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EVOLUTION OF THE DROPLET SHAPE IN THE VAPOR-LIQUID-

SOLID GROWTH OF III-V NANOWIRES UNDER VARYING 

MATERIAL FLUXES  
V.G. Dubrovskii1,2,*, A.S. Sokolovskii1 

1ITMO University, Kronverkskiy pr. 49, 197101 St. Petersburg, Russia 
2Ioffe Institute RAS, Politekhnicheskaya 26, 194021 St. Petersburg, Russia 

*e-mail: dubrovskii@mail.ioffe.ru 
 
 

Abstract. We present a model for the time evolution of the shape of a droplet catalyzing the 
vapor-liquid-solid growth of III-V semiconductor nanowires under varying group III or group 
V fluxes. Under the assumption of a constant radius of the nanowire top, the model gives the 
time dependence of the droplet contact angle. These results can be used for the fine tuning of 
the droplet shape, which affects the preferred crystal phase (zincblende or wurtzite) of  
III-V nanowires.     
Keywords: Catalyst droplet, vapor-liquid-solid growth, III-V nanowires 

 
1. Introduction 
III-V nanowires (NWs) and heterostructures within such NWs [1,2] offer otherwise 
unattainable functionalities of optoelectronic devices, in particular those monolithically 
integrated with silicon electronic platform. Very efficient elastic stress relaxation on the 
NW lateral sidewalls enable dislocation-free growth of lattice-mismatched III-V NW 
heterostructures [3,4] on silicon substrates [4], which is challenging in planar layers and even 
quantum dots [5]. Most III-V NWs are obtained via the vapor-liquid-solid (VLS) method [6] 
with a catalyst droplet promoting the NW growth in vertical direction. Catalyst metals are 
usually gold [6-10] or a group III metal [11-13] in the self-catalyzed approach. One of the 
most interesting features of VLS NWs of zincblende (ZB) III-V materials is their ability to 
form in the wurtzite (WZ) phase (see, for example, Ref. [14] for a review). This ZB-WZ 
polytypism in III-V NWs has been of great interest for a long time. As a result, several 
methods have been developed to controllably switch the crystal phase of III-V NWs by the 
growth parameter tuning, for example, by changing the V/III flux ratio [15]. The so-called 
crystal phase quantum dots, or ZB/WZ heterostructures have thus become possible, with 
extremely abrupt interfaces and interesting optical properties [16]. However, some aspects 
require a deeper understanding, in particular, the role of the droplet contact angle in the 
crystal phase selection and how the droplet shape changes under varying material fluxes.         

The first models of polytypism in III-V NWs were originally developed for vertical 
facets and planar liquid-solid interface [17-19], which is the natural geometry of VLS NWs. 
However, more recent in situ experimental observations of III-V NW growth in a 
transmission electron microscope [20-22] revealed the presence of truncated facets at the 
growth interface of GaP [21] and GaAs [22] NWs. It has been shown that the morphology of 
gold-catalyzed GaAs NWs critically depends on the contact angle of the catalyst droplet, with 
the growth front being planar at smaller and truncated at larger contact angles [22]. According 
to Tersoff et al. [20,21] the crystal phase of truncated III-V NWs should be pure ZB. This is 
related to the stability of truncated facet such that new islands nucleate at the liquid-solid 
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interface rather than at the triple phase line where the vapor, liquid and solid phases meet. 
Nucleation at the triple phase line is indeed the necessary condition for the WZ phase 
formation according to Glas et al. [17]. This explains the importance of the contact angle, 
which is currently considered as the most important parameter controlling the crystal phase 
selection in III-V NWs [22,23]. 

We have recently presented a stationary model for the droplet shape under different 
group III and V fluxes [24]. Here, we develop a non-stationary generalization of the model 
which yields the time dependence of the droplet contact angle under varying material fluxes.    
 
2. Model  
Let us consider the most general case of a ternary Au-III-V droplet catalyzing the 
VLS growth of a binary III-V NW. Introducing the numbers kN of group III ( 3=k ), group  
V ( 5=k ) and gold ( Auk = ) atoms in the liquid droplet, their sum is related to the radius of 
the NW top R and the contact angle of the droplet β as 

)]([
3

)()()(
3

53 tftRNtNtN
L

Au βπ
Ω

=++ .           (1) 

Here, LΩ is the average elementary volume per atom in the liquid phase ( ≅ΩL 0.02 nm3 
for Au-Ga-As alloy [2]) and  

ββ
βββ

sin)cos1(
)cos2)(cos1()(

+
+−

=f                (2) 

is the geometrical function of the contact angle. These expressions are written for cylindrical 
NW and spherical cap droplet seated on the NW top. According to Eq. (1), the number of gold 
atoms in the droplet is fixed ( constN Au = ), while both 3N and 5N can change with time, 
leading to the time dependence of the NW top radius R , or the contact angle β , or both R and 
β  in the general case.  

Assuming that (i) the number of group III atoms in the droplet changes in time due to 
the direct impingement flux and NW growth, without surface diffusion from the NW 
sidewalls [2,9], (ii) there is no desorption of group III atoms from the droplet at a growth 
temperature, and (iii) the NW growth is mononuclear [2,14,17,18], the kinetic equations 
describing the time evolution of 3N and 5N  are given by [2,24]: 
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Here, SΩ is elementary volume per III-V pair in the solid phase ( SΩ = 0.0452 nm3 for 
ZB GaAs [14]), )(βχk are the geometrical coefficients ( )cos1/(2 βc +=k for both growth 
species in vapor deposition techniques, while in the directional deposition methods such as 
molecular beam epitaxy they are given in Ref. [25]), )(tvk are the time-dependent vapor 
fluxes, including possible re-emission (in nm/s), h is the height of a monolayer ( =h 0.326 nm 
for ZB GaAs [14] growing in <111> direction), desv5 is the pre-exponent of the desorption term 
for group V atoms, 5µ is the chemical potential of group V atoms in the liquid phase in 
thermal units, and 2=n is group V atoms desorb as dimers (As2 or P2). The )(tJ is the 
nucleation rate of two-dimensional islands on the NW top facet [in 1/(nm2s)] (Refs. [2,24]). 
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For large enough β  or small incident angles of the group III and V beams with respect to the 
vertical, the result of Ref. [25] for kχ is reduced to )(sin/1 2 βχ =k  for both growth species.   

Very important results of Ref. [26] revealed the existence of the two stable contact 
angles of self-catalyzed GaAs NWs, one around 90-95o and the other around 130º, 
corresponding to the NW growth with shrinking or extending the top radius. Between these 
two stable angles, the droplet changes its volume by changing the contact angle at a constant 
top radius, corresponding to constR =  in Eqs. (3) and (4). A time-independent radius should 
be even more usual in the case of gold-catalyzed VLS growth [2]. Treating Eqs. (3) and (4) at 

constR = , using Eq. (1) under the standard condition 35 NN << (Refs. [2,14,24]) and Eq. (2), 
we can relate dtdN /3 to dtd /β according to   

dt
dR

dt
dN

L

β
β

π
2

3
3

)cos1(
1

+Ω
= .                               (5) 

The time-dependent nucleation rate can be presented in the form [27-29] 



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



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exp)( * t
AJtJ
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Here, A  is the dimensionless surface energy of two-dimensional island and µ∆  is the 
time-dependent chemical potential of III-V pair in liquid with respect to the reference solid 
state. The pre-exponential factor *J can be treated as composition-independent in the first 
approximation. The µ∆ is defined as [24] 

0
3553 )()()( µµµµ −+=∆ ttt ,                     (7) 

with 0
35µ  as the chemical potential of solid and kµ as the concentration-dependent chemical 

potentials of group III and V atoms in liquid.  
Chemical potentials in liquid are calculated within the regular solution model omitting 

the power terms with 15 <<c [24] 
2

333
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with the atomic concentrations )/()/( 353 AukAukk NNNNNNNc +≅++= for =k 3 and 5. 
Here, 0

kµ  are chemical potentials of pure liquids and ikω are the binary interaction constants 
(in thermal units). In calculations, we use the parameters of gold-catalyzed GaAs NWs 
summarized in Table 1, for a typical growth temperature of 500 o C [30]. The A value 
corresponds to the effective surface energy of two-dimensional island =effγ 0.23 J/m2, with 
regular triangle shape [17,18]. The 0

GaAsµ∆ is defined according to 0000
GaAsAsGaGaAs µµµµ −+=∆ . 

Now, Eqs. (3) to (8) constitute the closed system for finding the time-dependent droplet 
composition and contact angle under the given fluxes )(3 tv  and )(5 tv . This system can only be 
solved numerically; analytical approximations for the solutions will be considered elsewhere.  
   
Table 1. Parameters of Au-Ga-As system used in calculations 

GaAsω  GaAuω  AsAuω  0
GaAsµ∆  effγ  (J/m2) A  

des
Asv (nm/s) *J (1/nm2s) 

-4.488 -9.517 1.101 11.80 0.23 14.6 37000 23 000 
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3. Results and discussion  
Figure 1 shows the time evolution of the droplet contact angle from the initial value of 90º, 
obtained by numerically solving the model equations at a fixed 35 vv − = 3 nm/s, two different 

3v = 0.5 nm/s and 1.5 nm/s, and three different GaAs NW radii R = 20, 40, and 80 nm, for the 
parameters of GaAs NWs given in Table 1. Both gallium and arsenic fluxes are turned on at 

0=t . In the considered range of gallium fluxes, the stationary contact angle ranges between ~ 
115 and ~ 120º. For a given gallium flux, saturation to the stationary value takes longer time 
for thicker NWs, which is explained by a larger reservoir effect in larger droplets. Increasing 

3v  at a fixed 35 vv −  is equivalent to decreasing the V/III flux ratio 35 / vv , and yields larger 
stationary contact angles. For a given NW radius, higher gallium flux 3v leads to a much faster 
increase of the contact angle and its saturation to the stationary value. This conclusion seems 
plausible, because inputting gallium at a higher rate should lead to a more rapid swelling of 
the droplet.   
             

 
Fig. 1. Time evolution of the droplet contact angle from the initial state =β 90º at =t 0, after 

switching the material fluxes 3v  and 5v . The difference 35 vv −  is fixed at 3 nm/s. The gallium 
fluxes 3v  and the NW radii R  are given in the legend 

Figure 2 shows a more interesting situation where one of the material fluxes is changed 
abruptly during the NW growth. Such a procedure is used during in situ growth monitoring in 
a transmission electron microscope to investigate the crystal phase selection in GaAs NWs as 
a function of the contact angle [22]. In the first case (loop (a) in Fig. 2), the gallium flux is 
fixed at 4.5 nm/s, while the arsenic flux is changed abruptly from 8.5 nm/s to either 19.5 nm/s 
or 6.0 nm/s, and returned to its initial value after 40 s. As expected, increase (decrease) of the 
arsenic flux leads to a rapid decrease (increase) of the contact angle. However, the shapes of 
the corresponding curves are not symmetric. In the second case (loop (b) in Fig. 2), the 
arsenic flux is fixed at 8.5 nm/s, while the gallium flux is changed abruptly from 4.5 nm/s to 
either 6.5 nm/s or 0.5 nm/s, and returned to its initial value after 86 s. Increase (decrease) of 
the gallium flux leads to an increase (decrease) of the contact angle. The droplet shape 
changes slower than under varying arsenic flux, while the shapes of the two curves becomes 
more symmetric compared to the first case. We note that even with these large values of 
material fluxes (which are more typical deposition techniques), the droplet contact angle can 
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only be tuned within a narrow range of 113-120º. This may suggest a strong influence of  
re-emitted species [28] and in any case requires further study. The curves shown in Fig. 2 
clearly demonstrate that a very similar effect on the droplet contact angle can be achieved by 
modifying either group V or group III flux.             

 

 
Fig. 2. Contact angle versus time at (a) variable 5v which is changed abruptly from  
=0

5v 8.5 nm/s to 19.5 nm/s (solid line) or 6.0 nm/s (dashed line) for 40 s and then returned 
abruptly to its initial value, at a fixed =0

3v 4.5 nm/s; and (b) variable 3v which is changed 
abruptly from =0

3v 4.5 nm/s to 6.5 nm/s (solid line) or 0.5 nm/s (dashed line) for 86 s and then 
returned abruptly to its initial value, at a fixed =0

5v 8.5 nm/s. The value R of GaAs NW radius 
is fixed at 20 nm 

 
In conclusion, we have presented a model for non-stationary droplet shape during the 

VLS growth of III-V NWs under varying materials inputs. It captures the main ingredients of 
this non-stationary process, including the ability to quickly inflate or shrink the droplet by 
abruptly changing one of the two material fluxes, and then retain its initial shape. This can be 
very useful for understanding and controlling the crystal phase switching of GaAs and other 
III-V NWs, and possibly to minimize the faulted polytypic regions in the WZ-to-ZB phase 
transitions. We now plan to model the experimentally measured shapes of the droplet within 
the frame of the model.    
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Abstract. More research interest is developing rapidly on two dimensional (2D) materials 
owing to their excellent electro-optic properties to develop next generation of electronics and 
highly functional devices. Among well-known and widely used 2D materials, boron 
nitride (BN) is an electrical insulator with a band gap of 5.5 eV, and attests high chemical 
stability, outstanding mechanical properties, and high thermal conductivity. Accordingly, BN 
is considered as a promising candidate to improve the heat dissipation material performance. 
In this study, the cooling rate of composite materials of poly methyl methacrylate (PMMA), 
hexagonal boron nitride (h-BN) and gold nanoparticles was investigated using femtosecond 
transient absorption spectroscopy. The main objective of this study is to prepare the flexible  
BN-PMMA films could have a significant impact on heat dissipation to enhance the 
performance of electronics devices. BN nanostructures were prepared by nanosecond laser 
ablation in acetone. The laser ablation was carried out at room temperature with laser ablation 
time of 120 min. The SEM images of bulk BN and laser ablated BN were obtained for 
structural and surface morphological characterization. Gold colloidal solution was prepared 
using gold nano-particles with chloroauric acid and distilled water. For the preparation of 
composite film, PMMA was dissolved in acetone solvent and then mixed with BN and gold 
colloid solution. The prepared composite films were examined for cooling rate of 
photoexcited gold nanoparticles using femtosecond transient absorption spectroscopy. It is 
found that the lifetime is shorter for composite films with Au and high BN content.  
Keywords: boron nitride, laser ablation, X-ray diffraction, raman spectroscopy, scanning 
electron microscopy, cooling process, transient absorption spectroscopy (TAS) 
 
 
1. Introduction 
During the past few years, (2D) materials have received a great deal of interest due to their 
wide application in micro and nano optoelectronics, photocatalysis and energy conversion 
device. Significant progress has been achieved in preparation of 2D materials using various 
synthesis methods such as mechanical exfoliation, chemical exfoliation and hydrothermal or 
solvothermal reactions, and chemical vapor deposition. These techniques are very effective to 
fabricate high quality nanosheets with limited efficiency [1-3]. A widely used 2D form 
of carbon is called as graphene. Graphene is well-known and one of the most extensively 
studied materials because of its fascinating physical and chemical properties [4-6]. It can be 
exfoliated from graphite. Graphite, a base material for graphene, is relatively low cost and 
widely used in our daily life such as lead of pencil. In the same way, besides graphene, 
atomically thin transition-metal dichalcogenides (TMDs) also attracts enormous attention all 
over the world [7]. TMDs layered materials such as Molybdenum sulfide (MoS2), Tungsten 
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sulfide (WS2) and Boron nitride (BN) exhibits unique features and characteristics, 
establishing their significance in opto-electronic devices and applications. BN nanostructure 
has greatly shown its potentials for applications in high performance devices like electron 
devices, gas absorbents and reinforcing agents [8]. BN can be found in two forms; hexagonal 
BN (h-BN) and cubic BN (c-BN). Among these, h-BN having similar structure to graphite is 
new material for research as compared to widely studied c-BN. The h-BN is now widely used 
in study. Recently, success in synthesis of Boron nitride nanotube (BNNT) has gaining much 
attention because of their physicochemical properties. BNNT has similar nanostructure to that 
of carbon nanotube (CNT) where boron and nitrogen atoms are arranged in hexagonal 
network. BNNT displays comparable or even better characteristics as compared to CNT and 
is considered as a promising material for strengthening polymers, ceramics and metals 
because of it has high rigidity and high chemical stability. It also exhibits superior properties 
like antioxidant power and heat resistance, it is hard to oxidize up to 950oC and structurally 
stable up to 900oC. It is reported that the h-BN can change to BNNTS and C-BN by using 
laser ablation [2]. In the last decade, there have been few reports on the alternative routes for 
the preparation of BN using the polymer as a precursor. In this context, few reports suggest 
that poly methyl methacrylate (PMMA) and poly-styrene (PS) can be used as precursor to 
synthesis BN-polymer composite film [3]. When BN coated with polymer, it shows 
improvement in the properties such as thermal conductivity and mechanical strength due to 
the interfacial adhesion in the composite films. Furthermore, previous reports suggest that the 
fabrication of new functional material combined with 2D materials and metal nanoparticle. 
The formation of new composite materials exhibits superior performance as compared to 
noble metal nanoparticle because of excellent characteristic of 2D material, the obtained large 
surface area, chemical stability and prevention of aggregation of nanoparticles. Also, 
composite material of graphene and gold nanoparticle is emerging as a material with future 
potential for high sensitivity electrochemical sensor [9-10]. In addition, composite material 
like Au nanoparticle modified with of MoS2 nanostructure can be possible serve as an active 
substrate to produce enhanced light absorption [11]. Most recently, advancement in 
information and communication technologies accelerates the research activities for the 
production of innovative machines and devices. This creates increase in the demands of 
electronic parts such as CPU and memory. For the development of flexible electronic devices, 
a flexible material with superior heat dissipation are needed around the world [12]. The heat 
released from smaller electronic devices could alter the performance which results in overheat 
or explosion. The heat dissipation is one factor which limits to develop electronic devices 
such as mobile phones and batteries. Since BN produces high thermal conductivity, it can be 
effectively used to control heat dissipation. Therefore, it is thought that BN could be 
considered as promising material to control heat dissipation to make smaller devices cooler 
and safer without causing damage.In the present work, we have prepared composite film of 
BN with flexible PMMA and Au nanoparticle. The cooling process of BN and polymer 
composite films were studied using femtosecond transient absorption spectroscopy. 
 
2. Experimental 

Chemicals and Materials. Chemicals and materials used were purchased and used as 
received; BN powder (Wako Chemical Japan), HAuCl4 4H2O (0.1 ml 2.5×10-5 mol) (Kishida 
Chemical, Japan, 99.0 %), Na3C6H5O7 (Kanto Chemical, Japan: 0.100 g /10 ml,  
294.1 g /mol), Poly-metylmetaclyl-acid (PMMA), Acetone (Kishida Chemical, Japan: 99.5%) 

Preparation of 40 nm diameter gold nanoparticles by chemical synthesis. Gold 
nanoparticles are synthesized by the chemical method. HAuCl4 aqueous solution 
(0.1 ml: 2.5×10-5 mol) was added into deionized water (100 ml). The mixture was heated and 
stirred at 100ºC. Then, the Na3C6H5O7 (1 ml) solution was added into the mixture. After the 
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mixture was stirred at heating for 5 minutes and then kept for cooling at room temperature. 
Finally, deionized water was added for total volume 100 ml. Au nanoparticle size was 
determined by the experimentally observed peak position from UV-vis spectra. 

Preparation of PMMA–Au–BN nanocomposite. PMMA solution was prepared as 
follows: 4 g of PMMA (Mw = 100,000) was dissolved into 30 ml of Acetone. After this, 1 mg 
and 5 mg laser ablated BN powder was added into PMMA mixture and stirred for 10 minutes 
to prepare PMMA-Au-BN solution. Then, PMMA solution was mixed with 13 ml of  
Au nanoparticle colloid. PMMA-Au-BN nanocomposite film was prepared transferring.  
PMMA-Au-BN solution on glass substrate at room temperature for 3 hours. The PMMA-Au-
BN composite film with 1 g of BN and 5 g of BN hereafter referred as sample 1 and sample 2 
respectively. The preparation details of sample 1 and 2 is shown in Table 1. 
 
Table 1. Synthesis of BN, PMMA and Au Colloid 

Sample 
 

BN 
(mg) 

Au 
(nm) 

BN:Au  
(Weight ratio) 

S1 1 40 16:1 
S2 5 40 78:1 

 
Laser Ablation and characterization. The BN nanoparticle was prepared by 

nanosecond laser ablation using acetone as a solvent. We used analytical grade h-BN powder 
about 100 mg mixed with 30 mL acetone into a glass bottle. The solution was kept under 
magnetic stirring for 30 min prior to laser ablation. The laser ablation was carried out with 
Nd:YAG laser (wavelength 532 nm, pulse duration 10 ns, pulse repetition frequency 10 Hz, 
beam size 5 mm and laser power 56 mJ). During the laser ablation process, the solution was 
rotated by magnetic stirrer and laser ablation time was 120 min. After laser ablation, BN 
colloidal suspension was heated in air to obtain dry BN nanoparticle in the form of powder. 
The laser ablated BN nanoparticles sample was characterized by X-ray diffraction (XRD) and 
scanning electron microscopy (SEM) to confirm the formation of nanostructure, surface 
morphological changes as well as structural features. 

Transient Absorption Spectroscopy (TAS) using femtosecond laser (cooling 
process of Au nanoparticle). Cooling process of the PMMA-Au-BN film was investigated 
using femtosecond transient absorption spectroscopy. The measurements were carried out 
with an amplified Ti:sapphire laser (800 nm wavelength, 130 fs fwhm pulse width, 
0.8 mJ/pulse intensity, 1 kHz repetition; Spectra Physics, Hurricane). The second harmonic of 
400 nm wavelength at a 500 Hz modulation frequency was used for a pump light. On the 
other hand, the white-light continuum generated by focusing the fundamental beam from 
Ti:sapphire laser onto a sapphire plate (2 mm thick) was used for a probe light. The probe 
light was focused at the center of the pump light (~0.3 mm diameter) on the sample, and the 
diffuse reflected probe light was detected by a Si photodiode after passing through a 
monochromator (Acton Research, SpectraPro-150).  Au nanoparticle of dispersion including 
PMMA film was irradiated by the pump light (400 nm). Cooling effect of PMMA film 
including BN was measured by probe light (850 nm). 
 
3. Results and discussion 
The spectroscopic data of bulk BN and laser treated BN were obtained using XRD diffraction, 
Raman spectroscopy and SEM. Figures 1(a) and 1(b) display the XRD spectra of bulk BN 
powder and laser-treated BN for 120 min. Figure 1(a) shows that the intensity of the 
diffraction peak (002) and (004) decreased for laser-treated BN with small shift as compared 
to the bulk BN. It suggests that the bulk BN has been transformed into h-BN nanostructure 
after the laser ablation while keeping its crystalline structure unchanged [13]. Figure 1(b) 
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shows that the intensity of the diffraction peaks (101), (100) and (102) slightly increases. It 
indicates that the c-BN content is also observed after laser ablation.  
 

 
Fig. 1. High resolution XRD spectra of (a) bulk BN powder and (b) laser ablated BN 
 
The raman spectra of bulk BN powder and laser-treated BN for 120 is shown in Fig. 2. 

In case of laser ablated BN, the spectra graph indicates that the signature peak assigned to  
h-BN is observed at 1364.4 cm-1 [7,14]. The increase in the intensity of peak at 1364.4 cm-1 
confirms that h-BN nanostructure was still unchanged after the laser ablation. 

Figure 3 illustrates SEM images of bulk BN powder and laser ablated BN for 120 min. 
The SEM images show the formation of BN nanostructures upon laser ablation. Figure 3 (a) 
shows that the BN sheets having the diameter varies from 2 µm to 10 µm. In the case of laser 
ablated BN sample, the formation of nanoparticle is observed with diameter of 30-70 nm and 
the transformation of bulk BN powder into BN nanostructure might be due to the intense 
thermal activity produced during laser ablation.  
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Fig. 2. Raman spectra of laser ablated BN 

 

 
Fig. 3. SEM images of (a) Bulk BN, (b) 120 min laser ablated BN 

 
Figure 4 shows the UV-vis reflection spectra results of PMMA film, sample S1 and 

sample S2. The reflectances of sample S1 and sample S2 are noticeably lower around 550 to 
570 nm, extending toward longer wavelength around 800 nm as compared to the nearly 
constant reflectance of PMMA film. This lowering in the reflectance might be attributed to 
aggregation of Au nanoparticle in sample S1 and sample S2, because non-aggregated Au 
nanoparticles could not show such a broad absorption band.  
 

 
Fig. 4. Reflection spectra images of PMMA and Au-BN-PMMA composite films 
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Figure 5 shows that transient absorption spectroscopy (TAS) using femto second laser 
(Probe light: 850 nm, Excitation light intensity: 3.0 mW). The summery of sample lifetime is 
shown in Table 2 from TAS measurement fitting graph result.  

 
Fig. 5. TAS measurement of PMMA films including BN and Au 

 
Cooling process of Au nanoparticle by photoexcitation was observed as reported 

previously [15]. 400 nm excitation generates electron-hole pairs in the Au nanoparticle and 
electron-electron scattering elevates the electron temperature within 100 fs. Thermal 
equilibrium process happens by electron phonon scattering of the internal Au nanoparticle 
from 100 fs to 1 ps. Thermal diffusion process happens by Au phonon – media phonon 
scattering from 10 ps to 100 ps. It is seen that heat transfer occurs from Au nanoparticle to 
circumference medium. 
 
Table 2. Sumary of lifetime of sample S1 and S2 

Sample tau 1 tau 2 
S1 0.45591 ± 0.0504 15.396 ± 1.6 
S2 0.15535 ± 0.0186  13.064 ± 2.23 

 
Long wavelength area of plasmon band became broader by photoexcitation and the 

effect was observed in this transient absorption experiment of using probe light of 850 nm. 
Here the growth and decay of the transient signals correspond to temperature increase and 
decrease. Figure 4 shows that sample including low BN (sample S1) has long lifetime better 
than sample including more BN (sample S2) (see tau 2 vales in Table 2). That is, cooling 
process of Au nanoparticle after photoexcitation of including more BN is promoted by the 
effect of efficient heat transfer property of BN. 
 
