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Abstract. A statically definable girder truss consists of two flat side trusses with parallel belts and descending 
braces, connected along the upper and lower belt by horizontal ties. The truss at the corners has four supports, 
the vertical reaction of one of which is selected from the equilibrium condition of the structure as a whole. 
Several types of external load are considered: the load in the middle of the span, vertical, evenly distributed 
over the nodes of the upper or lower belt, and uniform horizontal (wind), applied to the nodes of the upper belt. 
The forces in the rods and supports are determined by the method of cutting out the nodes. The deflection is 
found by the Maxwell-Mohr formula under the assumption of linear elasticity of the rods. The dependence of 
the deflection on the number of panels is obtained from solving problems for trusses with a consistently 
increasing number of panels. Generalization of these solutions to an arbitrary number of panels is found using 
special operators of the Maple computer mathematics system. Using the Maple operators, we derive and solve 
homogeneous linear recurrent equations that satisfy the coefficients of the desired formula. The found 
dependence has the form of a polynomial in the number of panels. Curves of the deflection dependence on 
the number of panels, the load and the size of the structure are constructed.  Some asymptotic properties of 
the obtained solution are found. Formulas for the dependence of forces in the most stretched and compressed 
rods on the size of the structure, the load, and the number of panels that can be used to analyze the strength 
and stability of the structure are derived. 

1. Introduction 
 In most analytical and numerical calculations of spatial trusses, the structure is replaced by separate 

flat trusses that carry the main load. The work of links is not taken into account. Modern computer mathematics 
systems allow for analytical calculations of spatial structures taking into account the forces in all rods.  

 The task is to determine the analytical dependence of the deflection of the spatial truss (Fig. 1) on the 
number of panels under different loading of the truss. The construction of a mathematical model of the 
structure, the calculation of forces in the rods, and the inductive derivation of the desired formulas are 
performed in the system of analytical transformations Maple [1]. Previously, a similar problem for flat trusses 
in analytical form was solved by the induction method in works [2–9], spatial — in works [10, 11]. The original 
algorithm for analytical calculation of lattice systems (planar, spatial, statically definable and statically 
indeterminate) was developed in [12]. The only drawback of the method is that it is not possible to obtain 
compact calculation formulas for the dependence, for example, of the deflection on the number of panels or 
any periodicity elements. In [13], non-linearity is taken into account in the calculation of frames. 

 The used calculation algorithm can be transferred almost without changes to other computer 
mathematics systems, which have a block for determining the General terms of sequences and solving a 
system of linear algebraic equations in symbolic form. In addition to Maple, the Mathematica system meets 
these requirements most of all, and to a lesser extent, the Reduce, Derivative, and Maxima systems.  
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2. Methods 
2.1. Truss scheme. The calculation of the forces in the bars 

The construction under consideration consists of two inclined flat trusses with parallel belts and 

descending struts of length 2 2 2c a d h= + +  (Fig. 1, 2), connected on the lower and upper panel by tie 
rods on the long sides. 

 
Figure 1. Vertical load in the middle of the span, n=2k=8. 

 The design is statically definable with n panels and contains 12( 1)sn n= +  rods. Supports located at 
three corners of the truss are modeled with six rods. Three rods simulate a spherical support A, two rods-a 
cylindrical D, one vertical — a movable in the plane hinge B. All connections of the rods in the design are 
hinged. The upper face of the spatial truss is a rectangular truss with length na and width b – 2d with struts of 

length 2 2( 2 )d a b d= + −  (Fig. 2). Instead of the fourth support, a vertical force / 4C sumZ P=  is applied 

to node C in the case of a symmetrical load sumP  (centered in the middle or evenly distributed across all 
nodes). 

 
Figure 2. The size of the truss, n=6. 

 If the corner C were fixed to a real hinge support, the structure would become statically indeterminate 
once, but the result of solving the static indeterminability problem would give the same result, provided that all 
vertical supports have the same stiffness and length. The number of panels we choose is even n = 2k, so that 
the deflection of the truss can be judged by the vertical displacement of the nodes of its middle section. 

