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Abstract. The behaviour of a footing affected significantly with the presence of the slope. The effect of 
slope on the bearing capacity, slope factor, and failure mechanism has been explored using limit analysis. 
Both lower and upper bound bearing capacities are determined, and average values are reported. The 
bearing capacity increases with an increase in the setback, footing depth, and angle of internal friction of 
soil, but reduces with an increase in slope angle. However, the slope factor decreases with an increase in 
footing depth, slope angle, and angle of internal friction of soil, but increases with the setback. The failure 
mechanism as well slope factors change substantially with an increase in the angle of internal friction of 
soil and slope angle. The failure mechanism of the foundation changes from bearing capacity to combined 
mode with an increase in the slope. The results of small-scale model testing are compared with numerical 
study results. Finally, nonlinear regression equations are developed to predict bearing capacity factor, slope 
factor, and the critical setback for a footing resting on a slope. 

1. Introduction 
Footings are most often built on the slopes under various circumstances. The footing is subjected to 

less confining pressure on the sloping side, and soil tends to move toward the slope. It makes the behaviour 
of footing dissimilar to those resting on the level ground. The bearing capacity on a slope is either less than 
or equal to the footing resting on the level ground [1]. Footings resting precisely on the slope crest possess 
the minimum bearing capacity, which improves with an increase in the setback (B') between the footing 
and slope crest. 

A number of studies have analysed the footing resting on the slopes under various loading conditions. 
Many of the available studies are an extension of bearing capacity methods for level ground. There are two 
cases possible: (i) footing either resting on a slope or resting precisely on slope crest; (ii) the footing resting 
adjacent to the slopes with some setback. Most of the studies have considered the case first [2–13]. Some 
studies have also analysed the footing resting adjacent to the slope crest with some setback [14–29]. Most 
of the studies were mainly focused on determining the bearing capacity without considering the mechanism 
of failure and slope factor. Few studies presented the slope factor, which indicates the effects of slope on 
the bearing capacity. The bearing capacity of footing resting on the slopes can be determined directly by 
means of slope factor if the bearing capacity for the level ground is known. 

The earlier presented slope factors are mostly valid for the footings, resting precisely on the slope 
crest. The given slope factors are primarily applicable to surface footings. Further, there are discrepancies 
in the effect of the internal friction angle on the slope factor. Some studies observed the slope factor to be 
independent of the angle of internal friction [2, 3, 26]. Other studies observed the reduction in slope factor 
with an increase in the angle of internal friction of soil [1, 15, 19, 24, 28]. However, Castelli and Motta [29] 
made the contrary observation. Similarly, Shukla and Jakka [18] also observed an increase in the slope 
factor with an increase in the undrained shear strength of purely cohesive soil. It is also observed that the 
bearing capacity factors are varying significantly from study to study. The variations are sometimes even 
up to 100 %. It creates confusion for practicing engineers to decide upon the appropriate bearing capacity 

https://creativecommons.org/licenses/by-nc/4.0/
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factor. Most of the earlier studies used the limit equilibrium method to determine bearing capacity, which 
significantly underestimates the bearing capacity. A few studies have also used limit analysis but used 
either upper bound or lower bound. The present study considers the factors affecting slope factor and 
bearing capacity using the upper and lower bound limit analyses. The optimised value, which is an average 
of upper and lower bound, has been reported. Significant importance has been given to the failure 
mechanism. Few experimental studies have also been performed to support the numerical study results. 
Finally, predictive models were developed to predict the bearing capacity factor, slope factor, and critical 
setback. 

2. Methods 
The strip footing resting on a slope is analysed by considering full-scale numerical modelling and 

small-scale experimental modelling. Methodology for both methods has been discussed separately in the 
sections, namely, "2.1 Numerical modelling" and "2.2 Experimental modelling". 

2.1. Numerical modelling 
A 2D limit analysis finite element analysis was carried out to model the problem. A typical model 

considered in the study is shown in Fig. 1. The slope (β0) has been assumed to be uniform throughout the 
soil slope. The footing width (B) has also been assumed constant throughout the study. Based on the slope 
geometry and setback, the domain area was selected large enough to reduce the boundary effect. The 
width and height of the domain were maintained 20 B and 10 B, respectively. Increasing the number of 
elements to more than 5000 does not affect the results. Mesh was refined through adaptive iterations. 
Mostly, the results are stable after 3–4 iterations. A total of 7000 elements were used in the first iteration 
and increased to 10000 in the final iteration. The loading was applied in terms of load multiplier directly on 
the footing. The problem geometry and numerical modelling are shown in Fig. 1 (a, b). 

The soil has been modelled as a drained material, and the Mohr-Coulomb model represents the 
shear strength. Both upper and lower bound analyses were performed using Optum G2 program to 
determine the ultimate capacity of footing. The average value has been adopted for further analysis. The 
detail of formulation for finite element upper bound and lower bound limit analysis is provided in earlier 
studies [30–33]. Makrodimopoulos and Martin [30] found that six nodes triangular elements are appropriate 
to determine the strict upper bound provided that sides are straight. Therefore, six node triangular elements 
have been used in the upper bound analysis to describe the soil elements. However, the lower bound 
analysis was performed with three-node elements. Second-order conic optimisation has been used to 
obtain the optimised value of the upper and lower bound loads. Makrodimopoulos and Martin [30–31] 
developed the formulation of yield criteria, equilibrium, and compatibility equations to second-order cone 
programming (SOCP). The poor optimisation may result in a low lower and a high upper bound. However, 
the application of SOCP enables to get the close upper and lower bound solution, which indicates the exact 
upper and lower bounds. The comparison of upper and lower bound bearing capacity is presented in section 
"3.1 Results and discussions". 

2.2. Experimental modelling and procedure 
In the experimental study, the strip footing of 1.15 m length and 0.09 m width has been tested in a 

tank with dimensions of 2 m × 1.2 m × 1.2 m. The model foundation testing setup is shown in Fig. 1 (c, d). 
Tank walls were marked with slope geometry to fill the sand in the desired slope. Rainfall technique, wherein 
sand is dropped from a fixed height, was used to pour the sand into the tank to attain the required density. 
Researchers had already used this technique to achieve reproducible densities [35]. Several trails were 
made to find the relation between the height of sand fall and the relative density of sand bed. 

a. b.  

B 

Df 

β0 

B' 
q 
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c.  d.  
Figure 1. Model testing setup: (a) numerical model before iterations; (b) after three iterations;  

(c) experimental setup with prepared bed; (d) during loading stage. 
Pulley and chain arrangement were used to maintain the required height of sand fall at regular 

intervals. After filling the tank up to the top level, the surface of the sand bed was levelled to maintain 
continuous contact between the soil and foundation. It also avoids the inclination of foundation. After this, 
the model foundation was placed on the top of the sand bed. This step requires high precision to maintain 
the level of the footing surface. The level of the model footing was checked using a spirit leveller to avoid 
any tilting. The footing was placed on the sand bed. The dial gauges were placed on the top of the footing 
to measure the settlement. The loading on the footing surface was applied using a mechanical 
arrangement. The load cell was connected to a transducer, which shows the magnitude of the applied load. 
The least count of the used load cell is 100 gms. Similar to plate load testing, load and settlement were 
measured for every load increment. The loading was applied in 10-15 load intervals. From the obtained 
load-settlement curves, the ultimate bearing capacity is determined. 

2.3. Parameters considered in the analysis 
The parameters studied in the present study include slope (β0), setback (B'), angle of internal friction 

of soil (ϕ), and footing depth (D). The parameters range used in the study are presented in Table 1. The 
density of soil is varied based on the angle of shearing resistance of the soil. The unit weights used in the 
numerical study are 15, 17, and 19 kN/m3, and similarly, the stiffness of soil is assumed to be 10000 kN/m2, 
12500 kN/m2,and 14000 kN/m2, respectively. The setback and embedment depth are normalised with 
respect to the footing width (B). 

Table 1. Parameters considered in the study. 

ϕ (0) B'/B β (0) D/B No. of 
analysis 

25 0, 1, 3, 5  0, 5, 10, 15, 20 0, 0.5,1.0, 1.5, 2.0 600 
30 0, 1, 3, 5 0, 5, 10, 15, 20, 25 0, 0.5,1.0, 1.5, 2.0 720 
35 0, 1, 3, 5, 7 0, 5, 10, 15, 20, 25, 30 0, 0.5,1.0, 1.5, 2.0 1225 
40 0, 1, 3, 5, 7, 9 0, 5, 10, 15, 20, 25, 30, 35 0, 0.5,1.0, 1.5, 2.0 1680 

45 0, 1, 3, 5, 7, 9 0, 5, 10, 15, 20, 25, 30, 35, 40 0, 0.5,1.0, 1.5, 2.0 1890 

Total number of the analysis 6115 
 

For experimental model testing, cohesionless dry sand was used as a foundation bed. Many tests 
were conducted to determine the properties of the sand, such as sieve analysis, maximum dry density, 
minimum dry density, and specific gravity. Sieve analysis was performed as per IS: 2720-Part IV (1985) 
[36]. The description of soil properties and experimental testing program are shown in Table 2 and 3, 
respectively. The maximum and minimum sizes of sand particles are 1.18 mm and 0.1 mm, respectively. 

Table 2. Description of soil. 
Soil properties Values Soil properties Values 

Coefficient of Uniformity 1.60 Specific gravity 2.67 
Coefficient of Curvature 1.00 Maximum density in gm/cm3 1.67 
Effective Size (D10) mm 0.15 Minimum Density in gm/cm3 1.43 

D30 mm 0.19 Angle of internal friction of soil (ϕ0) 37.50 

D60 mm 0.24 Sand content > 99 % 
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Table 3. Description of experimental testing on cohesionless soil slopes. 

Relative density (%) β0 Setback (B'/B) No. of tests 
50 % 20, 25, 30 0, 1, 3, 6 12 
60 % 20, 25, 30 0, 1, 3, 6 12 
75 % 20, 25, 30 0, 1, 3, 6 12 

3. Results and Discussions 
3.1. Numerical study results 

The effect of various factors on bearing capacity factor (Nγq) and slope factor (Sf) is studied for a 
wide range of considered parameters. Both results are presented together for comparison purposes, as 
some trends are opposite for bearing capacity factor and slope factor. Error contributed to using the 
superposition method has been minimised by considering the effect of soil weight and the surcharge 
together through bearing capacity factor (Nγq). 

Fig. 2 shows the comparison of the upper and lower bound bearing capacity factors for different 
angles of internal friction of soil. The upper and lower bound bearing capacity factors are almost identical 
for soils with small internal friction angles (Fig. 2a). The difference between upper bound and lower bound 
increases with an increase in the angle of internal friction of soil; however, the error always remains trivial 
(< 3 %). The error is found to be small due to the application of second-order cone programming for 
optimisation. Therefore, it can be stated that the bearing capacity factors presented in the manuscript are 
mostly close to exact values. 

a. b.  

c. d.  
Figure 2. Comparison of upper and lower bounds bearing capacity factor  

for footing resting on slope: (a) ϕ = 30°; (b) ϕ = 35°; (c) ϕ = 40°; (d) ϕ = 45°. 

Fig. 3 shows the typical variation in bearing capacity factor (Nγq) and slope factor (Sf) with the setback 
for a soil with a friction angle of 350. In all the cases, Nγq and Sf improve with an increase in the setback. 
The soil confinement increases, and the instability caused by the slope reduces with the setback. Also, 
passive resistance increases with an increase in setback due to an increase in a surcharge. The stiffness 
of the foundation-soil system enhances with an increase in the setback, which also improves the bearing 
capacity [12, 24]. These factors contribute to bearing capacity enhancement. The results are comparable 
to earlier studies of Rostami and Ghazavi [37] and Keskin and Laman [20] for an embedment depth of zero 
(Fig. 3 a, b). However, both the studies were confined to surface footings with a maximum setback of 5B. 
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The Sf is higher in the case of gentle slopes and becomes constant at a relatively small setback. The 
bearing capacity and slope factors become almost constant with a setback ratio (B'/B) of 3, 5, and 7 for 
foundation depth ratio (D/B) of 0, 0.5, and 1.0, respectively. The rate of increase in Sf and Nγq is large in 
steep slopes compared to gentle slopes. The curves are relatively gentle in case of footing with a higher 
depth ratio. It means the bearing capacity enhancement with a setback is relatively more in steep slope 
and footing resting on the ground surface. 

a. b.  

c. d.  

e. f.  

Figure 3. Effect of a setback (a) Nγq, Df/B = 0; (b) Sf, Df/B = 0; (c) Nγq, Df/B = 0.5;  
(d) Sf, Df/B = 0.5; (e) Nγq, Df/B = 1.0; (f) Sf, Df/B = 1.0. 

Fig. 4. shows that at a smaller setback, strength is mobilised only on the sloping side. It means that 
the soil on the sloping side entirely governs the behaviour of footing at a low setback. The strength 
mobilisation on the level side of the footing axis enhances with the setback. At a particular setback, strength 
mobilises equally on both sides of the footing axis, and the failure zone becomes almost symmetrical, and 
the slope factor also becomes close to one. This setback is stated as a critical setback. For the angle of 
internal friction of 35°, the slope influences the failure zone up to the setback of 7B-8B. The influence of 
soil surcharge is absent at zero setbacks (Fig. 4a). The surcharge increases with an increase in the setback 
and reaches a maximum value at level ground. Therefore, bearing capacity increases with an increase in 
the setback. A similar observation was made in the experimental study carried by Chang et al. [38]. The 
slip surface direction changes from lateral to the upward direction with an increase in the setback (Fig. 4). 
The area within the failure zone or length of failure surface increases with an increase in the setback; 
therefore, bearing capacity increases also increases. 
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a.   b.  

c.   d.  

e.  
Figure 4. Failure mechanism for various setback for soil of internal friction 35°:  

(a) B'/B = 0; (b) B'/B = 1; (c) B'/B = 3; (d) B'/B = 5; (e) B'/B = 7. 

The typical variations in Nγq and Sf with the slope angle for soil with internal friction of 35° are shown 
in Fig. 5. The Sf as well Nγq reduces with an increase in slope, and the reduction depends on the embedment 
depth of foundation and setback. The reduction in Nγq and Sf with an increase in slope is very significant at 
zero setbacks. It is also observed that the reduction in bearing capacity factor, as well as slope factor, 
augments with an increase in the footing depth. In large setbacks, Nγq and Sf remain relatively unaffected 
with the change in slope. 

a. b.  

c. d.  

e. f.  

Figure 5. Effect of slope angle: (a) Nγq, Df/B = 0; (b) Sf, Df/B = 0; (c) Nγq, Df/B = 0.5;  
(d) Sf, Df/B = 0.5; (e) Nγq, Df/B = 1.0; (f) Sf, Df/B = 1.0. 
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The effect of slope on the failure mechanism for a footing of depth ratio 1.0 is shown in Fig. 6. The 
results are shown for a footing resting at a setback of 5B on soil with internal friction of 35°. On level 
ground, the failure surface is symmetrical and gradually becomes one-sided with an increase in the slope 
(Fig. 6 a-d). It is due to a decrease in the shear dissipation on the level side of the footing. At steep 
slopes, the failure mode is a combination of the slope and bearing capacity failures (Fig. 6 d). Further 
increasing the slope results in an unstable slope. At this stage, the interaction of slope with the footing is 
maximum, and the failure is entirely a slope failure. This stage depends on the angle of internal friction 
of soil as well as loading intensity. The failure surface orientation is upward at a smaller slope (general 
shear failure) and is turning gradually to lateral and finally toward the downward side, i.e., towards the 
slope base with an increase in the slope (Fig. 6 a-d). 

a.   

b.  

c.   d.  
Figure 6. Failure mechanism for various slope gradients:  

(a) β = 0°; (b) β = 10°; (c) β = 20°; (d) β = 30°. 

Fig. 7 shows that Nγq increases and Sf decrease with an increase in embedment depth of footing. 
The contrary behaviour is observed as increasing the depth increases the bearing capacity relatively by a 
large amount on the level ground as compared to footings on slopes. The increase in footing depth indirectly 
increases the setback also (at the base level of footing). Therefore, the bearing capacity increases with the 
footing depth. The decrease in the slope factor indicates the increase in the adverse effect of the slope. 
The effect of footing depth is significant at a higher setback. The observation is contrary to Castelli and 
Motta [29], where the influence of embedment depth on Sf was found to be insignificant. The effect of depth 
ratio of footing is relatively more significant for soil with a low friction angle, and a similar observation has 
also been made for the footings resting on sloping ground. Garnier et al. [39] found the slope factor is 
always greater than 0.2 in steep slopes (3V: 2H) for soils with an internal friction angle of 40.5°. However, 
in the present study, it is found to be 0.14. 

a. b.  

c. d.  
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e. f.  
Figure 7. Effect of embedment depth of footing: (a) Nγq, B'/B = 0; (b) Sf, B'/B = 0;  

(c) Nγq, B'/B = 3; (d) Sf, B'/B = 3; (e) Nγq, B'/B = 5; (f) Sf, B'/B = 5. 

Fig. 8 shows that the failure surface is symmetrical about the footing axis, and is independent of the 
slope effect when a footing is resting on the ground surface. Therefore, the slope factor is either 1 or close 
to 1 (Fig. 8a). The footing resting on ground surfaces fails due to local shear failure (Fig. 10 a). An increase 
in the slip surface length and the area is observed with an increase in the footing depth, which increases 
the bearing capacity (Fig. 8 a, c, e). However, the contribution from the level side of the soil reduced with 
footing depth. It indicates the increased interaction between slope and footing, which decreases the slope 
factor. Initially, the failure surface orientation is upward (Fig. 8 a, b), but it changes from upward to lateral 
direction with an increase in footing depth (Fig. 8 b, c). Increasing the footing depth from 1B to 1.5B 
increases the failure zone area marginally (Fig. 8 c, d). Therefore, bearing capacity increases only slightly. 

a.   b.  

c.   d.  
Figure 8. Effect of embedment depth of footing on failure surface:  

(a) Df/B = 0; (b) Df/B = 0.5; (c) Df/B = 1.0; (d) Df/B = 1.5. 

3.1.4 Effect of angle of internal friction of soil 

For a particular setback, slope, and embedment depth of footing, Nγq increases, and the Sf decreases 
with an increase in the angle of internal friction of soil (Fig. 9). The increase in Nγq with an angle of internal 
friction is relatively substantial in the level ground as compared to slopes. The reduction in Sf is relatively 
higher for a small setback and a steep slope. The soil with a higher angle of internal friction can be stable 
even at a higher inclination (β = ϕ°); therefore, the slope factor is relatively less. The relationship between 
Sf and friction angle of soil is linear for gentle slopes and becomes nonlinear with an increase in the slope. 
In soils with a higher internal friction angle, the pressure from the external load is dispersed over a relatively 
large area. Therefore, a large setback needs to be maintained to minimise the slope effects [22, 24]. 
Therefore, the slope factor reduces with an increase in the angle of internal friction of soil. This observation 
is contradictory to those made by Hansen [2], Vesic [3], Gemberlin [26], and Castelli and Motta [29]. 

a. b.  
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c. d.  

e. f.  
Figure 9. Effect of friction angle for a footing of zero embedment resting over soil  

of internal friction 350: (a) Nγq, B'/B = 0; (b) Sf, B'/B = 0; (c) Nγq, B'/B = 3; (d) Sf, B'/B = 3;  
(e) Nγq, B'/B = 5; (f) Sf, B'/B = 5. 

The effect of the angle of internal friction of soil on the failure mechanism is shown in Fig. 10. An 
increase in the angle of internal friction of soil increases the failure zone area, which increases the bearing 
capacity (Fig. 10 a). Also, the failure is a local shear failure, and the slip surface is not developing clearly in 
soils with a low angle of internal friction (10 a). The slip surface/fracture surface is small and symmetrical 
about the footing axis for a soil with a small internal friction angle. Therefore, the slope factor is close to 1. 
The failure mechanism changes gradually from symmetrical to one-sided, increasing the soil angle of 
internal friction (Fig. 10 a-d). It indicates the effective transfer of stress (plastic zone) toward the slope-side 
due to early mobilization of strength. However, stresses are not mobilizing on the level side of the footing 
axis. Therefore, the slope factor reduces significantly. 

a.   b.  

c.   d.  
Figure 10. Effect of angle of internal friction of soil on failure mechanism:  

(a) ϕ = 25°; (b) ϕ = 30°; (c) ϕ = 35°; (d) ϕ = 40°. 

Table 4. Slope factor for cohesionless soil slopes. 

ϕ0 β0 Sf 
25 05–20 0.5–1.0 
30 5–20 

20–30 
0.45–1.0 

0.25–0.45 
35 0–20 

20–30 
0.4–1.0 

0.20–0.4 
40 0–20 

20–40 
0.35–1 

0.1–0.35 
45 0–20 

20–45 
0.3–1 

0.05–0.30 
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3.2. Experimental study results and comparison 
The load and settlement of footing were recorded for the various setback, slope, and relative density 

of soil. The load-settlement characteristic of footing resting on the slope is shown in Fig. 11. Failure points 
are clearly visible in almost all cases, which indicates general shear failure. General shear failures are 
observed in the numerical study as well. Fig. 11 (a, b) shows that the failure load increases with an increase 
in sand and setback density. The slope effect is shown in Fig. 11(c) for a footing resting at B' = 0 on soil 
with a relative density of 50 %. It indicates that load-settlement behaviour changes significantly with the 
decrease in slope. The effect of slope on load-settlement characteristic is relatively more noticeable as 
compared to relative density and setback. 

 

a. b.  

c.  
Figure 11. The load-settlement relationship for model footing:  

(a) effect of relative density; (b) effect of a setback; (c) effect of slope. 
The results of the numerical study are compared with the experimental studies and shown in Fig. 12. 

The experimental and numerical study results are shown as dashed and continous lines, respectively. The 
effect of the setback on Sf for a slope of 200 is compared in Fig. 12 (a). Similarly, the effect of the slope is 
compared in Fig. 12 (b). Though there is a small quantitative difference in the experimental and numerical 
study results, the qualitative similarity (result trends) exists between both cases. The rate of increase in Sf 
with the setback is more in the numerical study (Fig. 12 a). The difference is maximum for a small setback, 
which reduces with an increase in the setback. In soils with low friction angle (loose soils), the prevailing 
confining pressures and mobilised friction angles are almost identical in the experimental and numerical 
study. Therefore, the experimental results are reasonably close to the full-scale numerical study. The critical 
value of setback is also remained unaffected by the method of determination (experimental and numerical) 
for soils with a low angle of internal friction (ϕ < 350). The difference in the results of full and small-scale 
testing may become noticeable with an increase in the angle of internal friction of soil. The small-scale 
model underestimates the severity of the slope effect compared to the full-scale study as prevailing 
confining pressure is higher in actual cases. 



Magazine of Civil Engineering, 104(4), 2021 

Shukla, R.P., Jakka, R.S. 

a. b.  
Figure 12. Comparison of experimental results with numerical results:  

(a) effect of a setback; (b) effect of slope. 
Numerical results are also compared with earlier published results for a footing resting precisely on 

slope crest with zero setbacks and are shown in Fig. 13 [2, 14, 40–45]. It indicates that for the smaller angle 
of internal friction (ϕ = 20°), the values obtained through the present numerical study are almost of average 
values proposed by earlier studies (Fig. 13 a). However, for a higher angle of internal friction (ϕ = 40°), the 
values obtained through the present numerical study are either lower side or close to the average values 
proposed by earlier studies (Fig. 13 c). 

In most of the cases, the bearing capacity factor is found close to Hansen's [2] and Giroud et al. [41]. 
This difference in the values is observed due to the different methodologies adopted by earlier studies. The 
reduction in bearing capacity with slope is significant in soil with a low internal friction angle (ϕ = 20°), which 
reduces with an increase in the internal friction angle (ϕ = 30°, 40°). Bearing capacity is less than those 
presented by Chen and Davidson [43] using upper bound and is more than those given by Absi [40]. 

a. b. c.  

 
Figure 13. Comparison of results with earlier results for a footing resting precisely  

on slope crest: (a) ϕ = 200, (b) ϕ = 300, (c) ϕ = 400. 

3.3. Statistical analyses and validation of equations 
Statistical analyses were also performed to develop nonlinear equations to predict bearing capacity, 

slope factor, and critical setback. It can be seen from the numerical analysis that setback, slope, soil friction 
angle, and footing depth influencing the bearing capacity of a footing on the slope. The numerical study 
results also show that the relationship between the independent parameters and Sf and Nγq is nonlinear. 
Consequently, nonlinearity needs to be considered while developing equations of Sf, Nγq, and B'. The 
precise nonlinearity is not known initially. It is presumed that the Sf, Nγq, and B' depend not only on four 
parameters but also on derivatives of these factors. 

Initially, a total of 96 parameters, which are the function of initially known four independent variables, 
are considered in the regression analysis. Along with the multicollinearity, the R2 was used to remove the 

Absi [40] Hansen [2] Giroud et al. [41]
Mizuno [42] Chen [43] Meyerhof [1]
Present study Tatsuoka et al. [44] Graham et al. [14]
Lebegue [45]
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variables, not affecting bearing capacity. It is observed that only 12 parameters, including the four basic 
parameters, critically affect the slope factor. Later these 12 variables were used to develop the equation. 
Similarly, for developing the bearing capacity factor (Nγq) equation, 14 variables and 9 variables have been 
used for the critical setback. Fig. 14 (a, b, c) compares observed and predicted slope factors and critical 
setback and bearing capacity factor. 

a. b.  

c.  
Figure 14. Determined vs. predicted values:  

(a) slope factor; (b) critical setback; (c) bearing capacity factor (Nγq). 
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where, Sf = Slope factor, B' = setback, B = width of footing, CS = critical setback, β = slope in degree, and 
ϕ = angle of internal friction of the soil in degree. 

R2 is reduced from 0.9925 to 0.9807 when the number of the insignificant variables were removed 
from the analysis. It confirms that the other dependents variables do not affect the bearing capacity, as 
assumed in the initial phase of the regression analysis. The slope factor (Sf), bearing capacity factor (Nγq), 
and critical setback can be determined by Eqns. 1, 2, and 3, respectively. Sf cannot be more than 1, as 
bearing capacity on slopes may reach the maximum level ground. If equation 1 predicts values more than 
1, then it should be corrected to 1. Eqn. 3 can be used to determine the critical location of the footing relative 
to the slope crest. Critical location means setback at which the effect of the slope is almost negligible. The 
slope factor can be also be used to assess the effect of slope angle on bearing capacity. Eqn. 4 is beneficial 
if the bearing capacity factor for the level ground is already known. Alternatively, bearing capacity can be 
determined by using Eqns. 5 and 6. These equations have developed considering the influence of the slope 
geometry, footing depth, setback, and the angle of internal friction of the soil.  

A few earlier studies have given importance to setback and determined the critical setback, at which 
the effect of slope becomes negligible [17–18, 22, 24]. However, change in bearing capacity and slope 
factor is relatively more noticeable with a change in slope inclination and internal friction angle. Therefore, 
these factors need relatively more attention in design foundations. The foundation can be placed near to 
slope crest without much compromising bearing capacity if the slope is modified considering the steepness 
of slope and angle of internal friction of soil. The slope can be modified either by making it relatively gentle 
or enhancing the angle of internal friction of soil through various available techniques. Both options are 
feasible from a practical point of view. Therefore, it is suggested to place the footing close to the crest of 
the modified slope. 

4. Conclusions 
1. The presence of slope reduces the overall mobilisation of shear strength, particularly on the level 

side of the footing, which reduces the bearing capacity of footing. The range of slope factors varies from 
0.05 to 1, depending on various factors. It indicates 95 % to 0 % reduction in bearing capacity of footing 
due to the adverse slope effects. 

2. The bearing capacity factor increases and the slope factor reduces with an increase in the footing 
depth and angle of internal friction of soil due to change in failure mechanism. 

3. The failure mechanism changes from both sides to one side with an increase in slope inclination, 
footing depth, and angle of internal friction of soil. Therefore, it is recommended to consider one side failure 
mechanism for designing the footings resting on slopes. 

4. The effect of slope inclination and angle of internal friction of soil on bearing capacity, slope factor, 
and failure mechanism is relatively more noticeable than the footing depth and setback. 

5. The increase in bearing capacity with setback contributes to an increase in strength mobilisation 
of soil and change in failure mechanism from local shear failure or rotational failure to general shear failure. 

6. The load-settlement behaviour of footing improves with an increase in the setback and relative 
density of soil. However, the behaviour worsens with an increase in slope inclination. The model testing 
results are found reasonably close to numerical study. 

7. Load-settlement plots and failure mechanisms show that the failure is bearing capacity rather than 
slope failure for the stable slopes. However, in the case of steep slopes or marginally stable slopes, the 
failure is a combination of slope and bearing failures. 

8. The equation is also proposed to determine the critical location of footing relative to slope crest 
(critical setback). The proposed equations for slope factor, bearing capacity factor, and critical setback 
considers the possible factors affecting footing behaviour, such as footing depth, slope inclination, and soil 
strength parameter. 

9. It is recommended to either modify the slope geometry or increase the soil strength and place the 
footing close to the slope crest. 
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Abstract. In order to solve the international roughness index problem of asphalt concrete pavement in 
seasonal frozen area, this article takes four typical highways from China's seasonally frozen regions as 
examples to organize and analyze the geographic location, climatic conditions, structural layer materials 
and traffic volume of the four roads. Based on the mechanistic-empirical pavement design guide, and by 
the statistical product and service solutions software for regression analysis, propose IRI correction 
prediction model of asphalt concrete pavement in the seasonal frozen area and choose IRI measuring 
values of other highways and the predicted values of IRI prediction model to verify. The result shows that 
there is a linear relationship between international roughness index, environmental factor, fatigue crack 
area, transverse crack length and average rut depth. The coefficient of determination R2 is 0.999, the 
adjusted R2 is 0.999, the significance level is 0, and the regression model is effective. The values 
corresponding to modified model, environmental factor, fatigue crack area, transverse crack length and 
average rut depth indicators are 0.004, 0.074, 0.143 and 51.563 respectively; The IRI predicted value of 
the modified model is closer to the measured value than that of the traditional prediction model. The 
research results are of great significance for the international roughness index prediction of an asphalt 
concrete pavement in a seasonal frozen area. 

1. Introduction 
In order to reduce the impact of road surface roughness on driving comfort and safety in the seasonal 

frozen area, and to solve the impact of road surface on driving safety and road life, the international 
roughness index needs to be modeled. Since the international roughness index is an important indicator 
reflecting the road function and evaluating the road performance, the international roughness index 
prediction model of the asphalt pavement in the seasonal frozen area is established based on the 
parameters of the asphalt pavement structure, climatic conditions and traffic conditions in the seasonal 
frozen area. This model is of significant importance for the evaluation of asphalt pavement maintenance in 
the seasonal frozen area. 

At present, the research time of international roughness index prediction at home and abroad is still 
short, and all of them are research biases to analyze the trend and detection methods of international 
roughness index. M. Mubaraki [1] establishes the relationship between the International Roughness Index 
(IRI) and road damage (including cracking, rutting and scattering), but the study is based on the climatic 
characteristics of Saudi Arabia; S.A. Arhin et al. [2] is based on 2-year IRI-PCI data. The model was 
developed to predict the relationship between IRI and PCI by functional classification for the pavement type 
in the Colombian region, but the relationship between IRI and PCI has no guiding significance for the 
prediction of the IRI model; P. Múčka [3] addresses the main problems in developing countries and some 
common problems that usually exist on secondary road networks, but there is no distinction between the 
degree of serious damage; J.P. Bilodeau et al. [4] uses the simulated heavy-duty wheel load response to 
calculate the dynamic load factor, and establishes the relationship between vehicle axle load and IRI, but 
the study did not consider the impact of climate and other factors on IRI. S.A. Arhin et al. [5] compares only 
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the methods of using IRI in US states with those used in non-US countries. M.I. Hossain et al. [6] is based 
on the neural network-based flexible pavement international flatness index. The analysis is only aimed at 
wet, frozen, wet, non-frozen and dry non-frozen climate zones. In addition, the neural network has the 
disadvantages of easy convergence and so on. The model has limitations. M.J. Khattak et al. [7] studied 
the international flatness index model of flexible base and pavement HMA overlays. The research section 
is based on Louisiana. The model itself is subject to environmental factors and it is notfurther aimed at the 
climate characteristics of the seasonal frozen zone. Note that the model is only for flexible base and 
pavement HMA overlays. In summary, the domestic and international research still lacks the establishment 
of the international roughness index model for the seasonal frozen area. Therefore, we establish an 
international roughness index prediction model for asphalt pavement that is suitable for the climate 
characteristics of the seasonal frozen area, which can fill the blank of the international roughness index 
prediction of the asphalt pavement in the seasonal frozen area. 

2. Methods 
The National Cooperative Highway Research Project (NCHRP) and the American National 

Association of Highway Transportation Administrators (AASHTO) have conducted several years of 
investigation and collated the observation results of long-term pavement performance distributed in more 
than 2,200 test sections in various states in the United States, which published Mechanistic-Empirical 
Pavement Design Guide in 2004, abbreviated as MEPDG [8–11]. It calculates stress and strain [12–13] of 
pavement structures by means of mechanical methods, based on climatic conditions and material 
properties of each structural layer, and bridges the gap between laboratory tests and actual road 
performance [14], based on empirical method and design. The prediction model is shown in formula 1. IRI 
is affected by the comprehensive influence of fatigue crack area, lateral crack length, rut depth, and 
environmental factors on the asphalt pavement. These four factors form a linear relationship [15]. The 
following content of the International Roughness Index is abbreviated as IRI for short. 

After years of research, AASHTO in the United States has derived the IRI prediction formula 1 for 
asphalt pavements in the local MEPDG in the United States: 

( ) ( ) ( ) ( )0 015 0 400 0 0080 40 00IRI IRI . SF . FC . TC . RDTotal= + + + +            (1) 

where IRI0 is Initial IRI after construction (in/mile); 

SF is Environmental factor; 

FCTotal is Fatigue crack area, a percentage of total lane area; 

TC is Transverse crack length (including reflection of lateral cracks in existing HMA pavement) 
(ft/mile); 

RD is Average rut depth (in). 

( ) ( ) ( )0.02003 1 0.007947 1 0.000636 1SF Age PI Precip FI= + + + + +             (2) 

where Age is Pavement age (year); 

PI is Percentage plasticity index of soil; 

Precip is Average annual rainfall or snowfall (in); 

FI is Annual average freezing index (d). 

According to the research in the existing literature [16], IRI is significantly affected by FCTotal, TC, 
and RD, and the linear relationship is obvious. In order to further verify, in the IRI prediction model of asphalt 
pavement in MEPDG, whether there is a linear relationship between IRI and SF in the seasonal frozen 
area, and the climate characteristics of the seasonal frozen area are fully covered. In the area of the 
seasonal frozen area, four typical highwaysare selected, namely the Jian-Ji Highway (Yanggang to Mishan 
Section) in Hulin City, Heilongjiang Province, China, hereinafter abbreviated as the Jian-Ji Highway; Zhang-
Shi Highway (Zhangjiakou Section), Zhangjiakou City, Hebei Province, China, hereinafter abbreviated as 
Zhang-Shi Highway; Lian-Huo National Highway (Kuitun-Wusu Section) in Wusu City, Xinjiang Uygur 
Autonomous Region, China, hereinafter abbreviated asLian-Huo National Highway; 110 National Highway 
(Hubao section), Hohhot City, Inner Mongolia, China, hereinafter abbreviated as 110 National Highway, as 
shown in Fig. 1. 

In Fig. 1, the four roads selected in the article are evenly distributed in China's seasonal frozen soil 
regions, and the latitude and longitude differences are large, which can reflect the climatic characteristics 
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of China's seasonal frozen soil regions more comprehensively. The seasonal freezing area in China is 
characterized by severe freezing in winter and warm and thawing in summer. The freezing and thawing 
cycle of asphalt concrete pavement in seasonal freezing area is very significant. 

 
Figure 1. Geographical location of a typical highway. 

To further verify the impact of SF on IRI, relevant statistical data for four typical highways in 2015 are 
collected, as shown in Table 1. From Table 1, it can be seen that the difference between the maximum 
temperature and the minimum temperature of the city where the Jian-Ji Highway among the four typical 
highways is 67 °C, and the minimum temperature difference between the Jian-Ji Highway and the Zhang-
Shi Highway is 16 °C. There are significant differences in temperature characteristics among the four 
highways. In Table 1, the road age is within 7 years, and the difference in service life is small; the type of 
subgrade soil is sandy soil or gravel soil (According to China's Highway Subgrade Design Code JTG D30-
2004, the subgrade can be divided into four categories: dry, medium wet, wet, and excessively wet, based 
on the dry and wet states. The maximum particle size of sandy soil and gravel soil is less than 150 mm). 
The number of maximum freezing-thawing cycles and the number of minimum freezing-thawing cycles are 
significantly different, reaching 51 times. The winter humidity of the subgrade soil is mainly concentrated 
between 8-11 %. Because the Lian-Huo National Highway is located in northwestern China, with drought 
and little rain all the year round, and the total rainfall is only 185 mm, the winter humidity of the subgrade 
soil is only 8 %. 

Table 1. Basic information of typical roads. 

Highway 
name 

Highway 
age 

Latitude 
and 

longitude 

Winter 
humidity 

of 
subgrade 

soil 

Subgrade 
soil type 

Freezin
g-

thawing 
cycles 

Total annual 
precipitation 
(including 
snowfall) 

(mm) 

Maximum 
temperature 

(°C) 

Minimum 
temperature 

(°C) 

Jian-ji 
Highway 5 

North 
latitude 
45.23 10 % Dry,Sand

y soil 112 312 34 -33 East 
longitude 
132.11 

Zhang-
shiHighwa

y 
6 

North 
latitude 
40.82 11 % Dry,Grav

elly soil 61 460 36 -17 East 
longitude 
114.88 

Lian-huo 
National 
Highway 

7 

North 
latitude 
44.45 8 % Dry,Grav

elly soil 87 185 40 -24 East 
longitude 

84.62 

110 
National 
Highway 

7 

North 
latitude 
40.48 10 % Dry,Sand

y soil 103 344 32 -17 East 
longitude 
111.41 
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In order to analyze the differences in temperature, average annual freezing index, and average 
annual precipitation of the four highways, monthly average temperature curves, freezing depth curves, and 
precipitation distribution curves corresponding to the highways are drawn, as shown in Fig. 2–4. Because 
the temperatures below 0 °C from October of each year to March of the following year appear in seasonal 
frozen soil regions, a complete freezing-thawing process is selected from October of each year to October 
of the following year. It can be seen from Fig. 2 that the month with the largest monthly average temperature 
difference among the four highway cities is January 2017. The monthly average temperature difference 
between the Jian-Ji Highway and the Zhang-Shi Highway is 9.5 °C, and the temperature difference is 
2.46 times. The month with the lowest monthly average temperature difference among the four highway 
cities appeared in October 2017. The monthly average temperature difference between the Lian-Huo 
National Highway and the Jian-Ji Highway was 3 °C, and the temperature difference is 1.47 times. 

 
Figure 2. Monthly mean temperature curve of a typical highway. 

Fig. 3 is the freezing-thawing depth curve of four typical roads. Since the freezing-thawing time of 
the highway in the seasonal frozen area is from October of each year to April of the following year, from 
May 2007 to September 2007, the freezing-thawing depth of the four curves is basically 0 cm. The 
maximum freezing depth of all four typical highways appeared in February 2017. The largest freezing depth 
is the Jian-Ji Highway in northeastern China, with a maximum freezing depth of 216 cm, which is followed 
by Lian-Huo National Highwayin northwestern China, with maximum freezing depth of 161 cm. The third is 
the 110 National Highway in northern China, with maximum freezing depth of 149 cm, and the smallest 
freezing depth is the Zhang-Shi Highway in northern China, with the maximum freezing depth of 109 cm. 
The difference between the maximum freezing depth and the minimum freezing depth is 105 cm. Through 
analyzing the reason, because in February 2017, the temperature difference between Jian-Ji Highway and 
Zhang-Shi Highway was 3.83 times, and the difference in precipitation was 2.5 times, under the the coupling 
of precipitation and temperature, there is a significant difference in freezing depth. 

 
Figure 3. Freezing depth curve of a typical highway. 
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Fig. 4 shows the precipitation distribution curves of four typical highways from January to December 
2017. All four highways have the highest rainfall season of the year in July, among which Jian-Ji Highway 
is the largest and Lian-Huo National Highway is the smallest. The month when the maximum precipitation 
occurred also accorded with the actual characteristics of climate precipitation in the seasonal frozen area. 
The highway with the largest precipitation in the year was Jian-Ji Highway, whose annual precipitation is 
393 mm. It accounted for 4.84 %, 80.5 %, 10.43 %, and 4.58 % of the annual precipitation, respectively in 
spring, summer, autumn and winter. The precipitation of the Zhang-Shi Highway is 388.8 mm, and it 
accounted for 16.25 %, 62.53 %, 19.11 %, and 2.11 % of the annual precipitation, in spring, summer, 
autumn and winterrespectively. The precipitation of the Lian-Huo National Highway was 161.9 mm, and it 
accounted for 32.06 %, 33.23 %, 23.16 %, and 11.55 % of the annual precipitation, in spring, summer, 
autumn and winterrespectively. The precipitation of the 110 National Highway was 380.8 mm, and it 
accounted for 13.6 %, 63.2 %, 20.7 %, and 2.5 % of the annual precipitation, in spring, summer, autumn 
and winterrespectively. It can be seen from Fig. 4 that January-March 2017 and October-December 2017 
were periods when the rainfall of four typical highways was relatively small. The reason was that the four 
highways had successively entered winter. 

 
Figure 4. Distribution curve of precipitation of typical roads. 