4. Conclusions 
We have successfully prepared the BN nanostructures using nanosecond laser ablation in 
acetone. The formation of BN nanostructure was confirmed by XRD, raman spectroscopy and 
SEM measurements. We prepared to PMMA composite films with the laser ablated BN and 
Au nanoparticle of a 40 nm diameter. The cooling process after exciting the Au nanoparticles 
in the film was examined using femtosecond transient absorption spectroscopy and the effect 
of BN as an efficient heat dissipater was observed. Heat dissipation performance from BN 
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could play a crucial role in energy saving and enhance the overall performance of electronic 
devices. Therefore, it is recommended that further research on heat dissipation is important to 
resolve a major challenge of high-temperature rise during the process which reduces the 
efficiency of future generation flexible electronic devices. 
 
Acknowledgements. The authors sincerely acknowledge the cooperation and experimental 
facilities provided by Prof. Shuichi Hashimoto, Prof .Toshihiro Moriga and Dr. Kei-ichiro 
Murai, from Tokushima University, Japan.  
 
Reference 
[1] Zhang X, Lian G, Zhang S, Cui D, Wang Q. Boron nitride nanocarpets: controllable 
synthesis and their adsorption performance to organic pollutants. Cryst. Eng. Comm. 2012;14: 
4670-4676. 
[2] Nistor LC, Epurescu G, Dinescu M, Dinescu G. Boron nitride nano-structures produced 
by pulsed laser ablation in acetone. IOP Conf. Series: Materials Science and Engineering. 
2010;15: 012067. 
[3] Yu J, Li J, Zhang W, Chang H. Synthesis of high quality two-dimensional materials via 
chemical vapor deposition. Chem. Sci. 2015;6: 6705-6716. 
[4] Shao Y, El-Kady MF, Wang LJ, Zhang Q, Li Y, Wang H, Mousavi MF, Kaner RB. 
Graphene-based materials for flexible supercapacitors. Chem. Soc. Rev. 2015;44(11): 3639-
3655. 
[5] Zhang LL, Zhao X, Stoller MD, Zhu Y, Ji H, Murali S., Wu Y, Perales S, Clevenger B, 
Ruoff RS. Highly conductive and porous activated graphene oxide films for high-power 
supercapacitors. Nano Lett. 2012;12(4): 1806-1812. 
[6] Yu A, Roes I, Davies A, Chen Z. Ultrathin, transparent, and flexible graphene films for 
supercapacitorapplication. Appl. Phys. Lett. 2010;96(25): 253105. 
[7] Ramirez S, Chan K, Hernandez R, Recinos E., Hernandez E, Salgado R, Khitum AG, 
Garay JE, Balandin AA. Thermal and magnetic properties of nanostructured densified 
ferromagnetic composites with graphene-graphite fillers. Materials and Design. 2017;118: 
75-80. 
[8] Sainsbury T, Satti A, May P, Wang Z, McGovern I, Gun'ko YK, Coleman J. Oxygen 
radical functionalization of boron nitride nanosheets. J. Am. Chem. Soc. 2012;134(45): 18758-
18771. 
[9] Ma X, Chen M. Electrochemical sensor based on graphene doped gold nanoparticles 
modified electrode for detection of diethylstilbestrol. Sensors and Actuators. 2015;B215: 445-
450. 
[10] Yola ML, Eren T, Atar N. A sensitive molecular imprinted electrochemical sensor based 
on gold nanoparticles decorated graphene oxide: Application to selective determination of 
tyrosine in milk. Sensors and Actuators B. 2015;210: 149-157.  
[11] Nistor LC, Epurescu G, Dinescu M,

 
Dinescu G. Effective surface treatments for 

enhancing the thermal conductivity of bn-filled epoxy composite. Applied Polymer Science. 
2011;119(6): 3234–3243. 
[12] Goto T, Iida M, Tan H, Liu C, Mayumi K. Thermally conductive tough flexible 
elastomers as composite of slide-ring materials and surface modified boron nitride particles 
via plasma in solution. Applied Physics Letter. 2018;112(10): 101901.  
[13] Aydin M. Vibrational and electronic properties of single-walled and double-walled boron 
nitride nanotubes. Vibrational Spectroscopy. 2013;66: 30-42.  
[14] Lu J, Ren Q, Sun L, Yu J, Chen Y, Shen X, Chen Z. Temperature-dependent raman 
spectra of bamboo-like boron nitride nanotubes. Applied Physics Express. 2014;7(2): 022401. 

278 Atsushi Yamaguchi, Pankaj Koinkar, Akihiro Furube

https://cdn-pubs.acs.org/action/showCitFormats?doi=10.1021%2Fja3080665
https://cdn-pubs.acs.org/action/showCitFormats?doi=10.1021%2Fja3080665
https://cdn-pubs.acs.org/action/showCitFormats?doi=10.1021%2Fja3080665


[15] Link S, Furube A, Mohamed MB, Asahi T, Masuhara H, El-Sayed MA. Hot Electron 
relaxation dynamics of gold nanoparticles embedded in mgso4 powder compared to solution: 
The effect of the surrounding medium. J. Phys. Chem. 2002;106(5): 945-955. 

Study of heat dissipating material using boron nitride fabricated by laser ablation 279



 

 

COMPARATIVE STUDY OF ADSORPTION OF OZONE MOLECULE 

ON PRISTINE AND SI DOPED SINGLE WALL CARBON NANOTUBE 

BY DENSITY FUNCTIONAL THEORY  
R.G. Atram, M.R. Sonawane* 

1Government Institute of Science, Nagpur 440001, India 
*e-mail: smahadev123@gmail.com 

 
 

Abstract. We report comparative study of ozone adsorption on pristine Single Walled Carbon 
Nanotube (SWCNT) (8, 0) and Silicon doped Single walled Carbon Nanotube (Si – SWCNT) 
by density functional theory calculations based on DeMol3 code. Importance is given to the 
effects of silicon doping in carbon nanotube for comparative study of adsorption of ozone. 
The results show that silicon doping keeps the semiconducting character of pure carbon 
nanotubes with reduction in band gap from 0.71 eV to 0.54 eV. The ozone gas molecule is 
physisorbed with binding energy 0.431eV and minute charge transfer of 0.013 e from pure 
carbon nanotube, consistent with the strong oxidizing nature of ozone. The binding energy 
and charge transfer indicate that the ozone adsorption on pure carbon nanotube is gentle and 
reversible. However, when ozone adsorbs on silicon doped carbon nanotube, a strong 
chemisorption occurs, leading to relevant structural relaxations and to the formation  
of a Si-O σ bond with binding energy 3.902 eV and charge transfer of 0.252 e. The band 
structure and density of states shows that the occupancy state in valence band near Fermi 
energy is completely altered due to ozone adsorption.  The charge density analysis also shows 
formation of sigma bond between silicon and oxygen atoms. The charge density iso-surface 
shows the oxidation of silicon atom and dissociation of ozone molecule into silicon - oxide 
and releasing of oxygen molecule.  
Keywords: CNT, Si-CNT, DFT, ozone, adsorption  
 
 
1. Introduction 
Carbon nanotubes (CNT) [1] have been intensively studied due to their unique geometrical, 
mechanical [2], chemical [3] and electrical [4] properties. Their electronic properties can vary 
from semiconducting to metallic depending on its molecular structure. The latest research 
efforts have aimed to improve both efficiency and selectivity of nanotube. More attention has 
been given, experimentally as well as theoretically to study electronic, thermal properties and 
their chemical reactivity [5–7]. These outstanding properties exhibited by carbon nanotubes 
have been made it suitable for applications in nanoelectronics [8], catalysis [9,10], 
sensors [11,12], energy capacitors and hydrogen storage devices [13]. 
 To achieve the enviable results, many research works have been done on the 
characterization of nanotube, for example, the modification for the properties of nanotube by 
adsorption of atoms, molecules or clusters on the exterior walls of carbon nanotubes or by 
insertion of these species into their hollow interior. This offers a promising way in the design 
of new nanomaterials [14–16]. Furthermore, carbon nanotubes were exposed to several different 
gas molecules such as NO2, O2, and NH3 [17,18] and observed the change in the electrical 
resistance.  They have also shown that these molecules are weakly adsorbed on pure CNT due 
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to van der Waal interactions.  To improve the functionalization, many research groups are 
now using chemical doping, local defects, radial deformation and metal assistance [19,20]. 
The metal assistance is an effective way to functionalize the carbon nanotubes which 
significantly improves the structural and electronic properties. 
 Ozone interaction with carbon nanotubes has been studied experimentally [21-23] and 
theoretically [24,25]. More recently, it has been observed that ozone can react with the surface 
at defect sites [26]. It can also attack the more reactive end cap, opening it up and making it 
possible for the physical adsorption of other gases [27]. Ozonolysis can oxidize carbon - 
carbon double bonds of CNT. It is also observed that ozone exposure induces p-type doping 
and correspondingly reduces resistance in CNTs. [22,23]. Theoretical studies have shown that 
the binding energy of ozone on CNT is near about 0.3 eV depending on geometrical 
variation [22-25]. Since the binding energy was too small to explain ozone exposure effect on 
the CNT resistance. It was shown that some defects sites would be responsible for the ozone 
adsorption and the corresponding resistance change [22]. However, side wall defects are 
generally hard to detect experimentally. It was noticed that carbon nanotubes becoming 
gradually thicker could be attributed to a large number of defects accidentally, thus resulting 
in a diameter increase [28]. All above literature survey indicates that the understanding on the 
ozone interaction with CNT is not well established till today. Latest theoretical investigation 
shows that the Ozone can react chemically on (6, 6) and (8, 8) carbon nanotube but with less 
binding energy [29].  
 Despite these important contributions, the detailed adsorption mechanism of ozone on 
the CNTs is still less known and to the best of our knowledge; there is no report on the 
interaction of ozone molecules on Silicon doped carbon nanotube (Si-CNT). Here we 
performed extensive DFT calculations and studied the interactions of ozone with the 
semiconducting CNT and Si-CNT using electronic properties like binding energy, band 
structure, density of states and population analysis and compared adsorption nature on CNT 
and Si-CNT. 
 
2. Computational Details 
Calculations were performed using an all-electron linear combination of atomic orbital 
density functional theory (DFT) approach, implemented in DMol3 [30,31] code within the 
generalized gradient approximation (GGA) and with the Perdew, Burke and Ernzerhof (PBE) 
correlation functional [32]. The chosen basis set was double numerical plus polarization 
(DNP), where each basis function was restricted to a global cut-off radius of 4.0 Å. The 
chosen cut-off value leads to atomic energies with an accuracy of 0.1 eV/atom, allowing 
calculations without significant loss of accuracy. The Brillouin zone k-point sampling was 
performed in a 1 x 1 x 2 Monkhorst–Pack mesh [33]. The all calculations were performed 
using periodic boundary conditions with 64–atoms within the supercell. The tetragonal unit 
cell of 20 x 20 x 8.4 Ǻ dimension with lateral separation of 13.7 Ǻ between tubes was used.  
This separation is sufficiently large to avoid interaction between the neighboring cells. The 
Mulliken population analysis was carried out to predict the charge transfer between molecule 
and nanotubes.  
 In this study, we used an (8, 0) zigzag CNT and Si-CNT of diameter 6.26Ǻ as a model 
to study the adsorption of ozone molecule. We have examined four different possible 
adsorption sites such as 'target C atom \ Si atom', 'chiral bond', 'axial bond' and 'centroid of 
hexagon' of CNTs.  In all calculations, the nanotubes and isolated ozone molecule were first 
optimized to minimize their total energies. Further, ozone molecule is kept at four different 
adsorption sites are as mentioned above on each of these individual nanotubes and optimized 
together to get lowest energy stable structure. The binding energy (Eb) of all ground state 
structures are calculated by Eb = - [ET (adsorbent +adsorbate) - ET (adsorbent) - ET (adsorbate)], where  
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ET (adsorbent + adsorbate) denotes the total energy of molecule and CNT system, ET (adsorbent) denotes 
the total energy of CNT and ET (adsorbate) is the total energy of isolated gas molecule. To verify 
the computational accuracy of the model, we have calculated the binding energy of CNTs, 
density of states and the band gap which are comparable to reported results [34,35]. 
 

 
Fig. 1. (a) Ground state geometry of (8, 0) CNT. (b) Structural parameters at target atom.  

(c) Ground state geometry of (8, 0) Si-CNT. (d) Structural parameters at dopant. The green 
and yellow color represent carbon and silicon atom 

 
3. Results and Discussion  

Structural Properties of CNT and Si-CNT. The optimized ground state geometry of 
pure CNT is shown in Fig. 1 (a) along with geometrical parameters in Fig. 1 (b). The bond 
angles between C–C bonds are found to be less than 120º which indicates trigonal structure of 
bonding and prefers sp2 hybridization. The stable structure of Si-CNT is shown in Fig. 1 (c) 
whereas change structural parameter due to doping of silicon atom is shown in Fig. 1 (d). The 
bond angles between (C-Si-C) bonds for all three combinations are less than 109º, which 
indicate tetrahedral structure of bonding and prefer sp3 hybridization. All structural parameters 
of our result for CNT and Si-CNT are reported in our previous work found to be in good 
agreement with reported results [34,35]. The structural deformation produced by silicon 
doping results into a significant change in electronic properties like binding energy, band gap, 
density of states, charge density and charge transfer.  

Electronic Properties of CNT and Si-CNT. The band structure of CNT and Si-CNT 
are shown in Fig. 2 (a). The doping of silicon atom creates an extra unoccupied energy state at 
1.26 eV in the conduction band as observed in plot of band-structure. The additional state 
reduces the band gap of Si-CNT to 0.54 eV as compared to band gap of pure CNT. The DOS 
of CNT and Si-CNT are shown in Fig. 2 (b). The DOS analysis also shows same unoccupied 
state bellow the conduction band. Such an unoccupied state act as donor like impurity and 
which plays significant role of capturing center for atoms or molecules. Further, Mulliken 
Population analysis shows silicon atom acquires positive charge of magnitude 0.0815 e. This 
clears that the charge is transferred from the silicon to the vicinity carbon atoms. Such charge 
polarization at dopant site (silicon atom) acts as an affinity center for chemisorption of the 
molecules or atom. Thus, the doping of the silicon atom increases the p-type conductivity of 
the CNT and which improves the reactivity of CNT. 
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                                      (a) 

 
                                       (b) 

Fig. 2. (a) Band structure plot of CNT and Si-CNT. (b) Density of state of CNT and Si-CNT. 
The Fermi level is indicated by dotted black line 

 
 

 
Fig. 3. Ground state geometries of O3 molecule adsorbed on (a) CNT and (b) Si-CNT. The 

target carbon atom is shown by blue colour 
 

Structural properties for adsorption of ozone molecule. To understand the 
mechanisms of ozone interaction with CNT and Si-CNT, we have calculated structural and 
electronic properties. Ozone molecule is directly located above the target carbon atom (site-A) 
of CNT as shown in Fig. 3 (a). The ozone molecule is found physisorbed at distance of 
1.959 Å. The binding distance also indicates strong physisorption of ozone on CNT. The bond 

Comparative study of adsorption of ozone molecule on pristine and Si doped Single Wall Carbon Nanotube by... 283



angle between O-O-O oxygen atoms of ozone is decreased from 118º to 116º. The bond 
distances between O-O are also decreased from 1.279 Å to 1.251 Å. In Si-CNT, ozone 
molecule is chemisorbed on silicon atom (site A) (see Fig. 3 (b)). The ozone molecule binds 
to the silicon atom with formation of σ (Si-O) bond and its bond length found to be 1.470 Å. 
In this case ozone molecule gets dissociated and single oxygen atom gets attached to silicon 
by σ bond whereas oxygen molecule is liberated from ozone. The bond lengths between 
oxygen atoms are 1.089 Å and 2.871 Å, whereas bond angle between O-O-O oxygen atoms of 
ozone is significantly decreased to 96.90º. As shown in Fig. 3 (b), the extended bond length 
between oxygen atoms of ozone confirms dissociation of ozone molecule. 

Electronic properties for adsorption of ozone molecule. The band structure of  
CNT-O3 molecule system is shown in Fig. 4 (a). The band structure of O3 adsorption shows 
that the energy states in valence band near Fermi level are slightly separated as compared to 
band structure of CNT. Therefore, band gap of CNT-O3 system is marginally more (0.63 eV) 
than the band gap (0.607 eV) of pure CNT. In DOS of CNT-O3 system the occupancy of 
partially felled states is slightly increased at Fermi level as shown in Fig. 4 (b). Further, 
Mulliken Population analysis shows negligible charge 0.013 e transferred from CNT to  
O3 molecule. The isosurface shown in Fig. 5 of CNT did not show overlapping of charge 
density between the O3 molecule and CNT. Thus, ozone gas molecule is physisorbed with 
binding energy -0.43 eV and small quantity of charge transfer from carbon nanotube, 
consistent with the strong oxidizing nature of ozone.  
 

 
                                     (a) 

 
                                    (b) 

Fig. 4. (a) Band structure plot and (b) Density of state of O3 molecule adsorbed on CNT and 
Si-CNT. The Fermi level is indicated by dotted black line 
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Fig. 5. Isosurface of the charge density of systems for O3 molecule adsorption on (a) CNT 

and (b) Si-CNT 
 
 The binding energy, charge transfer and isosurface of ozone adsorption on CNT clearly 
show the character of the interaction can still be classified as physisorption. The adsorption of 
O3 on Si-CNT is more pronounced as compared with CNT. However, when ozone adsorbs on 
Si-CNT, a strong chemisorption occurs, leading to relevant structural relaxations and to the 
formation of a Si-O σ bond with binding energy - 3.90 eV and charge transfer of 0.252 e. The 
band structure as shown in Fig. 7 is completely different than band structure of pure Si-CNT. 
The extra state observed in conduction band of Si-CNT is disappeared and some additional 
states are observed near Fermi level in valence band. These numbers of states are also clearly 
observed in DOS as shown in Fig. 8. These additional states reduce band gap of Si-CNT-O3 
system to 0.46 eV from 0.54 eV of Si-CNT. The occupancy of valence band at Fermi energy 
is completely altered due to ozone adsorption. The charge density analysis shows formation of 
sigma bond between oxygen and silicon atom. Contradictorily the isosurface of charge 
density shown in Fig. 5 visualize the dissociation of O3 molecule and formation of silicon-
oxide with Si-CNT, where oxygen molecule is liberated from ozone molecule. Thus, 
chemisorption of ozone molecule shows oxidization of silicon atom doped in CNT and 
releasing of oxygen molecule. This result is very important to construct sensors with silicon 
doped carbon nanotube to capture hazardous pollutant like ozone.      
 
6. Conclusions 
Density functional simulations study has been performed for adsorption of ozone gas 
molecule on pure carbon nanotube and silicon doped carbon nanotube. Our study has been 
focused on effect of silicon doping for adsorption of ozone molecule on carbon nanotube. 
Silicon doping creates extra unoccupied state in conduction band which plays important role 
in adsorption of ozone molecule silicon doped CNT. The ozone adsorption on pure CNTs 
shows a small binding energy (-0.43 eV) and charge transfer (0.0815 e) indicates the process 
is most likely of physisorption kind. The extra states in band structure and DOS of Si-CNT 
plays significant role in ozone adsorption. The large values of binding energy (- 3.90 eV) and 
charge transfer (0.252 e) shows ozone adsorbs on the Si-CNT is more pronounced as 
compared to CNT. The bond length between two oxygen atoms in ozone molecule has been 
increased due to adsorption on Si-CNT. It is observed that ozone molecule gets dissociated 
and one oxygen atom gets attached to silicon by forming σ bond whereas oxygen molecule is 
liberated from ozone. The isosurface of charge density visualize the clear dissociation of 
O3 molecule and formation of silicon-oxide with Si-CNT and liberation of oxygen molecule 
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from ozone molecule. Thus Si-CNT captures ozone molecule forming silicon oxide and 
releasing oxygen molecule. The result gives grate potential to construct sensor which can 
capture hazardous ozone molecule. This can be an effective strategy to help in the reduction 
of the concentration of these harmful pollutants in the environment.  
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Abstract. The LM25 aluminum alloy was obtained using the spray deposition method at an 
optimum pressure of approximately 10 bar, a deposition distance of approximately 41 cm. and 
an inclination angle of 0º. The central portion of the spray deposit was warm rolled to obtain 
various thickness reductions, i.e., 0%, 20%, 40%, 60%, and 80% at 100ºC; it was found that 
the number of pores decreased as the thickness reduction increased. It was observed that the 
fine microstructure and secondary phase in the samples with a larger percentage of thickness 
reduction was due to the expediting cooling and freezing rate of the molten metal. The 
porosity and mechanical properties were better in the spray deposited and warmed rolled 
LM 25 substrate than the cast LM25 alloy.  
Keywords: spray forming, warm rolling, microstructure, porosity, hardness 
 
 
1. Introduction 
LM25 alloys are widely used in the various applications, such as aviation [1], aerospace, 
bearing materials, electronic devices, shipping, and valve spring retainer industries, due to 
their high strength-to-low-weight ratio, their ease of casting, their high mechanical 
strength [2], and their high corrosion resistance. Adding 6% silicon (Si) to aluminum (Al) 
enhances the strength and the mechanical and metallurgical properties of the alloy. Various 
methods, such as the ingot method, powder metallurgy, spinning, stir casting [3], and the 
spray deposition technique [4], have been used to produce an LM25 deposit. While the  
LM25 alloy can be processed using conventional methods, the production costs are high, 
processing steps are required, and it is not possible to obtain the expected microstructure [5]. 
To overcome these issues, an LM25 alloy can be prepared using the spray forming 
technique [6]. In the spray forming technique, the major influencing parameters of the 
atomization processes [7] are pressure, the temperature during the warm rolling process to 
eliminate the porosity [8], and the gas-to-metal flow ratio. These must be minimized to obtain 
the desired microstructure and the respective material properties. The main problem with the 
spray deposition process is associated with the porosity due to the rapid pouring of the molten 
metal during the process. However, mechanical processes, such as rolling, extrusion, and 
forging, may be the solution to reduce the porosity and to improve the mechanical, 
metallurgical, and tribological properties of the LM25 alloy. Singer defined the basic 
principle of the spray deposition technique at the University College of Swansea, in the 
United Kingdom (UK) [9,10], in an attempt to establish the process for making the deposit 
strips based on the amalgamation of metal powder production vestige by inert gas atomization 
of liquid metals coupled with a consolidation step. Asish et al. [11] reported the processing of 
the Cu-Al-Ni alloy using the spray atomization and deposition process; they reported that the 
appropriate shape of the deposit was obtained at a pressure of 1 MPa, using argon gas and a 
rotor apex angle of 20º. That study also reported that there was no integration with the powder 
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particles during the spray process. Ojha et al. [12] reported the shape and mechanical behavior 
of spray-deposited hypoeutectic Al-Si alloys; they found that the shape of the deposit was 
obtained by controlling the rotation and inclination of the substrate based on the spray axis. 
The uniformity of the deposit was achieved at a disposition of 30º inclination angle of the 
substrate around the spray axis. Rashmi Mittal et al. [13] reported on spray cast and cold 
rolled Al-Si alloys; they found that, as the rolling percentage increased, the porosity 
decreased, and hardness increased. However, no previous study has investigated the warm 
rolling effects on the microstructure and mechanical properties of alloys. The present study 
selected the warm rolled temperature from the phase diagram of the Al-Si alloy presented 
in [14]. In the present paper, the LM25 alloy was processed using the spray deposited 
technique, rolled at the warm rolling temperature, and the metallurgical and mechanical 
properties of the spray-deposited LM25 alloy were analyzed and compared with the properties 
of the cast LM25 alloy.  
 
2. Experimental Procedure 
To analyze the mechanical and metallurgical properties of the spray deposited and warm 
rolled samples in the central portion of the spray deposit, it is necessary to cast the  
6% Al-Si substrate using emerging technology, i.e., the spray-forming technique. The 
schematic representation of the spray forming process is shown in Fig. 1. First, about 1 kg of 
6% Al-Si alloy (Kovai Metal Mart, Coimbatore, Chennai, India) was placed in a crucible and 
heated to the super-heated temperature in a resistance heating furnace. The graphite crucible, 
compressor, induction furnace, atomizer, spray chamber ties with the delivery tube and the 
copper substrate are placed near the rotor, which is located 410 mm from the tip of the 
delivery tube. Then, the inert gas (nitrogen) is released through an atomizer, the pressure is 
adjusted to 10 bar, and the molten metal is instantly poured. This enables semi-solid droplets 
to rapidly form over the copper substrate after the preformed deposition is removed from the 
substrate. Then, the dimensions, such as thickness and diameter, are measured. The 
processing parameters used during the experiment are presented in Table 1.  
 

 
Fig. 1. Spray deposition process 
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Table 1. Processing Parameters  
Pressure 

(bar) 
Type of inert 

gas 
Spray deposition 

distance (cm) 
Inclination 

(Theta) 
Melting point 

(Degrees) 
10 Nitrogen 41 0 1450 

 
The sample of size (20 mm×20 mm) is cut from the center of the spray deposit, heated 

at 100ºC in the resistance heating furnace, and rolled with the help of a warm rolling machine 
to obtain different thickness reductions, such as: 0%, 20%, 40%, 60%, and 80% represented 
in Table 2.  
 
Table 2. Warm Rolling Conditions 

Iteration 
No. 

Initial thickness of 
the sample (mm) 

Final thickness of the 
sample (mm) 

 

% of 
thickness 
reduction 

Warm rolling 
temperature (ºC) 

1 20 20 0 100 
2 20 16 20 100 
3 16 10.50 40 100 
4 10 4.2 60 100 
5 4.2 0.84 80 100 

 
Samples measuring 10 mm × 10 mm were cut down from rolled samples and prepared 

as per the metallographic ASTM E3-95 standards to analyze the rolling direction and 
microstructural behavior. The warm rolled samples initially underwent abrasive grinding (to 
remove unnecessary particles over the surface and edges) and were then mounted by using 
Bakelite as the adhesive agent. The mounted samples underwent paper polishing with an 
emery paper of 1/0, 2/0, 3/0 and 4/0 specifications and were then cleaned with kerosene. An 
emulsion powder of alumina suspended in H2O was used to perform wheel cloth polishing 
(rotational speed of the wheel less than 250 rpm) of the samples. Then, the samples were 
dried using a drier and etched with Keller's reagent (190 ml of distilled water, 5 ml of nitric 
acid, 3 ml of HCl and 2 ml of HF). After the completion of the above steps, the samples were 
systematically examined with Leitz optical microscope. Image analyses were performed to 
determine the percentage of surface porosity present in the warm rolled samples for various 
percentage reductions in thickness, i.e., 0%, 20%, 40%, 60% and 80% from the center of the 
deposit. For this, an optical microscope "Olympus model PM-3-311U" and a computer having 
an image analysis software from "De-Winter materials plus" were used. To determine total 
porosity, the densities of the samples prepared as per the ASTM B328-96 standards were 
measured by using Archimedes' principle. The samples are developed as per the ASTM E92 
standard to determine the degree of hardness. The hardness value for all samples is calculated 
via Vickers test mode HPO 250 at 16 kg load by moving the indenter to various locations of 
the specimen and then estimating the average hardness value. 
 
