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Abstract. We suggest a model that describes the strengthening of nanocrystalline metallic 
alloys due to inhomogeneous grain boundary (GB) segregations. Within the model, 
inhomogeneous GB segregations are modeled by spherical dilatational inclusions whose 
elastic fields interact with lattice or GB dislocations. We consider two modes of  
plastic deformation of nanocrystalline alloys: GB sliding realized via the motion of GB 
dislocations over GBs and slip of lattice dislocations across grains. The calculations 
demonstrate that in the case of GB sliding, which occurs in nanocrystalline alloys  
with the finest grains, inhomogeneous segregations induce only moderate strengthening. In 
contrast, high strengthening due to GB segregations is achieved in nanocrystalline alloys  
with larger grain sizes, deformed through lattice dislocation slip. This implies that the 
preferred kind of segregations for maximum strengthening of nanocrystalline alloys can 
depend on their grain size. 
Keywords: nanocrystalline alloys; grain boundaries; segregations; strengthening 
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1. Introduction 
Due to their ultrahigh strength and thermal stability, nanocrystalline metal alloys draw much 
attention last years [1-4]. In contrast to coarse-grained materials, where plastic deformation 
processes are carried out mainly due to the motion of dislocations within grains,  
in nanocrystalline alloys, the structure and composition of grain boundaries (GBs) have a 
primary effect on plastic deformation processes and strength. In particular, GB segregations 
of alloying elements have a great effect on the mechanical properties of nanocrystalline 
alloys. Although such segregations, under certain conditions, can lead to the embrittlement  
of nanocrystalline alloys, they can stabilize such alloys, inhibiting grain growth, and also  
lead to an increase in the ultimate strength or an increase in ductility. Examples of this  
are nanocrystalline steels [2], nanocrystalline silver-based alloys with ensembles of  
growth twins [3], and nanocrystalline Ni-Mo alloys [4] with record values of ultimate  
strength and hardness. 
 The strengthening effect of GB segregations has been attributed to various factors. For 
example, in [5,6] it was assumed that the increase in strength due to GB segregations is 
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associated with a decrease in the activation volume for the nucleation of dislocations, 
experimentally recorded [6] for the Zr-Nb alloy with GB segregations of sulfur. Computer 
simulations [7] of nanocrystalline Ag with Cu segregations demonstrated that strengthening 
can result from the inactivation of GB dislocation sources by GB segregations. At the same 
time, the results of computer simulations [8] show that strengthening can also stem from the 
hindering effect of GB segregations on dislocation motion across grains.  

In [9], a moderate increase in the yield strength of nanocrystalline Al was demonstrated 
in the presence of Co segregations and the absence of a strengthening effect was documented 
for Mg segregations. An earlier work [10] showed the reverse (softening) effect of Pb 
segregations on the strength of nanocrystalline Al. In both cases, the simulation showed that 
the deformation of nanocrystalline Al (with Mg or Pb segregations) is carried out by GB 
sliding or GB sliding combined with GB migration. Therefore, it can be concluded that even 
if Pb segregations suppress intragranular dislocation slip, they can facilitate GB sliding, which 
leads to a decrease in yield strength. 

At the same time, recent experiments with nanocrystalline Ni-Mo alloys [4] have shown 
that, in such alloys, low-temperature annealing, presumably leading to the appearance of  
Mo GB segregations [4], can, in contrast, suppress GB sliding and, thereby, significantly 
increase the hardness of such alloys. Computer simulations [11] of the deformation of Ag-Ni 
and Ag-Cu nanocrystalline alloys showed that the possibility of GB sliding in nanocrystalline 
alloys with segregations depends on the type of segregations. In particular, in this work, 
segregations in Ag-Cu alloys, distributed along the entire length of GBs, did not prevent GB 
sliding, which led to softening. In contrast, segregations in nanocrystalline Ag-Ni alloys, 
which formed clusters in certain areas of GBs, created obstacles for GB sliding, leading to 
high flow stresses in such alloys. 

Thus, the results of experiments and computer simulations demonstrate that GB 
segregations can strengthen nanocrystalline alloys but the mechanism of strengthening is not 
clear enough yet. To fill this gap, here we suggest a model that describes the effect of 
clustered GB segregations on the yield strength of nanocrystalline metallic alloys deformed 
via GB sliding or through intragranular dislocation slip.  

 
2. Strengthening of nanocrystalline alloys deformed via GB sliding 
Consider a solid containing grain boundary (GB) segregations. Within the model, we treat the 
segregations as dilatational spherical inclusions of radius 0R  (Fig. 1a). We focus on the case 
of small GBs, whose size does not exceed several diameters of the inclusions and therefore 
assume that each GB contains not more than one inclusion. To examine the effect of the 
spherical inclusions on GB sliding, we assume that GB sliding occurs via the slip of edge 
GB dislocations over GBs. Each spherical inclusion creates an elastic stress field that creates 
forces acting on dislocations in its vicinity. Since the stress field of the inclusion is a  
short-range one and drops as 3R−  outside the inclusion [12] (where R  is the distance from the 
inclusion center), we assume that each inclusion at a GB can affect GB sliding only over  
this and adjacent GBs.   

Now consider the geometry of an individual spherical inclusion at a GB (Fig. 1b). We 
introduce a Cartesian coordinate system ( , , )x y z  and a spherical coordinate system ( , , )R θ ϕ  
with the origin at the center of the spherical inclusion (Fig. 1b). Here θ  is the angle between 
the radius vector of a point and the z - axis, while ϕ  is the angle between the projection of the 
radius vector onto the xy-plane and the x -axis. The y - and z - axes of the Cartesian 
coordinate system lie in the GB plane, while the x -axis is normal to the GB. 
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Fig. 1. Nanocrystalline solid with GB segregations. (a) A fragment of a nanocrystalline solid 
with GB segregations. GB sliding along GB AB occurs via the slip of a GB dislocation from 

triple junction A toward triple junction B. (b) Geometry of the coordinate systems used to 
calculate the stress field of a GB segregation. (c) Intragranular dislocation slip occurs via the 
generation of a glide dislocation loop at a GB and its expansion inside the grain interior. GB 

segregation exerts a back force on the segment of the expanding dislocation loop 
 

In the examined case of the dilatational eigenstrain of inclusion, the eigenstrain tensor 
*
ijε  can be written as 

ijij δεε ** = , (1) 

where , , ,i j x y z= , *ε  is the lattice mismatch between the inclusion and the matrix, defined 
as (e.g., ([13]) 

* i m

m

a a
a

ε −
= , (2) 

ia  and ma  are the lattice parameters of the inclusion and matrix, respectively, and ijδ  is  
the Kronecker delta equal to unity if i j=  and to zero otherwise. In the linear approximation, 
we have: 

100( )s m s ma a c c a≈ + − ∆ , (3) 
where a∆  is the change of the lattice parameter of the alloy associated with an increase of the 
solute concentration by 0.01 (that is, by 1 at.%), and sc  and mc  is the average solute 
concentration in the segregations and matrix, respectively. 
 In the approximation of an elastically homogeneous isotropic solid with the shear 
modulus G and Poison's ratio ν  , the stress field of the inclusion can be written as [12] 

σ σ r 

z 
R θ 

Α 
Β Α Β 

x 

x' y' 

y r 
ϕ dGB 

(a) (b) 

b 

GB plane 

glide plane 
(c) 

back force 

α 

h 
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R R
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R R R R
σ
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 (4) 

0
3

0 0

2,
,

( / ) ,

R R
A

R R R Rθθ ϕϕσ σ
− <

= = 
>

 (5) 

0R Rθ ϕ θϕσ σ σ= = = , (6) 
where 2(1 ) * /[3(1 )]A Gν ε ν= + − . 

From formulae (4) to (6) it is easy to see that the stress xyσ  created by the spherical 
inclusion at the GB plane 0x =  is equal to zero. This implies that the inclusion does not 
create any forces on the dislocations moving over this GB. At the same time, it can affect the 
motion of dislocations over adjacent GBs. For definiteness, we calculate the effect of the 
inclusion stress field on the dislocation motion over GB AB (Fig. 1a,b). To do so, it is 
sufficient to calculate the maximum shear stress ' 'x yσ  exerted by the inclusion at GB AB. 
(Here the 'x - and 'y -axes are directed as shown in Fig. 1b and make the angle α  with the  
x - and y -axis, respectively.) Evidently, the maximum stress acts at triple junction A, which 
is closest to the inclusion.  
 In the cylindrical coordinate system ( , , )r zϕ  with the origin in the inclusion center 
(Fig. 1b), the stress rrσ  can be written as  

2 2sin cosrr RR θθss  θ s θ= + . (7) 
In turn, at triple junction A characterized by 0x = , the stress ' 'x yσ  follows as 

2 3
' ' 0( )cos sin sin cos sin ( / )x y rr A R Rϕϕsss   α α θ α α= − = . (8) 

For definiteness, we assume that triple junction A lies symmetrically with respect to the 
inclusion center, that is, occupies the region / 2 / 2GB GBd z d− < < , where GBd  is the GB 
length. Then, with an account for the relations 2 2 2 2sin / ( )r z rθ = +  and 2 2 1/2( )R z r= + , the 
average stress ' 'x yσ  acting on the dislocation segment at triple junction A can be presented as 

/2 3 2 2
0

' ' ' ' 2 2 2 3/2
/2

2 sin(2 ) (6 )(1 / )
3 (4 )

GB

GB

d
GB

x y GB x y
GBd

AR r dd dz
r r d

αss
−

+
= =

+∫ . (9) 

Assuming that the distance from the inclusion center to the center of triple junction A is 
a random quantity in the interval 0 0GBR r d R< < − , the average value of ' 'x yσ (averaged for 
various distances from the inclusion center to triple junction A) can be written as  

0

0

' ' ' '(1 / )
GBd R

x y GB x y
R

d drσ σ
−

< >= ∫ . (10) 

The stress ' 'x yσ< >  exerts a back force on the dislocation at triple junction A and 
thereby hinders GB dislocation slip over GB AB. To provide such slip, the applied load 
should increase (compared to the case where segregations are absent) in such a way as to 
increase the resolved shear stress in GB AB by ' 'x yσ< > . As a result, the contribution segs  of 
GB segregations to the yield strength can be estimated as ' 'seg x yMss = < > , where M  is the 
Taylor factor approximately equal to 3.06 for metals and alloys with fcc crystal lattices [14]. 
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Fig. 2. Dependences of the stresses segs  (a) and 2segs  (b) that characterize the GB 

segregation-induced strengthening in the 1570 Al alloy with GB Mg segregations in the case 
of plastic deformation via GB sliding and lattice dislocation slip, respectively, on the GB 

length dGB 
 
 Now let us calculate segs  for the exemplary case of the 1570 Al alloy containing Mg 
segregations at GBs and characterized by the following parameter values [15]: 27G =  GPa, 

0.34ν = , * 0.01ε = . We also put / 3α π= . The dependences of segs  on GBd  are shown in 
Fig. 2a, for various values of the segregation radius 0R . It is seen in Fig. 2a that segs  
increases with an increase in the segregation radius and/or decrease in grain size. The grain 
size dependence of segs  is related to the reduction of the distance between segregations and 
the nearest triple junction with a decrease in grain size. 
 
3. Strengthening of nanocrystalline alloys deformed via lattice dislocation slip 
Figure 2a demonstrates that clustered GB segregations can increase the yield strength of 
nanocrystalline metallic alloys in the case where plastic deformation is realized via GB 
sliding. Now compare the effect of such segregations on GB sliding with their effect on 
intragranular dislocation slip. To do so, we adopt model [15], where the stress field of each 
GB segregation exerts a force on the straight segment of an expanding rectangular glide 
dislocation loop (Fig. 1c). Following [15], we assume that dislocation loops grow in the 
directions parallel to the GB planes without increasing their height (denoted as h in Fig. 1c). 
At the same time, in contrast to ref. [15], which considered ultrafine-grained alloys where 
each GB incorporates various segregations, here we focus on the case of nanocrystalline 
alloys, which contain no more than one segregation in each GB.  

The hampering forces exerted by spherical segregations on the moving segments of the 
dislocation loops increase the yield strength. Using the calculation procedure suggested in 
ref. [15], we have calculated the contribution 2segs  of GB segregations to the yield strength in 
the situation where plastic deformation is realized via the motion of lattice dislocations across 
grains from one GB to another. The dependences of 2segs  on GBd  for the 1570 Al alloy 
containing Mg segregations at GBs are shown in Fig. 2b for 3.7h =  nm and the values of 
other parameters specified above. It is seen in Fig. 2b that the stress 2segs  increases with a 
decrease in grain size and/or increase in the segregation radius, similarly to the behavior of 
the stress segs . Also, the comparison of Figs. 2a and 2b clearly demonstrates that for the same 
grain size and segregation radius, 2segs  is much larger than segs . This implies that clustered 
segregations are more effective in hampering intragranular lattice slip than in preventing 
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GB sliding. Thus, it is logical to assume that clustered segregations are not very effective  
for strengthening nanocrystalline metallic alloys with finest grains, where the presence  
of the inverse Hall-Petch dependence associated with GB sliding leads to softening.  
At the same time, clustered segregations should be very effective for strengthening 
nanocrystalline metallic alloys with larger grain sizes, which deform through lattice 
dislocation slip across grains. 
 
4. Conclusions 
In summary, GB segregations can exert a high strengthening effect in nanocrystalline metallic 
alloys. For clustered GB segregations, the highest strengthening is achieved in the case of not 
very small grains, when nanocrystalline alloys deform via lattice dislocation slip. For 
nanocrystalline alloys with the finest grains, clustered segregations can provide only moderate 
strengthening. Therefore, one can assume that the ultrahigh strengthening of nanocrystalline 
alloys, deformed via GB sliding, due to GB segregations [4] is associated with the choice of 
the alloying elements that promote GB sliding and their homogeneous segregations along 
entire GBs. Thus, one can assume that the most effective kind of GB segregations in 
nanocrystalline alloys can depend on their grain size. For nanocrystalline alloys with the 
finest grains, the highest strengthening can be achieved in the case of homogeneous GB 
segregations, while for nanocrystalline alloys with higher grain sizes inhomogeneous 
clustered segregations can provide the highest strengthening. 
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Abstract. In the present investigation, influences of process parameters such as pulse current, 
pulse on time, gap voltage, and sample compositions on the machining of hybrid Al-Al2O3/ 
B4C composites through wire electrical discharge machining (WEDM) are carried out. The 
parameters were optimized to minimize both material removal rate (MRR) and surface 
roughness (SR) through Taguchi and Grey relational analysis. The hybrid  
Al-Al2O3/ B4C MMCs containing the micro-particles of Al2O3 (purity 99 % and 100-325 
mesh size) and B4C (purity 99% and 400 mesh size) were prepared by stir casting with 
varying proportions (i.e. 100/0, 75/25, 50/50, 25/75 and 0/100) of Al2O3 and B4C as a 
reinforcements. The morphology of the machined samples was also examined through SEM 
and found the presence of micro-ridges, micro craters, micro-cracks, black patches, debris, 
and micro-voids. The experimental results revealed the optimal grouping of process 
parameters as sample composition of B75A25 (75% B4C +25% Al2O3), pulse on time of 
32 μs, pulse current of 2 A, and gap voltage of 40 V. 
Keywords: hybrid composites, metal matrix composites, optimization, wire electrical 
discharge machining, scanning electron microscopy 
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1. Introduction 
Apart from many advantages (i.e. high strength to weight ratio, higher transverse stiffness and 
strength, no water absorption, and good elevated temperature resistance) and many 
applications (i.e. automotive, aerospace, and structural) of single reinforced metal matrix 
composites (MMCs), they have some limitations also [1,2]. These limitations may be 
overcome using hybrid metal matrix composites (HMMCs). HMMCs can be prepared by 
reinforcing two or more types of ceramic particles or synthesis fibres in the metal matrix [3]. 
HMMCs are being considered in various fields due to their enhanced properties over single 
reinforced composites. These can be proffered for numerous engineering applications like 
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automobile, marine, aerospace, structural, and mineral processing because of the improved 
specific strength, wear resistance, and thermal properties [4].  

For utilization of synthesized MMCs, they are subjected to various cutting actions with 
conventional and non-conventional machining processes. During machining of MMCs by 
conventional processes, high temperatures are generated which leads to deformation of the 
cutting tools and worsen the product quality, also increasing the fabrication cost. Therefore 
non-conventional machining comes into the picture for the machining of these typical 
materials. The employ of non-conventional machining methods can enhance product quality 
and lessen the production costs for such materials. Among the existing non-conventional 
machining processes, WEDM is commonly accepted to fabricate complex profiles in 
composite materials [5].  

WEDM is an electro thermal machining process that uses a moving conductive wire as 
an electrode to obtain the desired shape. In WEDM process, the selection of proper cutting 
parameters is an important task to avoid less MRR and poor surface finish due to wire 
breakage and short-circuiting [6]. Several researchers have reported their studies on MRR and 
SR of MMCs and HMMCS using WEDM. Kumar et al. [7] worked on optimization of 
WEDM for aluminium-based composites through GRA and reported optimum conditions as: 
peak current = 12A, pulse on time = 100 microseconds, wire feed rate = 6 m/min and  
wt.% of B4C = 5. Goyal et al. [8] observed that the pulse on time and peak current are found 
to be the most significant factors towards MRR for Ni49Ti51 shape memory alloy. 
Kumar et al. [9] reported the optimum machining conditions for Al-SiC-B4C composites as 
current = 20 A, pulse on time = 108.6 microseconds, wire feed rate = 10 mm/min, and 5.65% 
of the B4C content in the composites. Prasad et al. [10] also investigated the machining 
behaviour of Ti alloy through WEDM process. Karabulut et al. [11] found that the surface 
finish of AA6061-B4C composite was predominantly affected by the peak current and 
voltage. Shayan et al. [12] also analyzed the influence of parameters on the performance of 
dry wire EDM for cemented tungsten carbide. Finally, EDM and WEDM machining 
processes are found to have better dimensional stability for high-strength temperature-
resistant materials like MMCs and HMMCs [13-15]. Kanlayasiri and Boonmug [16] studied 
the machining of die steel through WEDM and observed that pulse on time and pulse peak 
current are the most influential factors for surface roughness. In another work, pulse on time 
and discharge current are found to be the most significant factors of surface roughness for  
Al- SiC MMCs [17]. Some other researchers' works based on the machining of MMCs and 
HMMCs are tabulated in Table1. 

From the review of various literature, it was observed that very less works are carried 
out on the effect of reinforcement on the machinability of WEDM process. Further, no work 
is reported so far on the optimization of machining parameters for Al (6061)-Al2O3/B4C 
through the hybrid GRA and Taguchi method. Therefore, the effect of variation in the 
proportion of Al2O3 and B4C on MRR and SR of Al (6061)-Al2O3/B4C and their optimization 
through the hybrid GRA and Taguchi method is performed.  

 
2. Material and Manufacturing Process 
Materials. The Al alloy (6061) is one of the most commonly used matrix materials for 
MMCs with chemical composition as provided in Table 2 [26]. To prepare the hybrid 
MMCs, Al alloy (6061) as matrix material and boron carbide (purity 99% and 400 
mesh size (37μm)) and alumina (purity 99% and 100-325 mesh size (44-149μm)) as 
reinforcements were used in the present work. All of the reinforcing and matrix materials 
were purchased from the local resources in Prayagraj, Uttar Pradesh, India.  
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Table 1. Review of hybrid metal matrix composite machined by electrical discharge 
machining 

S.
N

o.
 

H
yb

rid
 

C
om

po
si

te
s Electro-Discharge Machining 

Ref. 
 Parameters 

Optimization 
Techniques 

 

Optimized 
Values 

 
Conclusions 

1. 

A
l7

07
5/

A
l 2O

3/S
iC

 

Pulse on time, 
Pulse off time, 
Pulse Current, 
Wire drum 
speed 

Taguchi based 
GRA 

Pulse on time = 
4µ s,  
Pulse off time = 
6 µ s,  
Pulse current = 
2A,  
Wire drum 
speed = 4m/min 

• The surface 
roughness was 
increased with high 
discharge energy in 
spark and drum speed  
• Kerf width was 
improved with 
increasing drum speed 
due to the creation of 
large size cavities, 
voids and particles 
pull out  

[18] 

2. 

A
l6

06
1/

Si
C

/G
ra

ph
it

e 

Current,  
Pulse on time, 
Voltage,  
Flushing 
pressure 

Least square  
techniques and 
ANOVA  

- Tool wear rate was  
increased with an 
increasing current and 
voltage but it 
decreased with  
increasing pulse on 
time and flushing 
pressure 

[15] 

3. 

A
l6

06
3/

Si
C

/G
ra

ph
ite

 

Voltage,  
Pulse current, 
Pulse off time, 
Pulse on time 

Taguchi based 
GRA 

Voltage = 60V,  
Pulse current = 
32A,  
pulse on time = 
4µ s 

The material removal 
rate and surface 
roughness were 
increased due to more 
energetic pulses 
because of the higher 
cavity formation 

[19] 

4. 

A
l6

35
1/

Si
C

/B
4C

 

Current, Pulse 
on time, Pulse 
duty factor, 
Gap voltage 

ANOVA The responses 
were influenced 
by pulse current 
with a 
contribution of 
33.08% to 
electrode wear 
ratio, 76.65% to 
surface 
roughness, 
48.08% to the 
power 
consumed 

The machined surfaces 
contained craters, 
recast layers, surface 
waviness, and also the 
formation of bubbles  

[20] 
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5. 

A
lS

i1
0M

g/
G

ra
ph

ite
/A

l 2O
3 

Peak current, 
Flushing 
pressure, Pulse 
on time 

ANOVA Peak current 
with a 
contribution of 
69.18% to 
surface 
roughness, 
Flushing 
pressure 43.26% 
contribution on 
MRR, Pulse on 
time 34.38% 
contribution on 
TWR 

The surface roughness 
was increased with an 
increase in the flushing 
pressure due to the 
accumulation of 
alumina particles  

[21] 

6. 

A
l/B

4C
/G

ra
ph

ite
 

Wire speed, 
Pulse on time, 
Pulse off time 

Taguchi, 
RSM, 
ANOVA 

Wire speed = 
50m/min, Pulse 
on time= 5µ s,  
Pulse off time 
=7µ s 

The MRR and SR 
were increased with 
the increase of wire 
speed and pulse-on 
time 

[22] 

7.  

A
l4

13
/F

ly
 a

sh
/B

4C
 

Gap voltage, 
Pulse on time, 
Pulse off time, 
wire feed, 
reinforcement 
% 

Taguchi, 
ANOVA 

Gap voltage = 
50V,  
Pulse on time 
=1µ s,  
Pulse off time 
=10µ s,  
Wire feed = 
8m/min, 
Reinforcement 
= 6 % 

The optimal predicted 
values were found for 
surface roughness  and 
material removal rate 
3.37 µ m and 
13.0 mm3/min 
respectively 
 

[23] 

8. 

A
l/S

iC
/B

4C
 

Peak current, 
Pulse on time, 
wire feed rate, 
B4C content 
%,  Pulse off 
time 

Response 
surface 
methodology 

Peak current = 
20A,  
Pulse on time = 
108.6µ s, Wire 
feed rate = 
10mm/min, B4C 
content % = 
5.65  

The lower material 
removal rate was 
obtained in case of a 
lower wire feed rate 
due to lower heat 
energy strikes on the 
composite surfaces 

[9] 

9. 

A
Z3

1/
G

ra
ph

en
e/

Si
C 

Reinforcement 
%, Doping %, 
Pulse on time, 
Pulse off time, 
Wire feed rate 

Taguchi 
coupled GRA 

Reinforcement 
= 0.2%, Doping 
= 10%,  
Pulse on time = 
40µ s,  
Pulse off time = 
23µ s, Wire 
feed rate = 
2m/min 

The variation in the 
thermal behaviour of 
reinforcements and 
matrix material 
affected the material 
removal rate  

[24] 

10. 

A
l6

06
1/

Si
C

/G
ra

ph
ite

/Ir
on

 O
xi

de
 Pulse peak 

current, Pulse 
on time, Pulse 
off time, Wire 
feed rate, Wire 
tension, Spark 
gap set voltage 

ANOVA, 
Regression 
analysis  

The 
improvement in 
MRR and Spark 
gap width by 
33.72% and -
27.28% 

The size of craters 
formed on the 
machined surfaces 
affected by peak 
current and pulse on 
time  

[25] 
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Table 2. Chemical composition of 6061Al alloy (wt.%) 
Mg Si Cu Cr Fe Al 
0.92 0.57 0.21 0.12 0.09 Balance 

 
Fabrication of composites. The flow chart diagram for fabrication of hybrid  

Al-Al2O3 /B4C composite is shown in Fig. 1. In Figure 1, firstly, an ingot of Al alloy (6061) 
was converted into small pieces and then poured into a graphite crucible for smooth melting 
through an electric coil furnace at a temperature of 750°C. Subsequently, the crucible and 
Al2O3 and B4C particles were preheated at a temperature of 400°C. Thereafter, preheated 
powders of reinforcements were mixed at a rotation of 600 rpm  by employing a stirrer in two 
consecutive steps of 3 wt. % of reinforcement each for half of 10 min. A drop in temperature 
of around 15-20°C was seen during the mixing process. The degasser (flux material) was used 
to throw away the trapped gases and maintain the temperature of the mixture constant. After 
all, the mixture of Al2O3 and B4C particles into molten Al alloy was poured into a die of cast 
iron for the production of specimens.  

Methodology. The developed composite materials were machined through wire 
electrode discharge machining with the help of the high-power servo stabilizer. A wire of 
molybdenum with a 0.25 mm diameter was used as a tool material to perform the 
experiments. The cutting length of 30 mm was kept constant for all the composites. The 
experimental details are provided in Table 3. The experiments were conducted with various 
input parameters such as sample compositions, gap voltage (V), pulse on time (μs), and pulse 
current (A) with an objective to minimize both MRR and SR. The following input parameters 
for the WEDM are given in Table 4.  

 

 
Fig. 1. Flow chart diagram for fabrication of hybrid metal matrix composites 
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Table 3. Experimental details for wire electrical discharge machining of hybrid metal matrix 
composites 

Experimental facility Specifications 

Workpiece Hybrid Al-MMCs (A0B0, B100A0, A100B0, A75 B25, B75A25, and 
B50A50 

Machine Wire electrical discharge machine ( Ex 4032, Medha enterprises Kanpur) 
Electrode Molybdenum wire (0.25mm diameter) 

Machining parameters 
Sample composition (0/0, 100/0, 0/100, 25/75, 75/25, and 50/50),Gap 

voltage ( 40V, 44V, and 48 V), Pulse on time (32 μs, 64 μs, 128 μs), and 
Pulse current (2A, 3A , 4A) 

Surface roughness 
measuring device Surface roughness tester, and Make: Mitutoyo, Model: SJ-410 

 
Table 4. The input process parameters for wire electrical discharge machining of hybrid metal 
matrix composites 

Input process parameters Level 
1 2 3 4 5 6 

Sample compositions M1 
(A0B0) 

M2 
(B100A0) 

M3 
(A100B0) 

M4 
(A75B25) 

M5 
(B75A25) 

M6 
(B50A50) 

Gap voltage (V) 40 44 48 - - - 
Pulse on time (μs) 32 64 128 - - - 
Pulse current (A) 2 3 4 - - - 

 
Table 5. Experimental results of material removal rate and surface roughness hybrid metal 
matrix composites 

S. 
No 

Sample 
Composition 

Gap voltage 
(V) 

Pulse on time 
(μs) 

Pulse current 
(A) 

MRR 
(cm3/min) 

SR 
(μm) 

1 1 1 1 1 0.0252 3.0290 
2 1 2 2 2 0.0222 3.2770 
3 1 3 3 3 0.0190 3.6830 
4 2 1 1 2 0.0102 1.3230 
5 2 2 2 3 0.0141 1.7740 
6 2 3 3 1 0.0174 1.9390 
7 3 1 2 1 0.0208 2.7580 
8 3 2 3 2 0.0207 2.7890 
9 3 3 1 3 0.0247 2.6770 

10 4 1 3 3 0.0186 2.4850 
11 4 2 1 3 0.0248 2.5780 
12 4 3 2 1 0.0209 2.7840 
13 5 1 2 2 0.0244 2.0260 
14 5 2 3 3 0.0206 2.2390 
15 5 3 1 1 0.0186 2.2170 
16 6 1 3 2 0.0185 2.6200 
17 6 2 1 2 0.0245 2.4600 
18 6 3 2 3 0.0207 2.3110 

 
The experiments were designed by Taguchi method and 18L  array was used for 

conducting the experiments. The experimental results are shown in Table 5. The MRR was 
computed by taking weight differences of before and after workpiece machining per minute. 
It was computed by the following formula.  
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WWMRR fi

ρ
−

= ,                                        (1) 

where iW  and fW  are weigh of the specimens before and after machining, ρ  – density of the 
specimens and t  – period of machining (minute). 

The surface roughness of the machined area or section was measured through a profile 
meter (Mitutoyo-Model SJ-410) with a traverse length and speed of 5 mm and  
0.25 mm/s respectively.  
 
3. Results and discussion 
Design of experiment (DOE). The design of the experiment is utilized for minimizing the 
number of experiments that can be done by Taguchi method. Minitab 17 software was used 
for designing the experiments as per requirements. Four input parameters with one of them 
having six levels and others having three levels were used as tabulated in Table 4. 18L  array 
was used in this work and resultes are tabulated in Table 5. 

Analysis of output/response parameters. The signal-to-noise ratio (S/N) was taken 
into account for analyzing the input parameter over the output response. The 
outputs/responses such as MRR and SR, both are the minimizing criteria of characteristics. 
So, smaller values of MRR and SR are set as better characteristics. The S/N can be found by 
the below equation (2). 

10
110log [ ( 2)]ij

S y
N n
= − ∑ , (2) 

where, n  – no of observations, ijy  – observed response, i =1,2… n , j = 1,2... k . 
 
Table 6. Signal to noise ratio (S/N) and normalized values for hybrid metal matrix composites 
S. No S/N ratio (MRR) S/N ratio (SR) Normalized value (MRR) Normalized value (SR) 

1 31.9720 -9.6260 1 0.2771 
2 33.0729 -10.3095 0.7987 0.1720 
3 34.4249 -11.3240 0.5874 0.0000 
4 39.8280 -2.4312 0 1.0000 
5 37.0156 -4.9791 0.2575 0.8089 
6 35.1890 -5.7516 0.4758 0.7390 
7 33.6387 -8.8119 0.70481 0.3919 
8 33.6806 -8.9090 0.6964 0.3788 
9 32.1461 -8.5530 0.9644 0.4263 

10 34.6097 -7.9065 0.5558 0.5076 
11 32.1110 -8.8934 0.9689 0.4682 
12 33.5971 -6.1328 0.7111 0.3809 
13 32.2522 -7.0011 0.9466 0.7021 
14 33.7227 -6.9153 0.6943 0.6119 
15 34.6097 -8.3660 0.5603 0.6212 
16 34.6566 -7.8187 0.5541 0.4504 
17 32.2167 -7.2760 0.9519 0.5182 
18 33.6806 -8.2760 0.6981 0.5814 

 
Multi-response optimization using Grey Relational Analysis. Nowadays, multi-

criteria decision-making (MCDM) techniques have received attention among researchers due 
to their absolute capacity to judge unique choices on various criteria for possible 
determination of the best. In this work, MCDM combined with grey relational analysis (GRA) 
and Taguchi method has been proposed to study the optimization problem for the wire 
electrode discharge process of Al alloy (6061) hybrid composites. The GRA is the multi-
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response optimization process contributing toward finding out the optimum combination of 
process parameters and the effect of each input parameter on the responses. The methodology 
consists of a number of steps as follows. 

Step 1. Normalization. It is required to normalize the output responses before analyzing 
them with the grey relation theory and rated between 0 and 1. The normalization for output 
response such as MRR and SR can be done with the help of equation (3). 

)........3,2,1,min()..........3,2,1,max(
)............3,2,1,max(

niyniy
yniyZ

ijij

ijij
ij =−=

−=
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where ijy  is the thJ  performance characteristics and min ijy  and max ijy  values of the thJ

performance characteristics for the thi  experiments respectively. 
The calculated SN ratio for individual response/output and its normalized value are 

given in Table 6. 
Step 2. Calculation of Grey relational coefficient. The grey relational coefficients can 

be calculated from the generalized formula as shown in equation (4) and also, the 
characteristics coefficient is assumed to be 5.0=ξ . 
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where i =1,2… n , k =1,2… m , n  is the number of experimental data items and m is the 
number of responses, 0 ( )y k  is the reference sequence ( 0 ( )y k  = 1, k =1,2… m ), ( )iy k  is the 

specific comparison sequence, )()(00 kyky jj −=∆  – the absolute value of the difference 

between 0 ( )y k  and ( )iy k , )()(0min kyky j−=∆  – the smallest value of ( )iy k ,

)()(0max kyky j−=∆  – the largest value of ( )iy k , ξ  is the coefficient constant, which is 
defined in the range 0 ≤ ξ  ≤ 1. 
 
Table 7. Deviation sequence and corresponding grey relational coefficient and grey relational 
grade for hybrid metal matrix composites  

S. 
No 

Deviation sequence 
(MRR) 

Deviation sequence 
(SR) 

GRC 
(MR) 

GRC 
(SR) GRG RANKS 

1 0 0.7229 1 0.40887 0.7044 6 
2 0.2013 0.8280 0.7129 0.376516 0.5447 12 
3 0.4126 1.0000 0.5479 0.333333 0.4406 18 
4 1 0.0000 0.3333 1 0.6667 8 
5 0.7425 0.1911 0.4024 0.7235 0.5629 11 
6 0.5242 0.2610 0.4882 0.6570 0.5726 10 
7 0.2952 0.6081 0.6288 0.4512 0.5400 14 
8 0.3036 0.6212 0.6222 0.4459 0.5341 15 
9 0.0356 0.5737 0.9335 0.4657 0.6996 7 

10 0.4442 0.4924 0.5295 0.5038 0.5167 16 
11 0.0311 0.5318 0.9415 0.4846 0.7131 4 
12 0.2889 0.6191 0.6338 0.4468 0.5403 13 
13 0.0534 0.2979 0.9035 0.6267 0.7651 1 
14 0.3057 0.3881 0.6206 0.5629 0.5918 3 
15 0.4397 0.3788 0.5321 0.5689 0.5505 2 
16 0.4459 0.5496 0.5286 0.4764 0.5025 17 
17 0.0480 0.4818 0.9124 0.5093 0.7108 5 
18 0.3019 0.4186 0.6236 0.5443 0.5839 9 
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Calculation of Grey relational grade. The grey relation grade (GRG) for multi-
objective responses can be found with the help of the grey relational coefficient of different 
responses for the MRR and SR. The evaluations of performance characteristics depend on the 
GRG values.  

The following sequencing order of all the experiments is tabulated in Table 7. The grade 
which decided the rank of performance characteristics was obtained by using the equation (4). 

∑
=

=
m

i
ijy

k
j

1

1δ ,                                                               (4) 

where jδ  – GRG for jth experiment and k  – number of performance characteristics.  
Optimization techniques – Taguchi method. Based on GRG values, Taguchi 

optimization techniques are employed. The outcomes of this optimization were obtained as 
shown in Table 7. It is necessary to find out the effect of each parameter at different levels on 
the GRG. The obtained grey relational grade value for each level and corresponding average 
grade was presented in Table 7. Generally, the higher GRG value offers better output 
responses. The optimum condition can be found from response Table 8 (sample composition 
= B75A25 (75%B4C +25% Al2O3), pulse on time (μs) = 32, pulse current (A) = 2, gap voltage 
(V) = 40). The sequence of input parameters that affect the multi-objective of minimum MRR 
and SR were sample composition followed by pulse on time, pulse current, and gap voltage.  
 
Table 8. Response Table of grey relational grade for hybrid metal matrix composites 
Level Sample composition Gap voltage (V) Pulse on time (μs) Pulse current (A) 

1 0.5632 0.6159 0.6742 0.6176 

2 0.6007 0.6096 0.5895 0.5565 
3 0.5912 0.5646 0.5264 0.6160 
4 0.5900    

5 0.6358    
6 0.5991    

Delta 0.0725 0.0513 0.1478 0.0612 
Rank 2 4 1 3 

 
Table 9. ANOVA results for hybrid metal matrix composites 

Source Degree of freedom Sum of square Mean square Percentage Contribution 

Sample code 5 0.008231 0.001646 3.08 
Pulse on time (µs) 2 0.009391 0.004695 8.80 
Pulse current(A) 2 0.066012 0.033006 61.83 
Gap voltage (V) 2 0.014568 0.007284 13.65 
Residual Error 6 0.040506 0.006751 12.65 

Total 17    
 

Analysis of variance (ANOVA). It is the statistical method applied for finding the 
interaction between control factors utilized in the present experimental investigation. 
ANOVA was performed using Minitab version 17 software to find the contribution of each 
parameter for multi-objective responses. It is utilized to observe the interaction between the 
experimental parameters (sample code, pulse on time, pulse current, and gap voltage), and the 
results are presented in Table 9. The percentage contribution of process parameters for 

P.K. Gupta, M.K. Gupta 208



minimum MMR and SR was found using ANOVA as such: sample code (3.08%), pulse on 
time (8.80%), pulse current (61.83%), and gap voltage (13.65%). The main effect plot for 
grey relational grade value is shown in Fig. 2. From the main effects plot of the mean, it was 
found that the combination of optimal parameters and their levels was SC5GV1POT1PC1.  

 

 
Fig. 2. Main effect plot of means for hybrid metal matrix composites (higher is better) 
 
Confirmation tests. A confirmation experiment is performed to validate the hybrid 

approach of GRA and Taguchi implementation for optimization. The grouping of process 
parameters (Trial13) for which the quality characteristics yielded the peak value of grey 
relational grade (0.7651) was selected as the initial setting of the process parameter.  

The responses received for the initial parameter setting were compared with the optimal 
parameter setting. It was observed that the hybrid approach of the GRA-Taguchi method had 
marginally improved the performance characteristics. From Table 10, an improvement in the 
performance is identified using the optimal condition in the WEDM process. The GRG is 
increased to 0.9886 from the initial parameter with a significant increase of 0.2235. Table 10 
shows the confirmation test for the value of GRG for hybrid Al-Al2O3/B4C composites. 
 
Table 10. Confirmation test for hybrid metal matrix composites 

Sources Initial parameters Optimum parameters 
Prediction Experimental 

Combination of testing 
parameters SC5GV1POT2PC2 SC5GV1POT1PC1 SC5GV1POT1PC1 

Grey relational grade 0.7651 0.8283 0.9886 
Improvement in grade  0.0632 0.2235 

 
Parametric effect on the outputs/ responses  

Material removal rate. The variations of MRR with a pulse on time at different pulse currents 
and voltage for hybrid metal matrix composites are shown in Fig. 3. It can be seen that the 
MRR of machined area for sample (A0B0) was higher in comparison to other composites 
such as B100A0, A100B0, A75B25, B75A25, and B50A50 due to its higher value of thermal 
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conductivity (175W/m-K) that quickly conducts the discharge energy on its surface. Also, 
there were lower values of MRR for all the developed composites (B100A0, A100B0, 
A75B25, B75A25, and B50A50) than Al alloy matrix because of the non-conductive nature 
of reinforcing materials such as alumina and boron carbide that protect the surface of 
composite from discharge energy [9]. As the discharge energy is responsible for the 
machining of the Al alloy (6061) sample and composites.  

 
Fig. 3. Variations of material removal rate with a pulse on time at different pulse current and 

voltage for hybrid metal matrix composites 
 

For sample A0B0, the MRR was increased with an increase in pulse on time from 32µs 
to 64µs due to the higher discharge energy available at the high value of gap voltage (44V) 
and pulse current (3A). The value of MRR was observed the lowest at the highest level of 
pulse on time (128µs) due to the welding phenomenon found in the molten pool of the Al 
alloy sample [8]. The composite sample B100A0 offered the higher MRR at a level of 64 µs 
pulse on time in comparison to pulse on time of 32µs due to more discharge strikes on the 
machined surface. The maximum MMR was seen at 64 µs of pulse on time for composite 
B100A0, whereas its lower value was seen at 128 µs pulse on time because of the rewelding 
phenomenon of molten metal. For sample A100B0, the lowest value of MRR was found at the 
level of pulse duration (64µs), pulse current (2A), and voltage gap (40V). A similar trend was 
found for the Al alloy sample.  

For sample (A75B25), the MRR value was found to be increased with increasing the 
pulse duration from 32 µs to 64µs at a higher level of pulse current and gap voltage. Similar 
trends were found for the samples A0B0 and B100A0 as well. It was also found that the value 
of MRR was higher for sample B75A25 at a high value of pulse current (4A) and pulse 
duration (64 µs) for a given voltage due to discharge energy available for a prolonged time [7-
9]. The lowest value of MRR for sample B75A25 was obtained at pulse on time 128 due to 
arcing of spark happened for machining conditions (2A, 44V). For the composite (B50A50), 
the MRR was decreased by decreasing the gap voltage for the prolonged pulse on time 
(64 µs). It happened due to the low spark energy on the machined surface. The lowest MRR 
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was observed for sample B50A50 at a pulse duration of 128µs credited to the welding and 
arcing phenomenon. The lowest value of MRR for all the composites including Al alloy was 
found at machining conditions (128µs, 3A, and 40V). Radhika et al. (21) worked on the 
optimization of electrical discharge machining parameters of aluminium hybrid composites 
using the Taguchi method and they observed that peak current is a highly influential 
parameter on surface roughness followed by a pulse of time and flushing pressure. 
Arunkumar and Raghunath [27] found that the peak current and pulse on time influenced 
considerably the material removal rate for Mg/SiC composites. 

Surface roughness. The variations of surface roughness at different machining 
conditions with a pulse on time for different composites are shown in Fig. 4. In comparison 
with Al alloy, the entire composite samples (B100A0, A100B0, A75B25, B75A25, and 
B50A50) have the lowest average surface roughness due to the addition of nonconductive 
reinforcing materials such as alumina and boron carbide that reduces the extent of spark or 
discharge energy on the surface[7,8]. Shayan et al. [12] found similar results during the 
machining of cemented tungsten carbide with the help of dry wire electro-discharge 
machining. 
 