In order to further analyze the impact of temperature, average annual freezing index, and average 
annual rainfall on IRI, the IRI curve corresponding to four typical highways is established, as shown in 
Fig. 5. In Fig. 5, the IRI values of the four expressways change with time, and the change law is a linear 
increase. The three stages of rapid IRI slope change were November-December 2016, June-July 2017, 
and November-December 2017. The stage maximum appeared first in December 2016, July 2017, and 
December 2017. From the analysis of the reasons, it can be seen from Fig. 3 that in December 2017, the 
freezing depth of the four highways reached the maximum, and the soil thawing rate corresponding to the 
four highways was more than 93.5 %, and the number of freezing-thawing cycles reaches a peak. Under 
the repeated action of external loads, the smoothness index of the road surface decreases; as shown in 
Fig. 4, it was the highest rainfall of the four highways in July 2017. At the time of concentration, under the 
effect of external load, abundant rainwater was poured from the gaps in the road surface, which caused 
the flatness index of the road surface to decrease. From December 2016 to June 2017, and from August 
to November 2017, the changes in IRI values were relatively flat. The change slope of the Jian-Ji Highway 
is significantly higher than that of the other three highways. The reasons were that the annual average 
temperature of the area where the Jian-Ji Highway was located can vary up to 39.5 °C, the freezing depth 
can reach 216 cm, and the number of freeze-thaw cycles can be 116 times. According to the above 
analysis, it can be known that the temperature, average annual freezing index, and average annual rainfall 
and other factors that constitute SF have positive and linear effects on IRI. 
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Figure 5. IRI curve of typical highway. 

3. Results and Discussion 
According to the analysis above, there is a linear relationship among IRI, SF, FCTotal, TC, and RD, 

and linear regression is performed in combination with field measured data to solve the correlation 
coefficient R2. The measured data of the regression are from measured data of road surface IRI, 600 in 
total, of Jian-Ji Highway (Yanggang to Mishan Section) in Heilongjiang Province, China, Zhang-Shi 
Highway (Zhangjiakou Section) in Hebei Province, China, and Lian-Huo National Highway (Quitun-Wusu 
section), Xinjiang Uygur Autonomous Region, China and 110 National Highway (Hubao section), Inner 
Mongolia Autonomous Region, the four typical roads during 5 years from 2014 to 2018, which were used 
as the dependent variables of the regression model; combined with the above content, the measured values 
of SF, FCTotal, TC, and RD of four roads including Jian-Ji Highway (Yanggang to Mishan Section) in 
Heilongjiang Province, China, Zhang-Shi Highway (Zhangjiakou Section) in Hebei Province, China, and 
Lian-Huo National Highway (Quitun-Wusu section), Xinjiang Uygur Autonomous Region, China and 110 
National Highway (Hubao section), Inner Mongolia Autonomous Region are used as the independent 
variables of the regression model. 

The regression method uses "Statistical Product and Service Solutions" software for linear 
regression [17–22]. The steps of regression are as follows. First, observe the statistical relationship 
between the variables through the scatter plot. Through the above analysis, determine the linear 
relationship of the shape of the regression curve, and get a linear function that reflects the fit, which is 
shown in Table 2. R2 is obtained before and after adjustment. Secondly, due to the existence of sampling 
randomness, the estimated regression equation may not be a true reflection of the quantitative relationship 
between the population of things. Therefore, it is necessary to perform various tests on the regression 
equation and display the relevant characteristics between the parameters data to determine whether the 
equation truly reflects the statistical relationship between the population of things, and get the Anovab of 
the regression model, as shown in Table 3. Then, by using the sample data under certain statistical fitting 
criteria, each parameter in the regression model is estimated, and a definitive regression equation is 
obtained, as shown in Table 4; finally, a colinear diagnosis is performed by the regression equation, as 
shown in Table 5. In the regression model, V1 represents IRI, V2 represents SF, V3 represents FC Total, 
V4 represents TC, and V5 represents RD. 

In Table 2, the value of R2 is 0.999. R2 represents the determinant coefficients of the dependent 
variable IRI and the independent variables SF, FC Total, TC, and RD. The more the value of R2 
approaches 1, the higher the fit degree of the linear regression equation is. The number of independent 
variables will affect the value of R2. In order to prevent the goodness of fit from being affected by the number 
of independent variables, R2 needs to be adjusted. The adjusted R2 is the ratio of the mean square error, 
and the adjusted R2 is 0.999. The more the result is close to 1, the more the value is closer to 1, the better 
the fit degree of the regression equation is. Among them, the standard estimation error of the regression 
equation is only 0.10885, so it is concluded that the regression equation has a higher degree of good fit, 
and the part that the model can express IRI accounts for 99.9 %. 
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Table 2. Summary of regression models. 
R2 Adjusted R2 Standard estimated error 

0.999 0.999 0.10885 
 

Table 3 is used to test the multiple linear regression equation by using the analysis of variance 
method. The table is used to test the significance of the regression equation. Table 3 shows that the data 
with relevant characteristics are F, significance, and sum of regression squares. The statistic F is the ratio 
of the square of the average regression to the sum of the squares of the average residuals. If the value of 
F is larger, it means that the influence of SF, FC Total, TC, and RD on IRI is much greater than that of 
random factors on IRI; if the significance value, Sig, is smaller, indicate that the linear equation regression 
is obvious, the goodness of fit is good, and the significance level should be less than 0.05. If the F value is 
too small, it means that the influence of the above four variables on IRI is very poor, and the fitted regression 
line is meaningless. The F value must obey the statistical distribution in degrees of freedom. The total IRI 
of the linear regression model is 19.544, the regression square is 18.893, the regression mean square is 
4.723, the residual square is 0.652, and the residual mean square is 0.012. The F value in the table is very 
large, whose value is 398.632, and the significance value Sig. is 0, which is less than 0.05. It indicates that 
the four variables have a great impact on IRI, which is much greater than the impact of random factors on 
IRI;so the straight line is meaningful. There is a significant linear relationship between the IRI of the F test 
and SF, FCTotal, TC, and RD, and a linear model can be established. Through the above analysis, it can 
be determined that the linear regression of IRI as the dependent variable and SF, and FC Total, TC, and 
RD as independent variables is still valid in the seasonal frozen area [23]. In order to further solve the 
weights corresponding to SF, FC Total, TC, and RD, the regression model coefficients are solved by using 
SPSS. 

Table 3. Anovab of the regression model. 

Model Sum of 
square 

Degree of 
freedom  

Mean 
square F Significance  

 Return 18.893 4 4.723 398.632 0 

1 Residual 0.652 55 0.012   
 Total 19.544 59    

 

In Table 4, the non-standardized coefficient B represents the coefficient of each variable, and the 
corresponding coefficients of SF, FC Total, TC, and RD are 0.04, 0.074, 0.143, and 51.563. The value 
0.408 corresponding to IRI0 represents the initial constant corresponding to the regression equation. In 
Table 4, the confidence intervals of the four variables in the linear equation do not include 0, which proves 
that the four variables are statistically significant. It can be seen that the linear relationship between the 
four variables and the IRI is obvious, so these four variables must be retained in the equation which can 
not be excluded. The magnitude of the absolute value of the standardized partial regression coefficient 
represents the impact of the four variables on the IRI. The standardized partial regression coefficients are 
all positive numbers, indicating that the variables are positively correlated with the IRI. 

Table 4. Regression model coefficientsa. 

     
B's 95.0 % 
confidence 

interval 

Parameter 
Partial 

regression 
coefficient 

Partial 
regression 
coefficient 
standard 

error 

Standardized 
partial 

regression 
coefficient 

t Significance Lower 
limit 

Upper 
limit 

IRI0 0.408 0.133  3.061 0.003 0.141 0.676 

SF 0.004 0.015 0.008 3.286 0.076 0.027 0.035 

FCTotal 0.074 0.011 1.853 7.055 0 0.053 0.095 

TC 0.143 0.021 1.652 6.837 0 0.184 0.101 

RD 51.563 30.132 0.759 8.349 0 0.045 0.096 
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To avoid the problem of collinearity among the four variables, it is necessary to use SPSS software 
to diagnose the collinearity of the model. In order to fully consider the four independent variables and 
conduct a comprehensive analysis by using stepwise regression method, the order by which the diagnostics 
are entered in sequence are SF, FCTotal, TC, and RD. All variables are not excluded. Table 5 shows the 
analysis results of collinear diagnosis. 

In Model 1, IRI is the dependent variable, and SF, FCTotal, TC, and RD are independent variables 
to form a quaternary linear function. According to the model, all variables and constant terms are positive 
numbers and passed the variable test, which is consistent with the actual situation. From the analysis 
results in Table 5, it can be concluded that more than 90 % of the variance contribution comes from itself. 
If the eigenvalues in the table are similar and close to 0, it indicates that the commonality between the four 
independent variables is serious. In Table 5, the maximum eigenvalue is 4.180 and the minimum is 0.002, 
and these eigenvalues are different. Therefore, it can be concluded that there is no colinearity problem 
among the four variables. If the value of the condition index in the table is greater than 15, it means that 
there may be collinearity. If the value of the condition index is greater than 30, it indicates that the problem 
of collinearity is serious. In Table 5, the value of the maximum condition index is 8.424, which is far less 
than 15. From the above analysis, it can be concluded that there is no problem of multicollinearity in the 
international flatness index model of seasonally frozen regions. 

Table 5. Collinear diagnosis. 

      Variance 
ratio   

Model Dimension Eigenvalues Conditional 
index Constant 2V  3V  4V  5V

 

 1 4.180 1.000 0 0.02 0 0 0 

 2 0.501 2.888 0 0.86 0 0 0 

1 3 0.314 3.650 0.01 0.08 0 0 0 

 4 0.004 2.882 0.69 0 0.01 0.19 0.73 

 5 0.002 8.424 0.29 0.04 0.81 0.81 0.27 

 

Based on the above analysis, the international roughness index model in the seasonalfrozen area is 
proposed as: 

( ) ( ) ( ) ( )0 408 0 004 0 074 0 143 51 5630IRI . IRI . SF . FC . TC . RDTotal= + + + +       (3) 

In order to test the accuracy of the prediction results of the prediction model, the test sections of the 
other five highways in the seasonal frozen area are selected as the verification sections, as shown in Fig. 6. 
The following 5 roads in December 2018 are verified by the predicted and measured IRI values, as shown 
in Fig. 7-11, which are 20 test sections of Sui-Man Highway (K550+750~K569+750) in Heilongjiang 
Province, China, and the 20 test sections of Qinggang-Zhenxiang Highway (K013 + 110 ~ K032 + 110) in 
Heilongjiang Province, China, 21 test sections of Shen-Da Highway (K183 + 300 ~ K203 + 300) in Liaoning 
Province, China, 16 test sections of S201 Highway (K223 + 000 ~ K238 + 000) in Xinjiang Uygur 
Autonomous Region, China, and 15 test sections of 110 National Highway (K574 + 000 ~ K588 + 000) in 
Inner Mongolia Autonomous Region, China, as shown in 7-11. In Fig. 7–11, the curve change table is drawn 
based on the field measured IRI value, the predicted IRI value of the international flatness index model of 
the seasonal frozen area, and the predicted value of the traditional IRI model. The abscissa is the station 
number of the site section, and the ordinate is IRI value. Compared with the traditional IRI prediction model, 
the IRI value predicted by the international flatness index model of the seasonal frozen area is closer to the 
IRI value measured in the field, and the error rate is within 3 %. The above analysis verifies the validity of 
the IRI results predicted by the international flatness index model of the seasonal frozen area. 
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Figure 6. Verify the geographic location of the road. 

 
Figure 7. IRI comparison of the Sui-Man Highway. 

 
Figure 8. IRI comparison of Qinggang-Zhenxiang Highway. 
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Figure 9. IRI comparison of the Shen-Da Highway. 

 
Figure 10. IRI comparison of the S201 Highway. 

 
Figure 11. IRI comparison of the 110 National Highway. 
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4. Conclusion 
1. By using SPSS linear regression, the prediction coefficient R2 is 0.999, the adjusted R2 is 0.999, 

the F value is 398.632, and the significance level is 0, which is less than 0.05. It indicates that the regression 
model has a significant effect. 

2. The IRI prediction model of asphalt concrete pavement in the seasonal frozen area is proposed. 
There is a linear relationship between IRI and the environmental factor, fatigue crack area, transverse crack 
length and average rut depth, and the values of the four variables are 0.004, 0.074, 0.143 and 51.563 
respectively. 

3. There is no multicollinearity in the model of the international roughness index of the seasonal 
frozen area. In the SPSS analysis, the maximum eigenvalues of the four variables are 4.180, the minimum 
one is 0.002, and the eigenvalues are different. The maximum condition index is 8.424, which is much less 
than 15. 

4. The prediction accuracy of the international roughness index model in the seasonal frozen area 
is high. In the same time period, choose five highways to compare the predicted value of IRI, the measured 
IRI value and the traditional predicted IRI value. The results show that the IRI prediction accuracy of the 
seasonal frozen area international roughness index model is higher than that of other models. 
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Abstract. The article presents a study on the mechanical behavior of facade cladding panel consisting of 
aluminum frame and fully tempered sheet glass under the action of uniformly distributed load. The study 
involved tests of full-size samples of two structural solutions of the cladding panel in a curtain wall system 
for two different geometrical configurations of the panel. Experimental data showed a high similarity with 
the results of a static calculation in the zone of linear elastic deformation. Therefore, the use of SJ Mepla 
finite element software package for the calculation of described structures was verified. The influence of 
the boundary conditions on determination of deflections in numerical model as well as the character of seal 
deformation was described. The criteria of the loss of bearing capacity of a system was defined. Empirical 
formulas for calculating the panel deflection for specific geometrical configurations of a panel were 
proposed. 

1. Introduction 
Nowadays glass is widely used as a main translucent material of the building enclosing structures 

due to its structural and aesthetical advantages and unique properties [1, 2]. Besides the mullion-transom 
and structural glass facades, curtain wall systems with glass panels as a cladding material are actively 
used in modern construction practice. These systems are characterized by faster installation in comparison 
with other glazing systems and offer aesthetical benefits. 

  
Figure 1. Example of glass cladding in curtain wall systems – residential complex “Petrovsky” 

(source: Official website of the manufacturer of facade system www.nordfox.ru). 
The choice of facade structure directly affects the safety and comfort of people inside the building  

[3, 4]. In [5] a study on the influence of the glass fixing type on the fire resistance of structure is presented. 
Article [6] is devoted to an analysis of the stress-strain state of curtain wall systems under extreme loads 

https://creativecommons.org/licenses/by-nc/4.0/
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such as natural exposures and man-made threats. The correlation between characteristics of the glass and 
performance of double-glazed facades is described in [7]. 

Modern glazing systems can be classified on the base of different criteria [8]. One of the factors 
which determines the overall performance of a system is method of fixing of a glass panel to the 
substructure [9–11]. The dependence of the fixing method on the strength of glass is studied in [12]. In [13] 
an analysis of existing design guidelines and methods intended for calculation of glass fencing, which is 
fixed in an aluminum profile, is presented. Application and experimental verification of glass fencing system 
are also presented. According to [13], the stiffness of the clamping profile and the choice of approach 
among different methods proposed in regulatory documents (e.g. national building codes) have the greatest 
impact on the calculation result. At the same time, the calculation procedures need to be improved, since 
they are not adapted for the fence fixed in the curtain wall system. A study on the aluminum-and-glass 
facades is presented in [14]. The study in [14] contains investigation on various systems in order to verify 
their economic viability and possibility of use in modern construction. 

Due to increased requirements for the heat transfer through building envelope [15, 16], parameters 
of curtain wall systems are actively reconsidered [17]. Modeling approach for climatic simulation of curtain 
facades is described in [18]. The study on the influence of orientation of buildings with glass facades on its 
energy consumption is presented in [19]. 

In [20] simulations were performed in order to assess the mechanical behavior of panels with direct 
glass-aluminum connection. The numerical study in [20] is particularly focused on the influence of elastic 
layer (rubber spacers or glue layers) on improvement of working conditions of the glass-aluminum 
connections. The study in [21] is devoted to the determination of partial material safety factor for structural 
silicone adhesives. Obtained on the base of experimental data, this value can be applied in finite element 
calculation programs, leading to the optimization of structural sealant design. 

The use of glass beads in facade systems raises the issues related with tightness of the joint. 
Experimental study on the tightness of glazing bead butt joints of aluminum windows was performed in [22]. 

Experimental and numerical investigation of the properties and possibilities of application of structural 
sealants in glazing systems is described in [23]. Issues related to the modeling and fracture analysis of 
sealants are observed in [22–25]. 

Facade structures face various exposures during its operational lifetime, however in absence of 
thermal loading the wind load represents the highest contribution to the stress-strain state of the members 
of facade system. Lateral loads (e.g. wind) are prevalent and require detailed consideration in accordance 
with local climate conditions during the process of design and calculation of such structures [28]. 

In this research, the object of the study was a fully tempered sheet glass in a specific aluminum frame 
as the cladding of curtain facade system. Within the study both experimental and numerical analysis of the 
cladding of a curtain wall system were performed. 

The purpose of the study was determination of the deflection of a cladding panel within the fixing 
system of a curtain wall. 

The following tasks were carried out: 

• Experimental determination of deflection of a cladding panel of fully tempered sheet glass, fixed 
to a curtain wall system, under the action of a uniformly distributed load; 
• Determination of the influence of the geometric dimensions on the deflection of a panel; 
• Determination the criteria characterizing loss of bearing capacity of the system; 
• Comparison of results of the panel’s stress-strain state obtained through numerical methods and 
laboratory tests. 

2. Methods 
The study contains experimental and numerical investigation of a full-size fragment of a considered 

curtain wall system. A glass cladding panel was continuously fixed to the aluminum frame through a glass 
bead what represents a particular case of clamped solution. Furthermore, two different fixation schemes 
were performed: 

• Test setup 1: Cladding panel of fully tempered sheet glass is 2-side simply supported (Navier’s 
support) by glazing beads and frame through the EPDM profiles. Glazing bead and a frame thus 
form a compound profile. This profile is supported on its edges by self-tapping screws which attach 
it to the transom. 
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Figure 2. Scheme of system type 1 (test setup 1). 

• Test setup 2: Cladding panel of fully tempered sheet glass is 2-side simply supported (Navier’s 
support) by glazing beads and frame through the EPDM profiles. Frame profile is discretely 
supported along its entire length by self-tapping screws which attach it to the transom. Glazing 
bead, a frame and transom thus form a compound profile of a higher stiffness than test setup 1. 

 
Figure 3. Scheme of system type 2 (test setup 2). 

 
Figure 4. Cross-section of the test setup 2. 
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The experiments were performed for two different configurations of cladding panels: 1200x1200 mm 
and 1200×800 mm. 

Fully tempered glass for all considered schemes had a thickness of 6 mm. According to Russian 
State Standard GOST 30698-2014 «Tempered glass. Specifications», fully tempered glass has a bending 
strength of 120 MPa. 

All the aforementioned geometrical values were measured during the test. 

Therefore, following schemes were considered: 

• Test setup 1a: 1200×800×6 mm; 
• Test setup 1b: 1200×1200×6 mm; 
• Test setup 2a: 1200×800×6 mm; 
• Test setup 2a: 1200×1200×6 mm. 

2.1. Experimental approach 
The purpose of the testing was an experimental determination of the deflections of the curtain wall 

system in characteristic points: in the center of the panel, center of the free edge and center of the frame 
profile. The obtained results were subsequently compared to the results of numerical calculation. 

Determination of the cladding panel’s deflection was carried out by means of a full-size simulation of 
a frame fragment of the curtain wall system and its subsequent loading with a uniformly distributed load. 
Special high rigidity crosspieces with brackets mounted to them in the horizontal plane were used as a 
bearing base in test setup. 

The use of horizontal arrangement of the panels was justified by the convenience of testing, as well 
as by the small influence of loads in the plane of the facade on the stress-strain state of the system [29]. 
The uniformly distributed load on the cladding panels was applied by means of concrete cores with a 
diameter of 150 mm, height of 150 mm and an average weight of 6.22 kg each. The cores were distributed 
on the surface of the panel evenly and symmetrically with respect to the center of the glass plate. The order 
of applying the load is chosen with the purpose to achieve a load value of approximately 1 kN/m2 with 
subsequent unloading for the purpose of detecting backlash and crumples in the areas where the bracket 
is fixed through rivet connection. The assumption of value of 1 kN/m2 for the purpose of detecting backlash 
is based on previous preliminary studies made by authors which were performed for various facade 
structures. Furthermore, loading with concurrent deflection control was continued until the loss of the 
bearing capacity of the system. 

 
Figure 5. Principal loading scheme (test setup 1a). 

The values of deflection in the center of the panel, center of the free edge and center of the frame 
profile were measured by dial indicators 6-PAO with following characteristics: 

• Graduation: 0.01 mm; 
• Maximum value of measurement: 100 ± 0.5 mm; 
• Accuracy in the interval [0...1 mm]: ± 0.03; 
• Accuracy in the interval [0...10 mm]: ± 0.3. 

Location of dial indicators (DI) is shown in Fig. 6. 
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Figure 6. Location of dial indicators for measurement of the deflections for test setup 1 and 2. 

Values obtained from dial indicators were processed in Excel and resulting deflections for each step 
of loading were obtained. 

Tests were carried out on the two identical samples of each structural scheme. 

   
Figure 7. Experimental setup – test setup 1. 

 
Figure 8. Experimental setup – test setup 2. 

2.2. Numerical approach 
The fragment of considered curtain wall system was modeled in finite element software package in 

accordance with schemes shown in Fig. 2 and 3 and experimental setup. Values of deflection in the same 
characteristic points of curtain wall system were obtained for the further analysis. 

The considered elements were rectangular homogeneous isotropic flexible plates of a large 
deflection, where two parallel sides are simply supported with a stiffness defined by configuration of the 
aluminum profiles. The other two sides of glass plates are free. 
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Flexible plates of a large deflection are the plates, which are thin to that extend that the membrane 
stresses arising in them can have a noticeable effect on the deflections under an action of a transverse 
load. At the same time, these plates bend so significantly that the influence of their deflection on the value 
of the efforts striving to cause deformation of their middle layer cannot be neglected. The calculation of 
flexible plates of large deflection is based on the use of the system of differential equations describing 
bending and tensile deformations. In this study, the Finite Element Method (FEM) based on the theory of 
thin plates and realized in software SJ Mepla version 4.0.6 was used for the calculation of the plates fixed 
in aluminum profiles. Basic isoparametric finite element included 9 nodes and was created by means of 
interpolation functions in Lagrange form. 

 
Figure 9. 9-nodes finite element. 

 
Figure 10. Finite element models of panels (maximum size of mesh element is 50 mm). 
Curtain wall system of test setup 1 can be interpreted as follows: 

 
Figure 11. Principal structural scheme of test setup 1  

(simple supports refer to the fixation of glass). 
Curtain wall system of test setup 2 can be interpreted as follows: 

 
Figure 12. Principal structural scheme of test setup 2  

(simple supports refer to the fixation of glass). 
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The finite element model assumed the direct interaction between aluminum profiles and glass panel. 

For ease of calculation the mechanical behavior of EPDM was not accounted in numerical model at 
this stage of research. 

Correct static calculation required considering the stiffness of aluminum transoms installed along two 
parallel sides of the panel: 

 
 

Figure 13. Left – transom profile of test setup 1; right – transom profile of test setup 2. 
Stiffness characteristics of aluminum used in the study are presented below. The values were 

obtained in Consul, a satellite of SCAD Office software. 

Modulus of elasticity: 

70aluminumE GPa= . 

Poisson's ratio: 

0.3aluminumυ = . 

Table 1. Geometric characteristics of transom profile of test setup 1. 

A Area of cross-section 1.912 cm2 

Ix Moment of inertia about the central axis X1 parallel to the axis X 2.542 cm4 

Iy Moment of inertia about the central axis Y1 parallel to the axis Y 2.501 cm4 

It Free torsion moment of inertia 0.019 cm4 

Ip Polar moment of inertia 5.043 cm4 

 

Table 2. Geometric characteristics of transom profile of test setup 2. 

A Area of cross-section 4.75 cm2 

Iy Moment of inertia about the central axis Y1 parallel to the axis Y 20.208 cm4 

Iy Moment of inertia about the central axis Y1 parallel to the axis Y 20.941 cm4 

It Free torsion moment of inertia 0.064 cm4 

Ip Polar moment of inertia 40.63 cm4 
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3. Results and Discussion 
Results obtained during numerical calculations and experiments demonstrate that curtain wall 

system of test setup 2 has a higher overall stiffness in comparison with test setup 1. The profiles in test 
setup 1 turn as the panel bends under the action of uniformly distributed load on the panel. The angle of 
inclination of clamped edge of a glass panel is proportional to the load value, profile’s stiffness and size of 
the panel. The profiles in test setup 2 resist turning due to the fact of discrete connection to the transom. 
Fig. 14 shows the results determined with SJ Mepla of the rotation at the support due to the load. 

 
Figure 14. Dependence between inclination of clamped glad edge and  

value of uniformly distributed load. 
Rotation of profiles impacts its geometrical characteristics. Fig. 15 shows how the moment of inertia 

of the profiles changes as a function of rotation. Therefore two types of numerical models were considered 
during static calculation: in the first option the moment of inertia as a characteristic of support conditions is 
set constant while in the second option the moment of inertia is variable and refers to the value of face load. 

 
Figure 15. Dependence between inclination of the profile and profile’s moment of inertia. 
The results of tests performed on two samples of each structural scheme were compared to the 

results of static calculation in SJ Mepla. Two types of models were calculated: with constant and variable 
moment of inertia of profiles. 
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Test setup 1a: Comparison between experimental and numerical determined results 

 
Figure 16. Deflection of the center of the panel (DI1). 

 
Figure 17. Deflection of the center of the frame (DI2). 

 
Figure 18. Deflection of the panel edge (DI3). 
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Test setup 2a: Comparison between experimental and numerical determined results 

 
Figure 19. Deflection of the center of the panel (DI1). 

 
Figure 20. Deflection of the center of the frame (DI2), position of DI, section of edge beam. 

 
Figure 21. Deflection of the panel edge (DI3). 
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Test setup 1b: Comparison between experimental and numerical deter4mined results 

 
Figure 22. Deflection of the center of the panel (DI1). 

 
Figure 23. Deflection of the center of the frame (DI2). 

 
Figure 24. Deflection of the panel edge (DI3). 
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Test setup 2b: Comparison between experimental and numerical determined results 

 
Figure 25. Deflection of the center of the panel (DI1). 

 
Figure 26. Deflection of the center of the frame (DI2). 

 
Figure 27. Deflection of the panel edge (DI3). 

Graphs shown in Fig. 17, 20, 23 and 26 demonstrate that the results of static calculation are close 
to the experimental data until a certain value of uniformly distributed load, which depends on the stiffness 
of profile used in system. After exceeding this value mechanical behavior of the profile changes from linear 
to nonlinear. Additional discrepancy between experimental and numerical values is consequence of EPDM 
seal contribution to the overall performance of all investigated types of panels. In test setup 1 EPDM seal 
is subjected to crumpling in areas of point supports while it keeps its shape in the span. The EPDM seal 
remains elastic and recovers original shape after unloading. On the other hand, in test setup 2 crumpling 
occurs along the entire length of high-stiffness profile what leads to the displacement of starting point and 
increasing of experimental values. Since the national design codes set maximum allowable deflection for a 
structural element and not a system of elements (except the technological limitations), deflections of a glass 
panel can be preliminary estimated by static calculation in SJ Mepla. 
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During the design stage additional actions should be taken against the situation, in which the angle 
between the tangent to the curved axis of the panel and its initial position would exceed 10 degrees (see 
Fig. 28). 

 
Figure 28. Curved axis of the panel and its tangent. 

  
Figure 29. Deformation of sealant (test setup 1). 

The total deflection of the system is supplemented by the deformation value of the rubber sealing 
profile. This phenomenon is observed in test setup 1 for parts of the system close to points of attachment 
to the bearing base, and, in the case of high rigidity frame profile (test setup 2), for the entire length of 
profile. Attention should be paid to the possible use of the system on the sections of facade where leakage 
may occur due to the deformation of the sealant. 

 
Figure 30. Residual deformation of profile after unloading (test setup 1). 

Aluminum profiles showed mechanical behavior in elastic zone at the stresses which did not exceed 
the yield strength of material. Example of residual deformation is shown in Fig. 29. 

The solution of differential equation for the determination of deflection in case of plates with two 
parallel sides simply supported and the other two sides free is given in [30]. The adapted formula for the 
deflection of the center of the panel can be read as: 

( )
4

2
312 1 q bk

E
⋅

ω = ⋅ − ν ⋅
⋅δ

 

where ω  is a deflection of the panel, mm; 

k  is coefficient which characterizes the inclination of the graphs; 

q  is a value of uniformly distributed load, kN/m2; 
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b  is a longer side of the panel, mm; 

δ  is a panel’s thickness, mm; 

E  is a modulus of elasticity, GPa; 

v  is a Poisson’s ratio. 

On the base of graphs in Fig. 16, 19, 22 and 25 (presenting the deflection in the center of the glass 
obtained from the calculation), following coefficients k  were obtained: 

Table 3. Coefficients k  for determination of deflection in the center of the panel. 

Scheme type k  

Test setup 1a 5.064∙10-9 

Test setup 2a 2.927∙10-9 

Test setup 1b 1.589∙10-8 

Test setup 2b 1.344∙10-8 
 

Thus, for preliminary determination of the deflection of the panels with configuration and dimensions 
close to the ones mentioned in this study, following formulas can be used: 

Test setup 1a: 
4

95.064 10 q b
D

− ⋅
ω = ⋅ ⋅  

Test setup 2a: 
4

92.927 10 q b
D

− ⋅
ω = ⋅ ⋅  

Test setup 1b: 
4

81.589 10 q b
D

− ⋅
ω = ⋅ ⋅  

Test setup 2b: 
4

81.344 10 q b
D

− ⋅
ω = ⋅ ⋅  

where D  is a cylindrical rigidity of the panel, N/m. 

4. Conclusions 
Experimental investigation and numerical modeling performed on the fragment of considered curtain 

wall system led to the following conclusions:  

1. The values of deflection of the panels obtained during experimental study and numerical 
calculation in finite element software package show high similarity in the zone of linear elastic reaction of a 
system if specific boundary conditions emerging from the way of fixation of a panel to the system, such as 
rigidity of the compound aluminum frame, are accounted while calculating the glass panels. 

2. Test results demonstrated that the loss of the bearing capacity of the system was caused by 
excessive deflection of the panel resulting in appearance of longitudinal forces, which led to displacement 
and subsequent fall of the rubber seal. 

3. Empirical formulas for the analytical calculation of the panels with configuration and dimensions 
close to the ones mentioned in this study were proposed. They can be used in preliminary stages of design 
for estimation of the deflection in the center of the panel. 
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Abstract. We consider the problem of finding the optimal location of point supports under a monolithic 
reinforced concrete floor slab, which provides the minimum of the objective function. The maximum 
deflection, potential strain energy, and reinforcement consumption are selected as the objective function. 
The load and plate configuration can be arbitrary. A restriction on the number of supports is introduced. 
The solution is performed using stochastic and deterministic optimization methods in combination with the 
finite element method to determine the objective functions An assessment of the proposed methods for a 
different number of supports n is made. Particular solutions are presented for n = 3, 4, 5.The optimal 
relations between the marginal and middle spans are established for buildings with a rectangular grid of 
columns with large n. It is shown that only the pitch of the columns of the marginal rows can act as a variable 
parameter, and the steps of the middle rows at the optimal arrangement are equal to each other. The 
developed methods were tested for the real object. It is established that of the three criteria used, the 
criterion of the minimum potential strain energy is preferable. It was also revealed that in most of the 
considered problems, the selected criteria give very close results. The plate thickness and material 
characteristics do not affect the optimal arrangement of columns. 

1. Introduction 
The issues of reinforced concrete structures optimal design, including reinforced concrete floor slabs 

of buildings for various purposes, are the subject of a large number of papers including [1–12]. The inverse 
method is widely used for optimization, the essence of which is to find such laws of changing the 
characteristics of a material within a structure in which its stress-strain state is given [1–5]. In some 
publications, for example [13], models of equal-strength plates of variable thickness are constructed, 
however, the practical implementation of this model is associated with great difficulties, as well as the 
creation of artificial heterogeneity of the structure. As a method of optimizing reinforced concrete slabs, the 
most common one is the selection of rational reinforcement [6–12]. 

Optimization problems by varying the location of the supports are solved mainly for beams [14–16]. 
There are relatively few publications on determining the optimal arrangement of supports for slabs [17–26]. 
The criterion of optimization in these publications is deflection, the frequency of natural vibrations, and the 
value of the breaking load. They are distinguished by a simple statement of the problem, for example, in 
[17] a round axisymmetrically loaded plate is considered, in [18–24] the problem for a rectangular plate on 
four point supports is solved. The presented solutions are not applicable for real objects. The publications 
[27–28] optimize the real object, but not by changing the position of the supports, but by partially replacing 
the existing columns with modernized ones. 

The goal of this work is the development and testing of the methods for determining the optimal 
location of point supports under the reinforced concrete slabs with arbitrary configuration and load. 

In the framework of the goal, the following tasks are solved: 

https://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by/4.0/
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1. Development of the methodology for determining the optimal arrangement of supports based on a 
stochastic approach. 

2. Development of optimization methodology using the deterministic approach. 

3. Comparative evaluation of the effectiveness of stochastic and deterministic methods with a different 
number of supports. 

4. Testing optimization techniques at a real construction object. 

2. Methods 
Let us first consider the application of the stochastic method to this problem. The following values 

will be selected as the objective function f: 
1. The maximum value of the deflection of the slab wmax, mm; 

2. The value of the potential strain energy W, kJ; 

3. Reinforcement consumption ms, t. 

The choice of the potential strain energy (PSE) as the objective function is explained by the fact that 
it is an integral measure that determines the level of the stress-strain state. The smaller the value of W, the 
better the system resists external influences.  

While using the values of wmax and W as target values, we assume that the rigidity of the slab does 
not depend on reinforcement. The calculation will be based on the theory of elastic thin plates. Supports 
are considered as restraints in nodes along the z axis. The reinforcement consists of rods located near the 
upper and lower surfaces of the slab along the x and y axis. As a result of the selection of reinforcement for 
each finite element, the values of cross-sectional areas in m2 per linear meter for tensile reinforcement 

,sx iA , ,sy iA  and compressed reinforcement ,sx iA′ , ,sy iA′  are determined. 

To determine the optimal arrangement of the columns, we will use the Monte Carlo method in 
combination with the finite element method. At the first stage, the slab, depending on its geometry, is 
meshed by triangular or rectangular finite elements of plate with three degrees of freedom at the node: 
deflection along the z axis and two angles of rotation relative to the x and y axis. The load on the slab, as 
well as the number of point supports n are considered to be given and constant. The structural stiffness 
matrix and the load vector are calculated taking into account stationary supports, but excluding columns, 
the position of which can vary. Then, using a random number generator, n uniformly distributed random 
values are generated that determine the numbers of the nodes in which the columns are installed. A check 
is made for the absence of duplicate node numbers, and it is also controlled so that the minimum distance 
between the supports is greater than the specified value. Otherwise, random numbers are generated 
repeatedly. 

Then, boundary conditions are imposed on the stiffness matrix and the load vector, taking into 
account the selected arrangement of columns, the system of equations of FEM is solved: 

[ ]{ } { } ,K U P=                                                                      (1) 

where [K] is stiffness matrix, {U} is nodal displacement vector, {P} is load vector. 

The implementation of the FEM calculation was carried out by the authors personally in the Matlab 
software package. 

The potential strain energy is determined by the formula: 

{ } [ ]{ }1 .
2

TW U K U=                                                               (2) 

The selection of reinforcement in the slab is based on Russian standards for the design of reinforced 
concrete structures from the conditions: 
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where xM , yM  are bending moments acting on a flat selected element; xyM  is torque; ,x ultM , , ,y ultM  

,xy ultM  are ultimate bending moments and torques perceived by a flat selected element. 

The total consumption of reinforcement in tons for the slab can be determined by the formula: 

( ), , , ,
1

,s sx i sy i sx i sy i i
k

i
m A A A A Aρ

=
′ ′= + + +∑    (4) 

where ρ = 7.8 t/m3 is the density of steel, Ai is the area of the i-th finite element, k is total number of finite 
elements. 

The value of the objective function f is compared with the value f0, for which a very large number is 
initially taken. If f < f0, then f0 is assigned the value f. The calculation with a random arrangement of columns 
is repeated a large number of times (by us, the number of tests k was taken equal to 106 or more). The 
block-scheme of the calculation is shown in the Fig. 1. 

Due to the large number of possible combinations of the arrangement of columns, the variant 
obtained as a result of the calculation may not be the most optimal. However, for large k, it will be rational 
and can be further implemented in practice. 

 
Figure 1. The block-scheme of the calculation using the stochastic method. 
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The presence of reinforcement leads to the change in the rigidity of the structure and a redistribution 
of internal forces, therefore, the task of selecting reinforcement taking into account changes in the rigidity 
of the slab is nonlinear. This non-linearity is called “engineering”, and it is implemented in some software 
systems, for example, LIRA-SAPR. When using the Monte Carlo method, the calculation is repeated many 
times, so taking non-linearity into account is impractical because of sharp increase in the calculation time. 

Also, the proposed algorithm can be slightly modified. In the modified algorithm, the initial 
arrangement of the columns is set regularly with a given step. Then, for each column, two random values 
are generated that determine their offset relative to the initial position in x and y so that the new position of 
the column coincides with some node of the finite element mesh. The maximum offset should be less than 
the half of the initial column pitch. The calculation is also performed 106 times and the most optimal variant 
is selected. 

When using the deterministic method to achieve the best result, the number of varied parameters 
must be minimized. To do this, optimization is performed on a regular grid of columns with varying steps. 
We perform calculations in the Matlab environment using the fmincon function of the Optimization Toolbox 
non-linear optimization package. As an optimization method, the internal point method is chosen. The 
calculation of objective functions is based on the subprogram developed by the authors based on the finite 
element method. 

3. Results and Discussion 
Using the Monte Carlo method, a series of test problems for a square slab was solved for various 

values of n. The calculation was performed on the action of a uniformly distributed over the area load with 
a rectangular grid of finite elements 10×10. The optimal location of the three point supports is shown in 
Fig. 2. According to the criteria of minimum consumption of reinforcement and minimum potential strain 
energy, the same result is obtained. 

 
Figure 2. The optimal location of the three supports:  

 – from the condition of minimum reinforcement consumption and potential strain energy,  
 – from the condition of minimum deflection. 

The optimal arrangement of four supports is shown in Fig. 3. From the symmetry of the problem for 
n = 4 it follows that the optimal arrangement of columns should be symmetrical with respect to the center 
of the slab. However, in the variants shown in Fig. 3, symmetry is not observed due to restrictions on the 
location of the supports (columns can only be located at the nodes of the finite element mesh). In the 
practical realization of the obtained supports arrangement, it is advisable to place them symmetrically 
relative to the center of the slab (see below Fig. 6). 

Note that the arrangement of the supports corresponding to the minimum deflection is similar to the 
arrangement of supports obtained in the paper [20] from the condition of maximum fundamental frequency 
of the plate (Fig. 4). 
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Figure 3. The optimal location of four supports: 

 – from the condition of minimum potential strain energy,  
 – from the condition of minimum deflection,  

 – from the condition of minimum reinforcement consumption. 

 
Figure 4. The optimal arrangement of four supports from the condition  

of maximum natural frequency obtained in [20]. 

At n = 5, the location of the supports was found, satisfying both the minimum of displacements, 
potential strain energy, and the reinforcement consumption (Fig. 5). 

 
Figure 5. The optimal location of the five columns. 
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For n = 4 and n = 5, the problem was also solved by the deterministic method. Four columns were 
located symmetrically relative to the center of the plate, and the ratio a1/a was used as a variable parameter 
(Fig. 6). The restriction on size a1 was 0 ≤ a1 < a/2. The calculation of the objective functions was 
performed by the finite element method. For each iteration, the FE grid was automatically regenerated 
taking into account the size a1. Because of symmetry, a quarter of the structure was considered. At n = 5, 
the fifth column was placed in the center. The optimal a1/a ratios for n = 4 were 0.224 from the condition 
of minimum deflection, 0.228 from the condition of minimum potential strain energy, and 0.233 from the 
condition of minimum reinforcement consumption. At n = 5, these ratios turned out to be 0.2028, 0.1989, 
and 0.2034, respectively. The obtained values are consistent with the results based on the Monte Carlo 
method. 

 
Figure 6. To optimization of the slab by deterministic method. 

The presented solutions for n = 3, 4, 5 are mainly illustrative and are unlikely to be encountered in 
the design of real objects. If the position of most of the supports is predetermined and it is required to find 
how to optimally place the small number of the remaining supports, the task can be easily solved using 
proposed approach. 

We pass on to a large number of supports n. Fig. 7 shows the arrangement of 25 columns obtained 
using the Monte Carlo method and basic algorithm as a result of 106 tests for a 24×24 m slab. The maximum 
deflection at Eb = 3 × 104 MPa, q = 50 kPa, and h = 20 cm was 58.4 mm. For the same slab with a uniform 
column pitch of 6 m: wmax = 43.6 mm. Thus, with such a number of columns, the proposed algorithm was 
ineffective. The result of the search for the optimal support location using a modified algorithm is shown in 
Fig. 8. For the supports location presented on Fig. 8, the maximum deflection was 25.4 mm, which is lower 
by 42 % in comparison with the result for a regular step of the columns. However, in comparison with the 
regular arrangement of columns, inconveniences may arise with the arrangement of premises in the 
building. 

A stochastic calculation was also performed for a 36×36 m building with an initial column pitch of 
6 m. In this case, the efficiency of the modified algorithm turned out to be relatively low, the maximum 
deflection decreased by only 5.7 %. 

