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Abstract. Authors developed a mathematical model for estimating the discounted payback period
of investments for reducing energy resources needed in building's development. Obtained equations
allow calculating the projected payback period for investments in energy saving, taking into account the
size of the investment, the estimated or actual value of the achieved energy saving effect, the dynamics
of energy carriers tariff growth, the discounting of future cash flows, and also a value and a period of loan
repayment. The proposed mathematical model allows to perform quickly and efficiently a comparison of
various energy-saving solutions based on economic viability and choose the most optimal from them.

AHHoTauuAa. PaspabotaHa MartemaTtudeckas MOAefb OLEHKM OUCKOHTMPOBAHHOIO CpokKa
OKYyNnaeMOCTW WHBECTULMIA, HaMnpaBneHHbIX Ha yMEeHblLUEeHNEe NOTpebnsieMblX B 30aHUM SHEePreTUYecKmx
pecypcoB. [lonyyeHbl YypaBHEHWUSl, MO3BOMSAIOLWIME BbINOMHUTL pacdeT MPOrHO3NPYEMOro Cpoka
OKYMaeMoCTU MHBECTMUMIA B SHeprocbepexeHne C y4yeToM pasmepa MHBECTUMLMIA, PacYeTHOro unu
haKTUYecKkoro 3HayeHusi JoCTUraemoro aHeprocoeperatolero agpdekTa,BeNnynHbl JEHEXKHOro NoToKa,
OOCTUraemMoro B pesynbTaTe peanu3auum asHeprocbeperarowmx MeponpusaTUii,  OUMHAMWKM pocTa
TapugOoB Ha 3HEPrOHOCUTENMW, OUCKOHTUPOBaHWUSI OyayLUMX OEHEXHbIX MOTOKOB, a TakkKe BENWYMHbI U
Cpoka Bo3BpaTa KpeAuTHbIX cpedcTB. [peonoxeHHas maTteMaTuyeckass Moaenb no3BonsieT BbicTpo U
KayeCTBEHHO MPOU3BECTM CPaBHEHMNE SKOHOMUYECKOW 3PEKTUBHOCTM PasfMUHbIX 3HeprocbeperaroLLmx
peLLeHnn 1 BbibpaTb N3 HUX Hanboriee onTUMarnbHOE.

1. Introduction

Ensuring the energy efficiency of designed buildings is an important government’s goal, reflected in
the EPBD directive and modern energy saving requirements. However, no less urgent task is to reduce
energy consumption in existing buildings. Most of the existing buildings were built before the
implementation of modern energy-saving programs. For this reason, the amount of energy consumed in
those buildings is much higher compared to new buildings.

One of the effective ways to reduce energy consumption in existing buildings is the implementation
of a set of energy-saving measures. It can be achieved by building envelop heat insulation [1-3],
improving the integrity of building structures [4, 5], implementing efficient engineering equipment [6—10],
using secondary energy resources and renewable energy sources [11-15]. Energy-saving measures
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usually lead to the reduction of energy consumption in buildings and, consequently, to the reduction of
operating costs, for example, for heating.

However, the implementation of any energy-saving event requires investments. Investments in
energy saving usually are lump-sum costs. Reduction of operating costs, achieved as a result of the
implementation of a set of energy-saving measures, will take place over the next several years, i.e. the
profiting component of investment is spread in time.

After a certain period of time, the total economic effect achieved as a result of the introduction of
energy-saving technical solutions can reach the value of the initial investment. This time period should be
considered as predictable period of their payback.

If the payback period of investments is shorter than the estimated service life or operation of the
implemented technical solution, it should be considered as economically justified.

The main criteria for assessing the effectiveness of investments are:
— Simple payback period (SPP);

— Discounted payback period (DPP).

— Accounting Rate of Return (ARR);

— Net Present Value (NPV);

— Profitability Index (P1);

— Internal Rate of Return (IRR).

The above criteria for assessing the effectiveness of investment and construction processes are
described in details in [16-32].

