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Abstract. The solution of the plane problems of elasticity theory on the basis of stress 
approximation is considered. To construct the solution, the additional energy functional is used. With the 
help of the principle of possible displacements, algebraic equations of equilibrium of the nodes of the grid 
of finite elements are constructed. Equilibrium equations are included in the functional of additional 
energy by means of Lagrange multipliers. The necessary relations for rectangular and triangular finite 
elements are obtained. Variants with constant and piecewise-constant approximations of stresses in the 
region of the finite element are considered. The ribbon width of system of the solving linear equations is 
estimated. Calculations have been made for the bended beam and for stretched plate with the hole, for 
the different grids of finite element. It is made comparison of the solutions obtained in stresses with the 
solutions obtained by finite element method in displacements and with exact solutions. It is shown, that 
for plane problems in the theory of elasticity, solutions based on stress approximations make it possible 
to obtain convergence of displacements to exact values from above. For coarse grids, solutions based on 
piecewise constant stresses much more accurate results, but require large computational costs, since the 
width of the ribbon of non-zero elements of the resolving system of linear algebraic equations is 
approximately twice as large as in the other considered variants. Finite elements models in stresses allow 
constructing solutions, which are alternative to solutions obtained by finite element method in 
displacements. 

Аннотация. Рассмотрено решение плоских задач теории упругости на основе 
аппроксимации напряжений. Для построения решения используется функционал дополнительной 
энергии. При помощи принципа возможных перемещений составляются алгебраические 
уравнения равновесия узлов сетки конечных элементов. Уравнения равновесия включаются в 
функционал дополнительной энергии при помощи множителей Лагранжа. Получены необходимые 
соотношения для прямоугольных и треугольных конечных элементов. Рассмотрены варианты с 
постоянными и кусочно-постоянными аппроксимациями напряжений по области конечного 
элемента. Даны оценки ширины ленты системы линейных разрешающих уравнений. Выполнены 
расчеты на изгиб консольной балки и на растяжение пластины с отверстием при различных сетках 
конечных элементов. Выполнено сравнение полученных решений с решениями по методу 
конечных элементов в перемещениях и точными решениями. Показано, что для плоских задач 
теории упругости решения на основе аппроксимации напряжений позволяют получить сходимость 
перемещений к точным значениям сверху. При грубых сетках решения на основе кусочно-
постоянных напряжений дает существенно более точные результаты, но требуют больших 
вычислительных затрат, так как ширина ленты ненулевых элементов разрешающей системы 
линейных алгебраических уравнений примерно в два раза больше, по сравнению с другими 
рассмотренными вариантами. Модели конечных элементов в напряжениях позволяют строить 
решения, альтернативные решениям, полученным методом конечных элементов в перемещениях.  
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1. Introduction 
Many fundamental works have been devoted to the development of the theoretical foundations of 

the finite element method in displacements [1–4]. They present the basic variational principles based on 
which finite element solutions can be constructed. The principles of minimum potential energy and 
additional energy are considered. Hybrid and mixed approaches are also considered. In these studies, it 
is noted that solutions based on the principle of minimum potential energy give the lower limit of the 
solution, and based on the principle of additional energy can give an upper bound. Applying different 
approximations for displacements in the finite element region, we thereby reduce the number of degrees 
of freedom of the system under consideration, which leads to an increase in its rigidity. Therefore, the 
values of displacements determined by the finite element method in displacements. will always be less 
than the exact values. In addition, as a rule, the approximations used for displacements do not ensure the 
continuity of deformations, and therefore stresses, along the boundaries of finite elements. This leads to 
the appearance of gaps of stress fields along the boundaries of finite elements and, correspondingly, 
additional difficulties and inaccuracies in solving physically nonlinear problems. Special algorithms for 
calculating stresses are required [5]. In [3], methods based on the stress fields approximations are also 
considered. 

Based on the finite element method, various algorithms for solving geometrically and physically 
nonlinear problems of rods, plates, shells, and bulk problems of the theory of elasticity are developed [6–
11]. The finite element method in displacements is also successfully used for solving problems with 
allowance for geometric nonlinearity, problems with taking account of the shear deformations and for 
calculation the thin-walled constructions [12–14]. The finite element method also conveniently solves the 
problems of stability and the dynamics of structures [10, 15]. 

The mixed variants of the finite element method are considered in [17–22]. In mixed versions, 
approximations of both displacements and stresses (forces) are used. Therefore, the solution obtained by 
the mixed finite element method, when crushing the grid, can approach an exact solution both from below 
and from above and does not give either the lower or upper boundaries of the displacements. In [23], 
hybrid finite element models are considered, in which the equilibrium equations inside the elements are 
satisfied on average, and the resolving equations are reduced to the form, which allowing to apply the 
standard techniques used in the rigidity method. The paper [24] is devoted to the application of a mixed 
approach to the solution of plane problems in the theory of elasticity, in which piecewise constant 
approximations are used for displacements. Works [25, 26] are devoted to a semi-analytical method for 
solving the problems of building mechanics. The proposed method has a high solution accuracy, but has 
a limited application area. 

In [27–32], solutions are constructed by the finite element method, which based on the 
approximation of stresses (forces). In [27], a combination of the principles of possible displacements and 
possible stressed states is used to obtain the solution. In [29–32], the solution is based on the use of the 
principle of minimum of the additional energy and the principle of possible displacements. This approach 
allows us to find solutions that are alternative solutions obtained by the finite element method in 
displacements, and can provide a lower bound of displacements. 

The finite element method in displacements gives an approximate, one-sided solution of the 
problem under consideration. Therefore, despite the great successes in the use of the finite element 
method in displacements, the search for and development of additional, alternative solutions is topical. 

The purpose of this paper is to develop the method for calculating planar rod systems based on 
various approximations of stresses over the region of the finite element. 