 
Fig. 4. Variations of surface roughness with a pulse on time at different pulse current and 

voltage for hybrid metal matrix composites 
 
Generally, it is found that the extent of discharge or spark energy affects the surface 

characteristics. For sample A0B0, the SR was increased with an increasing pulse on time 
(32 µs to 128µs) due to the increased spark or discharge energy at all the machining 
conditions [16]. A similar trend was followed by the samples (B100A0) and A75B25. The 
sample A100B0 has a decreasing SR trend with increasing pulse on time (32 µs to 64µs) due 
to the decrease in gap voltage or intensity of pulse current. It was found that sample A100B0 

Hybrid optimization approach on electrical discharge machining process for hybrid Al-Al2O3/ B4C composites 211



had the lowest SR at machining conditions of 3A, 44V, and 128 µs due to the striations effect 
on the reinforcing particles [8]. 

Surface topography of the machined surface. Figure 5 shows the micrograph images of 
the WEDMed surface containing micro ridges, micro craters, micro-cracks, black patches, 
debris, and microvoids [13]. In Figure 5(a), more craters on the machined surface of 
monolithic aluminium alloy (A0B0) were observed. This happened due to matrix material 
removal because of the higher thermal conductivity of aluminium alloy 6061. The microvoids 
were observed due to the release of gases entrapped during machining and the electrochemical 
dissolution of the workpiece. In Figure 5(b), the micro-cracks were present near the particle-
matrix interface because of debonding [28]. Similarly, micro craters were observed in the 
composite B100A0. 

 

 
Fig. 5. Micrographs of machined surface for hybrid metal matrix composites: (a) B0A0,  

(b) B100A0, (C) B0A100, and (d) B75A25 
 
Figure 5(c) shows the generation of micro ridges and micro craters. The pattern of 

micro ridges was uniform in one direction due to the generation of sparks in a particular 
direction. Plasma pressure is also responsible for creating a specified flow pattern of molten 
metal [7,8,28]. The micro craters were also observed indicating the removal of reinforcement 
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at that place due to loosened bonding between the reinforcement and matrix by heating.  
In Figure 5(d) there were black patches, debris, and tiny and shallow micro craters on  
the machined surface. The black patches were cast due to the arcing that occurred during  
the machining of the composites B75A25. Soni et al. [13] found that the formation of  
surface defects such as micro cracks and microvoids occurred at a higher pulse on time in 
their investigation. 

 
4 Conclusions  
The machining of the prepared hybrid MMCs was carried out using wire electrical discharge 
machining (WEDM). The process parameters such as pulse current, pulse on time, gap 
voltage, and sample compositions that influence the output responses including material 
removal rate (MRR) and surface roughness (SR) were optimized through Taguchi and Gray 
relational analysis (GRA). The following conclusions may be drawn: 

• The average values of MRR and SR for hybrid Al-Al2O3/B4C composites were found 
to be decreased with the decrease in pulse on time and gap voltage. Also, it was found that the 
MRR and SR were increased with an increase up to a certain value of pulse current, and 
beyond that decreased.  

• The optimum machining conditions were obtained through an integrated GRA-
Taguchi analysis: sample composition of B4C= 75 % and Al2O3 = 25 %, pulse on time of 
32μs, pulse current of 2A, and gap voltage of 40 V. 

• The results of ANOVA clearly showed the percentage contribution of sample 
composition of 3.08 %, pulse on time of 8.80 %, pulse current of 61.83%, and gap voltage of 
13.65%.  

• From SEM images, there was an occurrence of micro ridges, micro craters, micro-
cracks, black patches, debris, and microvoids on the WEDMed surfaces.  
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Abstract. The paper presents the results of simulation and experiments of the adaptive control 
algorithm for various values of the multiplicity of the rotor's rotational frequencies and a 
given phase shift between them for the twin-rotor vibratory unit SV-2M. The simulation and 
experimental results demonstrate the rotational speeds and phase shifts between the rotors. 
Also, the process of adaptive controller adjustment is shown. The performance of the 
vibration machine demonstrates the effectiveness of the proposed algorithm in wide operating 
modes. Further on, the development of automated control algorithms in vibration machines 
promises the transition toward intelligent vibration technologies. It allows regulating the type 
of vibration fields of the table in real-time, including improving the process of vibration 
mixing by chaotizing its movement. 
Keywords: nonlinear oscillations, PI controller, asynchronous drive, unbalanced rotor, self-
synchronization, vibration technologies, intelligent control 
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1. Introduction 
Vibration technologies are a crucial automation component in various industries that allows 
for expanding the technical and economic effects. The development and improvement of 
vibration technologies and equipment do not stop and are closely related to the study of 
nonlinear oscillations and the possibility of their practical application [1]. The oscillatory 
effects of vibration machines are widely used in manufacturing and agriculture for bulk solid 
separation, vibrational transportation, vibration grinding, pile driving, mixing, etc. Despite all 
the advantages, vibration machines have a drawback associated with the lack of control over 
vibration oscillations during operation. In this connection, the issues of automation and the 
use of an adjustable drive in this direction are highly relevant.  

For more than a hundred years, work has been underway to create new vibration 
technologies and designs of vibration machines in various scientific schools. It includes the 
well-known St. Petersburg Mekhanobr-Tekhnika Corp., based on the design and scientific 
departments of the Institute for the Ore Dressing. Differ areas of research work in Mekhanobr 
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are carried out in cooperation with several scientific and educational institutions [2]. Recently, 
on the initiative of Prof. Alexander Fradkov, based on laboratory equipment of the Institute 
for Problems in Mechanical Engineering of the Russian Academy of Sciences, the direction  
of feedback control of vibration machines with an unbalance vibration exciter began to 
develop. Modern automatic control methods can allow the controlling of all vibration 
parameters in real-time by changing the frequencies and phases of rotation of drive motors. 
The solution to such problems is attractive from scientific and engineering points of view. 
This is especially in demand in the case of using vibration equipment in cyber-physical 
systems [3]. It may be promising for smart vibration technologies since it will allow changing 
the type of platform vibration fields during operation and chiefly will open the way to 
chaotization of vibration mixing.  

The synchronization phenomenon is widely used in vibration technology to obtain 
various forms of body vibrations, ensuring the stability of the vibration machine and 
maximum productivity. Based on the self-synchronization property, such classes of vibration 
machines as grain cleaners, conveyors, feeders, screens, crushers, and mills have been 
created. The single synchronization mode can occur naturally and is called self-
synchronization [4]. The self-synchronization phenomenon of mechanical exciters leads to the 
fact that unrelated rotors of vibration exciters rotate with the same absolute value or multiples 
of the average angular velocities, and certain phase ratios are established between the rotors. 
Coordinated synchronous rotation of vibration exciters with a given phase shift between them 
is provided due to the internal properties of the oscillatory system itself. In the study of 
vibrations, it is assumed that the shafts of vibration exciters rotate uniformly on average 
throughout oscillations. There is also a connection between the vibrational and rotational 
coordinates of the system. This connection manifests itself in the mutual influence of the 
unbalanced shaft support vibration on the rotors and the reactive moments of the forces of 
inertia emanating from the uneven rotation of the rotors on the supports. The effect of self-
synchronization is not always stable, for example, in the case of providing specified shifts in 
the phases of the rotors or multiple synchronizations. Under the varying mass conditions of 
the processed material, the synchronization can be ensured by control algorithms. Thus, the 
engineers are faced with the task of controlled synchronization of vibration machines. 
Multiple frequency synchronization is meant the proportionality of the speed of unbalanced 
rotors 𝜔𝜔𝑖𝑖 to the synchronous frequency 𝜔𝜔∗ for integers 𝑛𝑛𝑖𝑖 [4]:  
𝜔𝜔𝑖𝑖 = 𝑛𝑛𝑖𝑖 ∙ 𝜔𝜔∗, 𝑖𝑖 = 1, … ,𝑛𝑛. (1) 

Multiple coordinate synchronizations assume that the phases of vibration exciters 𝜙𝜙𝑖𝑖 
satisfy the equality [3]: 
𝜙𝜙𝑖𝑖
𝑛𝑛𝑖𝑖
− 𝜙𝜙𝑘𝑘

𝑛𝑛𝑘𝑘
= 𝐿𝐿𝑖𝑖𝑖𝑖,𝑘𝑘 = 1, … ,𝑛𝑛, 𝑖𝑖 ≠ 𝑘𝑘.                                                       (2) 

Formalized issues of controlled synchronization were considered in [4-6], where the 
presented general definition of controlled synchronization allows us to formulate the problem 
of synthesizing the controller of a dynamical system. There are several studies on the control 
of the synchronization of vibration machines [7-9]. In [7], the synchronization problem is 
solved using the speed gradient method [10], where the goal of control is to reach a given 
level of the system's total energy, which is determined by the steady-state average speeds of 
the rotors. The results of the proposed control law have been tested on a three-rotor vibrating 
machine with a varying mass of the processed load. In [8,9], it was found that the multiple 
synchronization region is limited for high speeds due to the tendency for rotors to self-
synchronize when controlling the phase shift between two unbalanced rotors using a 
proportional-integral (PI) controller in the speed and phase control loops. Thus, shaped and 
non-uniform fields of trajectories of points of vibration exciter cannot be obtained due to the 
action of self-synchronization. The purpose of this paper is to ensure multiple speed 
synchronizations with a given phase shift.  
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2. Description of two-rotor vibration machine SV-2M 
To conduct experiments on the reproduction of complex dynamic phenomena, study 
vibrational processes, and test algorithms for controlling rotational and oscillatory motion, 
several vibration stands were created [2,11,12]. The source of oscillations of the vibration 
machine is the actuator, in which an inertial element (vibration exciter) is installed in 
bearings, connected to the housing, and unbalanced relative to the entire axis of rotation. In 
this paper, we study the control of a two-rotor vibrating machine, shown in Fig. 1, and 
consisting of the following components. Three-phase asynchronous motors 1 are installed on 
the supporting frame 2, connected through a shaft with unbalanced rotors 3. The nominal 
motor output is 0.09 kV·A, and the rotor speed is 288 rad/s. The pre-resonant operating 
frequency range of the engines lies in the interval [30, 120] rad/s. The axes of the exciter 
rotors are perpendicular to the plane parallel to which the platform moves. The unit is 
equipped with lower springs for vibration isolation of platform 5 from the carrier frame and 
upper springs for securing the load.  

Electric motors 1 are controlled in real-time through power frequency converters 
connected to the computer and current sensors in the motor power supply circuit. The rotor's 
rotation angles are measured by encoders. The oscillatory movements of the platform are 
measured by inductive displacement sensors. All components are used to create a complex 
mechatronic system in which all processes are inextricably linked.  

The vibration machine can operate in the self-synchronization and controlled 
synchronization mode of vibration exciters. The rotation of the vibration exciters creates 
vibrations of platform 5, the oscillation frequency of which is controlled.  

 

 
Fig. 1. System of two-rotor vibration unit 

 
Before carrying out experiments on a vibration machine, it is advisable to conduct a 

computer simulation of the system to test a new control algorithm and select its unknown 
parameters. Although the accurate model of a vibration machine is very complex, it can be 
replaced by the following simplified model. As shown in [7,9], due to the principle of 
averaging for operating frequencies and also due to the presence of local controllers of 
asynchronous motors, their dynamics can be approximately described by the transfer function 
from the control signal 𝑢𝑢(𝑡𝑡) to the angular frequency of rotation of the rotor 𝜔𝜔(𝑡𝑡):            
𝑊𝑊𝑢𝑢

𝜔𝜔(𝑠𝑠) = 𝐾𝐾𝑑𝑑
(𝑇𝑇1𝑠𝑠+1)(𝑇𝑇2𝑠𝑠+1), (3) 

where 𝐾𝐾𝑑𝑑 is the drive gear ratios, 𝑇𝑇1 and 𝑇𝑇2 are the time constants. 
Model (3) parameters were identified by the standard method of nonrecursive least 

squares estimation [6,8]. The results of the identification procedure showed that the variations 
of model parameters (3) for different operating frequency ranges are low, and their average 
values for both drives are: 𝐾𝐾𝑑𝑑 = 0.041 rad/s, 𝑇𝑇1 = 1.75 s, 𝑇𝑇2 = 0.246 s.  
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3. Adaptive control of multiple synchronizations 
The choice of the adaptive control law is associated not only with a complex mathematical 
description and change in time of its internal parameters but also with the possibility of 
changing the given input parameters the rotational speed of the rotors and the magnitude of 
the phase shift between them, without additional adjustment of the controller. In this paper, an 
adaptive PI controller with an implicit reference model (IRM) is used [13-15]. To describe it, 
consider the following equation for a minimum-phase single-input single-output (SISO) 
system:                                                                                                                       
𝐴𝐴(𝑝𝑝)𝜔𝜔(𝑡𝑡) = 𝐵𝐵(𝑝𝑝)𝑟𝑟(𝑡𝑡), (4) 
where 𝜔𝜔(𝑡𝑡) and 𝑟𝑟(𝑡𝑡) are the actual and reference rotor speeds, 𝐴𝐴(𝑝𝑝) and 𝐵𝐵(𝑝𝑝) are 
polynomials in the time differentiation operator 𝑝𝑝 = 𝑑𝑑/𝑑𝑑𝑑𝑑, which coefficients are unknown.  

The desired dynamics of the stabilization process of the object (4) can be specified by 
an implicit differential equation. To do this, we introduce the stabilization error  
𝑒𝑒(𝑡𝑡) = 𝜔𝜔(𝑡𝑡) − 𝑟𝑟(𝑡𝑡), its integral 𝜉̇𝜉(𝑡𝑡) = 𝑒𝑒(𝑡𝑡) and the adaptation error 𝜎𝜎(𝑡𝑡) as follows [15]:  
𝜎𝜎(𝑡𝑡) = 𝜏𝜏𝜏𝜏(𝑡𝑡) + 𝑒𝑒(𝑡𝑡), (5) 
where 𝜏𝜏 is the coefficient of the reference model, which is set according to the desired 
stabilization dynamics.  

The PI speed control law for each rotor is written in the standard form [9]: 
𝑢𝑢(𝑡𝑡) = −(𝐾𝐾𝑖𝑖(𝑡𝑡)𝜉𝜉(𝑡𝑡) + 𝐾𝐾𝑝𝑝(𝑡𝑡)𝑒𝑒(𝑡𝑡)), (6) 
where 𝐾𝐾𝑖𝑖(𝑡𝑡) and 𝐾𝐾𝑝𝑝(𝑡𝑡) are integral and proportional coefficients. 
 Then the structure of the adaptation algorithm is written as [15-17]: 
𝐾̇𝐾𝑖𝑖(𝑡𝑡) = 𝛾𝛾𝛾𝛾(𝑡𝑡)𝜉𝜉(𝑡𝑡) − 𝜆𝜆(𝐾𝐾𝑖𝑖(𝑡𝑡) − 𝐾𝐾𝑖𝑖0),𝐾𝐾𝑖𝑖(0) = 𝐾𝐾𝑖𝑖0, (7) 
𝐾̇𝐾𝑝𝑝(𝑡𝑡) = 𝛾𝛾𝛾𝛾(𝑡𝑡)𝜉𝜉(𝑡𝑡) − 𝜆𝜆�𝐾𝐾𝑝𝑝(𝑡𝑡) − 𝐾𝐾𝑝𝑝0�,𝐾𝐾𝑝𝑝(0) = 𝐾𝐾𝑝𝑝0,       (8) 
where 𝛾𝛾 is the adaptation coefficient, 𝜆𝜆 is the adaptation parametric feedback gain, 𝐾𝐾𝑖𝑖0 and 𝐾𝐾𝑝𝑝0 
are the initial values of adjustable coefficients of the regulator. 

To control the phase shift, by analogy with (5), (6), (7), and (8), it is proposed to 
introduce an adaptive control law with IRM into the phase control loop as follows:  
𝜎𝜎𝜓𝜓(𝑡𝑡) = 𝜏𝜏𝜉𝜉𝜓𝜓(𝑡𝑡) + 𝑒𝑒𝜓𝜓(𝑡𝑡), (9) 
𝑢𝑢𝜓𝜓(𝑡𝑡) = −(𝐾𝐾𝑖𝑖𝑖𝑖(𝑡𝑡)𝜉𝜉𝜓𝜓(𝑡𝑡) + 𝐾𝐾𝑝𝑝𝑝𝑝(𝑡𝑡)𝑒𝑒𝜓𝜓(𝑡𝑡)), (10) 
𝐾̇𝐾𝑖𝑖𝑖𝑖(𝑡𝑡) = 𝛾𝛾𝜎𝜎(𝑡𝑡)𝜉𝜉𝜓𝜓(𝑡𝑡) − 𝜆𝜆�𝐾𝐾𝑖𝑖𝑖𝑖(𝑡𝑡) − 𝐾𝐾𝑖𝑖𝑖𝑖0 �,𝐾𝐾𝑖𝑖𝑖𝑖(0) = 𝐾𝐾𝑖𝑖𝑖𝑖0 , (11) 
𝐾̇𝐾𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝛾𝛾𝛾𝛾(𝑡𝑡)𝜉𝜉𝜓𝜓(𝑡𝑡) − 𝜆𝜆�𝐾𝐾𝑝𝑝𝑝𝑝(𝑡𝑡) − 𝐾𝐾𝑝𝑝𝑝𝑝0 �,𝐾𝐾𝑝𝑝𝑝𝑝(0) = 𝐾𝐾𝑝𝑝𝑝𝑝0 .                      (12)               

Thus, the resulting control signal for the left and right motors of the vibration machine, 
considering (10), is described as: 
𝑢𝑢𝑙𝑙(𝑡𝑡) = 𝑢𝑢(𝑡𝑡) + 𝑢𝑢𝜓𝜓(𝑡𝑡),𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑢𝑢(𝑡𝑡) + 𝑢𝑢𝜓𝜓(𝑡𝑡). (13) 

For each rotor, a restriction on the control signal is introduced using the saturation 
function: sat𝑢𝑢(𝑢𝑢) = sign(𝑢𝑢) min{|𝑢𝑢|,𝑢𝑢} ,𝑢𝑢 > 0.  

 
4. Results 
Let us carry out a simulation and a physical experiment on a two-rotor vibrating machine 
using the adaptive control law (6)-(8), (10)-(13) model of the vibrating machine (3) for the 
frequency ratio of the right and left engines equal to 𝑛𝑛 = 1/2 so that 𝜔𝜔𝑟𝑟 = 120 rad/s, 
𝜔𝜔𝑙𝑙 = 120 rad/s with their antiphase rotation (Fig. 3). The parameters of the adaptive  
PI controller are chosen as follows: 𝛾𝛾 = 1, 𝜆𝜆 =0.01, 𝜏𝜏 = 1, 𝐾𝐾𝑖𝑖0 = 450, 𝐾𝐾𝑝𝑝0 = 450,  
𝐾𝐾𝑖𝑖𝑖𝑖0 = 450, 𝐾𝐾𝑝𝑝𝑝𝑝0 = 450. The upper limit value of the control signal is u = 40 rad/s, the  
lower limit is 0.  
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Fig. 2. Rotation speed 

 

 
Fig. 3. Phase shift between rotors 

 
From Figures 2 and 3 it can be seen that the adaptive control law maintains the given 

rotor speeds and phase shift. Figure 4 shows the process of adjusting the controller 
coefficients, from which it can be seen that the proportional coefficients 𝐾𝐾𝑝𝑝, 𝐾𝐾𝑖𝑖 obtained 
experimentally coincide with the coefficients obtained from the simulation results. Figure 5 
shows the change in the adaptation error for the speed loop of each rotor and the phase  
shift, which shows the agreement between the simulation and experiment results for the 
frequency control loop.  

 

 
Fig. 4. Adaptation of controller gains 
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Fig. 5. Adaptation error 

 
A similar experiment was carried out for rotor speeds of 𝜔𝜔𝑟𝑟 = 90 and 𝜔𝜔𝑙𝑙 = 45 rad/s 

(Fig. 6). The reference phase shift between rotors is equal to 𝜋𝜋/2. Figure 7 shows the phase 
shift between rotors via time, Fig. 8 – the adaptation of controller gains, and Fig. 9 – the 
adaptation error via time. Note that a further increase in the rotational speed of the rotors leads 
to a loss of phase shift control under the action of self-synchronization. The phase shift 
acquires a periodic dependence on time.  
 

 
Fig. 6. Rotation speed 

 

 
Fig. 7. Phase shift between rotors 
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Fig. 8. Adaptation of controller gains 

 

 
Fig. 9. Adaptation error 

 
Also, experiments were carried out at a reference rotation speed of each rotor  

equal to 40 rad/s and applied phase shift between the rotors, given by the following periodic 
law: 𝜓𝜓∗(𝑡𝑡) = 𝜋𝜋 ∙ sin (0.3𝑡𝑡). Figures 10-13 show the simulation and experimental  
results for this case. 

 

 
Fig. 10. Rotation speed 
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Fig. 11. Phase shift between rotors 

 

 
Fig. 12. Adaptation of controller gains 

 

 
Fig. 13. Adaptation error 

 
5. Conclusion 
The paper proposes the use of an adaptive controller with IRM to control multiple 
synchronizations of a two-rotor vibratory machine. Simulation of a simplified model of the 
machine and an experiment were carried out, the results of which are close to each other, 
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except for the integral coefficients of the controller. An adaptive IRM controller allows 
expanding the range of controlled frequencies and phases compared to a standard PI-
controller, and also allows running transients more smoothly.  
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Abstract. A problem of reflection of elastic wave in micropolar media with the void at non-
free surface is considered. The governing equations are formulated for a specific model. The 
equations so obtained are put in two dimensions and converted into dimensionless form and 
then solved with the help of the reflection technique. Non-free boundary conditions are taken 
to obtain the amplitude ratios of different reflected waves i.e. Longitudinal displacement wave 
(LD-wave), Longitudinal void volume fraction wave (LVVF-wave), Transverse wave (T-
wave), and Micro-rotational wave (MR-wave). These amplitude ratios are obtained 
numerically and also shown graphically for the non-free surface as well as for the free surface 
to depict the impact of stiffness and void. From the present study, certain cases are also 
deduced.   
Keywords: wave propagation, non-free surface, micropolar, void, amplitude ratio 
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1. Introduction 
When a plane wave traveling through an elastic medium comes across a boundary surface of 
the medium, it gets reflected into the medium. This phenomenon occurs in many situations, 
e.g. seismology, engineering, optics, etc. The investigation of the reflection problem of plane 
waves is an important tool to analyze various properties of the medium. For example, such 
problems find applications in the field of seismology as a method for determining the 
characteristics of the earth's internal structure as well as for the exploration of valuable 
materials. Various authors have contributed to the field of elasticity and wave propagation, 
notable of them are [1-8]. 

An elastic material that consists of small pores is defined as linear elastic material with 
voids. In the classical theory of elasticity, the volume of such pores is neglected which plays 
an important role as the volume of such pores is to be taken as an independent kinematic 
variable.  Nunziato and Cowin [9] developed a theory that is based on non-linear elastic 
material having voids. Later on, Cowin and Nunziato [10] extended this to a linear elastic 
material having pores. Various authors have done different research on micropolar elastic 
material with void and notable them are [11-16]. 
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In the context of micropolar porous media Marin [17] formulated a heat-flux theory that 
includes the heat-flux vector and an evolution equation for it. Lianngenga [18] studied  
the problem of attenuations and phase velocities of plane body waves and their reflection from 
a stress-free surface in the micropolar material with voids and also computed amplitude  
as well as energy ratios of reflected waves. Kumari and Kaliraman [19] observed variation  
in modulus of amplitude ratios of various reflected and refracted waves against incident  
waves traveling at high frequency as well as at low frequency in micropolar elastic solid with 
a void. Marin et al. [20] showed that the solution of mixed IBVP (initial boundary value 
problem) for porous micropolar bodies depends continuously on coefficients that couple the 
micropolar deformation equations. With the help of normal mode analysis, Alharbi et al. [21] 
obtained the expression for the components of stress, displacement components, microrotation 
components, and temperature field and also studied the effect of heat source on these 
expressions in the micropolar medium with void under the theory of the three-phase-lag model 
of thermoelasticity. 

In the above-mentioned work, it is observed that the reflection of waves in micropolar 
elastic wave medium is usually taken over the free surface. However, In actual engineering 
problems due to accumulative damage, the interface may be imperfect and it will lead to a 
non-free surface with distributed elastic constraint or support. The study of the non-free 
surface is at the incubating stage. Zhang et al. [22] calculated energy flux ratios of reflected 
waves at the non-free surface of a micropolar elastic half-space. Singh [23] calculated 
reflection coefficients of thermoelastic waves by assuming different boundary conditions at 
the non-free surface. 

The concept of a non-free surface is also used in various fields of Physics such as 
acoustics and electromagnetism therefore a problem on the boundary surface is considered as 
non-free with a micropolar elastic constraint with the void, where each mass point is 
subjected to the normal, tangential and rotational stiffnesses. The amplitude ratios of reflected 
waves are calculated for the desired boundary conditions at a non-free surface. The impact of 
voids and the influence of the non-free surface on amplitude ratios are shown graphically 
against the angle of incidence. 

 
2. Governing equations 
The field equations and constitutive relations in absence of body forces, body couples, and 
heat source (Eringen [24] and Iesan [25]) are as follows: 
(λ + µ)∇(∇. u�⃗ ) + (µ + K)∇2u�⃗ + K�∇ × ϕ��⃗ � + β∗∇q = ρ ∂

2u��⃗
∂t2

, (1) 

(α + β)∇�∇.ϕ��⃗ � + γ∇2ϕ��⃗ + K(∇ × u�⃗ ) − 2Kϕ��⃗ = ρȷ̂ ∂
2ϕ��⃗

∂t2
, (2) 

α∗∇2q −ω∗q
•
− ξ∗q − β∗(∇. u�⃗ ) = ρκ∗ ∂

2q
∂t2

, (3) 
tij = λur,rδij + µ�ui,j + uj,i� + K�uj,i − εijrϕr� + β∗qδij, (4) 
mij = αϕr,rδij + βϕi,j + γϕj,i , (5)

 where λ, µ  are Lame's constants, t is time, tij are stress components, q denotes volume 
fraction field, δij is Kronecker delta, ρ is density, u�⃗  is displacement vector, ϕ��⃗  denotes 
microrotation vector, εijr is an alternating tensor, α,β, γ, K  are micropolar constants, ȷ̂ denotes 
micro-inertia, mij denotes component of couple stress tensor, ω∗,β∗,α∗, ξ∗, κ∗ are material 
constants due to presence of voids, ∇2  represents Laplacian operator. 
 

3. Solution procedure 
We consider a homogeneous, isotropic micropolar elastic half-space with the void at a non-
free surface. The rectangular cartesian coordinate system (x1, x2, x3) having an origin at 
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interface x3 = 0 is considered along with x3-axis pointing normally into the medium as 
shown in Fig. 1. Plane waves in x1-x3 plane are considered such that the wave-front is 
parallel to x2-axis, therefore all the fields variable depend only on x1, x3, and t. Thus, the 
problem is considered two dimensional, so we take 
u�⃗ = (u1, 0, u3), ϕ��⃗ = (0, ϕ2, 0). (6) 
 

 
Fig. 1. Geometry of the problem 

 
Dimensionless quantities are taken as 

(xi′, ui′) = ω1
c1

(xi, ui), t3i′ = 1
µ

t3i, q′ = Kω1
2

c12
q, t′ = ω1t, ϕ2

′ = ȷ̂ω1
2

c12
ϕ2,  

 m3
′
2 = ȷ̂ω1

γc1
m32, (i = 1,3)   (7) 

where 
c12 = λ+2µ+K

ρ
 and ω1

2 = K
ρȷ̂

. 
Making use of equations (6)-(7) in equations (1)-(5), we obtain 

a1
∂
∂x1

�∂u1
∂x1

+ ∂u3
∂x3
� + a2∇2u1 − a3

∂ϕ2
∂x3

+ a4
∂q
∂x1

= ∂2u1
∂t2

, (8) 

a1
∂
∂x3

�∂u1
∂x1

+ ∂u3
∂x3
� + a2∇2u3 + a3

∂ϕ2
∂x1

+ a4
∂q
∂x3

= ∂2u3
∂t2

, (9) 

a5∇2ϕ2 + a6 �
∂u1
∂x3

− ∂u3
∂x1
� − a7ϕ2 = ∂2ϕ2

∂t2
,       (10) 

a13∇2q − a14q − a15
∂q
∂t
− a16 �

∂u1
∂x1

+ ∂u3
∂x3
� = ∂2q

∂t2
, (11) 

t33 = a8
∂u1
∂x1

+ a9
∂u3
∂x3

+ a10q, (12) 
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t31 = a11
∂u1
∂x3

+ ∂u3
∂x1

− a12ϕ2, (13) 

m32 = ∂ϕ2
∂x3

, (14) 
where 
a1 = λ+µ

ρc12
, a2 = µ+K

ρc12
, a3 = K

ȷ̂ρω1
2,  a4 = β∗

ω1ȷ̂ρ
, a5 = γ

ρc12ȷ̂
, a6 = K

ρc12
, a7 = 2K

ȷ̂ρω1
2, a8 = λ

µ
, a9 = λ+2µ+K

µ
,  

a10 = β∗c12

µȷ̂ω1
2, a11 = µ+K

µ
, a12 = Kc12

µȷ̂ω1
2, a13 = α∗

κ∗ρc12
, a14 = ξ∗

κ∗ρω1
2, a15 = ω∗

κ∗ρω1
2, a16 = β∗ȷ̂

κ∗ρc12
. 

With the help of the expression given by Helmholtz decomposition, u1 and u3 can be 
expressed as  
u1 = ∂φ

∂x1
− ∂ψ

∂x3
, u3 = ∂φ

∂x3
+ ∂ψ

∂x1
. (15) 

By applying equation (15) in equations (8)-(11), we get  
�∇2 − ∂2

∂t2
�φ + a4q = 0, (16) 

�a2∇2 −
∂2

∂t2
�ψ + a3ϕ2 = 0, (17) 

�a5∇2 −
∂2

∂t2
− a7�ϕ2−a6∇2ψ = 0, (18) 

�a13∇2 −
∂2

∂t2
− a14 − a15

∂
∂t
� q − a16∇2φ = 0. (19) 

Assuming the motion to be harmonic and for solving the equations (16)-(19), we 
assume the solutions as 
( φ, q,ψ,ϕ2) = (φο, qο,ψο,ϕ2

ο)eικ(x1 sinθ0−x3 cosθ0+νt), (20) 
where κ  denotes as a wave number, ι is known as iota, θ0 is the angle of inclination, and 
quantities such as φο, qο,ψο and ϕ2

ο are arbitrary constants. Using the values of  φ, q,ψ,
and  ϕ2, we obtained the following equations  
(ν4 + A01ν2 + A02)(φ, q) = 0, (21)

 (ν4 + A03ν2 + A04)(ψ,ϕ2) = 0, (22) 
where ν = �𝜔𝜔

κ
� denotes the velocity of waves, νi (i = 1 − 4) are velocities of the LD-wave, 

LVVF-wave, T-wave, and MR-wave respectively and  
A01 = −�a4a16−a14+(a13+1)ω2+𝜄𝜄ωa15�

ω2−a14+𝜄𝜄ωa15
,  A02 = a13ω2

ω2−a14+𝜄𝜄ωa15
,  A03 = a2a7−a3a6−(a5+a2)ω2

ω2−a7
,   

A04 = a2a5ω2

ω2−a7
.  

 
4. Boundary conditions 
For the free surface, the component of stresses is zero but for the non-free surface, some finite 
values may exist and they are proportionate to the components of displacement as well as 
rotational components, and appropriate conditions at 𝑥𝑥3 = 0  are 
(i) t33 = −ιS1u3, (ii)t31 = −ιS2u1, (iii)m32 = −ιS3ϕ2, (iv) ∂q

∂x3
= 0. (23) 

In equation (23) S1, S2, and S3 represent the stiffness along the normal component, 
tangential component, and rotational component. The stress field and displacement field are 
expressed in terms of complex quantities as it is observed that there is a phase shift between 
the stress field and displacement field due to the mathematical relation uij = 𝜄𝜄κjui but 
actually, extra phase shift does not exist so to overcome this extra phase shift effect, we 
introduced a negative unit, −ι into the right side of equation (23). 

 
5. Reflection at the non-free surface 
To obtain amplitude ratio at non-free surface we consider φ, q,ψ, and  ϕ2 as follows: 
φ = ∑A0i eικ0(x1 sin θ0−x3 cosθ0)+ιωt + Aieικi(x1 sin θi +x3 cosθi)+ιωt, (24) 
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q = ∑di�A0ieικ0(x1 sin θ0−x3 cosθ0)+ιωt + Aieικi(x1 sin θi +x3 cosθi)+ιωt�, (25) 
ψ = ∑B0i eικ0(x1 sin θ0 −x3 cosθ0)+ιωt + Bieικj(x1 sin θj +x3 cosθj)+ιωt, (26) 
ϕ2 = ∑ fi�B0ieικ0(x1 sin θ0−x3 cosθ0)+ιωt + Bieικj(x1 sin θj +x3 cosθj)+ιωt�, (27) 
where 

 di =
ω2 − κi2

a4
,  fi =

a5κj2 + a7 − ω2

a6κj2
, (i = 1,2), (j = 3,4), 

where  A0i (i = 1,2)  are the amplitude of incident LD-wave, LVVF-wave, and B0i(i = 1,2) 
are the amplitude of incident T-wave and MR-wave.  Ai are the amplitude of the reflected LD-
wave and LVVF-wave. Bi are the amplitude of the reflected T-wave and reflected MR-wave. 
Snell's Law is given by 
sin θ0
𝜐𝜐0

= sin θi
𝜐𝜐i

, (28) 
where 
κiυi = ω, at x3 = 0 (i = 1 − 4), (29) 

𝜐𝜐0 = �

υ1, incident LD− wave
υ2,       incident  LVVF − wave
υ3,
υ4,

incident T − wave
 incident MR− wave

 

Considering the phase of the reflected waves and using the equations (28)-(29),  
we can write, 

cos θj
υj

= ��υ0
υj
�
2
− sin2θ0�

1
2

.  (30) 

As given by Schoenberg [26], we can write, 
cos θj
υj

=
cos θȷ�

υȷ�
+ ι

cj
2πυ0

, (j = 1 − 4), 

cos θȷ�

υȷ�
=

1
υ0

Re ���
υ0
υj
�
2

− sin2θ0�

1
2

� ,    cj =  2πIm ��
υ0
υj
�
2

− sin2θ0�

1
2

 ,      

where υȷ�   and  θȷ�  denote the real phase speed and the angle of reflection respectively. cj 
represent the attenuation in a depth and it is assumed to be equal to the wavelength of the 
incident wave i.e. (2πυ0)/ω, 

υȷ�
υ0

= sin θȷ�

sinθ0
�sin2θ0 + �Re �[(υ0υ4)2 − sin2θ0]

1
2��

2
�
−1
2

.  
Invoking the boundary conditions (23) along the equations (12)-(14), (15) and using the 

values of φ, q,ψ, and  ϕ2 from equations (24)-(27) along with equation (30), we obtained 
following system of equations as 
∑ bij Rj = Yj,                                (i, j = 1 − 4), (31) 

b1p = −dp ��a8 �
υp
υ0
�
2

sin2θ0 + a9 �
υp
υ0
�
2
��υ0
υp
�
2
− sin2θ0�� κp2 + a10 − κpdpS1 ��

υ0
υp
�
2
−

sin2θ0�

1
2

�,  
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b1q = fpsin θ0 �κq2(a8 − a9) �
υq
υ0
�
2
��
υ0
υq
�
2

− sin2θ0�

1
2

− κqS1
υq
υ0
�, 

b2p = −dpκp2sin θ0(a11 + 1) �
υp
υ0
�
2
��
υ0
υp
�
2

− sin2θ0�

1
2

− dpκpS2
υp
υ0

sin θ0, 

b2q = fpκq2 �a11 �
υq
υ0
�
2
��υ0
υq
�
2
− sin2θ0� − �υq

υ0
�
2

sin2θ0� − a12 + fpκqS2
υq
υ0
��υ0
υq
�
2
−

sin2θ0�

1
2

,   

b3p = ικq
υq
υ0
��υ0
υq
�
2
− sin2θ0�

1
2

+ ιS3, b3q = 0,  

b4p = ικp
υp
υ0
��υ0
υp
�
2
− sin2θ0�

1
2

, b4q = 0,  (p = 1,2), (q = 3,4), 

where R1, R2, R3, and R4 are the amplitude ratios of reflected LD-wave, LVVF-wave, T-
wave, and MR-wave making an angle θ1, θ2, θ3, and θ4 respectively as shown in Fig. 1 and 
are given by  

R1 =
A1

A∗ ,       R2 =
A2

A∗ ,      R3 =
B1
A∗ ,       R1 =

B2

A∗ . 
For incident LD-wave, A∗ = A01, 
Y1 = −b11, Y2 = b21, Y3 = b31, Y4 = b41. 
For incident LVVF-wave, A∗ = A02, 
Y1 = −b12, Y2 = b22, Y3 = b32, Y4 = b42. 
For incident T-wave, A∗ = B01, 
Y1 = b13, Y2 = −b23, Y3 = b33, Y4 = b43. 
For incident MR-wave, A∗ = B02, 
Y1 = b14, Y2 = −b24, Y3 = b34, Y4 = b44. 
 
6. Particular cases 
Elastic medium with the void. If 𝛂𝛂 = 𝛃𝛃 = 𝛄𝛄 = 𝐊𝐊 = 𝟎𝟎, then the above results reduce to 
elastic media with void having the following changes: 
(ν4 + A01ν2 + A02)(φ, q) = 0,        
(ν2 − a2)ψ = 0,

 where  
A01 = −�a4a16−a14+(a13+1)ω2+ιωa15�

ω2−a14+ιωa15
,              A02 = a13ω2

ω2−a14+ιωa15
, a2 = µ

ρc12
, a9 = λ+2µ

µ
. 

Micropolar elastic media. If 𝛂𝛂∗ = 𝛃𝛃∗ = 𝛏𝛏∗ = 𝛚𝛚∗ = 𝛋𝛋∗ = 𝟎𝟎, then results for reflected 
waves deduce for micropolar elastic media and following changes are observed, 
(ν2 − 1)φ = 0, 
(ν4 + A03ν2 + A04)(ψ,ϕ2) = 0, 
where 
A03 = a2a7−a3a6−(a5+a2)ω2

ω2−a7
,  A04 = a2a5ω2

ω2−a7
. 

The above results tally with those obtained by Zhang et al. [22] after substituting 
appropriate values of the parameters. 
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7. Numerical result and discussion 
Following are values of micropolar parameters for numerical computation given by Eringen 
[27], physical constants are given by [16], 
λ = 9.4 × 1010Nm−2, µ = 4 × 1010Nm−2, K = 1.0 × 1010Nm−2,  
γ = 0.779 × 10−9N, ȷ̂ = 0.2 × 10−19m2, ρ = 1.74 × 103 Kgm−3.  

The values of the void parameters are taken as  
α∗ = 3.688 × 10−9 N,β∗ = 1.1384 × 1010 Nm−2, ξ∗ = 1.147 × 1010 Nm−2,  
κ∗ = 1.175 × 10−19m2, ω∗ = 0.0787 × 10−1 Nsm−2. 

A comparison of values of the amplitude ratios of different reflected waves against the 
angle of incidence θ0 is represented graphically for micropolar non-free surface i.e. 
 S1 = S2 = S3 = 0.5 (with the void and without void) and for free surface i.e.  S1 = S2 =
S3 = 0  (with the void and without void). The computation for micropolar non-free surface 
(MNFS) without void is represented by a small dashed line and for micropolar non-free 
surface (MVNFS) with the void is represented by a small dashed line with center symbols 
triangle (∆) respectively. The computation for micropolar free surface (MFS) without void is 
represented by a solid line and for micropolar free surface (MVFS) with the void is 
represented by solid with center symbols diamond (�) respectively. 

Longitudinal displacement (LD)-Wave. Figure 2 demonstrates the trend of |𝐑𝐑𝟏𝟏| vs. 
𝛉𝛉𝟎𝟎. It is noticed that the magnitude of |𝐑𝐑𝟏𝟏| shows steady state behavior for all the considered 
cases. It is also observed that in most of the intervals, the magnitude of the values of |𝐑𝐑𝟏𝟏| is 
slightly greater for MVFS & MVNFS in comparison to MFS & MVFS which depicts the 
impact of void parameters on amplitude ratios. 

Figure 3 depicts the variation of |R2| vs. θ0. It is observed that at the beginning, the 
value of |R2| for MVFS & MVNFS have greater magnitude as compared with MFS & MNFS 
respectively but with an increase in θ0, the trend reversed.  

Figure 4 exhibits the plot of |R3| vs. θ0. It is noticed that the behavior of |R3| for all the 
considered cases follows a similar trend with a significant difference in their magnitude but 
the magnitude of |R3| for MFS is higher as compared to other considered cases. 

From Figure 5, it is noticed that the value of |R4| for MVFS and MVNFS increases in 
the first half of the interval, and later on, the value decreases, and the magnitude of |R4| is 
more for MVFS as compared to MVNFS and this difference in magnitude shows the impact 
of stiffnesses on amplitude ratios. 
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Fig. 2. Variation of Amplitude ratio |R1| for 

LD wave 
Fig. 3. Variation of Amplitude ratio |R2| for 

LD wave 
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Fig. 4. Variation of Amplitude ratio |R3| for 

LD wave 
Fig. 5. Variation of Amplitude ratio |R4| for 

LD wave 
 

Longitudinal void volume fraction (LVVF)-Wave. The effect of the stiffnesses is 
notable on amplitude ratios from Fig. 6 in which the value of |R1| decreases for MVNFS and 
MVFS as θ0 increases. It is also noticed that magnitude of |R1| is greater for MVNFS in 
comparison to those observed for MVFS.  