The analysis of the economic viability of investments in energy saving is presented in [6, 33—-35].

In the article [33], in a case of a public school building, simple and relatively inexpensive measures
aimed at energy saving are considered. The authors evaluated the environmental benefits achieved as a
result of planned activities and calculated a simple payback period for investments.

The research [34] presents the results of the European project RePublic-ZEB. Its goal is the
energy modernization of two existing public buildings. The aim of the research is to promote not only
energy-efficient, but also cost-effective technical solutions. The research presents results as a "package
of activities", calculation of energy consumption, global costs, actual payback period and CO: emissions.

In [35] authors investigated the energy consumption of office buildings equipped with heat pumps.
Based on the analysis of the results of energy audit, the authors proposed measures for the
modernization of existing heat pumps and calculated a simple payback period for investments.

The research [6] presents an economic analysis of energy-saving technologies implemented in a
complex production building. The return on investment model includes combination of simple return and
cost analysis of the life cycle.

In [36, 37], more complicated models of return on investment are considered.

The research [36] carried out estimates of the economic viability of energy-saving measures
implemented in public buildings. The methodology is based on a sample of 36 actions. The model is
designed to find conditions that ensure the profitability of the project. Financial analysis is integrated with
risk analysis, which allows to evaluate the sensitivity of the results to the original model data.

In [37] the authors consider various scenarios for financing energy-saving measures aimed at
reducing energy consumption in existing residential buildings, taking into account the size of the initial
investment, the availability of the investor's own funds, the cost of borrowed funds, and the size of the
state subsidy. The paper contains formulas for calculating net present value, simple and discounted
payback period of investments.

The above-mentioned studies do not contain an assessment of the contribution of energy tariff
growth. In connection with the gradual exhaustion of sources of primary energy, despite some bursts of
volatility, the cost of energy carriers has a steady rising trend. This is especially valid for developing
economies, where energy tariffs are constantly increasing. In St. Petersburg, the total increase in the cost
of heat energy for the period from 2006 to 2016 amounted to 224 %, reaching in some years 22.4 % per
year (Table 1).
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Table 1. Dynamics of thermal energy tariffs growth in St. Petersburg from 2006 to 2016 with

centralized heat supply

. Increase in the cost of thermal Increase in the cost of thermal
Year Ta”f((/\'ﬁ_l:ﬁ’clrgggz/?cal energy in absolute terms, energy in relation to the previous
ruble/Geal year, %
2006 500.40
2007 575.46 75.06 +15.0
2008 650.00 74.54 +13.0
2009 795.73 145.73 +22.4
2010 931.00 135.27 +17.0
2011 1050.00 119.00 +12.8
2012 1175.00 125.00 +11.9
2013 1351.25 176.25 +15.0
2014 1408.01 56.76 +4.2
2015 1541.78 133.77 +9.5
2016 1621.95 80.17 +5.2
Average in 10 years 112.16 +12.6
Total in 10 years 1121.55 +224.1

The absence of an indicator characterizing the growth of the cost of energy resources in models
leads to an overestimation of the payback period of investments in energy saving. Because of this, the
investments risk increases. The authors propose a mathematical model of recoupment that takes into
account not only the size of investments and the discount rate of future cash flows, but also the estimated
value of the growth in the cost of energy carriers.

The aim of the research is to develop a mathematical model which includes a combination of
technical and economic indicators influencing both the discounted cash flow value and payback period
in energy saving. The objectives of the research are to define essential factors influencing the
investments payback period, to derive main defining equation, to provide the analysis of this obtained
equation and to examine its properties and results.

2. Methods

Criteria for assessing the effectiveness of investment were originally developed for banking and
financial sectors of the economy. Gradually, they became widespread in other areas of economic activity,
including construction industry and energy.

Currently, investment in energy saving is becoming actual. This type of investment is demanded by
society and in many countries is supported by the governments. The development of legislation
stimulates the introduction of energy service contracts.