 To determine the forces in the rods, we use the program [1], which is based on drawing up and solving 
a system of equilibrium equations for nodes in symbolic form. The geometry of the truss is based on the 
coordinates of nodes at specified lengths of bars and the number of panels. The origin of coordinates is placed 
in the corner A, the axis x directed from A to B, y — longitudinal, z — vertical (Fig. 3): 
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Figure 3. Numbering of nodes and rods. Uniform vertical load on the upper belt, n=2k=4. 

 The spatial structure of the truss that determines the order of connecting rods is defined by conditional 
vectors that have rod numbers directed along the rods and contain the numbers of the ends of the rods (the 
numbers of the corresponding nodes). The longitudinal bars of the lower truss belt, for example, are defined 
by the following vectors 

[ , 1], [ 1, 2], 1,..., .i i nN i i N i n i n i n+= + = + + + + =  

 Other bars of the structure are set in the same way.  

 The square matrix of the equilibrium equations of nodes size s sn n×  is formed from the guiding cosines 

of forces, which are calculated from the coordinates of their ends. For a statically defined truss 3sn m= , 

where 4( 1)m n= +  is the number of nodes. The matrix G  is divided into three lines for each node.  These 
lines record the guide cosines of the rods attached to the node. Information about the rods in the node is 
contained in the vectors , 1,..., .i sN i n=  Rows of the matrix with numbers 3 2, 1,..., si i n− =  correspond 

to the projection of forces on the x axis, rows 3 1i −  — projections on the y axis, rows of the type 3i — 
projections on the vertical z axis: 

,1 ,23 3 , , 3 3 , ,/ , / , 1, 2,3, 1,.., ,
i iN j i j i i N j i j i i sG l L G l L j i n− + − += = − = =  

where 
,2 ,1 ,2 ,1 ,2 ,11, 2, 3,, ,

i i i i i ii N N i N N i N Nl x x l y y l z z= − = − = −  are conditional projections of rods on the 

coordinate axis — , 1,...,i sL i n=  the length of the rods. Projections of the external load are recorded in the 
right part of the system of equilibrium equations. Solving a system of equations gives forces in all rods 
(including support rods).  

 To analyze the stability of compressed truss rods, you can use the calculation data to get the 
dependencies of the forces in them on the number of panels. Consider the six rods in the middle of the truss 
span that are potentially the most dangerous in terms of loss of stability or tensile strength (Fig. 3).  Inductive 
analysis provides the following solutions for uniform load across the upper belt: 

2 2
1 2 1 2/ (2 ), / , ( 1) / (2 ), 0, / , / (2 ).O Pak h O Pd h U Pa k h U V Pg h D Pc h= = − = − = = − =  

 In the case of forces in the middle of the span (Fig. 1): 

1 2 1 2/ (2 ), 0, ( 1) / (2 ), / , 0, / (2 ).O Pak h O U Pa k h U Pd h V D Pc h= − = = − = − = =  

 To determine the force dependence on the number of panels, first calculate a series of trusses with a 
consistently increasing number of panels. The rgf_findrecur operator of the Maple system finds recurrent 
equations for the sequence of obtained analytical expressions of effort, and the rsolve operator, solving these 
equations, gives the already sought dependencies. The most complex equation was found when determining 
the force in the longitudinal rod of the lower belt 1U  the action of a uniform load: 

1, 1, 1 1, 2 1, 33 3k k k kU U U U− − −= − + . 
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 In all other cases, the forces are constant or the dependencies of the forces on k are fairly obvious, and 
you do not need to use a computer math system to derive the formulas. Numerical analysis of the obtained 
solution shows that under the condition of constant span and total load 2 ( 1)sumP P n= +  for a changing 

number of panels n=2k, all relative forces 1 1' / ,sumU U P= 1 1' / ,sumO O P= 2 2' / ,sumO O P=

' / ,sumD D P=  ' / sumV V P=  in the rods asymptotically tend to their limit: 1lim ' / (16 )
k

U L h S
→∞

= =   , 

1lim '
k

O S
→∞

= − . The curves in Figure 4 are constructed at L = 100 m, h = 5 m, and d = 1 m. Note that the 

forces in this section of the truss do not depend on the width b of the truss along the lower belt. 

