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Abstract. In this work, we study the thermal stabilization of metastable α-Ga2O3 in growth 
experiments. Gallium oxide films are grown on c- and r-plane sapphire substrates by halide 
vapor phase epitaxy (HVPE) at the temperature range of 450-690 oC.  The surface morphology 
is investigated by scanning electron microscopy.  The structural quality and phase composition 
of the grown films is studied by X-ray diffraction. It is found that the use of r-plane sapphire 
substrates prevents the formation of the orthorhombic κ-Ga2O3  and monoclinic β-Ga2O3  and 
thus extends the growth process window for the deposition of the  rhombohedral  α-phase of 
gallium oxide. 
Keywords: gallium oxide, HVPE, epitaxial layers, c-plane and r-plane sapphire substrates 
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Introduction 

Gallium oxide is a prospective ultra-wideband gap semiconductor having a bandgap of about 5 
eV.  It has gained considerable interest recently for applications in high-power electronics, 
chemical sensors, and ultraviolet detectors [1]. Ga2O3 exists in many polymorphic forms 
denoted as  monoclinic β,  corundum α, defective spinel γ, orthorhombic (hexagonal) κ(ε), and 
bixbyite δ polymorphs. In some early studies, the ε-phase was erroneously ascribed to a 
hexagonal P63mc space group. However, more recent studies revealed that the ε-phase actually 
consists of nanoscale domains of the orthorhombic structure rotated  120° relatively to each 
other [2].  The β-Ga2O3 polymorph is the most stable form and can be obtained by melt 
crystallization. However, the low symmetry of the monoclinic structure presents evident 
drawbacks for device applications. 

Besides the monoclinic polymorph, other crystal forms of Ga2O3 such as the 
orthorhombic κ-phase and the rhombohedral corundum α-phase have attracted considerable 
interest due to their unique physical properties. The κ-phase has large spontaneous polarization 
which can be used to generate high-density two-dimensional electron gas. Among other 
polymorphs, α-Ga2O3 has the widest bandgap of 5.3 eV and is isostructural to sapphire 
substrates. Epitaxial stabilization can be used as an effective tool for the growth of metastable 
polymorphs of Ga2O3. Metastable polymorphs can be grown by epitaxial methods on foreign

https://orcid.org/0000-0002-5630-0833
https://orcid.org/0000-0001-6898-6126
https://orcid.org/0000-0003-4604-1935
https://orcid.org/0000-0003-4205-3226
https://orcid.org/0000-0002-1369-1432
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substrates.  In most papers, c-plane sapphire was used as a substrate for the Ga2O3 growth, and 
only a few reports used a, r, and m-plane sapphire as the substrate. 

The stability of  α-Ga2O3 epitaxial films on sapphire substrates is governed by a large 
number of factors. On one hand, α-Ga2O3 is the best lattice-matched polymorph and has the 
same corundum structure as sapphire. The lattice mismatches between α-Ga2O3  and α-Al2O3 
(sapphire) are only 4.81% and 3.54% in the a- and c-axis directions. For that reason, α-phase 
can be energetically more preferable to other polymorphs when grown epitaxially on sapphire 
substrates. On the other hand, the thermal stability of  α-Ga2O3  is less than that of κ-Ga2O3 and 
β-Ga2O3. In the temperature range of 600-650 °C, all three phases can coexist and compete with 
each other. 

In the previous studies, pressure, temperature, substrate type and orientation,  gallium and 
oxygen precursors, additional hydrogen chloride flow, and doping with tin, silicon, and boron 
have been identified as the main factors which determine the preferential nucleation of one or 
another phase. 

It has been observed by many authors that the growth of phase pure α-Ga2O3 on sapphire 
substrates is limited by the film thicknesses. High-resolution transmission electron microscopy 
studies revealed that independent of the growth method a few-monolayer thick α-Ga2O3 can be 
stabilized by strain during the growth of Ga2O3 on c-plane sapphire [3]. For thicker layers, the 
α-phase transforms to β-phase due to a large in-plane lattice mismatch between α-Ga2O3 and 
the sapphire substrate. 

The thermal stability of α-(AlxGa1−x)2O3 is expected to be higher than that of pure  
α-Ga2O3 because α-phase is the stable polymorph of Al2O3.  Surprisingly, even a small Al 
doping is sufficient to increase the growth temperature and resistance to thermal annealing. 
According to Lee et al., slight doping with Al (1-2.5%) allows the growth at higher temperatures 
(e.g.  50–150 °C higher) without the marked appearance of the β-phase and enhances thermal 
stability for successive thermal treatments [4]. 

Several research groups reported that the Sn doping growth could facilitate the 
preferential growth of the κ-phase [5-7]. This phenomenon was observed with MBE, PLD, and 
mist-CVD. Kang et al. investigated the Sn-induced phase stabilization of κ-Ga2O3 and the 
thermal stability of the films grown by mist chemical vapor deposition [7]. They found that Sn 
doping promotes the κ-phase even under low temperature (Tg = 450 °C) growth conditions that 
strongly favor the α-phase. The post-growth annealing tests at 800−1000 °C showed that the 
thermal stability of the κ-phase also depends on the Sn concentration. The higher the Sn 
concentration, the more stable the phase. The one with the highest Sn content showed no phase 
transition from κ to β after annealing at 800 °C, 900 °C, and 1000 °C for 30 min each.  The 
exact mechanism of the Sn-induced phase stabilization of κ-Ga2O3 remains elusive. 

The addition of boron stabilizes the MOVPE growth of the α-phase on c-, a-, and r-plane 
sapphire substrates [8]. A preferred growth of the α-phase without boron addition could only 
be observed on r-plane Al2O3. While most of the growths of α-Ga2O3 thin films have been 
investigated on c-plane sapphire substrates, there are a few publications of   α-Ga2O3 on 
sapphire substrates of other orientations. 

Cheng et al. systematically investigated the differences of α-Ga2O3 films grown on a-, c-, 
and r-plane sapphire substrates using the mist-CVD method [9]. They reported that the quality 
of c-plane α-Ga2O3 films is better than both a-plane and r-plane epilayers, corresponding to the 
results of XRD 2θ scans and optical absorption. They claimed to have a higher growth rate on 
the c-plane (11.44 nm/min) than on the a- and r-plane sapphire (5.74 and 5.26 nm/min). 

Oshima et al. reported the growth of ten-period binary α-Al2O3/Ga2O3 superlattices on r-
plane sapphire substrates by plasma-assisted molecular beam epitaxy [10]. The superlattice 
with α-Ga2O3 thickness up to >1 nm had coherent interfaces without misfit dislocation despite 
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the large lattice mismatches. 
Hu et al. studied the growth of Ga2O3 thin films on various oriented (c-, a-, m-, r-plane) 

sapphire substrates by plasma-enhanced chemical vapor deposition (PECVD) is investigated 
using high-purity metallic Ga and oxygen (O2) as precursor materials and argon (Ar) as carrier 
gas. The film grown on the c-plane sapphire substrates exhibits the β-phase with a preferred 
growth plane of (2̅01), while these grown on the m- and r-planes are amorphous. 

The achievable film thickness of phase pure α-Ga2O3 is limited by the formation of c-
plane facets on the α-Ga2O3 surface. 

Phase stabilization of α-Ga2O3 on r-plane sapphire was studied by Kracht et al. who 
observed no indication for β-Ga2O3  in  α-Ga2O3 layers on r-plane sapphire with a thickness up 
to 117 nm thickness [11]. This layer thickness is much higher than the values reported for MBE 
growth on the a and c planes, respectively. If growth time is further extended the nucleation of 
β-Ga2O3 on c-plane facets that are increasingly exposed during the growth of α-Ga2O3 is 
observed. 

Here, we investigate the effect of substrate temperature on the growth in the α-Ga2O3 on 
c- and r-plane sapphire substrates. 

 
Experiment 

Ga2O3 films were grown by HVPE on (0001) c-plane and (101̅2) r-plane single-side polished 
sapphire substrate of 400 μm thickness. Oxygen gas (O2) and gallium chloride (GaCl) were 
used as precursors with argon (Ar) used as a carrier gas. The GaCl vapor was synthesized in 

situ through the chemical reaction between metallic gallium and gaseous hydrogen chloride 
upstream in the reactor. The growth of the Ga2O3 films was performed at temperatures varying 
from 450 oC to 690 oC and a fixed O/Ga mole flow ratio of 4.2.   The growth rate varied from 
1.7 to 6.9 μm/hr. The overall thickness of the films was 1-5 μm. A more detailed description of 
the epitaxial growth procedures can be found in our earlier papers [12-14].   

The phase composition and crystal structure of the produced Ga2O3 films were 
investigated by X-ray diffraction (XRD). The surface morphology and the cross-section of the 
films were studied by scanning electron microscopy (SEM). 

 
Results and discussion 

The comparison of the surface morphology for different samples was performed by SEM 
imaging (Fig. 1,2).  Compared to specimens grown on r-plane sapphire, Ga2O3 films grown on 
c-plane substrates exhibit flatter surface morphology. This tendency becomes even more 
pronounced at higher growth temperatures. For example, it can be seen that  Ga2O3 grown on 
c-plane sapphire at 670 °C forms a continuous film. Most of the film is  composed of oriented 
crystal blocks of 120° symmetry, a few crystallites with hexagonal symmetry can be also 
observed. In contrast, the specimen grown on r-plane sapphire is clearly polycrystalline 
composed of agglomerated prismatic crystallites of various orientations. The observed crystal 
habit is typical for the monoclinic polymorph. 
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500°C 

  

570°C 
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Fig. 1. Cross-sectional and plan view SEM images for Ga2O3 layers on c-plane sapphire at 
different temperatures 
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Fig. 2. Cross-sectional and plan view SEM images for Ga2O3 layers on r-plane sapphire at 
different temperatures 
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The XRD ω–2θ scans of  Ga2O3 films grown on c-plane sapphire at different temperatures 
are shown in Fig. 3. All XRD spectra show reflexes from the sapphire substrate that can be 
indexed as 0006 at  2θ ≈ 41.65° and 00012 at 2θ ≈ 90.85°.  The other two well-pronounced 
diffraction peaks can be assigned to the 0006 and 00012 reflections of α-Ga2O3. The specimens 
grown at temperatures below 530 °C showed diffraction peaks which can be assigned to 004 
and 006 reflections of κ-Ga2O3. The specimens grown at higher temperatures exhibit β-Ga2O3 
peaks that can be indexed as  402 at 2θ ≈ 38°, 603 at 2θ ≈ 59° and 804 at 2θ ≈ 82°. Interestingly, 
the intensity of diffraction peak related to κ-Ga2O3 decrease with increasing temperature, on the 
contrary, the intensity of β-Ga2O3 diffraction peaks increases as the growth temperature 
increases. The XRD pattern from the specimen grown at 670 °C also shows a variety of minor 
peaks which can be attributed to β-Ga2O3 phase. The growth temperature is a key factor in 
controlling the balance between α, β, and κ phases. Under the given growth conditions, the 
HVPE deposition of  α-Ga2O3  on c-plane sapphire substrates is possible only within a very 
narrow temperature window at about 530 °C. It can be speculated that low growth temperature 
conditions result in κ-Ga2O3 because this phase has a smaller lattice mismatch with c-plane 
sapphire. On the other hand, at a higher temperature, the diffusion length is longer, and atoms 
reach the step edges. Therefore, the formation of the α-Ga2O3  phase which has the same 
structure as the sapphire substrate becomes energetically more favorable. 
 

 
 

Fig. 3. Symmetrical ω-2θ XRD scans of Ga2O3 epilayers grown on c-plane sapphire 
substrates at different growth  temperatures 

 
The upper-temperature limit is in line with previous publications, as metastable α-Ga2O3 

has the propensity to revert to the stable β-phase upon heating. The transition temperature to 
the β-phase is from 600 °C to 650 °C and depends on the film thickness. As reported by Lee et 
al., α-Ga2O3 films thicker than 1 μm on c-plane sapphire substrates remained α-phase upon 
annealing up to 550 °C but gradually changed to β-phase at a temperature higher than 600 °C 
[15]. The phase stability of α-Ga2O3 on c-plane sapphire can be enhanced by decreasing the 
film thickness. According to Jinno et al., an α-Ga2O3 film around 20 nm thick maintained the 
corundum structure at an annealing temperature of 750 °C [16]. 

On the other hand, the lower temperature limit defined by the formation of the κ-phase is 
apparently of a less fundamental nature and is related to the particular features of the employed 
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growth technique. For example, mist-CVD shows the opposite trend where the low-temperature 
growth (<550 °C) favors the formation of α-Ga2O3, while higher temperatures result in the 
deposition of κ-Ga2O3 films. A similar trend has been reported for the HVPE technique, where 
deposition at a relatively high temperature (Tg = 650 °C) resulted in κ-Ga2O3 [17].  On the other 
hand, Son et al. Reported that the growth at  470–650 °C resulted in preferentially α-phase 
epilayers, while the deposition at  450 °C produced a mixture of α- and κ-Ga2O3 polymorphs 
[18]. In the case of the MOCVD technique, the balance between α and κ polymorphs is 
governed not solely by temperature, but by multiple factors.  Typically, MOCVD growth at low 
temperatures (550 °C) results in polycrystalline Ga2O3 because precursors do not have 
sufficient energy to form crystalline Ga2O3 film. 

Figure 4 presents XRD ω–2θ scans of  Ga2O3 films grown on r-plane sapphire at different 
temperatures. The specimens grown in the temperature range 450 °C – 650 °C showed only  
1012,  2024, and 3036  reflexes of the r-plane α-Al2O3 and α-Ga2O3.  Therefore, the film is 
composed  mainly of  the (1012)-oriented α-Ga2O3 phase, with little or no detectable admixture 
of other polymorphic phases.  
 

 
 

Fig. 4. Symmetrical ω-2θ XRD scans of Ga2O3 epilayers grown on r-plane sapphire substrates 
at different growth  temperatures 

 
It should be noted that the growth of α-Ga2O3 layers on the r-plane of sapphire is 

characterized by a much wider temperature process window. First, in contrast to the Ga2O3 
films on the c-plane sapphire, specimens on the r-plane do not exhibit the inclusion of the  
κ-phase. Secondly, the upper temperature limit which is marked by the onset of the β-phase 
formation is increased from 570 °C to 670 °C. 
 
Conclusion 

In summary, the HVPE growth of  Ga2O3 on c and r-plane sapphire substrates has been studied.  
We show that the use of r-plane sapphire substrates facilitates the growth of phase-pure   
α-Ga2O3 films. At low temperatures, Ga2O3 films grown on r-plane sapphire do not exhibit an 
inclusion of the κ-phase. At high temperatures, up to about 700 °C  the use of r-plane sapphire 
substrates prevents the thermal decomposition of the   α-Ga2O3 and its transformation into  β-
Ga2O3. 
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Abstract. The variation in the deformation properties of epoxy polymers doped with of SiO2 
and Al2O3 nanoparticles obtained by four different methods was experimentally investigated. 
It was shown that the doping of nanoparticles leads to structural changes in the polymer 
similar to the effect of plasticization (an increase in the mobility of the polymer chain). The 
variation of the types of nanoparticles contained in the composite significantly changes the 
process of the kinetics of microindentation stress relaxation. In particular, the complete 
recovery from microindentation (healing of the indentation) occurs at different concentrations 
by varying the method of nanoparticle synthesis. 
Keywords: Microindentation, thermally stimulated relaxation, delocalization, epoxy polymer, 
nanoparticles 
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Introduction 

Polymers are currently used in many industries, including biomedicine, batteries, ceramics, 
composites, magnetism, electronics packaging, solid fuels, and adhesives [1,2]. The inclusion 
of various fillers [3,4] can significantly change such properties as mechanical strength [5,6], 
thermal [7] and electrical conductivity [8], thermal stability [9], magnetic characteristics 
[10,11], and other properties. 

Based on polymers, in particular epoxy-polymer materials, composite materials are 
formed with granular fillers, dyes, or other additives that give the material specific properties. 
The properties of such composites depend on the size, shape, and nature of the particles, the 
interaction between their components, and the distribution of particles in the matrix [12,13]. 
Epoxy resins have a cross-linked structure; they have covalent bonds linking polymer chains 
together. In addition to them, the presence of other types of molecular interactions, such as 
hydrogen bonding, can also affect the properties of the epoxy resin [14]. 

Under mechanical stresses exceeding the yield pressure (plastic yield), in silicate and 
other inorganic glasses, plastic inelastic deformations occur, which can persist for a long time 
after the external pressure is removed. However, when the material is heated below the glass 
transition temperature (Tg), this deformation is restored to its original undeformed state. That 
is, it exhibits the behavior of reversible viscoelastic deformation [15-17]. 

Similar behavior is found in many amorphous polymers. After pressure is removed at 
room temperature, the deformation persists and is visually indistinguishable from residual 
plastic deformation. However, when heated below Tg, the deformed polymer returns to the 
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undeformed state [18-20], similar to inorganic glasses [21]. Consequently, the effect of 
plasticity turns out to be a universal property of such glassy materials. 

Previously, it was assumed that a large "residual" deformation of amorphous polymers 
in the glassy state is fixed since thermal motion at room temperature is not enough to return 
distorted-chain macromolecules to their original state. Only during heating, when the intensity 
of thermal motion is high enough to give sufficient mobility to flexible macromolecules, can 
stress be relieved. Since this phenomenon also manifests itself in low molecular weight 
inorganic and metallic glasses, where chain macromolecules are absent, the "polymeric" 
approach to the nature of this deformation should be reconsidered. 

Paper [19] developed an idea that a new structure arises in a region that is plastically 
deformed and subsequently relaxed as a result of thermal action; it is a structure different 
from the original one. The main carriers of these processes are local microshears, which 
appear under the action of external loads and disappear upon heating. 

In the explanation given in [22], great importance was attached to the appearance of an 
interface in a deformable structure and the "healing" of interfacial boundaries during 
thermally stimulated strain relaxation. The elementary act of "plastic" deformation of glass 
was reduced to the displacement of the link from the equilibrium position associated with the 
rearrangement of the neighboring particles. In particular, in inorganic glass, this refers to the 
displacement of the bridge oxygen atom in the Si-O-Si bridging group, which leads to local 
deformations in the network of amorphous filaments. The process of delocalization of atoms 
in amorphous polymers corresponds to the displacement of a small portion of the main chain 
of the macromolecule (the main group of atoms in the crosslink) from its equilibrium position 
and is associated with the local deformation of intermolecular bonds [23,24]. An analysis of 
the recovery curves for the residual deformation of glasses during heating provides useful 
information both from a purely scientific and practical point of view. 

The main role of a dispersed filler is to create an additional force that prevents the 
displacement of the macromolecule chain fragments. The feature of nanoparticles is that their 
surface has a significant number of active sites, which depend on the conditions and method 
of particle synthesis. The presence and strength of the active sites of the filler surface play a 
decisive role here since the active sites resist indentation and contribute to the healing of 
cracks. Strengthening effects can be observed when using the same nanoparticles in 
combination with different matrices or different nanoparticles with the same matrix. It was 
shown that different synthesis methods form nanoparticle surfaces with different properties 
while maintaining the phase composition of the material [25,26]. The relationship between the 
types of surface sites, their strength, and the interaction of nanoparticles with a dispersion 
medium was also shown. In particular, there was a significant difference in the strength of the 
active sites for the studied samples, which was reflected in the rheology of nanofluids based 
on epoxy resin and water. 

 
Materials and methods of experiment 
Table 1 lists the properties of the nanoparticles used. 

To study the kinetics of deformation, an industrial epoxy resin ED-20 (PolyMax 
(Russia)) was used. After doping nanoparticles into it, the suspension was subjected to 
ultrasonic treatment for 30 minutes in an ultrasonic bath Sapphire (Russia) as a measure for 
particle deagglomeration. After that, the PEPA hardener was added in a ratio of 1:10 to the 
resin weight. The mixtures were then poured into molds lightly lubricated with silicone 
grease. Curing took place within 24 hours at room temperature. ED-20 is a commercial cross-
linked polymer in a glassy state at room temperature (Tg ≈ 80°C) [14]. For microscopic 
analysis, it was cut into pieces 10×10×3 mm in size and additionally polished. Ten samples 
were prepared and tested for each concentration. 
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Table 1. Samples under study 

Sample Origin Producer 
Average 
particle 

diameter, nm 
Aluminum oxide 

Aa 
Flame hydrolysis of a mixture 

of aluminum chloride, 
hydrogen, and air 

Evonik Industries AG, 
(Germany) 

27.7 

Тa 
Evaporation of material by an 

electron beam 
Bardakhanov LLC, (Russia) 34.3 

La Liquid phase synthesis 
Nanjing XFNANO Materials 

Tech Co., (China) 
27.2 

Ea 
Electric explosion of a thin 

wire in an argon atmosphere 
Advanced powder 

technologies LLC, (Russia) 
64.3 

Silicon dioxide 

As 
Flame hydrolysis of high-

purity SiCl4 
Evonik Industries AG, 

(Germany) 
22.7 

Ts 
Evaporation of material by an 

electron beam 
Bardakhanov LLC, (Russia) 28.2 

Ls Liquid phase synthesis 
Nanjing XFNANO Materials 

Tech Co., (China) 
24.3 

Ps 
Plasma-chemical synthesis in 

arc plasma 
Plasmotherm, (Russia) 23.8 

 
The samples were subjected to microindentation and visualization on an HVS-1000A 

microhardness tester with a Vickers quadrangular diamond pyramid (apex angle 136 degrees). 
The samples were indented with a load of 1.96 N (200 g) for 20 s. After indentation, the 
samples were placed on a hot plate (the indentation surface was in contact with the hot plate) 
at a given temperature for a given period of time, and then photographed again. The 
temperatures used were 20, 60, 70, 75, and 80°C. At temperatures above 80°C, the samples 
began to break down. 

When microindentation is performed on a sample at room temperature, a square imprint 
with concave sides is formed (Figs. 1(a), 1(d)). However, for current samples with some 
elasticity, when the indenter is removed, part of the samples returns to the space occupied by 
the indenter resulting in an imprint with concave sides. However, full recovery was prevented 
by "plastic" deformation. 

When the samples were heated, the filling of the cavity was observed, as shown in  
Figs. 1(a-c). The recesses were deformed inward from the sides, and the corners of the recess 
were not deformed. Thus, to quantify the deformation, the width of the central point between 
the two walls of the microindent (L) was measured (Fig. 1(d)). 
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Fig. 1. Microindentation of ED-20 with Ts (1.6 wt %) at 75°C after a) 0 s, b) 5 s,  

c) 30 s, d) measured value L, imprint width 
 

Results 

Figure 2 shows the deformation kinetics of ED-20 without additives (control sample) at 
various temperatures. L0 is the initial width after indentation, and ΔL is the change in width 
after heating. At room temperature, no change in the imprint size with time was observed. At 
60°C, slight shrinkage is observed. When the temperature was within 10°C of Tg, a stronger 
indentation deformation was observed. However, none of the temperatures resulted in a 
complete recovery of the imprint. 

 

 
Fig. 2. Thermal permanent deformation of imprints on epoxy resins at different temperatures 
 

When nanoparticles were added to the epoxy resin, the recovery performance improved, 
as shown in Fig. 3, for 75°C. As with the control, maximum recovery occurs within 10°C of 
the Tg of the epoxy; although the amount of the recovery is much larger. 
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Fig. 3. Thermal residual deformation of indentations on epoxy resins ED-20 with As 

nanoparticles at 75°C 
 
However, only the composite with a concentration in a small range showed complete 

recovery after microindentation at 75°C (Fig. 1(c)). Although all other concentrations of 
nanoparticles increased their recovery in comparison with the control, they reached a 
maximum recovery of only about 30%. This indicates that there is an optimal concentration of 
nanoparticles that ensures complete recovery. At 80°C, the range of concentrations where 
complete recovery occurred somewhat expanded, but still remained limited. 

Figures 4 and 5 show the specific behavior of permanent deformation at a certain 
concentration, which varied depending on the nanoparticles doped in ED-20. 

 

 
Fig. 4. Thermal residual deformation of imprints on epoxy resins ED-20 with SiO2 

nanoparticles depending on the concentration at 75°C 
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It can be seen from the obtained data that the minimum residual deformation of the 
composites is located at different concentrations of nanoparticles. That is, the particle-resin 
interaction has a different meaning for particles obtained by different synthesis methods. The 
intensity of the interaction introduced by nanoparticles coincides with the assumptions 
obtained in [26], i.e., it is due to the strength of surface sites formed during the synthesis of 
nanoparticles. The fastest hardening effect among silica is produced by As particles having 
strong Lewis acid sites. While the weakest and most delayed effect is shown by Ls particles, 
the surface of which has only Brønsted main sites. 

A similar situation arises for samples containing aluminum oxide nanoparticles. The Aa 
particles, having a more active surface [26], strengthen the composite faster than other 
particles. At the same time, La particles having the most passive surface strengthen the 
composite at the highest concentration of particles. In the same way, the efficiency of the 
particle-resin interaction can be traced when changing the method of particle synthesis 
[27,28]. The variation in the activity of the particle surface leads to a change in their 
concentration at which the maximum recovery of the deformation is achieved. 
 