Despite the commonness of the basic economic laws, the construction industry has its own
specifics. Incomplete accounting of variables in the mathematical model of payback or inaccurate
forecast of their change within the period under consideration can lead to significant loss of the funds
invested in the project and failure to achieve the forecasted profit.

In Russia, payback period of investments is defined as the ratio of the initial investment’s size to
the value of the estimated cash flow:
SPP = 1Co \ (1)
CF,

where | C —value of the invested capital;

CF, - cash flow, achieved as the result of the implementation of energy saving measures and

savings in operating costs, or expected to be achieved at the stage of project development after the end
of the calendar year or one full heating period.
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For example, if the initial investment in energy saving is € 100,000, and the income from the
energy-saving activities after the end of the first calendar year or the heating season is 10,000 euros, the
simple (no-discount) payback period calculated by formula (1) is 100,000 / 10 000 = 10 years.

It assumes that the cash flow in formula (1) is unchanged throughout the life cycle of the building.
This approach was valid for the socialist model of the economy, when tariffs for thermal energy remained
unchanged for a long period of time, and the government issued loans as interest-free subsidies.

The payback period of investments, calculated according to the formula (1), was received without
taking into account:

- discounting future cash flows;
- increase in the cost (tariff) for energy carriers;
- interest on the loan (when borrowed funds are used).

For this reason, the value of a simple payback period calculated by formula (1) can only be
regarded as an estimate.

Therefore the goal of further research is comprehensively taking into account the limitations of
equation (1) noted above and developing a mathematical model that takes into account noted above
factors.

We can account discounting future cash flows for in the following amendment as:

", CF,

CF,=>

t=1 @+i"

@)

where t — the calculation step (year, month, etc.);

N — number of the period under consideration;
CF; —cashflowin t years;

i — discount rate.

While estimating future cash flows to take only discounting into consideration is not enough. In this
case, the size of the annual savings of funds obtained as a result of the implementation of energy-saving
activities, with each subsequent year (or heating period) will increase. Therefore, each year the amount
of cash flow will increase.

Let us assume that the average annual increase in tariffs for energy carriers (in relative units) is I
(for example, with an annual average tariff growth of 10 %, I' = 0.1). Then, the annual savings of funds
for any considered year n (firstt n =1, second: n =2, third: n =3, etc.), achieved by the

implementation of energy-saving measures, taking into account annual tariff growth can be defined by the
following expression:

CF=CF -(1+r)" 3)

The coefficient, taking into account the estimated growth dynamics in energy tariffs I' in
subsequent years, in this case plays the same role as the deposit rate when opening a time deposit in the
bank.

In this case, equation (2) takes the form:

@a+n- r)"
ZIZCF REDY 4)

The exponents in the numerator and denominator of expression (4) coincide, because the time
interval taken to calculate the discounted value of investments and the savings achieved as a result of
the implementation of energy-saving solutions coincides.

Let us introduce the following notation:

1+i
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Taking into account expressions (4) and (5), the total cash flow after n years from the moment
implementation of a set of energy-saving activities is:

CF =CF,+q-CF+q*°-CF+...+q"*.CF,. (6)
Multiply the left and right sides of equation (6) by g. We get:
CF,.q=q-CF+¢°-CF+...+q"-CF.. @)
We subtract from (7) the expression (6). We get:
(g-1)-CF,=CF,-[q"-1], ®)
from where:
(a"-1) G:ﬂ o ©)
CF,=CF, -+ =CF,-~=——(1+i).
(a-1) (r—i)

Let us substitute the received expression of the total cash flow accumulated over n years of
implementation of energy saving solutions into the formula for calculating net present value:

(1+rjn 1
. =7
NPV =—ICy+CF ,=—IC, +Z(CFt = ICy+CF;- 1:' (1+1). (10)
=1
We equate the net present value to zero value:
(1+rj B
i . 11
NPV=—|00+CF1-1(+'—_)-(1+|)=0. (1D
r—i

This will allow to calculate the discounted payback period of investments into energy saving. In this
case, the number of the considered period N turns out to be identical to the discounted payback period
of investments.