2. Methods 
The solutions of the plane problems of the theory of elasticity in stresses can be obtained using the 

functional of additional energy [3]: 

Π𝑐 = 𝑈∗ + 𝑉∗ =
1

2
∫{𝜎}𝑇[𝐸]−1{𝜎}𝑑 𝛺 − ∫{𝑇}𝑇{∆}𝑑𝑆 → 𝑚𝑖𝑛, (1) 

𝑈∗ – additional energy of the strains, 𝑉∗– potential of boundary forces corresponding to the specified 

displacements [1]; {∆} – vector given displacements of nodes; {𝑇} – vector boundary forces; 𝑆 – 
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boundary surface, on which the displacement nodes are given; 𝛺 – subject area; {𝜎} = {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

} – 

stresses vector; [𝐸] – material stiffness matrix. 

The functions approximating the stress fields in (1) must satisfy the differential equations of 
equilibrium. Since, in the general case, it is practically impossible to find such functions, the following 
approach is proposed in [29–32]. The construction is dividing into rectangular or triangular finite 
elements. The stress fields in the region of the finite element can be approximated by linear, constant, or 
piecewise constant functions (Fig. 1). Linear approximating functions (Fig. 1a) ensure continuity of 
stresses fields over the entire subject area. Constant functions (Fig. 1b) are discontinuous along the 
boundaries of finite elements, but they satisfy differential equations of equilibrium in the absence of 
distributed loads. Piecewise-constant functions (Fig. 1c) also satisfy differential equations of equilibrium, 
are continuous along boundaries but have discontinuities inside finite elements. 

 

Figure 1. Variants of the approximation of stresses over the region of the finite element:  
a) the stresses vary linearly; b) the stresses are constant; c) the stresses are piecewise constant. 

For simplicity, we assume that there are no given node displacements. Then, using any variant of 
the approximating functions for the stresses (Fig. 1), the expression for the functional (1) can be written in 
the following matrix form: 

Π𝑐 =
1

2
{𝜎}𝑇[𝐷]{𝜎} → 𝑚𝑖𝑛, (2) 

{𝜎} is the vector of unknown stresses for the whole system; [𝐷] is the matrix of flexibility for the whole 

system. Then, using the principle of possible displacements, for all non-fixed directions of nodes along 
the coordinate axes, we compose algebraic equations of equilibrium of forces: 

{𝐶𝑖,𝑥}
Т
{𝜎𝑖}+𝑃𝑖,𝑥 = 0,       𝑖 ∈ 𝛯𝑥,

{𝐶𝑖,𝑦}
Т
{𝜎𝑖}+𝑃𝑖,𝑦 = 0,       𝑖 ∈ 𝛯𝑦.

  (3) 

{𝜎𝑖} – vector of unknown stresses of finite elements, connected to node 𝑖; 𝛯𝑥, 𝛯𝑦 – sets of nodes that 

have non-fixed displacements along the X, Y axes, respectively; 𝑃𝑖,𝑥, 𝑃𝑖,𝑦 – generalized forces, 

corresponding to the potential of external loads, for possible unit displacements of node 𝑖 along the axes 

X, Y; {𝐶𝑖,𝑥}, {𝐶𝑖,𝑦} – vectors containing coefficients for unknown nodal stresses in the equations of 

equilibrium of the node 𝑖 along the axes X, Y. 

Thus, we have obtained the problem of minimizing the quadratic function of several variables (2) in 
the presence of constraints in the form of the system of linear algebraic equations (3). The unknown 
parameters are either nodal stresses (Figs. 1a, 1c) or stresses in the finite element (Fig. 1b). The solution 
of this problem was considered in [31, 32] using the penalty function method (4): 

Π𝑐 =
1

2
{𝜎}𝑇[𝐷]{𝜎} + ∑ ∑ ∝ ({𝐶𝑖,𝑗}

𝑇
{𝜎𝑖} + 𝑃𝑖,𝑗)

2

→ 𝑚𝑖𝑛𝑖∈𝛯𝑗𝑗=𝑥,𝑦 .  (4) 
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∝ – penalty parameter. Equating the derivatives, along the unknown stresses, to zero, we obtain the 

system of linear algebraic equations. The matrix of coefficients of this system of equations will have a 
ribbon structure of non-zero elements for any variant of stresses approximations. 

In this paper, to solve we use the method of Lagrange multipliers: 

Π𝑐 =
1

2
{𝜎}𝑇[𝐷]{𝜎} + ∑ ∑ 𝑢𝑖,𝑗 ({𝐶𝑖,𝑗}

𝑇
{𝜎𝑖} + 𝑃𝑖,𝑗) → 𝑚𝑖𝑛𝑖∈𝛯𝑗𝑗=𝑥,𝑦 ,  (5) 

 

𝑢𝑖,𝑗 – displacement of node 𝑖 in direction 𝑗. In this solution, it is appeared additional unknowns in the 

form of node displacements. But we must emphasize that the approximation of the displacement fields in 
the region of the finite element is not used in (5). 

Expression (5) can be represented in a more convenient form for constructing the solution: 

П𝑐 =
1

2
{𝜎}𝑇[𝐷]{𝜎} + {𝑢}𝑇({𝐹} − [𝐿]{𝜎}) → 𝑚𝑖𝑛, (6) 

{𝑢} – global vector of unknown nodal displacements; {𝐹} – vector, whose elements are equal to the 

work of external forces on the corresponding unit displacements of the nodes; [𝐿] – “equilibrium” matrix, 

whose rows are formed from the corresponding vectors {𝐶𝑖,𝑗}. If we equate the derivatives П𝑐 along the 

vector {𝜎} to zero, we obtain the equations of compatibility of the deformations in the stresses: 

[𝐷]{𝜎} − [𝐿]𝑇{𝑢} = 0.  (7) 

The derivatives П𝑐  along the vector {𝑢} represent the system of equations of the equilibrium of 

nodes 

{𝐹} − [𝐿]{𝜎} = 0. (8) 

Combining (7) and (8), we obtain the following system of linear algebraic equations: 

[
[𝐷] −[𝐿]𝑇

−[𝐿] [0]
] {
{𝜎}

{𝑢}
} = {

0
−{𝐹}

}. (9) 

Expressing the vector {𝜎} from the first matrix equation and substituting it into the second, we 

obtain 

[𝐾] = [𝐿][𝐷]−1[𝐿]𝑇, (10) 

[𝐾]{𝑢} = {𝐹},  (11) 

{𝜎} = [𝐷]−1[𝐿]𝑇{𝑢}. (12) 

Thus, solving the system of algebraic equations (11), we obtain the values of the node 

displacements {𝑢}, and then the stress vector {𝜎} from (12). 

