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Abstract. The study is devoted to the stress-strain state (SSS) of various earth dams analyzed using a 
spatial model. The article provides a detailed review of well-known scientific publications on the SSS 
assessment of dams. In this article, a mathematical model was developed to assess the SSS of earth dams 
using a spatial model based on the Lagrange variational equation, considering real geometry, properties of 
the material, and non-homogeneous design features of structures. A technique was developed for solving 
spatial problems to assess the SSS of earth dams by the finite element method using the program 
developed by the authors and the ABAQUS software. The adequacy of the mathematical model and the 
accuracy of the results obtained were verified by solving test problems. The SSS of the Ghissarak 
(H = 138.5 m), Sokh (H = 87.3 m), and Pachkamar (H = 70.0 m) earth dams under the action of body 
forces and hydrostatic water pressure was studied. It was established that the greatest displacements were 
observed on the crest and in the zone of the dam core; an account for nonhomogeneous design features 
significantly affects the resulting displacement field in the core zone; a spatial deformed state of the 
structure occurs near the banks; positive stress (not considered in a plane model) arises in a small area in 
the upper part of the core near the crest, caused by the crest indentation by the lateral surcharge. 
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1. Introduction 
When designing earth dams in seismic regions, the problem of choosing a computational model for 

studying their SSS (SSS), and the dynamic behavior, in general, arises. In most cases, when studying such 
types of structures, simplified plane calculation models are used. 

Simplified calculation models cannot describe many of the effects of the spatial work of real 
structures. This causes an overrun of the material and the inability to provide the required margin of safety 
and reliability of the structure. 

The solution to this problem, considering the above factors, can be most fully and accurately obtained 
using numerical methods, for example, the finite element method (FEM) or the finite difference method 
(FDM) [1–6] using a spatial model of structures. 

To date, there are a number of scientific papers devoted to the risk of damage and the assessment 
of the SSS of earth dams in plane and spatial settings. 

Despite the increased requirements for dam safety in the process of design, construction, and 
operation, there is a certain risk of accidents in earth dams. 
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It was noted in [7] that the risk factors for earth-rock dam breach change with time during the 
operation period. At that, a static risk analysis limited to a certain time cannot satisfy the needs of a 
comprehensive assessment and early warning. Therefore, in this article, a model of a dynamic Bayesian 
network was developed to study the dynamic characteristics of the probability of the breach of earth dams. 

In [8], the risks associated with the failure of a rock-earth dam were analyzed from two points of view: 
the probability of a dam failure and the associated loss of life. To calculate the probability of dam failure, an 
analysis based on fuzzy event tree method was proposed. The proposed method and model were applied 
to a dam of the reservoir in Jiangxi Province. 

In [9], the results of studies on numerical modeling of the process of earth-rock dams breach were 
summarized. However, there is still a significant gap in the versatility of computer software and technology 
for visualizing the breach process of a dam. It is expected that more efforts should be made in the future to 
investigate a detailed, physically based numerical model of a rockfill dam, and more attention should be 
paid to the application of visualization technology in simulating the process of dam failure. 

In [10], the assessment of deformations of a compacted embankment dam partially supported by a 
tailing dam was considered using a two-dimensional and three-dimensional finite element model with 
PLAXIS and TOCHNOG programs, respectively. The modelling was done to simulate the complete stage 
of dam construction with compacted embankment and filling of the dam reservoir from a tailings dump. The 
results obtained made it possible to present and understand the deformation mechanisms that occur during 
the construction of the overpass and the filling of the reservoir. 

In [11], using a specially developed computer program, a study was conducted on the impact of the 
stressed state of the dam on the stability coefficients of its slopes under the main and special combination 
of loads. The method of circle-cylindrical sliding surfaces was used. The study was conducted for a rock-
earth dam with a height of 133 m. It was found that under high seismic impacts due to the formation of 
zones of soil decompaction, the stability margin of the upper slope was lower than the normative one. 

