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Abstract. The theory of thin-walled bars is important because light steel thin-walled structures are widely used. 
Traditionally, in calculations two theories are used: theory for open-profile and closed profile bars. The 
calculations are difficult, because different finite elements are used for different bar types. In 2005 V.I. Slivker 
worked out a semi-shear theory, which is suitable for thin-walled bars of open sections and closed sections. 
Similarly, this article presents the research on finite element modeling for the stability problems of thin-walled 
bars using the same theory to the geometric stiffness matrix. It was shown that the FEM solution converges to 
the exact one as the number of the finite elements increases. The numeral solutions were compared to critical 
forces obtained by the classical Euler formula. It was found that using the cross-sections as the thin-walled ones 
can reduce the critical force, especially for the open cross-sections. 

1. Introduction 
The importance of the theory of thin-walled [1, 2] for structural analysis [3] bars has significantly 

increased both in Russia [4] and abroad during the last years. This theory has such advantages as 
prefabrication and lightness of elements, which are analyzed in articles of Russian and foreign researchers. 
In these articles the calculations of stress strain state [5, 6], strength [7] and stability of thin-walled bars [8, 9] 
are quoted. 

The problems of stress strain state and stability of bars can be accurately solved by using of plate or 
volume finite elements, due to technical complexity this method cannot find wide practical application. 

The buckling of thin-walled bars was investigated by G.I. Bely [10, 11]. In his articles some characteristics 
of steel galvanized bars were considered. As a result an algorithm for determination of the most suitable cross-
section parameters was presented. The parameters depend on the flexibility of the structures. 

The problem of stability is so difficult that sometimes it is necessary to use experimental methods [12, 
13]. 

The theory of thin-walled bars, which was developed by V.Z. Vlasov, is one of the first fundamental 
method to solve a problem of stability. This theory is suitable for open profile bars. At the same years 
A.A. Umanskiy developed the thin-walled theory for closed profile bars, which has some differences from 
Vlasov theory in mathematical apparatus. Both theories have joint properties, such as bimoment and warping 
effect, which are additional force factor and deformation. At the same time other Russian scientists [14, 15] 
published works repeating and complementaring these two problems. 

With the development of the finite element method (FEM), some scientists tried to establish a thin-
walled theory, which are more suitable in practice than Umanskiy theory [16, 17]. The problem of thin-walled 
stability is researched by foreign scientists. They analyze the problem of plane [18, 19] and spatial buckling 
[20, 21] for bearing elements and angle stiffeners of buildings [22, 23], for permanent and dynamic loads. Also 
there are some articles about stability of rods on cushion course [24]. 
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In [25] it is shown how to get stiffness matrix for binodal finite element, which has seven degrees of 
freedom in each node. Author applied this matrix for solving dynamic problems. The matrix was obtained 
without taking into account that the assumption that the angles of rotation are small. 

The buckling of bars can be treated as general buckling and wrinkling. The modes of buckling were 
analyzed in the works of Askinazi V.U. After detailed evaluation of modes of buckling (torsional, bending and 
bending-torsional modes) it is concluded that modes of buckling depend on bars characteristics such as 
stiffness, pitch and others. 

However V.I. Slivker used only Lagrangian and stability functionals. It means, this topic can be 
developed in future. Authors of this article applied special finite elements for solving static [26] and dynamic 
[27] problems. 

The semi-shear theory of V.I. Slivker [28] has some advantages in comparison with Vlasov and 
Umanskiy theory. The Slivker theory allows using one analytical model for bars of opened and closed profile, 
so it is more suitable in practice.  

In the semi-shear theory the shear deformations are taken into account, which leads to more accurate 
solution. The main tangential stresses in the semi-shear theory are torsional stresses, while bending stresses 
are considered secondary. The shape of cross-section of bars is considered by shape coefficient. 

In this article authors use FEM according to Slivker theory to solve stability problems of thin-walled 
elements. The process incorporates the following stages: 

1) the stiffness matrix and the geometrical stiffness matrix are constructed; 

2) critical force for different cross-section types (open-profile and closed profile bars) is estimated; 

3) critical force for thin-walled rods and Euler’s critical force are compared; 

4) the recommendations are given in which cases the cross-section should be used as a thin-walled. 

2. Methods 
Let us consider a coordinate system (X, Y, Z) – a right-handed Cartesian system where an axis X 

matches an axial axis of the bar passing the center of gravity. Axes Y and Z are the main central axes of inertia 
of the bar. 