Figure 7 depicts the variation of |R2| vs. θ0. It is noticed that |R2| follows a similar 
trend for MVFS and MVNFS i.e. first increases and attains its maximum value at θ0 = 24o, 
then starts decreasing as θ0 increases. The magnitude of |R2| is more for MVNFS when 
compared with MVFS which depicts that stiffnesses play a vital role in amplitude ratios. 
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Fig. 6. Variation of Amplitude ratio |R1| for 

LVVF wave 
Fig. 7. Variation of Amplitude ratio |R2| for 

LVVF wave 
 
Figure 8 shows the variation of amplitude ratio |R3| vs. θ0. It is seen that the value of 

|R3| for MVNFS & MVFS decreases in the entire range except when  0o ≤ θ0 ≤ 9o, the 
magnitude of the values of |R3| are greater for MVNFS in comparison to those obtained for 
MVFS. 
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From Figure 9 it is observed that the value of |R4| for MVNFS decreases for small 
values of θ0 and as θ0 increases, |R4| shows steady behavior for both MVFS & MVNFS. Due 
to the presence of stiffness the magnitude of the values of |R4| for MVNFS is smaller as 
compared to MVFS. 
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Fig. 8. Variation of Amplitude ratio |R3| for 

LVVF wave 
Fig. 9. Variation of Amplitude ratio |R4| for 

LVVF wave 
 

Transverse (T)-Wave. Figure 10 depicts the variation of |R1| vs. θ0. It is noticed that 
in absence of void effect i.e. for MFS & MNFS the value of |R1| shows a decreasing trend in 
the entire range whereas for MVFS and MVNFS, it shows a vice-versa trend in the entire 
interval except when  0o ≤ θ0 ≤ 10o. 

Figure 11 shows the variation of |R2| vs. θ0. It is seen that |R2| shows ascending trend 
for MFS in the first half of the interval and vice-versa trends are noticed in the left over the 
interval whereas due to the presence of stiffnesses, |R2| for MNFS shows an increasing trend 
in  0o ≤ θ0 ≤ 18o and descending behavior in the rest of the interval. It is also observed that 
|R2| shows steady state behaviour for MVFS & MVNFS and increases sharply as θ0 ≥  80o. 
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Fig. 10. Variation of Amplitude ratio |R1| for 

T wave 
Fig. 11. Variation of Amplitude ratio |R2| for 

T wave 
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Figure 12 depicts the variation of |R3| vs. θ0. The value of |R3| for MFS and MNFS 
shows descending behavior in the first half of the interval and then increases in the rest half of 
the interval, whereas |R3| follows a similar trend for MVFS and MVNFS i.e. increases near 
the boundary and decreases afterward, magnitude of |R3| is greater for MVFS. 

From Figure 13, it is noticed that the value of |R4| for MVNFS and MVFS decreases 
for  0o ≤ θ0 ≤ 10o, and the magnitude of |R4| for both the cases shows ascending trend for 
the rest of the interval. It is also noticed that the magnitude of |R4| for MVFS is more than 
that of MVNFS. 
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Fig. 12. Variation of Amplitude ratio |R3| for 

T wave 
Fig. 13. Variation of Amplitude ratio |R4| for 

T wave 
 

Micro-rotational (MR)-Wave. Figure 14 depicts the variation of |R1| vs. θ0. It is 
observed that the value of |R1| for MFS and MNFS shows small variations about the origin in 
the interval  0o ≤ θ0 ≤ 80o and then increases left over the interval whereas the trend of |R1| 
for MVFS and MVNFS is increasing in nature due to the presence of stiffness parameters.  

In Figure 15, it is noticed that the value of |R2| shows a steady state for all the 
considered cases in  0o ≤ θ0 ≤ 50o and as θ0 increases, |R2| for MVFS & MVNFS shows 
decreasing behavior while |R2| for MFS & MNFS shows the opposite trend as observed for 
MVFS & MVNFS. 

Figure 16 depicts the value of |R3| for MVNFS and MVFS increases in the 0o ≤ θ0 ≤
54o and decreases in the remaining range, the magnitude of MVNFS is more than MVFS 
which reveals the impact of the non-free surface on amplitude ratios. A similar impact of 
stiffnesses can be observed for the values of MNFS and MFS as the magnitude of |R3| for 
MNFS is more than MFS with ascending behavior. 

From Figure 17, it is noticed that initially the value of |R4| for MVFS and MVNFS 
increases and it reaches the maximum at θ0 = 54o and then decreases with an increase in θ0, 
the magnitude of amplitude ratio |R4| for MVFS is more than that of MVNFS.  
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Fig. 14. Variation of Amplitude ratio |R1| for 

MR wave 
Fig. 15. Variation of Amplitude ratio |R2| for 

MR wave 
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Fig. 16. Variation of Amplitude ratio |R3| for 

MR wave 
Fig. 17. Variation of Amplitude ratio |R4| for 

MR wave 
 
8. Conclusion 
In the present article, the phenomenon of reflection of the elastic wave at a non-free surface 
with a micropolar elastic constraint with void has been studied. The amplitude ratios of four 
reflected waves namely LD-wave, LVVF-wave, T-wave, and MR-wave are calculated 
numerically. The impact of stiffnesses and void parameters on these amplitude ratios are 
demonstrated graphically. From the numerically computed results following observations are 
made: 

(a) The results indicate that due to the presence of stiffnesses, the magnitude of |R1| and 
|R2| is smaller as compared to those obtained for free surface, whereas in the case of |R3| and 
|R4|, it shows similar oscillatory behaviour with a significant difference in their magnitude 
when LD-wave is incident. 

(b) It is observed that when LVVF-wave is incident, the magnitudes of |R1|, |R2|, and 
|R3| in the case of free surface are smaller while |R4| shows a vice-versa trend which depicts 
the significant impact of stiffnesses on amplitude ratios. 
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(c) In the case of incident T-wave, it is observed that void parameters play a vital role in 
amplitude ratios as |R1| and |R2| show opposite behaviour for MVFS & MVNFS as 
compared to MFS & MNFS, while in the case of |R3| and |R4| they show similar behavior in 
the entire range. 

(d) It is seen that when MR-wave is an incident, void and stiffness parameters play a 
major role as the magnitude of |R1|, |R2|, and |R4| for MVFS are greater as compared to 
MVNFS. It is also noticed that in absence of a void parameter trends are reversed i.e. values 
of |R2| and |R3| for the non-free surface are greater as compared to the free surface. 

The physical application of this model can be found in the area of seismology where the 
results are helpful for the exploration of valuable materials such as minerals, crystals, and 
metals. The results are also useful in geophysics and earthquake engineering. 
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Abstract. The microstructure fragmentation in iron tensile specimens deformed at room 
temperature and 600°C has been studied by means of EBSD. The aim of the research was to 
characterize and compare the patterns of fragmentation associated with the appearance and 
accumulation of deformation-induced high-angle boundaries (HABs). The microstructure was 
examined on the longitudinal section of necked specimens, in locations corresponding to 
various true strains from 0.5 to 1.6. It has been shown that a length of deformation-induced 
boundaries per unit area is characterized by rapid growth at small strains. With further 
straining, it ceases to grow in a low-angle interval of misorientations, whereas continues to 
grow in a high-angle interval. The accumulation of HABs occurs considerably faster during 
cold deformation, mainly through the formation of transition zones between grain-scale 
deformation bands. 
Keywords: iron, plastic deformation, dynamic recrystallization, microstructure, EBSD 
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1. Introduction 
Large plastic deformation of metals leading to their fragmentation [1-3], i.e. the subdivision 
of initial grains into misoriented fragments, has gained a lot of interest, being a promising 
approach to obtaining a structural state with extraordinary mechanical properties [4-5].  
As a result, a huge number of studies have been carried out in order to characterize  
ultrafine-grained microstructures produced by various methods of severe plastic deformation 
[4,6]. At the same time, an initial stage of fragmentation, at which the first deformation-
induced high angle boundaries (HABs) appear and start to accumulate, has received much less 
attention in research.  
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According to studies by Rybin and co-workers [1], the first fragment boundaries stand 
up against previously formed cellular substructure because of their relatively high 
misorientations and more dense constitution. It has been shown that misorientations of cell 
boundaries remain at the level of a few degrees, whereas misorientations of the fragment 
boundaries progressively increase with strain so that HABs are formed eventually [1,7,8]. 
Given that different lattice rotations of neighboring fragments are caused by different slip 
systems activity occurring inside them, the fragment boundaries are called geometrically 
necessary boundaries (GNBs) [9]; these two terms are further used as equivalents. The 
evolution of misorientation angle distribution both at cell and fragment boundaries has been 
extensively studied by Hughes and Hansen et al [7,10].  

The above results were obtained using transmission electron microscopy (TEM), which 
has been useful in characterizing dislocation structures, in particular, in distinguishing cell 
and fragment boundaries by their morphology. However, the nature, and especially the scale, 
of the fragmentation process are often better suited to the investigation by electron backscatter 
diffraction (EBSD). The latter method gives a panoramic view of grain-scale heterogeneity, 
which is very characteristic of the microstructure evolution [11-13], and provides much better 
statistics than TEM when studying crystallographic parameters of the fragmented structures. 
During the last two decades, the development of microstructural heterogeneity, including the 
grain-scale orientation gradients and geometrically necessary dislocations, has been 
extensively examined using EBSD for strains of not more than ~0.5 [14-18]. Meanwhile, the 
range of true strains from ~0.5 to 2, where the deformation-induced HABs begin to form, has 
been far less studied, in particular with respect to the effect of deformation temperature 
[19,20]. The goal of the present study is to move ahead on this issue. The earlier developed 
method [21], which allows isolating the contribution of deformation-induced HABs to the 
overall boundary misorientation distribution, has proven useful in addressing this challenge. 

Pure iron deformed by tension has been chosen for the present research. The variation 
of plastic strain along the neck of the specimens allowed us to study the fragmentation 
developed in the strain range of interest. We examined the microstructure evolution under 
conditions of cold and warm deformation, at room temperature and 600°C, respectively. The 
latter temperature was chosen for the warm deformation taking into consideration that, 
according to the study by Glover and Sellars [22], notable dynamic recrystallization was 
observed in α-iron only at temperatures above 600°C. Therefore, when making this choice, 
we expected to avoid the significant influence of discontinuous recrystallization [23] on the 
microstructure evolution. 

 
2. Materials and Methods 
 The material used in this study was a commercially pure iron containing ~0.01% of S and 
~0.01% Si in solid solutions as well as particles of manganese sulfides and oxides ranging in 
size from about 0.1 to 1 μm. The cylindrical specimens were deformed in tension at a strain 
rate of 5⋅10-4 c-1 until fracture, at room temperature (using testing machine 2167 P-50) and at 
600°C (using universal hydraulic testing machine BiSS, model Nano). The initial diameters of 
the gauge region of the specimens were 6 mm and 5 mm for deformation at room temperature 
and 600°C, respectively. Engineering stress-strain curves are shown in Fig. 1. The yield stress 
is approximately 155 and 76 MPa for room temperature and 600°C, respectively.  

The specimens for microstructure examination were cut along the tensile direction 
(TD), and further, the longitudinal sections were studied. Figure 2 shows these sections 
represented schematically. Local true strains in the neck of the specimens were estimated 
from the local diameter D using the equation 𝜀𝜀 = 2𝑙𝑙𝑙𝑙𝑙𝑙 𝐷𝐷0

𝐷𝐷
, where D0 is the initial diameter of 

the specimen. Finite element modeling showed that the local strain near the specimen axis in 
the first approximation is equal to the average strain of the given section [24].  
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EBSD mapping was carried out in a scanning electron microscope LYRA 3 XMN RL 
using Oxford HKL AZtec™ software, on the equipment of the Centre of Shared Use of 
Scientific Equipment "Composition, structure and properties of structural and functional 
materials of NRC "Kurchatov Institute" – CRISM "Prometey". Orientation maps represented 
in what follows are the inverse pole figure (IPF) maps plotted with respect to TD.  
The analysis of the maps was performed with the help of MTEX software [25]. The 
percentage of non-indexed points in the EBSD data presented below was less than 18% for 
the cold deformation and less than 7% for the warm deformation which enabled the 
sufficiently reliable reconstruction of the deformation structure. The size of the panoramic 
maps varied from about 350×350 μm to 150×150 μm, while the scanning step size was 
reduced from 350 nm down to 200 nm with increasing strain. The examined areas are 
indicated in Fig. 2 by squares together with corresponding local strains. The statistics 
associated in what follows with the strain "~1" were obtained by averaging the data from the 
scans related to strains 0.95 and 1.15, while the ones associated with the strain "~1.5" – from 
the scans related to strains 1.4 and 1.55. 

 

 
Fig. 1. Engineering stress-strain curves for tensile deformation of iron at room temperature 

(r.t.) and 600°C. Only plastic strain range is depicted 
 

 
Fig. 2. Schematic drawing of the longitudinal sections of the specimens deformed at room 
temperature (a) and 600°C (b). Examined regions are depicted by squares, near which local 

strains are indicated 
 

In order to analyze the evolution of misorientations at deformation-induced boundaries 
as well as to estimate the fraction of deformation-induced HABs, the earlier proposed method 
[21] has been used allowing separation of the contribution from the deformation-induced 
boundaries to the overall misorientation distribution. Its usage is essential for the present 
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study since it allows assessing the fraction of deformation-induced HABs even when this is of 
the same order as the fraction of original grain boundaries. The method included the 
following steps: (i) determination of the misorientation distribution of all boundaries, ltot(θ), in 
terms of the boundary length per unit area, (ii) separation of original grain boundaries and 
determination of their misorientation distribution, l0(θ), (iii) obtaining finally the 
misorientation distribution of DIBs, lDIB(θ), by subtracting l0(θ) from ltot(θ). This procedure 
was considered in detail elsewhere [21]. 
          
3. Results 
Initial microstructure. The as-received condition exhibits nearly equiaxed grains with no 
deformation substructure inside them (Fig. 3a). The grains are almost randomly oriented 
(Fig. 3b). An average grain size determined by the linear-intercept method was about 54 μm. 
Fig. 3a shows that multiple Σ3 boundaries (60° around <111> axis) occur in the undeformed 
iron. From the 60°-peak in the misorientation angle distribution (Fig. 3b), one can conclude 
that a fraction of such boundaries in the microstructure is about 12%. The morphology of 
these "twins" differs, however, from the annealing twins observed in FCC metals, which 
usually appear as flat grain boundaries or intragranular plates. It should be noted that although 
annealing twins were previously detected in α-iron, which has been passed slowly through the 
critical range during cooling, as well as in iron deformed and then recrystallized [26], this 
phenomenon is still poorly investigated. 

 
Fig. 3. Typical microstructure of undeformed iron: the inverse pole figure (IPF) map of the 
microstructure colored with respect to TD (a); the misorientation angle distribution and the 
texture represented using discrete pole figure (b). Color coding of grain boundaries on the 

map: random grain boundaries, black; Σ3 boundaries, white 
 
General characterization of microstructures evolution. Figures 4a and 4b show 

typical deformation microstructures developed at room temperature. A pronounced axial 
<110> texture develops during tension. It is for this reason that IPF maps colored with respect 
to TD have a rather uniform coloring in spite of highly misoriented microstructure. The 
original Σ3 boundaries present in the initial microstructure are strongly distorted by the plastic 
deformation, however, some of their segments retain a near-twin misorientation in terms of 
Brandon criterion, that is, their angular deviation from the ideal Σ3 misorientation is smaller 
than 15°/√Σ = 8.66°. At a strain of 0.5, tension leads to a considerable grain-scale orientation 
heterogeneity (Fig. 4a). With increasing strain, such a heterogeneity manifests itself in the 
form of deformation bands [23,27-30] separated from each other by zones of high orientation 
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gradient, often referred to as "transition bands" [27]. Though the latter is usually the locations 
where low-angle boundaries are concentrated [28], high-angle ones also form there. At a 
strain of 1.4 (Fig. 4b), the borders between the deformation bands are mostly HABs, and it is 
not always easy to distinguish them from the original grain boundaries. Some structural 
peculiarities associated with the formation of HABs as a result of deformation banding will be 
considered in the next section.  

Compared with cold deformation, dynamic recovery has a much greater impact  
on the microstructure evolution at 600°C (Figs. 4c and 4d). Nevertheless, for a smaller  
strain, the morphology of the deformation microstructure looks like that observed after  
cold deformation, in particular, the grain-scale orientation heterogeneity occurs as well, 
although to a lesser extent (Fig. 4c). New features evidencing dynamic recrystallization 
appear at strains of ε = 1 and larger: (i) original grain boundaries develop serrations, and (ii) 
small new grains form. A region where such grains are concentrated is marked by the 
rectangle in Fig. 4d.  

 

 
Fig. 4. IPF maps of iron deformed to a strain of 0.5 (a) and 1.4 (b) at room temperature, and 
to a strain of 0.65 (c) and 1.6 (d) at 600°C. Color-coding of boundaries: 1°<θ < 45°, grey; 

θ > 45°, black; Σ3 boundaries according to Brandon criterion, white. 
 

 
Fig. 5. Effect of strain on misorientation frequency distribution for deformation-induced 
boundaries in iron deformed by tension at room temperature (blue lines) and 600°C (red 

lines). True strains are indicated in the legend 
 

The effect of strain on the distribution of misorientations across deformation-induced 
boundaries is shown in Fig. 5 in the usual way using the frequency fDIB(θ). The latter was 
calculated here as lDIB(θ)/LDIB, where lDIB(θ) is the length of the boundaries having 
misorientations within the interval (θ,θ+1°), and LDIB is the length of all deformation-induced 
boundaries per unit area. For ease of consideration on one plot, the distributions are shown 
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using line graphs instead of histograms. Besides, the plot is divided into the low-angle 
(Fig. 5a) and high-angle parts (Fig. 5b). One can see that the distribution of low-angle 
boundaries is little dependent on strain, except for the case of warm deformation to ε = 1.6. At 
the same time, the relative fraction of HABs increases with strain significantly. The integral 
characteristic of its growth is shown in Fig. 6.  

 

 
Fig. 6. Effect of strain on the fraction of deformation-induced high-angle boundaries (HABs) 

in iron deformed by tension at room temperature (r.t.) and 600°C 
 
Figure 7 shows the evolution of misorientation angle distribution represented in terms 

of the boundary length, lDIB(θ). This way of presentation allows assessing the total length per 
unit area ("the specific length") of the boundaries, which fall in a certain angular interval, and 
not just their relative fraction. One can see that, during cold deformation, lDIB(θ)  
increases significantly for all θ at ε < 0.75, but with further straining it almost ceases to grow 
for θ <15°. Note that the evolution of the cell structure is well known to stagnate at  
large strains [1,10], however, in the present case, we are looking at GNB rather than cell wall 
misorientation distribution. Only for the highest angles of disorientation, θ >40°,  
lDIB(θ) continues to grow substantially at all considered strains. Therefore, the gradual 
increase of fragment misorientations comes to replace the formation of new fragments  
as the primary mechanism for fragmentation. The broad peak appearing at angles θ >40° at 
ε ~1.5 seems to emerge because mutual lattice rotations of adjacent crystallites exceed the 
maximal disorientation angle1 at some boundaries. It is worth noting that, although the 
relative fraction of deformation-induced HABs reaches only a level of about 12 % (Fig. 6), a 
ratio of their length to the length of grain boundaries in the initial polycrystalline iron, LDI 

HAB/L0, becomes ~3.5 (Fig. 8).  
Though the specific length of the boundaries developed at 600°C is considerably lower 

than after cold deformation, the shape of misorientation angle distribution remains similar up 
to a strain of 1 (Fig. 7). It changes qualitatively at ε = 1.6 owing to a decrease in the specific 
length of subboundaries with angles θ < 5°. This occurs, apparently, because of accelerated 
dynamic recovery that leads to the coarsening of subgrain structure. The specific length of 
deformation-induced HABs is close to that of original grain boundaries at θ > 40°. At the 
same time, a peak appears in the misorientation distribution at θ ≈ 60°. This peak cannot be 
related to the original Σ3-boundaries, since corresponding 60°-peak (see Fig. 3b) spreads 

                                                      
1 The "disorientation" is defined as a minimum angle relationship between crystallites with regard to all 24 cubic 
symmetry operations. The highest possible disorientation angle varies from 45 to 62.8° depending on the axis of 
rotation [31]. 
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owing to additional misorientations induced by a strain [32-34]. Hence, its appearance is an 
indication of some kind of twinning, which takes place during warm deformation.  
 

 
Fig. 7. Effect of strain on misorientation distribution at deformation-induced boundaries 

represented in terms of boundary length per unit area, in iron deformed by tension at room 
temperature (blue lines) and 600°C (red lines). The distribution for the initial polycrystalline 

iron is also presented. True strains are indicated in the legend 
 

 
Fig. 8. Effect of strain on the accumulation of HABs in iron deformed by tension at room 

temperature (r.t.) and 600°C: the ratio of the length of deformation-induced HABs (LDI HAB) to 
the length of grain boundaries in the initial polycrystalline iron (L0) 

 
In general, the accumulation of deformation-induced HABs occurs considerably faster 

at room temperature than at 600°C in the examined strain range, which is well seen in Fig. 8. 
In the following sections, the main patterns of HAB formation are considered. 

Deformation-induced HABs evolved at room temperature. As noted above, a 
considerable fraction of HABs is formed within the transition zones developed between the 
grain-scale deformation bands. It has been shown previously that transition zones of different 
types occur in tensile strained iron [29,30]. Zones of the first type are similar to ordinary 
transition bands consisting of low-angle subboundaries, which together provide a high-angle 
rotation across the band [27]. At the same time, distinct HABs are observed in some parts of 
such bands. One can suggest that subboundaries appear within the transition band first, and 
then they merge forming a HAB. In contrast to such narrow transition bands, zones of the 
second type are wider and more strongly fragmented [30]. 
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Arrays of microbands are also an effective source of deformation-induced HABs in iron 
according to an assessment made in our earlier work [29]. Unlike so-called microshear bands 
[8,35], these microbands keep the directionality of the preformed low-angle subboundaries 
[30], similar to those observed previously in a cold rolled steel [36] or in tantalum alloy [37]. 
Individual microbands of this type or their small groups can be found in many grains, e.g. 
Fig. 4b, however, in some grains, such a banding may be the dominant way of in-grain 
structure evolution. As an example, an array of microbands formed at ε = 0.75 is shown in 
Fig. 9a (in order to better reproduce the fine structure of this region, it was mapped with a 
scanning step of 50 μm). These microbands do not propagate through the whole grain but 
form a peculiar transition zone between regions of relatively uniform but different 
orientations ("deformation bands"). It is worth noting that misorientation angles up to ~50° 
are reached at the boundaries crossed by line scan EF (Fig. 9b), despite the quite small strain. 

 

 
Fig. 9. IPF map of iron deformed at room temperature to a strain of 0.75 (a) and 

misorientation distribution along segment EF (b). Color-coding of boundaries is the same as 
in Fig. 4 

 
Deformation-induced HABs evolved at 600°C. Figure 10 shows a region, where 

characteristic manifestations of dynamic recrystallization take place; some of them are 
indicated by arrows on the map. The bulging, which is accompanied by the formation of new 
small grains, is particularly prominent at a grain boundary located on the top of the map 
(GB1). Such a strong bulging, however, seems to be rare under these deformation conditions. 
The more usual pattern of nucleation is found at the grain boundary located a little lower 
(GB2), where a new small grain appears with a limited local migration of the interface. In 
addition, agglomerations of grains/subgrains with high-angle boundaries form near some 
original grain boundaries, in particular near grain junctions; one can see an example of such a 
formation in the lower part of the map in Fig. 10. In these cases, the nucleation of 
recrystallized grains is rather a result of the evolution of subgrains, namely, the deformation-
induced increase in subboundary misorientation. The latter, in its turn, leads to an increase in 
subboundary mobility and to its local migration [23]. The fundamental fact is that there is no 
transfer to a long-range growth of new grains: their sizes remain in the order of the 
neighboring subgrain sizes. Hence, this process may be characterized as continuous dynamic 
recrystallization [23,38,39]. 

With increased strain from 1 to 1.6, the character of the microstructure remains the 
same (Fig. 4), despite the evolution of misorientation distribution (Fig. 7). Namely, the 
majority of the original grain volume still contains subgrain structure, whereas the sites where 
new fine grains are concentrated occupy relatively small regions. Such a group of new grains 
with high-angle boundaries is marked by a rectangle in Fig. 4d. A peak near 60° has been 
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noted in section 3.1, which remains in the misorientation distribution at all strains. The 
structural features responsible for this peak can also be found in the area marked in Fig. 4d. 
They look just like the annealing twins form in the region where dynamic recrystallization 
occurs. However, these are not plate-like twins specific to dynamic recrystallization of FCC 
metals [39]. According to Field et al. [40], similar twins were observed during 
recrystallization when the growth of grains became stagnant. If this mechanism occurs in the 
present case, the twinning is a manifestation of discontinuous dynamic recrystallization. At 
the same time, the observation of annealing twins in iron is rather unexpected, so a further 
study of this phenomenon is necessary. 

 

 
Fig. 10. IPF map of iron deformed at 600°C to strain of 1. Color-coding of boundaries is the 

same as in Fig. 4 
 

4. Discussion 
Despite the significant differences in the patterns of structure evolution, the increase of 
misorientations at previously formed deformation-induced boundaries is becoming a major 
mechanism for grain refinement at large strains, both at room temperature and at 600°C. That 
does not mean, of course, that the formation of new dislocation subboundaries becomes 
impossible. A dynamic balance seems rather occur between their creation and disappearance. 
As a result, at the maximum strains studied, the specific length of the lowest-angle 
subboundaries even decreases: slightly during cold deformation, and significantly during 
warm deformation. A similar reduction of the low-angle peak, which indicates progress of 
dynamic recovery, has been frequently observed at sufficiently large strains previously, for 
example, in steels subjected to cold [41] and warm [20] deformation. Note that the evolution 
of structure during continuous recrystallization is expected to include the disappearance of 
some subboundaries [23]. Hence, the recrystallization can also contribute to the reduction of 
the low-angle peak at 600°C.  

As opposed to low-angle boundaries, HABs accumulate steadily with straining, in an 
approximately linear way for both temperatures (Fig. 8). The fact that the length of 
deformation-induced boundaries per unit area increases faster at room temperature than at 
600°C may be partly associated with the scale, at which the fragmentation process develops. 
GNBs usually occur at previously formed cell/subgrain boundaries (IDBs) [1,2]. This is likely 
because the IDBs, despite being penetrable to gliding dislocations [42], can hinder them and 
thereby contribute to the subdivision of grain into regions, in which different slip systems 
operate or a different partitioning of the same slip systems occurs [43]. Thus, when cells 
become smaller with decreasing temperature, a specific length of GNBs is supposed to 
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increase. At the same time, the main factor is, in our view, the effect of grain-scale 
deformation banding, which is very pronounced at room temperature, on the formation of 
HABs. Since different combinations of slip systems operate in neighboring deformation bands 
from the very beginning of their development, an angle of misorientation between 
them appears to be on the order of true strain [1,3]. Therefore, at strains of ~1 to 1.5, the 
deformation banding would have to produce HABs with misorientation angles close to the 
highest possible disorientation. Indeed, the excess length of the deformation-induced HABs 
formed at room temperature over the one formed at 600°C is maximal at disorientation angles 
of ~40° and higher. 

 
5. Conclusions 
The process of grain fragmentation in iron subjected to tension at room temperature and 
600°C has been studied by means of EBSD analysis. The following conclusions can be drawn 
from the present investigation. 

1. The character of the boundary misorientation distribution remains the same during 
the early stages of fragmentation, both at room temperature and 600°C. Only after warm 
deformation up to a strain of 1.6, the shape of the distribution changes considerably owing to 
the intensification of dynamic recovery and continuous recrystallization. 

2. The length of deformation-induced boundaries per unit area ceases to grow with 
strain in the low-angle range of misorientations, however, it continues to grow in the high-
angle range. 

3. The relative fraction as well as the length per unit area of deformation-induced HABs 
increase approximately linearly with strain. The HABs appear and then evolve primarily by 
way of the gradual increase of misorientations between fragments. The dynamic 
recrystallization occurring at 600°C gives a relatively small contribution to the grain 
refinement. 

4. Within the examined strain interval, the accumulation of HABs occurs faster at room 
temperature than at 600°C. This impact of the temperature lowering is mainly due to the more 
intensive grain-scale deformation banding associated with the formation of transition zones, 
where HABs are concentrated.  
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Abstract. At room temperature, a macroscopic quantum galvanomagnetic effect of Faraday 
electromagnetic induction was demonstrated under conditions of the capture of single 
magnetic flux quanta in the edge channels, confined by chains of negative-U centers, in a 
silicon nanostructure heavily doped with boron, prepared in Hall geometry on an n-type Si 
(100) substrate. It is shown that this effect leads to the appearance of an induction current 
when only a constant magnetic field is applied in the absence of an externally applied voltage 
or a stabilized current. The experimental dependences of xxU , xyU , and pnU  on the magnitude 
of the external magnetic field in its various directions demonstrate both the Hall staircase of 
conductivity and the Shubnikov–de Haas oscillations. 
Keywords: silicon nanostructure, negative-U centers, electromagnetic induction, Hall 
staircases of conductivity, Shubnikov-de Haas oscillations 
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1. Introduction 
In recent years, the creation of various types of nanostructures has led to the intensive 
development of nanoelectronics. During research in this area, a number of macroscopic 
quantum phenomena were discovered, which manifest themselves at high temperatures up to 
room temperature. Such phenomena include high-temperature oscillations of Shubnikov–de 
Haas, de Haas–van Alphen, Aharonov–Bohm, Hall quantum resistance staircase, longitudinal 
conductivity quantum ladder, and Faraday electromagnetic induction under conditions of the 
capture of single magnetic flux quanta. Such effects have been observed in graphene, as well 
as in similar topological insulators and superconductors [1-3]. In addition, high-temperature 
quantum phenomena have been detected in silicon nanostructures (SNSs) based on single-
crystal silicon, 6H-SiC, and CdF2 containing quantum wells (QWs) with edge channels 
formed from chains of centers with a negative correlation energy (negative-U). It was 
experimentally found that these nanostructures exhibit the properties of topological insulators 
[4-7]. It should be noted that negative-U centers can have a different nature: in particular, in 
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single-crystal silicon and CdF2 based SNSs they are formed on the basis of В+–В‒ boron 
dipoles oriented in the (111) direction under conditions of heavy doping, while in 6H-SiC 
based nanostructures negative-U centers have a vacancy nature [8]. It was shown that under 
compression conditions, due to high pressure of the order of hundreds of GPa [9], in such 
nanostructures, an edge channel with a cross-section of 2×2 nm appears on the surface of the 
QW limited by negative-U centers, which leads to an increase in the carrier relaxation time 
[10], due to the suppression of electron-electron interaction (EEI). Note that in a number of 
works, the neutralization of EEI in edge channels was predicted in cases when they are 
limited by chains of d- or f-elements [11,12]. Thus, it was experimentally demonstrated that 
layers consisting of negative-U dipole centers that form edge channels on the QW surface 
determine the possibility of observing macroscopic quantum phenomena at high temperatures 
up to room temperature [4-7]. 

Among the observed macroscopic quantum phenomena in the SNSs, one should 
especially highlight the Faraday electromagnetic induction (FEMI) under the conditions of the 
capture of single magnetic flux quanta [13]. It was found [7,14] that during the longitudinal 
current flow in a system with an edge channel, single magnetic flux quanta are captured by 
single charge carriers in the edge channel and the effect of electromagnetic induction is 
realized, which manifests itself in electrical measurements, and also leads to intense radiation 
in far IR, THz and GHz wavelengths. Taking into account the results of the above 
experiments, one should expect the manifestation of a galvanomagnetic effect in such 
nanostructures, namely, the appearance of an induction current when only a constant magnetic 
field is applied in the absence of an externally applied voltage or the transmission of a 
stabilized current. In this case, the capture of single quanta of the magnetic flux on single 
carriers in the edge channels will be determined only by varying the magnitude and direction 
of the magnetic field. It is expected that in this case, the effect will manifest itself when 
studying the dependences of xxU , xyU , and pnU  on the magnitude of the external magnetic 
field in a nanostructure formed in the Hall geometry. 

 
2. Experimental methodology 
SNS is an ultra-narrow p-type silicon quantum well bounded by δ-barriers heavily doped with 
boron (5×1021 cm-3) on the surface of n-silicon (100) (Fig. 1). Boron atoms in δ-barriers form 
trigonal dipole centers with negative correlation energy (B+–B‒) due to the negative-U 
reaction: 02B B B+ −→ +  [5] limiting edge channels. Thanks to this circumstance, the EEI is 
significantly suppressed in such an edge channel, as a result of which the carriers have a long 
relaxation time, which, in turn, makes it possible to observe macroscopic quantum processes 
at high temperatures up to room temperature. 

The studies of the de Haas–van Alphen (dHvA) [4] and Shubnikov–de Haas (SdH) 
effects, as well as the quantum Hall effect (QHE) [5], showed that in these experimental 
SNSs, the two-dimensional concentration 2Dp  of single charge carriers in the edge channel 
bound by chains of negative-U centers is 3×1013 m-2. Their behavior is characterized by a long 
relaxation time and a low value of the effective mass [15,16]. When studying dHvA in these 
experimental SNSs, it was shown that as the magnetic field increases, the static magnetic 
susceptibility begins to reveal dHvA oscillations due to the creation of Landau levels,  

( 1/ 2)cEν ω ν= +

, ν  is the number of the Landau level. In particular, the condition of covering 
the edge channel with single magnetic flux quanta turns out to be satisfied at an external 
magnetic field strength B∆  = 124.6 mT, which follows from the relation 0 BSΦ = ∆ and 
corresponds to the filling of the first Landau level, 1ν  = 1, 1 2 /Dp h eBν = , where 0 /h eΦ = (or 

/ 2h e ) is the magnetic flux quantum, and S  is the area on which the capture is made. Based 
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on the foregoing, it is possible to estimate the longitudinal size 0l  of the region of the edge 
channel, in which the interference of a single carrier occurs:  

0
0

0

l
Bd
Φ

=
∆

, (1) 

where B∆  = 124.6 mT; 0d  = 2 nm is the width of the edge channel [5] since this value is the 
characteristic distance between the barriers containing negative-U centers that form the  
edge channels bounding the QW. From here, we get the value 0l  ≈ 16 μm. It can be said  
with confidence that the edge channel of the investigated nanostructure consists of regions  
of interference of single carriers, taking into account the value of their two-dimensional 
density, determined from Hall measurements, 3×1013 m-2. This value of the two-dimensional 
density corresponds to the distance between carriers (holes) in the edge channel  
of approximately 16 μm. In other words, each region of the edge channel, in which a single 
carrier ('pixel') is located, consists of layers containing boron dipoles with an area of  

pixel
S = 16 μm × 2 nm, along which the carrier tunnels. The quantum well is limited by these 
two layers with a width and height of approximately 2 nm, which is consistent with the depth 
of the diffusion profile [17]. 

 

 
Fig. 1. Silicon nanostructure (a) containing a heavily doped silicon quantum well bounded by 
δ-barriers consisting of negative-U dipole boron centers and forming an edge channel (b) with 

ballistic conductivity in it. Fragment of the edge channel (c), consisting of a sequence of 
regions of interference of single carriers (pixels) 

 
Thus, due to the FEMI, the quantum interference of single carriers occurs inside the 

pixels of the edge channel, and, in accordance with the classical FEMI relation, it is possible 
to estimate the induction current indI  arising due to the application of an external magnetic 
field: 

0

g
ind

neVEI
m

∆
= =

∆Φ Φ
, (2) 
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where E∆  is the change in energy when varying the magnitude of the magnetic flux in the 
region of quantum interference; BS∆Φ = ∆ ; B∆  is the change in the external magnetic field 
inside the region of quantum interference with area S ; n  is the number of single charge 
carriers in the region of quantum interference; m is the number of magnetic flux quanta 
captured in the region of quantum interference; gV  is the control voltage applied to the edge 
channel [16]. In particular, if we consider quantum interference and indI  in a single pixel 
containing a charge carrier, then n  = 1, m  is the number of magnetic flux quanta captured by 
a single pixel, and the resulting conductivity value in 2 /e h  units is greater than one. At the 
same time, under conditions of quantum interference, fractional conductivity values with 

1ν >  ( /n mn = ) can appear on an area larger than the area of one pixel [5]. With an increase 
in the magnetic field, quantum interference occurs exclusively in single pixels of small size. 
In this case, one should expect the capture of several magnetic flux quanta per pixel, and, 
accordingly, fractional conductivity values with 1ν < , which manifests itself when registering 
the Hall staircase of conductivity [5]. 

Hence, it follows that the FEMI can play an important role in the observation of 
macroscopic quantum effects in SNSs. In addition, it becomes possible to implement device 
structures based on the application of a control voltage to edge channels, an example of which 
is a spin transistor [18]. This device can operate under the conditions of transport of single 
carriers when registering both longitudinal and transverse voltage drops. Such an effect can 
only be obtained by applying an external magnetic field, which is the cause of the induction 
current. It should be noted that the proposed version of the FEMI quantum effect can occur 
even in the absence of a specified source-drain current in the Hall geometry since a change in 
the external magnetic field is sufficient to generate indI . Thus, macroscopic quantum 
phenomena can be detected using galvanomagnetic techniques. 

The idea of the presence of the FEMI in quantum-well structures was first proposed by 
Laughlin [19], who suggested using a special wave function, within which the electron-
electron interaction is suppressed, which makes it possible to explain the appearance of the 
fractional Hall conductivity staircase [20]. In this case, it was not required to divide the edge 
channel into pixels with forced localization of single carriers in them [19,21]. However, the 
methods used to register the fractional QHE revealed some contradiction with the condition of 
its observation in a system with a free gas of carriers, namely, for the experimental 
implementation of the fractional QHE, pre-illumination with monochromatic light at low 
temperatures were used, as well as the application of voltage to the gate during cooling of the 
samples [20,22]. Moreover, selective illumination satisfied the condition of recharging DX 
centers and other negative-U centers with their transition to the dipole state [5,22-26]. That is, 
the preliminary preparation of the sample for the registration of macroscopic quantum effects 
probably corresponded to the creation of conditions for suppressing the electron-electron 
interaction even at a high carrier density. 

Thus, in accordance with expression (2), integer and fractional quantum phenomena can 
occur in experiments with SNSs under conditions of varying filling of pixels with different 
numbers of magnetic flux quanta. Using the scaling effect, i.e. by changing the distances 
between the contacts (using different contacts of the SNS made in the Hall geometry for the 
research), it is possible to change the number of carriers in the edge channel and obtain 
fractional values both greater and less than one [5]. 

It should be taken into account that in the investigated SNS on the area of the edge 
channel xxS  between the XX contacts ( xxS = 2 mm × 2 nm = 4×10-12m2) there are 
approximately 125 single carriers, which corresponds to the value of the two-dimensional 
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density 2Dp  ≈ 3×1013 m-2. The results of measurements of the field dependences of the 
magnetic susceptibility [4] and Hall measurements [5] are in good agreement with this value. 

The above-described SNSs containing edge channels consisting of pixels exhibit the 
property of quantized conductivity [4]. As a result, we can consider the edge channel as a 
ballistic one, in which each of the pixels is characterized by a resistance equal to the 
resistance quantum 2/h e . In addition, it was shown [7] that in such edge channels it is 
possible to form double-length pixels with a resistance 2/ 2h e  containing a pair of carriers 
with the probable implementation of a Josephson transition near the pixel boundary. 

In the framework of this study, the detection of inductive current when only a magnetic 
field is applied is performed by measuring the voltage that occurs under the influence of a 
magnetic field on the contacts XX ( xxU ), XY( xyU ), and on the gate contacts ( pnU ). In this 
case, the induction current is determined from a simple expression: 

indU I R= , (3) 
where R  is the resistance of the section of the edge channel between the measuring contacts, 
and U  is the voltage that occurs on these contacts. 

The SNSs studied within this paper are made in the Hall geometry (Figure 1), so their 
edge channels, in which the induction current ( indI ) is induced, are located in the XX 
direction. Previously, it was found [5] that during the technological process of QW formation, 
the SNS surface is covered with a field of fractal-type pyramids with an apex angle of 55°, 
which are oriented in the (111) direction. These pyramids are an ordered accumulation of their 
own interstitial silicon atoms and are separated from each other by vacancies, which, in turn, 
are transformed in the process of doping into the above described trigonal negative-U dipole 
centers, also oriented in the (111) direction. Previously, it was shown [4] that the chains of 
such trigonal negative-U centers, which form δ-barriers that limit the edge channel, are 
oriented in the (011) direction. 

In addition, studies of the dHvA effect [4] and spin-dependent transport [27] in SNSs 
showed that the characteristics of ballistic carrier transfer in the edge channel in the XX 
direction are identical to the XY direction. 

It follows from the foregoing that it is necessary to conduct experimental studies of  
xxU , xyU , and pnU  on the magnitude of the external magnetic field at different orientations  

of the magnetic field in a plane parallel to the XY direction. Therefore, four orientations of 
the magnetic field were chosen in these experiments: 1) Hall (the magnetic field is 
perpendicular to the SNS); 2) the magnetic field is parallel to the SNS and XY contacts; 3,4) 
intermediate cases with a deviation of the direction of the magnetic field from the 
Hall direction by 35° and 55°. 

The magnetic field was sweeping in the range of 0–520 mT with a step of about 
0.05 mT, then turned off, and then the measurements were repeated with the opposite polarity 
of the magnetic field. On the experimental dependences presented below, for the definite 
direction of the magnetic field, we showed both as B+  (the magnetic field is directed towards 
the SNS) and B−  (the magnetic field is directed away from the SNS). 

The xxU , xyU  and pnU  values were measured using KEITLEY 2182A and Agilent 
34420A nanovoltmeters. 
 
3. Experimental results 
Since indI  arises in each pixel as a result of the capture of magnetic flux quanta, and the 
connection between pixels is carried out by tunneling single carriers through dipole centers in 
the barriers limiting them, parallel connection of pixels is realized in the edge channels. Thus, 
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it can be expected that the value of the longitudinal registered voltage will correspond to the 
value 2( / ) (1/ )ind indU I h e k= ⋅ , where k  is the number of pixels containing single charge 
carriers between the measuring contacts, and the corresponding indI  is determined from  
Faraday relation (2). 

The above consideration makes it possible to describe the presence of a conductivity 
(resistance) staircase that arises when the magnitude of the external magnetic field changes 
within the framework of the Hall geometry of the experiment. The presence of such a 
staircase is expected both when registering xyU  in the perpendicular orientation of the 
external magnetic field and, accordingly, when registering xxU  when the field is oriented 
along the SNS plane parallel to the XY contacts, and also when registering pnU  (at the p-n 
junction on the gate-substrate contacts) in both of the above-mentioned field directions. 