In [12], an attempt was made to give an insight into the 3D probabilistic analysis of a dam by 
examining the reliability of a real earth dam using field measurements and comparing the 3D results with 
the 2D ones. It was established that the use of a three-dimensional computational model in a probabilistic 
analysis could give smaller estimates of the probability of dam failure compared to an analysis based on a 
two-dimensional model. The results showed that the use of a coarse mesh could lead to an underestimation 
of the failure probability, especially for 3D cases. 

In [13], a new method for analyzing the failure risk caused by surges, landslides, and coast instability 
was proposed, taking into account the spatial variability of material parameters. Based on the theory of 
random fields, a method for modeling the spatial variability of material parameters was proposed and the 
most dangerous sliding surfaces of the slope of the reservoir banks with a minimum value of safety factors 
were determined. 

Reference [14] analyzes the data of time measurements of the horizontal and vertical displacements 
of the dam under its own weight and water pressure in the reservoir at Ikpoba River dam. The calculation 
and adjustment of each measurement were conducted at different time points and separately. Analysis of 
the results showed that nine points of the dam moved to a horizontal position, while at 10 points the 
horizontal displacements did not change. Vertical displacement occurred in seven points, while in 13 points 
the vertical displacements did not change, both outside and along the crest of the dam. 

In [15], the seismic response of the Pacoima dam site was estimated by performing a three-
dimensional analysis using the boundary element method. The nature of the displacement and force 
caused by the scattering of seismic waves in the dam section was assessed. The calculation results were 
compared with the registered ground motion. A 4.3-magnitude earthquake recorder was used to analyze 
site response at Pacoima Dam in 2001. Estimation of the displacement of various points of the dam on both 
sides of the canyon in time showed a decrease in the amplitude of motions with an increase in the height 
of the points under consideration. The results obtained showed that the spatial nature of the dam point 
motion with time was due to the effect of the relief along the canyon. 

The results of studies of the stress state in the longitudinal and transverse directions of various 
sections of a concrete dam, taking into account the sequence of dam erection, were presented in [16]. The 
purpose of the study was to search for the optimal SSS of the dam in terms of the formation of the minimum 
stress state of concrete. 

In [17], on the basis of detailed monitoring data of the project of the high arch dam, the characteristics 
of the spatiotemporal evolution and the relationship of deformation of the valley and the dam were analyzed. 
The effect of valley narrowing deformation on dam deformation was modeled using the 3D Finite Element 
Method (FEM). A model for monitoring the safety of the deformation of an arch dam was developed, 
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considering the impact of the deformation of the valley. At the same time, the deformation of the dam was 
expanded into components of water pressure, temperature, valley deformation, and time effect. 

In [18], the models of the global system of the Koyna dam were constructed using the ABAQUS 
software, considering dam-reservoir-foundation interaction. Results of uncoupled models showed 
overestimated predicted stability and damage detection parameters in the dam. The effect of clay and stone 
foundations on the resistance to crack propagation in the dam was assessed. 

In [19], the SSS and dynamic characteristics of models of two different earth dams were studied. The 
studies conducted have shown that for some types of earth dams it is possible to use a plane model for the 
preliminary assessment of the stress state. Some features of the stress state in the spatial case were 
revealed, indicating dangerous areas with the highest stresses, and the nature of eigen oscillations that 
cannot be described using a plane model.  

In [20], the SSS of earth dams under the action of harmonic load was numerically studied. A two-
dimensional problem for the cross-section of a dam was studied using the equation of state, considering 
structural changes in the moisture properties of soil. The problem was solved numerically – by the method 
of finite differences. The results were presented in the form of graphs and were analyzed. 

The study in [21] presents a comparative method for assessing the SSS of earth dams under the 
action of static load using plane and spatial models. The results of the assessment of the SSS of earth 
dams using these models were presented. Some features of the stress state in the spatial case were 
revealed, which cause the emergence of dangerous zones with the highest stresses. 