Next, we obtain the necessary expressions for the elements of the matrices [𝐷], [𝐿] and the 

vector {𝐹}, entering in (6), when rectangular and triangular finite elements are used to discredit the 

subject area (Fig. 2). 

If linear functions are used to approximate stresses (Fig. 1a), then the matrix [𝐾] will be filled and 

the solution of the system of linear algebraic equations (11) requires large computational costs. 
Therefore, below, two variants of approximating the stresses in the region of the finite element will be 

considered – constant and piecewise-constant functions. In these cases, the matrix [𝐾] will have a 

ribbon structure of non-zero elements. 
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Figure 2. Triangular and rectangular finite elements 

2.1. Variant 1. The stresses are constant in the region of the finite element 

In the case of constant stresses in the region of the finite element, the vector of unknowns for the 

k-th finite element in the local coordinate system {𝜎𝑘} will have three elements: 

{𝜎
𝑘
} = {

𝜎𝑥
𝑘

𝜎𝑦
𝑘

𝜏𝑥𝑦
𝑘

}. (13) 

The symbols with the top dash denoted the parameters related to the local coordinate system, 

associated with the finite element. The superscript k is the serial number of the finite element. The 

vectors of stresses in the global {𝜎𝑘}and local {𝜎
𝑘
} coordinate systems are connected by the matrix of 

direction cosines: 

[𝑆𝜎
𝑘] = [

𝑠𝑖𝑛2𝛼 𝑐𝑜𝑠2𝛼 2𝑠𝑖𝑛𝛼 ∙ 𝑐𝑜𝑠𝛼
𝑐𝑜𝑠2𝛼 𝑠𝑖𝑛2𝛼 −2𝑠𝑖𝑛𝛼 ∙ 𝑐𝑜𝑠𝛼

−𝑠𝑖𝑛𝛼 ∙ 𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼 ∙ 𝑐𝑜𝑠𝛼 −𝑠𝑖𝑛2𝛼 − 𝑐𝑜𝑠2𝛼

],    {𝜎
𝑘
} = [𝑆𝜎

𝑘]{𝜎𝑘}. (14) 

∝ – angle between the vertical axes of the global and local coordinate systems (Fig. 2).  

The additional strain energy for a finite element of thickness 𝑡𝑘 from an isotropic material is 

determined by the area integral: 

Π𝑘
𝑐 = 𝑈𝑘

∗ =
1

2
∫ 𝑡𝑘{𝜎}𝑇[𝐸]−1{𝜎}𝑑𝐴, (15) 

where: 

{𝜎} = {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

} , [𝐸]−1 =
1

𝐸
[

1 −𝜇 0
−𝜇 1 0

0 0 2(1 + 𝜇)
].  (16) 

Substituting {𝜎𝑘} in {14} instead of {𝜎}, we obtain an expression for the additional deformation 

energy in the global coordinate system 

𝑈𝑘
∗ =

1

2
𝐴𝑘 𝑡𝑘{𝜎𝑘}𝑇[𝐸]−1{𝜎𝑘}, (17) 

where: 𝐴𝑘– area of the k-th finite element. The local matrix of a finite element flexibility has following 

form: 

[𝐷𝑘] = 𝐴𝑘 𝑡𝑘[𝐸]−1.  (18) 

 

Summing the additional deformation energies of all n finite elements, we obtain the following 

expression for the flexibility matrix [𝐷] for the whole system: 
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[𝐷] = [
[𝐷1] ⋯ 0
⋮ ⋱ ⋮
0 ⋯ [𝐷𝑛]

].  (19) 

The matrix [𝐷] will have block-diagonal structure and is therefore easily reversible. This is 

important, since the inverse matrix [𝐷]−1 is subsequently will used to obtain the matrix [𝐾] (10). 

[𝐷]−1 = [
[𝐷1]−1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ [𝐷𝑛]−1

]. (20) 

For rectangular finite element, we introduce the local coordinate system 𝜉с𝜂, connected with its 

center (Fig. 2), and basic functions, which are expressed in normalized local coordinates in the following 
form: 

𝑁𝑖(𝑥, 𝑦) =
(1 + 𝜉𝑖𝜉)(1 + 𝜂𝑖𝜂)

4
, 𝜉 =

2𝑥

𝑎𝑘
, 𝜂 =

2𝑦

𝑏𝑘
, 𝑖 = 1,2,3,4. (21) 

The index 𝑖 denotes the local order number of node of the finite element; 𝑥, 𝑦 – the coordinates 

along the axes 𝑋1 and 𝑌1, respectively; 𝜉𝑖 , 𝜂𝑖 – local normalized coordinates of node 𝑖, taking values 1 or -

1. The nodes of finite element are numbered counterclockwise, beginning with the lower-left node. 

As possible displacements of each node, consider the displacements 𝛿𝑢𝑖  and 𝛿𝑣𝑖 along the axes 

of the local coordinate system 𝑋1 and 𝑌1. Possible displacements in the region of rectangular finite 

element are expressed by means of the linear approximation functions in the following form: 

𝛿𝑢(𝑥, 𝑦) = 𝑁𝑖(𝑥, 𝑦)𝛿𝑢𝑖 , 𝛿𝑣(𝑥, 𝑦) = 𝑁𝑖(𝑥, 𝑦)𝛿𝑣𝑖.  (22) 

 

Figure 3. Possible displacements of node 𝒊 in the global coordinate system 

Since the possible displacements 𝛿𝑢𝑖 and 𝛿𝑣𝑖 can be any, we take them equal to unity and in 

subsequent transformations we omit them. Then, the deformations arising in the element k at the 

possible displacement 𝛿𝑢𝑖 = 1, directed along the 𝑋1 axis will be as follows: 