Equilibrium stability functional for the beam column bar within the semi-shear theory can be written as 
follows:  

2 2 2 2 2 '2 2 2

0

1 [ ( ) ( )2

2( ) ] ,

′ ′ ′′ ′′ ′ ′ ′= + − + + + + + + +

′′ ′′+ −

∫
L

x z yS GI GI EI EI EI K N

M M dx

β ω

η ζ

θ θ β η ζ β θ η ζ

η ζ θ
 (1) 

where L is length of the thin-walled bar,  

θ  is angle of torsion,  

β is warping measure function,  

η is shear center displacement with respect to the Y axis,  

ξ is shear center displacement with respect to the Z axis,  

η' is angle of rotation with respect to the Z axis,  

ξ' is angle of rotation with respect to the Y axis,  

E is Young’s modulus,  

G is shear modulus: 

2(1 ) '
EG

v
=

+
 (2) 

ν is Poisson’s ratio,  

Ix is torsional moment of inertia,  
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Iβ is warping moment of inertia: 

rIIβ
ωωµ

=  (3) 

rI  is polar moment of inertia: 

r z yI I I= +  (4) 

Iz, Iy are moments of inertia about the axes Z and Y,  

µωω is a cross-section form coefficient: 

2

2
or SI ds

I t
ω

ωω
ω

µ
Ω

= ∫  (5) 

Iω  is sectorial moment of inertia,  

Ω is a cross-section profile length,  

t is wall thickness of the bar,  

2
oS ω  is sectorial static moment of the cut-off part of the cross-section,  

N is normal force in the bar, which is considered to be positive in case of bar extension. 

, ,K M Mη ζ  are characteristics which depend on the internal force factors. 

pzζpyηωyzzyp NyMMNzMMBbbMbMNrK =,=,+++= 2  (6) 

yM  is bending moment about the Y-axis is assumed to be positive if it causes tension in fibers with 

positive coordinate z.  

zM  is bending moment about the Z-axis is assumed to be positive if it causes tension in fibers with 
positive coordinate y.  

B is bimoment is assumed to be positive if it causes tension in points of the bar which have a positive 
sectorial coordinate ω . 

, ppy z is coordinates of the bending center in the Cartesian system (axes Y, Z) 

pr  is polar radius of inertia of the bar's cross-section about the bending center: 

2 2 2r
p p p

Ir y z
A

= + + . (7) 

A is cross-section area,  

, ,z yb b bω  are geometrical parameters of the cross section: 

ω

ωzzωyy
ωp

z

yzzyyy
yp

y

yyzzzz
z I

JJ
by

I
JJ

bz
I

JJ
b

+
=,2

+
=,2

+
=  (8) 

, , , , ,zzz yyz yyy yzz yy zzJ J J J J Jω ω  are moments of inertia of the third order: 

3 2 3 2, , , ,
Ω Ω Ω Ω

= = = =∫ ∫ ∫ ∫zzz yyz yyy yzzJ z hds J y zhds J y hds J yz hds  

2 2, .yy zzJ y hds J z hdsω ωω ω
Ω Ω

= =∫ ∫  
(9) 

Let us divide L-length thin-walled bar into n two-node finite elements. Then, i-th finite element, having 
length l, nodes i and i+1 and 6 degrees of freedom will look like: 
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Figure 1. The two-node finite element with twelve degrees of freedom. 

' ' ' '
1 1 1 1 1 1[ ] ( , , , , , , , , , , , )T

i i i i i i i i i i i iU η η ζ ζ θ β η η ζ ζ θ β+ + + + + += . (10) 

Column of node displacements of the finite element is: 

To use FEM within the theory of thin-walled bars functions of the transverse displacements ( )xη  и 
( )xζ  should be represented with the Hermite polynomials jH : 

' '
1 2 3 1 4 1( ) i i i ix H H H Hη η η η η+ += + + + , 

' '
1 2 3 1 4 1( ) i i i ix H H H Hζ ζ ζ ζ ζ+ += + + + . 

(11) 

As the functions η и ξ in functional (1) have derivatives of order at most second, they should be 
approximated by the cubic functions. 

Hermite polynomials look like this: 

,+
21

=)(,1+
32

=)( 23
22

3
2

3
31 xx

l
x

l
xHx

l
x

l
xH  

( ) ( )3 2 3 2
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32 1 1,  .−= + = −H x x x H x x xll l l
 

(12) 

Let us write equation (11) in the matrix form in order to represent functional (1) in the matrix view. 

][][=)(],[][=)( ζηζηηζ UHxζUHxη , (13) 

where ηζH ][  is row-matrix made of four Hermite polynomials: 

)](),(),(),([=][ 4321 xHxHxHxHH ηζ , (14) 

][],[ ζη UU  are node displacement columns. 