3. Results and discussion 

Shape. It was observed that the obtained shape of the spray deposit (Al-6%Si) is in the form of 
a Gaussian curve having a thickness of 20 mm and a diameter of 200 mm (Fig. 2). It was obtained at 
an angle of inclination of 0º, distance of 410 mm and pressure of 10 bar. 
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Fig. 2. Shape of the deposit 

The deposit shape depended on factors like pouring time, deposition distance, diameter 
of the delivery tube and inclination angle of the rotor. It is essential that the molten metal 
must be poured within 20 s to 50 s to prevent its solidification in the delivery tube that can 
lead to irregular shape of the deposit. It was observed that the shape also depends on the 
distance (deposition distance between the tip of the delivery tube and rotor). In the initial trial, 
when the distance was maintained at less than 400 mm, the shape was flat and uniform. In the 
second trial, when the distance was more than the 420 mm, the shape obtained was similar to 
that of a spray cone. In the third trial, when the distance was maintained at 410 mm, the 
desired shape was obtained. The diameter of the delivery tube also affects the shape obtained. 
It was observed that the desired shape was obtained at the optimum diameter of tube, i.e., 3 to 
4 mm. If the diameter is more than 4 mm, the molten metal passage is very high and fallen 
down maximum at the center portion of the subtract, which is lying over the rotor. The 
maximum inclination of the rotor is 0º for obtaining the Gaussian shape of the deposit. It was 
observed that for other inclinations like 30º, 45º and 60º, the proper spray cone was not 
obtained. Therefore, it was concluded that the shape of the deposit is obtained at pouring time 
of 30 s, distance of 410 mm, delivery tube diameter of 4 mm, rotor inclination angle of 0º and 
pressure of about 10 bar. 

Microstructural Analysis. Microstructural pictographs of LM25 alloy before and after 
warm rolling were observed for comparing the microstructural features as shown in Fig. 3. 
From Fig. 3a. it has found that after spray forming and before warm rolling, the Si phase is 
distributed along the grain boundaries of the Al matrix. The EDS analysis confirmed that the 
grey region belongs to the Si region and the white region belongs to Aluminum. Grain size 
was calculated for each rolled and unrolled specimen as per  
ASTM E-112 (intercept method) specifications. Fig. 3a shows that the average grain size of 
Al before warm rolling is different at 20-23 μm and Si is about 7-6 μm. The pores of  
15-20 μm are obtained during the pouring of the molten metal, which is called casting 
porosity. From Fig. 3b-e, it can be observed that the grains elongated along the rolling 
direction and length of the grain is increased with the reduction in thickness. This is due to 
dynamic recrystallization temperature of the material that leads to rapid movement of the 
molecules. In comparison with cold rolled specimens, the warm rolled specimens showed 
elongation in width direction as represented in Table 3. 

 
 
 
 
 

Effect of warm rolling on microstructure, porosity, and hardness of a spray-formed LM25 aluminum alloy 291



Table 3. Average length of the grains 
Grain size (μm) Cold rolled Al-6Si Warm rolled Al-6Si alloy 

% of rolling 

0 20 24 
20 22.5 28 
40 30 33.5 
60 38 41 
80 42 48 

 
Therefore, there are two types of porosity in the samples: crack porosity due to rolling 

and casting porosity due to pouring. Decreased casting porosity accounted for up to 60% 
thickness reduction in Fig. 3b-d, casting porosity almost eliminated for 80% thickness 
reduction. It was also observed that the porosity was lower in warm rolled samples than the 
cold rolled and unrolled samples because the grains elongated rapidly with increasing 
temperature. 

Porosity. As mentioned in the previous sections, two types of porosity were 
found: 1.casting porosity; 2. cracking porosity. The casting porosity mainly presented inside 
the rolled samples; the reduction in thickness occurred along the rolling direction of the 
samples (Fig. 3b-e). The graph drawn between thickness vs. porosity in the sample is depicted 
in Fig. 4. In the initial stage of warm rolling, i.e., from 0 to 40% reduction, the passage of the 
molten metal into LM 25 alloy is in the rolling direction. Rearrangement and restocking of the 
sprayed particles resulted in the removal of porosity. As the rolling percentage increased from 
40% to 80%, plastic deformation is the dominant mechanism during warm rolling. As a result, 
pores elongated rapidly due to the movement of molecules in the rolling direction. This led to 
their fragmentation into several tiny pores. This process of fragmentation and elongation 
continued during the warm rolling process. In this process, the width of the elongated grains is 
very less, and the opposite faces of the pores are almost eliminated, and the casting porosity is 
removed. If the oxide layer is formed inside the pores, it can be ruptured by the deviatoric 
stress. The crack porosity is due to the rolling process. The initial globular shape of sprayed 
particles was transformed into plastically deformed grains. This results in cracks due to the 
presence of porosity and internal cavities existing in the sprayed structure. These pores and 
cavities are covered with the oxide layer, disallowing the closure of those upon application of 
compressive pressure. 
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Fig. 3. Optical micrographs of spray deposited and warm rolled LM25 alloy at a thickness 
reduction of (a) 0%, (b) 20%, (c) 40%, (d) 60% and (e) 80% 
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Fig. 4. Variation in porosity with reduced thickness in samples of LM25 alloy 

 
Hardness. The Vickers hardness value of LM25 alloy was calculated before and after 

warm rolling. Before rolling, i.e., 0% thickness reduction, the samples had hardness values in 
the range of 50-90 VHN as represented in Fig. 5. After warm rolling, the Vickers hardness 
value increased to 60-140 VHN. As the thickness reduction increased in the samples, the 
hardness value also increased, as represented in Fig. 5. The hardness values of warm rolled 
samples were observed to be better than the cold rolled and spray deposited samples because 
of sudden expansion and compaction in the samples. 
 

 
Fig. 5. Variation in VHN number with thickness reduction samples of LM25 alloy 

 
4. Conclusions 
Following conclusions were drawn on the basis of experimentation: 

1. In trial 1 and trail 2 with deposition distances of 400 mm and 410 mm, respectively, the 
obtained shape of the deposits were non-uniform. As the deposition distance increased 
to 420 mm in trail 3, the thickness of the deposits became uniform.  

2. The average grain size of spray deposited alloy without rolling was 20-24 µm, cold 
rolled samples was 20-42 µm and warm rolled samples was 24-48 µm. Warm rolled 
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samples possessed fine microstructure than other rolled samples due to higher 
elongation length and lower width of the grains.  

3. Two porosities were present in the samples, i.e., casting and crack porosities. 
Casting porosity was removed by rearrangement and restocking of the spray 
deposited LM alloy. Crack porosity was reduced by the warm rolling process. 80% 
thickness was reduced for samples possessing almost negligible porosity. Hardness 
values of warm rolled samples (60-140 VHN) are more than that of casted (50-90 
VHN) and cold rolled (50-120 VHN) samples because of lower porosity and rapid 
movement of molecules in warm rolled samples. 
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Abstract. The possibilities of predicting thermal fatigue durability for single crystal on the 
base of coupled thermo-electro-mechanical finite-element modeling with using of 
deformational criterion and microstructural models of inelastic deformation are investigated. 
Results of thermal and stress-strain state simulations of single-crystal corset specimens under 
cyclic electric heating and cooling are presented and discussed. Comparison of computational 
results with experimental data for various single-crystal nickel-based superalloys 
demonstrates a good accuracy in the prediction of the number of cycles for the macrocrack 
initiation. The influence of maximum / minimum values of temperature in cycle and delay 
duration on the number of cycles for the macrocrack initiation are analyzed. The simplified 
analytic approximation for thermal fatigue durability curves is proposed. 
Keywords: thermal fatigue, single-crystal nickel based superalloy, deformation criterion, 
corset sample, thermo-electric problem, finite element modeling 
 
 
1. Introduction 
Single-crystal nickel based superalloys [1] are used for manufacturing of blades of gas turbine 
engines (GTE). These materials have a pronounced anisotropy of properties and sensitivity to 
crystallographic orientation. The thermal fatigue strength of single crystal superalloys for 
various crystallographic orientations is not studied very well. For investigation of thermal 
fatigue durability under a wide range of temperatures with and without intermediate delays 
the experiments are carried out on corset (plane) specimen on the installation developed in 
NPO CKTI [2] (see Fig. 1). Fixed in axial direction by means of two bolts with a massive 
foundation a corset sample (see Fig. 2) is heated cyclic by passing electric current through it. 
During cycling the maximum and minimum temperatures are automatically maintained 
constant. 

The aims of the study are: (I) to investigate numerically a process of heating and 
cooling of the corset sample and to obtain analytical approximation of this process, (II) to 
study numerically a stress-strain state of the sample during cyclic heating and cooling due to 
its clamping and (III) to study systematically the effect of delay at maximum temperature on 
the thermal fatigue durability on the base of the deformation criterion [3-5] of thermal-fatigue 
failure for single crystal superalloys using the results of finite element (FE) simulation of full-
scale experiments. The results of simulation and their verification are obtained for the 
different single-crystal nickel-based superalloys: VZhM4, VIN3 and ZhS32. 
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Fig. 1. Testing setup for thermal fatigue 
experiments 

Fig. 2. Geometrical parameters of the 
corset sample 

 
2. Results of numerical thermo-electric nonstationary analysis and analytical 
approximation for temperature changing during time 
Modeling of a heating process by an electric current and a cooling process without an electric 
current of the corset sample has been performed with help of the FE program ANSYS with 
taking into account a temperature dependence of all material properties, thermos-electric 
contacts between the sample and an equipment, nonstationary Joule heating, convective heat 
exchange and radiative heat transfer between the sample and the environment. The full-scale 
FE model (¼ due to symmetry) of experimental object including discrete models of the 
specimen and equipment is presented in Fig. 3. 

The simulations have been performed for single-crystal superalloys VZhM4, VIN3 and 
ZhS32. The properties of three alloys were accepted the same because of lack of information 
about nickel alloys properties dependence on temperature. 
 

 

Fig. 3. Finite-element model of the corset sample with taking into account of equipment for 
the solution of thermo-electric problem 

 
Modeling of heating and cooling processes of sample is carried out for five loading 

regimes (modes), which will be denoted further by indicating the minimum and maximum 
temperature of the cycle: 
• 100÷800°C, a heating time is 19 s, a cooling time is 46 s; 
• 150÷900°C, a heating time is 42 s, a cooling time is 59,5 s; 
• 250÷1000°C, a heating time is 80 s, a cooling time is 10 s; 
• 500÷1050°C, a heating time is 14 s, a cooling time is 10 s; 
• 700÷1050°C, a heating time is 8 s, a cooling time is 7 s. 

x 

y 

z 
bolt 

sample 

equipment 
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The material properties used in FE simulations for the single crystal nickel superalloy 
sample and for the steel equipment were taken from literature [6-9] (see also Tables 1-2). 
While specifying the properties of nickel alloy and steel the implementation of the 
Wiedemann-Franz's law was controlled: 𝜆𝜆 · 𝜌𝜌𝑒𝑒 = 𝐿𝐿𝐿𝐿, where 𝜆𝜆 is the thermal conductivity, ρe 
is the specific electrical resistance, T is the temperature in K, L= 2.22·10-8 W·Ω·K-2  is the 
Lorentz's constant. 
 
Table 1. Thermo-electric properties of nickel superalloy used in simulations 
Τ °С 20 200 400 800 1000 1150 Ref. 
ρ Kg/m3 8550 8500 8450 8350 8330 8310 [7] 
Cp J/(kg∙K) 440 520 520 570 590 600 [7] 
λ W/(m∙K) 7.4 11.2 14.1 19.8 26.7 36.7 [6] 
ρe Ω∙m 8.7·10-7 9.3·10-7 1·10-6 1.2·10-6 1·10-6 8.9·10-7 [6] 

 
Table 2. Thermo-electric properties of pearlitic steel used in simulations 
Τ °С 27 127 327 527 927 1127 Ref. 
ρ Kg/m3 7778 7772 7767 7762 7754 7751 [8] 
Cp J/(kg∙K) 469 506 521 660 577 530 [8] 
λ W/(m∙K) 48 47 41 37 23 12 [8] 
ρe Ω∙m 2·10-7 2.6·10-7 4.2·10-7 6.4·10-7 1.16·10-6 1.4·10-6 [9] 

 
The coupled three-dimensional transient thermo-electrical analysis has been performed. 

Due to the symmetry in respect to the xz and yz planes, a quarter of the structure is considered 
in simulations. Thermal and electric contacts between the sample and bolts, between the 
sample and the foundation are taken into account. The initial temperature for the sample and 
the equipment is set to 30°C. For the free surface of sample the boundary condition of 
convective heat transfer is used: 
 𝑞𝑞𝑛𝑛 = ℎ(𝑇𝑇 − 𝑇𝑇0) ,                (1) 
where qn is the heat flux density, ℎ = 20 𝑊𝑊

𝑚𝑚2𝐾𝐾
 is the coefficient of convective heat transfer, 

𝑇𝑇0 is the ambient temperature. 
The condition of radiative heat transfer is also set on the surfaces of central (high 

temperature) part of the sample (10 mm length): 
𝑞𝑞𝑛𝑛 = ε𝜎𝜎𝑆𝑆𝑆𝑆(𝑇𝑇4 − 𝑇𝑇04) ,                    (2) 
where ε = 0.8 is the black factor of the body, 𝜎𝜎𝑆𝑆𝑆𝑆 = 5.67 ∙ 10−8𝑊𝑊𝑚𝑚−2𝐾𝐾−4 is the coefficient 
of Stefan-Boltzmann. 

In order to realize an analytical approximation for the curve of temperature change in 
time, we consider the problem of mathematical physics of heating the sample with a constant 
cross-section. For example, the sample has a length and a depth the same with the corset 
sample 32.5 mm and 3 mm respectively, but the sample with a constant cross section has 
width is equal to 10 mm (Fig. 4). 
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Fig. 4. The statement of simplified thermal problem 

 
The aim of our analogy is to simplify a task of heating the corset sample to one-

dimensional problem with equivalent boundary conditions. The isolation boundary conditions 
are set on surfaces S3, S4, S5, S6. On the surface S2 is fixed the temperature, on the surface S1 
boundary condition of convection with a convective heat transfer coefficient h is equal to 
20 𝑊𝑊

𝑚𝑚2𝐾𝐾
. The sample in the thermal problem is heating by electric current that’s why boundary 

condition of heat generation is set on the sample is equal to some constant Q, which does not 
depend on time. The equation of unsteady thermal conductivity can be represented as [10]: 
∆T - 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
 = - 𝑄𝑄

𝜆𝜆
,                                                              (3) 

where T is the temperature, ∆  is the Laplace operator, τ = 𝜆𝜆𝜆𝜆
𝐶𝐶𝜌𝜌𝜌𝜌

 is the slow time, Q is the heat 

generation, 𝜆𝜆, 𝐶𝐶𝜌𝜌, 𝜌𝜌 are the conductive coefficient, the specific heat and the density 
respectively. Considering that boundary conditions in the axis y and z are a lack of heat flux 
and overwriting the Laplacian in Cartesian coordinates, we come to the equation: 
  𝑑𝑑

2𝑇𝑇
𝑑𝑑𝑥𝑥2

 - 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 = - 𝑄𝑄
𝜆𝜆
,                                             (4) 

where x is the axial coordinate along the sample. Representing T as a sum of two functions 
T1(x) and T2(x, τ), we come to two equations. One of these equations has two variable, 
coordinate x and time τ: 
  𝜕𝜕2𝑇𝑇2
𝜕𝜕𝑥𝑥2

 - 𝜕𝜕𝑇𝑇2
𝜕𝜕𝜕𝜕

 = 0.                                                       (5) 
Using Fourier method [10], we put two equations with variables X(x) and Ω(𝜏𝜏) 

respectively. The equation for the variable X is: 
𝑋𝑋′′ + 𝛽𝛽𝛽𝛽 = 0,                                                 (6) 
where 𝛽𝛽 is the arbitrary constant. Boundary conditions for the equation (6) are a convective 
boundary condition in the middle of the sample and temperature is equal to zero on the edges. 
Also the equation with a variable Ω is:                 
Ω′ + 𝛽𝛽Ω =0.                                           (7) 

Finding a solution of equation (6) as a sum of sinus and cosine with constants and 
substituting boundary conditions we put a transcendental equation:  
tg ɣ𝑛𝑛 = - 𝜆𝜆ɣ𝑛𝑛

ℎ𝑙𝑙
 ,      (8) 

where ɣ𝑛𝑛 = �𝛽𝛽𝑛𝑛l, h = 20 𝑊𝑊
𝑚𝑚2𝐾𝐾

 , l = 32.5 mm. General solution of equation (7) is Ω =  C𝑒𝑒−𝛽𝛽𝑛𝑛𝜏𝜏, 

where 𝛽𝛽𝑛𝑛 is the eigenvalue and 𝛽𝛽𝑛𝑛 =  ɣ𝑛𝑛
2

𝑙𝑙2
. As a result, we get T2(x, τ) = C·X(x)· 𝑒𝑒−

ɣ𝑛𝑛2

𝑙𝑙2
𝜏𝜏, where 

ɣ𝑛𝑛 can be found from an equation (8). We use simple approximation for temperature changing 
in time for a heating and cooling as one exponential with exponent - ɣ𝑛𝑛

2

𝑙𝑙2
  with constants. 

Returning to usual time t, we can rewrite an analytical approximation for heating as: 

𝑇𝑇 = 𝐴𝐴 − 𝐵𝐵 · e
−ɣn

2

𝑙𝑙2
· 𝜆𝜆
Cρρ

𝑡𝑡
,           (9) 

3 mm 

32.5 mm  

10 mm  

Coupled thermo-electro-mechanical modeling of thermal fatigue of single-crystal corset samples 299



where A and B are constants, which are selected from conditions of equality in the beginning 
of the heating to minimum temperature in the cycle and in the end of the heating to maximum 
temperature in the cycle, ɣ𝑛𝑛 can be found from a transcendental equation (8), l is the length of 
the sample. For a process of the cooling of the sample the similar analytical approximation is 
introduced: 

 𝑇𝑇 = 𝐶𝐶 + 𝐷𝐷 · 𝑒𝑒
−ɣ𝑛𝑛

2

𝑙𝑙2
· 𝜆𝜆
𝐶𝐶𝜌𝜌𝜌𝜌

𝑡𝑡
.          (10) 

Signs before constants B and D in (9) and (10) provide positive values of B and D.  
Material constants 𝜆𝜆, 𝐶𝐶𝜌𝜌, 𝜌𝜌 are set to 20 𝑊𝑊

𝑚𝑚𝐾𝐾
 , 550 𝐽𝐽

𝑘𝑘𝑘𝑘·𝐾𝐾
  and 8400 𝐾𝐾𝐾𝐾

𝑚𝑚3 respectively. 
Comparison of experimental data, computational results and analytical approximation for 
temperature changing in time are presented in Fig. 5 for loading regimes 100÷800, 150÷900, 
500÷1050 and 700÷1050 °C. 
 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 5. Comparison of experimental data, simulation results and  
analytical approximation for temperature modes:  

a) 100÷800°C, a heating time is 19 s, a cooling time is 46 s; 
b) 150÷900°C, a heating time is 42 s, a cooling time is 60 s; 
c) 500÷1050°C, a heating time is 14 s, a cooling time is 10 s; 

d) 700÷1050°C, a heating time is 8 s, a cooling time is 7 s 
 

Comparison of experimental data and computational results for temperature distribution 
along the corset sample at cycle phase with maximum temperature and also for the different times 
for loading regimes 150÷900, 250÷1000, 500÷1050 and 700÷1050°C are shown in Fig. 6. 
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a) 

  
b) 

  
c) 

  
d) 

Fig. 6. Temperature distribution along the corset sample at cycle phase with maximum 
temperature (left) and also for the different times (right) for loading regimes:  
a) 150÷900°C, a heating time is 42 s,  b) 250÷1000°C, a heating time is 80 s; 
c) 500÷1050°C, a heating time is 14 s,  d) 700÷1050°C a heating time is 8 s 

 

 
Temperature field distributions for cycle phase with maximum temperature for loading 

modes 100÷800, 150÷900, 250÷1000 and 700÷1050°C are presented in Fig. 7. 
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a) 

 
b) 

 
c) 

 
d) 

Fig. 7. Temperature field distributions for maximum  
temperature for loading regimes: 

a) 100÷800°C; b) 150÷900°C; c) 250÷1000°C; d) 500÷1050°C 
 

The results of thermo-electric problem simulations in form spatial and temporal 
distribution of the temperature field are the base for the strain and stress field computation 
within the framework of thermo-elasto-visco-plastic problem. 
 
3. Results of thermo-elasto-visco-plastic analysis 
The axial fixing of the corset specimen under heating leads to the high axial stress and 
inelastic strain appearance. The local strain and stress concentration is observed in the central 
part of the corset sample. The numerical simulation is required for the computation of 
inhomogeneous stress and inelastic strain fields in sample. Modeling and simulation of 
inelastic cyclic deformation of corset samples has been performed by means of the 
FE programs ANSYS and PANTOCRATOR [11], which allows to apply the 
micromechanical (microstructural, crystallographic, physical) models of plasticity and creep 
for single crystals [12,13]. The micromechanical plasticity model accounting 12 octahedral 
slip systems with lateral and nonlinear kinematic hardening [12] is used in the FE 
computation for the simulation single crystal superalloy behavior under cyclic loading. The 
Norton power-type law is used to describe creep properties. 

Modeling of inelastic deformation in the corset samples has been performed with taking 
into account of the temperature dependence of all material properties, anisotropy of 
mechanical properties of single crystal sample, inhomogeneous nonstationary temperature 
field, mechanical contacts between bolt and the specimen, between specimen and foundation, 
friction between the contact surfaces, temperature expansion in the specimen and foundation. 
The viscous properties are taken into account because of high temperature despite a quick 
time of heating and cooling of the corset samples. 

The two FE formulations for the thermo-mechanical problem have been considered: 
• FE model with taking into account equipment; 
• FE model without taking into account equipment (simplified formulation [14] for the 
sample only). 

Using of the second formulation provides significant saving computational time due to 
reduction in the number of degrees of freedom and refusal to solve a contact problem. It is 
very actual for the numerous multivariant computations for different regimes of loading and 
the crystallographic orientations. One of the aims of the investigations is the selection of the 
equivalent (effective) length of the sample for the simplified formulation. The validity of the 
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simplified formulation is based on the comparison with the results of full-scale formulation 
(with taking into account equipment), as well as on the comparison with the relative 
displacements of two markers measured in experiments. 

In the general case there is no symmetry in the problem (Fig. 8b) due to anisotropy of 
mechanical properties of single crystal sample. However in the important for practice case of 
[001] crystallographic orientation of sample the symmetry in respect to planes xz and yz (see 
Fig. 8a) can be introduced. Equipment and bolts are modeled by linear elastic material (steel), 
and for the sample elasto-visco–plastic model of material is used. The problem is solved in a 
three-dimensional quasi-static formulation. As boundary conditions the symmetry conditions 
are set: zero displacements on the y-axis on the xz plane and zero displacements on the x-axis 
on the yz plane. On the lower side of the equipment zero displacements along the x and z axes 
are set. On the bolt cap the pressure of 100 MPa has been applied that is equivalent to the 
tightening force of the bolt. The temperature boundary conditions are set from the 
experimental data at maximum and minimum temperature with linear interpolation in time. 
The mechanical properties for the alloys VZHM4 and VIN3 are taken from the papers [15,16] 
and for ZHS32 from [17] are presented in Tables 3-5. The mechanical properties of bolts are 
taken for pearlitic steel [9]. 
 
Table 3. Mechanical properties of VZHM4 used in simulations [15] 

T ̊C 20 700 800 900 1000 1050 
E001 MPa 130000 101000 96000 91000 86000 82000 
𝜈𝜈 - 0.39 0.42 0.422 0.425 0.428 0.43 
α 1/K 1.11·10-5 1.68·10-5 1.74·10-5 1.87·10-5 2.1·10-5 2.3·10-5 

σY001 MPa 846 950 - - - 820 
n - 8 8 8 8 8 8 
A MPa-ns-1 1·10-42 3·10-31 1·10-29 1·10-28 2·10-27 1·10-26 

 
Table 4. Mechanical properties of VIN3 used in simulations [16] 

T ̊C 20 500 700 900 1000 1050 
E001 MPa 126000 110000 104000 89000 80000 75000 
𝜈𝜈 - 0.39 0.41 0.42 0.42 0.425 0.428 
α 1/K 1.21·10-5 1.33·10-5 1.4·10-5 1.5·10-5 1.57·10-5 1.6·10-5 

𝜎𝜎𝑌𝑌001 MPa 555 800 930 910 645 540 
n - 8 8 8 8 8 8 
A MPa-ns-1 1·10-42 4·10-34 1.5·10-30 5.8·10-27 3.5·10-25 1.5·10-24 

 
Table 5. Mechanical properties of ZHS32 used in simulations [17] 
T ⁰C 20 700 800 900 1000 1050 

E001 MPa 137000 110000 105000 99800 94800 92300 
𝜈𝜈 - 0.395 0.4248 0.4284 0.4317 0.4347 0.4361 
α 1/K 1.24·10-5 1.6·10-5 1.7·10-5 1.81·10-5 2.22·10-5 2.42·10-5 

   𝜎𝜎𝑌𝑌001 MPa 919 904 901 895 670 580 
n - 8 8 8 8 8 8 
A MPa-ns-1 1·10-42 2.5·10-31 8.5·10-30 2·10-28 6·10-27 7·10-26 
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In simplified formulation (see Fig. 8c) we consider only the sample without equipment, 
in which zero displacements on the symmetry planes xz and yz are set, the outer face of the 
sample parallel to the symmetry plane xz was fixed in the direction of the axis x. To exclude 
solid body motions, a number of points on this face are also fixed in the direction of the y and 
z axes. 

