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The relevance of the study is due to the development of the digital economy in the Russian Federation.
Forecasting, strategic planning in this aspect is a promising direction of socio-economic development of
the state, as well as its constituent parts — regions, municipalities, enterprises (firms) — the latter being on
the lower level of the economy forming its foundation. This area of research provides a methodological
basis for the development and implementation of management decisions focused on priority areas of
economic development of the state. The purpose of the study is to analyze and develop theoretical
and methodological provisions of strategic and innovative development of the multi-level economic
system of the state in the digital economy. Other objectives include the research and development of
mathematical models of the lower level of the state economy of large corporations (clusters). To achieve
these goals, the first part of the work examines the structure of a multi-level hierarchical system of the
state economy aimed at solving the problems of strategic planning and management at individual levels
of the state within the digital economy. In the second part, based on the analysis and theoretical studies
of previously proposed mathematical models of enterprise development, we developed a mathematical
model of a corporation (cluster). The cluster model takes into account both extensive and intensive
factors of production development. The input data of the cluster model is, first, statistical information
and, second, technological information of pre-production. It is shown that taken together statistical,
technological information, as well as the relationship with consumers of products and with the financial
(banking) sphere is characterized as “digital economy”. The direction of further research is related to
the practical implementation of mathematical models and their use in the practice of forecasting the
development of an industrial corporation (cluster).
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CTPATETMYECKOE PA3BUTUE MHOTOYPOBHEBOM
COLMUAJIbHO-ODKOHOMMUYECKOU CUCTEMbI TOCYOAPCTBA
B YC/ZIOBUAX LULUDPPOBON SKOHOMUKHU

MawyHuH HO.K.

[anbHEBOCTOUHbIN DeaepanbHbIi YHUBEPCUTET,
BnaamBocTok, Poccuiickas deaepauns

AKTyalbHOCTb HUCCJIe0OBaHUSI O0YCIIOBJIEHA pa3BUTHEM LIM(PPOBOil 3KoHOMUKHU B Poccuiickoit
®enepanuu. [IporHo3upoBaHue, cTpaTeTMUYecKoe TUIAHMPOBAHUE B 3TOM acIleKTe SIBJISIETCS Tep-
CIEKTUBHBIM HaTpaBJieHUEM COIIMaJbHO-9KOHOMMYECKOTO Pa3BUTHUS TOCYAapcTBa, a TaKXke ero
COCTaBHBIX YacTeli: perMOHOB, MyHUILIUIIAJIbHBIX 00pa3oBaHuit u nipeanpusatuii (pupm). [pennpu-
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SITUSI HAXOMSITCSI HA HUXKHEM YPOBHE 3KOHOMUKHU U KOTOpPBIE SIBJISIOTCSI €6 OCHOBOM. DTO Hampas-
JIEHUE UCCJIeIOBAaHUI CO3aeT METON0JI0TMYECKYI0 OCHOBY pa3pabOTKu, peaju3aluy yrpaBjieHuYe-
CKMX pellICHUI, OpUEHTUPOBAHHbBIX HA MPUOPUTETHBIC HAMPABIEHUS SKOHOMUYECKOTO Pa3BUTHUS
rocynapctsa. Lleab ucciienoBaHusl COCTOUT B aHAIM3¢ U pa3paboTKe TEOPETUKO-METOI0JOINYECKUX
MMOJIOKEHUIA CTPATErnuecKoro M MHHOBALIMOHHOIO Pa3BUTHUSI MHOTOYPOBHEBON 3KOHOMUYECKON
CUCTEMBbI TOCYIapCTBa B YCJIOBUSIX IM(PPOBOI SKOHOMUMKH, a TAKXKE B MCCIeIO0BaHUM U ()OPMUPOBa-
HUM MaTeMaTUYECKUX MOJeJIell HUXKHETO YPOBHSI 9KOHOMUKM rocyaapcTBa KPYMHBIX KOPIOpauuii
(knactepoB). s peanusaluuy 3TUX 1iejieid B MEPBOil YacTU pabOThI UCCEI0BAHbI CTPYKTYPhI 0J10-
KOB MepapXM4eCKUX MHOTOYPOBHEBBIX CUCTEM YKOHOMUKM rOCyaapCcTBa, HallpaBJieHHAas Ha pellie-
HHUE 3a7a4 CTPaTEernuecKoro IJIaHUPOBAaHUSI U YIPABJICHUS HA OTAEJIbHBIX YPOBHSIX rOCyaapCcTBa B
ycJI0BUsIX HM(PPOBOM 95KOHOMUKU. Bo BTOpoit yacTu Ha 6a3e MpoBeeHHOr0 aHaau3a U TeopeTuye-
CKMX UCCJIEIOBAHUI paHHEe CO3JIaHHBIX MaTeMaTUYECKUX MOJEJCH pa3BUTUS TPEANPUSITHSI, Mbl
pa3paboTajii MaTeMaTUUEeCKYI0 MOJIeJIb Kopropaliuu (Kjiactepa). MaremaTudeckasi MOae b (OUPMbI
(kmacTepa) yYMTBIBAeT DKCTEHCHUBHBIE M MHTEHCUBHBIE MPOM3BOICTBEHHBLIC (PaKTOPHI pa3BUTHS.
Bxomom mMaTteMaTHYeCKOI MOJENM KjacTepa sIBASIOTCS MH(GOpMALIU, MPeACTaBJIeHHAas! CTATUCTH-
YeCKMMU OpraHaMM, a TaKxKe TexXHoJormdeckast iHGopMalLus MoAroToBKM npou3sBoacTsa. [Tokasa-
HO, YTO B COBOKYITHOCTHU CTaTUCTUYECKAsI, TEXHOJIOTUYECKast MH(pOpMalLKsI, a TAKXKE B3aUMOCBSI3b C
MOTPeOUTENISIMU MPOAYKIIMK U ¢ GUHAHCOBOM (6aHKOBCKOIM) chepoil xapaKTepu3yeTcsl KakK «ud-
poBasi 5KOHOMUKa». JlaabHelile uccienoBaHus CBSI3aHbl ¢ pa3paboOTKO M BHEAPEHWEM MaTeMa-
TUYECKMX MOJeJIeil B MPaKTUKY IIPOTHO3MPOBAHUS PAa3BUTUS IPOMEIIIIEHHOTO KJIacTepa.

Kniouessbie ciioBa: rocyaapCTtBo, Kopropauus, CTpaTerudyeCkoe pasBuTUEC, CTaTUCTUYECKaA I/IH(i)Op-
Malus, TEXHOJOIrn4YecKast I/IH(i)OpMaHI/Iﬂ, BEKTOPHas ONITUMU3aLIUA
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Introduction

Forecasting, strategic planning is a promising direction of socio-economic development of the state
and its constituent parts: firms (enterprises), municipalities, regions, which form the basis of the state’s
economy. This area of research is aimed at forming a methodological basis for the development and im-
plementation of management decisions that are focused on priority areas of social and economic develop-
ment of the state, which is reflected in related legal documents'>34, The theory of economic management,
research objectives’ as well as strategic development of industrial enterprises, corporations and the adop-
tion of the optimal solutions are given much attention both in foreign countries [5, 7, 9, 12, 24, 28], and in
the Russian Federation [1, 2, 3, 14—23, 29—-34].

The social and economic processes of state development are quite complex and require a systematic
[5, 7, 29], regional-balanced approach to management [6, 12]. Hence, state regulation to support such
transformations is particularly important and relevant [30]. The forecast and dynamics of the development
of regional and state economy are carried out by constructing mathematical models of both individual
enterprises [20—22, 29], and municipalities [30], regions (subjects of the Russian Federation) [30], as well
as the state as a whole. The forecast and development of the state economy requires legislative® support for
decision-making, as well as mathematical [32, 33] software [30], information (including the digital eco-
nomy [1, 2, 18, 19, 20]), and statistical [30]) support.

! The Constitution of the Russian Federation: Adopted by popular vote on December 12, 1993, with the amendments of 30.12.2008 No. 7-FKZ.
? Budget Code of the Russian Federation, Moscow: TK Velbi, Prospect Publishing House, 2010, 215 p.