),,(=][ '
1+1+

'
, iiii

T
η ηηηηU , 

( )1 1, , ., + +′ ′  = 
T

i i i iUζ ζ ζ ζ ζ  
(15) 

Then: 

][][][][=])[]([])[]([=])[]([=)( ''''2'2'
ηηζ

T
ηζ

T
ηηηζ

T
ηηζηηζ UHHUUHUHUHη  (16) 
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Similarly: 
],[][][][=)( ''''2''
ηηζ
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where 

31 2 4( )( ) ( ) ( )[ ] , , , , ′ =   
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'' 31 2 4
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d H xd H x d H x d H xH
dx dx dx dxηζ  

(18) 

Let us represent functions )(xθ и )(xβ  as a sum of products of linear polynomials and node 
displacements, as in functional (1) they have derivatives of order at most first. 

,+=)( 1+65 ii θHθHxθ  

1+65 +=)( ii βHβHxβ . 
(19) 

The polynomials are: 

x
l
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l
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1

=)(,1+
1

=)( 65 . (20) 

In matrix form for formulas (19) is: 

],[][=)( θθβ UHxθ  

][][=)( βθβ UHxβ , 
(21) 

where 
)](),([=][ 65 xHxHH θβ , (22) 
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T
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where 

5 6( ) ( )[ ] , ′ =   
dH x dH xH dx dxθβ . (25) 

Difference )( ' βθ  will be: 

]][[=)()(' θβUФxβxθ , (26) 
where  

5 6
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To make the geometric stiffness matrix symmetric an item 2( )M Mη ζη ζ θ′′ ′′−  can be expanded as 
follows:  

( )
( )

1 12( ) 2 2 2 2 2
1 12 ( ) ( )2 2

([ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

([ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ])].

T T T T

T T T T

M M M M M

M M M

M U H H U U H H U

M U H H U U H H U

η ζ η ζ η

ζ η ζ

η η ηζ θβ θ θβ ηζ η

ζ ζ ηζ θβ θ θ θβ ηζ ζ

η ζ θ η θ ζ θ η θ θη

ζ θ θζ η θ θη ζ θ θζ

θ

′′ ′′ ′′ ′′ ′′ ′′− = − = + −

′′ ′′ ′′ ′′ ′′ ′′− + = + − + =

′′ ′′= + −

′′ ′′− +

 (30) 

Using (16), (17), (24), (29) и (30) the functional (1) will be:  

0
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Let us consider P as the concentrated load applied along the axis X on the end of the bar at any point 
of the cross-section A, which has coordinates )( , zy ee about the axes Y, Z. As the result, regarding the 
accepted rules of signs, we will get: 

, , , ,y z z y AN P M Pe M Pe B Pω= − = − = − = −  (32) 

where Aω  sectorial coordinate of the point A where load P is applied. 

Using (32) we can write (6) as follows: 
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Using (33) functional (31) can be written:  
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(34) 
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Estimating integrals and putting the results together according to the nodal displacements’ indexing in 
(10) equation (34) will be: 

]])[[]([][
2
1

= UGPKUS T , (35) 

where ][U  is a column of nodal displacements from equation (10),  

][K  is stiffness matrix,  

][G  is geometric stiffness matrix. 

Matrixes ][K and ][G  are: 
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3. Results and Discussion 
Let us consider a bar with the length L = 5 m with three different types of the cross section: a U-section, 

cross and rectangular pipe. The bar ends are hingedly supported ( 0; 0 .)η ζ θ= = =  A concentrated force 
P is applied sequentially to two points 1 and 2 of each cross section (Figure 2). To determine the value of the 
force P with FEM, the stiffness matrix [K] and the geometrical stiffness matrix [G]  from the equation (36) are 
used. 

 
Figure 2. Cross sections of the rod. 

The bar is made of steel S245: 

 2 220600 kN/cm , 7920 kN/cm .E G= =  

Geometrical data of the cross sections is: 

1) For the U-section 
4 4 4 6 4

2 2

625 cm , 99 cm , 0.3 cm , 5139 cm , 564 cm , 0,

4.2 cm, 87 cm , 0, 11.7 cm.

z y x p

p p y z

I I I I I y

z r b b b

ω β

ω

= = = = = =

= − = = = =
 

2) For the cross 
4 4

2 2

200 cm , 0.36 cm , 0, 0, 0,

34 cm , 0.

z y x p p

p y z

I I I I I y z

r b b b

ω β

ω

= = = = = = =

= = = =
 

3) For the rectangular pipe: 
4 4 4 6 4

2 2

947 cm , 324 cm , 745 cm , 1553 cm , 78 cm , 0,

72 cm , 0.

z y x p p

p y z

I I I I I y z
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ω β

ω

= = = = = = =
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It is necessary to check the slenderness ratio λ  which should be bigger than the critical 
slenderness λcr.  

