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Abstract. Constructively nonlinear problems with unilateral constraints are frequent in the calculation of 
various structures. At the same time, certain difficulties cause problems with the contact friction, as well as 
with the dynamic action of the load. In such cases, the contact problem becomes more complicated in terms 
of mathematics and its numerical solution becomes more complicated as well. This article is devoted to the 
construction of calculation models and methods for solving problems with non-ideal unilateral constraints 
under dynamic loading. As a result, a numerical algorithm has been developed based on the finite element 
model of contact and the step-by-step analysis method, which allows simultaneous integration of the motion 
equations and the realization of contact conditions with Coulomb friction. At the same time, to comply with the 
limitations under the conditions of ultimate friction-sliding, the method of compensating loads is applied. Using 
the proposed approach, numerical solutions of some problems of contact of a structure with a base have been 
obtained and analyzed. The reliability of the calculation results is confirmed by comparing them with the 
solution obtained by the alternative iteration algorithm. It can be concluded that the step-by-step analysis 
algorithm is more efficient in terms of computation time, showing satisfactory convergence, stability, and 
accuracy of the solution in a fairly wide range of time integration steps. 

1. Introduction  
Problems with unilateral constraints and friction between contacting surfaces are often encountered in 

the calculation of various types of structures. The solution of such problems under the action of static loads 
and different contact conditions was considered in some works [1–12]. At the same time, it is quite typical 
when it is necessary to take into account the dynamic loads on the structure [13–15].  

When solving constructively nonlinear contact problems, both iterative (successive approximations) and 
incremental (step-by-step) methods are used. In particular, for the numerical solution of the dynamic contact 
problem, the variant of the iterative Schwartz method (with the finite-element discretization of the problem) is 
proposed in works [16, 17]. In works [18, 19] the iterative algorithm of the speeds correction of the Udzawa 
type is used for the finite-difference discrete model. In works [20–22] different versions of the method of 
iterations on the ultimate friction forces are applied on the basis of variational formulations of contact problems. 
As mentioned in these and other works, the application of the method of successive approximations allows 
one to build effective iterative algorithms that have a computational stability and guarantee the fulfillment of 
contact conditions for ideal unilateral constraints. However, the fulfillment of friction-sliding conditions on the 
contact here has certain difficulties and cannot always be realized.  

In [23, 24], to fulfill the contact conditions, the weak formulation in the form of an elliptic quasi-
variational inequality is used. The numerical solution of the variational problem is based on the finite element 
method and the implicit time integration scheme. The construction of various schemes for the numerical 
integration of the equations of motion is considered in works [25, 26]. In the first work the Lagrange multipliers 
and the minimum work principle are used at each time step, in the second one, the non-convex linear 
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complementarity problem is solved at each step. The advantage of the step-by-step methods is that the 
solution of the contact problem can be obtained at any time point and at any stage of dynamic impact by using 
them. At the same time, there is an opportunity to satisfy the friction-sliding conditions more precisely, since 
the solution of the problem taking friction into account depends on the history of structure loading [1, 2]. The 
constructive nonlinearity in the case of dynamic loading will be manifested in the change of the working 
schemes of the structure in time – switching on and off unilateral constraints, both in normal and tangential 
direction. It is assumed that between two consecutive events on the contact, i.e. within the limits of each fixed 
working scheme, the character of the structure deformation is linear.  

This paper is devoted to the development of a numerical model and algorithm for solving contact 
problems with unilateral constraints and friction under the dynamic load action. The immediate solution of the 
dynamic contact problem is made on the basis of time discretization using the direct schemes of integration 
of the equations of motion [27]. After each time step, the boundary conditions on the contact are checked. If 
within a certain step ∆t there is a change of the working scheme, the time point of changing of the contact 
state (occurrence of the next event) is determined by the means of the step-by-time analysis of the contact 
state with the use of appropriate approximating expressions for displacements, speeds and accelerations on 
the time interval ∆t. In this case, the integration step size is corrected and the current step is recalculated. As 
a result, a new state of contact is established at the given time point and, thus, the current working scheme of 
the structure is changed [7, 10]. Based on the step-by-step analysis of the dynamic loading process, the given 
approach has a clear physical nature and makes it possible to track the current state of the calculated system 
at any time point.  