With an increase in the number of supports, the effectiveness of the Monte Carlo method decreases 
due to the large number of possible combinations. We proceed further to the optimization of the grid of 
columns using deterministic methods. Consider a slab 48×36 m with a column pitch of 6 m (Fig. 9). By 
virtue of symmetry, a quarter of the structure is calculated. The following initial data are used: concrete B25, 
reinforcement A400, load q = 50 kPa, plate thickness h = 20 cm. Column steps a1, a2, a3, b1, b2 are used 
as variable parameters.  
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Figure 7. The result of the search for the optimal supports location using a basic algorithm. 

 
Figure 8. The result of the search for the optimal supports location using a modified algorithm. 

 
Figure 9. A quarter of the optimized slab 48×36 m. 

With regular column pitch, maximum deflections and forces occur in marginal spans. Contour plot of 
vertical displacements is shown in Fig. 10. The values of the objective functions are wmax = 43.8 mm,  
W = 233.36 kJ, ms = 17.01 t. The results of optimization of the slab based on three criteria are presented 
in Table 1. The effect of optimization was 48 % for deflection, 29 % for potential strain energy and 27 % for 
reinforcement consumption. When optimizing for deflection, alignment of displacements in the middle of 
the marginal and middle spans occurs, as can be seen from Fig. 11. Table 1 shows that for alignment of 
displacements and internal forces in all spans, it is possible to take only the steps of the marginal rows as 
a variable parameter, and put the remaining steps equal among themselves. In addition to the slab 
48×36 m, the calculation of slabs 48×48 m, 36×36 m and 24×24 m was carried out. It was found that the 
optimal column steps along the x axis do not depend on the steps along the y axis, and the ratio between 
the steps of the columns of the marginal and middle row is determined by the number of spans. 
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Figure 10. Contour plot of vertical displacements (m) for a 48×36 slab  

with a basic arrangement of columns. 

 
Figure 11. Contour plot of vertical displacements (m) for a 48×36 slab  

with an optimal arrangement of columns. 
Table 1. Optimization results for the 48×36 m slab. 

 a1, 
m 

a2, 
m 

a3, 
m 

a4, 
m 

b1, 
m 

b2, 
m 

b3, 
m 

wmax, 
mm 

W, kJ ms, t 

From a minimum of a 
deflection 5.11 6.27 6.3 6.32 5.22 6.39 6.39 22.8 164.99 12.389 

From a minimum of PSE 5.16 6.28 6.28 6.28 5.24 6.38 6.38 23.2 164.97 12.392 
From the minimum 

consumption of reinforcement 5.06 6.3 6.32 6.32 5.14 6.42 6.44 23.5 165.19 12.385 

 

Our program allows to optimize floor slabs with more complex configurations. With its use, we 
performed the optimization of the project of the scientific and laboratory complex of the Maritime State 
Academy named after Admiral F.F. Ushakov in the city of Rostov-on-Don. In the original design, the building 
consisted of two parts, separated by an expansion joint. Optimization of each part was carried out 
separately. The offsets a1 and a2 of the middle row columns were used as variable parameters. The position 
of some columns, as well as stiffness diaphragms, was left unchanged. Performed optimization allowed to 
preserve the initial dimensions of the premises. A schematic representation of the part of the floor slab 
located to the right of the expansion joint is shown in Fig. 12. 

 
Figure 12. Schematic representation of part of the floor slab: 

  – columns whose position does not change,  – displaceable columns. 
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As before, the maximum deflection, the potential strain energy, and the reinforcement consumption 
were used as optimization criteria. The calculation was performed with the following initial data: concrete 
class B25, reinforcement class A400, plate thickness h = 20 cm, load uniformly distributed over an area 
with intensity q = 20 kPa. Fig. 13 shows the contour plot of vertical displacements for the right part of the 
slab with the basic arrangement of columns (a1 = a2 = 0). The values {wmax, W, ms} were {1.96 mm, 4.37 kJ, 
6.57 t}. 

 
Figure 13. Deflections contour plot (m) at the basic arrangement of columns. 

The optimal values of the parameters a1 and a2 obtained using three criteria, as well as the 
corresponding values {wmax, W, ms} are given in Table 2. 

Table 2. Building optimization results. 

Criterion a1, m a2, m wmax, mm W, kJ mS, t 
Minimum 
deflection 2.34 0.848 1.52 3.19 5.41 

Minimum PSE 1.35 1.51 1.61 3 5.18 
Minimum 

reinforcement 
consumption 

1.38 1.65 1.61 3.01 5.18 

 

From the Table 2 it can be seen that the results based on the criteria of minimum PSE and minimum 
consumption of reinforcement are quite close. Finally, we accepted the variant corresponding to the 
minimum PSE, since it also provides a minimum reinforcement consumption. The reinforcement 
consumption has reduced by 21.1 %, the potential strain energy by 31.4 %, and the maximum deflection 
by 17.9 %. The contour plot of vertical displacements corresponding to this arrangement of columns is 
shown in Fig. 14. 

Note that optimization based on the criterion of minimum PSE requires less machine time, since 
there is no need to determine internal forces and perform the calculation of reinforcement. 

When using the criterion of the minimum deflection, it is also not necessary to calculate the internal 
forces, but the deflection, unlike the PSE and the total reinforcement consumption, is not an integral 
characteristic of the structure efficiency. 

 

 
Figure 14. Deflections contour plot (m) at the optimal arrangement of columns. 
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4. Conclusions 
1. The methodology has been developed for determining the optimal arrangement of supports for a 

given number of them using stochastic approach based on three optimization criteria: minimum deflection, 
minimum potential strain energy and minimum reinforcement consumption. In most of the problems 
considered, these criteria give very close results. In all the examples considered, the calculation was carried 
out for a uniformly distributed load. Since the optimization methodology is based on the finite element 
method, the load can be arbitrary. 

2. The methodology for optimizing columns location by deterministic approach is proposed. For 
buildings with a rectangular grid of columns, it was found that only the pitch of the columns of the marginal 
rows can act as a variable parameter. 

3. It is shown that the stochastic method is effective with a small number of columns, and with an 
increase in their number, the efficiency decreases due to a large number of possible combinations. With a 
large number of columns, deterministic method should be used and the number of variable parameters 
should be minimized. 

4. The solution of the optimization problem for a real object is presented. During the optimization 
process, compared to the initial project, the reinforcement consumption was reduced by 21.1 %, the 
potential strain energy by 31.4 %, and the maximum deflection by 17.9 %. It is shown that of the three 
optimization criteria used, the criterion of the minimum potential strain energy is the most preferable, since 
its calculation requires less machine time and at the same time, potential energy is an integral characteristic 
of the design efficiency in contrast to the maximum deflection. It was also found that plate thickness and 
material characteristics do not affect the optimal arrangement of columns. This is because these 
parameters, if they are constant within the structure, do not affect the character of the internal forces 
distribution in the slab. 
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Abstract. The object of the study is the soil susceptible to cryogenic cracking during freezing. The formation 
of cracks creates the problems in the development of mineral deposits in northern regions with sharply 
continental climates in Europe, Asia and North America. The destructive effects of cracks on the 
construction of roads and linear structures require the prediction of cryogenic cracks. The developed 
mathematical model and the method of its use provide the prediction of the processes of frost cracks 
formation in harsh climates. The calculation algorithm realizes the procedures for the step-by-step solution 
of the spatial strength problem for a fragment of a soil mass taking into account changes in temperature 
fields and physical and mechanical properties of frozen soils over time. The given example demonstrates 
the results of predicting of cryogenic cracking of the soil in the form of graphs of stress distribution in the 
freezing massif. The calculation results illustrate the ability to predict the formation of frost cracks, the ability 
to determine the main parameters and periods of cracking. The research results can be used in the design 
of objects in the conditions of propagation of soils subjected to cracking. 

1. Introduction 
The object of research is a massif of frozen soils subjected to cryogenic cracking in cold regions. In 

articles [1–3] permafrost propagation zones in the Northern Hemisphere were identified. In [4, 5], the studies 
devoted to modeling changes in the permafrost occurrence area and changes in soil characteristics over 
time are presented. The consequences of cryogenic soil cracking are observed in the form of special relief 
forms during the formation of cracks and polygons in natural conditions on the Earth's surface, during the 
formation of ice wedges. This is confirmed by field observations in Siberia, Alaska, Canada, the European 
North and several other regions [6–10]. 

Most often, cracks occur in areas with a sharply continental climate, with a low negative average 
annual air temperature, with large amplitudes of annual air temperatures, with a small thickness of snow 
cover, on the slopes [11, 12]. The formation of cryogenic cracks is also noted in territories with seasonally 
freezing soils. The size of the seasonally thawed layer in such regions can reach 2-3 meters or more. The 
average monthly temperature of frozen rocks, for example, in the Central Transbaikalia can decrease at a 
depth of 2 m to –8 °C, at a depth of 6 m – to –4 °C [13, 14]. The listed factors affect the nature and 
magnitude of temperature stresses and strains. In this case, cracks form at approximately equal distances 
from each other in mutually perpendicular directions. So-called "polygons" that are similar in shape to 
rectangles are formed. The dimensions of "polygons" depend on moisture and other properties of soils, on 
the dynamics of changes in air temperature. With an increase in the strength of the near-surface soil layer, 
the size of the polygons increases. 

The relevance of this study is due to the fact that the northern regions of our planet are distinguished 
by large reserves of minerals. Development of regions is complicated by a number of problems associated 
with the natural conditions of the regions [14, 15]. Among the problems, one can distinguish such a 
phenomenon as cryogenic cracking. The formation of frost cracks in the soil creates serious difficulties in 
the operation of roads [16], long linear objects (pipes, cables), which are located underground [14]. There 
is a threat of damage to objects; the appearance of cracks provokes the formation of ground icing [12]. 
Thus, the relevance of studying the problem is associated with the influence of frost cracking of the soil on 
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tecnogenic objects. There is a need for reliable forecasting of crack formation and taking these phenomena 
into account when designing objects in the northern regions. 

Prediction of the processes of cryogenic cracks formation is based on previous studies in a number 
of directions of research reflected in the world literature. Crack formation processes are closely related to 
the laws of soil temperature changes. As the initial data for modeling cracks, we used the results of a study 
of the dynamics of soil temperature in the Northern regions during freezing and thawing [15, 17–21]. 
A number of authors have previously established the properties of frozen soils [22–25], including their 
strength characteristics [26, 27]. There are known studies of temperature deformations of soils with different 
properties at negative temperatures, not accompanied by the formation of frost cracks [28–30]. 

The most important element in predicting the process of fracture of porous materials and cracks 
formation is mathematical modeling. From publications devoted to modeling cryogenic cracks, we can 
distinguish works that use simple formulas. One of the first crack modeling schemes proposed by 
B.N. Dostavalov and S.E. Grechishchev, are given in article [12]. Criteria for the formation and individual 
parameters of cracks here are determined by approximate empirical formulas. A key factor in such 
techniques is the magnitude of the decrease in soil temperature in relation to its average annual 
temperature. As a condition for the formation of a cryogenic crack, the excess of temperature stresses in 
the massif over the breaking stress is considered. The possibility of cracking and their parameters is 
established depending on the properties of frozen soils, which vary in each case. 

The simple analytical expressions of stresses in the soil are used in a number of modern publications 
[14, 31, 32]. In [14, 31], the authors propose to consider frozen soil as a linearly deformable material. Based 
on the solution of the thermoelasticity problem for half-space, in [31, 32] simple expressions are formed to 
calculate the stresses in soil massif, to determine the conditions for crack formation and their parameters. 
At the same time, the number of arguments in the applied empirical formulas remains insignificant. The 
joint solution of the spatial problem of heat and mass transfer and geomechanics makes it possible to use 
a much larger number of physical-mechanical and geometric parameters, climatic characteristics. This 
should provide a more objective assessment of the development of processes in the soil, since each of the 
factors can become decisive when the condition for the formation of a crack is met. 

In article [11] a model of frost cracking was presented for a particular problem under conditions of 
the development of a slope process. Here, one-dimensional simplified heat transfer equations are used. 
The model is based on ice segregation in a previously formed crack, which can be considered as a 
secondary phenomenon. The probability of cracking during seasonal freezing in the absence of permafrost 
is confirmed. The occurrence of horizontal cracks and methods for their mathematical modeling in 
connection with the formation of lenses during ice segregation are considered in [23, 33]. In relation to the 
problem being solved, the interest here is the criteria for the rupture of frozen soil during its freezing. 

The application of the finite element method to modeling the processes of freezing and thawing in 
known articles is usually limited to solving one-dimensional or two-dimensional problems [33–35]. In 
publications [33, 34], vertical displacements of the soil surface are determined when horizontal ice lenses 
are formed in soil massif. In article [35], channel slope deformations during freezing were studied using the 
finite element method in the framework of solving a two-dimensional problem. In [13], the purpose of 
research is to assess the effect of previously formed frost cracks in the soil mass on heat and mass transfer 
processes in a separate soil block located between the cracks. In this case, the role of external factors of 
influence on the strength and deformation characteristics of frozen soil used as the foundations of structures 
is established. When calculating the thermal regime in the soil block, two-dimensional heat conduction 
equations are used. Deformations and stresses in soil blocks are determined when solving a plain problem 
for a linearly deformable medium. Thus, the criteria and parameters of the formation of emerging frost 
cracks in the last presented works are not determined. When predicting frost cracks, preference should be 
given to solving the spatial problem. This makes it possible to take into account the redistribution of internal 
stresses (taking into account Poisson's ratio), temperature and moisture flows in the elements of the design 
scheme along the directions of the three coordinate axes. This approach makes it possible to use the 
available results of long-term meteorological observations, the traditional and obligatory list of materials 
obtained as a result of engineering-geological surveys as initial data. 

The presented literature review confirms the absence of solutions to the spatial problem for assessing 
the formation of vertical frost cracks, taking into account the whole complex of external factors and the 
dynamics of the process under study. The purposes of the work are to estimate the possibility of cryogenic 
cracking of frozen soil, to develop a method for predicting the formation of cracks for various geological and 
climatic conditions. Within the framework of the indicated problem, the following tasks are solved. A correct 
mathematical model of the formation of cryogenic cracks in frozen soil is formed. A methodology for using 
the model is being developed; an analysis of the results is performed. To implement the tasks, the finite 
element method and three-dimensional elements of the soil massif are used. The calculation model 
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includes the solution of the nonlinear problem of heat and mass transfer, the nonlinear problem of 
deformation of the soil mass taking into account the dynamics of the development of processes in time. 

2. Methods 
A soil massif with specified physical and mechanical properties during the formation of cryogenic 

cracks is considered. The process of thermal deformations studying is divided into 2 stages. At the first 
stage, the dynamics of changes in temperature fields in the soil mass is determined based on the 
temperature field model. The air temperature forecast is formed on the basis of the results of long-term 
weather observations. The temperature distribution near the surface of the soil massif is determined by the 
climatic conditions of the region [20]. The temperature in the near-surface part of the soil half-space is 
determined by solving the non-stationary problem of heat and mass transfer. The solution of the equations 
of heat and mass transfer determines the values of temperature drops in the elements of the soil mass. At 
the second stage the methods of mechanics of a continuous medium are applied. The obtained values of 
temperature drops are included in the composition of the load vector at the stage of determining 
deformations and stresses in the soil mass using the software package “Lira”. In this case, temperature 
drops are parameters for loading the soil massif. 

The algorithm for solving the problem of thermomechanics is presented in Fig. 1 as a combined 
mathematical model. The formation of a combined model begins with the establishment of the geometric 
dimensions and physico-mechanical properties of the studied soil masses. The composition of the model 
includes the climatic influences model, mathematical models of heat and moisture transfer processes, 
models of changes in the stress-strain state in rocks. In connection with the increase in the number of 
factors during the selection of parameters, the significance of factors is estimated by the correlation analysis 
method. 

The most important element of the combined model is the mechanism for adjusting the basic physical 
and technical parameters of soils at each calculation step at given intervals. Fig. 1 lists the main mutual 
functional dependencies of the parameters implemented in the model. The dependences of temperature 
and humidity at individual points of the soil massif on the thermal conductivity and heat capacity of the soil 
are taken into account at the stage of solving the heat and mass transfer problem. The thermal conductivity 
and heat capacity at each step are adjusted as a function of humidity of the soil mass. Thermal deformations 
are determined taking into account the changing of coefficients of linear expansion, soil temperature and 
deformation modulus. The linear expansion coefficient is adjusted at each step as a function of temperature. 

Another important feature of the technique is the use of a spatial model. The use of such a model 
provides accounting for heat transfer and moisture transfer in the direction of three coordinate axes, 
redistribution of stresses and deformations in three directions. When solving the spatial problem, the laws 
of the theory of elasticity and plasticity, the laws of heat and mass transfer in porous media are used. An 
increase in the total number of arguments in these dependencies in comparison with the use of empirical 
formulas is intended to ensure greater reliability of the results obtained. 

The finite element method is applied. Multiple solution of the problem of continuum mechanics in 
changing conditions is performed using the modern software package “Lira”. A three-dimensional soil model 
is formed from spatial finite elements into which a soil massif with variable parameters is divided. The use 
of volumetric finite elements allows to assign different properties to each of the finite elements at different 
time intervals. A fragment of the section according to the calculation model of the soil massif with a 
breakdown into finite elements is shown in Fig. 2. The movement of the soil mass at the boundaries of the 
studied model is limited by the installation of links in nodes at the outer contour of the massif. 

The change in temperature fields in the soil mass at the considered time intervals is determined on 
the basis of the theory of unsteady heat and moisture transfer [36]. The transfer of heat and moisture in the 
soil is described by differential equations: 
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where T  is soil temperature, °С; 

W  is soil humidity, %; 
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y  is vertical coordinate, m; 

τ  is time, s; 

c  is specific thermal capacity of a soil, J/(m3⋅°C); 

ε  is phase transition criterion; 

L  is specific heat of ice crystallization, J/kg; 

wD  is coefficient of diffusion of moisture, m2/s; 

δ  is thermogradient coefficient, 1/°С; 

( )/ da c= λ ⋅ρ  is coefficient of thermal diffusivity, m2/s; 

λ  is specific thermal conductivity of a soil, W/(m⋅°C);  

dρ  is density of a dry soil, kg/m3; 

vq  is density of internal thermal sources or heat sinks, J/(m3⋅h);  

wc  is heat capacity of water, J/(m3⋅°C); 

wK  is moisture transfer coefficient, m/s; 

wρ  is density of water, kg/m3. 
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Figure 1. Scheme of dynamic modeling of the development of processes in the soil. 
Moisture transfer in the saturation zone, if it presents, is described by the well-known filtration equation.  

The heat balance equation is used in the form: 

( ) ( ) ( ) ( ) ( ) ( )11 0,s s s
p r k i

T A q q q q q
y

∂  λ ⋅ + − τ + τ − τ − τ − τ = ∂
                  (3) 

where A  is surface albedo; 

( )s
pq τ  and ( )s

rq τ  is thermal flow conditioned by direct and scattered solar radiation to the surface, 

respectively, J/m2⋅s; 

( )1
sq τ  is effective surface radiation, J/m2⋅s; 

( )kq τ , ( )iq τ  are thermal flow conditioned by convective transfer and evaporation, respectively, 

J/m2⋅s. 

The moisture balance equation is formed on the basis of the expressions given in [2, 4]. As a result, 
the conditions for the movement of moisture into the soil are proposed to be represented in the form:  

lay kr ,W I G∆ = −  if I  ≥ krI ;    lay ,W X S E G∆ = − − −  if I  < krI ;                (4) 

.w w
W TG D K
y y
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                                        (5) 

In this case, the amount of moisture supplied to the surface I  and the limiting amount of moisture 
that can be absorbed per unit of time krI  are determined from the expressions  

,I X S E= − −  w
kr

w
,qI =

ρ ⋅∆τ
                               (6) 

where X  is moisture inflow from outside, m / s; 

G  is the intensity of movement of moisture under the influence of gradients of temperature, humidity 
and gravitational forces, m / s; 

S  and E  are the intensity of runoff and evaporation of moisture, m / s; 

wq  is the maximum absorption rate during the time ∆τ , determined by the formula of I.A. Zolotar, 
kg/m2; 

layW∆  is change in moisture content in the soil layer, m / s. 

The resolving heat and moisture transfer equations take into account: heat transfer due to diffusive 
moisture transfer, phase transition criteria, moisture transfer caused by a temperature gradient, 
gravitational component of moisture transfer. The heat balance equation on the surface takes into account 
effective radiation, direct and scattered solar radiation, and heat fluxes associated with convective transport 
and evaporation. The moisture balance equation in the model takes into account evaporation, moisture 
movement associated with runoff and absorption of precipitation on the surface, moisture movement 
caused by the action of gravitational forces, temperature and humidity gradients. The interrelation of the 
constituent elements of heat and moisture balances is taken into account. The features of heat and moisture 
transfer associated with the presence of two fronts of freezing are taken into account. The mathematical 
model of heat and mass transfer used provides for the correction of parameters such as specific heat, 
thermal conductivity, moisture transfer coefficient, and others due to changes in soil temperature and 
humidity. Parameters are adjusted in the nodes and elements of the model over time. As a result, at each 
time interval, the model adapts to changing boundary conditions and the properties of its elements. 

At the stage of determining temperature deformations, the methods of continuum mechanics are 
applied. Initial information about the model includes the physicomechanical characteristics of the 
constituent elements of the soil mass, temperature gradients. When determining the internal forces in the 
soil mass, the dependences of the deformation modulus and the coefficient of linear expansion on 
temperature are taken into account. Long-period temperature fluctuations at which stresses can reach the 
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ultimate of long strength are taken into account. In the course of solving the problem of thermoelasticity 
using the software package «Lira», at lowering the temperature with a given step, the values of tensile 
stresses in the freezing soil mass are established. At some step, tensile stresses reach the breaking stress. 
In the soil model, a crack is formed by removing bonds between the finite elements of the soil massif in the 
near-surface layer. A further decrease in temperature in the algorithm for solving the problem is realized, 
and the thermoelasticity problem is solved repeatedly within a given time interval. Redistribution of stresses 
in the soil massif is reevaluated. The end of calculations is determined by the criterion of reaching the 
boundary of a given period of time. 

3. Results and Discussion 
During numerical experiments, temperature and stress fields in the soil mass were studied for the 

Central Transbaikalia region. A part of a half-space with dimensions in plan 50×50 m and a height of 5 m 
is considered as a design model. Using a larger part of the massif does not change the calculation results. 
The image of such an object is not informative, therefore it is not given, and further fragments of sections 
drawn through the half-space are used. The finite elements are prisms with dimensions in plan 1×1 m and 
heights of 0.25 and 1 m. 

The following boundary conditions are used. When solving the problem of heat and mass transfer, 
the temperature and humidity on the lower edge of the considered massif are taken constant. On the lateral 
faces, the conditions of symmetry of these parameters with respect to the faces are used. At the second 
stage, when solving the problem of geomechanics, at the boundaries of the massif, at the nodes of the 
finite element grid, links are established that are perpendicular to the planes that bound the soil massif. 

The time step for the problem of heat and mass transfer is taken equal to 4 hours, for the problem of 
geomechanics – 24 hours. A freezing soil massif composed of clay loam with a density of γ = 1.8 g/cm3 a 
Poisson's ratio of 0.3 and humidity W = 20 % is considered. The specific thermal capacity and the thermal 
conductivity of the soil in the thawed state are, respectively, c  = 2.48⋅10-6 J/(m3⋅°C), λ  = 1.1 W/(m⋅°C). 
Density of a dry soil dρ = 1400 kg/m3; coefficient of diffusion of moisture wD  = 2.8 ⋅10–8 m2/s; moisture 
transfer coefficient Kw = 0 m/s. Climatic characteristics are taken according to SP 131.13330.2018 
Construction climatology and the meteo.ru website. Variable characteristics of the frozen soil were taken 
as a function of temperature in each finite element of the model using the materials presented in 
SP 25.13330.2012 Bases and foundations on permafrost and in works [22, 24, 25, 27, 29, 37, 38]. 

The mechanism of cracking is due to a decrease in the volume of the soil as a result of its temperature 
reduction during cooling. The stresses caused by the temperature drop in the frozen soil massif are 
determined when solving the geomechanics problem using the software package “Lira”. Researchers of 
this problem traditionally consider the ultimate of long-term tensile strength as a criterion for the formation 
of cracks. The calculated stresses in each soil layer are compared with the ultimate of long-term tensile 
strength. If these stresses in the layer exceed the long-term strength limit, a crack is formed in the layer. 
For the soil considered in the example, the long-term strength limit is 259 kPa. When the stress reaches 
this value in the layer, a rupture occurs. 

Based on the results of the first stage of solving the problem, the fields of temperature and humidity 
are formed in the half-space and the physical and mechanical properties depending on them are corrected. 
The tables 1 and 2 shows the average parameters for each of the layers into which the soil massif is divided 
in the vertical direction at key stages in the development of processes associated with the formation of 
cracks. These parameters are included in the equilibrium equations solved by the finite element method 
using the software package “Lira” and are the initial data for determining the stresses and deformations in 
the considered soil mass by this software package. 

As a result of the calculations, the displacements of all nodes of the finite element network and the 
internal forces in the elements of the soil model are determined. In the process of lowering the temperature 
of the air and the upper layers of the soil massif, on November 5, tensile stresses reach 259 kPa in the 
near-surface layer of the soil. Fig. 2 shows a mosaic of stress distribution on the eve of cracking. The 
corresponding characteristics of soil elements are given in Table 1. The distance between the horizontal 
lines in all figures is 0.25 m in the near-surface layer and 1 m in the layers lying below, between the vertical 
lines – 1 m. As can be seen from the table and graphs, tensile stresses reach the breaking stress in the 
upper zone of the soil mass, taken in the calculations equal to 259 kPa [22, 27]. In the second layer from 
the surface, tensile stresses remain insignificant and reach 112 kPa. This is due to the small temperature 
difference in the indicated area. For this reason, at a depth of more than 0.25 meters, soil rupture for a 
given period of time is not predicted according to the results of calculations. Cracks are formed in the upper 
layer. 
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The distance between cracks depends on the modulus of deformation, Poisson's ratio, density, 
moisture content, coefficient of linear expansion of the soil, temperature gradient. The criterion for 
determining the distance between cracks is the absence in the upper soil layer of areas with tensile stresses 
exceeding the ultimate tensile strength of the soil after cracking. For soil with the physical and mechanical 
parameters considered in the work, this distance is 3 meters. With a larger distance between the cracks, 
this condition will not be met. The achievement of this condition is checked at the stages of lowering the 
temperature of the massif in the course of calculations. 

After the formation of cracks in the near-surface layer of the soil, the nature of the stress distribution 
in the massif changes, and the characteristics of the soil are preserved. Fig. 3 shows a mosaic of stress 
distribution in the soil after the formation of cracks. For better demonstration of the results, only typical 
fragments of the model in the area of crack formation are highlighted in the figures. As can be seen from 
the graphs, the magnitude of tensile stresses after the formation of cracks in the near-surface layer 
decreases and amounts to 253 kPa. Redistribution of stresses in the layers of the soil massif located below 
is noted. In the second row of finite elements from the top, the average stresses are 126 kPa. In the third 
row, the influence of location of cracks on the nature of stress distribution is noted. Directly under the cracks, 
the stresses are 63 kPa; in the zones remote from the cracks, they approach zero. Here, a decrease in 
stresses occurs as a result of a redistribution of the load on the layers lying above. The crack opening width 
is about 1 cm. The tensile stresses at the surface after the formation of cracks remain below the ultimate 
strength of the soil. 

With a further decrease in soil temperature on November 26, tensile stresses in some areas of the 
massif again reach the limit of long-term strength of the soil. Such areas are highlighted in Fig. 4 with a 
dark tone and are located in the second row of finite elements from the surface. Average stresses in the 
upper and third layers from the surface do not exceed 129 kPa. The characteristics of the soil are presented 
in Table 2.  

In weakened sections, the cracks continue to deepen, and already the second row of finite elements 
in the model is subject to rupture. The nature of stress distribution in the elements is shown in Fig. 5. After 
the development of cracks in depth, unloading zones with stresses up to 48 kPa are observed near the 
cracks in the upper row of soil elements. At the same time, stresses of about 96 kPa remain in the middle 
part of the polygons. In the second layer weakened by cracks, the stresses decrease to 192 kPa. Under 
the cracks, due to the weakening of the section, the load is taken by the elements of the third row, where 
the stresses reach 168 kPa. In the elements at some distance from the cracks, the stresses in the third 
layer decrease to 120 kPa. In a soil massif that does not experience large temperature drops, tensile 
stresses remain small. 

 

 
Figure 2. Distribution of stresses in the soil massif as of November 5 before crack formation 

(The numerical values on the color scale are given in kPa). 

 

 
Figure 3. Distribution of stresses in the soil massif after the formation of cracks 

(The numerical values on the color scale are given in kPa). 

Figure 4. Distribution of stresses in the soil massif after the formation of cracks  
and with a further decrease in temperature as of November 26 

(The numerical values on the color scale are given in kPa). 
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Table 1. Soil characteristics at different depths of the massif as of November 5. 

Layer 
number 

Layer 
thickness, m 

Depth of the bottom 
of the layer, m 

Average 
temperature in 
the layer, °C 

Temperature 
difference in the 

layer, °C  

Deformation 
modulus, MPa 

Coefficient of 
thermal expansion, 

 10-6 (°C)-1 

Maximum stress in the soil massif, kPa 

Before cracking After the formation 
of cracks 

1 0.25 0.25 -8.2 -7.7 160 150 259 253 
2 0.25 0.5 -3.3 -2.8 150 190 112 126 
3 0.25 0.75 -0.5 0 25 380 0 63 
4 0.25 1 -0.5 0 25 380 0 63 
5 1 2 -0.5 0 25 380 0 0 
6 1 3 -0.6 -0.1 25 380 0 0 
7 1 4 -1 -0.5 25 380 0 0 
8 1 5 -1.1 -0.6 25 380 0 0 
9 1 6 -1.2 -0.7 25 380 0 0 

 
Table 2. Soil characteristics at different depths of the massif as of November 26. 

Layer 
number 

Layer 
thickness, m 

Depth of the bottom 
of the layer, m 

Average 
temperature in the 

layer, °C 

Temperature 
difference in the 

layer, °C 

Deformation 
modulus, MPa 

Coefficient of 
thermal expansion, 

 10-6 (°C)-1 

Maximum stress in the soil massif, kPa 

Before cracking After the formation 
of cracks 

1 0.25 0.25 –17.6 –17.1 170 30 129 96 
2 0.25 0.5 –8.4 –7.9 160 150 259 192 
3 0.25 0.75 –3.5 –3 150 190 129 168 
4 0.25 1 –2.4 –1.9 150 190 65 48 
5 1 2 –1 –0.5 25 380 0 0 
6 1 3 –0.5 0 25 380 0 0 
7 1 4 –0.7 –0.2 25 380 0 0 
8 1 5 –1 –0.5 25 380 0 0 
9 1 6 –1.2 –0.7 25 380 0 0 
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Figure 5. Distribution of stresses in the soil massif after deepening cracks up to 0.5 m 
(The numerical values on the color scale are given in kPa). 

To evaluate the effectiveness of the used model of cryogenic cracking, the author compared the 
results obtained with the results obtained previously for similar conditions by the methods of Grechishchev 
and Dostalov and with the observations of these authors [12]. In both cases, the results establish the likely 
formation of cracks in November with an opening width of about 1 cm. The obtained parameters of crack 
formation correspond to the results of observations in the region in open areas without snow cover [12]. 
The advantage of the proposed method lies in the fact that in addition to determining individual parameters 
of cracks formation (opening width, distance between cracks); time factors are taken into account. There is 
an opportunity to track the dynamics of the processes of deformation of the soil massif over a given period 
of time under various variants of climatic influences. 

The models of frost cracking under consideration have a wide range of uses. They can be applied in 
practice when predicting their possible development in regions with sharply continental climate, where this 
phenomenon is common. Such estimates are of great importance in the construction of roads, airfields, 
hydraulic structures, pipelines and other engineering facilities. Crack formation models can also be used to 
predict the ground icing formation. 

4. Conclusions 
1. A mathematical model of the formation of cryogenic cracks in the soil mass has been formed, It 

reflects the thermomechanical and geomechanical processes in the freezing soil, taking into account the 
dynamics of their development. The mathematical model is distinguished by the use of the finite element 
method and three-dimensional elements of the soil massif, periodic adjustment of the model parameters in 
conditions changing with time. 

2. A methodology to assess the likelihood of cryogenic cracks formation in the conditions of 
continuously changing soil parameters and external influences over time has been developed. In contrast 
to the known techniques, the joint solution of the problems of geomechanics and heat and mass transfer 
as part of the spatial problem allows one to take into account the redistribution of internal forces, 
temperature and moisture flows in the soil mass along the directions of three coordinate axes. The 
advantages of the methodology are the adjustment of parameters, the use of a large number of parameters 
in comparison with other known methods, the use of soil characteristics in the model, traditionally obtained 
during engineering and geological surveys. 

3. Based on the results of calculations, the nature of the distribution of stresses in the massif at 
different stages of the formation and development of frost cracks at the soil surface was established within 
the selected dimensions of the soil layers and the time step. The resulting displacements of nodes and 
internal forces in the elements presented in sections drawn through the middle of the polygons take into 
account the dynamics of the formation of cracks in the soil mass within a given period of time. The analysis 
of the obtained results confirms the possibility of predicting the formation of cryogenic cracks and 
determining their parameters in the northern regions by the proposed method. The obtained results of 
predicting the cryogenic soil cracking in November are consistent with observations in the region. 

4. Since the formation of cracks poses a threat of damage to objects, the values of temperature 
deformations and stresses arising from this, of course, should be taken into account in the design 
calculations as a temporary load in the conditions of permafrost propagation in regions with low 
temperatures. The proposed technique allows to prevent the threat of damage to objects. 

References 
1. Obu, J., Westermann, S., Bartsch, A., Berdnikov, N., Christiansen, H., Dashtseren, A., Delaloye, R., Elberling, B., Etzelmuller, B., 

Kholodov, A., Khomutov, A., Kaab, A., Leibman, M., Lewkowicz, A., Panda, S., Romanovsky, V., Way, R., Westergaard-Nielsen, 
A., Wu, T., Yamkhin, J., Zou, D. Northern Hemisphere permafrost map based on TTOP modelling for 2000–2016 at 1 km2 scale. 
Earth-Science Reviews. 2019. No. 193. Pp. 299–316. DOI: 10.1016/j.earscirev.2019.04.023 

2. Czekirda, J., Westermann, S., Etzelmuller, B., Johannesson, T. Transient Modelling of Permafrost Distribution in Iceland. Frontiers 
in Earth Science. 2019. No. 7. Article 130. DOI: 10.3389/feart.2019.00130 

3. Magnin, F., Etzelmuller, B., Westermann, S., Isaksen, K., Hilger, P., Hermanns, R. Permafrost distribution in steep rock slopes in 
Norway: measurements, statistical modelling and implications for geomorphological processes. Earth Surface Dynamics. 2019. 
No. 7. Pp. 1019–1040. DOI: 10.5194/esurf-7-1019-2019 



Magazine of Civil Engineering, 104(4), 2021 

Stetjukha, V.A. 

4. Luo, J., Yin, G., Niu, F., Lin, Z., Liu, M. High Spatial Resolution Modeling of Climate Change Impacts on Permafrost Thermal 
Conditions for the Beiluhe Basin, Qinghai-Tibet Plateau. Remote Sensing. 2019. 11(11). P. 1294. DOI: 10.3390/rs11111294 

5. Tao, J., Koster, R., Reichle, R., Forman, B., Xue, Y., Chen, R., Moghaddam, M. Permafrost variability over the Northern 
Hemisphere based on the MERRA-2 reanalysis. The Cryosphere. 2019. No. 13. Pp. 2087–2110. DOI: 10.5194/tc-13-2087-2019 

6. Alekseev, V.R. Indicator geometry of cryogenic landscapes. Advances in Biology and Earth Sciences. 2017. 2(1). Pp. 73–84. 
http://jomardpublishing.com/UploadFiles/Files/journals/ABES/V2N1/AlekseevV.pdf 

7. Khimenkov, A.N., Sergeev, D.O., Vlasov, A.N., Kozireva, E.A., Rybchenko, A.A., Svetlakov, A.A. Contemporary and paleo-
cryogenic formations on Olkhon island. Earth's Cryosphere. 2015. 19(4). Pp. 48–57. 

8. Kade, A., Walker, D. Experimental Alteration of Vegetation on Nonsorted Circles: Effects on Cryogenic Activity and Implications 
for Climate Change in The Arctic. Arctic, Antarctic, and Alpine Research. 2008. 40(1). Pp. 96–103.  
DOI: 10.1657/1523-0430(06-029)[KADE]2.0.CO;2 

9. Streletskaya, I.D. Soil wedge structures in the southern coast of the Finland Gulf. Kriosfera Zemli. 2017. 21(1). Pp. 3–10. 
DOI: 10.21782/EC2541-9994-2017-1(3-10) 

10. Matsuoka, N, Christiansen, H., Watanabe, T. Ice‐wedge polygon dynamics in Svalbard: Lessons from a decade of automated 
multi‐sensor monitoring. Permafrost and Periglac Process. 2018. No. 29. Pp. 210–227. DOI: 10.1002/ppp.1985 

11. Andersen, J.L., Egholm, D.L., Knudsen, M.F., Jansen, J.D., Nielsen, S.B. The periglacial engine of mountain erosion – Part 1: 
Rates of frost cracking and frost creep. Earth Surf. Dynam. 2015. No. 3. Pp. 447–462. DOI: 10.5194/esurf-3-447-2015 www.earth-
surf-dynam.net/3/447/2015/ 

12. Stetyukha, V.A. Prognozirovaniye obrazovaniya naledey pri vozdeystviyakh fizicheskikh protsessov gornogo proizvodstva na 
okruzhayushchuyu sredu [Prediction of ice formation during environmental impacts of mining processes]. Gornyj informasionno-
analiticheskij byulleten. 2006. No. 8. Pp. 43–46. (rus) 

13. Khudyakova, A.A., Gubaydullin, M.G., Konyukhov, A.V. Model deyatelnogo sloya mnogoletnemerzlykh porod s morozoboynymi 
treshchinami i usovershenstvovaniye metodiki rascheta napryazhenno-deformirovannogo sostoyaniya gruntovykh osnovaniy [A 
model of the permafrost active layer with frost cracks and improvement of the methodology for calculating the stress-strain state 
of soil bases]. Vestnik MGTU. 2010. Vol. 13. 4(1). Pp. 810–815. (rus) 

14. Burgonutdinov, A.M., Yushkov, B.S. Uchet morozoboynykh treshchin pri stroitelstve truboprovodov [Accounting for frost cracks in 
the construction of pipelines]. Zashchita okruzhayushchey sredy v neftegazovom komplekse. 2011. No 7. Pp. 39–43. (rus) 

15. Frolov, V. Some problems of buildings and structures service within permafrost area. Procedia Engineering. 2016. No. 165. 
Pp. 385–393. DOI: 10.1016/j.proeng.2016.11.714 https://www.sciencedirect.com/science/article/pii/S1877705816-340759 

16. Burmistrova, O.N., Burgonutdinov, A.M., Pilnik, Yu.N. Mekhanizm obrazovaniya morozoboynykh treshchin na avtomobilnykh 
dorogakh, ekspluatiruyemykh v umerenno-kontinentalnom klimate [The mechanism of formation of frost cracks on roads operated 
in temperate continental climate]. Lesotekhnicheskiy zhurnal. 2016. No 4. Pp. 133–138. DOI: 10.12737/23446 
http://lestehjournal.ru/journal/2016/no-4/ (rus) 

17. Tran, A.P., Dafflon, B., Hubbard, S.S. Coupled land surface-subsurface hydrogeophysical inverse modeling to estimate soil 
organic carbon content and explore associated hydrological and thermal dynamics in the Arctic tundra. The Cryosphere. 2017. 
11(5). Pp. 2089-2109. 

18. Westermann, S., Peter, M., Langer, M., Schwamborn, G., Schirrmeister, L., Etzelmuller, B., Boike, J. Transient modeling of the 
ground thermal conditions using satellite data in the Lena River delta, Siberia. The Cryosphere. 2017. 11(3). Pp. 1441–1463. 
DOI: 10.5194/tc-11-1441-2017 

19. Wang, C., Wu, D., Kong, Y., Li, R., Shi, H. Changes of soil thermal and hydraulic regimes in northern hemisphere permafrost 
regions over the 21st century. Arctic Antarctic and Alpine Research. 2017. 49(2). Pp. 305–319. 

20. Li, A., Xia, C., Bao, C., Yin, G. Using MODIS Land Surface Temperatures for Permafrost Thermal Modeling in Beiluhe Basin on 
the Qinghai-Tibet Plateau. Sensors. 2019. No. 19. P. 4200. DOI: 10.3390/s19194200.  

21. Westermann, S., Ostby, T.I., Gisnas, K., Schuler, T.V., Etzelmuller B. A ground temperature map of the North Atlantic permafrost 
region based on remote sensing and reanalysis data. The Cryosphere. 2015. No. 9. Pp. 1303–1319.  
DOI: 10.5194/tc-9-1303-2015  

22. Akagawa, S., Nishisato, K. Tensile strength of frozen soil in the temperature range of the frozen fringe. Cold Regions Science and 
Technology. 2009. No. 57(1). Pp. 13–22. DOI: 10.1016/j.coldregions.2009.01.002  

23. Kang, Y., Liu, Q., Huang, S., Liu, X. Theoretical and numerical studies of crack initiation and propagation in rock masses under 
freezing pressure and far-field stress. Journal of Rock Mechanics and Geotechnical Engineering. 2014. 6(5). Pp. 466–476. 
DOI: 10.1016/j.jrmge.2014.05.004 

24. Zhang, B., Han, C., Yu, X. A non-destructive method to measure the thermal properties of frozen soils du ring phase transition. 
Journal of Rock Mechanics and Geotechnical Engineering. 2015. No. 7. Pp. 155–162. DOI: 10.1016/j.jrmge.20-15.03.005.  

