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The temperature waves motion in hollow thick-walled cylinder
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Abstract. A hollow cylinder with thick walls is one of the most complex objects to calculate the un-
steady temperature field, so this field is the least studied. However, such objects are found in many
modern constructions of systems of generation and distribution of heat. In the proposed article it deals
with the study of propagation of temperature waves in the wall of the hollow cylinder after a sudden
temperature change of the internal environment, fuss-causes upon termination of the movement or
circulation of the heated stream. The algorithm of calculation of temperature fields numerically is shown
using an explicit finite-difference scheme of high accuracy in conditions of cylindrical symmetry with
boundary conditions of the first kind. The results of calculations of the penetration depth of the
temperature wave according to the considered algorithm, depending on the time since the start of heat
exposure and their comparison with the existing data for one-dimensional case are given for the
implementation of the identification obtained mathematical model. Calculated radial profiles of relative
temperature in the cylinder wall within the temperature waves in dimensionless coordinates and the
analytical approximation relations for the description of these profiles are presented. The results are
compared with the existing analytical solution for an unlimited array in rectangular coordinates and it is
marked that the common results are found regardless of the material and geometry of the cylinder, as
well as of temperatures of inner and outer environment. Presented dependences are invited to apply for
the analytical evaluation of the minimum temperature on the inner surface of the heated cylindrical
structures that will allow the use of engineering methods to verify compliance with industrial safety
requirements.

AHHoTauma. lMNonbi UUNMHOP C TONCTbIMK CTEHKAMWU SBNSAETCA OOHUM M3 Hambornee CroXHbIX
OOBbEKTOB AMfsi pacdeTa HeCTalMOHapHOro TemrepaTypHOro nofs, Nnoa3ToMy Takoe More sBhseTcd
HavMeHee u3yyeHHbIM. BmecTe ¢ TeM nogoGHble OOBbEKTbl BCTPEYalTCss BO MHOMMX COBPEMEHHbIX
KOHCTPYKUMAX CWUCTEM TreHepaumm W pacnpegeneHus TennoTtel. B npegnaraemon pab6ote
paccmMaTpvBaeTCs UCCNeaoBaHWe pacnpoCTpaHeHMs TemrnepaTypHON BOMHbI B CTEHKE MOMOro LunuHapa
npu ckadkoobpa3HOM M3MEHEHUWN TemnepaTypbl BHYTPEHHEN Cpedbl, BO3HMKAOLWLEM MpU NpekpalleHnm
OBWKEHUS UMW LUMPKYNSaUuuM Harpetoro notoka. [lokasaH anropytM pacyeta TemnepaTypHOro nons
YMCMEHHBIM METOAOM C TMOMOLLBIO SIBHOWM KOHEYHO-Pa3HOCTHOW CXEeMbl MOBbLILUEHHOW TOYHOCTM B
YCIOBUSAX LWMMHOPUYECKOW CUMMETPUMM TMPU  TPaHMYHBLIX YCIOBMAX MepBoro poga. [lpvBeaeHsl
pesynbTaTbl BbIYUCIEHUS TMNYOWHbI MPOHWKHOBEHWSI TEMMEepaTypHOM BOMHbI MO PAaCCMOTPEHHOMY
anroputMy B 3aBUCMMOCTM OT BpPEMEHM C MOMEHTA Hayana TennoBOro BO3OEUCTBUMS U WX
COMOCTaBIIEHNE C CyLLECTBYOLMMU [aHHbIMW O OOHOMEPHOrO criyyas Ansd  OCyLecTBreHus
noeHTurkauun nonyyaemon maTtemaTudeckon mogenu. NpeactaBneHbl paccyuTaHHble paguaribHble
Npounn OTHOCUTENBHOW TeMMepaTypbl B CTEHKE UUNUHApPA B npegenax TemnepaTypHOW BOSHbl B
Oe3pa3mepHbIX KoopAuHATax U NpeasioKeHbl aHaNUTUYeckue anmnpoKCMMaUMOHHbIE 3aBUCUMOCTU ANS
onucaHusa gaHHbIX npodunen. MNonyyeHHble pe3ynbTaTbl CONOCTABMEHbI C UMEOLLMMCS aHANUTUYECKUM
pelleHeM Afsi HEOrpaHWYEHHOrO MaccuBa B MPSMOYFOfbHbIX KOOpAMHATax M oTMedeHa obLHOCTb
HaWEHHbIX pe3yrnbTaTOB HE3aBUCUMO OT Martepuarna M reoMeTpum LMnvMHOpa, a Takke Temneparyp
BHYTPEHHEN W HapyXHOW cpeabl. [lpeacTaBneHHble 3aBUCUMOCTU MNPEANOXEHO MPUMEHSTb Anis
aHaNUTUYECKON OLEHKM MUHWMAaribHOW TemnepaTtypbl Ha BHYTPEHHEN MOBEPXHOCTM LMITMHOPUYECKMX
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HarpeBaeMblX KOHCTPYKLWIA, YTO MO3BOMMUT UCMONb30BaTb MHXEHEPHble MeToAbl NMPOBEPKU BbINONHEHNS
Tpe6oBaHWIt MPOMBILLITEHHON 6e30MNacHOCTH.