 
Figure 4. Dimensionless critical stress in the rods, depending on the number of panels. 

 In addition, the Maple graphical tools allow you to get a picture of the distribution of forces on the rods 
for a fixed number of panels. In figure 5, the calculation results for k = 4, a=b=4m, h=2m, d=1m show 
compressed and unloaded rods in blue, and stretched rods in red. The thickness of the lines is proportional to 
the force modulus. The number indicates the value of the force in the rod related to the load P. The calculation 
shows that, as expected, the forces in the rods of the belts increase towards the middle of the span. The 
longitudinal bars of the upper belt are compressed, the lower — stretched. In the side panels (inclined), the 
reverse pattern is found somewhat unexpectedly. All rods in these panels are most loaded at the ends of the 
structure near the supports. The connections of the upper belt have very small compressive forces, while in 
the lower belt all the rods (except the extreme ones) are not strained at all. 

  
Figure 5. The forces in the rods, k=4. 
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2.2. Deflection from the action of a vertical load 
 A more difficult problem arises in the derivation of the formulas for deflection. Consider three types of 

vertical load on the truss. To calculate the deflection, use the Maxwell-Mohr formula  

                                                   
6

1
,

sn
j j j

j

S s l
EF

∆
−

=
= ∑                                                                    (2) 

where E  and F  is the elastic modulus of the rods and their cross-sectional area, jl  and jS  is the length 

and force in the j-th rod from the action of a given load, js  is the force from the unit load applied to the upper 

belt nodes in the middle of the span. Calculations of deflection of trusses with a consistently increasing number 
of panels using the formula (2) show that the type of expression for any values of k does not change. This is 
typical for regular systems [14] and is manifested not only in static problems [2–10], but also in dynamics [15]. 
For the case of a load applied to the upper belt nodes (Fig. 3), we have: 

                3 3 3 2 2
1, 2, 3, 4,( ) / (2 )I k k k kP C a C c C g C bd h EF∆ = + + + .                                     (3) 

 The coefficients in this relationship form sequences whose common members can be determined using 

the already mentioned rgf_findrecur and rsolve operators of the Maple system. For the coefficient at 3a , the 
rgf_findrecur operator returns a fifth-order equation 

                                 1, 1, 1 1, 2 1, 3 1, 4 1, 55 10 10 5k k k k k kC C C C C C− − − − −= − + − +  . 

 The rsolve operator gives a solution to this equation 

2
1,

2(5 1) / 6kC k k += . 

 Other coefficients have a simple form and are obtained in the same way: 

2
2, 3, 4,, ( 2), 1/ 2 :k k kC k C k k C k= = + = +  

 The calculation shows that in the case of a load applied uniformly to the nodes of the lower belt, the 
type of expression (2) for the deflection does not change much: 

3 3 3 2 2
1, 2, 3,( ( ) ) / (2 ).II k k kP C a C c g C bd h EF∆ = + + +

                                        
(4) 

 The coefficients here have the form 2
1, 2 3,

2
,

2(5 1) , 1/ 6, / 2.k k kk kC C k C k= = =+ +  

 Similarly, for a concentrated load in the middle of the span, we have 

3 3 3 2 2
1, 2, 3,( ( ) ) / (2 ),III k k kP C a C c g C bd h EF∆ = + + +

                                       
(5) 

where 1, 2,
2

3,(2 1 , 3 / 2) / 3, .k k kC C k Ck k = =+=  

 A linear combination of three solutions, I∆ , II∆  and III∆  gives a formula for calculating a truss with a 
fairly wide set of loads, including the weight of the structure itself. 