 
 

Fig. 5. Thermal residual deformation of imprints on epoxy resins ED-20 with Al2O3 
nanoparticles depending on the concentration at 75°С. 

 
In [29], a correlation was traced between the dependences of the activation energy of 

the deformation process and the microindentation deformation itself on the concentration of 
nanoparticles. Both values have a clear minimum at the concentration, when there is 
maximum healing of the deformation and a much smaller change in the activation energy at 
other concentrations. Apparently, at such a concentration, a change in the structure of the 
polymer occurs. At low concentrations, there are few additional polymer-nanoparticle bonds, 
and the polymer is relatively easily deformed. As the concentration increases, the number of 
strengthened bonds increases, reaching a maximum at the optimum value. That is, the number 
of doped nanoparticles can use all the free bonds of the polymer creating an additional 
structural network. With a further increase in concentration, forced bonds appear between 
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nanoparticles (agglomeration), which are much weaker. It is important to note that the number 
of additional polymer-nanoparticle bonds depends on the activity of the nanoparticle surface 
[26] and varies depending on the method of their synthesis. 

Within the framework of the model of delocalized atoms [23], the relaxation of plastic 
deformation during heating (thermal stimulation) is explained by the return of exciting 
delocalized atoms to their main undeformed state [17]. The volumes of delocalization of 
atoms for pure ED-20 and the one consisting of 1.6 wt% SiO2 [29] were approximately 97 
and 63 Å3, respectively. 

Therefore, it can be assumed that a group of atoms in the conjugation site of the system 
of covalent bonds is responsible for the viscous strain of epoxy polymers. Its molecular 
mechanism is reduced to local displacements (delocalization) of the bridge oxygen atom in 
the Si-O-Si bond [16,17]. Depending on the activity of the surface of nanoparticles and the 
intensity of the bonding of O-Si or O-Al groups, which can be determined using IR 
spectroscopy [30,31], the activation energy of composites with particles of the same chemical 
composition but different synthesis methods may vary. A smaller volume of delocalization of 
atoms means that in a given volume, where the polymer has been deformed, there are more 
units of delocalization, i.e. the volume of fluctuations is larger at any given temperature. 
 

Conclusions 

The kinetics of thermally stimulated relaxation of inelastic strains in an epoxy polymer with 
SiO2 and Al2O3 nanoparticles was studied by restoring imprints in epoxy resin samples at 
elevated temperatures. For all samples, the maximum relaxation value was observed at 75°C, 
which is 10°C below the glass transition temperature. 

We showed that although pure epoxy samples received a maximum recovery of 20%, 
samples with certain concentrations of nanoparticles had complete relaxation (disappearance 
of imprints). At higher concentrations, complete relaxation was not achieved. 

It is shown that a change in the method of nanoparticle synthesis leads to a change in 
the concentration at which the relaxation maximum is reached. 
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Abstract: Reactive co-sputtering technique has been used to fabricate pure zinc oxide and 
nickel doped zinc oxide thin films on glass substrate at room temperature 30º C. The actual 
target of this experimental work was to investigate the effect of nickel incorporation on 
structural and optical properties of nickel doped zinc oxide thin films. The deposited samples 
were characterized by using Energy-Dispersive Analysis X-ray, X-Ray Diffractometer, 
Atomic Force Microscope, Fourier Transform Infrared Spectroscopy and Ultraviolet-visible 
spectrophotometer to investigate the doping growth, structural crystallinity, surface 
morphology, chemical bonding information and optical properties. Scanning electron 
microscope has been used to measure the thickness of all deposited films. The X-Ray 
Diffractometer study of all deposited films reveals that the highly intensive peak has been 
found near glancing angle at 34.48º corresponds to miller indices (002), which confirmed the 
wurtzite hexagonal crystallite structure of zinc oxide that matched with JCPDS card no 36-
1451. Crystallite size of deposited thin films is increased from 8 nm to 15 nm with the 
increasing of atomic % of nickel from 0 to 7.5 respectively in zinc oxide. The Fourier 
Transform Infrared Spectroscopy peak found at 432 cm-1 confirmed the deposited films are 
zinc oxide thin films. Optical band gap energy decreases from 3.15 eV to 2.21 eV where as 
the Urbach energy increases from 118meV to 243meVwith increasing of atomic % of nickel 
from 0 to 7.5 respectively. 
Keywords: Ni-ZnO thin films; RF/DC sputtering technique; XRD; AFM; Optical Property; 
Urbach energy. 
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Introduction 

Among all II–VI chalcogenide type semiconductors materials, nanocrystalline zinc oxide 
(whose direct wide band gap and exciton binding energy are 3.37 eV and 60 meV 
respectively) is one of the greatest acceptable interests for their environmentally safe and 
versatile application in the field of nanoscience and nanotechnology [1-3]. Past few decades, 
many researchers from different part of the world have been chosen zinc oxide (ZnO) 
materials for its multi–functional behaviors like as chemical stability, opto-electric, well 
luminescence property, good transparency, prominent electron mobility and piezoelectric 
properties [1-5]. Piezoelectric properties of ZnO thin films depend on its hexagonal crystalline 
structure [5]. Applications of ZnO thin films are most striking because of their low cost and 
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also for the non-toxic behavior which is comparable with some oxides like CdO, In2O3 and 
SnO2 [2,6]. Also, the low resistivity and high transmittance properties of ZnO have been 
found in the visible region [6]. This type of nano-range ZnO thin films has been used due to 
its extensively applications in optoelectronic devices [2,3,6]. Nowadays nano-range ZnO 
films are used in extensive area of science and technology like as UV protectors, solar cell, 
gas sensing devices, transparent FETs, antibacterial coatings, drug delivery devices, cancer 
treatment, transparent conducting oxides, photo catalysis, Schottky diodes, light emitting 
diodes, flat panel displays, spintronics, computer screen, high mobility transistor, laser diodes, 
surface acoustic devices, smart windows, smartphone display, varistors, high electron 
mobility, chemical sensors, photo voltaic cells and transparent electrodes [1-11]. The doping 
effect of different elements such as Au, Al, Sb, N, Ga, Cu, Mn, Ti, Ag, Co, Mo, In, Sn, Fe, and 
V with pure ZnO on physical, optical, electrical, and dielectric properties have been reported 
[1-16]. The position of metal element nickel (Ni) in the periodic table is 10th group of 4th 
period along with Fe and Co. This transition metal which gradually loses its strong metallic 
behavior is a very good conductor of electric and heat. Ni has three oxidation states which are 
+2, +3 and +4. Among all oxidation states +2 is the most significant state [17]. The electro 
negativity behavior of Ni suggests a suitable bonding attraction for with other elements.  
0.69 Å is the ionic radii of Ni+2 which is familiar with Zn+2 (0.74 Å) [17]. The structure and 
valance of Ni and Zn elements are similar. This can be presumed that the hexagonal 
crystalline structure of ZnO is not changing if Ni+2 ion replaced by Zn+2 ion in pure ZnO 
lattice. The changing effect of Ni on different properties that i.e, physical, optical, electrical, 
and dielectric with ZnO have been reported earlier [17,18]. In this experimental work, the 
changes in structural and optical properties of ZnO thin film with Ni incorporation have been 
studied in detail. 

Nickel doped ZnO (NZO) thin films are deposited by several physical and chemical 
techniques such as chemical bath deposition, photochemical deposition, cyclic voltammetry, 
sol-gel preparation, low temperature aqueous solution route, spray pyrolysis, metal organic 
chemical vapor deposition, Radio Frequency (RF) sputtering, screen printing, Direct Current 
(DC) sputtering, molecular beam epitaxy, DC and RF magnetron sputtering techniques [1-19]. 
In this scientific work, RF and DC co-reactive magnetron sputtering technique has been 
chosen to prepare pure ZnO and NZO thin films on glass substrate. This physical technique 
has been used due to its various advantageous properties like as low-temperature growth, 
good quality of nano-range thin films, large film area and controllable thickness of film [2,3]. 

In this current scientific research work, pure ZnO and NZO thin films deposited by 
reactive co sputtering technique where ZnO and Ni targets were used in RF shutter and DC 
shutter simultaneously. ZnO films have been doped with different atomic % of Ni for the 
better improvement of the structural and optical properties of the newly formed nano crystal 
thin films. Deposited nano-range pure ZnO and NZO films were characterized and analyzed 
by using X-Ray Diffractometer (XRD), Energy-Dispersive Analysis X-ray (EDAX), Fourier 
Transform Infrared Spectroscopy (FT-IR), Atomic Force Microscope (AFM), Scanning 
Electron Microscope (SEM) and Ultraviolet-visible (UV-VIS) Spectrophotometer. Optical 
characteristics as well as the optical band gap energy (Eg) measured from the transmittance 
spectra of the deposited films by using UV-VIS spectrophotometer. The change in optical 
transmittance, Eg and urbach energy (Eu) with different atomic % of Ni in the ZnO thin films 
has been explored in detail. 
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Experimental Details 

Materials and deposition techniques. Pure ZnO and NZO nano-range films have been 
deposited for 30 min on commercial glass substrate by using DC/RF magnetron co-sputtering 
technique with the variation of atomic % of Ni from 0 to 7.5% respectively at room 
temperature 30°C. Source materials (ZnO and Ni targets) and commercial glass substrate of 
size 75 mm × 25 mm × 1.45 mm were purchased from Sigma-Aldrich Company. Purity, 
diameter, and thickness of both targets are 99.999%, 54 mm and 2 mm respectively. At 45 °C 
temperature, all substrates were ultrasonically cleaned by acetone and double distilled water 
separately and finally soaked with hot air gun. 

Only ZnO target was used in RF gun and only Ni target was used in DC gun. Before 
making the film’s deposition, Argon gas was used to clean the impurities of two targets by pre 
sputtering for 10 minutes. The Rotary pump and Turbo pump of the system has been used 
simultaneously to maintain the chamber pressure at 3.5×10-4 Pa. Argon (Ar) gas and Oxygen 
gas were used 15 sccm and 5 sccm respectively by mass flow controller (MFC) for deposition 
purpose. Argon gas has been used for its good sputtering behavior, whereas oxygen gas has 
been used to maintain oxygen rich growth during deposition. Oxygen gas is also important to 
reduce the intrinsic donor defects during deposition. The working pressure of the deposition 
chamber was maintained at 2.0 Pa. Three rotations per minute of all deposition substrates 
have been used to maintained uniform thickness and good surface morphology of films. 
Cathode shutters to substrate holder distance was kept at 70 mm for good quality of thin films 
deposition. During the deposition, RF power set at 100 watt which was fixed and DC voltage, 
which varies from 180 V to 240 V respectively. The atomic % of Ni varies from 2.6 to 7.5 
with the variation of DC voltages from 180 V to 240 V respectively. Only RF power has been 
used in ZnO target for the formation of pure ZnO thin films. Details of deposition conditions 
are given below the Table 1. 

Characterizations. The compositional, structural, morphological, chemical and optical 
properties of pure ZnO and NZO thin films have been investigated. The compositional 
property of pure ZnO and NZO thin films has been tested by EDAX (Oxford, model-7582). 
The crystallite structure of all deposited films has been investigated by using XRD (Bruker, 
D-8 Advance). Ambient based multimode AFM (Bruker, MultiMode-8) has been used to 
characterize the surface morphology of all deposited thin films. AFM measurements have 
been done in contact mode. A silicon probe has been used for scanning purpose which have a 
radius of curvature 10 nm, height 15 microns and standard chip size 1.6×1.6×0.4 mm. A cross 
sectional scanning electron microscope has been used to calculate the thickness of all 
deposited films. The FT-IR spectroscopy (IR Affinity-1S, Shimadzu, Japan) has been used to 
study the chemical bonding information of all deposited thin films. The optical characteristics 
of the deposited films have been study using a UV-Vis spectrophotometer (V-770, Jasco, 
Japan). 

 
Table 1. Deposition conditions were maintained for the formation of crystallite thin films. 

Parameters Corresponding values 
Base pressure / (Pa) 3.5×10-4  

Working pressure / (Pa) 2.0  
Target ZnO, Ni 

Ar flow / (cm3/min) 15 
O2 flow / (cm3/min) 5 

Deposition temperature / ( ºC) 30 
Substrate rotate / (r/min) 3 

RF power / (W) 100 
DC voltage / (V) 180, 210, 240 

Deposition time / (min) 30 
Distance between target and substrate holder / (mm) 70 
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Results and discussions 

Energy-Dispersive Analysis X-ray (EDAX) analysis. EDAX has been used to understand 
the doping growth of atomic % of Ni in ZnO nano-range thin film. The EDAX results of pure 
ZnO and 7.5 atomic % of Ni doped ZnO nano-range thin films are shown in Fig. 1(a, b). The 
confirmation of pure ZnO nano-range thin films has been confirmed by EDAX after finding 
sharp peak of Zinc (Zn) and Oxygen (O) in the thin film respectively, which shown in Fig 
1(a). An additional peak of Ni has been found together with Zn and O peaks in the current 
deposited thin film, which confirmed the NZO nano-range thin film as shown in Fig. 1(b). Ni 
is a minor intense peak in the NZO nano-range thin film, whereas Zn and O is major intense 
peak. It has been identified that after incorporation of Ni in the NZO nano-range thin film 
decreased the atomic % of both Zn and O respectively.  
 

 
 

Fig. 1. EDAX spectra of NZO thin films: (a) 0.0 atomic % of Ni and (b) 7.5 atomic % Ni 
 

X-Ray Diffractometer (XRD) study. The nature of structural crystalline property of 
pure ZnO and NZO films has been studied by XRD analysis. Cu-Kα radiation of wavelength 
λ = 1.5406 Å has been used to capture the XRD spectra of all deposited thin films in between 
20º to 70º glancing angle. During the capturing of XRD spectra, the source voltage kept at 40 
kV and source current kept at 40 mA. XRD patterns of deposited all films has been shown in 
Figs. 2 (a-d). The XRD pattern of all films has been recorded with the scan rate 2º per minute. 
Crystal structures of deposited thin films are two types like hexagonal wurtzite or cubic zinc 
blende which is depends on few deposition parameters [2,3]. The highly intensive peak has 
been found near glancing angle at 34.48º corresponds to miller indices (002), which confirmed 
the wurtzite hexagonal crystalline structure of ZnO that matched with JCPDS card no 36-1451 
[2,3,16,18,20]. Peak intensity of deposited films increased slowly with the increasing of 
atomic % of Ni from 0 to 7.5 respectively. Debye-Scherrer formula has been used to calculate 
the crystallite sizes (D) of all films [2,3,21,22] 𝐷−1 = 𝛽 𝑐𝑜𝑠𝜃𝐾

,           (1) 

where K (0.94), λ (1.5406 Å), β and θ are known as Scherer constant, wavelength of X-ray, full 
width of half maximum (FWHM) and Bragg’s angle or glancing angle respectively.  
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Fig. 2. (a-d). XRD patterns of NZO thin films deposited on glass substrates at different atomic 
% of Ni from;(a) Ni = 0, (b) Ni = 2.6, (c) Ni = 5.1, (d) Ni = 7.5% respectively 

 
It is found that after increasing of atomic % of Ni from 0 to 7.5 the crystallite sizes of 

deposited films increased from 8 nm to 15 nm which are due to predominantly shifting of Ni2+ 
ion into the ZnO host lattice sites. As there is an inverse relation between crystallite size and 
FWHM, crystallites size increases from 8 nm to 15 nm where as β decreases from 1.06073⁰ to 
0.56425⁰ respectively [22]. Equation 2 has been used to calculate the strain of all deposited 
films [20,22,23] 𝜀−1 = 4(𝛽𝑐𝑜𝑠𝜃) .          (2) 

After calculating the strain of all deposited films, it has been found that it is decreased 
from 44.18 × 10-4 to 23.5 × 10-4 with the increasing of atomic % of Ni from 0 to 7.5 
respectively. Equation 3 is known as Bragg’s equation, which has been used to calculate the 
interplanar spacing (d) of pure ZnO and NZO all films [8,23,24] 1𝑑 = (2 𝑠𝑖𝑛𝜃)𝑛

,           (3) 

where n is diffraction order. Equation 4 has been used to calculate the lattice constants of 
deposited all films [8,24] 𝑑−2 = [ 43𝑎2 (ℎ2 + ℎ𝑘 + 𝑘2)] + 𝑙2𝑐2 ,         (4) 

where (a,c) and (hkl) are lattice constant and miller indices. The lattice constant c slightly 
varies from 5.198 Å to 5.206 Å due to the substitution of Ni2+ ion instead of Zn2+ ion at their 
respective lattice sites. It was clearly observed that decrease in strain causes increased in 
crystallite size and increased in lattice constants [17,23].The values of glancing angles (2), 
Full Width Half Maxima (β), crystallite sizes (D), strain (ε), interplanar spacing (d) and lattice 
constant (c) are shown in Table 2. 
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Table2. XRD data of NZO thin films at different atomic % of Ni. 
Atomic % of Ni 2 (deg) β (deg) D (nm) d (Ǻ) X 10-4 c (Ǻ) 

0.0 34.48 1.06073 8 2.599 44.18 5.198 

2.6 34.46 0.86254 10 2.600 35.93 5.200 

5.1 34.44 0.70253 12 2.602 29.26 5.204 
7.5 34.42 0.56425 15 2.603 23.50 5.206 

 

Atomic Force Microscope (AFM) study. Scanning probe AFM has been used to study 
the morphological property of deposited pure ZnO and NZO films surface. The surface image 
which has been captured by highly resolute AFM micrograph is homogeneous and uniform. 
Two-dimensional (2-D) AFM surface images of pure ZnO and NZO thin films and their 
corresponding histograms are shown in Fig. 3 (a-d). AFM images of all films display that the 
surface morphological characteristic varies with adding atomic % of Ni from 0 to 7.5 with 
pure ZnO respectively is shown in Fig. 3(a, b). The reflecting and scattering characteristic of 
transmitted light depend on the surface of morphological roughness of all deposited films. It 
has been found that the grain sizes of all films increases with increasing the roughness of the 
morphological surfaces, where the roughness of the morphological surfaces increases with 
adding atomic % of Ni from 0 to 7.5 with pure ZnO respectively. Histogram which is shown 
in Fig. 3 (c-d) exhibits that grain sizes of deposited films increased from 7 nm to 19 nm with 
adding atomic % of Ni from 0 to 7.5 with pure ZnO respectively. Grain size which has 
measured by AFM of ZnO film is lower than that calculated from XRD of same film. Grain 
size which has measured by AFM of NZO films is greater than the grain size calculated from 
XRD of same films. The bigger grain size which has been found in AFM of all films is caused 
by the agglomeration of lesser crystals, where XRD gives report about the mean grain size 
which coherently scatters the X-rays [25,26]. 

 

  

  
Fig. 3. Two-dimensional AFM images of NZO thin films: (a) 0.0 atomic % of Ni, (b) 7.5 

atomic of Ni (c) and (d) the corresponding histogram 
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Fig. 4. (a-d)  FT-IR spectra of NZO thin films with variation of atomic % of Ni from; (a) Ni = 
0, (b) Ni = 2.6, (c) Ni = 5.1, (d) Ni = 7.5 respectively 

 

Fourier Transform Infrared Spectroscopy (FT-IR) study. Chemical compositions of 
pure ZnO and NZO films have been observed by using FT-IR spectrum in 400 cm-1 to 4000 
cm-1 the frequency at room temperature 30 °C is shown in Fig. 4 (a-d). As all films deposited 
on glass substrate, so plane glass substrate has been used as reference for the measurement of 
FT-IR absorption spectra to eliminate the absorption peak. The structural and molecular 
arrangements of pure and Ni doped ZnO thin films on glass substrates have been examined by 
using FT-IR spectrum. The FT-IR frequency 400 cm-1 to 4000 cm-1 separated in two parts. 
The first part is 400 cm-1 to 1600 cm-1. This part is known as fingerprint region and in this 
region stretching and bending vibrations are occurs. Whereas the second part is 1600 cm-1 to 
4000 cm-1, which part is known as functional group region and in this region only stretching 
vibration is occurs. The FT-IR peaks which are shown in Fig. 4 (a-d) have been found due to 
the stretching and bending vibration of atom and molecules or functional groups. The FT-IR 
peaks intensity does not fix, it is depends on different deposition materials. Due to the 
stretching vibration of Zn-O bond in all deposited films a peak has been identified at near  
432 cm-1, which confirmed the deposited films are ZnO thin films [18,19,24]. One peak has 
been identified except Fig. 4(a) closed to 720 cm-1 due to stretching vibration of Ni-O band 
[27]. The stretching absorption peak has been found in all deposited films at near 890 cm-1 
assigned as C=O peak.Two absorption peaks have been found at near 1528 cm-1 and 1680 cm-

1, which were assigned due to symmetric strong C=O bond and asymmetric C=O bond 
respectively [2,3,27]. One FT-IR peak has been found near at 2060 cm-1 assigned to O-C-O 
bond, which decreased very slowly with the increase of atomic % of Ni from 2.6 to 7.5 
respectively [18]. The absorption peak of CO2 molecules has been identified at near  
2310 cm-1, which attributed due to the run time of deposition or atmosphere during the FT-IR 
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analysis [24]. The absorption peak of O-H band has been found between 3740 cm-1 to 3830 
cm−1 and 3420 cm-1 to 3450 cm-1, which assigned for atmosphere during the FT-IR analysis 
[28,29]. These FT-IR results of all deposited films state that Ni2+ ions successfully 
incorporated into pure ZnOlattice site and also confirmed the wurtzite crystalline nature of all 
films. 

Optical band gap energystudy. UV-Visible spectrophotometer has been used to study 
the optical property of pure ZnO and NZO thin films in the wavelength between 300 nm to 
800 nm at room temperature of 30 ºC are shown in Fig. 5. Optical property of deposited films 
depends on transmittance spectra. Highly transmittance films are important for good quality 
optical property. Transmittance spectra of deposited films depends on deposition conditions. 
In visible region deposited films are showed a transmittance nearly 85 % due to low scattering 
or absorption losses. Transmittance spectra of all deposited films gradually decreases with 
adding atomic % of Ni from 2.6 to 7.5 within pure ZnO are shown in Fig. 5 as well as it shifts 
towards from visible region to near UV region.Optical transmittance is related to film 
thickness. It is decreases with increasing of film thickness [30]. Thickness of the deposited 
films increased from 250 nm to 350 nm with increasing atomic % of Ni from 0 to 7.5 
respectively. 

 

 
 

Fig. 5. Transmission spectra of NZO thin films with the variation of different atomic % of Ni 
from 0 to 7.5 respectively 

 
The film thickness is calculated by using cross-sectional Scanning Electron Microscope 

images. Beer-Lambert law, which is getting from band theory of solid has been used to 
calculate the absorption coefficient () using the equation [8,22] 𝛼 = 1𝑡 ln (𝐼0𝐼𝑡),           (5) 

where I0, It and t are the intensity of incident light, intensity of transmitted light and thickness 

of deposited films respectively. The transmittance relation 𝑇 = 𝐼𝑡𝐼0 is known as the simplified 

form of Beer-Lambert formula. The energy of the optical band gap (Eg) of pure ZnO and NZO 
films has been calculated by using the Tauc expression [21,22,31] (𝛼ℎν)1 𝑚⁄ = 𝐴(ℎν − 𝐸𝑔),         (6) 

where A, hν and m are constant, energy of the incident photon (h and ν are Planck’s constant 
and frequency of the incident light respectively) and the different type of transition value. The 
value of m is different for different deposition semiconductor material. In this case the value 
of m is 1/2 as ZnO is directly allowed band gap materials [2,3,8]. In the case of directly 
allowed transition semiconductor material, the Eg of pure ZnO and NZO films has been 
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determined from the extrapolation of the straight line on the x-axis using (αhυ)2 against hυ 
graph of different atomic % of Ni as shown in Fig. 6 (a-d). It is observed that the Eg of the 
deposited films decreases lightly with entering Ni into the ZnO layer. The obtained Eg of pure 
ZnO, ZnO: 2.6 at. % Ni, ZnO: 5.1 at. % Ni and ZnO: 7.5 at. % Ni films are 3.15, 2.59, 2.40 
and 2.21 eV, respectively. It is observed that the Eg of pure and NZO films decreases due to 
increase in the grain size when atomic % of Ni increases [22]. The variation of Eg against 
different atomic % of Ni is shown in Fig. 7. It has been observed from Fig. 7 that the variation 
of the optical band gap energy of ZnO thin films is 0.94 eV (3.15 eV to 2.21 eV) by nickel 
doping which is better than other reported value such as 0.05 eV (3.33eV to 3.28eV), 0.08 eV 
(3.28eV to 3.20eV) and 0.51 eV (3.26 eV to 2.75 eV) respectively [32-34]. The potential 
advantage of NZO as an optical coating can be taken with controlling its optical band gap by 
changing the Ni content independently from other parameters. 
 