Figure 9 shows distributions of plastic strain intensity field for three nickel superalloys 
and three different temperature modes after 7 cycles (for VZHM4 and VIN3 the effective 
length of the sample is 42 mm, for ZHS32 is 50 mm) obtained with using the FE model 
(¼ due to symmetry) with taking into account equipment (Fig. 8b). 
 

a)  
 

b)   
c) 

Fig. 9. Distributions of plastic strain intensity field after 7 cycles in the corset sample for:  
a) superalloy VZhM4, loading regime 700÷1050°C;   
b) superalloy VIN3, loading regime 500÷1050°C;  
c) superalloy ZhS32, loading regime 150÷900°C 

 
The Table 6 shows the equivalent (effective) length of the sample for the simplified 

formulation for different alloys, which has been found by the comparison with full model 
using the condition of equality of the inelastic strain ranges. FE simulations show that the 

 
 

  
Fig. 8. FE models of the corset sample for thermo-elasto-visco-plastic problem solution:  

a) full model with taking into account equipment (no symmetry),  
b) model (¼ due to symmetry) with taking into account equipment,  

c) simplified model without taking into account equipment (no symmetry),  
d) simplified model  (¼ due to symmetry) without taking into account equipment 

 

y 
x z 

a) b) sample 

equipment        bolt 

d) 

equipment    bolts 

sample 

c) sample sample 
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effective length doesn’t depend on the type of hardening (isotropic and kinematic) and 
doesn’t depend on temperature mode. In the FE simulations with acceptable engineering 
accuracy can be used the value 40 mm. Effective length takes into account the compliance of 
equipment and its variation in considered range has no appreciable on the results. 
 
Table 6. The equivalent length of the corset sample for different alloys 

VZHM4 VIN3 ZHS32 
34-42 mm 38-46 mm 40-52 mm 

 
4. Influence of the delay on the thermal fatigue durability 
FE computations are carried out for a part of a corset sample (simplified FE model with 
effective length of sample equal 40 mm, see Fig. 8d). The temperature fields are set from the 
experimental data at maximum and minimum temperature cycle phase with using linear 
interpolation in time. 
The influence of the delay at maximum temperature on the number of cycles to the formation 
of macrocrack is analyzed in the range from 1 min to 1 hour for the cyclic loading regimes 
with: 
• maximum temperature of 1100°C and a temperature range of 900°C; 
• maximum temperature of 1050°C and a temperature range of 550°C; 
• maximum temperature of 1050°C and a temperature range of 350°C; 
• maximum temperature of 1000°C and a temperature range of 750°C; 
• maximum temperature of 900°C and a temperature range of 750°C. 

The heating times in the cycle are 24s, 7s, 18 s, 28s, the cooling time are 15s, 15s, 40s, 
52s for VZhM4. The heating time in the cycle is 10 s, the cooling time is 16s for VIN3. The 
heating times in the cycle is 25 s, the cooling time is 75s for ZhS32. 

The mechanical properties for the alloys VZhM4 and VIN3 were taken from the papers 
[15], [16] and for ZhS32 from [17] (see also Tables 3-5). 

The problem is solved in a quasi-static 3-dimensional formulation. The FE model is 
shown in Fig. 8d. The boundary conditions are zero displacements in the direction of the x-
axis on two side faces of the sample with the normal along the x-axis. To exclude rigid body 
motions, a number of points on these faces in the direction of the y and z axes are also fixed. 

Temperature evolutions in central point of sample with and without delay for loading 
regimes 700÷1050°C, 500÷1050°C, 250÷1000°C and 150÷900°C are presented schematically 
in Fig. 10. 

Damage calculation and estimation of the number of cycles for the macrocrack 
initiation are made on the basis of four-member deformation criterion [3-5]: 

( )
( )

( )
( ) ( ) ( )max max0 01 11 2

max max ,i i

k mp с p cN N
eq eq eq eq

p ct t t ti i r r

D
С T С T T T

e e e e
e e≤ ≤ ≤ ≤

= =

D D
= + + +∑ ∑  (11) 

where the first term takes into account the range of plastic strain within the cycle, the second 
term deals with the range of creep strain within the cycle, the third term is unilaterally 
accumulated plastic strain (ratcheting), the fourth term is unilaterally accumulated creep 
strain. The number of cycles to initiate macrocrack N is determined from the condition D = 1. 
The equivalent strain for single crystal is defined by maximum shear strain in the slip system 
with normal to the slip plane }111{n  and the slip direction 011l : 

011}111{ lεn ⋅⋅=eqe . (12) 
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Fig. 10. Schematic presentations of temperature evolutions in central point of sample for 

loading regimes with and without delay: 
a) 700÷1050°C; b) 150÷900°C; c) 500÷1050°C and d) 250÷1000°C 

 
Usually it takes in (11) the values of constants: k = 2, m =  5

4
 , ( )kp

rC ε=1 , ( )mc
rC ε4

3
2 = , 

where p
rε  and c

rε  are ultimate strains of plasticity and creep under uniaxial tension. In the 
FE computations the values of ultimate strains 𝜀𝜀𝑟𝑟

𝑝𝑝 = 𝜀𝜀𝑟𝑟𝑐𝑐 = 17 % are used the same for all 
considered alloys. Improvement of the prediction accuracy of the delay time influence on 
durability can be achieved by the refinement of the constant strains 𝜀𝜀𝑟𝑟

𝑝𝑝 on the basis of data 
without delay. 

An analytical approximation of delay time influence in thermal fatigue strength has 
been proposed in the form: 
N = Nmin + (N0 - Nmin)·𝑒𝑒−𝑡𝑡𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑/𝜏𝜏 ,  (13) 
where N is the number of cycles to crack initiation as function of delay time 𝑡𝑡𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, N0 is the 
computational number of cycles in case without delay time, Nmin is the number of cycle in 
case with delay time is equal to 1 hour, 𝜏𝜏 is a constant (50 s for all considered materials). 
Comparison of results of FE simulations with experimental data for single-crystal superalloys 
VZhM4, VIN3 and ZhS32 is given in Fig. 11. The good agreement between computational 
and experimental results is observed. 

Comparison of results of FE simulations and analytical approximation (13) concerning 
the effect of the delay time at the maximum temperature on the thermal fatigue durability for 
single-crystal superalloys VZhM4, VIN3 and ZhS32 is given in Fig. 12. Small deviations are 
observed only in the vicinity of the region of maximum curvature. 
 

 
 

a) b) 

c) d) 
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               a) 
            

b) 

              
c) 

               
d) 

            e)           f) 
Fig. 11. Comparison of results of FE simulations and experimental data for alloys: 

a) VZhM4, loading regime 150÷900°C, a heating time is 28 s, a cooling time is 52 s; 
b) VZhM4, loading regime 250÷1000°C, a heating time is 18 s, a cooling time is 40 s; 
c) VZhM4, loading regime 500÷1050°C, a heating time is 24 s, a cooling time is 15 s; 
d) VZhM4, loading regime 700÷1050°C, a heating time is 7 s, a cooling time is 15 s; 
e) ZhS32, loading regime 200÷1100°С, a heating time is 25 s, a cooling time is 75 s; 
f) VIN3, loading regime 500÷1050°С, a heating time is 10 s, a cooling time is 16 s 

Coupled thermo-electro-mechanical modeling of thermal fatigue of single-crystal corset samples 307



             
a) 

              
b) 

                  c)                     d) 

                 e) 
                  

f) 
Fig. 12. Comparison of results of FE simulations and  

analytical approximation (13) for alloys: 
a) VZhM4, loading regime 150÷900°C, a heating time is 28 s, a cooling time is 52 s; 

b) VZhM4, loading regime 250÷1000°C, a heating time is 18 s, a cooling time is 40 s; 
c) VZhM4, loading regime 500÷1050°C, a heating time is 24 s, a cooling time is 15 s; 

d) VZhM4,loading regime 700÷1050°C, a heating time is 7 s, cooling time is 15 s; 
e) ZhS32, loading regime 200÷1100°С, a heating time is 25 s, a cooling time is 75 s; 
f) VIN3, loading regime 500÷1050°С, a heating time is 10 s, a cooling time is 16 s 

 
5. Conclusions 
The results of thermal and stress-strain state simulations for single-crystal corset specimens 
under cyclic electric heating show a good agreement with the experimental data for a wide 
range of temperature alteration and different single-crystal nickel based superalloys. Obtained 
results point out on the possibility of predicting thermal fatigue durability for single crystal by 
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means of thermo-electro-mechanical finite-element simulation with using of four-member 
deformational criterion of damage accumulation and microstructural models of inelastic 
deformation. 

A systematic numerical analysis of the delay effect at maximum temperature on thermal 
fatigue durability was carried out for various single-crystal superalloy samples in wide range 
temperatures. The simplified analytic approximation for durability curves are proposed on the 
base of results of multivariate computational experiments. 
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Abstract. To increase the reliability of single-crystal blade durability estimations a 
phenomenological model of single crystal superalloy plasticity based on the use of an 
“equivalent” direction and its software implementation has been developed. The relative 
orientation between principal stresses and single-crystal (SX) axes is considered by this 
direction. In order to study the effect of crystallographic orientation (CO) on the 
characteristics of a single-crystal material, a series of tests was carried out at various 
temperatures under tension under conditions of short-term and long-term loading. The 
possibility of using linear interpolation to determine the characteristics of plasticity and creep 
for intermediate CO has been confirmed. An example is given of using the developed 
calculation method in the Finite Element Analysis Software CalculiX using the model blade 
as an example.  
Keywords: single-crystal, crystallographic orientation, anisotropy, stress-strain state, 
plasticity, creep 

 
 

1. Introduction  
The production of new gas-turbine engines for aviation is largely determined by the 
development of new heat-resistant materials with enhanced strength characteristics. The 
engine thrust, characteristics of its efficiency and weight and dimensions primarily depend on 
the turbine inlet gas temperature. This requires an increase in the performance characteristics 
of the engine part materials, turbine blades in particular. 

Turbine blades are increasingly being made of single crystal nickel-based superalloys 
(SCNBS). These superalloys were developed to provide superior creep, stress rupture, melt 
resistance, and thermomechanical fatigue capabilities over polycrystalline alloys previously 
used in the production of turbine blades and vanes. 

To adequately define the stress-strain state (SSS) of blades, it is essential to perform 
strength calculations taking material anisotropy and the physical and geometrical non-linear 
effect into account. There are two main ways to obtain elastic-plastic SSS of single crystal (S) 
superalloys. Comparison of those ways can be found in [1]. 

The first one is a "crystallographic approach" based on Schmid's law according to which 
when the resolve shear stress on a slip system reaches a critical value, plastic strains 
occurs [2-9]. 

The second approach is based on the use of different phenomenological models. The 
best known theory for anisotropic materials is the Hill plasticity model that was proposed in 
1947 for orthotropic materials and implemented in well-known Finite Element 
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Analysis (FEA) Software (ANSYS, ABAQUS, MSC Nastran, etc). Hill's yield criterion, 
which can be considered a generalization of the von Mises criterion, relates yield strength in 
different directions to a reference yield stress. Creep response can also be described using the 
Hill model. A detailed description is given in [10-13]. 

There are no plasticity and creep models of SС material in the popular FEA software. 
The goal of this study was to develop one. Such models have to be physically-based and 
readily implementable, but also should not be expensive or time-consuming while obtaining 
the necessary experimental data. 

 
2. Methods 
This paper focused on the following topics:   

• Experimental investigation of alloy behavior.  
• Plasticity and creep model development and their program implementation.  
• Single Crystal blade calculation.  
Experimental Studies. In order to study the effect of CO on the characteristics of a 

SCNBS, a series of tests was carried out at various temperatures for a Russian alloy: tensile 
test under conditions of short-term and long-term loading. Additionally, torsion tests were 
conducted at room temperature. 

All experiments were carried out for four different COs: [001], [011], [111], [012]. It 
should be noted that samples with intermediate orientation [012] were tested to check the 
hypothesis of piecewise linear interpolation of properties, which will be described in more 
detail later. Fig. 1, 2 show a view of SCNBS specimens. 

 

 
Fig. 1. Specimens for tensile test 

 

     
Fig. 2. Specimen after torsion test 

   
Plasticity and Creep Models and Their Program Implementation. SX are 

characterized by a cubic symmetry of properties, i.e. the crystallographic lattice has three 
mutually orthogonal planes of symmetry (Fig. 3). One can distinguish three mutually 
perpendicular directions for which the properties are equal. There are three main families of 
Crystallographic directions that are vertices of a stereographic triangle: <001>, <011>, 
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<111> (Fig. 3). 
The suggested approach incorporates the cubic symmetry of SX using the generalized 

Hooke's law:  
{ } [ ]{ }Сσ ε=  or { } [ ]{ }Sε σ= , (1) 

where { }σ , { }ε  are tensors of stress and strains and [ ]С , [ ]S  are 4th order tensors of 
stiffness and compliance. 

The elastic properties of SCNBS exhibit cubic symmetry, also described as cubic 
syngony. The elastic properties of materials with cubic symmetry can be described with three 
independent constants of the elastic stiffness matrices, 11С , 12С , ..., 44С or the elastic 
compliances 11S , 12S , ..., 44S  (After transition from the tensor notation to the matrix one). 
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Fig. 3. Single Crystal Axes   Fig. 4. Stereographic triangle 

  
To determine the elastic modulus in an arbitrary crystallographic direction n



, the 
dependence is used: 

11 11 12 44

1
12
2

nE
S S S S L

=
 − − − 
 

, (2) 

where L characterizes the direction of 𝑛𝑛�⃗  with respect to the axes of the SX (Fig. 2) and is 

equal to zero in the directions <001> and reaches a maximum value of 1
3

 in the 

<111> direction. 
2 2 2 2 2 2

1 2 2 3 3 1L l l l l l l= + + , (3) 

where, ( )1 cosl n X= ∧


, ( )2 cosl n Y= ∧


, ( )3 cosl n Z= ∧


- direction cosines. This dependence 

can be shown as a glyph (Fig. 5). 
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Fig. 5. The glyph represented elastic anisotropy 

 
A yield surface is a map in stress space, in which an inner envelope is drawn to 

demarcate elastic regions from yielded regions. The yield criterion for polycrystalline material 
could be written as follows: 

( )e Yf Tσ σ= − , (4) 
where 𝜎𝜎𝑒𝑒 is the equivalent stress and 𝜎𝜎𝑌𝑌 represents the yield strength. A whole range of 
multiaxial yield criteria exist. The most commonly used criterion in engineering practice, 
particularly for FE computational analysis, is that of von Mises and Tresca. 

For anisotropic materials, the yield surface is much more complicated than for isotropic 
materials. It is necessary to consider the orientation of the stress state relative to the axes of 
SX and mechanical properties in different directions. This could be written as follows: 

( )1 2 3, , , , , , 0YF f σ σ σ σ α β γ= = , (5) 
where 𝛼𝛼, 𝛽𝛽, and 𝛾𝛾 are the angles characterizing the position of the principal stress axes 
relative to the main coordinate system. There are number of yield criterion of anisotropic 
bodies, but their distinctive feature is the complexity of the yield surface (i.e, a function of the 
equivalent stress). 

For the calculations of the elastic-plastic stress-strain state (SSS) by the finite element 
method for a single-crystal alloy, the authors proposed [1] a plasticity criterion: 

( ),e Yf Tσ σ γ= − , (6) 
where 𝛾𝛾 is the relative orientation between principal stresses and SX axes, T is the 
temperature, 𝜎𝜎𝑒𝑒 is equivalent stresses. Stresses by von Mises, Tresca, and unifying them, the 
Hosford, could be considered  as equivalent. 

The value of the orientation factor L (3) of the equivalent direction T


 (Fig. 6), 
determined by (7), is taken in the present study as parameter γ . 

1 1 2 2 3 3T e e eσ σ σ= + +
   

. (7) 
Using this value, the yield strength, as well as other mechanical properties (ultimate 

tensile strength, elongation) defining the deformation curve for the given SSS and temperature 
(Fig. 7), is calculated for temperature T. The use of piecewise linear dependence is suggested 
in this study. Elastic modulus is calculated by (2). After determination of the specified 
parameters, a deformation curve is constructed. It should be noted that tangent modulus is the 
function of yield strength, ultimate tensile strength, elongation and therefore depends on L. 

Many studies have been done on tension/compression asymmetry in the mechanical 
characteristics of SCNBS [7,14], where authors have shown that this difference can be 
significant. The suggested approach assigns a sign to equivalent stresses by the sign of mean 
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normal stress:  
( )1 2 3

3m

σ σ σ
σ

+ +
= . (8) 

 
Fig. 6. Equivalent direction 

 

 
Fig. 7. Yield strength dependence on L 

   
In order to consider tension/compression asymmetry, the suggested approach allows us 

to input asymmetry coefficient as a function of temperature and crystallographic direction. It 

is an experimentally determined ratio 
tens
Y

ac compr
Y

k s
s

= . 

Developed approach allows us to consider the effects of variations of the relative 
orientation between crystal axes and blades axes on SSS. This approach can be easily reduced 
to the level of isotropic materials. The computational procedure of SX turbine blade SSS 
determination using the proposed approach consists of the following steps: 

• mechanical FEA produces trial stresses and strains;  
• the routine computes the equivalent direction T



 (7) and its orientation factor L (3) in 
every integration point of FEM;  

• by the value of L, the routine computes material properties defining the deformation 
curve (yield and ultimate strength, elongation) at every integration point of FEM with its 
temperature;  

• the routine computes the sign of mean normal stress (8);  
• in case of a negative value of mean normal stress, the routine adjusts the values of the 

yield strength (in the case of available data on the characteristics of asymmetry);  
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• the routine checks the yield criterion (6) for every integration point of FEM;  
• the routine constructs the deformation curve ( )fσ ε=  for integration points where  

e Yσ σ≥ ;  
• the routine determines the elastic-plastic SSS. 
Results of experimental and numerical checking of this approach shown good 

feasibility [16]. 
Developed creep subroutine deals with the anisotropy in similar way. By linear 

interpolation between values for the main CO (<001>, <011>, <111>) routine constructs 
creep curve for temperature, stress, accumulated state variable, and relative orientation 
between crystal and blade axes. 

Construction of creep curves is carried out using Larson-Miller curves at every 
integration point with the temperature T and stress eσ . 

( )10logLMP T t C= + , (9) 
where C – material constant, usually 20; t – life, hr. 

For isotropic materials, results of this model were compared with experimentally 
obtained results of High Pressure Turbine (HPT) blade damage and deformation. It was 
shown that numerical predictions were correct [15]. 

A feature of this material model is the need to identify the starting point on the creep 
curve for the calculation of creep. Such an identifier is the accumulated equivalent plastic 
strain at the stage of elastoplastic calculation. That is, plastic and creep strain are related 
quantities. 

The proposed plasticity and creep models were implemented in the open-source FEA 
software CalculiX. Modifications were made to the program modules responsible for the 
physical nonlinearity of the material [16]. 

Single Crystal blade calculation. The calculations of SSS and static strength on the 
design mode of the HPT SX model blade with and without anisotropy were carried out for the 
comparison of strength characteristics. All strength calculations were carried out by three-
dimensional finite element method. Operation time on design mode is 100 hours. 

Figure 8 shows FEM of the model blade. Figure 9 shows temperature distribution along 
blade. 

The strength calculations of the blade were carried out step by step: at the first stage, the 
SSS was determined in the elastic-plastic formulation considering the anisotropy of the elastic 
and plasticity characteristics; at the second, the problem of determining the kinetics of the 
SSS due to creep (stress relaxation) was solved. 

The blade was fixed on the contact edges of the shank. The safety factor value of long-
term static strength (𝐾𝐾𝑚𝑚) can be determined by the equation: 

( ), ,r
m t

eqv

T t T
K

σ

σ
=



, (10) 

where rσ  – creep strength, determined for a given temperature, duration and equivalent 
direction; t

eqvσ – equivalent in time stress. This stress leads to the same damage as constantly 
changing due to creep stress. 

One of the issue when equation (10) is used is to take into account equivalent direction 
changing due to creep. Below we will compare results for two variants of calculation of safety 
factor with and without consideration of the changes in L. Average integral is being used for 
such purpose.  

It should be noted that Km is connected to the lifetime safety factor according to 
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formula ( )m
t mK K= , where m – is the parameter characterizing the slope of the long-term 

static strength curve. 
 

  
 Fig. 8. FE Model Fig. 9. Temperature distribution, °C 

 
3. Results 

Experimental Studies. Torsion and tension experiments of smooth cylindrical 
specimens of various COs ([001], [011], [111], [012]) were carried out. The deformation 
curves are presented in Figs. 10, 11. There is a strong anisotropy of the properties of both 
tensile and torsion during the transition from one CO to another (Table 1). 

    
 Fig. 10. Deformation Curve at 20ºC Fig. 11. Deformation Curve at 1000ºC 

   
Table 1. Experimental results 

CO E, GPa G,GPa 
[001] 130 77 
[011] 236 41 
[111] 325 42 
[012] 246 53 

 
Creep strength anisotropy was experimentally investigated for the same SCNBS in this 

study. The investigation was carried out in a wide range of stresses and temperatures. As 
expected, creep characteristics are highly dependent on CO. Figure 12 shows some of the 
results of creep tests. Figure 13 shows Larson-Miller curves. 
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 Fig. 12. Creep Curves at T=950ºC, Fig. 13. Larson-Miller curves 
 𝜎𝜎=314 MPa  

 
Analysis of the results showed that CO [011] is the least favorable in terms of strength 

characteristics. 
Proposed models based on the hypothesis of the possibility of using piecewise linear 

interpolation of properties in stereographic triangle using orientation factor L. The validity of 
the accepted hypothesis was tested. Figures 14, 15 show the dependence of yield and unlimate 
strengths on the orientation factor (3), where the values are 0.0, 0.16, 0.25, 0.33, 
corresponding to the [001], [012], [011], [111] orientations, respectively. 

It is shown that the data for the yield strength and ultimate stress for the intermediate 
orientation [012] (L = 0.16) are in satisfactory agreement with the hypothesis of linear 
interpolation of properties between the main CO ([001], [011], [111]), nevertheless it is 
recommended to obtain material properties in intermediate COs. 

  
 Fig. 14. The value of yield strength Fig. 15. The value of yield strength  

 dependence on L for 20ºC dependence on L for 1000ºC 
 
Finite Element Analyses of Turbine Blade. Figures 16, 17 show distribution on the 

isotropic blade von Mises stress and the local safety factor. "Dangerous" zones with low 
values of safety factor values are marked by numbers 1,2. First zone is the zone with maximal 
temperature, second zone is the zone with minimal safety factor value. 

After the calculations, the processing of their results was carried out and the magnitudes 
of changes in the values of stresses and safety factors were found in case of taking into 
account anisotropy. To do this, we used the following relationship. 

_ _

_

iso t aniso t
t eqv eqv
eqv iso t

eqv

ss
s

s
−

∆ = , (11) 
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iso aniso
m m

m iso
m

K KK
K
−

∆ = . (12) 

A negative value means a decrease in magnitude in case of anisotropy consideration. 
Figures 18, 19 show distribution on the blade differences of the results. Table 1 shows 

results for two calculation with and without anisotropy consideration in "dangerous" zones, 
where 0σ  – von Mises stress at the end of elastoplastic strain; endσ  – von Mises stress after 
100 hr of working on regime; t

eqvσ – equivalent in time von Mises stress. 

  
 Fig. 16. Distribution of 0σ , MPa Fig. 17. Distribution of mK  

  
Fig. 18. Distribution of 

t
eqvσ∆ ,% Fig. 19. Distribution of mK∆ , %  

 
Analysis of the results showed that when anisotropy is taken into account, the values of 

the estimated safety margins decreases by 20-30%. That means underestimation of the 
estimated life by 300-400%. It is also worth noting that the change in safety factor values is 
more significant than the change in stress values. 
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Table 2. Calculation results 
Model Zone, #  T, ºC L 0σ , MPa endσ , MPa t

eqvσ , MPa rσ , MPa mK  ∆ , % 

Iso 
1 1032 

0.20 163 63 96 255 2.65 - 
Aniso 0.19 178 71 104 288 2.76 4 
Aniso* 0.10 256 2.46 -7 

Iso 
2 722 

0.19 584 567 569 992 1.74 - 
Aniso 0.20 697 628 641 813 1.27 -27 
Aniso* 0.20 814 1.27 -27 

*equivalent direction changing due to creep consideration 
 
Figures 20, 21 show relaxation curve for zone #1, 2. 

 

  
 Fig. 20. Relaxation curve (zone #1) Fig. 21. Relaxation curve (zone #2)  

 
4. Discussion 
The analysis of the results showed that blade needs to be considered anisotropic. Figure 20 
shows histogram of mK∆ . For the considered blade under the given conditions and loads, it 
was shown that ignoring the anisotropy can lead to an underestimation of the estimated 
durability by 300-400%. 
 

 
Fig. 22. Histogram of mK∆ , % 

 
It should be noted that this blade is characterized by a relatively simple cooling system 
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and a relatively simple stress state. When considering blades with a more complex cooling 
system, the difference in results may be even more significant. The direction of further 
research is the development of a method for assessing the cyclic durability of single-crystal 
turbine blades. 

 
5. Conclusions 
Based on the research results, the importance of taking into account the anisotropy of 
characteristics and the complex stress state when calculating the static strength of SX turbine 
blades is shown. To consider this a phenomenological model based on equivalent direction of 
stress state is proposed. Changing of equivalent direction due to creep should be considered.   

In addition, necessity of obtaining characteristics in intermediate CO's is shown.  
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Abstract. Tungsten trioxide (WO3) has excellent mechanical properties, making them to be 
applied in various applications. However, researches on the mechanical properties of WO3 in 
the micrometer scale are limited. Here, the purpose of this study was to demonstrate 
nanoindentation technique in an attempt to study the micro-mechanical characteristics of 
monoclinic WO3 microparticles that were previously synthesized using a direct heat treatment 
of ammonium tungstate pentahydrate powder at a temperature of 800°C. The experiment 
comprises a measurement by load controlled nanoindentation test on the particle sample to 
obtain force and displacement relationship. The results exhibited variability on the force-
displacement curves for similar applied load. This could be due to the micro-mechanical 
effects generated by the existence of inclusions, precipitates, and oxides inside the micron 
WO3 particles. The present study demonstrates the importance of understanding the micro-
mechanical characteristics of WO3 for clarifying the inhomogeneity effects on its macro-
mechanical properties. 
Keywords: tungsten trioxide, micro-mechanical characteristics, nanoindentation, porous 
material 

 
 

1. Introduction  
Recently, tungsten trioxide (WO3) has been grown for being used in a variety of engineering 
applications due to its excellent performance (i.e., high mechanical strength, relatively 
harmlessness, active under visible light with good photostability, chemical and thermal stable, 
as well as chemical and biological inertness) [1,2]. Therefore, no question argues that WO3 is 
still attractive to date, and numerous of the applications rely on its behaviors[3]. 