1. Introduction

The proposed work has unsteady state temperature field of hollow thick-wall cylinder at a single
heat exposure as target of research.

The task of research of unsteady state conduction in bodies of various geometric forms has been
investigated for quite a long time. Most such investigations come from a solution of differential equation of
heat transfer in solids, known as Fourier [1-2]. For the last time, due to development of computing tools,
the center stage is taken by numerical methods of its solution obtaining, if required, approximation
analytical dependences [2-3]. In most cases, though, they belong to one-dimensional case, or the
consideration is performed in rectangular coordinates. This, though, corresponds to prevailing part of
actually met tasks, and also not only in unsteady, but also in steady state [3]. In condition of cylindrical
symmetry the most developed are the issues of heating and cooling of solid or thin-wall cylinders [1-2].
At the same time in some applications the calculation of unsteady state temperature field of hollow
cylindrical structures with thick walls is of interest. But even in fundamental monograph [1] corresponding
solution is not provided. For the last time there arise a set of publications, where such issues are
considered both analytically and numerically. But the results obtained by the authors, as a rule, are
extremely complicated for application in engineering practice [4, 5, 10, 15, 17, 18] or, otherwise, are too
rough [12]. Others relate to specific options of structures, applied in limited fields and functioning in
specific conditions, for example, under supercritical modes [9], in nuclear power industry [14] or
composite materials production [6—8, 11, 13], and in the presence of phase transitions [16, 19], or fuel
combustion processes [20].

Thus, the relevance of the proposed research lies in the need of finding sufficiently accurate and
physically based, but at the same time acceptable for engineering use variations of the temperature of
the heated cylindrical structures in emergency conditions. For example, it can be useful when resolving
the issue about beginning of condensate formation at internal surfaces of smoke stacks when boiler unit
is stopped or at outer surface of heat insulation of heat pipelines when heat supply is switched off. One
can in general note that these tasks mainly bear a relation to safety, both industrial and connected with
human livelihood. The obtained results can be applied in this case for quite wide range of power facilities
of such structure.

The target of the work is the calculation of unsteady temperature field at discontinuous variation of
environment temperature at internal surface of cylinder. The tasks of the research will be:

— development of algorithm realizing a finite difference scheme of resolving an equation of heat
conduction in cylinder wall;

— obtaining of analytical dependences for a depth of penetration of temperature wave and
temperature at internal surface of cylinder on the results of approximation of program
generation results.

2. Methods

Figure 1 shows the scheme of cylinder under consideration and some conventional symbols. Main
of them are R and ro — correspondingly outer and inner radius, m.

70
/;%
r.K /
tst(7)

N 1

1

1

1

1

1

= r--— — _.._I
" __:]"5\
N

R

Figure 1. Scheme of hollow cylinder and steady state temperature field in its wall
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In this case in cylinder wall a steady state temperature field ts(r) of logarithmic type is set. It can be
calculated in a usual way [1, 2]. Its typical character is also shown at Figure 1. For convenience of further
narration and to achieve maximum collectivity of the obtained results it is convenient to pass to a relative
non-dimensional temperature . It can be defined according to the equation:

-t
9:—ex, (1)

tin _tex

where tex and tin — correspondingly environment temperatures, K, from outer side of cylinder and inside its
chamber. Then the differential equation of unsteady state conduction for cases of cylindrical symmetry
can be written in the following way [1-2]:

0 0 %0
=a R

—=a — 2
ot ror or? |’ @

where a:i— coefficient of chamber wall material temperature conductivity, m?%s; A — its heat
Cp

conductivity W/(m-K); ¢ and p — specific heat capacity, J/(kg-K), and density, kg/m?3; t, s — time moment for

which 8 value is calculated; r — radial coordinate (see figure 1). Solution in this case will show current

deviation of temperature field from initial steady state.

This equation in the simplest case can be tried to investigate at boundary conditions of first order,
i.e. considerthat® =1 atr=roand 8 =0 at r = R. This just corresponds to the mode of non-continuous
variation of heat current at switching off or, vice versa, switching on of heat supply. Then at a first
approximation the actual value 8 at internal surface of chamber can be calculated, if we input an
additional cylindrical layer. Its thickness can be defined from conditions of internal heat exchanging, on
account of equality of thermal resistance of such layer to actual resistance of heat exchange:

* oy 1
— M= |
o) fo[exlo(aoroJ ] fo(eXIO(BiOJ J (3)

where ao — coefficient of convective heat exchange to internal surface, W/(m?2-K);

. ool . . . . . . . .
Big = =90 _ hon-dimensional criterion Bio for this surface. It is easy to see that at big values Bio

thickness of additional layer with sufficient preciseness can be determined as AMa, and for flat wall too.

