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Abstract. The article is devoted to the study and comparative analysis of the software and 
hardware implementation of the transposed matrix multiplication operation and its modified 
version, the matrix multiplication transpose. A feature of this study is the use of high-level synthesis 
tools to obtain and optimize hardware implementations of these operations. The relevance of this 
study is due to the widespread use of matrix operations, such as transposition and multiplication, 
to solve various applied problems, the power-law asymptotic complexity of matrix calculations 
and the lack of data on the effectiveness of using high-level synthesis tools in the tasks of creating 
hardware devices for matrix calculations. A step-by-step method for synthesizing and optimizing 
the hardware implementation of these operations is proposed. A comparative study of the software 
and hardware implementations of these two operations was carried out. It is shown that the gain 
in performance of hardware implementations is achieved by increasing the degree of parallelism 
of matrix calculations. Additionally, studies were conducted on the required resources while 
increasing productivity through parallelization.
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Аннотация. Статья посвящена исследованию и сравнительному анализу программной 
и аппаратной реализации операции транспонированного матричного умножения и ее мо-
дифицированной версии – операции транспонирования матричного умножения. Особен-
ностью данного исследования является использование высокоуровневых средств синтеза 
для получения и оптимизации аппаратных реализаций указанных операций. Актуальность 
данного исследования обусловлена широким использованием матричных операций, та-
ких как транспонирование и умножение, для решения различных прикладных задач, 
степенной асимптотической сложностью матричных вычислений и отсутствием данных 
об эффективности использования высокоуровневых средств синтеза в задачах создания 
аппаратных устройств для матричных вычислений. Предложен пошаговый метод синтеза 
и оптимизации аппаратной реализации указанных операций. Проведено сравнительное 
исследование программной и аппаратной реализаций двух указанных операций. Показа-
но, что выигрыш в производительности аппаратных реализаций достигается за счет уве-
личения степени параллелизма матричных вычислений. Дополнительно были проведены 
исследования требуемых ресурсов при повышении производительности за счет распарал-
леливания.
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Introduction

Matrix calculations are widely used to solve computational problems of various classes. The asymp-
totic complexity of matrix calculations has a power dependence on the number of rows/columns of the 
processed matrix. There are, for example, O(n3) for matrix multiplication and O(n2) for matrix addition. 
Therefore, the task of increasing the performance of computing systems for performing matrix operations 
is relevant [1, 2].

Matrix calculations are reduced to operations with matrix elements. Such operations are independent 
of each other. The elements of the resulting matrices are also independent. As a result, spatial paralleliza-
tion can be implemented for matrix calculations. In addition, independence of resulting matrix elements 
also allows the use of time parallelization or pipelining. Thus, operations of reading data, arithmetic op-
erations on them and writing the result can be performed simultaneously at different stages of the pipeline 
processing.
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Spatial parallelization of calculations can increase performance by a magnitude of the level of paralleli-
zation. Accordingly, pipelining can give an increase in performance that is a magnitude of the pipelining 
stages. However, such theoretical estimates are overly optimistic. They do not take into account the lim-
itations of the data read and write subsystems bandwidth. They also do not consider the limit of available 
hardware logical and memory resources [3].

Software approaches used to improve the performance of matrix calculations are well known. There are 
multi-threaded, multi-core and multi-processor spatial parallelization. These techniques can be imple-
mented on universal processing units that have N physical cores and allow up to N*2 threads. Also, there 
are graphic cards operating in computing mode. They are called General Purpose Graphic Processing 
Unit (GPGPU). They have a systolic Single Instruction Multiple Data (SIMD) architecture. Finally, 
there are Field Programmable Gate Arrays (FPGAs). These are ultra-large integrated hardware reconfig-
urable microcircuits [4–7].

The possibilities for increasing performance for fixed architecture computers (multi-core/multithread-
ed processors and GPGPU) are limited by the characteristics of a particular computer. They have a fixed 
number of computational units and unchangeable connections between them. Also, it has limited and 
constant amount of local/distributed memory. These restrictions are fixed for a specific computer with a 
fixed architecture and determine the relationship between the performance of the computer and the type 
of problem solved on it.