Slenderness ratio and the critical slenderness can be found out as follows: 

2
, ,cr

pr

L E
i
µ πλ λ σ= =  

where μ  is effective length factor which is µ =  1 for the bar with both ends hingedly supported; 

i  is the smallest radius of gyration; 

prσ  is limit of proportionality, which is σpr = 19.5 kN/cm2 for steel S245; 

The critical slenderness is λcr = 102. 

The slenderness ratio for hingedly supported beam is: 

1) U-section: hλ = 161, 

2) cross: hλ = 122, 

3) rectangular pipe: hλ = 116. 

In each case slenderness ratio is greater than the critical slenderness. 

Solving the basic equation for the bar in compression: 

0=])[]det([ GPK  (37) 

we can determine the least root of the equation, which is the critical load P.  

Let us compare the critical load values obtained by the equation (37) with the Euler buckling loads and 
critical load values determined by Slivker’s analytical equation for the bar with both ends pinned [20]:  
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where  

 .
l

k π
=  

Table 1 shows the critical loads calculated with the equations (37), (38) and Euler buckling loads.  

Table 1. Comparison of the critical loads by equations (37), (38) and Euler buckling loads. 

Type of the cross section Critical load 
FEM Slivker’s analytical equation Euler buckling load 

U-section, point 1 73.5 kN 73.5 kN 80.5 kN 
U-section, point 2 30.3 kN 30.3 kN 80.5 kN 
cross, point 1 84.9 kN 84.9 kN 162.7 kN 
cross, point 2 41.8 kN 41.8 kN 162.7 kN 
rectangular pipe, point 1 263.4 kN 263.4 kN 263.5 kN 
rectangular pipe, point 2 262.3 kN 262.3 kN 263.5 kN 

Let us show the convergence of the FEM solution to the analytical solution for one of the cases: U-
section, point 2 (Figure 3). For the other cases the graphs are similar.  
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The results in Table 1 showed that taking warping into account reduces the critical load for the open 
cross sections (U-section and cross) but doesn’t have a significant impact on the closed cross-section 
(rectangular pipe). 

 
Figure 3. Graph of the convergence of the FEM solution  

to analytical solution for the case U-section, point 2. 

4. Conclusions 
1. The geometrical stiffness matrix of the thin-walled finite element within the Slivker semi-shear theory 

was worked out in this paper. Transverse displacements were approximated with cubical functions while 
torsion and warping with linear functions. 

2. With the constructed matrix, using FEM the critical load was determined for the bar with both ends 
hingedly supported and different types of the cross section (U-section, cross and the rectangular pipe). 

3. The critical load values were also compared with the Euler buckling loads. The results showed that 
taking warping into account reduces the critical load for the open cross sections (U-section and cross) but 
doesn’t have a significant impact on the closed cross-section (rectangular pipe).  

4. The constructed geometrical stiffness matrix is acceptable to solve buckling problems of the thin-
walled bars for both open and closed cross sections. 

5. As the number of finite elements increases, the numerical solution converges to the exact one. 

Finally, it was showed that thickness of the rods sections can lead to a significant decrease of the critical 
force for the open profile rod (up to 100 %), especially for non-centered compressive force. 
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Аннотация. Теория тонкостенных стержней приобрела большую важность в связи с широким 
использованием легких стальных тонкостенных конструкций. Традиционно, при расчете тонкостенных 
стержней используют две разные теории: для стержней открытого профиля и стержней замкнутого 
профиля. При решении задач методом конечных элементов это неудобно, так как приходится строить 
разные конечные элементы для разных стержней. В 2005 г. В.И. Сливкером была разработана 
полусдвиговая теория расчета тонкостенных стержней, которая позволяет единым образом решать 
задачи как для стержней открытого, так и замкнутого профилей. В рамках этой теории в данной работе 
исследовано применение метода конечных элементов для решения задач устойчивости тонкостенных 
стержней и построена геометрическая матрица жесткости. Показано, что построенное конечно-
элементное решение сходится к точному при увеличении количества конечных элементов. Проведено 
сравнение полученных решений с критическими силами, вычисленными по классической формуле 
Эйлера. Сделан вывод о том, что учет тонкостенности сечения может привести к значительному 
уменьшению критических сил, особенно для стержней открытого профиля. 
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