However, the contribution to the measured quantities can give the SdH effect. Then the 
role of the resistance in expression (3) will be determined by the Landau size quantization, 
which gives an oscillatory dependence of the resistance: if the Fermi level coincides with the 
Landau level, the resistance peaks, and if they do not coincide, the resistance cancels out [28]. 
In this case, characteristic oscillations are expected in the xxU  dependences at a perpendicular 
orientation of the external magnetic field. 

Note that the position of the Landau level peaks corresponds to the middle step of the 
Hall resistance staircase [28]. 

It follows from the above that it is expedient to use the interrelationship of xxU  and xyU , 
namely /xx xyR R k= , where k  is the number of pixels between the measurement contacts XX. 
Since xyR  is determined by the resistance of a pixel containing a single carrier (h/e2), the 
behavior of Rxx with a change in the magnetic field follows the corresponding dependence of 

xyR , and /xx ind xx ind xyU I R I R k= = . 
Magnetic field perpendicular to the SNS. Figure 2 shows the experimental 

dependences of xxU , xyU , and pnU  on the magnitude of the external magnetic field oriented 
perpendicular to the SNS plane. xxU  dependences (Fig. 2a) demonstrate pronounced SdH 
oscillations, which are determined, first of all, by the mechanism of successive capture of 
magnetic flux quanta on the pixels of the edge channel with successive generation of induced 
current. Moreover, on each of the presented dependences, several periods of oscillations are 
observed. Previous studies of the dHvA [4], SdH, and QHE [5] effects showed that the period 
of oscillations when a magnetic flux quantum is captured by a single pixel with an area  

pixS = 16.6µm × 2 nm = 33.2 10-15m2 is B∆  = 124.6 mT. All curves shown in Fig. 2a 
demonstrate oscillations at 124.6 mT, and in addition, all of them have additional sets of 
oscillation periods, which are determined by more complex combinations of pixels, including 
those associated with SNS defects, which cannot be calculated. 

xyU  (Fig. 2b) and pnU  (Fig. 2с) dependences demonstrate a stepwise character, which 
indicates the dominance of the QHE in comparison with the SdH effect for a given direction 
of the external magnetic field. However, along with the steps, these dependences also exhibit 
weak SdH oscillations, which most likely indicates the implementation of a mixed regime 
with the presence of both of the above effects. Note that the change in the polarity of the 
magnetic field in the study of the dependence ( )xyU f B=  leads to a pronounced Zeeman 
effect (Fig. 2b). 

Since the SNS is only affected by the magnetic field (neither a bias voltage nor a 
stabilized current dsI  are applied to it), we can estimate the current induced by the magnetic 
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field, since it is known that a pixel, under the influence of a current, is a radiation generator  
at its resonant frequency of 2.6 THz [ 6]. The quantum energy hν  will be determined  
by the formula: 

indh In = ∆Φ , (4) 
where ν  is the generation frequency, ∆Φ  is the change in the magnetic flux through  
the pixel. The frequency of generation can be predicted by knowing the dimensions of  
the resonator. 

Taking into account the Wulff–Bragg relation 2nd λ= , (where d  is the resonator 
length, i.e. the pixel length, n  is the refractive index, λ  is the radiation wavelength), indI  can 
be estimated using the formula: 

2ind
chI

dn
=

∆Φ
. (5) 

 

 
Fig. 2. xxU  (a), xyU  (b), and pnU  (c) dependencies on the magnitude of the external magnetic 

field oriented perpendicular to the plane of the silicon nanostructure.  
Dependencies: 1 – the field is directed to the surface of the SNS; 2 – the field is directed away 

from the SNS surface. T = 300 K 
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Then, knowing that the pixel length is 16.4 µm, assuming that the refractive index is 
close to the refractive index of silicon 3.4, and the change in the magnetic flux for the SNS at 
a magnetic field of 124 mT is equal to the magnetic flux quantum 0 /h eΦ =  (or / 2h e ), we 
obtain indI  values of approximately 0.4 and 0.8 µA, respectively, for two values of 0Φ . 

It is necessary to take into account the contribution of two more components to the 
induced current: 1) the Josephson induced current indJI  [29,30] and 2) the superconducting 
induced current indSI  arising due to the presence of the superconducting gap [13], which can 
be calculated by the formula: 

/indJSI e h= ∆ . (6) 
Note that in the case of the Josephson-induced current, a pair of single carriers must be 

considered, in which case the pixel size is doubled. 
In this case, indJI  is approximately equal to 0.2 µA, considering that ν = 2.6 THz and 

indSI  is approximately equal to 0.8 µA, considering that ∆ the width of the superconducting 
gap, is equal to 22 meV. 

Now, knowing indI , we can obtain the calculated values of xyU  using the formulas: 

22xy ind
hU I
e

 =  
 

 (7a) 

or 

22
2xy ind
hU I
e

 =  
 

. (7b) 

Taking into account all the components of the inductive current, and also that their 
superposition can both be added up and subtracted, we obtain the calculated xyU  values of the 
same order as the experimental ones, which are shown in Fig. 2b. 

The magnetic field in the SNS plane parallel to the XY contacts. Figure 3 shows the 
experimental dependences of xxU , xyU , and pnU  on the magnitude of the external magnetic 
field oriented in the SNS plane parallel to the XY contacts. In this case, the size and 
orientation of the edge channel pixels are preserved. However, compared to the previous 
orientation of the magnetic field, the carriers rotate along the field in a transverse plane 
relative to the SNS plane. In this case, additional compression of the carrier trajectory from 
below by the p-n junction field occurs, as a result of which the spread of parameters is smaller 
compared to the previous case. 

xxU  (Fig. 3а), xyU  (Fig. 3b), and pnU  (Fig. 3с) dependences, in the case of application 
of an external magnetic field in the SNS plane parallel to the XY contacts, demonstrate a 
stepwise character, which indicates a clear dominance of the QHE. 

Note that the experimental values of xxU  and pnU  are 1-2 orders of magnitude higher 
than the values of xyU , although when measuring the classical and quantum Hall effect, 
namely when applying a longitudinal stabilized current dsI  to the SNS the measured voltage 

xxU  is always significantly lower (by several orders of magnitude) than xyU . In  
these experiments, when dsI =0, xxU  is approximately 2 orders of magnitude higher than the 

xyU  values measured under the same conditions. This is explained by the appearance of 
strong polarization due to the Zeeman effect, which contributes to the xxU  values by several 
orders of magnitude greater than the magnetic field-induced voltage xxU ind since the Zeeman 
polarization coefficient depends exponentially on the magnetic field. The same circumstance 
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also explains the monotonic growth of the experimental dependences of xxU  on the magnetic 
field strength. 

Taking this into account, it is possible to estimate the magnitude of the voltage xxindU
induced by the magnetic field using the following formula: 

*

2expxxind XX
eBU U

kTm
 = − 
 

 , (8) 

where e  is the electron charge, B  is the magnitude of the magnetic field, k  is the Boltzmann 
constant, T  is the temperature, *m  is the effective mass of charge carriers. If *m  is assumed 
to be approximately 10-34 kg (previously it was shown in [15] that in SNS it is about 10-3

0m  at 
room temperature), then with a magnetic field B  = 124.6 mТ and at room temperature, the 
exponent will be 4.5×10-5 and the value of xxindU  will be about 10 nV. 

 

 
 

Fig. 3. xxU  (a), xyU  (b), and pnU  (c) dependencies on the magnitude of the external magnetic 
field oriented along the plane of the silicon nanostructure parallel to the XY contacts. The 
field for dependencies (1) is directly opposite to the field for dependencies (2). T = 300 K 
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Taking into account the pronounced stepwise nature of the experimental dependences, it 
is possible to estimate the coincidence of the position of the steps in the ( )xx xyU f B=  and  

( )pn xyU f B=  with integer and basic fractional values of the pixel resistance xxR  calculated in 
2/h e  units according to the formula: 

[ ]
2

2xx
BS BS e hR Ohm

ne ne ne h e
Φ  = = =   

, (9) 

where n  = 1; S  = 33.2 ×10-15m2. 
The results presented in Fig. 4 show good agreement.   
 

 
Fig. 4. Comparison of the position of the steps in the dependences (a, b, curves 1) 

( )xx xyU f B=  and (c, d, curves 1) ( )pn xyU f B=  with integer and basic fractional calculated 
values of the pixel resistance xxR  in 2/h e  units (straight lines 2). The fields (a) and (b), (c), 

and (d), respectively, have the opposite direction. T = 300 K 
 

The magnetic field in intermediate positions between the perpendicular to the SNS 
plane and parallel XY contacts. In this section, we consider cases of intermediate angles of 
the direction of the magnetic field relative to the SNS surface with a deviation of the direction 
of the magnetic field from the Hall direction by 35° and 55° in the plane perpendicular to the 
surface of the SNS and parallel to the XY contacts. Figure 5 shows the ( )xxU f B=  
dependences, which have a mixed oscillatory-stepwise character. 

We will consider the magnitude of such a deflected magnetic field as a superposition of 
two components: the Hall field ( HallB ) and the field directed along the SNS surface parallel to 
the XY contacts ( H XYB ). It is obvious that the component of the magnetic field HallB  
determines the oscillating nature corresponding to the SdH effect, while the other component 
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of the magnetic field H XYB  determines the stepwise nature of the ( )xxU f B=  dependences as 
a result of the dominance of the QHE. In Figure 5, the values of both components of the 
magnetic field are presented on additional abscissa axes. It can be seen that in the case when 
the HallB  component increases faster than H XYB  with the increasing magnetic field (Fig. 5a), 

the xxU  dependences are stepwise due to the dominance of the QHE. In the opposite case, 
when the H XYB  component increases faster than HallB  with increasing magnetic field 
(Fig. 5b), at low fields the SdH effect dominates, and at higher fields a mixed regime occurs, 
in which both SdH and QHE effects are manifested. 

In addition, in Figure 5 (line 3), the positions of the pixel resistance xxR  are indicated in 
2/h e  units with integer and basic fractional calculated values depending on the value of 

H XYB . The results obtained correlate well with the experimental dependences described 
above for various variants of applying a magnetic field in the cases considered above. 
 

 
Fig. 5. Comparison of the position of the steps in the ( )xxU f B=  dependences (curves 1 

and 2) obtained with a deviation of the magnetic field direction in the plane perpendicular to 
the SNS surface and parallel to the XY contacts from the Hall direction by (a) 35° and (b) 
55°, with integer and basic fractional calculated values of the pixel resistance xxR  in 2/h e  
units (straight lines 3). For dependencies (1) and (2), the direction of the field is directly 

opposite. T  = 300 K 
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4. Conclusions 
The suppression of the electron-electron interaction, which leads to an increase in the 
relaxation time due to the presence of negative-U centers limiting the QW edge channels, 
makes it possible to detect macroscopic quantum effects, the Hall staircase of conductivity, 
and SdH oscillations at high temperatures up to room temperature. These effects arise due to 
FEMI under conditions of the capture of single quanta of the magnetic flux. In this case, 
integer and fractional values of the plateau and steps of the Hall conductivity staircase are 
determined by the sizes of the sections of the edge channels containing single charge carriers. 

Due to the presence of negative-U centers limiting the edge channels, macroscopic 
quantum phenomena are observed at different orientations of the external magnetic field when 
the xxU , xyU  voltage, and the pnU  voltage are registered perpendicular to the QW plane 
studied in the framework of the Hall geometry, since in the cases under consideration the size 
quantization condition is satisfied. 

An important role of edge channels in the detection of macroscopic quantum 
phenomena using galvanomagnetic techniques is manifested by varying the direction of the 
external magnetic field in the plane perpendicular to the SNS surface and parallel to the XY 
contacts from the Hall direction by an angle of 35° or 55°. In this case, both SdH oscillations 
and the Hall conductivity staircase are simultaneously observed, and the dominance of one or 
the other effect depends on the prevalence of either the Hall component of the external 
magnetic field or parallel to the XY contacts. 
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Abstract. In this paper, the influence of recovered high-density polyethylene on the tensile 
strength at break, elongation at break, hardness Shore D, flexural strength, and сharpy impact 
energy of the polymer compositions has been studied, as well as the process has been 
developed for rotational moulding of holding tanks made of products of polyethylene 
recycling. The developed compositions have satisfactory physical-mechanical properties, and 
they can be used effectively to make holding tanks from products of polyethylene recycling 
with modifying plasticizer. Notably, the products have a lower cost as compared to products 
made of virgin polyethylene. The developed technology of holding tank production from 
products of polyethylene recycling addresses the important environmental problem regarding 
the management of polymer waste and the transition to a circular economy. 
Keywords: polyethylene recycling, holding tanks, rotational moulding, waste management 
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1. Introduction 
Nowadays, the consumption of polymer materials is continuing to grow. Thus far, the 
worldwide consumption of large-tonnage polymer materials exceeds 265 million tons. 
Polyolefins account for more than 65 % of the demand. 

Recycling of used plastics is a major issue in the polymer industry [1-17]. As estimated 
by NITsPURO (Research and Development Center for Management of Resource Saving and 
Waste, Russia), 34 % of polymer waste in Russia is polyethylene (PE), 20.4 % – polyethylene 
terephthalate (PET), 13.6 % – polyvinyl chloride (PVC), 7.6 % - polystyrene (PS), 7.4 % – 
polypropylene (PP), and 17 % – mixed materials on paper or board base. 
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Notably, PE waste has the highest collection and recycling rate (20 %), next are PP (up 
to 17 %), PET (12 %), PS (12 %), PVC (no more than 10 %) [18]. These materials can be 
stored in natural conditions for a long period of time due to their high environmental 
resistance. However, the recovery of polymer waste can be considered an important economic 
factor in terms of its environmental impact since the energy and materials are reused. 

Polymer materials fit completely within the concept of a circular economy: the energy 
needed for the production of recycled granulate from waste averages only 10 % of the energy 
required for the production of virgin granulate. In this regard, the best polymers are 
polyethylene terephthalate and polystyrene, and the most challenging are polyolefins. An 
increase in the consumption of polyolefins and corresponding waste makes recycling a vital 
task in materials engineering. 

 
2. Materials and methods 
The components of the polymer compound were polymer composition RotoPol M115СВ for 
rotational moulding (supplied by Polymer Corporation, Kazan, Russia) (Table 1); plasticizing 
masterbatchRevtol, grade PF0010/1-PE (made by the scientific and production company 
BARS-2, Saint Petersburg, Russia) (Table 2); recycled polymer composition RotoPol 
M115СВ for rotational moulding (Fig. 1); pigment Iron Oxide Black 722 (made in PRC) 
(Table 3). The recycled composition was prepared in the following order: a collection of 
waste (used holding tanks and plastic water-filled barriers); washing of the waste to remove 
any external contaminations; crushing of the waste in the crusher (the size of a particle was 1-
10 mm); grinding of the waste in MF-500 miller (the size of a particle was 0.1-0.5 mm); 
weighing of the components on the industrial scales. The recycled polymer composition 
consists of ground waste and pigment Iron Oxide Black 722; the components of the recycled 
polymer composition were mixed in the stirrer. 
 
Table 1. Physical and mechanical properties of the polymer composition RotoPolM115CB 

Index Measurement method Meaning 
Melt flow index (190°С, 2.16 kg) 

g/10 min ASTM D 1238 3.8 

Density, g/cm3 ASTM D 1505 0.938 
Modulus of elasticity in bending, 

kgf/cm2, not less than ASTMD790 800 

Izod impact strength at 23°C, J/m, 
not less than ASTMD256 does not collapse 

 

 
Fig. 1. Secondary polymer composition for rotational molding RotoPolM115CB (RotoPol 

M115CB) after grinding on a mixer 
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Table 2. Material properties: concentrate "BASCO" 

The name of indicators Norms according to TU 20.16.59-001-
23124265-2018 with amendments. No. 7 Results 

Granulometric composition 
It is allowed to have granules smaller than 

2 mm and more than 5 mm in amounts up to 
1% 

corresponds 

Color (shade) of the colored 
polymer 

Must match the color of a sample from an 
approved range or a control sample agreed 

upon between the manufacturer and the 
consumer 

corresponds 

Quality of staining The sample must be evenly colored in tone 
without streaks and inclusions corresponds 

Bulk density of concentrate, 
g/cm3 0.40-1.60 0.54 

Conditions for determining 
the melt flow index of the 

concentrate 
 

M-2.16 kgf,  
T-190°C, 

nozzle 
2.095 mm 

Melt flow rate g/10 min, not 
less 2,0 11 

Heat resistance, °C, not less 200 240 
 

Table 3. Physical and chemical parameters of iron oxide black pigment (IronOxideBlack 722) 
The name of indicators Specification 

Appearance Uniform black powder 
Mass fraction of iron compounds in terms of Fe2O3, % 91.3 

Mass fraction of substances soluble in water,%, 0.4 
pH of water extract 5.0-8.0 

Mass fraction of volatile substances, % 1.2 
Residue after screening through a sieve No. 325, % 0.3 

Light fastness 8 points 
Relative coloring power, % 98.0 

 
Six (6) different holding tank samples were made to study the properties of rotationally 

moulded products made of recycled polyethylene; to develop the best possible compositions 
to compensate for the shortcomings of recycled polyethylene; to develop the best possible 
rotational moulding process. Their compositions are given in Table 4. The amount of pigment 
for all the studied tanks was 15 g per tank (14 kg). The influence of pigment on the properties 
of the resulting materials was assumed as insignificant due to its small amount. 

The holding tanks were made by rotational moulding using POLIVINIL rotational 
moulding machine. The optimum conditions of rotational processing were chosen 
empirically: primary starting rotational velocity within an oven was 3.7 rpm; primary 
secondary rotational velocity within an oven was 3.0 rpm; end primary rotational velocity 
within an oven was 3.7 rpm; end secondary rotational velocity within an oven was 3.7 rpm; 
clockwise rotation time was 3 minutes; counterclockwise rotation time was 3 minutes; 
moulding time was 43 minutes; moulding temperature was 260°С. 

The following properties of the studied samples were determined: tensile strength at 
break, MPa (GOST 11262-2017 [19]); elongation at break, % (GOST 11262-2017 [19]); 
hardness, Shore D units (GOST 24621-2015 (ISO 868:2003) [20]); flexural strength, MPa 
(GOST 4648-2014 [21]); Charpy impact energy, kJ/m2 (GOST 4647-15 [22]). 
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Testing for tensile strength at break and elongation at break according to GOST 11262 
was performed on the samples of type 2. The tests were carried out using the universal testing 
machine LRXPlus. Testing for flexural strength according to GOST 4648 was performed on 
the samples of the recommended type: a length (l) of 80±2 mm, a width (b) of 10.0±0.2 mm, 
and a thickness (h) of 4.0±0.2 mm. The tests were carried out using the universal testing 
machine LRXPlus. Testing for Charpy impact energy according to GOST 4647 was 
performed on the unnotched samples of type 2. The tests were carried out using the impact 
test machine HIT 25Р. Testing for Shore D hardness according to GOST 24621 was 
performed on the square samples of 30×30 mm. The tests were carried out using the hardness 
tester DigiTest. The structure of the samples was analyzed using the digital microscope 
Levenhuk DTX 700 LCD. 
 
3. Results and discussion 
One of the main problems with plastic waste is the presence of various additives: dyes, 
stabilizers, plasticizers, and special additives containing metals, mercury, lead, and cadmium. 
Incineration cannot solve the problem of disposal into the environment. Recycling may solve 
this problem. The main recycling methods are mechanical recycling, chemical recycling, and 
energy recovery. Land disposal restrictions play a significant role: landfill bans are in force in 
eight European countries out of eighteen where the polymer recycling rates are above the 
European average (28 %). In Japan, up to 83 % of polymer waste is recycled, mainly using 
energy recovery. In Russia, only 5-15 % of all household waste is subjected to recycling. The 
share of sorted useful fractions does not exceed 10-15 %, and one-fifth of them are polymers. 
In total, maximum of 350 kt of polymers go into recycling and more than 4.5 are buried. The 
ongoing reform of the legislation (amendments to Federal Law No. 89-FZ on Production and 
Consumption Waste) is promising fundamental changes in the management of municipal 
solid waste. 

One of the base polymers is polyolefins – polymers of ethylene (PE). Products made of 
polyolefins are widely used in the construction and renovation of residential and non-
residential buildings, as finish materials, for interior finishing of buildings and structures, for 
power and water supply utilities, for fabrication of various containers, and medical products. 
Polymer pipes are widely used in the public utility sector, pipeline construction, etc. Food and 
non-food packaging is an important application of polymers. The main methods of PE 
reprocessing into end products are injection moulding, extrusion moulding, rotational 
moulding, etc. 

Holding tanks for portable toiler cubicles were selected as test objects. These tanks were 
made of PE, manufactured by rotational moulding, and had a capacity of a maximum of 250 l. 
Typically, these products are made from rotational moulding grades of virgin PE. The 
products shall meet the following requirements: satisfactory physical-mechanical properties; 
an operating temperature range of ±40°С; resistance to water and chemical media (human 
waste, detergents); light weight; high structural load capacity. 

Recycled materials are known [1] to have different mechanical properties and ageing 
resistance as compared to virgin ones. Both recycled and virgin materials feature the same 
mechanism of degradation when subjected to mechanical forces, and physical and chemical 
effects, but with different reaction rates. For that reason, recycled materials are more sensitive 
to degradation when processed. 

In view of this, the objective of this paper was to study the influence of recovered PE 
content in rotationally moulded compositions on the physical-mechanical properties, as well 
as to develop a process of rotational moulding for holding tanks using PE recycling products. 
 
Table 4. Formulation and physical-mechanical properties of the studied samples 
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Mechanical processing of PE is a very important segment of the recycling industry. The 

final properties and economic value of PE depend on the level of degradation during first use 
and on the recycling conditions. The main source of recovered high-density polyethylene 
(HDPE) is liquid containers. In this case, the molecular mass of used HDPE products remains 
quite high because degradation of materials of this type is rather low during short-term use. 
This factor means that the properties of recycled materials are close to the properties of virgin 
polymers. 

Table 4 gives the formulations of the virgin and recycled HDPE compositions and their 
physical-mechanical properties. 

The analysis of the macrostructures of the resulting compositions (Table 5) showed the 
formation of a heterogeneous structure for the recycled PE compositions (samples 4-6) as 
compared with the virgin PE samples. 

 
Table 5. Micrographs of the sample surface 

Sample 1 2 3 4 5 6 

Outer side 
      

Inner side 
      

 
It is observed that the surface of the recycled PE samples has voids and air holes 

(samples 5 and 6), as well as different coloured inclusions, which may indicate the formation 
of a faulted macrostructure. Sample 6 has large different coloured inclusions, which is 
associated with the formation of a heterogeneous structure. Therefore, the important factor in 
getting high-quality recycled PE products is the introduction of additives to improve 
processing qualities and compatibility of broken-down particles. 

Hence, mixtures of virgin and recycled polymers and mixtures to go to the waste are 
heterogeneous systems, which explains lower mechanical properties as compared to virgin 
materials. Phase separation in the melt and after cooling results from a poor interface between 
the components and local stress concentrations. Compatibilizers reduce interfacial tension in 
the melt by modifying the boundaries or by forming links between the phases. It induces the 
stabilization of a dispersed phase through its growth and agglomerating, increases the 
adhesion at the interface, and limits the phase separation in the solid state. 

Sample 1 2 3 4 5 6 
Formulation, mass fractions 

Virgin PE (RotoPol M115СВ) 100 70 50 - - - 
Recycled PR (RotoPol M115СВ) - 30 50 100 100 100 
Plasticizing masterbatchRevtol, 

grade PF0010/1-PE 4 - - - 5 4 - 

Physical mechanical properties 
Tensile strength at break (MPa) 16 16 16 16 16 15 

Elongation at break (%) 81 80 74 73 74 28 
Hardness (Shore D units) 22 22 22 22 22 22 
Flexural strength (MPa) 16 16 18 17 18 20 

Charpy impact energy (kJ/m2) 51 51 42 46 52 35 
Failure 
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Table 4 shows that the majority of the physical-mechanical properties have relatively 
similar values as a result of the absence of significant degradation during production. Besides, 
there is a considerable difference in the elongation at break and the impact energy. 

The properties-content curves for the mixtures of virgin PE/recycled PE were assessed. 
Figure 2 shows the dependence of the elongation at break, flexural strength, and Charpy 
impact energy on the content of recycled PE in the mixture. It should be noted that the values 
of both properties lie significantly lower than the values which have been calculated 
according to the rule of mixtures. It means that small quantities of recycled PE can cause a 
significant decrease in PE properties. It is known that the primary factors responsible for 
deviation from the rule of mixtures are the presence of other components in recycled PE, and 
differences in the morphology of the crystalline phase. Lower elongation at break (Fig. 2а) 
results from the degradation of PE, and weakening and discontinuity of the system followed 
by a negative impact on the properties. The impact properties (Fig. 2c) are more sensitive to 
the breakdown of polymer chains, which changes the morphology and causes a significant 
decrease in the impact properties. Notably, the products made of 100% recycled PE feature a 
catastrophic decrease in impact strength. The flexural strength increases slightly, which is 
associated with the formation of partially cross-linked structures (Fig. 2b). 
 

  
a) b) 

 
c) 

Fig. 2. Change in the properties due to an increase in the content of recycled PE:  
a) elongation at break; b) flexural strength; c) Charpy impact energy 

 
Therefore, the differences in the physical-mechanical properties depending on the 

content of recycled PE result from the changes in the structure and morphology. 
The addition of the compatibilizer by BARS-2 (plasticizing masterbatchRevtol, grade 

PF0010/1-PE 4) showed the effectiveness of this system. Notably, the physical-mechanical 
properties of the product made from recycled PE with 5 parts by weight of plasticizer 
(sample 5, Table 4) are not inferior to those of the products made of virgin PE (sample 1, 
Table 4). 
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The addition of the compatibilizer by BARS-2 (plasticizing masterbatch Revtol, grade 
PF0010/1-PE 4) showed the effectiveness of this system. Notably, the physical-mechanical 
properties of the product made from recycled PE with 5 parts by weight of plasticizer 
(sample 5, Table 4) are not inferior to those of the products made of virgin PE (sample 1, 
Table 4). 

 
4. Conclusions 
The comprehensive studies showed that it was possible to make holding tanks from recycled 
PE using modifying plasticizer (sample 4). The physical-mechanical properties of sample 4 
are not inferior to those of samples 1-3 which were made from virgin PE. Ina ddition, sample 
4 has high application properties. The specialists of Polymiz-Tara LLC (Russian Federation, 
Kazan) decided to introduce a polymer composition (sample 4) into the technology for 
manufacturing storage tanks from recycled PE by rotational molding (Fig. 3). 
 

 
Fig. 3. Storage Tank (sample 4) 

 
Therefore, the developed technology of holding tank production by rotational moulding 

using products of polyethylene recycling ensures high-quality products, a lower product cost 
as compared to the products made of virgin polyethylene, and addresses the important 
environmental problem regarding the management of polymer waste and transition to a 
circular economy. 
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Abstract. Hydrogels are 3-dimensional polymeric networks that undergo swelling when 
placed in an aqueous medium. The hydrogel-based polymers can respond to changes in the 
surrounding like temperature, pressure, pH, etc. Widespread cross-linking in hydrogels 
provides it with robustness, propensity for water, and better mechanical properties. The 
present work reports the one-pot chemical synthesis of a co-polymeric hydrogel-based 
composite using 2-HEMA (hydroxyethyl methacrylate), PEGMA (Polyethylene glycol), and 
PNIPAM (Poly (N-isopropyl acrylamide)). Extensive water retention ability and 
biocompatibility are some distinguishing features that enable it to be used for various 
biomedical applications. The hydrogel was characterized using X-ray diffraction analysis for 
its crystalline nature, scanning electron microscopy for surface morphology and pore size, and 
Fourier transform infrared spectroscopy for functional group analysis. Drug loading and 
release activity was performed and analyzed by Ultraviolet-Visible spectroscopy. 
Keywords: composite, characterization, drug loading, hydrogel, thermos-responsive polymer 
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1. Introduction 
Hydrogels are a network of polymer(s) that can absorb water and still can remain insoluble in 
water. They show swelling behavior after imbibing water in their pores [1-4]. Permeability 
and water retention properties are the characteristic features of such hydrogels. They undergo 
hydration due to the presence of hydrophilic groups and are also observed to exhibit 
viscoelastic properties [5]. The extensive cross-linking between the groups makes them 
insoluble and gives them a robust structure and enhanced mechanical properties [6-8]. The 
cross-linking may be due to the chemical and or physical interaction between the covalent 
bonds. The water retention properties of hydrogels make them excellent biocompatible agents 
[9,10], where their hydrophilic, rubber-like nature causes negligible tissue irritation. It also 
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prevents them from adhering to the surface of cells and proteins [11,12]. Hydrogels may be 
chemically stable or degrade depending on the chemical composition and cross-linking extent 
[13]. Natural polymers such as gelatin, chitosan, agar, etc., and synthetic polymers like 
polyacrylamide, methacrylate esters, etc., can prepare such hydrogels. They can be 
synthesized using polymer-polymer cross-linking, copolymerization, and reactive precursors 
[14-17]. Hydrogels can be classified as homopolymer (single monomer), copolymer (more 
than one monomer), and multi-polymer (more than one polymer) [18-20]. 

Hydrogels are responsive to stimuli like pressure, pH, reagent concentration, and 
temperature [21-23]. The behavior of polymers adapting to structural changes in response to 
physical or chemical stimuli makes them suitable for synthesizing smart polymers. Thermo-
responsive and pH-sensitive polymeric hydrogels are one of the essential identities being used 
for several applications [24-27]. Thermo-responsive polymers belong to the class of smart 
polymers that respond to temperature changes. This makes them readily available for 
controlled drug delivery and other medical applications. Thermo-responsive polymers may 
either collapse or expand around their critical temperature. PNIPAM (Poly (N- isopropyl 
acrylamide)) is a thermo-responsive polymer that has been used for drug delivery for decades 
[28-30]. It transitions from hydration to dehydration at a lower critical solution temperature 
(LCST) of 32ºC. Below the LCST, PNIPAM exists in a fully swollen state, but above the 
LCST, it shrinks [31-34]. 

HEMA (Poly-hydroxy-ethyl-methacrylate) is a hydrophilic and stable polymer formed 
from the monomer hydroxyethyl methacrylate. It has received considerable recognition for 
years owing to its simple synthesis and applications in biomedical engineering [35-38]. 
PEGMA (Polyethylene glycol) does not initiate an immune response and even does not 
adhere to proteins in the body [39]. Although hydrophobic, it becomes hydrophilic and swells 
up by water absorption by side groups. This polymer has been reported to have excellent 
biocompatibility and properties similar to living tissues [40-42]. It also has a hydroxyl 
functional group that can be utilized for protein conjugation. The conjugation of PNIPAM is 
done with methacrylate to enhance the mechanical property of the hydrogels [43-46]. 
Hydrogels have been used in medical applications [47-50], which include the preparation of 
contact lenses [51,52], tissue engineering [53,54], drug delivery [55-57], etc. 

In the present study, one-pot synthesis of hydrogel-based polymeric composite has been 
carried out using 2-HEMA, PEGMA, and PNIPAM as the starting precursors. The synthesis 
and characterization of the hydrogel are also accompanied by the investigation of the drug 
release activity of curcumin observed in the simulated body fluid (SBF). Several 
characterization techniques, including X-ray diffraction (XRD), Scanning Electron 
Microscopy (SEM), Fourier transform infrared spectroscopy (FTIR), and Ultraviolet-Visible 
(UV-Vis) Spectroscopy, have been used to analyze the structural, morphological, and physio-
chemical characteristics of the synthesized composite. 

 
2. Material and methods 
For the synthesis of hydrogel, the chemical reagents required were 2-HEMA (2-Hydroxy-
methacrylate, 99% assay), NIPAM (N-Isopropylacrylamide, 99% assay), PEGMA (poly 
(ethylene glycol) methacrylate, 99.5% assay), APS (Ammonium persulfate, 99% assay), 
MBA (N, Nˈ-Methylene Bis(acrylamide), 99% assay), and nitrogen gas. For the preparation 
of simulated body fluid, NaCl (Sodium chloride, 99% assay), NaHCO3 (Sodium bicarbonate, 
99.5% assay), KCl (Potassium chloride, 99% assay), Na2HPO4 (Sodium phosphate, 99% 
assay), MgCl2.6H2O (Magnesium chloride hexahydrate, 99% assay), HCl (hydrochloric acid, 
99% assay), CaCl2.2H2O (Calcium chloride dehydrate, 99% assay), Na2SO4 (Sodium sulfate, 
99.5% assay), TRIS tris(hydroxymethyl)aminomethane (99.5% assay), and Curcumin (99.5% 
assay) were used for investigating the drug release activity. All chemicals used were of 
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analytical grade and were purchased from Merck. & Co. Double-distilled water was used 
throughout the experiment. 

Synthesis of hydrogel-based polymeric composite. NIPAM (1.13 g), 2-HEMA 
(1.2 mL), and PEGMA (3.26 mL) were mixed in a round bottom flask under continuous 
stirring. After some time, 1% APS solution (60 µL) was added as an indicator for reaction, 
and 5% of MBA (280 µL) was added as a cross-linking agent. The flask was sealed under the 
continuous flow of nitrogen gas (to provide an inert atmosphere for reaction). Flask was then 
transferred to the water bath at 80 ºC for 3.5 h. to promote the polymerization reaction. After 
synthesis, the hydrogel was placed in deionized water for three days, and the water was 
periodically replaced with fresh double-distilled water. The experimental setup for the 
synthesis of hydrogel is shown in Fig. 1. 

 

 
Fig. 1. (a), (b), (c), and (d) Laboratory synthesis of polymeric hydrogel 

 
Preparation of simulated body fluid. NaCl (3.3 g), NaHCO3 (1.1 g), KCl (0.19 g), 

Na2HPO4 (0.09 g), and MgCl2.6H2O (0.15 g) were added to a flask, and mixed, thoroughly in 
350 mL of double distilled water. After that, 7.5 mL of HCl was added to the above mixture, 
followed by the addition of CaCl2.2H2O (0.18 g), Na2SO4 (0.04 g), and TRIS (3.03 g). HCl 
(12.5 mL) was added to maintain the desired pH of SBF. The flowchart for the synthesis of 
SBF is shown in Fig. 2. 

Drug loading and release analysis. Curcumin (100 mg) was dissolved in 5 mL of 
acetone solution, and 20 mg of synthesized hydrogel was added to the solution and kept for 
24 h. to load the curcumin into the hydrogel. The percentage of drug-loaded was evaluated by 
taking the weight of the loaded hydrogel. The flowchart for loading drugs into the hydrogel 
composite is shown in Fig. 3. 

The drug-hydrogel complex was placed in 20 mL of SBF for 30 min under continuous 
stirring for a definite time interval. After that, the absorption of SBF was analyzed by UV-Vis 
spectroscopy. The mixture temperature was increased by 10 ºC for the next reading. Further, 
the temperature was raised by 5 ºC up to 50 ºC, and the readings were again recorded. The 
experimental setup for loading the drug is shown in Fig. 4. 
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Fig. 2. Flowchart for the synthesis of simulated body fluid 

 

 
Fig. 3. Flowchart for drug loading and release analysis 

 

 
Fig. 4. Experimental setup for the loading of drug 
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3. Results and discussion  
X-Ray diffraction analysis. The most frequent type of XRD used to examine solid-state 
materials is powder diffraction, which may accept samples in powder, thin film, or even in 
bulk form. Most investigations on supramolecular hydrogels have concentrated on this feature 
of XRD, which is an excellent technique for aiding in the analysis of crystalline materials in 
general [58]. It is worth noting that there are other varieties of XRD, including wide-angle X-
ray diffraction  and small-angle X-ray scattering, which are being increasingly utilized to 
analyze the structure of biological macromolecules, including hydrogels [59]. XRD analysis 
was performed to investigate the crystalline and structural characteristics of the hydrogel 
composite (Model: Rigaku Miniflex 600 Desktop X-Ray Diffraction System). The diffraction 
pattern of the hydrogel composite is shown in Fig. 5. The intensity of diffraction for the 
samples was recorded at a wavelength of 1.541 Å with a diffraction angle (2θ) ranging from 
0° to 80° with a scanning rate of 5°/ min. A pure sample of synthesized hydrogel does not 
exhibit any sharp peaks, as shown in the diffraction patterns. The absence of sharp crystalline 
peaks reveals the amorphous nature of the synthesized composite. A single broad peak  
at a 2θ = 20º angle attributes to the synthesized hydrogel polymeric network, which is in 
accordance with Varaprasad et al. [60]. 
 

 
Fig. 5. Diffraction patterns for the synthesized hydrogel composite 

 
Scanning electron microscopy analysis. Electron microscopes use a stream of 

electrons to provide high-resolution pictures of materials. However, the analyte might be 
damaged as a result. To eliminate beam interference, a vacuum is required, which implies 
samples must be dried before imaging. Although it is less detailed and only gives surface 
imaging of materials, the method does not need considerable sample preparation for frequent 
usage. While SEM offers information about the surface of hydrogel, focused ion beam -SEM 
can be employed for obtaining a 3D image for the same. The surface morphology and pore 
size of the hydrogel composite were analyzed by SEM (Model: JSM-6490LV, JEOL, 
JAPAN). The surface morphology of hydrogel depicted the compactness of structure and 
arrangement of monomers for polymer synthesis. As seen in Figures 6, (a), (b), (c), and (d), 
porous structure with rough surface morphology can be observed. The hydrogel was observed 
to have well cross-linked monomers to form a polymeric network. At a much higher 
magnification, pore size with an average diameter between 23-104 nm for the synthesized 
hydrogel can be observed in Fig. 6 (d). The pores allow water, drug, and other molecules to 
be absorbed in the swollen state. When dried, water molecules get evaporated, and the 
entrapment of the drug takes place in the hydrogel. 
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Fig. 6. Scanning electron micrographs for morphological analysis of the synthesized hydrogel 

 
Fourier transform infrared spectroscopy analysis. Although it uses infrared light, 

FTIR spectroscopy works similarly to UV–vis spectroscopy. FTIR infers the absorbance 
spectrum precisely by applying the Fourier transform process to absorbance measurements of 
numerous wavelengths of light at the same time. Certain stretching vibrations on FTIR spectra 
correlate to certain functional groups, allowing the approach to describe the atomic structure 
of the hydrogel or solution or establish its composition in other ways [61]. FTIR spectroscopy 
(Model: NicoletTM6700, Thermo Scientific, USA) in attenuated total reflection  mode in the 
range from 4000 to 500 cm-1 with 4 cm-1 as the resolution. The FTIR spectrum reveals the 
different functional groups in the synthesized hydrogel composite. The FTIR spectrum 
exhibited different peaks at 3429.7 cm-1, 2915.3 cm-1, 1725.6 cm-1, 1643.5 cm-1, 1552.8 cm-1, 
1425.5 cm-1, 1358.8 cm-1, 1161.6 cm-1, 1067.5 cm-1 and 605.1 cm-1 is shown in Fig. 7. The 
peak at 3429.7 cm-1 is a characteristic of the hydroxyl-based copolymer, indicating the 
presence of 2-HEMA. The peak at 2915.3 cm-1 is attributed to carboxylic acid in the 
monomers. The peak at 1725.6 cm-1 corresponds to the carbonyl group present in all 
monomers. The peak at 1643.5 cm-1 represents the stretching in alkenes (C=C). The peak at 
1552.8 cm-1 indicates the stretching of C=C aromatic/conjugate units, revealing the presence 
of aromatic groups in the hydrogel. The peak at 1425.5 cm-1 depicts the stretching of alkane in 
the polymeric network. 1358.8 cm-1 indicates the presence of (C-N) stretch of PNIPAM. The 
peak value of 1161.6 cm-1 and 1067.5 cm-1 represents O-H groups present in PEGMA. The 
functional groups' monomers are attracted to each other and form polymeric networks with 
the pores, which can absorb/entrap the molecules and release them to the desired place. 
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Fig. 7. Infrared spectrum for the analysis of functional groups in the synthesized hydrogel 

 
Swelling behavior, drug loading, and drug release profile analysis. Swelling 

behavior studies were performed on the synthesized hydrogel composite. The dry weight of 
hydrogel was 20 mg; after incorporating water within its network, the weight increased to 
50 mg. Thus, using the formula for calculating the swelling percentage, the degree of swelling 
of the hydrogel sample was found to be 75%. After the polymerization reaction, the hydrogel 
was soaked in water, and a slow increase in the volume was observed. When the swollen 
hydrogel was dried in an oven at 50 ºC, the polymeric network of hydrogel collapsed, 
releasing the retained water molecules, and a shrinking in size was observed. The dry weight 
of hydrogel was taken, which was observed to be 20 mg. Then after placing it in curcumin 
solution in acetone for 24 h, the weight increased to 32 mg. The percentage Loading 
efficiency is computed to be around 60% by using the formula below. 
𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 % = HD−HO

HO
 ×  100. 

In the above equation, HO – weight of the dry hydrogel, HD – weight of the drug-loaded 
hydrogel. UV-Vis analysis for drug release is shown in Fig. 8, and the temperature-dependent 
drug release profile is shown in Fig. 9. 

 

 
Fig. 8. Ultraviolet-Visible analysis for the release of drug by hydrogel composite 
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Fig. 9. Temperature-dependent drug release profile for hydrogel composite 

 
The hydrogel was placed in SBF for releasing the drug and calculating its drug release 

percentage. Absorbance readings were taken at different temperatures. The hydrogel 
composite started to remove the drug as soon as it was placed in SBF. The absorbance value 
was observed to increase, indicating the release of curcumin slowly until the temperature 
reached 35 ºC. Above 35 ºC, absorbance reading almost became stagnant. Thus, the release 
percentage was computed and found to be around 26.47 %. Therefore, further studies can be 
carried out to optimize the efficacy of drug release. The release percentage was calculated by 
using the formula below: 
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 % = Absorbance at final temperature− Absorbance at initial temperature

Absorbance at final temperature
 ×  100. 