Articles [22, 23] give a detailed analysis of well-known publications devoted to various models and 
methods, and the results of studying the stress state of earth dams, taking into account the elastic-plastic 
properties of soil. A mathematical model, methods and algorithm were constructed to assess the SSS of 
earth dams in a plane statement under various impacts, with account for the elastic-plastic properties of 
soil, non-homogeneous structural features and the level of reservoir filling. The strength of earth dams with 
a height of 195 m was estimated using the Coulomb-Mohr strength theory. 

The paper [24] presents the results of studies of natural oscillations and harmonic responses of the 
elements of the Kenyir dam power station in Terengganu (Malaysia). Dynamic characteristics of the power 
plant were determined using the ANSYS software. The amplitude-frequency response for the points of the 
structure was obtained in a large frequency range by applying a force to the structure. A real-scale 3D 
model of the Kenyir dam power station was built using Solid Works software and ANSYS software. The 
maximum deviation of 0.90361 m in the z direction was obtained at a resonant frequency of 5.4 Hz. 

The results of explosive tests of the highest Masjed Soleiman earth dam in Iran were presented in 
[25]. During the in-situ tests, 23 eigenfrequencies and 16 dam vibration modes were determined. Along 
with this, a numerical analysis was conducted, and the comparison of its results with the test results showed 
that the best matches were obtained at low vibration modes for a dam model with a massive foundation, 
and at higher vibration modes, the best results were obtained for a dam model with a massless foundation. 

In [26], for numerical simulation of the SSS of the impervious element in the body of the dam of the 
Gotsatlinskaya HPP, a mechanical model of soil materials taking into account the elastic-plastic properties 
of soil was used. Various numerical studies were conducted to assess the SSS of the systems under 
consideration. 

The study in [27] presents the analysis data of methods for modeling the SSS of hydro-technical 
structures using computer systems. Quantitative evaluation was performed using the RSCI database in 
terms of both the number of publications and their citation, a qualitative analysis of abstract information, 
and full-text publications. 

The study in [28] presents the results of the numerical simulation of the SSS of the diaphragm of a 
rock-fill cofferdam made of concrete by the method of bored piles. A feature of the operation of the 
diaphragm in the body of the cofferdam, which distinguishes it from the working conditions in the body of 
the dam, was revealed. The greatest danger to the strength of the concrete diaphragm is the bending strain. 
It was established that hydrostatic pressure causes displacement in the diaphragm, which, in turn, causes 
tensile stresses that are dangerous for concrete. 

The research performed in [29] is devoted to the results of numerical studies of the SSS under 
seismic impact of an intensity of 9 points on a 16-m-high rock-fill cofferdam, the impervious element of 
which is a concrete diaphragm made of bored piles. It was revealed that the presence of a rigid concrete 
diaphragm in the center of the dam worsens the seismic resistance of the cofferdam and leads to the 
stability violation of the upper slope of the cofferdam. 

The above review of studies on the SSS and dynamic behavior of earth dams in a spatial setting is 
very limited. 
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Despite their shortcomings and advantages, all these publications have their scientific and practical 
significance. 

Therefore, the study and assessment of the SSS of earth dams in a spatial formulation, taking into 
account various features of the structure and comparison of the results with the ones obtained in a plane 
formulation, and determining the possibility of their use in assessing the strength of dams, are urgent 
problems. 

The purpose of this study is to develop a mathematical model and methods for solving spatial 
problems and studying the SSS of various earth dams and assess the possibility of using a plane model of 
a structure, which can adequately describe the SSS of earth dams. 