𝛿𝜀𝑥 =
𝜕(𝛿𝑢)

𝜕𝑥
=
𝜉𝑖(1 + 𝜂𝜂𝑖)

2𝑎𝑘
, 𝛿𝛾𝑥𝑦 =

𝜕(𝛿𝑢)

𝜕𝑦
=
𝜂𝑖(1 + 𝜉𝜉𝑖)

2𝑏𝑘
. (23) 

The possible energy of deformations of the rectangular finite element with number k, arising at the 

possible displacement 𝛿𝑢𝑖 = 1 

𝛿𝑈𝑖,𝑥
𝑘
= ∫ ∫ 𝑡𝑘(𝜎𝑥𝛿𝜀𝑥 + 𝜏𝑥𝑦𝛿𝛾𝑥𝑦)𝑑𝑥𝑑𝑦 =

𝑡𝑘𝑏𝑘

2
𝜉𝑖𝜎𝑥

𝑘
+
𝑡𝑘𝑎𝑘

2
𝜂𝑖𝜏𝑥𝑦

𝑘𝑎𝑘
0

𝑏𝑘
0

.  (24) 

We write expression (24) in vector form: 

𝛿𝑈𝑖,𝑥
𝑘
= {𝐶𝑖,𝑥

𝑘 }
𝑇
{𝜎

𝑘
},   {𝐶𝑖,𝑥

𝑘 } =

{
 

 
𝑡𝑘𝑏𝑘

2
𝜉𝑖

0
𝑡𝑘𝑎𝑘

2
𝜂𝑖}
 

 

.  (25) 
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Similarly, for the possible displacement 𝛿𝑣𝑖 = 1 

𝛿𝑈𝑖,𝑦
𝑘
= {𝐶𝑖,𝑦

𝑘 }
𝑇
{𝜎

𝑘
},   {𝐶𝑖,𝑦

𝑘 } =

{
 
 

 
 

0
𝑡𝑘𝑎𝑘
2

𝜂𝑖

𝑡𝑘𝑏𝑘
2

𝜉𝑖}
 
 

 
 

. (26) 

The energy of deformations of all rectangular finite elements adjoined to the node under 
consideration is determined in the form of sums 

𝛿𝑈𝑖,𝑥 = ∑ {𝐶𝑖,𝑥
𝑘 }

𝑇
{𝜎

𝑘
}𝑘 ,   𝛿𝑈𝑖,𝑦 = ∑ {𝐶𝑖,𝑦

𝑘 }
𝑇
{𝜎

𝑘
}𝑘 .  (27) 

The potential of external concentrated and uniformly distributed loads for possible displacements of 

node 𝑖 along the global coordinate axes is determined by (28). 

𝛿𝑉𝑖,𝑗 = 𝑃𝑖,𝑗 +
1

4
∑ 𝑞𝑗

𝑘𝑎𝑘𝑏𝑘 = 𝑅𝑖,𝑗,𝑘    𝑗 = 𝑥, 𝑦.   (28) 

𝑃𝑖,𝑗 – forces, which concentrated in the node; 𝑞𝑗
𝑘 – load, which evenly distributed over the element. The 

generalized forces 𝑅𝑖,𝑗 taken with the minus sign, are placed in the vector {F} (see (6)). 

Using the expressions (25) and (26), we introduce the following matrix notations: 

{𝛿𝑈
𝑘
} =

{
 
 
 
 
 
 

 
 
 
 
 
 𝛿𝑈1,𝑥

𝑘

𝛿𝑈1,𝑦
𝑘

𝛿𝑈2,𝑥
𝑘

𝛿𝑈2,𝑦
𝑘

𝛿𝑈3,𝑥
𝑘

𝛿𝑈3,𝑦
𝑘

𝛿𝑈4,𝑥
𝑘

𝛿𝑈4,𝑦
𝑘
}
 
 
 
 
 
 

 
 
 
 
 
 

, [𝐿
𝑘
] =

𝑡𝑘

2

[
 
 
 
 
 
 
 
 
−𝑏𝑘 0 −𝑎𝑘
0 −𝑎𝑘 −𝑏𝑘
𝑏𝑘 0 −𝑎𝑘
0 −𝑎𝑘 𝑏𝑘
𝑏𝑘 0 𝑎𝑘
0 𝑎𝑘 𝑏𝑘
−𝑏𝑘 0 𝑎𝑘
0 𝑎𝑘 −𝑏𝑘]

 
 
 
 
 
 
 
 

 .  (29) 

Expressions for the energy of deformation for possible displacements of nodes of a finite element 
will be written in the matrix form: 

{𝛿𝑈
𝑘
} = [𝐿

𝑘
] {𝜎

𝑘
} = [𝐿

𝑘
] [𝑆𝜎

𝑘]{𝜎𝑘}.  (30) 

To obtain the equilibrium equations for a node, it is necessary to consider the possible 

displacements 𝛿𝑢𝑖 , 𝛿𝑣𝑖  along the global coordinate axes 𝑋 and 𝑌 (Fig. 3). Displacements along global 

and local axes are connected by the matrix of direction cosines 

[𝑙] = [
𝑠𝑖𝑛 ∝ −𝑐𝑜𝑠 ∝
𝑐𝑜𝑠 ∝ 𝑠𝑖𝑛 ∝

] , {
𝛿𝑢𝑖
𝛿𝑣𝑖

} = [𝑙] {
𝛿𝑢𝑖
𝛿𝑣𝑖
}.  (31) 

Using (31), we obtain the expressions for the strain energy for possible displacements of the nodes 
along the axes of the global coordinate system: 

{𝛿𝑈𝑘} = [𝐿𝑘]{𝜎𝑘},   [𝐿𝑘] = [𝑆𝑢𝑣
𝑘 ] [𝐿

𝑘
] [𝑆𝜎

𝑘],   [𝑆𝑢𝑣
𝑘 ] = [

[𝑙] 0 0 0
0 [𝑙] 0 0

0 0 [𝑙] 0
0 0 0 [𝑙]

]. (32) 
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The matrix [𝐿𝑘], conditionally, can be called the local matrix of equilibrium of the finite element. 