 
4. Conclusions 
Hydrogel composite was successfully synthesized using monomer of 2-HEMA, PEGMA, and 
NIPAM with pores lying within the nanometer range. Synthesized hydrogel responded to 
external stimuli like pH, temperature, etc. Hydrogels with cross-linked structures and 
amorphous nature were observed to have various functional groups. A study on the swelling 
behavior was also performed on the hydrogel by soaking it in an aqueous solution, and it 
exhibited a swelling percentage of 75%. Curcumin, an anti-cancer drug, was successfully 
loaded into the hydrogel, and the release characteristics were observed in SBF. Hydrogel 
composite showed sustained release of curcumin in SBF. Therefore, it can be further tailored 
to increase the loading and release efficiency of the drug. It can also be used for delivering 
therapeutic medications to targeted sites shortly. 
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Abstract. A model of plasma-forming gas flows in AC plasma torches was proposed for the 
range of operating parameters typical for technologies for the synthesis of perspective 
materials. It assumes the solution of the Navier-Stokes equations together with the equation 
for the electric field potential and includes a model of arc root motion. The law of the motion 
was restored by the method of generative model design from the available experimental data. 
The COMSOL MultiphysicsR package was used for simulations. An additional analysis of the 
applicability of various package modules for modeling essentially subsonic compressible 
flows with energy release was carried out. Recommendations were given for the simulation of 
flows in AC plasma torches. The influence of the arc root motion on the flow pattern was 
studied and the significant asymmetry in the gas-dynamic parameter distributions was shown. 
Keywords: AC plasma torch, model of plasma-forming gas flow, arc root motion, method of 
generative model design, energy release into flow 
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1. Introduction 
The development of technologies for the synthesis and processing of new materials is 
associated with the engineering of complex technical devices. Such devices include plasma 
torches [1-3]. Plasma torches are used for the synthesis of different carbon structures and 
metal nanoparticles, obtaining dispersed materials including refractory and hard-metal 
powders, waste processing, as well as for melting, cutting, and heat treatment [3-13]. 
Alternative current (AC) plasma torches hold a special place in plasma technologies. The 
possibility of use in industrial premises with no specially developed complex power sources, 
the ability to work on multispecies plasma-forming media, and the high service life of 
electrodes are the main advantages of the AC plasma torches [14]. 
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The efficiency of plasma technologies depends on the parameters of the plasma flow 
that affect the yield of the synthesized material, the quality of welds, the porosity and 
adhesion of sprayed coatings, the percentage of waste destruction, etc. Optimization of 
existing and development of new plasma technologies require a tool for estimating the gas-
dynamic parameters of the plasma flow (temperature, velocity, density) in the "working" 
volume. Depending on the type of technology, the "working" volume can serve the internal 
channels of the plasma torch, the region of jet expansion in the reactor external with respect to 
the channels, or both regions simultaneously [15]. An experimental study of high-enthalpy 
flows is difficult due to high gas temperatures in the arc and reactor. Simulation of 
plasmodynamic processes is associated with a number of computational problems. It is 
necessary to consider a hybrid problem involving at least three related subproblems: gas-
dynamic, thermal, and electromagnetic. 

COMSOL Multiphysics, ANSYS Fluent, Code_Saturne, and OpenFOAM are the most 
frequently used software products for plasmodynamic process simulation [16-21]. The 
development of existing scenarios for calculating processes in AC plasma torches using these 
packages requires an understanding of physical aspects, the correct choice of calculation 
modules, and subsequent fine matching of computational parameters. 

An important feature of modeling flows with energy release, namely, Joule heating, is 
the need for correct consideration of the effects of medium compressibility. In the COMSOL 
Multiphysics environment, it is possible to use the Laminar/Turbulent Flow modules with the 
Compressible Flow option, or the High Mach Number Flow module [22] to take into account 
the compressibility of the flow. In the context of solving the problem with the COMSOL 
Multiphysics package, a comparative analysis of the results of applying these modules is 
required. Carrying out such an analysis is one of the goals of this work. 

An important element of the hybrid model describing plasmodynamic processes is the 
arc root motion model. The movement of the arc root depends on many parameters, among 
the swirling of the gas flow at the channel inlet and the action of an external magnetic field 
can be distinguished. In the case of a direct current (DC) plasma torch, accounting for the 
motion of the arc root results in the asymmetry of the instantaneous distributions of 
parameters in the cross sections of the plasma flow in the channel. In this case, the averaging 
of spatially asymmetric profiles over time leads to the Gaussian form of the distribution of 
parameters along the radial coordinate [23]. For an AC plasma torch, the influence of the arc 
attachment motion on the flow pattern, both in the channel and in the region of jet expansion 
in the reactor zone, is more complex and insufficiently studied. 

To calculate the motion of the arc attachment in the general case, it is additionally 
necessary to consider the electrical problem for the electrode itself [23], the processes in the 
near-electrode plasma layer [24], etc. Thus, the solution of the complete problem requires 
additional computational resources. One of the alternative approaches is the method proposed 
in this paper for including the law of motion of the arc root into the hybrid model. The law of 
motion can be reconstructed from the available experimental data using generative model 
design (GMD) methods in the form of a differential equation (DE) [25-27]. This approach has 
been implemented and discussed in this paper. 

The aim of the work is to develop a model of an AC plasma torch for the simulation of 
gas-dynamic and electrical parameters in the volume of channels and in the region of gas 
expansion using the COMSOL Multiphysics package. The proposed study consists of several 
parts: an analysis of the parameters of a compressible flow in the presence of an energy 
release, a consideration of the general formulation of the problem, a description of the 
application of the GMD method to the problem of restoring the law of motion of an arc root in 
the form of a DE, a discussion of the results of modeling the compressible flow of a plasma-
forming gas using various approaches in the COMSOL Multiphysics environment, analysis of 
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the results of the 3D simulation with regard to the motion of the arc root along the surface of 
the electrode. 

 
 

2. Compressibility of the medium in the simulation of AC plasma torches 
To estimate the change in pressure, density, and velocity of a medium during its heating in a 
given temperature range, it is worth having approximate theoretical expressions presented in 
this section. 

It is known that for an isentropic flow, a variation in the Mach number in the range from 
0 to 0.14 results in a change in the gas density by 1%. The gas can approximately be 
considered an incompressible medium with 𝜌𝜌 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. In the case of the gas flow in the 
plasma torch channel, the medium is heated due to the release of Joule heat, and the flow as a 
whole is significantly non-isentropic. A simplified one-dimensional model of gas flow in a 
channel, which assumes energy release into the flow in a certain very small spatial region, is 
considered in [28]. Before and after the energy deposition region, the flow is assumed to be 
isentropic. Assuming that in area 1 before the heating zone and in area 2 after it, the flow 
remains substantially subsonic, i.e. corresponding Mach numbers 𝑀𝑀1 << 1,𝑀𝑀2 << 1, using 
the theory [28], we have simple relations 
𝑀𝑀2
𝑀𝑀1
≈ �𝑇𝑇2

𝑇𝑇1
,  𝑝𝑝2
𝑝𝑝1
≈ 1,  𝜌𝜌2

𝜌𝜌1
≈ 𝑇𝑇1

𝑇𝑇2
,    (1) 

where 𝑇𝑇𝑖𝑖, 𝑝𝑝𝑖𝑖 ,𝜌𝜌𝑖𝑖    are the temperature, pressure, and density in area i of the channel. 
Air heating in AC plasma torches is accompanied by an increase in temperature above 

3500-4000K, which is necessary for sufficient conductivity of the medium. Assuming air 
heating from 𝑇𝑇1 = 300 𝐾𝐾 to 𝑇𝑇2 = 6000 𝐾𝐾 in the arc, i.e.     
𝑇𝑇2
𝑇𝑇1

= 20,  �𝑇𝑇2
𝑇𝑇1

= 4.47   

we get   
𝜌𝜌2
𝜌𝜌1
≈ 𝑇𝑇1

𝑇𝑇2
= 0.05. 

With such a significant change in density, the compressibility of the gas cannot be 
neglected. With the indicated increase in temperature for a one-dimensional flow, a 
proportional increase in velocity and a decrease in density occurs 
𝑢𝑢2
𝑢𝑢1

= 𝜌𝜌1
𝜌𝜌2
≈ 𝑇𝑇2

𝑇𝑇1
= 20. 

The compressibility of a medium in the COMSOL Multiphysics 6.0 environment can be 
taken into account by the modules (a) Single phase flow, compressible flow, non-isothermal 
flow (hereinafter referred to as the LF approach), or (b) High Mach number flow (hereinafter 
referred to as the HM approach). The LF approach is used to calculate a compressible 
medium at Mach numbers less than 0.3 (which corresponds to the flow conditions in a plasma 
torch). It is assumed that the medium is "dynamically" weakly compressible, i.e. the change in 
density due to a change in pressure in the flow does not exceed 5%. In this case, the density 
may change due to temperature dependence. The implemented numerical schemes for the LF 
approach do not enable us to determine accurately the propagation of pressure waves [29]. 
The HM approach can be used to calculate a compressible medium at any Mach number. 
Spasmodic and sharp parameter changes are permissible. The HM module implements a 
special solution stabilization algorithm [29]. 

Analysis of the features of the application of these approaches to solving the problem of 
modeling the flow in an AC plasma torch is one of the goals of this work. 
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3. Statement of the problem 
The geometry of the problem. The paper considers two geometries of the plasma torch 
(Fig. 1). In scheme 1, the plasma torch channel contains a cylindrical body, and the end 
surface AB is the first electrode. In scheme 2, the first electrode is hollow and its surface AB 
coincides with the inner surface of the channel. The second grounded electrode is in the jet 
expansion region. 

Channel radius is 𝑅𝑅𝑐𝑐 = 16 𝑚𝑚𝑚𝑚, channel length is 330 mm, and distance from the outlet 
section of the channel to the electrode in the channel is 240 mm. In the case of a hollow 
electrode (scheme 2), this is the distance from the outlet section to point B of the hollow 
electrode. The distance between the electrodes is 𝐿𝐿𝑒𝑒 = 560 𝑚𝑚𝑚𝑚. For scheme 1 inner cylinder 
radius is 𝑅𝑅𝑒𝑒 = 10 𝑚𝑚𝑚𝑚. Jet expansion region has dimensions 𝐿𝐿𝑅𝑅 = 60𝑅𝑅𝑐𝑐 and 𝐻𝐻 = 50𝑅𝑅𝑐𝑐 for 
scheme 1, and 𝐿𝐿𝑅𝑅 = 20𝑅𝑅𝑐𝑐 and 𝐻𝐻 = 12.5𝑅𝑅𝑐𝑐 for scheme 2.  

Scheme 1 assumes an axisymmetric formulation of the problem, scheme 2 assumes a 
3D formulation of the problem by taking into account arc root motion (see subsection below).  

Table 1 shows the data on the simulation cases, including the average gas velocity at the 
channel inlet, the flow rate of the plasma-forming gas (air), and the Reynolds number values. 

 
Table 1. Simulation cases 
Case Electrode Arc root Scenario Scheme I0, A Vx_in, 

m/s 
Tin, 
K 

Re G, 
g/s 

A Cylinder 
face 

Fixed LF 1 10 1 300 ~450 0.568 

B Cylinder 
face 

Fixed HM 1 10 1.075 300 ~480 0.578 

C Hollow Moving HM 2 10 1.075 300 ~1290 0.975 
 

 
 
 
 
 
1 

 

 
 

 
 
 
 
 
2 

 
Fig. 1. The geometry of the problem 

 
Mathematical model. The laminar flow of a compressible viscous heat-conducting 

medium (air) in an alternating electric field is considered. The dynamics of the medium is 
described by the system of Navier-Stokes equations [22]: 
 𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

 +  𝛻𝛻 ⋅ (𝜌𝜌𝐮𝐮) = 0,                                                  (2) 

 𝜌𝜌 �𝜕𝜕𝐮𝐮
𝜕𝜕𝜕𝜕

 +  (𝐮𝐮 ⋅ 𝛻𝛻)𝐮𝐮� = 𝛻𝛻 ⋅ (−𝑝𝑝𝐈𝐈 + 𝜏𝜏),                                     (3) 
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𝜏𝜏 = 𝜇𝜇(𝛻𝛻𝐮𝐮 + (𝛻𝛻𝐮𝐮)𝑇𝑇) − 2
3
𝜇𝜇(𝛻𝛻 ⋅ 𝐮𝐮)𝐈𝐈,  

𝜌𝜌𝐶𝐶𝑝𝑝 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ (𝐮𝐮 ⋅ 𝛻𝛻)𝑇𝑇� = −(𝛻𝛻 ⋅ 𝐪𝐪) + 𝜏𝜏: 𝐒𝐒 − 𝑇𝑇
𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑝𝑝
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ (𝐮𝐮 ⋅ 𝛻𝛻)𝑝𝑝� + 𝑄𝑄𝐽𝐽,      (4) 

𝐪𝐪 = −𝜆𝜆𝛻𝛻𝑇𝑇, 
where t is the time; u is the velocity; ρ, p, and T are the density, pressure, and temperature of 
the medium, respectively; τ is the viscous stress tensor; q is the heat flow vector; S is the 
strain-rate tensor: 𝐒𝐒 = (𝛻𝛻𝐮𝐮 + (𝛻𝛻𝐮𝐮)𝑇𝑇); 𝑄𝑄𝑗𝑗 = 𝐣𝐣 ⋅ 𝐄𝐄 is the Joule heating power (j is the current 
density, E is the electric field strength); Сp is the heat capacity at constant pressure, μ is 
viscosity and λ is heat conduction coefficient. 

Equation (4) accounts for the work of viscous friction forces and pressure forces. 
Radiation of heated air in the considered temperature range is disregarded. Air is considered 
in the single-fluid approximation. The molar mass of air Ma and its other thermophysical 
parameters (thermal conductivity, heat capacity) are functions of temperature. Density, 
pressure, and temperature are related by the equation of the state of an ideal gas: 
𝑝𝑝 = 𝜌𝜌𝜌𝜌𝜌𝜌/𝑀𝑀𝑎𝑎 ,                                                            (5) 
where R is the universal gas constant. 

For small values of the current in the arc (see Table 1) and the absence of an external 
magnetic field, to describe the electrical part, it is enough to consider the equation for the 
electric field potential ϕ [17]: 
−𝛻𝛻 ⋅ �𝜎𝜎(𝑇𝑇)𝛻𝛻𝛻𝛻 + 𝜕𝜕(𝜀𝜀0𝜀𝜀𝑟𝑟𝛻𝛻𝛻𝛻)

𝜕𝜕𝜕𝜕
� = 0,                                              (6) 

where σ(T) is the temperature-dependent electric conductivity, ε0 is the electrical constant, 
and ε is the relative permittivity. Relationship between potential and electric field strength 
𝐄𝐄 = −𝛻𝛻𝛻𝛻, current density is defined as  𝐣𝐣 = 𝜎𝜎(𝑇𝑇)𝐄𝐄. 

Boundary conditions and initial conditions. Depending on the simulation scenario 
(LF or HM), two types of setting the boundary conditions for equations (2)-(4) at the input 
boundary CD are considered. For both approaches, the inlet flow is not swirling and it is 
assumed that only the x component of the velocity Vx,in, perpendicular to the inlet section is 
nonzero. 

For the LF approach, a velocity profile is set at the CD boundary corresponding to the 
steady flow between cylinders with the average velocity Vx,av [28]. The gas temperature Tin is 
set too. 

In the HM approach, disturbances from the downstream flow region can influence the 
solution at the subsonic inlet boundary [22,30,31]. Thus, the solution at the boundary is 
determined both by the given conditions and by the solution for the downstream flow field. In 
COMSOL Multiphysics, setting boundary conditions in this form correspond to the 
characteristics-based flow condition option. The specified boundary conditions include the 
values of the static pressure pin and temperature Tin, as well as the Mach number at the 
boundary: 
M𝑖𝑖𝑖𝑖 = 𝑉𝑉𝑥𝑥,𝑖𝑖𝑖𝑖/�𝛾𝛾𝑅𝑅𝑔𝑔𝑇𝑇𝑖𝑖𝑖𝑖,                                                     (7) 
where γ is the specific heat ratio, Rg is the gas constant. 

It should be noted that in order to match the flow rates of the plasma-forming gas for 
cases A and B through the inlet section (with accuracy of more than 98%), the velocity values 
differed for the LF and HM approaches. For the LF approach 𝑉𝑉𝑥𝑥,𝑎𝑎𝑎𝑎 = 1 m/s, for the HM 
approach 𝑉𝑉𝑥𝑥,𝑖𝑖𝑖𝑖 = 1.075 m

s
, M𝑖𝑖𝑖𝑖 = 0.0031. 

The characteristic Reynolds numbers are given in Table 1. For cases A and B, Re is 
determined by the characteristic height of the inlet 𝐻𝐻 = 𝑅𝑅𝑐𝑐 − 𝑅𝑅𝑒𝑒 = 6 𝑚𝑚𝑚𝑚, and for case C by 
the channel radius Rc. 
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At the exit boundary, for all approaches, the static pressure 𝑝𝑝𝑜𝑜𝑜𝑜𝑜𝑜 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 was 
considered known, and the change in temperature along the normal n to the surface was 
assumed to be zero 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑜𝑜𝑜𝑜𝑜𝑜

= 0.                                                         (8) 
All solid surfaces (channel walls, electrode surfaces, channel end in the expansion area) 

were considered to be thermally insulated. 
For calculation cases A and B (Table 1), a two-dimensional axisymmetric problem is 

considered. One of the electrodes is the end surface of the cylinder located in the channel. The 
end surface area of the cylinder is 𝑆𝑆𝐸𝐸 = 0.0314 𝑚𝑚2. The arc is "rigidly" attached to the 
electrode at the AB boundary. On this boundary, the condition is set 
∫ 𝐣𝐣 ⋅ 𝐧𝐧𝐮𝐮𝑆𝑆  𝑑𝑑𝑑𝑑 = 𝐼𝐼.                                                        (9) 

Here, nu is the unit normal, and S is the surface area of the electrode. The second 
electrode is grounded. The current strength changes according to the law 
𝐼𝐼 = 𝐼𝐼0 ⋅ √2 𝑠𝑠𝑠𝑠𝑠𝑠( 2𝜋𝜋𝑓𝑓0𝑡𝑡),                                                  (10) 
where I0 is the current RMS, 𝑓𝑓0 = 50 𝐻𝐻𝐻𝐻. 

For case C, the problem is three-dimensional. The electrode is a ring (see Fig. 1, AB 
boundary in scheme 2) on the inner surface of the channel. In this case, the only arc root is the 
"working" part, not the whole ring. The root area is 𝑆𝑆𝑠𝑠 = 0.0004 𝑚𝑚2. The current density is 
assumed to be constant over the root area and equal to J. According to (9) 𝑱𝑱 = 𝐼𝐼/𝑆𝑆𝑠𝑠. The 
current changes according to (10). The root moves according to the law discussed in the 
section below. One complete revolution takes approximately 100 ms.  

Arc root motion in the 3D setting. In the absence of an external magnetic field, the 
typical value of the angular velocity of arc root rotation is ω∼60 rad/s. A typical set of 
experimental data on the change in the arc root angle φ with time is shown in Fig. 2. For each 
time interval of 10 ms, the root rotates by about 36 degrees, making a complete revolution in 
about 100 ms. The law of angle change with time is repeated every 10 ms and is essentially 
non-linear (Fig. 2) due to an additional hopping movement of the attachment by about 0.2 rad 
(not shown in the figure). 

The hybrid simulation algorithm includes a differential equation of motion of the arc 
root, describing the averaged experimental data. A differential equation of the arc root motion 
has been obtained using the modified algorithm of generative model design [25]. 

GMD involves the use of a multi-criteria evolutionary optimization algorithm to select 
the equation that most accurately reproduces the data. The algorithm contains single-criteria 
and multi-criteria steps.  

The single-criteria step operates with a set of tokens representing possible "building 
blocks" of the future equation. Tokens are parameterized functions, for example, 
trigonometric, and differential operators of different orders.  

The crossing and mutation and regularization operators are defined for a single-criteria 
algorithm. The crossing operator is the exchange of terms between equations-individuals. The 
mutation is represented by two operators – replacement of the whole term in the equation or 
one factor with a given probability. The cross-over operator is the terms exchanged between 
the equation-individuals. The regularization operator uses sparse regression to determine the 
shortest expression from a given set of terms with minimal discrepancy. At the same time, 
terms with a coefficient less than the specified one are removed from the equation. The 
single-criteria algorithm works for each of the equations on the Pareto front of the multi-
criteria algorithm.  
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Fig. 2. An example of experimental data on the motion of an arc root. Different symbols and 

colors correspond to different measurements 
 

A multi-criteria step is an update of a set of Pareto-nondominable solutions in the space 
of accuracy and complexity criteria. Accuracy in this case is the difference between a 
randomly selected term and all the others, that is, an analogue of the discrepancy. The second 
criterion is complexity, the number of non–zero terms in the equation. Thus, an equation with 
a minimum discrepancy is chosen for each number of terms from a given interval. After the 
construction of the Pareto fronts, a given number of nondominable levels is saved (the level, 
in this case, is the ordinal number of the equation sorted by discrepancy for a given number of 
terms) and a single-criterion step is performed for each equation, followed by the 
reconstruction of the front at the completion of all single-criterion steps.  

 

 
Fig. 3. Data (points) and solutions of the obtained differential equations (12) 

 
For the equation of arc motion, the equation was sought in the form of a second-order 

equation  
𝐹𝐹(𝜙𝜙′′,𝜙𝜙′,𝜙𝜙, 𝑡𝑡, 𝑓𝑓) = 0.                                             (11) 
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With due regard to the impact of external factors 𝑓𝑓1 = 𝑠𝑠𝑠𝑠𝑠𝑠( 2𝜋𝜋𝑓𝑓0𝑡𝑡) or 𝑓𝑓2 = 𝑐𝑐𝑐𝑐𝑐𝑐( 2𝜋𝜋𝑓𝑓0𝑡𝑡).  
  To restore the arc equation, median values of the angular deviation distribution at each 
moment of time were taken for the entire series of experiments. The median arc for restoring 
the equation is shown in Fig. 3.  

The restored equation has the form 
0.375181𝜙𝜙′ + 251.559𝜙𝜙 + 150.584𝜙𝜙 𝑐𝑐𝑐𝑐𝑐𝑐( 2𝜋𝜋𝑓𝑓0𝑡𝑡) + 47.4799 = 𝑠𝑠𝑠𝑠𝑠𝑠( 2𝜋𝜋𝑓𝑓0𝑡𝑡)𝜙𝜙′          (12) 

The equation (12) solution was obtained using the scipy.odeint package is shown in 
Fig. 3. 

Equation (12) is included in a hybrid model for calculating a plasma torch implemented 
in the COMSOL Multiphysics environment. In order to reduce the computational time, the 
solution of equation (12) is divided into two-time intervals, each of which is approximated by 
a polynomial of power 11. 

Features of numerical implementation of the model in COMSOL Multiphysics 
environment. The COMSOL Multiphysics 6.0 package has been used to solve the hybrid 
problem of the flow in an AC plasma torch. The main computation parameters are 
summarized in Table 2.  
 
Table 2 Computation parameters 

Case Time step, 
s DOFs Mesh 

elements 
Damping 

factor Tolerance Computation time, 
h 

A 2e-4 855265 195805 0.9 0.005 24 

B 2e-4 855265 195805 Automatic 0.005 53 

C Automatic 95172 71794 1 (E) 
0.8 (GH) 0.01 148 

 
The finite element method is used to discretize differential equations by spatial 

coordinates in the COMSOL Multiphysics program. First order polynomials are used to 
calculate the weight and interpolation functions when processing both gas-dynamic variables 
(equations (2)-(4)) and electric potential (equation (6)). An implicit finite-difference scheme 
is used to discretize time derivatives. The calculations employ an IDA (Implicit Differential-
Algebraic) solver based on the BDF (Backward differentiation formula) approach. The 
second-order time approximation is set in the settings. Time step selection option for case C is 
automatic. For cases A and B, the time step parameters and the mesh size were chosen on the 
basis of previous calculations [17] and an additional study of the influence of these 
parameters on the resulting solution. The damping factor in the Newton-Raphson method for 
solving the nonlinear problems is indicated in Table 2. A Fully Coupled approach is used for 
cases A and B, based on the Jacobian calculation for the general system of equations (2)-(4). 
In calculation C, the Segregated setting is used, which assumes the calculation of the Jacobian 
separately for the gas-dynamic together with the thermal (GH) part and electrical (E) part of 
the problem. The solution of algebraic equations is performed by the Pardiso solver. The 
calculations were carried out by the resources of the supercomputer cluster of the SCC 
"Polytechnic" on one computing node containing two Intel Xeon E5–2697 v3 CPUs.  

An artificial conductivity of 235 S/m was used to initialize the arc discharge between 
the electrodes in cases A and B. By 10 milliseconds, its contribution to the total conductivity 
was zero. In case C, a volumetric energy source with a power of 500 W was set. Using the 
step function, this source was turned off 0.05 seconds after the start. The total time of the 
physical process was 1.5s. 
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4. Flow in a plasma torch with an end electrode 
This section presents the results of simulations for cases A and B of the axisymmetric 
problem, which differ in the scenarios for modeling the flow of a compressible medium in the 
COMSOL Multiphysics package. Case A assumes using the Laminar Flow module with the 
Compressible Flow option. Case B involves using the High Mach Number Flow module. 
Figure 4 shows the maximum value of overpressure (over atmospheric pressure) in the flow 
area. It is seen that the maximum pressure deviation from the atmospheric pressure set at the 
boundary does not exceed 0.4%. At the same time, the maximum pressure values for case B 
are somewhat lower. 
 

 
Fig. 4. The maximum value of overpressure in the flow area for simulation cases A (LM 

legend) and B (HM legend) 
 

Figure 5 shows the axial distributions of temperature (Fig. 5a) and velocity (Fig. 5b) for 
cases A and B corresponding to the times when the value of the current in the arc is minimal 
I=0 and maximal 02II = . At the moment of the maximum current, the temperature in the 
channel rises to 6500K. In the region of the channel, the temperature weakly depends on the 
longitudinal coordinate. The discrepancy between calculation cases A and B in terms of the 
maximum temperature observed in the flow region does not exceed 2%. In the jet expansion 
region behind the plasma torch channel, the gas temperature and velocity oscillate in space 
[17,32]. The positions of the maxima and minima on the axial temperature distribution are 
close but do not coincide for cases A and B. 

As discussed in Section 2, with an increase in temperature from 300 (inlet) to 6500 K 
for a simplified formulation of the problem, an increase in the flow velocity by a factor of 
21.7 can be expected. The inlet velocity is near 1m/s (see Table 1). The maximum observed 
velocity is 20.7 m/s in case A and 17.5 m/s in case B. The maximum velocity is reached in the 
vicinity of the channel outlet. The velocity distributions in the cases under consideration are 
similar by quality. The most significant difference is manifested for the moment of minimum 
current in the region of the channel adjacent to the electrode. For case A, a stagnation point 
with zero velocity appears on the velocity profile. The velocity field shows an "instantaneous" 
circulation area at the given time behind the electrode. For other moments of time, the area of 
backward flow is lacking [32]. For case B, this area is not observed for any moments. 

The fields of velocity and temperature for cases A and B and the moment of maximum 
current are shown in Figs. 6 and 7. It can be seen that the spatial variations of the parameters 
in both cases are close. 
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Fig. 5. Axial distributions of temperature (a) and velocity (b) for cases A (LF legend) and B 
(HM legend) corresponding to the moments of the minimal and maximal current value in the 

arc (MIN and MAX legends).
 

 
Case 

A 
 

Case 
B  

U,m/s  
Fig. 6. Velocity fields for cases A and B and the moment of maximum current 

 
Case 

A  
Case 

B  
T, K 

 
Fig. 7. Temperature fields for cases A and B and the moment of maximum current 

 
The main difference between cases A and B is the behavior of the velocity at the inlet 

boundary. For case A (LF approach), the velocity value does not fluctuate, while in case B 
(HM approach), the fluctuations are significant. The latter is related to the specific character 
of the HM approach [22] and boundary conditions settings (see section 3). The internal tests 
show that the presence of such fluctuations is independent of the mesh size. For the problem 
under consideration with a nonstationary energy supply resulting in a significant change in 
temperature in space and time, such oscillations of parameters in a subsonic flow can be 
physical but require experimental verification. 

Thus, to estimate the flow parameters both in the channel (except the region adjacent to 
the inlet boundary) and in the jet expansion region, any of the discussed approaches (LF or 
HM) can be used. However, the experience of solving similar problems in the COMSOL 
Multiphysics environment with different data (different values of velocity and gas flow rate at 
the inlet boundary) suggests that the simulation using the HM approach is more stable from a 
computational point of view. 
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Fig. 8. Average velocity over the section at the inlet boundary for cases A (LM legend) and B 

(HM legend) 
 

5. The flow in the plasma torch with regard to the arc root movement  
In the previous section, the flow in the plasma torch, one of the electrodes of which is the end 
face of an inner cylinder with a radius of 10 mm (see Fig. 1), had been considered. The arc 
root is "rigidly" attached to the electrode surface (case B, Table 1). This formulation of the 
problem predetermines the symmetry of the variation in parameters relative to the axis. The 
statement of the problem in case C (Table 1) is more complex, assuming that (i) the electrode 
surface coincides with the surface of the cylindrical channel with a radius of 16 mm (see Fig. 
1) and (ii) the arc root moves along this surface according to equation (12). Taking into 
account the displacement of the arc root effects a significant change in the gas-dynamic flow 
pattern. 

Figure 9 shows the temperature distribution for different time moments in section X=0, 
which coincides with the electrode for case B and with the end of the hollow electrode for 
case C. As noted above, for case B, the picture is symmetrical about the axis with a maximum 
temperature of about 6500K. For case C, the location of the temperature maximum coincides 
with the location of the center of the arc root. The maximum temperature in the vicinity of the 
root center exceeds 8000 K. The temperature difference for cases B and C is explained mainly 
by the difference in current density and partially by the difference in flow rate (see Table 1). 
The flow rate affects the arc voltage drop [32]. The current density for case C turns out to be 
higher due to the smaller root area (Fig. 10), respectively, and the Joule heating of the arc near 
such a root is also higher. In the remaining sections of the channel downstream, the 
temperature distributions for case C retain their asymmetric form (Fig. 11). In sections 
X=120mm (middle of the channel) and X=240mm (outlet from the channel), the maximum 
observed temperature values are close to case B. In the outlet section of the channel, the 
temperature value averaged over the entire section is close to case B (Table 3) and is about 
3900K. 

 
Table 3. Average values of parameters in the section X=240 (outlet of the channel) 

 Velocity, m/s Temperature, K 
Case B 10.283 3982.7 
Case C 16.879 3874.7 
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Fig. 9. Distribution of gas temperature (K) in section X=0 for different moments of time (t=0, 

t=T0/4, t=T0/2, t=3T0/4, t=T0. T0 = 0,02 s.). Case B on the top, case C on the bottom 
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Fig. 10. Current density (A/m2) at the moment of the maximum current in the sections X=0, 
X=120mm, X=240mm (exit from the channel). Case B is on the left, case C on the right. 

 
The distributions of the remaining parameters for the calculation case C are also 

asymmetric (e.g. Fig. 10). The gas velocity in section X=0 in the vicinity of the arc 
attachment spot exceeds 15 m/s, in most of the sections the velocity is less than 5 m/s. The 
maximum velocity averaged over the cross-section is reached at the outlet of the channel 
(Table 3). For case B the velocity distributions in the sections are symmetrical, and the 
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maximum velocity in the outlet section is lower compared to case C. This difference is due to 
the difference in flow rates for cases B and C (see Table 1).  

 
Cross 
section 

                  Case B                 Case C 
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120mm  

 
 
 
 
 
240mm 

Fig. 11. Gas temperature (K) at the moment of the maximum current in the sections X=0, 
X=120mm, X=240mm (exit from the channel). Case B is on the left, case C on the right 

 

a b 

Fig. 12. Radial distribution of temperature (a) and velocity (b) in section X=300 mm 
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From the point of view of plasma chemistry and technologies for the synthesis of 
nanostructured materials, the parameters of the heated gas, including the jet dimensions in the 
expansion region outside the channel are of great importance. For case B, the temperature in 
the jet on the axis does not fall below 3500K, the characteristic transverse size of the jet Ych in 
section X=300mm (Fig. 12a), corresponding to the temperature drop to 1000K, is about 
1.6Rc. Rotation of the arc root leads to broader distribution of temperature with a lower 
maximum. The characteristic transverse size of the jet is about Ych=2Rc. The radial 
distribution of velocity is also broader (Fig. 12b). 

 
6. Conclusions 
Thermal plasma generators are in demand for many modern technologies for the synthesis of 
nanostructured and powder materials, as well as materials with special performance 
properties. Alternating current electric arc plasma torches are promising sources of thermal 
plasma.  

The development of electric arc plasma torches for each specific technology requires an 
assessment of the plasma parameters. The description of the processes of heating the plasma-
forming gas by alternating electric current, its ionization, gas-dynamic acceleration in the 
plasma torch channel, and the outflow of a high-enthalpy jet into the background gas is a non-
trivial problem that can only be solved by numerical methods. Taking into account the 
complexity of the problem, the development of the corresponding computational model is 
carried out in stages.  

In this paper, we continue the development of a hybrid model of an AC plasma torch in 
the COMSOL Multiphysics environment proposed in [17]. The model involves calculating 
the parameters of the electric field, determining the heating power of the plasma-forming 
medium, and solving the system of Navier-Stokes equations to determine the density, 
velocity, and temperature of the gas. The electrical and gas-dynamic subproblems are related 
through the temperature-dependent conductivity of the medium, which affects the local 
current density and Joule heating. Air is considered a plasma-forming medium, the 
thermophysical parameters of which, including the molar mass, depending on temperature. 

In the presented study, special attention is paid to the correct consideration of the 
compressibility factor of the plasma-forming gas. The compressibility of a medium can be 
taken into account within the COMSOL Multiphysics package using the Laminar/Turbulent 
Flow module with the Compressible Flow option, or the High Mach Number Flow module. 
For the first time, the results of applying these modules to solve the problem of essentially 
subsonic flow of a compressible gas with energy release into the flow are compared. It is 
shown that the results obtained using different computational scenarios are close to each 
other. The temperature distributions in the flow region practically coincide. The gas velocity 
distributions are close, however, the maximum value of the flow velocity achieved at the 
moment of maximum current differs by 17%. Thus, both approaches (modules) can be used to 
estimate the flow parameters. However, the use of the High Mach Number Flow module 
showed greater computational stability of the computational algorithm implemented in it 
when the set of initial data changes.  

As an element of the hybrid model, the present paper takes into account the process of 
arc root motion along the electrode surface. For the first time, to describe this process, it is 
proposed to use the differential equation of motion of the arc root, reconstructed from the 
available experimental data using the generative model design method. Taking into account 
the root motion required the solution of a three-dimensional problem. The results of 
calculating the spatial parameter distributions differ significantly from the symmetric 
distributions observed when the motion of the arc root is not taken into account. Asymmetry 
in the parameter distributions is observed both along the entire length of the channel and in 
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the region of jet expansion. Accounting for the arc root motion is an important element of the 
plasma torch model, bringing the simulation results closer to the flow pattern observed in 
reality. 
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Abstract. The composite material comprises either two or more constituents having 
dissimilar physical and chemical properties. The composite is prepared by various techniques, 
but the stir casting method has been widely used, as it is simple and cost-effective. In the 
present work, the composites from ADC12 Aluminum Alloy-Boron Carbide (B4C) (wt.5%) 
and varied wt % of Rice Husk Ash (RHA) were developed with the help of the stir cast 
technique. Composite having 3, 6, 9 wt.% of RHA were considered for the wear analysis. The 
wear analysis of hybrid composites was studied with the help of Taguchi method and also 
optimum values were determined. The tribological study was conducted on the Pin on disk 
testing apparatus under dry sliding conditions. The L27 orthogonal array has been preferred in 
the present work to include three factors and three levels. The selected factors are Speed (N), 
Load (W), RHA, and wear depth as system output (yield). Analysis of variance has been 
carried out to know the parameters' influence and level of contribution to the wear loss. For, 
the validation of the analysis results the experimental test was carried out for the optimum 
values. To understand the wear mechanism in composites the samples were analyzed using 
Scanning Electron Microscopic (SEM) and it has been observed that both abrasive, as well as 
adhesive wear, did occur on the contact surface of the specimens. 
Keywords: ADC12 Alloy, B4C, rice husk ash, microstructure, wear, optimization, Taguchi 
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1. Introduction 
More recently, extensive research work has been conducted on agro based waste products 
because these agro-waste products are easily available, less dense, have reduced cost and are 
environmentally friendly. Several research studies show that Agro based waste byproducts 
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like maize stalk ash, bamboo leaf ash, corn cob ash, RHA, bagasse ash, and bean shell waste 
ash have been used as reinforcing materials to increase the Wear and Mechanical 
characteristics of aluminium-based composites. The latest sophisticated materials are an 
aluminium alloy matrix supplemented with SiC and B4C particulate [1,2]. Hard materials are 
commonly used as reinforcements due to their ability to improve qualities such as tensile and 
compression strengths, as well as their advantages in tribological applications. 
Reinforcements with appropriate particles are commonly used to improve mechanical 
qualities. B4C and RHA fibres have also been used as reinforcing materials in MMC because 
of their high strength and low density. Aluminium MMCs made by solidification processes 
with these particulates as reinforcing material represent a class of low-cost, suitable materials 
for a variety of engineering applications in the automobile industry, such as brake pads, 
bushes, and bearings [3,4]. The aluminium metal matrix material reinforced with B4C has the 
potential to develop a material with improved thermal conductivity, incredible mechanical 
capabilities, and good damping behaviour at high temperatures [5]. However, there is a 
wettability problem between aluminium and the B4C-RHA reinforcements, and oxidation of 
the particles at high temperatures causes industrial problems and material cavitation.  

At increased temperatures, current research on AMMC with ceramic reinforcement 
particles has revealed an increase in wear resistance and improvements in mechanical 
properties [6,7]. Due to the presence of B4C, matrix deformation, load distribution, and micro 
defects that frequently occur along the friction track could be effectively prevented.  

From the literature, it is clear that numerous investigators conceded the investigations 
on hybrid composites using aluminium alloys of different series such as 1xxx -7xxx as matrix 
material but from literature, it is very rarely seen that usage of aluminium alloy ADC12  
as matrix material. Further combination of reinforcements like boron carbide and agro  
waste product RHA containing oxide in the development and characterization of hybrid 
MMCs was not done. 

In the present work, samples of ADC12 Aluminum Alloy-B4C-RHA composites were 
prepared using stir casting. For the preparation of composites ADC12 aluminum alloy is used 
as matrix material, B4C particles, and RHA particles were used as reinforcing materials.  
The tribological properties of ADC12 aluminum alloy-B4C-RHA AMCs were studied by 
Taguchi's technique. It has been understood that the rate of wear in composites  
was influenced by the amount of RHA (reinforcing material) used and wear parameters like 
the sliding speed and applied load. Pin on Disk wears testing apparatus was used to find out 
the wear of the composite samples which were initially developed by stir casting  
method [8,9]. The design of experiments was planned and conducted as per the 
L27orthogonal array by Taguchi technique. The agro-waste derivatives were found very much 
influential as reinforcing materials [10] on properties of composites materials and  
also promising resources for the aluminium based metal composites on a large scale. In  
recent times, several investigations were aimed at the optimization of the production 
parameters and wear parameters. 

 
2. Taguchi method 
Taguchi method [11-13] is a powerful technique for designing of experiments to obtain a high 
yield from the process or system using orthogonal arrays (OA). Taguchi techniques are 
strategically ordered experiments to minimize deviations in the desired quality. It is a logical 
and easy statistical approach to finding popular designs for better execution, high quality, and 
less expensive. The Signal-to-Noise Ratio (S/N Ratio) is determined from the output response 
in Taguchi technique (experimental results-wear loss). The signal-to-noise ratios were 
calculated with the following goals in mind: smaller is better, nominal is best, and larger is 
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best. The research in this work was carried out with the goal of making the wear depth as 
small as possible, and the equations employed are listed below [14]. 
𝑆𝑆/𝑁𝑁 = − 10 × 𝑙𝑙𝑙𝑙𝑙𝑙 �∑ 𝑌𝑌2

𝑛𝑛
�. 

Here 𝑌𝑌 – result output at a certain level of combination and 𝑛𝑛 – Number of result output 
at a certain level of combination. 

The Taguchi method uses the problem's objective to obtain the Signal to Noise (S/N) 
ratio values. With the help of obtained S/N ratio values, the ideal combinations of variables 
have been presented. Analysis of variance technique has been utilized to know the statistically 
required factor and its contribution. To crosscheck the obtained ideal parameters a validation 
test was also conducted. 

 
3. Experimentation 
Materials used and composites preparation. A wide range of metals are utilized in MMCs 
and the decision of the substance relies on the sort of utilization. Henceforth alloy 
frameworks, for example, aluminium, copper, iron, magnesium, titanium, and nickel have 
been used as the base. It is observed that Fe-based car parts in the long run all be supplanted 
with more lightweight metals, e.g., aluminium combinations. ADC12 Alloy is Al-Si-Cu-based 
cast amalgams that have high mechanical properties and great castability so these composites 
have been utilized for automotive parts, for example, chamber blocks, transmission cases, 
carburettors, brake cushions, and so forth. For the current work grid material picked is 
ADC12 Alloy. Table 1 is showing the chemistry of ADC12 alloy. Some important physical, 
mechanical and thermal properties of ADC12 alloy are shown in Table 2. 
 