 
Fig. 6. (a-d) Tauc plot of (αh)2 against h at a different atomic % of Ni 

 

Urbach energy. UV-vis spectrophotometers also been used to calculated Urbach 
energy (Eu) of deposited pure ZnO and NZO thin film. The Eu of deposited thin films has 
been found for the structural disorder of crystal, which is familiar as "band tail width" of 
localized energy states. The schematic band tail diagram of Eu of deposited films has been 
shown in Fig. 8(a). The diagrammatic expression of Eu of deposited crystalline film is shown 
by the formula 𝐸𝑢 = ∆𝐸𝑔 − ∆𝐸𝑔/  ,          (7) 

where ∆Eg and ∆𝐸𝑔/  are familiar as valence band to conduction band energy gap and valence 

band tail to conduction band tail energy gap respectively [3,22]. The Eu of deposited film is 
also familiar as disorder liness of phonon states or defect density. The Eu of deposited films is 
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calculated by usingan exponential function below the slope of absorption of band edge 
[35,36]. 

 
 

Fig. 7. Variation of Eg against different atomic % of Ni from 0 to 7.5 respectively 
 

 

 

 
 

Fig. 8. (a) Schematic diagram of band tail of Urbach energy, (b) a plot of lnα vs. h of pure 
ZnO and NZO thin films with different at. % of Ni, (c) Variation of Urbach energy (Eu)  

of Ni doped ZnO thin films with atomic % of Ni 
 

The absorption band edge of deposited films has been generated for the interaction of 
electron–phonon or exciting–phonon. Theoptical-electronic transitions of the compound 
which happened in between excited and near localized states is calculated from steepness 
parameter of absorption band edge. The band of the compound which bending slowly is 
depending on the reduction of optical band gap. In the phonon states,the disorder of pure ZnO 
and NZO films will be high if Eu is also higher. The band tail of urbach of deposited films has 
been expressed by the formula [37-39] 
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where   and h are constant, absorption coefficient and photon energy of the incident ray 
of light respectively. Band tail of Eu of pure ZnO and NZO films has been determined using 
the lnα versus hplot, which shown in Fig. 8 (b). Semiconductor Group (II-VI) chalcogenide 
materials urbach band tail depends on severalworkable defects which are structural disorder, 
interaction between carrier-impurity and carrier-phonon etc. [2,40]. In the phonon states of 
crystalline structure, the Eu of deposited films directly provides several efficient information 
about thermal disorderliness and the occupancy level [40].The exponential increasing of α of 
deposited pure ZnO and NZO films can be stated from the transitions of the density of states 
between valence to conduction band and also the shape and size of tails. The structural and 
thermal disorderliness of deposited films can be determined from Skettrup’s theory, which 
modeled as an Einstein oscillator [40]. 

Generally, the Eg of deposited films is inversely related to Eu [40]. It is found that Eu of 
deposited films increases with increasing of atomic % of Ni from 0 to 7.5 respectively within 
pure ZnO. The graph between Eu versus atomic % of Ni shown in Fig. 8(c). The Eu of 
deposited films increases from 118 meV to 243 meV with the increasing of atomic % of Ni 
from 0 to 7.5 respectively within ZnO. The disorderliness of deposited pure ZnO and NZO 
films also increases with the increase of Eu. The slowly increasing state of Eu indicate that 
from tail to tail and band to tail transitions and redistribution of states severally [41]. 
Moreover it was found that the Eg of deposited films decrease due to the increase of the band 
tail of Eu [3,41]. 
 
Conclusions 

In this experimental research work, pure ZnO and NZO thin films have been synthesized on 
the glass substrates via RF/DC reactive co-sputtering technique. XRD, AFM and FT-IR 
spectroscopy have been used to characterize the nanostructure crystallinity, surface 
morphology and chemical compositions of the pure ZnO and NZO thin films respectively. 
Crystallite sizes of deposited thin films which are measured by XRD are increased from 8 nm 
to 15 nm with the increasing of atomic % of Ni from 0 to 7.5 respectively in ZnO. Grain 
sizes of deposited films which are determined by AFM increased from 7 nm to 19 nm with 
adding atomic % of Ni from 0 to 7.5 with pure ZnO respectively. The FT-IR peaks which are 
found near 432 cm-1 and 755 cm-1 confirmed the deposited films are pure ZnO and NZO thin 
films. The Eg of pure and NZO thin films has been investigated by UV-Vis spectrophotometer 
which decreased from 3.15 eV to 2.21 eV with increasing the atomic % of Ni from 0 to 7.5 
respectively at room temperature 30 ºC. It is found that with increasing of atomic % of Ni 
from 0 to 7.5 the Eu increases from 118 meV to 243 meV respectively. The potential 
advantage of NZO as an optical coating can be taken with controlling its transparency and 
optical band gap by changing the Ni content independently of other parameters. 
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Abstract. It is known to use heat-insulating materials with a rigid cellular structure on cement, 
gypsum, liquid glass binders as a constructive fire protection. The described technologies for 
the manufacture of such materials do not allow combining a binder with an aggregate. The use 
of frame technology made it possible to obtain a material with an aggregate on a porous burned 
soda-lime-silicate waterproof binder. The article presents the results of studies of the fire-proof  
properties of samples from the obtained material. The deformation and heat-insulating 
characteristics of the material when heated are used as criteria for fire-proof  properties. 
Volumetric heating of the material to a maximum temperature of 892 °C was carried out when 
studying the deformation characteristics. The heat-insulating characteristics of the material 
were studied during one-sided heating of a material sample in the form of a tile to a maximum 
temperature of 1050 °C. The characteristics obtained indicate that the material can be used for 
fire-proof lining of building structures and as for the construction of screen walls and as a filling 
material in fire barriers. 
Keywords: coarse aggregate, liquid glass, soda-lime-silicate glass, burned binder, fire-proof  
characteristics of the material 
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Introduction 

An effective way to protect geometrically simple building structure elements from fire is by 
covering them with fire-resistant materials with low thermal conductivity. 

The commonly used measure is to use insulation materials with low thermal conductivity 
to delay the increase in the structure's temperature. This phenomenon prevents structural 
failures due to fire, including intumescent fire-proof paints [1,2], coatings and plasters of 
semiliquid compositions [3], and insulation boards with a rigid structure [3,4].  

Fire protection thermal insulation materials with a rigid structure can be bricks, stones, 
sheets, slabs, panels, and shells. The materials are fabricated from cement [5], gypsum [4,6], 
sodium silicate [7], calcium silicate [8,9,11,16,17], magnesium oxide [10,11], and vermiculite 
[12]. The polarization of the binder reduces the density and thermal conductivity of the material 
[4,13] and the inclusion of porous fire-resistant aggregates in its composition [14], for example, 
perlite and vermiculite [15-17]. 
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Cellular silicate glass or glass foam is recognized for its unique operational and thermal 
insulation properties and desirable fire resistance. Using different wastes in glass foam 
production reduces material costs and makes it competitive. The literature [18-20] indicated the 
critical parameters for material selection and sintering of glass foams produced using waste 
glass and the glass foam properties. Technologies for obtaining cellular glass from the recycled 
waste of soda-lime-silicate glass formed in the sphere of consumption have been developed and 
discussed by several researchers [21-26]. Most conventional soda-lime-silicate glasses have a 
sufficient high softening temperature of 550-700 °C, so cellular silicate glass can also be used 
as a fire-retardant material, but with the inclusion of fire-resistant fillers in its composition are 
not currently implemented. 

A study examined the glass-ceramic foams for thermal insulation based on alkali-
activation and sintering of zeolite-poor rock [27,28]. The alkali-activation and reactive sintering 
technology produced the acquired foams by adding powdered eggshell or zeolite-poor rock. A 
similar technology obtained foam glass from solid waste of flat glass and exhausted alkaline 
batteries [29]. 

The frame technology is proposed [30,31] for producing fire protection material with 
expanded clay as a coarse aggregate. A glass powder was selected for forming a fired porous 
vitreous binder. The glass powder was obtained by grinding the utilized container and building 
glass and liquid sodium glass. The obtained material had water resistance, and fire safety 
properties make it possible to use it as a rigid insulating or structural-insulating construction 
material. However, the physical and mechanical characteristics of the material have not been 
studied in detail. 

Therefore, a review of existing technologies for manufacturing fire-retardant heat-
insulating materials with a rigid structure shows that, at the moment, there are no scientific 
results and technologies that allow combining the cellular structure of coarse aggregate with a 
binder. 

This study aims to obtain a material with expanded clay filler on a porous calcined soda-
lime-silicate waterproof binder and determine its fire-retardant properties. The deformation and 
heat-insulating characteristics of the samples under heating evaluated the fire-proof properties. 
 

Materials and methods 

Expanded clay with a fraction of 5-10 mm with a bulk density of 530 kg/m3 was used as a filler 
for the developed material on a firing binder. The expanded clay fraction with the smallest grain 
size was selected to reduce the stresses at the interfaces between the grains of the filler and the 
binder since these stresses increase with an increase in the grain size. 

Soda liquid glass with a density of 1.48 g/cm3 and a suspension of finely ground cullet 
from the secondary waste of soda-lime-silicate glass were used as components for synthesizing 
the firing binder. The fineness of glass grinding was characterized by a residue on grid No. 
0063 of 5-6%. The chemical composition of glass is presented in Table 1. 
 
Table 1. Chemical composition of glass, % 

SiO2 Al2O3 Fe2O3 CaO MgO Na2O K2O SO3 Mn3O4 TiO2 BaO 
60.4 11.8 1.4 8.0 0.3 13.9 2.5 0.3 1.3 1.4 − 

 
The frame technology [30,31] was developed by the authors and used to prepare the 

samples. The preparation of frame molding technology includes the following operations. 
Initially, the aggregate's grains were mixed with sodium liquid glass. Then the аggregate with 
a liquid glass-coated surface was placed in the mold. Further, the mold with the аggregate was 
placed in an electric airing cupboard and exposed to heat treatment at a temperature of 60-80°C, 
during which the adhesive bond made of liquid glass hardened. The glued hardened frame of 
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аggregate grains was removed from the mold and soaked with a water slurry of finely ground 
cullet from the secondary waste of soda-lime-silicate glass. If the volume of intergranular voids 
of the cured framework was filled partly with an impregnating suspension of finely ground 
glass, then the materials macrostructure turned out to be large-porous (Fig. 1, a). A combined 
macrostructure sample cross section with two layers (monolithic and large-porous) was 
obtained by completely filling the framework voids on one side with glass suspension and not 
completely on the other side (Fig. 1, b). 
 

(а) (b) 

 

Fig. 1. The sample of a large-porous structure size 42×41×167 mm (a) and a combined 
structure sample with large-porous and monolithic layers size 84×84×40 mm (b) 

 
The advantage of the board material of the combined structure is the increased adhesion 

of the coarse-porous layer to the solution of the connecting layer due to the mechanical 
engagement of the coarse-porous side. After impregnating the glued frame suspension of finely 
ground glass, it was dried repeatedly at a temperature of 60-80 °C. After drying, the molded 
samples were burned in an electric furnace on a refractory pallet. The frame molding technology 
burns a raw product without heat-resistant forms. The firing temperature was limited to 780 °C. 

The material's porous burned binder with the аggregate was synthesized in successive 
drying and burning operations of the molded sample from two components – sodium liquid 
glass and a suspension of finely ground cullet. The binder synthesis mechanism obtained by 
firing including the following stages. The hardening of the frame's liquid-glass glue from 
аggregate grains during drying is accompanied by the appearance of supersaturated metastable 
solutions, followed by the transition of hydrate forms of sodium silicates when moisture 
evaporates into a vitreous state and polymerization of silicon-containing chemical bonds with 
removing hydroxyl-hydrogen groups with the formation of a silicon polymer frame of a 
volumetric mesh structure with cells of the type: 

|              | 
– Si – O – Si – 

|              | 
After soaking the glued hardened frame with a suspension of cullet, during the initial 

drying period at the interface of the phases. The partial dissolution of the liquid-glass binder of 
the frame occurs, accompanied by the transition of sodium cations into the solution due to its 
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solvation interaction and hydrolysis of the binder's anionic skeleton, leading to the release of 
monomeric and polymer anions of hydrated silica. At a particular stage of drying, the decrease 
in the pH of the medium and the increase in the concentration of hydrated silica leads to 
polymerization of the latter with the formation of viscous gel layers that slow down the 
dissolution of the liquid-glass binder of the frame. Slowing down the binder's dissolution 
process contributes to preserving a certain strength by the glued frame and allows the frame to 
dry off the soaked frame without mold. Simultaneously with the interaction of the suspension 
of finely ground cullet with the frame's liquid glass glue, leaching and watering of the initial 
glass structure of the suspension particles occur, the mechanism of which is based on the 
interaction of aqueous solutions of alkalis with silica. Glass watering occurs during its hydration 
and hydrolysis. The glass watering is accompanied by the adsorption of hydrated alkali metal 
cations on the active areas of the silica surface that arise during glass grinding, followed by 
depolymerization of silica due to the hydrolysis of ≡Si–O–Si≡ bonds with the formation of 
silanol groups Si–OH. Hydrated silica is transferred during drying to the surface of glass 
particles. With the increase in its concentration during drying, silicic acid polymerization occurs 
with a thick elastic gel film with astringent properties. As free water is removed from the dried 
material, sodium hydro silicates are formed in the volume of the binder from the degradation 
products of the frame's adhesive binder and the glass particles of the suspension. The free water 
is remaining after drying forms hydrogen bonds with silanol water. The dried semifinished 
product's heated up to 400 oC is accompanied by water removal from sodium hydro silicates. 
Further increasing the temperature to the limiting burning temperature of 740-780 °C resulting 
the silicic acid bonds are destroyed, the silicic-oxygen tetrahedra polymerize, and water is 
released during the dehydration of the hydroxyl cover of the glass. In the same temperature 
range, the eutectic mixture of the Na2O-CaO-SiO2 system formed from the components of the 
complex binder ensures that during melting, the accumulation of a significant amount of melt 
with the necessary pyroplastic mobility and the formation of closed pores in the volume of the 
firing binder. The coincidence of the processes of gas release and the appearance of closed 
pores in the melt creates conditions for the swelling of the binder due to a sharp increase in 
vapor pressure in the pores. It is not advisable to increase the firing temperature above 780 °C 
due to a decrease in the binder viscosity and disturbance of the pore formation process. 
According to the results of the microscopic examination, the diameter of the pores from the 
fired binder ranged between 0.02 and 0.5 mm. The swelling of the binder leads to an inevitable 
volume increase, and the aggregate's grains move apart without changing the product's shape. 

The developed technology offers a waterproof material with a large-pore structure and a 
combined structure with large-pore and monolithic layers with a density of 567 and 710 kg/m3, 
respectively, Fig. 1. The compressive strength of the material in large-pore structure is 1.5 MPa. 
Prismatic samples of size 42×41×167 mm (Fig. 1, a) were used to determine the deformation 
of the longitudinal bending under the action of their dead weight during heating in an electric 
resistance furnace, Fig. 2, a. The increase in temperature rate in the furnace was 14.0 °C/min at 
the beginning of heating and 4.5 °C/min at the end. 

Samples in the form of tiles of a combined structure with large-porous and monolithic 
layers 84×84×40 mm in size (Fig. 1, b) were used to determine the heat-insulating 
characteristics of the sample under the influence of temperature from one side. A unilateral 
effect on the temperature sample was carried out by sealing the opening of the electric resistance 
furnace with a tile so that the coarsely porous layer of the tile was facing inside the furnace, 
Fig. 2, b. After sealing the furnace opening with tiles, the temperature in the furnace was raised. 
The temperature change on the surface of the tile facing outward was recorded with a pyrometer. 
The heat-insulating characteristics of the tile sample were evaluated by the temperature on the 
surface of the tile facing outward. 
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(а) (b) 

Fig. 2. Testing samples for deformation of the longitudinal bending (a) and the heat-insulating 
characteristics (b) in electric resistance furnaces 

 
Results and discussion 

The following results were obtained for the deformation of longitudinal bending of the samples 
under study. Visual observation of the samples during their heating in an oven for 70 min up to 
a temperature of 788 °C; no changes were found in the samples. With a further rise in 
temperature for 10 min. from 788 °C to 835 °C, buckling deformations of the samples 
developed due to a decrease in the viscosity of the vitreous binder and its viscous flow. The 
growth of deformations ended with the loss of stability of the samples at a temperature of about 
835 °C, Fig. 3, a. It should be noted that the temperature of 788 °C at the beginning of sample 
deformation is higher than the temperature range of 550–700 °C at the beginning of softening 
typical soda-lime-silicate glasses. The interaction of the binder with the surface of the filler, 
which resists the viscous flow of the binder, contributes to more excellent temperature 
resistance. 

  

 
(а) (b) (c) 

 
Fig. 3. Testing of a sample for refractoriness: a) the sample that has lost stability due to 

longitudinal bend deformation in a furnace; at a temperature of 835 °C; b) the sample in the 
furnace at a maximum firing temperature of 892 °C; c) the sample's view after testing 

 
Therefore, the filler increases the material's resistance to deformations under heating. 

With a further rise in temperature for 20 minutes from 835 °C to 892 °C, no visible changes in 
the shape of the deformed and buckling specimens were observed (Fig. 3, b, c). Therefore, the 
resistance of the material of prismatic samples to deformation, caused by the binder's softening 
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during heating, is maintained up to a temperature of 788 °C, which exceeds the softening point 
of typical soda-lime-silicate glasses by at least 100 °C. The integrity of the material is preserved 
when it is heated to even higher temperatures, at least up to 892 ° C, under the termination of 
the longitudinal force from its dead weight on the sample. The preserving of integrity indicates 
the positive effect of the filler on the increase in the structural strength of the material when 
heated due to the interaction of the binder with the surface of the filler. Table 2 shows the heat-
insulating characteristics of a combined structure tile (Fig. 1, b). 
 
Table 2. The tile's heat-insulating characteristics 

Time from the 
beginning of the 

temperature 
increase in the 

heating chamber 
of the furnace, 

min 

0 5 10 15 30 45 60 75 76 

The temperature 
in the heating 
chamber, оС 

25 320 455 730 900 1020 1050 1050 
Trial 

terminated 

Facing the 
outward sample's 

surface 
temperature, оС 

25 37 56 147 220 286 324 329 – 

 
The temperature regime in the heating chamber of the furnace complies with the Russian 

State Standard GOST 30247.0-94 (ISO 834-75) "Elements of building constructions. Fire-
resistance test methods. General requirements" [32], used for testing building structures for fire 
resistance. This dependence determines the temperature regime: 
T – T0 = 345 lg (8t + 1), 
where T is the temperature in the furnace corresponding to the time t, °C; T0 is the temperature 
in the furnace before the start of thermal exposure (assumed to be equal to the ambient 
temperature), °C; t is the time calculated from the beginning of the test, min. 

As a criterion for the limiting state of the enclosing structure in terms of the loss of heat-
insulating ability, an increase in temperature on the unheated surface of the structure by more 
than 220 °C was taken following the fire resistance test methods of Russian State Standard 
GOST 30247.1–94 "Elements of building constructions. Fire-resistance tests methods. Load-
bearing and separating constructions" [33]. Experimental data showed (Table 2) that a 
temperature increase on the tile's unheated surface by more than 220 °C was recorded after the 
30th minute of the test. Following the accepted criterion, 30 min is a required time to reach the 
limit state based on the loss of the heat-insulating ability of the prototype tile. No visible 
changes were found in the unheated surface of the sample tile during the test. Inspection after 
the test of the surface of the sample tile facing the heating chamber of the furnace also showed 
no visible changes in this surface, except for a change in color towards darkening. Insignificant, 
by 5 °C, increase in the temperature of the unheated surface of the sample tile while maintaining 
the maximum temperature of 1050 °C in the heating chamber of the furnace for 15 min. 
(Table  2) testifies to the high heat-shielding characteristics of the material. 

 
Conclusion 

The object of the study was material with expanded clay filler on a porous calcined soda-lime-
silicate waterproof binder (expanded glass concrete). The fire-retardant properties of the 
material were evaluated by the deformation and heat-insulating characteristics of the samples 
during heating. According to the research results, water-resistant material with a large-pore 
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structure and a combined structure with large-pore and monolithic layers with a density of 567 
and 710 kg/m3, respectively, was proposed. The material of a large-pore structure has a 
compressive strength of 1.5 MPa. The deformation characteristics of the samples of expanded 
clay-glass concrete during their heating in an electric furnace were determined by visual 
observation of the deformations of the buckling of the samples under the action of their dead 
weight. Deformations develop due to the softening of the porous glassy binder during the 
heating of the samples. The heat-insulating characteristics of expanded clay-glass concrete were 
evaluated by the surface temperature of the sample tile during the heating of the opposite tile 
surface. A hole in the electric furnace was sealed with a sample tile, the temperature in the 
furnace was raised to 1050 °C, and the temperature was measured with a pyrometer on the 
surface of the sample facing outward. 

The following conclusions are drawn from studying the deformation and heat-insulating 
characteristics of samples of expanded clay-glass concrete during heating. 

1. No deformations were recorded in the samples when it is heated up to 788 °C. When 
the sample heated above 788 °C, buckling deformations occurred in the samples due to the 
softening of the porous vitreous binder. The developed deformations lead to the loss of stability 
of the samples when it reaches a temperature of about 835 °C. 

2. The softened glassy binder’s interaction with the filler surface leads to an increase in 
the material's structural strength, as a result of which the temperature of 788 °C at the beginning 
of the deformation of the samples exceeds the softening point of typical soda-lime-silicate 
glasses by at least 100 °C. 

3. The heating of samples after deformation and stability loss happened at a temperature 
of 892 °C, exceeding the beginning of softening the glassy binder of expanded clay-glass 
concrete by about 200 °C, which does not lead to loss of samples integrity. 

4. The limiting state of the sample tile of expanded clay-glass concrete in terms of loss of 
heat-insulating ability was recorded after the 30th minute of the test. The limiting state criterion 
is an increase in temperature on the unheated surface of the sample tile by more than 220 °C. 

5. Insignificant, by 5 °C, increase in the temperature of the unheated surface of the sample 
tile while maintaining the maximum temperature of 1050 °C for 15 minutes. The furnace's 
heating chamber indicates the material's high heat-shielding characteristics. The obtained 
deformation and heat-insulating characteristics of expanded clay-glass concrete during heating 
show that this material can be used for fire-protective cladding of building structures and fire-
protective material in fire-proof partitions and screen walls. 
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Abstract. The nonlocal theory of elasticity is applied to formulate the governing equations of 
nonlocal micropolar piezoelectric material in a rotating frame. The governing equations are 
specialized for a plane and solved to show the existence of three coupled plane waves. 
Reflection of a coupled longitudinal displacement wave is considered at a stress-free surface 
of half-space containing the micropolar piezoelectric material. For the incidence of coupled 
longitudinal displacement waves, the expressions of reflection coefficients and energy ratios 
for reflected waves are derived. A quantitative example is set up to illustrate the effects of 
rotation and nonlocal parameters on the reflection coefficients and energy ratios in a given 
range of the angle of incidence. 
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Introduction 

Plane wave reflection and refraction phenomenon are extensively used to conduct non-
destructive testing or non-destructive evaluation of composites for characterizing/mapping 
subsurface defects and assessing the in-situ condition of structural components without 
reforming the original features of the composites in a non-tarnish way. Elastic wave 
propagation problems in layered media have been discussed by several authors. Prominent 
among them are Knott [1], Jeffreys [2], Gutenberg [3], Ergin [4], Ewing et al. [5], and 
Achenbach [6].  

Piezoelectric materials find their utility as sensors and actuators in many applications 
involving signal transmission. Various analytical studies on wave characteristics in 
piezoelectric materials were investigated (Kyame [7], Pailloux [8], Cheng and Sun [9], Auld 
[10], Alshits et al. [11], Parton and Kudryavtsev [12], Every and Neiman [13], Alshits and 
Shuvalov [14], Wang [15], Yang [16], Pang et al. [17], Darinskii et al. [18], Burkov et al. 
[19], Abd-alla and Al-sheikh [20], Singh [21], Kuang and Yuan [22], Yuan and Zhu [23], Guo 
and Wei [24], Guo et al. [25], Othman et al. [26], Singh and Singh [27], Jiao et al. [28], 
Sahu et al. [29], Singh et al. [30], Liu et al. [31].  

The translation and rotation of a moving object can be sensed by accelerometers and 
gyroscopes, respectively. These motion sensors are used as an important tool in smart weapon 
systems, video cameras, automobiles, robotics, navigation, and machine control. Recently, 
vibratory gyroscopes made up of piezoelectric materials have been a centre of research. The 
governing equations with Centrifugal and Coriolis accelerations for a rotating piezoelectric 
body are responsible for observing the fundamental nature of the piezoelectric gyroscope. The 
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rotational effects on plane waves in an isotropic medium were observed by Schoenberg and 
Censor [32]. According to White [33], the rotational effect on frequency or wave speed 
provides valuable inputs for acoustic sensors design. In particular, the rotation-induced 
frequency shifts have been applied to manufacture the gyroscopes (Tiersten et al. [34], 
Tiersten et al. [35], Wren and Burdess [36]).  

