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Abstract. The article provides the research results of the continuous beam operation in case of the 
support damage. When the support is damaged, the design model of the beam is changing, the spans 
are increasing, and the force in the beam is increasing. Moreover, a fast removal of the support at the 
effect of the unaltering during the destruction of the beam concentrated or distributed force will lead to the 
evolvement of the vibrations and increase of the beam force. The theoretical jurisdictions are provided for 
the determination of dynamic factors which might be used for the determination of dynamic force based 
on the results of the static calculations for the damaged construction. Theoretical dynamic factors are 
determined for the beams loaded by the concentrated loads. The numerical computations have been 
performed with the use of finite-element design models. By the example of the continuous beams loaded 
by the concentrated and distributed forces, the consequence of the dynamic calculations for damaged 
beams is shown taking to account the time of the support breakdown. It is set that the maximum force 
values appear in the beams with time for the support damage from 0.01 to 0.1 sec. The comparison of 
theoretical and numerical dynamic factors is conducted. It showed a good compliance of factor values 
determined by different methods. The recommendations are provided for practical applications of the 
dynamic factor at the calculation of continuous beams. 

Аннотация. В статье представлены результаты исследования работы неразрезных балок 
при повреждении опор. При повреждении опор изменяется расчётная схема балки, возрастают 
пролёты и увеличиваются усилия в балке. Кроме того быстрое исключение опоры при действии на 
балку не меняющейся в момент разрушения сосредоточенной или распределённой нагрузки ведёт 
к развитию колебаний и увеличению усилий в балке. Представлены теоретические обоснования 
для определения коэффициентов динамичности, которые можно использовать для определения 
динамических усилий по результатам статических расчётов повреждённой конструкции. 
Теоретические коэффициенты динамичности определены для балок загруженных 
сосредоточенными нагрузками. Проведены численные расчёты с применением конечно-
элементных расчётных схем. На примере неразрезных балок, загруженных сосредоточенными и 
распределёнными нагрузками показана последовательность динамических расчётов 
повреждённых балок с учётом времени выхода опор из строя. Установлено, что максимальные 
значения усилий возникают в балках при времени повреждения опоры от 0,01 до 0,1 сек. 
Выполнено сравнение теоретических и численных коэффициентов динамичности, показавшее 
хорошее совпадение значений коэффициентов, полученных разными методами. Даны 
рекомендации для практического применения коэффициента динамичности при расчетах 
неразрезных балок. 

1. Introduction 
In Russia and other countries, a scientific direction which studies the behavior of load-bearing 

structures when they are damaged is developing. In the design practice, the analysis of the bearing 
capacity of structures in the case of damage is called the calculation of stability against progressive 
collapse or the calculation of survivability. The problem of studying of the bearing capacity of damaged 
structures is very urgent due to the adverse consequences of the destruction of buildings [1, 2]. In 
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Russia, such a calculation is carried out, as a rule, when designing unique buildings and structures. 
However, the calculation of stability with progressive collapse is also carried out for buildings of mass 
construction [3–5]. The purpose of the calculation of survivability is to increase the reliability of structures 
and to prevent the destruction of the building in case of damage to certain elements of load-bearing 
structures. 

In the article [6] there are represented an overview of the regulatory requirements of the United 
States, Canada, and Europe in carrying out calculations to prevent avalanche collapse, and methods to 
avoid progressive collapse are analyzed. 

 In article [7] the problem of providing load-bearing capacity in accidents leading to damage the 
structures is considered as a complex of preliminary and operational measures reducing possible 
adverse consequences from the destruction of individual elements. The formulation of the survivability of 
structures is presented in [8]. Great attention is paid to resistance to the progressive destruction of frame 
buildings [9–11]. The authors consider the destruction schemes, and the results of calculations of the 
damaged structures in static and dynamic formulations are presented. In the paper [12], a simplified 
approach to the calculation of damaged structures is considered, which ensures an acceptable accuracy 
of the results. The causes of the destruction of structures and constructive measures that reduce the 
possibility of progressive destruction are considered in [13]. The questions of the evaluation of the ability 
of structures to resist to progressive destruction have been investigated in [14], where new 
recommendations increasing the survivability of structures are shown. The design of the joints has a 
significant effect on ensuring the survivability of the load-bearing system [15]. The problems of 
progressive collapse of steel trusses and frames are being investigated. On the example of the 
destruction of the large-span bridge [16], the reasons for the collapse of the span are analyzed. For a 
multistory steel frame [17], questions of structural behavior in the case of damage of the lower floor 
column are investigated, as well as the influence of the damping coefficient, which varies from 0.01 to 
0.1. 