2. Methods 
Let’s consider the dynamic problem of interaction of linearly elastic bodies V+ and V–, which may be, 

for example, the structure and base, with contacting surfaces, +
сS  and −

сS  correspondingly. To calculate this 
system we use a discrete computational model FEM, for which the following matrix equation of motion with 
initial conditions is true [27]:  

[ ]{ } [ ]{ } [ ]{ } { } { } { } { } { }0 000
; , .+∆ +∆ +∆ +∆

==
+ + = = =   
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tt
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Taking into account that the displacement at time point t + ∆t can be represented as 

,+∆ +∆= + ∆t t t t tU U U  let us convert equation (1) in the form that allows the solution of a constructively 
nonlinear dynamic contact problem to be reduced to the solution of the sequence of linear dynamic problems 
on the basis of step-by-step on time analysis of the contact state [28]:  
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Here [M], [C] and [K] are the mass, damping, and stiffness matrices of the finite element system 

respectively, at the same time, the proportional damping model is adopted [ ] [ ] [ ];= +C α M β M  { },+t tU ∆  

{ },+


t tU ∆  { }+


t tU ∆  and { }+t tP ∆  are the vectors of nodal displacements, speeds, accelerations, and the 

external nodal load at time point t + ∆t; { }+t tU ∆∆  is the vector of displacements increment at step ∆t. In 

addition, on the part of the outer boundaries ,±gS  for V+ and V– correspondingly, boundary conditions on the 

forces, and on ±
uS  – in the displacements should be given. It is assumed that at the initial time t = 0 the vectors 

of displacements, speeds and accelerations are given and it is necessary to find a solution (2) during the time 
interval from 0 to some value T.  

For the numerical integration of the motion equations (2), the implicit Newmark finite difference scheme 
is used, which is based on the assumption of a linear change of accelerations in the ∆t interval. In this case, 
the following dependencies between the increments of displacements, speeds and accelerations for the time 
point t + ∆t are used:  
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Here α and β are the parameters determining the accuracy and stability of integration [27]. Let us take 
α = 1/4, β = 1/2, which correspond to the case of the constant average acceleration at each of the intervals 
∆t. In this case, the Newmark integration scheme for linear problems is unconditionally stable, i.e. the solution 
does not grow indefinitely at large values of the step ∆t.  

Substituting the expression (3) in the equation (2), thereby excluding ∆+


t tU  and ∆+


t tU  from the number 
of unknown ones, after simple transformations, we obtain the following matrix equation to determine :+t tU ∆∆  

{ } { }Δ Δ+ +  = 
 t t t tK U P ,∆  (4) 
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

K K  

[ ] [ ]0 1 .+ +α M α C  The coefficients α0 – α5 depend on the step ∆t and the parameters α and β:  
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The system of algebraic equations (4) is solved by the LDLT factorization method, taking into account 
the sparsity of the symmetric matrix [ ]



K  and its variable profile. After finding Δ+t tU∆  and, correspondingly, 
+t tU ∆  for the calculation of accelerations +



t tU ∆  and speeds ,+


t tU ∆  equations (3) are used. In their turn, at 

any time point t' within the interval ∆t ( ),′≤ ≤ + ∆t t t t  the values of accelerations ( ,)′U t  speeds ( )′U t  and 
displacements ( )′U t  can be calculated with by the following formulas:  
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 (5) 

The first of the equations (5), according to the Newmark scheme, expresses the linear law of change of 
acceleration on the interval ∆t, the second and third ones are obtained from the expressions (3) with the value 
substitutions α = 1/4, β = 1/2, and the replacement of the value t + ∆t by the value t'.  

Furthermore, when taking into account unilateral constraint with Coulomb friction in addition to the initial 
conditions at t = 0 and boundary conditions on ,±gS  ,±uS  the conditions on the contacting surfaces ±

cS  should 
be satisfied. The contact interaction will be modeled using frame-rod contact finite elements (CFE) [4, 10]. The 
CFE data provide a discrete contact between the nodes of the finite element grid located on the boundary 
surfaces of the contacting bodies.  