Computers with reconfigurable internal hardware architecture could be adapted to the solving task. 
They are traditionally implemented on FPGAs. Such computers are largely free from the disadvantages 
of fixed architectures mentioned above. However, there is one disadvantage of using FPGA accelerators. 
It is the complexity of the device development procedure. Traditional development methods are based on 
circuit input description or on the use of hardware description languages (HDL), for example, VHDL, 
Verilog HDL, SystemVerilog [8–11].

The process of creating an optimized hardware implementation of the algorithm being solved is rather 
complicated even by using HDL. It requires significant programmer’s time for development, debugging 
and optimization [5]. This often does not allow for research and comparative analysis of different options 
for hardware implementations of the algorithm for the problem being solved. This leads to hardware solu-
tions that are close in performance to solutions based on computers with fixed architectures [12, 13].

There are a lot of articles demonstrating mentioned above features and disadvantages.
Article [3] describes an attempt to use FPGA to perform operations with matrices and vectors. Analysis 

and comparison of efficiency with implementations based on Digital Signal Processors (DSP), GPGPU 
and Application Specific Integrated Circuits (ASIC) are also performed. The conclusion is made about the 
applicability of FPGA for solving such computing problems. The main disadvantage of using FPGAs is the 
difficulty of developing a device using hardware description languages (HDL). At the same time, the work 
did not conduct optimization studies of hardware implementations.

The article [4] compares the performance of FPGA and GPGPU when solving the problem of sparse 
matrix-vector multiplication. A solution based on CUDA technology is used for GPGPU. The work pro-
vides a comparative table of the performance of solving the given problem on GPGPU and on FPGA. This 
shows that the proposed hardware implementation of the algorithm is slightly more productive than the 
GPGPU implementation.

The article [5] presents a comparison of the performance of GPGPU, multi-core systems and hardware 
implementation on FPGA when solving the problem of matrix multiplication. It is shown that maximum 
performance is achieved for solutions based on GPGPU and FPGA. At the same time, FPGAs showed the 
best result in terms of energy efficiency.

Article [6] considers two implementations of the same matrix multiplication algorithm on FPGA. Both 
are created using a traditional design approach. The resulting hardware implementations are comparable 
in performance to implementations of similar algorithms on multi-core systems.
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The paper [7] proposed a pipelined matrix multiplication architecture on FPGA. This device created 
using circuit input. Particular attention is paid to assessing the performance of data transfer between device 
submodules. The performance evaluation was compared to a performance evaluation based on MATLAB 
simulations. The result shows that the created FPGA implementation has similar performance.

Using the high-level synthesis tools is a modern approach to creating a hardware implementation of 
the algorithm for the problem being solved. High-level synthesis of hardware solutions allows you to write 
solutions to problems in high-level programming languages, usually C and C++. Leading FPGA man-
ufacturers such as Xilinx and Intel PSG provide such software. Companies that create electronic design 
tools, such as Mentor Graphics, also already have similar tools. Such tools allow not only to create a basic 
hardware solution based on an existing algorithm description in C (or C++), but also to conduct research 
and comparative analysis of various options for hardware solutions. You can easily change the level of par-
allelism, the number of pipeline stages, memory interfaces, etc. with the help of high-level synthesis tools 
capabilities [14–16].

The efficiency, productivity and hardware costs of the final result of the hardware implementation of 
the algorithm for the problem being solved depend on the selected algorithm for solving the problem and 
on the selected parameters of the high-level synthesis procedure. The procedure for obtaining the optimal 
final result is not formalized. It is heuristic and requires research using simulation modeling and compar-
ative analysis [17–19].

Object, subject, methods and purpose of the research

The object of research is a method for increasing the performance of matrix calculations. The results of 
this object of research are presented in this article.

The operation of the multiplication of transposed two-dimensional matrices of size N columns and M 
rows is the subject of research:

where C is a two-dimensional output matrix of size N×M; A is a two-dimensional input matrix of size 
M×V; B is a two-dimensional input matrix of size V×N.

The algorithm of the subject of research can be modified with the help of using the known properties of 
the matrix transposition operation:

where C is a two-dimensional output matrix of size N×M; A is a two-dimensional input matrix of size 
M×V; B is a two-dimensional input matrix of size V×N.