From matrices [𝐿𝑘] for finite elements, in accordance with the numbering of the nodes and elements, the 

global equilibrium matrix [𝐿] is formed for the whole system. 

To derive the relations for the triangular finite element, we use triangular coordinates [3], which 

allow us to obtain the matrix [𝐿𝑘] directly in the global coordinate system. The triangular coordinate for 

the finite element 𝑇𝑖
𝑘

 is determined by the formula 

𝑇𝑖
𝑘 =

1

2𝐴𝑘
(𝑎𝑖

𝑘 + 𝑏𝑖
𝑘𝑥 + 𝑐𝑖

𝑘𝑦),   𝑖 = 1,2,3.    (33) 

where: 

𝑎𝑖
𝑘 = 𝑥𝑖+1𝑦𝑖+2 − 𝑥𝑖+2𝑦𝑖+1, 𝑏𝑖

𝑘 = 𝑦𝑖+1 − 𝑦𝑖+2, 𝑐𝑖
𝑘 = 𝑥𝑖+2 − 𝑥𝑖+1. 

𝐴𝑘– the area of the triangular finite element 𝑘; 𝑥𝑖 , 𝑦𝑖 – coordinates of node 𝑖. 

We can express possible displacements in the region of the triangular finite element by means of 
triangular coordinates in the following form: 

𝛿𝑢(𝑥, 𝑦) = 𝑇𝑖
𝑘𝛿𝑢𝑖, 𝛿𝑣(𝑥, 𝑦) = 𝑇𝑖

𝑘𝛿𝑣𝑖.  (34) 

𝛿𝑢𝑖, 𝛿𝑣𝑖 – the possible displacements of the node 𝑖 along the global coordinate axes. We take 

 𝛿𝑢𝑖 = 1, 𝛿𝑣𝑖 = 1. Then, the deformations arising in the element at the possible displacement of the 

node along the global X axis, will be as follows: 

𝛿𝜀𝑥 =
𝜕(𝛿𝑢)

𝜕𝑥
=

𝑏𝑖
𝑘

2𝐴𝑘
, 𝛿𝛾𝑥𝑦 =

𝜕(𝛿𝑢)

𝜕𝑦
=

𝑐𝑖
𝑘

2𝐴𝑘
.  (35) 

Then 

𝛿𝑈𝑖,𝑥
𝑘 = ∬𝑡𝑘(𝜎𝑥

𝑘𝛿𝜀𝑥 + 𝜏𝑥𝑦
𝑘 𝛿𝛾𝑥𝑦)𝑑𝐴 =

𝑡𝑘𝑏𝑖
𝑘

2
𝜎𝑥
𝑘 +

𝑡𝑘𝑐𝑖
𝑘

2
𝜏𝑥𝑦
𝑘 .  (36) 

Similarly, for the possible displacement along the 𝑌 axis, we get: 

𝛿𝜀𝑦 =
𝜕(𝛿𝑣)

𝜕𝑦
=

𝑐𝑖
𝑘

2𝐴𝑘
, 𝛿𝛾𝑥𝑦 =

𝜕(𝛿𝑣)

𝜕𝑥
=
𝑏𝑖
𝑘

2𝐴𝑘
, (37) 

𝛿𝑈𝑖,𝑦
𝑘 =∬𝑡𝑘(𝜎𝑦

𝑘𝛿𝜀𝑦 + 𝜏𝑥𝑦
𝑘 𝛿𝛾𝑥𝑦)𝑑𝐴 =

𝑡𝑘𝑐𝑖
𝑘

2
𝜎𝑦
𝑘 +

𝑡𝑘𝑏𝑖
𝑘

2
𝜏𝑥𝑦
𝑘 . (38) 

Using the expressions (36) and (38), we obtain the following matrix of equilibrium [𝐿𝑘]  of the 

triangular finite element in the global coordinate system: 

[𝐿𝑘] =
𝑡𝑘

2

[
 
 
 
 
 
 
𝑏1
𝑘 0 𝑐1

𝑘

0 𝑐1
𝑘 𝑏1

𝑘

𝑏2
𝑘 0 𝑐2

𝑘

0 𝑐2
𝑘 𝑏2

𝑘

𝑏3
𝑘 0 𝑐3

𝑘

0 𝑐3
𝑘 𝑏3

𝑘]
 
 
 
 
 
 

.   (39) 

The potential of external concentrated and uniformly distributed loads for possible displacements of 

node 𝑖 is determined by (40). 

𝛿𝑉𝑖,𝑗 = 𝑃𝑖,𝑗 +
1

3
∑ 𝑞𝑗

𝑘𝐴𝑘 = 𝑅𝑖,𝑗,𝑘    𝑗 = 𝑥, 𝑦.   (40) 

The global equilibrium matrix [𝐿] for the whole system will have ribbon structure of non-zero 

elements. Numbering of unknown stresses are assigned in accordance with the numbering of the finite 

elements. Therefore, the width of the ribbon of non-zero elements of the matrix [𝐿] will be determined by 

the maximum difference of order numbers of the finite elements adjoined to node. The structure of the 

matrix [𝐿] must be considered when storing its elements, as well as when calculating the matrix [𝐾] (10). 
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We note, that as a result, the width of the ribbon of non-zero elements of the matrix [𝐾] equal with the 

width of the ribbon of the system of equations of the finite element method in displacements. 

