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Abstract. The theory of thin-walled bars is important because light steel thin-walled structures are widely used.
Traditionally, in calculations two theories are used: theory for open-profile and closed profile bars. The
calculations are difficult, because different finite elements are used for different bar types. In 2005 V.I. Slivker
worked out a semi-shear theory, which is suitable for thin-walled bars of open sections and closed sections.
Similarly, this article presents the research on finite element modeling for the stability problems of thin-walled
bars using the same theory to the geometric stiffness matrix. It was shown that the FEM solution converges to
the exact one as the number of the finite elements increases. The numeral solutions were compared to critical
forces obtained by the classical Euler formula. It was found that using the cross-sections as the thin-walled ones
can reduce the critical force, especially for the open cross-sections.

1. Introduction

The importance of the theory of thin-walled [1, 2] for structural analysis [3] bars has significantly
increased both in Russia [4] and abroad during the last years. This theory has such advantages as
prefabrication and lightness of elements, which are analyzed in articles of Russian and foreign researchers.
In these articles the calculations of stress strain state [5, 6], strength [7] and stability of thin-walled bars [8, 9]
are quoted.

The problems of stress strain state and stability of bars can be accurately solved by using of plate or
volume finite elements, due to technical complexity this method cannot find wide practical application.

The buckling of thin-walled bars was investigated by G.I. Bely [10, 11]. In his articles some characteristics
of steel galvanized bars were considered. As a result an algorithm for determination of the most suitable cross-
section parameters was presented. The parameters depend on the flexibility of the structures.

The problem of stability is so difficult that sometimes it is necessary to use experimental methods [12,
13].

The theory of thin-walled bars, which was developed by V.Z. Vlasov, is one of the first fundamental
method to solve a problem of stability. This theory is suitable for open profile bars. At the same years
A.A. Umanskiy developed the thin-walled theory for closed profile bars, which has some differences from
Vlasov theory in mathematical apparatus. Both theories have joint properties, such as bimoment and warping
effect, which are additional force factor and deformation. At the same time other Russian scientists [14, 15]
published works repeating and complementaring these two problems.

With the development of the finite element method (FEM), some scientists tried to establish a thin-
walled theory, which are more suitable in practice than Umanskiy theory [16, 17]. The problem of thin-walled
stability is researched by foreign scientists. They analyze the problem of plane [18, 19] and spatial buckling
[20, 21] for bearing elements and angle stiffeners of buildings [22, 23], for permanent and dynamic loads. Also
there are some articles about stability of rods on cushion course [24].
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In [25] it is shown how to get stiffness matrix for binodal finite element, which has seven degrees of
freedom in each node. Author applied this matrix for solving dynamic problems. The matrix was obtained
without taking into account that the assumption that the angles of rotation are small.

The buckling of bars can be treated as general buckling and wrinkling. The modes of buckling were
analyzed in the works of Askinazi V.U. After detailed evaluation of modes of buckling (torsional, bending and
bending-torsional modes) it is concluded that modes of buckling depend on bars characteristics such as
stiffness, pitch and others.

However V.l. Slivker used only Lagrangian and stability functionals. It means, this topic can be
developed in future. Authors of this article applied special finite elements for solving static [26] and dynamic
[27] problems.

The semi-shear theory of V.I. Slivker [28] has some advantages in comparison with Vlasov and
Umanskiy theory. The Slivker theory allows using one analytical model for bars of opened and closed profile,
S0 it is more suitable in practice.

In the semi-shear theory the shear deformations are taken into account, which leads to more accurate
solution. The main tangential stresses in the semi-shear theory are torsional stresses, while bending stresses
are considered secondary. The shape of cross-section of bars is considered by shape coefficient.

In this article authors use FEM according to Slivker theory to solve stability problems of thin-walled
elements. The process incorporates the following stages:

1) the stiffness matrix and the geometrical stiffness matrix are constructed;
2) critical force for different cross-section types (open-profile and closed profile bars) is estimated;
3) critical force for thin-walled rods and Euler’s critical force are compared;

4) the recommendations are given in which cases the cross-section should be used as a thin-walled.