3 Tax Code of the Russian Federation. Part One [adopted by the State Duma on 16.07.1998, Approved by the Federation Council on 17.07.1998].
Access mode URL: http://www.consultant.ru/document/cons_doc LAW_ 19671/

4 Federal Law of the Russian Federation No. 172-FZ of June 28, 2014 “On Strategic Planning in the Russian Federation”. http://www.rg.
ru/2014/07/03/strategia-dok.html

° Putin’s Message on January 15, 2020: all President Putin’s proposals to the Federal Assembly http://kremlin.ru/events/president/news/62582

¢ Program “Digital Economy of the Russian Federation” Decree of the Government of the Russian Federation No. 1632-r of July 28, 2017,
Moscow. http://static.government.ru/media/files/9gFM4FHj4PsB7915v7yLVuPgu4bvR 7MO.pdf
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The object of the study is a multi-level management system of the state economy, including regions
(subjects of the Russian Federation), municipal entities and enterprises (firms).

The subject of the research includes analytical, theoretical and methodological provisions for the stra-
tegic and innovative development of the multi-level economic system of the state in the digital economy.

The purpose of the study is to analyze and develop theoretical and methodological provisions for the
strategic and innovative development of the multi-level economic system of the state in the digital econ-
omy. It also includes the research and formation of mathematical models of the lower level of the state
economy of large corporations (clusters).

To achieve this goal, we have divided the work into two parts.

In the first part of the work, the hierarchical system (HS) of the multi-level economy of the state is in-
vestigated. In the study of the HS management of the state, four levels are considered: enterprises (firms),
municipalities, subjects of the Russian Federation (regions), the state, and the world economy. The goals
and objectives of strategic planning and management at the appropriate level are considered. We developed
a modeling methodology to solve planning and management problems at individual levels of the state’s HS
within the digital economy.

In the second part, a study of the production activity of the company, the lower level of the state econo-
my, is carried out. The functioning of the company is determined by a number of the following indicators:
sales (revenue), profit, benefit, profitability. Modeling the development of the enterprise within the frame-
work of modern (with one criterion) optimization methods allowed us to solve one directed development
of the enterprise (firm), [21, 22, and 29]. Therefore, the development of economic theory is characterized
by the study of the multiplicity of goals (criteria) of firm management [25, 30, and 31]. This class of prob-
lems includes multi-criteria (vector) problems of mathematical programming. The development of meth-
ods for solving vector problems is presented in [32, 33]. Vector problems and methods of their solution are
used to create a high-quality management system, strategic development of industrial production, taking
into account statistical, technological information and the digital economy.

The research methods are based on the theory of hierarchical systems research, as well as on the basis of
economic and mathematical methods, the theory and methods of vector optimization. Methods of statis-
tical analysis, systematization and generalization of the obtained results are used.

Results and discussion. The results are presented in three sections: “Management of a multi-level state
system within the digital economy”; “Theoretical foundations of mathematical modeling of the develop-
ment and management of an industrial enterprise: a cluster (the lower level of the hierarchical structure
of the state)”; “Theory and methods of vector optimization as mathematical support for modeling in the
digital economy of the state”.

1. Managing the multi-level system of the state within the digital economy

The functioning of state authorities related to the management of the economic and social develop-
ment of the state includes relations between the central governing bodies of the state, the subjects of the
Russian Federation (regions), and municipalities, which are an integral part of the national policy of the
state. In this aspect, we will adhere to V.I. Lenin’s definition of politics as a “concentrated expression of
the economy”’. This implies concentrated activity of the state’s governing bodies in the conditions of the
global environment of competing states.

The implementation of the state’s economic policy is reflected in a certain system of indicators. These
economic indicators are used as the goals of the socio-economic development of the state when solving
problems in the implementation of these goals. The system of economic indicators and related goals is
represented by the Types of Economic Activity (TEA). The objectives of the state’s economic policy are
reflected in the legislative, administrative, and economic laws and measures implemented by the central,
constituent entities of the Russian Federation, and local authorities. The organizational structure of the

7 Lenin V. I. Complete collection of works, 5 ed., vol. 42, p. 278.
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The source Hierarchical structure of the State Objectives of the governing bodies of
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Fig. 1. Goals, tasks of management in a multilevel hierarchical system of the state in a digital economy

multi-level HS of the state economy is aimed at solving the problems of current, strategic planning and
management at individual levels of the state in the digital economy (Fig. 1).

The goals of the current, strategic planning and management of the state’s HS, presented in Fig. 1,
include four levels: enterprises (firms), municipalities, regions (subjects of the Russian Federation), the
state and the added level of the world economy.

The top level of the HS represents the highest management subsystem, which forms information for
decision-making associated with international organizations, and coordinates the development of foreign
trade operations of various countries. Coordination of foreign trade operations is carried out when solv-
ing the problems of balanced and mutually beneficial trade in dynamics. As a result of the decision, the
amount of profit (income) is determined: X &= 1, G, which the g € G state will have when selling the
corresponding goods to other countries.

* At the highest level of state HS management, we consider management subsystems, whose activities
are related to the management of the economy of their countries. The target orientation of this level is
determined by the most complete satisfaction of the material and spiritual needs of the population of the
state, the growth of its standard of living (i.e., according to the Maslow model: the implementation of the
first and second needs — physiological and safety). As a result, the public administration subsystem forms
a vector of aggregated Types of Economic Activity (TEA) by industry: o =1, Og, including exports that
could be mastered by this state: X, 020 = 1, Og , g € G. The received data is reported to the regional level.
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At the regional (second) level of government, the mechanism of forecasting, planning and manage-
ment is aimed, firstly, at improving the social and economic standard of living of the population of the
region, and secondly, at participating in the all-Russian division of labor, as the functioning of a single
economic complex of the Russian Federation with mutual benefits. The development of the region due
to the intensification of the development of industry, the agricultural production should be carried out
taking into account the rational use of natural resources and the development of resource-saving tech-
nologies. Regional current, strategic planning and management should be based on the production and
economic activities of individual firms (enterprises) and their associations, which are the main suppliers
of the region’s products. The growth of the population’s well-being is closely related to the growth of labor
productivity and the increase in the volume of products produced in the region, quality improvement,
competitiveness [6]. The above-stated global goals, assessments of the development of the region in the
process of implementing production tasks, are divided into industry-level goals, which, in their essence,
represent the solution of large sets of tasks.

At the municipal (third) level of government, the forecast, planning and management is aimed at im-
proving the social and economic standard of living of the local government population.

In the Constitution of the Russian Federation, Article 12 states “Local self-government is recognized
and guaranteed in the Russian Federation. Local self-government within the limits of its powers is inde-
pendent. Local self-government bodies are not part of the system of state authorities”.

It should be understood that it is in the municipalities, along with military facilities, that all industrial
and agricultural enterprises are concentrated, which:

first, create the economic base for the development of the state’s economy and the economic potential
for the future development of the state;

secondly, it is these enterprises that determine the main tax revenues and form the revenue part of the
budget of the Russian Federation, which determines the socio-economic development of the state, its
protection.

With this in mind, we would like to see municipalities (MO) more actively participate in state activ-
ities. President V.V. Putin in his speech?® said that currently only 1% of the total tax revenue remains in
the Ministry of Defense. It is advisable to raise its level to 5%. Unfortunately, the progress on this issue
has stalled. Each enterprise (firm), according to the legislation, pays taxes for the year, the size of which
is approximately 20—25% of annual gross receipts. Thus, in an implicit form (de facto), the state owns
20—-25% of fixed assets, and is obliged to supervise their safety, and better yet, their growth. If the local
government were to transfer the state functions (de jure) related to the control of tax receipts (the Fed-
eral authorities will naturally collect taxes, as they do now), the level of tax receipts would increase, and
as a result, the living (socio-economic) level of the population would increase. Moreover, if the level of
tax collection exceeds some average level for the state, then part of the exceeded amount of taxes should
remain at the disposal of the Ministry of Defense. And this is possible only when each enterprise of the
Ministry of Defense increases the volume of production, as a rule, due to the growth of labor produc-
tivity.