2. Methods 
2.1. Mathematical model 

A non-homogeneous spatial system is considered, i.e. an earth dam (Fig. 1a) occupying the volume 

1 2 3.V V V V= + +  The surfaces of the lower slope 3∑  and the crest 2∑  are stress-free. This system 

(Fig. 1a) is under the action of body forces ;f


 hydrostatic water pressure p  is applied to surface 1∑  on 

site .pS  

It is necessary to determine the components of the displacement vector, the strain and stress tensors 
in the body of the spatial system occurring under the action of its own weight and hydrostatic pressure of 
the reservoir water (Fig. 1a). 

a)  

b)  
Figure 1. Non-homogeneous system: a) a spatial model of the mid-section of the dam;  

b) a plane model of the mid-section of the dam. 

Here: ``
4∑  is the area of foundation, 1∑ , 3∑  are the areas of upper and lower slopes, 

respectively, 2∑  is the crest area, `
4,∑  ```

4∑  are the area of a dam connected to the mountain range, 

pS  is the area where the hydrostatic water pressure ,p  acts, 1,V  3V  are the volumes of the upper and 

lower prisms, 2V  is the volume of the core, 0L  is the length of the dam crest, b  is the width of the crest, 

0B  is the width of the foundation along the alignment, L  is the width of the foundation cross-section, 1,m  

2m  are the upper and lower slope ratios, respectively, 1 ,cdm  2cdm  are the slope ratios of upper and lower 
parts of the core. 
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To simulate the SSS occurring in a spatial system (Fig. 1a), the principle of virtual displacements is 
used; according to it, the sum of virtual works of all active forces acting on the system during virtual 
displacements is zero [5], i.e.: 

0, , 1, 2, 3ij ij
V V S p

A dV f udV p ud i jδ = − σ ⋅δε + ⋅δ + ⋅δ = =∑∫ ∫ ∫


  

                    (1) 

Physical properties of the body are described by the relations between stresses ijσ  and strains ijε  
in the following form [30] 

2ij kk ij ijσ = λε δ + µε                                                             (2) 

and the Cauchy relations [30] 

1 ,
2

ji
ij

j i

uu
x x

 ∂∂
ε = +  ∂ ∂ 

                                                             (3) 

kinematic boundary condition is also used: 

` `` ```
4 4 4 : 0,x u∈ + + =∑ ∑ ∑

 

                                                     (4) 

Here ,u  ,ijε  ijσ  are the components of displacement vector, strain and stress tensors; ,uδ  ijδε  

are the isochronous variations of the components of displacement vector and strain tensors; ρ  is the 

density of the body material; f


 is the vector of body forces; p  is the hydrostatic water pressure acting on 

the surface ;pS  λ  and µ  are the Lame constants; kkθ = ε  is the volumetric strain; 

{ } { }1 2 3, , , ,u u u u u v w= =


 are the components of displacement vector of the body point; 

{ } { }1 2 3, , , ,x x x x x y z= =


 are the coordinates of the body point for solving spatial problems 

, , 1, 2, 3,i j k =  and plane problems , , 1, 2.i j k =  

It is necessary to determine in the body of the dam (Fig. 1a) the functions of displacements ( ) ,u x   

strains ( )ij xε


 and stresses ( )ij xσ


 arising under the action of body ( )f


 and surface ( )p  forces that 

satisfy equations (1)-(3) and boundary conditions (4) for arbitrary virtual displacements .uδ  

The purpose of solving this problem is to determine how adequately the solution to the problem for 
a plane strain state for a given system (Fig. 1b) reflects the processes occurring in spatial systems (Fig. 1a). 

The considered variational problem (1)–(4) is solved by the finite element method [31]. To solve the 
spatial problem, a finite element in the form of tetrahedra with 68493 degrees of freedom is used, and for 
the plane problem, triangular finite elements with 5734 degrees of freedom of the system are used. 

The procedure of the finite element method allows us to reduce the considered variational problem 
(1)-(4) to a system of non-homogeneous high-order algebraic equations, i.e.: 

[ ]{ } { } ,K u P=                                                                       (5) 

Here: [ ]K  is the stiffness matrix for the considered body (Fig. 1); { }u  are the sought-for components 
of displacement vectors in the nodes of the finite element (after partitioning the body into finite elements); 
{ }P  are the components of external (body and surface) forces acting on the nodes of the finite element. 

