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Abstract. Modelling of tides and tsunami waves propagation is important problem for the hydraulic 
engineering practice since it allows to predict characteristics of these phenomena (load, values of run up 
and flooding zones, propagation times to structures and so on) and to make reasonable choice of design 
solution for coastal structures. Numerical modeling is effective way to simulate tides and tsunami waves 
propagation. Results of simulations of tides and tsunami waves propagation on the basis of shallow water 
model are presented and analyzed in the article. It was considered explicit and implicit numerical scheme 
for solution of shallow water model equations, which were verified on the number of experimental results 
including experimental data on distribution of dam-break wave propagation on a dry and sloping bottom. It 
is shown that the numerical data of tides in Persian Gulf are well co-ordinated with the data of tidal tables, 
both on time and on level of tides in various points. Numerical results of tsunami waves propagation in the 
Krasheninnikov Bay and Kozmino Bay are presented at various angles of tsunami at open boundary of 
computed area. Numerical results of tide currents for Krasheninnikov Bay are presented for various 
velocities of a wind. Developed programs may be used, particular, for numerical calculations of impact 
characteristics of tsunami waves on structures in coastal and offshore zones according requirements of 
Russian normative documents. 

Аннотация. Моделирование приливно-отливных течений и распространения волн цунами 
является важной задачей для практики гидротехнического строительства, так как позволяет 
предсказать характеристики этих явлений (нагрузки, величины заплесков и зон затопления, времена 
добегания до сооружений и т.п.) и сделать обоснованный выбор конструктивных решений для 
прибрежных сооружений. Численное моделирование является эффективным инструментом для 
определения характеристик приливно-отливных явлений и распространения волн цунами. В 
настоящей работе приведены и проанализированы результаты расчетов приливно-отливных 
течений и распространения волн цунами на основе численного решения уравнений мелкой воды. 
Рассмотрены явная и неявная численные схемы решения уравнений мелкой воды, которые были 
верифицированы на большом количестве экспериментальных результатов, в том числе и на 
экспериментальных данных по распространению волн прорыва по сухому и наклонному дну. 
Показано, что данные расчетов по моделированию приливов в Персидском заливе 
удовлетворительно согласуются с данными приливных таблиц, как по времени наступления 
приливов, так и по величине приливов в различных точках. Представлены результаты расчетов 
распространения волн цунами в акваториях бухты Крашенинникова и бухты Козьмино при 
различных углах подхода волн цунами к открытой границе расчетной области. Приведены 
результаты расчетов приливно-отливных течений для бухты Крашенинникова при различных 
заданиях скоростей ветра. Разработанные программные средства могут, в частности, применяться 
для проведения численных расчетов по определению характеристик воздействия волн цунами на 
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сооружения, расположенные в прибрежной и береговой зоне, согласно требованиям Российских 
нормативных документов. 

1. Introduction 
Numerical simulation of tidal currents and tsunami wave propagation is an important problem for the 

practice, allowing predicting the characteristics of these phenomena (loads, run up, propagation time to 
structures and so on), creating warning systems for tsunami waves and making a reasonable choice of 
design solutions for the design of various offshore hydraulic structures. Tidal currents and tsunami waves 
are traditionally referred to long-wave processes, since the lengths of tidal waves and tsunami waves are 
estimated at tens of kilometers. 

The study of tidal currents and the modeling of tsunami wave propagation have been devoted to a 
significant number of publications, for example, [1–21]. In [1–4] fundamental theoretical studies on various 
mathematical models describing long-wave processes, shelf effects for long-wave processes, the 
interaction of tidal waves and tsunami waves with islands, the energy of ocean tides, and the resonance 
phenomena of long-wave processes are presented. At present, the model of shallow water has been most 
widely used for numerical modeling of tides and tsunami waves [7–13], which makes it possible to efficiently 
calculate marine areas with characteristic dimensions, measured in hundreds and thousands of kilometers, 
to take into account the movement of the flow on a dry bottom, to simulate flow in multiply connected areas, 
while providing an acceptable for practice accuracy of the calculation results. Large-particle models (SPH) 
[14, 15] and three-dimensional models under the assumption of hydrostatic pressure distribution [5, 6] are 
also used to simulate the tides and propagation of tsunami waves, and even one-dimensional models [16] 
that allow for warning systems give a rapid assessment of tsunami waves transformation. In [17–21] 
questions of physical modelling of tsunami waves and their interaction with hydraulic engineering 
constructions are considered. Different types of tsunami generators were used: pneumatic generators [17, 
20, 21], landslide generators [18, 19]. 