At the level of (fourth) management of the firm (enterprise), the target orientation is determined by in-
creasing the economic standard of living not only for shareholders, but also for all participants in produc-
tion, who are represented by engineering, production, and management personnel. All participants in
production equally form the profit of the firm (enterprise) and the maximum increase in labor productivity
is only possible in their joint effort. The analysis of the company’s production activity, theory, and software
for the strategic development of the company (industrial cluster) using statistical information and the dig-
ital economy is the basis of this article [18—21, 29, 31].

Statistical information at the enterprise (firm) level is the source information, i.e. the base of the digital
economy.

§ Putin’s Message on January 15, 2020: all President Putin’s proposals to the Federal Assembly http://kremlin.ru/events/president/news/62582
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Statistical information is generated from three sources: first, from consumers who are engaged in the
material and technical support of production; second, from manufacturers who implement technological
processes of production organization; and third, from manufacturers who sell manufactured goods and
services. In accordance with the decision of the Board of the Eurasian Economic Commission of Septem-
ber 3, 2013. No. 185 “On Approval of the list of Statistical indicators of Official Statistical Information
provided to the Eurasian Economic Commission by the Authorized Bodies of the Member States of the
Customs Union and the Single Economic Space”, [34], all enterprises annually (quarterly) submit a num-
ber of macroeconomic indicators.

The main one is the Gross Domestic Product (in current prices), which includes information: quarter-
ly, annual by type of economic activity (Appendix 1 in [34]), by institutional sectors (appendix 2 in [34]),
by elements of end use (Appendix 3 in [34]), by elements of income (appendix 4 in [34]). These and other
indicators, distributed across the entire state HS, are the digital economy. The information database is
further used in the analysis of the development of the enterprise, the municipality, the region and the state
as a whole.

2. Digital economy. Electronic (digital, web, Internet) economy is economic activity based on digital
technologies (quote from Wikipedia) [1]. Within this definition, “it is not so much about the development
and sale of software, but about electronic goods and services produced by e-business and e-commerce”
[2, 18—21]. Hence, the digital economy cannot exist without the real and raw materials sectors, without
production, which turns raw materials into products, without agriculture and without transport, delivering
raw materials to the factory, products to the warehouse and goods from the warehouse to the store or to
your home [1, 2]. Thus, the digital economy is not a complete economy, but its part, consisting of electron-
ic goods and services. It is more correct to say not “digital economy”, but the digital sector of the economy.
Let’s try to define the digital economy [30].

The “digital economy” is an information representation on paper and, above all, on electronic media: firstly,
of all material resources (which include: land resources, manufacturing enterprises, firms, goods (including

the process of creation and implementation), financial (including banks) and government organizations), and,
secondly, of the population with its financial capabilities, which (material resources and population) together
dynamically change in space and time.

To form the informational display of the “Digital Economy”, digital technologies or software have
been developed, which represent technologies for collecting, storing (database), processing, searching,
transmitting and presenting large-volume data. These information technologies for data collection and
transmission are presented in general form (arrows) in the lower part of Fig. 1.

3. Theoretical foundations of mathematical modeling of the development and management of an indus-
trial enterprise: cluster

3.1. Analysis of modern economic and mathematical models of the firm development

There are different mathematical models developed for an assessment of behavior of firms in society,
formations of the purposes and tasks of the organization of management. The following models are cur-
rently used in the theory: maximizing profit, maximizing sales volume, maximizing growth, administrative
behavior, the Japanese model directed on maximizing value added [29, 30].

The traditional firm theory recognizes that the behavior of a firm is defined by its only desire of maxi-
mizing profit (model 1).

The model of maximizing sales volume is the most widely known alternative of the model of maximizing
profit. The model of maximizing sales is formed in two options: with criterion of maximizing sales under
the condition of restricted resources (model 2a), and with criterion of minimizing prime cost while some
volume of economic indicators is restricted (model 2b).

The model of maximizing growth (model 3) is characterized by a strategy with the cornerstone in contin-
uous growth: long-term increase in production and sales [30].
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The management theory of firm claims that the economic behavior of a firm is defined not by its owners,
but the managers who have a purpose of maximizing sales volume and profit because of the income. The
model of administrative behavior (model 4) includes the model of administrative benefit, the model of ad-
ministrative prudence and the agency model [9].

The model of maximizing value added is a Japanese model (model 5) defined by that the value added is
calculated as a difference between sales to the company for a certain time point and expenses (costs) of the
goods of service acquired at external suppliers. Thereby the value added includes work, management, the
capital, costs of profit. Such an approach implies that each worker and the sharecholder of the firm maxi-
mizing value added knows that irrespective of economic conditions the priority has to be given to constant
investments into capacities and the equipment, into researches and development, into development of the
market. If there is a need to reduce remuneration to workers, the salary of the senior administrative per-
sonnel is reduced first. Japanese automakers and other companies, despite of economic conditions, seek
to maximize value added in such a way year after year [30].

The emergence of such a variety of models indicates that none of them can adequately reflect the real
life situations, which arise in practice of enterprise management. This results in new approaches (models)
to the management of enterprises.

The economic theory of multiple goals stems from the fact that a firm has not one goal (sales, profit,
growth), but a set of goals, which is a counterweight to single-criteria goals. Currently, a firm is a complex
corporate system in which the organizational structure characterizes the hierarchy of subjects and objects
of management. This management hierarchy corresponds to a hierarchy of interests and goals. First, the
top management’s interest is to increase the firm’s prestige, improve its economic performance, and en-
sure its stability and sustainability. Secondly, it is in the interest of shareholders to raise higher dividends.
Thirdly, managers’ interest is aimed at improving their social status, making a good career, and ensuring
income growth. Fourth, the interest of wage earners is to raise wages, get good working conditions, and
improve their skills, professional growth, and so on. In the development of this direction, an approach
based on a multi-purpose mathematical model is proposed. It is used in modeling the annual, strategic
(long-term) development plan of the company.

3.2. Creation of mathematical model of the production plan of firm development

Currently, as it was stated above, there are some alternative mathematical behavior models of firms. We
will unite the purposes of all models in the form of a vector of criteria. We will consider the restrictions of
each model. We will present a vector of criteria and the restrictions in the form of a mathematical model,
which represents a vector problem of mathematical programming.

Creation of mathematical model of the annual (strategic) plan of a firm assumes formation: a vector of
variables, a vector of criteria (purposes) and restrictions imposed on the functioning of the firm [29, 30].

Vector of variables. Let us introduce a vector of variables:

X(1)={x.j=LN}.

where each component j € N determines the type j =1, N and the volume xj(t) of products, which includ-
ed in production in the planned year of £ € T. N is a set of indices of types (nomenclature) of products,
works, and services. Restrictions of uj(t), Jj € N are imposed on the production variables xj(l‘), jeN:
they determine the probable volume of production of the j" type. The values of uj(t), J € N, asarule, are
obtained by the marketing department of the firm which conducts a research of the commodity market:

X; (t)Suj(t),j=1,N.

Vector of criteria which defines the functional objectives of the firm.
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The firm production is characterized by a set of K technical-economic indicators. Let us represent the
functional dependence of a k € K economic indicator on the output of X(7) using a fk(X(t)) function, in
the assumption that such functional dependence exists and is linear, i.e.:

Nk

VkEK’fk(X(t)):Zj:lcjxj (2),

where cf is a value of the " economic indicator (criterion) characterizing a unit of the /™ production type,
J € N. In general, let us present a set of the indicators by a vector function:

F(x(0)={4 (X (1) =X (). k=LK]}. G.)

Let us divide the whole set of the K criteria into three subsets K, K, K.

The first K, subset. F' (X(#)) C F(X(f)) depends on organizational structure of the enterprises (the ne-
oinstitutional theory). It is supposed that the firm consists of  — a set of local enterprises (divisions), at
each of them the development purposes functionally depend on the fq (X(?)), g € Q output of this g" en-
terprise. Each g™ enterprise is presented by a set of criteria of Kq, qeQ:

£,(x(0)={£, (X (1), k=1K,.q < 0}.