25. Rasmussen, L., Zhang, W., Hollesen, J., Cable, S., Christiansen, H., Jansson, P-E., Elberling, B. Modelling present and future 
permafrost thermal regimes in Northeast Greenland Cold Regions. Science and Technology. 2018. No. 146. Pp. 199–213. 
www.elsevier.com/locate/coldregions 

26. Wang, P., Zhou, G. Frost-heaving pressure in geotechnical engineering materials during freezing process. International Journal 
of Mining Science and Technology. 2018. 28(2). Pp. 287–296. https://www.sciencedirect.com/science/article/pii/S20-
95268617300034 

27. Zhang, Z., Ma, W., Feng, W., Zhao, S., Roman, L.T. The freeze-thaw cycles-time analogy method for forecasting long-term frozen 
soil strength. Measurement. 2016. No. 92. Pp. 483–488. DOI: 10.1016/j.measurement.2016.06.044 
https://www.researchgate.net/publication/304401244 

28. Luo, L., Zhuang, Y., Zhang, Y., Ma, W., Zhang, Z., Mu, Y., Yang, J., Cao, X., Liang, S. Freeze/thaw-induced deformation 
monitoring and assessment of the slope in permafrost based on terrestrial laser scanner and GNSS. Remote Sensing. 2017. 9(3). 
P. 198. 

29. Roman, L.T., Merzlyakov, V.P., Maleeva, A.N. Thermal deformation of frozen soils: role of water and gas saturation. Kriosfera 
Zemli. 2017. 21(3). Pp. 23–29. 

30. Marmy, A., Salzmann, N., Scherler, M., Hauck, C. Permafrost model sensitivity to seasonal climatic changes and extreme events 
in mountainous regions. Environmental Research Letters. 2013. 8(3). Pp. 35–48. 



Magazine of Civil Engineering, 104(4), 2021 

Stetjukha, V.A. 

31. Merzlyakov, V.P., Sergeyev, D.O. Otsenka opasnosti vozniknoveniya morozoboynykh treshchin dlya oblastey s rezko 
kontinentalnym klimatom [Frost crack risk assessment for areas with sharply continental climate] Analiz, prognoz i upravleniye 
prirodnymi riskami v sovremennom mire: materialy 9-y Mezhdunarodnoy nauchno-prakticheskoy konferentsii «GEORISK–2015» 
[Analysis, forecast and management of natural risks in the modern world: materials of the 9th International Scientific and Practical 
Conference “GEORISK-2015”]. M.: RUDN, 2015. No. 2. Pp. 486–492. http://geoenv.ru/conferences/georisk-2015/georisk-2.pdf 
(rus) 

32. Burgonutdinov, A.M., Yushkov, B.S., Burmistrova, O.N. Metodika obrazovaniya morozoboynykh treshchin na avtomobilnykh 
dorogakh i sposoby borby s etim yavleniyem [Methodology for the formation of frost cracks on roads and methods of dealing with 
this phenomenon]. Fundamentalnyye issledovaniya. 2014. 8(2). Pp. 285–289. (rus) 

33. Thomas, H.R., Cleall, P., Li, Y.-C., Harris, C., Kern-Luetschg, M. Modelling of cryogenic processes in permafrost and seasonally 
frozen soils. Geotechnique. 2009. 59(3). Pp. 173–184. DOI: 10.1680/geot.2009.59.3.173 

34. Haxairea, A., Aukenthalera, M., Brinkgreve, R.B.J. Application of a Thermo-Hydro-Mechanical Model for Freezing and Thawing. 
Procedia Engineering. 2017. No. 191. Pp. 74–81. DOI: 10.1016/j.proeng.2017.05.156. http://pure.tudelft.nl/ws/files/227-
87927/1_s2.0_S1877705817322968_main.pdf 

35. Wang, E.L., Fu, Q., Liu, X.C., Li, T.X, Li, J.L. Simulating and validating the effects of slope frost heaving on canal bed saturated 
soil using coupled heat-moisture-deformation model. International Journal of Agricultural and Biological Engineering. 2017. 10(2). 
Pp. 184–193. DOI: 10.3965/j.ijabe.20171002.2551 

36. Stetyukha, V.A. Sovershenstvovaniye modeley perenosa tepla i vlagi pri otsenke vozdeystviy gornogo proizvodstva na porody v 
usloviyakh yuzhnogo Zabaykalya [Improving models of heat and moisture transfer in assessing the impacts of mining on rocks in 
southern Transbaikalia]. Gornyy informatsionno-analiticheskiy byulleten. 2004. № 10. Pp. 71–74. (rus) 

37. Merzlyakov, V.P. Koeffitsiyent teplovogo rasshireniya kak kharakteristika merzlykh gruntov [Thermal expansion coefficient as a 
characteristic of frozen soils]. Geoekologiya. 2012. No. 2. Pp. 159–167. (rus) 

38. Roman, L.T., Kotov, P.I., Tsarapov, M.N. Deformation Modulus of Frozen Ground in Compression Tests. Soil Mechanics and 
Foundation Engineering. 2016. 53(5). Pp. 357–363. 

 

Contacts: 

Vladimir Stetjukha, stetjukha_chita@mail.ru 
 
 
 

© Stetjukha, V.A., 2021 



Magazine of Civil Engineering. 2021. 104(4). Article No. 10406 

Zhao, Q.Q., Zhang, H.T., Fediuk, R.S., Wang, J.W., Fu, Q. Freeze-thaw damage model for cement pavements in 
seasonal frost regions. Magazine of Civil Engineering. 2021. 104(4). Article No. 10406. DOI: 10.34910/MCE.104.6 

 This work is licensed under a CC BY-NC 4.0 

 

 
ISSN 

2712-8172 
Magazine of Civil Engineering 

journal homepage: http://engstroy.spbstu.ru/ 
 

DOI: 10.34910/MCE.104.6 

Freeze-thaw damage model  
for cement pavements in seasonal frost regions 

Q.Q. Zhaoa, H.T. Zhangb, R.S. Fediukc, J.W. Wangd, Q. Fua*  
a Northeast Agricultural University, Harbin Heilongjiang, China 
b China Communications First Public Bureau Highway Survey and Design Institute Co., Ltd., Urumqi City, 
China, 
c Far Eastern Federal University, Vladivostok, Russia 
d Harbin Dongan Automobile Engine Manufacturing Co., Harbin Heilongjiang, China 
*E-mail: fuqiang@neau.edu.cn 

Keywords: concrete, pavement, numerical model, regression analysis, mechanical performance 

Abstract. In order to evaluate the damage of cement concrete pavement after the freeze-thaw cycle in the 
seasonal frozen area, it is determined that the dynamic elastic modulus and flexural tensile strength by 
analyzing the influence of the freeze-thaw on the concrete performance. The two indexes are most sensitive 
to the evaluation of the freeze-thaw damage of the pavement. Based on regression analysis method, two 
freeze-thaw damage models based on two indexes are established, and the goodness of fit and significance 
state of the model are tested. The applicable conditions of the two models are determined by response 
surface test method. The validity of the model is verified by comparing the prediction results of the existing 
model. The results show that when the water cement ratio is 0.450.48, the gas content is 1 % – 4 %, and 
the freezing temperature is – 15 °C – 25 °C. The model based on dynamic elastic modulus index has the 
best evaluation effect. When the water cement ratio is 0.4–0.46, the gas content is 1–3.5, and the freezing 
temperature is below – 5 °C, the model based on the flexural tensile strength index has the best evaluation 
effect. The explainable parts of the two models are 99.1 % and 99.2 % respectively, and the fitting degree 
of the damage evaluation value and the measured damage value is 0.997 and 0.998 respectively. The 
model has a good fitting degree. The evaluation effect of the model is better than that of the existing model. 
The determination of the model is of great significance to the future pavement maintenance work. 

1. Introduction 
Freeze-thaw damage has a significant influence on the mechanical properties of concrete. It is a 

representative index to evaluate the durability of concrete. After freezing-thawing damage, the surface of 
cement concrete pavement will produce peeling, pockmarked surface, exposed surface and other 
phenomena, and internal diseases such as strength decline, frost resistance and permeability reduction will 
occur, which will seriously affect the driving safety and service life of cement concrete pavement [1]. 
Therefore, reasonable evaluation of freezing-thawing damage of cement concrete pavement is of great 
significance to improve traffic safety and extend the service life of pavement [2–4]. 

The research on freeze-thaw damage of concrete started earlier at home and abroad, and the 
research results focus on studying the influence of freezing-thawing cycle on different types of concrete or 
the attenuation law of mechanical properties of concrete under freezing-thawing action. Alsaif [5] designed 
the rapid freeze-thaw test, compared the damage degree of three kinds of freeze-thaw media to concrete, 
and established the relative residual compressive strength and flexural strength attenuation equations 
based on the relative dynamic elastic modulus, which can be used to calculate the compressive strength 
and flexural strength, but cannot directly calculate the damage degree of concrete. Smith et al [6–8] 
analyzed the difference of frost resistance between recycled concrete and ordinary concrete, and 
concluded that the strength grade has a greater impact on recycled concrete, but the strength is only a part 
of the mechanical properties of concrete, which is not enough to be the only index reflecting the state of 

https://creativecommons.org/licenses/by-nc/4.0/
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freeze-thaw failure. Nayak [9] analyzed the characteristics of freeze-thaw damage of concrete, and 
confirmed that the freeze-thaw damage of concrete is similar to fatigue. The number of freeze-thaw cycles 
is random under certain damage, but it is only qualitative analysis, and no calculation method of damage 
is proposed. Grubesa et al [10, 11] used the dynamic triaxial repeated loading method to test the dynamic 
elastic modulus of subgrade soil, and determined that the dynamic elastic modulus is significantly affected 
by freeze-thaw, but there is no comparative analysis with other mechanical performance indexes. Fursa et 
al [12–15] established the concrete freeze-thaw compression failure model based on the improved kupfer-
gerstle criterion, which can obtain the compressive strength loss of concrete under different freeze-thaw 
cycles. However, the freeze-thaw action can damage both the flexural strength and the tensile strength, so 
the concrete damage model established only based on the compressive strength is not practical. Tianjun 
et al [16–20] studied the damage mechanism of concrete holes structure under the coupling environment 
of fatigue load and freeze-thaw cycle, but did not establish the relationship between damage amount, load 
and freeze-thaw times. 

Although the above research deeply analyzes the influence of freeze-thaw damage on various 
performance indexes of concrete, most of them are based on indoor tests, and do not take into account the 
actual damage condition of cement concrete road affected by freeze-thaw under the effect of climate in the 
seasonal freezing area. Moreover, most of them only use one model to evaluate the index, and the damage 
model established is low accuracy. Therefore, the freeze-thaw damage model of cement concrete 
pavement suitable for the seasonal freezing area needs to be further improved. 

In this study, the freeze-thaw damage index is determined by comparing the influence degree of the 
concrete performance index affected by the freeze-thaw action. Based on the actual investigation data of 
the typical roads in the seasonal frost regions, the freeze-thaw damage model is established, and the 
applicable conditions of the model are determined through the test, to achieve the purpose of establishing 
the freeze-thaw damage model of the cement concrete pavement suitable for the seasonal frost regions. 

2. Methods 
2.1. Parameter determination of freeze-thaw damage evaluation model 

The indexes for evaluating freezing-thawing damage of cement concrete pavement include dynamic 
elastic modulus, mass change rate, water absorption rate, flexural strength, compressive strength and 
crimp-compression ratio [21–25], among them, the mass change rate is the ratio of the mass change value 
before and after freezing and thawing to the mass before freezing and thawing, from which model 
parameters for evaluating freezing-thawing damage of cement concrete pavement in seasonal frost regions 
are selected. According to the test of Sun ming et al [26–29], the binder is CEM I 42.5 N; the coarse 
aggregate is gravel and pebble with the nominal particle size is 5-20 mm, the apparent density is 
2808 kg/m3; the fine aggregate is natural river sand with the nominal diameter is less than 4.75 mm. Water 
is a common life in Harbin, Heilongjiang Province, China. The concrete strength grade is C30; the concrete 
mix ratio is shown in Table 1. Analyze the concrete performance attenuation data obtained through the test, 
and compare the changes of the above six indexes under the condition of gradually increasing freeze-thaw 
cycles, as shown in Fig. 1 and Fig. 2. 

Table 1. Mix proportion of concrete. 

Code W/C 
Mix proportion of concrete (kg/m³) 

Сement Coarse aggregate Fine aggregate Water 
NC 0.48 358.34 1096.75 598.42 183 

 

In Fig. 1, with the increasing number of freeze-thaw cycles, the relative dynamic modulus of elasticity 
and relative compressive strength are reduced, and the loss of relative dynamic modulus of elasticity is 
more serious, reaching a loss rate of 40 % before 150 cycles. The reason is that the freeze-thaw action 
makes the pores of concrete larger, the compactness worse and the strength loss increased. After the 
pores of concrete are damaged, the cracks expand greatly, which makes the dynamic elastic modulus drop 
sharply. Because the compression failure of concrete belongs to the whole failure and the dynamic elastic 
the weakest plane controls modulus, the loss of dynamic elastic modulus will be more significant than the 
loss of compressive strength. The curve of bending tensile strength is observed. During the increase of 
freeze-thaw cycles, the bending tensile strength decreased sharply until it was completely lost. Compared 
with the curve of relative dynamic modulus of elasticity, when the decrease of relative dynamic modulus is 
less than 10 %, the flexural strength is reduced by 23 %, which shows that the flexural strength is very 
sensitive to freeze-thaw cycle. The compression ratio is basically the same before 100 times of freeze-thaw 
and increases gradually in the later stage of freeze-thaw, because the reduction of flexural strength of 
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concrete after multiple times of freeze-thaw is greater than the reduction of compressive strength, and the 
compression ratio will increase. 

In Fig. 2, the mass change rate does not change significantly before the number of freeze-thaw 
cycles reaches 125, and it tends to increase after more than 125 cycles. The reason is that in the early 
stage of freeze-thaw cycle, although the concrete test block absorbs water, the amount of surface debris 
peeling is less, and the mass will increase. In the later stage of freeze-thaw, the internal cohesion of 
concrete will decrease, and the mass of water absorbed is less than that of peeling debris. The rate of 
change in this mass has increased. The water absorption has no significant change in the freeze-thaw test 
of concrete, because the water absorption can help to reflect the degree of internal water saturation of 
concrete structure. After the number of freeze-thaw cycles reaches 100, the concrete does not appear 
serious peeling and fracture phenomenon, and the water absorption will reach a balance state. 

Therefore, in the process of freeze-thaw cycle times increasing from 0 to 200, there is no significant 
difference between the two node values of mass change rate, water absorption rate and compression fold 
ratio. In the process of freeze-thaw cycle times increasing, the curve fluctuates up and down, the trend of 
change is uncertain, and the three indexes do not reflect the clear law affected by freeze-thaw cycle. 

 
Figure 1. Changes of relative value 

and compression ratio. 
Figure 2. Change of mass change rate 

and water absorption rate. 
Based on the above analysis, among the six indexes of freeze-thaw damage evaluation, the change 

level of mass change rate, water absorption rate, compression ratio and compressive strength affected by 
freeze-thaw cycle is relatively low, so the freeze-thaw damage cannot be accurately evaluated, while the 
dynamic elastic modulus and bending tensile strength are relatively affected by freeze-thaw cycle. 

In order to select the most suitable freeze-thaw damage model parameters, the dynamic elastic 
modulus and flexural tensile strength were further compared. In order to avoid misleading the test results 
by a single concrete grade, under the freeze-thaw test conditions such as Sunming [26–29], take C40 
concrete as an example, the dynamic modulus of elasticity and flexural strength are compared with each 
other in the case of increasing freeze-thaw cycles, as shown in Fig. 3. 

 
Figure 3. Comparison of dynamic modulus loss rate and flexural strength loss rate. 
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In Fig. 3, with the increase of freeze-thaw cycles, the loss rate of dynamic modulus of elasticity and 
the loss rate of flexural strength increase gradually. Before 150 freeze-thaw cycles, the loss rate of flexural 
strength is greater than the loss rate of dynamic modulus of elasticity. After 150 freeze-thaw cycles, the 
loss rate of dynamic modulus begins to lead, and the growth trend of the loss rate of flexural strength slows 
down gradually. The reason is that the increase of the number of freeze-thaw cycles makes the number of 
cracks in concrete accumulates and the width of cracks expand gradually. The dynamic modulus loss rate 
in the later stage of freeze-thaw has the most rapid growth trend, so the dynamic modulus loss rate curve 
shows a quadratic function trend. However, the internal cohesive force of concrete declines rapidly in the 
early stage of freeze-thaw, at this time, the loss rate of flexural tensile strength has the most significant 
growth trend. When the cohesive force drops to a certain extent, the loss rate of flexural tensile strength 
has a gradual growth trend. 

Based on the above analysis, the flexural strength and dynamic modulus of elasticity can reflect the 
damage state of concrete in the early stage and the later stage respectively. Therefore, in order to evaluate 
the freeze-thaw damage state reasonably, the dynamic elastic modulus and flexural strength should be 
taken as parameters to establish the freeze-thaw damage model respectively. 

2.2. Establishment of freeze-thaw damage model 
According to the above analysis results, the dynamic elastic modulus and flexural strength can 

reasonably reflect the damage state of concrete structures, and they are easy to detect. Therefore, dynamic 
elastic modulus index and flexural tensile strength index are taken as damage variables, and regression 
analysis is carried out through statistical package for Social Sciences (SPSS) software to determine the 
coefficient of parameters, and freeze-thaw damage models of cement concrete pavement in seasonal frost 
regions are established respectively. From the typical sections in the seasonal frost regions, 18 sections of 
three highways, including A, B and C, are selected for core sampling, and the dynamic elastic modulus and 
flexural strength data of the samples were measured. 120 sets of measurement data of 12 sections were 
applied to establish the model, and 60 sets of measurement data of the remaining 6 sections were used for 
model verification. 

2.2.1. Dynamic elastic modulus damage model 
According to the definition of damage mechanics of concrete [22], the damage variable of concrete 

is defined as: 

1 1
0

END ErE
= − = −                                  (1) 

Where: EN is the dynamic elastic modulus of concrete when the number of freezing-thawing cycles 
is N, E0 is the dynamic elastic modulus of concrete when the number of freezing-thawing cycles is 0, and 
Er is the relative dynamic elastic modulus. 

Due to the cement concrete pavement in the climate environment of the seasonal frost regions is 
more sensitive to the freeze-thaw effect than the concrete specimens in the laboratory, the accuracy of the 
model in equation (1) to evaluate the freeze-thaw damage is insufficient. In Fig. 3, the change curve of the 
loss rate of dynamic modulus of elasticity is in the form of quadratic function. Therefore, the damage model 
in the form of primary function in equation (1) is improved to the damage model in the form of quadratic 
function, and the freeze-thaw damage model based on relative dynamic elastic modulus is established as 
follows: 

2D aE bE cr r= + +                                   (2) 

where: a, b and c are coefficients, and Er is relative dynamic elastic modulus. 

According to the above data, using SPSS (Statistical Product and Service Solutions) analysis 
method, take Er as the independent variable and D as the dependent variable to carry out nonlinear 
regression analysis of the model. The significance test results of the model are shown in Table 2. The 
regression mean square value is 279 times of the residual mean square value; F value is 404.766, which 
indicates that the change of dependent variable is caused by the change of independent variable rather 
than the test error. The explanation of independent variable to dependent variable is high, Sig. value value 
is 0.002, less than 0.05, which indicates that the secondary regression of model is significant, and 
regression model can be established between independent variable and dependent variable. 
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Table 2. Regression model of ANOVA. 
 Sum of Squares df Mean Square F Sig. 

Regression 0.558 2 0.279 404.766 0.002 
Residual 0.003 5 0.001   

Total 0.561 7    

 

After the F-test shows that the linear model can be established, it is necessary to determine whether 
the influence of independent variables on the dependent variables is significant, so the significance test 
should be carried out on the regression coefficient. The significance test of the regression coefficient is 
shown in Table 3. The absolute value of the critical value t of the bilateral test is all greater than the 
significance level, and the Sig. value is less than 0.05, indicating that the independent variable has 
significant influence on the dependent variable, so both coefficients are retained in the model. 

Table 3. Coefficient of regression model. 

Parameter 
Partial 

regression 
coefficient 

Partial regression 
coefficient standard 

error 

Standardized partial 
regression coefficient t Sig. 

a 1.023 0.167 1.192 6.116 0.002 
b -2.280 0.207 -2.146 -11.013 0.015 

Constant 1.257 0.057  21.994 0.007 

 

The results of goodness of fit test are shown in Table 4. R2 is the decisive coefficient of dependent 
variable and independent variable, and R2 is adjusted to the ratio of mean square deviation to eliminate the 
influence of the number of independent variables. The closer R2 and R2 are to 1, the better the fitting effect 
of regression equation is. The adjusted R2 of the model is 0.991, close to 1, and the error of standard 
estimation is only 0.026, which indicates that the goodness of fit of the model is high, and the dependent 
variable can be accounted for 99.1 % of the model interpretation. 

Table 4. Summary of regression models. 
R2 Adjust R2 Standard est imated error 

0.994 0.991 0.026 
 

The model can be obtained by substituting the coefficient value into equation (2): 
21.023 2.28 1.257r rD E E= − +                                3) 

2.2.2. Bending tensile strength damage model 
According to the research results of ShenYin [30] on the loss state of flexural tensile strength under 

different freeze-thaw cycles, the number of freezing-thawing cycles is in direct proportion to the loss rate of 
flexural strength. Therefore, if the number of freezing-thawing cycles is N times, the flexural strength is a 
differentiable function (fN), and the constant is λ1, then the expression for the loss rate of flexural strength 
when the number of freezing-thawing cycles is N to N + △N is: 

( ) ( )
( ) 1

f N N f N
N

f N
+ ∆ −

= ∆λ                                 (4) 

Deformation can be obtained: 

( ) ( ) ( )1f N N f N Nf N+ ∆ − = ∆λ                                (5) 

Can become: 

( ) ( )1
df N

f N
dN

= λ                                       (6) 

By integrating equation (6), we can obtain: 



Magazine of Civil Engineering, 104(4), 2021 

Zhao, Q.Q., Zhang, H.T., Fediuk, R.S., Wang, J.W., Fu, Q. 

( ) 1

0

Nf N
e

f
=

λ
                                       (7) 

Similarly, by repeating the above steps, the loss rate of dynamic elastic modulus can be expressed 
as: 

2N
E er =

λ
                                          (8) 

According to equations (1), (7) and (8), the freeze-thaw damage model based on the loss rate of 
flexural tensile strength can be obtained as follows: 

1
0

efND d
f

 
 = −
 
 

                                         (9) 

where: d and e are the coefficients, and f0 is the flexural tensile strength when the number of freezing-
thawing cycles is 0. 

Since equation (9) is a nonlinear equation, in order to simplify the method and steps of nonlinear 
equation in regression analysis, logarithmic function method is used to transform the equation linearly. 

To find the natural logarithm of both sides of the equation at the same time, we can get: 

ln ln ln(1 )
0

fND d e
f

= + −                                (10) 

Let ln D y= , ln 3d = λ , ln(1 )
0

fN x
f

− = , equation (10) can be converted into: 

3y ex= +λ                                       (11) 

Thus, the original nonlinear equation can be transformed into a linear equation for solution. 
Therefore, according to the above data, the SPSS method is extended to analyze the bending strength 
damage model with X as the independent variable and y as the dependent variable. Table 5 shows the 
significance test of the model. The regression square sum of the dependent variable is 76.839, and the 
ratio (mean square) of the regression square sum to the degree of freedom is 32.279, which is much higher 
than the mean square of the residual error by 0.054. The ratio (F) of the mean regression square sum to 
the mean residual square sum is 253.56, which is relatively large, and the Sig. value is 0.008, which is less 
than 0.05, indicating that the linear regression of the model is significant, and the ratio between the 
dependent variable and the independent variable can be establish a linear model. 

Table 5. Regression model of ANOVA. 
 Sum of Squares df Mean Square F Sig. 

Regression 76.839 2 32.279 253.56 0.008 
Residual 0.114 10 0.054   

Total 0.561 12    

 

Table 6 shows the significance test of the coefficient. The sig. values of the parameters are 0.009 
and 0.012, respectively, which are less than 0.05. The absolute value of the critical value t of the bilateral 
test is all greater than the significance level, indicating that the dependent variable is greatly affected by 
the independent variable, and the independent variable and constant should be retained in the model. 

Table 6. Coefficient of regression model. 

Parameter 
Partial 

regression 
coefficient 

Partial regression 
coefficient standard 

error 

Standardized partial 
regression coefficient t Sig. 

x  4.720 0.144 5.167 16.575 0.009 
Constant -0.968 0.078  -8.301 0.012 
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Table 7 shows the goodness of fit test of the model. The adjusted R2 of the model is 0.992, close to 
1, and the standard estimation error is only 0.078, indicating that the goodness of fit of the modified model 
is high, and the explanatory part of the dependent variable can be accounted for 99.2 %. 

Table 7. Summary of regression models. 
R2 Adjust R2 Standard estimated error 

0.995 0.992 0.078 

 

The model can be obtained by substituting the coefficient values in Table 6 into equation (11): 

0.968 4.72y x= − +                                  (12) 

The nonlinear equation is transformed into: 

4.72
0.38 1

0

fND
f

 
 = −
 
 

                               (13) 

2.3. Analysis of applicable conditions of the model 
In the climate environment of seasonal frost regions, the dynamic elastic modulus and flexural 

strength of cement concrete pavement are affected by water cement ratio, gas content and freezing 
temperature. Therefore, in order to make the model have higher evaluation accuracy, it is necessary to 
determine the respective applicable conditions of the dynamic elastic modulus damage model and flexural 
strength damage model constructed. 

The range of water cement ratio is 0.4~0.48, and the range of gas content is 1 %~5 %. The range 
of freezing temperature is from – 5 °C to ~25 °C in the climate of seasonal frost regions. Under the 
condition of 200 freeze-thaw cycles, the response surface test was designed to observe the change of 
dynamic elastic modulus and relative bending tensile strength under different water cement ratio, gas 
content and freezing temperature, so as to determine the applicable conditions of the model. In the test, 
the water cement ratio, gas content and freezing temperature are used as abscissa, expressed as WCR, 
GC and FT in sequence; the relative dynamic elastic modulus and relative bending tensile strength are 
used as ordinate, expressed as ER and FR in sequence. According to the number and range of 
parameters, the response surface test with 3 factors and 3 levels is selected. The coding level and value 
are shown in Table 8. 

Table 8. 3 factors coding level and value. 
Coding level A(WCR) B(GC) C(FT/℃) 

-1 0.4 1 % -5 
0 0.44 3 % -15 
1 0.48 5 % -25 

2.3.1 Determine the applicable conditions of the dynamic elastic modulus damage model 
When the encoding level of FT is 0, the response surfaces of WCR and GC to ER are designed as 

shown in Fig. 4. When the WCR value is between 0.45 and 0.48, the GC value is within 1 to 4, the color of 
the corresponding region is blue, indicating that within this range, ER is significantly affected by WCR and 
GC, and ER value is in a low horizontal state. The reason is that the larger the water cement ratio of 
concrete is the more water molecules in the capillary pores are. In the process of freezing-thawing cycle, 
the volume of water molecules increases when it is frozen, and decreases when it is melted. GC has a 
great influence on ER. Properly raising the GC value can reduce freeze-thaw damage, and the density of 
concrete will be reduced if the GC value exceeds 4 %.When the coding level of WCR is 0, the response 
surface of the designed FT to ER is shown in Figure 5. It can be observed that the corresponding area is 
blue when the FT value is in the range of -15 °C to -25 °C. The reason is that the lower the FT value is, the 
faster the freezing speed is, accelerating the concrete damage process. Moreover, the blue color is lighter 
in this range, indicating that the effect of FT on ER is normal. 

Therefore, for the freeze-thaw damage model based on dynamic modulus of elasticity, when the 
response surface color is close to blue, the corresponding range of water cement ratio, gas content 
and freezing temperature are the most suitable conditions for the model. When the water cement ratio 
is 0.45–0.48, the gas content is 1 % – 4 %, and the freezing temperature is – 15 °C – 25 °C, the 
evaluation effect of the model is the best. 
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Figure 4. WCR and GC response surface to ER.     Figure 5. GC and FT response surface to ER. 

2.3.2. Determine the applicable conditions of the damage model for flexural tensile strength 

When the encoding level of FT is 0, the response surfaces of WCR and GC to ER are designed as 
shown in Fig. 6. When WCR value is between 0.4 and 0.46, GC value is within 1 to 3.5, the color of 
corresponding region is blue, indicating that within this range, FR is significantly affected by WCR and GC, 
while ER value is in a low state. The reason is that when the WCR value is small, there is less moisture in 
the concrete, which increases the brittleness of the concrete to some extent. The flexural tensile strength 
is more sensitive to freezing-thawing than the dynamic elastic modulus, and the relative flexural tensile 
strength does not change significantly when the gas content is more than 3.5 %.When the coding level of 
WCR is 0, the response surface of the designed FT to ER is shown in Fig. 7. The corresponding areas 
within the range of -5 °C to -25 °C are all blue, indicating that the change of FT value has no significant 
effect on FR. If the FT value is less than -5 ℃, the flexural tensile strength will be damaged. At the same 
time, the width of the blue region corresponding to -5 °C is less than that of the blue region corresponding 
to -25 °C, indicating that at a lower freezing temperature, the flexural tensile strength loss is relatively large. 

Therefore, when the water cement ratio is between 0.4 and 0.46, the gas content is between 1 and 
3.5, and the freezing temperature is below -5 °C, the above range is the most suitable condition for the 
model of freezing-thawing damage of cement concrete pavement in seasonal frost regions. It established 
based on flexural tensile strength index, and the model has the best evaluation effect. 

 
Figure 6. WCR and GC response surface to FR. Figure 7. GC and FT response surface to FR. 
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3. Results and Discussion 
3.1. Verification of the same section in different periods 

In order to verify the practicability and superiority of the freeze-thaw damage model based on 
dynamic modulus of elasticity and flexural tensile strength of the cement concrete pavement in the seasonal 
frost regions, the measured damage value of a road section in the past 8 years and the evaluation value of 
each model are selected for fitting. The model includes damage mechanics model, dynamic elastic modulus 
damage model, bending strength damage model, dynamic elastic modulus attenuation model established 
by Sun Ming [26] and bending strength attenuation model established by Shen Yin [30]. 

In Fig. 8, the abscissa is the measured value Dm of the damage degree, the ordinate is the evaluation 
value DP of the damage degree. The decisive coefficient R2 of the fitting between the evaluation value of 
the damage mechanics model and the measured value is 0.980. The decisive coefficient R2 of the fitting 
between the evaluation value of the dynamic modulus of elasticity attenuation model established by Sun 
Ming and the measured value is 0.983, and the decisive coefficient of the fitting between the evaluation 
value of the dynamic modulus of elasticity damage model and the measured value is 0.983; R2 is 0.997. 
This proves that the fitting degree of freeze-thaw damage model with dynamic modulus of elasticity is 
higher. 

In Fig. 9, the decisive coefficient R2 of the fitting between the evaluation value of the damage 
mechanics model and the measured value is 0.950, the decisive coefficient R2 of the fitting between the 
evaluation value of the bending strength attenuation model established by Shen Yin and the measured 
value is 0.994. The decisive coefficient R2 of the fitting between the evaluation value of the bending strength 
damage model and the measured value is 0.998, indicating that the fitting effect of the freeze-thaw damage 
model with the bending strength as the parameter is better. 

The results show that the dynamic elastic modulus damage model and bending tensile strength 
damage model are more suitable to evaluate the freeze-thaw damage of cement concrete pavement in the 
seasonal frost regions. 

 
Figure 8. Fitting of ER value.                      Figure 9. Fitting of FR value. 

3.2. Verification of different road sections in the same period 
Using only samples from the same section for model verification will make the test lack randomness, 

and the test results may have large errors. Therefore, the measured damage degree of 6 sections of 
highways A, B and C in the same year is again selected for verification. In Fig. 10, the abscissa is the 
numerical number of six road sections in turn, and the ordinate is the damage value. The damage value 
histogram of different road sections is drawn. Each road section corresponds to eight columnar graphs, 
four columnar graphs with striation correspond to the dynamic elastic modulus damage value, and the other 
four columnar graphs correspond to the bending tensile strength damage value. 

As shown in Fig. 10, the difference between the damage evaluation value of the damage mechanics 
model and the damage measured value is the largest. The difference between the evaluation value of the 
attenuation model established by Sun Ming [26] and Shen Yin [30] and the difference between the 
measured value and the evaluation value of the dynamic elastic modulus damage model and the bending 
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tensile strength damage model is the closest. The reason is that the damage mechanics model is based 
on the concrete freeze-thaw test. In the test, one freeze-thaw cycle in the laboratory is equivalent to 14 
freeze-thaw cycles in the outdoor, which can only simulate the approximate damage state. However, there 
are many factors that can damage the field pavement, such as rain, snow, load, other natural and human 
factors, which damage the cement concrete pavement together with the freeze-thaw effect. The attenuation 
model established by Sun Ming and Shen Yin also does not take into account the influence of climate 
factors in the seasonal frost regions on the performance of the cement concrete pavement. Therefore, the 
damage value calculated by the damage mechanics model and the attenuation model is smaller than the 
damage degree of the model established based on the field measured data, which proves that the 
evaluation level of the dynamic modulus damage model and the bending tensile strength damage model is 
high and has good practicability. 

 
Figure 10. Histogram of ER and FR damage values. 

4. Conclusions 
1. The dynamic modulus of elasticity and flexural strength can be used as the parameters to 

establish the freeze-thaw damage model of the cement concrete pavement in the seasonal frozen area. 
Among the indexes that can reflect the damage state of concrete during freeze-thaw, the four indexes of 
mass change rate, water absorption rate, compressive strength and compression bending ratio do not show 
the obvious law of being affected by freeze-thaw cycle. In the other hand ,the the relative dynamic modulus 
of elasticity reaches 40 % loss rate before 150 freeze-thaw cycles, and the rate of flexural strength loss in 
the initial stage of freeze-thaw is 2.3 times that of dynamic modulus of elasticity. 

2. Two models of freeze-thaw damage of cement concrete pavement in two seasonal frozen areas 
are established. Based on the dynamic modulus of elasticity index, the decisive coefficient R2 of the model 
is 0.991, based on the flexural tensile strength index, the decisive coefficient R2 of the model is 0.992, and 
the sig. value is less than 0.05, which shows that the two models have high goodness of fit, significant 
regression effect and statistical applicability. 

3. The applicable conditions of the freeze-thaw damage model of the cement concrete pavement in 
the seasonal frost regions are put forward. Based on the dynamic modulus of elasticity index, the model of 
the freeze-thaw damage of the cement concrete pavement in the seasonal frost regions is established. 
When the water cement ratio is 0.45~0.48, the gas content is 1 %~4 %, and the freezing temperature is – 
15 ℃~25 ℃, the evaluation effect of the model is the best. The freeze-thaw damage model of the cement 
concrete pavement in the seasonal frost regions based on the bending tensile strength index is established. 
When the water cement ratio is 0.4~0.46, the gas content is 1 %~3.5 %, and the freezing temperature is 
below -5℃, the above range is the most suitable condition for the model, and the model has the best 
evaluation effect. 

4. The evaluation effect of the freeze-thaw damage model is better and more practical than the 
previous model. In different periods of the same road section and the same period of different road sections, 
the freeze-thaw damage models of dynamic elastic modulus and flexural tensile strength are compared 
with the damage mechanics model and the existing model respectively. There verified that the decisive 
coefficient R2 of the freeze-thaw damage model of dynamic elastic modulus is 0.997, and the decisive 
coefficient R2 of the freeze-thaw damage model of flexural tensile strength is 0.998, which is higher than 
the damage mechanics model and the existing model respectively. Compared with the evaluation value of 
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damage mechanics model and the evaluation value of existing model, the evaluation value of freeze-thaw 
damage of dynamic modulus of elasticity and flexural strength model is closer to the measured value of 
field damage degree. 
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Abstract. Nowadays, drill-injection technologies are actively used to create pile foundations in both civil 
and industrial construction. There are many drill-injection piles technologies which application depends on 
geotechnical conditions, loads, buildings and constructions purpose, technical and resources sufficiency 
and other points. Drill-injection piles producing occurs stress-strain state modification and physical and 
mechanical properties modifications in surrounding soil massive. Detection of features of soil properties 
modifications in drill-injection pile surrounding region allows to improve drill-injection piles bearing capacity 
calculations methods and to get more exact results. The article contains the analysis of physical and 
mechanical properties modifications in the South of Tyumen region (Russia) soils which surround drill-
injection piles “Normal". The definition of soil properties was done by experimental investigations during the 
excavation of the piles to the depth of about 3.5 m in the site investigation with known engineering and 
geological conditions. There was detected a 6–10 % increase of soil density in 60 mm distance from the 
pile wellbores which depends on the soil type and increase of soil humidity in the waterless zone due to the 
high cement mixing-water ratio of the cement mortar. Also, it was found the increase of soil deformation 
characteristics up to 17.4 % and soil strength characteristics up to 27.3 % with reference to the original 
values. To the results of the excavation of the piles, it was discovered the wellbores expansion up to 4.4 % 
and local wellbores expansions in relative to the original values. During the inspection of the drill-injection 
piles there was discovered some piles defects such as massive soil penetration into the pile shaft near its 
wellhead and soil and mortar mixing along the perimeter of the piles owing to the insufficient mortar density 
and its high shrinkage. According to the results of the experimental researches, further investigations 
problems were defined. 

1. Introduction 
The application of drill-injection piles took place from the middle of the last century in Italy [1]. Further 

development of drill-injection piles technologies helped to extend the region of pile foundations 
implementation: it allowed to use them for the monuments of architecture strengthening, to create these 
piles in most soil and climate conditions, near the existing buildings and in the restricted conditions without 
requirement of organization of protective measures due to the lack of dynamic impact on the soil. 
Nowadays, drill-injection technologies are actively used to create pile foundations in both civil and industrial 
construction. Drill-injection piles producing occurs stress-strain state modification and physical and 
mechanical properties modifications in surrounding soil massive. Authors of the article believe that drill-
injection pile technology “Normal”, which based on the repeated use of high-strength core-injector due to 
its extraction after wellbore crimping and subsequent immersion into the pile body a reinforcement frame 
or a single rod, is promising [2]. Due to the above-mentioned, the object of the investigation is drill-injection 
pile “Normal” which was created in the soil conditions of South of Tyumen region, and also physical and 
mechanical soil properties after drill-injection pile creation. 

In spite of the high variety of drill-injection piles technologies [3–9], they all have the same 
technologies operations during their creations which are: wellbore drilling to the required depth with its 
simultaneous flushing and finished wellbore crimping by cement mortar. Drill-injection piles crimping 

https://creativecommons.org/licenses/by-nc/4.0/
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produces wellbore expansion and/or local wellbore expansion along with the pile (often intentional) 
regarding the original values which contribute to the surrounding soil compression and increase the friction 
forces along with the pile and it, as a result, increases drill-injection piles bearing capacity. It is known that 
ground anchors technologies gave a start to the drill-injection pile technologies. The main difference 
between the above-mentioned technologies is that during the ground anchors creation of crimping takes 
place only in the requirement zone by using a plugging holder and subsequent mortar injection under high 
pressure into the cut-off area. Nowadays, many researches about examination of interaction of drill-injection 
anchors with variety of soil bases both in laboratory and field conditions are made. The results of these 
researches which in different times were done in many European countries as England, Austria, Slovakia, 
Belarus, Germany, Czech Republic, Bulgaria etc., are summarized and presented in [10] and others 
publications [11–16]. There are fewer data about the interaction of drill-injection piles with the surrounding 
soil [17–24]. In the scientific paper [10] this fact is also underlined. 

The definition of dependences and character of physical and mechanical properties modifications in 
surrounding drill-injection piles soil during them creation is a very important problem for drill-injection piles 
bearing capacity calculation because there are many tests which show that real drill-injection pile bearing 
capacity is higher up to 2 and more times in comparison with bearing capacity which was calculated for the 
same piles according to the normative documents [1, 25–26]. This is too relevant owing to the intensive 
drill-injection piles usage in new construction and also in the strengthening of existing buildings and 
constructions. 

The purpose of the study is an identification of the character of physical and mechanical soil 
properties modifications in the surrounding drill-injection pile zone after its creation, and an evaluation of 
the pile shaft geometric parameters for its later usage for drill-injection pile bearing capacity calculation 
method improving. For the purpose achievement the next tasks are defined: the physical and mechanical 
soil properties in the surrounding drill-injection pile zone determining before and after its creation; zones of 
physical and mechanical soil properties modifications definition; pile shafts geometric parameters 
measurement. 

These tasks were solved after drill-injection piles “Normal” static load tests, which were done in the 
soils conditions of the South of Tyumen region (Russia). 

2. Methods 
The field experimental researches took place in the site investigation, which is located in Tyumen 

city centre on the territory of the reconstructing kindergarten on the Murmanskaya, 183 street (Fig. 1). 

 
Figure 1. The site investigation location scheme. 

The site investigation within the piles depth is composed by silty-clay soils with stiff and free-flowing 
consistency (Fig. 2). All the tested drill-injection piles were hanging and for this reason they did not 
especially lean on the sand layer during the drilling process. 
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Figure 2. Piles location on the engineering and geological section. 

The site investigation physical and mechanical soil properties are shown in Table 1. It’s important to 
say that during the geotechnical surveys in August 2018 all soil samples have taken every 1 m, so soil 
characteristics in Table 1 are presented for all these samples. 

Table 1. Physical and mechanical soil properties based on the results of the geotechnical 
surveys. 