In recent years, the materials and structures have been considered on a nano-scale to 
meet the requirement of various acoustic devices to have greater sensitivity and storage within 
the smaller structure. The applications of nonlocal theory help to explain and predict physical 
phenomena at small length scales. Edelen et al. [37], Eringen and Edelen [38], and Eringen 
[39] developed the nonlocal elasticity theory characterized by the presence of nonlocality 
residuals fields like body force, mass, entropy, and internal energy. Eringen [40,41] applied 
the nonlocal elasticity theory to investigate plane waves in elastic media. Thereafter, various 
researchers investigated wave propagation problems by using nonlocal elasticity theories. 
More recent works are cited as Roy et al. [42], Khurana and Tomar [43,44], Singh [45,46], 
Kaur and Singh [47], Liu et al.[31] and Tung [48]. 

The micropolar elasticity extends classical elasticity with extra independent degrees of 
freedom for local rotation. Eringen [49-51] introduced linear micropolar elasticity, where the 
motions of the particles are represented by the displacement and micro-rotation vectors. The 
theory of micropolar elasticity was further applied by various researchers in piezoelectric 
materials. For example, the works of Cracium [52], Ciumasu and Vieru [53], Vieru and 
Ciumasu [54], Zhilin and Kolpakov [55], Aouadi [56], and Gales [57] are cited for reference. 
Recently, the piezoelectricity of micropolar materials was used to explore the plane and 
surface wave characteristics by Singh and Sindhu [58,59], Sangwan et al. [60], Singh et al. 
[61] and Bijarnia et al. [62]. The main motivation of this paper is to apply the nonlocal 
elasticity theory for the investigation of rotational effects on plane waves in the micropolar 
piezoelectric medium.  

In section 2, the governing equations of a transversely isotropic, rotating, nonlocal 
micropolar piezoelectric medium are specialized for a plane. In section 3, the existence of 
three coupled plane waves is discussed. In section 4, a reflection phenomenon of coupled 
longitudinal displacement wave from a traction-free boundary of a semi-infinite space is 
considered. The expressions for reflection coefficients and energy ratios are derived. In 
section 5, some special cases are discussed. In section 6, a quantitative example of the model 
is set up to graphically illustrate the effects of rotation and nonlocality on the speeds, 
amplitude ratios, and energy ratios in a given range of propagation angles. 

 
Governing equations 

We consider a nonlocal rotating micropolar piezoelectric solid material with constant angular 

velocity n̂,=  where n̂  is a unit vector along the axis of rotation. The fixed coordinate 

system in the rotating solid introduces Centripetal acceleration ( )u  by virtue of time-

changing motion only and Coriolis acceleration ( )2 u . According to Schoenberg and 

Censor [32], Eringen and Edelen [38], Eringen [39], and Aouadi [56], the fundamental system 
of field equations without body forces and body couples for the linear theory of rotating 
nonlocal micropolar piezoelectric solids are formulated as 

(a) The equations of the motion 

( )  ( ), 2 , = +   +   ji j i
ii

u u u                              (1)                                    

, ,i k i i j k i j km j   + =
                                                          

(2)                                    

(b) The equations of the electric fields 



44   Singh Baljeet, Sangwan Asha, Singh Jagdish 

, ,, ,j j e k kD q E = = −
                                                                

(3)                              

(c) The constitutive equations 

( )2 21 ,i j i j k l k l i j k l k l i j k kc e b E   −  = + +
       

(4) 

( )2 21 ,i j k l i j k l i j k l k l i j k km b e a E  −  = + +
                                                    

(5) 

,k i j k i j i j k i j k j jD e E   = − − +
                                                                    

(6) 

(d) The geometrical equations 

, ,, ,i j j i i j k k i j j ie u    = + =  (7) 

where   is the mass density,   is the nonlocal parameter, u  is the displacement vector,   

is the microrotation vector, 
ij  is the stress tensor, 

ijm  is the couple stress tensor, j  is the 

micro-inertia, 
ijk  is the alternating symbol, k

D  is the dielectric displacement vector, e
q  is 

the volume charge density, 
jE  is the electric field vector,   is the electrostatic potential, 

ije  

and 
ij  are kinematic strain measures and , , , ,ijkl ijkl ijkl ijk ijka b c    and 

jk  are constitutive 

coefficients. The symbol 2  is the Laplace operator. Subscripts preceded by a comma 

denote space partial derivatives. The superposed dot denotes time partial derivatives. The 
constitutive coefficients satisfy the following symmetry relations 

, ,i j k l k l i j i j k l k l i j i j j ic c a a  = = = . (8) 

Now, we consider an infinite linear, homogeneous, and transversely isotropic nonlocal 
rotating micropolar piezoelectric solid half-space. We take the origin of the rectangular 

Cartesian coordinate system ( )1 2 3, ,x x x on the free surface 3 0x =  and 3x -axis is taken normal 

to the half-space. The plane of isotropy is taken perpendicular to 3x -axis and the rotation is 

assumed with constant angular velocity  about 2x -axis. For a two-dimensional problem, we 

consider the following components of displacement vector u , microrotation vector  , and 

angular velocity   

( ) ( ) ( )1 3 2,0, , 0, ,0 , 0, ,0 .u u u  = =  = 
                                      

(9) 

Using Equation (9) in Equations (1-8), the governing equations for transversely 
isotropic rotating nonlocal micropolar piezoelectric medium in 1 3x x−  plane reduce to the 

following system of four partial differentials equations in 1 3 2, ,u u  and   

( ) ( )

( )

22 2 2
31 1 2

11 13 56 55 1 15 312 2
1 1 3 3 3 1 3

2
2 2 21

1
3

2
1 2

uu u
A A A A K

x x x x x x x

uu
u

t t

  

 

   
+ + + + − +

      

 
= −  − +    

 (10)                                  

( )

( )

2 22 2 2
3 31 2

66 13 56 33 2 15 332 2 2 2
1 1 3 3 1 1 3

2
2 3 12 2

32
1 2

u uu
A A A A K

x x x x x x x

u u
u

t t

   

 

    
+ + + + − −

      

  
= −  − −    

    (11) 

( )
2 2 2

2 232 2 1 2
77 66 2 1 22 2 2

1 3 3 1

1
uu

B B K K j
x x x x t

       
+ − − − = − 

                                           

(12) 

( )
2 2 2 2 2

3 3 1
1515 33 11 332 2 2 2

1 3 1 3 1 3

31 0
u u u ψ ψλ λ λ λ γ γ
x x x x x x

    
+ + + + + =

                                                    

(13) 
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where 
2 2

2
2 2
1 3

,
x x

 
 = +

 
 

11 1111 55 3131 13 1133 3311 56 3113 1331 66 1313 33 3333, , , , , ,A C A C A C C A C C A C A C= = = = = = = =  

1 56 55 3113 3131 2 66 56 1313 1331 2 77 12121,, , ,K A A C C K A A C C BK a= = −− = − = − = − =  

66 3232 31 311 33 333 15 131 113 35 313 331, , ,, .B a λ λ λ λ λ λ λ λ λ λ= = = = = = =  

 
Plane waves   

The plane harmonic solutions of Equations (10-13) are considered as 

   ( ) * * * *
1 3 2 1 3 2 1 3, , , , , , exp sin cos ,u u u u ik x x i t      = + −

                  
(14) 

where i 1= − , k is the wave number,  is the circular frequency,  is propagation angle, 

and v is the propagation speed. 

Using Equation (14) in Equations (10-13), we obtain a homogenous system of four 

equations in * * *
1 3 2, ,u u  and *  the non-zero solutions of which require the following 

condition 
3 2

0 1 2 3 0,D D D D −  + − =                                                                    
(15)   

where 

2
v

  =  
 

 and the expressions for ( )0,1,2,3jD j =  are given as 

( )2 2
0 5 3 1 2 ,D M M M= +  

( ) ( ) ( ) ( )
( ) ( )

2 2* * 2 2
1 5 1 3 1 2 5 1 1 2 1 3 3 3

2 2
5 2 3 2 1 4 5 1 2 ,

D M M M K K M M B

M M B B M M

    

  

 = + + + + +  

− − − +
 

( )( ) ( )( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 22 * 2 * * *
2 2 5 3 1 1 5 3 2 3 3 5 1 5 2 1 2

2 2
4 1 3 3 4 5 1 1 2 1 2 3 3 3

2 2
1 3 2 3 3 1 2 1 2 5 3 4 5 2 2 1

2

,

D K B K B B B K K

M B M B B B M

B M B B M M B B

       

      

       

= + + + − + +

− + − + − +

+ + + − + −

 

( ) 2 2
3 4 5 1 2 1 2 3 4 3 1 4 3 2 4 3 1 2 4 5D B B B B B B ,=   + +   −   −  −     

where 

( )22 2 * 2 2
1 11 55sin cos 1 ,A A     = + − +   

( )22 2 * 2 2
2 66 33sin cos 1 ,A A     = + − +   

2 2
3 15 33sin cos ,    = +

2 2 2 2
4 77 66sin cos ,B B j     = + − 2 2

5 11 33sin cos ,    = +
 ( ) * 2 2

1 13 56 sin cos 2 ,B A A i   = + −  ( ) * 2 2
2 13 56 sin cos 2 ,B A A i   = + +   

( )3 15 31 sin cos ,B    = + * *
1 1 2 2cos , sin ,K iK K iK = =  

( )2* * 2
1, 1 ,M 


   = = +   

* 2 2
2 32 , .M i M j   =  = −  

The dispersion Equation (15) is a cubic equation in 2
v . Three roots 1 2,v v  and 3v of 

Equation (15) are found to be real and positive with inequality 1 2 3v v v  .  These three roots 

suggest the existence of three plane waves, namely, Coupled Longitudinal Displacement 
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(CLD), Coupled Transverse Displacement (CTD), and Coupled Transverse Microrotational 
(CTM) waves with distinct speeds 1 2,v v  and 3v , respectively.  

 
Reflection of Coupled Longitudinal Displacement (CLD) wave 

An incident CLD wave propagating with velocity 1v  through the transversely isotropic 

rotating nonlocal micropolar piezoelectric solid half-space (M) strikes the free surface 

3  = 0x making an angle o
  with negative 3x -axis. The incident CLD wave will generate 

three reflected waves as CLD, CTD, and CTM waves in medium M. The geometry showing 
the directions of striking waves and reflected waves is illustrated in Fig. 1.  
 

 
Fig. 1. Geometry of the problem illustrating the striking and reflected waves 

 
The appropriate displacement components 1 3,u u , microrotation component 2 , and 

electric potential   for the incident and reflected waves in medium M are  

( ) 

( ) 
1 1 1 3

3

1 3
1

exp sin cos

        exp sin cos ,

o o o

j j j j

j

u A ik x x i t

A ik x x i t

  

  
=

= + − +

− −        

(16) 

( ) 

( ) 

*
3 1 1 1 3

3

1 3
1

exp sin cos

        exp sin cos ,

o o o

j j j j j

j

u A ik x x i t

A ik x x i t

   

   
=

= + − +

− −
                                                            (17) 

( ) 

( ) 

*
2 1 1 1 3

3

1 3
1

exp sin cos

        exp sin cos ,

o o o

j j j j j

j

A ik x x i t

A ik x x i t

    

   
=

= + − +

− −
 (18)          

( ) 

( ) 

*
1 1 1 3

3

1 3
1

exp sin cos

         exp sin cos ,

o o o

j j j j j

j

A ik x x i t

A ik x x i t

    

   
=

= + − +

− −
 (19) 

where the explicit expressions for coupling coefficients * * *
1 1 1, , , ,j j      and ( )1,2,3j j =

are provided in Appendix. 
The mechanical boundary conditions applied at 3 0x =  are vanishing of the normal force 

stress component, tangential force stress component, and tangential couple stress component 
i.e., 

 

CLD wave 

1  

CTM wave 

CLD wave 

3x

CTD wave 

1x  

2  3  

3 0x =  

o
  

Transversely Isotropic 

Rotating Nonlocal 

Micropolar Piezoelectric 

Solid Half-Space 
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33 31 320, 0, 0,m = = =
                                                   

(20) 

where 

( ) 31
33 13 33 35

2
33

1 3 1 3

21 ,
uu

A A
x x x x

      
= + − −

   
−  

( ) ( )3 1
31 56 55 56 55 2 31 35

1 3 1 3

2 2 ,1
u u

A A A A
x x x x

        
= + + − − −

   
−   

( )2 2 2
32 66

3

1 .m B
x

 
=


−  

The displacement components, microrotation component, and electric potential 
functions given by Equations (16) to (19) satisfy the boundary conditions (20) with the 
following relations (analogous to Snell's law)  

1 1 1 2 2 3 3sin sin sin sin ,
o

k k k k   = = = 1 1 2 2 3 3k v k v k v= =
                  

(21) 

and the following three relations in amplitude ratios of reflected waves are derived as 

( )
3

1

, 1,2,3 ,i j j i

j

a Z h i
=

= =
                                                                  

(22) 

where ( ), 1,2,3
j

j

o

A
Z j

A
= =  are amplitude ratios of reflected CLD wave, reflected CTD wave, 

and reflected CTM wave, respectively and 

( ) ( )
( ) ( ) ( )

*
13 35 33 33

1 * * *
13 35 1 33 1 33 1

sin
, 1,2,3

sin cos

j o j j j

j

o o

A A f
a j

A A

     

      

− − −
= =

− + −
 

( ) ( ) ( )

( ) ( ) ( )
( )

* 1
56 31 55 35 56 55

2 *
* * * 1

56 1 31 1 55 35 1 56 55

1

sin

, 1,2,3

sin cos

j

j j o j j

j j

j

o o

v
A A f i A A

v k
a j

A A i A A
k


     

      

  
− − − − −     

  = =
 

− + − − −  
 

 

( )

*1

3 *
1

1

, 1, 2,3

cos

j

j

j j

j

o

v
f

k v
a j

k



 

  
    
  = =
 
 
 

 

1 2 31, 1, 1,h h h= − = − =  

where 
2

* 21 sin , ( 1,2,3)j o

j

v
f j

v


 
= − =  

 
. 

Following Achenbach [6], the rate of energy transmission at the interface 3 0x =  is   

( ) ( ) ( )2* 3 1 2
33 1

2 2 2
3

2
3 2

2 .1 1 1
u u

P m
t t t

    
  

= + +


−  − 


−


 (23)                                  

The time rate of average energy transmission for the respective wave to that of the 

incident wave, denoted by ( )1,2,3jE j = for reflected CLD, reflected CTD, and reflected 

CTM, respectively, are given as  

( )
*

*
0

, 1,2,3 ,
j

j

P
E j

P
= =

                          

(24) 
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where *
0P  denotes the average energy transmission per unit surface area per unit time for 

incident CLD wave in rotating nonlocal micropolar piezoelectric medium M. 
The expressions for energy ratios at the interface 3 0x =  are given as  

( )1 2 3 2

0

, 1, 2,3
j j j

j j
E Z j

+ − 
= = 
                   

(25) 

where 

( )1 13 56 35 31 sin ,j j j j j j oA A       = + − −  

( )
2

2 2 21
2 55 33 33 35 66 sin ,j j j j j j o

j

v
A A B

v
       

 
= − + − − + −  

 
 

( ) 1
3 56 55 ,j

j

j j

v
i A A

v k

  
= −     

  
 

( )

( )

* * * * *
13 1 56 1 35 1 1 31 1

*
0 *2 * * * *2 1

55 33 1 33 1 1 35 1 66 1 56 55

1

sin

.
( )cos

o

o

A A

A A B i A A
k

       

       

 + − − +
 

=   
+ − − + − −  

  

 

 
Particular cases 

(a) In the absence of nonlocal parameter ( 0 = ), the above theoretical analysis reduces for 

the case when a plane wave is incident at a traction-free boundary of a transversely isotropic 
rotating micropolar piezoelectric solid half-space. 

(b) In the absence of rotation rate ( * 0 = ), the above theoretical analysis reduces for the 

case when a plane wave is incident at a traction-free boundary of a transversely isotropic 
nonlocal micropolar piezoelectric solid half-space. 

(c) In absence of rotation and nonlocality ( * 0, 0 = = ), the above theoretical analysis 

reduces for the case when a plane wave is incident at a traction-free boundary of a micropolar 
piezoelectric solid half-space of transversely isotropic type.  
 
Numerical results and discussion 
For illustrations of speeds, amplitude ratios, and energy ratios, the following physical 
constants of a micropolar piezoelectric material are considered (Singh and Sindhu [59], 
Sangwan et al. [60]) 

10 -2 10 -2 10 -2 10 -2
11 33 13 56

10 -2 10 -2 10 10
55 66 77 66

5 -2 -2 -2 -2 5
15 31 33 35

17.8 10 , 18.43 10 , 7.59 10 , 1.89 10 ,

4.357 10 , 4.42 10 , 2.78 10 , 2.68 10 ,

1 10 , 3.9 , 1.33 , 0.23 ,  10

A Nm A Nm A Nm A Nm

A Nm A Nm B N B N

Cm Cm Cm Cm H    −

=  =  =  = 

=  =  =  = 

=  = = = =
2 -1 -2 2 -1 -2 -3 2

11 33

,

85.2 , 28.7 , 1740 , 0.196 .

z

C N m C N m Kg m j m  = = = =

 

For the above physical constants, Equations (15), (22), and (25) are solved numerically 
with the help of programming in MATLAB. The propagation speeds, the modulus of 
amplitude ratios, and energy ratios of various reflected waves are computed for different 

values of nonlocal parameter  and rotation rate * . The CLD and CTM waves are observed 

as the fastest and slowest waves, respectively.  
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Speeds of plane waves 

Speeds versus rotation parameter. To illustrate the effects of rotation and nonlocal 

parameters, the speeds of CLD, CTD, and CTM waves are plotted against rotation rate *   

( *0 1   ) in Fig. 2 for three distinct nonlocal parameters when the angle of incidence o
  is 

fixed as 45 . The solid, dashed, and dotted curves in Fig. 2 correspond to the speed variations 
of CLD, CTD, and CTM waves for the nonlocal parameter 0, 0.007, 0.008 = , respectively. 

For 0, 0.007 = and 0.008, the speed of CLD wave as shown in Fig. 2(a) is approximately 
40.96×10 ms-1 at *= 0 and it increases uniformly as the rotation parameter * increases 

from 0 to 0.9. Beyond * = 0.9, the speed of CLD wave increases very sharply to a maximum 

value 58.045×10 ms-1 at * = 0.99 . The speeds of CTD and CTM waves as illustrated in 

Fig. 2 decrease uniformly as * increases from 0 to 0.99. However, the rate of decrease in 

speed of CTM wave is very low as compared to CTD wave. From Figure 2, it is noticed that 
the speeds of CLD, CTD, and CTM waves become slow in the presence of nonlocal 
parameters. 

 

 
Fig. 2. The speed variations of CLD, CTD, and CTM waves against rotational rate for distinct 

nonlocal parameters 
 

Speeds versus nonlocal parameters. To validate the rotation and nonlocality effects 
shown in Fig. 2 the speeds of CLD, CTD, and CTM waves are also plotted against nonlocal 

parameter  shown in Fig. 3 for three different values of *  when 45o
= . The solid, 

dashed, and dotted curves in Fig. 3 correspond to variations in speeds of reflected CLD, CTD, 

and CTM waves for * 0.1, 0.4, 0.8 = , respectively. For each value of * , the speeds of 

CLD, CTD and CTM waves decrease as nonlocal parameter  increases. Beyond the critical 
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values of nonlocal parameters, these waves do not exist. The range of nonlocal parameters for 

the propagation of these waves depends on the rotation parameter * . The range of nonlocal 

parameters for the existence of CLD increases as * increases, whereas the range of nonlocal 

parameters for the existence of CTD decreases as * increases. The CTM wave is little 

affected due to nonlocal as well as rotation parameters.  
 

  
Fig. 3. The speed variations of CLD, CTD, and CTM waves against nonlocal parameters for 

distinct rotation rates 
 

Speeds versus propagation angle. The speeds of CLD, CTD, and CTM waves are 
plotted against the propagation angle in Fig. 4 for three different nonlocal parameters when 

rotation rate * 0.8 = . The solid, dashed and dotted curves in these figures correspond to 

speed variations for 0, 0.007 =  and 0.008, respectively. For 0 = , the speed of CLD wave 

decreases from 44.0571 10 ms-1 at  0.01o
=  (near normal incidence) to value  

44.0060 10  ms-1 at 89.99o
= (near grazing incidence). For 0 = , the speed of CTD wave 

first increases from 3533.74 ms-1 at  0.01o
=  to its maximum value 4051.05 ms-1 at

45.30o
=  and then decreases to value 3542.78 ms-1 at 89.99o

= . For 0 = , the speed of 

CTM wave increases slightly from 891.08 ms-1 at  0.01o
= to 907.48 ms-1 at 89.99o

= . 

Similar speed variations of CLD, CTD, and CTM waves are also obtained for 0.007 =  and 
0.008 as shown in Fig. 4. The comparison of solid, dotted and dashed curves in these figures 
show the nonlocal effects on the speed of these waves at each propagation angle. A similar 
analysis of speed variations of CLD, CTD, and CTM waves is also shown in Fig. 5 to 
illustrate the effect of rotation in a given range of propagation angle when 0.001 = . 
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Fig. 4. The speed variations of CLD, CTD, and CTM waves against the incident angle of 

CLD wave for distinct nonlocal parameters when Ω* = 0.8 
 

 
Fig. 5. The speed variations of CLD, CTD, and CTM waves against the incident angle of 

CLD wave for distinct rotation rates when  = 0.001 
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Amplitude and energy ratios versus angle of incidence of CLD wave  

The amplitude ratios 1 2,Z Z , and 3Z of reflected CLD, CTD, and CTM waves are plotted 

against the incident angle θo of CLD wave in Fig. 6 for 0 =  (solid curve), 0.007 = (dashed 

curve), and 0.008 = (dotted curve) when * 0.8 = .  

 

 
Fig. 6. The amplitude ratio variations of CLD, CTD, and CTM waves against the incident 

angle of CLD wave for distinct nonlocal parameters when Ω* = 0.8 
 

For 0 = , the amplitude ratio of reflected CLD wave decreases from 0.9999 at

 0.01o
=  to its minimum value 0.9328 at 64.36o

=  and then increases to a value 0.9999 at

89.99o
= . For 0 = , the reflected CTD wave amplitude ratio increases from 52.1279 10−

at  0.01o
= to its maximum value 0.1015 at 60.23o

=  and then decreases to value 
58.6324 10− at 89.99o

= . For 0 = , the amplitude ratio of the reflected CTM wave 

oscillates in the given range of incident angle. In the presence of nonlocality, the amplitude 
ratio of reflected CLD wave drops, and the amplitude ratios of CTD and CTM waves rise at 
each angle of incidence except the normal and grazing incidences. The maximum effect of 

nonlocality on these amplitude ratios is observed in the range between 60  to 80 of the 
incident angle. Similar amplitude ratio variations of reflected CLD, CTD, and CTM waves are 
also shown in Fig. 7 to illustrate the effect of rotation at each incident angle. The amplitude 
ratio of CLD wave rises and the amplitude ratios of CTD and CTM waves drop at each 
incident angle except the normal and grazing incidences.       
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Fig. 7. The amplitude ratio variations of CLD, CTD, and CTM waves against the incident 

angle of CLD wave for distinct rotation rates when  = 0.001 
 

 
Fig. 8. The energy ratio variations of CLD, CTD, and CTM waves against the incident angle 

of CLD wave for distinct nonlocal parameters when Ω* = 0.8 
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The energy ratio variations of the reflected CLD, CTD, and CTM are shown in Figs. 8 
and 9 are observed similar to those of amplitude ratios. The nonlocality and rotation 
parameters affect the energy ratios of these reflected waves in a similar pattern as these 
parameters affect the amplitude ratios. The main aim of illustrating the energy ratio in Figs. 8 
and 9 is to validate the numerical correctness of the amplitude ratio variations. From these 
figures, it is also noticed that the reflected CLD wave shares the maximum part of the energy 
ratio, and the reflected CTM wave shares the minimum and very little share of the energy 
ratio compared to other reflected waves. However, the energy shares of each reflected wave 
change with the incident angle.     

 

 
Fig. 9. The energy ratio variations of CLD, CTD, and CTM waves against the incident angle 

of CLD wave for distinct rotation rates when  = 0.001 
 

Conclusions 

Plane waves in a rotating nonlocal micropolar piezoelectric medium are investigated. There 
exist three coupled waves, namely Coupled Longitudinal Displacement (CLD) wave, Coupled 
Transverse Displacement (CTD) wave and Coupled Transverse Microrotational (CTM) wave. 
The CLD and CTM waves are observed as the fastest and slowest waves, respectively. A 
reflection phenomenon of incident CLD wave from a tractions-free surface is considered. The 
relations between various reflected waves amplitude ratios are derived. The energy ratio 
expressions of these reflected waves are also derived. A numerical example is considered to 
illustrate the dependence of the speeds, amplitude, and energy ratios on the nonlocality and 
rotation parameters in a given range of the angle of incidence. Some specific observations 
from the numerical example are derived as follows: 

1. For given rotation parameter *  and propagation angles, the speeds of CLD, CTD, 

and CTM waves decrease as the nonlocal parameter  increases. 