Materials Physics and Mechanics 42 (2019) 323-329 Received: December 25, 2018

http://dx.doi.org/10.18720/MPM.4232019_7 
© 2019, Peter the Great St. Petersburg Polytechnic University 
© 2019, Institute of Problems of Mechanical Engineering RAS 



Despite the quality improvement of WO3 over the years, this challenging material still 
suffers from the understanding information regarding mechanical properties of WO3 particles. 
Although several reports regarding the mechanical properties of WO3 have been  
published [4-7], they are limited to the specific size, specifically in the bulk or nanometer 
size. Further, there is almost no report on the analysis of mechanical properties of WO3 in the 
micrometer scale. 

Reports on the mechanical properties of WO3 in the micron scale are still interesting 
since mostly WO3 are applied in this size range. In fact, this micron-scaled mechanical 
properties data is vital, in which this dimension may reach larger impacts when the material is 
restructured into bulk or even smaller scale[8]. Further, micron scale WO3 is typically 
disregarded, while it has been largely used since it has possessed excellent properties in 
applications that are different from bulk and nanometer sizes[1,2]. Thus, understanding the 
mechanical properties of WO3 in the micron scale is inevitable. 

Based on our previous studies regarding the synthesis of WO3 particles [1,2,9-15] and 
analysis of mechanical strength of various structures [16-19], the purpose of this study was to 
demonstrate a nanoindentation technique in an attempt to study the micro-mechanical 
characteristics of WO3 particles. The experiment comprises a systematic measurement of load 
controlled nanoindentation technique to obtain force and displacement relationship. 
Nanoindentation, or ultra-low load indentation, is used as one of the standard techniques over 
the last decade. This technique has been utilized for probing the mechanical properties of 
materials even at very small scales [20]. One of the great benefits of the technique is the 
ability in determining mechanical properties only by analyzing the indentation load-
displacement data alone.  

 
2. Materials and Methods  

Specimen. This study used WO3 microparticles as a specimen, which were produced 
using the similar method reported in literature [1,2,13]. In short, the particles were prepared 
by heating 2 grams of ammonium tungstate pentahydrate (ATP; >99%; Kanto Chemical Co., 
Inc., Japan). The heating process was done using a commercial electrical furnace under a 
fixed condition (a heating rate of 50 °C/min and a holding time at 800°C for 30 min) in the 
atmospheric condition. To gain WO3 with a monoclinic phase, the heating process was 
subsequently followed by a cooling process to room temperature (a cooling rate  
of 50°C/min).  

In addition, in order to obtain the properties of the specimen, physical observation was 
performed using a Scanning Electron Microscope (SEM; SEM, JSM-6360LA; JEOL Ltd., 
Japan) and a Transmission Electron Microscope (TEM, JEOL JEM-1400, JEOL Ltd., Japan). 
Then, the resulted images were applied into Feret analysis to obtain the particle outer 
diameter and morphology. In order to analyze the chemical composition and the crystal 
structure of the specimen, a Fourier Transform Infrared Spectroscopy (FTIR; FTIR-4600, 
Jasco Corp., Japan) and a powder X-ray diffraction (XRD; XRD; PANalytical X’Pert PRO; 
Philips Corp., The Netherland) were utilized, respectively.  

Nanoindentation Technique. In order to evaluate the elastic modulus and micro-
hardness, the WO3 specimen was tested by a nanoindentation test technique (TriboScope®, 
Hysitron, US) based on Oliver and Pharr Method[21]. The nanoindentation test equipment 
was completed with portable add-on equipment to scanning probe microscope (SPM,  
SPM-9500J3, Shimadzu Corp., Japan). It uses a capacitive force/displacement transducer that 
generates the loading force and measures both force and displacement data.  

Before mounting the specimen to the SPM plate, the specimens were diluted into the 
methanol and spread out into the specimen holder. Force penetrations were located on 
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several arbitrary particle surfaces in order to get technically statistical data. Prior to every 
test, calibration is conducted using an air indent method. 

In order to obtain the force and displacement relationship, the indenter was first loaded 
to the peak load by certain time both set up by the user and then unloaded according to the 
defined profile. Loading rate for all testing was kept constant at 2 μN/s.  Force control-type 
input was employed. The max load for each specimen was determined based on the 
preliminary tests which show the most suitable force and displacement curve. Each 
maximum load measurement was done at least 6 times at different locations. In addition, as a 
standard analysis, aluminum bulk plate was used. Using the same procedure, we also 
examined the mechanical properties of ATP particles. 

 
3. Results and Discussion  
Figure 1 shows the physicochemical properties of WO3 used as the specimen in this study. 
The physical appearance of the specimen is a yellowish green powder (Fig. 1(a)), which is 
different from its originated ATP (white powder) [13]. The SEM image in Fig. 1(b) confirmed 
that the prepared particles were in the micrometer range with mean sizes of about 60 μm. The 
high-magnified SEM image (Fig. 1(c)) confirmed the rough surface, indicating the aggregated 
of crystal structure inside the particles. To verify the aggregate structure, Fig. 1(d) presents 
the TEM image of the particles. The TEM image identified that the particles are relatively 
dense (no porous structure). 

The FTIR analysis in Fig. 1(e) showed that the particles were tungsten-related materials, 
in which this was detected by the appearance of peaks at wavenumber of less than 1000 cm-1 

[13]. The XRD analysis in Fig. 1(f) also verified the structure of monoclinic-type WO3 
material, based on the joint committee for the powder diffraction system (JCPDS)  
no. 72–1465[2]. 

 

 
Fig. 1. (a) the photograph image, (b) the low-magnified SEM image, (c) the high-magnified 
SEM image, (d) the TEM image, (e) FTIR analysis, and (f) XRD results of WO3 specimen 
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The typical nanoindentation test results of the WO3 microparticles are shown in Fig. 2. 
As a comparison, we also analyzed the initial ATP particles. The results showed force-
displacement curve for nanoindentation of WO3 particles on 6 different locations with 
constant controlled maximum load (i.e., 200 μN) and loading rate. The final displacement 
after unloading for one and other data varies as far as more than 2000 nm. This is still less 
than 10% of the average particle diameter. Moreover, the loading slope of one and other 
curves has some discrepancies. This result implies that WO3 particles have the inhomogeneity 
characteristics. This could be due to inclusions, precipitates, or oxides that present on the 
specimen at micro-scale (see Fig. 1(c)). However, in overall, all force-displacement curves 
showed similar tendency.  

 

 
Fig. 2. Typical force-displacement curves of ATP and WO3 microparticles obtained from 

nanoindentation tests 
 
By Oliver and Pharr method[21], analysis on the elastic modulus and micro-hardness 

of ATP and WO3 particles were conducted. Figure 3 shows the measurement results. Here, 
the measured elastic modulus is the effective value which still contains some effects from 
the substrate as well as the indenter (Berkovich indenter). Because in this study the same 
substrate and indenter were used for every test, therefore, the measured value can be 
compared to evaluate the mechanical properties’ tendency. However, if the true value is 
required, we need to extract the effect of substrate and indenter from the measured value.  

Based on the measurement results, it is obvious that WO3 particles (produced after 
heating ATP at 800°C) shows a significant increase in the values of elastic modulus and 
micro-hardness by 10 and 40 times, respectively. This indicates the measurement was able to 
show the different mechanical properties from each specimen. As a validation, the same test 
was also done on Aluminum bulk specimen with maximum load of 1000 µN. The result 
demonstrated good accuracy for analyzing the values of elastic modulus and micro-hardness 
of WO3 materials as also reported in the literatures [6].  

The above mechanical properties data revealed that the micrometer-sized WO3 
particles have excellent mechanical properties. The mechanical properties in elastic modulus 
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and micro hardness increased compared to the initial ATP raw material. We believe that this 
data can inform that the use of micrometer-sized WO3 particles is potentially used for 
various processes involving extreme conditions such as high pressure reaction.  

 

 
Fig. 3. Increases in Elastic Modulus and Hardness values of ATP and WO3 microparticles 

 
4. Conclusion 
Micromechanical characteristics of WO3 micron particles have been investigated using a 
nanoindentation test technique from which the elastic modulus and micro-hardness values 
were evaluated and compared with ATP particles. Although in overall the measured force-
displacement curve showed similar tendency, we found an important phenomenon that 
revealed the inhomogeneity characteristics of WO3 particles as indicated by the variety of 
force-displacement curve. This could be caused by the micro-scale characteristics of the 
specimen due to the existence of inclusions, precipitates, and oxidizes generated during the 
synthesis of WO3. The results also confirmed that the elastic modulus and hardness values of 
WO3 are in a good agreement with literature, demonstrating that the present results gives 
additional information for further studies in mechanical properties of WO3 material. 
Furthermore, it was also revealed that the WO3 micron particles have significantly higher 
values of elastic modulus and hardness compared with that of ATP particles.  
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Abstract. The high-speed process of tectonic faults formation in zones of seismic activity of 
the Earth's crust is analyzed in a plane strain state based on the model of elastic blocks 
interacting through a domino-structure under conditions of strong hydrostatic compression. 
Numerical simulation of the dynamics of emerging fan-shaped waves is performed by means 
of the developed computational algorithm and computer program for multiprocessor 
supercomputers of cluster architecture. 
Keywords: shear rupture, extremely high speed, Tarasov's fan-shaped mechanism, edge 
dislocation, dynamics, elasticity, high-performance computations 
 
 
1. Introduction 
Along with slowly growing cracks, in hard rocks at great depths shear ruptures are observed, 
which grow with an abnormally high speed, comparable to or even exceeding the velocity of 
transverse waves. This phenomenon is widely discussed in contemporary seismology and is 
the subject of a number of theoretical and experimental studies [1-5]. To explain a high-speed 
motion of shear ruptures, Professor B.G. Tarasov from the University of Western Australia 
proposed an original mechanism [6]. According to his ideas, at the rupture tip a fan-shaped 
structure, consisting of domino-slabs, is formed. These slabs rotate when relatively low 
tangential stresses appear in the surrounding rock mass and, what is most important, preserve 
their integrity during rotation. Schematically, the process of formation and propagation of 
a fan-structure is shown in Fig. 1. The slabs exfoliate from the hard rock because of the high 
confining pressure, tending to change the direction of propagation of the main crack. At the 
same time, an abnormally low friction is created at the rupture head due to the weak 
resistance to separation of the domino-slabs, continuously supplementing the fan-shaped 
system, and the fan moves like a wave extremely fast. 

To illustrate the fan-shaped mechanism, Tarasov created a laboratory model simulating 
the motion of a fan in a system of elastically bonded slabs on a flat surface [6]. Corresponding 
mathematical model was developed, the analysis of which with using numerical and 
analytical methods makes possible to describe main qualitative features of the phenomenon 
under consideration [7,8]. On the basis of the mathematical model, the dependence of fan 
speed on the resistance of separation was studied, the influence of viscous and dry friction 
was analyzed, the multiplicative power interaction of the slabs in a fan-shaped system was 
shown, which contribute to the fast motion of the fan. 

The static problem of the equilibrium of two infinite elastic blocks interacting through a 
thin interlayer (a fan-structure) in the plane formulation was studied in [9]. As a result, the 
fields of stresses and displacements were obtained in the blocks in the vicinity of a formed 
fan, which play the role of initial data under solution of dynamic problem. 
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Fig. 1. The scheme of formation of a fan domino-structure 

 
In the present paper, the process of starting and subsequent motion of a fan-shaped 

system between two elastic blocks is analyzed on the basis of dynamic equations of a plane 
strain state by use of supercomputers of cluster architecture. 
 
2. Mathematical model 
Analysis of the static solution shows that a fan-structure, formed under the action of natural or 
technogenic processes, with the slabs height of 0.1 m significantly changes the hydrostatic 
stress state in the surrounding rock. These changes extend over a distance of the order of the 
fan's length, which is tens of meters, in the direction of the rupture and over a distance of  
5 – 10 m in the normal direction. For direct numerical simulation of the dynamic processes 
taking place, the dimensions of each of two interacting blocks must be at least 5 m ⋅ 50 m, and 
the step of squared difference grid must be approximately 0.01 m, which is ten times smaller 
than the height of slabs. Thus, we obtain a computationally complex problem that requires 
resources of RAM and runtime that are characteristic for a supercomputer of average 
performance of a cluster or hybrid architecture. For solution of this problem, the technology 
of parallelization on the basis of decomposition of computational domain is applied. Blocks 
interacting through a fan are uniformly distributed between the cluster nodes, and necessary 
data exchange over the boundaries takes place. We use previously developed author's 
program code [10] for the analysis of dynamic processes in a multi-blocky medium with thin 
interlayers. 

Equations of a blocky medium. The plane strain state of blocks (rectangles with sides 
parallel to the axes of a Cartesian coordinate system) is described by the system of equations 
of a homogeneous isotropic elastic medium: 

2
1 11,1 12,2 2 12,1 22,2 12 2 2,1 1,2

2 2 2 2
11 1 1,1 2,2 2 2,2 22 1 1,1 2,2 2 1,1

, , ( ),

( ) 2 , ( ) 2 .

v v c v v

c v v c v c v v c v

ρ σ σ ρ σ σ σ ρ

σ ρ ρ σ ρ ρ

= + = + = +

= + − = + −

  

 

 (1) 

Here ρ  is the density, 1c  and 2c  are the velocities of longitudinal and transverse elastic 
waves, respectively. The dot over a symbol denotes partial derivative with respect to time and 
the indices after a comma denote partial derivatives with respect to spatial variables. The 
conventional notations of tensor analysis are used. Internal boundary conditions at the 
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interblock artificial boundaries between computational nodes are the conditions of continuity 
of the velocity vector v and the stress vector ⌠ on respective areas. 

For obtaining numerical solution of the system (1) with given initial data and boundary 
conditions, a parallel computational algorithm was developed, in which a two-cyclic splitting 
method with respect to spatial variables is realized [11]. Systems of 1D equations in blocks 
are solved on the basis of implicit finite-difference scheme constructed in [12]. The algorithm 
proposed in this paper makes it possible to perform computations with large time steps, 
exceeding the maximum permissible value of the step according to the Courant–Friedrichs–
Lewy condition for explicit schemes by many times. It can be applied both in the simplest 
case of the contact interaction between blocks of the type of continuity condition, and in the 
case of nonlinear internal boundary conditions of a sufficiently general form. 

Modeling of a fan. When modeling the dynamics of a fan-shaped system, one of the 
horizontal interlayers in a blocky massif is assumed to be a tectonic fault – an extended 
rectilinear zone of small thickness with a fan-structure. A separate fragment of such structure, 
in accordance with the Tarasov model, can be considered as an absolutely rigid slab with the 
height a of a unit cross section. Position of the slab relative to horizontal axis at the initial 
time moment is given by the angle 0ϕ . Formation and further propagation of the fan is 
accompanied by rotation of the slab with a change of angle from 0ϕ  to 1 0ϕ π ϕ= − . 

 
(a) 

 
         (b)        (c) 
 

Fig. 2. Coordinate systems in the blocks (a),  
scheme of loading for a slab (b), and kinematic scheme (c) 

 
Under formulation of boundary conditions in the fan zone, the coordinate systems in 

blocks, shown in Fig. 2 a, are identified. The loading scheme for the slab oriented at the angle 
ϕ  ( 0 1ϕ ϕ ϕ≤ ≤ ) is represented in Fig. 2 b. It includes the normal and tangential stresses acting 
from the side of upper and lower adjacent blocks, and the rotational moment due to the 
contact interaction with neighboring slabs. Under the assumption of the smallness of inertial 
forces and moments, the equilibrium conditions are valid: 
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11 11 11 12 12 12 11 12, , cos sin 0,M a asssssss       ϕ s ϕ+ − + −= ≡ = ≡ + + =  (2) 
where superscripts "±" are related to the boundaries of interacting blocks. In accordance with 
the kinematic scheme in Fig. 2 c, the following equations are satisfied: 

1 1 2 2cos , sin .v v a v v aϕ ϕ ϕ ϕ+ − + −− = − =   (3) 
Contact interaction of fragments is described by the variational inequality: 

( )( ) 0 10, .M ηϕ ϕ ϕ ϕ ϕ ϕ+ − ≥ ≤ ≤    (4) 
Here ϕ  is an arbitrary admissible variation of the angle, η is the coefficient of viscous 

friction. If 0ϕ ϕ= , then from the variational inequality it follows that the moment M is 
nonnegative, and if 1ϕ ϕ= , then it is nonpositive. If 0 1ϕ ϕ ϕ< < , then, because of the 
arbitrariness of variation, it follows from (4) that M is equal to the moment of viscous friction 
forces. This corresponds exactly to the loading scheme. 

The algorithm of numerical realization of the conditions for interaction of blocks 
through a fan interlayer, based on the relationships (2) – (4), was implemented by means of 
the equations for predictor step obtained in [12]. These equations are approximations of the 
equations on characteristics for 1D systems in adjacent cells of the neighboring blocks. 
According to them 

1 1 11 2 2 12 1 1 11 2 2 12, , , ,z v P z v S z v P z v Sσ σ σ σ+ + + + + + + + − − − − − − − −+ = + = − = − =  (5) 
where 1z

±  and 2z±  are the difference analogues for the acoustic impedances of longitudinal and 
transverse waves, P±  and S ±  are the analogues of Riemann invariants corresponding to these 
waves. 

After simple transformations, the inequality (4) takes the following form: 
( ) 0 1( ) ( ) 0, ,A Bη ϕ ϕ ϕ ϕ ϕ ϕ+ − − ≥ ≤ ≤  

 
2 2 2 2

1 2cos sinA z a z aϕ ϕ= + ,   ( ) cos ( ) sinB P P a S S aϕ ϕ+ − + −= − + − ,   1 1 1 .k k kz z z+ −= +  
Approximation of the derivative by time leads to the discrete variational inequality: 

ˆ ˆ( )( ) 0ϕ ϕ ϕ ϕ− − ≥

, ( )t B Aϕ ϕ η= + ∆ + , 
the solution of which ϕ̂  ( 0 1ˆϕ ϕ ϕ≤ ≤ ), related to a new time layer, is defined as the projection 
ϕ  onto constraints: 0ϕ̂ ϕ=  if 0ϕ ϕ< , or ϕ̂ ϕ=  if 0 1ϕ ϕ ϕ≤ ≤ , or 1ϕ̂ ϕ=  if 1ϕ ϕ< . Further, 
the angular velocity is calculated by the formula ˆ( ) tϕ ϕ ϕ= − ∆ , and using equations (2), (3), 
(5) the velocities and stresses at the interlayer boundaries are found. These values are 
necessary for the subsequent realization of the algorithm for calculating velocities and stresses 
in adjacent blocks. 

 
3. Results of computations 
By means of the described algorithm the computations of fan-shaped waves in an interlayer 
between two homogeneous blocks of hard rock were performed. It was assumed that at the 
initial time moment these blocks are in equilibrium under the action of confining pressure 

11 22 pσ σ= = −  and static stresses, which are formed around the fan. Motion occurs due to the 
additional tangential stress 12σ τ= , increasing monotonically with time or being applied 
abruptly. 

In the initial state the fan was set near the left boundary. To trace its motion over a long 
distance, the length of both blocks was taken as 80 m, and the step of a grid – as 0.01 m. 
Computations were performed on 80 nodes of the MVS–1000 supercomputer of the Institute 
of Computational Modeling SB RAS. The size of computational domain for each node of 
a cluster was 10 m × 1 m. The acting pressure p = 250 MPa and the maximum value of 
tangential stress τ = 100 MPa were chosen based on the model representations about 
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geological processes occurring at the depth about 10 km [6]. Elasticity parameters of the 
blocks: ρ = 2700 kg/m3, 1c = 6000 and 2c = 3300 m/s. 

Starting of a fan-shaped system. The motion of a fan system is counteracted by 
frictional forces and, first of all, by the force of resistance to separation of slabs in the head of 
the fan. Therefore, the fan starts not immediately, but only when a certain limit of tangential 
stress τ∗  is reached in the blocks. In order to characterize the dependence of a limit stress on 
friction forces, the computations of the problem, in which all domino-slabs are forcibly held 
in a fixed state, were made. Calculated velocities in this case must be zero, and the stress 
fields should not depend on time. The obtained results fully satisfy this criterion. Figure 3 a 
shows the level surfaces of tangential stress around the forcibly held fan, which are consistent 
with the results of [9]. 

(a)  

(b)  
 

Fig. 3. Fixed fan: Level curves of tangential stress (a), distribution of the angle  
of rotation of slabs and distribution of the moment of restraining forces (b) 

 
In Fig. 3 b the distributions of the angle of rotation of slabs along the fan-system and the 

moment of restraining forces are represented. An approximate computation of the integral 

2 2
0

1 ( ) ( ),
2

l

A M x d xϕ= ∫  

where l is the length of blocks, by the formula of rectangles allows to estimate the specific 
work of restraining forces, when a fan moves per unit distance. If τ∗ = 100 MPa, then 
A = 7.66 MJ/m2. Because of the linearity of the problem with a fixed fan, the restraining 
forces are linearly dependent on the value of τ∗ . Therefore, the work corresponding to other 
values of the limit stress can be obtained by simple recalculation. 

Figure 4 shows similar results for another variant of the problem, in which only the 
most right slab in the head of the fan is held. In this case a dynamic process develops, the fan 
contracts, trying to tear off the fixed slab, which leads to a steady-state redistribution of 
stresses in the blocks after some time. 
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Fan wave motion. When modeling a moving fan, viscous friction with a coefficient 
η = 1 MPa·m·s, stabilizing computational results, and resistance to separation of the head 
slab, equivalent to the moment of separation M∗  = 0.75 MPa·m, are introduced into the 
model. The value of moment is lower than the limit value, which can be determined from the 
graph in Fig. 4 b, therefore, the fan starts and moves. 

In the considered variant of the problem, the tangential stress increases monotonically 
with time according to the equation 2

0sin t ttt  π∗=  within the loading time 0t , and after the 
end of this time the stress becomes constant. Boundary conditions of the problem are set in 
terms of the velocities for the state of simple shear, corresponding to the tangential stress 
reached at the given time moment. 

(a)  

(b)  
Fig. 4. Stopped fan: Level curves of tangential stress (a), distribution of the angle  

of rotation of slabs and distribution of the moment of restraining forces (b) 
 

Figure 5 shows the diagrams of the angle of rotation of slabs in a fan-system 
successively through 0.02 s after the start, and the diagrams of the rotational moment for the 
loading time 0.1 s. From this figure, it can be seen that the motion of the fan is essentially 
nonuniform. 

 
Fig. 5. Distribution of the angle of rotation of slabs and distribution of the rotational moment 

in a moving fan-system 
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Level surfaces of tangential stress for the moving fan at different time moments are 
represented in Fig. 6. 

(a)  

(b)  

(c)  

(d)  
Fig. 6. Level curves of tangential stress in the process of fan motion 

 
As computations have shown, the fan speed depends weakly on the loading time. The 

maximum speed is 2770 m/s at 0t = 0.1 s and the maximum speed is 2890 m/s at 0t = 0.05 s, 
both below the velocity of transverse elastic waves. For three values of the loading time  

0t = 0.05, 0.075 and 0.1 s the dependences of the fan speed on time are represented in Fig. 7 a. 
In Fig. 7 b similar dependences are given for three values of the additional tangential stress  
τ = 100, 150 and 200 MPa. Analysis shows that the speed of a fan depends essentially on the 
value of tangential stress, and that at τ = 200 MPa it exceeds the velocity of transverse waves, 
which level corresponds to the dashed line. 

Note that the decrease in the fan speed after reaching the maximum value is due to the 
specifics of the boundary conditions on the right-hand border of the solution domain. In all 
variants of computations, the velocities of particles of a medium at this border after the time 
of loading are assumed to be zero, which leads to the effect of locking of the fan. It stops and 
moves in the opposite direction until the moment of a similar reflection from the left-hand 
border. The question of how to formulate the conditions for an unhindered passing of a fan 
across the border of computational domain remains open. 

Computations were carried out with a variable step of the finite-difference scheme by 
time variable. At the beginning, the time step parameter was greater than the characteristic 
value of Courant–Friedrichs–Lewy 1t x c∆ = ∆  by 25 times. With time, it was decreased, 
practically, to this characteristic value, in order to avoid the appearance of unphysical effects 
in the fan structure. 
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(a)  

(b)  
Fig. 7. Dependence of the fan velocity on the loading time (a) 

and on the additional tangential stress (b) 
 

Average speed of the fan system at a given time was calculated by the estimated 
formula: 

2 2
1 0 0

1 ( ) ,
l

V x dxϕ
ϕ ϕ

=
− ∫   (6) 

which follows from the equation of a traveling wave: 2( )x V tϕ ϕ= − . Simple transformations 
of this equation give: 
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ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ= − = − = − = −∫ ∫    

Formula (6) takes into account that the angular velocity of domino-slabs is equal to zero 
outside the zone of the fan. 

The range of loading times, investigated during the computations, corresponds to the 
passage through the fan system of low-frequency transverse waves with a frequency of  
10 – 20 Hz and a wavelength in the range of 150 – 300 m. To study a more interesting case of 
quasistatic loading with extremely long waves of the order of several kilometers, a much 
more extensive domain of solution of the problem must be considered. This is possible only 
using a more powerful supercomputer with 1000 or more computational nodes. Current 
computations were fulfilled on the cluster MVS–1000 of average performance of the Institute 
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of Computational Modeling SB RAS and on a small cluster of the Siberian Federal University 
having about a hundred computational nodes. 
 