Static, dynamic, linear and nonlinear calculations are successfully used to analyze load-bearing 
capacity of the damaged structures [18–20]. The effect of an increase of the number of floors on the 
decrease in dynamic effects in the framework was noted [18]. 

The review of literature has shown that significant studies of the work of damaged structures have 
been carried out. There are normative requirements for the design of structures with regard to the 
destruction of individual elements. There are recommendations for the selection of damaged elements, 
the appointment of the load and the appointment of materials. However, up to the present time there are 
no recommendations for designers on the calculation of damaged structures taking into account dynamic 
processes. One way to calculate survivability is to apply a modified long-term load with a dynamic factor 
that is determined by the damaged element, its failure rate and the current load. The magnitude of the 
dynamic factor with a fast turn-off of the element can be taken as 2, assuming an instantaneous 
application of the load. However, for spatial structures, local damage, even with instantaneous failure of 
the element, does not always lead to dynamic effects corresponding to the dynamism factor 2. In 
addition, the dynamic effects on the structure depend on the failure rate of the structural element. 
Determination of the dynamic coefficients for typical structures with different damage schemes is of great 
practical importance. 

The aim of the study is to determine the dynamic coefficients for the concentrated and distributed 
load on continuous beams in the case of damage of intermediate supports. 

To achieve this goal, the following tasks are solved: 

1. Theoretical justification of the dynamic coefficients under the action of concentrated loads on the 
beam. 

2. Development of a numerical technique for the dynamic calculation of continuous beams in the 
case of damage of supports and the action of concentrated and distributed loads. 

3. Numerical studies of the dynamic coefficients of continuous beams in the case of damage of 
supports, including beam systems contain main and secondary beams. 

2. Methods 
For the purpose of theoretical justification of the dynamic factor, the simple beam construction can 

be used [19, 20]. Let us consider the double-span beam with a hinged support. In the midspan, the beam 

was subjected to a concentrated load P . Damage to the construction includes midspan support damage. 
The basic and damaged beams are shown in Figure 1.  
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Figure1. Beam subjected to a concentrated load in the midspan: 
a – basic construction; b – damaged construction. 

Depending on the initial position of the beam and midspan support (deflection or hogging of the 
beam in the support area), several types of interaction between this support and the beam are possible: 

Type 1. Supporting force is zero, i.e. at the static action of the load P  the beam span l due to the 

behavior in bending flexed to the size of deflection cw  ( cw  – beam deflection on two supports from the 

concentrated force P ), and only then an intermediate support was underpinned. 

Type 2. The support was pinned under a load оP  equal to force fraction P , at the moment of the 

contact of the beam with the midspan support the beam deflection is ow  and is equal to the proportional 

to the load part of deflection cw  of the beam on two supports from the normal load.  

Type 3. The beam supports on the intermediate support before the load is applied, initial deflection 
is zero. 

Type 4. The beam supports on the intermediate support, herein the beam is put into the shape of 

initial upward buckling equal to 
cw  of the beam span l on two hinged supports under the action of force 

P . 

We shall find the dynamic factor for the concentrated load, acting in each mentioned type of 

structural damage. To determine the dynamic factor dk  known relationship may be used [21]: 

2
1 1d

c

H
k

w
   , (1) 

where H  – height, with which the weight P  – falls down on the beam, cw  – deflection of the 

beam span l  of hinge-supported at each end of the static action of force P . This dependence is valid 

when the weight falls down on the undeformed beam, design model of which isn’t changed in the process 
of interaction between the beam and falling weight. If the design model is changed, additional studying of 
the behavior of the construction is needed.  

For finding the connection between force and deflection, use the following relations [21]: cP cw  

and d dP cw , where c  – control stiffness (the same for static and dynamic load action), dP  – dynamic 

force, dw  – dynamic deflection. 

2.1. Type 1 

In the first type, the beam originally has the deflection equal to the full static when it is supported 

on two seats at the ends, and the effect of force in the middle P . The absence of the intermediate 
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support in case of its damaging does not affect the behavior of the beam. Therefore, the dynamic factor 

for the load P will be 1.  