2.2. Variant 2. The stresses are piecewise-constant in the region of the finite 
element 

In this case, nodal stresses are taken as unknowns. The stresses fields in the region of the finite 

element are discontinuous and piecewise-constant (Fig. 1c). We Introduce the notation: {𝜎𝑖} = {

𝜎𝑖,𝑥
𝜎𝑖,𝑦
𝜏𝑖,𝑥𝑦

} 

– stresses in node 𝑖 in the local coordinate system; {𝜎𝑖} = {

𝜎𝑖,𝑥
𝜎𝑖,𝑦
𝜏𝑖,𝑥𝑦

} – stresses in node 𝑖 in the global 

coordinate system. The expression for the additional strains energy in the global coordinate system can 
be written in the form of a simple sum: 

𝑈∗ =
1

2
∑ 𝑡𝑖𝐴𝑖

𝑚

𝑖=1
{𝜎𝑖}

𝑇[𝐸]−1{𝜎𝑖}, (41) 

𝐴𝑖 = ∑
1

4

𝑛𝑅
𝑠=1 𝐴𝑠 + ∑

1

3

𝑛𝑇
𝑠=1 𝐴𝑠. (42) 

𝑚 – the total number of nodes; 𝑡𝑖 – the thickness of the plate at node 𝑖, 𝑛𝑅 – the number of rectangular 

elements adjoined to node 𝑖; 𝑛𝑇 – number of triangular elements adjoined to node 𝑖; 𝐴𝑠 – the area of s – 

the finite element. 

We introduce the notation for the flexibility matrix of "neighborhoods" of the node 𝑖: 

[𝐷𝑖] = 𝑡𝑖𝐴𝑖[𝐸]
−1.  (43) 

The global flexibility matrix for the entire system [𝐷] consists of matrices of flexibility [𝐷𝑖] for all 

nodes of the system and has the following block-diagonal form: 

[𝐷] = [
[𝐷1] ⋯ 0
⋮ ⋱ ⋮
0 ⋯ [𝐷𝑚]

].  (44) 

Consider a possible displacement of the node 𝛿𝑢𝑖 = 1 along the local axis 𝑋1 of the rectangular 

finite element. The possible energy of deformations of the rectangular finite element with number k 

𝛿𝑈𝑖,𝑥
𝑘
= ∫ ∫ 𝑡𝑘(𝜎𝑥𝛿𝜀𝑥 + 𝜏𝑥𝑦𝛿𝛾𝑥𝑦)𝑑𝑥𝑑𝑦

𝑎𝑘
0

= ∑
𝑏𝑘𝑡

𝑘

8
𝜉𝑖 (1 +

𝜂𝑖𝜂𝑗

2
) 𝜎𝑥,𝑗 + ∑

𝑎𝑘𝑡
𝑘

8
𝜂𝑖 (1 +

4
𝑗=1

4
𝑗=1

𝑏𝑘
0

+
𝜉𝑖𝜉𝑗

2
) 𝜏𝑥𝑦,𝑗. 

(45) 

Similarly, for the possible displacement 𝛿𝑣𝑖 = 1 

𝛿𝑈𝑖,𝑦
𝑘
= ∫ ∫ 𝑡𝑘(𝜎𝑦𝛿𝜀𝑦 + 𝜏𝑥𝑦𝛿𝛾𝑥𝑦)𝑑𝑥𝑑𝑦

𝑎𝑘
0

= ∑
𝑎𝑘𝑡

𝑘

8
𝜂𝑖 (1 +

𝜉𝑖𝜉𝑗

2
) 𝜎𝑦,𝑗 + ∑

𝑏𝑘𝑡
𝑘

8
𝜉𝑖 (1 +

4
𝑗=1

4
𝑗=1

𝑏𝑘
0

+
𝜂𝑖𝜂𝑗

2
) 𝜏𝑥𝑦,𝑗. 

(46) 

In expressions (45) and (46), 𝑗 is the local order number of node in the finite element. Using (45) 

and (46), we write the expression for the matrix of equilibrium for the rectangular finite element [𝐿
𝑘
]. 

[𝐿
𝑘
] =

𝑡𝑘

16

[
 
 
 
 
 
 
 
 
−3𝑏𝑘 0 −3𝑎𝑘 −3𝑏𝑘 0 −𝑎𝑘 −𝑏𝑘 0 −𝑎𝑘 −𝑏𝑘 0 −3𝑎𝑘
0 −3𝑎𝑘 −3𝑏𝑘 0 −𝑎𝑘 −3𝑏𝑘 0 −𝑎𝑘 −𝑏𝑘 0 −3𝑎𝑘 −𝑏𝑘
3𝑏𝑘 0 −𝑎𝑘 3𝑏𝑘 0 −3𝑎𝑘 𝑏𝑘 0 −3𝑎𝑘 𝑏𝑘 0 −𝑎𝑘
0 −𝑎𝑘 3𝑏𝑘 0 −3𝑎𝑘 3𝑏𝑘 0 −3𝑎𝑘 𝑏𝑘 0 −𝑎𝑘 𝑏𝑘
𝑏𝑘 0 𝑎𝑘 𝑏𝑘 0 3𝑎𝑘 3𝑏𝑘 0 3𝑎𝑘 3𝑏𝑘 0 𝑎𝑘
0 𝑎𝑘 𝑏𝑘 0 3𝑎𝑘 𝑏𝑘 0 3𝑎𝑘 3𝑏𝑘 0 𝑎𝑘 3𝑏𝑘
−𝑏𝑘 0 3𝑎𝑘 −𝑏𝑘 0 𝑎𝑘 −3𝑏𝑘 0 𝑎𝑘 −3𝑏𝑘 0 3𝑎𝑘
0 3𝑎𝑘 −𝑏𝑘 0 𝑎𝑘 −𝑏𝑘 0 𝑎𝑘 −3𝑏𝑘 0 3𝑎𝑘 −3𝑏𝑘]

 
 
 
 
 
 
 
 

 (47) 
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We write expressions for the strain energy, at possible unit displacements of the nodes of the finite 

element k in the local coordinate system in a matrix form analogous to (30): 

{𝛿𝑈
𝑘
} = [𝐿

𝑘
] {𝜎

𝑘
} = [𝐿

𝑘
] [С𝜎

𝑘]{𝜎𝑘}.  (48) 

[С𝜎
𝑘] – the matrix of transformation of the unknown stress vector for the finite element from the local to 

the global coordinate system. This matrix consists of the matrices [𝑆𝜎
𝑘] (14) and has the following form: 

[С𝜎
𝑘] =

[
 
 
 
 
[𝑆𝜎
𝑘] 0 0 0

0 [𝑆𝜎
𝑘] 0 0

0 0 [𝑆𝜎
𝑘] 0

0 0 0 [𝑆𝜎
𝑘]]
 
 
 
 

.   (49) 

Going to possible displacements in the global coordinate system, we obtain the matrix of 
equilibrium for the finite element 

[𝐿𝑘] = [𝑆𝑢𝑣
𝑘 ] [𝐿

𝑘
] [С𝜎

𝑘].  (50) 

From the matrices [𝐿𝑘], for all finite elements, a global matrix of equilibrium of the whole system 

[𝐿] is formed. 