2. For given nonlocal parameter  and propagation angle, the speed of CLD wave 

increases, and the speeds of CTD and CTM waves decreases. 
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3. Beyond the critical values of the nonlocal parameter, the CLD, CTD, and CTM waves 
do not propagate. The range of nonlocal parameters for the propagation of these waves 

depends on the rotation parameter * . The range of nonlocal parameters for the 

existence of CLD increases as * increases, whereas the range of nonlocal parameters 

for the existence of CTD decreases as * increases. The CTM wave is little affected 

due to nonlocal as well as rotation parameters. 
4. The speeds, amplitude ratios, and energy ratios vary with the change in propagation 

angle and the nonlocal and rotation effects are also found dependent on the 
propagation angle.   
The present theoretical and numerical analysis may be used to estimate the possible 
nonlocal parameters for various nonlocal micropolar piezoelectric materials.    
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Appendix 

The expressions for * * *
1 1 1, , , ,p p      and ( )1,2,3p p =  using Snell's law are given as 
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Abstract. The plastic deformation of a TiNi single crystal was modeled, taking into account 
the anisotropy of the yield stress in the slip plane. The material parameters (initial yield stress 
and hardening factor) were selected for each slip system. Deformation curves were obtained 
for different orientations of the single crystal. It is shown that Schmid's law prevents 
obtaining a correct description of deformation for all orientations of single crystals. Good 
agreement with experiments was observed for the crystal orientations ⟨001⟩, ⟨111⟩, and ⟨123⟩ 
but not ⟨011⟩, for which the deformation mechanism was different. In the case of the 
deformation of a polycrystalline sample, the anisotropy in the slip plane is not significant. 
Keywords: shape memory alloys, microstructural modeling, plastic deformation, TiNi, single 
crystal, polycrystal 
 
Acknowledgments. This research was funded by Russian Foundation for Basic Research 

(RFBR), project number 19-31-60035. 

 

Citation: Belyaev FS, Evard ME, Volkov AE. Simulation of the plastic deformation of shape 
memory alloys considering shear anisotropy on the slip plane. Materials Physics and 

Mechanics. 2023;51(1): 61-67. DOI: 10.18149/MPM.5112023_6. 
 

 

Introduction 
Shape memory alloys (SMA) are intelligent materials that can exhibit functional properties 
such as shape memory and superelasticity. Due to their unique properties, these alloys are 
widely applied in the fields of aerospace, biomedical and micro-electromechanical systems 
(MEMS) and so on [1-4]. Plastic deformation is an important phenomenon associated with the 
thermomechanical properties of SMA. This association is because the dislocation slip in these 
materials is not only one of the deformation mechanisms but also leads to the formation of 
several specific effects, such as two-way shape memory and the “training” of the material. 
Plastic deformation under certain conditions makes it possible to purposefully improve the 
properties of materials. The influence of plastic deformation on the mechanical behavior of 
SMA is of considerable interest to researchers [5-9]. 

Successful development of devices with SMA parts requires a reliable method for 
calculating their mechanical behavior. Most of the existing models of SMA aim to describe 
phase transformations since phase deformations and the realization of functional properties 
are associated with them. However, some models also describe plastic deformation. 
Phenomenological models describing plastic deformation include [10-12]. In the one-
dimensional model of Tanaka et al. [10], plastic deformation is associated with residual 
stresses under cyclic loading. In the model used by Bo et al. [11], thermally induced 
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transformation and its interaction with plastic deformation under cyclic loading conditions are 
considered. The model in [12] describes stress-induced phase transformations and plastic 
strain. In this model, the development of the plastic strain is associated with detwinned 
martensite and is induced by cyclic loading conditions. The earliest microstructural models 
describing plastic strain are [13-15]. These models describe only microplastic deformation, 
that is, plastic deformation associated with the accommodation of growing martensite plates. 
In [13], it is assumed that microplastic deformation increases with the motion of the 
interphase boundaries. In [14-15], microplastic flow conditions similar to the flow conditions 
in the one-dimensional case with isotropic hardening are proposed. The models in [16-17] 
describe active plastic deformation, that is, plastic deformation associated with dislocation 
slip. The model in [16] describes the martensite plasticity present only after the austenite–
martensite transformation is complete. The model in work [17] accounts for both phase 
transformations and plasticity at the crystallographic level and allows their simultaneous 
realization. The most recent works on the microstructural modeling of SMA that consider 
plastic deformation include [18-27]. In works [18-21] a microstructural model is presented 
that describes the plastic deformation of austenite and martensite, as well as the accumulation 
of plastic deformation under cyclic loading. The models of [22-25] describe dislocation slip in 
austenite but not the deformation twinning of martensite. The model of Xu et al. [26] 
describes the austenitic plasticity caused by dislocation slipping, and the martensitic plasticity 
caused by dislocation slipping and deformation twinning. It also describes the effect of grain 
size on martensitic transformations. The model of Ju et al. [27] describes the SMA 
deformation in terms of finite deformations. It takes into account both microplastic 
deformation and plastic deformation of austenite and martensite. 

Earlier authors developed the model to describe microplastic strain and its effect on the 
functional properties of SMA [28-29], but it was unable to describe active plastic strain. 
Based on this, the purpose of this work is to describe the active plastic deformation of the 
SMA as a separate deformation mechanism. Moreover, the model should be able to describe 
the deformation of both single crystals and polycrystalline samples. During the deformation 
of single crystal samples, the flow stress depends on the orientation of the tension axis. To 
account for this when describing SMA deformation, it is necessary to include an elementary 
act of plastic deformation in the model: dislocation shear and its anisotropy on the slip plane. 

 

Model 

The model material is a single crystal (one grain with an orientation of crystallographic axes 
ω) with several slip systems. In metals and alloys, the dislocation slip occurs only on certain 
crystallographic planes. On other planes, it is difficult for shearing to occur, since the 
corresponding flow stresses exceed the ultimate strength of the material. All active slip planes 
can be divided into M families of crystallographically equivalent planes. Let us denote Km as 
the number of planes of the family m. Then, we propose that Reuss’s hypothesis is applicable. 
The plastic strain of model material εp(m,k) is the sum of the strains on each of the slip planes: 𝜀𝜔̇𝑔𝑟 𝑝 = ∑ ∑ 𝜀̇𝑝(𝑚,𝑘)𝐾𝑚

𝑘=1
𝑀

𝑚=1 , (1) 

where εp(m,k) is the shear strain in the k-th plane from the m-th family. 
Shear on the slip plane is assumed to occur only in the direction of the smallest Burgers 

vector. To formulate the flow conditions, we introduce local basis coordinate systems on the 
slip planes. The first axis of this local coordinate system lies in the sliding plane and is 
directed along the possible shear direction; the second axis lies in the same plane, and the 
third axis is perpendicular to it. We assume that the only components of the stress related to 
this local basis, which produce slip on this plane, are τ31

(m,k) and τ32
(m,k). If we denote the stress 
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applied to the single crystal by  gr then the two stress components can be found using the 
formulae: 𝜏31(𝑚,𝑘) = 𝐴𝑝3(𝑚,𝑘)𝐴𝑞1(𝑚,𝑘)𝜎𝑝𝑞𝑔𝑟 ,𝜏32(𝑚,𝑘) = 𝐴𝑝3(𝑚,𝑘)𝐴𝑞2(𝑚,𝑘)𝜎𝑝𝑞𝑔𝑟 , (2) 

where A(m,k) is the rotation matrix that transforms the crystallographic basis ω into the local 
basis of the k-th slip plane of the m-th family. 

The condition for the onset of plastic shear was formulated based on Schmid’s law: 
plastic flow begins when the shear component of the stress, τ31

(m,k) or τ32
(m,k,) reaches a critical 

value, τs(m,k,) for the given slip system: 𝜏𝑠 (𝑚,𝑘) = {𝜏31(𝑚,𝑘), 𝑖𝑓 𝜏31(𝑚,𝑘) ≥ 𝜏32(𝑚,𝑘),𝜏32(𝑚,𝑘), 𝑖𝑓 𝜏31(𝑚,𝑘) < 𝜏32(𝑚,𝑘). (3) 

We assume that the flow stress τs(m,k) is the sum of the initial (equilibrium) value  s(m,k)
eq 

and the deformation additive  s(m,k)
def is responsible for the strain hardening: 𝜏𝑠(𝑚,𝑘) = 𝜏𝑒𝑞𝑠(𝑚,𝑘) + 𝜏𝑑𝑒𝑓𝑠(𝑚,𝑘). (4) 

The value of the initial flow stress  s(m,k)
eq is the same for all planes belonging to the 

given m-th family. To calculate the value of  s(m,k)
def, we assume that the hardening factor hm 

does not depend on the shear value and the strain rate. It is equal to the product of the 

hardening factor hm and the maximum plastic shear rate, 𝛽̇31 or 𝛽̇32: 𝜏̇𝑑𝑒𝑓𝑠(𝑚,𝑘) = {ℎ𝑚|𝛽̇31(𝑚,𝑘)|, 𝑖𝑓 |𝛽̇31(𝑚,𝑘)| > 0,ℎ𝑚|𝛽̇32(𝑚,𝑘)|, 𝑖𝑓 |𝛽̇32(𝑚,𝑘)| > 0. (5) 

The solution of the system of equations (2)-(5) makes it possible to calculate the εp (m,k) 
components. Then the sum (1) will give the total plastic deformation of the model single 
crystal. To solve the system of differential equations, a direct finite-difference scheme was 
used. 
 
Simulation results 

To test the model, numerical experiments were conducted by stretching single crystals of TiNi 
alloy with different crystal lattice orientations. This alloy is very popular and widely used. It 
is known that plastic shear in the austenitic B2 phase of TiNi SMA slip occurs on the planes 
belonging to two families: {110} and {100}. The first family consists of 6 planes, and the 
second consists of 3 planes [30]. For the TiNi slip systems, the following material constants 
were selected: the initial flow stress  seq and the hardening coefficient h (Table 1). 
 
Table 1. Flow stress and hardening factor for existing slip systems 
Slip plane family Initial flow stress  seq, MPa Hardening coefficient h, MPa 

{100} 85 100 
{110} 100 3000 

 
All calculations were performed at 600 K, which is much higher than the final 

temperature of the reverse martensitic transformation. The choice of temperature is because 
an increase in stress does not cause a martensitic transformation, and plastic shear remains the 
only active mechanism of inelastic deformation. Figure 1 shows the results of modeling the 
behavior of a TiNi single crystal under tension along the ⟨001⟩, ⟨111⟩, ⟨123⟩, and ⟨011⟩ 
directions and the corresponding experimental dependences [30]. 
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Fig. 1. Experimental [30] (dashed lines) and calculated (solid lines) tension curves of a TiNi 
single crystal 

 
Comparing the calculated tension curves of a TiNi single crystal with the experimental 

data (Fig. 1) shows that the selected values of the material constants correctly describe the 
model alloy behavior with the tension oriented along the ⟨001⟩ and ⟨111⟩ axes. For the ⟨123⟩ 
direction, the calculated yield stress coincides with that observed experimentally [30]. For the 
orientation of the tension along the ⟨011⟩ direction, the calculated curve does not substantially 
coincide with the experimental one. 

Experimental data show that under tension applied along the ⟨011⟩ direction, the 
crystals are "hard", that is, they have a high yield point, 0.1  920 MPa [30]. In works [30-
31], it was suggested that when the orientation of the tension axis changes to directions near ⟨011⟩, the deformation mechanism changes at the microscale. In particular, with the 
orientation ⟨011⟩, volumetric splitting of the screw dislocation core occurs, which obstructs 
the onset of plastic shear. Therefore, within the framework of this model, considering only the 
anisotropy in the slip plane does not allow an adequate description of the behavior of a TiNi 
single crystal for all directions of tension. 
 
Deformation of polycrystals 

The proposed model can be adapted to the calculation of the plastic deformation of a 
polycrystalline sample. We assume that the described representative volume consists of grains 
of equal size with different orientations of the crystallographic axes: 1, 2,..., ,..., . Then we 
can calculate the deformations of individual grains according to the proposed model and 
obtain the deformation of the representative volume through orientational averaging: 𝜀𝑝 = 1


∑ 𝑅𝜔𝜀𝜔𝑔𝑟 𝑝𝑅𝜔−1

𝜔=1 , (6) 

where R is the rotation matrix that transforms the laboratory basis to the crystallographic 
basis of the grain . 

Figure 2 shows the tension curve of the polycrystal calculated by our model (solid line). 
The relatively low yield stress of the TiNi polycrystal is due to the action of a large number of 
slip systems; deformation occurs along those with lower microscopic yield stress. 
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Fig. 2. Tension curves of a TiNi polycrystal calculated by a model with anisotropic (solid 
line) and isotropic (dashed line) shear on the slip plane 

 
To calculate the deformation of the polycrystal, a simplified version of the model can be 

used that does not account for the shear anisotropy on the slip plane. A condition similar to 
the von Mises yield criterion but for the two-dimensional case is used for the determination of 
the initiation of plastic flow: 𝑇𝜏 = √(𝜏31)2 + (𝜏32)2 = 𝜏𝑠. (7) 

The hardening law also changes: 𝜏̇𝑑𝑒𝑓𝑠 = ℎ√(𝛽̇31)2 + (𝛽̇32)2. (8) 

This version of the model assumes that the shear on the slip plane can occur 
isotropically and not only in the direction of the smallest Burgers vector. This model can 
describe the polycrystal behavior well, but it is not suitable for calculating the deformation of 
a single crystal, in which shear can occur only in certain crystallographic directions. 

The calculated tension curve of a polycrystalline sample obtained by the model with 
isotropic shear is shown in Fig. 2 (dashed line). The results of modeling the deformation of 
the polycrystalline sample obtained by both models almost coincide. Accounting for 
anisotropy does not play an important role in modeling the polycrystal deformation because 
the difference in shear directions in these models ceases to significantly affect the material 
behavior after averaging over all grains. 
 
Conclusions 

A model of the plastic deformation of a TiNi single crystal is formulated, which accounts for 
dislocation shear on slip planes occurring only in the direction of the smallest Burgers vector. 
The material parameters were selected: yield strength and hardening factor for TiNi slip 
systems. The deformation curves are calculated for different directions of the tensile axis. 
Comparison with the experimental data showed that the model correctly describes the 
deformation of TiNi single crystals for different orientations of the tension axis, except for 
directions close to ⟨011⟩. This exception is due to the failure of the applied condition of the 
onset of plastic shear to account for possible changes in the deformation mechanism, 
particularly the splitting of the dislocation core. 

A comparison of the results of the calculation according to the proposed model and 
according to the model allowing isotropic shear in the slip plane showed that, in the case of a 
polycrystalline sample, the inclusion of the anisotropy in the slip plane is not significant. 
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Abstract. Solving the problem of large elastic-plastic deformation theory, the present paper 
addresses, involved two stages. We first derive the exact solution to the problem of slow strain 
growth in a cylindrical layer consisting of an incompressible elastic/viscoplastic material and 
experiencing viscometric motion subject to no-slip contact between the material and the rigid 
instrument's walls. Then a striking stick-slip transition at one of the material-instrument 
interfaces poses the problem of unloading dynamics. Stress jump at the boundary surface causes 
a shear cylindrical unloading shock wave, which advances into the material and interacts with 
the elastic-plastic boundary separating viscoplastic flow from reversible deformation region. 
To solve this dynamic problem the ray method for constructing approximate solutions is 
adjusted to the case of elastic/viscoplastic material. 
Keywords: large strains, elasticity, viscoplasticity, viscometric strains, unloading wave, ray 
method 
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Introduction 

The dynamics of solids under impulse or shock loading remains one of the primary concerns of 
modern mechanics and mathematical physics. Such problems arise when dealing with issues of 
ensuring the reliability of critical units in mechanisms and machines, upon improving 
technology for processing materials and manufacturing products, in nonlinear acoustics and 
acoustic diagnostics, in seismology and seismic exploration. Unsteady impact on the boundaries 
of deformable bodies causes the propagation of velocity (shock waves) or acceleration (weak 
waves) discontinuities through the material. They are generally induced by discontinuous initial 
and boundary conditions; although, a weak wave may terminate into a shock one [1,2] due to 
the unbounded growth of its strength [3,4]. This phenomenon is essentially nonlinear [5], as 
also is the dependence of wave velocities on the preliminary strains [6] and shock wave 
velocities on the amplitude of discontinuities [7-9]. 

Originally, these and other nonlinear phenomena used to be observed in gas dynamics, 
which, unlike dynamics of solids, was developed as a nonlinear theory. The situation is more 
complicated for solids because they exhibit both volumes (as in gas dynamics) and shape-
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changing strains. Volume and shape-changing deformations propagate independently only in 
the scope of linear elasticity, but they are coupled in the nonlinear case. Sometimes, in order to 
focus on the aspects of propagating shear strains solely, the material is assumed to be 
incompressible [10-12]. Herein, we introduce this simplifying constraint too. 

When the plastic properties of material should be taken into account along with elastic 
ones, the problem is getting more challenging. J. Mandel [13] noted that in the context of the 
Prandtl-Reuss elastoplastic flow model [14] shock waves cannot be uniquely described by a 
closed system of equations in terms of discontinuities. To avoid this uncertainty, the auxiliary 
thermodynamic hypothesis on the maximum mechanical energy dissipation on the surfaces 
across which plastic strains are discontinuous had to be introduced [15,16]. With this hypothesis 
accepted and small deformations assumed, the first simplest problems of the perfect 
elastoplasticity [17-20] were solved; algorithms and programs for numerical calculations were 
developed [21-25]. Among the latter, finite-difference, characteristics, and finite-element 
calculation methods evolved. But in all cases, the main challenge in calculating the deformation 
dynamics was associated with discontinuity surfaces traveling through a deformable body, 
especially the surfaces of velocity discontinuities. 

In gas dynamics [3], special shock-fitting algorithms were developed to calculate the 
location and the amplitude of discontinuities. They typically constitute a two-step scheme of 
predictor-corrector type relying on the solution of the discontinuity decomposition problem at 
the intermediate step. In solid dynamics, due to interacting processes of shear and volumetric 
strain propagation, the problem of the decomposition of a combined discontinuity is hardly ever 
tractable [17,20]; therefore, various modifications of shock-capturing methods are employed 
[22]. Nevertheless, it is worth remarking that discontinuities in solids can be fitted by the 
methods based on integral generalizations of variational inequalities [21] and the methods for 
embedding near-front asymptotics into finite-difference schemes [26-28]. Asymptotic 
expansions of solutions behind discontinuity surfaces are constructed either using the 
perturbation method [29] or the ray method [27]. By so doing, the location of discontinuities 
and their amplitudes are corrected at each time step of calculations. 

The method for constructing approximate solutions of essentially unsteady dynamic 
problems in the form of near-front expansions was proposed in papers [30] and [31], in which 
it was termed the ray method. Achenbach and Reddy [30] constructed an approximate solution 
as a power series with respect to time, while Babicheva et al. [31] did so with respect to the ray 
coordinate. Obeying compatibility conditions for discontinuities [15,32-34] one can recurrently 
deduce ordinary differential equations (decay equations) for coefficients of these power series. 
The recurrence is violated only if the velocity of the discontinuity surface depends on the 
variable amplitude of discontinuity, i.e., for shock waves in the nonlinear media. Peculiarities 
of the ray method employment and approximate solutions obtained by means of it were 
reviewed in [35]. Burenin et. al. [36-38] tailored the method of ray expansions for constructing 
solutions behind shock wave fronts. In the present paper, we use the ray method in the dynamics 
of large elastic/viscoplastic deformations [39,40] to construct a ray expansion of a solution 
behind the front of the unloading shock wave. 

Dynamics of elastic/viscoplastic medium unloading was studied in [41-43], where 
authors obtained the exact solutions of the problems on instantaneous unloading of a material 
that had undergone large elastic/viscoplastic strains under quasistatic deforming prior to that. 
The interaction of the unloading shock wave with the moving elastic-plastic boundary was 
investigated. The success in solving these problems was gained by applying the theory of large 
elastic-plastic deformations [44,45], in which reversible and irreversible strains were specified 
by differential equations of their change (transfer). The foundations of the mathematical model 
for this theory [44,45] were proposed in [46,47]. The content of [44], thus, constitutes analytical 
and numerical-analytical solutions of boundary-value problems of the large strain theory just 
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mentioned along with a detailed description of the way to obtaining model relations. Herein, 
we also solve the boundary-value problem in the context of the theory [44], but our concern is 
constructing an approximate solution behind the front of the unloading shock wave by means 
of the ray expansions. 

We should stress that allowing for the viscous resistance to plastic flow has even 
facilitated deriving exact solutions [42,43]. Herein, we also take it into account when 
constructing the ray expansion. Such a simplification is associated with the fact that, due to the 
viscosity of the material under plastic flow, irreversible deformations are continuous across the 
surfaces of velocity discontinuities. This leads to the effect that, in contrast to the elastic-plastic 
medium [16,21], the elastic/viscoplastic one cannot transmit discontinuity surfaces other than 
those moving with elastic wave velocities [48-50]. 

Reversible and irreversible deformations are interdependent in the course of deforming. 
Therefore, the initial stress-strain state cannot be prescribed arbitrarily [42-44] when posing 
unloading problems. It must be a result of the preliminary loading process. So, any problem of 
unloading a deformable body that has accumulated large strains must be preceded by solving 
the problem on the loading of this body providing data on the resulting distribution of reversible 
and irreversible strains over the body. Such a loading problem can be a quasistatic one, in which 
inertia forces can be neglected due to the slow process of active deformation. It is precisely 
such a loading process that we consider here. 
 

Mathematical model of elastic/viscoplastic material 

Flow plasticity theory demands decomposing strains in a body into reversible and irreversible 
parts, which, unlike total strains, are not measurable experimentally. Therefore, introducing 
them into the theory is hypothetical. However, they are highly important for the theory as they 
are thermodynamic parameters of state for a deformable body. According to the concept of 
constructing the thermodynamics of processes, it is reversible and irreversible strains that one 
should formulate differential equations of their change (transfer) for [44,45,51]. These 
equations may serve as a definition for the parts of deformation or accompany such parameters 
of state if the latter is defined out of other considerations. It only matters while doing so that 
the relations formulated are geometrically consistent. 

When deformations are small, the problem of constructing equations of total deformation 
transfer does not arise because its solution is obvious. In the case of large deformations, [52,53] 
such a problem is most often reduced to "choosing" the objective derivative of the 
hypothetically constructed tensor of plastic strains. 

For the present study, we adopt the mathematical model proposed in [46,47] and 
thoroughly discussed in [44,45]. Equations of change in the tensors of reversible 𝒆 and 
irreversible 𝒑 strains can be written in the form [44,45] 𝐷𝒆𝐷𝑡 = 𝜺 − 𝜺𝒑 − 12 ((𝜺 − 𝜺𝒑 + 𝒛) ∙ 𝒆 + 𝒆 ∙ (𝜺 − 𝜺𝒑 − 𝒛)), (1) 𝐷𝒑𝐷𝑡 = 𝜺𝒑 − 𝒑 ∙ 𝜺𝒑 − 𝜺𝑝 ∙ 𝒑, (2) 

where 𝐷𝒏𝐷𝑡 = 𝑑𝒏𝑑𝑡 − 𝒓 ∙ 𝒏 − 𝒏 ∙ 𝒓𝑻, 𝜺 = 12 (𝛻𝒗 + 𝛻𝑇𝒗), 𝝎 = 12 (𝛻𝒗 − 𝛻𝑇𝒗), 𝒗 = 𝑑𝒖𝑑𝑡 = 𝜕𝒖𝜕𝑡 + 𝒗𝛻𝒖, 𝒓 = 𝝎 + 𝒛, 𝒛 = 𝐴−1{𝐵2(𝜺 ∙ 𝒆 − 𝒆 ∙ 𝜺) + 𝐵(𝜺 ∙ 𝒆2 − 𝒆2 ∙ 𝜺) + 𝒆 ∙ 𝜺 ∙ 𝒆2 − 𝒆2 ∙ 𝜺 ∙ 𝒆}, 𝐴 = 8 − 8𝐸1 − 3𝐸12 − 𝐸2 − 𝐸133 + 𝐸33 ,    𝐵 = 2 − 𝐸1, 𝐸1 = 𝑡𝑟(𝒆), 𝐸2 = 𝒆 ∙∙ 𝒆,           𝐸3 = 𝒆2 ∙∙ 𝒆.  
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In the transfer equations for reversible (1) and irreversible (2) strains, 𝒖 and 𝒗 are the 
displacement and the velocity vectors respectively. The terms (𝜺 − 𝜺𝑝) and 𝜺𝑝 in the right parts 
of equations (1)-(2) are the sources of strains. The remaining terms in the right parts are the flux 
terms. They define the interdependence of the thermodynamic parameters 𝒆 and 𝒑 in the course 
of their change. The geometrical consistency of this interdependence requires the definite 
objective time derivative in (1) and (2). The form of this derivative is indicated for an arbitrary 
tensor 𝒏. If the nonlinear part 𝒛 of the tensor 𝒓 is null, the objective derivative 𝐷/𝐷𝑡 in (1) and 
(2) becomes the Jaumann derivative [44,45]. 