Table 1. Chemistry of ADC12 alloy 

Elements (wt. %) ADC12 (Standard wt. %) ADC12 (Actual wt. %) 
Si 9.60-12.00 10.60 
Fe 1.30 Max. 0.84 
Cu 1.50-3.50 2.13 
Mn 0.50 0.09 
Mg 0.30 Max. 0.07 
Zn 1.00 Max. 0.89 
Ni 0.50 Max. 0.07 
Pb 0.30 Max. 0.02 
Ti 0.20 Max 0.05 

Aluminium Balance Balance 
 
Table 2. Properties of ADC12 alloy  
Density (g/cc) 2.7 
Melting point (°C) 660 
Poisson's Ratio 0.33 
Modulus of Elasticity (GPa) 70-80 
Hardness (HV) 70 
Tensile Strength (MPa) 165-331 
Co-efficient of Thermal Expansion(mm / K-1 ) 31.1×10-6 
 

Boron synthetically combined with carbon results in a very hard ceramic known as 
boron-carbide, B4C being the 3rd hardest material after cubic boron nitride (CBN) and 
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diamond is used as abrasion material and to combat wear. Because of its high hardness and 
low density, the material can be used in aluminium matrix alloy in the form of particulates to 
produce composition material. In the present work, B4C particulates with 40 micron size are 
used which were brought from Speed-Fam Ltd., Chennai. The SEM analysis of B4C 
particulates has been carried out at BMSCE, Bangalore, Karnataka, India. Figure 1 shows the 
micro B4C particles. The composition of B4C particles is shown in Table 3. Further, Table 4 
indicates the different physical and mechanical properties of B4C. 

                                 
Table 3. Composition of B4C particles 

Elements Composition wt. % 
Boron (B) 63.68 
Carbon (C) 36.32 

 

 
 

Fig. 1. Scanning Electron Microphotograph of B4C particles 
 
                       Table 4. Physical and mechanical properties of B4C 
 
Crystallography Rhombo-hedral 
Color Black 
Specific Gravity 2.52 
Knoop 100 hardness 2900 - 3580 
Shape Blacky-Angular 
Melting Point °C 2350 
Density (g/cc) 2.52 
Young’s Modulus (GPa) 450-470 
Thermal Conductivity (at 25°C W/m – K) 30-42 

 
RHA is one of the farming waste substances and is characteristic fortification material. 

An enormous measure of rice husk is produced over the world consistently. This amount of 
waste is a challenge to dispose of. The momentum research focused to change over the RHA 
squander into valuable support material by getting Si through rice husk flakes. The concoction 
synthesis of arranged RHA is shown in Table 5. The normal molecule size of utilized RHA is 
30 µm. Figure 2 is the SEM image of RHA particles and properties are available in Table 6. 
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Fig. 2. Scanning Electron Microphotograph of RHA particles 

 
Table 5. Chemistry of RHA 
Elements SiO2 K2O CaO MgO Fe2O3 Al2O3 C Na2O LOI* 

Wt. (%) 93.1 1.28 1.1 0.56 0.49 0.47 0.33 0.6 2.61 
*LOI-Loss of Ignition 

 
Table 6. Physical and mechanical properties of RHA 
Crystallography Rhombo-hedral 
Color Black 
Specific Gravity 2.52 
Knoop 100 hardness 2900 - 3580 
Shape Blacky-Angular 
Melting Point °C 2350 
Density (g/cc) 2.52 
Young’s Modulus (GPa) 450-470 
Thermal Conductivity (at 25°C W/m – K) 30-42 
 

The cost-effective and uncomplicated stir casting was selected for the fabrication of the 
composites in the current research. ADC12 aluminum Alloy-B4C-Rice Husk Ash hybrid 
composites with a varying weight percentage of Rice husk ash were fabricated with the help 
of the stir casting technique. During the development of Aluminum alloy based composite, 
ADC12 Aluminum Alloy was reinforced within B4C-Rice husk ash material. The different 
hybrid composites were prepared having B4C fixed wt5% and Rice husk ash particulates 
varied with wt.% 3,6,9. Initially, the compact chunks of ADC12 Aluminum Alloy were 
placed in a crucible, and the temperature was raised up to 750°C in a furnace. Parallelly, B4C 
particles of 40μm and Rice husk ash powder particles of 30μm were heated in an oven whose 
temperature was set to 300°C this preheating was carried out in order to remove trapped 
moisture or any unwanted organic elements. Now, the calculated amount of preheated B4C 
particles and RHA powder were introduced within the molten metal of aluminum alloy, and 
brisk stirring of molten metal is carried out using an electric motor stirrer until there is a 
formation of a vortex. The stirring speed was maintained in the range of 500±25 rpm with the 
help of a tachometer. Continuous stirring for 5-7 minutes was conducted so that each and 
every B4C and RHA particles were mixed in the molten metal thoroughly and 1% wt of 
magnesium chips were added to the molten mixture to improve the wettability of the 
composite mixture. Now, the thoroughly mixed molten composite mixture is poured into a 
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graphite-coated metal mould die at room temperature. Once the molten metal mix solidifies it 
is ejected carefully from the dies and machined to ASTM standards for the conduction of 
wear tests. 

Design of experiment (DOE). Many orthogonal arrays available for the design of 
experiments are based on several parameters at their respective levels. For the optimization of 
parameter levels along with the reduction in cost and time of experimentation, the selection of 
a perfect orthogonal array is very important. Orthogonal design helps us in knowing the effect 
of multiple factors on wear depth. For determining the wear behavior in the present work, the 
three design factors chosen are Speed (N), Load (W), and RHA at three levels as in Table 7.  

 
Table 7. Design factors and their levels 

Levels 
Design Factors 

Speed N, (rpm) Load W, (N) RHA 
(wt.%) 

1 250 10 3 
2 500 20 6 
3 750 30 9 

 
The values of design factors obtained at three different levels are shown in Table 4 

above. The software "Minitab" helps in improving factor interaction along with accuracy by 
selecting design factors, levels, and L27 orthogonal array during analysis. L27 is the number 
of trial runs i.e., 27 runs are carried out during experimentation. Each column is assigned to 
the respective factor and interconnected factors.  

Table 8 below represents L27 orthogonal array. Each of the columns is assigned with a 
respective parameter. Speed (N) is assigned to the first column similarly, the second and fifth 
columns are assigned to Load (W) and RHA respectively. The rest of the columns assign 
themselves to the errors and interrelated factors. The trial runs were conducted based on L27 
orthogonal array and the degree of design factors represented in each row is shown in Table 8. 

To diminish the wear depth S/N ratios were calculated by considering the objective as 
smaller is the better. The analysis of variance ANOVA for experiment results was applied to 
find the contribution of each factor in the output. 

Wear test. Pin on Disk machine (Ducom-20) was used to analyze the wear 
characteristics and behavior of Al/B4C/RHA hybrid composite under dry conditions. ASTM 
G99 wear test standards were considered for the conduction of experiments over a circular 
specimen with diameter of 10 mm and length of 15 mm. Under dry sliding conditions, By 
considering the parameters like varying load of 10N, 20N, 30N, and sliding distance of 
1000 m also keeping track diameter of 50 mm wear rate was found out. The developed hybrid 
composite comprising of Al/B4C/RHA standard test specimens was forced against a revolving 
steel disk whose hardness is 55 HRC and a part of wear testing machine i.e., steel disk 
revolved and the pin (specimen) is secured by a holder clamp. The required input data like 
speed, time, load setting, etc. were entered into the system software also the required manual 
application of load was carried out. Now as per the orthogonal array the wear tests was 
conducted for each set of the specimen by varying the speeds from 250 RPM to 750 RPM. 
After the wear test, wear loss was determined from the depth of the sample by the weighing 
machine as system response, and digital data were collected. Analysis was done by digital 
data collected from the experimentation used as an output response as in Table 9. 
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Table 8. Orthogonal array L27 (313) of Taguchi 
Experiment 

No. 1 2 3 4 5 6 7 8 9 10 11 12 13 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 1 1 1 1 2 2 2 2 2 2 2 2 2 
3 1 1 1 1 3 3 3 3 3 3 3 3 3 
4 1 2 2 2 1 1 1 2 2 2 3 3 3 
5 1 2 2 2 2 2 2 3 3 3 1 1 1 
6 1 2 2 2 3 3 3 1 1 1 2 2 2 
7 1 3 3 3 1 1 1 3 3 3 2 2 2 
8 1 3 3 3 2 2 2 1 1 1 3 3 3 
9 1 3 3 3 3 3 3 2 2 2 1 1 1 
10 2 1 2 3 1 2 3 1 2 3 1 2 3 
11 2 1 2 3 2 3 1 2 3 1 2 3 1 
12 2 1 2 3 3 1 2 3 1 2 3 1 2 
13 2 2 3 1 1 2 3 2 3 1 3 1 2 
14 2 2 3 1 2 3 1 3 1 2 1 2 3 
15 2 2 3 1 3 1 2 1 2 3 2 3 1 
16 2 3 1 2 1 2 3 3 1 2 2 3 1 
17 2 3 1 2 2 3 1 1 2 3 3 1 2 
18 2 3 1 2 3 1 2 2 3 1 1 2 3 
19 3 1 3 2 1 3 2 1 3 2 1 3 2 
20 3 1 3 2 2 1 3 2 1 3 2 1 3 
21 3 1 3 2 3 2 1 3 2 1 3 2 1 
22 3 2 1 3 1 3 2 2 1 3 3 2 1 
23 3 2 1 3 2 1 3 3 2 1 1 3 2 
24 3 2 1 3 3 2 1 1 3 2 2 1 3 
25 3 3 2 1 1 3 1 3 2 1 2 1 3 
26 3 3 2 1 2 1 3 1 3 2 3 2 1 
27 3 3 2 1 3 2 1 2 1 3 1 3 1 
 

4. Results and discussion 
Microstructural analysis. The microstructural characterizations of specimens are inspected 
by SEM equipment. Figure 3 shows the SEM micrographs of ADC12 material with B4C and 
RHA micro particulates reinforced composites without heat treatment. Figure 3 (a) shows the 
SEM of pure ADC12 material. Figure 3 (b-e) shows the SEM images of ADC12 alloy with a 
constant 5 wt. % of B4C and 3, 6, 9 and 12 wt. % of RHA hybrid composites respectively. 
The SEM micrograph of as-cast ADC12 is free from particulates as it is an unreinforced alloy. 
Since the ADC12 alloy contains Si as the key alloying element, the presence of silicon is 
clearly represented by the leafy structure in the matrix. In addition, Figure 3 (b-e) shows that 
the B4C and RHA particles in the produced hybrid composites are homogeneous. The 
enhanced reinforcing content in the ADC12 alloy composites is also visible in the 
microphotographs. As can be observed in Fig. 3 (e), adding 5 wt. percent B4C microparticles 
and 12 wt. percent RHA particulates to the ADC12 matrix in two stages improved the 
microstructure of the composite significantly. The prepared samples with 5 wt. % of B4C and 
3, 6, and 9 wt. % of RHA particulates composites are free from clustering as in Fig. 3 (b-d). 
As wt. % of RHA particulates increased to 12 wt. % in ADC12 with 5 wt. % of B4C, 
agglomeration is observed in the hybrid composites due to higher wt. % of low-density 
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particles. It is also noted in Fig. 3 (b-e) that the micro B4C and RHA particles are distinct and 
show a good bonding between the ADC12 alloys. 
 
Table 9. Wear test and S/N ratio results 

Experiment No. Speed 
(RPM Load (N) RHA 

(%) Wear (mm3/m) S/N Ratio 

1 250 10 3 0.0055981 45.0393 
2 250 10 6 0.0041500 47.6390 
3 250 10 9 0.0022882 52.8103 
4 250 20 3 0.0130621 37.6797 
5 250 20 6 0.0105636 39.5237 
6 250 20 9 0.0072458 42.7982 
7 250 30 3 0.0216458 33.2925 
8 250 30 6 0.0192409 34.3155 
9 250 30 9 0.0141103 37.0093 
10 500 10 3 0.0108229 39.3131 
11 500 10 6 0.0083000 41.6184 
12 500 10 9 0.0053390 45.4508 
13 500 20 3 0.0246315 32.1702 
14 500 20 6 0.0211273 33.5031 
15 500 20 9 0.0156357 36.1176 
16 500 30 3 0.0373204 28.5611 
17 500 30 6 0.0339546 29.3820 
18 500 30 9 0.0263138 31.5963 
19 750 10 3 0.0171674 35.3059 
20 750 10 6 0.0139591 37.1028 
21 750 10 9 0.0102967 39.7460 
22 750 20 3 0.0369472 28.6484 
23 750 20 6 0.0324455 29.7769 
24 750 20 9 0.0240256 32.3865 
25 750 30 3 0.0541146 25.3337 
26 750 30 6 0.0498000 26.0554 
27 750 30 9 0.0392800 28.1166 

 
Analysis of S/N ratio. The S/N ratio for several numbers of the experiment is achieved 

from wear loss test conducted and in order to obtain as less as possible wear depth for ADC12 
Al alloy/B4C/RHA hybrid MMC using Taguchi technique. Small is always a good objective 
which in turn is used to obtain the S/N ratio. The values obtained for the wear test and the 
respective S/N ratio results are shown in Table 9 above.  

Table 10 depicts the response table of means of wear loss and Table 11 S/N ratios being 
smaller is better for speed (N), Load (W), and wt.% of RHA (RHA). The difference between 
maximum response value and minimum response value for a certain factor at different levels 
is called a delta value. Also, based on these delta values ranking are assigned to each factor in 
the wear loss response table. The Load (L) factor has the highest delta value so it is assigned 
as rank 1. Similarly, the Sliding speed (S) factor and wt. % of RHA factors are allocated as 
second and third rank based on delta values. 
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(a) (b) 

  
(c) (d) 

 
(e) 

Fig. 3. (a-e) Scanning electron microphotographs of (a) ADC12 alloy (b) ADC12 Alloy-5% 
B4C-3% RHA (c) ADC12 Alloy-5%-B4C-6% RHA (d) ADC12 Alloy-5% B4C-9% RHA (e) 

ADC12 Alloy-5% B4C-12% RHA composites 
 

Table 10. Response table for means of wear loss 
Means of wear loss 

Level Speed Load RHA 
1 0.010878 0.008658 0.024590 
2 0.020383 0.020632 0.021505 
3 0.030893 0.032864 0.016059 

Delta 0.020015 0.024207 0.008531 
Rank 2 1 3 
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Table 11. Response table for S/N ratios smaller is better 
S/N Ratios Smaller is better 

Level Speed Load RHA 
1 41.12 42.67 33.93 
2 35.30 34.73 35.44 
3 31.39 30.41 38.45 

Delta 9.74 12.26 4.52 
Rank 2 1 3 

 

 
Fig. 4. Main Effects plot for Means of Means 

 

 
Fig. 5. Main Effects plot for Data SN ratio 

  
Figures 4 and 5 main effects plot for mean and S/N ratio, each factor at different levels 

consisting of the maximum value of S/N ratio represents the significant level. The results 
indicate the maximum S/N ratio value is achieved by Speed (N) at level 1. Load (L) and wt. 
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% of RHA are at level 1 and Level 3 respectively. For Least wear, the ideal combination for 
experimentation is N1W1RHA3 (i.e., Speed= 250 rpm, Load = 10 N, wt. % of RHA = 9%). 

Analysis of variance for wear. Variance test analysis is conducted to know the critical 
values which contribute largely to wear loss, and the interaction result on the hybrid 
composite samples along with the percent influence of each feature and factors interaction on 
ADC12 Aluminum Alloy-B4C-RHA. Table 12 below indicates that the very critical parameter 
is Sliding speed (N) with the maximum contribution of 35.17%, along with Load (L) factor 
and wt. % of RHA whose contribution is 51.41% and 6.55% respectively towards hybrid 
composite specimen's wear loss. Among factors interactions, significant factors were speed 
(N) and load (S), have a contribution of 5.65 %. 
 
Table 12. Analysis of variance for means 

Source DF Seq SS Adj MS F Value Contribution (%) 
Speed 2 0.001804 0.000902 2470.37 35.17 
Load 2 0.002637 0.001318 3610.65 51.41 
RHA 2 0.000336 0.000168 459.83 6.55 

Speed*Load 4 0.000290 0.000073 198.58 5.65 
Speed*RHA 4 0.000028 0.000007 19.26 0.55 
Load*RHA 4 0.000031 0.000008 21.38 0.60 

Error 8 0.000003 0.000000  0.06 
Total 26 0.005129   100.00 

 
Confirmation test. For validation of analysis results, the regression technique was 

used. Using this technique, the relationship between the factors-interacting factors also output 
variable as a fitted equation to observed results.  
 
Table 13. Analysis of variance for S/N ratio 

Source DF Seq SS Adj MS F Value P-value 
Regression 6 1210.07 201.678 134.88 0.000 

Speed 1 39.87 38.866 25.99 0.000 
Load 1 50.39 50.390 33.70 0.000 
RHA 1 30.20 30.201 20.20 0.000 

Speed*Load 1 5.63 5.634 3.77 0.066 
Speed*RHA 1 2.66 2.656 1.78 0.198 
Load*RHA 1 6.47 6.474 4.33 0.051 

Error 20 29.90 1.495   
Total 26 1239.97    

 
Table 13 depicts the analysis of variance for S/N ratio values used in developing the 

regression equation for the critical and interacting factors which resulted from the analysis of 
variance. Thus, the equation for S/N ratios obtained from regression analysis is 
S/N Ratio = 51.34 − 0.02119(S) − 0.603(L) + 1.557(RHA) + 0.000274 × (S × L)

− 0.000627 × (S × RHA) − 0.0245 × (L × RHA) 
Table 14 below gives the validation of test results under ideal conditions. When we 

compare the different values of S/N ratio for both experimental wear loss and the one 
calculated using the regression equation it's just -1.715. Therefore, the calculated and 
experimental results for S/N ratio values very close to each other are having the least 
difference. 
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Table 14. Confirmation test results at optimum conditions 

Sl. No. Speed Load RHA Wear 
(mm3/m) 

S/N 
Ratio 

Regression 
equation S/N 

ratio 

Difference 
 

1 250 10 9 0.0022882 52.8103 51.09475 -1.71555 
 

  
(a) (b) 

  
(c) (d) 

 
(e) 

Fig. 6. Wear worn surfaces SEM images of (a) ADC12 alloy (b) ADC12-5 wt. % B4C-3 wt. 
% of RHA (c) ADC12-5 wt. % B4C-6 wt. % of RHA (d) ADC12-5 wt. % B4C-9wt. % of 

RHA (e) ADC12-5 wt. % B4C-12 wt. % of RHA composites 
 

Worn surface analysis. Figure 6 is addressing the wear surfaces of ADC12 composite, 
ADC12 with 5 wt. % B4C and 3 wt. % RHA, ADC12 combination with 5 wt. % B4C and 6 
wt. % RHA, ADC12 composite with 5 wt. % B4C and 9 wt. % RHA and ADC12 compound 
with 5 wt. % B4C and 12 wt. % RHA composites at the most extreme speed of 750 rpm and 
greatest loading condition of 30 N for 1000 m sliding distance. It is important to consider the 
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worn surface morphology of ADC12 and its B4C and RHA particulates composites as it 
shows the kind of wear the materials with various creations have gone through. During 
sliding, the ADC12 composite network is milder than the scouring circle material and 
consequently shows the thick progression of aluminum lattice, which is a pin causing plastic 
disfigurement of the example surface, bringing about high material misfortune [15,16]. As 
shown in Fig. 6 (a), the ragged surface of ADC12 compound contains sections, small pits, and 
a broken oxide layer, all of which contributed to the extension of wear problems. Large 
grooved regions on the worn surface of the ADC12 alloy are visible in Fig. 6 (a). Deeper 
adhesive grooves in ADC12 alloy, cracks on the worn surface, and scratches cause plastic 
deformation of unreinforced material. Continual wear grooves and a few damaged spots are 
visible, as shown in Fig. 6 (a). The frictional heat has softened the ADC12 alloy matrix, as 
evidenced by a large adhesive groove. More material was lost in those spots because they 
were chipped away under a heavier load and faster speed and over a longer sliding distance. 
In as-cast ADC12 alloy, the adhesive wear is most noticeable in the wide or larger 
delaminated region.  

Lesser depressions and scores may be seen in Fig. 6 (b-e), indicating that the area is 
protected from wear. Figure 6 (b-e) shows the parallel groove which indicates the abrasive 
wear as formed by the intrusion of the hard boron carbide and RHA particles into a smooth 
surface. The scored grooves formed on the track disc in addition to the impact of the wear-
hardened deposits. The presence of B4C and RHA particles in the ADC12 alloy acts as a 
barrier for plastic deformation during the wear process. These particles are hard in nature 
which contributes a reduction in material loss during wear tests. Fig. 6 (e) is showing the 
worn surface of ADC12 alloy with 5 wt.% of B4C and 12 wt.% of RHA particle reinforced 
composites. The worn surface is smooth due to the presence of hard particles; very small 
groves are visible on the surface. 
 
5. Conclusions 
ADC12 alloy with 5 wt. % of constant B4C particles and 3, 6, 9, and 12 varying wt. % of 
RHA particles reinforced hybrid composites were prepared by the stir cast method. Scanning 
electron micrographs indicated the through the distribution of dual particles in the ADC12 
alloy. From the Taguchi analysis and wear experimentation ofADC12 Aluminum Alloy-B4C-
RHA Composite samples, the following conclusions were drawn.  

• The wear characteristics of ADC12 Aluminum Alloy-B4C-RHA composites were 
studied by Taguchi technique.  

• The ideal combination for experimentation with the least wear depth is known to be 
S1W1RHA3, i.e., Speed250 rpm, load 10 N, and Sliding wt.9% RHA. From the 
analysis of variance, the factors speed (N), Load (W), and wt. % RHA are found to 
affect the wear significantly.  

• However, load (W) and speed (N) are important factors with a contribution of 86.58%. 
Among the interaction factors, Speed (S) * Load (W) and Speed * RHA has the 
contribution of 6.2% found to be the most significant interaction. Further, worn 
surface analysis exhibited various wear mechanisms under load and sliding velocity 
conditions. 
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Abstract. The defining equations at the loading step are obtained in three variants. In the first 
variant, the relations between strain increments and stress increments are obtained by 
differentiating the equations of the theory of small elastic-plastic deformations using the 
hypothesis of plastic incompressibility of the material. In the second variant, the assumption 
of plastic incompressibility was not used. The relations between the first invariants of stress 
and strain tensors were considered to be known from the extension test. In the third variant, 
the defining equations at the loading step are obtained without dividing the strain increments 
into elastic and plastic parts based on the hypothesis of proportionality of the components of 
the strain increment deviators and the components of the stress increment deviators using the 
relations between the first invariants of the stress and strain increment tensors determined 
experimentally. The numerical example shows the preference of the third variant of the 
defining equations. 
Keywords: shell, strain tensor, finite element, displacement vector, physical nonlinearity, 
plasticity matrix, stress tensor 
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1. Introduction 
At present, the theory of shells has a fairly complete outline [1,2,3,4]. Obtaining analytical 
solutions for the vast majority of problems in engineering practice is not possible due to the 
complexity of the equations. Therefore, the development and improvement of numerical 
methods for strength calculations of engineering structures is an urgent task at the present 
time. One of the priority directions of the world’s leading researchers in the field of studying 
thin-walled shell structures is taking into account the physical nonlinearity of the material 
used [5-15]. The most effective among modern methods used in the design of thin-walled 
structures is the finite element method (FEM). The development of the FEM is devoted to the 
works of many domestic and foreign authors [16-25]. When taking into account the physical 
nonlinearity, the above-mentioned works use the classical assumption of the invariance of the 
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volume as a result of elastic-plastic deformations, which does not quite correspond to the 
physical meaning of the deformation process and in some cases can lead to significant errors. 
Moreover, in physically nonlinear calculations, it is customary to divide the strain increments 
at the loading step into elastic and plastic parts. In the presented work, using the assumption 
that the components of the deviators of the increments of strains are proportional to the 
components of the deviators of the increments of stresses, the authors obtained new 
constitutive equations in which the above separation of strains at the loading step is absent. 

 
2. Materials and methods 
Basic relations. The position of the point М0 of the middle surface of the ellipsoid is 
determined by the radius vector [26] 
𝐑𝐑𝟎𝟎 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝐢𝐢 + 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝐣𝐣 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐤𝐤,                                (1) 
where a,b,c – segments cut off on the ОХ, ОY, OZ axes; 𝐢𝐢, 𝐣𝐣,𝐤𝐤 – orts the Cartesian coordinate 
system; 𝑇𝑇 – ellipse parameter in the OZ plane; 𝑡𝑡 – ellipse parameter in the plane perpendicular 
to the ОХ axis. 

The basis vectors at the point М0 can be found as follows (1): 
𝐚𝐚10 = 𝐑𝐑,𝑇𝑇

𝟎𝟎 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝐢𝐢 − 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝐣𝐣 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐤𝐤;                        (2) 
𝐚𝐚20 = 𝐑𝐑,𝑡𝑡

𝟎𝟎 = 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝐣𝐣 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐤𝐤. 
The normal to the middle surface is determined by the vector product: 

𝐚𝐚30 = 𝐚𝐚10×𝐚𝐚20

�𝐚𝐚1
0×𝐚𝐚2

0�
= 𝑢𝑢1

𝑢𝑢
𝐢𝐢 + 𝑢𝑢2

𝑢𝑢
𝐣𝐣 + 𝑢𝑢3

𝑢𝑢
𝐤𝐤,                                    (3) 

where 𝑢𝑢1 = 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏; 𝑢𝑢2 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐2𝑇𝑇; 𝑢𝑢3 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐2𝑇𝑇; 𝑢𝑢 = �𝑢𝑢12 + 𝑢𝑢22 + 𝑢𝑢32. 
Dependencies (2) and (3) are presented in the following form: 

{𝐚𝐚0}
3×1

= [𝜏𝜏(𝑇𝑇, 𝑡𝑡)]
3×3

{𝐢𝐢}
3×1

; {𝐢𝐢}
3×1

= [𝜏𝜏(𝑇𝑇, 𝑡𝑡)]
3×3

−1{𝐚𝐚0},
3×1

                               (4) 

where {𝐚𝐚0}
1×3

𝑇𝑇 = {𝐚𝐚10𝐚𝐚20𝐚𝐚30}; {𝐢𝐢}
1×3

𝑇𝑇 = {𝐢𝐢𝐢𝐢𝐢𝐢}. 

Differentiating the basis vectors (4) of an arbitrary point of the middle surface, we 
express them by the components of the same basis: 
{𝐚𝐚0,𝑇𝑇 }
3×1

= [𝜏𝜏(𝑇𝑇, 𝑡𝑡),𝑇𝑇 ]
3×3

{𝐢𝐢}
3×1

= [𝜏𝜏(𝑇𝑇, 𝑡𝑡),𝑇𝑇 ]
3×3

[𝜏𝜏(𝑇𝑇, 𝑡𝑡)]
3×3

−1{𝐚𝐚0}
3×1

= [𝑀𝑀]
3×3

{𝐚𝐚0}
3×1

; 

{𝐚𝐚0,𝑡𝑡 }
3×1

= [𝜏𝜏(𝑇𝑇, 𝑡𝑡),𝑡𝑡 ]
3×3

{𝐢𝐢}
3×1

= [𝜏𝜏(𝑇𝑇, 𝑡𝑡),𝑡𝑡 ]
3×3

[𝜏𝜏(𝑇𝑇, 𝑡𝑡)]
3×3

−1{𝐚𝐚0}
3×1

= [𝑁𝑁]
3×3

{𝐚𝐚0}
3×1

,             (5) 

where {𝐚𝐚0,𝑇𝑇 }
1×3

𝑇𝑇 = �𝒂𝒂1,𝑇𝑇
0 𝒂𝒂2,𝑇𝑇

0 𝒂𝒂3,𝑇𝑇
0 �; {𝐚𝐚0,𝑡𝑡 }

1×3

𝑇𝑇 = �𝒂𝒂1,𝑡𝑡
0 𝒂𝒂2,𝑡𝑡

0 𝒂𝒂3,𝑡𝑡
0 �. 

Consider several main positions of the points of the middle surface of the shell during 
deformation: the deformed position after (j-1) loading steps (point M, displacement vector v) 
and the position after the jth loading step (point M*, displacement vector ∆v). The points of an 
arbitrary layer of the shell, spaced at a distance of ξ from the median line, are denoted by the 
symbols 𝑀𝑀0𝜉𝜉 , 𝑀𝑀𝜉𝜉 , and 𝑀𝑀∗𝜉𝜉 corresponding to the indicated states. 

Radius vectors of the points 𝑀𝑀, 𝑀𝑀∗, 𝑀𝑀0ξ, 𝑀𝑀ξ, and 𝑀𝑀*ξ are determined as follows: 
𝐑𝐑𝟎𝟎ξ=𝐑𝐑0+ξ𝐚𝐚𝟑𝟑𝟎𝟎;𝐑𝐑=𝐑𝐑0+𝐯𝐯;  𝐑𝐑∗=𝐑𝐑+Δ𝐯𝐯;                                     (6) 
𝐑𝐑ξ=𝐑𝐑𝟎𝟎𝜉𝜉+𝐯𝐯 + ξ�𝐚𝐚3 − 𝐚𝐚3𝟎𝟎�;  𝐑𝐑∗𝜉𝜉=𝐑𝐑𝜉𝜉+Δ𝐯𝐯 + ξ(𝐚𝐚3∗ − 𝐚𝐚3), 
where 𝐚𝐚3 and 𝐚𝐚3∗  – normalized vectors to the middle surface of the shell at the 
 points 𝑀𝑀 and 𝑀𝑀∗. 

The components of the displacement vectors 𝐯𝐯 and Δ𝐯𝐯 included in (6) are determined on 
the initial basis of the point 𝑀𝑀0: 
𝐯𝐯 = 𝑣𝑣𝑖𝑖𝐚𝐚𝑖𝑖o;∆𝐯𝐯 = ∆𝑣𝑣𝑖𝑖𝐚𝐚𝑖𝑖o.                                                      (7) 

The basis vectors at the points 𝑀𝑀0ξ, 𝑀𝑀ξ, and 𝑀𝑀*ξ are found by differentiating (6) and 
taking into account (5): 
𝐠𝐠10 = 𝐑𝐑,𝑇𝑇

0𝜉𝜉 ; 𝐠𝐠1 = 𝐑𝐑,𝑻𝑻
𝜉𝜉+ 𝐯𝐯,𝑇𝑇+ 𝜉𝜉�𝐚𝐚3,𝑇𝑇 −  𝐚𝐚3,𝑇𝑇

0 �; 
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𝐠𝐠1∗ = 𝐑𝐑,𝑇𝑇∗ = 𝐠𝐠1 + ∆𝐯𝐯,𝑇𝑇+ 𝜉𝜉�𝒂𝒂3,𝑇𝑇
∗ − 𝒂𝒂3,𝑇𝑇�;                                (8) 

𝐠𝐠20 = 𝐑𝐑,𝑡𝑡
0𝜉𝜉 ; 𝐠𝐠2 = 𝐑𝐑,𝑡𝑡

𝜉𝜉+ 𝐯𝐯,𝑡𝑡+ 𝜉𝜉�𝐚𝐚3,𝑡𝑡 −  𝐚𝐚3,𝑡𝑡
0 �; 

𝐠𝐠2∗ = 𝐑𝐑,𝑡𝑡∗ = 𝐠𝐠2 + ∆𝐯𝐯,𝑡𝑡+ 𝜉𝜉�𝒂𝒂3,𝑡𝑡
∗ − 𝒂𝒂3,𝑡𝑡�. 

The derivatives of the vectors 𝐯𝐯 and ∆𝐯𝐯 can be obtained by differentiating (7) and taking 
into account (5): 
𝐯𝐯,𝛼𝛼 = 𝑧𝑧𝛼𝛼𝑚𝑚𝐚𝐚𝑚𝑚0 ; 𝐯𝐯,𝛼𝛼𝛼𝛼 = 𝑧𝑧𝛼𝛼𝛼𝛼

𝑚𝑚 𝐚𝐚𝑚𝑚0  
∆𝐯𝐯,𝛼𝛼 = 𝑓𝑓𝛼𝛼𝑚𝑚𝐚𝐚𝑚𝑚0 ;∆𝐯𝐯,𝛼𝛼𝛼𝛼 = 𝑓𝑓𝛼𝛼𝛼𝛼

𝑚𝑚𝐚𝐚𝑚𝑚0 ,                                                  (9) 
where 𝑧𝑧𝛼𝛼𝑚𝑚 and 𝑧𝑧𝛼𝛼𝛼𝛼

𝑚𝑚  – functions of the displacement vector components 𝐯𝐯 and their derivatives; 
𝑓𝑓𝛼𝛼𝑚𝑚, 𝑓𝑓𝛼𝛼𝛼𝛼

𝑚𝑚  – functions of the displacement vector components ∆𝐯𝐯 and their derivatives; for α=1 
we understand the derivative with respect to the parameter T; for α=2 – differentiation with 
respect to the parameter t. 

The unit normal vectors at the points 𝑀𝑀 and 𝑀𝑀∗ can be represented by the vector 
products of the corresponding basis vectors tangent to the middle surface of the ellipsoid at 
the points under consideration. When calculating in a geometrically linear formulation, these 
unit vectors can be represented by the expressions: 
𝐚𝐚3 = 𝐚𝐚1×𝐚𝐚2

√𝑎𝑎
; 𝐚𝐚3∗ = 𝐚𝐚1∗×𝐚𝐚2∗

√𝑎𝑎
,                                           (10) 

where 𝐚𝐚1 = (𝐑𝐑0+𝐯𝐯),𝑇𝑇; 𝐚𝐚2 = (𝐑𝐑0+𝐯𝐯),𝑡𝑡 ;  𝐚𝐚1∗ = (𝐑𝐑+Δ𝐯𝐯),𝑇𝑇; 𝐚𝐚𝟐𝟐∗ = (𝐑𝐑+Δ𝐯𝐯),𝑡𝑡; 𝑎𝑎 = 𝑎𝑎11𝑎𝑎22 −
𝑎𝑎12𝑎𝑎21 – determinant of the metric tensor at a point 𝑀𝑀. 

When determining the curvature in an arbitrary shell layer spaced at a distance ξ from 
the median line, one can apply the equations of continuum mechanics [27]: 
𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 = 1

2
�𝑔𝑔𝛼𝛼𝛼𝛼 − 𝑔𝑔𝛼𝛼𝛼𝛼

0 �; ∆𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 = 1

2
�𝑔𝑔𝛼𝛼𝛼𝛼∗ − 𝑔𝑔𝛼𝛼𝛼𝛼�,                         (11) 

where 𝑔𝑔𝛼𝛼𝛽𝛽
0 = 𝐠𝐠𝛼𝛼0𝐠𝐠𝛽𝛽

0 ;𝑔𝑔𝛼𝛼𝛼𝛼 = 𝐠𝐠𝛼𝛼𝐠𝐠𝛽𝛽;𝑔𝑔𝛼𝛼𝛼𝛼∗ = 𝐠𝐠𝛼𝛼∗ 𝐠𝐠𝛽𝛽∗  – covariant components of metric tensors at 
corresponding points. 

When using (8), (9), and (10), the deformations at an arbitrary point of the shell (11) are 
represented by the expressions: 
𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 = 𝜀𝜀𝛼𝛼𝛼𝛼 + 𝜉𝜉𝜒𝜒𝛼𝛼𝛼𝛼;∆𝜀𝜀𝛼𝛼𝛼𝛼

𝜉𝜉 = ∆𝜀𝜀𝛼𝛼𝛼𝛼 + 𝜉𝜉∆𝜒𝜒𝛼𝛼𝛼𝛼 ,                              (12) 

where 𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 , 𝜒𝜒𝛼𝛼𝛼𝛼 – deformation and curvature of the middle surface of the shell at the point 𝑀𝑀; 

∆𝜀𝜀𝛼𝛼𝛼𝛼, ∆𝜒𝜒𝛼𝛼𝛼𝛼 – increments of deformations and curvature of the middle surface at a point 𝑀𝑀∗. 
At the loading step, the deformation parameters of the middle surface in a linear 

formulation are determined by the expressions: 
∆𝜀𝜀𝛼𝛼𝛼𝛼 = 1

2
�𝐚𝐚𝛼𝛼0∆𝐯𝐯,𝛽𝛽 + 𝐚𝐚𝛽𝛽

0∆𝐯𝐯,𝛼𝛼�;                                        (13) 

∆𝜒𝜒𝛼𝛼𝛼𝛼 =
1
2
�𝐚𝐚𝛼𝛼0∆𝐯𝐯,𝛽𝛽 + 𝐚𝐚𝛽𝛽

0∆𝐯𝐯,𝛼𝛼 + 𝐚𝐚𝛼𝛼0(𝐚𝐚3∗ − 𝐚𝐚3),𝛽𝛽+ 𝐚𝐚𝛽𝛽
0(𝐚𝐚3∗ − 𝐚𝐚3),𝛼𝛼 �. 

Expressions (12) and (13) taking into account (8), (9) and (10) are presented in matrix 
form: 
�𝜀𝜀𝜉𝜉�
3×1

= [𝐺𝐺]
3×6

{𝜀𝜀}
6×1

= [𝐺𝐺]
3×6

[𝐿𝐿]
6×3

{𝑣𝑣}
3×1

;  �∆𝜀𝜀ξ�
3×1

= [𝐺𝐺]
3×6

{∆𝜀𝜀}
6×1

= [𝐺𝐺]
3×6

[𝐿𝐿]
6×3

{∆𝑣𝑣},
3×1

                               (14) 

where �𝜀𝜀𝜉𝜉�
𝑇𝑇

= �𝜀𝜀11
𝜉𝜉 𝜀𝜀22

𝜉𝜉 2𝜀𝜀12
𝜉𝜉 � ;  �∆𝜀𝜀𝜉𝜉�

𝑇𝑇
= �∆𝜀𝜀11

𝜉𝜉 ∆𝜀𝜀22
𝜉𝜉 2∆𝜀𝜀12

𝜉𝜉 �; 
{𝜀𝜀}𝑇𝑇 = {𝜀𝜀11; 𝜀𝜀22; 2𝜀𝜀12;𝜒𝜒11;𝜒𝜒22; 2𝜒𝜒12}; {𝑣𝑣}𝑇𝑇 = {𝑣𝑣1; 𝑣𝑣2; 𝑣𝑣3}; 
{∆𝑣𝑣}𝑇𝑇 = {∆𝑣𝑣1;∆𝑣𝑣2;∆𝑣𝑣3}; {∆𝜀𝜀}𝑇𝑇 = {∆𝜀𝜀11;∆𝜀𝜀22; 2∆𝜀𝜀12;∆𝜒𝜒11;∆𝜒𝜒22; 2∆𝜒𝜒12}; 
[𝐿𝐿] – transformation matrix. 

Discretization element at the loading step. An arbitrary quadrangular fragment of the 
middle surface of the shell with nodes i, j, k, and l is taken as a finite element. To perform the 
numerical integration procedure, this fragment is approximated by a square with local 
coordinates ζ and η, varying within -1 ≤ ζ,η ≤1. The mapping is implemented using bilinear 
functions: 
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𝜆𝜆 = {𝑓𝑓(𝜁𝜁 , 𝜂𝜂)}
1×4

𝑇𝑇�𝜆𝜆𝑦𝑦�,
4×1

                                        (15) 

where �𝜆𝜆𝑦𝑦�
𝑇𝑇

= �𝜆𝜆𝑖𝑖𝜆𝜆𝑗𝑗𝜆𝜆𝑘𝑘𝜆𝜆𝑙𝑙�, and the symbol 𝜆𝜆 means the values of the nodal parameters T and 
t, which are further denoted by the symbols 𝜃𝜃1 and 𝜃𝜃2, respectively. 

After the derivatives (15) are found, the coordinates 𝜃𝜃𝛼𝛼 in the system ζ,η(𝜃𝜃,𝜁𝜁𝛼𝛼 ,𝜃𝜃,𝜂𝜂𝛼𝛼) and 
local coordinates ζ,η are differentiated with respect to the global unknowns 𝜃𝜃𝛼𝛼 
(𝜁𝜁,𝛼𝛼,𝜂𝜂,𝛼𝛼,𝜁𝜁,𝛼𝛼𝛼𝛼,𝜂𝜂,𝛼𝛼𝛼𝛼). 

As nodal variable parameters for (j-1) previous steps, the components of the 
displacement vector and their derivatives in local and global coordinate systems are selected: 
{𝑣𝑣𝑙𝑙𝑛𝑛}
1×12

𝑇𝑇 = �𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣,𝜁𝜁𝑛𝑛𝑛𝑛 𝑣𝑣,𝜁𝜁
𝑛𝑛𝑛𝑛 𝑣𝑣,𝜁𝜁𝑛𝑛𝑛𝑛 𝑣𝑣,𝜁𝜁𝑛𝑛𝑛𝑛 𝑣𝑣,𝜂𝜂𝑛𝑛𝑛𝑛 𝑣𝑣,𝜂𝜂

𝑛𝑛𝑛𝑛 𝑣𝑣,𝜂𝜂𝑛𝑛𝑛𝑛 𝑣𝑣,𝜂𝜂𝑛𝑛𝑛𝑛 �;         (16) 

�𝑣𝑣𝑔𝑔𝑛𝑛�
1×12

𝑇𝑇
= �𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣𝑛𝑛𝑛𝑛𝑣𝑣,𝜃𝜃1

𝑛𝑛𝑛𝑛 𝑣𝑣,𝜃𝜃1
𝑛𝑛𝑛𝑛 𝑣𝑣,𝜃𝜃1

𝑛𝑛𝑛𝑛 𝑣𝑣,𝜃𝜃1
𝑛𝑛𝑛𝑛 𝑣𝑣,𝜃𝜃2

𝑛𝑛𝑛𝑛 𝑣𝑣,𝜃𝜃2
𝑛𝑛𝑛𝑛 𝑣𝑣,𝜃𝜃2

𝑛𝑛𝑛𝑛 𝑣𝑣,𝜃𝜃2
𝑛𝑛𝑛𝑛 �, 

where n=1,2,3. 
Similarly, at the jth loading step 

{∆𝑣𝑣𝑙𝑙𝑛𝑛}
1×12

𝑇𝑇 = �∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣,𝜁𝜁𝑛𝑛𝑛𝑛 ∆𝑣𝑣,𝜁𝜁
𝑛𝑛𝑛𝑛 ∆𝑣𝑣,𝜁𝜁𝑛𝑛𝑛𝑛 … . .∆𝑣𝑣,𝜂𝜂𝑛𝑛𝑛𝑛 ∆𝑣𝑣,𝜂𝜂𝑛𝑛𝑛𝑛 �;         (17) 

�∆𝑣𝑣𝑔𝑔𝑛𝑛�
1×12

𝑇𝑇
= �∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣𝑛𝑛𝑛𝑛∆𝑣𝑣,𝜃𝜃1

𝑛𝑛𝑛𝑛 … …∆𝑣𝑣,𝜃𝜃2
𝑛𝑛𝑛𝑛 ∆𝑣𝑣,𝜃𝜃2

𝑛𝑛𝑛𝑛 ∆𝑣𝑣,𝜃𝜃2
𝑛𝑛𝑛𝑛 �. 