Soil sampling depth, m W, % ρ, g/cm3 е C, kPa ϕ, degree Еcomp., MPa 
0.5 – – – – – – 
1.5 18 1.97 0.62 17 15 4.9 
2.5 21 1.92 0.70 9 11 2.3 
3.5 21 1.97 0.66 12 22 4.4 
4.5 24 1.95 0.72 16 20 3.8 
5.5 28 1.90 0.82 7 23 3.7 
6.5 28 1.92 0.83 2 22 4.6 
7.5 24 2.02 0.64 0 37 17.9 
8.5 23 2.01 0.63 1 27 5.5 
9.5 26 1.90 0.79 3 20 5.4 

 
In the situ during the 15.09 – 25.09.2018 range drill-injection piles according to the “Atlant” technology 

[6] and by author’s drill-injection piles technology which is called “Normal” for their next static tests were 
done. Below stages during drill-injection piles “Normal” creation were done: 

1. wellbore drilling with required diameter and depth with the protection by the water-cement mortar 
with 1 to 1 proportion; 

2. wellbore crimping by the water-cement mortar with 0.4–0.45 ratio under the pressure up to 
0.7 MPa after the required depth have been achieved; 

3. gradually high-strength core-injector extraction from the pile body with concurrently extra crimping 
each meters; 

4. reinforcement frame immersion into the pile body. The reinforcement frame consists of 3 bars 
with 14 mm diameter. 

There was used “Figaro” drilling machine and “MINI” injection complex [27] to create drill-injection 
piles. 

After drill-injection piles “Normal” static load tests piles “N-1” and “N-2”, which are shown in Fig. 2, 
were excavated. Drill-injection pile “N-1” had 340 mm diameter during its creation and drill-injection pile  
“N-2” had 200 mm diameter. Both piles had 6 m in length and reinforced with a 5.5 m triangular frame. 
During the pile excavation, there was defined physical and mechanical properties of the surrounding soil 
and piles sizes. 
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Soil sampling and its further density and humidity definitions were done according to the [28] by the 
method of cutting rings. Three cutting rings with 56 mm diameter have been located in two perpendicular 
planes near the “N-1” pile and one plane near the “N-2” pile. After extraction of the rings filled with soil 
samples, extra soil had been removed away and then the definition of its density and humidity had been 
started. The location scheme of cutting rings along the piles bores is presented in Fig. 3. Soil samples were 
taken layer by layer from 0.35 m, 0.55 m, 0.75 m, 0.85 m, 1.0 m, 1.3 m, 1.6 m, 1.9 m, 2.2 m, 2.5 m, 2.8 m, 
3.1 m and 3.4 m depth regarding the ground surface. Additionally, soil samples were taken for its 
deformation and strength characteristics definition in according to the [29]. 

 
Figure 3. The location scheme of cutting rings along the piles during the excavation. 

It was impossible to take continuous soil samples until the 1.5 m depth because of the fill-up soil in 
this zone that was discovered during the geotechnical surveys. The pile excavation depth where it was 
possible to do soil sampling was only 3.5 m owing to the found groundwater level below. For this reason, it 
was important to find the physical and mechanical properties of the fill-up soil that it had before drill-injection 
piles creation. So, along with the piles there was dug a prospect pit with 1.8 m width to take soil samples in 
natural content on the opposite side of the piles (Fig. 4). 

 
Figure 4. The scheme of layer-by-layer soil sampling in natural content. 

Therefore, till the 2.1 m depth there were additionally classified some geotechnical elements such 
as: 

• 30 cm – dark-colored black soil; 
• 70 cm – fill-up sand layer; 
• 10 cm – clay layer; 
• 40 cm – man-made soil layer with black soil incorporations; 
• 60 cm – stiff brown colored loam layer. 

Soil sampling for density and humidity extra definition was taken with 30 cm gradation in the prospect 
pit area. Thus, extra soil sampling was taken from the –0.6 m, –0.9 m, –1.2 m, –1.5 m, –1.8 m and –2.1 m 
depth relative to the ground surface and its physical properties are presented in the Table 2. 
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Table 2. Soil base physical properties before piles creation. 

Soil sampling depth, m W, % ρ, g/cm3 е 
0.6 10 1.67 0.78 
0.9 13 1.65 0.85 
1.2 23 1.67 0.99 
1.5 16 1.96 0.59 
1.8 16 1.97 0.59 
2.1 25 1.90 0.78 

3. Results and Discussion 
The results of soil density definition in the nearby area of the piles are shown in the Fig. 5. 

 
Figure 5. Soil density (g/cm3) modifications graphs along the piles depth (beginning). 
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Figure 5. Soil density (g/cm3) modifications graphs along with the piles depth (ending). 
These graphs show that for the pile “N-2” there was detected an increase of soil density in the depth 

range of –2.2 – 3.1 m. At the other depths for the pile “N-2” there is no change in the soil density. These 
graphs also show the stable trend of soil density increment in the range of the cutting ring No. 1 (in the area 
up to 60 mm near the piles) for the drill-injection pile “N-1”. And, to the –1.3 m depth occurs an extensive 
density increment for the surrounding pile soils with a maximum 10 % increment value at –1 m depth (from 
1.65 g/cm3 to 1.81 g/cm3). Below this level the density increment in the range of the cutting ring No. 1 is 
only about 1 – 6 %. This occurs because till the –1.5 m depth man-made soils with low density  
(1.65 – 1.67 g/cm3) and high porosity ratio (0.78 – 0.99) lay (look at Table 2), and under this layer are clay 
soils with higher density and lower porosity ratio is situated. It should also be noted that for the drill-injection 
pile «N-1» with a larger diameter takes place more density increment concerning the drill-injection pile  
“N-2” with a less diameter: the relation of the soil compaction radius to the pile “N-1” wellbore radius is 0.74, 
and this value for the pile “N-2” is only 0.63. Soil density in the cutting rings No. 2 – 3 range (in the area up 
to 190 mm near the piles) little changes for both drill-injection piles regarding the original density despite 
the small jumps in the envelope graph because in according to the [28] the permissible difference in the 
results of determining the density of clay soil is up to 0.03 g/cm3. Thus, after drill-injection piles creation the 
soil density increment up to the 60 mm distance near the piles takes place. This occurs because the cement 
particles incorporated into the nearby area of the piles (Fig. 6) during wellbores crimping and it allows 
increasing soil specific gravity. 

This too short soil density modification distance is connected with free cement mixture flow near piles 
wellhead during its crimping. On the other hand, during ground anchors crimping there uses plugging 
holders which allow to create higher pressure in this zone and modify surrounding soil density up to  
3.5 – 4 wellbore radiuses distance [10, 11]. A larger soil compaction zone occurs during the formation of 
drill-injection piles with controlled broadening at the pile end due to the use of a membrane cup: the average 
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radius of the soil compacted zone is 0.15 – 0.6 m which is depending on the injected volume of the mortar 
[18]. In addition, in [18], it is noted that during constant pressure on the walls of the drill-injection pile shaft, 
the density of the surrounding soil increases to an average of 17 %. 

  

Figure 6. Cement particles incorporation into the range of the cutting ring No. 1. 
The results of soil humidity definition in the nearby area of the piles are shown in the Fig. 7. 

 
Figure 7. Soil humidity (%) modifications graphs along with the pile depth (beginning). 
 



Magazine of Civil Engineering, 104(4), 2021 

Salnyi, I.S., Pronozin, Ya.A., Karaulov, A.M. 

 
Figure 7. Soil humidity (%) modifications graphs along with the pile depth (ending). 

According to the diagrams, which are shown in the Fig. 7, soil humidity modifications in the nearby 
area of the drill-injection pile “N-1” with 340 mm diameter are characterized by mostly increment concerning 
its original values. Moreover, within the range of the man-made soil location humidity increment is up to 
120 % at the 0.75 m depth. This high humidity increment occurs because of the surfaces water permeation 
into the soils with a high permeability ratio. Further, after -1.6 m depth (clay soils level) soil humidity 
increment is up to 50 % with its minimum value 10 %. From the -3.0 m depth, there is mostly no humidity 
modifications due to the found underground water level. 

For the drill-injection pile “N-2” with 200 mm diameter at the 1.5 – 2.0 m depth the soil humidity 
increase with a maximum value of up to 38 % also takes place. Further, at the investigation depth, there is 
mostly no soil humidity modification nearby the pile. 

Soil humidity modification nearby the piles in the range of all cutting rings is constant (Fig. 7) 
concerning its original values despite the small jumps in the envelope graph because in according to the 
[26] the permissible difference in the results of determining the humidity of clay soil with W < 50 % is up to 
2 %. 

Soil humidity increment in clay soils takes place owing high enough cement mixing-water ratio of 
about 0.4 – 0.45 during drill-injection piles crimping when the process of cement hydration needs about 
0.20 – 0.25 value of cement mixing-water ratio [10]. This way, it promotes to appear extra water in the 
wellbore that later drain into the surrounding soil. Because of the low permeability ratio in clay soils and soil 
porosity decrement owing to the cement mud injection a consolidation process in the surrounding soil near 
drill-injection piles needs a lot of time. During the wellbore crimping in accordance to the “Atlant” or «Norma» 
technology, due to the free release of the mortar from the wellbore top, no extra pressure takes place, 
otherwise, there is a decrease of soil humidity up to 28 % [16, 18]. 
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Additionally, after soil sampling for its density and humidity definition, there were taken another soil 
samples by inserting into the soil base a cylinder with 100 mm diameter and 300 mm height close to the 
drill-injection pile “N-1” (about 5 – 10 mm distance from pile shaft) at the –2.5 m and –3.0 m depth for soil 
deformation and strength properties definition. Due to the done compressive tests it was detected that soil 
Young’s modulus E, MPa, is 2.4 MPa at the –2.5 m depth and 2.7 MPa at the –3.0 m depth. Soil Young’s 
modulus increment is 4.3 % and 17.4 % respectively in relations to the original value (2.3 MPa). In [10, 18, 
22], an increase of Young’s modulus in the compacted zone up to 35 % concerning the initial values is 
noted due to the creation of extra pressure along the pile shaft during its crimping. 

An angle of internal friction ϕ, degree, is 13° and 14° at the –2.5 m and –3.0 m depths respectively 
that higher than its initial value in 18.2 % and 27.3 %. Soil specific cohesion values, с, kPa, have grown up 
to 11 % in relation to its original value and is 10 kPa for both soil samples. 

In addition, during the pile excavation its diameter modifications along with the depth and its defects 
were inspected. So, due to the pile “N-1” with an initial 340 mm diameter inspection within the excavated 
depth (about 4 m), there was detected its diameter increment in the man-made soil layer (till the 1.5 m 
depth) regarding the pile diameter in clay soils, which is shown in Fig. 8. For the drill-injection pile “N-2” 
there was no emphasized diameter expansions or modifications. 

  
Figure 8. Drill-injection piles inspecting. 

Pile shafts for both drill-injection piles within the investigation depth are straight without any seeing 
defects. Along the pile perimeter, there is a “ground shell”, which represents geotechnical elements order 
in accordance to the geotechnical surveys (Fig. 8–9). 

  
Figure 9. A “soil shell” along the pile perimeter. 
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After inspection both drill-injection piles were extracted for further investigations. Due to the pile 
shafts cutting it was detected that pile “N-1” diameter after its creation was 355 mm concerning the initial 
340 mm wellbore diameter (Fig. 10). The diameter increment owing to the pile crimping was 4.4 %. 

  

Figure 10. Diameter of drill-injection pile “N-1” after extraction. 
During the pile “N-2” shaft inspection after its extraction there were discovered some zones with local 

wellbore expansions about 150 mm length at the –2.0 m depth on the “man-made soil – clay soil” border 
and at the –3.5 m depth on the underground water level. These diameters are 280 mm and 300 mm that 
higher on 40 % and 50 % respectively in relations to the initial 200 mm wellbore diameter. Drill-injection pile 
“N-2” diameter is constant on the other length and the same with the wellbore diameter (Fig. 11). An 
extensive increase of the initial diameter (up to 2 or more times) is achieved by creating an extra pressure 
(about 0.2 MPa or more) in the wellbore during its crimping, as noted in [10, 17, 18]. 

   

Figure 11. Expansions of drill-injection pile “N-2” shafts. 
Moreover, due to the drill-injection piles cutting and its inspection there were noticed some pile shafts 

defects, which are presented in the Fig. 12: 

− soil and mortar mixing along the perimeter of the piles; 
− massive soil penetration into the pile shaft near its wellhead. 
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a 

 
b 

 
c 

Figure 12. Drill-injection piles defects due to its creations. 
a – soil and mortar mixing along the perimeter of the piles;  

b – soil incorporations into the pile shaft;  
c – massive soil penetration into the pile shaft near its wellhead. 

These defects occurred owing to the use of cement/water/water-glass mixtures during wellbore 
crimping which has low mixture density (about 1.5 – 1.7 g/cm3), too much shrinkage and low strength of 
about 10–15 MPa. 

4. Conclusion 
There are some main conclusions, due to the tests of soil physical and mechanical properties near 

drill-injection piles “N-1” and “N-2” with 340 mm and 200 mm diameters respectively and due to the pile 
geometry properties measuring, which are: 

1. During drill-injection pile crimping under pressure of about 0.7 MPa there occurs surrounding soil 
density increment up to 10 % in the range of man-made soil layers and up to 6 % in the range of clay soils 
owing to the soil particles packing and cement mixture incorporations into the soil pores. Soil density 
modification in relation to its initial value is noticed up to 60 mm distance from pile shafts regardless of drill-
injection pile diameter. This too-short soil density modification distance is connected with free cement 
mixture flow near piles wellhead during its crimping. 

2. For both drill-injection piles was detected surrounding soil humidity increment up to 190 mm 
distance from pile shafts around 120 % at the range of man-made soil layers with high permeability ratio. 
At the range of clay soil layers around drill-injection pile with 340 mm diameter soil humidity increment up 
to 50 % takes place, for the pile with 200 mm diameter within the clay soil layers there is no soil humidity 
modification. From the depth, where the underground water level starts, soil humidity modifications for both 
piles do not happen. Soil humidity increment at the range of clay soil layers occurs because of high enough 
cement mixing-water ratio about 0.4–0.45 during drill-injection piles crimping, when the process of cement 
hydration needs about 0.20–0.25 value of cement mixing-water ratio. 

3. Due to the pile shafts injection crimping there is observed the increment of clay soil Young’s 
modulus up to 17.4 % in relations to its value before drill-injection piles creation and the increment of an 
angle of internal friction and specific cohesion values up to 27.3 % and 11 % respectively in the contact 
region. 

4. Wellbore crimping under pressure up to 0.7 MPa allowed to increase drill-injection pile “N-1” 
diameter by 4.4 % within clay soil layers in relation to its 340 mm initial value. Moreover, there was noticed 
more extensive diameter increment at the range of man-made soil layers in relations to the clay soil layers. 

There are some zones with local wellbore expansions within the drill-injection pile “N-2” shaft at the 
“man-made soil – clay soil” border and at the underground water level. These expansions zones are 40 % 
and 50 % respectively bigger than the initial 200 mm wellbore diameter. Drill-injection pile “N-2” diameter 
is constant on the other length and the same with the wellbore diameter 

This small wellbore expansion ratio is connected with free cement mixture flow near piles wellhead 
during its crimping and it does not allow creating a stable extra pressure into the wellbore. 
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5. There were discovered some piles defects such as massive soil penetration into the pile shaft near 
its wellhead and soil and mortar mixing along the perimeter of the piles owing to the insufficient mortar 
density and its high shrinkage. The most vulnerable for ensuring the quality of the continua cement body 
structure drill-injection pile zone is the top of the pile shaft up to 2–3 its diameters. 

Due to obtained results of interaction of drill-injection piles with the surrounding soil authors of the 
article defined the issues for further investigations, such as: 

− laboratory explorations to definition soil physical and mechanical properties modifications and 
residue stress state owing to the wellbore expansion which occurs during drill-injection piles 
creation in clay soil with various consistency in relations to the South of Tyumen region soils 
conditions; 

− engineering of an inventory, quick-disassembly plugging holder analogue, which prevents free 
cement mixture flow near piles wellhead during its crimping. This tool will contribute to bigger 
wellbore expansion, surrounding soil packing and its physical and mechanical characteristics 
increment; 

− selection of mixture parameters with high density (about 1.90–2.20 g/cm3), fluidity of mixture, 
resistibility and low shrinkage based on the existing resources and drill-injection equipment; 

− creation of an improved calculation method of drill-injection piles bearing capacity due to 
surrounding soil physical and mechanical properties modifications and residue stress state. 
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Abstract. Paper shows results of experimental studies of loading capacity of composite material ‘Multimetal 
Stahl 1018’ under static and vibrational loads at high temperatures in order to possibly use this material as 
a leveling layer on supporting surfaces of large-sized units of turbogenerating sets when they are mounted 
on foundation frames. Tensile strengths of composite samples were obtained at static loading for 
temperature range +20°С...+80°С on experimental machine ‘РМ-20’; obtained values do not exceed the 
maximum compressive stress of the material σ = 160 MPa. Experimental studies have been conducted on 
a specially created vibration unit because construction of foundation of turbogenerating sets is subjected 
to vibrations with wide spectrum of frequencies. Parameters of oscillatory process were measured using 
vibration velocity meter, signals were fixed using ADC ‘Е 14-140M’ and amplifier ‘LE-41’; signals processing 
was performed on ‘DSP’ processor module. Differential equation of forced oscillations is compiled, 
amplitudes and dynamics coefficients are determined for constructed dynamic model of vibration unit. 
Dependence of oscillation amplitude on height of the test samples is presented graphically. Table 
summarizes values of the dynamic coefficients at different samples heights for the same temperature 
spectrum as in case of static loads. It was concluded that the dynamic coefficient decreases with increasing 
temperature for larger height of sample. It was experimentally established that studied composite material 
withstands dynamic loads significantly exceeding those that can occur when installing turbogenerating sets 
on foundation frames. This allowed to recommend material ‘Multimetal Stahl 1018’ for use in installation of 
turbogenerating sets. Technology has been proposed for revamp of supporting surface of foundation frame 
in order to perform such works. Industrial tests that were carried out at two thermal power plants when 
revamping supporting surfaces of foundation frames under turbogenerating set ‘TGV 200’ and under low 
pressure cylinder of turbine ‘К-20-180 LMP’ that confirmed effectiveness of proposed method and its 
operability. 

1. Introduction 
Each year many power generating enterprises plan revamping work on equipment of thermal power 

plants (TPPs) during which large-sized equipment is dismantled and then installed. Necessity to develop 
new technologies for these works is dictated by facts that installation of heavy equipment of TPPs and 
multi-stage operation of fitting supporting surfaces are long and laborious processes [1–7] because height 
of supporting / contact surfaces can differ significantly from design values due to their operation. 

What is the reason for changing design level of contact surfaces of foundation frames and, as a 
consequence, necessity for its restoration in the horizontal plane? Foundation on which foundation frames 
are installed and fastened depending on design and can experience various loads, e.g. shrinkage cracks 
may appear in elements of upper reinforced concrete frame foundation which can affect flatness of 
supporting surface due to uneven shrinkage of concrete during its hardening. In addition, thermal expansion 

https://creativecommons.org/licenses/by-nc/4.0/
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of turbogenerating sets units can cause their move along plane of foundation frame and can cause wear 
on contact surfaces. Another reason (and it may be the main one) is vibration loads and subsidence of 
foundation with significant weight of equipment installed on foundation frame. 

As it was shown earlier [8–14] one of ways to solve this problem can be usage of modern composite 
materials which will qualitatively plan surfaces of foundation frames and protect them from corrosion during 
operation. The material "multimetall- steel 1018" of the German company Diamant metalplastic GMBH was 
chosen as the test material, since its modulus of elasticity exceeds the modulus of elasticity of standard 
similar materials by 2.5 times and is 14 × 103 MPa, while for example, the material "multimetallic-steel 
standard" has this indicator 6 × 103 MPa. However, the properties of composite materials when operating 
in conditions close to the operation of turbine units have not previously been studied. Therefore, necessity 
arises for in-depth study of strength characteristics of composite materials. This task is quite difficult to 
solve in real operating conditions of equipment of turbogenerating sets. That is why Department of 
Mechanical Equipment of Ferrous Metallurgical Plants (DMEFMP) of Pryazovskyi State Technical 
University (PSTU) conducted experimental research in laboratory conditions simulating specific operating 
conditions. 

It is known that design of foundation with reliable mounting of turbogenerating sets must withstand 
permissible values of deformations and amplitudes of vibrations arising during their operation in addition to 
significant static loads [15]. Vibration of turbogenerating sets is complex and it is in three mutually 
perpendicular directions. The most common are vibrations with three frequencies. Vibration prevails with 
so-called ‘reverse’ frequency equal to shaft speed. Vibration of doubled revolution frequency occurs during 
bending anisotropy of rotor when moment of resistance of its cross section changes twice in one revolution. 
Low-frequency vibration occurs with frequency close to half of reverse frequency. These vibrations are self-
sustaining and like oscillations with doubled frequency they cannot be eliminated by ordinary balancing. 
The most intense vibrations occur when frequency of disturbing forces coincides with frequency of natural 
vibrations. Vibration of turbogenerating sets is transmitted to their foundation and may cause its 
subsidence. Therefore, amplitude of loading elements oscillations of foundations (crossbars, beams, racks) 
is limited to 0.01...0.02 mm. These standards are often violated, e.g. grid of measurements of elevations of 
foundation frame of low-pressure cylinder at turbogenerating set ‘K-300’ as a result of operational loads at 
one of TPPs (refer to Fig. 1). 

 
Figure 1. Scheme for measuring vertical coordinates (in mm) of control points on surface 

of the foundation frame relative to zero level. 
First of all, analysis of grid of elevations measurements of the foundation frame indicates that 

construction of the foundation frame was skewed most likely due to one-sided subsidence of the foundation 
(from –0.15 mm to –6.25 mm). At the same time, the other side of the turbogenerating set has positive 
values from +2.3 mm to +10 mm. As a result, further operation of the turbogenerating set with such flatness 
on the supporting surface leads to additional gaps in connections with the foundation frame and to increase 
of vibration loads. 

Purpose of this work is theoretical and experimental analysis of mechanical strength characteristics 
of composite material ‘Multimetal Stahl 1018’ to solve the problem of revamp of the supporting surfaces of 
turbogenerating sets of TPPs. It is possible to develop a technology for installing turbogenerating sets using 
the composite material on the basis of obtained results. 
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2. Methods 
Difficulty in solving problem of reducing amplitude of oscillations is that dynamic stresses that can be 

determined can only be determined by knowing dynamic coefficient Kd for a specific calculation scheme. 
Methods for determining mechanical properties of the proposed modern polymeric materials under vibration 
at different temperatures are also complicated. 

Task of estimation of strength characteristics of the material under static conditions was solved by 
the department staff on experimental machine ‘РМ-20’ with preheating of samples in furnace. Performed 
experiments allowed to obtain limits of static strength σ of samples which are equal to: 

• at tо = 40°C, σ = 143 MPa; 
• at tо = 60°С, σ = 120 MPa; 
• at tо = 80°С, σ = 111 MPa. 

Technical characteristics of this material were obtained at 20°C earlier [16–18] which are equal to: 

• maximum compressive stress σ = 160 MPa; 
• Young's modulus E = 14·103 MPa; 
• density ρ = 2.4·10-9 kg/m3. 

These results allow the composite material to be used as a leveling element. However, values of 
stresses under dynamic loading are not known. 

That is why special studies were carried out by the second experimental machine for testing under 
vibration conditions. Scheme of the second experimental machine is shown on Fig. 2. It was manufactured 
and installed in laboratory of DMEFMP of PSTU. Cylindrical samples with diameter d = 12 mm and height 
h = 4...8 mm within temperature range +20°C...+80°C and vibration frequency of 100 Hz were tested. 

 
Figure 2. Scheme of the second experimental machine: 

1 is pressure screw; 2 is steel ring; 3 is sample; 4 is spacer; 5 is vibration generator. 
Parameters of oscillatory process were measured using vibration velocity meter. Signals were fixed 

using ADC ‘Е 14-140M’ and amplifier ‘LE-41’. Signal processing was carried out by programming on a 
module of digital and signal processor (DSP) produced by company ‘Analog Devices’. 

3. Results and Discussion 
Example of oscillogram of vibration loading the sample with height h = 8 mm at temperature of +40 °C 

is shown on Fig. 3 where part 2 of the oscillogram is characteristic of stable oscillatory process. Fig. 4 
shows graph of dependence of the vibration amplitudes on height of the sample at temperature tо = 20 °С. 

It is advisable to theoretically evaluate effect of dynamic and thermal loads on loading capacity of 
composite material ‘Multimetal Stahl 1018’ compared to static load in order to make decisions about 
possibilities of using the composite material as compensating and leveling layer for foundation frames. 
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Dynamic coefficient Kd of considered loading cases is determined as a result of theoretical analysis 
of vibration processes taking into consideration obtained experimental data. According to [19] Kd is equal 
to: 

max1d
st

AK
δ

= + ;      (1) 

where maxA  is maximum amplitude, mm; 

stδ is static deformation of the sample, mm. 

Design scheme of the second experimental machine was used (refer to Fig. 2) to determine Amax 
and δst for various geometrical parameters of the samples and temperatures under vibration loads. 

Differential equation of motion of object has below given view if for generalized coordinate vertical 
displacement x is taken which is measured from position of static equilibrium: 

max sinmx cx F tω+ = ⋅      (2) 
where m  is mass of the oscillating object, kg; 

m  is generalized stiffness coefficient, 
N
m

; 

maxF  is amplitude of disturbing force, N; 

ω  is circular frequency which is associated with oscillation frequency of the vibrator by formula 
ω = 2πn (n = 100 Hz). Amplitude of forced oscillations is equal to (at absence of resonance and according 
to [19]): 

2 2
max

4

F
A

c m nπ
=

− ⋅ ⋅
      (3) 

 
Figure 3. Oscillogram of vibration loading the sample with height  

h = 8 mm at temperature of +40°C: P is force of preliminary pressing;  
2A is amplitude of the load; 1 is area of pre-loading the sample; 

2 is area of stable vibration loading; 3 is area of unloading. 
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Figure 4. Graph of dependence of the vibration amplitudes  

on height of the sample at temperature tо = 20°С. 

Values Fmax ≈ 220 N and δst were determined at different temperatures using oscillograms. 
Generalized coefficient of rigidity of the second experimental machine c was calculated by formula [19]: 

4

1

1 1

iic c=
= ∑ ,      (4) 

where с1, с2, с3, с4 are linear stiffness coefficients of the pressure screw, the steel ring with strain gauges, 
the sample (made from composite material) and the rubber spacer (refer to Fig. 2). 

Stiffness coefficients of the screw and the sample were determined using well-known formulas [19] 
of linear stiffness coefficients of cylindrical bodies. Stiffness factors of the ring and the spacer were 
determined experimentally. 

Dynamic coefficient Kd at various temperatures were obtained for the sample heights h = 4, 6, 8 mm 
by the formula (1). Results are presented in Table 1. 

Table 1. Values of dynamic coefficients Kd 

         t,оС 

h, mm 
40 60 80 

4 1.2 1.12 1.09 
6 1.15 1.08 1.075 
8 1.15 1.056 1.052 

 

As can be seen from Table 1, vibrational loads acting on the composite material within limits of the 
experiment only slightly reduce allowable ultimate compressive stresses obtained under static loading. It is 
also clear that the dynamic coefficient decreases with increasing sample temperature and its height. 
Explanation of this fact (according to (1)), can be as follows: the stiffness coefficient of the sample 
decreases at higher temperatures that leads to increase in the amplitude of forced vibrations (3) but value 
of static deformation increases more intensively with increasing sample height than the amplitude. 

Obtained results made it possible to develop and introduce at two TPPs technology for revamping 
supporting surfaces of foundation frames when installing turbogenerating set ‘TGV – 200’ and a low-
pressure cylinder of turbine ‘К-20-180 LMP’ using composite material ‘Multimetal Stahl 1018’ instead of 
known and single way to fit frames by scraping or сladding of surfaces with following machining [12]. The 
technology for performing such work in general is given below. It is based on example of the low-pressure 
cylinder (LPC): 

− make a test lift of lower half of the LPC by 10–15 mm, make sure that gap between the LPC inlet 
ports and foundation plates is uniform. Raise the LPC to a height of 500–600 mm, install supports 
on the foundation plates and lower the lower half of the LPC onto the supports. Make sure that all 
supports are loaded and that the LPC firmly and stably lays on the supports; 

− clean surfaces of the LPC inlet ports from rust and dirt, check by plate and scrap (maximum by 
0.5 mm) to eliminate non-flatness of the supporting surfaces. Treat these surfaces with release 
agent; 

− sling the lower half of the LPC, raise it until the supports are released. Remove the supports and 
lower the lower half of the LPC onto the foundation plates; 
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− prepare and install adjustment screws; 
− raise the lower half of the LPC and install it on the supports. Calculate thickness of applied layer of 

composite material ‘Multimetal Stahl 1018’ on the basis of the gaps measurements results; 
− mix components of ‘Multimetal Stahl 1018’ and put its calculated amount in advance in center of 

place under the inlet ports; 
− put and rubbing into the surface (on the foundation plate) adhesive layer of ‘Multimetal Stahl 1018’ 

by spatula with some effort; 
− apply the next layer to the plates using all ‘Multimetal Stahl 1018’ prepared for application; 
− lowering the LPC into its working place. Lowering should occur smoothly, without jolts. ‘Multimetal 

Stahl 1018’ must be laid with excess in gaps so that some of it is extruded from all sides, ensuring 
uniform filling of the gaps without air bubbles; 

− extruded surplus of ‘Multimetal Stahl 1018’ should be removed by spatula until it is hardened; 
− lower the LPC onto the adjustment screws and leave it in this position for 24 hours at +20 0C. 

Surface of the supports is easily formed and composite ‘Multimetal Stahl 1018’ is evenly distributed 
in different directions during assembly due to perfectly balanced viscosity of the composite. Thus, ideal fit 
of the surfaces is achieved without any processing directly on site that is based on excellent shaping of 
used composite material. 

Effectiveness of this method of gaps compensating during installation (which has been repeatedly 
tested on practice) was also confirmed by The German Institute Of Structural Engineering [20] which in 
2013 issued an admission to use composite ‘Multimetal Stahl 1018’ for complete alignment or filling of 
irregularities between metal elements of various metal structures in particular for: supporting parts of spans 
of bridge structures, crane and rail guides, prefabricated steel structures. 

4. Conclusions 
1. Done experiments show that compressive stresses on the supporting surfaces that occur during 

operation of turbogenerating sets are much less than those that can withstand composite material 
‘Multimetal Stahl 1018’ without fracture. 

2. Obtained results allowed to recommend this material for use as a leveling and aligning spacer 
between supporting surfaces of turbogenerating sets and foundation frames on which they are installed. 
Unfortunately, it was not possible to conduct tests of the material in an extreme situation when the 
frequencies of perturbing forces coincide with the frequency of natural oscillations, since the natural 
frequencies of the experimental setting k = 9.53 × 10–3 c–1, and the frequency of the perturbing force 
ω  = 629 s–1. At the same time, the study of the material behavior in relation to turbine units does not seem 
quite relevant, since the resonance mode during their operation is considered unacceptable. Successful 
implementation of these works at existing TPPs, their subsequent operation are confirmed effectiveness of 
the proposed method which can be recommended for widespread use. 
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Abstract. Brick masonry in solid clay units and cement-sand mortar is practised in many seismically active 
regions of Pakistan and also in other South Asian countries like India, Bangladesh, and others. The strength 
and behavior of brick masonry buildings are predominantly governed by the in-plane response of walls. The 
mechanical properties of masonry are essential input for the numerical models employed to estimate the 
in-plane response of brick masonry walls. This paper presents the mechanical properties of masonry 
constituent materials (brick and mortar) and brick masonry wallets for mechanical characterization. 
Masonry prisms (9 specimens) in three different mortar mix are tested for compression strength. A new test 
setup is developed and employed as part of this research study to conduct diagonal tension tests on 
masonry wallets (12 specimens) in a more stable and convenient position. Empirical relationships are also 
developed using regression analysis whereby the compressive strength of mortar is related to the 
compressive strength and diagonal tension strength of brick masonry. The mechanical characterization and 
the empirical relations will help in future applications in the context of design and assessment studies of 
brick masonry buildings. 

1. Introduction 
Brick masonry is one of the most widely used construction technique throughout the world, especially 

in the underdeveloped and developing countries. Brick masonry in solid clay units and cement-sand mortar 
is practiced throughout Pakistan and also in other South Asian countries like India, Bangladesh, and others. 
Unreinforced masonry (URM) has experienced major damages and collapses in the past earthquakes 
causing significant casualties and property loss [1–4]. After Kashmir earthquake of 2005, brick masonry 
has been extensively investigated experimentally at the Civil Engineering Department, University of 
Engineering and Technology, Peshawar, Pakistan [5–8]. However, there is a dire need for the development 
of analytical and numerical tools for the analysis and design of brick masonry structures. Mechanical 
characterization is an essential first step towards the development of more reliable numerical tools. 

The behavior of unreinforced masonry material under lateral loads is dramatically different than steel 
and concrete due to its composite nature. The factors affecting the performance and behavior of 
unreinforced masonry structure are geometry, vertical stress and properties of constituent’s material [5, 9, 
10]. The mechanical properties of unreinforced masonry as a composite material are functions primarily of 
the mechanical properties of the individual masonry units, mortars, and the bond characteristics between 
units and mortar. Since the simplified hypotheses employed for concrete and steel cannot be utilized for 
brick masonry, the mechanical characterization of masonry can be performed through experimental 
investigations. 

In brick masonry, when the connections at orthogonal walls and at floor-to-wall is properly achieved, 
the lateral loads are primarily resisted by in-plane response of walls [11, 12]. Many analytical models are 
available to estimate the in-plane response of brick masonry walls [12–16]. The mechanical properties of 
masonry are essential input for all these models. This paper presents mechanical properties of masonry 
constituent materials (brick and mortar) and brick masonry wallets for mechanical characterization. The 

https://creativecommons.org/licenses/by-nc/4.0/
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paper also discusses the development of empirical relationships using regression analysis whereby the 
compressive strength of mortar is related with the compressive strength and diagonal tension strength of 
brick masonry. The mechanical characterization and the empirical relations will help in future applications 
in the context of design and assessment studies of brick masonry buildings. 

2. Methods 
The mechanical properties of masonry constituent materials were determined first, followed by 

compression and diagonal compression tests of masonry prims. Four types of tests were conducted on 
masonry units i.e. compressive strength of full unit, compressive strength of half unit, water absorption, and 
flexural tensile strength. The tests were performed following procedures specified in American Society of 
Testing and Materials (ASTM C-67). The most common ratio of cement sand mortar ranges from 1:4 to 1:8 
in the prevailing masonry construction in Pakistan. Therefore, three different mortars with ratios 1:4, 1:6, 
and 1:8 were tested in compression according to ASTM C109. 

Compression tests were conducted on masonry prisms of size 16 in. × 19 in. × 9 in. according to 
ASTM C 1314-03b as shown in Fig. 1. A total number of 9 prims were fabricated in running bond. However, 
one prism prepared in 1:8 mortar was damaged during handling. 

 
Figure 1. Test setup for compressive strength of masonry prisms. 

Tests were performed on masonry panels of size 48 in. × 48 in × 9 in. for the estimation of diagonal 
tension strength according to ASTM E519-02. The general practice is to fix the panel diagonally in two 
vertical jaws and the load is applied in vertical direction. However, as part of this research study, a new test 
setup was developed where the specimen are placed in a more stable horizontal position and the load is 
applied along the diagonal in an inclined direction as shown in Fig. 2. 

     
Figure 2. Test setup (a) previously used (b) newly developed. 

3. Results and Discussion 
3.1. Compressive Strength of Full Units 

The results of compressive strength of full brick units are given in Table 1. The average value 
obtained for compressive strength is found to be 3194 psi and the coefficient of variation is found to be 
16 %. 

(a) (b) 
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Table 1. Compressive strength of masonry units. 

Sample 
 No. 

Length 
(in) 

Width 
(in) 

Area 
(in2) 

Maximum  
Load 

(Tons) 

Strength 
(psi) 

Mean 
(psi) 

COV 
(%) 

1 9.00 4.25 38.25 25.8 1487 

3194 15.88 

2 8.75 4.12 36.09 41.7 2546 

3 8.75 4.12 36.09 63.3 3865 

4 8.62 4.06 35.04 63.5 3994 

5 8.50 4.06 34.53 62.9 4015 

6 8.75 4.00 35.00 35.4 2229 

7 8.75 4.12 36.09 53.4 3261 

8 8.62 4.06 35.04 66.1 4158 
 

The average compressive strength of masonry units found in various research studies conducted at 
University of Engineering and Technology, Peshawar is given in Table 2. 

Table 2. Compressive strength of masonry units obtained during local research work. 

S.No. Title of Research Topic Mean Compressive 
Strength of Unit (psi) 

COV 
(%) 

1 To Study the Modulus of Rigidity of Local Brick Masonry System [17]  2452 22.89 

2 Seismic Risk Assessment of Unreinforced Brick Masonry Building 
System of Northern Pakistan [7]  3200 23.4 

3 Performance Behavior of Confined Brick Masonry Building Under 
Seismic Demand [18] 2338 25 

4 Seismic Risk Assessment of Buildings in Pakistan (Case Study 
Abbottabad City) [19] 1803 26.7 

5 Development of low cost and efficient Retrofitting Technique for 
Unreinforced Masonry Buildings [6] 3170 13.8 

6 This study 3194 15.88 
 Overall Mean compressive strength 2692 21.28 

 

The results obtained by various researchers reveal a significant variation in the compressive strength 
of masonry units available in the local market. The main reasons are the difference in properties of the raw 
material used and burning temperature during manufacturing. According to guidelines of Earthquake 
Rehabilitation and Reconstruction Authority (ERRA) Pakistan, the mean compressive strength of masonry 
unit should comply with the minimum value of 1000 psi or 6.89 MPa, whereas according to Eurocode-8, 
the minimum acceptable normalized compressive strength of a masonry unit, normal to the bed face, should 
be equal or greater than 725 Psi or 5.0 MPa. The results of the previous research work and this research 
show that the strength of local manufactured brick is quite satisfactory and in compliance with code 
requirements irrespective of variability in the mean strength. 

3.2. Compressive Strength of Half Units 
The ASTM standard recommends compressive strength tests to be performed on half unit, although 

many researchers use full units to find compressive strength of masonry units. Therefore, in this study both 
full and half bricks were used for finding compressive strength of bricks. The result of compressive strength 
of half scale brick units are given in Table 3. The mean strength was found to be 2216 psi and coefficient 
of variation is 28 %. 
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Table 3. Compressive strength of half masonry units. 

Sample 
No. 

Length 
(in) 

Width 
(in) 

Area 
(in2) 

Maximum  
Load 

(Tons) 

Strength 
(psi) 

Mean 
(psi) 

COV 
(%) 

1 4.3125 4.125 17.79 23.5 2912 

2216 27.96 

2 4.25 4.125 17.53 23.7 2980 

3 4.3125 4.1875 18.06 13.3 1623 

4 4.4375 4.25 18.86 10.8 1262 

5 4.1875 4.0625 17.01 15.6 2021 

6 4.25 4.125 17.53 21.9 2753 

7 4.375 4.25 18.59 17.7 2098 

8 4.1875 4.25 17.80 16.8 2081 
 

A comparison of the results obtained for full and half units reveal that the mean strength in the former 
case is 44 % more than the latter. However, in both cases the mean strength is well above the Building 
Code of Pakistan recommended minimum limit of 8.25 MPa (1200 psi) [20]. 

3.3. Water Absorption of Masonry Units 
The results of water absorption of the brick specimens carried out according to ASTM C-67 are 

shown in Table 4. Water absorption is very important parameter which influence masonry and mortar bond 
significantly. A total of five specimens were tested for water absorption. The mean value for water 
absorption was found to be 21.36 % and coefficient of variation was found to be 10 %. Farhat [17], Naseer 
[18] and Shahzada [19] found water absorption for brick units as 19.3 %, 19.33 % and 23.00 % respectively. 

Table 4. Water absorption of masonry units. 

Sample No. Dry Weight of Samples (Ibs) Wet Weight of Samples (Ibs) % Absorption Mean % CV 

1 5.757 6.797 18.1 

21.36 10 % 
2 5.761 6.956 20.7 
3 5.885 7.198 22.3 
4 6.114 7.555 23.6 
5 6.422 7.842 22.1 

 

The absorption of brick greatly influence the tensile and shear bond strength of the masonry. The 
highly absorptive unit has lesser strength due to that fact that brick unit absorb water from mortar layer after 
laying and leaves small amount of water for cement hydration which results in weak mortar formation and 
consequently in the weakening of masonry. The recommended value of water absorption for first class brick 
is not more than 20 %. Hence mean value of water absorption of local manufactured brick is almost equal 
to the recommended value. 

3.4. Flexural Tensile Strength of Masonry Units 
The tests for flexural tensile strength of brick specimens was carried out according to section 6 of 

ASTM C-67. The results are shown in Table 5. The mean value for tensile strength was found to be 913 psi 
whereas the coefficient of variation was 34 %. Ashraf [6] and Shazada [19] obtained the values of flexural 
tensile strength of masonry units as 919 psi and 479 psi respectively. 
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Table 5. Flexural tensile strength of masonry units. 

Sample 
No. Size (in) Ultimate Vertical 

Load (Ton) 

Section 
Modulus 

(in3) 

Mcent 
(Ib.in) 

Flexure tensile 
strength (psi) 

Mean 
(psi) 

 COV 
(%) 

1 9×4.25×3 0.98 6.4 4320 678 

913 34 % 
2 8.69×4.12×3.0 1.65 6.2 6989 1130 
3 8.88×4×2.75 1.56 5.0 6769 1343 
4 9×4.25×3.0 1.16 6.4 5113 802 
5 9×4.25×3.0 0.89 6.4 3923 615 

3.5. Compressive Strength of Mortar 
In order to obtain a workable mortar, water cement ratio was determined taking into account the 

moisture content of sand. Gradation curves for two sand samples are shown in Fig. 3 and 4. The fineness 
modulus of sand in all tests was found in the ASTM recommended range of 2.3 to 3.1. Hence the sand is 
well graded for mortar preparation. 