For a triangular finite element, expressions like expressions (45) and (46), but in the global 
coordinate system, will have the following form: 

𝛿𝑈𝑖,𝑥
𝑘 =

𝑡𝑘𝑏𝑖
𝑘

6
∑ 𝜎𝑥,𝑗
3
𝑗=1 +

𝑡𝑘𝑐𝑖
𝑘

6
∑ 𝜏𝑥𝑦,𝑗
3
𝑗=1 , (51) 

𝛿𝑈𝑖,𝑦
𝑘 =

𝑡𝑘𝑐𝑖
𝑘

6
∑ 𝜎𝑦,𝑗
3
𝑗=1 +

𝑡𝑘𝑏𝑖
𝑘

6
∑ 𝜏𝑥𝑦,𝑗
3
𝑗=1 , (52) 

In a triangular element, the stresses are constant in each third of the area adjoined to the node, 
and equal to the stresses in the given node. Since the possible deformations, in accordance with 
expressions (35) and (37), are constant values throughout the entire element, the strain energy is equal 
to the sum of multiplies the stresses, deformations and the area of one third of the element. Using (51) 

and (52), we obtain the following matrix of equilibrium [𝐿𝑘] of the finite element in the global coordinate 

system: 

[𝐿𝑘] =
𝑡𝑘

6

[
 
 
 
 
 
 
𝑏1
𝑘 0 𝑐1

𝑘 𝑏1
𝑘 0 𝑐1

𝑘 𝑏1
𝑘 0 𝑐1

𝑘

0 𝑐1
𝑘 𝑏1

𝑘 0 𝑐1
𝑘 𝑏1

𝑘 0 𝑐1
𝑘 𝑏1

𝑘

𝑏2
𝑘 0 𝑐2

𝑘 𝑏2
𝑘 0 𝑐2

𝑘 𝑏2
𝑘 0 𝑐2

𝑘

0 𝑐2
𝑘 𝑏2

𝑘 0 𝑐2
𝑘 𝑏2

𝑘 0 𝑐2
𝑘 𝑏2

𝑘

𝑏3
𝑘 0 𝑐3

𝑘 𝑏3
𝑘 0 𝑐3

𝑘 𝑏3
𝑘 0 𝑐3

𝑘

0 𝑐3
𝑘 𝑏3

𝑘 0 𝑐3
𝑘 𝑏3

𝑘 0 𝑐3
𝑘 𝑏3

𝑘]
 
 
 
 
 
 

.  (53) 

Expressions of the potential of external concentrated and uniformly distributed loads for possible 
displacements of the node (28) and (40) do not depend on the type of stress approximation. 

The global equilibrium matrix [𝐿] will also have a ribbon structure of non-zero elements. When 

determining the width of the ribbon of non-zero elements, the minimum and maximum node numbers of 
all finite elements adjacent to the node under consideration are determined for each node. The maximum 
difference of these numbers, multiplied by three, will determine the width of the tape of nonzero elements 

of the matrix [𝐿]. Note, that the width of the ribbon of non-zero elements of the matrix [K] is approximately 

twice the width of the ribbon of the system of equations of the finite element method in displacements. 

3. Results and Discussion 
By program developed in Mathcad 14.0, calculations of the cantilever beam for the action of a 

uniformly distributed vertical load were performed (Fig. 4b). The thickness of the beam – 1m., the 

modulus of elasticity – 𝐸 = 10000 𝑘𝑁/𝑚2, the coefficient of transverse deformations – 0.25. The results 
of calculations of the cantilever beam are presented in Figures 4–7 and in Tables 1–2. In Figures, 
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solutions based on piecewise constant approximations of stresses are denoted by digit 1; solutions based 
on constant stresses - denoted by digit 2; solutions based on FEM in displacements – denoted by digit 3. 

The results of calculations for five variants of finite element grids show that solutions based on 
stress approximation allow obtaining convergence of displacements to the exact values from above and 
are more flexibility as compared to solutions obtained by FEM in the LIRA-SAPR displacements (Fig. 4a).  

The stresses in the clamp of the beam with the use of piecewise constant stresses approximations 
are always greater than the stresses obtained using both constant stresses and with the use of FEM in 
displacements (Table 2). This is since for piecewise constant stresses approximations we use, as 
unknowns, the stresses at the nodes of the finite element grid, which allows us to obtain stress values 
directly in external fibers and better model the edge effect. The difference in the stress values (for the 
smallest grid), in comparison with the FEM in the displacements, is 15.6 %, 35.6 % and 26.4 %, 
respectively, for the stresses 𝜎𝑥, 𝜎𝑦 and 𝜏𝑥𝑦. 

When using constant stresses in the region of the finite element, the stress 𝜎𝑥 is also always 
greater than the stresses obtained by the FEM in displacements. For the coarsest grid, the values differ 
by 9.3 %, and for the smallest by 1.5 %. The stresses 𝜎𝑦 and 𝜏𝑥𝑦 are smaller in the case of using 

constant stresses. The stresses 𝜎𝑦 differ by 39 % for the coarsest grid and by 29 % for the shallowest 

grid. The stresses 𝜏𝑥𝑦 differ by 5 % and 15 %, respectively. 