The local basis nodal vectors of the finite element (FE) at the loading step can be 
represented as: 

�∆𝑉𝑉𝑦𝑦𝑙𝑙�
1×36

𝑇𝑇
= �{∆𝑣𝑣1𝑙𝑙}

1×12
𝑇𝑇{∆𝑣𝑣2𝑙𝑙}

1×12
𝑇𝑇{∆𝑣𝑣3𝑙𝑙}

1×12
𝑇𝑇� ; �∆𝑉𝑉𝑦𝑦

𝑔𝑔�
1×36

𝑇𝑇
= �{∆𝑣𝑣1𝑔𝑔}

1×12
𝑇𝑇{∆𝑣𝑣2𝑔𝑔}

1×12
𝑇𝑇{∆𝑣𝑣3𝑔𝑔}

1×12
𝑇𝑇�.   (18) 

When using differential dependencies 
𝑣𝑣,𝜁𝜁𝑛𝑛 = 𝑣𝑣,𝜃𝜃1

𝑛𝑛 𝜃𝜃,𝜁𝜁1+ 𝑣𝑣,𝜃𝜃2
𝑛𝑛 𝜃𝜃,𝜁𝜁2;𝑣𝑣,𝜂𝜂𝑛𝑛 = 𝑣𝑣,𝜃𝜃1

𝑛𝑛 𝜃𝜃,𝜂𝜂1+ 𝑣𝑣,𝜃𝜃2
𝑛𝑛 𝜃𝜃,𝜂𝜂2 ; (𝑛𝑛 = 1,2,3)         (19) 

between nodal unknowns in local and global coordinate systems, the following matrix relation 
takes place: 
�∆𝑉𝑉𝑦𝑦𝑙𝑙�
36×1

= [𝐻𝐻]
36×36

�∆𝑉𝑉𝑦𝑦
𝑔𝑔�

36×1
.                                                   (20) 

As a result of deformation, the position of the internal point of the FE can be determined 
through the nodal unknowns using the expressions: 
𝑣𝑣𝑛𝑛 = {𝜑𝜑}

1×12

𝑇𝑇{𝑣𝑣𝑛𝑛𝑛𝑛}
12×1

;∆𝑣𝑣𝑛𝑛 = {𝜑𝜑}
1×12

𝑇𝑇{∆𝑣𝑣𝑛𝑛𝑛𝑛}
12×1

;    𝑛𝑛 = 1,2,3,            (21) 

where the structure {𝜑𝜑}𝑇𝑇 includes Hermite polynomials of the third degree [28].  
Based on (14), increments of step strain, taking into account (21), will take the form: 

�∆𝜀𝜀𝜉𝜉�
3×1

= [𝐺𝐺]
3×6

[𝐿𝐿]
6×3

{∆𝑣𝑣}
3×1

= [𝐺𝐺]
3×6

[𝐿𝐿]
6×3

[𝐴𝐴]
3×36

�∆𝑉𝑉𝑦𝑦𝑙𝑙�
36×1

= [𝐺𝐺]
3×6

[𝐵𝐵]
6×36

�∆𝑉𝑉𝑦𝑦𝑙𝑙�
36×1

,            (22) 

where [А]
3×36

=

⎣
⎢
⎢
⎢
⎡ {𝜑𝜑}
1×12

𝑇𝑇 {0}
1×12

𝑇𝑇 {0}
1×12

𝑇𝑇

{0}
1×12

𝑇𝑇 {𝜑𝜑}
1×12

𝑇𝑇 {0}
1×12

𝑇𝑇

{0}
1×12

𝑇𝑇 {0}
1×12

𝑇𝑇 {𝜑𝜑}
1×12

𝑇𝑇
⎦
⎥
⎥
⎥
⎤
. 

Relationships between strain increments and stress increments at the loading step. 
The constitutive equations of the theory of small elastoplastic deformations in a curvilinear 
coordinate system are written as [29]: 
𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 − 1

3
𝑔𝑔𝛼𝛼𝛼𝛼𝑃𝑃𝜀𝜀

𝜉𝜉 = 3
2
𝜀𝜀𝑖𝑖
𝜎𝜎𝑖𝑖
�𝜎𝜎𝛼𝛼𝛼𝛼 −

1
3
𝑔𝑔𝛼𝛼𝛼𝛼𝑃𝑃𝜎𝜎�,                                          (23) 

where 𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉  – covariant strain tensor components; 𝑃𝑃𝜀𝜀

𝜉𝜉 = 𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 𝑔𝑔𝛼𝛼𝛼𝛼 – the first invariant of the 

strain tensor; 𝑔𝑔𝛼𝛼𝛼𝛼 ,𝑔𝑔𝛼𝛼𝛼𝛼 – covariant and contravariant components of the metric tensor; 𝜎𝜎𝛼𝛼𝛼𝛼 – 
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covariant stress tensor components; 𝑃𝑃𝜎𝜎 = 𝜎𝜎𝛼𝛼𝛼𝛼𝑔𝑔𝛼𝛼𝛼𝛼 – the first invariant of the stress tensor; 𝜀𝜀𝑖𝑖 – 
strain intensity; 𝜎𝜎𝑖𝑖 – stress intensity. 

The dependence between the first invariants of the strain and stress tensor, taking into 
account the hypothesis of the incompressibility of the material, is written as [30]: 
𝑃𝑃𝜀𝜀
𝜉𝜉 = 1−2𝜇𝜇

𝐸𝐸
𝑃𝑃𝜎𝜎 = 𝐾𝐾1𝑃𝑃𝜎𝜎 ,                                               (24) 

where 𝜇𝜇 – the transverse strain coefficient; 𝐸𝐸 – elasticity modulus of the material. 
If we disregard the hypothesis about the incompressibility of the material, then 

relation (24) can be represented as follows: 
𝑃𝑃𝜀𝜀
𝜉𝜉 = 𝐾𝐾2𝑃𝑃𝜎𝜎 = 3

2
(1−2𝜇𝜇)
(1+𝜇𝜇)

1
𝐸𝐸𝑠𝑠𝑠𝑠

𝑃𝑃𝜎𝜎 ,                                         (25) 
where the coefficient 𝐾𝐾2 is determined on the basis of experience with a simple tension of the 
rod; 𝐸𝐸𝑠𝑠𝑠𝑠 – secant modulus of the deformation diagram. 

Taking into account (24) and (25) dependences (23) can be rewritten as: 
𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 = 3

2
𝜀𝜀𝑖𝑖
𝜎𝜎𝑖𝑖
𝜎𝜎𝛼𝛼𝛼𝛼 + 1

3
𝑔𝑔𝛼𝛼𝛼𝛼𝑃𝑃𝜎𝜎 �−

3
2
𝜀𝜀𝑖𝑖
𝜎𝜎𝑖𝑖

+ 𝐾𝐾𝑚𝑚�,                            (26) 
where 𝑚𝑚 = 1, 2. 

Dependences between strain increments and stress increments at the loading step are 
determined by differentiation of (26): 

∆𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 =

𝜕𝜕𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉

𝜕𝜕𝜎𝜎11
∆𝜎𝜎11 +

𝜕𝜕𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉

𝜕𝜕𝜎𝜎22
∆𝜎𝜎22 +

𝜕𝜕𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉

𝜕𝜕𝜎𝜎12
∆𝜎𝜎12,                       (27) 

where the coefficients 𝐾𝐾𝑚𝑚 at the loading step are considered unchanged. 
Based on (27), a matrix relation is formed: 

�∆𝜀𝜀𝜉𝜉�
3×1

= [𝐷𝐷𝑚𝑚]
3×3

�∆𝜎𝜎𝛼𝛼𝛼𝛼�
3×1

,                                           (28) 

where �∆𝜎𝜎𝛼𝛼𝛼𝛼�
𝑇𝑇

= {∆𝜎𝜎11∆𝜎𝜎22∆𝜎𝜎12} – string of stress increments at the loading step; 𝑚𝑚 = 1, 2 
depending on the coefficient 𝐾𝐾𝑚𝑚 used. 

The author's version of the relationship between increments of strains and stresses 
suggests using the assumption that the components of the deviator of increments of strains are 
proportional to the components of the deviator of increments of stresses: 
∆𝜀𝜀𝛼𝛼𝛼𝛼

𝜉𝜉 − 1
3
𝑔𝑔𝛼𝛼𝛼𝛼𝑃𝑃∆𝜀𝜀

𝜉𝜉 = 3
2
𝜀𝜀𝑖𝑖∆

𝜎𝜎𝑖𝑖∆
�∆𝜎𝜎𝛼𝛼𝛼𝛼 −

1
3
𝑔𝑔𝛼𝛼𝛼𝛼𝑃𝑃∆𝜎𝜎�,                     (29) 

where ∆𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉  – covariant components of the strain increment tensor; 𝑃𝑃∆𝜀𝜀

𝜉𝜉 = ∆𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 𝑔𝑔𝛼𝛼𝛼𝛼 – the first 

invariant of the strain increment tensor; ∆𝜎𝜎𝛼𝛼𝛼𝛼 – covariant components of the stress increment 
tensor; 𝑃𝑃∆𝜎𝜎 = ∆𝜎𝜎𝛼𝛼𝛼𝛼𝑔𝑔𝛼𝛼𝛼𝛼 – first invariant of the stress increment tensor; 𝜀𝜀𝑖𝑖∆ – intensity of strain 
increments; 𝜎𝜎𝑖𝑖∆ – intensity of stress increments. 

In practical use in relations (29) it is assumed that the ratio of the intensities of strain 
increments and stress increments is equal to the ratio of increments of strain and stress 
intensities: 
𝜀𝜀𝑖𝑖∆

𝜎𝜎𝑖𝑖∆
= ∆𝜀𝜀𝑖𝑖

∆𝜎𝜎𝑖𝑖
= 1

𝐸𝐸𝑥𝑥
,                                                     (30) 

where 𝐸𝐸𝑥𝑥 – the chord modulus of the deformation diagram at the loading step. 
Applying the tension-compression test to a rod, one can obtain relations between the 

first invariants of the tensors of strain increments and stress increments: 
𝑃𝑃∆𝜀𝜀 = 𝐾𝐾3𝑃𝑃∆𝜎𝜎 = 3

2
(1−2𝜇𝜇)
(1+𝜇𝜇)

1
𝐸𝐸𝑥𝑥

.                                        (31) 
Taking into account (30) and (31) dependences (29) take the form: 

∆𝜀𝜀𝛼𝛼𝛼𝛼
𝜉𝜉 = 3

2
1
𝐸𝐸𝑥𝑥
∆𝜎𝜎𝛼𝛼𝛼𝛼 + 1

3
𝑔𝑔𝛼𝛼𝛼𝛼𝑃𝑃∆𝜎𝜎 �−

3
2
1
𝐸𝐸𝑥𝑥

+ 𝐾𝐾3�.                         (32) 
Based on (32), a matrix relation is formed: 
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�∆𝜀𝜀𝜉𝜉�
3×1

= [𝐷𝐷3]
3×3

�∆𝜎𝜎𝛼𝛼𝛼𝛼�
3×1

.                                               (33) 

Finite element stiffness matrix. When forming the stiffness matrix of the FE described 
above at the loading step, the principle of equality of the work of internal and external forces 
is used, which is determined by the expression 
Ф = ∫ ∆𝜀𝜀𝛼𝛼𝛼𝛼

𝜉𝜉 �𝜎𝜎𝛼𝛼𝛼𝛼 + ∆𝜎𝜎𝛼𝛼𝛼𝛼�𝑉𝑉 𝑑𝑑𝑑𝑑 − ∫ ∆𝑣𝑣𝑖𝑖(𝑃𝑃𝑖𝑖 + ∆𝑃𝑃𝑖𝑖)𝐹𝐹 𝑑𝑑𝑑𝑑,           (34) 
where 𝜎𝜎𝛼𝛼𝛼𝛼 and ∆𝜎𝜎𝛼𝛼𝛼𝛼 – contravariant components of the stress tensor for (j-1) loading steps 
and the stress increment tensor at the jth loading step; 𝑃𝑃𝑖𝑖 and ∆𝑃𝑃𝑖𝑖 are covariant components of 
the vector of external loads. 

Based on the ratios: 
∆𝜎𝜎𝛼𝛼𝛼𝛼 = 𝑔𝑔𝛼𝛼𝜌𝜌𝑔𝑔𝛽𝛽𝛽𝛽∆𝜎𝜎𝜌𝜌𝜌𝜌 
a matrix expression is compiled: 
�𝜎𝜎𝛼𝛼𝛼𝛼�
3×1

= [𝑔𝑔]
3×3

�∆𝜎𝜎𝛼𝛼𝛼𝛼�.
3×1

                                                      (35) 

To determine the stress increments in an arbitrary shell layer, using (28) and (33), one 
can obtain the matrix relation: 
�∆𝜎𝜎𝛼𝛼𝛼𝛼�
3×1

= [𝐷𝐷𝑚𝑚]
3×3

−1�∆𝜀𝜀𝜉𝜉�
3×1

.                                               (36) 

Taking into account (36) and (22), functional (34) can be written as: 
Ф =

�∆𝑉𝑉𝑦𝑦𝑙𝑙�
1×36

Т
∫ [𝐵𝐵]

36×6

𝑇𝑇[𝐺𝐺]
6×3

Т[𝑔𝑔]
3×3

�𝜎𝜎𝛼𝛼𝛼𝛼�
3×1

𝑑𝑑𝑑𝑑 + �∆𝑉𝑉𝑦𝑦𝑙𝑙�
1×36

Т
∫ [𝐵𝐵]

36×6

𝑇𝑇[𝐺𝐺]
6×3

Т[𝐷𝐷𝑚𝑚]
3×3

−1[𝑔𝑔]
3×3𝑉𝑉 [𝐺𝐺]

3×6
[𝐵𝐵]
6×36

�∆𝑉𝑉𝑦𝑦𝑙𝑙�
36×1

𝑉𝑉 𝑑𝑑𝑑𝑑 −

�∆𝑉𝑉𝑦𝑦𝑙𝑙�
1×36

Т
∫ [𝐴𝐴]

36×3
𝑇𝑇{𝑃𝑃}
3×1

𝑑𝑑𝑑𝑑 −𝐹𝐹 �∆𝑉𝑉𝑦𝑦𝑙𝑙�
1×36

Т
∫ [𝐴𝐴]

36×3
𝑇𝑇

𝐹𝐹 {∆𝑃𝑃}
3×1

𝑑𝑑𝑑𝑑.                                       (37) 

When using (20) and minimizing the functional (37) with respect to the nodal unknowns 
�∆𝑉𝑉𝑦𝑦

𝑔𝑔�, a matrix relation is formed: 
[𝑀𝑀]
36×36

�∆𝑉𝑉𝑦𝑦
𝑔𝑔�

36×1
= {𝐹𝐹}

36×1
+ {𝑓𝑓}

36×1
,                                          (38) 

where [𝑀𝑀]
36×36

= [𝐻𝐻]
36×36

𝑇𝑇 ∫ [𝐵𝐵]
36×6

𝑇𝑇[𝐺𝐺]
6×3

𝑇𝑇[𝐷𝐷𝑚𝑚]
3×3

−1[𝑔𝑔]
3×3

[𝐺𝐺]
3×6

[𝐵𝐵]
6×36𝑉𝑉 d𝑉𝑉 [𝐻𝐻]

36×36
− step stiffness matrix of a 

quadrangular FE; {𝐹𝐹}
36×1

= [𝐻𝐻]
36×36

𝑇𝑇 ∫ [𝐴𝐴]
36×3

𝑇𝑇
F {∆𝑃𝑃}

3×1
dF − step vector of nodal loads; {𝑓𝑓}

36×1
=

[𝐻𝐻]
36×36

𝑇𝑇 ∫ [𝐴𝐴]
36×3

T
𝐹𝐹 {𝑃𝑃}

3×1
𝑑𝑑𝑑𝑑− [𝐻𝐻]

36×36
𝑇𝑇 ∫ [𝐵𝐵]

36×6

𝑇𝑇
𝑉𝑉 [𝐺𝐺]

6×3

𝑇𝑇[𝑔𝑔]
3×3

�𝜎𝜎𝛼𝛼𝛼𝛼�
3×1

𝑑𝑑𝑑𝑑 – the Newton-Raphson residual. 

 
3. Obtained results 
In order to verify the proposed algorithms, the problem of calculating the strength of a 
fragment of an elliptical cylinder shown in Fig. 1 was solved. 

 
Fig. 1. Calculated structure 

324 A.Sh. Dzhabrailov, A.P. Nikolaev, Yu.V. Klochkov, N.A. Gureyeva



On the left edge, the structure is rigidly clamped. At the right edge, the shell is loaded 
with a tensile force of p = 160 N. The initial data were taken as follows: Young's modulus 
E = 2·106 MPa, transverse strain coefficient μ = 0.32, structure thickness t = 0.5 cm. The yield 
strength was achieved at stress intensity and strain intensity: σiT = 200 MPa and 
εiT = 0.0023 MPa, respectively. Geometric design parameters: a = 1 cm, b = 10 cm, c = 5 cm. 

An analysis of the finite element solutions obtained at the first loading step made it 
possible to establish the optimal number of discretization elements for further calculations of 
the structure under consideration. It was taken equal to 24. 

Approximation of the deformation diagram for a nonlinear section in the presented 
example was carried out using the function 
σi=Aεi2+Bεi+C .                                                    (39) 
where А = -23461.55 MPa, В = 181201.17 MPa, С = 1574.3 MPa. 

The problem was solved in three different variants. In the first variant, the calculation 
was performed taking into account the hypothesis of the incompressibility of the material as a 
result of plastic deformations. To determine the dependencies between the first invariants of 
the strain and stress tensor, the coefficient 𝐾𝐾1 = 1−2𝜇𝜇

𝐸𝐸
 was used. The numerical values of the 

stresses for this option are shown in Table 1. It presents the values of the hoop stresses 𝜎𝜎22 on 
the left edge of the structure, depending on the coordinate 𝜉𝜉 along the shell thickness and N 
number of loading steps.  

 
Table 1. Values of hoop stresses in the implementation of the first variant of the defining 
equations 

y coordinate, cm 𝜉𝜉 coordinate, 
cm 

Stress, MPa 

Number of loading steps, N 
10 30 70 

0.0 

-0.25 -300.7 -309.0 -314.4 
-0.166 -259.0 -264.6 -266.2 
-0.083 -176.6 -188.5 -191.9 

0.0 -2.2 -2.8 -2.81 
0.083 172.0 182.9 186.2 
0.166 257.9 263.3 264.9 
0.25 299.6 307.6 310.1 

 
In another variant of the calculation, the hypothesis of the incompressibility of the 

material was not taken into account and the relationship between the first invariants of the 
strain and stress tensor was carried out using the coefficient 𝐾𝐾2 = 3

2
(1−2𝜇𝜇)
(1+𝜇𝜇)

1
𝐸𝐸𝑠𝑠𝑠𝑠

, obtained from 
the rod extension test. The numerical values of the hoop stresses for the second calculation 
variant are presented in Table 2. 

The last variant of the calculation used the hypothesis of the proportionality of the 
components of the strain increment deviators and the components of the stress increment 
deviators (29). In this case, the dependencies between the first invariants of the strain and 
stress increment tensors were determined using the coefficient 𝐾𝐾3 = 3

2
(1−2𝜇𝜇)
(1+𝜇𝜇)

1
𝐸𝐸𝑥𝑥

. Table 3 shows 
the numerical values of the hoop stresses 𝜎𝜎22 obtained in this variant of the shell calculation. 
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Table 2. Values of hoop stresses in the implementation of the second variant of the defining 
equations 

y coordinate, cm 𝜉𝜉 coordinate, cm 

Stress, MPa 

Number of loading steps, N 

10 30 70 

0.0 

-0.25 -291.1 -303.3 -306.6 
-0.166 -251.9 -261.1 -263.5 
-0.083 -184.7 -200.9 -205.4 

0.0 -2.6 -2.8 -2.89 
0.083 179.5 195.2 199.6 
0.166 250.7 259.8 262.3 
0.25 289.9 302.1 305.4 

 
Table 3. Values of hoop stresses in the implementation of the third version of the defining 
equations 

y coordinate, cm 𝜉𝜉 coordinate, cm 
Stress, MPa 

Number of loading steps, N 
10 30 70 

0.0 

-0.25 -300 -308.8 -311.3 
-0.166 -258.8 -264.5 -266.2 
-0.083 -175.8 -188.6 -192.3 

0.0 -2.2 -2.7 -2.8 
0.083 171.4 183.1 186.4 
0.166 257.6 263.3 264.7 
0.25 299.9 307.8 310 

 
In order to verify the computational process for the point of the left support section, 

diagrams of hoop stresses were constructed along the thickness of the structure. The number 
of steps, in this case, was taken equal to N=70. These diagrams for each of the calculation 
options are shown in Figs. 2-4. 

 

 
Fig. 2. Graph of stresses 𝜎𝜎22 in the support section for the first calculation variant  
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Fig.3. Graph of stresses 𝜎𝜎22 in the support section for the second calculation variant 

 
Fig. 4. Graph of stresses 𝜎𝜎22 in the support section for the third calculation variant 

 
4. Discussion 
Verification of the computational process was carried out according to two main criteria. The 
numerical values of the hoop stress 𝜎𝜎22 obtained for the considered point of the structure were 
compared with each other depending on the number of loading steps. With satisfactory 
convergence of the computational process, the pattern of the stress-strain state should not 
change significantly with an increase in the number of loading steps. 

As can be seen from Tables 1-3, the convergence of the computational process in all the 
presented calculation options is satisfactory. The values of meridional stresses on the left edge 
of the shell with the number of steps N=10 and N=30 differ on average within 3%. With an 
increase in the number of steps to N=70, this difference decreases to 1%. The convergence 
condition is satisfied. 

The second criterion for verifying the computational process is the ability to find the 
analytical value of the bending moment at the points of the support section and further 
compare them with the calculated variant indicators. 

To determine the bending moment in the support section, the design scheme shown in 
Fig. 5 is used. 

 

Finite element algorithm for implementing variants of physically nonlinear defining equations in the calculation of... 327



 
Fig. 5. Design scheme for determining the moment at point А 

 
The numerical value of the bending moment at point A is 

𝑀𝑀𝐴𝐴 = 𝑃𝑃·𝑏𝑏 = 160·10 = 1600 𝐻𝐻·𝑐𝑐𝑐𝑐.                                     (40) 
For each considered variant, the exact values of the bending moments on the left 

support edge of the shell were found. For this purpose, the corresponding diagram of 
meridional stresses was divided into simple geometric figures and their areas were calculated. 
The calculated forces were multiplied by the corresponding shoulders, equal to the distance 
from the center of gravity of the elementary geometric figure to the middle surface. The sum 
of all calculated products is equal to the total bending moment. 

Taking into account the hypothesis of material incompressibility as a result of plastic 
deformations (variant 1), the total bending moment at point A was 𝑀𝑀1 = 1582.7 N·cm, for 
the second variant 𝑀𝑀2 = 1576.2 N·cm, and in the third calculation variant, this value was 
equal to 𝑀𝑀3 = 1583.4 N·cm. The errors in calculating the moments compared with the 
result (40) turned out to be equal to 𝛿𝛿1 = 1.08%, 𝛿𝛿2 = 1.48%, and 𝛿𝛿3 = 1.03% for each of 
the variants, respectively. 
 
5. Conclusions 
The analysis of the presented material allows us to draw the following conclusions. The 
developed algorithm for taking into account physical nonlinearity makes it possible to obtain 
reliable finite element solutions in the calculations of arbitrary shell structures, the middle 
surface of which can be described by equation (1). 

In the example of a test problem, numerical values of circumferential stresses 
satisfactory for computational engineering practice were obtained for various variants of 
defining equations. The calculation errors do not exceed 2%. 

The use of the classical assumption that there is no change in volume as a result of 
plastic deformations is, according to the authors, not sufficiently correct. The relationship 
between the average linear strain and the average linear stress at the loading step, as shown by 
the calculation result, is best calculated using (25). This more fully corresponds to the 
physical meaning of the deformation process. 

Based on the results obtained in the third variant of the calculation, we can conclude 
that the defining relations without separation into the elastic and plastic parts of the 
deformations at the loading step, found using the hypothesis of the proportionality of the 
components of the deviators of the increments of deformations and the components of the 
deviators of the increments of stresses, are more consistent with the physical meaning of the 
deformation process. In addition, the implementation of this hypothesis makes it possible to 
significantly simplify the procedure for forming the plasticity matrix at the loading step, since 
it eliminates the need to differentiate strains with respect to stresses. 

328 A.Sh. Dzhabrailov, A.P. Nikolaev, Yu.V. Klochkov, N.A. Gureyeva



References 
[1] Krivoshapko SN. On opportunity of shell structures in modern architecture and building. 
Structural Mechanics of Engineering Constructions and Buildings. 2013;1: 51-56. 
[2] Reissner E. Linear and Nonlinear Theory of Shells. Thin-shell structures: theory, 
experiment and Design. In: Prentice. Hall inc.; 1974. p.29-44 
[3] Levin VA, Vershinin AV. Numerical methods. Moscow: Fizmatlit; 2015. (In Russian) 
[4] Levin VA. Models and methods. Moscow: Fizmatlit; 2015. (In Russian) 
[5] Kayumov RA. Postbuckling behavior of compressed rods in an elastic medium. 
Mechanics of Solids. 2017;52(5): 575-580. 
[6] Aldakheei F, Wriggers P, Miehe C. A modified Gurson-type plasticity model at finite 
strains: formulation, numerical analysis and phase-field coupling. Computational Mechanics. 
2018;62: 815-833.  
[7] Aldakheev F, Miehe C. Coupled thermomechanical response of gradient plasticity. 
International Journal of Plasticity. 2017;91: 1-24. 
[8] Aldakheel F. Micromorphic approach for gradient-extended thermo-elastic-plastic solids 
in the algorithmic strain space. Continuum Mechanics Thermodynamics. 2017;29(6): 1207-
1217. 
[9] Sultanov LU. Analysis of finite elasto-plastic strains. Medium kinematics and constitutive 
equations. Lobachevskii Journal of Mathematics. 2016;37(6); 787-793.  
[10] Wriggers P, Hudobivnik B. A low order virtual element formulation for finite 
elastoplastic deformations. Computer Methods in Applied Mechanics and Engineering. 
2017;2: 123-134. 
[11] Artioli E, Beirao da Veiga L, Lovadina C, Sacco E. Arbitrary order 2D virtual elements 
for polygonal meshes: Part II, inelastic problem. Computational Mechanics. 2017;60: 643-
657. 
[12] Beirao Da Veiga L, Lovadina C, Mora D. A virtual element method for elastic and 
inelastic problems on polytope meshes. Computer Methods in Applied Mechanics and 
Engineering. 2017;295: 327-346. 
[13] Hudobivnik B, Aldakheel F, Wriggers P. A Low order 3D Virtual element formulation 
for finite elasto-plastic deformations. Computational Mechanics. 2019;63: 253-269. 
[14] Pi YL, Bradford MA, Tin-Loi F. Non-linear in-plane buckling of rotationally restrained 
shallow arches under a central concentrated load. International Journal of Nonlinear 
Mechanics. 2008;43: 1-17. 
[15] Tupyshkin ND, Zapara MA. Opredelyayushchiye sootnosheniya tenzornoy teorii 
plasticheskoy povrezhdayemosti metallov. In: Problemy prochnosti, plastichnosti i 
ustoychivosti v mekhanike deformiruyemogo tverdogo tela. Tver: Izd-voTvGTU; 2011. p.216-
219. (In Russian) 
[16] Lalin V, Rybakov V, Sergey A. The finite elements for design of frame of thin-walled 
beams. Applied Mechanics and materials. 2014;578-579: 858-863.  
[17] Yefanov KV. Raschet neftyanykh apparatov metodom konechnykh elementov. Litres: 
Samizdat.; 2020. (In Russian) 
[18] Badriev IB, Paimushin VN. Refined models of contact interaction of a thin plate with 
postioned on both sides deformable foundations. Lobachevskii Journal of Mathematics. 
2017;38(5): 779-793. 
[19] Krysl P. Mean-strain 8-node hexahedron with optimized energy-sampling stabilization. 
Finite elements in Analysis and Design. 2016;108: 41-53. 
[20] Liang K, Ruess M, Abdalla M. Co-rotational finite element formulation used in the 
Koiter-Newton method for nonlinear buckling analyses. Finite elements in Analysis and 
Design. 2016;116: 38-54. 

Finite element algorithm for implementing variants of physically nonlinear defining equations in the calculation of... 329



[21] Magisano D, Leonetti L, Garcea G. Advantages of mixed format in geometrically 
nonlinear of beams and shells using solid finite elements. International Journal for Numerikal 
Methods Engineering. 2017;109(9): 1237-1262. 
[22] Aldakheel F, Hudobivnik B, Wriggers P. Virtual element formulation for phase-field 
modeling of ductile fracture. International Journal for Multiscale Computational 
Engineering. 2019;17(2): 181-200. 
[23] Magisano D, Leonetti L, Garcea G. Koiter asymptotic analysis of multilayered composite 
structures using mixed solid-shell finite elements. Composite Structures. 2016;154: 296-308. 
[24] Chi H, Talischi C, Lopez-Pamies O, Paulino GH. Polygonal finite elements for finite 
elasticity. International Journal for Numerical Methods in Engineering. 2015;101: 305-328. 
[25] Tyukalov YY. Equilibrium finite elements for plane problems of the elasticity theory. 
Magazine of Civil Engineering. 2019;91(7): 80-97.  
[26] Gureyeva NA, Klochkov YV, Nikolayev AP, Klochkov MY. Nepreryvnaya 
parametrizatsiya sredinnoy poverkhnosti ellipsoidalnoy obolochki i yeye geometricheskiye 
parametry. Matematicheskaya fizika i kompyuternoye modelirovaniye. 2020;23(1): 5-12. 
[27] Sedov LI. Continuum Mechanics. Moscow: Science; 1976. (In Russian) 
[28] Dzhabrailov AS, Klochkov YV, Nikolayev AP, Fomin SD. Opredeleniye napryazheniy v 
obolochkakh vrashcheniya pri nalichii zon sochleneniya na osnove treugolnogo konechnogo 
elementa s uchetom uprugoplasticheskogo deformirovaniya. Izvestiya vysshikh uchebnykh 
zavedeniy. Aviatsionnaya tekhnika. 2015;1: 8-13. (In Russian) 
[29] A.A. Ilyushin. Plastichnost. Uprugo-plasticheskiye deformatsii. S-Peterburg: Lenand; 
2018. (In Russian) 
[30] Malinin MM. Applied Theory of Plasticity and Creep. Moscow: Engineering; 1975. 

 
 

THE AUTHORS 
 

Dzhabrailov A.Sh. 
e-mail: arsen82@yandex.ru 
ORCID: 0000-0001-6494-1377 
 
Nikolaev A.P. 
e-mail: anpetr40@yandex.ru 
ORCID: 0000-0002-7098-5998 
 
Klochkov Yu.V. 
e-mail: klotchkov@bk.ru 
ORCID: 0000-0002-1027-1811 
 
Gureyeva N.A. 
e-mail: natalya-gureeva@yandex.ru 
ORCID: 0000-0003-3496-2008 

330 A.Sh. Dzhabrailov, A.P. Nikolaev, Yu.V. Klochkov, N.A. Gureyeva



 

 

Kinetics of the microstructure of targets from FCC alloys under 

high-strain-rate deformation 
S.A. Atroshenko1,2, M.S. Smakovsky3, G.G. Savenkov4 

1Institute for Problems of Mechanical Engineering RAS, 61, Bolshoi Pr. V.O., St. Petersburg, Russia, 199178 
2St. Petersburg State University, Universitetskaya embankment, 7/9, St. Petersburg, Russia, 199034 

3JSC "Armalit", st. Trefoleva, 2, St. Petersburg, Russia 
4St. Petersburg Institute of Technology (Technical University), 26, Moskovskiy prospect, St. Petersburg, Russia, 

190013 

 satroshe@mail.ru 

 
 
Abstract. The protection of various objects experiencing shock loads from the impact of 
irregularly shaped impactors with impact velocities over 1.5-2.0 km/s is of considerable 
interest and is relevant. Computer modeling of the processes of high-speed interaction of 
impactors with various objects in order to create optimal designs requires deep knowledge of 
the physical and mechanical properties and processes occurring in the thickness of at least the 
material of the barrier (object). However, the existing technical measuring instruments make 
it possible to register only the kinematic parameters of the deformation and destruction of the 
barrier and impactor, while the development of internal processes remains inaccessible for 
visualization. In addition, the physical processes of high-speed deformation and destruction 
occurring in obstacles are highly dependent on the many contact boundaries that are inherent 
in irregularly shaped strikers, and in computer modeling and experimental studies, strikers, as 
a rule, have the correct geometric shape (cylinder, sphere). As a result, there is a significant 
loss of calculation accuracy. The article is devoted to the analysis of the behavior of various 
FCC metals – aluminum alloys, stainless steel, and aluminum bronze under impact loading by 
irregularly shaped projectiles with velocities of 1.5-2.0 km/s. Transformations of the 
deformed state of materials are revealed and it is shown that they depend little on the initial 
structure. 
Keywords: Aluminum alloy, stainless steel, aluminum bronze, shock loading 
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1. Introduction 
Protection of various modern technical objects experiencing high-energy loads from the 
impact of irregularly shaped strikers (for example, ammunition fragments, micrometeorites, 
etc.) with impact velocities over 1.5-2.0 km/s is of significant scientific and practical interest. 
In this case, the strain rates in the material reach ~ 105 s-1 and more. Computer simulation of 
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the processes of high-speed interaction of strikers with various objects in order to create 
optimal structures requires deep knowledge of the physical and mechanical properties and 
processes occurring in the thickness, at least of the material of the target (object). However, 
the existing technical measuring instruments make it possible to register only the kinematic 
parameters of deformation and destruction of the obstacle and the striker, while the 
development of internal processes remains inaccessible for visualization. In addition, the 
physical processes of high-speed deformation and fracture occurring in obstacles are highly 
dependent on the set of contact boundaries that are inherent in irregularly shaped strikers, and 
in computer modeling and experimental studies, strikers, as a rule, have the correct geometric 
shape (cylinder, sphere). As a result, there is a significant loss in the accuracy of calculations. 

Therefore, the study of the evolution of the microstructure of the target material under 
the conditions of a high-speed impact with an irregularly shaped striker comes to the fore, 
despite the fact that such studies are of a post-factor nature and the state of the microstructure 
at the moment of dynamic action may differ from that after dynamic loading. But it can be 
noted that it is the processes of restructuring the internal structure of the material during its 
dynamic deformation and destruction that determine the physical and mechanical properties 
of the medium. 

Dynamic processes have a multiscale character, as shown in [1], the scale levels of 
destruction in the spall zone of steel during longitudinal shear and normal separation differ by 
1-1.5 orders. The authors of the work [2] show the presence of 4 scale levels in the D-16 
aluminum alloy under shock loading. The destruction as a result of dynamic loading of the 
samples is explained by the dispersion of particle velocities (elementary strain carriers) at 
different scale-structural levels of deformation and destruction. High-speed fracture most 
often occurs at an intermediate between the macroscopic and microscopic structural level 
(mesoscopic), corresponding to the scale of the internal structure of the material [3], and this 
fact also complicates the interpretation of the results obtained. Dynamic processes occurring 
at the mesoscale level, as a rule, are nonequilibrium, unstable and chaotic [4-6]. 

An equally important task is to study changes in the evolution of the microstructure in a 
lower range of strain rates ε  =102-103 s-1. In particular, this concerns multiphase alloys with 
an FCC lattice. 
 
2. Samples, materials, and experimental technique 
In this work, we studied the microstructure of samples cut from targets made of an aluminum 
alloy of the AMg6 type (but additionally doped with scandium), BrAlFeNiMn_9-4-4-1 tin-
free aluminum bronze, and 18Cr-10Ni-Ti stainless steel (sufficiently detailed information 
about these materials is given in [7], pierced by irregularly shaped compact impactors 
(otherwise called impact "cores" [8,9]). The initial velocity of the impact of the striker with 
the obstacle was ~ 1.8-2.0 km/s. In addition, samples from BrAlFeNiMn_9-4-4-1 were 
studied after testing by the Kolsky method on a split Hopkinson bar (SHB) [10] with different 
strain rates. The SHB technique allows one to determine various properties of materials 
precisely in the specified range of strain rates, which is included in a wider range of strain 
rates of 103-105 s-1 [11]. The maximum speeds of this range are realized using the direct 
impact method, the Taylor method, and the thin ring expansion method loaded with an 
electromagnetic pulse, or other short microsecond pulses [12,13,14]. Samples for 
metallographic studies were cut from targets with a diameter of 90 mm and a thickness of 11 
mm. A view of an aluminum alloy target after penetration is shown in Fig. 1a. Samples 
prepared for metallographic studies are shown in Fig. 1b, 1c. 
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a) b) c) 
Fig. 1. General view of an aluminum target after penetration (a) and samples for 

metallographic studies (b, c): b – stainless steel, c – aluminum bronze 
 

A rod (similar to 90 mm in diameter) annealed at 800ºС for three hours, 18 mm in 
diameter and 450 mm in length was chosen as the initial semi-finished product of 
BrAlFeNiMn_9-4-4-1 tin-free aluminum bronze for research at the SHB. 

The statical mechanical characteristics of the investigated alloys were as follows:

0,2 325σ = MPa, 430Bσ =  MPa, 5 25%δ = , 30%ψ =  – for aluminum alloy; 

0,2 275σ = MPa, 620Bσ =  MPa, 5 59%δ = , 70%ψ =  – for stainless steel;  

0,2 385σ = MPa, 725Bσ =  MPa, 5 35%δ = , 36%ψ =  – for aluminum tin-free bronze. 
Tests on the SHB were carried out at three strain rates ε : ε  = 915 s-1, ε  = 1475 s-1,  

ε  = 1750 s-1. The mechanical properties of the samples obtained at these speeds are presented 
in Table 1. 

 
Table 1. Dynamic properties of bronze BrAlFeNiMn_9-4-4-1  

Strain rate, ε , 
s-1 

Yield strength, 
Sdσ , MPa 

Tensile strength 
bdσ , MPa 

Relative 
elongation dd , 

% 

Relative 
narrowing dψ , 

% 
915 480 ± 5 665 ± 15 30 ± 1,0 39 ± 2,5 
1475 505 ± 15 710 ± 20 29,5 ± 0,5 39 ± 1,0 
1750 610 ± 10 695 ± 55 31 ± 1,0 40 ± 3,0 

 
The structure was studied using an Axio-Observer Z1 M optical microscope in a bright 

field and in C-DIC contrast. The initial structures of the studied alloys are shown in Fig. 2. 
 

    
               a)                                             b)                                               c) 

Fig. 2. Initial structures of the investigated alloys: a – aluminum alloy; b – steel; c – bronze 
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3. Results of microstructural studies of samples after high-velocity impact and their 
analysis  
General remarks and results. In our case, all targets are classified as obstacles of finite 
thickness. In this case, the mutual influence of the cavity formation zone and the rear free 
surface becomes a significant factor [15,16]. The compression wave caused by the impact is 
reflected from the free surface in the form of a tensile wave, which has time to return to the 
cavity even before the plastic flow of the material stops. If the duration and amplitude of 
tensile stresses exceed the critical values, then the destruction of the barrier material near the 
rear surface occurs – it is spalling. If a spall does not form, the unloading changes the stress-
strain state in the cavity formation zone (compression along one axis is transformed into a 
volumetric oppositely deformed state), which contributes to the facilitated penetration of the 
obstacle by the striker. In our studies, for all three samples on the rear surface, zones of 
destruction were revealed, which are obviously associated with spalling phenomena (Fig. 1). 

In all targets, irrespective of the alloy grade, nodal points between the so-called terrace 
ledges were found in the macro-relief of the surfaces of the holes formed [17]. 

Also, in the punched targets, 3 (stainless steel and aluminum bronze) or 4 (aluminum 
alloy) penetration zones are distinguished (Fig. 1). The first zone, due to the non-stationary 
stage of penetration [18], corresponds to the depth of ~ 0.3 - 0.5 of the penetration thickness 
and, the second (and the third for the barrier made of aluminum alloy) ~ 1/3 of the thickness 
(stationary stage of penetration), the third (the fourth, for the aluminum alloy) (associated 
with spalling phenomena) ~ 1/6 - 1/3 of the thickness. 

Evolution of microstructure in aluminum alloy. The original stripe structure (Fig. 2a) 
at the very top of the ridge changes to a fragmented one (Figs. 3a - 3b), which indicates large 
plastic deformations and high temperatures in this layer. As the projectile velocity decreases, 
the strip structure remains unchanged (Fig. 3c), however, periodic protrusions are formed 
along the edge of the cavity (Fig. 3d). 

 

 
       a)                                            b)                                                      c) 

 
                     d)                                                    e)                                                   f) 

Fig. 3. Consecutive change of the profile of the relief as the target is penetrated 
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The formation of such protrusions may be due to the fact that as the striker moves, the 
temperature of the material in front of it increases; in combination with high pressures, this 
can lead to the appearance of local areas of melting and, accordingly, to a decrease in the 
friction force. This leads to stress release and a change in the friction mechanism from dry to 
plastic. The transition to a section with a lower temperature creates some stoppers for the 
movement of the striker, which again leads to a change in the friction mechanism from plastic 
to dry. Such a sequence of changes in mechanisms and the appearance of stoppers can lead to 
the appearance of periodic protrusions. 

And, finally, when the speed of the striker becomes much less than the initial one, 
rotational (vortex) modes of plastic deformation begin to appear intensively (Fig. 3e, d). One 
of the probable causes of the vorticity of the target material may be that as the projectile 
velocity decreases, the material in front of it may already be in a friable state due to the 
appearance of tensile stresses arising from the interaction of the forward and backward 
unloading waves. Friability of the material increases the number of degrees of freedom, which 
can lead to the formation of structures that experience pure rotation due to shear stresses. 

Microstructure evolution in stainless steel. As noted above, there are three zones of 
penetration in the stainless steel barrier (Fig. 1b), corresponding to three stages of penetration. 