 
Figure 3. Gradation curve for sand sample 1. 

 
Figure 4. Gradation curve for sand sample 2. 

Mortar cubes of size 2" x2"x2" were prepared with specified ratio of mortar using the determined 
water cement ratio. The average compressive strengths were found to be 1961 psi, 840 psi, and 311 psi 
as shown in Fig. 5. These results show a significant increase in mortar strength with the increase in cement 
content. 

 
Figure 5. Mean compressive strength (28 days) of mortar cubes. 

3.6. Compressive Strength of Masonry Prism 
The average compressive strengths were found to be 518, 586 and 408 psi for 1:4, 1:6, and 1:8 

mortars respectively as given in Table 6. Surprisingly, the compressive strength of prims in 1:6 mortar was 
more than the ones in 1:4 mortar. 
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Table 6. Compressive strength of masonry prisms. 

Mortar mix  
Ratio 

W/C  
Ratio No Area  

(in2) 
Maximum Load  

(Tons) 
Strength  

(psi) 
Mean 
(psi) 

COV 
(%) 

1:4 1 

1 135.78 27.6 448 

518 22 % 2 137.38 28.5 457 

3 135.11 39.8 649 

1:6 1.5 

1 139.18 32.6 516 

586 13 % 2 136.82 35.5 572 

3 137.53 41.8 670 

1:8 1.8 
1 140.86 23.6 369 

408 13 % 
2 138.74 28.1 446 

 

The compressive strength of masonry has also been investigated by various other researchers at 
UET Peshawar, Pakistan. The results are summarized in Table 7. 

Table 7. Mean compressive strength of masonry obtained during local research work. 

S. 
No. Title of Research Topic Mortar Type Mortar Mix 

Ratio 
Mean Compressive 

Strength (psi) 

1 To Study the Modulus of Rigidity of Local Brick 
Masonry System [17]  

Cement Sand 
(CS) 

1:4 655 
1:6 575 
1:8 525 

1:10 395 

Cement Khaka 
(CK) 

1:4 781 
1:6 719 
1:8 685 

1:10 532 

Cement Sand 
Khaka (CSK) 

1:2:2 685 
1:3:3 648 
1:4:4 628 
1:5:5 516 

2 Seismic Risk Assessment of Unreinforced Brick 
Masonry Building System of Northern Pakistan [7]  CSK 1:4:4 658 

3 Performance Behavior of Confined Brick Masonry 
Building Under Seismic Demand [18] CSK 1:4:4 839 

4 Seismic Risk Assessment of Buildings in Pakistan 
(Case Study Abbottabad City) [19] CS 1:6 438 

5 Development of low cost and efficient Retrofitting 
Technique for Unreinforced Masonry Buildings [6]   CS 1:8 656 

3.7. Diagonal Tension Tests of Masonry Prism 
Diagonal tension test setup is used based on the assumption that pure shear is introduced in the 

specimen and the specimen cracks when the principal stress at the center of specimen reaches tensile 
strength of masonry. However, due to non-uniformity of stresses, the specimen is not under pure shear [21, 
22]. Therefore, the analytical relation developed by Magenes et al. [22] is used to estimate the diagonal 
tensile strength of the specimens. 

1 2

0 5
t

. Pf
t( l l )

=
+

                                       (1) 

where tf  denotes diagonal tensile strength, P is the maximum applied load, 1l  and 2l  are lengths of 
the two sides of the specimen, and t is the thickness of specimen. A total number of 12 specimens were 
tested for tensile strength estimation and the results are given in Table 8. 
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Table 8. Shear strength of masonry prisms. 

Sample Size Mortar mix Ratio No Shear Strength (psi) Mean strength (psi) COV (%) 

48” × 48” 1:4 

1 41.35 

33.66 20 2 31.28 

3 28.35 

48” × 48” 1:6 

1 20.71 

26.16 38 2 20.00 

3 37.78 

48” × 48” 1:8 

1 28.38 

19.36 40 2 14.84 

3 14.85 

29” × 27” 1:6 

1 30.40 

32.46 11 2 30.28 

3 36.71 

 

The typical damage patterns during diagonal tension tests are shown in Fig. 6. The crack at failure 
follows bed and head joints of masonry. This implies that mortar and the bond strength between mortar and 
bricks contribute significantly to the masonry strength. Specimens in mortar mix 1:6 were tested in two 
different sizes, namely 48” × 48” and 29” × 27”. The mean shear strength was found to be 24 % higher in 
case of smaller specimens. 

    
Figure 6. Typical damage pattern during diagonal tension tests. 

4. Empirical Relationships for Mechanical Properties of Masonry 
The mechanical properties of masonry (compressive and tensile strength) obtained experimentally 

are related to the compressive strength of mortar in order to develop simple empirical relationships for 
future applications. 

4.1. Mortar Strength to Compressive Strength of Masonry 
The mortar compressive strength is correlated with the masonry compressive strength using past 

data and results obtained in this study. The mean mortar compressive strength for a particular mix ratio is 
plotted against mean compressive strength of masonry as shown in Fig. 7. The past data of Shah [17], 
Shazada [19], and Ashraf [6] have been plotted. Linear regression analysis is used to develop an empirical 
relationship between mortar compressive strength and masonry compressive strength as: 

0 0881 451 91mc mf . f .= +                           (2) 

where mcf  is masonry compressive strength (psi) and mf  is mortar compressive strength (psi). 
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Figure 7. Relation between mortar strength and masonry compressive strength. 

4.2. Mortar Strength to Masonry Tensile Strength 
The mortar compressive strength is correlated with the masonry diagonal tension strength using past 

data [19] and results obtained in this study. The mean mortar compressive strength for a particular mix ratio 
is plotted against mean diagonal tension strength of masonry as shown in Fig. 8. Linear regression analysis 
is used to develop an empirical relationship between mortar compressive strength and masonry diagonal 
tension strength as: 

0 0085 18 79t mf . f .= +                                  (3) 

where tf  is masonry diagonal tension strength (psi) and mf  is mortar compressive strength (psi). 

 
Figure 8. Relation between mortar strength and masonry tensile strength. 

5. Conclusions 
The following conclusions can be derived based on the results obtained in the experimental part of 

this study. 

1. The mean compressive strength of masonry units (3706 psi for full units and 1928 psi for half 
units) is well above the minimum recommended values of national and international building codes. 
However, there is a large variation in the compressive strength of commonly used mortar (1961 psi for 1:4 
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mortar and 311 for 1:8 mortar). Therefore, the masonry strength is generally governed by the strength of 
mortar and the bond between mortar and masonry units. 

2. The past practice for diagonal tension tests was to fix the masonry wallets diagonally in two 
vertical jaws and the load was applied in the vertical direction. However, as part of this research study, a 
new test setup was developed where the specimen are placed in a more stable horizontal position and the 
load is applied along the diagonal in an inclined direction. The new test setup was successfully used for 
diagonal tension tests of 12 specimens. 

3. Masonry compressive strength and diagonal tension strength decreases with increase of sand 
proportion in mortar mix. The mean compressive strength is decreased by 21.24 % for specimens in 1:8 
mortar as compared to specimens in 1:4 mortar. Similarly, the mean diagonal tension strength is decreased 
by 42.48 % for specimens in 1:8 mortar as compared to specimens in 1:4 mortar. 

4. Two empirical relationships are developed correlated mortar compressive strength with masonry 
compressive strength and diagonal tension tests. 
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Abstract. The article considers organizing and conducting dynamic testing of a multi-story residential panel 
building in Krasnoyarsk. For dynamic testing, a hardware-software complex was developed that implements 
the standing wave method, allowing to determine the dynamic characteristics of a building by registering 
microseismic vibrations of building structures. The dynamic test results determined actual natural 
(resonant) frequencies and their oscillations modes for the building structures. From the analysis of the 
distribution of the peak values of the amplitudes of natural vibrations, we determined the dangerous zones 
of the occurrence of destructive processes in the soil of the base of the building, affecting its safe 
functioning. 

1. Introduction 
The study of the technical condition of building structures is an independent area of construction 

activity, covering a number of issues related to the creation of normal working and living conditions of 
people in buildings and structures and ensuring the operational reliability of buildings and structures. 
Assessment of the technical condition of buildings and structures on the basis of the standard² is 
determined by instrumental examination methods that allow obtaining objective and sufficient information 
about the properties of materials, the behavior of structures and the actual operation of the structure [1–4]. 
Known methods of non-destructive testing and diagnostics of the state of building structures of buildings 
and structures (mechanical, ultrasonic, etc.) make it possible to determine the physic mechanical properties 
of concrete, reinforced concrete or metal structures, as well as the state of foundation of foundations of 
structures in a limited measurement area and to carry out defectoscopy of building structures. To determine 
the integral strength characteristics of building structures of buildings and structures, these methods are 
generally unsuitable. 

Existing systems for assessing and monitoring buildings and structures in the Russian Federation 
and abroad, created by individual ministries and departments on a sectoral basis, also do not satisfy the 
modern security requirement. They do not provide the necessary accuracy in determining the parameters 
of the technical condition, do not allow combining the monitoring of technical condition with the registration 
of earthquakes at objects located in seismically dangerous areas. Currently there is no single system for 
assessing and monitoring the technical condition of buildings and structures to ensure their safe operation 
[5–16]. 

Experimental methods for studying the vibrations of buildings and structures (dynamic tests) have 
been and continue to be an effective research tool for modern building science [17–26], since the 
parameters determined during these studies are it is an individual set of parameters of the dynamic 
characteristics of natural vibrations inherent in each building and structure. They depend on the properties 
of the soil at the base of the building, on the structural design of the building, workmanship, characteristics 

https://creativecommons.org/licenses/by-nc/4.0/
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of the material and structures, on existing defects, i.e. from the set of components that determine the 
bearing capacity of structures and allow to evaluate its technical condition. 

Research methods for the natural vibrations of buildings can be divided: 

1. Impact testing; 

2. Testing by pulling (quick release of load); 

3. Tests of buildings and structures with powerful vibrators mounted on the roof; 

4. Vibration testing of buildings and structures with a source located outside of buildings and 
structures; 

5. Studies of fluctuations of buildings and structures under the influence of industrial explosions and 
special explosions in lakes; 

6. Studies of the reactions of buildings and structures to earthquakes; 

7. The study of buildings and structures based on the study of microseismic vibrations. 

Each of the mentioned methods has its advantages and disadvantages and with one degree or 
another solves the tasks assigned to it [27–39]. 

The study of buildings using microseismic noise has always been attractive because there is no cost 
to excite vibrations. The cheapest method, however, it was commonly believed that the results obtained 
with microseismic noise are inferior in accuracy to all other methods. With the advent of high sensitivity 
sensors (from 100 mV/(m/s²)) and digital signal processing, it became possible to register and isolate 
building vibrations arising from the action of a load applied to its structures, the intensity of which is 
comparable to the background from natural microseisms. This stimulated the development and creation of 
modern mobile diagnostic systems [40–44]. Such diagnostic complexes of the All-Russian Research 
Institute of Civil Defense and Emergencies as “Struna” and “Strela”, which are actively used to assess 
seismic resistance and diagnostics of buildings and structures. A distinctive feature of dynamic tests using 
these complexes is the registration of microoscillations of the objects under investigation (from fractions of 
millimeters to several millimeters), which has been known for a long time, but until recently its use was 
limited both by the capabilities of the recording equipment and sensors and by the level of processing the 
received signal. This method was called the method of free oscillations. 

The methodology for determining the dynamic characteristics of building structures by their free 
vibrations excited by the action directly on the structure external pulse load, includes the following 
operations: 

• arrangement of measuring sensors on structures; 

• excitation and registration of oscillations; 

• calculation of their Fourier spectra; 

• analysis of Fourier spectra in order to isolate resonant peaks corresponding to various forms of 
free vibrations; 

• obtaining, using the inverse Fourier transform, pulsed implementations of the selected resonant 
peaks for each form of free oscillations; 

• identification and graphic representation of various forms of vibrations. 

Roughly speaking, this technique is a measurement of the characteristics of a linear system as a 
result of a reaction to a broadband effect in the form of a δ-function or step. The idea is reasonable, widely 
used in practice in the study of linear systems [2, 3, 11, 13, 26]. The disadvantage is the low detail of the 
data and the low accuracy of the results. 

Another method, called the standing wave method, was developed by the Geophysical Service of 
the Siberian Branch of the Russian Academy of Sciences (GS SB RAS, Doctor of Engineering 
A.F. Emanov) [17–19, 45] for a detailed study of the physical condition of buildings and structures at the 
level of structural elements. Unlike other methods, this method uses the natural vibrations of many 
frequencies. The only method that determines the phase parameters of the field of standing (natural) waves. 
Studying the field of standing waves with any detail makes it possible to obtain information about local 
hidden defects in the structure. 

The idea of the method is that a small number of sensors moving in space that record microseismic 
vibrations determine their own (standing) waves with the required detail in buildings or engineering 
structures of any complexity. In other words, using small-channel equipment (using ten sensors), large 



Magazine of Civil Engineering, 104(4), 2021 

Khoroshavin, E.A. 

engineering structures (hydroelectric power stations, bridges, high-rise buildings, etc.) can be examined 
[43, 47–51]. 

The essence of the method is to determine the field of its own (standing) waves of the structures of 
the structure. It is these vibrations that characterize the internal structure of the building and the state of its 
structures. The natural vibrations of a building are a set of standing waves, the dynamic characteristics of 
which are individual for each building and do not depend on time or on external influences. They are the 
reaction of the object to any external influences that come to it through the foundation (microseisms) or 
walls (wind load). The dynamic properties of buildings and structures are determined by the properties of 
the underlying soil and foundation, the mass and elastic characteristics of structures, the type and quality 
of the connection of individual blocks, parts and elements of buildings and structures. A change in these 
properties over time during operation leads to corresponding changes in the parameters of the dynamic 
characteristics of vibrations of buildings and structures. An analysis of the obtained frequency, amplitude 
and phase characteristics of the wave field of the object allows us to establish the presence of changes in 
the properties of the soil of the base and defects in the structure of the object that arise during its operation, 
and also allows you to get estimates of the technical condition of the object. This technology is unique and 
has no analogues abroad. 

The purpose of this study, as a result of dynamic testing of a building based on the standing wave 
method, is: 

• Determination of the main dynamic characteristics of the building (frequencies and forms of 
natural vibrations, amplitudes and phases, characteristics of the damping of oscillations) on a 
dense measurement system; 

• Obtaining a distribution of the dynamic characteristics of natural vibrations among structural 
elements of a building; 

• Identification of hazardous areas and weaknesses (defects and cracks) in the building; 

• Obtaining a detailed (with the required degree of detail) reliable picture of the technical condition 
of the building. 

The technology for conducting dynamic tests of a building based on the standing wave method 
requires solving the following problems: 

• Definition of the arrangement of recording sensors; 

• Conducting sequential registration of seismic micro-noise with low-channel equipment on all load-
bearing structural elements of the building. Registration is carried out continuously in one or more 
reference points; 

• Processing of registration data of microseismic vibrations of building structures, which is 
performed on the basis of the standing wave recalculation methodology (GS SB RAS, A. F. 
Emanov) [19, 22]. As a result of processing the micro-noise records, for the object being 
examined, simultaneous records of standing waves are obtained from simultaneous consecutive 
observations with reference points; 

• Building a 3D geographic information system (GIS) - a model for representing the amplitudes and 
phases of the natural oscillation fields of a building and its structural elements; 

• Construction of coherence spectra and error spectra to highlight the natural frequencies of the 
parameters of the field of standing (natural) waves and their modes of vibration, allowing to 
identify defects and weaknesses in the building structures; 

• Analysis of the distribution of the dynamic parameters of the wave field over the structural 
elements of the building to assess the technical condition of the building. 

2. Methods 
The studies were conducted in the hostel No. 22 of the Siberian Federal University. The dormitory 

building consists of four reinforced concrete panel sections and a monolithic public block connecting 
interconnected panel double sections. In the first section of the hostel, during its operation, cracks appeared 
in the interface nodes of structural elements along the entire height of the building. Dynamic tests were 
carried out as part of the inspection and monitoring of the technical condition of the building to assess the 
possibility of its further trouble-free operation or the need for its restoration and strengthening of structures. 
For dynamic testing, a hardware-software complex was developed that implements the standing wave 
method [25, 42, 43, 51]. 
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Microseismic vibrations of the dormitory building structures were recorded using the Standing Waves 
Method (MSW-1) mobile diagnostic complex, which is a multi-module system of 10 three-component 
recorders of the Baikal-ASN8 extended frequency range (Figure 1). Table 1 presents its technical 
characteristics. 

Table 1. Technical characteristics of the Baikal-ASN8 microseismic oscillation registration 
system. 

No Characteristic Units rev. Value 
1 The number of channels of one module  3 
2 Data capacity Bit 24 
3 Input Type  differential 
4 Input impedance Ком 20 
5 Max. sampling frequency Hz 16000 
6 Working frequency band (- 3 dB) Hz 4000 
7 Reference Generator Stability  2*10-8 
8 Power consumption Wat <0.5 
9 Диапазон рабочих температур °С -30 + +60 

10 Weight kg 4.5 
 

 
Figure 1. Baikal-ASN8 recorders with A1637 sensors. 

The recorders have time synchronization via GPS and a USB 2.0 channel for communication with a 
computer for programming and data transfer. The recorder is powered by built-in batteries. Data 
microseismic oscillations are recorded on the built-in drive (SD card), followed by transfer to a computer 
via USB. 

The software runs on WindowsXP. The controls allow manual control of the registrar. Three-
component accelerometers A-1637 are used as geophones. 

The three-component accelerometer (seismic receiver) A1637 (Figure 2) is designed to convert 
vibrational acceleration into a proportional electrical signal. The seismic receiver is used as a primary 
transducer in the composition of seismic and vibration measuring systems and complexes, and can also 
be used in various fields of science and technology when measuring (recording) low-frequency low-level 
vibration parameters. 

 
Figure 2. General view of the A1637 seismic receiver. 
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The scope of the A1637 seismic receiver: seismic exploration, control of vibrations of buildings and 
structures, as well as vibration of turbines and shafts of power plants. 

Normal conditions for the use of a seismic receiver: 

• ambient temperature from 18 to 25 °C; 

• relative air humidity from 45 to 80 %; 

• atmospheric pressure from 84 to 106.7 kPa; 

• sound pressure level of acoustic fields no more than 60 dB; 

• power supply voltage of the seismic receiver ± (12 +0.5) V; 

• instability of supply voltage no more than 0.5%; 

• voltage ripple no more than 1 mV. 

Operating conditions for use: 

• ambient temperature from minus 40 to plus 50 °C; 

• relative air humidity up to 90% at 30 °С; 

• atmospheric pressure from 84 to 106.7 kPa; 

• power supply voltage of the geophone + (12 ± 2) V; 

• instability of supply voltage no more than 0.5%; 

• voltage ripple no more than 1 mV. 

Microseismic oscillations were recorded in two stages. The first stage in 2014. Microseismic 
vibrations of the dormitory building structures were recorded in two sections, in axes I-III (Figure 3) at the 
attic floor mark and on the floors of the building with a pitch of geophones 3 meters apart. 

 

 
Figure 3. Scheme of the investigated object. 

At the attic floor mark, the registration of microseismic vibrations with small-channel equipment was 
carried out at 120 observation points (Figure 4). 

 
Figure 4. Observation points of microseismic noise at the attic of the hostel in 2014. 

Microseismic vibrations with small-channel equipment on the floors of two sections of the hostel were 
recorded at 180 observation points (Figure 5). 

Axis hostel I-III 

     Public block  IV-V    Axis hostel  VI-XI 
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Figure 5. Observation points of microseismic noise on the floors of the hostel in 2014. 
The second stage was held in 2015. Re-registration of microseismic vibrations of the dormitory 

building structures was carried out in axes I-II (Figure 6) at the attic floor mark.  

                   
          Z                                                                                                                              

                              
 

                               X 
Figure 6. Observation points of microseismic noise at the attic of the hostel in 2015. 

To record microseismic noise with small-channel equipment, 10 seismic detectors were used. The 
registration time was 15 minutes, after which the equipment moved to the following observation points. The 
sensor at the reference point remains in place during the entire measurement cycle. 

As a result of the processing of micro-noise records, obtained simultaneous records of standing 
waves from different-time, sequential observers with reference points. The processing procedure is reduced 
to the following operations: 

• Primary processing of micro-noise records, open input data for calculating functions between 
observer points; 

• Calculation of vibration functions at reference points with oscillations at each observation point; 
• Recalculation of standing waves from reference points to all points of the object being examined. 

The oscillations are recorded simultaneously at two reference points and at each i-th (or group of  
i-x) points in turn. Obtaining simultaneous recordings of standing waves from different time observations 
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with two reference points is reduced to the following operations. Simultaneous recordings are divided into 
separate intervals (implementations) with a recording length of ~ 16 seconds. The frequency characteristics 
of the Wiener two-channel filter are estimated using the formulas: 
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(2) 

These formulas allow you to connect two reference points with two-channel Wiener filters, 
recalculating standing waves, with all points of the observation system. Thus, for each observation point, 
we obtain the coupling functions L1 and L2 that allow us to obtain the wave field parameters in it from 
simultaneous recordings at reference points. 

Choosing any implementation F at the reference points, we recalculate it into a simultaneous wave 
field at all observation points using the following formula: 

1 2i ,i ,i( ) ( ) ( ) ( ) ( )F L LF Fω ω ω ω ω= +′  (3) 

To build the relationships between the points of the building and build a model of propagation and 
transmission of wave effects, coherence spectra and error spectra are calculated. The coherence spectrum 

( )γ ω is a measure of the linearity of the coupling of vibrations between two points of an engineering 
structure. The values of the coherence spectra increase at the frequencies of normal modes and decrease 
between them. In the error spectrum, on the contrary, σ(ω) - the values decrease at the frequencies of the 
normal modes and increase between them. The ratio of these spectra allows us to select the 
eigenfrequencies. 

The recording coherence spectrum at the i point relative to one of the reference points is calculated 
by the formula: 
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where iF ( )ω , 0F ( )ω  are the spectra of simultaneous recordings of standing waves at the i-th point of 
the object being examined, and the base point 

Taking into account that in the filter for recalculation of standing waves the phase spectra are 
averaged over n independent realizations, it can be argued that the variance of the random error will 
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decrease n times. With this in mind, the standard error of the phase characteristic (error spectrum) of the 
eigenfrequency separation is calculated by the formula: 
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3. Results and Discussion 
To process the data of dynamic tests, a software package "Standing Waves Method" was developed 

[25, 42, 43, 51], which makes it possible to determine the dynamic characteristics of an object, select natural 
frequencies and visualize test results in a three-dimensional geoinformation system (GIS) – a model of the 
object under study (Figure 7–11).  

The program provides: 

1. Binding of sensors to the building plan and registration time (Figure 7); 

2. Import of microseismic vibration logs (Figure 8); 

3. Storage of initial, intermediate and output information; 

4. Construction of coherence spectra, normalized to spectra of errors of microseismic vibrations to 
identify natural frequencies of the building (Figure 9); 

5. Determination of natural frequencies and modes of vibration of the building. Determination of 
phase and amplitude characteristics of the wave field of natural oscillations of the building (Figure 10–11); 

6. Ability to work within the program with a three-dimensional model of the building; 

7. Possibility of constructing various types of diagrams using the standing wave technique. 

 
Figure 7. Interface of the “Standing Wave Method” program. Arrangement diagram of the 

recording sensors. 

 
Figure 8. Interface of the “Standing Wave Method” program. Primary data of monitoring of 

microseismic vibrations recorded by Baikal-ASN8 stations. 
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Figure 9 shows the calculation of the coherence spectra. 

 
Figure 9. Interface of the “Standing Wave Method” program. Construction of coherence spectra 

normalized to error spectra. 

 
Figure 10. Interface of the “Standing Wave Method” program. Construction of phase diagrams of 

natural vibrations. Forms of natural vibrations. 

 
Figure 11. Interface of the “Standing Wave Method” program. Construction of diagrams of natural 

vibration amplitudes. 
As a result of dynamic tests of the dormitory building at the first stage in 2014. the actual frequencies 

of the first and second modes of natural vibrations were obtained (Figure 12). 
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а) b)  
Figure 12. 3D GIS-model of the studied object. a) Maximum amplitudes of the 1st form of natural 
vibrations at a frequency of 2.34 Hz along the Y-component in 2014. b) Maximum amplitudes of 

the 2nd form natural vibrations at a frequency of 2.67 Hz along the Y-component in 2014. 
Figure 13 shows the isolines of the maximum amplitudes on the plan of the attic space obtained in 

2014.  

a) b)  
Figure 13. Isolines of maximum amplitudes on the plan of the attic space obtained in 2014. 

a) Maximum amplitudes of the 2nd form natural vibrations at a frequency of 2.67 Hz along the Y-
component. b) Maximum amplitudes of the 2nd form natural vibrations at a frequency of 2.67 Hz 

along the Z-component. 
At the second stage in 2015. as a result of dynamic tests of the dormitory building, the actual 

frequencies of the first and second forms of natural vibrations were re-obtained (Figure 14). 

а) b)  
Figure 14. 3D GIS-model of the investigated object. a) Maximum amplitudes of the 1st form of 

natural vibrations at a frequency of 2.29 Hz along the Y-component in 2015. b) Maximum 
amplitudes of the 2nd form natural oscillations at a frequency of 2.59 Hz along the Y-component 

in 2015. 
Figure 15 shows the isolines of the maximum amplitudes on the plan of the attic space obtained in 

2015.  
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a)  b)  
Figure 15. Isolines of maximum amplitudes on the plan of the attic space obtained in 2015. a) 

Maximum amplitudes of the 2nd form natural vibrations at a frequency of 2.59 Hz along  
the Y-component. b) Maximum amplitudes of the 2nd form natural vibrations at a frequency of 

2.59 Hz along the Z-component. 
As can be seen from Figure 14, there have been changes in the natural frequencies of the building 

during the observation period from 2014 to 2015, and in particular a decrease in the natural frequencies of 
the first form from 2.34 Hz to 2.29 Hz and the second form from 2.69 Hz to 2.59 Hz. This fact indicates a 
decrease in the overall stiffness of the building. The reason for the weakening of the stiffness of the building, 
as can be seen from Figure 15 b), was the peak amplitudes in the Z-component, which appeared at the 
second stage of testing in 2015. The occurrence of vertical components of relative displacements in the 
field of standing waves indicates a decrease in the bearing capacity of the building foundation in these 
zones. 

Figure 16 shows the changes in the field of standing waves of the building obtained during the 
observation period from 2014 to 2015.  

a)  b)  

c)  d)  

e)  f)  
Figure 16. Changes in the field of standing waves of the building obtained during the observation 
period from 2014 to 2015. a) Construction of the coherence spectra normalized to the spectra of 
the error in the Z-component in 2014. b) Construction of the coherence spectra normalized to the 

spectra of the error in the Z-component in 2015. c) Maximum amplitudes of the 2nd form of natural 
oscillations at a frequency of 2.67 Hz along the Y-component in 2014. d) Maximum amplitudes of 

the 2nd form of natural oscillations at a frequency of 2.59 Hz along the Y-component in 2015.  
e) Maximum amplitudes of the 2nd form of natural vibrations at a frequency of 2.67 Hz along  
the Z-component in 2014. f) Maximum amplitudes of the 2nd form of natural vibrations at a 

frequency of 2.59 Hz along the Z-component in 2015. 
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As can be seen from Figure 16, during the repeated dynamic testing of the building, zones of the 
occurrence of peak amplitudes along the Z-component appeared, indicating a weakening of the bearing 
capacity of the soil of the pile foundation in these zones. 

The obtained research results are unique and cannot be compared with the results of other authors. 
This is due to the features of the standing wave field, which is individual for each building. It should be 
noted that the results of studying the features of the standing wave field in buildings and structures obtained 
on the basis of the standing wave method were published in [6, 48, 50, 51]. 

4. Conclusions 
The microseismic vibrations of building structures were recorded with the mobile diagnostic complex 

Method of Standing Waves (MSW-1). According to the results of dynamic tests of a residential multi-storey 
panel building, its dynamic characteristics are obtained. The natural frequencies, peak amplitudes and 
phase characteristics of the wave field of the building are determined. To distinguish the building’s natural 
frequencies, a software package has been developed that implements the standing wave method. A GIS 
is built - a model for representing the amplitudes and phases of the natural oscillation fields of a building 
and its structural elements. An analysis of the frequency, amplitude, and phase characteristics of the wave 
field obtained as a result of monitoring a residential multi-storey panel building made it possible to establish 
the causes of cracks in the interface nodes of structural elements. The causes of cracks were the 
destructive processes of the soil in the pile foundation of the building, associated with a seasonal increase 
in groundwater. Defects of the building foundation identified as a result of diagnostics require measures to 
lower the groundwater level on the construction site.  

Currently, the Standing Wave Method (MSW-1) mobile diagnostic complex has been used to 
diagnose large-span bridge structures, assess the earthquake resistance of a building with a stationary 
seismic isolation system, and monitor the technical condition of the Musical Theater and residential 
buildings. The complex can be used to solve the widest range of tasks: 

• inspection of emergency buildings; 
• assessment of earthquake resistance of buildings; 
• audit of the quality of construction work; 
• reconstruction and resumption of construction; 
• scheduled inspections of industrial buildings and especially hazardous facilities; 
• study of the impact of external influences on objects (explosions, construction work, etc.); 
• inspection and monitoring of the technical condition of buildings and structures; 
• determination of the parameters of the fundamental tone of natural vibrations for the building 

passport. 
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Abstract. Designing of multi-component building compositions is usually done by an empirical method, 
which is a laborious and time-consuming process. The article deals with the method of designing the optimal 
building mixture composition based on the criterion of minimal costs. In this study, the effect of composition 
factors (water demand, binder content, fillers and additives) on compressive and flexural strengths of the 
gypsum-based mortar and the expanded lightweight filler was determined. According to the results of 
experiments, the corresponding mathematical models of mortar properties were obtained. Such models 
have made it possible to develop a design methodology for the mixture composition, which uses methods 
of mathematical programming. It allows obtaining the optimal composition of the construction mixture, which 
provides the required properties of the mortar at its minimal cost. 

1. Introduction 
The object of research is the methodology for designing the optimal compositions of multicomponent 

building materials, which include modern concretes and mortars. The designing determination of their 
compositions is complicated by the lack of common dependencies and requires significant experimental 
work. For example, about 180 trial mixes were tried before arriving at the final mix composition for roller 
compacted concrete [1]. Therefore for the design of compositions of multicomponent mixtures, 
experimentally-statistical models are especially promising. Such models incorporate the effects of specific 
factors that determine the mixture properties and effects of their interaction on material properties. For 
obtaining models effectively using the methods of mathematical experiment planning. 

The experiment planning methodology is shown in the works [2–4]. Experimentally-statistical 
(mathematical) models allow to solve some practical problems. V. Voznesenskiy [4] has formulated and 
developed a methodology for ten typical problems that can be solved individually or jointly based on a 
polynomial models. These are interpolation, extrapolation problems, problems of achieving the minimum 
or maximum value of the output parameters, etc. 

One of the important problems solved by the mathematical models is optimization of compositions 
with different optimality criterions [5]. One of the most important criteria is the minimum cost criterion while 
ensuring the necessary quality indicators of the composite materials. In this case, the problem of designing 
the building mixture composition while providing a complex of specified properties and minimizing its total 
cost becomes much more complicated. Along with differential analysis using canonical and isoparametrical 
analysis as well as linear programming and alternative methods for getting optimal solutions is also possible 
[2, 6, 7]. 

In most works performed by the traditional experimental approach, it is proposed to reduce the cost 
of the mixture by reducing the content of the most expensive component. At the same time, the cost of 
other components that significantly affect the properties of the mixture is not taken into account. Examples 
of solved problems for designing of the optimal composition of building mixtures are given in works [8–14]. 
Parveen and Singhal [15] proposed a method for designing a mixture fof geopolymer concrete. In this work, 
the authors suggest to minimize the cost of the mixture by reducing the number of the most expensive 

https://creativecommons.org/licenses/by-nc/4.0/
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component, but in doing so not to take into account the costs of other components that determine the cost 
of the mixture. 

To take into account the characteristics of aggregates and additives in the designation of concrete 
compositions, a number of calculated and experimental dependencies have been proposed [16–20]. But 
these dependencies did not take into account the criterion of optimality. 

Some authors proposed methods, based on mathematical experiment planning methodology, but 
these works excluded cost aspect [21–26]. The compositions' design usually is limited to minimize the cost 
of binder and additives. At that, only one of the required indicators of the material quality is ensured, for 
example, compressive strength. The dependence between concrete cost and its strength was determined 
[27]. It allowed to propose a method for composition design. However, this method did not allow to find the 
optimal composition, providing both the specified strength value and the minimum cost. Furthermore, the 
method requires to use a nomogram of concrete properties which significantly complicates the procedure 
of designing the composition. In the work [11], the optimum self-compacting mortar mix is defined as that 
mixture which maximizes durability while minimizing cost. But in this case, the total cost of all components 
of the mixture is not calculated. 

The method of dynamic optimization in the process of designing concrete composition was used [28]. 
The optimization of the mixture components was performed using a nonlinear dynamic model to study the 
behavior of the variables. However, the cost criterion was not considered in this study. 

The problem of finding the optimal building mixture composition with designed quality parameters 
can be formulated as follows: find the values of mixture factors x1… xn, allowing to minimize its cost: 

1 1 2 2 minc n nE E C E C E C= + + + →                          (1) 
While the necessary quality parameters are provided 

( )1 1 2, ,..., nP f x x x≥                                    (2) 

( )2 1 2, ,..., nP f x x x≥  

( )1 2, ,...,m nP f x x x≥  
While  

[ ]1 ..., ...nx x a b∈                                     (3) 
where, 

E1, E2,…, En are the cost (expenses) of mixture's components, $/kg; 

C1, C2,…, Cn are the consumptions of dry mixture's components, respectively, kg/t (kg/m3) of 
mixture; 

P1 ... Pm are the given quality mixture parameters; 

x1 ... xn are the composition factors; 

a, b are the limitations of factors’ possible values. 

The solution of this problem can be found using mathematical programming methods [4]. These 
methods may be implemented using originally developed algorithms in the MS Excel Solver software. This 
problem is especially relevant for dry building mixtures containing many components that simultaneously 
affect both the cost and properties of the mixture. 

The aim of the research was to develop a calculation method for designing the gypsum-perlite dry 
mixture composition (GPM) with specified values of compressive strength, flexural strength, and density. 

Achieving this aim required the solution of the following tasks: 

1. To obtain a complex of polynomial models of the normalized mixture properties depending on the 
composition parameters. 

2. To analyze the influence of the main composition factors on the mixture properties. 

3. To solve the task of GPM designing using MS Excel Solver software. 
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2. Methods and Materials 
A series of experiments, based on algorithm according to the five-factor experiment plan (type Ha5) 

[1], were implemented in order to determine the GPM design parameters under the planning conditions 
given in Table 1. 

Table 1. Experiment Planning Conditions. 

No. 
Factors Varying levels 

Interval 
Coded Parameter -1 0 +1 

1 x1 Perlite-gypsum ratio (P/G) 0.02 0.04 0.06 0.02 

2 x2 Limestone powder – gypsum ratio (L/G) 0.4 0.6 0.8 0.2 

3 x3 Hydrated lime – gypsum ratio (HL/G) 0.17 0.37 0.57 0.2 

4 x4 
Cellulose ether content (CE), 

% by weight of mixture 
0.23 0.25 0.27 0.02 

5 x5 
Starch ether content (SE), 

% by weight of mixture 
0.03 0.05 0.07 0.02 

 

As components of the GPM were used construction gypsum marked with A1 in accordance with 
EN 13279-1:2009, limestone powder (0–3 mm), hydrated calcium lime (marked with CL 90 in accordance 
with EN 459-1:2010), cellulose ether, starch ether and expanded perlite sand (0.16–1.25 mm). 
Granulometry of perlite sand within the specified fraction was selected with the maximum packing density 
of grains. The density of perlite sand was 100.4 kg/m3. 

Table 2. Technical and chemical characteristic of limestone powder. 

Technical characteristic: 
- Humidity to 1 %, 

- Grinding fineness (the rest on a sieve of 0.2 mm) no more than 30 %, 
- Fraction of 0-3 mm. 

Chemical composition, %: 

- CaO – 53.0-54.0 
- Al2O3 – 0.1 

- Fe2O3 – 0.14 
- MgO – 0.62 
- SiO2 – 0.5 

- The insoluble rest – 1.97 
- Loss of ignition – 44.0-45.0 

 

Table 3. Characteristics of cellulose ether. 
Indicators Value 

Methoxy group content, % 19.0 – 24.0 
Hydroxypropyloxy group content, % 4.0 – 12.0 

Gel formation temperature, °C 70 – 90 
Moisture content, %, max. 5.0 

Ash content, %, max. 1.0 
рН (1 % solution at 25 ºC) 5.0 – 8.0 

 

Table 4. Characteristics of starch ether. 
Indicators Value 

Moisture content, %, max. 10 
Ash content, %, max. 10 

рН (1 % solution) 7.0 – 10.0 
Hydroxypropyloxy-group content, % 19.0 – 24.0 

Viscosity (5 % solution) by Brookfield rotational 
viscometer, mPa∙s 300 – 500 
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Water consumption was determined experimentally to ensure the mixture workability of 8 cm. After 
measuring the mixture workability, it was used for casting the test specimens. Three identical specimens 
were prepared for each mixture composition. The specimens had a prismatic form with dimensions of 
40×40×160 mm. The specimens were kept in the forms during 24 h and after that they had hardened in 
special chambers with humidity no more than 60 % and the temperature was 18±2 °C. The specimens were 
tested in 7 days age to obtain their compressive and flexural strengths. 

The strength characteristics were measured using a test machine FP 100/1 with a 100 kN load 
capacity and accuracy S = ±1.0 %. To obtain the flexural strength the specimens were located on two 
cylindrical supports. The distance between the supports was 100 mm. The load was applied in the middle 
of the span (ISO 679:2009 [29]). The parts of the tested specimens were further used to measure their 
compressive strength using a standard method (ISO 679:2009 [29]). 

3. Results and Discussion 
Experimental results are presented in Tables 5-6. For this data corresponding statistical 

characteristics was obtained and coefficients of regression equation was calculated [2]. After the 
significance of the coefficients were estimated, the adequacy of equations were checked by calculating the 
adequacy dispersion, design value of Fishcer's criterion (F-criterion) and comparing the last with a 
normalized one [30]. 

Table 5. Planning matrix and compositions of gypsum-perlite mixture. 

No. 

Natural values of factors Component consumption 

P/G L/G HL/G CE SE 
Gypsum 

(G), 
kg/t 

Expanded 
perlite sand 

(P), 
kg/t 

Limestone 
powder (L), 

kg/t 

Hydrated 
calcium 

lime(HL), 
kg/t 

Cellulose 
ether 
(CE), 

% 

Starch  
ether 

(SE), 
% 

1 0.06 0.8 0.057 0.27 0.07 520 31.2 416 29.6 2.7 0.7 
2 0.02 0.4 0.057 0.27 0.07 675 13.5 269 38.5 2.7 0.7 
3 0.02 0.8 0.017 0.23 0.03 543 10.9 434 9.2 2.3 0.3 
4 0.06 0.4 0.017 0.23 0.03 675 40.5 270 11.5 2.3 0.3 
5 0.02 0.8 0.017 0.27 0.07 543 10.9 434 9.2 2.7 0.7 
6 0.06 0.4 0.017 0.27 0.07 675 40.5 269 11.5 2.7 0.7 
7 0.06 0.8 0.057 0.23 0.03 520 31.2 416 29.7 2.3 0.3 
8 0.02 0.4 0.057 0.23 0.03 675 13.5 270 38.5 2.3 0.3 
9 0.02 0.8 0.057 0.27 0.03 531 10.6 424 30.3 2.7 0.3 
10 0.06 0.4 0.057 0.27 0.03 657, 39.4 262 37.5 2.7 0.3 
11 0.06 0.8 0.017 0.23 0.07 531 31.9 424 9.0 2.3 0.7 
12 0.02 0.4 0.017 0.23 0.07 693 13.9 277 11.8 2.3 0.7 
13 0.02 0.8 0.057 0.23 0.07 531 10.6 424 30.3 2.3 0.7 
14 0.06 0.4 0.057 0.23 0.07 657 39.4 262 37.5 2.3 0.7 
15 0.06 0.8 0.017 0.27 0.03 531 31.9 424 9.0 2.7 0.3 
16 0.02 0.4 0.017 0.27 0.03 693 13.9 277 11.8 2.7 0.3 
17 0.06 0.6 0.037 0.25 0.05 587 35.3 352 21.7 2.5 0.5 
18 0.02 0.6 0.037 0,25 0.05 601 12.0 361 22,3 2.5 0.5 
19 0.04 0.8 0.037 0.25 0.05 531 21.2 424 19,7 2.5 0.5 
20 0.04 0.4 0.037 0.25 0.05 675 27.0 270 25.0 2.5 0.5 
21 0.04 0.6 0.057 0.25 0.05 587 23.5 352 33.5 2.5 0.5 
22 0.04 0.6 0.017 0.25 0.05 601 24.1 361 10.2 2.5 0.5 
23 0.04 0.6 0.037 0.27 0.05 594 23.8 356 22.0 2.7 0.5 
24 0.04 0.6 0.037 0.23 0.05 594 23.8 356 22.0 2.3 0.5 
25 0.04 0.6 0.037 0.25 0.07 594 23.8 356 22.0 2.5 0.7 
26 0.04 0.6 0.037 0.25 0.03 594 23.8 356 22.0 2.5 0.3 
27 0.04 0.6 0.037 0.25 0.05 594 23.8 356 22.0 2.5 0.5 
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Table 6. Experimental values of the properties of the gypsum-perlite mixture mortar. 