When solving the above tasks, the computer calculation program developed by the authors was used 
for solving plane problems, besides, the well-known ABAQUS software was used to solve both plane and 
spatial problems. 

3. Results and Discussion 
To check the adequacy of the mathematical model and the accuracy of the results obtained, a test 

problem was solved using plane and spatial models. 
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The stress state of a rectangular long parallelepiped (Fig. 2) is considered under the action of 
distributed load .P  The parallelepiped rests on an absolutely rigid and sliding base: 0;y =  0;u =  

12 0;σ =  13 0.σ =  

 
Figure 2. Deformable parallelepiped located on a sliding base. 

It is necessary to determine the components of displacement vector ( ), ,u v w  and the components 

of stress tensor ( )11 22 12 23 33 13, , , , ,σ σ σ σ σ σ  at any point of the body (Fig. 2). 
The exact solution to this problem in a plane formulation is given in [32], and the solution has the 

following form: 

( ) ( )2

22 12 21 11

11
; ; ; 0.u x v y P

E E

−νν + ν
= = − σ = − σ = σ = σ =  

The numerical solution to this problem was obtained using the computer program developed by the 
authors and the ABAQUS software using plane and spatial models, the results obtained were compared 
with exact solutions [32]. 

When solving this problem, the following initial data were used: 
1.0; 1.0; 1.0; 0.25.P a b E v= = = = =  A comparison of the numerical and exact solutions obtained 

using a plane model is given in Table 1, and the solutions obtained using spatial models are given in 
Table 2. 

Table 1. Comparison of numerical and exact solutions of plane problems for some points of 
the body. 

№ 
Coordinates of the point  Exact solution [32] Numerical solution obtained by the 

authors 

x y u v u v 
1 0.25 0.0 0.07812 0.000 0.07750 0.000 

2 0.50 1.0 0.15625 –0.9375 0.15600 –0.9290 

3 0.50 0.375 0.15650 –0.3515 0.15300 –0.3650 

4 0.50 0.75 0.15650 –0.7031 0.15500 –0.7100 

5 –0.375 1.0 –0.11718 0.9875 –0.09975 –1.000 

6 –0.375 0.0 0.11718 0.000 –0.09375 0.000 

7 0.840 0.66 0.02667 –0.6191 0.02651 –0.6184 

8 –0.058 0.64 –0.01843 –06017 –0.01847 –0.6017 
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Table 2. Comparison of numerical and exact solutions obtained using spatial models. 

№ Name σ11 σ22 σ33 σ12 σ13 σ23 
1 Exact solution [28] 0 –1 0 0 0 0 

2 
Numerical solution 

obtained by the 
authors 

-55 E-18 –1 -222 E-18 -44 E-18 -266 E-18 -310 E-18 

 

A comparison of the results obtained (i.e. numerical and exact solutions) given in Tables 1 and 2 
shows that the numerical solutions in both cases were obtained with high accuracy. Consequently, the 
results obtained with these models and techniques make it possible to estimate the stress state of various 
bodies not only of a simple structure but also of rather complex structures with sufficiently high accuracy. 

The SSS (SSS) of three different dams under the action of body forces and hydrostatic water 
pressure was studied using plane and spatial models: Ghissarak, Sokh and Pachkamar earth dams located 
on the territory of the Republic of Uzbekistan. When studying the effect of water on the SSS of the dams, 
various levels of reservoir filling were considered. 

The SSS of these dams was studied using the above mathematical models and methods under the 
action of hydrostatic water pressure in the upstream head, the own weight of the structure, considering the 
actual physical and mechanical characteristics of soils and design features of the dams under 
consideration. 

The hydrostatic water pressure in the upstream head of the dam was taken as an external influence, 
according to the following formula [33]: 

0 ,p g h= ρ ⋅ ⋅


                                                                     (6) 

Here, 0ρ  is the density of water; h  is the level of reservoir filling. 