Now it is represented that the most perspective direction for calculation of tidal currents and tsunami 
wave propagation is using procedures of parallel calculations on the computer together with using 
processors of graphic cards [22], thus time of calculations can be essentially reduced and consideration of 
3D models of a currents for water areas of the big sizes is possible. 

In connection with intensive development of the Russian shelf and construction in coastal tsunami 
dangerous areas (see, for example, [23]) the purpose of this paper was to develop the effective algorithms 
of numerical simulation of tides and tsunami wave propagation including flow movement on a dry bottom 
for solving shallow water equations constructed on a conservative explicit and implicit numerical Roe 
scheme of second-order accuracy in space and time. In addition, the possibility of numerical modeling of 
tides and the propagation of tsunami waves at different angles of long waves to the open boundary of the 
calculated region was considered. 

2. Methods 
2.1. Governing equations 

The equations describing unsteady two-dimensional shallow water flow with account of bottom 
friction, wind action, Coriolis forces and viscosity may be represented in the following conservative form 
(see, for example, [24, 25]): 

.V V
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F GU F G Q
t x y x y

∂ ∂∂ ∂ ∂
+ + = + +

∂ ∂ ∂ ∂ ∂
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The depth-averaged shear stresses τxx, τxy, τyx, τyy may be written as [24] (here the indices i, j 
correspond to x, y): 

( )( ) .ij ji
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τ
ν
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In the equations (1)–(3), h – the water depth; H=h+Zb – the water surface level; Zb – the bottom 
surface level; ux , uy – velocity projections in x, y directions respectively; νt – turbulent kinematic viscosity; 

2 sincΩ ω ϕ=   – the Coriolis parameter; ω – Earth angular velocity; ϕ – latitude of the locality; g – free 

fall acceleration; ρw – water density; ρa – air density; τbx , τby – projections of bottom friction force in x, y 
directions respectively, C – the Chezy coefficient; n – bottom roughness coefficient; Сcur – coefficient of 
bottom friction; τwx, τwy – projections of the wind tangent stresses in x, y directions respectively, κ = 0.4 
– the Karman constant; W – wind velocity at height zW relative to the surface elevation; θW – angle of 
inclination of the wind velocity vector in x direction; z0 – water surface roughness parameter; q(x,y) – mass 
source intensity in the point with coordinates (x, y). The wind shear stresses (see (2)) were determined 
according to [25]. 

2.2. Numerical algorithms 

2.2.1.  Explicit scheme 

For solving the set of equations (1), select the variables h, Qx, Qy, H as the unknowns, and consider 
the extended set of equations [26] by formally adding the equation for H to the set (1):  
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It is assumed in (4) that the temporal variation in the bottom geometry in each point of the 

computation domain is known and described by the function ( , , )bZ f t x y
t

∂
=

∂
. 

In the further analysis the subdivision of the computational domain into the finite volumes (FV) will 
be considered as an arbitrary quadrangular node grid. The computational curvilinear node grid is formed 
by assigning the coordinates of the apexes of FV; the coordinates of the computation points are determined 
in the gravity center of FV. 

Using the finite volume method, obtain for the explicit scheme: 
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k k x k y v k v k x v k yF F n G n F F n G n= + = +     – the convective and the diffusive fluxes 

respectively, normal to k-th edge of FV; nx, ny – projections of the external normal to the edge of FV in the 
x,y directions respectively ; Scv – the finite volume area, k  – the length of k-th edge of FV.  

The computation of the convective fluxes nF at the edge of FV is made using the second order 
accuracy Roe’s scheme over the spatial variables x, y: 
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Here LU  and RU  are reconstructed values of the variables on the inner and outer side of the edge 

of FV respectively; nA F U= ∂ ∂  – the Jacobian; HA  – additional matrix accounting of the components 

,h H x h H y∂ ∂ ∂ ∂    in (4). 