If Q = 1, then is a standard definition of the firm. A set of criteria (purposes) of all enterprises is pre-
sented by a vector function:

F(X(0)={/,(X(1).q=1K |.K,=0.K, K.

The second K , subset defines the purposes of the firm in general: it is the highest managing subsystem.
Each criterion k =1, K, includes the corresponding indicators of all local subsystems and contains the
nomenclature, volumes, technical and economic indicators of the products produced by the corporation
as a whole:

F(X()={£(X(t), k=1K,}, K, K.

The vector of F,(X(f)) includes sales volumes of the made production, profits, value added, etc. It is
desirable to maximize these indicators.
The third K 5 subset includes economic indicators related to costs that are desirable to minimize:

E(X(6)={£ (X (1), k =LK}, K, K.

Indicators (criteria) £,(X(#)) characterize the minimization of material and labor costs, which together
determine the cost of production. Economic indicators (criteria) K » K , represent the system characteris-
tics of the corporation (firm). They determine the relationship between the firm and the society:

K,UK,UK, =K,

where K is the set of indicator (criteria) indices of the firm development in general.

The restrictions that are imposed when developing a plan include two groups. The first (main) group of
restrictions is related to resource (technological) costs. They include restrictions on production capacity,
labor, and material and technical resources. The second group of restrictions is determined by the planned
indicators, which in the very least need to be obtained.
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Resource restrictions. We assume that the dependence of resource costs on the volume of goods pro-
duced X(t) = {x}., j=1, N} is linear:

Z;V:l a, (t)x; () <b,(1),i=1L,M, (3.2)

where a;, (t) ,i=1,M, j =1, N isanorm which characterizes the quantity of the i'" resource necessary for
production of a unit of the j* product type.

The set of indices of resources M includes:

a set of material resources Mma . C M, which characterizes the materials, semi-finished products, etc.,
used in production;

a set of labor resources M »C M involved in production;

a set of funded resources (capacities) ]Wf C Mintheperiodtec T.

Similarly, (3.2) presents the costs of the i*" resource of the g division:

> (t)x, ()< (1), i=1,M,,i=1,0,

where b/ (t) ,i=LM_,i=1,0 is the value of the /" resource which is available in the g division of the
enterprise for the planned period. Mq is a set of resources types which are used in production in g* division.
The restrictions connected with the planned indicators:

Z_];[:lcixj (£)= 5, (1), (3.3)

where ¢, is the value of the J™ economic indicator characterizing the production unit, bk is the minimum
value of the planned indicator which the firm should achieve in the planned period of time, ¢t € T.

Variable expenses depend on the output:

a; (t) ,i=1,M, j=1,N isthe i" resource costs needed to produce a unit of the j™ type of production
(norm), i, M are an index and a set of all types of resources (material, labor, etc.), i.e. the variable expenses
changing in proportion to output and used by production of all types;

G (X)= ZL a, (t)x,(t)<b,(1),i=1,M is the costs of the i* resource of all production types.

We will present the production prime cost of a production unit as a sums of variable expenses:

M M M P
P _ mat mat r tr f [
a; _Zizl pia; +Zi:l piay +Zi:1 pid; s J =LN, (3'4)
tr I

where aij"? “. a, , a; are costs of a unit of production and P, is the cost of the material, labor, and accumu-
lated resources respectively;

A? (l‘) = {aj7 (t), j=LN } is a vector of the planned production prime cost of a unit of all types of
production.

Constant expenses don’t depend on the output. They are calculated per product unit af“k (depreciation
charges, administrative and managerial expenses, maintenance costs of buildings and the equipment). In
general, the planned full prime cost of a unit of production is defined as the sum of production prime cost
and of overhead costs:

nak
a;=aj+a;", j=LN.
The full prime a, is a basis for formation of market value of production. We can define (as far as possi-

ble) the costs per production unit of similar goods of competitor company and compare them with a, ina
similar way. '
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The price of the p; production unit of the j™ type follows from market researches or on the basis of a cal-
culation of level of the price taking into account the pricing policy. Important role is played by methods of
calculation of the settlement price from the prime cost of a, j=1N.
lProﬁt: the gross profit per unit is calculated as a difference between the cost of P, and variable expenses
Y=p;,—a’,j=1N.

The profit on product sales in the firm as a whole equals:

'

m=>" mx(t). (3.5)

The value added is determined per a unit of production as a difference between the P, cost and material
inputs a;”‘” for production of j type:

pf"b =p,—a}”, j=1N, (3.6)
m Mmat . I A7 . . . . - . .« .
where a; “ = o Py J = 1, N is the cost of material inputs per unit of the /" production type arriving
from external producers.
Using the calculated indicators (3.1)—(3.6), we construct the above described theoretical models.
Model I. maximizing profit. Define:

maxf(X(t)) = lenjxj (t) (3.7)

at restrictions
> ()%, ()< (1), i=1M, (3.8)
xj(z‘)Suj(t),jzl,_N. (3.9

Model 2a: maximizing sales volume. Define:

max f(X(t)) = j/:l P;X; (t), (3.10)

at restrictions
> ()%, (1) <b (1), i=1,M, (3.11)
x,(t)<u,(t), j=LN. (3.12)

Model 2b: minimization of total expenses. Define:

min f(X(t)) = ZZI c[Zj]:I a; (z‘)xj (t), (3.13)

at restrictions

S x ()2, (1), kK, (3.14)

j=1070
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x () <u, (1), j=1,N, (3.15)

where c is the economic indicator characterizing a unit of the j*" type of production, b is a set economic
1nd1cator characterizing such volume of production at which b (?) has to be reached (>)
Model 3: maximizing growth. Define:

max f (X (1))=" mx,( (3.16)

at restrictions
ijlaij(t)xj (£)<b,(£)+Ab, (1+A1),i=1, M, (3.17)
xj(t)<u () ]—IN (3.18)

where Abi(t + Af) is a planned gain of volume of resources as of the planned period Az which is created due
to depreciation charges, profit, or of loans.
Model 4: administrative behavior. Define:

max f(X(1))=2" pix, (1), (3.19)

at restrictions
Zilaii(t)xj (t)Sbi(t)=i:1’_’ (3.20)
x,(t)<u,(t), j=LN, (3.21)

where p; is the economic indicator determines the salary volume from production and sale of a unit of the
J" type of production.
Model 5: maximizing value added, Japanese model. Define:

max f(X ()= i, (¢), (3.22)

at restrictions
> (6)x, (1)<, (1), i=1,M, (3.23)
x,()<u,(t), j=LN, (3.24)

where pf”b is the economic indicator (3.6) which determines the value added volume for the production
and sale of a unit of the j™ type of production.

Economic and mathematical models: the model 1 (3.7)—(3.9), ..., model 5 (3.22)—(3.24) represent the
current state of mathematical modeling of production systems.

3.3. Construction of a mathematical model of a manufacturing company in the form of a vector linear pro-
gramming problem

The economic theory of plurality of the purposes assumes that the listed above purposes of all models
actually exist and have to be considered simultaneously. We will present such objectives in a model of the
annual plan of the enterprise in the form of a vector problem of linear programming;:
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_ 3.25
~max £, (X ()= X% b, (0. k=T, }.4=T0), o
max F, (X(t)) = {max i (X(t)) = Z;V:l cij (t), k= l,Kz}, (3.26)
min F, (X (1)) ={min £, (X ()= 2" e 2" 0, ()%, (1), k=K., (3.27)
at restrictions
ZL a,(t)x,(t)<b,(1),i=1M, (3.28)
> anx, (1)<be(1),i=1,M,,q=1,0, (3.29)
> (1) 2 (1), keKk, (3.30)
0<x,(t)<u,(t), j=LN, (3.31)

where F'(X(?)) is vector criterion (2.25), the set of criteria of which is subdivided into three subsets:

K, is a subset of criteria of the divisions of the firm, k =1, K, q= LO,K,=Q;

Kz is a subset of criteria each component of which should be maximized (sales volumes of the made
production, profits, value added, etc.);

K 5 is a subset of criteria aimed at minimizing the indicators connected with prime cost of products; K »
K are the system criteria characterizing the firm in general (3.26), (3.27):

K,UK,UK,=K.