The study is conducted for three dams, built on the territory of highly seismic regions of Uzbekistan, 
with the following main geometric and design parameters: 

1. Ghissarak dam. Rock-earth dam with a height of H  = 138.5 m is located on the Aksu River in 
the Kashkadarya region of Uzbekistan. The laying of the upstream slope is 1m  = 2.2, and of the downstream 

slope 2m  = 1.9; the slope ratio of the loamy core is 1cdm  = 2cdm  = 0.15. 

Retaining prisms are laid from rock mass with the following physical and mechanical parameters:  
E  = 3600 MPa, specific gravity of soil γ = 1.9 tf/m3, Poisson's ratio v  = 0.3. The core is laid from loam 
with physical and mechanical parameters: E  = 2400 MPa, specific gravity of soil γ  = 1.7 tf/m3, Poisson's 
ratio v  = 0.35. The transition zone is laid of sandy-gravelly soil. The width of the dam crest is b  = 16 m 
and length 0L  = 660 m, the width of the foundation is L  = 634 m, and the width of the foundation along 

the alignment is 0B  = 140 m. 

2. Sokh earth dam ( H  = 87.3 m high) was built on the Sokh River in the Fergana region, with the 
slope ratio 1m  = 2.5, 2m  = 2.2. 

Retaining prisms are laid from pebbles with the following physical and mechanical parameters: 
E  = 3550 MPa specific gravity of soil γ  = 2.1 tf/m3, Poisson's ratio v  = 0.35. The core is laid from loam 

with the slope ratio 1cdm  = 2cdm  = 0.25 and with physical and mechanical parameters: E  = 2400 MPa, 

specific gravity of soil γ  = 1.75 tf/m3, Poisson's ratio v  = 0.35. The dam crest is b  = 10 m wide and 

0L  = 487.5 m long; the width of the foundation is L  = 530 m, and the width of the foundation along the 

alignment is 0B  = 210 m. 

3. Pachkamar earth dam with a height of H  = 70 m was erected in the Kashkadarya region, with 
slope ratio 1m  = 2m  = 2.25. 

Retaining prisms are laid from sand-pebbles with physical and mechanical parameters: 
E  = 3600 MPa, specific gravity of soil γ  = 2.25 tf/m3, Poisson's ratio v  = 0.3. The core is laid from loam 
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with slope ratio 1cdm  = 2cdm  = 0.5 with physical and mechanical parameters: E  = 2400 MPa, specific 

gravity of soil γ  = 1.78 tf/m3, Poisson's ratio v  = 0.35. The crest of the dam is b  = 8 m wide and 

0L  = 573 m long; the width of the foundation is L  = 634 m, and the width of the foundation along the 

alignment is 0B  = 217 m. 

The calculation results for these dams are the estimation of the components of displacement vectors 
, , ,u v w  the components of strain ijε  and stress ijσ  tensors for all points of the structure. 

The problem is solved using a spatial model and the results obtained are compared with the results 
of the problem obtained for a plane model in the case of a plane-deformed state of the central cross-section 
of the structure. 

For the convenience of result analysis in the characteristic longitudinal and transverse sections of 
the dam, isolines (i.e., lines of equal values) of the components of displacements, strains, and stresses are 
plotted. 

Figure 3 shows lines of equal values of horizontal (Fig. 3 a, c) and vertical (Fig. 3 b, d) displacements 
of the Ghissarak dam, obtained using the plane model under the action of its own weight and hydrostatic 
pressure of reservoir water, with completely filled reservoir (Fig. 3 c, d) and with empty reservoir  
(Fig. 3 a, b). 

a) u, m c) u, m 

  

b) v, m d) v, m 

  

 

Figure 3. Lines of equal values of displacement fields (u and v) of the Ghissarak dam  
with completely filled reservoir (c, d) and with empty reservoir (a, b) obtained using a plane model. 