A description of the algorithm of the subject of study is shown in Fig. 1, where in1 and in2 are two- 
dimensional input matrices; out – two-dimensional output matrix. For convenience, the code is written 
for square matrices. Algorithm has written in C programming language.

The TRANSPA and TRANSPB functions transpose the input matrix. The MUL function calculates 
the multiplication of two matrices. The T_MUL function solves the problem by calling TRANSPA, 
TRANSPB and MUL functions sequentially.

A description of the modified algorithm of the subject of research is shown in Fig. 2, where in1 and 
in2 are two-dimensional input matrices; out is a two-dimensional output matrix. Modified algorithm has 
written in C programming language too.

The modified algorithm has different order of performing matrix operations. Transposition is performed 
when writing the results of the product of two matrices by changing the order of the indices. Therefore, 
there is no need for buffer arrays used to store intermediate results in this implementation of the algorithm.

T T
N M V N M VC B A ,× × ×= ∗

( )T
N M M V V NC A B ,× × ×= ∗
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Fig. 1. Original form of the transposed matrix multiplication algorithm

Fig. 2. Modified form of the transposed matrix multiplication algorithm

Research methods:
• simulation modeling of software and hardware implementations of the matrix operation of the mul-

tiplication of two transposed two-dimensional matrices and its modified;
• comparative analysis of device performance and hardware costs;
The research methodology includes the following stages:
• performance assessment of software implementation of the multiplication of two transposed two- 

dimensional matrices;
• performance assessment of hardware implementation of the multiplication of two transposed 

two-dimensional matrices;
• performance assessment of software implementation of transposing the multiplication of two two-di-

mensional matrices;
• performance assessment of hardware implementation of transposing the multiplication of two 

two-dimensional matrices;
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• comparative analysis of estimates obtained during the study;
The purpose of the study is to find the optimal way to implement the matrix operation of the multi-

plication of two transposed two-dimensional matrices. Choice based on two criteria: performance and 
hardware costs.

The measure of performance is the time interval after which a new task of the multiplication of two 
transposed matrices can be launched to compute.

The number of calculating blocks (DSP), the sum of the number of flip-flops (FF) and the number of 
logic gates (Lookup Tables or LUT) are measures of hardware costs.

The research was carried out for square matrices of size NxN. N was selected from the set: 256, 512, 
1024, 2048, 3072. The number of row/column elements was chosen equal to the power of two because 
this is the maximum number of elements for the corresponding row/column address bit size. The results 
obtained are practically independent of setting the number of row/column elements not equal to a power 
of two. The elements of the matrix are signed integers.

A personal computer was chosen as a tool for simulation modeling during software implementation. 
It has the following characteristics: processor – AMD Ryzen7 4800H 2.9 GHz; RAM – 16 GB, DDR5. 
Development shell and a compiler for building executable files of simulation software models – Microsoft 
Visual Studio 2022 Community.

A FPGA unit xcku115-flva1517-2-e by Xilinx was chosen as for hardware implementation. This de-
fines limits on available hardware resources and delays in executing hardware functions.

The tool for synthesizing hardware implementations based on the description of the algorithm in C 
language was the Vitis HLS 2022.2 software. It allows you to synthesize a device, obtain estimates of the 
time to solve a problem, and the clock frequency of the device. It also allows you to run simulations to 
obtain performance estimates.

Procedure and results of the research

The programs described in Fig. 1 and 2 were written in C. They solve the problem of multiplication of 
transposed matrices by original and modified form. It used to create both hardware and software solutions.

Simulation model was created to conduct a research of software implementation. It does the following 
for each matrices size:

• It generates two-dimensional square matrices in1 and in2, and fills them with random data;
• It repeatedly runs the functions T_MUL and MUL_T, the algorithms of which are shown in Fig. 1, 

2 respectively;
• It evaluates the execution time of the MUL_T and T_MUL functions each time it is run and writes 

the estimates to the corresponding arrays;
• It finds the median, maximum and minimum time estimates for completing the task being solved;
• It checks the correctness of the T_MUL and MUL_T functions by comparing the results obtained 

by these functions;
• It displays the minimum, maximum and median execution time estimates for functions T_MUL 

and MUL_T;
Several solutions have been created for hardware implementations of each of the two variants of the al-

gorithm for the product of two transposed matrices within the framework of the Vitis HLS 2022.2 package. 
They differ in the level of parallelism, pipelining coefficient and structural organization of data storage 
memory. The research was carried out and as a result, the period of the clock signal was selected to syn-
chronize the elements of the hardware implementation. Estimates of the performance and hardware costs 
of the created hardware solution options were obtained.