4. Conclusions 
A computational technology is developed including the mathematical model, numerical 
algorithm and computer program for multiprocessor supercomputers, which allows further 
study of the Tarasov's fan-shaped mechanism, describing the high-speed process of tectonic 
fracture propagation in zones of seismic activity of the Earth's crust. Based on this 
technology, numerical experiments simulating the fan motion excited by elastic shear waves 
of low frequency, of the order of tens Hertz, in the surrounding rock were performed. 
Obtained results characterize the fan-system as an exceptionally mobile physically unstable 
structure. It was shown that in the case of intensive loading the fan speed can exceed the 
velocity of elastic transverse waves. To analyze the motion of a fan over long distances, of the 
order of a kilometer, under the action of a static system of tangential stresses, it is necessary 
to go over to the stationary model of a running fan. Using the considered here dynamic model 
to solve such problem with the time of loading of the order of hours or even minutes, would 
require extremely large computational resources, which currently have only the world's 
largest supercomputer centers. 
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Abstract. A novel finite element (FE) connected with orthogonal finite functions (OFF) was 
developed for ANSYS software and was tested. The FE is proposed for modeling and 
investigation of stress-strain states of homogeneous and heterogeneous elastic materials. The 
efficiency of the developed FE is demonstrated using the examples of plane problems of 
elasticity. The accuracy of this FE was found to be higher than that of the classical FE of 
ANSYS. Moreover, the developed FE was proved to require less computational time, and this 
difference in computational time increases with the increasing number of FE in the model. 
Keywords: homogeneous and heterogeneous materials, finite element methods, orthogonal 
finite functions, shape functions 
 
 
1. Introduction  
Finite element simulations and investigations of stress-strain states of technical constructions 
often require very fine meshes. Even when supercomputers are used, the advantages of 
numerical methods are usually taken into account because in that case methods with high 
accuracy and low computational time allow investigation of constructions' stress-strain states 
without almost any geometrical simplifications. Therefore, the development of advanced 
discrete models and numerical methods can be referred to as an actual direction in 
computational mechanics. 

It is impossible [1] to create basis OFFs by the classical procedure of orthogonalization 
of the splines. The first OFFs, Daubechies's compactly supported orthonormal wavelets [2], 
do not have an analytical form, and their smoothness is very low. They are also characterized 
by poor efficiency in numerical methods. The OFFs [3] were created by the author of this 
paper specifically for their application in numerical methods without the classical procedure 
of orthogonalization. The structure of some OFFs is presented here, and the novel FE for the 
ANSYS software is constructed on the basis of these OFFs. The corresponding discrete 
modeling of homogeneous and heterogeneous elastic plates was made. The series of 
approximate solutions for the plane problem were obtained and analyzed. This analysis shows 
that the application of the OFFs in the FE provides an increase in accuracy of approximate 
solutions in comparison with the classical FE. Besides, the solution requires much less 
computational time. 

Mixed finite elements are well known, but classical mixed FEs [4-9] have a strong 
disadvantage – the number of unknown variables at each node is significantly higher than that 
in the case of FE connected with the Lagrange's variational principle. Orthogonal finite 
functions [3] provide possibilities for exception of a part of unknown values at grid nodes 
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(stresses, strains) prior to the solution of FE systems formulated using mixed numerical 
methods. The fundamental properties of the basic functions (functions are compactly 
supported – finite functions) of numerical methods are retained in that case. Thereby, the 
OFFs [3] remove the mentioned disadvantage of mixed numerical methods. Mixed FEs allow 
obtaining approximate solutions for derivatives (strains and stresses) of the main unknown 
function (displacement) without numerical differentiation, because the derivatives are 
approximated independently [3,4-9]. Consequently, the approximate solutions [3,4-9] for 
derivatives (strains and stresses) have accuracy and smoothness same as those of solutions for 
displacement. The computational time of the mixed FEMs [3] is less than that of classical 
mixed FEMs [4-9]. The computational time of mixed FEMs [3] is approximately equal to the 
computational time of classical FEMs connected with the Lagrange's variational principle.  

ANSYS allows creating a new FE by means of linking an additional dynamical Fortran 
library. Here, on the examples of plane problems of elasticity, it is shown for the FEM of 
ANSYS connected with the Lagrange's variational principle that application of OFFs also 
increases the accuracy of approximate solutions "in displacements" and simultaneously 
decreases the computational time significantly due to increase in the number of zero elements 
in global FE matrixes. Application of OFFs in 3D FE for elasticity gives similar results: high 
accuracy of approximate solutions and even more significant difference in computational time 
between the novel FEM (OFF) and the classic FE of ANSYS. These results are the content of 
the next article. Application area of the novel FE for plane problems of elasticity comprises 
problems of mechanics of deformable heterogeneous bodies. The FE allows obtaining 
approximate solutions for analysis of stress-strain states of heterogeneous bodies with 
significantly smaller computational time and with higher accuracy. Simplification of the 
construction structure by elimination of numerous small features becomes unnecessary in  
that case.  

The base finite function [3]  

𝜑𝜑(1)(𝑥𝑥) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

1 + 𝑥𝑥, 𝑥𝑥 ∈ [−1,−1 + 𝐻𝐻1] ∪ [−1 + 𝐻𝐻2, 0],
−𝛼𝛼 + 2(𝛼𝛼 + 𝐻𝐻1)(𝐾𝐾𝑁𝑁 − 1 − 𝑥𝑥) 𝐻𝐻2 − 𝐻𝐻1⁄ , 𝑥𝑥 ∈ [−1 + 𝐻𝐻1,−1 + 𝐾𝐾𝑁𝑁],
−𝛼𝛼 + 2(𝛼𝛼 + 𝐻𝐻2)(1− 𝐾𝐾𝑁𝑁 + 𝑥𝑥) 𝐻𝐻2 − 𝐻𝐻1⁄ , 𝑥𝑥 ∈ [−1 + 𝐾𝐾𝑁𝑁 ,−1 + 𝐻𝐻2],

1 − 𝑥𝑥, 𝑥𝑥 ∈ [0,𝐻𝐻1] ∪ [𝐻𝐻2, 1],
𝛽𝛽 + 2(𝛽𝛽 + 𝐻𝐻1 − 1)(𝑥𝑥 − 𝐾𝐾𝑁𝑁) 𝐻𝐻2 − 𝐻𝐻1⁄ , 𝑥𝑥 ∈ [𝐻𝐻1,𝐾𝐾𝑁𝑁],
𝛽𝛽 + 2(𝛽𝛽 + 𝐻𝐻2 − 1)(𝐾𝐾𝑁𝑁 − 𝑥𝑥) 𝐻𝐻2 − 𝐻𝐻1⁄ , 𝑥𝑥 ∈ [𝐾𝐾𝑁𝑁 ,𝐻𝐻2],

0, 𝑥𝑥 ∉ [−1,1],

     (1) 

where 𝐾𝐾𝑁𝑁 = (𝐻𝐻1 + 𝐻𝐻2)/2,𝛼𝛼 > 0,𝛽𝛽 > 0; generates finite functions on the grid. The 
function (1) is the sum of the even functions – the B-spline of first degree which has the 
compact support [-1, 1] and two B-splines of first degree with smaller compact supports. The 
uniform grid 𝑎𝑎 = 𝑥𝑥1 < 𝑥𝑥2 < ⋯ < 𝑥𝑥𝑁𝑁 = 𝑏𝑏 is used (h – the step of the grid). Then the 
function (1) generates the grid finite functions   

𝜑𝜑𝑖𝑖(𝑥𝑥) = 𝜑𝜑(1)(𝑥𝑥 ℎ⁄ − 𝑖𝑖) = 

=

⎩
⎪
⎪
⎨

⎪
⎪
⎧

(𝑥𝑥 − 𝑥𝑥𝑖𝑖−1) ℎ⁄ , 𝑥𝑥 ∈ [𝑥𝑥𝑖𝑖−1, 𝑥𝑥𝑖𝑖−1 + ℎ1] ∪ [𝑥𝑥𝑖𝑖−1 + ℎ2, 𝑥𝑥𝑖𝑖],
−𝛼𝛼 + 2(𝛼𝛼ℎ + ℎ1)(𝑥𝑥𝑖𝑖−1 + 𝑘𝑘𝑁𝑁 − 𝑥𝑥) ))⁄ , 𝑥𝑥 ∈ [𝑥𝑥𝑖𝑖−1 + ℎ1, 𝑥𝑥𝑖𝑖−1 + 𝑘𝑘𝑁𝑁],

−𝛼𝛼 + 2(𝛼𝛼ℎ + ℎ2)(𝑥𝑥 − 𝑥𝑥𝑖𝑖−1 − 𝑘𝑘𝑁𝑁) (ℎ(ℎ2 − ℎ1))⁄ , 𝑥𝑥 ∈ [𝑥𝑥𝑖𝑖−1 + 𝑘𝑘𝑁𝑁 , 𝑥𝑥𝑖𝑖−1 + ℎ2],
(𝑥𝑥𝑖𝑖+1 − 𝑥𝑥)/ℎ, 𝑥𝑥 ∈ [𝑥𝑥𝑖𝑖 , 𝑥𝑥𝑖𝑖 + ℎ1] ∪ [𝑥𝑥𝑖𝑖 + ℎ2, 𝑥𝑥𝑖𝑖+1],

𝛽𝛽 + 2(𝛽𝛽ℎ + ℎ1 − ℎ)(𝑥𝑥 − 𝑥𝑥𝑖𝑖 − 𝑘𝑘𝑁𝑁) (ℎ(ℎ2 − ℎ1))⁄ , 𝑥𝑥 ∈ [𝑥𝑥𝑖𝑖 + ℎ1, 𝑥𝑥𝑖𝑖 + 𝑘𝑘𝑁𝑁],
𝛽𝛽 + 2(𝛽𝛽ℎ + ℎ2 − ℎ)(𝑥𝑥𝑖𝑖 + 𝑘𝑘𝑁𝑁 − 𝑥𝑥) (ℎ(ℎ2 − ℎ1))⁄ , 𝑥𝑥 ∈ [𝑥𝑥𝑖𝑖 + 𝑘𝑘𝑁𝑁 ,𝑥𝑥𝑖𝑖 + ℎ2],

0, 𝑥𝑥 ∉ [𝑥𝑥𝑖𝑖−1, 𝑥𝑥𝑖𝑖+1],

 (2) 
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where 𝑘𝑘𝑁𝑁 = ℎ1 + ℎ2 2⁄ ,ℎ1 = 𝐻𝐻1ℎ, ℎ2 = 𝐻𝐻2ℎ (0 ≤ ℎ1 < ℎ2 ≤ ℎ). Grids for OFFs can be 
non-uniform. The theorem [3] about approximate properties of a sequence of groups of the 
functions (2) on grids has been proved for the Sobolev's space. The condition [3] connects the 
free parameters (2) and defines their values for which the functions (2) are orthogonal on the 
grid. This property is valuable for algorithms of numerical methods. The main properties of 
basis functions of numerical methods (functions are compactly supported – finite functions) 
are remained and that improves the characteristics of the global FE matrix.  

2. The finite element connected with OFFs 
The novel FE, which is similar to the FE Plane142 of ANSYS, is being constructed. The 
local stiffness matrix, the vector of body forces and loads on a boundary are created for the 
quadrangular FE. The nodes of the base FE are assumed to have the following numbers and 
coordinates:1(-1,-1), 2(1,-1), 3(1,1), 4(-1,1). 

The system of equations of a plane problem of elasticity can be written in a matrix 
form:  

, , ,TBu D B fε σ ε σ= = =  (3) 

where −= T
yx )u,u(u  the displacement vector; −= T

xyyyxx ),,( εεεε  the strain vector; 

−= T
xyyyxx ),,( σσσσ  the stress vector; −D  the symmetric matrix of elastic modules 

(has different components for "plain stress" and "plain strain" problems); B – the matrix 

differential operator; −= T
yx )f,f(f  the vector of body forces. 

The approximations of components of the displacement vector have forms [10]  
𝑢𝑢𝑥𝑥(𝑥𝑥,𝑦𝑦) = ∑ 𝑁𝑁𝑖𝑖(𝑥𝑥,𝑦𝑦)𝑢𝑢𝑖𝑖

𝑛𝑛𝑝𝑝
𝑖𝑖=1 ,     𝑢𝑢𝑦𝑦(𝑥𝑥,𝑦𝑦) = ∑ 𝑁𝑁𝑖𝑖(𝑥𝑥,𝑦𝑦)𝑣𝑣𝑖𝑖 ,                            

𝑛𝑛𝑝𝑝
𝑖𝑖=1   (4) 

where 𝑢𝑢𝑖𝑖, 𝑣𝑣𝑖𝑖  – unknown constant coefficients; np – the number of nodes of a grid; 
( )y,xNi  - the shape functions which form a Lagrange's basis on the grid: 





≠
=

==
ji,
;ji,

,)y,x(N ijijjji 0
1

δδ                                                                                         

The problem (3) after the discretization (4) and after the exception of ε  and σ  is 
written as  

∑=∑==
)e(

)e(

)e(

)e( ,ff,kK,fKu   

where  

∫ ∫ ∫+==
)e( )e( )e(S S l

TT)e(T)e( pdlNfdSNf,DBdSBk                 (5) 

are accordingly a local stiffness matrix and a local vector of body forces and loads on the 

boundary for the FE )e(S  ( T
yx )p,p(p =  is a vector of a load on the boundary )e(l  of the 

region )e(S ).  
Structures of the classic local stiffness matrix (5) and the local vector of body forces and 

loads on the boundary (5) are described further for a classic bilinear quadrangular FE. These 
structures define also the subprograms for the novel FE, which is connected with OFFs.  

The Gauss's formula was used for calculation of the integrals (5). The Gauss's points 
were generated, the nodes s21 t,...,t,t  and the coefficients s21 W,...,W,W  were taken so that 
the Gauss's formula 
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∫ ∑
− =

≅
1

1 1

s

i
ii )t(fWdx)x(f                                                                                                    

is exact for all polynomials of the degree )s( 12 − . The local stiffness matrix of the bilinear 
quadrangular FE is written for s=2 as 

,),(Jdet),(BD),(BWWdSDBBk jijiN
i j

ji
T
NjiN

S

T
N

)e(

)e(
ηξηξηξ∑ ∑∫

= =
==

2

1

2

1
  (6) 

where  

=
































∂
∂

∂
∂

∂
∂

∂
∂

=⋅=
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4321
0000

0000
0

0

NNNN
NNNN

xy

y

x
NBB T

N  












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





∂
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∂
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∂
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∂
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44332211

4321
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0000

0000

 ,                                   

the derivatives of the shape functions Ni in the global (x, y) and in local (𝜉𝜉, 𝜂𝜂) coordinate 
systems are connected by the Jacobi's matrix J .  

The algorithm of calculation of the first integral in the right part of the second 
formula (5) is similar to (6), but for the second integral it is necessary to make an additional 
explanation. That can be illustrated on the example of the part of the FE boundary with nodes 
2(1,-1) and 3(1,1) and the local coordinate 𝜉𝜉 = 1. For this part of the boundary, the classical 
shape functions have the forms: 

𝑁𝑁1 =
(1 − 𝜉𝜉)(1 − 𝜂𝜂)

4
= 0, 𝑁𝑁2 =

(1 + 𝜉𝜉)(1 − 𝜂𝜂)
4

=
1 − 𝜂𝜂

2
, 

𝑁𝑁3 =
(1 + 𝜉𝜉)(1 + 𝜂𝜂)

4
=

1 + 𝜂𝜂
2

, 𝑁𝑁4 =
(1 − 𝜉𝜉)(1 + 𝜂𝜂)

4
= 0, 

consequently, in the case of a constant load on the boundary 

=⋅= ∫∫
−

ηpdNlpdlN
1

1

T)e(

l

T

)e(
 

=







⋅








+

+
= ∫

−

η
ηη

ηη
dp

pl
y
x

1

1

T)e(

00)(10)−(1000
000)(10)−(100

2
 

( )Tyxyx
)e( ppppl 0000= . 
The creation of the novel FE of ANSYS on the base of OFFs is similar to the creation of 

the classic FE of ANSYS. The structure of the subprogram UserElem.f of ANSYS was used 
for that. This structure defines the variables, the functions, the computations of derivatives of 
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shape functions, the construction of the Jacobi's matrix, the creation of local and global 
stiffness matrices, verifications, and output of results.  

The grid functions  

𝜑𝜑𝑖𝑖(𝑥𝑥) =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧�√2 − 1�(𝑥𝑥𝑖𝑖−1 − 𝑥𝑥)

ℎ𝑖𝑖−1
,   𝑥𝑥 ∈ �𝑥𝑥𝑖𝑖−1, 𝑥𝑥𝑖𝑖−1 +

ℎ𝑖𝑖−1
2
� ;

�√2 + 1�(𝑥𝑥 − 𝑥𝑥𝑖𝑖)
ℎ𝑖𝑖−1

+ 1,   𝑥𝑥 ∈ �𝑥𝑥𝑖𝑖−1 +
ℎ𝑖𝑖−1

2
, 𝑥𝑥𝑖𝑖� ;

�√2 − 1�(𝑥𝑥 − 𝑥𝑥𝑖𝑖)
ℎ𝑖𝑖

+ 1,   𝑥𝑥 ∈ �𝑥𝑥𝑖𝑖, 𝑥𝑥𝑖𝑖 +
ℎ𝑖𝑖
2
� ;

�√2 + 1�(𝑥𝑥𝑖𝑖+1 − 𝑥𝑥)
ℎ𝑖𝑖

,   𝑥𝑥 ∈ �𝑥𝑥𝑖𝑖 +
ℎ𝑖𝑖
2

, 𝑥𝑥𝑖𝑖+1� ;

0,   𝑥𝑥 ∉ [𝑥𝑥𝑖𝑖−1, 𝑥𝑥𝑖𝑖+1]

 

follow from (2) and for the given values of parameters are orthogonal on non-uniform grids. 
The shape functions for the novel bilinear quadrangular FE are the tensor products of 

single-argument OFFs 
𝑁𝑁𝑖𝑖 = 𝜑𝜑𝑖𝑖(𝜉𝜉)𝜑𝜑𝑖𝑖(𝜂𝜂),    𝑖𝑖 = 1,4���� ;                                     (7) 
and are defined in local coordinates by Table 1. 
 
Table 1. OFFs for the shape functions (7) 

 𝜑𝜑𝑖𝑖(𝜉𝜉) 𝜑𝜑𝑖𝑖(𝜂𝜂) 

𝑁𝑁1 

⎩
⎪
⎨

⎪
⎧�√2 − 1�(𝜉𝜉 + 1)

2
+ 1,   𝜉𝜉 ∈ [−1,0]

�√2 + 1�(1 − 𝜉𝜉)
2

,   𝜉𝜉 ∈ [0,1 ] 
 

⎩
⎪
⎨

⎪
⎧�√2 − 1�(𝜂𝜂 + 1)

2
+ 1,   𝜂𝜂 ∈ [−1,0]

�√2 + 1�(1 − 𝜂𝜂)
2

,   𝜂𝜂 ∈ [0,1 ] 
 

𝑁𝑁2 

⎩
⎪
⎨

⎪
⎧ �√2 − 1�(−1 − 𝜉𝜉)

2
,   𝜉𝜉 ∈ [−1,0]

�√2 + 1�(𝜉𝜉 − 1)
2

+ 1,   𝜉𝜉 ∈ [0,1 ] 
 

⎩
⎪
⎨

⎪
⎧�√2 − 1�(𝜂𝜂 + 1)

2
+ 1,   𝜂𝜂 ∈ [−1,0]

�√2 + 1�(1 − 𝜂𝜂)
2

,  𝜂𝜂 ∈ [0,1 ] 
 

𝑁𝑁3 

⎩
⎪
⎨

⎪
⎧ �√2 − 1�(−1 − 𝜉𝜉)

2
,   𝜉𝜉 ∈ [−1,0]

�√2 + 1�(𝜉𝜉 − 1)
2

+ 1,   𝜉𝜉 ∈ [0,1 ] 
 

⎩
⎪
⎨

⎪
⎧ �√2 − 1�(−1 − 𝜂𝜂)

2
,   𝜂𝜂 ∈ [−1,0]

�√2 + 1�(𝜂𝜂 − 1)
2

+ 1,   𝜂𝜂 ∈ [0,1 ] 
 

𝑁𝑁4 

⎩
⎪
⎨

⎪
⎧�√2 − 1�(𝜉𝜉 + 1)

2
+ 1,   𝜉𝜉 ∈ [−1,0]

�√2 + 1�(1 − 𝜉𝜉)
2

,   𝜉𝜉 ∈ [0,1 ] 
 

⎩
⎪
⎨

⎪
⎧ �√2 − 1�(−1 − 𝜂𝜂)

2
,   𝜂𝜂 ∈ [−1,0]

�√2 + 1�(𝜂𝜂 − 1)
2

+ 1,   𝜂𝜂 ∈ [0,1 ] 
 

 
The subprogram for computation of values of the shape functions (7) is constructed by 

use of FORTRAN 77 programming language. 
Let the variables 𝑓𝑓𝑓𝑓 and 𝑓𝑓𝑓𝑓 correspond to the basis functions 𝜑𝜑𝑖𝑖(𝜉𝜉) and 𝜑𝜑𝑖𝑖(𝜂𝜂), and 

intPnt be the number of nodes of the FE, then Part 1 of the subprogram for the shape 
functions (7) has the following form: 
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Part 1 of the subprogram 
if (intPnt.EQ.1) then 
 ft(1)=((((sqrt(2.)-1.)*(-Pnt(1,1)+1.))/2.)+1.) 
 ft(2)=((((sqrt(2.)-1.)*(-1.+Pnt(1,2)))/2.)) 
 ft(3)=((((sqrt(2.)-1.)*(-1.+Pnt(1,3)))/2.)) 
 ft(4)=((((sqrt(2.)-1.)*(-Pnt(1,4)+1.))/2.)+1.) 
              fs(1)=((((sqrt(2.)-1.)*(-Pnt(2,1)+1.))/2.)+1.) 
              fs(2)=((((sqrt(2.)-1.)*(-Pnt(2,2)+1.))/2.)+1.) 
 fs(3)=((((sqrt(2.)-1.)*(-1.+Pnt(2,3)))/2.)) 
 fs(4)=((((sqrt(2.)-1.)*(-1.+Pnt(2,4)))/2.)) 
end if 
if (intPnt.EQ.2) then     
 ft(1)=((((sqrt(2.)+1.)*(1.-Pnt(1,1)))/2.)) 
 ft(2)=((((sqrt(2.)+1.)*(Pnt(1,2)-1.))/2.)+1.) 
 ft(3)=((((sqrt(2.)+1.)*(Pnt(1,3)+1.))/2.)+1.) 
 ft(4)=((((sqrt(2.)+1.)*(1.-Pnt(1,4)))/2.)) 
               fs(1)=((((sqrt(2.)-1.)*(-Pnt(2,1)+1.))/2.)+1.) 
 fs(2)=((((sqrt(2.)-1.)*(-Pnt(2,2)+1.))/2.)+1.) 
 fs(3)=((((sqrt(2.)-1.)*(-1.+Pnt(2,3)))/2.)) 
               fs(4)=((((sqrt(2.)-1.)*(-1.+Pnt(2,4)))/2.))     
end if     
if (intPnt.EQ.3) then    
 ft(1)=((((sqrt(2.)+1.)*(1.-Pnt(1,1)))/2.)) 
 ft(2)=((((sqrt(2.)+1.)*(Pnt(1,2)-1.))/2.)+1.) 
 ft(3)=((((sqrt(2.)+1.)*(Pnt(1,3)+1.))/2.)+1.) 
 ft(4)=((((sqrt(2.)+1.)*(1.-Pnt(1,4)))/2.))   
 fs(1)=((((sqrt(2.)+1.)*(1.-Pnt(2,1)))/2.)) 
 fs(2)=((((sqrt(2.)+1.)*(1.-Pnt(2,2)))/2.)) 
 fs(3)=((((sqrt(2.)+1.)*(Pnt(2,3)-1.))/2.)+1.) 
 fs(4)=((((sqrt(2.)+1.)*(Pnt(2,4)-1.))/2.)+1.)  
end if 
if (intPnt.EQ.4) then     
 ft(1)=((((sqrt(2.)-1.)*(-Pnt(1,1)+1.))/2.)+1.) 
 ft(2)=((((sqrt(2.)-1.)*(-1.+Pnt(1,2)))/2.)) 
 ft(3)=((((sqrt(2.)-1.)*(-1.+Pnt(1,3)))/2.)) 
 ft(4)=((((sqrt(2.)-1.)*(-Pnt(1,4)+1.))/2.)+1.) 
 fs(1)=((((sqrt(2.)+1.)*(1.-Pnt(2,1)))/2.)) 
               fs(2)=((((sqrt(2.)+1.)*(1.-Pnt(2,2)))/2.)) 
               fs(3)=((((sqrt(2.)+1.)*(Pnt(2,3)-1.))/2.)+1.) 
               fs(4)=((((sqrt(2.)+1.)*(Pnt(2,4)-1.))/2.)+1.) 
end if 

 
The cycle operator was used for the computation of values of the shape functions (7) in 

the nodes of the FE. Let 𝑁𝑁𝑁𝑁 (𝑖𝑖), (𝑖𝑖 = 1. .4�����) be an array of values of the shape functions (7) at 
all nodes of the FE. Part 2 of the subprogram for this case is presented below.  

The shape functions (7) are formed in the subprogram, and their values are transmitted 
to the system variables of the FE library. The local stiffness matrix and the local load vector 
were created similarly to such matrix and vector of the FE Plane142 of ANSYS. The novel 
FE was created in the FE library of ANSYS and was named as User300.  
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Part 2 of the subprogram    
 

 
3. Solutions for the plane problems of elasticity for homogeneous and heterogeneous 
materials 
Approximate solutions for several plane problems of elasticity were obtained and analyzed. 

Problem 1. A homogeneous isotropic square plate is considered, the length of the side 
of the plate is equal to 2 m. The center of the plate coincides with the origin of coordinates. 
The modulus of elasticity is equal to 200 GPa, the Poisson's ratio is equal to 0.33. The side 
(x=−1) of the plate is fixed, and a uniform force px=10 N is applied to the opposite side (x=1); 
two sides (y=−1, y=1) of the plate are free (Fig. 1). 

             
Fig. 1. The homogeneous square plate        Fig. 2. The heterogeneous square plate 

 
Series of computations were conducted for different numbers M of divisions along 

every side of the plate boundary, ranging from 10 to 100 (corresponds to the total number of 
FEs in the model ranging from 100 to 10000). Results of the computations are presented in 
Fig. 3 and in Tables 2-5 for the following points: points A (0, 1) and C (0, −1) are in the 

if (intPnt.EQ.1) then 
 Nn(1)=ft(1)*fs(1) 
 Nn(2)=(ft(2)*fs(2)) 
 Nn(3)=ft(3)*fs(3) 
 Nn(4)=(fs(4)*ft(4)) 
end if 
if (intPnt.EQ.2) then 
 Nn(1)=ft(1)*fs(1) 
 Nn(2)=ft(2)*fs(2) 
 Nn(3)=ft(3)*fs(3) 
 Nn(4)=ft(4)*fs(4) 
end if 
if (intPnt.EQ.3) then 
 Nn(1)=ft(1)*fs(1) 
 Nn(2)=ft(2)*fs(2) 
 Nn(3)=ft(3)*fs(3) 
 Nn(4)=ft(4)*fs(4) 
end if 
if (intPnt.EQ.4) then 
 Nn(1)=ft(1)*fs(1) 
 Nn(2)=ft(2)*fs(2) 
 Nn(3)=ft(3)*fs(3) 
 Nn(4)=ft(4)*fs(4) 
end if 
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middle of the opposite sides of the plate which are free (Fig. 1), point B (0, 0) is in the center 
of the plate, and point D is in the middle of the side on which the external load is applied.   