2. Methods

Let us consider a coordinate system (X, Y, Z) — a right-handed Cartesian system where an axis X
matches an axial axis of the bar passing the center of gravity. Axes Y and Z are the main central axes of inertia
of the bar.

Equilibrium stability functional for the beam column bar within the semi-shear theory can be written as
follows:

S=

N~

L
[[G1,6 +Gl,(0'~ B)* +El,iy"* +El " +E1, B + KO + N(n” + %) + "
0

+2(M, 17" =M, ¢")0]dx,

where L is length of the thin-walled bar,

0 is angle of torsion,

[ is warping measure function,

17 is shear center displacement with respect to the Y axis,

&is shear center displacement with respect to the Z axis,

77" is angle of rotation with respect to the Z axis,

&' is angle of rotation with respect to the Y axis,

E is Young’s modulus,

G is shear modulus:

E

G=— =
20+V) @)

vis Poisson’s ratio,

Iy is torsional moment of inertia,
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| 5is warping moment of inertia:

lp=—> 3
B
Hoo
|, is polar moment of inertia:
=1+, (4)

Iz, ly are moments of inertia about the axes Z and Y,

Hoo IS a cross-section form coefficient:

I r ow
Hon =Efg—ds (5)

|, is sectorial moment of inertia,

Qis a cross-section profile length,

tis wall thickness of the bar,
wa is sectorial static moment of the cut-off part of the cross-section,

N is normal force in the bar, which is considered to be positive in case of bar extension.

K, Mﬂ, Mg are characteristics which depend on the internal force factors.
— 2 — _ - _
K—Nrp+Mbe+MZby+Bbw, M,7—My sz’M(—Mz NyID (6)

M y is bending moment about the Y-axis is assumed to be positive if it causes tension in fibers with
positive coordinate Z.

M , is bending moment about the Z-axis is assumed to be positive if it causes tension in fibers with
positive coordinate Y.

B is bimoment is assumed to be positive if it causes tension in points of the bar which have a positive
sectorial coordinate @ .

Yo Zp is coordinates of the bending center in the Cartesian system (axes Y, Z)
r is polar radius of inertia of the bar's cross-section about the bending center:

|
2 r 2 2
rP=-—t4y2+z2. @)

A is cross-section area,

b,,b,,b, are geometrical parameters of the cross section:

N Jywy tJ Jwe T
yyz _ Yy yzz _ Yy Zzw
b, = I —2z,, by——I 2Yp, bw_—l (8)
y z ®
I Iy Iy vz dyyer 22 @re moments of inertia of the third order:

Juw = J. 2°hds, ‘]yyz = J. yZZhdsl Jyyy = J‘ y3hds, Jyzz = I yZZhdS,
Q Q Q Q
) , ©
Jyyo = [ Yoohds, J,,, = [ 2 ehds.
Q Q

Let us divide L-length thin-walled bar into N two-node finite elements. Then, i-th finite element, having
length |, nodes i and i+1 and 6 degrees of freedom will look like:
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Figure 1. The two-node finite element with twelve degrees of freedom.
- , . . .
W =0m.608606, B tias iar Gia Sias s Bia) - (10)

Column of node displacements of the finite element is:

To use FEM within the theory of thin-walled bars functions of the transverse displacements 77(X) u

¢ (X) should be represented with the Hermite polynomials HJ. :
() = Hyp + Horgy + Hypy + Ho,

C(X)=H, + Hzé/iy +Hy, +H, i'+1'

As the functions 77 u & in functional (1) have derivatives of order at most second, they should be
approximated by the cubic functions.