Let us write conditions on the contact in terms of forces and displacements for each discrete unilateral 
constraint k (i.e. the k CFE), for the time point t:  

0; ;0; 0,≥ ≤ = ∈t t t t
nk k nk k cu N u N k S  (6) 

; 0; ( ) 0, .≤ ≥ − = ∈ 

tt t t t t t
k Uk τk k Uk τk ckT T T u T T u k S  (7) 

Here ,t t
nk τku u  are mutual displacements of the opposite nodes for unilateral constraint k in the normal 

and tangential direction; /= ∂ ∂

t t
τk τku u t  is the speed of mutual tangential displacement on the contact k; 

, tt
k kN T  are contact forces in the normal and tangential direction (forces in k CFE); = −t t

Uk k kT f N  is ultimate 

Coulomb friction force for the contact k; fk ≥ 0 is the coefficient of friction-sliding.  

The last of the conditions (6) means that upon contact ,0=t
nku  ;0<t

kN  upon separation ,0>t
nku  

.0=t
kN  The last two conditions (7) establish the correspondence between the speeds of the mutual slippage 
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of the opposite nodes on the contact k and the magnitude of the force t
kT  at the time point t. Under the 

conditions 0=

t
τ ku  and <t t

k UkT T  there is a state of clutching (pre-ultimate friction); when 0,≠

t
τku  

=t t
k UkT T  is the state of slippage, while the direction of the slip rate is in line with the direction of the shear 

force. Changing the current state, namely the moment of transition from one state to another, is an event – 
correspondingly, it will be the events of slippage, clutch, separation (switching off unilateral constraint), or 
contact (switching on it).  

Let’s briefly discuss the sequence of actions implementing a step-by-step algorithm for solving the 
dynamic problem with unilateral constraints and Coulomb friction. The General case is considered when the 
normal forces of interaction and, accordingly, the ultimate friction forces on the contact change in the process 
of dynamic loading, i.e. in time, as it often occurs in practical tasks.  

It is believed that at the current time point t the state on the contact is known. The values of mutual 

displacements ,t
nku  ,t

τ ku  speed tτ ku  and contact forces , ,t t t
k k UkN T T  are determined for each unilateral 

constraint k. Let part of the constraints 1( )∈ сk S  be in the state of clutching, the other part 2( )∈ ck S  — in 

the state of contact with the slip and, finally, the third part 3( )∈ ck S  — in the state of separation, 

1 2 3 .=  с с с сS S S S  At the beginning of the calculation, at t = 0, the displacements, as well as the speeds 
and accelerations, are assumed to be zero.  

1. The current time step ∆t is performed, in the process of calculation its value can be changed in 
accordance with the established moment of occurrence of the next events on the contact. From the solution 
(4), the increments ,+t t

nku ∆∆  ,+t t
τku ∆∆  then the values of displacements ,+t t

nku ∆  ,+t t
τku ∆  speeds ,+



t t
τku ∆  and 

contact forces ,+t t
kN ∆  ,+t t

kT ∆  +t t
UkT ∆  for the time point t + ∆t are determined.  

2. The traversal of all discrete constraints is performed, therewith for each constraint k there is (within 
the current step ∆t) the time point 



kt  of occurrence of the next, i.e. the closest in the time event. The 
expression for determining the time point of slippage for the constraint k that was previously in the state of the 
clutching has the following form:  

1, .
( ) ( )+ +

 −
= + ∈ 

− − − 
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t t
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k ct t t t t t
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The time point of clutch for the constraint k that was previously in the state of the sliding  

2, .+

 −
= + ∈ 
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
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τk τk

ut t t k S
u u∆

∆  (9) 

The time point of separation or contact for the constraint k that, respectively, was previously in the state 
of the contact or separation  

1 2 3, , ; , .++

   − −
= + ∈ = + ∈     −−   
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t t
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Since the change of displacements, speeds, and, therefore, forces, within the step ∆t does not actually 
follow the linear law, then, additionally, using the expressions (4), an iterative refinement of the time point 



kt  
can be performed, the time consumption increases slightly in this case [28].  

3. Of all the values 


it  having been found using the formulas (7) and being in the interval (t, t + ∆t), the 
smallest one corresponding to the moment of occurrence of the nearest time event on the contact is selected: 

min .( ),= ∈
 

k ct t k S  In case > +


t t t∆  the next basic integration step ∆t is executed, i.e. transition to p.1 
is performed.  