An analysis of the results obtained in a plane formulation (Fig. 3 a, b) shows that the displacements 
(absolute strain) of points in the body of the dam are approximately symmetrical with respect to the center 
of the dam. In the core of the dam, the values of horizontal displacements are close to zero, and their values 
increase towards the centers of the upper and lower retaining prisms. In this case, the displacement of the 
point in the vertical direction prevails. This is explained by the fact that the calculations were made 
considering only the own weight of the dam (Fig. 3 a, b). At the points located in the upper levels of the 
structure, the displacement values are greater than the ones at the points of the lower levels. The highest 
displacements are observed on the crest and in the zone of the dam core. Consideration of design features, 
namely the presence of a loam core significantly affects the displacement field only in the core zone. 

The value of displacements (absolute strain) of the points of the Ghissarak dam profile (Fig. 3 c, d) 
in the case of consideration of hydrostatic pressure and body forces significantly changes the strain pattern 
in the upstream head. At that, the symmetrical distribution of strain relative to the center of the dam is 
violated in the body of the dam, and the absolute strain of the dam significantly depends on the level of 
water filling; this is especially evident when calculating the completely filled reservoir (Fig. 3 c, d). The same 
characteristic pattern was observed in the study of the SSS of the Sokh and Pachkamar dams. 

Fig. 4 shows the distribution of equal values of vertical displacements (i.e., isolines) 2u  (along the 

2x -axis) in the longitudinal section of the Ghissarak (a), Sokh (b), and Pachkamar (c) dams, obtained using 
a spatial model under the action of body forces. 
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a) v, m 

 
b) v, m 

 
c) v, m 

 
Figure 4. Isolines of equal values distribution of vertical displacements v – (along the y-axis)  

in the longitudinal section of the Ghissarak (a), Sokh (b), and Pachkamar (c) dams,  
obtained using a spatial model under the action of body forces 

Analysis of the results obtained shows that, in all dams, the values of vertical displacements from 
the foundation of the dam to the upper levels gradually decrease, and the amplitude values of these 
displacements depend on the height of the dam. 

Along with this, the results in Fig. 4 show that the distribution of equal values of vertical displacements 
in the longitudinal section of the dam in the Ghissarak dam (Fig. 4 a) differs significantly from the distribution 
of the same displacements in the Sokh (Fig. 4 b) and Pachkamar (Fig. 4 c) dams. 

Having analyzed the distribution of vertical displacements along the length of the longitudinal section, 
we can see that in the Ghissarak dam the displacement changes dramatically from the middle of the 
longitudinal length to the left and right banks (Fig. 4 a). This shows that the banks have a significant 
influence on the dam strain since the geometric parameters of the dam are more consistent with a three-
dimensional body. 

As for the Sokh (Fig. 4b) and Pachkamar (Fig. 4 c) dams, the banks do not have a significant effect 
on strains (in the figures this is shown in blue color), i.e. here the use of a plane design model for 
calculations can be considered justified. 

It can be concluded that when modeling the strain state of various dams, a plane calculation model 
does not always lead to a reliable result. 

Figure 5 shows lines of equal values of horizontal 11σ  (a), vertical 22σ  (b) and tangential 12σ  
stresses of the Ghissarak dam under the action of its own weight and hydrostatic water pressure when the 
reservoir is completely filled. These results were obtained for all earth dams under consideration using 
plane and spatial models at different levels of reservoir filling with water. 

a) 11,σ  MPa 
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b) 22 ,σ  MPa 

 

c) 12 ,σ  MPa 

 
Figure 5. Lines of equal values of horizontal σx (a), vertical σy (b), and tangential τxy stresses  

for the Ghissarak earth dam according to a spatial model at completely filled reservoir. 
The results obtained using the spatial model show that in the central part of the Sokh and Pachkamar 

dams, the conditions of plane strains of the theory of elasticity are observed since in this part there are only 
three strain components 11,ε  22,ε  12ε  and they depend only on the coordinates of the point in the x0y 
plane. 