The matrix HA A+  may be represented as (see [26, 27]): 
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Here T – the matrix of transition from the coordinate system x,y to the local coordinate system n,l at 
the edge of FV; λ1=un-c, λ2=un, λ3=un+c, λ4=0 – the eigenvalues of the matrix A*; R – the matrix of the 
right-side eigenvectors A*; ,n x x y y l x y y xu u n u n u u n u n= + = − +   .  
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The matrix HA A+  in (6) has the form 1 1
HA A T R R TΛ− −+ = , in which the matrix Λ  is the 

diagonal matrix with the modules of the eigenvalues on the diagonal. 

Due to the fact that the normal specific discharges Qn can be prescribed at the boundaries of the 
computation domain (e.g. for the solid boundary Qn=0), the relationship (6) may be conveniently written at 
the boundary of FV using the variables V TU=  in the local coordinate system n,l: 

1 *1 ( ) ( ) - ( - )  .
2

n n n
R L R LF F V F V T A V V− = +   (8) 

In (8) the reconstruction of variables V  (and not U ) is making for the boundary of FV. 

The reconstruction of the variables V  for the edge of FV in case of quadrangular computation grid 
was performed in the following way [26]. For the computation point with number (i,j) considered were the 

four nearest adjacent points with numbers (i±1,j±1) and the derivatives ,k k
x yV x V yα β= ∂ ∂ = ∂ ∂    

(k=1,…,4) were determined by turns for four combinations of point ((i,j) with two adjacent points (e.g. 
(i,j+1) and (i+1,j). The determination of the slopes ,x yα β  in FV for the computation point (i,j) was made 

by applying one of the known limiters (minmod, superbee, van Leer, van Albada [26]) to the computed 
values of the slopes ,k k

x yα β . The reconstructed value of variable LV  at k-th edge of the inward side of FV 

for the computation point (i,j) is determined using the relationship (xk,yk – the mid coordinates of the k-th 
edge): 

, , ,( - ) ( - ).L i j x k i j y k i jV V x x y yα β= + +  

The reconstructed value of variable RV  at k-th edge of the outward side of FV for the computation 
point (i,j) is determined in a similar way. 

It should be noted that the computation of the slopes ,x yα β  of FV adjacent to the boundary of the 

computation domain is made using the non-reflecting boundary conditions [26]. 

The computation of the values un, ul, c at the boundary of FV, required for the determination of the 
elements of matrices R, Λ, R-1 (see (7),(8)), was performed with the aid of Roe’s averages with entropy 
correction.  

The approximation of the component h H x∂ ∂  was made using the following scheme. From the 

reconstructed values of hL, hR, HL, HR the expressions ,L L R Rh H x h H x∂ ∂ ∂ ∂   were computed by the 

central-difference way, and their half sum was assumed as h H x∂ ∂ . The derivative h H y∂ ∂  was 
determined in a similar way. 

The selection of additional variable H and the extended set of equations (4) makes it possible to 
obtain a trivial solution for the Roe’s scheme using arbitrary curvilinear grids for any bed geometry, i.e. at 
ux =uy =0 , it follows that H=const. 

It should be noted that the above computation scheme of convective flows at the edges of FV also 
permits to make reconstruction in terms of the velocities un, ul [28, 29], and not the specific discharges Qn, 
Ql. As noted in [29], the choice of variables un, ul for reconstruction permits to enhance the stability of the 
algorithm, especially in the presence of dry bed.  

The diffusion flow ,
n

v kF  is computed by central difference scheme. 

The temporal integration of equation (5) was made with second order accuracy using the predictor-
corrector scheme.  

The condition of calculation stability for the considered explicit scheme of equations (1) has the form: 
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(9) 

Here Cr – Courant number, Δt – differential step on time, Δx, Δy – differential steps on spatial 
coordinates x, y. 

The condition (9) means that for transition to the following time level (p+1) from current time level (p) 
the time step Δt is taking on the basis of above presented relation taking into account the specified 
parameter Cr <1. 