11

Hermite polynomials look like this:

2 1 2
Hl(x)=.—sx3‘|%x3+1’ H2 0 =10 = ox
(12)
-2 3 1 1
Hy () :I_3X3 +|—2x2, H, (X) =|—2x3 —I—xz.
Let us write equation (11) in the matrix form in order to represent functional (1) in the matrix view.
n(x) =[H],U,], {(x)=[H], U] (13)
where [H ]% is row-matrix made of four Hermite polynomials:
[H1e =[H1(x), Ha(x), Hz(x), Ha(X)], (14)
[U,], [U.] are node displacement columns.
U1 =0 v %isas Mie1)
: (15)
[U¢] =(§iv ?i’f §i+1’ §i’+1)-
Then:
(1) =(H 1,cV, D% =([H 1.V, D" (H T,c U, D) =V, 1" [H T [H 1,0 [V, ] (16)
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Similarly:
"\2 — T "qT "
(n )" =M,I'[H I,:[H ],U,]

(€)?=[U T H T [H 1,001, (17)

()2 = H 17 H 1,V

where

n | dH(X) dH,(x) dH5(x) dH,(X)
(Hy _[ dlx ’ d2x ’ d3x ’ d4x }
(18)

: dHy(x) dHy(x) d*Ha(x) d’H,(x)
[H 1, = 2 2 2 2|
dx dx dx dx
Let us represent functions #(x)u S(x) as a sum of products of linear polynomials and node
displacements, as in functional (1) they have derivatives of order at most first.

H(X) = H50i + H60i+1'

(19)
B(X) =Hsp; +Hgpig.
The polynomials are:
H5(x):—|}x+1, He(x):%x. (20)
In matrix form for formulas (19) is:
0(x) =[H]p[Us],
(21)
B(x) =[H]gplU 4],
where
[Hlgs =[Hs(x), Hg(x)], (22)
Usl" = ;. 6i),
(23)
Usl" =B Bisa).
Then:
(0)? =[] [H T5s[H 1651U1,
. , , (24)
(B)? =[U 51" [H 1s[H gV 41,
where
Difference (6 — f3) will be:
0 (%)= B(x) = [P]U 441, (26)
where
1= 20y (9, )y (), @
Ul =6, Bis O Pisa). (28)
(0 ()= B0 = U gp]" [@]" [@][U g1 (29)
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To make the geometric stiffness matrix symmetric an item 2(M, 77" —M £")@ can be expanded as
follows:

2(M, 7" =M {0 =2M,7"0-2M "0 =2M,, (%n"m%en”)—

— l " l " _ " " _ " A
2M§(2§¢9+26?§) M, (7"0+0n") ~M ({0 +6C") -

=M, ([U,T'[H"T [H1p5[Up1+ U O] [H1p[H T, [V, 1~

=M (U T [H T [H1gs U1+ U1 [HI5[H ", U D]
Using (16), (17), (24), (29) n (30) the functional (1) will be:

L
S= %I[GIX[UQ]T [HTop[H Tgs[U 1+ Gl 5[V 1" [T [D1[U]+
0

+ ELIU, T H T H, U, 1+ EL U T H'TH, U1+
+ E1L U 5T THTos[H 151U 51+ KIU T TH Tos [H 151U 1+ (31)
+N(U,T'[H T [HT, U, 1+ U T HT[HT, U D+
+ M, (U, T TH T [H1gsU61+ U] [HTp[H ", U, 1) -
— M (U I THT [H1p[U 1+ U, T THTH, U Dldx

Let us consider P as the concentrated load applied along the axis X on the end of the bar at any point
of the cross-section A, which has coordinates (ey, e,) about the axes Y, Z. As the result, regarding the
accepted rules of signs, we will get:

N=-P, M,=-Pe, M,=-Pe, B=-Pa, )

2 z y
where w p sectorial coordinate of the point A where load P is applied.
Using (32) we can write (6) as follows:
K = Nrg +M,b, + M,b, +Bb, =—Pri—Pe,b, —Pe b, —Pw,b, =
=—P(r) +e,b, +e by +wpb,),
M, =My =Nz, =—Pe, +Pz, = -P(e, —z,),
My =M, —Ny, =—Pe, +Py, =—P(e, —y,)
Using (33) functional (31) can be written:

(33)

L
S= %I{GIX[UQ]T [H'Tos[H 165U 1+ Gl 4[U g T [T [@][U ] +
0

+EL[U, I [HT [H'], U, 1+ EL U T H T [H, U 1+

+E1,[U T [H'Tos[HTgs[U 51 PU(r; +e,b, +8,b, +@5b,)[Up1 [H Ty (34)

[HTgsUp]+ U, I [H T [H T, U, 1+ [U T [H T [H ], U+
+ (8, = 2,)([U, 1" [H T [H1g5[U 1+ U1 [HIgs[H "], [V, 1~

—(&y = Yp)(U T [H"T [H1g[Ug1+[U,T [HIge[H "], U T3
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Estimating integrals and putting the results together according to the nodal displacements’ indexing in
(10) equation (34) will be:

1
§ =5 U]" (KI-PIGDV], (35)
where [U] is a column of nodal displacements from equation (10),
[K] is stiffness matrix,

[G] is geometric stiffness matrix.

Matrixes [K]and [G] are:

K,, K G, G
[K]:( 11 12} [G]:( 11 12]. (36)
Ka Ky G21 Gzz
where
%Elz gEIZ 0 0 0 0
| |
%Elz ;iEIZ 0 0 0 0
12 6
 _ 0 0 I—3EIy |_2E|y 0 0
n 6 4 !
0 0 B, JE 0 0
0 0 0 0 %GIX+%GIﬁ %Glﬁ
0 0 0 0 e, lGIﬂ+1EIw
3 |
—%EIZ EZEIZ 0 0 0 0
I I
—IEZEIZ gEIZ 0 0 0 0
0 0 —::—fEly I%EIy 0 0
KlZ_ 1
0 0 —I%Ely %Ely 0 0
0 0 0 0 —%GIX—%GIﬂ %Glﬂ
1 I 1
0 0 0 0 -=Gl —GIl,—=El
2 7 6 7 1
—%EIZ —%EIZ 0 0 0 0
I I
I%EIZ IEEIZ 0 0 0 0
12 6
o 0 0 -FE, —5El, 0 0
21 )
0 0 IEZEIy IEEIy 0 0
0 0 0 0 —}GIX—EGIﬂ —EGI'B
I | 2
0 0 0 0 lal, lGIﬂ—lElw
2 6 |
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12 6
|—35|Z —I—ZEI 0 0 0 0
—%EIZ iElz 0 0 0 0
| |
12 6
0 0 I—3E|y —I—ZEI 0 0
Ky =
0 0 O e Zg 0 0
_|_ y T y
0 0 0 0 Gl +1Gl Gl
e T
0 0 0 0 Lai xS El
52 3P
6 1 1
— — 0 0 —(z,—¢ 0
5l 10 |( » &)
L 2l 0 0 Z,-€, 0
10 15
6 1 1
0 0 — — Z(e, - 0
G, = 51 10 I( v~ Yp)
1 2l
0 0 — — e, — 0
10 15 v~ Yo
L L L2 ieb +eb b) 0
I_(Zp ez) Zp €, T(ey_yp) ey_Yp I_(rp +€, z+ey y+a)A a))
0 0 0 0 0 0
_6 1 le
5 10 0 0 I(eZ zp) 0
1 _ 1
0 30 0 0 0 0
_6 1 ley _
G, =| 0 51 10 (e —ey) 0
~1 0
0 0 i 30 0 0
le,-z) o Ly, -e) 0 -Lr?+eb +eb, +wb ) 0
| V72 p | p y |\'p Mz yMy AMo
0 0 0 0 0 0
_6 _1 Lo
S 10 0 0 I(eZ zp) 0
1 _1
i 30 0 0 0 0
_6 _1 1oy _
G, = 0 ] 10 (e =) 0
1 _1
0 0 i 20 0 0
le,-z) o Ly, -e) 0 -L1(2+eb +eb +wb ) 0
| V72 p | p y |\'p Mz yMy AMo
0 0 0 0 0 0
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% —% 0 0 Il(zp—ez) 0