2.2. Type 2 

In the first type of the damage of the construction, the part of the full load оP  is taken up through 

the beam deformations, and the remaining load is delivered on the intermediate support. At the initial 

deflection ow  prior to the beginning of interaction with the support, the fraction of the force taken up by 

the beam deformation is 
o

o

c

P w
P

w
 . After removing the support, the beam will be affected by the 

instantly superimposed unbalanced fraction of force, equal to 1 o

c

w
P P

w

 
   

 
. This part of the load 

will have a dynamic effect with a dynamic factor 2, as instantly superimposed to the beam. The aggregate 

load on the beam will be: 
2

2 2 2o o o
d о

c c c

w w w
P P P P P

w w w

   
          

   
. The dynamic factor of 

the aggregate load, in this case, will be:  

2d o
d

c

P w
k

P w
    (2) 

With the initial deflection over the midspan support, 0.5o cw w the dynamic factor calculated 

using the formula (2) will be 1.5. 

2.3. Type 3 

In the third type of the damage of the construction, the total load is delivered to the midspan 
support. After the instant removal of this support, the whole load is instantly applied to the beam, the 

initial height from which the weight falls (acts) P  is zero, and the dynamic factor is 2dk  . This result 

can be obtained using the formula (1), or the formula (2). 

2.4. Type 4 

In the fourth type of the damage of the construction (the initial deflection of the midspan support is 

cw ), in order to determine the dynamic factor let us consider the power dU , which is accumulated in the 

system after its deformation, the strain power of preliminary hogging of the beam 
oU  and action A , 

performed by the load P  after the removal of the support. The power balance of the system makes it 
possible to make up an equation:  

o dU A U   (3) 

where 
2

c
o

Pw
U   is the power accumulated in the beam when it is hogged over the midspan support by 

the amount cw , ( )c dA P w w  , 
2 2

2 2 2

d d d d
d

c

P w cw Pw
U

w
   , dw  – the dynamic deflection of the beam, 

measured from the rectilinear axis of the beam. 

After the simplest transformations, we will get the quadratic equation:  

2 22 3 0d c d cw w w w    (4) 

The solution of the quadratic equation is as follows: 

1,2

2 23d c c cw w w w    (5) 

The roots of the quadratic equation are: 
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1
3d cw w , 

2
2d cw w    (6) 

The second root is in contrast to the physical content of equation, therefore, 3d cw w , and the 

dynamic factor is:  

/ 3d d ck w w   (7) 

The same value of the dynamic factor was obtained using the formula (2) if the initial deflection is 

as follows: o cw w  .  

At the initial hogging over the midspan support 0.5
cw the power accumulated with the beam:  

0.25o cU Pw , (8) 

In case of damaging the midspan support, the work of the force P is as follows: 

(0.5 )c dA P w w 
.
 (9) 

The power of the beam deformation is: 
2

2

d
d

c

Pw
U

w
  

With allowance for the power balance (3), the quadratic equation may be made up: 

2 22 1.5 0d c d cw w w w    (10) 

The solution of the quadratic equation is as follows: 

1,2

2 21.5d c c cw w w w    (11) 

The roots of the quadratic equation are: 

1
2.581d cw w ,   

2
0.581d cw w    (12) 

The second root is in contrast to the physical content of equation, therefore, 2.581d cw w , and 

the dynamic factor is:  

/ 2.581d d ck w w   (13) 

The dynamic factor obtained using the formula (2) at the initial deflection: 0.5o cw w  , is: 

0.5
2 2.5d c

d

c

P w
k

P w


     (14) 

The difference between dynamic factors calculated using the formulas (13) and (14) is not too 
large and is approximately 3 %. 

Thus, the dynamic factor depends on how the construction was formed during the construction. In 
the process of design and construction, the presence of the clearances between the supports and the 
construction should be taken into account, as well as the presence of the preliminary deflections in the 
process of assembling the supports. The presence of the preliminary deflection of the construction is 
considered to be more dangerous for design survivability. 