The following procedure was used for making consideration of the dry bed flow. With the condition 
h < hmin (hmin is selected in the range of 10-6-10-12 m) satisfied in some point (i,j), the flow velocities vx, vy 
at that point were assumed zero. During the computations of convective flows at the edge of FV for which 
the adjacent FV is dry (h < hmin), there was made the analysis of probability of the water entrance into the 
FV through the edge. In this case, if the water level in the adjacent dry volume exceeds the one of the 
analysed volume, the condition of solid-wall was imposed ((un)R=-(un)L, (ul)R=(ul)L, hR=hL,HR=HL). 
Such approach to the dry bed problem made it possible to perform computations for the bed drying and 
submersion of the dried bed as well as for multiply connected domains. 

2.2.2.  Implicit scheme 
The integration of equation (4) over FV area gives the following equation for the implicit scheme: 

4 41 1
, ,

1 1
- (1- ) - (1- ) 0.

p p p pn n n n
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US F F F F Q Q S
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At θ=1 we receive the Euler implicit scheme of the first order accuracy with respect to time; at θ=1/2 
we receive the Crank-Nickols implicit scheme of the second order accuracy with respect to time. 

Equation (10) linearized with respect to time with the second order accuracy of temporal step ∆t may 
be represented as: 

1 2
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(11) 

Here 1
, , ,

p p
i j i j i jU U U∆ += −  – difference of variables vector in a point i, j of considered FV during 

time ∆t. 

The matrices 
1 1 1
, ,S S SB C D     correspond to the components from the convective and diffusion 

fluxes along the opposite edges in one direction, the matrices 
2 2 2
, ,S S SB C D    – in another direction. 

Matrices 
1 1 1
, ,S S SB C D    for rectangular coordinates in direction S1 = x have the form: 

1 1,1/2,
1 ( ) -  ,

2S H R H v Si j
B A A A A B

x∆ −
=  + +  +   
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The matrices 
2 2 2
, ,S S SB C D    in direction S2 = y for rectangular coordinates can be written in similar 

form. 

The right-side part of (11) is determined in the same way as in the explicit scheme. 

After partial factorization (11) with the second order accuracy with respect to ∆t, we receive (I – 
identity matrix): 

( )( )1 2 , .S S i jI tL I tL U tRHSθ∆ θ∆ ∆ ∆+ + =  (12) 

Equation (12) can be effectively solved using the Thomas algorithm for block three-diagonal matrices 
in one and another direction successively [30]. Note that in (12) the values of temporal increments of 
variables in points located outside the calculation domain were determined with account of non-reflecting 
boundary conditions. 

The choice of time step for the implicit scheme does not require implementation of condition (9). 
However, keeping in mind that the stability analysis of difference schemes is spent on a basis of linearized 
equations, in practice the Courant number, at which stability of the implicit scheme is observed, is limited 
and it is defined by selection way. It is necessary to notice that the implicit scheme has the increased 
stability in comparison to the explicit scheme and Courant number, at which stability of this difference 
scheme is observed for a specific object, can be much more 1. 

Boundary conditions on the open boundary of calculating area for simulations of tides and tsunami 
wave propagation were taken according [31] and were considered angle of tsunami wave on open 
boundary. 

Verification of examined numerical algorithms was made on the basis of comparison of calculation 
results with experimental data and with analytical solutions for examples presented in [32]. Let's notice that 
verification of the presented algorithms included also comparison of numerical solutions with experimental 
data on distribution of dam-break wave including wave propagation on a dry bottom and sloping bottom. 

3. Results and Discussion 
3.1. Tidal currents in the Persian Gulf 

The computation of tidal currents was made for the Persian Gulf water area. The boundary condition 
was described as water surface level in Ormuz Strait in the area of Jask Bay (the right-side open boundary 
in Figure 1) according to the Tide Tables [33] per 02–04 July 1996. 