The computational time [ms] of the methods that use User300 (t1) or Plane142 (t2) for 
the different numbers M, and the coefficient k=t2/t1 are presented in Table 2 and are shown in 
Fig. 3. The coefficient k is the ratio of computational time of two FEMs. It increases with rise 
of total number of FE due to the zero elements in the global grid matrix produced by OFFs. 
Thereby, the obtained results prove that the novel FE provides high accuracy of the 
approximate solutions at a relatively low computational time. 

 
Table 2  

M t1  t2  k  
10 0.000 0.000 0.00 
20 0.010 0.006 0.60 
30 0.040 0.062 1.55 
40 0.120 0.125 1.04 
50 0.062 0.125 2.02 
60 0.094 0.219 2.33 
70 0.172 0.266 1.55 
80 0.188 0.312 1.66 
90 0.250 0.562 2.25 
100 0.266 0.622 2.34 

 

 
Fig. 3. The computational time and the coefficient k 

 
Table 3  

M 109U300 
at point A 

109U142  
at point А 

𝜀𝜀1   
at point A 

𝜀𝜀2  
at point A 

10 2.620063556 0.2914537501 798.963748142213 1.242032506472 
20 2.623274810 0.5539481345 373.559643335165 1.120990817457 
30 2.629161510 0.8163550033 222.061051793887 0.899103632349 
40 2.635150100 1.078745142 144.279208999673 0.673375910899 
50 2.644124400 1.341128972 97.156608738149 0.335107922839 
60 2.650115000 1.603509427 65.269686312858 0.109304438525 
66 2.650664780 1.760936616 50.525848342062 0.088581599477 
70 2.651109410 1.865887724 42.083008312884 0.071822175841 
76 2.651712470 2.023313942 31.057885529066 0.049091055545 

Finite element modeling and investigation of elastic homogeneous and heterogeneous materials 347



80 2.652105320 2.128264497 24.613520722561 0.034283373708 
86 2.652384210 2.285689993 16.043042500208 0.023771182318 
90 2.652625110 2.390640126 10.958779665359 0.014690946720 
96 2.652790241 2.548065063 4.109988379838 0.008466669491 
100 2.652914453 2.653014863 0.003784750753 0.003784750753 

   
Table 4 

M 109U300 
at point B 

109U142  
at point B 

𝜀𝜀1  
at point B 

𝜀𝜀2  
at point B 

10 2.354386940 0.2530536263 830.390516201822 1.6634500738085 
20 2.364379203 0.4911274176 381.418694674805 1.2460995301569 
30 2.371358460 0.7290775710 225.254616836924 0.9545943222542 
40 2.377346930 0.9669864625 145.851107765637 0.7044716813528 
50 2.384330250 1.204875647 97.8901520614766 0.4127967726267 
60 2.390327060 1.442753634 65.6781174324874 0.1623257918613 
66 2.391776400 1.585476860 50.8553332024032 0.1017906721456 
70 2.392956900 1.680624550 42.3849782510912 0.0524842921213 
76 2.393279400 1.823344694 31.2576501785679 0.0390143153675 
80 2.393484700 1.918490667 24.7587356649883 0.0304394743519 
86 2.393581570 2.061208626 16.1251481197712 0.0263934692414 
90 2.393666810 2.156353353 11.0053139792623 0.0228332186414 
96 2.393899556 2.299069696 4.1247057522870 0.0131120303948 

  100 2.394299556 2.394213486 0.0035949175169 0.0035949175169 
 

Table 5 

M 109U300  
at point D 

109U142  
at point D 

𝜀𝜀1  
at point D 

𝜀𝜀2  
at point D 

10 4.840145745 0.5095828728 849.825043845155 1.748237213357 
20 4.853458480 1.000479579 385.113197897665 1.477997482949 
30 4.869125470 1.491258513 226.511160040566 1.159967930502 
40 4.884046840 1.982001553 146.419930025151 0.857073971739 
50 4.900145748 2.472727909 98.167607934739 0.530276769078 
60 4.913012570 2.963444851 65.787211067624 0.269088778144 
66 4.920997840 3.257872015 51.049452444497 0.106993069634 
70 4.923254780 3.454155841 42.531345041302 0.061178677840 
76 4.924048724 3.748580402 31.357692671414 0.045062138863 
80 4.924617846 3.944862772 24.836227028077 0.033509338041 
86 4.925134567 4.239285476 16.178412491511 0.023020242920 
90 4.925547622 4.435566783 11.046634240249 0.014635499151 
96 4.925885447 4.729988103 4.141603313458 0.007777874709 
100 4.926427484 4.926268606 0.003225118497 0.003225118497 
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The values (109U300) [m] and (109U142) [m] of the displacement vector magnitude for 
selected points of the plate are presented in Tables 3-5. These displacements were received by 
two FEMs which are connected with User300 and Plane142 FEs. Tables 3-5 contain also:  
𝜀𝜀1 [%] – a relative difference between the values of such two solutions obtained on the stated 
grid, and 𝜀𝜀2 [%] – a relative difference between the value of the User300 solution on the 
stated grid and the value of the Plane142 solution on the dense grid (M=100; 10000 FE). The 
solution obtained by use of Plane142 element on the dense grid is considered to be a reference 
solution for comparison with others, because an additional increase of the number of nodes of 
the grid gives only a variation of last ciphers of the mantissa. 

A similar table for the point C coincides with the Table 3 and therefore is not provided. 
Tables 3-5 show a high accuracy of the approximate solutions obtained by the elements 
connected with OFF in comparison with those obtained by classical FEM of ANSYS, which 
is demonstrated by 𝜀𝜀1. The accuracy 𝜀𝜀2 of the approximate solutions obtained by use of the 
novel FEM (OFF) increases with the increase in the number of grids' cells. 

Problem 2. A heterogeneous square plate has the same sizes and properties as 
considered in Problem 1, but a small rectangular region  
( 0.040.040.28,0.28 ≤≤−≤≤− yx ) of the plate (Fig. 2) is assumed to be characterized 
by different material properties: the modulus of elasticity 160 GPa, and the Poisson's ratio 
0.3. Boundary conditions are identical to those of Problem 1.  

The results of computations are presented in Tables 6-8 show that the characteristics of 
approximate solutions for the heterogeneous plate (Problem 2) are similar to those of 
approximate solutions for the homogeneous plate (Problem 1). The FEM connected with OFF 
demonstrates a high accuracy of approximate solutions and reduced computational time in 
both Problems 1, 2. Thereby, this FEM and corresponding FE models are effective in the 
plane problems for elastic homogeneous and heterogeneous materials.  

 
Table 6 

M 109U300  in point A 109U142 in point A 𝜀𝜀1  in point A 𝜀𝜀2 in point A 

50 2.647846135 1.344217665 96.9804596 0.427095692 
60 2.652324564 1.636720729 62.05113781 0.258683251 
70 2.656648790 1.894932755 40.19752326 0.096069672 
80 2.657216879 2.183838367 21.67644454 0.074706547 
90 2.658648790 2.449754511 8.527151519 0.020859178 

    100 2.658981676 2.659203478 0.008340919 0.008340919 
 
Table 7 

M 109U300 in point B 
 109U142 in point B 𝜀𝜀1  in point B 𝜀𝜀2 in point B 

50      2.393236558 
 

1.208636561 98.01126618 0.351401094 
60 2.397841240  1.519945769 57.75834176 0.159673243 
70 2.400094575  1.712669627 40.13762708 0.065849805 
80 2.400833450  1.975710565 21.51746782 0.035084831 

     90 2.401236780  2.208970952 8.703864024 0.018291143 
  100 2.401451328  2.401676074 0.009357881 0.009357881 
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Table 8 
M 109U300 in point D 109U142 in point D 𝜀𝜀1 in point D 𝜀𝜀2 in point D 
50 4.921236855 2.482214775 98.25991304 0.485557091 
60 4.930369854 3.162257695 55.91296882 0.300874787 
70 4.940368468 3.541921705 39.48271248 0.098688522 
80 4.942448468 4.128578203 19.71308826 0.056627949 
90 4.943865875 4.566589689 8.261661574 0.027965962 

    100 4.944736478 4.945248861 0.010361117 0.010361117 
 
Problems for plates with two and three small regions which have different properties 

were also solved. The obtained accuracy of approximate solutions and the computational time 
were found to be similar to such parameters for the Problems 1, 2 and are therefore not 
reported here. 

 
Conclusions 
The FEM connected with OFF and corresponding FE models were proved to be effective in 
plane problems for elastic homogeneous and heterogeneous bodies. This FEM allows 
obtaining approximate stress-strain state with high accuracy and relatively small 
computational time without simplification of the structure under consideration and without 
elimination of its small features. The results of computations illustrate that OFFs allow to 
improve significantly the characteristics not only of mixed FEMs in elasticity, but also of 
classical FEMs based on the Lagrange's variational principle, which form the basis of many 
FE codes, such as ANSYS. These FEs can be used in creating and investigating of 
heterogeneous materials.  
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Abstract. This work is devoted to an assessment of the application of machine learning 
algorithms in the prediction of a fracture's aspect ratio caused by the hydraulic fracturing. By 
the aspect ratio in this work is assumed the ratio of the larger half-axis of the fracture to the 
smaller one. The study shows the prospects of applying data-driven surrogate model methods 
(deep neural networks learning from data simulated by means of traditional solvers) to 
particle dynamics modelling of hydraulic fracturing. The solution obtained allows to predict 
the aspect ratio value quickly, and thus, to evaluate the volume of the hydraulic fracturing 
fluid injection necessary to achieve the required fracture length. 
Keywords: neural networks, surrogate model, hydraulic fracturing, crack 
 
 
1. Introduction 
Nowadays, hydraulic fracturing has become the main method to increase oil production from 
conventional and unconventional fields. Hydraulic fracturing is a stimulation technique in 
which a high-permeable fracture is created in a productive layer by a pressurized liquid [1]. 

Hydraulic fracturing planning, support, and optimization are implemented using the 
special software (e.g. MFrac, FracPro, FracCADE, Mangrove). These tools use basic analytic 
solutions in hydraulic fracturing theory [2], and some of the contemporary numerical 
modelling techniques (Pseudo3D [3], Planar3D [3], and Full3D [4]). Such modelling includes 
the solution of partial differential equations with corresponding initial and boundary 
conditions [5]. The amount of the equations can be of high order (106–109), making such tasks 
computationally expensive. 

The alternatives to resource-intensive numerical modelling are meta-modelling, 
surrogate modelling [6] or model order reduction approach [7]. These approaches allow to 
simulate physical systems with lower resource costs while maintaining acceptable accuracy. 
The modern rapid development of deep learning methods [8] makes it possible to use results 
obtained by traditional numerical solvers as surrogates [9] to accelerate computationally 
expensive calculations. 

Deep learning technology is a subtype of machine learning most often implemented by 
artificial neural networks. Deep learning allows to find implicit dependencies and predict the 
desired values of the target function by processing huge data sets (big data). In particular, this 
approach becomes a common instrument in problems of the petroleum industry [10,11,12]. 

To gain high predictive ability, deep learning instruments require large training sample 
size. Therefore, the amount of data available in natural experiments may not be sufficient. In 
such cases, the necessary amount of training data can be obtained by modelling: e.g., by 
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carrying out a number of numerical experiments. The models constructed on the basis of this 
approach are called data-driven surrogate models [13,14]. In recent years, this approach has 
shown great success, for instance, in the tasks of accelerating resource-intensive simulations 
in computational fluid dynamics [13], electric potential distribution [14], heat transfer [15], 
etc. In these works, deep neural networks are trained on data simulated with traditional 
solvers. 

In this paper, the analogous approach is used to accelerate the hydraulic fracturing 
simulation process and to calculate the geometric parameter of the resulted fracture: the aspect 
ratio value describing the proportional relationship between the larger half-axis of the fracture 
and the smaller one. The training database is generated using the numerical simulation by 
means of the particle dynamics method. 

 
2. The steady-state hydraulic fracture modelling 
The steady-state hydraulic fracture model is formulated as follows: the fracture is considered 
to be located in a linearly elastic material; the material consists of three parallel layers lying in 
the 𝑋𝑋𝑋𝑋 plane (Fig. 1); the productive layer is located between the semi-infinite side layers. 
Parameters of the model are: 𝜎𝜎𝑖𝑖 is the reservoir stress of the 𝑖𝑖𝑡𝑡ℎ  layer; 𝐾𝐾𝑖𝑖 is the critical stress 
intensity factor of the 𝑖𝑖𝑡𝑡ℎ layer; 𝐸𝐸′𝑖𝑖 is the elastic modulus of the 𝑖𝑖𝑡𝑡ℎ  layer multiplied by 𝐸𝐸𝑖𝑖

1−𝜈𝜈𝑖𝑖
2 

, 

where 𝐸𝐸𝑖𝑖 is a Young's modulus and 𝜈𝜈𝑖𝑖 is a Poisson's ratio of the 𝑖𝑖𝑡𝑡ℎ  layer; 𝐿𝐿 is the half 
thickness of the productive layer; 𝑉𝑉 is the volume of the injected hydraulic fracturing fluid. 

The challenge is to determine the geometric parameters of the resulting fracture loaded 
with uniform pressure. 
 

Fig. 1. The structure of the fracture between layers with different stress values 
 

One of the ways to determine the geometric parameters of the resulting fracture in the 
material is to simulate its growth by the particle dynamics method [16,17]. 

The particle dynamics method is based on the representation of a material by a set of 
interacting particles (material points or solid bodies), for which classical dynamic equations 
are written. The interaction of particles is described by means of the interaction potentials, the 
main property of which is a short-range repulsion and long-range attraction mechanisms. 
Before the start of the simulation, the initial distribution of particles in space (i.e. the initial 
structure of the material) and the initial distribution of particle velocities are specified. This 
method allows to solve the problem in a three-dimensional formulation and to set various 
reservoir stresses and physical properties of layers.  

One of the benefits of this approach compared to other methods, such as the boundary 
elements method [18] or the extended finite elements method [19], is that the particle 
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dynamics method eliminates the necessity of the explicit analytical description of objects' 
boundaries and geometry [20]. 

 

 
Fig. 2. Examples of the steady-state hydraulic fracture model in the fractured layer obtained 
by particle dynamics method. Black dots denote side layers. Grey dots denote the productive 

layer. White dots denote the fracture zone: a) the initial fracture; b) the fracture growing 
process 

 
The reservoir initial configuration is a rectangular parallelepiped. The initial geometry 

of the fracture is a cylinder. The particle dynamics simulation continues until the least 
distance between particles denoting the fracture zone and particles denoting the border zone 
becomes less than 10% of the model size. The aspect ratio value in the paper is evaluated as 
the ratio of the greatest distance by the axis Y between particles denoting the fracture zone to 
the corresponding distance by the axis 𝑋𝑋 (Fig. 2). 

The using particle dynamics method implemented with C++ is fully described in [16]. 
However, such simulation is computationally expensive. To speed-up the calculation process 
the approximation models are commonly used, which can describe the processes occurring in 
the medium under consideration. The basic idea of approximation models is to construct the 
approximation function on the basis of previously performed calculations. As a result of the 
construction, numerical simulation is reduced to the calculation of this function value. 

There are many ways to construct an approximation function. In particular, in modern 
practice major advances have been achieved in the development of machine learning methods 
which allow to construct approximation functions of almost any complexity. 

 
3. The machine learning approach 
Machine learning is the scientific study of algorithms and statistical models trained on large 
datasets. It is made instead of specifying their parameters explicitly [21]. 

The prediction of a hydraulic fracture aspect ratio belongs to the regression problem of 
the class of so-called «supervised machine learning» tasks. In the regression problem the goal 
is to predict a certain target variable for a given set of characteristics of the observed object. 
Thus, each sample in a training dataset (the part of the dataset that is used to train the 
algorithm) consists of input parameters and a target value. 

At the first step, the structure of the training sample is formed thusly: preprocessed data 
contains feature vectors 𝑥𝑥 of input parameters used in the particle dynamics method to obtain 
the model of the fracture (item 2). These parameters (features) are transformed to 
dimensionless in the following way [22]: 
𝑥𝑥 = �𝐸𝐸′2

𝐸𝐸′1
 𝐾𝐾2
𝐾𝐾1

  𝐾𝐾1
𝛥𝛥𝛥𝛥√𝐿𝐿

 𝐸𝐸′1𝑉𝑉
𝛥𝛥𝛥𝛥𝐿𝐿3

  �.                                                         (1) 
Each element from 𝑥𝑥 is mapped to the certain aspect ratio value from the corresponding 

vector 𝑦𝑦: 𝑦𝑦 = [𝐴𝐴𝐴𝐴], where [𝐴𝐴𝐴𝐴] means the vector of aspect ratio values, 𝛥𝛥𝛥𝛥 is the stress 
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difference between the productive and the side layers and the other values are defined in 
item 2, 𝐸𝐸′1 and 𝐾𝐾1 are related to the productive layer, whereas 𝐸𝐸′2 and 𝐾𝐾2 are related to the 
side layers, AR is the aspect ratio value of the fracture.  

The objective is to find such function 𝑓𝑓(𝑥𝑥) that would approximate the dataset with as high 
accuracy as possible: 𝑓𝑓(𝑥𝑥) = 𝑦𝑦. 

The chosen machine learning method to approximate this function is a deep fully 
connected neural network. So, in this case, the neural network represents the function 𝑓𝑓(𝑥𝑥), 
and the final objective is to find the right architecture. It is implemented using Python's 
framework Keras [23]: a high-level open source API capable of running on top of TensorFlow 
library. 

The process of a neural network training is an iterative reduction of the loss (error) 
function value by adjusting the weights of the neural network using the gradient descent 
method. Each iteration is called "the epoch". One epoch consists of one complete training 
cycle on the training dataset which includes several training iterations on smaller sub-datasets 
(batches). The loss function on each epoch produces one value describing the difference 
between the predicted values for each feature vector 𝑥𝑥 and the corresponding values of 𝑦𝑦. The 
ability of the neural network to predict correctly new examples that differ from those used for 
training is also evaluated on each epoch. It is evaluated the same way by using the test dataset 
instead of the training dataset. 

The dataset used is generated by varying the feature values of 𝑥𝑥 in ranges shown 
in Table 1. Values of features are varied under the assumption of the fact that the fracture 
volume increases for every configuration of listed parameters because of the permanent fluid 
injection. Thus, the calculation of the aspect ratio value is performed by the particle dynamics 
method for each feature set (it. 2). The process of the fracture growing is modeled several 
times (for instance, four times) for the same feature values, because the initial distribution of 
particles is set stochastically. Therefore, there are four different aspect ratio values for each 
input feature vector. 

 
Table 1. The range of feature values variation 

Feature 𝐸𝐸′2
𝐸𝐸′1

 
𝐾𝐾2
𝐾𝐾1

 
𝐾𝐾1

𝛥𝛥𝛥𝛥√𝐿𝐿
 𝐸𝐸′1𝑉𝑉

𝛥𝛥𝛥𝛥𝐿𝐿3
 

Minimum value 0.2 0.2 0.01 0 
Maximum value 5 5 1 20 

 
Hence, the input (training set) is the matrix of the dimension 𝑁𝑁 × 𝑀𝑀, where 𝑁𝑁 is the 

number of elements in training dataset and 𝑀𝑀 is the dimension of the feature vector 𝑥𝑥. The 
used dataset is split into 630000 samples for the training set and 157000 for the test set 
(approximately 80% to 20% of the whole dataset).  

The values of the resulting input (training matrix) are linearly scaled from 0 to 1 for a 
fair comparison between them. Also, it is a well-known fact that feature scaling can improve 
the convergence speed of the gradient descent algorithm used while adjusting the weights of 
the neural network [24]. The most widely used measure of forecast accuracy is "Mean 
Absolute Percentage Error" (MAPE) [25]. It is used in the paper as the loss function. 

 
4. Architecture setting 
Any neural network in addition to the weights adjusted during the training process is also 
characterized by a set of hyperparameters defining the neural network architecture. The 
quality of results produced by an artificial neural network depends significantly on the proper 
hyperparameters configuration. The selection of the model hyperparameters in this work is 
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implemented using the random search algorithm: different neural network architectures are 
generated by selecting the hyperparameters' values randomly. 

The number of hidden layers of the neural network is varied and some hyperparameters 
are varied within each hidden layer: the number of neurons (32, 64, 128, and 256); the 
neurons' activation function ("relu", "tanh", "linear", "sigmoid"); the dropout value (0, 0.1, 
0.2, 0.3); the size of batch sub-datasets: 8, 16, 32.  

Neural networks generated with different hyperparameters values 
(different architectures) are then evaluated via the cross-validation method [26], and the best 
architecture is chosen. Cross validation is used to eliminate the effect of the dataset splitting 
into the training and test set when evaluating the quality of the choice of the neural network 
hyperparameters. 

For each set of hyperparameters the new configuration of the neural network is 
constructed, trained and cross-validated on the equal number of epochs. The final 
configuration of the neural network that demonstrated the most optimal result is shown in 
Fig. 3. 

 

 
Fig. 3. The configuration of the neural network 

 
5. Results 
As anticipated, the loss values of the neural network used decline with the epoch number 
increasing for both the train and test sets. The training process is stopped after the 300th 
epoch: the chosen loss value (MAPE) on the number of epochs for test dataset fluctuates 
around a constant value. Figure 4 demonstrates that the MAPE value does not exceed 5% on a 
significant part of the test set (more than 80% of 157000 test samples). Figure 5 shows the 
example of the comparison between the fracture's aspect ratio values calculated by means of 
the particle dynamics method and neural network results. These results are obtained by 

assuming that parameters  𝐸𝐸2
′

𝐸𝐸1
′ , 𝐾𝐾2
𝐾𝐾1

, 𝐾𝐾1
𝛥𝛥𝛥𝛥√𝐿𝐿

 are constant. For this reason, we can see how the 

dimensionless parameter 𝐸𝐸1
′𝑉𝑉

𝛥𝛥𝛥𝛥𝐿𝐿3
 affects the changes in fracture growth. 

A scatter of aspect ratio values is caused by the fact that the initial distribution of the 
fracture particles was set stochastically. Therefore, fracture distribution process is modelled 
four times for the same feature vector. 

These examples show that the fracture's aspect ratio values calculated with the neural 
network accurately approximate fracture's aspect ratio values calculated with particle 
dynamics method. 
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Fig. 4. The neural network's MAPE distribution on the test data 

 

 
Fig. 5. The example of the results comparison for: 

 𝐸𝐸2
′

𝐸𝐸1
′ =2.8; 𝐾𝐾2

𝐾𝐾1
= 0.2; 

𝐾𝐾1
𝛥𝛥𝛥𝛥√𝐿𝐿

= 1.2875 

 
6. Conclusion 
As a result of this work, the practical scientific and technical significance of the proposed 
approach is proved. The data-driven surrogate modeling approach is successfully applied to 
the task of evaluating the steady-state hydraulic fracture shape. The most optimal architecture 
and the hyperparameters of the deep neural network are found by means of the random search 
algorithm. The artificial neural network is trained and validated using the dataset generated by 
the particle dynamics. During the surrogate modeling process, the neural network's 
hyperparameters are varied for each hidden layer and the most optimal ones are used. 

Thus, the calculation time is decreased from 1.5 hrs. to 0.05 sec. At the same time, the 
accuracy is maintained on a high level since the MAPE value does not exceed 5%. The 
number of examples with larger error values decreases significantly with the percentage error 
increasing. The result obtained demonstrates the promising perspectives of machine learning 
application in the area of such problems as physical quantities prediction on the basis of 
numerically obtained data. Unlike the existing numerical simulation methods to solve the 
task, the application of machine learning algorithms does not involve significant time and 
computational costs and can be considered as the most optimal. 
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Abstract. To assess the reliability and the scope of applicability of the defining relations of 
mechanics of damaged media (MDM) [1,2], plastic deformation and damage accumulation 
processes in a number of structural steels under low-cycle loading have been numerically 
investigated, and the obtained numerical results have been compared with the data from full-
scale experiments. It is shown that the introduced MDM model qualitatively and 
quantitatively describes the main effects of plastic deformation and damage accumulation 
processes in structural alloys under block-type non-stationary non-symmetric low-cycle 
loading. 
Keywords: low-cycle fatigue, plastic deformation, damage degree, block-type loading, 
mechanics of damaged media, modeling, numerical and full-scale experiment 

 
 

1. Introduction 
Many years of experimentally and theoretically studying fatigue damage accumulation in 
structural materials make it possible to conclude that fatigue covers the three significantly 
different  regions of cyclic loading [3]: high-cycle fatigue (HCF), when a material works 
quasi-elastically, corresponding to durability values under uniaxial symmetric cyclic loading 
in the range of 105-108 cycles and higher; low-cycle fatigue (LCF), when a material 
undergoes non-stationary  elastoplastic deformation, corresponding to the durability values 
under uniaxial symmetric cyclic loading up to 104 cycles; an intermediate region 
corresponding to the durability values of 104-105 cycles, where both the mechanisms of 
degradation of the initial strength properties of the material are simultaneously active. 

Classical methods for predicting fatigue life using semi-empirical formulas (law) based 
on a stable analysis of the deformation process and connecting the parameters of loops of 
elastoplastic deformation with a number of cycles prior to failure require a large amount of 
experimental data and are valid only for a narrow range of loading conditions [1-3]. 

Damage and fatigue failure of structural materials is caused mainly by nucleation of 
microdefects, their growth and merging into macroscopic cracks. The description of the 
mechanical behavior of microdefects is no less important than the description of macrocrack 
nucleation. In the last decade a new scientific direction of mechanics of damaged 
media (MDM) has been successfully developed for solving such problems [1,2]. 

By now, a large number of constitutive relations of MDM describing damage 
development in a material have been developed. However, most of these equations are 
focused only on certain loading modes, not related to specific equations of deformation 
processes. In fact, the history of thermoplastic deformation (the type of strain path, the nature 
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of temperature change, the type of stress state, the history of its change, etc.) significantly 
affects the rate of damage accumulation. This emphasizes the importance of considering the 
kinetics of the stress-strain state (SSS) in hazardous areas of structural elements and its 
theoretical description by the corresponding equations of state [1,2]. 