No. 

Strengths of the mortar at 7 days, MPa 
Density 

ρo, kg/m3 

Water consumption 

W, % 
compressive 

fm 
flexural 

ftf 
1 2 1.5 1031 54 
2 3.1 2 1064 49 
3 3 2.2 929 57 
4 1.95 1.6 1080 50 
5 2.9 2.05 910 58 
6 1.75 1.46 976 54 
7 1.9 1.7 1087 54 
8 2.6 2.1 1093 55 
9 2.3 2.2 931 57 
10 1.95 1.6 936 54 
11 1.8 1.53 1084 53 
12 2.9 2 1093 50 
13 3.3 1.95 942 58 
14 1.8 1.55 960 54 
15 2.3 1.46 1085 52 
16 3 2.1 938 56 
17 1.9 1.8 1088 49 
18 2.9 1.8 980 53 
19 2.4 1.92 973 52 
20 2.3 1.82 975 53 
21 2.3 1.82 976 52 
22 2.1 1.92 974 53 
23 2.3 1.87 975 52 
24 2.4 1.86 976 52 
25 2.3 1.85 977 52 
26 2 1.87 975 52 
27 2.5 1.86 978 52 
 

Adequate experimental-statistical models of GPM compressive and flexural strengths (fm and 
ftf, MPa, respectively) and also density (ρo, kg/m3) at 7 days, in the terms of the coded variables are as 
follows: 

− compressive strength 

1 2 3
2 2 2

4 5 2 31
2 2
4 5 1 2 1 3 1 5

2 3 2 5 3 5

2.46 0.05 0.04 0.01

0.11 0.18 0.16 0.21 0.56  

0.34 0.44 0.14 0.07 0.16
0.07 0.16 0.27  

mf х х х

х х х х х

х х х х х х х х
х х х х х х

= − + + −

− + + + + −

− − − − − −

− − +

 (4) 

− flexural strength 

1 2 3
2 2 2

4 5 2 31
2 2
4 5 1 2 1 4

1 5 2 4 3 4 3 5

1.86 0.02 0.02 0.04

0.01  0.02 0.13 0.13 0.02

 0.07 0.08 0.01 0.03
0.09 0.04 0.08 0.014

tff х х х

х х х х х

х х х х х х
х х х х х х х х

= − + − −

− + + + − −

− + + + −

− − + +

 (5) 

− density 
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1 2 3
2 2

4 5 21
2 2 2
3 4 5 1 2

1 3 2 3 2 4 2 5

3 4 3 5 4 5

999 67.9 9.45 3.55

3.39 4.49 37.19 0.69  

0.31 0.19 0.19 4.81
5.18 6.18 6.81 2.56

6.56 2.06 5.43 .

o х х х

х х х х

х х х х х
х х х х х х х х

х х х х х х

ρ = − + + −

− − + + −

− + + + +

+ + + + −

− − −

 
(6) 

To determine the optimal water consumption the following mathematical model was developed, % of 
the mixture mass: 

1 2 3
2 2 2

4 5 2 31
2
4 1 2 1 3 1 4

2 4 2 5 3 4 3 5

 53.31 2.06 1.22 0.49

0.33 0.19 0.79 0.79 0.29

0.29 0.22 0.53 0.28
0.41 0.28 0.22 0.34 .

W х х х

х х х х х

х х х х х х х
х х х х х х х х

= + − + +

+ − + + + +

+ − − − +

+ − + −

 (7) 

Using the models (Eqs. 4–7), graphic dependences of the output parameters on two influence factors 
were obtained (see Fig. 1–3). The other factors, which are not shown in each of the graphs, was fixed at 
main (zero) level. 

 
Figure 1. Dependence of the GPM mortar compressive strength  

on perlite content (P/G) and limestone powder (L/G). 
Analyzing the obtained experimental and statistical compressive strength model (Eq. 4), it can be 

noted that, the most significant influencing factor is the perlite-gypsum ratio (x1). Varying it from -1 to +1 
(from P/G = 0.02 to P/G= 0.06) leads to a decrease in strength of 35 % (see Fig. 1). 

The character of the flexural strengths dependences based on the model (Eq. 5) is not significantly 
different (see Fig. 2). The factor that has the most influence on flexural strength is also the content of perlite 
in GPM (x1). Increasing the limestone powder content (x2) and other variable factors in varied limits did not 
significantly influence to the mortar strength. 

 
Figure 2. Dependence of the GPM mortar flexural strength  

on perlite content (P/G) and limestone powder (L/G). 
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Analyzing the obtained density model (Eq. 6) and related graphical dependencies (Fig. 3), it can be 
noted that the most influential factor that reduces the density of the GPM is also the content of perlite P/G 
(x1). The value of its linear coefficient in the regression (Eq. 6) significantly exceeds than those of four other 
factors. 

 
Figure 3. Dependence of the GPM mortar density  

on perlite content (P/G) and limestone powder (L/G). 
The experimental and statistical water consumption model (Eq. 7) and graphical dependencies 

(Fig. 4) show that, with an increase in the perlite content (P/G) from 0.02 to 0.06, the water consumption 
increases on average by 10 %. The influence of other investigated factors can be considered insignificant. 

 
Figure 4. Dependence of the GPM mortar water consumption  

on perlite content (P/G) and limestone powder (L/G). 
In order to obtain the optimal composition of the gypsum-perlite mixture, it is necessary to solve the 

problem of mathematical programming with the following formulation: to find such a composition of mixture 
which would allow to provide the necessary quality parameters of the GPM mortar and allowing to minimize 
the mortar cost in limits of admissible factors’ values. 

For example, the defining parameters of the mortar quality are its compressive strength and its 
density. Moreover, the strength must be at least of a certain value, and the density of the mortar is not more 
than of a certain value. Then the mathematical setting of this problem can be formulated as follows 

    
 

M G P L

HL CE SE

E E G E P E L
E HL E CE E SE min

= ⋅ + ⋅ + ⋅ +

+ ⋅ + ⋅ + ⋅ →
                       (8) 

While the necessary quality parameters is provided 

( )
( )

1 2 5

1 2 5

,  , ,  

,  , ,  o

mf x x x

x x xρ …≤

…≥
                                   (9) 
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While 

[ ]1 5 1 1x x ∈ − +                                    (10) 
Where, 

EG, EP, EL, EHL, ECE, ESE are the cost of gypsum binder, perlite sand, limestone powder, hydrated 
lime, cellulose ether and starch ether, respectively, $/kg; 

G, P, L, HL, CE, SE are the consumption of gypsum binder, perlite sand, limestone powder, 
hydrated lime, cellulose ether and starch ether, respectively, kg/m3 of dry mixture. 

The conversion of the GPM composition parameters into the codified form is carried out as follows: 

1
0.04

0.02
P Gх −

= ; 2
0.6

0.2
L Gx −

= ; 3
0.37

0.2
HL Gx −

= ; 

4
0.25

0.02
CEx −

= ; 5
0.05

0.02
SEx −

= .                           (11) 

The calculation sequence is as follows. 

• Substitute in the models (Eq. 4 and 6) the values of strength and density to be ensured, and in 
Eq. (8) – the GPM components value. 

• Set in Eq. (10) the limit values of factors (in coded values from –1 to 1). 
• The MS Excel Solver software picking up various combinations of factors, providing at least the 

specified strength value and not more than the specified density value by Eqs. (4) and (6) while 
minimizing function (Eq. 8). 

A result of such iterations is determining the optimal values of composition factors: P/G ratio, L/G 
ratio, HL/G ratio, cellulose ether content and starch ether content. Water demand can be calculated by 
Eq. (7). 

The gypsum binder consumption can be founded by Eq. (12): 

1000 ( ) .
1

CE SEG
P G L G HL G

− +
=

+ + +
                              (12) 

3.1. Numerical example 
Determine the gypsum-perlite mixture composition with the following properties at 7 days: 

compressive strength of 2.3 MPa; density of 950 kg/m3 as well as with a mixture workability of 8 cm. Were 
used experimental-statistical models (Eqs. 4-6) Assume the cost of the main mixture components as 
follows, $/kg: G = 2; P = 10; L = 1; HL = 4; CE = 190; SE = 104. 

1. Substituting the compressive strength value (fm ≥ 2,3) in Eq. (4) and density (ρo ≤ 950) in Eq. (5), 
obtain the restriction function (Eq. 9) of the problem: 

1 2 3
2 2 2

4 5 2 31
2 2
4 5 1 2 1 3

1 5 2 3 2 5 3 5

2.46 0.05 0.04 0.01

0.11 0.18 0.16 0.21 0.56  

0.34 0.44 0.14 0.07
0.16 0.07 0.16 0.27 2.3;  

mf х х х

х х х х х

х х х х х х
х х х х х х х х

= − + + −

− + + + + −

− − − − −

− − − + ≥

 

1 2 3
2 2

4 5 21
2 2 2
3 4 5 1 2

1 3 2 3 2 4

2 5 3 4 3 5 4 5

999 67.9 9.45 3.55

3.39 4.49 37.19 0.69

0.31 0.19 0.19 4.81
5.18 6.18 6.81

2.56 6.56 2.06 5.43 950.

o х х х

х х х х

х х х х х
х х х х х х

х х х х х х х х

ρ = − + + −

− − + + −

− + + + +

+ + + +

+ − − − ≤
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2. Substitute the values of GPM components cost into Eq. (8), and specify the limitation of the 
factors values: from -1 to 1 (in coded form). 

3. By varying different combination factors the values that satisfy the problem and minimize the 
total GPM cost. The following parameters were obtained by using originally developed routines 
implemented using the MS Excel Solver software: 

x1 = 0.89; x2 = –0.44; x3 = –1; x4 = 0.6; x5 =1. 
For the obtained factors’ values, from Eqs. (4 and 6) follows that fc = 2.4 MPa, which corresponds to 

the required compressive strength value, and ρo = 950 kg/m3, which provides the required density value. 

4. Determine the natural factors using Eq. (11): 
P/G = 0.02∙х1 + 0.04 = 0.02∙0.89 + 0.04 = 0.057 
L/G = 0.2∙х2 + 0.6 = 0.2∙(–0.44) + 0,6 = 0.512 
HL/G = 0.2∙х3 + 0.37 = 0.2∙(–1) + 0.37 = 0.17 

CE = 0.02∙х4 + 0.25 = 0.02∙0.6 + 0.25 = 0.26 kg/m3 
SE = 0.02∙х4 + 0.05 = 0.02∙1 + 0.05 = 0.07 kg/m3. 

5. The water consumption which provide a mixture workability of 8 cm according to Eq. (7) 
is, – by %: 

1 2 3
2 2 2

4 5 2 31
2
4 1 2 1 3 1 4 2 4

2 5 3 4 3 5

 53.31 2.06 1.22 0.49

0.33 0.19 0.79 0.79 0.29

0.29 0.22 0.53 0.28 0.41
0.28 0.22 0.34 57%

W х х х

х х х х х

х х х х х х х х х
х х х х х х

= + − + +

+ − + + + +

+ − − − + −

− + − =

 

– by mass: 

W = W'∙1000 / 100 = 57∙1000 / 100 = 570 l. 
6. The gypsum binder consumption determined by Eq. (12): 

1000 ( ) 1000 (0.26 0.07) 572.7 .
1 0.057 0.512 0.17 1

CE SEG kg
P G L G HL G

− + − +
= = =

+ + + + + +
 

7. The minimum possible cost value per 1000 kg of GPM is found during the iterations in the 
"Solver" application according to Eq. (8): 

EGPM = 10⋅33.1 + 1⋅293 + 4⋅97.4 + 190⋅2.63 + 104⋅0.7 + 2⋅573= $2731.5. 
8. The final GPM composition, kg is: 

G = 573; P = 33; L = 293; HL = 97; CE = 2.6; SE = 0.7. 
Proposed methodology allows to design of the mixture composition with a minimum cost and at the 

same time takes into account a greater number of factors than in the well-known manual [31]. At problem 
formulation stage for finding the GPM composition the desired values of strength and density should be 
correctly set. Obviously, these values are supposed to within the minimum and maximum possible value of 
the output parameter, since it is within these limits that the polynomial model adequately describes studied 
parameter. Such values can be easily found using the above - mentioned routines implemented in MS 
Excel Solver. For the above example, the limit values of strength and density within the factors variation 
range will be as follows: 

fm(min) = 1.5 МPa; fm(max) = 3.4 МPa; ρo (min) = 926 kg/m3; ρo (max) = 1120 kg/m3. 
Some deviation way beyond the output parameters limits is also possible. In this case, along with 

the optimization problem, an extrapolation problem is also solved, allowing to take the factor`s values 
outside the variation range (for example, x1 ... x3 = 1.1; 1.2; 1.3). However, it should be borne in mind that 
extrapolation may be due to certain errors, and these errors become more significant, the farther beyond 
the variation range limits. Extrapolation is possible, if according to the research results there is no doubt 
that outside the factors variation region the function nature remains unchanged. 
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4. Conclusions 
Adequate mathematical models gypsum-perlite mixture mortar properties (compressive and flexural 

strengths, water consumption required for achieving the desired mixture workability) were obtained using 
mathematical experiments planning methodology. The models consider the influence of such main factors 
as perlite-gypsum ratio, limestone powder-gypsum ratio, hydrated lime-gypsum ratio, cellulose ether 
content and starch ether content. 

Analysis of the obtained models shows that gypsum-perlite mixture mortar compressive strength 
depends mainly on the content of cellulose ether and starch ether, but the influence of the perlite-gypsum 
ratio also affects. As well, the perlite content is a main factor affecting the density and water demand. 

Based on the obtained mathematical models, a method of design for building mixture composition 
was proposed. This method allows taking into account the special properties of the investigated materials 
and provides the most simple possibility for mixture composition optimization by a given minimum cost 
criterion. An additional advantage of the proposed method is a possibility to add a certain number of 
limitations. It allows simultaneous satisfaction of many quality indexes according to the given value. 

In the authors’ opinion, application of the proposed method in the production of building mixtures will 
allow more efficient use of raw materials and ensure high-quality mortars. 
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Abstract. High-performance fibre-reinforced concrete is gaining popularity due to fibres ability to improve 
the poor properties of high-performance concrete. High-performance materials make using of thin-wall 
structures possible. Square section with square hollow provides decreasing of non-renewable material 
consumption, column’s high stiffness in the both planes and possibility to integrate the engineering 
communication inside of columns. The current study focuses on the development of analytical simplified 
calculation method that approximate output results of finite elements calculations for columns under 
eccentric loading with complicate hollow square-section. Analytical simplified calculation method to 
determine column’s load-carrying capacity is developed as the second-degree polynomial equation which 
is based on response surface method. The variables of equation are column height and material 
consumptions of the high-performance fibre reinforced concrete and steel of the additional longitudinal 
reinforcement. Data set of 27 experiments calculations was used to get the coefficients of adequate 
equation. Based on the results, the obtained equation makes it possible to predict the load-carrying capacity 
of the column in selected the factors interval on which a function was defined with sufficient precision. The 
difference between load-carrying capacities determine by numerical model based on the finite element 
method and by obtained second-degree equation does not exceeds 3.3 %. 

1. Introduction 
The object of this investigation is determination of ultimate load capacity of hollow high-performance 

steel fibre reinforced concrete column with height 3.5–4.5 m and variable consumptions of concrete and 
steel of additional longitudinal reinforcement. 

As total world population continues to grow rapidly, the principle of sustainable development is 
becoming ever more important. Therefore, the problem of how to make the best use of limited non-
renewable resources to satisfy unlimited human wants is actual now. Concrete is the most used man-made 
construction material. High-performance concrete is characterized by higher specific strengths than 
ordinary concrete, so its use in load-bearing structures is more rational. Fibres can be used to decrease 
fragility of the high-performance concrete and to improve the deformative properties of the concrete [1–14]. 
High-performance steel fibre reinforced concrete allows constructive solutions like thin-wall structures, 
which reduce material consumption and dead load of structures. 

The interest of the use of hollow concrete columns is growing due to several reasons, including their 
effective section properties in terms of higher strength/mass and stiffness/mass ratios compared to solid 
sections with the same cross-section area; reduced weight of the structure and, accordingly, the overall 
foundation sizes, therefore also reduced cost and environmental impact; provided space to integrate the 
engineering communications inside of columns and to allow access for services of plumbing and electric 
wiring [15–21]. In addition to these benefits, as investigations of hollow concrete columns behaviour show, 

https://creativecommons.org/licenses/by-nc/4.0/
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the capacity of hollow concrete columns is comparable to solid columns or even higher, because of 
difference in the stress distributions in the column sections. The absence of the concrete core changes 
triaxial stress state as it is in solid concrete columns to biaxial stress distribution in hollow concrete columns 
sections [19]. One of the most important problem of the hollow concrete columns is low deformation 
capacity resulting in brittle failure behaviour [18–19]. The use of discrete fibres is recognized as a successful 
solution to this problem [17, 21]. 

There are many studies [22–26] that confirm high computational cost of high-performance fibre 
reinforced concrete structural analyses based on finite element models. Calculations with the 3D numerical 
model with huge number of finite elements are complex and time-consuming, therefore the options of using 
finite element models with larger element sizes [22], symmetrical conditions [23–25] and two or one-
dimensional numerical models [26–27] are generally selected to achieve reliable results with less 
computational time. So, the aim of this investigation is to develop simplified analytical calculation method 
that approximate ultimate load capacity output results of finite elements calculations for hollow high-
performance steel fibre reinforced concrete column under eccentric loading. Proposed method is based on 
response surface methodology. Several tasks of the study have been set for this purpose. The first task is 
validation of the 3D numerical model by experimental data to determine accuracy of finite element model 
of high-performance fibre reinforced concrete structure. The second task is comparison of calculation 
results obtained by 3D numerical model and 1D numerical model, to evaluate possibility of reducing of 
computational time by using simplified 1D numerical model. And the last task is experimental design to get 
experimental data set for development of the second order polynomial equation on which the method to be 
developed is based. The field of application of the simplified analytical calculation method, which makes it 
possible to predict the results of the ultimate load capacity of the hollow high-performance fibre reinforced 
concrete column in selected region of interest is the initial design stage, during which it is necessary to 
determine the used structures approximate dimensions and materials. 

2. Methods 
2.1. Object of investigation 

A hollow square-section column (Fig. 1) subjected to the compression and bending was considered 
as an object of this investigation. Constant 500×500 mm external dimensions and variable hollow square-
section wall thickness t was taken. As a basis of the high-performance steel fibre reinforced concrete 
material high-performance concrete of class C60 /75 [28] with 1 % of steel RC 65/35 BN-type fibres are 
used. Composition of used material is taken from the publication [29]. Steel of class B550 is used for 
additional longitudinal reinforcement of the column. 

a) b) c) 

 

 

 
Figure 1. Details of column structure: a) column 3D numerical model with meshing; b) hollow 
square-section of column with longitudinal reinforcement; c) design scheme of the column. 

As the factors interval on which a function was defined for the column subjected to the compression 
and flexure variable parameters for analytical simplified calculation method to determine column ultimate 
load capacity are chosen column height H from 3.5 to 4.5 m and material consumption of the high-
performance fibre reinforced concrete and steel of the additional longitudinal reinforcement by regulation 
of variable from 5 to 12 cm wall thickness t of the column hollow square-section and area of the additional 
longitudinal steel reinforcement in column cross-section As with limits from 0 to 1.5 % of concrete area of 
the column cross-section. 

The compression stress-stain curve of the used high-performance fibre reinforced concrete is 
summarised in Fig. 2. 
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Figure 2. Compression stress-stain curve for high-performance steel fibre concrete. 

2.2. Development of analytical simplified ultimate  
load capacity calculation method 

To develop analytical simplified calculation method of column ultimate load capacity for variable 
column height and material consumption of the steel of the additional longitudinal reinforcement and high-
performance concrete, response surface methodology is used. Response surface method is based on the 
search of adequate polynomial equation, which describes the behaviour of the experimental data set with 
the objective and makes it possible to predict the results of the objective in some factors interval on which 
a function was defined. 

The dependences of ultimate load capacity of the columns on the height, wall thickness of the hollow 
square-section and area of the additional longitudinal steel reinforcement in column cross-section as a 
percentage of the concrete area were obtained as the second-degree polynomial equations. The second-
degree polynomial equation is chosen in accordance with the reference’s recommendations due to its 
simplicity and precision [30]. Equation (1) was written for the case, when ultimate load capacity was 
considered as a parameter of optimization. 

0 1 2 3 12
2 2 2

13 23 11 22 33

s

s s s

F ,M b b H b t b A b Ht

b HA b tA b H b t b A

= + + + + +

+ + + + +
 (1) 

where: F, M are axial load and bending moment, which characterize ultimate load capacity of the column; 

bi, bij are coefficients; 

H is height of the column, m; 

t is wall thickness, cm; 

As is area of the longitudinal steel reinforcement in column cross-section as a proportion of the 
concrete area, %. 

To receive experimental data set for the prediction of the ultimate load capacity of the column, 
experimental design with 3 input variables – H, t and As with 3 levels of each factor was made. Accepted 
values for the experiments are shown in Table 1. 

Table 1. Experimental design. 
Nr. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 

H, m 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 

t, cm 5 8.5 12 5 8.5 12 5 8.5 12 

As, % 0 0.2 1.5 
 

For all of the 27 experiments calculations are made and ultimate load capacity as a function  
F,M = f(H, t, As) are determined. Relationship between axial force and bending moment value is 
characterized by equation (2). 

M = F . e (2) 
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where: M is bending moment acting on the column, kNm; 

F is axial load acting on the column, kN;  

e is eccentricity, m. 

Simplified design scheme of the multi-storey building, where one of the ends of the column is fixed, 
and loads are transferred from each storey to the column with eccentricity by beams has been adopted, so 
that the eccentricity of the axial load, which forms a bending moment, is equal to the distance from the 
centre of the column cross-section to the centre of the hollow square-section wall of the column, according 
to the Fig. 3. 

 
Figure 3. Eccentricity e of the column hollow square-section. 

The developed 3D and 1D column numerical models, which considered non-linear behaviour of  
high-performance steel fibre reinforced concrete material by degradation of Young’s modulus cause of 
cracking, are used for the experiment calculations. For the prediction of behaviour of high-performance 
steel fibre reinforced concrete damage variable is used [3]. 

Used 3D numerical model is validated by the experimental data from the publication [29] for high-
performance steel fibre concrete column with pinned supports at both ends with additional longitudinal 
reinforcement subjected to compression and flexure, and then, verification of the 1D numerical model of 
column with fixed support at one end, according to an embodiment, has been done. 

2.3. 3D model validation at compressive stress 
The developed modelling procedure is validated for high-performance steel fibre reinforced concrete 

(HPSFRC) column subjected to combined action of compression and bending with additional longitudinal 
reinforcement. Experimental data from the publication [29] have been used to validate the model. 

a) 
  

 

c) 

 

b) 
 

 
Figure 4. Process of modelling: a) design scheme for calculation of ½ column with  

e = 50 mm and L/2 = 650 mm; b) view from top to column with additional planes for meshing;  
c) column mesh. 
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The column 3D model is designed for one-half the length of the column (Fig. 4 a)) to reduce the time 
of calculation by using symmetry conditions. The model is divided into finite elements in such a way that 
the volume-type finite elements nodes coincide with the beam-type finite elements nodes, thus ensuring 
collaboration between concrete and longitudinal reinforcement. For this purpose, additional planes passing 
through longitudinal bars (Fig. 4 b)) are defined in the modelling process. The meshing of the model in the 
finite elements is related to these planes (Fig. 4 c)). 

2.4. Verification of the 1D numerical model 
Calculations with the 3D numerical model are complex and time-consuming, therefore verification of 

the 1D numerical model of the column with fixed support at one end, which is subjected to the compression 
and flexure has been done by comparison of the results of calculations with both models. 

Calculations of 3 experiments with 3D and 1D model have been made. The values of input variables 
of these 3 experiments are shown in Table 2. 

Table 2. Input variables for 1D model verification. 

Nr. 1 2 3 

H, m 3.5 4 4.5 

t, mm 5 12 8.5 

As, % 0.2 0 1.5 
 

Verification of the 1D model is made by comparison of either crushing axial load values or load value 
at displacement value H/250, depending on which value is reached first with calculation results obtained 
by 3D numerical model. This value of axial load will be called the ultimate load capacity. 

3. Results and Discussions 
3.1. Accuracy of the 3D model 

Based on results of validation, character of the failure scheme for both of 3D numerical model and 
experimental specimen are similar [31]. Load-displacement curves of column specimen subjected to the 
compression with flexure, according to laboratory tests and 3D numerical model calculations, are 
summarized in Fig. 5. 

 
Figure 5. Load-displacement curves for column specimen. 

According to the results obtained, the crushing axial load obtained from the laboratory test was 
176 kN and bending moment 898.48 kNm, while the calculated by 3D non-linear numerical model crushing 
axial load was 172.462 kN and corresponding bending moment 862.31 kNm. The difference between 
design and experimentally determined axial load and bending moment is 2.0 % and 4.0 %, respectively. 
The behaviour of the calculation model at the linear stage is identical to the actual operation of the column 
specimen. The plastic behaviour of material is also similar in both cases. The behaviour of the calculation 
model is like the actual operation of the column specimen and it can be concluded, that developed model 
is safe for prediction of the behaviour of high-performance steel fibre reinforced concrete material. 
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3.2. Accuracy of the 1D model 
The resulting load-displacement curves of 1D numerical model verification are enclosed in the Fig. 6. 

According to the results obtained, the load value at displacement value H/250 calculated by 3D and 1D 
non-linear numerical models for experiment Nr.1 is 353.9 kN and 342 kN, respectively; for experiment Nr.2 
is 703.0 kN and 682 kN and for experiment Nr.3 is 823.8 kN and 805 kN. The difference between axial load 
values determined by 3D and 1D models is between 2.3 % and 3.4 %. As it can be seen from Fig. 6, linear-
elastic stage of load-deflection curve obtained by 3D numerical model is until about 96 % of ultimate load 
capacity of columns, after what plastic stage is started. The 1D model produces more conservative results 
of the behaviour of the column subjected to the compression and flexure than 3D model. The load-deflection 
curve obtained by the 1D model is characterized by a more pronounced elastic-plastic stage, especially for 
specimens with large percentage of additional longitudinal reinforcement. 

 
Figure 6. Load-displacement curves for columns, where 3D/1D – results obtained  

from 3D or 1D model, respectively; -As-H-t – values of input variables according Table 2. 

The stress and strain profile for typical specimen with input variables 0.2-4-8.5 obtained by 1D model 
are summarized in Fig. 7. As it can be seen from the Fig. 7, the concrete in the compressed zone still 
continues to work in the elastic deformation region, while significant plastic deformations develop in the 
concrete in the tensile zone. The strains in the section are approaching the limiting values that precede the 
formation of normal cracks in the tensioned zone of the section. 

a) 

 

b) 

 
c) 

 

Figure 7. Profiles for specimen with As = 0.2 %, H = 4 m, t = 8.5 cm: a) of the strain in concrete 
material; b) of the stress in concrete material; c) of the stress in all materials of the section. 
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Taking into account, that the load value at displacement value H / 250 refers to the plastic stage of 
the load-deflection curve obtained by both of models, 1D model will be used for the further calculations of 
the experiments. 

3.3. Effect of the input variables on the column characteristics 
The column height, wall thickness of the hollow square-section and area of the additional longitudinal 

steel reinforcement in column cross-section as a percentage of the concrete area have different effect on 
the column characteristics such as ultimate load capacity, column stiffness and energy absorption. The 
effect of changing the input variables on ultimate load capacity is summarized in the Table 3. 

As it can be seen, column height has not large effect on the ultimate load capacity for columns with 
low percentage of longitudinal reinforcement, only for columns with As = 1.5 % ultimate load capacity 
decreases by 10-11 %. 

The biggest effect on the ultimate load capacity leaves a change in the wall thickness of the hollow 
square-section. For the columns with wall thickness 8.5 and 12 cm the value of ultimate load capacity 
increases by 59.8-61.9 % and 113-119 %, correspondingly, in comparison with t = 5 cm. 

Changes in the amount of reinforcement also have a significant effect. For the column with  
H = 3.5 m, the ultimate load capacity increases by 6.5-8.4 % and 73.5-78.6 % for the columns with the area 
of the additional longitudinal steel reinforcement in column cross-section as a percentage of the concrete 
area 0.2 and 1.5 %, correspondingly, in comparison with column without additional longitudinal 
reinforcement. But with increasing column height, this effect on ultimate load capacity decreases. At  
As = 1.5 % for columns with height 4 and 4.5 m the effect decreases by 14 and 24 %, correspondingly. 

The effect of changing the input variables on column stiffness is summarized in the Fig. 8. 

 
Figure 8. Effect of the changing of input variables H, t and As on the column bending stiffness. 

As it can be seen from the Fig. 8, the biggest effect on the column bending stiffness, similar as on 
the ultimate load capacity, leaves a change in the wall thickness of the hollow square-section. For the 
columns with wall thickness 8.5 and 12 cm the value of bending stiffness increases by 37.2–39.7 % and 
57.0–62.7 %, correspondingly, in comparison with t = 5 cm. 

Changes in the amount of reinforcement do not have a significant effect on stiffness. For the column 
with As = 0.2 % and As = 1.5 %, the bending stiffness increases by 1.9–2.4 % and 14.2–18.3 %, 
correspondingly, in comparison with columns without additional longitudinal steel reinforcement. 

As the height of the column increases, the column bending stiffness decreases. For the columns with 
height 4 and 4.5 m the value of bending stiffness decreases by 12.5 % and 22.2 %, correspondingly, in 
comparison with H = 3.5 m. 
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Table 3. Effect of the input variables on ultimate load capacity. 

H, m 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 

t, cm 5 8.5 12 5 8.5 12 5 8.5 12 

As, % 0 0.2 1.5 

N1D, kN 321 320 320 513 512 511 683 682 680 342 340 339 550 547 545 740 735 731 557 525 500 902 847 805 1220 1145 1090 

ΔH, % 0 -0.3 -0.3 0 -0.2 -0.4 0 -0.1 -0.4 0 -0.6 -0.9 0 -0.5 -0.9 0 -0.7 -1.2 0 -5.7 -10 0 -6.1 -11 0 -6.1 -11 
 

H, m 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 

t, cm 5 8.5 12 5 8.5 12 5 8.5 12 5 8.5 12 5 8.5 12 5 8.5 12 5 8.5 12 5 8.5 12 5 8.5 12 

As, % 0 0.2 1.5 

N, kN 321 513 683 320 512 682 320 511 680 342 550 740 340 547 735 339 545 731 557 902 1220 525 847 1145 500 805 1090 

Δt, % 0 59.8 113 0 60 113 0 59.7 113 0 60.8 116 0 60.9 116 0 60.8 116 0 61.9 119 0 61.3 118 0 61 118 
 

H, m 3.5 4 4.5 

t, cm 5 8.5 12 5 8.5 12 5 8.5 12 

As, % 0 0.2 1.5 0 0.2 1.5 0 0.2 1.5 0 0.2 1.5 0 0.2 1.5 0 0.2 1.5 0 0.2 1.5 0 0.2 1.5 0 0.2 1.5 

N, kN 321 342 557 513 550 902 683 740 1220 320 340 525 512 547 847 682 735 1145 320 339 500 511 545 805 680 731 1090 

ΔAs,% 0 6.5 73.5 0 7.2 75.8 0 8.4 78.6 0 6.3 64.1 0 6.8 65.4 0 7.8 67.9 0 5.9 56.3 0 6.7 57.5 0 7.5 60.3 
 

Table 4. Ultimate load capacity of the columns of 27 experiments. 
Nr. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 

H, m 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 3.5 4 4.5 

t, cm 5 8.5 12 5 8.5 12 5 8.5 12 

As, % 0 0.2 1.5 

N1D, kN 321 320 320 513 512 511 683 682 680 342 340 339 550 547 545 740 735 731 557 525 500 902 847 805 1220 1145 1090 

Neq, kN 314 319 329 512 510 514 688 680 677 339 338 342 554 547 544 748 734 724 569 526 488 898 849 804 1207 1150 1099 

Δ, % 2.3 0.3 2.9 0.3 0.3 0.5 0.7 0.3 0.5 0.9 0.6 0.8 0.8 0.1 0.2 1.1 0.2 0.9 2.1 0.2 2.3 0.4 0.2 0.1 1.1 0.5 0.8 
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The effect of changing the input variables on column energy absorption, what is defined as the 
surface below the load-displacement curve [32], is summarized in the Fig. 9. 

a)

 

b)

 
 c)

 

 

Figure 9. Dependence of the energy absorption for column with H = 4 m, t = 8.5 m and  
As = 0.2 % on changing of a) height, b) wall thickness of the hollow square-section,  

c) the area of the additional longitudinal steel reinforcement in column cross-section as a 
percentage of the concrete area. 

As it can be seen from the Fig. 9 a) the effect of the column height on the energy absorption is 
insignificant. The largest increase of energy absorption is observed from the changes in the amount of 
additional longitudinal reinforcements (Fig. 9 c)). The thickness of the hollow square-section wall has also 
significant effect. The results obtained coincide with other published researches [33]. 

3.4. Analytical simplified ultimate load capacity calculation method 
Statistic data set of column ultimate load capacity, obtained from calculations of the 27 experiments, 

makes regression analyses possible. Based on the results of calculations, the coefficients for dependences 
(3) of ultimate load capacity of the columns on the height, wall thickness of the hollow square-section 
column and area of the longitudinal steel reinforcement in column cross-section as a percentage of the 
concrete area were obtained. 

2 2 2

21 48 41 4 81 91
218 21 3 86 64 18

25 1 9 56 0 88 33 99
s s

s s

F ,M . . H . t
. A . Ht . HA

. tA . H . t . A

= − ⋅ + ⋅ +
+ ⋅ − ⋅ − ⋅ +

+ ⋅ + ⋅ − ⋅ + ⋅

 (3) 

where designations are as for equation (1). 

The dependence of column ultimate load capacity on material consumption of the steel of the 
longitudinal reinforcement and high-performance concrete for column with height of 4 m is shown in the 
Fig. 9. 
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Figure 9. The dependence of column ultimate load capacity (F)  

on the wall thickness (t) and amount of longitudinal reinforcement (As). 

The values of ultimate load capacity of the columns of 27 experiments calculated by 1D numerical 
models (N1D) and by the equation obtained (Neq) and their percentage comparison are summarized in  
Table 4. 

As it can be seen from the Table 4 relative error of ultimate load capacity of the columns predicted 
by obtained second order polynomial equation (3) for the 27 designed experiments is with limits from 0.1 
to 2.9 %. 

To check adequacy of the obtained dependence (3) of ultimate load capacity of the columns on the 
height, wall thickness of the hollow square-section column and area of the additional longitudinal steel 
reinforcement in column cross-section as a percentage of the concrete area, 3 control calculations for 
column with random chosen input variables from the region of the interest have been made. The values of 
input column variables and comparison of obtained results for control calculations are summarized in  
Table 5. 

Table 5. Input variables for control calculations. 
Nr. 1 2 3 

H, m 3.7 4.1 4.3 

t, cm 7 11 6 

As, % 1.2 0.2 0.7 

N1D, kN 676 682 478 

Neq, kN 666 681 462 

Δ, % 1.5 0.2 3.3 
 

As it can be seen from the results of 3 control calculations (Table 4) relative error of load-bearing 
capacity predicted by obtained polynomial equation (3) for the 3 control calculations is from 0.2 to 3.3 %, 
so the obtained by regression analyses equation fits well the ultimate load capacity of the 1D numerical 
model of the column subjected to the compression and flexure, therefore the use of the equation (3) as 
analytical simplified column load-bearing capacity calculation method is justified. 

4. Conclusions 
Numerical models of high-performance steel fibre reinforced concrete columns were checked and 

showed adequate results. Analytical simplified calculation method that approximate output results of finite 
elements calculations for high-performance steel fibre reinforced concrete columns subjected to the 
compression and flexure with complicate hollow square-section was developed. The obtained second-
degree polynomial equation makes it possible to predict the results of the ultimate load capacity of the 
column in selected the factors interval on which a function was defined with sufficient precision. 

The results showed that: 
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• 3D numerical model fits the behaviour of compression elements and makes it possible to 
determine ultimate load of column with about 98 % precision; 

• The using of 1D numerical model provides more conservative result than 3D numerical model, 
the difference of determined ultimate load capacity is up to 3.4 %, but 1D model can significantly reduce 
the time required for calculations; 

• The wall thickness of the hollow square-section and area of the additional longitudinal steel 
reinforcement in column cross-section as a percentage of the concrete area have significant effect on the 
column characteristics such as ultimate load capacity, column bending stiffness and energy absorption, at 
the time when changes of the column height have negligible impact on the column characteristics; 

• Obtained equation for prediction of ultimate load capacity of the column with random chosen 
parameters of cross-section from the factors interval on which a function was defined allows to determine 
it with precision more than 96 %. 
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Abstract. The deformability of concrete along with the compressive strength is the determining factor in 
the calculation of concrete and reinforced concrete structures. In practice, with the same strength, the 
deformative properties of concrete, especially monolithic, can vary in a significant range, which affects the 
actual deflection of span structures and their reinforcement coefficient. However, the modulus of 
elasticity/deformation of concrete in production is not normed, and the introduction of the norm requires 
obtaining available bases for calculating the deformability of concrete under load from the composition of 
the concrete mix. The use of a layer calculation model allows you to quickly and accurately predict the 
elastic modulus and deformation of concrete. On the base of this model elasticity modulus depending on 
concrete mix components characteristics and proportions calculation method received and tested. 

1. Introduction 
Currently, the issues of estimating and predicting the composite materials elastic modulus, including 

cement composites, remain relevant. The purpose of such research is to develop methods for ensuring the 
specified elastic and plastic deformability of concrete while maintaining the strength class. This makes it 
possible to increase the technical and economic efficiency of various building structures, especially slab 
and beam constructions.  

In practice, compressive strength norm and control are implemented everywhere, while the main 
indicator of concrete deformability, the modulus of elasticity (deformation), is not controlled in any way. 
Therefore, designers and technologists have nothing in service except its relations with the strength of the 
normative documentation. However, with the modern expansion of monolithic concreting, their values vary 
in a fairly wide range. The concrete modulus of elasticity and plastic deformations norming would greatly 
facilitate the task of providing calculated deflections of slab and beam constructions. To do this, it’s 
necessary to create a model that combines simple technological techniques and trends in managing the 
elasticity of concrete. This makes possible to think about the concrete elastic modulus or deformation norm 
implementation, both instantaneous and long-term. However, when setting standards for the modulus of 
elasticity (deformation) of concrete, it is necessary to provide manufacturers with recommendations for 
managing the module when calculating and selecting the composition of concrete mixtures, as well as 
materials for their manufacture. Among the mentioned techniques and trends for improving elastic 
properties, we can distinguish: 

1) increasing the compressive strength of concrete by increasing the compressive strength/modulus 
of elasticity of hydrating cement paste in the composite [1–10] 

2) increasing the compressive strength/modulus of elasticity of the aggregate [11–13] 

3) increasing the volume content of a more elastic component-aggregate (heavy) or hydrating 
cement paste (with light aggregates) [14–16] 

https://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by/4.0/
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4) increasing the largest aggregate size and reducing the relative surface area of the aggregate  
[17–20] 

A careful examination of the concrete elasticity modulus research results using the above techniques 
shows the absence of either a direct proportion or a direct connection between the module and each of the 
factors – strength concrete, modulus of elasticity of the aggregate, its maximum size and the content. It 
tells about the interaction of factors and the need to account for this interaction. 

The greatest development of the theory of elasticity of composites was in the middle of the last 
century. Itskovich, Sheikin, Gansen, and others proposed computational models of the elasticity modulus 
from the main factors: the modulus of elasticity of components, the volume contents of components. Some 
models are based on the equal deformability of elements, others on their equal strength. I.N. Akhverdov 
[21] proposed a model that takes into account both the different deformations and different stresses of 
components. 

1
c

agg c max c min
agg c max c min

agg cem cem

E V V Vk k k
E E E

=
+ +

                                          (1) 

where aggV  is the relative content of aggregate; 

c maxV  is the relative content of the part of the hydrating cement paste with the maximum stress; 

c minV  is the relative content of the part of the hydrating cement paste with the maximum stress; 

aggE is the elastic modulus of the aggregate; 

cemE  is the modulus of elasticity of hydrating cement paste; 

aggk , c maxk , c mink  are the coefficients that take into account the proportion of tangent stresses 

during loading. 

The given model takes into account different levels of tension of the composite elements during 
loading, and does not take into account the influence of the contact zone of the hydrated cement paste with 
the aggregate (ITZ). 

If we try to summarize past and current research, we can highlight the following principles and 
postulates in the formation of elastic properties of cement composites: 

1) cement composite is a three-phase structure, basic elements of which are hydrated cement paste, 
aggregate, and the contact area between them or interfacial transition zone (ITZ), these components have 
different elasticity and their different elasticity determines the overall deformation properties of the 
composite [15–20], spherulitic model is shown in Fig. 1, the contact area ITZ is more porous due to the 
water demand of the aggregate surface, so ITZ is more deformative in comparison to other elements; 

2) the stress-strain state of the cement composite does not under the principle of additivity, each 
element in the overall structure has different stresses and deformations, so the elastic modules of elements, 
the volume content of elements, the degree of their involvement in the work, which depends on their 
geometric distribution and their differ-elasticity [3, 4, 10, 15, 20–21] are used as factors in creating 
mathematical models of elasticity or "stress-strain" dependencies. 

Thus, when considering the operation of concrete under instantaneous loading without taking into 
account plastics, we can assume the validity of a layer design model with equal strength of elements, 
consisting of 3 consecutive continuous layers: cement paste, the contact zone with the aggregate ITZ and 
the aggregate. To simplify the calculation, consider a flat layer model in which there are no discrete 
elements, all elements are continuous within the surface area of the ITZ (Fig. 1). 