A comparison of the results obtained for the central cross-section of the Ghissarak dam using a 
spatial model (Fig. 5) with the results obtained by a plane model shows that both statements give an almost 
similar qualitative pattern of the stress state, but the difference lies in the quantitative overestimation of the 
stresses obtained with the spatial model, namely, stresses 11,σ  22σ  increase by more than 30 %, the 
overestimated value of shear stresses σ12 is up to 10 %, compared with the plane calculation. At that, 
calculations by the spatial model show the value of stresses 11,σ  22σ  in the upper part of the dam with a 
positive value (Fig. 5 a, b), not observed using the plane model. The distribution of stresses along the 
longitudinal axis of the dam, obtained by the spatial model, shows that a more complex character takes 
place in the crest and near the end parts of the dam. 

For example, in the Ghissarak dam, under the action of body forces, the upper part of the core near 
the crest rises, i.e. tensile strain occurs. This is apparently explained by the following process: the upper 
and lower surcharges of denser material and rigidity, press on the cores composed of less rigid material, 
this, in turn, intends the core and the upper part of the core near the crest rises (in Fig. 5, the positive value 
of the stress shows this phenomenon). 

To verify this phenomenon, a test problem was solved, i.e., this problem was solved using a spatial 
model for two options of characteristics of the dam core material with modified Poisson's ratios v  = 0.499 
and v  = 0.001. The result was as follows: at v  = 0.499, the indentation of the upper part of the core near 
the crest increased considerably and at v  = 0.001 no such indentation was observed. 

In a certain part of the core near the crest of the Ghissarak dam, we observe the process of bulging 
of relatively soft soil of the core upwards, apparently due to the fact that the dam is located in a narrow 
alignment, the left and right banks of the alignment actively affect the SSS of the central part of the dam 
and soft soil of the core is pressed in. 

This phenomenon manifests itself only when using a spatial calculation model. In contrast to the 
Sokh and Pachkamar dams, the Ghissarak dam is a three-dimensional body in terms of geometric 
dimensions. Therefore, such a pronounced effect is manifested only in the Ghissarak dam. 

In the dams considered in the study, all components of the strain and stress tensor are manifested 
in the end parts; this shows a spatial SSS of the structures in this part of the dam. 

This means that the use of a plane model to assess the SSS of earth dams does not always lead to 
an adequate description of the SSS occurring in them. 
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4. Conclusions 
1. A detailed review of scientific publications devoted to the assessment of the SSS of various dams 

was given. 

2. A mathematical model and methods were developed for assessing the spatial SSS of earth dams 
under various static effects, taking into account structural non-homogeneities and the actual geometry of 
structures using the variational principle and the finite element method. 

3. The adequacy of the mathematical model and the accuracy of the results obtained were verified 
by solving a test problem and the spatial SSS of the Ghissarak, Sokh, and Pachkamar earth dams was 
studied using a spatial model under the action of body forces and hydrostatic water pressure. 

4. It was stated that: 

− the greatest displacements were observed on the crest and in the zone of the dam core; an 
account for the non-homogeneous features of the structure significantly affected the resulting 
displacement fields in the core zone, and a spatial deformed state of structures occurred near 
the banks; 

− the SSS of real earth dams significantly depends on the commensurability of geometric 
dimensions of the retaining prisms and the slope ratios, and on the slopes of the dam banks; 

− in the upper part of the core (in the central cross-section) of the Ghissarak dam calculated by the 
spatial model, the distribution pattern of vertical stresses yσ  and strains yε  changes 

significantly, compared with the results obtained by the plane model. 
− in a small area in the upper part of the core near the crest of the Ghissarak dam, positive stress 

arises due to the indentation of the core by side surcharges; this is apparently due to the fact 
that the dam is located in a narrow alignment, the left and right banks of the alignment actively 
affect the SSS of the central parts of the dam. 
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