In the first zone, at a distance of 1.5-3.8 mm from the frontal surface and 0.15-0.75 mm 
from the edge of the cavity, an area of rotational plastic deformation was found, consisting of 
disks with a practically ideal circular shape. The radius of the discs ranges from 35 to 325 μm 
(Fig. 4). Inside the large circles are smaller circular elements and friable elements (pores). The 
microhardness inside the circular formations is higher than the initial hardness of the material 
outside these regions (HV = 2.62 GPa) by ~ 25% and on average is HV ≈ 3.14 GPa. Near the 
circular formations, closer to the edge of the cavity, adiabatic shear bands (ASB) were found, 
which are apparently associated with a high local temperature near the contact surface 
between the impactor and the target [19] and with the instability of plastic flow resulting from 
the effect of thermal softening at adiabatic or almost adiabatic plastic deformation. It can be 
assumed that at the first stage of penetration when the velocity parameters of the striker are 
still sufficiently high, the target material does not have time to dissipate the mechanical 
energy of the striker due to the collective motion and multiplication of dislocations. 
Therefore, to maintain the dissipation rate at the required level, additional rotational modes of 
plastic deformation are switched on [20]. 

 

 
                                       a)                                                                b) 

Fig. 4. Region of rotational plasticity ×1000 (a, b) (thin arrows indicate small circular 
formations, thick arrows indicate adiabatic shear bands) 

 
The second stage of penetration is characterized by the formation of a wavy relief of the 

cavern edges on the contact surface between the striker and the target material. Signs of 
rotational (wave-like) plastic deformation inside the grain structure (Fig. 5b) were found in 
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the same way as for the first zone. In addition, this zone is characterized by recrystallization 
processes, which manifest themselves in the form of crumbling of ferrite colonies (Fig. 5c) or 
coarsening of grains (Fig. 5d). 

 

        
                                          a)                                                                           b) 

 
                                             c)                                                d) 
Fig. 5. Steel microstructure in the second target zone: ASB (indicated by an arrow) and wavy 
traces of plastic deformation – (a, b), crushing of δ-ferrite colonies – (c) and traces of grain 

coarsening – (d) 
 

 
Fig. 6. Spall and shear cracks in steel (×100) 

 
In the third target zone, associated with the interference of loading and unloading 

waves, two types of cracks were observed: parallel to the rear surface and shear cracks 
perpendicular to them (Fig. 6). The first type of cracks is caused by tensile stresses during the 
interference of unloading waves, and the second ones may be due to their appearance by shear 
stresses in a direct load wave when they reach a critical value. 
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Evolution of microstructure in aluminum bronze. In the first zone of the aluminum 
tin-free bronze target, adiabatic shear bands (ASB) were revealed as characteristic features 
(Fig. 7a). 

In the second zone, along with ASB, there are also zones of dynamic recrystallization 
(Figs. 7b, 7c). 

 

 
a) 

 
b) 

 
c) 

Fig. 7. Adiabatic shear bands – (a, b) (indicated by arrows),  
dynamic recrystallization zones – (b), and recrystallized grains – (c) 

 

 
Fig. 8. Cracks in the third zone of the aluminum bronze target 

 
In the third zone, on the sides of the cavity, there are cracks up to 3 mm long, oriented 

relative to the direction of the striker's action on different sides at an angle of 45º (Fig. 8).  
It can be assumed that in this zone, under the conditions of the dynamic impact of the 

striker, compression along one axis was realized in the target, which was transformed into a 
volumetric oppositely deformed state, which led to the formation of the indicated oblique 
cracks. 

Thus, based on the totality of the studies of the evolution of the microstructure of 
obstacle materials after a high-speed impact by a compact impactor of irregular shape, we can 
draw the following conclusion: 

After shock loading with the penetration of targets made of different metals with an 
FCC lattice, signs of the transformation of the deformed state due to the dissipation of 
mechanical energy were revealed in the following sequence: slip of dislocations, rotational 
formations, and localized adiabatic shears, bands of a fragmented state and dynamic 
recrystallization, local dynamic polygonization and recrystallization. Structural changes are 
weakly dependent on the initial structure of the metal and are realized with the participation of 
interference (wave) effects of shock wave scattering. 
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4. The results of microstructural studies of specimens made of bronze of the brand 
BrAlFeNiMn_9-4-4-1 after tests on the Split Hopkinson Bar 
Figure 9 shows the structure of the sample after loading with a strain rate of ε  =915 s-1 when 
moving inward: from the fracture surface to its tail (a →  d). 
 

    
                a                                     b                                    c                                     d 

Fig. 9. The structure of bronze brand BrAlFeNiMn_9-4-4-1 after loading SHB-1 when 
moving from the fracture surface deep into the sample (×1000_C_DIC) 

 
At the fracture surface (Fig. 9a), the structure is practically grain-free - it consists of an 

α substitutional solution of aluminum in copper and a eutectoid α γ ′+  without clearly 
defined grain boundaries (quasi-amorphous structure). That is, it can be assumed that in this 
case, a certain structural phase transition occurred, which is typical for large plastic 
deformations [21]. When moving deeper, grains elongated along the initial rolling appear 
(Fig. 9b), consisting of the same two phases, the eutectoid is more often located at the grain 
junctions. Further, more equiaxed grains appear (Fig. 9c) with a large amount of eutectoid at 
their boundaries. In addition, many small cracks and pores are observed in the sample, 
especially near the fracture surface (Fig. 9a). In some places (Fig. 9d), twins are found, which 
is more typical for metals with FCC and HCP lattices, while in metals with BCC lattice they 
appear only at high strain rates and high pressures [22]. 

The characteristic structures of the sample after the rupture with a strain rate of  
ε  = 1475 s-1 are shown in Fig. 10. At the discontinuity surface, the structure is similar to the 
structure shown in Fig. 9a. Figure 10a (slightly farther from the fracture surface) shows the 
region of dynamic recrystallization, and in Fig. 10b, areas of the amorphized structure are 
observed (residual formations from amorphization of the structure near the fracture surface). 
Pores and cracks are observed in the same figures. Figure 10c shows both equiaxed and 
elongated grains with a large amount of eutectoid. 

 

 
                       a                                                  b                                               c 

Fig. 10. Sample structure after loading with strain rate ε  =1475 s-1: a) ×500;  
b, c) ×1000 (C_DIC)  
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The microstructure of the sample after loading with a strain rate ε  = 1750 s-1 in the 
zone slightly removed from the fracture surface (Fig. 11) differs from the microstructures of 
the previous samples. There are no differences near the fracture surface. Micropores and 
microcracks are also observed.  

 

    
                a                                  b                                  c                                       d 

Fig. 11. Sample structure after loading at strain rate ε  =1750 s-1 (×1000 C_DIC) 
 

But in Figure 11b, vortex-like structures are observed, which indicates that at higher 
strain rates, additional rotational modes of plastic deformation are switched on to maintain the 
mechanical energy dissipation rate at the required level, just as in the case of a high-speed 
impact with a compact impactor (see above). Figures 11c and 11d show areas of 
amorphization, individual twins, and localization zones. 

As a result of the studies of the evolution of the structure of specimens made of bronze 
of the brand BrAlFeNiMn_9-4-4-1, tested at relatively low strain rates [10], it can be stated 
that it undergoes the entire spectrum of changes that is characteristic of higher values of strain 
rates and pressures. In addition, it was found that in the region of sample rupture, its 
microstructure acquires an amorphous (quasi-amorphous) form. This fact indicates that, 
during deformation and rupture, a structural phase transition occurred in the neck of the 
sample, associated with the formation of unstable excited regions. The structural-phase 
transition is also observed at very high strain rates [23]. In an excited state and, accordingly, 
during a structural-phase transition, which occurs in very short periods of time, the interaction 
of structures of various levels is observed, the material is in a state far from equilibrium, in 
which its qualitative rearrangement and an abrupt change in both the properties of the material 
and its aggregate state [24-26]. 

 
5. Conclusions 
The study of the kinetics of the microstructure of FCC metals during high-speed penetration 
revealed the following mechanisms of deformation and destruction: 

1. Glide of dislocations 
2. Rotational deformation modes 
3. Adiabatic shifts 
4. Spall destruction 
5. Dynamic recrystallization. 
When loading at lower rates using a Hopkinson rod, the following features of the 

microstructure of FCC metals are locally observed, which are typical for high-speed 
deformation: 

1. Microcracks and pores 
2. Doubles 
3. Dynamic recrystallization 
4. Quasi-amorphous structure 
5. Vortex structures 
Structural changes in FCC metals under high-speed loading weakly depend on the 

initial structure of the metal. 
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Abstract. Mathematical model of the pipeline is formulated within the framework of the 
elastic shell theory, and the basic parameters of this model are determined. For moment and 
semi-momentless shells, equations of the first approximation with respect to the small 
curvature parameter are given. The model for calculation by the finite element method in 
CAE Abaqus is constructed and numerical experiments are performed. Numerical solution to 
the model problem is found, and stresses and bending moments are calculated on its basis. 
Stresses and bending moments are compared with their exact values. Numerical analysis is 
carried out by comparing pipe models within the framework of the shell theory and the rod 
theory. It is established that the proposed mathematical model makes it possible to find 
stresses in pipes with high accuracy. 
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1. Introduction 
With the development of oil and gas fields on the sea shelf, engineers around the world are 
faced with a problem: pipelines are displaced from their design position [1]. Engineers and 
scientists are actively developing methods to prevent lateral and vertical displacement of 
subsea pipelines [2]. Various reasons for such a displacement are studied in [3,4]. Engineering 
methods for designing underwater pipelines, taking into account their instability, have been 
included in textbooks (see, for example, [5]), but this fact does not remove the problem of the 
unexplored phenomena. 

In this regard, the question arises of choosing a mathematical model of the pipeline for 
further analysis of its behavior under various external loads. Rod models are applied for very 
long pipes [6]. For pipes of medium length, the shell model is adequate (see [7]). The 
applicability areas of the rod and the shell models are compared in [8]. This is done on the 
example of the pipeline tunneling problem. It turns out that for underground pipelines there 
are conditions in which the rod theory approximation is inapplicable due to the fact that the 
problem is fundamentally three-dimensional [9]. 
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Previously, we have developed mathematical models both in the framework of the shell 
theory [10] and the rod theory [11]. An asymptotic analysis of the shell dynamics equations is 
performed, and an algorithm for reducing the initial-boundary value problem to a one-
dimensional formulation is developed on the basis of this analysis [12]. The model of a semi-
momentless shell is generalized to moment shells of medium thickness in [13]. In the articles 
[12,13], a numerical method for solving the resulting systems of equations is proposed and its 
verification is performed. 

The purpose of this research is a comparative analysis of mathematical models  
of the pipeline, finding areas of their application, and verification of the moment shell  
model by stresses. 

The formulation of the general mathematical model for the pipeline is given and the 
basic parameters of this model are determined. For moment and semi-momentless shells, 
equations of the first approximation with respect to the small curvature parameter are given. 
For the model problem of bending a pipeline segment, the acting forces and stresses are 
calculated. Numerical solution of the model problem is found, stresses and bending moments 
are calculated on its basis. Model is constructed for finite element method analysis in CAE 
Abaqus. Stresses and bending moments are compared with their exact values. It is established 
that the proposed mathematical model makes it possible to find stresses in pipes with high 
accuracy. Numerical analysis is performed to compare the application areas of the pipe 
models as the shell and the rod. 

 
2. Formulation of the pipeline mathematical model 
A bent segment of the pipeline is considered, which is under the action of fluid pressure and 
the centrifugal force of the flow inertia. Within the framework of this work, the stress-strain 
state of the pipe wall is described by the equations of an elastic shell. The curvilinear 
coordinate system s, θ, and R is described in [12]. It is assumed that the center line Γ is a flat 
curve of length L. A natural arc of length s is plotted along the axial line, and a polar 
coordinate system (θ, R) is constructed at each point of the arc. 

The model is based on the equations of V.Z. Vlasov [14]: 
2 2 2 2
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In system (1) it is denoted: 
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1 2K k k= , ( )1 2
1
2

k kΗ = + , ( )1 2
1
2

L k k= − ; 

X, Y, and Z are loads acting on the pipe along the coordinates s, θ, and R, respectively; ν is 
Poisson's ratio, E is Young's modulus, h, R0 are wall thickness and radius of the middle 
surface of the pipe, respectively, u, v, w are displacements of the middle surface along the 
coordinate axes, 1k , 2k  – principal curvatures of the middle surface. Generalized expressions 
for functions iI , iX  in terms of displacements, where 0,1,2i = , are given in [14]. 

Denote by κ(s) the curvature of the pipe axial line; in the position before deformation, it 
is equal to κ0(s). Conditions for applicability of the shell theory are: 

*

0

1
20

hh
R

= ≤ , 0

0

1min ,
4

L

R
κ

  
  ≥ , (2) 

The geometric parameters of equations (1) are expressed by formulas: 
0= 1 ( )sinA R sκ θ+ , 0=B R , 

( )1 0= ( )sin 1 ( ) sink s s Rk θ k θ+ , 2 0= 1k R . 
Substituting these expressions into (1), and expressing all the terms in terms of wall 

displacements, we obtain three equations for three unknown displacements. Introducing 
dimensionless coordinates and functions: 

0

0 0 0

= ; = ; = ;
= ; = ; = ;

s r R R
u u R v v R w w R
ζ θ θ

′ ′ ′


 

we bring the resulting system of resolving equations to a dimensionless form. Here ℓ is the 
characteristic scale. The resulting equations are published in [13]; they are not presented here 
due to their cumbersomeness. 

The pipeline geometry is determined by the curvature parameter: 
0 0= maxRλ κ .  
This parameter characterizes the degree of pipe bending. The boundary value problem 

for a pipe with a kink, when λ → ∞ , is considered in [15]. For the numerical solution of this 
problem, which contains a singularity in its coefficients, new methods are being developed in 
[16-18]. A review of dynamic problems of crack propagation in pipeline walls, which also 
contain a singularity, is presented in [19]. 

It is assumed that the inequality performed 
1

20λ ≤ , (3) 

which is related to inequalities (2). Inequality (3) allows us to use the smallness of the 
parameter λ. 
 
3. First approximation equations 
The system of equations (1) admits various degrees of approximation. In [12,13], two 
mathematical models are proposed: one based on the semi-momentum theory of shells in [12] 
and one based on the moment theory of shells in [13]. It is proved in [13] that there are such 
conditions for applying the load on the pipe that in both cases the same expansion in powers 
of a small parameter is applicable: 

( )2
0 1'( , ) ( ) ( )sinu u u Oζ θ ζ λ ζ θ λ= + + ; 

( )2
2'( , ) ( ) cosv v Oζ θ λ ζ θ λ= + ; (4) 

( )2
0 1'( , ) ( ) ( )sinw w w Oζ θ ζ λ ζ θ λ= + + . 
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Here the dimensionless variables are introduced, which are defined above. The result of 
substituting (4) into different models from [12] and [13] differs in the first approximation. 

First order resolving equations for a bent shell of medium thickness have the  
following form: 
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First-order resolving equations for a thin-walled semi-momentless shell have the 
following form: 
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Here denoted: 
( )* 2= 1E E ν− , 2 *2= 12hε , 0= Rα  , = maxf κ κ . 

By subscripts ζ, t denote differentiation with respect to the corresponding variable. 
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The boundary conditions for the systems of equations are identical and imply hinged 
pipe edges: 

2
1

1 2 1 2

2
1

1 2 1 2

= = = 0; = 0, for = 0;

= = = 0; = 0, for = '.

wu v w
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∂

∂
    

∂

 (7) 

Comparing equations (5) and (6), one can find that the left-hand sides of equations (5) 
contain additional terms with third-order derivatives. This makes the order of the equations 
system (5) higher than the order of system (6). 

 
4. Methods and algorithms for the numerical solution of problems 
Parameters λ, h*, Eirv are taken as the defining parameters of mathematical models. An 
analogue of the Irwin parameter [20] is defined in [21]: 

( ) 2
0 0

2=
2

irv

s

hEE
hR Lvβ −

, (8) 

where β is the friction coefficient of the flow in the pipe [22]. 
The constraint on the parameter h* is established by relations (2). Based on the data of 

[14], it can be argued that for the applicability of the mathematical model of a semi-
momentless shell, a stronger constraint must be satisfied:  

* 1
30h ≤ . 

If restrictions (2) and restrictions on the parameter Eirv are not met, then it is necessary 
to use the rod model of the pipe, for example, described in [11], or use the medium-thickness 
shell model described in [14]. 

For the numerical analysis of problems (6) and (7), a computer program is created in the 
FORTRAN language, the operation algorithm and the numerical method of which are 
described in [12]. The numerical solution to problems (5) and (7) can be found using the 
algorithm described in [13]. 

Here we will verify and refine the scope of models [12,13] based on their numerical 
analysis by the finite element method in CAE Abacus [23]. We also use the MATLAB 
application package to analyze the errors that are introduced in the numerical analysis of the 
created models in the calculation of bending moments and stresses in the pipe wall. We will 
also perform numerical experiments to clarify the areas of applicability of mathematical 
models of the pipeline as the rod and as the shell. 

 
5. Tasks for verifying mathematical model 
Task 1. The classic problem of S.P. Timoshenko about a bent pipe under a distributed load 
[24] is chosen as a test one. A slightly curved beam under a distributed load qn is considered. 
Let us define the initial undeformed line of the beam by the function 

0 1 sin zy b
L

π
= . (9) 

Let the deflection be described by the function 

0 1= sin zy y a
L

π
− . 

This formula corresponds to the first term of the expansion of the solution in a Fourier 
series on the interval [ ]0, L , and accurately describes the beam deflection, according to [24]. 
It is easy to find that for a given geometry: 
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2 0 1
2= R b

L
λ π . 

Establishing a correspondence between the bending line of the beam and the 
displacement of the pipe centerline as a shell, we find that for the model problem the exact 
solution of equations (1) has the form: 
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The boundary conditions for this solution should have the form: 
2

1
2

0 1
2

1
2

0 1

= sin , = 0, = 0, = 0 for = 0;

= sin , = 0, = 0, = 0 for = .

a L wu v w
R b
a L wu v w L
R b

λ θ ζ
π ζ

λ θ ζ
π ζ

′∂′ ′ ′
∂

′∂′ ′ ′ ′−
∂

 (10) 

The zero approximation functions for both models (5) and (6) vanish. The exact first-
order solutions for these models coincide and have the form: 
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The right parts for the semi-momentless shell (6) have the form: 
01
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Right-hand sides for the moment shell (5) have the form: 
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The accuracy of the mathematical model (6) is estimated in [12]. We present here the 
results of numerical experiments to assess the accuracy of finding the bending moments and 
stresses using the mathematical model (5) with boundary conditions (10). 

Principal stress-strain states of thin-walled complexly bent pipelines 347



Numerical data of the model task are: 1 = 5.0b m, = 0.01h  m, = 120L  m, 0 = 0.2R  m, 
5= 2.07 10E ⋅  MPa, = 0.24ν , 0 = 1sV  m/s, = 998fρ  kg/m3, = 7200tρ  kg/m3, = 1  m, 

0.1195fS =  m2. 
Here denoted: Vs0 is fluid flow velocity, ρf is fluid density, ρt is pipe material density, Sf  

ispipe lumen area. 
Task 2. To separate the areas of applicability of the rod model [11] and the thin-walled 

shell model [12], we choose the dynamic problem of bending an extended pipeline with a 
profile in the form of a chain. Model parameters are: fluid flow velocity 0 = 1.5sV  m/s, 
viscosity of the external media = 5000eµ  Pa·s, fluid viscosity = 0.1µ Pa·s, wall thickness 

= 0.005h m, pipe radius 0 = 0.23R m, pipe length = 3009L  m. A time interval of 48 hours 
was calculated. 

The chain is a curvewhere the coordinates of the points follow the relation [25]: 
0= cosh 1x xy A B

B
− + ⋅ − 

 
. 

The solution to the problem of finding chain line parameters is known and presented 
in [25]. In task 2, the chain line parameters are as follows: 1 = 0x , 1 = 0y , 2 = 3000x  m, 

2 = 200y  m, = 21901.4A −  m, = 21901.4B  m, 0 = 21859.2x −  m. With these parameters, the 
minimum radius of curvature of the axis is found: 0min | | 17092.4ρ ≈  m. 

Methods for the numerical analysis of task 2 are described in [11,12]. 
 

6. Numerical results and discussion 
Task 1. As proved in [24], the solution of the stress problem in a slightly bent rod under a 
distributed load can be well approximated by the solution of the stress problem in a straight 
beam with the same cross-section. To obtain numerical estimates of bending moments and 
stresses, we approximately replace the beam of shape (9) with a circle segment with a chord 
of 120 m and a 5 m lifting boom, in accordance with the numbers given above. The circle 
radius is found taking into account the concept of the degree of a point p for the midpoint of 
the segment [0, L] using the Huygens formula (see [25]). We get radius ρ0=360 m. 
Calculating the distributed transverse load on the pipe according to the formula (see [11]): 

2
0

0

f
n f sq S V

ρ
ρ

= , 

we get qn≈0.3312 N/m. This load corresponds to the force P=39.74 N, distributed along the 
entire length of the beam. 

Solving the problem by the strength of materials methods [26], we find the maximum 
bending moment in absolute value and the corresponding stress: 
max 596.1xM ≈  Nm, max 486zσ ≈  kPa. 
These values of quantities can be guided by the analysis of the numerical experiment results. 

This calculation was verified by the finite element method in the APM WIN Machine 
software package [27]. Tables 1 and 2 contain excerpts from the tables for calculating bending 
moments and equivalent stresses, containing the maximum modulo values of these quantities. 

Thus, in APM WIN Machine it was found that the maximum bending moment modulo 
is 596.1 Nm. This value coincided with the value obtained by the methods of strength of 
materials. The maximum value of the equivalent stress is 0.48461 MPa. The relative deviation 
from the value obtained by the methods of strength of materials is: 
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Table 1. Bending moments 

Distance (mm) Bending moment (Nm) 
57600.0 -595.14684 
58800.0 -595.86216 
60000.0 -596.10060 
61200.0 -595.86216 
62400.0 -595.14684 

 
Table 2. Equivalent stresses 

Distance (mm) Equivalent stress eqσ (MPa) 
57600.0 0.48384 
58800.0 0.48442 
60000.0 0.48461 
61200.0 0.48442 
62400.0 0.48384 

 
So, the approximate values of bending moments and equivalent stresses are obtained in 

two different ways. In this case, the stress values differ from each other within the accuracy of 
the rod theory (see [26]). 

Let us denote Jx as the moment of inertia of the pipe cross-section, Wx as the moment of 
its section resistance relative to the axis Ox. With the above numerical parameters of the 
model, Jx=0.0002515 m4, Wx=0.001223 m3. The bending moment is related to the beam 
deflection vn by the formula (see [26]): 

2

2
n

x x
d vM EJ
dz

= , 0nv y y= − . (11) 

The stress is related to the bending moment by the relation (see ibid.): 
x

z
x

M
Wσ = . (12) 

Formulas (11) and (12) are applicable when condition (3) is satisfied. Taking into 
account the smallness of the curvature κ=1/360 m-1 and the equality ℓ=1 m, formula (11) 
does not change when z is replaced by ζ. 

The method for finding a numerical solution to the boundary value problem (5), (7) is 
described in [13] and implemented in the MATLAB software package. It is also established 
there that the displacement of the axial line of the pipe is associated with unknown functions 
by the formula: 

( )0
2 1=

2nh h h
Rv v wλ

− + . (13) 

All changes of variables are already taken into account in (13), and the deflection vnh is 
expressed in meters. 

To find a numerical solution, a grid of equally spaced points ζI is constructed, and the 
index i varies from 1 to 4000. The grid step is h=0.03 m. These parameters are chosen to find 
the best approximation of the exact solution. Problem (5), (10) with the selected data is a rigid 
boundary value problem; the bvp5c method of the MATLAB package is used to solve it. 
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Let us determine the errors in finding the bending moments and stresses by the 
formulas: 

=
max

x xh
M

x

M M
M

ε
−

, =
max

z zh

z
σ

σ σ
ε

σ
−

. 

The numerical values of bending moments Mx and normal stresses σzh on the grid {ζi} 
are found using formulas (11)–(13). 

Since the stress σz is the main one for a given type of load on the beam (see [26]), the 
equality σeq≈ |σz| is actually fulfilled, where σeq is the von Mises equivalent stress. The 
absolute values of stresses for exact and numerical solutions are shown in Fig. 1. The figure 
shows that the exact and approximate stress values are in good agreement. 
 

 
Fig. 1. Modules of maximum stresses in the pipe section, Pa 

 
The quantitative value of the error in the calculation of stresses and moments is given 

by the analysis of the above-defined values εM, εσ. These values are shown in Fig. 2. 
Maximum error values are: max = 0.023Mε , max = 0.023σε . 
These results are obtained by approximating the numerical solution v2h, w1h by sixth-

order polynomials and using standard MATLAB functions to find derivatives of polynomials. 
Let us present the results of the calculation of the same mechanical system by the finite 

element method in CAE Abaqus. A curved two-bearing beam is built with the geometric 
parameters of the model problem, loaded with the distributed load qn=0.3312 N/m calculated 
above. The construction technique is described in [23].The constructed geometric model 
contained a one-dimensional FEM grid of 100 elements with a grid step h=1.2 m. The von 
Mises stresses obtained after the calculations are shown in Fig. 3. It is known [26] that in 
direct bending of the beam, the equivalent von Mises stress coincides with |σz|, as we obtained 
in the Abaqus report file. 

The maximum value of the stress modulus in the numerical solution in Fig. 1 is 
max|σz| = 0.49707 MPa, and the maximum stress in Fig. 3 is maxσeq=0.4743 MPa.  
This numerical value is obtained from the Abaqus report file generated at the end  
of the calculation. 
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The graph of the exact solution for stresses as a function of the longitudinal coordinate 
is shown in Fig. 1. The exact stress values and their numerical approximations in Abaqus are 
shown in Fig. 4. 

 

 
Fig. 2. Error module for calculating stresses in a pipe 

 

 
Fig. 3. Equivalent stresses calculated in Abaqus 

 

 
Fig. 4. Exact stress values (dashed line) and numerical solution by FEM (solid line) 
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In Fig. 4 we can see that the exact and numerical solutions for stresses are in good 
agreement with each other. 

We determine the relative errors for these stresses: 

max = max
max

экв zh
AbNum

экв

σ σ
ε

σ
−

, max = max
max

z экв
exact

z
σ

σ σ
e

σ
−

. 

After doing the calculations, we find: max = 0.048AbNumε , max = 0.0239exactσe . 
Thus, the stress found by the model (5) deviates from the solution by the finite element 

method in CAE Abaqus by no more than 4.8%. On the other hand, the Abaqus system itself 
gives an error that does not exceed 2.4% for the one-dimensional geometric model we have 
constructed. It should be noted that the accuracy of the theory of rods and shells does not 
exceed 5% [26]. 

Summarizing the solution of task 1, we can conclude that the created mathematical 
model allows us to perform stress calculations in bent pipes with high accuracy. The 
numerical analysis results are consistent with the known exact and approximate solutions. 
Restrictions (2) and (3) should be imposed on the parameters of the mathematical model. 

Task 2. A comparison is made of the displacement of the axial line of the pipeline 
according to the proposed mathematical models: the model of a semi-momentless shell in [12] 
and the model of a bent rod in [11]. Numerical methods of solution are proposed ibid. 

Condition (2) is satisfied, which makes it possible to use the shell model (1).A 
comparison of the dynamics of the center line as the rod and shell is shown in Fig. 5. 
Figure 5a shows the displacement of the profile when the rod model is chosen, Fig. 5b – when 
chosen the shell model. 

 

 
Fig. 5. Pipe displacement: a) rod model; b) shell model 

 
In [28], the phenomenon of "reverse behavior of the pipe" is described, when the 

centerline moves against the direction of the centrifugal force from the flow. Figure5b shows 
that the shell model (6) describes this phenomenon. The rod model [11] in this case gives a 
different behavior of the pipe. 

Calculating (8), we find: 42.4irvE ≈ . The resulting value is significantly less than the 
value 286irvE ≥ , at which the rod model is required. This means that the application of the 
mathematical model [12] as more general is justified. 

So, according to task 2, we can conclude that our calculations correspond to the results 
presented in the scientific literature. 
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7. Conclusion 
Comparative analysis of mathematical models of the pipeline is performed, verification of 
these models based on a comparison of exact and numerical solutions is carried out, and the 
limits of their applicability are determined. 

The formulation of the mathematical model of the pipeline as an elastic shell is given 
and the basic parameters of this model are determined. The equations of the first 
approximation with respect to the small curvature parameter are compared for mathematical 
models of moment and semi-momentless shells. The acting forces and stresses are calculated 
for the test problem of bending a pipeline segment. Numerical solution to the test problem is 
found, and the grid functions of stresses and bending moments are calculated on its basis. The 
geometry and finite element model of a bent pipe under transverse load are constructed in 
CAE Abaqus. Stresses and bending moments in all approximate models are compared with 
exact values of these quantities, and numerical values of errors are found. It has been 
established that the proposed mathematical model makes it possible to find stresses in pipes 
with high accuracy. It has been established that the proposed mathematical models have areas 
of applicability confirmed by known scientific data. 
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Abstract. In various applications, there is a demand for materials with damping properties. 
One of the promising materials in this respect is polymer composite material based on 
thermoplastic elastomers. When studying the experience of using thermoplastic elastomers as 
damping materials, it was found that one of the most promising TPEs for this purpose is block 
copolymer of the styrene-isoprene-styrene type. In this article, composites based on SIS 
VECTOR 4111NS and SIS VECTOR 4113NS thermoplastic elastomers with different 
plasticizer content were tested. The results showed that the composite based on SIS VECTOR 
4113NS for the manufacture of damping pads is more promising. It also revealed the optimal 
amount of plasticizer required for the manufacture of high-quality material with the best 
mechanical characteristics. 
Keywords: polymer composite materials, thermoplastics, vibration absorption, damping 
materials, styrene-isoprene block copolymer, building structures 
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1. Introduction 
There has been a growing demand for materials with damping properties, i.e., capable of 
dissipating the mechanical energy of the system. Damping plays a major role in such areas as 
electronics, sound insulation, automotive and transportation industry, construction, 
shipbuilding, household appliances, industrial equipment, firearms, health care, and medical 
devices, personal protective equipment, and/or sports gear [1-3]. Polymer composite materials 
show much promise in this regard [4,5]. 

An example of successful vibration dampers is elastomeric bearing pad, used in the 
construction of bridges and buildings for over 70 years. Such pads prevent structural damage 
and reduce repair and maintenance costs [6]. 

Currently, elastomeric pads are fabricated from natural or synthetic rubbers [7]. 
However, this type of material is becoming less popular with the recent advent of 
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thermoplastic elastomers (TPE), which are a group of materials capable of large reversible 
deformations during operation, like rubbers, and suitable for recycling, like plastics [8,9]. 
Using TPE instead of rubbers allows for increasing productivity by 2-4 times, increasing the 
production outputs by 2-2.5 times; reducing labor and energy costs by 30% (as it is possible 
to forego blanking, vulcanization, and waste removal); reducing the material consumption of 
the product by 25-30% (by reducing the specific weight of the material); reducing gas 
emissions by 10-20 times; ensuring complete waste recycling, and, ultimately, fabricating 
high-quality products [10,11]. 

TPE include two large groups of materials: block copolymers (e.g.,  
styrene block copolymers, ester copolymers, thermoplastic polyurethanes, block polyamides) 
and composites based on a mixture of rubber and thermoplastic (e.g., olefin  
thermoplastics) [12,13]. 

Considering the experience of adopting thermoplastic elastomers as damping materials, 
studies have established that block copolymers of the styrene-isoprene-styrene type are one of 
the most promising TPE for this purpose [14].  

This study aimed to achieve the following goals: 
1. Determine the most promising TPE with the best damping properties; 
2. Determine the options for fabricating a finished product from this material. 

  
2. Method 
Materials. We considered styrene-isoprene-styrene type block copolymers Vector 4111NS 
and Vector 4113NS (TSRC, Republic of China) and copolymer SKEPT-50 
(Nizhnekamskneftekhim, Russia). Vector 4111NS is a linear triblock, and Vector 4113NS is a 
mixture of linear triblock and diblock, which gives the composition greater softness. 
Industrial oil I-40 (Gazpromneft, Russia) was used as a softening agent in the compound; the 
filler combined chalk MICARB (Geocom, Russia), an inert filler with a low price [15], and 
Newsil 1165 silica (People's Republic of China). 

To select the optimal composition for the compound, providing the best combination of 
technological (recyclability) and operational (damping) properties, the type of thermoplastic 
elastomer used and the content of industrial oil I-40 were varied, bringing its content to 
70 weight parts per 100 weight parts of the polymer [16]. 

Preparation of compounds. The components were mixed in a Brabender-type 
micromixer at 180ºC for 20 minutes. 

The compositions of model mixtures and their notations are presented in Table 1. 
The test specimens were prepared in an injection molding machine at 190ºC. 
The notations for the model mixtures correspond to the brand of thermoplastic 

elastomer (Vector 4111 or Vector 4113) and oil contents (M) in the compound for weight 
parts per 100 parts of polymer. The mixing modes are presented in Table 2. 

The operational properties of the specimens were subsequently assessed; the specimens 
were molded via an SZS-series thermoplastic testing machine at 190ºC and an injection 
pressure of 5 atmospheres. 

Assessment of operational (rheological) properties. The rheological characteristics, 
determining the options for subsequent processing by injection molding, were measured for 
the obtained compounds. The melt flow index (MFI) was evaluated by ASTM D 1238 at a 
temperature of 190°C and a load of 5 kg with the PTR-Lab-02 device (St. Petersburg, Russia). 

Assessment of operational properties. Mechanical tensile tests were carried out using 
an Autograph AG-X 5 kN tensile testing machine by Shimadzu (Kyoto, Japan) at room 
temperature and a travel speed of 500 mm/min for dumbbell-shaped specimens (Fig. 1) in 
accordance with GOST 270-75 [17]. 
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Table 1. Compositions of the studied compounds 

Ingredient 

Content, weight parts per 100 weight parts of polymer 

SIS VECTOR 4111NS SIS VECTOR 4113NS 

V
41

11
 

M
30

 

V
41

11
 

M
40

 

V
41

11
 

M
50

 

V
41

11
 

M
60

 

V
41

11
 

M
70

 

V
41

13
 

M
30

 

V
41

13
 

M
40

 

V
41

13
 

M
50

 

V
41

13
 

M
60

 

V
41

13
 

M
70

 

SKEPT-50 20 20 20 20 20 20 20 20 20 20 
SIS Vector 

4111NS 
(18% 

Styrene) 

80 80 80 80 80 - - - - - 

SIS Vector 
4113NS 

(15% 
Styrene) 

- - - - - 80 80 80 80 80 

MICARB 
chalk 40 40 40 40 40 40 40 40 40 40 

Newsil 
1165 silica 30 30 30 30 30 30 30 30 30 30 

I-40 
industrial 

oil 
30 40 50 60 70 30 40 50 60 70 

Stearic acid 2.5 2.5 2.5 2.5 2.5 2.5 2.5 2.5 2.5 2.5 
Total 202.5 212.5 222.5 232.5 242.5 202.5 212.5 222.5 232.5 242.5 

  
Table 2. Compound preparation conditions 

Ingredient Time, min Speed, rpm Temperature, °С 
Stage 1 
SKEPT-50 and thermoplastic 
elastomer 

3–5 

60 180 30% oil/filler 3–5 
30% oil/filler 3–5 
30% oil/filler 3–5 
Stage 2 
Stage 1 mixture 5–7 60 180 

 
Intermittent cyclic tensile tests at 100% elongation were carried out with the Autograph 

AG–X 5 kN machine by Shimadzu (Kyoto, Japan) at a travel speed of 500 mm/min for 
dumbbell-shaped specimens (Fig. 1). Figure 2 shows a schematic diagram of the loading-
unloading cycle and the resulting hysteresis loop, with arrows indicating the unloading and 
reloading sequences. The dissipated energy, or hysteresis energy loss, WD, corresponds to the 
area enclosed in this hysteresis loop, while the area under the lower curve (corresponding to 
unloading) of the hysteresis loop represents the stored elastic energy, WE. Specific dissipated 
and elastic energies were determined by dividing WD and WE by the initial volume of the 
specimen. The specific damping capacity is the ratio of the energy dissipated in five cycles to 
the elastic or potential energy accumulated in this cycle [19], and was found from: 
𝛹𝛹 = 𝑊𝑊𝐷𝐷/𝑊𝑊𝐸𝐸. (1) 

Effect of plasticizers on the mechanical and technological properties of styrene-isoprene block copolymer... 357



 

 
Fig. 1. Dumbbell-shaped specimens for 

testing 

 

Fig. 2. Schematic diagram of an unloading-
loading cycle showing the amount of dissipated 

energy and elastic energy. The graph is 
constructed based on the data from Ref. [18] 

 
This characteristic reflects the damping capacity of the material, i.e., indicates how 

effectively the material dissipates directed kinetic energy. The greater the ratio of the 
scattered energy in the material to the potential energy stored in it, the more effectively the 
material absorbs vibrations. 

The ultimate tensile strength was determined by the formula: 
𝑅𝑅𝑆𝑆 = 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚/𝐴𝐴, (2) 
where 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum load, and 𝐴𝐴 is the cross-sectional area. 

Ultimate tensile strength serves as a measure for estimating the seismic or other loads 
that the material can withstand before tensile failure. 

The equivalent stiffness was calculated by the formula: 
𝐸𝐸100 = 𝜎𝜎100/𝜀𝜀100 , (3) 
where 𝜎𝜎100 is the stress at 100% elongation, 𝜀𝜀100 = 1 – 100% elongation. 

The equivalent stiffness serves as a measure for comparing the stiffness of the material 
at the same elongation. The higher E100, the stiffer the material. This means that the material 
can absorb a greater load at the same elongation. 

Shore A hardness was measured with a durometer in accordance with  
GOST 263-75 [20].  

This characteristic allows estimating the magnitude of the vertical load that the material 
can withstand before failure. Shore A hardness is important because the material developed is 
to be used as a damping pad. 

 
3. Results and discussion 
Technological properties. The compound's suitability for injection molding can be estimated 
from the magnitude of MFI.  

Molding failed in specimens V4111М20, V4111М25, V4113М20, and V4113М25 
shown in Fig. 3. The low oil content in the specimens (20 and 25 weight parts) did not allow 
producing of high-quality specimens by injection molding. High-quality specimens were 
produced from mixtures with the oil contents of 30, 40, 50, 60, and 70 weight parts (Fig. 4). 
The results obtained are consistent with the data on MFI (Fig. 5). 

Thus, we found that the compounds suitable for molding using a thermoplastic machine 
under a pressure of 5 atmospheres are those with MFI over 30 g/10 min, which is the 
minimum value required. Specimens acceptable for testing can be obtained at this MFI. 
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Fig. 3. Specimens 1 and 2 with the oil 
contents of 20 and 25 weight parts, 

respectively, for SIS VECTOR 4111NS  

Fig. 4. Specimens with the oil contents of 30, 
40, 50, 60, and 70 weight parts for SIS 

VECTOR 4111NS 

 

  
Fig. 5. MFI of compounds as a function of oil contents (for 30, 40, 50, 60, and 70 weight 

parts) 
 

Monotonic tensile testing. Comparing materials based on SIS VECTOR 4111NS and 
SIS VECTOR 4113 NS, we can observe that equivalent stiffness, strength and hardness are 
higher in the material based on SIS 4111NS (Figs. 6-8). The elongation is higher in the 
material based on SIS 4113NS (Fig. 9). 

In addition, the mechanical characteristics of materials vary depending on the oil 
content in the mixture, with a similar dependence observed for both materials [17]. It can be 
seen from the graphs that increasing the oil content produces a decrease in the following 
mechanical characteristics: equivalent stiffness, strength, and Shore A hardness. The 
elongation at break first increases with increasing oil content but then decreases as well. It can 
be concluded that the material has optimal mechanical properties at an oil content of 
50 weight parts per 100 weight parts of polymer. 

 

30 40 50 60 70 
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Fig. 6. Effect of oil content on equivalent 
stiffness of the compound 

 

 

Fig. 7. Effect of oil content on strength 
characteristics of the compound 

 

Fig. 8. Effect of oil content on the Shore 
hardness of the compound 

 

Fig. 9. Effect of oil content on maximum 
elongation of the compound 

 
Repeated cyclic tensile tests. The cyclic tensile responses of the compounds are shown 

in Fig. 10. A large hysteresis loop occurs between the first loading-unloading cycle, while 
much smaller loops can be observed for subsequent loading cycles. Moreover, a constant 
deformation of 20% appears after the first loading-unloading cycle, which practically does not 
increase with subsequent cycles. This suggests that all fractures within the composite 
structure mainly occur in the first cycle. The nature of hysteresis has not changed in different 
brands of thermoplastic elastomers. 

Comparing materials based on SIS Vector 4111NS and SIS VECTOR 4113NS with 
different weight parts of oil, we can conclude that the specific damping capacity is better for 
the material based on SIS VECTOR 4113NS, and oil content has little effect on the damping 
capacity (Fig. 11). 
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(a)

 

(b)

 
Fig. 10. Standard cyclic tensile reactions of composites based on SIS VECTOR 4111NS 

(a) and based on SIS VECTOR 4113NS (b), respectively 
 

  
Fig. 11. Specific damping capacity for SIS VECTOR 4111NS and SIS VECTOR 4113NS 

 
4. Conclusion 
To summarize, we have obtained the following results: 

1. SIS 4113NS shows the greatest promise for manufacturing damping pads because it 
has the best damping properties; the optimal amount of oil for the compound based on it is 50 
weight parts of oil per 100 weight parts of polymer. Materials with such ratios of oil and 
block copolymer exhibit sufficiently high mechanical properties, while specimens can still be 
produced by injection molding. Increasing the oil content leads to a decrease in the 
mechanical characteristics of the material. 

2. The MFI for obtaining a product by injection molding using an SZS-series 
thermoplastic testing machine at a temperature of 190°C and an injection pressure of 
5 atmospheres had to be at least 30 g in 10 min. This melt flow rate is the minimum required. 
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