The sources in transfer equations (1) and (2) define the growth of reversible 𝒆 and 
irreversible 𝒑 strains and must be related to the reasons for this growth by governing laws. 
According to (2), there is a possibility for the deformation process with 𝜺𝑝 = 0, when 𝐷𝒑/𝐷𝑡 =  0. In this case, the tensor of irreversible strains is invariable, but its components 
change as if the body would move without getting deformed. Dependencies (1) and (2) endow 
the regions of preliminary reversible (elastic) deformation 𝒑 = 0 and the unloading regions 𝒑 = 𝑐𝑜𝑛𝑠𝑡 ≠ 0 with this property. 

Recalling (1) and (2), the Almansi tensor of total strains 𝒅 is defined as follows [44,45,47] 𝒅 = 𝒆 + 𝒑 − 12 𝒆 ∙ 𝒆 − 𝒆 ∙ 𝒑 − 𝒑 ∙ 𝒆 + 𝒆 ∙ 𝒑 ∙ 𝒆. (3) 

Reasoning from (3), rather it is the tensor 𝒔 = 𝒆 − 𝒆 ⋅ 𝒆/2 that should have been referred 
to as a tensor of reversible (elastic) strains, in which the tensor 𝒆 is a main linear part. The 
tensor 𝒆 is the one of small elastic strains; it turned out to be convenient for writing transfer 
equations (1) and (2) by means of it. It also proved to be more useful when writing a counterpart 
of the Murnaghan formula [44,45,54] in the case of perfect elastoplasticity under study. This 
formula for the case of an incompressible medium considered below reads [44,45] 𝝈 = −𝑝1𝑰 − 𝜕𝑊𝜕𝒅 (𝑰 − 2𝒅) 𝑖𝑓 𝒑 = 0, (4) 𝝈 = −𝑝2𝑰 − 𝜕𝑊𝜕𝒆 (𝑰 − 𝒆) 𝑖𝑓 𝒑 ≠ 0. 

In (4), 𝝈 is the Euler-Cauchy stress tensor, 𝑝1 and 𝑝2 are the additional hydrostatic 
pressures, 𝑰 is the second-order unit tensor, 𝑊 = 𝑊(𝐽1, 𝐽2) is the elastic potential (free energy 
density in the isothermal case). For proceeding calculations, we designate 𝑊 = 𝑊(𝐽1, 𝐽2) as 
follows 𝑊 = −2𝜇𝐽1 − 𝜇𝐽2 + 𝑏𝐽12 + (𝑏 − 𝜇)𝐽1𝐽2 − 𝜒𝐽13 + ⋯, (5) 𝐽𝑘 = {𝐿𝑘   𝑖𝑓 𝒑 ≡ 0𝐼𝑘 𝑖𝑓 𝒑 ≠ 0 ,   𝑘 = 1,2, 𝐿1 = 𝑡𝑟(𝒅),          𝐿2 = 𝒅 ∙∙ 𝒅, 𝐼1 = 𝑡𝑟(𝒆) − 12 𝒆 ∙∙ 𝒆,  𝐼2 = 𝒆 ∙∙ 𝒆 − 𝒆2 ∙∙ 𝒆 + 14 𝒆2 ∙∙ 𝒆2. 

In (5), 𝜇 is the shear modulus; 𝑏 and 𝜒 are the higher-order elastic moduli. The invariants 𝐼1 and 𝐼2 of the reversible strain tensor are specified in such a way as to ensure the limiting 
transition from the second formula in (4) to the first one as the plastic strains tend to zero. 

The relation (2) allows deforming without the growth of irreversible strains, i.e. elastic 
deforming. We remark that this assumption idealizes the deformable material. This is 
achievable only in the scope of perfect elastoplasticity. The real body possesses viscosity, so 
upon imposing stress it acquires unrecoverable strains due to the creeping onset. However, 
differential equation (2) does not contradict this either. Ignoring this phenomenon, we further 
assume the deformable material to be perfectly elastic-plastic [14]. In such a material, 
irreversible (plastic) strains begin going up when the stresses reach the loading surface 𝑓(𝝈, 𝜺𝑝, 𝑘) = 0. As a loading surface, we take the unified condition of maximum tangential 
stresses [14] 𝑓(𝜎𝑖 , 𝜀𝑘𝑝, 𝑘) = 𝑚𝑎𝑥|𝜎𝑖 − 𝜎𝑗| − 2𝑘 − 2𝜂𝑚𝑎𝑥|𝜀𝑘𝑝|. (6) 
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In (6), 𝜎𝑖 and 𝜀𝑘𝑝 are the principal values of the stress and the strain rate tensors 

respectively, 𝑘 is the yield stress, and 𝜂 is the coefficient of viscous resistance to plastic flow. 
Imposing the condition of the von Mises maximum principle [14], we have the associated law 
of plastic flow 𝜺𝒑 = 𝜆 𝜕𝑓𝜕𝝈 ,  𝜆 > 0. (7) 

In order to get the closed system of equations both in the region of elastic deformation 
and in the region of plastic flow it suffices to complete the preceding relations with the equation 
of motion or the balance equation ∇ ∙ 𝝈 = 𝜌 𝑑𝒗𝑑𝑡 , (8) ∇ ∙ 𝝈 = 0 . (9) 

Whenever forces of inertia are feasible to be ignored in (8) so as to have (9), a quasistatic 
approximation is allowed in solving the problem. 
 
Quasistatic deformation 

Let the material, the deformation properties of which obey the relations stated in Section 2, fills 
the layer between two coaxial rigid surfaces. The equations of these surfaces in the cylindrical 
coordinate system (𝑟, 𝜑, 𝑧) are the following: 𝑟 = 𝑟0, 𝑟 = 𝑅(𝑟0 < 𝑅). Deforming is caused by 
revolving the inner cylinder 𝑟 ≤ 𝑟0 about its axis 𝑟 = 0 while the surface 𝑟 = 𝑅 is motionless. 
The material is considered to be initially unstrained. Assume that the no-slip conditions are 
satisfied at the boundary surfaces 𝑟 = 𝑟0 and 𝑟 = 𝑅 until the shear stress exceeds some given 

threshold value |𝜎𝑟𝜑| ≤ 𝜎0 𝒖(𝑅, 𝑡) = 𝒗(𝑅, 𝑡) = 0, 𝜎𝑟𝜑(𝑟0, 𝑡) = −𝛼𝑡. (10) 

The latter condition specifies the load on the deformable material; 𝜎0 and 𝛼 are the 
prescribed constants of the problem. We put 𝜎0 > 𝑘. Due to the imposed condition of 
incompressibility, the paths of the material's particles are concentric circles, and the only 
nonzero component of the velocity vector is 𝑣𝜑. According to (1)-(3), the kinematics of the 

medium in this case is determined by the relations 𝑢𝑟 = 𝑟(1 − 𝑐𝑜𝑠𝜓),  𝑢𝜑 = 𝑟𝑠𝑖𝑛𝜓, (11) 𝑑𝑟𝑟 = − 𝑓22 ,  𝑑𝑟𝜑 = 𝑓2 , 𝑓 = 𝑟 𝜕𝜓𝜕𝑟 , 𝑣𝜑 = 𝑟𝜔 = 𝑟 𝜕𝜓𝜕𝑡 , 𝜀𝑟𝜑 = 𝑟2 𝜕2𝜓𝜕𝑟𝜕𝑡 , 𝜔𝑟𝜑 = − 𝜕𝜓𝜕𝑡 − 𝑟2 𝜕2𝜓𝜕𝑟𝜕𝑡 , 𝑟𝑟𝜑 = − 𝜕𝜓𝜕𝑡 + 2𝜀𝑟𝜑(1 − 𝑒𝜑𝜑)𝑒𝑟𝑟 + 𝑒𝜑𝜑 − 2 , 
where 𝜓 = 𝜓(𝑟, 𝑡) is the central angle of twisting of medium particles, and 𝜔 = 𝑣𝜑/𝑟 is the 

angular velocity. 
Taking into account that for such problems diagonal components of the strain tensors are 

small quantities of a higher order of smallness compared to off-diagonal components [44], 
hereinafter we restrict ourselves to terms of the first order with respect to diagonal components 
and of the second order with respect to off-diagonal components. Such a restriction, though not 
mandatory, allows us to obtain analytical relations for the displacements. From (4) and (5) we 
derive stress components 𝜎𝑟𝑟 = −𝑝 − 2𝜇 + 2(𝑏 + 𝜇)𝑒𝑟𝑟 + 2𝑏𝑒𝜑𝜑 + 𝜇𝑒𝑟𝜑2 , (12) 𝜎𝜑𝜑 = −𝑝 − 2𝜇 + 2(𝑏 + 𝜇)𝑒𝜑𝜑 + 2𝑏𝑒𝑟𝑟 + 𝜇𝑒𝑟𝜑2 , 𝜎𝑧𝑧 = −𝑝 − 2𝜇 + 2𝑏(𝑒𝑟𝑟 + 𝑒𝜑𝜑) − 2𝜇𝑒𝑟𝜑2 ,      𝜎𝑟𝜑 = 2𝜇𝑒𝑟𝜑 ,        𝜎𝑟𝑟 − 𝜎𝜑𝜑𝜎𝑟𝜑 = 𝑒𝑟𝑟 − 𝑒𝜑𝜑𝑒𝑟𝜑 . 

At the beginning of the loading process (from the instant 𝑡 = 0), the material deforms 
reversibly (𝑝𝑖𝑗 = 0). According to relations (12) and (3), the stress components, in this case, 

can be written as follows 
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𝜎𝑟𝑟 = 𝜎𝑧𝑧 = −(𝑝 + 2𝜇) − (𝑏+𝜇)2 𝑓2 = −𝑠(𝑟, 𝑡), (13) 𝜎𝜑𝜑 = −𝑠(𝑟, 𝑡) + 𝜇𝑓2,      𝜎𝑟𝜑 = 𝜇𝑓. 
Substituting (13) into (9), we get two balance equations 𝜕𝜎𝑟𝑟𝜕𝑟 + 𝜎𝑟𝑟−𝜎𝜑𝜑𝑟 = 0,      𝜕𝜎𝑟𝜑𝜕𝑟 + 2 𝜎𝑟𝜑𝑟 = 0. (14) 

Then, integrating equations (14) subject to the boundary conditions (10), we obtain a 
solution for the case when material acquires the elastic deformation 𝜓 = 𝑐(𝑡)2𝜇 ( 1𝑅2 − 1𝑟2) , 𝜔 = 𝑐̇(𝑡)2𝜇 ( 1𝑅2 − 1𝑟2) , 𝑐̇(𝑡) = 𝑑𝑐(𝑡)𝑑𝑡  ,  (15) 𝜎𝑟𝜑 = 𝑐(𝑡)𝑟2 ,  𝜎𝑟𝑟 = 𝜎𝑧𝑧 = 𝑐2(𝑡)4𝜇 ( 1𝑟04 − 1𝑟4) + 𝜎𝑟𝑟0 , 𝜎𝜑𝜑 = 𝑐2(𝑡)4𝜇 ( 1𝑟04 + 3𝑟4) + 𝜎𝑟𝑟0 , 𝑐(𝑡) = −𝛼𝑡𝑟02, 
𝑒𝑟𝜙 = 𝑑𝑟𝜙 = 𝑐(𝑡)2𝜇𝑟2 ,  𝑒𝑟𝑟 = − 32 𝑒𝑟𝜙2 ,  𝑒𝜙𝜙 = 𝑒𝑟𝜙22 , 
where 𝜎𝑟𝑟0 = 𝜎𝑟𝑟(𝑟0, 𝑡) is a prescribed value of the stress component 𝜎𝑟𝑟 at the surface 𝑟 = 𝑟0. 

Solution (15) is valid within the time interval from 𝑡 = 0 to 𝑡 = 𝑡0 until the plasticity 
condition (6) is fulfilled at the rigid wall 𝑟 = 𝑟0, which, under the restrictions applied, takes the 
form 𝜎𝑟𝜑(𝑟0, 𝑡0) = −𝑘. Substituting the value 𝜎𝑟𝜑(𝑟0, 𝑡0) into the last equation and using (15), 

we find the moment of the plastic flow onset 𝑡0 = 𝑘/𝛼. 

Thenceforth, the region of viscoplastic flow 𝑉(𝑃): 𝑟0 ≤ 𝑟 ≤ 𝑚(𝑡) develops from the 
boundary 𝑟 = 𝑟0. The surface 𝑟 = 𝑚(𝑡) is an elastic-plastic boundary. In the region 𝑉(𝐸): 𝑚(𝑡) ≤ 𝑟 ≤ 𝑅 reversible deforming continues. 

By integrating the balance equations (14) in the region of recoverable deforming and 
using condition (10), we find 𝜎𝑟𝜑(𝐸) = 𝑐(𝑡)𝑟2 , 𝜓(𝐸) = 𝑐(𝑡)2𝜇 ( 1𝑅2 − 1𝑟2) , 𝜔(𝐸) = 𝑐̇(𝑡)2𝜇 ( 1𝑅2 − 1𝑟2).  (16) 

Hereinafter, the superscript "𝐸" is related to the region 𝑉(𝐸) while the superscript "𝑃" 

denotes the region 𝑉(𝑃).  
In the case under study, the yielding criterion (6) reads 𝑓(𝜎𝑟𝜑 , 𝜀𝑟𝜑𝑝 ) = 𝜎𝑟𝜑2 − (𝑘 − 𝜂|𝜀𝑟𝜑𝑝 |)2 = 0.  (17) 

In virtue of the associated flow rule (7), the condition (17) leads to 𝜎𝑟𝜑 = −𝑘 + 𝜂𝜀𝑟𝜑𝑝 ,  𝜆 = 𝜀𝑟𝜑𝑝𝜂𝜀𝑟𝜑𝑝 −𝑘. (18) 

By integrating the balance equations (14) in conjunction with the continuity conditions 
for the stress components at the elastic-plastic boundary 𝑟 = 𝑚(𝑡), we obtain the components 𝜎𝑟𝜑, 𝑒𝑟𝜑 in the plastic flow region 𝜎𝑟𝜑(𝑃) = 𝑐(𝑡)𝑟2 , 𝑒𝑟𝜑 =  𝑐(𝑡)2𝜇𝑟2. (19) 

Comparing (18) and (19), we calculate the plastic strain rate 𝜀𝑟𝜑𝑝 = 1𝜂 (𝑘 + 𝑐(𝑡)𝑟2 ).  (20) 

The unknown function of integration 𝑐(𝑡) has to be determined from the condition of zero 
plastic strain rate at the elastic-plastic boundary 𝑟 = 𝑚(𝑡) 𝑐(𝑡) = −𝑘𝑚(𝑡)2. (21) 

On the other hand, following the last boundary condition in (10) 𝑐(𝑡) = −𝛼𝑡𝑟02, (22) 
that allows us to get the expression for the surface 𝑚(𝑡) 𝑚(𝑡) = 𝑟0√𝛼𝑡/𝑘. (23) 
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According to the relations (1)-(3), the yielding criterion (17), and the associated flow rule 
(18), in the region of plastic flow the kinematics of the medium are determined by the relations 𝜀𝑟𝜑 = 𝜀𝑟𝜑𝑒 + 𝜀𝑟𝜑𝑝 = 𝜕𝑒𝑟𝜑𝜕𝑡 + 𝜕𝑝𝑟𝜑𝜕𝑡 , 𝜀𝑟𝑟𝑝 = 𝜕𝑝𝑟𝑟𝜕𝑡 + 2𝑝𝑟𝜑(𝑟𝜑𝑟 + 𝜀𝑟𝜑𝑝 ) − 2𝑝𝑟𝜑 𝜕𝜓𝜕𝑡 , (24) 𝜀𝜑𝜑𝑝 = 𝜕𝑝𝜑𝜑𝜕𝑡 + 2𝑝𝑟𝜑(𝑟𝑟𝜑 + 𝜀𝑟𝜑𝑝 ) + 2𝑝𝑟𝜑 𝜕𝜓𝜕𝑡 , 𝜀𝑟𝑟𝑝 = −𝜀𝜑𝜑𝑝 = 𝜀𝑟𝜑𝑝 (𝑒𝑟𝑟 − 𝑒𝜑𝜑)2𝑒𝑟𝜑 . 

Components of the velocity and the strain rate tensor are determined by (11). 
Utilizing kinematic relations (24) and formula (20), we obtain the component of plastic 

strains 𝑝𝑟𝜑 𝑝𝑟𝜑 = 1𝜂 (𝑘𝑡 − 𝛼𝑟02𝑡22𝑟2 ) + 𝑔(𝑟). (25) 

Recalling the condition of zero plastic strain rate at the elastic-plastic boundary 𝑟 = 𝑚(𝑡) 
and relation (23), we derive the unknown function 𝑔(𝑟) 𝑔(𝑟) = − 𝑘2𝑟22𝛼𝜂𝑟02. (26) 

In accordance with relations (3), we have 𝑑𝑟𝜑 = 𝑒𝑟𝜑 + 𝑝𝑟𝜑. Then, combining (11) and 

(23)-(26), we deduce the differential equation governing the twist angle 𝜓(𝑟, 𝑡) in the region of 
plastic flow 𝑟2 𝜕𝜓𝜕𝑟 = 1𝜂 (𝑘𝑡 − 𝛼𝑡2𝑟022𝑟2 ) − 𝑘2𝑟22𝛼𝜂𝑟02 − 𝛼𝑡𝑟022𝜇𝑟2.  

After integration in conjunction with the condition of continuity of function 𝜓(𝑟, 𝑡) across 
the elastic-plastic boundary 𝑟 = 𝑚(𝑡), we find 𝜓(𝑟, 𝑡) in the yielding region  𝜓(𝑃) = 2𝑘𝑡𝜂 𝑙𝑛 𝑟𝑚(𝑡) + 𝛼𝑟02𝑡2𝜇 ( 1𝑟2 − 1𝑅2) + 𝛼𝑟02𝑡22𝜂 ( 1𝑟2 − 1𝑚(𝑡)2) + 𝑘22𝛼𝜂𝑟02 (𝑚(𝑡)2 − 𝑟2).  (27) 

Referring to (25) and (26), we have 𝑝𝑟𝜑 = 1𝜂 (𝑘𝑡 − 𝛼𝑟02𝑡22𝑟2 − 𝑘2𝑟22𝛼𝑟02). (28) 

Using equations of variation of strain components (1)-(2) and conditions (17)-(18), we 
obtain a system of equations for diagonal components of elastic 𝑒𝑟𝑟, 𝑒𝜑𝜑 and plastic 𝑝𝑟𝑟, 𝑝𝜑𝜑 

strain tensors in the yielding region. These components are small quantities of a higher order of 
smallness compared to off-diagonal ones  𝜕𝑝𝑟𝜙𝜕𝑡 = 𝜀𝑟𝜑𝑝 ,   𝜕𝑝𝜑𝜑𝜕𝑡 = −𝜀𝑟𝜑𝑝 𝑝𝜑𝜑−𝑒𝑟𝜑2𝑒𝑟𝜑 + 4𝜀𝑟𝜑𝑝𝑟𝜑2+𝑒𝑟𝜑2 (1 + 𝑝𝜑𝜑 − 12 𝑒𝑟𝜑2 − 2𝑒𝑟𝜑𝑝𝑟𝜑),   (29) 𝑒𝑟𝑟 = 𝑝𝜑𝜑 − 3𝑒𝑟𝜑22 − 2𝑒𝑟𝜑𝑝𝑟𝜑, 𝑝𝑟𝑟 + 𝑝𝜑𝜑 = −2𝑝𝑟𝜑2 , 𝑒𝑟𝑟 + 𝑒𝜑𝜑 = −𝑒𝑟𝜑2 . 

System (29) can be integrated numerically. The stress component 𝜎𝑟𝑟 is found from the 
first balance equation (14) with the account of its value at the surface 𝑟 = 𝑟0. Then, from the 
relations (12), the hydrostatic pressure 𝑝 and the stress components 𝜎𝜑𝜑 and 𝜎𝑧𝑧 are determined. 

 
Unloading wave. Ray method 

The moment the stress |𝜎𝑟𝜑| at the surface 𝑟 = 𝑟0 touches the critical value 𝜎0, the stick 

boundary condition shifts abruptly to the condition of friction between the material and the rigid 
cylindrical surface. Various conditions of dry or viscous friction can be taken as a law of 

friction. Here, we adopt the friction condition according to Prandtl law: |𝜎𝑟𝜙(𝑟0, 𝑡)| = 𝜎𝑠 , 𝜎𝑠 =𝑐𝑜𝑛𝑠𝑡,  𝜎𝑠 < 𝑘. 
According to (19), a change in the boundary condition occurs at the instant of time 𝑡 =𝑡𝑠 = 𝜎0/𝛼. The jump in the boundary condition [𝜎𝑟𝜙(𝑟0, 𝑡𝑠)] = 𝜎𝑠 − 𝜎0 ≠ 0 causes the 

cylindrical shock wave 𝛴1, which location in space is determined by the equation 𝑟 = 𝑟1(𝑡) =𝑟0 + ∫ 𝐺(𝜉)𝑑𝜉𝑡𝑡𝑠 .  
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A shock wave is thought to be a surface of strong discontinuity, i.e. such a surface that 
displacements are continuous over it, while velocities and stresses suffer a finite discontinuity. 
The surface of strong discontinuity [48] could be interpreted as a limiting layer of thickness 𝛥𝑆 
(𝛥𝑆 → 0); within this layer velocities and stresses change from the values 𝑣𝑖+, 𝜎𝑖𝑗+ to the values 𝑣𝑖−, 𝜎𝑖𝑗−, remaining monotonic and continuous inside the layer. Across the surfaces of weak 

discontinuity that also emerge in what follows, stresses and velocities remain continuous, but 
some of their partial derivatives undergo a discontinuity. As is customary, the surface of weak 
discontinuity, across which a discontinuity in the first-order derivative of the velocity occurs, 
is called a weak wave of the first order or an acceleration wave. 

Thus, since the emergence of shock wave, the material of the deformable layer is divided 

into three parts. It keeps deforming reversibly in the region 𝑉(𝐸): 𝑚(𝑡) ≤ 𝑟 ≤ 𝑅, while 

viscoplastic flow proceeds in the region 𝑉(𝑃): 𝑟1(𝑡) ≤ 𝑟 ≤ 𝑚(𝑡). In the unloading domain 𝑉(1): 𝑟0 ≤ 𝑟 ≤ 𝑟1(𝑡) material deforms reversibly anew, but with previously accumulated 
unrecoverable strains. According to (28) and (29), the component of irreversible strains 𝑝𝑟𝜑(𝑟) 

alone is invariable upon unloading process 𝑝𝑟𝜑(𝑟) = 1𝜂 (𝑘𝜏1(𝑟) − 𝛼𝑟02𝜏12(𝑟)2𝑟2 − 𝑘2𝑟22𝛼𝑟02), (30) 

where 𝜏1(𝑟) = 𝑡𝑠 + ∫ 𝑑𝜉/𝐺(𝜉)𝑟𝑟0  is the time the wave front 𝛴1 reaches a position 𝑟. Other 

components of plastic strain tensor 𝑝𝑟𝑟(𝑟, 𝑡), 𝑝𝜑𝜑(𝑟, 𝑡) keep changing with time due to 

changing elastic strains 𝑒𝑟𝜙(𝑟, 𝑡). Hence, there is an internal redistribution between elastic and 

plastic strains; components 𝑝𝑟𝑟(𝑟, 𝑡), 𝑝𝜑𝜑(𝑟, 𝑡) can both increase and decrease in magnitude. 

Behind the unloading shock wave equations of motion may be written as 𝜕𝜎𝑟𝜑𝜕𝑟 + 2 𝜎𝑟𝜑𝑟 = 𝜌𝑟𝜓̈,  𝜕𝜎𝑟𝑟𝜕𝑟 + 𝜎𝑟𝑟−𝜎𝜑𝜑𝑟 = −𝜌𝑟𝜓̇2. (31) 

The former equation in (31) is meant for determining the kinematics of unloading 
deforming, while the latter can be used for calculating the additional hydrostatic pressure 𝑝(𝑟, 𝑡) 
based on the solution obtained for the function 𝜓(𝑟, 𝑡). Therefore, the boundary-value problem 
for the former equation in (31) should be solved first. From (11), (12), and (30), we get the 
following expression for the stress component 𝜎𝑟𝜑 𝜎𝑟𝜑 = 𝜇𝑟𝜓,𝑟 − 2𝜇𝜂 (𝑘𝜏1(𝑟) − 𝛼𝑟022𝑟2 𝜏12(𝑟) − 𝑘2𝑟22𝛼𝑟02). (32) 

Substituting (32) into the former equation in (31), we obtain a second-order partial 
differential equation of a hyperbolic type. The boundary conditions for such an equation will 
be the condition of displacement continuity across the unloading wave 𝑟 = 𝑟1(𝑡) and the 
friction condition at the boundary surface 𝑟 = 𝑟0, respectively [𝜓]|𝛴1 = (𝜓+ − 𝜓−)|𝑟=𝑟1(𝑡) = 0, (33) 𝜎𝑟𝜑(𝑟0, 𝑡) = −𝜎𝑠 . (34) 

Hereinafter, squire brackets denote the jump across the discontinuity surface for any 
function enclosed in them; 𝜓+ =   𝜓+(𝑟1(𝑡), 𝑡) and 𝜓− =   𝜓−(𝑟1(𝑡), 𝑡) are the values of 
function 𝜓(𝑟, 𝑡) just ahead of the discontinuity surface and immediately behind it, respectively. 