2.3.  Deformations from the action of a lateral load 
 One of the advantages of the applied algorithm for solving the problem of truss deformation, in addition 

to its analytical form, is the ease with which it can be reconfigured to another load. The main costs for 
generating formulas are spent on modeling the truss grid and debugging the solution. Replacing the load is 
reduced only to replacing the vector of the right part of the system of equilibrium equations. Consider the wind 
effect on structures [16]. It is obvious that due to the low windage of the structure, this load has a very small 
effect on the deformation of the truss [17]. Let us model this effect with a lateral horizontal load evenly 
distributed over the nodes of the upper belt (Fig. 8). As in the previous cases of loading, we will apply a load 
modeling the support to the free corner C of the lower belt truss. We find the load value from the equation of 
moments relative to the y axis: ( 1) / (2 )CZ P n h b= − + . With this action, we actually replaced the procedure 
for revealing static uncertainty if there was a vertical support rod in this corner. As a result of induction we 
have the following simple solution for the vertical displacement of the point M: 
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3 22 1)( ) / (2 )( .IV P Ek Fg bd hb∆ + +=
                                                      

(6) 

 
Figure 6. Lateral (wind) load, k=3. 

3. Results and Discussion 
 It is best to evaluate the obtained solutions based on numerical calculations performed using the found 

formulas for specific tasks.  

 The curves of the dependence of the dimensionless deflection ' / ( )I sumEF P L∆ ∆=  on the number of 
panels constructed using the formula (3) for the case of a uniform vertical load along the upper belt, provided 
that the span of the structure 100L na m= =  is constant, and the total load 2( 1)sumP n P= +  on the truss 
show the presence of a pronounced extreme (Fig. 7). Calculations were made for h=3 m, b= 4m. the oblique 
asymptote is also Observed. Using the Maple methods, you can calculate the slope of the asymptote. We get: 

3 2lim '/ / (4 )
k

k f h L∆
→∞

= , where 2 2f h d= + . The expression for the extreme point itself cannot be 

obtained in analytical form, but the figure shows that the position of this point on the axis k is almost 
independent of the size d. 

 
Figure 7. Dependence of dimensionless deflection on the number of panels. 

 If we trace the dependence of the deflection of the truss under the action of a uniform load on the height 
of the truss h (Fig. 8), then you can also notice the extremum (h = 8 m), although very weakly expressed. 
These curves are constructed at 60L na m= = , b =8 m, k = 40. If the cross-section of the truss is rectangular 
(the width at the top is equal to the width at the bottom, or d = 0), the deflection is expected to be smaller. The 
other extreme is the degenerate case b = 2d, or the triangular section. The deflection here is greater, but from 
the point of view of saving material, this case is also interesting for the designer. 
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Figure 8. Dependence of the deflection on the height of the truss. 

Formulas (4) and (5) for other vertical loads give similar curves, differing only in scale. For the horizontal 
load, as expected, the deflection is several orders of magnitude less than that of the vertical one. The minimum 
deflection is also detected, however, at unrealistically low truss heights (9). With a span length of L = 100 m, 
d = 1 m, this minimum corresponds to 1.5 m. In this setting, the width of the truss b plays a significant role. As 
the width increases, the truss becomes more rigid. 

 
Figure 9. Dependence of the deflection of the truss on the action of the wind load on the height. 

The main advantage of analytical solutions that include not only the size of the structure and load, but 
also the number of panels, is the ability to apply calculation formulas to structures with a large or very large 
number of rods. If numerical methods inevitably begin to accumulate counting errors when the number of rods 
in an object increases [18–26], then the accuracy of the calculation formula obtained by induction does not 
change and is determined only by the adequacy of the design model used. Another advantage of the obtained 
solution is the ability to perform optimization [27–35] of the truss by mathematically analyzing the formula, 
quickly compare options for building parameters and find optimal combinations of sizes and number of panels. 
Extreme points are found on the graphs based on the found formulas, which suggest the appropriate optimal 
design parameters to the designer. Analysis of forces in the truss also revealed an unexpected and unusual 
distribution of forces in the bars of the side panels of the truss.  

4. Conclusions 
A mathematical model of a spatial beam truss is constructed. An algorithm for displaying accurate 

analytical solutions for the forces in the rods and deflections of the structure under the action of various types 
of loads has been developed. The obtained solutions proved to be quite compact, suitable both for evaluating 
the performance of real structures of this type, and for testing numerical solutions performed in standard 
packages based on the finite element method. The applied modeling and analysis algorithm can be applied to 
other regular systems, both planar and spatial. 
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