4. In case < < +


t t t t∆  — the recalculation of updated in such a way step with value = −
 

t t t∆  is 
performed. Herewith, the method of compensating loads is applied to comply with the conditions of the ultimate 
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friction [10, 28]. Changing of the ultimate friction forces on the contact is taken into account by the application 
of compensating forces to the opposite nodes  

2( ), .+= − = − − ∈


  t t t
τk Uk Uk Uk с

tF T T T k S
t

∆∆∆
∆

 (11) 

The value of the transverse force on the contact k is corrected by the same quantity: .= +


t t
k k UkT T T∆   

As a result of the step recalculation, the values of displacements, speeds and forces on the contact in 
the time point 



t  are determined. The conditions of the expected event are checked; in case of slippage it will 

be a condition ;=
 

t t
k UkT T  in case of clutching — 0,=





t
τ ku  in case of detachment — ,0=



t
kN  in case of 

contact — .0=


t
nku  If the corresponding condition does not work, the time point 



t  should be updated once 

again but in the interval ( ),


t t  or ( )., +


t t t∆   

5. In case of occurrence of the next on time event on the corresponding support the state of contact 
changes — thereby the current working scheme of the construction changes too. Therewith the results of the 
recalculated step are considered final for the time point .



t  Then all the above actions are repeated, but for 
the next integration step ∆t.  

The given algorithm is implemented by the author in the computer program [29]. The program is 
intended for doing numerical research and comparative analysis of various models of contact interaction of 
the deformable systems, methods and algorithms of their calculation. For the purpose of comparative 
evaluation of the results obtained, the program also implements the well-known methods for calculating 
systems with unilateral constraints and friction, in particular, the method of iterations on ultimate friction forces 
[21, 22].  

Let us demonstrate the considered approach using the example of calculation of a plane framed system, 
which, for example, can simulate a pipeline section with a difference of relief under dynamic loading 
(Figure 1, a). It is considered that the system is fixed from lateral displacements, i.e. from the xy plane. On the 
rigid supports k = 1, 2 the conditions of Coulomb friction-sliding with the possibility of separation on the contact 
operate. The structure is in the state of rest, then a horizontal impulse load P(t) is applied at the left end. The 
law of change of the pulse has a triangular shape with the duration of 0.1 s, the amplitude of 100 kN 
(Figure 1, b).  

The longitudinal stiffness of the rods EA = 9·106 kN, bending stiffness EI = 2·106 kN⋅m2, the linear mass 
m = 0.4 t/m. The damping matrix here simplistically computed as [C] = α ⋅ [M], the damping coefficients were 
taken to be the following: α = 0.2ω1, β = 0. Contact interaction was modelled with frame-rod CEF [4, 10], 
connecting the support nodes of the framed system with fixed supports.  

 

Figure 1. Framed system under the action of pulsed load P(t).  

At the initial time point t = 0 on all supports the clutch state was set. The normal forces of interaction 
0
kN  on the contact of the structure nodes with the corresponding supports were taken to be equal to the 

reactions from the own weight of the structure. In the future, as a result of the action of the dynamic load, 
slippage, and the subsequent clutch on the contact is possible, as well as the switching off (separation) and 
the switching on of unilateral constraints during the considered time period. At the same time, due to the 
geometry of the framed system, the normal forces of interaction 0

kN  also change over time.  

The next was the problem of interaction of the water-fight slab of the dam with ground base at 
hydrodynamic effect of the water flow discharged from the headwater of the dam. The calculation scheme of 
the slab (Figure 2) corresponds to one of the objects of the Volzhsky hydroelectric complex. The purpose of 
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the calculations was to assess the impact of the pulsating component of water pressure in the discharge flow 
for the contact interaction of the water-fight slab of the dam with the base ground. The criterion condition for 
determining the ultimate values for the slab thickness in this case is to prevent the slippage or separation of 
the slab from the ground base.  

 
Figure 2. Scheme of the water-fight slab and applied loads. 

The calculation took into account loads stipulated by the own weight of the slab, the hydrodynamic 
acting from the water flow, the filtration backpressure. The following characteristics of the slab material were 
taken: volume weight 24 kN/m3, modulus of elasticity E1 = 40000 MPa, Poisson's ratio ν1 = 0.2. The considered 
area of the ground base was 64×20 m, volume weight 18 kN/m3, modulus of elasticity and Poisson's ratio 
E2 = 600 MPa, v2 = 0.25, the friction coefficient f = 0.31.  