Let us consider the behavior of the construction in the form of the continuous double-span beam, 

subjected to a concentrated load P  in the middle of each span (Fig.2).  
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Figure 2. Double-span beam subjected to two concentrated loads in the middle of the span: 
a – basic construction; b – damaged construction 

The support reactions for the basic construction are as follows: 

 at the end supports:  

1

5

16
F P ; (15) 

 at the midspan supports: 

2

22

16
F P  (16) 

The deflection of the beam under each concentrated load in the basic construction is:  

3 37 (0.5 ) 0.001139

768
o

P l Pl
w

EI EI
   (17) 

The deflection of the beam under each concentrated load under the static action of the load in the 
damaged construction (without the midspan support), measured from the rectilinear axis of the beam is 
as follows:  

3 30.02083

48
c

l Pl
w

EI EI
   (18) 

To determine the dynamic factor, consider the power balance of the system (3). 

The power accumulated in the basic construction during its loading Р is: 

2

2

o
o o

Pw
U Pw   (19) 

The work performed by the power Р in case of damaging the support is: 

2 ( )d cA P w w   (20) 

The energy accumulated in the beam in case of damaging the support is:  

2 2 22 2 2

2 2 2

d d d d d
d

c c

P w cw Pw Pw
U

w w
    ,  (21) 

where 
dw

 
– dynamic beam deflection in the points of load application, measured from the rectilinear axis 

of the beam. 

After the simplest transformations, we will get the quadratic equation:  

2 2 0d c d c ow w w w w    (22) 

The solution of the quadratic equation is as follows: 

a 
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1,2

2

d c c o cw w w w w    (23) 

Taking into account the formulas (17) and (18), write down: 

0.001139
0.05468

0.02083
o c cw w w   (24) 

Then: 

1,2

2(1 0.05468) 0.9723d c c c cw w w w w      (25) 

The roots of the quadratic equation are: 

1
1.9723d cw w ,   

2
0.02773d cw w  (26) 

If we do not consider the second root, that is in contrast to the statement, then 1.9723d cw w , and 

the dynamic factor is:  

/ 1.9723d d ck w w   (27) 

2.5. Computational investigation 

The computational investigation is carried out using the finite element models of the damaged 
construction in the static and dynamic setting [22–27]. In the process of dynamic designing, the damaged 
element is removed, and the internal forces occurring in the element being removed are impressed upon 
the construction. The internal forces are impressed so as to completely replace the failed component, 
and then these forces are decreased to zero during the time corresponding to the breakdown of the 
component [22–26]. It is recommended to take the value of decrease time of the equivalent forces as 0 to 
0.1 sec. It is assumed, that if the vibration period of the damaged construction coincides with the 
decrease time of the forces, then the dynamic factor will be maximum. 

The computational investigation was carried out using the computer system Nastran. The beam 
was simulated with the axial finite elements “beam”. Each beam span was divided into 6 finite elements. 
For accounting the mass during the dynamic designing, the weight of which is equal to the actual loading, 
in the points of concentrated load application, the element of “mass” type is used. 

The investigation of the dynamic factors is carried out for the continuous double-span beam from 
double-T iron 20B1 Corporate Standard of Association CHERMETSTANDART 20-93. The beam spans 
are 6 m, the support is hinged. The damage to the construction in the form of removing the midspan 
support and several types of loading are considered: 

Type 1: concentrated force 48.94 kN is impressed above the midspan support upon the 
undeformed beam; 

Type 2: concentrated force is impressed upon the beam with the span of 12 m, after the 
deformation of the beam by the amount of the half of deflection the midspan support is pinned under the 
beam, and the load is adjusted to 48.94 kN, the support reaction is 24.47 kN; 

Type 3: the beam is hogged by the bearing of the midspan support by the amount equal to the half 
of deflection of the beam with the span of 12 m from the concentrated force of 48.94 kN, after that the 
concentrated force of 48.9 kN is impressed above the midspan support upon the beam, the support 
reaction is 73.41 kN.  

The types of the constructions under investigation are presented in Figure 3. The initial position of 
the beam and the support being removed are stippled in Figure 3. 