-+ 4 0 0 e, -2, 0
6| ° 0 = -+ Liey-p) 0|
0 0 - 2 Y, e, 0
Lz, -e) -z, T@,-Y,) v,-e 1(7+eb +eb +mb,) 0

0 0 0 0 0 0

3. Results and Discussion
Let us consider a bar with the length L = 5 m with three different types of the cross section: a U-section,
cross and rectangular pipe. The bar ends are hingedly supported (77 =(=0;, 0= 0). A concentrated force

P is applied sequentially to two points 1 and 2 of each cross section (Figure 2). To determine the value of the

force P with FEM, the stiffness matrix [K] and the geometrical stiffness matrix [G] from the equation (36) are
used.

-
3 Us
Sﬁur
2 — b
™~ 1 Z N a Z «
™
o
o
2
e 2 N
Y Y
) 76 100 100

Figure 2. Cross sections of the rod.
The bar is made of steel S245:

E = 20600 kN/cm?, G =7920 kN/cm?.

Geometrical data of the cross sections is:

1) For the U-section
I, =625cm*, I, =99cm*, 1, =0.3cm*, 1,=5139¢cm®, 1,=564cm*, y =0,
z,=-4.2cm, r? =87cm?, b, =b, =0, b, =117 cm.
2) For the cross
I, =1,=200cm*, I, =036cm*, 1,=0, 1,=0, y, =2, =0,
ry =34cm?, b, =h, =b, =0.
3) For the rectangular pipe:

|, =947cm*, I, =324cm*, 1, =745cm*, 1,=1553cm®, |,=78cm*, y, =z, =0,

2 2
r,=72cm®, b, =b,=b, =0.
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It is necessary to check the slenderness ratio A which should be bigger than the critical
slenderness Acr.
Slenderness ratio and the critical slenderness can be found out as follows:
A = 7Z'2E

cr o ’

a=HE
i or
where u is effective length factor which is £ = 1 for the bar with both ends hingedly supported;

I is the smallest radius of gyration;

Opr is limit of proportionality, which is opr = 19.5 kN/cm? for steel S245;

The critical slenderness is A¢r = 102.

The slenderness ratio for hingedly supported beam is:
1) U-section: A, =161,
2) cross: A, =122,

3) rectangular pipe: A, =116.
In each case slenderness ratio is greater than the critical slenderness.
Solving the basic equation for the bar in compression:

det([K]—-P[G]) =0 (37)

we can determine the least root of the equation, which is the critical load P.

Let us compare the critical load values obtained by the equation (37) with the Euler buckling loads and
critical load values determined by Slivker’s analytical equation for the bar with both ends pinned [20]:

ElLk?+N 0 -M, 0
0 El k*+N M, 0
M, M,  Gl,+Gl,+K —G% =0, (38)
0 0 —Gki E|w+%
where
k =

_‘ 3

Table 1 shows the critical loads calculated with the equations (37), (38) and Euler buckling loads.

Table 1. Comparison of the critical loads by equations (37), (38) and Euler buckling loads.

Type of the cross section - C.r ltical Ioaq -
FEM Slivker's analytical equation Euler buckling load
U-section, point 1 73.5 kN 73.5 kN 80.5 kN
U-section, point 2 30.3 kN 30.3 kN 80.5 kN
cross, point 1 84.9 kN 84.9 kN 162.7 kN
cross, point 2 41.8 kN 41.8 kN 162.7 kN
rectangular pipe, point 1 263.4 kN 263.4 kKN 263.5 kN
rectangular pipe, point 2 262.3 kN 262.3 kN 263.5 kN

Let us show the convergence of the FEM solution to the analytical solution for one of the cases: U-
section, point 2 (Figure 3). For the other cases the graphs are similar.
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The results in Table 1 showed that taking warping into account reduces the critical load for the open
cross sections (U-section and cross) but doesn’t have a significant impact on the closed cross-section
(rectangular pipe).