In an elastic/viscoplastic medium, irreversible strains are continuous across the 

discontinuity surface [𝑝𝑟𝜑] = 0 [48-50]. Therefore, the velocity 𝐺(𝑡) of the unloading shock 

wave can depend only on preliminary strains and jumps of reversible strains [42,50]. In all the 
previous relations, terms of third and higher powers of 𝑒𝑟𝜑 were omitted. If we restrict ourselves 

only to the preceding relations, we derive that the unloading wave speed is constant 𝐺 = √𝜇/𝜌 

and 𝜏1(𝑟) = 𝑡𝑠 + (𝑟 − 𝑟0)/𝐺. The equation of motion in this case takes the simplest form 𝜓,𝑟𝑟 + 3𝑟 𝜓,𝑟 − 𝜓̈𝐺2  =  2𝜂 ( 𝑘𝐺𝑟 − 𝛼𝑟02𝜏1(𝑟)𝐺𝑟3 + 2𝑘𝜏1(𝑟)𝐺𝑟2 − 𝑘2𝑟22𝛼𝑟02). (35) 
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Even such a simplified equation (35) is not exactly solvable. Therefore, we solve it 
approximately by means of the ray method subject to the boundary conditions (33) and (34). It 
is worth remarking that the ray method allows for solving the problem even without simplifying 
assumptions made. They are not required for the method. If one includes in (12) third and higher 
order powers of 𝑒𝑟𝜑, the velocity of the unloading shock wave 𝐺 will not be constant. Such a 

case for a nonlinear elastic medium was considered in [26-28,36-38]. A review of publications 
devoted to the features of applying the ray method to constructing approximate solutions of 
solid dynamics problems one can find in [35]. In the case being considered, to construct an 
approximate solution for equation (35) with boundary conditions (33) and (34), it is convenient 
to apply the ray method in its classical form, as it was proposed more than half a century ago 
[30]. In addition, since the ray is a curve invariably orthogonal to the discontinuity surface, for 
the problem in question it coincides with the coordinate axis 𝑂𝑟. 

The function 𝜓(𝑟, 𝑡) is continuous across the discontinuity surface [𝜓] = 0, but its 
derivatives and, hence, velocity, strains, and stresses undergo ordinary discontinuity. Let us 

introduce a ray series for the function 𝜔(𝑟, 𝑡) = 𝜓̇(𝑟, 𝑡) behind the unloading shock wave as 
follows 𝜔(𝑟, 𝑡) = 𝜔−|𝑡=𝜏1 + 𝜔̇−|𝑡=𝜏1(𝑡 − 𝜏1) + 12 𝜔̈−|𝑡=𝜏1(𝑡 − 𝜏1)2 + ⋯  =  =  (𝜔+ − [𝜔])|𝑡=𝜏1 + (𝜔̇+ − [𝜔̇])|𝑡=𝜏1(𝑡 − 𝜏1) + 12 (𝜔̈+ − [𝜔̈])|𝑡=𝜏1(𝑡 − 𝜏1)2 + ⋯. (36) 

Expansion (36) is Taylor's series in time t  about the instant of arrival of the wave front 
at a given point of space. The ray series for the stresses and the angle of twisting are written 
similarly to (36), and all the quantities desired are expressed in terms of jumps in the angular 

velocity and its derivatives [𝜕𝑛−1𝜔/𝜕𝑡𝑛−1] (𝜔 = 𝜓̇, 𝑛 = 1,2, … ). All the quantities ahead of 

the discontinuity surface (marked by index "+") are considered to be known. They are provided 
by the solution of the quasistatic problem on viscoplastic flow in the region 𝑟1(𝑡) ≤ 𝑟 ≤ 𝑚(𝑡). 
In order to calculate the jump of 𝜔(𝑟, 𝑡) and discontinuities of its derivatives of order n  over 
the shock wave, one should differentiate the former equation in (31) 𝑛 − 1 times with respect 
to time, then write the result on other sides of the discontinuity surface and take a difference of 
the expressions obtained employing geometrical and kinematical conditions of compatibility 
[14,32-34]. Thus, we obtain a system of first-order inhomogeneous linear differential equations 𝛿𝜉𝑛𝛿𝑡 + 3𝐺2𝑟1 𝜉𝑛 = 𝛷𝑛(𝑡, 𝑟1, 𝜉1, 𝜉2, … , 𝜉𝑛−1),  𝜉𝑛 = [𝜕𝑛𝜓𝜕𝑡𝑛 ]|Σ1 . (37) 

In (37), 𝛿/𝛿𝑡 is the 𝛿-derivative with respect to time (Thomas derivative [32]); 𝛷𝑛 is the 
recurrently calculated function that depends on discontinuities of lower-order derivatives, 
parameters of motion, and strain state ahead of the discontinuity surface Φ1 = 𝐺η𝑟1 (𝑘 − α𝑟02𝑡𝑟12 ) ,   Φ2 = α𝑟02𝐺η𝑟13 − 3𝐺2𝐴(1)8𝑟17/2 − 2𝑘𝐺2𝜂𝑟12 , (38) Φ3 = − 3𝐵(1)𝐺28𝑟17/2 + 15𝐴(1)𝐺364𝑟19/2 + 2𝑘𝐺3𝜂𝑟13 . 

Ordinary differential equations (37) are referred to as decay equations. The constants of 

integration 𝐴(1), 𝐵(1) and 𝐶(1) arising in turn at each step are determined by virtue of boundary 
condition (34). Condition (33) is automatically satisfied due to the structure of the ray series. 
Finally, we obtain the following relations behind the unloading shock wave  𝜉1 = 𝐴(1)𝑟13/2 + 2𝑘3𝜂 − 2𝛼𝑟02𝜂 ( 2𝐺𝑟1 − 𝑡𝑟12) , 𝜉2 = 𝐵(1)𝑟13/2 + 3𝐴(1)𝐺8𝑟15/2 − 4𝑘𝐺𝜂𝑟1 − 2𝛼𝑟02𝜂𝑟12 , (39) 𝜉3 = 𝐶(1)𝑟13/2 + 3𝐵(1)𝐺8𝑟15/2 − 15𝐴(1)𝐺2128𝑟17/2 − 4𝑘𝐺2𝜂𝑟12 , 
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𝜓(1)(𝑟, 𝑡) = 𝜓(𝑃)|𝑡=𝜏1 + (𝜓̇(𝑃) − 𝜉1)|𝑡=𝜏1(𝑡 − τ1) + 12 (𝜓̈(𝑃) − 𝜉2)|𝑡=𝜏1(𝑡 − τ1)2 + + 16 (𝜓(𝑃) − 𝜉3)|𝑡=𝜏1(𝑡 − τ1)3 + ⋯, 𝜎𝑟𝜑(1)(𝑟, 𝑡) = − 𝛼𝑟02𝜏1𝑟2 + 𝜇𝑟𝜉1(𝜏1)𝐺 + + (− 𝛼𝑟02𝑟2 − [𝜎̇𝑟𝜑(1)]|𝑡=𝜏1) (𝑡 − τ1) − 12 [𝜎̈𝑟𝜑(1)]|𝑡=𝜏1 (𝑡 − τ1)2 + ⋯, [𝜎̇𝑟𝜑(1)] = − 3𝜇2 𝜉1 − 𝜇r1𝐺 𝜉2 − 𝜇𝜂 (𝑘 − 𝛼𝑟02𝑡𝑟12 ), [𝜎̈𝑟𝜑(1)] = − 𝜇r1𝐺 𝜉3 − 3𝜇2 𝜉2 − 3𝜇𝐺8r1 𝜉1 + 3𝛼𝜇𝑟02𝐺𝑡4𝜂𝑟13 − 7𝑘𝜇𝐺4𝜂r1 + 3𝛼𝜇𝑟022𝜂𝑟12 , 
𝐴(1) = √𝑟0𝐺(𝜎0 − 𝜎𝑠)𝜇 + 2𝑟03/2𝜂 (2𝛼𝑟0𝐺 − 𝛼𝑡𝑠 − 𝑘3), 
𝐵(1) = 15𝐺2(𝜎𝑠 − 𝜎0)8𝜇√𝑟0 + √𝑟0𝐺(13𝑘 + 7𝜎0)4𝜂 + 𝛼√𝑟0𝐺𝜇 + 𝛼𝑟03/22𝜂 , 
𝐶(1) = − 15𝐺𝐵(1)8𝑟0 − 105𝐺2𝐴(1)128𝑟02 + 8𝑘𝐺2𝜂√𝑟0 + 6𝛼𝐺√𝑟0𝜂 . 

The superscript "(1)" indicates that the value refers to the domain 𝑉(1): 𝑟0 ≤ 𝑟 ≤ 𝑟1(𝑡). 
Calculations according to the above recurrent scheme can be continued if necessary. For 
instance, by calculating 𝛷4(𝑡, 𝑟1) and writing down the decay equation for 𝜉4(𝑡), we can solve 
the initial-boundary value problem for this ordinary differential equation and so on. Here we 
restrict ourselves to three steps of the method. 

Solution (39) is valid up to the instant 𝑡 = 𝑡𝑚, at which the unloading wave encounters 
elastic-plastic boundary 𝑟 = 𝑚(𝑡) 𝑡𝑚 = 𝑡𝑠 + 12𝐺2 (𝛼𝑟02𝑘 − 2𝑟0𝐺 + √4𝛼𝑟02𝐺𝑘 (𝐺𝑡𝑠 − 𝑟0) + 𝛼2𝑟04𝑘2 ). (40) 

Figures 1-3 show the distribution of the shear stress 𝜎𝑟𝜑(𝑟, 𝑡), angle of twisting 𝜓(𝑟, 𝑡), 

and angular velocity 𝜔(1)(𝑟, 𝑡) (2a) at the instant 𝑡 = 𝑡𝑚 the wave 𝛴1 encounters elastic-plastic 
boundary. Figure 2(b) depicts the variation of unloading wave intensity with time. Here, we 
consider the case when the region with irreversible deformations is much narrower than the 
elastic one and makes up approximately 1/5 of the layer thickness. The calculation was carried 

out for the following values of the constants: 𝜌0 = 8.96 × 103 kg×m3, 𝜇 = 41.5 GPa, 𝑘 = 68.5 
MPa, 𝜂 = 4.83 GPa×s, 𝜎0 = 71.5 MPa, 𝜎𝑠 = 58.2 MPa, 𝑅/𝑟0 = 1.1, 𝛼 = 6343 Pa/s. 

 

 
Fig. 1. Shear stress 𝜎𝑟𝜑 distribution at the moment 𝛴1 encounters elastic-plastic boundary 𝑟 = 𝑚∗ 
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Fig. 2. Angular velocity 𝜔(1) distribution at the moment 𝛴1 encounters elastic-plastic 

boundary 𝑟 = 𝑚∗ (a); variation of unloading wave intensity with time (b) 
 

 
Fig. 3. Angle of twisting 𝜓 distribution at the moment 𝛴1 encounters elastic-plastic boundary 𝑟 = 𝑚∗ 

 
Reflection of the unloading wave from the elastic-plastic boundary 

At the point of time 𝑡 = 𝑡𝑚, plastic flow ceases, and the region with accumulated irreversible 

strains is bounded by the surfaces 𝑟 = 𝑟0 and 𝑟 = 𝑚∗, where 𝑚∗ = 𝑚(𝑡𝑚) = 𝑟0√𝛼𝑡𝑚/𝑘. At 

exactly the same time from the surface 𝑟 = 𝑚∗ two discontinuity surfaces, the surface 𝛴2: 𝑟2 =𝑚∗ − 𝐺(𝑡 − 𝑡𝑚), and 𝛴3: 𝑟3 = 𝑚∗ + 𝐺(𝑡 − 𝑡𝑚), start propagating in opposite directions to the 
inner and to the outer cylinder respectively (Fig. 4).  
 

 
Fig. 4. Wave pattern after reflection of unloading wave from elastic-plastic boundary 𝑚∗ 
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In the region with accumulated irreversible strains motion of the medium is governed by 
equation (35), while in the region of reversible deformation the equation of motion reads 𝜓,𝑟𝑟 + 3𝑟 𝜓,𝑟 − 𝜓̈𝐺2 = 0. (41) 

Boundary conditions for equations (35) and (41) are the condition of continuity of 
displacements across 𝛴2: 𝑟 = 𝑟2(𝑡) and 𝛴3: 𝑟 = 𝑟3(𝑡) as well as matching displacements and 
their derivatives at the elastic-plastic boundary 𝑟 = 𝑚∗. The latter ensures the smoothness of a 
solution in the domain between 𝛴2 and 𝛴3 at each instant of time beyond 𝑡𝑚 [𝜓]|Σ2 = [𝜓]|Σ3 = 0,      𝜓(2)|𝑚∗ = 𝜓(3)|𝑚∗ ,     𝜓,𝑟(2)|𝑚∗ = 𝜓,𝑟(3)|𝑚∗ . (42) 

As above, a superscript in parentheses indicates the value is calculated in the region 
behind the wave with a corresponding number. The solution for the desired function 𝜔(𝑟, 𝑡) 
behind the waves 𝛴2 and 𝛴3 is represented by the ray series similar to (36) 𝜔(2) = (𝜔(1) − 𝜂1)|𝜏2 + (𝜔̇(1) − 𝜂2)|𝜏2(𝑡 − 𝜏2) + 12 (𝜔̈(1) − 𝜂3)|𝜏2 (𝑡 − 𝜏2)2 + ⋯,  (43) 𝜔(3) = (𝜔(𝐸) − 𝜁1)|𝜏3 − 𝜁2|𝜏3(𝑡 − 𝜏3) − 12 𝜁3|𝜏3(𝑡 − 𝜏3)2 + ⋯, (44) 𝜂𝑖 = [𝜕𝑖𝜓𝜕𝑡𝑖 ]|Σ2 ,    𝜏2 = 𝑡𝑚 + (𝑚∗ − 𝑟) 𝐺⁄ , 𝜁𝑖 = [𝜕𝑖𝜓𝜕𝑡𝑖 ]|Σ3 ,    𝜏3 = 𝑡𝑚 + (𝑟 − 𝑚∗)/𝐺.  

Differential equations for the ray series coefficients can be obtained in accordance with 
the procedure described in Section 4. After integration, we substitute the result into (43), (44), 
compare it with the boundary conditions (42), and obtain the desired solution 𝜓(2)(𝑟, 𝑡) = 𝜓(1)|τ2 + 𝜔(1)|τ2(𝑡 − τ2) + 12 𝜔̇(1)|τ2(𝑡 − τ2)2 + (45) + 16 (𝜔̈(1)|τ2 − 𝜂3(𝜏2)) (𝑡 − τ2)3 + ⋯,  𝜎𝑟𝜑(2)(𝑟, 𝑡) = 𝜎𝑟𝜑(1)|τ2 + 𝜎̇𝑟𝜑(1)|τ2(𝑡 − τ2) + 12 (𝜎̈𝑟𝜑(1)|τ2 − 𝜇𝑟𝐺 𝜂3(𝜏2)) (𝑡 − τ2)2 + ⋯, 𝜓(3)(𝑟, 𝑡) = 𝜓(𝐸)|τ3 + (𝜔(𝐸)|τ3 − 𝜁1(τ3)) (𝑡 − τ3) − 12 𝜁2(τ3)(𝑡 − τ3)2 − (46) − 16 𝜁3(τ3)(𝑡 − τ3)3 + ⋯, 𝜎𝑟𝜑(3)(𝑟, 𝑡) = − 𝛼τ3𝑟02𝑟2 + 𝜇𝑟𝐺 𝜁1(τ3) + (− 𝛼𝑟02𝑟2 + 3𝜇2 𝜁1(τ3) + 𝜇𝑟𝐺 𝜁2(τ3)) (𝑡 − τ3) + 

+ 𝜇𝑟2𝐺 (𝜁3(τ3) + 3𝐺2𝑟 𝜁2(τ3) + 3𝐺28𝑟2 𝜁1(τ3)) (𝑡 − τ3)2 + ⋯, 
𝜂1 = 𝜂2 = 0, 𝜂3 = 𝐶(2)𝑟23/2  , 𝜁1 = 𝐴(3)𝑟33/2 , 𝜁2 = 𝐵(3)𝑟33/2 + 3𝐺𝐴(3)8𝑟35/2  ,   
𝜁3 = 𝐶(3)𝑟33/2 + 3𝐺𝐵(3)8𝑟35/2 − 15𝐴(3)𝐺2128𝑟37/2 , 
𝐴(2) = 𝐵(2) = 0, 𝐶(2) = 𝛼2𝑟042𝜂𝑘𝑚∗5/2 + 𝑘𝐺22𝜂√𝑚∗ − 3𝐺𝛼𝑟024𝜂𝑚∗3/2, 
𝐴(3) = 𝐴(1) + 4√𝑚∗𝜂 (23 𝑘𝑚∗ − 𝛼𝑟02𝐺 ) , 𝐵(3) = 𝐵(1) − 5𝑘𝐺√𝑚∗𝜂 − 𝛼𝑟022𝜂√𝑚∗, 𝐶(3) = 𝐶(1) − 𝛼2𝑟042𝜂𝑘𝑚∗5/2 − 21𝑘𝐺216𝜂√𝑚∗ − 33𝛼𝑟02𝐺32𝜂√𝑚∗. 
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As it follows from (45)-(46) 𝛴3 is a shock wave, while 𝛴2 is a weak wave of second order 
across which stresses and velocities remain continuous, but an acceleration derivative jump 
occurs. In view of the fact the region with irreversible strains occupies a small part of the layer, 𝛴2 will reflect from the cylinder wall 𝑟 = 𝑟0 before 𝛴3 reaches 𝑟 = 𝑅. The reflection causes 
propagation of the weak wave of second order 𝛴4: 𝑟4 = 𝑟0 + 𝐺(𝑡 − 𝑡𝑟), 𝑡𝑟 = 𝑡𝑚 +(𝑚∗ − 𝑟0)/𝐺. If we restrict ourselves by cubic terms in the ray solution no new discontinuities 
occur when 𝛴4 travels through the elastic-plastic boundary 𝑟 = 𝑚∗, but the calculation of 
preliminary deformations is implemented differently on the left/right of the elastic-plastic 
boundary. Preliminary deformations are given by the solution behind 𝛴2 in the region 𝑟0 ≤ 𝑟 ≤𝑚∗ and by the solution behind 𝛴3 in the region 𝑚∗ ≤ 𝑟 ≤ 𝑟3(𝑡). Let us write down the solution 
behind the wave 𝛴4 𝜓(4)(𝑟, 𝑡) = 𝜓(𝑖)|𝜏4 + 𝜔(𝑖)|𝜏4(𝑡 − 𝜏4) + 12 𝜔̇(𝑖)|𝜏4(𝑡 − 𝜏4)2 + (47) + 16 (𝜔̈(𝑖)|𝜏4 − 𝜃3(𝜏4)) (𝑡 − 𝜏4)3 + ⋯, 𝜎𝑟𝜑(4)(𝑟, 𝑡) = 𝜎𝑟𝜑(𝑖)|𝜏4 + 𝜎̇𝑟𝜑(𝑖)|𝜏4(𝑡 − 𝜏4) + 12 (𝜎̈𝑟𝜑(𝑖)|𝜏4 + 𝜇𝑟𝐺 𝜃3(𝜏4)) (𝑡 − 𝜏4)2 + ⋯,  𝜃3 = [𝜔̈]|𝛴4 = 𝐶(2)𝑟43/2 ,   𝜏4 = 𝑡𝑟 + (𝑟 − 𝑟0)/𝐺, 
in which 𝑖 = 2 in the region 𝑟0 ≤ 𝑟 ≤ 𝑚∗ and 𝑖 = 3 in the region 𝑚∗ ≤ 𝑟 ≤ 𝑟3(𝑡). The next 
change in the wave pattern occurs when the wave 𝛴3 reflects from the outer boundary   𝑟 = 𝑅 
in the form of shock wave 𝛴5: 𝑟5 = 𝑅 − 𝐺(𝑡 − 𝑡𝑅), 𝑡𝑅 = 𝑡𝑚 + (𝑅 − 𝑚∗)/𝐺. There are no 
difficulties to calculate the stress-strain pattern behind 𝛴5 by means of the algorithm described 
and boundary condition (1) at the surface 𝑟 = 𝑅, preliminary deformations ahead 𝛴5 are 
prescribed by (46). Further, upon weak wave 𝛴4 and shock wave 𝛴5 interaction at the instant 𝑡̃ = 𝑡𝑚 + (𝑅 − 𝑟0)/𝐺 wave pattern remains unchanged, but from this moment one has to take 
into account that stress-strain state ahead 𝛴4 is determined by the solution behind 𝛴5 while 
preliminary deformations for the wave 𝛴5 are determined according to (47). 

At this point the analytical study is considered complete, and the calculation of the further 
deforming, if necessary, it is advisable to carry out numerically, using the analytical expressions 
obtained to approximate the solution at the nodes of the near-front domain. 

 
Concluding remarks 

The research conducted broadens our insight into the processes occurring in the material under 
complex deforming within a wide strain rate range. The problem considered features a two-
stage deforming mechanism. In the first stage which involved slow loading of a cylindrical 
elastic/viscoplastic layer the exact solution of the corresponding boundary-value problem in the 
scope of large deformation theory has been obtained by applying the quasistatic approach. In 
the second stage calculation of the dynamic unloading triggered by instantaneous stress drop 
below the yield limit at the material and the rigid wall interface has been implemented. This 
event induced the cylindrical unloading shock wave, across which the plastic strain rate 
vanishes instantly and the viscoplastic flow ceases. Upon its reflection from the elastic-plastic 
boundary, a weak wave, propagating over the region with accumulated time invariable 
irreversible deformations, and a shock wave, moving over the elastic region, have been formed. 
Further unsteadiness in the layer is associated with the reflection of these waves from the 
instrument walls and the elastic-plastic boundary. 

The solution to the dynamic problem has been constructed by means of truncated ray 
expansions about the time of the disturbance arrival at a given point of a domain. This method 
has allowed us to calculate the stress-strain state behind the discontinuity surfaces arising in the 
least cumbersome manner avoiding a need to solve the partial differential equation (which 



On the unloading dynamics in an elastic/viscoplastic material predeformed by viscometric twisting  81 

cannot be integrated exactly in the case of axial symmetry), but reducing the problem of 
integrating a system of ordinary differential equations of the first order that determine the 
change of velocity jump and the jumps of its time-derivatives up to the second order over the 
wave fronts. Higher-order jumps can be determined according to the same algorithm with no 
major difficulties except for increasing computational load. 

However, some limitations are worth mentioning. First of all, truncated ray series 
demonstrate a close approximation to the solution only in the vicinity of the wave front, which 
is well applicable for narrow layers, as is one considered afore, and for short time range elapsed 
after the moment of wave motion commence. To construct a uniformly valid solution for a 
domain of a more considerable extent, methods of regularization of ray expansions can be 
applied, both analytical [35] and numerically analytical [26-28]. In the latter case, the analytical 
solution is incorporated into a numerical finite-difference scheme. 

Second of all, the unloading wave velocity turned out to be constant owing to allowing 
the reversible strains to be small. In the case of finite strains situation is more complicated; the 
shock wave velocity and in turn the location of the wave front will be affected by strains ahead 
of the wave and discontinuities amplitudes, and the evolution behavior of the discontinuity of 
each order is coupled with that of higher order. In addition, the wave pattern becomes more 
intricate because two shear shock waves will appear in a prestrained medium: plane and 
circularly polarized ones. 