*
Then actual radius ro, for which 8 = 1 is fixed, is obtained from actual by reduction by value 50. The

*
same is actual radius R of outer surface, where 6 = 0 is maintained, will be increased by thickness 0 . It
can be calculated according to (3), but instead r one shall use R, and as ao a corresponding coefficient of
outer heat exchange will be used.

To resolve the equation (2) one can use numerical methods. The main importance in this case is
the preciseness of the obtained result, and volume of the used memory and amount of performed
operations is not critical due to high computational resources of modern computing devices. So the
explicit finite-difference scheme appears to be advantageous due to its simplicity for programming. Then
temperature value in i-th mesh pointin j+1-st time moment can be calculated according to equation:

2i—-1 1 2i—3
b j+1 = FOA[ﬂtiﬂ,j +[H_2}[i,j +ﬂti—1,j} 4)
- R -

Here t;;, t—1,; and ti.1j— value of temperature in j-th moment of time in i-th mesh and neighboring on
the left and on the right (mesh numeration from chamber axle in direction of outer surface);

Fo, = aAt _ non-dimensional local criterion of Fourier, where AT, s, and Ar, m — correspondingly
2
(ar)

steps on time and coordinate, representing parameters of finite-differentiate scheme. As it is known [1],
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[2], the adopted scheme is concurred at Foa < 1/2. So in calculations they selected the value Foa = 1/6,
providing improved accuracy of approximation — of 4-th order on space and 2-nd — on time coordinate.

3. Results and Discussion

For analysis and interpretation of results of calculations it is required first of all to note that from
general theoretical considerations, including dimensional analysis method, it arises that the depth of
penetration of temperature wave into the depth of material A, m, shall be increased with the flow of time

in general as A=Kk+art [1]. Of course, within the frames of the applied phenomenological model,

providing the basis of derivation of differential equation of hat conductivity, specific level of coefficient k
will always be an issue of some reasonable agreement. Really, as a result of supposition about infinitely
big speed of spreading heat in a substance, the values 0 appear to be different from zero at any r for
each moment t > 0. That is why it is required to stipulate, what the calculated value 6 will be equal to at
the boundary of the area of penetration of temperature wave. If we accept for this case 8 = 0.01, series of
sources gives value k = 3.6. In this case the approximation of results of numerical calculations allows with
good accuracy to consider k = 3.75. Some deviation from known data can be explained, apparently, with
the fact that in this case we investigate the case of cylindrical symmetry. Figure 2 shows the results of
calculations according to scheme (4) for correlation ro/R = 0.7 with the help of the program developed by
author for computing device at algorithm language Fortran.
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Figure 2. Dependence A from 1 according to data of numerical calculation (dot line) and
its approximation in the form of A=3.75yar for ro/R=0.7

The calculated non-dimensional profile of temperature on chamber profile web within the limits of
the layer with thickness A at the value of Fourier criterion, related to the outer chamber radius

aA 4 . . . . . . .
Fogr :—; =5-10 4, is shown at Figure 3 with dots. Here parameter & is a difference (r — ro), i.e. distance
R

along chamber radius from its internal surface. At other For of the same order the results differ only in the
within the limits of thickness of approximating lines.
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Figure 3. Non-dimensional temperature field in chamber wall at small Fog
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The calculated curve is well approximated with the following dependency:

5)° 5 ) )
o=(1-2) -1 2=| |- =] ®
A kv/at ky/Fos
Here Fog :a_;_ Fourier criterion, related to the current distance 8. The plot of the obtained
3

expression is shown at figure 3 with full line. It is easy to see that taking into account the easiness of this
formulae and meaning an inadvertent error, which is entered when passing to a finite-differentiate
scheme, this solution can be acknowledged as quite successful. The condition of its application is,
naturally, performance of inequation ro + ® < R. It can be compared with theoretical solution for spreading
of temperature wave in non-limited single-dimension array [1]:

0=1-erf % =1-erf _ 1 , (6)
nvart n, Fog

where erf — special function of errors, and numerical coefficient n = 2. Calculations show that for
approximation of results of program calculations the dependency (6) is also useful on condition that
parameter n will be taken in the amount of 2.27 = 1 + 4/1r. Corresponding plot is provided at figure 3 with
dot line. This coincidence additionally confirms the fairness of obtained solution. Like in the case of
coefficient k when determining A, the deviation on n can be explained by cylindrical symmetry.
Correlations (5)-(6) are written in non-dimensional form. So they are general, regardless actual values
tex and tin, Of definite material of chamber walls and correlation ro/R, at least, at ro/R > 0.5, for which
numerical calculations were performed. These results are in principle agreed also with data which were
previously obtained by author for another structure geometry [21-23], and, as it was previously noted,
with theoretical considerations, provided in [1-2]. Besides, general view of the calculated temperature
fields corresponds to results of some other authors, for example [16], and their found analytical
description finds out analogies in theoretical solutions from other sources, in particular [14, 17].