The computations were made with 201×140 mesh, n = 0.012, the Coriolis parameter – 
Ωc = 0.0000685 1/s, wind speed – W = 0 m/s. For the explicit scheme it was assumed that Cr = 0.5, for 
the implicit scheme – Cr = 1.5-2.5. The computation time was 10 cycles of diurnal tides which provided the 
periodic regime. Figure 2 presents the results of computations of dynamics of water level in a number of 
localities on the shore of Persian Gulf under calm conditions for one tidal cycle. The comparison between 
the computed data on the water level and the available data on the tidal level variations in Dubai, Bender-
Lenge, Shat-Al-Arab [33] indicated their good agreement. In particular, the computed time of approach of 
the higher high level (HHL) for Shat-Al-Arab with respect to the HHL time for Bender-Lenge (≈ 12 hours) 
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practically corresponds to the data of [33]. For Shat-Al-Arab the difference between HHL and lower low 
level (LLL) was computed as 3.5 m; according to [33], this difference amounted to 3.5 m; the difference 
between the lower high level (LHL) and higher low level (HLL) was computed as 1.6 m and according to 
[33] – 1.4 m. Figure 1 shows the vectors of depth-averaged flow velocity under calm conditions at the time 
corresponding to HHL in the area of Jask Bay. 

 
Figure 1. Distribution of velocity vectors in Persian Gulf  

at the time corresponding to HHL in Jask Bay  

 
Figure 2. Water level tidal dynamics in Persian Gulf (• – Jask Bay,   – Shat-Al-Arab, 

 ♦ – Dubai, � – Bender-Lenge) 

3.2. Distribution of tsunami wave in Kozmino Bay 
Calculations of the tsunami wave propagation in the Kozmino Bay were made with the direction of 

the wave from the west. The period of the tsunami wave was set equal to 35 minutes, the wave height at 
the entrance to the bay was 0.845 m. The calculations were made on a rectangular grid of dimension 
343х293 (the difference step on the coordinates was 5 m). The order of accuracy of the difference 
approximation with respect to spatial coordinates and time was equal to 2. The Courant parameter was 
chosen equal to 0.4 for the explicit scheme. The roughness coefficient was chosen to be n = 0.035, the 
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Coriolis parameter – Ωc = 0.0000987 1/s, wind speed – W = 0 m/s. The initial conditions were given as 
H = 0, Vx,y  = 0.  

In the calculations near the shore of the Kozmino Bay checkpoints were set, in which the dynamics 
of water surface levels during the tsunami wave propagation were recorded. The coordinates of these 
checkpoints (coordinated with the coordinate system in Figures 3-4) are presented in Table 1. 

Table 1. Сoordinates of Kozmino Bay checkpoints 
No. of 

checkpoints 1 2 3 4 5 6 

x, m 770 675 590 820 955 1200 
y, m -120 -190 -300 -445 -600 -880 

 

The results of calculating the tsunami wave propagation in the Kozmino Bay with the direction of the 
wave from the west are shown in Figures 3–6. Comparison of Figure 3 and Figure 4 shows that coastal 
line changes at various stages of tsunami wave impact. From Figures 5–6 we can calculate the time when 
tsunami wave can reach checkpoints. For example, for checkpoint 1, which was initially on the shore, the 
time of tsunami reach was 0.08 hour after tsunami reached the open boundary (inlet of the Bay). From 
Figures 5–6 we can see that the maximum of shore level where tsunami wave can run up was about +1 m. 

 
Figure 3. Distribution of tsunami current vectors in Kozmino Bay for the time corresponding to 

the minimum tsunami wave level at the entrance of bay  
(colour background – module of average velocity) 

 
Figure 4. Distribution of tsunami current vectors in Kozmino Bay for the time corresponding to 

the maximum tsunami wave level at the entrance of bay  
(colour background – module of average velocity) 
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Figure 5. Water level dynamics during the tsunami wave propagation in the Kozmino Bay  

(checkpoints 1 – ● , 2 – ■ , 3 – ▲) 

 
Figure 6. Water level dynamics during the tsunami wave propagation in the Kozmino Bay  

(checkpoints 4 – ●, 5 – ■, 6 – ▲) 

3.3. Tidal currents and distribution of tsunami wave in the Krasheninnikov Bay 
Calculations for the Krasheninnikov Bay were made on a rectangular grid of dimension 251x226 (the 

difference step in the coordinates was 40 m). The order of accuracy of the difference approximation with 
respect to spatial coordinates and time was equal to 2. The Courant parameter was chosen equal to 0.5 
for the explicit scheme. The roughness coefficient was set to 0.035, the Coriolis parameter was 
Ωc = 0.000133 1/s. 