For each type of the damaged constructions, the frequency of the first vibration mode was 
calculated. When calculating the vibration mode for each type, the beam proper weight (21 kg/m) is taken 
into account as distributed mass, and the concentrated mass is 4894 kg (equivalent force is 48.94 kN). 
According to the results of the calculation, the frequency and the self-induced vibration period of the first 
form were: 0.712 Hz and 1.404 sec. The following time periods are considered, during which the support 
reactions are decreased, sec.: 0.05, 0.1, 0.14, 0.4, 0.7, 1.0, 1.404, 2.0, 3.0.  
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Figure 3. Diagrams of the constructions under investigation 
a – type 1; b – type 2; c – type 3  

When calculating the type 1 of the construction, the exterior load is constant, and the support 
reaction is decreasing for the predetermined time interval to zero. In types 2 and 3, the load and the 
support reaction vary according to the dependencies illustrated in Figure 4 (exterior load increases for 
20 sec. from zero to the complete value, the support reaction increases to the complete value for the 
same time period and then decreases to zero for the selected time interval). 

a    b  

Figure 4. Change of load and support reaction during 
a – load; b – support reaction 

The work of beams on load at the spams of the continuous beam from the double-T iron 20B1 was 
numerically studied. The behavior of two constructions (fig. 5) was considered: the beam with the 
concentrated force in the middle of each span and beam with the uniformly distributed load. 

 

Fig.5. Diagram of the studied construction on load at the span 
a – concentrated force; b – distributed force 

The proper weight (21 kg/m) is taken into account at the places of the concentrated load action of 
the 3915 kg mass. For beams with loaded distributed force, the distributed mass which is equal to 
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652.5 kg/m together with the self-weight is considered. For the diagrams of the load at the spams, the 
frequency and the period of the first form of the self-induced vibration are: at the concentrated load – 
0.794 Hz and 1.260 sec., at the distributed force – 0.812 Hz and 1.232 sec. The following time periods 
are considered, during which the support reactions are decreasing, sec.: 0.05, 0.1, 0.14, 0.4, 0.7, 1.0, 
1.260 (for concentrated load), 1.232 (for distributed force), 2.0, 3.0. 

When calculating the beams with load at the spam, the exterior load is recognized as permanent 
over time and the support reaction when removing the midsupport is changing during the above-
mentioned time intervals in accordance with the diagram, shown in the Figure 6. 

 

Figure 6. Change of the support reaction at the loaded beam in the spam and  
time interval of 3 sec 

The work of three- and fourspan beams from the double-T iron 20B1 is considered in case of the 
damage of one of the midspans. At the Figure 7, a threespan beam from the double-T iron 20B1 is 
shown; a fourspan beam – at the Figure 8. At the figures, the removed supports are pointed with dot line. 
The support reaction value of the removed support: 

for the threespan beam is 1.1*6.525*6=43.07 kN; 

for the fourspan beam is 0.929*6.525*6=36.37 kN. 

 

Fig.7. Design model at the destruction of the internal support of the threespan beam 
a – at the calculation in the dynamic setting; b – at the calculation in the static setting with kd=2 

for the load at the spans adjoining to the damaged support 

 

Figure 8. Design model at the destruction of internal support of the fourspan beam 
а – at the calculation in the dynamic setting; b – at the calculation in the static setting with kd=2 

for the load at the spans adjoining to the damaged support 
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The calculation in the dynamic setting was performed in the same manner as for the double-span 
beam; the time of the support reaction reduction during the removal of the midsupport is 0.05 sec. 

At the static calculation, the design model with the corresponding removed support is taken into 
consideration. The load in the spans adjoining to the damaged span is admitted with the dynamic 
factor 2. 

The behavior of the multispan beam which carries the secondary beams is studied at the removal 
of the midsupport. The main beam made of the double-T iron 20B1 is a fourspan beam, the length of 
each beam is 6 m. Secondary beams made of the double-T iron 10B1have span of 6 m length and are 
located at the 2 m pitch. Two types of construction are studied: type 1 – secondary beams are hinged to 
the main beam; type 2 – secondary beams are continuous. The load on the secondary beams is 1.088 
kN/m. Fig. 9 shows the design model of the continuous beam with secondary beams attached to the main 
beam by the hinged fastening. 

 

Figure 9. Design model with secondary beams attached by the hinged fastening 

The midsupport reaction of the continuous beam is 40.41 kN. In case of construction damage, the 
midsupport is removed, and the first form frequency of the vibration is 0.706 Hz (simply supported 
secondary beams) and 0.759 Hz (continuous secondary beams), vibration periods are 1.416 and 
1.318 sec. respectively. During the dynamic calculations, the following is taken into account: the 
distributed mass for the main beam – 21 kg/m; for the proper weight of the secondary beam – 8.1 kg/m, 
and the additional mass – 108.8 - 8.1=100.7 kg/m (for consideration of dynamic action of exterior load at 
the support damage). 