To illustrate the practical use of the ratio (5) and its comparison with other solutions, we calculate
the cooling of the brick chimney with the parameters ro = 0.6 m, R = 1 m at an initial flue gas temperature
tin = 120°C and the outside air temperature tex = —25 °C. In this case, the ro/R > 0.5 condition is met. For
brickwork A = 0.81 W/(m-K), ¢ = 880 J/(kg-K), p = 1800 kg/m3, so a = 5.11-10°° m?s. Since we are
primarily interested in the temperature on the inner surface of the chimney ts in terms of estimating the
time of condensation of water vapor, for the actual value of ro, which is fixed ti, = 120 °C, we accept, as it

*
was mentioned above, the value of 50 =ro — Ma. The factor a at a given radius of the tube and the speed

*
of movement of gases about 12 m/s will be near 21 W/(m?-K), then 50 = 0.039 m, ro = 0.561 m and the

ts is still defined at r = 0.6 m. In the calculations it was taken into account that in the considered mode the
value 6, as it was already noted, shows the deviation of the current dimensionless temperature from the
initial stationary distribution t«(r), therefore it was initially calculated the value of ts: on the inner surface of
the chimney. In this case it is equal to 104 °C. In Figure 4 the dependence of the ts from 71, constructed
according to the formula (5), is shown by a solid line. The dotted line in figure 4 shows also the results of
calculations using the analytical solution in the form of a series of data [24], and the dash — also on the
analytical solution in the form of a series of [17]. As an example, we can cite a series of [24] with some
changes corresponding to the peculiarities of the problem under consideration and the symbols accepted
in this paper:

1
e:4In(R/r0)

where —0.5772 is the Euler’s constant.

+.. @)

2 4
_05772 +|n[4arj+ r '

r 4at  p4a°1?

It can be noted that the coincidence of the curves in figure 4 is close enough both in quality and
guantity. In all cases, the decrease of value ts over time occurs practically by the same law, which in the
considered time interval can be approximated by hyperbolic (5) or logarithmic [17, 24] dependence
from 1. We can notice that, in general, the decrease of ts looks somewhat sharper when calculating by (5)
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and smoother when calculating by analytical solutions in the form of series. However the difference lies
within the accuracy of engineering calculation and the deviation lies within the accuracy of the
engineering calculation, but the expression (5) is much easier in structure and is available for use in
engineering practice.
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Figure 4. Dependence of the temperature on the inner surface of the cooling chimney
from the value 1

4. Conclusion

1. It is noted that the speed of spreading of temperature wave in cylindrical wall complies to the
same conformities that is in one-dimensional case, but with another proportional coefficient.

2. It was found that correlation of inner and outer radius of hollow chamber does not influence at
the character of temperature field in the area of temperature wave, at least, at ro/R > 0.5.

3. Itis proved that the radial temperature profile in the wall of the hollow cylinder when ro/R > 0.5
within the temperature wave propagation is described with good accuracy by quadratic dependence or
with the use of an error function similar to a flat wall.

4. It is shown that the rate of temperature change over time at a fixed point in the cylinder wall
within the temperature wave is sufficiently well approximated by hyperbolic dependence into which the
expression for 8 passes at r = const.

5. It is proved that the error in the use of formulas obtained in the paper in comparison with the
results of numerical calculations and existing analytical solutions in the form of series lies within the
accuracy of engineering calculations.

6. Itis proposed to apply correlations obtained in the research for analytical estimation of minimal
temperature at inner surface of cylindrical heated structures, primarily when resolving the issue about
beginning of condensate formation at internal surfaces of smoke stacks when boiler unit is stopped or at
outer surface of heat insulation of heat pipelines when heat supply is switched off, which will allow
applying not only program, but also engineering methods of checking execution of industrial safety
requirements.

7. It is noted that the ratio ro/R, typical for modern designs of chimneys and thermal insulation of
pipelines, allows to use the found formulas for 8 when assessing the cooling time of their surfaces.

8. It is shown that the cooling rate of the inner surface of the smoke stack of a typical design,
calculated in accordance with the found dependencies, before condensation of water vapor from flue
gases of a standard composition is limited to tens of minutes which determine the available time for
repair.
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