In (3.25), the vector of criteria of F(X(¢)) reflects the purposes of all models in total: (3.7)—(3.9) is the
model of profit, ..., (3.22)—(3.24) is the model of maximizing value added;

X= {x ; (t) ,j=LN i is a vector of variables each component of which defines the quantity of the j*
type products included in the plan; L

cf, j=1,N is a set of economic indicators of the k" k =1, K type characterizing a unit of the j
type of production.

A set of restrictions (3.28)—(3.31) which in total reflect the restrictions of all models under considera-
tion: profits (3.8) — (3.9), ..., models of maximizing value added (3.23) — (3.24).

We will notice that a problem of definition:

Vg e @.max f, (X (1)) ={max £, (X (1)) = X" cx, (1) k=T.K, .

at restrictions (3.27)—(3.31) represents a model of a separate division of the firm in a form of a vector
problem of linear programming.

For the solution of a vector problem of linear programming (3.25)—(3.31), the methods based on nor-
malization of criteria and the principle of the guaranteed result are used [31, 32].
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4. A vector problem of mathematical programming

A vector problem in mathematical programming (VPMP) is a standard mathematical-programming
problem including a set of criteria, which, as a whole, represent a vector of criteria.

It is important to distinguish between uniform and non-uniform VPMP:

A uniform maximizing VPMPis a vector problem in which each criterion is directed towards maximizing;

A uniform minimizing VPMP is a vector problem in which each criterion is directed towards minimizing;

A non-uniform VPMP is a vector problem in which the set of criteria is shared between two subsets (vec-
tors) of criteria (maximization and minimization respectively), e.g., inhomogeneous VPMP is a combina-
tion of two types of homogeneous problems.

According to these definitions, we will present a VPMP with non-uniform criteria in the following
form:

Opt F(X)={max F,(X)={max f, (X),k=1,K,, (4.1)
min £, (X) ={min £, (X), k=1,K,}, (4.2)
G(X)<B, (4.3)

X 20, (4.4)

where X = {x 0] =1I,N } is a vector of material variables of an N-dimensional Euclidean space of R",
(notation j = j=1,N isequivalenttoj=1,..., N);

F(X) is a vector function (vector criterion) having K which is a function component (K is the power of
the K set): F (X ) = { i ( X ) Jk=1,K } . The K set consists of the K , subset of maximization criteria and
the K, subset of minimization; K = K, U K, therefore we introduce an “opt” notation of the operation,
which includes max and min;

K @: { fi (X ), k= l,Kl} is a maximizing vector criterion, K is the number of criteria, and
K, =1,K, is a set of maximizing criteria (problem (4.1), (4.3), (4.4) represents VPMP with the
homogeneous maximizing criteria). Let’s further assume that f, (X ) ,k=1,K, are continuous concave
functions (we will sometimes call them the maximizing criteria);

F,(X)= { f(X ), k= 1,K2} is a vector criterion in which each component is minimized, K, =
=K, +1,K =1,K, are a set of minimization criteria, K, is the number of criteria (the problems (4.2)—
(4.4) are VPMP with the homogeneous minimization criteria). We assume that f, (X ), k=1,K, are
continuous convex functions (we will sometimes call them the minimization criteria), i.e., K LU K2 =K,
K CcK K cK.

G(X) < B, X >0 isstandard restrictions, g, (X) <b,i=1,..,M where b_is a set of real numbers,
and the gl_(X) functions are assumed to be continuous and convex.

S:{XeR"

X20,G(X)<B,X"™ sszm‘”‘} £,

where the set of admissible points set by standard restrictions (4.3)—(4.4) is not empty and represents a
compact.

The vector minimization function (criterion) F,(X) can be transformed to the vector maximization
function (criterion) by the multiplication of each component of /,(X) by minus one. The vector criterion
of F(X) is introduced into the VPMP (4.1)—(4.4) to show that, in the problem, there are two subsets of
criteria of K , K with essentially different directions of optimization.

We assume that the optimum points received by each criterion do not coincide for at least two criteria. If
all points of an optimum coincide among themselves for all criteria, then we regard the decision as trivial.

34



4 Yu.K. Mashunin  DOI: 10.18721/]JE.14202 >
I

5. Theory and methods of vector optimization as mathematical support for modeling in the digital econ-
omy of the state

The theory of vector optimization includes theoretical foundations (axioms) and methods of solving vec-
tor problems both with equivalent criteria and with the given criterion priority. The theory is a basis of
mathematical apparatus of modeling of the “object for optimal decision-making”.

As an “object of decision-making”, we consider the socio-economic development of the state, includ-
ing objects at the level of: firms (enterprises), municipalities, regions and the state as a whole. We presented
the axioms and methodology for solving vector optimization problems (4.1)—(4.4) with equivalent criteria
and a given criterion priority. [32, 33].

5. 1. The axioms and the principle of optimality for vector optimization with the equivalent criteria

Definition 1. (Definition of the relative estimate of the criterion).

Let us introduce a notation:

WACIEA
AR

in vector problem (4.1)—(4.4), which is a relative estimate of the k € K criterion at the point of X € S,

f,: is the value of the k™ criterion at the point of optimum X ; , obtained in vector problem (4.1)—(4.4)
for the individual &™ criterion; fko is the worst value of the k™ criterion (anti optimum) at the X ,? point
(superscript 0 for zero) on the admissible set S in vector problem (4.1)—(4.4);

The value of fko is the lowest value of the k" criterion in the max problem (4.1), (4.3), (4.4):

1 =miny_ f, (X)Vk € K,, and in the min problem, f,’ is the greatest: /" =max,_g f, (X )Vk €
ek,.

First, the relative estimate of the A (X) V k e K, is performed in relative units; secondly,
the relative estimate of the A (X) V k € K in the admissible set changes from zero in the X Y point (‘v’k €

A (X) ,Vke K (5.1)

eK Ilim A, (X) =0 | to one at the optimum XZ point of an optimum of X; Vke K [im x
X, X X, X,

XA\, (X) = 1), therefore

Vke K0<i, (X)<l,XeS. (5.2)

This allows a comparison of the criteria, measured in relative units, and their use in joint optimization.

Axiom 1. (About equality and equivalence of criteria in an admissible point of vector problems).

In the VPMP, two criteria with the indices k € K, g € K shall be considered as equal in the X € S point,
if relative estimates of the £ and g"" criterion are equal in this point, i.e. A, (X ) =\ . (X ) ,k,ge K. We
will consider criteria equivalent in the VPMP, if in the X € § point when numerically comparing the
relative estimates of A, (X ), k =1,K, there are no conditions about priorities of criteria imposed on
each criterion of f, (X ) ,k=1,K, and, respectively, relative estimates of A (X).

Definition 2. (Definition of a minimum level among all relative estimates of criteria).

The relative level A in the vector problem represents the lower estimate of a point of X € § among all
relative estimates of A, (X ), k=1,K:

VXeSAL<A, (X)), k=1,K, (5.3)

the lower level for performance of a condition (5.3) in the admissible point of X € S is determined by a
formula

VX €S \=min,_ A, (X). (5.4)
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Ratios (5.3) and (5.4) are interconnected. They serve as transition from operation (5.4) of definition of
min to restrictions (5.3) and vice versa.

The lower relative A level allows uniting all criteria in the vector problem by one numerical characteris-
tic of A and to perform certain operations with it, thereby, at the same applying these operations to all the
criteria measured in relative units. The A level functionally depends on the X € .S variable, therefore by
changing X, we can change the lower A level.

Further, we formulate the rule of searching of the optimum solution.

Definition 3. (The principle of an optimality with equivalent criferia).

The VPMP with equivalent criteria is solved, if we find such a point of X° € § and such a maximum
level of A° (superscript o for optimum) among all relative estimates that

A =maxy_gmin,_ A, (X). (5.5)

Using interrelation of Egs. (5.3) and (5.4), we transform a maximin problem (5.5) into an extreme
problem

A’ =max,_gh\, (5.6)

at restrictions

L<h (X), k=1,K. (5.7)

Let’s call optimization problem (5.6)—(5.7) the A-problem.