3. Results and Discussion 
Figure10 shows the relationship between the bending moment over the midspan (type 3) of 

doublespan beam and the action of the concentrated load over the midspan (Fig. 3) at the removal of this 
support within 0.05 sec. 

Table 1 provides the forces at the doublespan beam depending on reduction time of support 
reaction at the damage of the midsupport. Except for the forces, Table 1 gives dynamic factors calculated 
as the ratio of final force in the damaged construction to the corresponding forces calculated at the static 
loading conditions to the damaged construction. The forces of the static load are: 

maximum bending moment: М=48.94*12/4=146.82 kN·m,  

maximum shear force:          Q=48.94/2=24.47 kN. 
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Figure 10. Change of bending moment over the midspan for type 3 of the construction 

 

Table 1. Forces and dynamic factors at the double span beam when the middle support is 
damaged 

Parameter 
Forces and dynamic factors at the time of reaction reduction 

0.05 0.10 0.14 0.40 0.70 1.00 1.401 2.00 3.00 

1 type 

М, kN m 273.88 273.08 272.05 257.78 228.17 191.77 152.04 171.38 154.26 

kd 1.87 1.86 1.85 1.76 1.55 1.31 1.04 1.17 1.05 

Q, kN 45.95 45.82 45.65 43.24 38.23 32.07 25.35 28.62 25.35 

kd 1.88 1.87 1.86 1.76 1.56 1.31 1.03 1.17 1.03 

2 type 

М, kN m 210.25 209.95 209.43 202.14 187.49 169.30 149.43 159.10 150.54 

kd 1.43 1.43 1.43 1.38 1.28 1.15 1.02 1.08 1.03 

Q, kN 35.22 35.15 35.06 33.86 31.37 28.28 24.92 26.55 25.11 

kdyn 1.44 1.43 1.43 1.38 1.28 1.15 1.02 1.08 1.02 

3 type 

М, kN m 333.79 332.67 331.24 310.63 267.17 213.51 154.95 182.92 157.87 

kd 2.27 2.27 2.26 2.12 1.82 1.45 1.06 1.25 1.08 

Q, kN 56.12 55.94 55.70 52.20 44.85 35.76 25.85 30.58 26.34 

kd 2.29 2.28 2.27 2.13 1.83 1.46 1.06 1.25 1.08 

 

The computational investigation demonstrated that the less time for support reaction reduction the 
bigger is the dynamic factor. The studied simple constructions show that during the time of support 
reaction reduction equal to the period of the first frequency of self-induces vibration, the dynamic factor is 
close to 1. The maximum values of the dynamic factors received in numerical computation are different 
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from the theoretical values – from 4 to 8–12 %. Theoretical dynamic factors are a bit bigger than the 
numerically calculated. 

Carried out numerical calculations confirmed the effectiveness of the previously proposed [22, 26] 
method of numerical dynamic calculation with the replacement of the damaged element by internal 
forces, decreasing from time to zero for a time interval from 0 to 0.1 seconds. At carrying out the 
numerical researches the factor of damping 0.1 is accepted. Studies have shown that using such a 
damping factor reduces the damping time of the oscillations, but does not affect the level of peak values 
of forces and displacements of the structure. This was the results obtained earlier [17] in the calculation 
of multi-story steel frames. 

Figure 11 shows the relation of the dynamic factors to the time of support reaction reduction for the 
considered types of construction damage. 

а)  

b)  

c)  
Figure 11. Relation of the dynamic factors to time of support reaction reduction 

а – type 1; b – type 2; c – type 3 

- dynamic factor for the moment 

- dynamic factor for the shear force 

Figure 12 shows the ration of support reaction of the end supports of the doublespan beam in case 
of the load in the span by the concentrated loads (Fig. 5) to the removal of the support during the 
0.14 sec. 

Table 2 gives forces and dynamic factors of the doublespan beam loaded in the span depending 
on the time of support reaction reduction at the damage of midsupport. The forces of the static load at the 
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concentrated loads in the span are maximum bending moment: М=39.15*3=117.45 kN·m, maximum 
shear force: Q=39.15 kN. At the uniformly distributed load, the static forces are  
М=6.525*12^2/8=117.45 kN·m, Q=6.525*12/2=39.15 kN. 