The pulsating component of the water pressure in the discharge flow was taken into account as a 
dynamic impulse load. The amplitude of the pulsating pressure q and the correlation of its distribution over the 
slab surface, depending on the position of the pulse center, were taken into account according to the 
recommendations from [30]. Taking into consideration the demonstration nature of the calculation, the 
accounting for damping is performed using a simplified scheme — similar to the previous example.  

To study the dependence of the solution on the characteristics of the hydrodynamic acting, the behavior 
of the water-fight slab at different positions of the impulse on the slab (x/l), likewise at its different directions 
and duration of the action was calculated.  

3. Results and Discussion 
3.1. The problem of interaction of the framed system with rigid supports 

The numerical solution of the considered problem, both by the proposed and, for comparative 
evaluation, by an alternative method, was carried out using the computer program [29]. The purpose of the 
calculations was to estimate the effect of the friction coefficient (the value f in the calculations varied from 0 to 
1.5) on the behavior of the framed structure under dynamic loading. Figures 3 and 4 shows the horizontal and 
vertical displacements of the frame on one of the supports depending on the time at different values of the 
coefficient f, the integration step here was taken 0.0002 s.  

 
Figure 3. Horizontal displacements (slippage) on support 1 depending on time. 
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Figure 4. Vertical displacements (separation) on support 1 depending on time. 

Figure 5 represents the dependencies between the amplitude values of the horizontal (slippage) uτ and 
vertical (separation) un displacements on the supports and the specified values of the friction coefficients f on 
the contact.  

 

Figure 5. Amplitude values of displacements uτ and un on supports at different values  
of friction coefficient f. 

The reliability of the obtained results is confirmed by the software check of the fulfillment of the 
equilibrium conditions and the compatibility of the system deformations after each time step. Besides, for the 
comparative evaluation of the results, the calculation of system was performed using an alternative algorithm 
where the contact conditions at each time step are realized by means of the method of iterations on ultimate 
friction forces (Figure 5 shows this solution by dotted line). As it can be seen, the results of the calculations by 
the proposed and alternative methods correspond each other, however, the algorithm of iterations on the 
ultimate forces requires much more calculation time (for the considered problem almost twice).  

From the given graphs (Figures 3–5) it follows, that with an increase in the coefficient f, the separation 
of the structure from the supports as a result of the dynamic loading decreases significantly. Moreover, in the 
example considered here, there is a certain threshold value of the coefficient f (0.6–0.7), where the effect of 
contact friction on the value of maximum separation is extreme.  

In order to study the dependence of the solution on the value of the integration step over time, the 
behavior of the framed structure for different values of ∆t in the range from 0.0001 to 0.0064 s, with the 
successive doubling of the step length, was calculated. The comparison of the obtained results allows us to 
conclude that the proposed numerical approach shows satisfactory internal convergence in a rather wide 
range of integration steps on time. Thus, the values of horizontal and vertical displacements on the supports 
do not differ much when assigning the basic step in the range from 0.0001 to 0.0008 s. With a further increase 
in ∆t, there is some deterioration in the convergence, especially at large values of the friction coefficient.  

Note that, in the general case, the choice of the optimal integration step is a rather complex problem 
[27]. In this regard, basing on conducted numerical studies, it can be recommended to choose the value of the 
basic integration step in such a way that when it is increased, for example, twice, the change in the results 
does not exceed some specified error of calculation.  
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3.2. The problem of interaction of the water-fight slab with ground 
As the results of the calculations show, the possible separation of the water-fight slab from the ground 

base in all cases occurs only at its edges (first from the left edge). The moment of separation depends on the 
position and direction of the impulse of pressure. The most dangerous, from the point of view of the separation 
slab from the base, is the pressure pulsation with the pulse duration of from 0.46 s (at the location of the pulse 
closer to the edges of the slab) to 0.5 s (for the middle of the slab). Figure 6 shows the change of contact 
stresses on the left edge of the slab base in time – to the moment of separation of the sole from the base. 
Here t / Timp is the ratio of the current time t to the duration of the impulse of pressure Timp, x / L is the ratio of 
the x coordinate that defines the position of the impulse at the water-fight slab, to the slab length L. The slab 
thickness in these cases was taken to be slightly less than the ultimate values for separation hpr.  

 
Figure 6. Contact stresses on the left edge of the slab base before the moment of separation. 