In this paper, an attempt will be made to confirm the performance of this model and link it to the 
indicators of the composition of the concrete mix. 
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Figure 1. Spherical and layer calculation models of cement composite structure base element 

elastic and plastic properties. 

2. Materials and Methods 
The analytical method was used to select and evaluate the composites layer model calculation 

method. 

Standard methods of Russian State Standards GOST 24452-80 “Concretes. Methods of prismatic, 
compressive strength, modulus of elasticity and Poisson's ratio determination” and GOST 22690-2015 
“Concretes. Determination of strength by mechanical methods of nondestructive testing” were used to 
determine the modulus of elasticity and compressive strength of concrete of various classes. Each classes 
series of 3 samples were tested under compression on Matest press with determination of longitudinal 
elastic and plastic deformation using digital deformation sencors on every sides of sample. Compression 
was made by 10% of cracking stress stages to the 40% of cracking stress (Fig.2). Elasticity modulus has 
been determined as a relation of 30% cracking stress to the sum of elastic relative deformation except 
plastic on stages delay by standard. Compressive strength was determined on 6 samples series by 
standard.  

                
Figure 2. Concrete sample modulus of elasticity under compression testing. 

In our experiment to define fact concrete elasticity modulus, we used local producers materials:  
granite coarse aggregate and quartz sand with a strength of Ragg = 1000 MPa and an elastic modulus of 
Eagg=50*104 MPa, Portland cement B42.5 CEM I with a water requirement of normal density cement paste 
25 % and the strength of cement paste with a with water/cement ratio (W/C) of normal density in the 
standard age Rcem = 100 MPa and an elastic modulus of Ecem = 50*104 MPa. Content of various classes 
mixture components presented in Table 1. 
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3. Results and Discussion 
Considering experimental data of cement concrete deformation under compression (Fig. 3) goes to 

following conclusions: 

1) when compressive loading of samples according to the standard method in steps of 10 % with a 
delay at each stage, after reaching 10...20% of the destructive load, there are well-known incoming plastic 
deformations, which continue to develop at the next loading stages, when bending plastic deformations are 
not observed; 

2) as the load increases, the increase in elastic deformations is expected to remain constant, the 
increase in plastic deformations with loading increases in an arithmetic progression over the load according 
to the proposed model (Eq.2), in this regard, the modulus of concrete deformation is not constant and 
depends on the load. 

0 3
0 3

s
s .

.
.σε ε

σ
=                                                                     (2) 

sε  is the relative deformation of the composite at a given loading stage; 

0 3.ε  is the relative deformation of the composite at a given loading stage; 

sσ  is the compression stress of the composite at a given loading stage; 

0 3.σ  is the compression stress of the composite at a given loading stage. 

3) compression failure is classically gradual as micro- and macro-cracks form and accumulate, and 
bending failure is instantaneous after initial cracking. 

 
Figure 3. Concrete elastic and plastic deformations under compression by stages. 

It is characteristic that concretes of the same strength class can differ significantly in elastic and 
plastic deformations. In this regard, we can offer the following model for the operation of cement composites 
under compressive loads. As the stress-strain state is loaded, it goes through the following stages: 

1. 0 ... 10% of the destructive load is a zone of pure elasticity, joint elastic work of all components, 
only elastic deformations are observed. When stretching and bending, cement composites work only in this 
zone. 

2. 10 ... 80% of the destructive load. Reaching the tensile strength of the cement paste shells, their 
primary fault in places of maximum tension (Fig. 4) and the development of microcracking, forming a zone 
of elastoplastic deformation. In this zone the cement paste and aggregate work is elastic, and highly porous 
contact zone, having the greatest deformation, is plastically squeezed due to transverse strains like 
compressible fluid. The total deformation includes instantaneous elastic and plastic deformations, because 
during instant loading, the contact area working elastically as the compressed fluid, which over time of 
transverse deformation coming to the accumulation of plastic deformations. 

3. From 80% to destructive load is plastic zone, accumulated micro-cracking passes into macro-
cracking, there are significant transverse cracks, visible cracks, and destruction. 
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Figure 4. Three stages of deformation of concrete at failure. 

In this model, under instantaneous loading, all components of a cement composite, even in the 
elastic-plastic zone, are equally stressed, work together, and are elastic. Microplastic deformations can be 
considered as a sum of deformations along the contact zones, after complete compression beginning the 
stage of macro-cracking and destruction occurs. 

Differently from another models that all are spherulitic [15–20], the layer model in case of 
deformativity presenting the composite structure as a structure where all components non-discrete and 
continuous so modelled like layers. 

According to the principle of equal stress of elements, to determine the elastic modulus of the 
composite, it is necessary to determine the sum of partial deformations of each micro-volume, which 
includes all 3 elements/layers of the concrete structure. 

cem itz agg
cem itz aggc

c
c mv

E E E
E

σ σ σδ δ δ
σ

ε
δ

+ +

= =                                          (3) 

cσ  is the stress in the composite structure; 

cE  is the elastic modulus of the composite; 

cemE  is the elastic modulus of the layer of the contact zone of hydrating cement paste and 
aggregate; 

itzE  is the elastic modulus of the layer of the contact zone of hydrating cement paste and aggregate; 

aggE  is the modulus of elasticity of the filler layer; 

mvδ  is the thickness of the selected micro-volume that combines all the structural layers; 

cemδ  is the thickness of the hydrating cement paste layer; 

itzδ  is the layer thickness of the contact zone of hydrating cement paste and aggregate; 

aggδ  is the thickness of the aggregate layer. 

Converting the equation, we get the elastic modulus of the composite 

mv
c

aggcem itz

cem itz agg

E

E E E

δ
δδ δ

=
+ +

                                                             (4) 

In its final form, the expression takes the form 
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where cem

mv
cem δ

δ
= ; itz

mv
itz δ

δ
= ; agg

mv
agg

δ
δ

= . 

In the resulting equation, the assumption is made that the elastic modulus of the aggregate particles 
(both large and small) is equal. if there is a significant difference, this expression should be used to 
determine the elastic modulus of the mortar and calculate the elasticity of the structure with a large 
aggregate using a 2-layer model [22]. 

If the elastic modulus of hydrating cement paste and aggregate can be quantified, then the elastic 
modulus of the contact zone, as well as the relative thicknesses of all layers, require approaches in 
determining. 

The relative thicknesses of the "hydrating cement paste+contact zone" and "aggregate" layers can 
be calculated based on the composite layer model, in which the weighted average particle size is replaced 
by the weighted average size of the layers with a conditional specific surface area of the components. 
Accordingly, the relative thickness of "hydrating cement paste+contact zone" is determined 

0 0 0
0

0 0

cem itz cem cem

mv itz cem agg cem agg

S Vcem
S ( ) V V

δ δ
δ δ δ

= = =
+ +

                                    (6) 

and the relative thickness of a layer of “aggregate“ 

0 0

agg itz agg agg

mv itz cem agg cem agg

S V
agg

S ( ) V V
δ δ
δ δ δ

= = =
+ +

,                                          (7) 

where 0cemδ  is the absolute thickness of a layer of "hydrating cement paste+contact zone”; 

itzS  is the related surface area of the contact zone; 

0cemV  is the volume concentration of the "hydrating cement paste+contact zone" layer; 

aggV  is the volume concentration of the “aggregate” layer. 

con
agg

agg agg

C WAV ρ
ρ ρ

− −
= = ,                                                        (8) 

where A is the aggregate consumption per cubic meter of the mix; 

C is the cement consumption per cubic meter of the mix; 

conρ  is the average density of the mixture; 

aggρ  is the true density of the aggregate; 

total water consumption 

W=C*W/C 

W/C is the water-cement ratio. 

For develop further approaches to calculating layer thicknesses, we suggest the following 
assumption: under the condition of not exceeding the water consumption sum water demand components 
of the mixture water content in the central layer of cement paste corresponds to the standard normal density 
W/Сcem = 0.22…0.28, the volume of the layer, the contact area is formed by water adsorbed by the 
aggregate and the corresponding water demand aggregate, which is calculated as the residual water after 
deduction of water requirement of cement 
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0
1 cem

cem itz
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+
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Then the volume of the hydrating cement paste layer is 

1 cem
cem

cp

C( W / C )V
ρ

+
= ,                                                       (11) 

where cpρ  is the density of cement paste with normal density 

The relative thickness of the "hydrating cement paste" layer 

0
0

1

1
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at the relative thickness of the layer "hydrating cement paste + aggregate” 
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The relative thickness of a layer of "aggregate” 
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The relative thickness of a layer of "contact zone” 

1itz itz itz itz

mv itz cem itz agg cem itz agg

S Vitz cem agg
S ( ) V V V

δ δ
δ δ δ δ

= = = = − −
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             (15) 

For further testing in the experiment with cement concretes, we will use the basic equation of module 
(5) using the equation (13), (14), (15). Working compositions of commercial concrete mixes of our own 
concrete mixing plant were used for testing. Thus, all data is available for calculation except the elastic 
modulus of the contact zone, which will be determined by the correlation method. Table 1 shows data for 
the sequential calculation of the elastic modulus of commercial concrete of classes B7.5…B60 for the layer 
model based on the parameters of the modulus of components and composition of the concrete mix: relative 
thicknesses cem, agg, itz. To assess the accuracy, the standard values of the elastic modulus for classes 
according to Russian Building Norms SNiP 2.03.01-84*(1996) “Concrete and reinforced concrete 
structures” were used. 

As a result of correlation, the elastic modulus of the contact zone was determined as 
Eitz = 7*104 MPa. As can be seen from the data in table 1, the method, starting from class B20, gives a 
good convergence in the prediction of the elastic modulus, deviations do not exceed 5%. From class B15 
and below, the calculation data is significantly overstated, obviously due to the large amount of free water 
and the hydration of the aggregate particles, the elastic modulus of the contact zone of low classes 
decreases, the convergence of the calculation at low classes reaches at Eitz = 4*104 MPa. 
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If we analyze the significance of the factors in the design model, we can conclude that a decrease 
or increase in the relative thickness and modulus of one of the layers leads to a disproportionate decrease 
or increase in the elastic modulus of concrete as a whole. Therefore, the increase in particle size of the 
aggregate is not accompanied by a reduction in water and cement can only lead to the increase in the ratio 
of the relative thickness of the flowable layer, the contact area and not only increase the modulus of the 
concrete, but lead to its reduction. To verify this proposal, the calculation model was tested by 
manufacturing concrete images from concrete of classes B25 (compositions 0, 3, 13) and B35 
(compositions 1, 2, 4, 12, 14). In the compositions of class B25, the sand size modulus (MK) and cement 
consumption (C) varied: 0 – MK = 2.0, C = 360 kg/m3; 3 – MK = 2.5, C = 340 kg/m3; 13 – MK = 2.5, 
C = 290 kg/m3. In the compositions of class B35, the largest aggregate size (NC), sand size modulus and 
cement consumption varied: 1 – MK = 2.0, NC = 20 mm, C = 350 kg/m3; 2 – MK = 2.0, NC = 30 mm, 
C = 350 kg/m3; 4 – MK = 2.5, NC = 30 mm, C = 350 kg /m3 ; 12 – MK = 2.0, NC = 30 mm, C = 305 kg/m3; 
14 – MK = 2.5, NC = 30 mm, S = 300 kg/m3. 

Testing of the model showed that the thickness and elasticity of the weakest element 
disproportionately reduces the elasticity and increases the plastic properties of the cement composite as a 
whole. The contact zone ITZ is determined not only by the relative surface of the aggregate, but also by 
the water/cement and water/aggregate ratio subject to cement and aggregate water demand. So, 
increasing cement composite elastic properties requires complex solutions. The most effective of which, 
while maintaining the strength class of concrete, is simultaneously increasing the size of the aggregate and 
reducing cement consumption, provided by reducing the water demand of the aggregate and plasticizing 
the mixture through the use of additives. The elastic properties of the predominant aggregate element are 
also crucial, a 10% decrease in the elastic modulus of the aggregate can lead to a 15–20% decrease in the 
elastic modulus. 

Reducing the relative surface of the aggregate without reducing the consumption of cement leads to 
an increase in the thickness of the layers of cement paste and the contact zone, which negates the effect 
of increasing the modulus of elasticity. Meanwhile, reducing the consumption of cement with strength 
maintaining, the modulus of elasticity can be increased by 10% or more. 

It should also be noted the tendency (Table 2, last column) to significantly reduce (by 15–20%) plastic 
deformations when creating conditions for increasing the modulus of elasticity. According to the proposed 
model of concrete deformation, the main potential for the development of plastic deformations is the contact 
zone ITZ. An attempt was made to correlate the level of plastic deformation at 30% loading. As a result, a 
directly proportional relationship between the relative thickness of the contact zone and the relative plastic 
deformation of concrete is determined 

0 3 0 3pl . pl .k itzε =                                                                  (16) 

0 3pl .k =0.08 is the coefficient of plastic deformation. 

Table 1 shows the calculated data of relative plastic deformation at 30% loading, and the equation 2 
can be converted to other loading levels. In prospective it makes possible to determine the modulus of 
concrete deformations under prolonged load action. The modulus of deformations standard calculation 
(Russian Building Rules SP 63/13330/2018 “Concrete and reinforced concrete constructions”) is 

1 1
1 1 0 8

b b
b,

b,cr b,cr

E . EE
.τ ϕ ϕ

= =
+ +

                                                (17) 

b,crϕ  is the coefficient of creep of concrete is taken on the recommendations. 

Taking into account that modulus of elasticity increasing goes to plastic deformation decrease, the 
coefficient of creep of concrete b,ctϕ  could be corrected in correlation with 0 3pl .ε .
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Table 1. Calculated and standard characteristics of the concrete elasticity modulus. 

B C, kg/m3 W/C W, 
kg/m3 

Wcp, 
kg/m3 

Witz, 
kg/m3 

Vcem0, 
m3/m3 

⍴con, 
kg/m3 

Vagg, 
m3/m3 

cem itz agg Ec, 103, 
MPa 

Est, 103, 
MPa 

Δ, % 0 3el .ε , 10-2 

5 180 1.40 252 45.0 207.0 313.2 2200 631.4 0.112 0.219 0.668 21.3 13.0 -63.9 1.75 

10 210 1.00 210 52.5 157.5 281.4 2250 653.6 0.133 0.168 0.699 24.6 18.0 -36.5 1.35 

15 260 0.80 208 65.0 143.0 296.4 2330 665 0.160 0.149 0.692 26.1 23.0 -13.6 1.19 

20 290 0.70 203 72.5 130.5 301.6 2350 663.2 0.177 0.135 0.687 27.3 27.0 -1.1 1.08 

25 320 0.60 192 80.0 112.0 300.8 2450 692.1 0.190 0.113 0.697 29.5 30.0 1.5 0.09 

30 360 0.54 194 90.0 104.4 316.8 2450 677 0.214 0.105 0.681 30.4 32.5 6.5 0.84 

35 380 0.46 175 95.0 79.8 304.0 2450 676.9 0.229 0.081 0.69 33.3 34.5 3.4 0.65 

40 410 0.42 172 103.0 69.7 311.6 2480 677.8 0.244 0.070 0.685 34.9 36.0 3.1 0.56 

45 440 0.38 167 110.0 57.2 316.8 2480 668.9 0.263 0.058 0.679 36.9 37.5 1.7 0.46 

50 470 0.35 165 118.0 47.0 324.3 2500 666.3 0.280 0.047 0.673 38.7 39.0 0.7 0.38 

55 480 0.34 163 120.0 43.2 326.4 2450 645.3 0.291 0.044 0.664 39.3 39.5 0.6 0.36 

60 520 0.32 166 130.0 36.4 343.2 2430 622.7 0.318 0.038 0.645 40.6 40.0 -1.5 0.30 
 
Table 2. Calculated and experimental characteristics of the concrete elasticity modulus and plastic deformations. 

No. B C, kg/m3 W/C W, 
kg/m3 

Wcp, 
kg/m3 

Witz, 
kg/m3 

Vcem0, 
m3/m3 

⍴con, 
kg/m3 

Vagg, 
m3/m3 

cem itz agg Ec, 103, 
MPa 

Eexp, 103, 
MPa 

Δ, % 0 3el .ε , 10-2 0 3el . expε , 

10-2 
0 25 360 0.61 220 90 129.6 354.6 2430 755 0.20 0.12 0.68 29.1 29 -0.4 0.93 1.00 

3 25 340 0.62 211 85 125.8 338.3 2470 783 0.19 0.11 0.70 29.6 33 10.3 0.90 0.80 

13 25 290 0.63 183 72.5 110.2 291.5 2470 815 0.16 0.1 0.74 31.0 33 6.0 0.80 0.25 

1 35 350 0.54 189 87.5 101.5 320.3 2500 800 0.20 0.09 0.71 32.1 35 8.2 0.72 0.80 

2 35 350 0.54 189 87.5 101.5 320.3 2510 804 0.19 0.09 0.72 32.2 38 15.3 0.72 0.80 

4 35 350 0.54 189 87.5 101.5 320.3 2500 800 0.20 0.09 0.71 32.1 34 5.5 0.72 0.80 

12 35 305 0.53 162 76.3 85.4 276.0 2540 846 0.17 0.08 0.75 34.1 38 10.3 0.61 0.50 

14 35 300 0.53 159 75.0 84.0 271.5 2490 829 0.17 0.08 0.75 34.0 36 5.4 0.61 1.00 
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4. Conclusion 
As a result of analytical and experimental work, first the suitability of the layer model for evaluating 

the instant elastic modulus and deformative properties of cement composites was confirmed. It made in 
development of all basic and last researches in this area for available technological calculation support. 

First the cement composite elasticity modulus calculation model based on the layer model operates 
on 6 factors: elastic modules and relative thicknesses of structural layers "aggregate", "contact zone of 
cement paste-aggregate", "hydrated cement paste". Cause the model is operating by easy definable factors 
in difference from other solutions first it made possible to receive the “step-by-step” method of cement 
composites elasticity modulus calculation depending on concrete mix components properties and 
proportions. Calculation is determining the relative thicknesses of layers with known separate elasticity 
modulus and finally defines whole composite structure elasticity modulus. So with components elasticity 
modulus data the calculation of composite elasticity modulus making of Eq. 5. The method allows to solve 
two basic technological problems: 1) to ensure the normative deformability of the given class concrete;  
2) to identify ways to increase elastic properties within a given composition and raw materials. 

Separately, it should be noted that method makes possible to norm the modulus of elasticity of 
commercial concrete because making available to predict elastic properties on the stage of the concrete 
mix composition design. The development of methods for simple and rapid control of the modulus of 
elasticity of concrete will make able to norm the deformative properties of concrete in projects and ensure 
compliance with these standards, which in turn will ensure minimum costs already at the design stage. 
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Abstract. The problem of determining of stress state in beams with sinusoidal perforation under 
concentrated force was considered. An empirical expression has been obtained for the stress distribution 
in dependence on parameters of perforation and force factors – bending moment and shear force. Von 
Mises equivalent stresses near the edge of openings is presented by the sum of two items caused by two 
types of deformations – shear and bending. The numerical coefficients of this dependence were determined 
with help of the finite element method calculations. The obtained empirical relation was verified by FEM 
calculations using the ANSYS software. It was studied effect of the fillet radius in corners of openings on 
stress state of beams with sinusoidal perforation in wide range of relative height of openings. Obtained 
results allow to conclude that calculation of equivalent stresses in beams with sinusoidal perforation bring 
to divergence not exceeding 5%. 

1. Introduction 
In perforated beams there are the most common circular and hexagonal openings. Such beams differ 

from each other in level of stress concentration and manufacturing cost. The stress concentration in beams 
with hexagonal openings is much higher than in beams with circular openings. But they are cheaper due to 
significant reduction in volume of cutting. The desire of designers to reduce the stress level in beams with 
hexagonal openings led to production of beams with sinusoidal perforation. In fact, these are the same 
beams with hexagonal openings obtained by non-waste technology, but with fillet corner radius extended. 
The beams with sinusoidal openings are using in frameworks of different constructions (Figure 1). The 
range of design conceptions of such beams is wide. 

 
Figure 1. Framework with sinusoidal perforated beams. 

The strength and optimum design of perforated beams were studied in many works of foreign [1–21] 
and Russian [22–28] authors. In most of them, the stress distribution is considered near of hexagonal 
openings of regular shape using finite element method [1, 3, 8, 9, 11, 12, 14–24]. In researches [4–7, 10, 
13, 26, 27] it was studied beams with sinusoidal perforation and in researches [2,25,28] beams with circular 
openings are investigated.  

https://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by/4.0/
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Budi et al. [1] performed the optimization analysis using FEM and laboratory tests on 225 mm height 
castellated steel beams with 3 m length for verification. All tested models have 150 mm height holes with 
various opening angles in range 45°–70° and different distances between holes. A summary analysis of 
castellated beams showed that maximum stress concentration in models with 45° opening angle is located 
in the weld joint area of web-post, but in all other models maximum stresses take place at the corner area 
of hexagonal holes. Strength analysis in [1] allow to conclude that optimum angle size is 60° with distance 
between holes (0.186 – 0.286) mm. Durif et al. [4-7] research load capacity of cellular beams with sinusoidal 
perforation. The study is focused on the experimental and numerical analyses of isolated web-posts 
specimens with four opening quarters taken from whole cellular beams. The stress measurements near 
contours of openings were also made using resistance wire strain gauges. Chhapkhane at al. [15] deals 
with finding the elastic stress distribution in castellated beams by FEM and experimentally on steel models. 
Strain gauge location was determined using the initial finite element models. The tests were carried out on 
simply supported short castellated beams containing only 4 openings with central concentrated loading. 
The stress level obtained with the any strain gauges located around the interior cells was the same. No 
stress concentration was fixed. Wakchaure at al. [18] observed from the finite element analysis that as the 
depth of hexagonal opening increases, stress concentrations increases at the hole corners. So by taking 
corrective measures, i.e. by rounding hole corners, the strength of castellated beams can be improved in 
practice. Wang et al. [21] investigated by FEM the failure of castellated beams with fillet corner web 
openings. Compared to beams with traditional hexagonal openings the proposed beams with fillet corner 
enjoy a higher load bearing capacity. Pritykin et al. [23, 25] conducted series of studies of the stress 
distribution in beams near hexagonal openings of regular shape, stress concentration in cellular beams 
with circular opening and obtained some empirical relations for estimating of the stress values. Later Pritykin 
et al. [26, 27] studied and obtained relations for deformations and stress concentration in castellated beams 
with sinusoidal perforation but only for one size of fillet radius. Dobrachev et al. [24] try to describe stress 
distribution in the web-post of castellated beam analytically by approximate function. 

The purpose of the study is to obtain an empirical relation for evaluating of von Mises equivalent 
stress in beams with sinusoidal web perforation. A simply supported beams loaded with concentrated force 
in the middle of span were considered. 

2. Methods 
2.1. Dependence for Equivalent Stresses in the Zone of T-shaped Flanges 

According to the geometry of perforations the highest stress level can be either in area of reentering 
angle of openings on neutral axis, where maximum shearing stresses act, or near an opening corners, 
where stress level is determined by action of bending moment and shear force. We derive an empirical 
dependence for the definition of the stresses in the region of openings in the zone of T-section. 

When deriving dependences for stresses, we consider dimensions of hexagonal openings with a fillet 
radius of the corner 0r =  as basic values (Figure 2a). In general, web perforation of a beam with sinusoidal 
openings is determined by three linear parameters (Figure 2b): openings height 0 2 sinh a θ= , web-post 
width c γa= , representing minimum distance between edges of two neighbor openings and fillet radius of 
the corner r . For beam with sinusoidal perforation the width of web-post is always equal to the horizontal 
side of opening. One more parameter is angle θ  of inclination of hexagon sides to neutral axis of beam. It 

can vary within 45 70θ≤ ≤  , but in the research it will be equal 60θ =  . 

a)  

b)  
Figure 2. Perforated beam geometry:  

a) basic perforation; b) perforation with sinusoidal openings. 

https://www.sciencedirect.com/science/article/pii/S1877705817304757#!
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As well known, in calculations for different beams comparing, relative parameters are convenient to 
use. Therefore, a relative height of openings is denoted as 0 / wh h=β  ( wh  is height of the beam web, 

w fh H t= − ). To indicate the dimensions of beam the following abbreviated form of notation 

w w f fl h t b t β γ ρ− − − − − − −  was used in research. It completely determines the beam geometry. The 

interpretations are: l  – length of beam, wh  and wt  – height and thickness of web, fb  and ft  are width 

and thickness of flanges; /ρ r a=  is relative fillet radius ( a  is inclined side of opening). The dimensions 
of the beam are indicated in centimeters. 

In lateral bending, both bending moment M  and shear force V  play an important role in magnitude 

of max
eqvσ . Taking into account the above notation, we can approximately represent stresses max

eqvσ  near of 

edge nth opening of beam with two components: from action of shear force V  and bending moment nM  

max
eqw n

V M
w w

MVσ α α
h t W

= + ,                                                              (1) 

where Vα  and Mα  are force and moment coefficients unknown here yet and determining by using 

the FEM calculations; modulus of section W  is calculated approximately as 

2 / 6f f w w wW b t h h t= + .                                                              (2) 

Assume that contour of the first opening is located at a distance c  from the support. Then bending 

moment nM  in region of nth opening, where von Mises equivalent stress max
eqvσ  is determined, can be 

represented in the form 

(2 1)(cos )n nM Vx V n θ γ a= = − + .                                                   (3) 

Substitution of (2) and (3) into (1) taking into account accepted notation 0 / 2sina h θ=  and 

0 / wh h=β  leads to the expression 

*
max

( 0.5)(cos )
sin ( / 0.167)

eqv
V M

f f w w w w

n θ γ β Vσ α α
θ b t h t h t

 − +
≈ +  + 

                                 (4) 

Relation (4) in general form is valid for any angle of inclination angle but in particular case, when 

60= θ it is simplified to view 

max
( 0.5)(0.5 )

6 / 1
eqv

V M
f f w w w w

n γ β Vσ α α
b t h t h t

 − +
≈ +  + 

.                                         (5) 

The influence of fillet radius is taken into account using the coefficients Vα  and Mα . The value 

/f f w wb t h t  represents ratio of areas of flanges and web. For practical application of relation (5), it remains 

to determine coefficients of force Vα  and moment Mα . 

2.2. Coefficient of Stress Concentration 

To compare efficiency of different designs, it is convenient to use stress concentration factor σα , 

which in the study was defined as ratio of maximum equivalent stresses in the opening zone max
eqvσ  to the 

level of maximum stresses in beam with a solid web max
TTσ  under action of external load. The value σα  

was estimated by formula 

max max/eqw TT
σα σ σ= ,                                                                      (6) 
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where max
TTσ  is stresses in flange, determined according to the technical theory of beam as 

max max /TTσ M W= .                                                                     (7) 

Here maxM  is the maximum bending moment, W is the section modulus of beam without openings 
in web, determined by (2). 

For possibility of practical application of relations (5) and (6) first of all is necessary to determine 
coefficients of force Vα  and moment Mα  with help of FEM calculations. 

As known the accuracy of FEM calculations is largely determined by size of FE: smaller finite 
elements lead to more accurate calculation as a rule. However, it is impractical to use a small size FE mesh 
for entire structure because of calculation time. For example, on a computer with 4 GB of RAM, calculating 
of a system of equations with 400000 unknowns takes about a minute. To reduce the size of equations 
system and, relatively, calculation time, different approaches can be used: the method of superelements; 
accounting for symmetry of structure, allowing only half of beam to be considered; the use of irregular mesh 
of FEs and others. The last two approaches turn out to be the simplest and quite effective. However, the 
question arises what the size of finite elements would be sufficient to obtain the required calculation 
accuracy. It is quite difficult to theoretically justify the optimal sizes of FEs, so in the most cases this is done 
on the basis of successive analysis with a decrease in size of elements until difference in results becomes 
negligible (for example, 0.1% – 0.2%). 

In study a fine mesh was used at the edge of openings through one and only on that part where the 
level of maximum stresses was estimated (Figure 3). It was considered one part of beam to the section 
where concentrated force is applied The resulting system of equations turned out to be optimal in terms of 
calculation time. It is clear that the size of the FE should be linked to fillet radius of corners of hexagonal 
opening. After all, the smaller radius, the smaller finite elements should be, otherwise calculation of average 
stresses within FE reduce accuracy. In the calculations below, the radius r  was taken equal to 0.25r а= , 

0.5r а=  and 0.75r а= , where a  – inclined side of opening. The analysis showed that satisfactory 
accuracy is achieved with FE sizes of (0.02 0.03)r− , therefore, in the calculations, FE sizes near edge of 

opening were equal to Δ 2FE =  mm, and in the rest of beam – Δ 20FE =  mm, with overall opening height 

500 600h = −  mm.  

The simply supported beams loaded with concentrated force applied at an arbitrary point of span 
were initially considered. 

3. Results and Discussion 
3.1. Dependence for Equivalent Stresses in the Zone of T-section 

The series of calculations of perforated beams made from №60 rolled section with different opening 
parameters were carried out. The values of relative fillet radius of openings ρ  in range 0.25 0.75ρ≤ ≤ , 
the relative height of openings in the range 0.667 0.73β≤ ≤  with a fixed relative width of web-post 

1.5γ =  and the angle of inclination of sides 60θ =  , were varied. 

Under manufacturing a perforated beam using non-waste technology there is a relationship between 
the initial height of beam with a solid web 0H  and height of the perforated beam H , depending on the 
relative height of openings β  

0 / (1 0.5 )H H β= − .                                                                (8) 

Below it is considering beams manufacturing of pattern beam with height 0 600H =  mm as the initial 
one, then for values of 0.667β = ; 0.7β =  and 0.73β =  in accordance with (8) the height of perforated 
beams will be 900H = mm; 923H = mm and 945H = mm respectively. 

The FEM calculations of the simply supported beam loaded with force 10F =  kN in the middle of 
span, according to the program developed by the authors using the ANSYS software solution, lead to the 
values shown in Figure 3. 
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The analysis of results revealed that for beams with the above parameters, acceptable values of 
coefficients Vα  and Mα  correspond to the expressions: 

60(2.17 1)(1.25 )Vα β ρ= − − ;                                                       (9) 

3.8(5.15 1)Mα β= − .                                                            (10) 

As can be seen from (9) and (10), the coefficient Vα  can be approximately considered linearly 

dependent on ρ  and β , and the coefficient Mα  – linearly dependent only on β . The stress distributions 

in the beams with parameters 1.2 19 1.78cm 1.5 0.75wl h β− − − − − − −  shown in Figure 3 are linear, 

i.e., the values of von Mises equivalent stress max
eqvσ  near the edge of openings are proportional to 

magnitude of the bending moment. The given empirical dependence (5), taking into account the relations 
(9) and (10), allows us to compare the maximum equivalent stresses in the region of sinusoidal openings 
with an arbitrary number n, obtained by the FEM and analytically (Table 1). 

a)  

b)  

c)  

Figure 3. Stress state of simply supported beams 1.2 19 1.78cm 1.5 0.75wl h β− − − − − − −  with 
different opening height: 

a) 88.22wh =  cm; 0.667β = ; b) 90.52wh =  cm; 0.7β = ; c) 92.72wh =  cm; 0.73β =  

Table 1. Comparative analysis value of stresses max
eqvσ  in beams  

l–hw–1.2–19–1.78cm–β–1.5–0.75 at different relative height of openings. 

Opening number, n 5 7 9 

β  0.667 
FEM 15.1 19.0 22.7 
by (5) 15.3 19.3 23.3 

Divergence δ , % 1.3 1.6 2.6 

Beam l–88.22–1.2–19–1.78 cm–0.667–1.5–0.75 

β  0.7 
FEM 17.4 21.7 25.9 
by (5) 17.2 21.6 26.1 

Divergence δ , % 1.1 0.5 0.8 

Beam l–90.52–1.2–19–1.78 cm –0.7–1.5–0.75 

β  0.73 
FEM 19.9 24.6 29.2 
by (5) 18.9 23.7 28.6 

Divergence δ , % 5.0 3.7 2.1 

Beam l–92.72–1.2–19–1.78 cm –0.73–1.5–0.75 
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As can be seen from the results presented in Table 1, the divergence of stresses calculated on (5) 
and by FEM does not exceed 5%. 

The similar calculations performed by the FEM for perforated beams made from the initial profile 
№50 (Russian State Standard GOST 8239-89) are presented in Figure 4. The divergence according to (5) 
in this case is also less than 5% (Table 2). 

a)  

b)  

c)  

Figure 4. Stress state of simply supported beams 1.0 17 1.52cm 1.5 0.75wl h β− − − − − − −  with 
different opening height: 

a) 73.48wh =  cm; 0.667β = ; b) 75.38wh =  cm; 0.7β = ; c) 77.22wh =  cm; 0.73β =  

Table 2. Comparative analysis value of stresses max
eqvσ  in beams  

l–hw–1.0–17–1.52cm–β–1.5–0.75 at different relative height of openings. 

Opening number, n 5 7 9 

β  0.667 
FEM 21.0 26.1 31.1 
by (5) 21.3 26.7 32.1 

Divergence δ , % 1.4 2.3 3.2 

Beam l–73.48–1.0–17–1.52 cm –0.667–1.5–0.75 

β  0.7 
FEM 24.0 29.8 35.3 
by (5) 23.9 29.9 35.9 

Divergence δ , % 0.4 0.3 1.7 

Beam l–75.38–1.0–17–1.52 cm –0.7–1.5–0.75 

β  0.73 
FEM 27.6 33.8 39.9 
by (5) 26.2 32.8 39.4 

Divergence δ , % 5 3.0 1.3 

Beam l–77.22–1.0–17–1.52 cm –0.73–1.5–0.75 
 

3.2. Stress concentration factor 
The strength calculation of any structures, including beams, is estimated by the level of maximum 

stresses arising in it. Considering the data presented in Figure 3 with a constant fillet radius of corner, the 
value σα  calculated on (6) varies linearly depending on the relative height of openings β  (Figure 5). 
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Figure 5. Dependence value σα  on relative height of openings β . 

The stress concentration level is significantly affected not only by the relative height of the openings 
β , but also by the fillet radius of their corners. In practice, openings with relative fillet radius of corners 

from 0.25ρ =  (Figure 6a) to 0.75ρ =  (Figure 6b) are used. Therefore, beams with different fillet radius 
were investigated. 

  

a) b) 

Figure 6. Perforated beams with different fillet radius of corner: a) 0.25r a= ; b) 0.75r a= . 

At relative fillet radius of corner 0.25ρ =  and 0.5ρ =  for beams made from 0 600H =  mm profile, 
at 0.667β = , the stress distribution pattern shown in Figure 7 indicates that a decrease of ρ  lead to an 
increase of stress concentration. So, when the radius decreases from 0.75r a=  (Figure 3a) to 0.5r a=  
(Figure 7a), the stress level increases by about 10%, and additional reducing of radius from 0.5r a=  
(Figure 7a) to 0.25r a=  (Figure 7b), lead to augmentation of stresses by another 20%. For radius 

0.25r a=  and 0.667β = , the value of 2.15σα = , while for 0.75r a=  the coefficient 1.65σα = . 

a)  

b)  

Figure 7. Stress level in beams 88.22 1.2 19 1.78cm 0.667 1.5l ρ− − − − − − −  with: 

a) 0.5ρ = ; b) 0.25ρ = . 
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Similar calculations by FEM of beam 92.72 1.2 19 1.78cm 0.73 1.5l ρ− − − − − − −  with the fillet radius 

0.5r a=  and 0.25r a=  lead to a picture of the stress distribution shown in Figure 8. The value of σα  for 

beam with 0.5ρ =  (Figure 8a) does not exceed value 2.17σα = , and with a further decrease of radius to 

0.25ρ =  (Figure 8b), the stress concentration level increases to 2.56σα = . 

For beam shown in Figure 8b, the stress level calculated according to (5) gives a value of 

max 36.5eqvσ =  MPa in the 9th opening, which indicates divergence with calculation by FEM of 3.7%. 

a)  

b)  

Figure 8. Stress level in beams 92.72 1.2 19 1.78cm 0.73 1.5l ρ− − − − − − −  with: 

a) 0.5ρ = ; b) 0.25ρ = . 

The obtained results are applicable for case of loading a simply supported beam with a force F  in 
an arbitrary section of span, taking as the shear force V  the reaction of support in corresponding section 
of beam. Applying the superposition principle, it is possible to determine the stress concentration under 
action of a few concentrated forces. 

Since in beams with sinusoidal openings, potentially dangerous zones can also be the welded zones 
of the perforated teeth at the level of neutral axis, where the reentering angles are located, these zones 
were also studied. 

3.3. Equivalent stress in web-post zone 

Consider a simply supported beam 15.4 73.48 0.6 17 1.52cm 0.667 1.5 0.5H − − − − − − − loaded 
with concentrated force in the middle of span. Calculation of stress level by FEM using ANSYS software 
(Figure 9a) shows stress state of the web-post zones at the level of neutral axis. 

As can be seen from Figure 9b, the danger zone of stress state is the entering acute angle in web-

post: maximum stresses in this zone near axis of 2nd hole reach value max 31.453eqvσ =  MPa, while the 

maximum stress in area of rounded zone of 3rd hole is only max 27.711eqvσ =  MPa (Figure 9c), i.e. near 

neutral axis a stress level is higher. In flanges at a stated load the maximum stresses are 12.6flangeσ =  

MPa (Figure 9a). Thus, the stresses near neutral axis are more than 2.5 times higher than stresses in 
flanges. Based on this it can be concluded that decreasing the stress concentration in the region of opening 
corners lead to augmentation of stresses near the neutral axis (Figure 9b).  

a)  
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b) c) 

Figure 9. Stress state of beam 15.4 73.48 0.6 17 1.52cm 0.667 1.5 0.5H − − − − − − −  under force 
10F =  kN applied in mid-span: a) general picture of stress distribution; b) near axis of 2nd hole;  

c) in rounded zone of 3rd hole. 

Stress state near axis of 4th hole (Figure 10a) show level max 36.916eqvσ =  MPa, while maximum 

stresses at contour of 5th hole (Figure 10b) is only max 32.62eqvσ =  MPa. 

a)  

 

b)  

Figure 10. Stress state of beam 15.4 73.48 0.6 17 1.52cm 0.667 1.5 0.5H − − − − − − −  under 
force 10F =  kN applied in mid-span: a) near axis of 4th hole;  

b) general picture of stress distribution. 
As can be seen from Figure 10, at a constant shear force, the stresses at the reentering edge of 

opening increase with expansion of bending moment from 31.5 MPa at the second web-post to 36.916 MPa 
at the fourth web-post (Figure 10a). The stress concentration factor at edge of opening in the region of the 
4th web-post take a value 36.916 /11.9 3.11σα = ≈ . 

Let us now consider a beam with an increased fillet radius up to 0.75r a= . From Figure 11 it follows 
that growth of the fillet radius of corner practically does not affect the stress level in the beam flange near 

of application of concentrated force. But the level of maximum equivalent stresses max
eqvσ  decreases from 

32.62 MPa (Figure 10b) to 27.64 MPa in the region of the 5th openings (Figure 11b). At the same time, the 

level max
eqvσ  in the zone of reentering angles increases almost 1.3 times from 37 MPa to 47.3 MPa 

(Figure 11a). Thus, the level of stress concentration increases to 47.3 /11.9 3.97σα = ≈ . 

a)  

 

b)  

Figure 11. Stress state of beam 15.4 73.48 0.6 17 1.52 0.667 1.5 0.75H cm− − − − − − −  under 
force 10F =  kN applied in mid-span: a) near axis of 4th hole; b) general picture of stress 

distribution. 
In fact, the level of stresses in the region of the reentering angles at the level of the neutral axis is 

much lower due to the presence of welds, which somewhat smooth the sharp reentering angles (Figure 6b). 
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Note that in case of sinusoidal perforation the zone of increased stresses includes only one node in the 
zone of the reentering angle at the level of neutral axis (see, for example, Figure 10a or Figure 11a). At the 
same time, in the region of neighboring nodes, the stress level decreases by 1.7–2 times, but in the zone 
of the T-shaped of flanges, the region of increased stresses is quite extensive, covering several nodes 
(Figure 9c). Hence, It can be concluded that using of beams with sinusoidal perforation allows to reduce 
the stress level approximately 1.7–2.3 times compare with regular hexagon perforation. As for the 
reentering nodes, as can be seen from Figure 6b, the presence of welds decrease sharpness of corners 
and thereby reduce the actual level of maximum stresses to an acceptable value. In study of Durif at al. [4] 
it is noted the formation of four plastic hinges takes place at the opening corners. Our research confirms 
that namely at corners level of stresses is highest. In addition to results of work [26] this study allows 
estimate level of stresses depending on radius of fillet. In work of Wakchaure [17] from the finite element 
analysis results, it is also concluded that the castellated steel beam corners of openings should be rounded 
to reduce the stress level. 

4. Conclusions 

1. An empirical dependence is obtained for stresses max
eqvσ  near the edge of openings in the form of 

the sum of two items which makes it possible to differentiate the role of shear force and bending moment. 

2. With a constant shear force, the maximum von Mises stresses max
eqvσ  near the edge of the 

hexagonal openings are linearly distributed in proportion to the magnitude of the bending moment. 
3. For perforated beams, the value of σα  should be calculated as the ratio of the maximum 

equivalent stresses at the edge of openings to the maximum stresses in the flange, determined by the 
technical theory of beam bending. 

4. With a fixed fillet radius of the corners, the stress concentration at the openings increases in 
proportion to their relative height. The value σα  with a relative fillet radius 0.75ρ =  does not exceed 2, 
decreasing with diminishing height of openings. 

5. Although the level of stress concentration in the regions of the reentering angles in the web-posts 
exceeds the level σα  in regions of the rounding of openings, the presence of welds reduces this 
concentration. 
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