariant density functional 
theory [21], to calculate decay rates of various 
proton emitters [22], to study bubble structure 
[23], to analyze effects of particle-number 
fluctuation degree of freedom on symmetric 
and asymmetric spontaneous fission [24] and 
to calculate neutron capture cross-sections in 
nuclei near the N = 82 shell closure [25].

In this paper, we have investigated the 
shape coexistence phenomenon for proton 
deficient N = 28 isotones using the relativistic 
mean-field (RMF) plus BCS approach  
[18 – 20].

2. Relativistic mean-field model

Our RMF calculations have been carried 
out using the Lagrangian density model with 
nonlinear terms both for the σ and ω mesons 
along with the TMA parametrization as de-
scribed in detail in Refs. [12, 14, 18]:
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Based on the single-particle spectrum cal-
culated by the RMF described above, we per-
form state dependent BCS calculations [26, 
27]. The continuum is replaced by a set of pos-
itive energy states generated by enclosing the 
nucleus in a spherical box. Thus, the gap equa-
tions have the standard form for all the single 
particle states, i.e.,
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ε  are the single particle energies, and λ 
is the Fermi energy, whereas the particle num-
ber condition is given by
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In the calculations we use for the pairing 
interaction a delta-force, i.e., 0– ( )V V r= δ  
with the same strength V0 = 350 MeV/(fm)3 for 
both protons and neutrons [14].

Apart from its simplicity, the applicabil-
ity and justification of using such a δ-function 
form of interaction was discussed in Ref. [28], 
where it was shown in the context of HFB cal-
culations that the use of a delta-force in a finite 
space simulates the effect of finite range in-
teraction in a phenomenological manner. The 
pairing matrix element for the δ-function force 
is given by
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Here Gα  and Fα  denote the radial wave 
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respectively, of the nucleon wave function 
expressed as

1
,

j l m

j l m

iG Y

r F rY

α α α

α α α

α

α
α

 
 ψ =
 σ ⋅ 



and satisfy the normalization condition

2 2
{ } 1.dr G Fα α+ =∫

In Eq. (5) the symbol Yjlm is used for the 
standard spinor spherical harmonics with the 
phase il. The coupled field equations obtained 
from the Lagrangian density in Eq. (1) are fi-
nally reduced to a set of simple radial equations 
which are solved self-consistently along with 
the equations for the state dependent pairing 
gap ∆j and the total particle number N for a 
given nucleus.

The relativistic mean field description was 
extended for the deformed nuclei of axially 
symmetric shapes by Gambhir, Ring and their 
collaborators [11] using an expansion method. 
The treatment of pairing was carried out in 
Ref. [29] using state dependent BCS method 
as given in Ref. [18] for the spherical case. For 
axially deformed nuclei the rotational symme-
try is no more valid and the total angular mo-
mentum j is no longer a good quantum num-
ber. Nevertheless, the various densities still are 
invariant with respect to a rotation around the 
symmetry axis. Here we took the symmetry axis 
to be the z-axis. Following Gambhir et al. [11], 
it was then convenient to employ the cylindri-
cal coordinates

x = r⊥cosφ, y = r⊥sinφ and z.

The spinor iψ  with the index i is now la-
beled by the quantum numbers ,iΩ  iπ  and ti, 
where iΩ  is the eigenvalue of the symmetry 
operator 

iz
j  (the projection of ji on the z-axis), 

iπ  indicates the parity and ti has been used for 
the isospin. 

In terms of these quantum numbers, the 
spinor can now be expressed in the following 
form:
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Here the four components fi(r⊥, z) and gi 
(r⊥, z) obey the Dirac equations.

For the axially symmetric case the spinors 
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fi (r⊥, z) and gi (r⊥, z) are expanded in terms of 
the eigenfunctions of a deformed axially sym-
metric oscillator potential as described in Refs. 
[11, 29]. The pairing gap k∆  satisfies the gap 
equation
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Here the symbols k ′ε  and λ  denote the 
single particle and Fermi energy, whereas the 
pairing matrix element Vkk′ for the symmetrical-
ly deformed case using the zero-range δ-force 
is given by

ijV ii V jj ii V jj= − =

† † † † † † † †3
0 [ ].i j i ji j i j

V d r= − ψ ψ ψ ψ ψ ψ ψ ψ−∫
For further details of these formulations we 

refer the reader to Refs. [11, 18, 29]. In addi-
tion, to get a more detailed picture of deforma-
tion in various other theories readers may refer 
to deformed relativistic Hartree – Bogoliubov 
(RHB) theory in continuum [16], deformed 
relativistic Hartree – Bogoliubov (DRHB) the-
ory [30] and multidimensionally-constrained 
relativistic mean field (MDC-RMF) theory 
[31, 32]. 