We get:
IC, (r—i 1+r
18 =)y (20 12)
CF, (@+1) 1+1
whence it follows that the discounted payback period of investments is:
inl 1+ 1IC, r—i
CF, 1+i
DPP = (13)
1+r
In|=—
{1+|_

The expression in the denominator of formula (13) can be transformed as follows:

| 20 Cinf1e 20
1+i L 1+

In this case, expression (13) taking into account (1) can be represented as:
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IC, r—i —i
In{1+CF0 1+|} |n[1+3pp.;_'}
DPP = L - il

In 1+r—__I In 1+r—__I
1+i 1+i

If the investor uses its own funds to accomplish the set of energy-saving activities, the calculation
of the discounted payback period of investments into energy saving according to the formula (14) is final.

(14)

If the investor uses borrowed funds, the amount of investment in energy saving (with annuity
monthly payments) should be calculated by the formula:

IC,=m-A-1C,, (15)

where m - the number of loan installments periods (for example, if the loan is taken for 1 year: m = 12,
if for 2 years: m = 24, etc.);

A — the annuity factor;
IC, —the same as in formula (1).
The annuity coefficient is calculated by the formula:
A P '(1+p| ) )
(1+p,)"-1"

where p, — the bank's interest rate on the loan;

(16)

M — the same as in formula (15).

Then the final expression for calculating the discounted payback period of investments should be
given as follows:

IC, r—i
In| 1+ -
CF, 1+i
DPP = - . (17)

Equation (14) allows to calculate the discounted payback period for investments in energy savings
using the investor's own funds, equation (17) takes into account the amount of the bank loan. The
amount of the loan thus increases the payback period of investments in energy saving.

The model allows to obtain the defining equation even when the investments consist of two parts:
the investor's own funds and the bank loan.

3. Result and Discussion

We have obtained equations that allow calculating the discounted payback period for investments
in energy saving, taking into account:

— the required investment size;
— loan repayments (if any);
— the change in the time of the cost of energy resources;

— discounting future cash flows achieved by saving money as a result of the implementation of
the energy saving event or complex of activities.

As a rule, other research studies do not take into account the whole combination of the factors
described above. Most of the researchers estimate the expected payback period of the investments
either using simple payback period model or taking into account only discounting future cash flow.
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In the most general form, the proposed mathematical model is represented by the equation (17). It
allows to calculate the discounted payback period of any energy-saving measure or technical solution.

The accuracy of the mathematical model depends on the accuracy of the assessment of the
energy saving potential of the planned energy-saving measure and the accuracy of the forecasted growth
rates of tariffs for energy resources and discount rates.

When borrowed funds are used, we recommend to use key interest rate of the Central Bank of the
country as a discount rate When one’s own funds are used while setting the value of a discount rate in
formula (17) risks shall be taken into account, the numerical values of which depend on the specifics of a
particular project financing.

The advantage of the presented mathematical model is that it allows to estimate the discounted
payback period of investments using a single formula.

Factors that have a positive impact on reduction of the investments discounted payback period in
energy saving are:

— growth of tariffs for energy carriers;

— decrease in interest rates on the loan;

— reduction of inflation and risks;

— increase of energy saving potential,

— reduction of the size of the initial investment.

Let us analyze the obtained mathematical model using the example of expression (13).

The value of the coefficient characterizing the growth dynamics of tariffs for energy resources will
be taken equal to the discount rate value:r =1 .

Under this condition, the numerator and denominator in expression (13) become equal to O:
In[l+ CI;C|::0 i_l} In[1+ (I;C;:O i_l} n[1] o
+1 +1 n
DPP = ! = ! =

= i = ==, (18)
In {1”} In {1“} infa] o
1+i 1+1i

Thus, we obtain an uncertainty of the form 0/0. We will uncover the uncertainty obtained.