At present, approaches to evaluating fatigue life of materials and structures based on the 
concept of damaged media have been wildly development [1,2,4-16]. 

General provisions on the evolution equations of damage accumulation were formulated 
in [8]. It is noted that generally the strength criterion should represent a process equation 
rather than a boundary condition. This equation should take into account time and history 
(trajectory) of loading (deformation), i.e. it should be written in the speeds (increments) of the 
corresponding values and be closely related to the governing equations describing the process 
of material deformation. 

In [9,10], the MDM model employed in modern computing systems of finite element 
analysis such as ANSYS, Abaqus, and others were elaborated. The Chaboche model consists 
of three interrelated parts: 

− constitutive relations of cyclic plasticity; 
− evolutionary equations for fatigue damage accumulation; 
− strength criterion of the damaged material. 
In work [5], evolutionary equation of fatigue damage accumulation for monotonic and 

cyclic deformation of materials is formulated on the basis of the plasticity theory with 
kinematic and isotropic hardening. 

The process of cyclic deformation is considered to occur under soft, hard or mixed 
loading conditions and to be stationary or non-stationary, symmetric or asymmetric. 

Work [16] presents an investigation of the processes of viscoplastic deformation and 
fracture of materials and structures on the basis of the composite model of the damaged 
material. The model is based on the ability to represent a complex process of propagation of 
the interrelated effects of deformation and fracture in a series of formally independent 
elementary acts described by respective partial models of plasticity, creep and damage 
accumulation. Calculation of mutual influence of such basic acts is at the top level in the 
general model of the damaged material. 

The direct effect of damage on the deformation process is calculated in the model by 
introducing the dependence of elastic moduli of material on the current damage value. 

The following models are used to describe the process of elastoplastic deformation and 
damage accumulation: 

− a thermoplasticity model with a combined translational-isotropic hardening; 
− a damage accumulation model based on the change in the energy of plastic 

deformation and on the kinetic equations for changing the damage degree at brittle 
fracture. 

In [1,2], a mathematical model of mechanics of damaged media (MDM) was developed, 
describing processes of complex plastic deformation and damage accumulation in structural 
materials (metals and their alloys) under monotonous and cyclic proportional and non-
proportional regimes of thermal-mechanical loading. In the present paper, the model is used 
for describing the processes in stainless steels 12Х18Н10Т, 12Х18Н9 (the designation of 
steels in this article is given in Russian) under block-type non-stationary non-symmetric low-
cycle loading. The obtained numerical results are compared with the data from full-scale 
experiments. 

 
2. Defining relations of mechanics of damaged media 
The damaged medium model [1,2] consists of three interrelated parts:  
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− the relations of elastic-plastic behavior of the material, accounting for the effect of 
the failure process; 

− the evolutionary equations of damage accumulation kinetics; 
− the strength criterion of the damaged material. 
The defining relations of plasticity are based on the following basic assumptions:  
− components of strain tensors ijе  and strain rates ijе  include elastic e

ijе , e
ijе  and plastic 

– p
ijе , p

ijе  strains; 
− the initial yield surface for various temperatures is described by a Mises-type surface. 

The evolution of the yield surface is described by the evolution of its radius pC  and 
displacement of its center ijρ ; 

− the body volume is elastic; 
− the initial medium is isotropic. Anisotropy due to the plasticity processes is only 

taken into account. 
In the elastic region, the correlation between the spherical and deviatoric components of 

the stress and strain tensors is described by Hook law. 
To describe the effects of monotonous and cyclic deformation, a yield surface is 

introduced: 
2 0s ij ij рF S S C= − = , '

ij ij ijS σ ρ= − . (1) 
To describe complex cyclic deformation modes in the stress space, a cyclic "memory" 

surface is introduced: 
2
maxp ij ijF ρ ρ ρ= − , (2) 

where maxρ  is maximal modulus of variable ijρ  for the entire loading history.  
It is assumed that the structure of the evolutionary equation for the yield surface radius 

has the form: 
3[ ( ) ( ) ( )]s pC q H F a Q C Г F q T

ρχ ρ χ= + − + 

 , (3) 

0

0

t

p p pC C C dt= + ∫  , 1/22( )
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m H F dtρχ χ= ∫  , 
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t
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 (5) 

where 1q , 2q , 3q  are isotropic hardening moduli, 1Q  and 2Q  are cyclic hardening moduli, a  
is a constant defining the stabilization process rate of the hysteresis loop of cyclic deformation 
of the material, sQ  is stationary value of the yield surface radius for the maxρ  and T , 0

рC  is 
initial value of the yield surface radius. 

*
1 2

р
ij ij ij ijg e gρ ρ χ ρ= − +    , 

0

t

ij ijdtρ ρ= ∫  , (6) 

( )2
1 1 1 1 cosk mg g k e c β−= + − , 

0

t

ij ijdtρ ρ= ∫  , (7) 
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( )*
3 4

р
ij ij ijg e H F gρρ ρ χ= −  , (8) 

where 1g , 2g , 3g , 4g , 1k  и 2k  are experimentally determined material parameters. 
For non-symmetric both hard and soft cyclic loading, term *

ijρ  enables equation (6) to 
describe the processes of placing and ratcheting of the cyclic plastic hysteresis loop. For 

3 4 1 0g g k= = = , one obtains from (6) a special case of equation (6) – the Armstrong–
Frederick–Kadashevich equation: 

1 2
р

ij ij ijg e gρ ρ χ= −  . (9) 
To describe the evolution of the "memory" surface, it is necessary to formulate an 

equation for maxρ : 

max 2 max 3 max1
2

( ) ( )

( )
ij ij

mn mn

Н F
g g Тρρ ρ

ρ ρ χ ρ
ρ ρ

= − −




  . (10) 

The plastic strain rate tensor components obey the law of orthogonality of the plastic 
strain rate vector to the yield surface at the loading point: 
ре Sij ij= λ . (11) 

At the stage of the development of defects scattered over the bulk, the effect of damage 
on the physical-mechanical properties of the material is observed. This effect can be 
accounted for by introducing effective stresses: 

( )
( ) ( )1 6 12
1 1

(9 8 )

ij
ij ij ij

GF
K GG
K G

σ
σ ω σ σ

ω ω

′
′ ′ ′= = =

+ 
− − + 





,

( ) ( ) ( )2 4 1 / 4 3
КF

G G KК
σσ ω σ σ

ω ω
= = =

− +




, ( )1ij ijFρ ω ρ= , (12) 

where G , К  are effective moduli of elasticity determined using McKenzie formulae [2,6]. 
It is postulated that the rate of the damage accumulation process for low-cycle fatigue 

(LCF) is defined by an evolutionary equation of the form [1,2,7,8]: 
( ) ( ) ( ) ( )1 2 3 4f f f W f Wω β ω= 

 , (13) 

where functions fi , i =1…4 account for: capacity of stressed state ( ( )1f β ), level of 

accumulated damage ( ( )2f ω ), accumulated relative damage energy for the nucleation of 

defects ( ( )3f W ) and rate of change of damage energy ( ( )4f W ). 
In equation (13): 

( )1 exp( )f β β= , ( )
( )

( )

1 2
3 3

32 1 2
3 3

11 ,3
16 11 ,39
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а

W W
f

W W

ω ω ω
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 (14) 

( ) ( ) ( ) ( )1 2 3 4f f f W f Wω β ω= 

 , (15) 

where β  is capacity parameter of stressed state ( uβ = σ σ ), aW  is value of the damage 
energy at the end of the nucleation stage of scattered defects under LCF, and fW  is energy 
value corresponding to the formation of a macroscopic crack.  

The condition when damage level ω  reaches its critical value 
1fω ω= ≤  (16) 
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is taken as a criterion of the termination of the phase of the development of scattered micro-
defects. 
 
3. Numerical results 
Specimens of 12Х18Н10Т stainless steel were experimentally tested in the conditions of hard 
uniaxial tension-compression at ambient temperature. The testing program consisted of five 
blocks including monotonous and cyclic loading [5]: 

− the first block consists of 20 cycles of symmetric hard cyclic loading with the strain 
amplitude of 11е =0.0008; 

− the second block implements monotonous tension up to 11е =0.05; 
− the third block consists of 200 cycles of non-symmetric cyclic loading with the strain 

range of ( ) ( )
11 11 11е е е+ −∆ = − =0.012 and average strain ( )

11
mе =0.044 (during this block, 

placing of the plastic hysteresis loop takes place); 
− in the fourth block, monotonous tension up to 11е =0.01 is realized; 
− the fifth block implements non-symmetric cyclic loading with the strain range of 

( ) ( )
11 11 11е е е+ −∆ = − =0.012 and average strain ( )

11
mе =0.094 up to failure (number of cycles 

to failure fN =2800). During this loading block, placing of the plastic hysteresis loop 
also takes place. 

Tables 1–3 list the main physical-mechanical parameters of the MDM model for steel 
12Х18Н10Т, determined from the results of the basic experiment [1,2], which are used in the 
calculations.  

 
Table 1. Physical-mechanical characteristics and parameters of the MDM model  

K , МPа G , МPа o
pC , МPа 1g , МPа 2g  3g , МPа 4g  1k , МPа 2k  a  

165277 76282 203 20850 297 660 3 10000 0.2 5 
 
Table 2. Modulus of cyclic hardening max( )SQ ρ  (МPа) 

SQ , МPа 203 210 232 232 232 232 232 
maxP , МPа 0 30 60 90 100 110 120 

 
Table 3. Modulus of monotonous hardening qχ  (МPа) 

kq , МPа -17000 -4634 -811 371 737 849 
χ  0 0.002 0.004 0.006 0.008 0.01 

 
kq , МPа 897 900 900 900 900 900 900 
χ  0.015 0.02 0.03 0.04 0.05 0.09 0.15 

 
Figure 1 depicts the 20-th cycle of symmetric loading followed by monotonous tension 

up to 11 0.05е =  and the first cycle of non-symmetric loading. Here and in what follows the 
dots correspond to the test data and the solid lines show the computational results. 
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Fig. 1. Deformation diagram during the 

transition from symmetric cyclic loading to 
asymmetrical cyclic loading by monotonic 

stretching 

Fig. 2. Deformation diagram during the 
transition from the third to the fifth block of 

asymmetric cyclic loading 

  
Fig. 3. The dependence of the average stress 
in the cycle on the number of cycles for the 

third block of loading 

Fig. 4. Deformation process for the second 
loading block 

 
Figure 2 shows the cyclic deformation diagram at the end of the third (the 200-th cycle) 

and the beginning of the fifth (the 1-st cycle) loading blocks. Figure 3 presents the results 
illustrating the processes of placing of the plastic hysteresis loop during the third block of 
non-symmetric cyclic loading (variation of the average stress ( )

11
mσ  over the cycle in the 

process of cyclic loading). Both qualitative and quantitative agreement of the experimental 
and computational data is observed. 

Specimens of stainless steel 12Х18Н9 were experimentally studied under hard non-
stationary non-symmetric cyclic loading consisting of two blocks: 

− in the first block, the specimen is compressed up to the strain of 11е =0.01, followed 
by tension up to 11е =0.05; 

− in the second block, non-symmetric hard cyclic loading with the strain range of 
( ) ( )

11 11 11е е е+ −∆ = − =0.01 is implemented up to failure ( fN =850). Here, placing of the 
plastic hysteresis loop tales place (Fig. 5), and after the 500-th loading cycle the loop 
becomes practically symmetric; 

Tables 4–6 list the main physical-mechanical characteristics and material parameters of 
the MDM model for steel 12Х18Н9 as determined from the results of the basic 
experiment [1,2], which are used in the calculations. 
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Table 4. Physical-mechanical characteristics and parameters of the MDM model  
K , 

МPа 
G , 

МPа 
o
pC , 

МPа 
1g , 

МPа 
2g  3g , 

МPа 
4g  1k , 

МPа 
2k  a  

аW , 
J/m3 

fW , 
МJ/m3 

165277 76282 190 24090 286 800 2 10000 0.2 5 0 800 
 
Table 5. Modulus of cyclic hardening max( )SQ ρ  (МPа) 

SQ , МPа 190 205 210 215 220 225 225 

maxP , МPа 0 20 40 60 80 100 120 
 
Table 6. Modulus of monotonous hardening qχ  (МPа) 

qχ , МPа -5000 -4471 -4188 -3859 -2460 -182 
χ  0 0.002 0.004 0.006 0.008 0.01 

 
qχ , МPа 888 1531 1274 913 913 913 

χ  0.015 0.02 0.03 0.04 0.05 0.06 
 

Figure 4 shows the deformation process for steel 12Х18Н9 during the second loading 
block (500-th cycle).  

Figure 5 depicts the history of average stress ( )
11

mσ  over a cycle in the process of cyclic 
loading during the second block. Both qualitative and quantitative agreement of the 
experimental and numerical results is also observed. 

Figure 6 presents a fatigue curve for stainless steel 12Х18Н9 under hard symmetric 
cyclic loading. The comparison of the experimental and computational results testifies to their 
qualitative and, adequate for engineering design purposes, quantitative agreement. 
 

  
Fig. 5. The dependence of the average stress 
in the cycle on the number of cycles for the 

second loading block 

Fig. 6. Fatigue curve for steel 12X18H9 

 
Inverse Fourier transform, sine and cosine transformation are done numerically through 

an algorithm presented in [12,13]. 
 

4. Conclusion 
The comparison of the results of numerical experiments against the test data on plastic 
deformation and damage accumulation in stainless steels (12Х18Н10Т, 12Х18Н9) under 
block non-stationary non-symmetric low-cycle loading corroborates the reliability of the 
defining equations of the MDM model and its adequacy in determining material parameters. 
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This result are in addition to the results obtained earlier in [11-13,15] when were 
considered problems of constructing surface Green's functions. 
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Abstract. This study aims to determine the mechanical properties of the use of brake pads 
based on composite materials from bamboo fiber, and to evaluate the effect of replacement of 
brake pad material made from asbestos with natural materials to avoid the impacts of 
asbestosis substances, such as cancer. The method used several stages: weighing, mixing, 
inserting materials in molding, compacting, and sintering. The stages were carried out in three 
types of composites: Composite 1 (40% of bamboo fiber, 30% of MgO, and 30% of epoxy 
resin), composite 2 (50% of bamboo fiber, 25% of MgO, and 25% of epoxy resin), and  
composite 3 (60% of bamboo fiber, 20% of MgO, and 20% of epoxy resin). Tests for 
mechanical properties were carried out using a standard analysis, such as wear rate using 
ASTM D3702-94 standard, hardness test using ASTM D 785-03 type R, heat resistance using 
2300 testing temperature, and composite brake lifetime analysis. The results showed that the 
composition of bamboo brought great influences on the mechanical properties. The best 
specimen had a wear rate of 0.9612.10-8 g/mm2.s, hardness of 91.8 HRR, and heat resistance 
at 280°C with a duration of 810 days. It is expected that the use of composite brake pads 
made from bamboo fiber can replace brake pads made from asbestos, which is healthier and 
safer to use.  
Keywords: asbestosis, bamboo fiber, composite material, brake pad 

 
 

1. Introduction 
Brake Pad is one of the important components in motorized vehicles on the highway. The 
development of two-wheeled motorized vehicles is currently increasing rapidly in line with 
the economic growth in the community. Along with rapid growth, problems often occur in 
vehicles such as brakes that can cause cancer due to the existence of asbestos dust during 
breaking [1-4]. 

The quality of brake lining is determined by several factors, including the composition 
of the material, the type of material, and the hardness of the material. Brake lining made from 
asbestos braking ability will decrease at a temperature of 200°C, and above that temperature 
will cause brake failure [5]. One alternative that is being developed for use on motorbikes is 
changing the composition of brake pads, based on the green composite concept. 

Green composite criterion is material that has one or two components (matrix and 
reinforcing fibers) as a biological based component [6,7]. This component can be:  
(a) Natural reinforcing fibers with synthetic polymeric matrix (polyolefins polyester,  
epoxy, vinylester, phenolics), (b) Natural polymer matrix (Polylactic Acid / PLA, 
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PolyhydroxyAlkanoat / PHA) reinforced with natural fibers (jute, ramie, bamboo), and (c) 
Natural polymer matrix reinforced with synthetic fibers (E-glass or carbon fiber). 

Composites consist of a combination of two or more materials on the macroscopic 
scale. In practical condition, the composite consists of a main material (matrix), and one type 
of component as a reinforcement to increase the strength and stiffness of the matrix. The 
reinforcement component is usually in the form of fibers. Composite materials have 
advantages such as lighter weight, stronger, higher durability, corrosion resistance, and 
having good wear resistance [8]. 

Natural lignin-based reinforcing fibers (such as bamboo, flax, palm fiber, and coconut) 
have been shown to contribute better to green composite strength [9]. The reasons for 
choosing natural fibers for green composites are:  
(1) Adverse effects of application of natural fibers are smaller than synthetic fibers,  
(2) Applications of natural fibers can reduce the use of synthetic matrices because for the 
same performance composites need more natural fibers than synthetic fibers,  
(3) On automotive applications, lower natural fiber density can support increased fuel oil 
efficiency,  
(4) CO2 emissions from combustion of green composites are smaller than synthetic 
composites.  

Bamboo fiber is used as an existing substitute material because it is economical and 
light [10]. The latest development found the advantages of bamboo fiber green composites, in 
which the vibration reduction capacity of the product was better than glass fiber synthetic 
polymer composites [11]. Researches on green composite reinforced bamboo fiber and epoxy 
matrix have been carried out, even applied for bulletproof vests. Bamboo fiber is quite 
efficient, lightweight, and more economical for bulletproof applications compared to aramid 
fiber [12]. Modification of bamboo fiber for epoxy composites proves an increase in tensile 
strength and significant elongation in resulting new composite [13]. 

Here, this study aims to determine the mechanical properties of the use of brake pads 
based on composite materials from bamboo fiber. This bamboo was used for replacing brake 
pad material made from asbestos with natural materials to avoid the effects of asbestosis 
substances, such as cancer. As a model of bamboo, dendrocalamus asper was used. 
Dendrocalamus asper is one type of bamboo that has a large stem size and is included in the 
tribe of grasses. The researches begun with making a mixture of ingredients. The formula 
consists of several constituent materials, such as binder (epoxy resin), fiber material (bamboo 
fiber), and filler material (MgO). Then, the process of mixing the ingredients until the 
production of brake pads is made with several variations of the addition of bamboo fiber. 

The making of brake pads is determined based on a predetermined reference, such as 
the value of mechanical properties must be based on the value of the safety standard [14]: 

(1) For the value of violence according to safety standards = 68-105.  
(2) Heat resistance of 360°C, for continuous use = up to 250°C. 
(3) The value of wear of brake linings = is 5 x 10-4 - 5 x 10-3 mm2/kg.  
(4) Coefficient of friction = 0.14 – 0.27.  
(5) The mass of the type of brake lining = 1.5 - 2.4 g/cm3.  
(6) Thermal conductivity = 0.12 - 0.8 Wm/K. 
(7) Specific pressure = 0.17 - 0.98 J/g°C.  
(8) Shear strength = 1300 - 3500 N/cm2. 
(9) Strength of fracture = 480 - 1500 N/cm2. 
To determine the mechanical strength of composite materials, the reference test must be 

based on stipulated provisions such as the description above. 
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2. Method  
This study varied the addition of bamboo fiber, while the dosage between MgO and epoxy 
resin was fixed. The addition of bamboo fiber fraction includes 40, 50, and 60%  
(See Table 1) 

 
Table 1. Variation in composition between samples 
Specimen MgO (%) Bamboo Fiber (%) Epoxy Resin (%) 
Composite 1 30 40 30 
Composite 2 25 50 25 
Composite 3 20 60 20 
 

Steps for making specimens are in the following. First, we performed and checked the 
mass composition for each materials. Then, the each component was added and mixed. The 
mixing process used an electric stainless steel mixer with a rotating speed of around 13,600-
15,700 rpm (adjusted to the Atomic Tuned 2 Pro brand) for 8 minutes. The mixed 
components were put into the mold and compacted under a specific condition. The 
compaction process was carried out by adding force into the mold. This process was carried 
out by loading 200 psi for 20 minutes. Finally, the pressed component was sintered at 180°C 
for 30 minutes using an electrical furnace. 

 
3. Results and Discussion 
In the process of making motorcycle composite brake pads, we varied the mixture 
composition. The following are the results of weighing of each composition: Composite 1, 2, 
and 3 contained 7.9998; 7.5874; and 7.3070 g of sample. Detailed information for the 
composition of each component is shown in Table 2. 

 
Table 2. Heavy fraction 

Specimens MgO(gram) Bamboo Fiber 
(gram) 

Ratio of resin 
andhardener 

Composite Weight 
(gram) 

Composite 1 2.50 3.25 12:2 7.9998 
Composite 2 2.00 3.80 10:2 7.5874 
Composite 3 1.50 4.35 8:2 7.3070 

 
Coefficient of friction. To determine the friction coefficient, determination of the 

torque (T) used in the following formula: 
,T P ω=  (1) 

where P  is the electricity power and ω is the rotation. Then, applied 24P =  Watt and  
180ω =  rpm, we can get 24 180 0.13T = = Nm. 

Specific the friction coefficient (µ) was calculated using the following formula: 
( )2 ,nT F rµ = ⋅ ⋅  (2) 

where nF  and r  are the force applied and the diameter of rod, respectively. Then,  
applied the condition of 0.3r =  m and 2.3 9.8 22.54nF = ⋅ =  N, we can get  

( )0.13 2 22.54 0.3 0.0096.µ = ⋅ ⋅ =  
Testing the value of ware rate. Before testing, we checked the weight of sample 

before and after testing. The wear rate test used the ASTM D3702-94 Standard with a load of 
2.3 kg and a speed of 180 rpm. We found that there is an increase in the mass. However, the 
increases in the mass are less than 0.5%. 
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The calculation in determining the value of the wear rate of a material using the 
formula, as follows: 

( ) ( )a bM M M t A= − ⋅ , (3) 
where M is the value of wear rate, aM  is the composite initial weight (gram), bM  is the 
composite final weight (gram), t  is the testing time (second), and A is the frictional cross 
section area (mm2). The wear test results in 1800 seconds are shown in Table 3. 

 
Table 3.Wear rate obtained during the testing 

Specimens aM  (gram) bM (gram) t  (second) A  (mm2) M  (g/mm2.s) 
Composite 1 6.4265 6.4142 1800 289 2.3644·10-8 
Composite 2 4.5902 4.5816 1800 289 1.6532·10-8 
Composite 3 4.0517 4.0467 1800 289 0.9612·10-8 

 
From the results of testing the wear rate, the best wear resistance value occurs in the 

small value of the wear rate that is in the third specimen. So, by increasing the composition of 
bamboo fiber, the lower the wear rate of brake lining samples was obtained. This informs the 
material to be more resistant to wear [15]. 

Hardness test. The hardness test on the composite results and compares with the 
hardness value of the Rockwell Hardness of Plastics and Electrical Insulating Materials. This 
testing is important for understanding the effect of additional component into the 
material [16-20]. The testing procedure was carried out using ASTM D 785-03 type R with an 
indentor diameter of 12.7 mm and a minor load of 10 kg and a major load of 60 kg. The 
results of hardness testing are shown in Table 4. 

Based on the three specimens, the addition of bamboo fiber has an impact on the 
hardness of the material. The more amount of bamboo fiber was added, the harder the 
material can be obtained [21]. Based on the safety standards, the mechanical properties of 
composite brake pads are in the standard safety range of 68.3-91.8 HRR (safety standard 
composite brake pads 68-105 HRR). 
 
Table 4. Composite hardness value 

Specimens 
Rockwell R hardness value(HRR) Average value of 

hardness (HRR) Testing number 
1 2 3  Composite 1 67.50 67.00 70.50 68.30 

Composite 2 72.00 97.00 98.00 89.00 
Composite 3 89.00 93.50 93.00 91.80 

 
Calculation of lifetime of Composite Brake Shoes. To find out the lifetime of 

composites, we used the following formula: 
( ) ,a iU n M M=  (4) 

where ( )U n  is the lifetime (days), aM  is the initial brake pad mass (gram), iM  is the mass 
wasted in 1800 seconds (gram). The calculation results of each composition are shown 
in Table 5. 

When compared with other compositions, the third composite has a relatively long 
usage of age compared to the first and second composites. This informs that the third 
composite is able to survive with the optimum specifications for 810 days. 
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Table 5.The lifetime of composite brake pads 

Specimens Initial Mass 
(gram) 

Gram wasted/ 
800 seconds Time Second Hour Day 

Composite 1 6.4265 0.0123 523 941400 261.50 523 

Composite 2 4.5902 0.0086 534 961200 267.00 534 

Composite 3 4.0517 0.0050 810 1458000 405.00 810 

 
Heat resistance testing. Heat resistance testing was done using an electrical furnace 

with the following regulatory specifications: processing time to reach a maximum 
temperature from room temperature is 7 minutes, holding time at the specific temperature is 
10 minutes, and the testing temperature is 230°C. Each sample was done twice. 

The following images paneled in Fig. 1 are the results of heat resistance testing. The 
condition of composite 1 (Figs. 1a and 1b) did not burn or burn due to heating,  
but the color of the specimen looks darker before heating the furnace. The condition of 
composite 2 (Figs. 1c and 1d) did not burn or scorch like a composite 1, but the color appears 
slightly dark compared to the initial state. The condition of composite 3 (Figs. 1e and 1f) did 
not burn or scorch like composites 1 and 2, but there is a difference other than the color that 
appears slightly dark and the bamboo fiber looks black. 
 

 
         (a)         (b)            (c)      (d)       (e)  (f) 

Fig. 1.Image of condition before-after heat testing. Figures (a) and (b) are for composite 1, 
Figures (c) and (d) are for composite 2, and Figures (e) and (f) are for composite 3 

 
Based on the three specimens, there was no fire at all in the testing specimens. In this 

test, the brake lining specimens made from composites were better than ordinary brake pads 
made from asbestos, which could survive up to temperatures of 200°C [5]. 

 
4. Conclusions 
Based on the data and analysis of the calculations, it can be concluded that bamboo is 
effective to be used. The best constituent material is in the third composite because it has the 
best mechanical properties, such as the wear rate of 0.9612.10-8 g/mm2 (in which this can 
remain up to 810 days (2 years and 3 months)), hardness value of 91.8 HRR, and having good 
heat resistance (because there is no fire or burning phenomena during the testing specimen). 
This study demonstrates that natural based renewable materials from bamboo has good 
mechanical strength, giving information for the potential usage in motorbikes safely. 
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