A comparative analysis of the research results was carried out and the optimal algorithm for implement-
ing the multiplication of two transposed two-dimensional matrices and the method of its implementation 
were selected, according to the performance/hardware costs criteria.



Аппаратное обеспечение вычислительных, телекоммуникационных и управляющих систем

50

The following Vitis HLS software directives were used while creating a set of hardware solutions:
• PLIS_16_6ns: the level of parallelism of the inner loop is 16, the pipelining coefficient of the inner 

loop is 3, the input data arrays are structurally transformed into 16 arrays at the second index, the output 
data arrays are structurally transformed into 16 arrays at the first index. The clock period is set to 6 ns;

• PLIS_32_6ns: the level of parallelism of the inner loop is 32, the pipelining coefficient of the inner 
loop is 3, the input data arrays are structurally transformed into 32 arrays at the second index, the output 
data arrays are structurally transformed into 32 arrays at the first index. The clock period is set to 6 ns;

The results of the research of software and hardware implementations of the original algorithm for the 
multiplication of two transposed two-dimensional matrices are shown in Fig. 3.

The abscissa axis shows the number of columns and rows of the matrices used in the study. The y-axis 
shows the execution time of the algorithm in microseconds. Y axis was presented in logarithmic scale.

Data analysis showed:
• The solution on PC turned out to be the slowest.
• The PLIS_32_6ns solution turned out to be the fastest.
• Both PLIS solutions much faster than PC solution.
An estimate of hardware costs for the above hardware solutions is shown in Fig. 4.
The y-axis shows the sum of the used logic gates and flip-flops for the corresponding hardware imple-

mentation. DSP blocks hardware cost does not depend on matrices size but depends on unrolling level. 
There are 48 DSP blocks using by T_MULT_16_6ns solution and 96 by T_NULT_32_6ns.

Fig. 3. Performance for the original form of the transposed two-dimensional matrix multiplication algorithm

Fig. 4. Hardware costs for the original form of the transposed two-dimensional matrix multiplication algorith
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The results of the research of software and hardware implementations of the modified algorithm for the 
multiplication of two transposed two-dimensional matrices, presented in the form of graphs, are shown in 
Fig. 5.

The abscissa axis shows the number of columns and rows of the matrices used in the study. The y-axis 
shows the execution time of the algorithm in microseconds. Y axis was presented in logarithmic scale

Results are similar to previous algorithm. PC solution is the slowest and MULT_T_32_6ns is the fastest.
Estimates of hardware resource costs show a similar figure. 4 the nature of the dependence on the num-

ber of rows/columns of the processed matrices, but with smaller amount of it. 
A summary of the results obtained as a result of the research is shown in Fig. 6.
The abscissa axis shows the number of columns and rows of the matrices used in the study. The y-axis 

shows the execution time of the algorithm in microseconds. Y axis in logarithmic scale.
Analysis of the obtained generalized results shows:
• All hardware solutions faster than software solutions.
• PC solution of modified algorithm better than original one.
• Higher unrolling level shows higher performance.
• FPGA solutions of original algorithm a little bit faster than modified ones.

Conclusion

The goal of the research was achieved. We determined a method for implementing the multiplication 
of two transposed two-dimensional matrices, which provides maximum performance for the given restric-
tions, and created the corresponding hardware solution T_MUL_32_6ns.

Fig. 5. Performance for a modified form of the transposed 2D matrix multiplication algorithm

Fig. 6. Result summary
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It is shown that the algorithm for implementing the operation of the multiplication of two transposed 
two-dimensional matrices has a significant impact on the performance of the software solution, but an 
insignificant impact on the hardware solution.

As further work in this direction, it is advisable to conduct similar studies of other commonly used 
matrix operations.
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