We introduce an infinitesimal quantitys =r —i. We expand the numerator and denominator of
expression (13) in a series and leave only the first two terms of the expansion. We will receive
accordingly:

. 2 2
IC, (r—1 IC IC
In| 1+ 0-( _)D 0. 8_—[ OJ- ¢ 5 (19)
CF, (1+|) CF, (@+i) \CF, 2(1+i)
1+r r—i £ £ &2
Inf—|=I|1+—|=In|1+— | —— ) (20)
1+i 1+i 1+i ] 1+i 2(1+i)2
We transform the expression (13) to the form:
I r—i I
ppp—1Co 5, ( ) 1-1Co |1 (21)
CFi| 2(1+i)| CF,

The second term in the curly brackets of equation (21) gives an amendment to the evaluation of
the payback period of investments.

If we assume again I =1 we get the following:
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ppp-1Coly, (r_'_) 1-1Co :'C°{1+o}='C—O=SPP, (22)
CF,|  2(1+i)|” CF,]| CF, CF,

Then the expression for the payback period of the investment returns to the original expression (1),
which is used to calculate the simple (not discounted) payback period of investments.

A deeper analysis of the mathematical model presented above shows that:

— forr>i, the discounted payback period, calculated by formula (18), is less than the simple (no-
discount) calculated by formula (1), i.e. DPP <SPP;

— for r=1i, the discounted payback period, as was shown above, becomes equal to the simple
one, i.e. DPP =SPP:
— for I <i, the discounted payback period is more simple, i.e. DPP >SPP .

Thus, neither the growth of tariffs for energy resources nor the discount rate independently affects
the payback period of investments in energy saving.

As a result, the government can create favorable, to some extent, conditions for attracting
investments in energy saving.

When comparing different options for energy-saving technical solutions, the most optimal one
should be one for which the discounted payback period of investments takes the least value, i.e. the
following condition is fulfilled:

— min. (23)

It should be noted that equation (23) contains several variables with time parameters. In particular,
these include:

— the parameter characterizing the dynamics of changes in tariffs for heat energy;
— the rate at which discounting of future cash flows is estimated.

For long time intervals (for example, tens of years), forecasting the dynamics of changes in these
variables is a difficult task. Therefore, when predicting the discounted payback period of investments
invested in energy saving, one should consider not one, but several possible scenarios of behavior of the
variables in equation (23), and choose the most probable scenarios from the list of obtained results.

4. Conclusions

We developed a mathematical model for estimating the discounted payback period of investments
aimed at the reduction of energy resources consumed in the building. The obtained equations allow
calculating the projected payback period for investments in energy conservation, taking into account the
size of the investment, the estimated or actual value of the energy saving effect achieved, the growth
dynamics of energy tariffs, the discounting of future cash flows, and the amount and maturity of the loan.
The proposed mathematical model allows a quick and high-quality comparison of the economic viability
of various energy-saving solutions and choose the most optimal one from them.

As a result of the research it is concluded that the factors positively affecting the decrease in the
discounted payback period of investments in energy saving are:

— growth of tariffs for energy carriers;

— decrease in interest rates on the loan;

— reduction of inflation and risks;

— increase in energy-saving potential of the implemented technical solution;

— reduction of the amount of the initial investment.
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10.

11.

12.

13.

14.

When determining the discounted payback period of investments in energy saving, a more
accurate estimate is provided not by numerical values of the coefficient characterizing the dynamics of
changes in the cost of energy resources and discount rates, but by their difference (r —1).

If r =1 the discounted payback period of investments in energy saving becomes equal to a simple
payback period.

The greater the positive difference between the parameters and, entering into the defining
equation, the faster the investment in energy saving pays off.

WithI' <i the risks of non-return of investment in energy saving significantly increase.

Borrowed funds also increase the discounted payback period of investments in energy saving.

The results of the research can be used by investors to assess the effectiveness of investments in
energy saving more accurate, and by public authorities - to develop a set of activities to attract
investment (to stimulate energy service activities).
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