A-problem (5.6)—(5.7) has (N+1) dimension, and consequently the result of solving A-problem (5.6)—
(5.7) consists in an optimum vector of X? € R¥*!, in which the (N + 1) component is essentially the A°
value. Thus in the optimum point of X’ = {xl” s X3y eees Xy Xy, (> the component xy,, =A°, and the
(N + 1) component of the X° vector is selected in view of its specificity.

The received pair of {A°, X°} = X° characterizes the optimum solution of A-problem (5.6)—(5.7) and
at the same time is the solution to VPMP (4.1)—(4.4) with the equivalent criteria, solved on the basis of
normalization of criteria and the principle of the guaranteed result. In the optimum solution of X° =
= {A°, X°}, we will denote X° as an optimal point, and A° as a maximum level.

The following theorem is an important result of the algorithm for solving vector problems (4.1)—(4.4)
with equivalent criteria [32].

Theorem 1. (7he theorem of the two inconsistent criteria in the vector problem of mathematical program-
ming with equivalent criteria).

In the convex VPMP with the equivalent criteria which is solved on the basis of normalization of crite-
ria and the principle of the guaranteed result, in an optimum point of X° = {A°, X°}, there are always two
criteria: let us denote them with indices ¢ € K, p € K (which in a sense are the most inconsistent in the
k =1, K criteria set), for which the following equality holds:

2o=n, (X)=2,(X).q.peK.X €S, (5.8)
and other criteria are determined by inequalities:
2<h, (X°).VkeK,q#p#k. (5.9)

5.2. Axioms and the principle of optimality of vector optimization with a criterion priority
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To develop the methods of solving the vector optimization problems with a priority of criterion, we use
the following definitions:

Priority of one criterion of vector problems, with a criterion priority over other criteria;

Numerical expression of a priority;

Set priority of a criterion;

Lower (minimum) level among all criteria with a priority of one of them;

Subset of points with priority by criterion (Axiom 2);

The principle of optimality of the solution of problems of vector optimization with the set priority of
one of the criteria, and related theorems.

For more details, see [32, 33].

Definition 4. (About the priority of one criterion over the other).

The criterion of ¢ € K in the vector problem of Egs. (4.1)—(4.4) in a point of X € § has priority over
other criteria of £ =1, K, and the relative estimate of Xq(X) by this criterion is greater than or equal to
relative estimates of kk(X) of other criteria, i.e.:

A (X)20 (X), k=LK, (5.10)

and a strict priority for at least one criterion of ¢ € K, kq(X) > kk(X), t # g, and for other criteria of
A (X)2h (X),k=1,K,k#t=#q.

Introduction of the definition of a priority of criterion ¢ € K in the vector problem of Egs. (4.1)—(4.4)
executed the redefinition of the early concept of a priority. Earlier the intuitive concept of the importance
of this criterion was outlined, now this “importance” is defined as a mathematical concept: the higher the
relative estimate of the g™ criterion compared to others, the more important it is (i.e., has higher priority),
and the highest priority at a point of an optimum is X Z ,Vge K.

From the definition of a priority of criterion of ¢ € K in the vector problem of Egs. (4.1)—(4.4), it fol-
lows that it is possible to reveal a set of points Sq C §'that is characterized by A . (X ) 2A, (X ) ,Vk#q,
VXeS o However, the answer to whether a criterion of ¢ € K at a point of the set Sq has more priority
than others do remains open. For clarification of this question, we define a communication coefficient
between a couple of relative estimates of ¢ and k that, in total, represent a vector:

PY(X)={p{(X)|k=T.K}.qe K VX €5,

Definition 5. (About numerical expression of a priority of one criterion over another).

In the vector problem of Eqs. (4.1) and (4.4), with priority of the g™ criterion over other criteria of
k= l K, forvX e S and a vector of P?(X) which shows by how many times a relative estimate of A (X)
q € K, is greater than other relative estimates of A (X )_ 1,K, we define a numerical expressmn of
the priority of the g™ criterion over other criteria of k =1,K as:

P0)= {1 (1) 24 kK],

pl(X)21,vXeS, S, k=1,K,YgeK. (5.11)

A(X —
This definition of priority in the form of the ratio p; (X) = Xq EX; ,k=1,K,Vq e Kis called a nu-
k
merical expression of the priority of the g™ criterion over the other criteria k =1, K.
Definition 6. (About the set numerical expression of a priority of one criterion over another).
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In the vector problem of Eqs. (4.1)—(4.4) with a priority of criterion of ¢ € K for VX € S, vector
P = { pl,k=1,K; is considered to be set by the person making decisions (i.e., the decision-maker) if
every component of this vector is set. Set by the decision-maker, the p,‘f component, from the point of
view of the decision-maker, shows by how many times a relative estimate of kq(X) q € K is greater than
other relative estimates of A, ( ) k =1,K.Thevectorof p/, k = 1, K, is the numerical expression of the
priority of the ¢ criterion over other criteria of k = l, K:

P(X)={pl (X), k=LK pl (X) 219X €5, 5. (5.12)

k=1,K,YqeK.

The vector problem of Egs. (4.1)—(4.4), in which the priority of any criteria is set, is called a vector
problem with the set priority of criterion. The problem of a priorities vector arises when it is necessary
to determine the point X° € § by the set vector of priorities. In the comparison of relative estimates with
a priority of criterion of ¢ € K, as well as in a problem with equivalent criteria, we define the additional
numerical characteristic of A which we will refer to as the level.

Definition 7. (About the lower level among all relative estimates with a criterion priority).

The A level is the lowest among all relative estimates with a priority of criterion ¢ € K such that:

A< pih, (X),k=1,K,qe K,¥X S, C5. (5.13)
The lower level for the performance of the condition in Eq. (5.13) is defined as:
A=min_,pih,(X),qeK,VX €S, 8. (5.14)

Egs. (5.13) and (5.14) are interconnected and serve as a further transition from the operation of deter-
mining the min to restrictions, and vice versa. In Section 3.1, we gave the definition of a Pareto optimal
point X° € § with equivalent criteria. Considering this definition as an initial one, we will construct a num-
ber of axioms dividing an admissible set of § into, first, a subset of Pareto optimal points S°, and, secondly,
a subset of points Sq C 8, g € K, with priority for the g™ criterion.

Axiom 2. (About a subset of points, priority by criterion in the VPMP).

In the vector problem of Eqs. (4.1)—(4.4), the subset of points Sq C S'is called the area of priority of
criterion of ¢ € K over other criteria, if

VXeS, VkeKA (X)2h (X),q#k

This definition extends to a set of Pareto optimal points S° that is given by the following definition.

Axiom 2a. (About a subset of points, priority by criterion, on Pareto's great number in a vector problem).

In the VPMP, a subset of points S;’ c 8’ < § iscalled the area of a priority of the ¢ € K criterion over
other criteria, if VX € S? Vke K L, (X) =), (X),q#k.

In the following we provide explanations.

Axiom 2 and 2a allow breaking the vector problem in Egs. (4.1)—(4.4) into an admissible set of points
S, including a subset of Pareto optimal points, §° C .S, and subsets:

one subset of points §" C .§ where criteria are equivalent, and a subset of points of S crossing with a
subset of points $°, allocated to a subset of Pareto optimal points at equivalent criteria $°° = 8" N $°. As will
be shown further, this consists of one point of X° €S i.e.

X' =8"=8'nS",8€S,5°cS.
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“K” subsets of points where each criterion of ¢ =1,K has a priority over other criteria of k =1, K,
q # k, and thus breaks, first, sets of all admissible points S, into subsets S’ , C S,q=1,K and, second, a
set of Pareto optimal points, .S°, into subsets S;’ cS , C S, g =1,K. This yields:

SU(U,..S;)=8°.8; =S°<8,q=1K.

We note that the subset of points S;, on the one hand, is included in the area (a subset of points) of
priority of criterion of ¢ € K over other criteria: Sq" c §° < S, and, on the other, in a subset of Pareto
optimal points §; = §° < .