70.00
60.00 \I'\ll
.e 5000 \'
o
5 \
: 40.00
o
I

30.00 \
20000 \

10.00 \

0.00 T T T ; T t !
0 50 100 150 200 250 300 350

Amount of finite elements

Figure 3. Graph of the convergence of the FEM solution
to analytical solution for the case U-section, point 2.

4. Conclusions

1. The geometrical stiffness matrix of the thin-walled finite element within the Slivker semi-shear theory
was worked out in this paper. Transverse displacements were approximated with cubical functions while
torsion and warping with linear functions.

2. With the constructed matrix, using FEM the critical load was determined for the bar with both ends
hingedly supported and different types of the cross section (U-section, cross and the rectangular pipe).

3. The critical load values were also compared with the Euler buckling loads. The results showed that
taking warping into account reduces the critical load for the open cross sections (U-section and cross) but
doesn’t have a significant impact on the closed cross-section (rectangular pipe).

4. The constructed geometrical stiffness matrix is acceptable to solve buckling problems of the thin-
walled bars for both open and closed cross sections.

5. As the number of finite elements increases, the numerical solution converges to the exact one.

Finally, it was showed that thickness of the rods sections can lead to a significant decrease of the critical
force for the open profile rod (up to 100 %), especially for non-centered compressive force.
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AHHOTauusa. Teopusi TOHKOCTEHHbIX CTepXHen npuobpena 60Mblyld BaXHOCTb B CBA3U C  LUMPOKUM
NCMNOMNb30BaHNEM NErkUX CTarbHbIX TOHKOCTEHHBLIX KOHCTPYKLUMIA. TpaguuUoHHO, Npy pacyeTe TOHKOCTEHHbIX
CTEPXXHEN UCMONb3YIOT OBE pasHble TeOopuu: ANA CTEPKHEW OTKPbITOro npoduns M CTEepXKHEN 3aMKHYTOro
npocoung. MNMpu pelleHnn 3agay METOAOM KOHEYHbIX SNEeMEHTOB 3TO HeYAO0OHO, Tak Kak NPUXOAUTCS CTPOUTb
pasHble KOHEYHble 3NEMEHTbl Ansl pasHbiXx cTepxHen. B 2005 r. B.M. CnuBkepom Obina paspaboTaHa
nonycaBuroBasl Teopusi pacdeta TOHKOCTEHHbIX CTEPXHeW, KoTopas Mo3BonsieT efuHbiM obpas3om peluaTb
3aa4uM Kak ans CTEPXKHEN OTKPbITOro, Tak U 3aMKHYTOro npodunen. B pamkax aton Teopun B AaHHON paboTte
UCCNeaoBaHoO NPMMEHEHNe MeTOAa KOHEYHbIX 3IEMEHTOB AN pelleHus 3a4ay YCTOMYMBOCTY TOHKOCTEHHbIX
CTEPXXHEA W TMOCTpPOEHa reoMeTpuyeckass maTpuua XecTkocTwu. [loka3aHo, 4YTO MOCTPOEHHOE KOHEYHO-
3MNEMEHTHOE peLleHNe CXOOQUTCA K TOYHOMY NMPY YBENMWMYEHUM KONMYECTBA KOHEYHbIX 3anemMeHToB. [poBeaeHo
CpaBHEHME TMONYYEHHbIX PELUEHUN C KPUTUYECKUMU CUramu, BbIYMCIIEHHBIMW NO Kraccuyeckon dopmyne
3|7|nepa. C,qenaH BbiBOO4 O TOM, 4YTO Yy4YeT TOHKOCTEHHOCTU ceYvYeHUda MOXeT NnpuBeCcTn K 3HaYUTesibHOMY
YMEHBLLEHNIO KPUTUHECKUX CUIT, OCOBEHHO ANs CTEPXKHEN OTKPBLITOrO NPogursi.
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