3. Results and discussion

The binding energy maps exhibit variety 
of rapidly evolving shapes after successive 
removals of proton pairs towards the drip-line 
of N = 28 isotones. This variation of binding 
energy is shown in Fig. 1 with respect to the 
quadrupole deformation parameter 2mβ  for  
N = 28 isotones. As established and expected, 
we found a spherical configuration of doubly-
magic 48Ca with one sharp minimum at 2 0.mβ =  
Towards the proton-rich side we have also 
found a spherical configuration for 50Ti (see  
Fig. 1). By removing a pair of protons from 
48Ca, the energy surface of the corresponding 
isotone 46Ar becomes soft with a shallow 
extended minimum along the oblate axis (shown 
in upper right panel). After another removal 
of a proton pair we obtained a coexistence of 
prolate and oblate minima at 2 0.38mβ =  and 
–0.26 respectively for the nucleus 44S as can 
be observed from the upper left panel of Fig. 
1. These two minima are separated only by an 
excitation energy of 0.77 MeV and, therefore, 
we can expect to find pronounced mixing of 
prolate and oblate configurations in the low-
energy collective states of this nucleus. Next, 
for 42Si the binding energy displays a deep 
oblate minimum at 2 0.37mβ = −  whereas the 

Fig. 1. The potential energy surface of N = 28 isotones (6 nuclei) as a function of the 
deformation parameter β2m

(9)

(10)

(11)
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second prolate minimum is found at 2 0.49mβ =  
with an excitation energy of 2.6 MeV (see 
Fig. 1, the middle left panel). These results 
are similar to those obtained from the RHB 
theory by Lalazissis et al. [1] and the energy 
density functional analysis of shape evolution in  
N = 28 isotones [4]. Furthermore, with another 
proton pair removed, the very neutron-rich 
nucleus 40Mg shows a deep prolate minimum 
at 2 0.46mβ =  and an oblate minimum at 

2 0.37mβ = −  with the excitation energy of 3.5 
MeV (see Fig. 1, lower left panel). 

One important observation that can be 
made from Fig. 1 is that successive removal of 
protons leads to complete change in the shapes. 
As can be seen from Fig. 1, 44S has a more 
likely prolate shape due to the prolate minima 
standing below the oblate minima. With two 
protons less in 42Si, oblate minima occur below 
the prolate minima, resulting in 42Si having a 

more likely oblate shape, whereas again with 
two protons less in 40Mg, the existence of a 
prolate shape becomes more pronounced.

Therefore, from the variation shown in  
Fig. 1 we can conclude that the phenomenon 
of shape coexistence indeed exists towards the 
proton-deficient nuclei of N = 28 isotones.  
We found the excitation energy (energy 
difference between two minima) for the nuclei 
40Mg, 42Si, 44S due to shape mixing (Table 1), 
which are also compared with some other 
theoretical and experimental data [1, 33–35]. It 
is gratifying to note that our results are in good 
agreement with other data which confirm the 
shape coexistence in N = 28 isotone towards 
the proton-deficient side.

To compare our results with other theoretical 
calculations and experiments, in Table 2, 
we have shown quadrupole deformation for 
neutron-rich N = 28 isotones. 

Tab l e  1

Calculation results of excitation energy values compared to those 
of other authors

Nucleus
Excitation energy, MeV

Our study Other data
44S 0.77 1.36 [33], 0.2 [1]
42Si 2.60 2.50 [34], 1.5 [1]

40Mg 3.50 1.38 [35]

No t e s . The excitation energy is an energy difference between two 
minima as obtained in the deformed RMF calculations using TMA 
force parameters. Our results are compared with both theoretical 
and experimental ones [1, 33 – 35].

T ab l e  2

Results of quadrupole deformation parameter for N = 28 isotones

Nucleus

Quadrupole deformation parameter

RMF
(TMA)

Experiment 
[36]

FRDM 
[37]

HFB
[38]

40Mg 0.477 – 0.312 0.36
42Si –0.375 – 0.393 –0.33
44S 0.380 0.254 0.247 –0.27

46Ar 0.000 0.175 0.135 –0.20
48Ca 0.000 0.106 0.000 0.12

No t e : RMF(TMA) results are obtained in this study.
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As shown in the case of 48Ca, magic nuclei 
possess a spherical configuration and therefore 
phenomenon of shape coexistence results to 
disappearance of N = 28 neutron shell closure. 
To demonstrate it we show in Fig. 2 the energy 
difference between neutron 1f5/2 and 1f7/2 states 
which gives rise to N = 28 shell closure. These 
single particle energies are calculated using the 
RMF framework with a spherical configuration 
[14, 20]. It is evident from Fig. 2 that the gap 
decreases significantly towards proton deficient 
side from 7.49 MeV for 48Ca to 2.62 MeV 
for 40Mg. This drastic change for the proton-
deficient nuclei gives rise to the disappearance 
of N = 28 shell closure and the development of 
the phenomenon of shape coexistence.

4. Summary

In this paper, we have investigated the 
shape coexistence phenomenon in N = 28 
isotones by employing relativistic mean-field 
plus BCS (RMF+BCS) approach [18 – 20]. 
For our study, the RMF calculations were 
carried out using the TMA parameter, and the 
results of single particle spectra, binding energy, 
excitation energy, etc., were analyzed for the 
phenomenon of the shape coexistence. We 
found through variation of binding energy with 

quadrupole deformation that N = 28 isotones 
indeed showed shape coexistence towards the 
proton drip-line. Neutron-rich 40Mg, 42Si, and 
44S were found with mixed configuration of 
prolate and oblate shapes. This shape mixing 
in N = 28 isotones results in the collapse of 
spherical configuration and consequently  
N = 28 shell closure. It is indulging to note 
that our results of excitation energy are in good 
match with other communications [1, 33 –35]. 
In addition to this, we also focused on single 
particle energies of 1f5/2 and 1f7/2 states and it was 
found that this shell gap decreased towards the 
proton-deficient side fortifying the conclusion 
of disappearance of N = 28 shell closure and 
shape coexistence.
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