Axiom 2 and the numerical expression of priority of criterion (Definition 5) allow the identification of
each admissible point of X € §' (by means of vector):

b (X)) =
Pq(X): pZ(X): 1 ,k=1,K }, to form and choose:
Ay (X)

a subset of points by priority criterion Sq, which is included in a set of points S, Vg € K X € Sq cs,
(such a subset of points can be used in problems of clustering, but is beyond this article);

a subset of points by priority criterion S;, which is included in a set of Pareto optimal points S°,
VgeK,XeS, 8"

Thus, full identification of all points in the vector problem of Egs. (4.1)—(4.4) is executed in se-
quence as:

Subset of Paret Subset of Paret
Set of admissible ubset of Fareto ubset ot Fareto Separate point

. optimal points optimal points, o R
points X € .§ — XesocS_ XeS cSs S VXeSXe§ cS'cS

This is the most important result which allows constructing the principle of optimality and methods of
choosing any point from a set of Pareto optimal points.

Definition 8. (Principle of optimality 2. The solution of a vector problem with the set criterion priority).

The vector problem of Egs. (4.1)—(4.4) with the set priority of the g™ criterion of pyA, (X),
k =1,K, is considered solved if there is such a point X° and such a maximum level A° found among all
relative estimates that:

A =maxy_gmin,_ pih, (X),qeK. (5.15)

Using the interrelation of Egs. (5.13) and (5.14), we can transform the maximin problem of Eq. (5.15)
into an extreme problem of the form:

A =max,_g\, (5.16)

at restriction

A< pin, (X)), k=1,K. (5.17)

We call Egs. (5.16) and (5.17) the A-problem with a priority of the g™ criterion.

The solution of the A-problem is the point X° = {X°, A°}. This is also the result of the solution of the
vector problem of Egs. (4.1)—(4.4) with the set priority of the criterion, solved on the basis of normali-
zation of criteria and the principle of the guaranteed result.
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In the optimum solution X° = {X°, A°}, X°, an optimum point, and A°, the maximum lower level, the
point of X° and the A° level correspond to restrictions of Eq. (5.9), which can be written as:

2 < pih (X°).k=1K.

These restrictions are the basis of an assessment of the correctness of the solution in the practical vector
problems of optimization.

From Definitions 1 and 2, “Principles of optimality”, follows the opportunity to formulate the concept
of the operation “opt”.

Definition 9. (Mathematical operation “opt”).

In the vector problem of Egs. (4.1)—(4.4), in which “max” and “min” are part of the criteria, the math-
ematical operation “opt” consists in determining such a point X° and such a maximum lower level A° in
which all criteria are measured in relative units:

:m,k:ﬁ, (5.18)
fe =1

i.e., all criteria of A, (X ? ), k =1, K, are equal to or greater than the maximum level of A° (therefore A° is
also called the guaranteed result).

Theorem 2. (The theorem of the most inconsistent criteria in a vector problem with the set priority).

If in the convex VPMP of Egs. (4.1)—(4.4) the priority of the g™ criterion of p/,k=1,K,Vqe K
over other criteria is set, at a point of an optimum X° € .§ obtained on the basis of normalization of criteria
and the principle of guaranteed result, there will always be two criteria with the indices » € K, t € K, for
which the following strict equality holds:

2<a, (X°)

2 =pih, (X°)=pir, (X°).rt K, (5.19)
and other criteria are defined by inequalities:
k”SpZ(X"),kzl,_K,quK,q;tr;tt. (5.20)

Criteria with the indices » € K, t € K for which the equality of Eq. (5.20) holds are called the most
inconsistent.

Proof. Similar to Theorem 2 [7].

We note that in Egs. (5.19) and (5.20), the indices of criteria 7, # € K can coincide with the ¢ € K
index.

Consequence of Theorem 1, about equality of an optimum level and relative estimates in a vector prob-
lem with two criteria with a priority of one of them.

In a convex VPMP with two equivalent criteria, solved on the basis of normalization of criteria and the
principle of the guaranteed result, at an optimum point X° equality is always carried out at a priority of the
first criterion over the second:

2=0 (X)) =ph(X°)h, (X°), X7 €S, (5.21)
where p) (X” ) =1, (X" )/7»2 (Xo ), and at a priority of the second criterion over the first:

2= pi(X0)h (X)) =2, (X°), X° €S,
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where p; (X”) =N, (X”).kl (X").
5.3. Mathematical algorithm of the solution of a vector problem with equivalent criteria
To solve VPMP (4.1)—(4.4), we proposed the methods based on axioms of the normalization of criteria
and the principle of the guaranteed result which follow from Axiom 1 and Principle of Optimality 1. We
will present it in a number of steps:
Step 1. VPMP (3.1)—(3.4) is solved for each criterion separately, i.e. at the maximum for Vk € K ,»and
at the minimum for Vk € K. As a result, we obtain: L
X, “isan optimum point by the corresponding criterion, k = 1
fi =1 ( i ) is the value of the k™ criterion in this point, k =
Step 2. We find the worst value of each criterion on S f,c Lk = 1, K . For this purpose, we solve problem
(4.1)—(4.4) for each criterion of k£ =1, K, at the minimum:

S =minf,(X),G(X)<B,X20,k=1,K,.
Problem (4.1)—(4.4) is solved for each criterion k =1, K, at the minimum:

fP=max f,(X),G(X)<B, X>0,k=1,K,.

As a result, we obtain: X = {x 2 j=1,N } which is an optimum point by the corresponding criterion,
k=1K; f)=f (X 0) which the value of the k™ criterion in the point of X, k =1, K.

Step 3. We perform a system analysis of a set of Pareto optimal points. For th1s purpose, in optimum
points of X = {X Z, k=1,K } we determine the values of criterion functions of F(X") and relative esti-

)fk()fk
A

k k

mates X(X*),Kk(X ek:

x(x*):{xq(x,j),qzl, k=1, }: . (5.22)

In general, in VPMP, the relative Vk € K estimate of A, (X ), k =1,K lies within 0< A, (X) <1,
k=1,K.

Step 4. Construction of the A-problem.

The construction of the A-problem is carried out in two stages:

Initially, we construct a maximin problem of optimization with the normalized criteria which at the
second stage is transformed to the standard problem of mathematical programming called the A-problem.
For the construction of a maximin problem of optimization, we use definition 2:
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VX eS A=min,_ \, (X)

The lower A level is maximized with respect to X € S, as a result we formulate a maximin problem of
optimization with the normalized criteria.

A’ =max,_gmin,_ A, (X). (5.23)

At the second stage, we transform problem (5.23) into a standard problem of mathematical program-
ming:

7\'0 :maxXe S7\" - }\‘0 = maxXeS}\" (524)

A=, (X)<0,k=1,K, — A- £ (%) Ofk <0,k=1,K, (5.25)
fk Sk

G(X)<B,X>0, - G(X)<B,X>0. (5.26)

In A-problem (5.24)—(5.26), the vector of unknown X has the dimension of N+ 1: X = {X, x , ..., x  }.

Step 5. Solution of A-problem.

A-problem (4.24)—(4.26) is a standard problem of convex programming and for its solution we use the
standard methods.

As a result of solving A-problem, we obtain: X” = {X”, A°} is an optimum point;

fi (X ”) k =1,K are values of the criteria in this point;

LX) 1 fk
LK

A° is the maximum relative estimate which is the maximum lower level for all relative estimates of
Xk(X”), or the guaranteed result in relative units. A° guarantees that all relative estimates of kk(X") are
greater than or equal to A°:

by (X7)=

= 1 K are values of relative estimates;

o (X°)20 k=1,K or i°<),(X°),k=1K,X"€S,

and according to Theorem 1 the X° = {4°, X, ..., X} point is a Pareto optimum.

5.4. Mathematical method of the solution of a vector problem with criterion priority

Step 1. We solve a vector problem with equivalent criteria. The algorithm of the solution is presented in
Section 5.3.