 

Figure 12. Change of end support reaction at the concentrated loads in the span and at the 
removal of the midsupport within 0.14 sec 

Table 2. Forces and dynamic factors at the double span beam loaded in the span when the 
middle support is damaged 

Parameter Forces and dynamic factors at the time of reaction reduction 

0.05 0.10 0.14 0.40 0.70 1.00 1.260(1.232) 2.00 3.00 

Concentrated loads in the span 

М, kN m 217.97 217.38 216.07 200.93 170.39 137.05 123.39 132.90 128.57 

kd 1.86 1.85 1.84 1.71 1.45 1.17 1.05 1.13 1.09 

Q, kN 72.57 72.30 71.94 66.91 56.84 45.57 41.13 44.28 42.85 

kd 1.85 1.85 1.84 1.71 1.45 1.16 1.05 1.13 1.09 

Uniformly distributed load 

М, kN m 221.81 219.99 219.80 204.40 173.69 139.26 122.87 133.86 128.62 

kd 1.89 1.87 1.87 1.74 1.48 1.19 1.05 1.14 1.10 

Q, kN 66.14 65.92 65.64 61.58 53.63 44.70 40.42 43.28 41.91 

kd 1.69 1.68 1.68 1.57 1.37 1.14 1.03 1.11 1.07 

 
If the damage time of midsupport is decreasing, the dynamic factor will rise. When the time for 

support reaction reduction equals to the period of the first frequency of self-induced vibration, the 
dynamic factor is close to 1. The maximum dynamic factor at the load in the span received numerically 
can differ from the theoretical value which is 1.9723 no more than by 6 % (theoretical value is bigger than 
the numerical).   

Figure 13 shows the ratio of dynamic factor to the time of support reaction reduction at the load in 
the span. 
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а  

b  

Figure 13. Ratio of dynamic factor at the load in the span to the time of support reaction reduction 
а – concentrated load; b – distributed force 

 – dynamic factor for the moment 

 – dynamic factor for the shear force 

In the threespan continuous beam (Fig. 7), the maximum bending moment appears in the part of 
the beam where the support was removed and comprises 141.92 kN·m according to the data of dynamic 
calculation, and 159.05 kN·m – according to the data of static calculations with the dynamic factor. The 
maximum support reaction appears in the undamaged midsupport and comprises 113.5 kN (dynamic 
calculations) and 139.5 kN (static calculations).  

In the fourspan continuous beam (Fig. 8), the maximum bending moment appears in the area of 
removed support and comprises 90.32 kN·m according to the data of dynamic calculation and 
110.11 kN·m – according to the data of static calculations with the dynamic factor 2. The maximum 
support reaction appears in the closest to the middle of the beam undamaged supports and comprises 
92.54 kN (dynamic calculations) and 118.7 kN (static calculations).  

The comparison of the results of the dynamic and static calculations demonstrated that the 
bending moment and support reactions received by the dynamic calculations are smaller than the values 
received by the static calculations by 11–22 %.  

Table 3 provides the forces and dynamic factors in the continuous main beam and in the 
secondary beams (Fig. 9) depending on the time of the support reaction reduction with the damaged 
midspan. The forces of the static load without the dynamic factor in the damaged construction are: 
bending moment in the main beam in the area of the removed support is М=26.93 kN·m, the support 
reaction of the span which is closest to the damaged one is R=34.68 kN, in the secondary beam with the 
hinged fastening, the bending moment in the beam span is М1=4.90 kN·m, the shear force is Q1=3.26 kN, 
for the continuous secondary beam in the place of its attachment to the main beam М1=3.26 kN·m, shear 
force is Q1=3.26 kN.  
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Table 3. Forces and dynamic factors in the continuous main beam and in the secondary 
beams when the middle support is damaged 