Figures 7 and 8 demonstrate the deformed pattern of the slab-base system at the moment of maximum 
slab separation from the ground base. Here the slab thickness h = 2.5 m – less than the ultimate one by 
separation, pulse position x/L = 0.4. Yellow and light blue points-markers indicate the zones of slippage or 
separation of the slab from the base.  

 
Figure 7. Isopole of horizontal displacements of the slab on the base. 

 
Figure 8. Isopole of vertical displacements of the slab on the base. 
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Using numerical experiments, dependencies for the ultimate values of the water-fight slab thickness on 
the pulse position on it have been obtained (Figure 9). A solid line shows the envelope relative values of slab 
thickness, satisfying the condition its non-separation and shear from the base. Here hcr = 3.48 m is the critical 
depth corresponding to the design specific discharge of water. The dotted line corresponds to the ultimate slab 
thickness when only static loads are applied – pressure deficit and own weight of the slab. The given 
dependence can serve as a guide in the appointment of the thickness of the water-fight slab on the condition 
of preventing its slippage and separation from the ground base – you can take h = hcr.  

 

Figure 9. Dependence of the maximum slab thickness hpr on the pulse position x / l. 

4. Conclusion  
1. The problem of the contact interaction of elastically deformable systems under dynamic loading is 

considered in the article. To solve it, we propose the numerical algorithm combining in one step-by-step 
process with the integration of the equations of motion with step-by-time analysis of the contact state. For 
more accurate compliance with the limitations under the conditions of ultimate friction-sliding, the method of 
compensating loads has been applied.  

2. The basis of the above algorithm is a step-by-step analysis method that has a clear physical 
interpretation. It is shown that this approach provides the possibility of analyzing the contact interaction of 
structures with the base under dynamic loading and has the advantage in cases when the solution of the 
problem depends on the history of loading, in particular, when accounting for friction-sliding in unilateral 
constraints.  

3. The discrete calculation model of the FEM is used, upon that for the modeling of unilateral constraints 
with Coulomb friction, the contact finite elements in the form of frame-rod system has been used. The CFE 
data providing a discrete contact between the boundary surfaces of the interacting elastic bodies, allows you 
to determine the forces and displacements in the contact zone with the same and high accuracy, to apply an 
inconsistent finite element grids, to take the physical and geometric properties of the contact seam into 
account.  

4. The carried out of test calculations allow us to conclude about the efficiency and reliability of the 
proposed algorithm, taking into account the complicated contact conditions and dynamic loading, which are 
essential for solving applied problems of structural mechanics. The comparison with the well-known algorithm 
of iterations on ultimate forces shows in our case a significant saving of calculation time. Using the analysis of 
the calculation results of the water-fight slab, proposals concerning the constructive solutions of the considered 
structure, taking into account the nature and position of the dynamic loads acting on it, were made.  

5. In conclusion, we note that the account of complicated conditions of contact interaction contributes 
to the approximation of the calculation scheme to the real working conditions of structure and, thus, allows us 
getting more accurate and complete information about its strength and reliability.  
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Аннотация. Конструктивно нелинейные задачи с односторонними связями часто встречаются при 
расчете различного рода конструкций и сооружений. При этом определенные трудности в решении 
представляют задачи при учете трения на контакте, а также при динамическом действии нагрузки. В 
этих случаях контактная задача усложняется в математическом отношении и усложняется ее 
численное решение. Настоящая статья посвящена построению расчетных моделей и методов 
решения задач с неидеальными односторонними связями при динамическом нагружении. На основе 
конечно-элементной модели контакта и метода пошагового анализа разработан численный алгоритм, 
позволяющий выполнять одновременно интегрирование уравнений движения и реализацию 
контактных условий с трением Кулона. Для соблюдения ограничений в условиях по предельному 
трению-скольжению применен способ компенсирующих нагрузок. С помощью предложенного подхода 
получены и проанализированы численные решения некоторых задач контакта сооружения с 
основанием. Достоверность результатов проведенных расчетов подтверждается сопоставлением их с 
решением, полученным альтернативным итерационным методом. При этом алгоритм пошагового 
анализа является более эффективным по времени вычислений, показывая удовлетворительную 
сходимость, устойчивость и точность решения в достаточно широком диапазоне шагов интегрирования 
по времени. 
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