As a result, we obtain: _

optimum points by each criterion separately X ; ,k=1,K and values of criterion functions in these
points of fk* fi (X Z ) ,k=1,K, which represent the boundary of a set of Pareto optimal points;

anti-optimum points by each criterion of X = {x j=1,N } and the worst unchangeable part of
each criterion of f; = f, ( ) -1,K;

X° = {X°, \°}, an optimum point, as a result of the solution of VPMP at equivalent criteria, i.e., the
result of the solution of a maximin problem and the A-problem constructed on its basis;

A°, the maximum relative estimate that is the maximum lower level for all relative estimates of kk(X"),
or the guaranteed result in relative units, A° guarantees that all relative estimates of Xk(X") are equal to or
greater than A°:
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W<, (X°),k=1,K, X eS. (5.27)

The decision-maker carries out the analysis of the results of the solution of the vector problem with
equivalent criteria.

If the obtained results satisfy the decision-maker, then the process concludes, otherwise subsequent
calculations are performed.

In addition, we calculate:

in each point X, , k =1, K we determine values of all criteria of: o

q= l,K{fq (XZ), q= l,K}, k=1,K, and relative estimates X(X*) = {kq (Xk), q=1K,

k:ﬁ},xk(x)zw,wem
H(X)e S (X)) 2o (X)) g (X))
F(X")= AMX7)= . (5.28)
(X5 ) S (X5) do (X ) (X5)

Matrices of criteria of F(X") and relative estimates of A(X") show the values of each criterion of
k =1, K upon transition from one optimum point X ,t , k € Kto another X ; ,q € K, i.e., on the border of
a great number of Pareto.

at an optimum point at equivalent criteria X° we calculate values of criteria and relative estimates:

fi(X°) k=1K: % (X°). LK, (5.29)

which satisfy the inequality of Eq. (4.27). In other points X € §°, in relative units the criteria of A =
=min, _ )\ (X) are always less than A°, given the A-problem of Egs. (5.24)—(5.26).

This information is also a basis for further study of the structure of a great number of Pareto.

Step 2. Choice of priority criterion of ¢ € K.

We know from the theory (see Theorem 1) that at an optimum point X° there are always two most in-
consistent criteria, ¢ € K and v € K, for which an exact equality holds in relative units:

Ao = Kq(X‘)) =L,(X),q,v € K, X € §. Others are subject to inequalities:

W<k (X°).VkeK,q#v=k

As arule, the criterion which the decision-maker would like to improve is part of this couple, and such
a criterion is called a priority criterion, which we designate g € K.

Step 3. We determine numerical limits of the change in the value of the criterion priority g € K.

For priority criterion ¢ € K, we use the matrix of Eq. (5.22) to determine the numerical limits of the
change of the criterion value:

LX) f(X)<f(X,).q€K, (5.30)

where fq (X ; ) derives from the matrix of Eq. (4.28) F(X"), all criteria showing values measured in physical
units, f, (X”), k =1,K from Eq. (4.29), and, in relative units of
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o (X7)<h, (X)<h, (X)) g€k, (5.31)

where A g (X ;) derives from the matrix A(X"), all criteria showing values measured in relative units (we

note that kq (X;) =1), kq(X") from Eq. (5.22).

As arule, Egs. (5.30) and (5.31) are displayed for analysis.

Step 4. Choice of the value of priority criterion (decision-making).

The decision-maker carries out the analysis of the results of calculations of Eq. (5.28) and from the
inequality of Eq. (5.30) chooses the numerical value fq of the criterion of ¢ € K:

f(x°)< £, < £, (X;) g e K. (532)

For the chosen value of the criterion of fq , it is necessary to determine a vector of unknown X°. For
this purpose, we carry out the subsequent calculations.

Step 5. Calculation of a relative estimate.

For the chosen value of the priority criterion of fq , the relative estimate is calculated as:

fo= 1)
A, =2t geK, 5.33
q f;]_f;] qe ( )

which upon transition from point X° to X ; , according to Eq. (5.27), lies in the limits:
o (X)) <, <h, (X))=1.

Step 6. Calculation of the coefficient of linear approximation.

Assuming a linear nature of the change of criterion of fq (X) in Eq. (5.30) and according to the relative
estimate of ?»q()() in Eq. (5.31), using standard methods of linear approximation we calculate the propor-
tionality coefficient between Xq(X"), kq, which we will refer to as p:

by =, (X°)
P el
q q
Step 7. Calculation of coordinates of priority criterion with the value fq .
In accordance with Eq. (5.32), the coordinates of the X? priority criterion point lie within the following
limits: X’ <X <X ;, g € K. Assuming a linear nature of change of the vector X = {xlq , ...,x]‘{,} we

determine coordinates of a point of priority criterion with the value jfl with the relative estimate of
Eq. (5.32):

X, :{xl" :xlo+p(x; (1)—x1°),...,x]’{, =Xy +p(x; (N)—x,"\,)},

where X = {xf, ey x]f,}, X, = {xq (1), s X, (N)}
Step 8. Calculation of the main indicators of a point Xq.
For the obtained point x _, we calculate: L
all criteria in physical units F¢ = { fi(X,) k=LK }

all relative estimates of criteria
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S A AEYA _
M =M k=LK, (X,)= "gpk*q_)ﬁ?" k=1,K,
the vector of priorities P =4 p! =M,k=l,_l< ,

7bk(Xq)

the maximum relative estimate A°/ = min ( Pk, (X . ) k=1,K )

Any point from Pareto’s set X, = {7»;’ X/ } € 8§ can be calculated in a similar way.
Analysis of results. The calculated value of criterion fq7 (X ; ) , q € K is usually not equal to the set ]:1 .

The error of the choice of qu =

fq (X ; ) - fq‘ is defined by the error of linear approximation.

Conclusion

Thus, the following results are obtained in the article.

1. The study and analysis of the management of the multi-level system of the state within the digital
economy has shown that the activities of state authorities aimed at managing the economic and social
development of the state include the relationship between the state, regions (subjects of the Russian Feder-
ation) and municipalities should be an integral part of the national policy of the state. We defined “Digital
economy” and showed its use in the management of a multi-level system of the state.

2. We carried out an analysis of economic and mathematical models of the company’s development
and on its basis we developed the theoretical foundations of mathematical modeling of the development
and management of an industrial enterprise: a cluster that represents the lower level of state management.
We proposed a mathematical model of the functioning of an industrial enterprise (cluster), represented by
a vector problem of mathematical programming. This model allows making an optimal decision consider-
ing a set of criteria (economic indicators) in the aggregate.

3. To solve the vector problem of mathematical programming, a mathematical apparatus based on the
normalization of criteria and the principle of guaranteed results is presented. The presented mathematical
modeling apparatus provides, first, an opportunity to solve one of the most important problems of the the-
ory of the firm - making an optimal decision based on a certain set of economic indicators (criteria) in the
aggregate, secondly, the numerical model of the enterprise allows you to assess the dynamics of production
development, economic indicators, relative growth rates, and collectively assess the investment required
for such production growth, and, thirdly, allows you to form a strategic plan for innovative development
of the enterprise, taking into account extensive and intensive factors (technologies) of production devel-
opment.

The direction of research related to the strategic development of the multi-level socio-economic system
of the state in the digital economy creates a methodological basis for the development and implementation
of management decisions focused on the priority areas of economic development of the state. In this direc-
tion, the structure of the multi-level hierarchical system of the state economy is developed, aimed at solv-
ing the problems of forecasting, strategic planning and management at individual levels of the state within
the digital economy. To solve the problems of forecasting and planning, a mathematical apparatus based on
the theory and methods of vector optimization has been developed. At the lower level of the hierarchical
system of the state economy, a mathematical model of a corporation (cluster) is studied, which takes into
account both extensive and intensive factors of production development. In the cluster model, the input
data is, first, statistical information and, second, technological information of the production preparation.
It is shown that in the aggregate, statistical, technological information, as well as the relationship with
consumers of products and with the financial (banking) sphere, is characterized as “digital economy”.
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The direction of further research is related to the practical implementation of mathematical models,
vector optimization methods and their use in the practice of forecasting, planning and development of all
departments of the state and industrial corporations (clusters) in particular.
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