Calculations of tidal currents in Krasheninnikov Bay were carried out by specifying the water levels 
at the open border (I-I in Figures 7–9), corresponding to the daily tide. The range of the water levels at the 
open border was 4.85 m.  
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Figure 7. Distribution of tidal current vectors 
in Krasheninnikov Bay at the moment of time 
corresponding to the maximum value of the 
water surface level at the open boundary I-I 

(W = 0 m/s) 

Figure 8. Distribution of tidal current vectors 
in Krasheninnikov Bay at the moment of time 
corresponding to the minimum value of the 
water surface level at the open boundary I-I 

(W = 0 m/s) 

 
Figure 9. Distribution of tidal current vectors in the Krasheninnikov Bay at the moment of time 

corresponding to the maximum value of the water surface level at the open boundary I-I 
(W = 40 m/s) 

The results of calculations of tidal currents in Krasheninnikov Bay in the absence of wind (W=0 m/s) 
are shown in Figures 7–8. Figure 9 shows the results of calculations of tidal currents in the presense of the 
northeast (NE) wind with a speed W=40 m/s. Comparison of Figure 7 and Figure 8 shows that coastal line 
changes at various stages of tide. Comparison of Figure 7 and Figure 9 shows that impact of wind speed 
on current velocity can be conciderable. 

Tsunami wave calculations for the Krasheninnikov Bay were carried out by specifying the water 
levels at the open border (I-I in Figures 10–13), corresponding to wave with the height 6.54 m and period 
1800 s. The initial conditions were given as H = const, Vx,y  = 0.  
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Figure 10. The distribution of free water 
surface levels in Krasheninnikov Bay for the 
time corresponding to the maximum tsunami 

wave level at the open boundary I-I 

Figure 11. Distribution of tsunami current 
vectors in Krasheninnikov Bay for the time 

corresponding to the maximum tsunami wave 
level at the open boundary I-I 

 
 

Figure 12. The distribution of free water 
surface levels in Krasheninnikov Bay for the 
time corresponding to the minimum tsunami 

wave level at the open boundary I-I 

Figure 13. Distribution of tsunami current 
vectors in Krasheninnikov Bay for the time 

corresponding to the minimum tsunami wave 
level at the open boundary I-I 

Figures 10–13 show the results of tsunami wave propagation calculations for different time moments 
in the absence of wind (W = 0 m/s). Comparison of Figure 11 and Figure 13 shows that coastal line changes 
at various stages of tsunami wave impact. We can see from Figures 11, 13 that currents in the 
Krasheninnikov Bay had very complicated character. A considerable vortex arised near the open boundary 
I-I, where current velocities were about 9–10 m/s. The maximum of shore level where tsunami wave can 
run up was about +6.5 m (see Figure 12). 

4. Conclusions 
1. Conservative explicit and implicit numerical schemes Roe of 2nd order of accuracy on space and 

time for shallow water model are developed.  

2. The presented explicit and implicit numerical algorithms make it possible to model both subcritical 
and supercritical flows in multiply-connected domains taking into account the movement of the flow on a 

239



Инженерно-строительный журнал, № 6, 2018 
 

Климович В.И., Воронков О.К., Давиденко В.М., Иванов С.Н. Численное моделирование приливов и 
распространения волн цунами // Инженерно-строительный журнал. 2018. № 6(82). С. 228–242. 

dry bottom including the computation of tidal currents and propagation of tsunami wave. In a number of 
cases the implicit algorithm proves more effective compared to the explicit algorithm, since it permits to 
make computations with larger Courant numbers and requires only one step of integration with respect to 
time. But in some cases expenses of machine time for implicit scheme can be more than for explicit 
scheme, especially it concerns cases of application OpenMP algorithms of parallel programming 
technology. 

3. Numerical results of tides and tsunami waves propagation for various angles of long waves on 
open boundary of computed area and for various wind velocities are presented. The obtained numerical 
results for tides show good agreement with the data of Tidal Tables both on time and on level of tides in 
various points. Developed algorithms and programs may be used, particular, for numerical calculations of 
impact characteristics of tsunami waves on structures in coastal and offshore zones according 
requirements of [34]. 
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