Parameter Forces and dynamic factors at the time of reaction reduction 

0.01 0.05 0.10 0.14 0.40 0.70 1.00 1.416(1.318) 2.00 

Simply supported secondary beam 

М, kN m 46.80 45.68 42.31 38.43 33.78 32.11 30.23 28.07 28.44 

kd 1.74 1.70 1.57 1.43 1.25 1.19 1.12 1.04 1.06 

R, kN 46.18 45.60 43.69 41.59 38.19 37.13 36.14 35.54 35.19 

kd 1.33 1.31 1.26 1.20 1.10 1.07 1.04 1.02 1.01 

М1, kN m 6.61 6.58 6.52 6.46 6.23 5.74 5.37 4.98 5.06 

kd 1.35 1.34 1.33 1.32 1.27 1.17 1.10 1.02 1.03 

Q, kN 4.18 4.17 4.12 4.08 3.82 3.65 3.38 3.17 3.23 

kd 1.28 1.28 1.26 1.25 1.17 1.12 1.04 0.97 0.99 

Сontinuous secondary beam 

М, kN m 56.20 55.72 54.33 52.62 40.38 31.00 30.94 30.46 29.11 

kd 2.09 2.07 2.02 1.95 1.50 1.15 1.15 1.13 1.08 

R, kN 50.58 50.31 49.50 48.56 41.87 36.98 36.87 36.60 35.82 

kd 1.46 1.45 1.43 1.40 1.21 1.07 1.06 1.06 1.03 

М1, kN m 5.62 5.52 5.43 5.26 4.04 3.10 3.09 3.05 3.58 

kd 1.72 1.69 1.67 1.61 1.24 0.95 0.95 0.94 1.10 

Q, kN 6.87 6.82 6.65 6.46 4.98 3.75 3.76 3.70 3.25 

kd 2.11 2.09 2.04 1.98 1.53 1.15 1.15 1.13 1.00 

 
The final force appears in the continuous beam and secondary beams at the minimum time of 

support destruction. At the same moment, the dynamic factor for construction with continuous beams is 
bigger, than for constructions with the simply supported secondary beams. 

The calculation of the damaged construction with the loaded secondary beams in the area of load 
damage with the dynamic factor – 2. While other secondary beams are loaded with the initial load. Basing 
on the static calculations, the bending moment in the beam area located over removed support was 
57.12 kN·m, the reaction of support closest to the damaged one – 59.02 kN. For the secondary beams, 
the bending moment in the hinged secondary beams is 9.79 kN·m, in the continuous secondary beams - 
6.53 kN·m. The shear force in the secondary beams is 6.53 kN.  

The moment determined by the static calculation with the increased load on the beams in the area 
of support destruction exceeds the moment obtained by the dynamic calculation in the main beam by  
2–18 %, in the secondary beam by 14–34 %, the "static" support reaction of the main beam is more 
"dynamic" by 14–22 %, and the "dynamic" shear force in the secondary beam takes 64–105 % of the 
"static" one. Thus, for a spatial construction in the form of a continuous beam to which the secondary 
beams are adjoined, the static calculation can be used with a load doubled in the area of damage. Such a 
calculation is carried out with a reserve of load-carrying capacity, with the exception of the shear force in 
continuous secondary beams, which in case of a static calculation with a dynamic factor of 2 is less than 
dynamic by no more than 5 %. 

A suggestion regarding the continuous beams was not confirmed on the fact that the biggest 
dynamic factors should appear at the coincidence of time for construction damage with the period of the 
first form of vibrations of such construction. Maximum dynamic factors of such beams are determined at 
the time length of damage which is lower than 0.1 sec.  
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4. Conclusions 
Depending on the initial state of the continuous doublespan beam, the theoretical value of the 

dynamic factor varies in the range from 1 to 3. The possibility of numerical calculation of damaged 
constructions in a dynamic setting using the Nastran computer complex has been developed, and a 
numerical calculation method for the action of concentrated and distributed load has been worked out. 
The discrepancy between the theoretical dynamic factors and the factors determined by the numerical 
calculation is 4–12 %. It is revealed that in the considered constructions, the shorter the time of the 
midsupport destruction, the greater the dynamic factor. At the time of damage of the midsupport, equal to 
the period of the first form of vibrations, there are no significant values of the dynamic factors; the 
dynamic factors, in this case, are from 1.02 to 1.06. 

For simple beam constructions (in the form of individual beams, girders, consisting of main and 
secondary beams) with the load capacity reserve, it is allowed to perform a static calculation in the design 
using loads with corresponding dynamic factors. 

Taking into account the carried out studies on constructions in the form of simply supported and 
continuous beams, including those with secondary beams adjoining to them, in the absence of initial gaps 
or bends; in static calculations, it is recommended to use loads with a dynamic factor equal to 2 in the 
spans adjacent to the damaged support.  
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