Note that the stress 𝜎𝑥 in this case is much greater than the stresses 𝜎𝑦 and 𝜏𝑥𝑦. In addition, due to 

the edge effect, when we crash the grid, all the stresses increase, and it is not possible to compare the 
values obtained with precise values. When the solution of the problem is constructed in a physically 
nonlinear formulation, then solutions based on the approximation of stresses, giving large stresses for the 
same grids, should provide a greater reserve of strength in comparison with the FEM decisions in 
displacements. 

 

Figure 4. Cantilever beam: a) vertical 
movements; b) finite element grid 12x4 

  

Figure 5. The stress 𝝈𝒙  

in the upper fiber in the clamp 

 

Figure 6. Stresses 𝝈𝒚  

in the upper fiber in the clamp 

 

Figure 7. Stresses 𝝉𝒙𝒚  

in the upper fiber in the clamp 
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Table 1. Vertical displacements of the console 

N Grid 

Piecewise constant 

stresses 
Constant stresses 

FEM in displacements 

LIRA-SAPR 

Ribbon 
width 

w, mm 
Ribbon 
width 

w, mm 
Ribbon 
width 

w, mm 

1 12х4 26 24.5166 14 24.5578 14 22.4760 

2 24х8 42 23.6121 22 23.5639 22 23.0436 

3 48х16 74 23.3552 38 23.3325 38 23.1990 

4 96х32 138 23.2845 70 23.2762 70 23.2410 

5 192х64 266 23.2653 134 23.2624 134 23.2531 

 

Table 2. Stresses in the upper fiber of the section in the clamp 

N Grid 

Piecewise constant 

stresses 
Constant stresses 

FEM in displacements 

LIRA-SAPR 

𝜎𝑥, 

 𝑘𝑁/𝑚2 

𝜎𝑦, 

𝑘𝑁/𝑚2 

𝜏𝑥𝑦, 

 𝑘𝑁/𝑚2 

𝜎𝑥,  

𝑘𝑁/𝑚2 

𝜎𝑦,  

𝑘𝑁/𝑚2 

𝜏𝑥𝑦,  

𝑘𝑁/𝑚2 

𝜎𝑥,  

𝑘𝑁/𝑚2 

𝜎𝑦,  

𝑘𝑁/𝑚2 

𝜏𝑥𝑦,  

𝑘𝑁/𝑚2 

1 12х4 17.556 3.118 1.745 13.957 0.954 1.113 12.652 1.571 1.172 

2 24х8 19.548 3.521 2.402 16.527 1.433 1.447 16.005 2.120 1.631 

3 48х16 22.063 4.031 3.215 18.911 1.783 1.931 18.584 2.565 2.239 

4 96х32 25.160 4.645 4.055 21.447 2.102 2.486 21.123 2.994 2.912 

5 192х64 28.909 5.375 4.927 24.399 2.439 3.081 24.020 3.460 3.623 

 
Also, calculations were made for the stretched square plate with the hole. In Figure 8 the finite-

element grids are shown for the one-fourth of the plate. The size of the side of plate is 10m., the diameter 

of hole is 1m., the thickness is 1m., the modulus of elasticity is 𝐸 = 10000 𝑘𝑁/𝑚2, the coefficient of 

transverse deformations is 0.25. The stretching load is 𝑞 = 10 𝑘𝑁/𝑚2. For this problem, the exact values 

of the stresses at points 1 and 2 are known (Fig. 8). At the point 1 𝜎𝑥 = 30 𝑘𝑁/𝑚2, at the point 2 𝜎𝑦 =

−10 𝑘𝐻/𝑚2 [3]. Table 2 shows the stress values obtained at points 1 and 2. In the variant in Fig. 8a only 
triangular finite elements are used and the number of grid nodes is 322, in the variant in Fig. 8b both 
rectangular and triangular elements are used, and the number of nodes is 2579. 

 

Figure 8. One quarter of the square plate with the hole.  

Variants of finite element grid and stress distribution 𝝈𝒙, obtained by FEM in displacements 
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Table 2. Stresses in the square plate with the hole 

Scheme 

Point 1 – 𝝈𝒙, 𝒌𝑵/𝒎
𝟐 Point 2 – 𝝈𝒚, 𝒌𝑵/𝒎𝟐 

Piecewise 
constant 

stresses 

Constant 
stresses 

FEM in 
displacements, 

LIRA-SAPR 

Piecewise 
constant 

stresses 

Constant 
stresses 

FEM in 
displacements, 

LIRA-SAPR 

a) 27.697 25.853 25.853 -8.003 -5.244 -5.244 

b) 29.871 29.865 29.845 -9.290 -9.577 -9.559 

 
The results obtained show that for the coarser grid (scheme a), a solution based on piecewise 

constant stresses give substantially more accurate results. The solution differs from the exact one by 
7.7 % at point 1 and by 20 % at point 2. For variants with constant stresses and for FEM in 
displacements, the differs from the exact solution for point 1 is 13.8 % and 47.6 % for point 2. For the 
triangular finite element, the FEM in displacements also simulates constant stresses, so the solutions for 
the scheme in Figure 8a, which obtained by the FEM in displacements, and obtained on the basis of 
constant stresses, coincided.  

For the fine grid (Fig. 8b), the solutions obtained by all methods are very close. In this case, 
solutions based on the approximation of stresses, are also closer to an exact solution. 

4. Conclusions 
 

1. For plane problems of the theory of elasticity, solutions based on the approximation of stresses 
make it possible to obtain convergence of displacements to the exact values from above. 

2. For coarse grids, solutions based on piecewise constant stresses much more accurate results, 
but require large computational costs, since the width of the ribbon of non-zero elements of the resolving 
system of linear algebraic equations is approximately twice as large as in the other considered variants. 

3. Solutions based on the approximation of stresses make it possible, with the same grids, to 
obtain more accurate stress values in comparison with the FEM solutions in displacements. By difference 
of solutions, by the method based on the approximation of stresses and FEM in displacements for 
identical grids, one can estimate the accuracy of the approximate solutions obtained. 

4. Finite elements models in stresses allow constructing solutions, which are alternative to 
solutions obtained by finite element method in displacements. 
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