Nevertheless, despite the noted limitations, the results of the present work lay the 
groundwork for studying more complex unsteady boundary-value problems involving large 
deformations. 
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Abstract. A high content of mechanical impurities in the gas flow causes intense gas-abrasive 

wear of the pipe surface, especially at the pipe bends and shut-off valves. To assess the effect 

of gas flow rate on the failure rate of piping elements, an installation, and a test procedure 

were designed. The test result was evaluated by the value of the intensity of linear wear of the 

material, related to the amount of abrasive that was projected on the sample for the entire time 

of testing. Based on the results obtained, materials were identified that have minimal wear 

when the gas flow is shut off and when the abrasive carrying gas flow rate changes from 

24 m/s to 48 m/s. Steel 20 showed better wear resistance compared to steel 09G2S, but an 

increase in the flow rate leads to an increase in wear intensity. 
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Introduction 

According to the requirements of state regulatory documents (GOST 54808-2011 "Pipeline 

valves. Leakage rates of valves" [1]) and regulatory documents of organizations (STO 

Gazprom 2-4.1-212-2008 "General technical requirements for pipeline valves supplied to the 

facilities of OAO Gazprom" [2]) for shutoff and control valves, the concentration of 

mechanical impurities in the natural gas flow transported in main and branch pipelines should 

not exceed 0.010 g/m3. An analysis of the contaminants deposited on the filters and in the 

cavity of the shutoff valves shows that the content of solid particles in the main gas can 

significantly exceed the specified requirements. Such an increase in the proportion of 

mechanical impurities in the gas flow is observed during the commissioning of sections of 

main pipelines after their repair, as well as during the period of intensive gas extraction from 

underground storage facilities. The composition of impurities includes abrasive particles, 

corrosion products of pipe metal, welding slag, and other contaminants [3]. The size of 

individual crystalline particles is in a wide range from 10 to 500 microns, which is shown in 

Fig. 1, and the chemical composition determined by X-ray fluorescence analysis is presented 

in Table 1. 
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Fig. 1. Photograph of the appearance of various types of contaminants in the main gas  

 
Table 1. Chemical composition of mechanical impurities 

Element 
Element content, % 

1 2 3 

Fe 53.89 68.87 56.71 

S 6.40 6.97 1.94 

Ba 4.05 7.11 4.30 

Si 24.03 3.53 14.57 

Na 1.45 2.00 1.85 

Ca 2.52 2.09 10.38 

Mn 1.14 1.03 1.53 

Al 1.55 1.14 1.62 

Cl 0.466 0.536 0.291 

K 0.632 0.504 0.661 

Mg 0.434 0.385 0.517 

Ti 0.251 0.162 0.263 

 

Getting into the flow of the transported gas, mechanical impurities cause gas-abrasive 

wear of the pipe walls on the pipeline bends and seals of shutoff and control valves when the 

flow is blocked. The most significant gas-abrasive wear is manifested during the operation of 

the piping of compressor (CS) and gas distribution (GDS) stations. The process pipelines of 

these gas pipeline infrastructure facilities have a large number of bends, and ball valves with 

polymer seals are mainly used to shut off the gas flow [4]. 

The purpose of this work was to study the effect of gas-abrasive wear on the 

development of failures of piping elements depending on the speed of the gas flow. 

 

Testing method 

The essence of the laboratory research on gas-abrasive wear was to test samples of steel and 

polymer materials subject to a stream of abrasive particles moving at a fixed speed in a gas 

medium at a given angle to the surface and to determine its wear indicators. 

For testing, round quartz sand of 0.1-0.3 mm fineness was selected as an abrasive, the 

composition and properties are presented in Table 2. 

Steel 20 and 09G2S were chosen to study the gas-abrasive resistance of the metal of CS 

and GDS process piping. Of the most widely used sealing materials for ball valves, we tested 

such materials as F4 fluoroplastic, F4K20 fluoroplastic, caprolon, paronite. 
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Table 2. Characteristics of quartz sand 

Composition 

Clay component content  less than 1 % 

Iron oxide content (Fe2O3) less than 1 % 

Silicon oxide content (SiO2) 95-99.8 % 

Properties of quartz sand 

Class of use by radioactivity 1 

Mohs hardness 7 

Bulk density (specific gravity) 1480 kg/m3 

 

When choosing a test scheme, standardized test methods were considered in accordance 

with GOST 23.201-78 and GOST 23.208-79 [5,6]. The main requirement for the test setup 

was to ensure uniform distribution of the abrasive over the cross-section of the gas flow and 

maintain a given angle of attack over the entire cross-section of the sample. The use of a 

centrifugal accelerator according to [5] does not allow the formation of a uniform distribution 

of particles along the flow due to the deflecting action of the centrifugal force. Installation 

according to [6] does not provide the possibility of abrasive supply at different angles. 

Therefore, for the testing, we used a setup that simulates the movement of a gas-abrasive flow 

in a pipeline. The scheme and appearance of the testing installation for gas-abrasive wear are 

shown in Fig. 2. 

 

а) b)   
Fig. 2. Gas-abrasive wear test installation: a) design: 1 – sample, 2 – sample swivel holder,  

3 – accelerating tube, 4 – feeder, 5 – mixing chamber, 6 – supply tube, 7 – air supply fitting, 

b) photograph of the external view 

 

The principle of operation of the installation is as follows: the abrasive from feeder 4 is 

fed through supply tube 6 into mixing chamber 5, where it is picked up by air, which is 

supplied to the chamber through fitting 7. The resulting gaseous mixture enters sample 1 

through pipe 3. The angle of inclination of sample 1 relative to the abrasive flow is fixed by 

sample holder 2 and changes from 15° to 90°. 

The samples are flat rectangular plates of 110×30×4 mm in size. 

The swivel holder allows deflecting and fixing the sample relative to the gas-abrasive 

flow. The front part of the setup with the holder, the sample, and the outlet end of the 

accelerating tube were placed in a sandblasting chamber (Fig. 2(b)), which was used to limit 

the projection and collect the waste abrasive. 

The main adjustable test parameters are the gas-abrasive flow rate, the abrasive 

consumption per unit time, the time of a single test, and the angle of attack [7,8]. To assess 

the effect of the gas-abrasive flow rate on the wear process, studies were carried out at 24 m/s 

and 48 m/s [9,10]. The flow rate was controlled by the air pressure in the supply network and 
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measured using a VMA-1 digital anemometer before the abrasive was supplied. The angles of 

attack of the gas-abrasive flow with respect to the surface of the sample were chosen based on 

the data described in [11-16] and amounted to 15°, 45°, and 90°. The amount of abrasive (q) 

for a single test was taken equal to 2 kg 700 g. The time of a single test cycle (t) was taken to 

be 1.0 hour for a rate of 24 m/s and 30 minutes for a rate of 48 m/s. Since the air flow rate 

changed during the experiment, in order to obtain comparable wear values, it was decided to 

use the same concentration of abrasive particles per unit volume of air equal to 90 g/m3, 

which ensured contact of the samples with a fixed amount of abrasive per test cycle. 

Accordingly, the abrasive consumption was 0.75 g/s for a flow rate of 24 m/s and 1.45 g/s for 

a flow rate of 48 m/s. 

The location of the samples during testing at different angles to the gas-abrasive flow 

leads to a change in the contact area. Table 3 presents the values of the actual area of the 

samples in contact with the gas-abrasive flow when they were located at a fixed angle of 

attack with respect to the flow axis. 

 

Table 3. Sample area for different angles of attack 

Angle of attack 90° 45° 15° 

Sample area, mm2 314 440 1209 

 

The value of wear of the samples before and after testing was determined by the 

gravimetric method on an electronic balance HTR-120 CE with an accuracy of 0.0001 g. The 

test result was evaluated: 

- with respect to the specific mass loss: М𝑛 = 𝑚1−𝑚2𝐹 ; (1) 

- with respect to the intensity of linear wear of the material related to the amount of 

abrasive that got on the sample for the entire time of testing according to the following 

formula: 𝐼𝑛 = 𝑚1−𝑚2𝜌∙𝐹∙𝑞 , (2) 

where ρ – material density, g/mm3, (in the calculation, the following density values of 

materials were taken: 1.6-2.0 g/cm3 for paronite (PON grade according to GOST 481-80), 

2.18 g/cm3 for fluoroplastic (F4 grade according to GOST 10007-80), 2.17 g/cm3 for carbon-

filled fluoroplastic (F4K20), 1.15–1.16 g/cm3 for caprolon (PA-6), 7.8 g/cm3 for steel);  

F – sample surface area, mm2; q – amount of abrasive during testing, kg. 

 

Discussion of test results 

The results of testing steels for gas-abrasive wear at different flow rates are presented in 

Table 4 in terms of specific mass loss, and in Fig. 4 in terms of linear wear intensity. 

 

Table 4. Specific mass loss of samples to abrasive mass at different gas-abrasive flow rates 

(g/kg) 

Angle of attack, deg 

Researched Materials 

paronite fluoroplast 

carbon-

filled 

fluoroplast 

caprolon Steel 09G2S Steel 20 

Gas-abrasive flow rate 24 m/s 

15 0.003 0.002 0.001 -0.004 0.008 0.007 

45 0.045 0.008 0.017 -0.008 0.062 0.018 
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90 0.018 0.004 0.001 -0.015 0.052 0.008 

Gas-abrasive flow rate 48 m/s 

15 0.088 0.006 0.006 -0.004 0.027 0.017 

45 0.203 0.123 0.120 0.002 0.089 0.059 

90 0.391 0.014 0.128 -0.016 0.079 0.027 

 

 
Fig. 4. Dependences of the change in the wear intensity of pipe steels at a gas-abrasive flow 

rate of 24 m/s and 48 m/s 

 

As can be seen from the data obtained for the steel pipes, the highest wear intensity is 

observed at an attack angle of 45°. An increase in flow rate from 24 m/s to 48 m/s has a more 

significant effect on steel 20: its increase in wear intensity at angles of attack of 45° and 90° 
was more than 3 times compared to a 1.5 times increase in 09G2S. However, at the same 

time, Steel 20 showed better wear resistance compared to Steel 09G2S both at a gas flow rate 

of 24 m/s and 48 m/s. Which agrees well with the data from [17, 18]. 

Graphs of changes in the wear intensity of sealing materials are shown in Fig. 5. 
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a) 

 
b)  

Fig. 5. Dependences of changes in the wear intensity of sealing materials at a gas-abrasive 

flow rate of a) 24 m/s, b) 48 m/s 

 

Analysis of the obtained data shows that the maximum wear intensity is observed in 

paronite. Carbon-filled fluoroplastic has lower wear resistance compared to F4K fluoroplastic. 

Caprolon shows a tendency to abrasive charging and shows weight gain at all angles of attack. 

Increasing the gas flow rate to 48 m/s leads to an increase in the wear intensity for all 

studied sealing materials. Paronite demonstrated the greatest increase in wear intensity with 

an increase in the gas-abrasive flow rate by 22-30 times. At the same time, at a gas flow rate 

of 24 m/s, the maximum wear is achieved at an angle of attack of 45°; with an increase in the 

gas flow rate to 48 m/s, the maximum wear shifts to 90°. Carbon-filled fluoroplastic 

demonstrated a significant increase and a similar trend in the change of wear intensity. Only 

for caprolon, the values of mass had practically no change.  

Method for calculating the service life of piping bends and ball valve seals in 

contact with a gas-abrasive flow. The wear of piping bends in contact with a high-velocity 

gas flow-carrying abrasive should be evaluated to prevent wall thinning above the regulated 

level. The value of the ultimate wear of the pipeline wall is determined by the formula: ∆𝛿𝑖 = 𝛿𝑖 − 𝛿𝑎𝑙𝑙𝑖, (3) 

where ∆δi – maximum wear of the wall of the ith piping bend, mm; δall
i – minimum allowable 

thickness of the wall of the ith piping bend, mm; δi – nominal thickness of the wall of the ith 

piping bend, mm. 

Using the experimental values of the pipe metal wear intensity at the most aggressive 

angle of attack of the gas-abrasive flow, the maximum allowable operation time determined 

by the number of months of the operation can be calculated using the following relationship: Т𝐵𝑖 = ∆𝛿𝑖𝑡∙𝑞∙𝐼𝑔/𝑎∙𝑄𝐴 = ∆𝛿𝑖720∙𝑞∙𝐼𝑔/𝑎∙𝑄𝐴, (4) 

where ТB
i – maximum allowable service life of a piping bend, mth; Ig/a – maximum intensity 

of gas-abrasive wear of the piping bend depending on the material, mm/kg; QA – actual 

pipeline performance, m3/h; q – abrasive content in the gas flow, kg/m3, t – duration of a 

single period taken equal to 1 month (720 hours). 

The impact of the gas-abrasive flow on the performance of ball valves is assessed by the 

amount of leakage in the shut-off body. The destruction of the ball valve seals subject to the 
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gas flow carrying the abrasive leads to a loss of tightness and a gradual transition from class 

A according to GOST 54808-2011 "Pipeline valves. Leakage rates of valves" to tightness 

class D regarded as the limit for gas systems in accordance with STO Gazprom 2-4.1-406-

2009 "Methodology for assessing the life of shut-off and control valves of main gas 

pipelines". The maximum allowable gap areas for shut-off valves of different nominal 

diameters, corresponding to the specified tightness classes, are presented in Table 5.  

 

Table 5. The area of the shut-off valve gap at the maximum allowable leakage 

Nominal diameter 
Cross-sectional area of the gap at maximum allowable leakage at 

nominal pressure (F), mm2 

DN 65 0.0233 

DN 80 0.0287 

DN 100 0.0359 

DN 125 0.0449 

DN 150 0.0538 

DN 200 0.0718 

DN 250 0.0897 

DN 300 0.1077 

DN 350 0.1256 

DN 400 0.1435 

DN 500 0.1794 

DN 600 0.2153 

DN 700 0.2512 

 

The increase in the area of the gap in the shut-off body of ball valves mainly occurs in 

the process of shutting off the flow and is determined by the friction of the surface of the shut-

off element against the seal and the action of the gas flow carrying the abrasive. The 

maximum allowable number of cycles of repositioning the ball valve shutter when the gas-

abrasive flow is shut off can be determined by the following formula: 𝑛𝑚𝑎𝑥𝑖 = ∆𝐹∙𝑏∙𝜌𝑠𝑒𝑎𝑙𝑖𝑔/𝑎∙𝑞∙𝑄𝐴∙𝑡, (5) 

where nmax
i – maximum allowable number of cycles of repositioning the ball valve shutter 

operating in contact with the abrasive-carrying gas flow, cycles; ig/a – mass gas-abrasive wear 

intensity of ball valve seals, g/kg (Table 6); b – shut-off valve sealing width, mm (in the 

absence of data on the design of ball valves, the sealing width is assumed to be 3–5 mm);  

seal – seal material density respectively, g/mm3; t – duration of a single cycle of repositioning 

the shutoff valve shutter, h (Table 7).  

 

Table 6. Mass intensity of gas-abrasive wear of sealing materials of valves 

Material 
Mass intensity of gas-abrasive wear (ig/a), g/kg 

at flow rate of 24 m/s at flow rate of 48 m/s 

paronite 0.0709 0.4389 

fluoroplast 0.0125 0.1936 

carbon-filled fluoroplast 0.02 0.1432 

caprolon 0 0.0024 
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Table 7. The duration of a single cycle of shifting the shutter of valves with a manual gearbox 

or manual override is within STO Gazprom 2-4.1-212-2008 "General technical requirements 

for pipeline valves supplied to the facilities of OAO Gazprom". 

Size 
The duration of a single cycle of shifting, h 

seconds hours 

DN 50–150 60 0.016667 

DN 200–400 180 0.05 

DN 500–700 600 0.166667 

DN 1000 900 0.25 

 

An assessment of the influence of the gas flow rate on the remaining service life of 

shut-off valves for the pipeline section of a gas distribution station using the example of a 

flanged ball valve (Dn200, Ru 40, 11nzh67p) showed that with an increase in the gas flow 

rate containing a regulated mass concentration of mechanical impurities in the gas equal to 

0.001 g/m3, from 24 m/s to 31 m/s, the number of valve repositioning cycles was reduced 

from 1035 cycles to 809. A 20% reduction in the service life of shut-off valves shows the 

need to take into account the effect of gas flow rate when assessing the intensity of gas-

abrasive wear of piping. 

 

Conclusions 

Based on the research, the following conclusions can be drawn: 

1. The presence of mechanical impurities in the natural gas flow leads to gas-abrasive wear, 

which is most significantly manifested in the piping bends of the CS and GDS and seals of 

valves due to the contact with the gas flow at variable angles from 15° to 90°. 
2. The most intensive wear of the pipeline bends made of steels 20 and 09G2S is observed at 

an angle of attack of 45°. Steel 20 showed better wear resistance compared to steel 09G2S, 
but an increase in the gas flow rate from 24 m/s to 48 m/s contributes to a more significant 

increase in its wear intensity. 

3. The minimum wear of the shut-off valve seals when the abrasive carrying gas flow is shut 

off is observed in caprolon. Carbon-filled fluoroplast has lower resistance to gas-abrasive 

wear compared to F4K fluoroplast. 

4. Increasing the gas flow rate from 24 m/s to 48 m/s leads to an increase in the wear intensity 

for all studied sealing materials. At the same time, for carbon-filled fluoroplast and paronite, 

the wear maximum shifts from 45° to 90°. 
5. The application of the proposed calculation technique makes it possible to take into account 

the influence of such characteristics as the gas flow rate and the abrasive content on the 

service life of piping bends and ball valve seals in contact with the gas-abrasive flow. 
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Abstract. The description of the mass transfer mechanisms in various physical and 
engineering fields, e.g., Li-ion batteries, is of significant importance for optimizing their 
performance. The present work introduces a comparative study describing the different 
responses of a perfectly elastic material when different non-Fickian diffusion situations are 
considered. The uncoupled theory of elastic diffusion, in which the diffusion process is 
described by non-Fickian laws, such as Cattaneo, Jeffreys-type, and Burgers-type constitutive 
laws, is employed in this modeling. The diffusion of lithium ions inside the silicon anode is 
one of the physical situations in which diffusion-induced stresses may be significant. An 
impulsive initial value problem, consisting of an initial lithium ions amount that starts 
impulsively to diffuse over the entire space of a silicon material, is considered. Direct 
approach together with Laplace and exponential Fourier transforms techniques are employed 
to obtain the solution in the Laplace transformed domain. The inverse Laplace transform is 
computed numerically to obtain the solution in the physical domain. Comparisons among the 
material responses to different diffusion regimes are presented. 
Keywords: Cattaneo equation, Jeffreys equation, linear elasticity, lithium-ion batteries, 
impulsive problem 
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Introduction 
In the middle of the last century, Nabarro [1] suggested that the self-diffusion within the 
grains of a polycrystalline solid can cause the solid to "Yield", resulting in a change in the 
shape of the solid crystal. Herring [2] developed an underlying theory, based on Nabarro's 
suggestion, and presented the calculations of the rate of creeping. Generally speaking, the 
diffusion of solute atoms or molecules in solid materials, for example, gases in metal and 
lithium ions in the battery, creates diffusion-induced stress (or chemical stress) [3,4] and may 
cause fracture or dislocation of the local structure of the solvent [5]. Prussin [3] was the first 
author who referred to some estimates of the phenomenon of diffusion-induced stress.  
As for the diffusion and chemical stress interactions, Li [4] studied the stress-induced 
diffusion model in elastic materials. Yang [6] presented a diffusion equation based on the 
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effect of stress-induced diffusion and established a relationship between hydrostatic stress and 
the concentration of solute atoms, see also [7-10]. All these works altered the original 
structure of Fick's first law by replacing the concentration with the chemical potential. In this 
setting, they expressed the non-Fickian diffusion induced by the lattice distortions, in other 
words, the coupling between lattice stresses and diffusion. Although the fundamental 
hypothesis, in some works, is the coupling between stresses and diffusion, i.e., stress-induced 
diffusion and diffusion-induced stress, it seems that neglecting the inertial term in the 
conservation of momentum leads eventually to uncoupling elastic diffusion (diffusion-
induced stress), see e.g., [11]. 

One of the early investigations that had shed light on the stress distributions resulting 
from possible non-Fickian mass diffusion mechanisms is the work of Povstenko [12], where 
the author expressed this anomaly by applying a fractional diffusion-wave equation and 
examined the effect of this non-Fickian diffusion on the stresses with disregarding the reverse 
effect of solvent's strain gradient on the diffusing particle flux (i.e. chemical potential is itself 
the concentration), see also the monograph [13] for further perspectives and applications.  

Normal diffusion processes described by the second Fick’s law, owning the fame linear 
time-dependence law of the mean-squared displacement (MSD) of the diffusive substance 〈𝑥2(𝑡)〉 ∝ 𝑡, is not dominant in all diffusion situations. Instead, fluorescence spectroscopy 
experiments [14] and computer simulations [15] showed a non-linear behavior for the MSD, 
such as ballistic behavior in the short time, or crossover from linear in the short time to non-
linear in the intermediate time. We further refer the reader to the comprehensive review [16] 
on such non-linear behaviors. Therefore, the normal diffusion equation is no longer valid to 
simulate such anomalous behaviors. Furthermore, the lagged response idea [17] with its well-
known fundamental concepts (flux-precedence and gradient-precedence), suggesting the non-
simultaneous response between the flux and the distribution gradient that eliminates the 
paradox of instantaneous propagation [18], comprises many macroscopic/microscopic heat 
and mass transfer models, e.g., Cattaneo equation [18-22] and Jeffreys equation [23-26]. The 
first attempt to model non-anomalous diffusion situations using Jeffreys equation by building 
a connection between Jeffreys equation and the two-phase model of mass transfer [27,28] that 
corresponds to the two-step model of ultrafast heat transfer [29,30], has been due to [23,24]. 
Despite the criticism of Jeffreys equation [31] and the hyperbolic Dual-Phase-Lag (DPL) 
equation [32], which shows negative values for the temperature in high dimensions, which in 
turn prevents these equations from modeling concentration of the diffusing substances, the 
authors [25,26] have derived the sufficient conditions for the probabilistic interpretation of 
Jeffreys equation and built a connection with the continuous-time random walk scheme. In 
spite of the defect of the hyperbolic DPL law, yielding negative values in higher dimensions, 
we can adopt it and its modified version [33] (or Burgers-like equation [34]) if the problem is 
one-dimensional. The reader can consult Quintanilla and Racke's conditions on the DPL 
equations for satisfying stability and well-posedness [35,36]. For other anomalous diffusion 
models in higher dimensions, we refer to recent studies [37,38]. 

The diffusion of lithium ions in a solid-state electrolyte is an engineering environment 
rich with anomalous situations which are in any way do not obey the linear behavior  〈𝑥2(𝑡)〉 ∝ 𝑡, see e.g., [39-44]. In [39], the authors studied the segmental motion of  
CH2CH2O/CH2CH(CH3)O moiety of the bulk solid-polymer electrolyte and the hopping 
motion of lithium ions (7Li) activated by this segmental motion. They reported experimentally 
that the anions (negative ions) diffusion exhibits an anomalous behavior following 〈𝑥2(𝑡)〉 ∝𝑡𝛾 with 0 < 𝛾 < 1. This anomalous behavior diminishes with the increase in temperature. 
Using a molecular dynamic approach, the study [42] reported different diffusion properties of 
lithium ions on different structure orientations of pure silicon. They emphasized the 
experimental results of [40, 41] that the diffusion is faster in <110> orientation compared with 



Diffusion-induced stresses due to an impulsive mass source under non-Fickian mass transfer models  95 

other orientations <100> and <111> and requires a smaller critical force. Moreover, during 
the charging process of the battery, the pure silicon anode maintains its crystalline structure 
for a short period, thereafter it would be transformed into Li-Si alloy. Thus, the diffusion of 
lithium becomes an alloy with different lithium concentrations. The low-lithium 
concentrations alloy was found to act as a "cage-like" for the diffusing lithium ions. When the 
lithium concentration increased, the pure silicon would be entirely converted to Li-Si alloy 
structure, hence the caging effect of the silicon structure disappeared. From a theoretical 
viewpoint, studying the disorder-extent of the silicon structure due to discharging/charging 
(lithiation/delithiation) processes, requires "resetting" the velocity of diffusing lithium to zero 
after a certain time for avoiding the velocity from going to infinity. One of the other 
anomalous behaviors observed in lithium-ion batteries is the low-frequency impedance 
response of LiCoO2|C batteries which makes with the real axis (in 𝑍𝑖𝑚/𝑍𝑟𝑒 Nyquist plot) an 
angle greater than 45° (the default angle for diffusion impedance known as the Warburg 
impedance). In [43], a mathematical description for the electrochemical impedance [45] based 
on a fractional kinetic approach was adopted for developing a model that describes the 
impedance response of LiCoO2|C batteries by taking into account activation of the anomalous 
diffusion, see also [44,46] for other perspectives of anomalous diffusion in lithium-ion 
batteries and solids. To perfectly capturethe inertia of lithium ions transport in graphitic 
materials, Maiza and coworkers [47] replaced the classical Fickian approach with the non-
instantaneous response assumption represented by the single-phase-lag in the particle flux, in 
other words, the first approximation is Cattaneo equation or Maxwell-Cattaneo-Vernotte 
(MCV) equation. They compared the two approaches and found that the MCV approach, or 
alternatively, the lagging response in the particle flux, allows providing an interpretation of 
observed electrochemical behaviors. 

The objective of the current study is to introduce a qualitative assessment of the 
response of solid solvent when four main types of non-Fickian diffusion events occur: 
Cattaneo equation; Jeffreys equation; hyperbolic DPL equation and modified hyperbolic DPL 
(Burgers-like) equation. It is concluded from this study to facilitate prior knowledge to simply 
recognize the response of the material to possible diffusion processes. We organize the paper 
as follows: In the next section, we formulate and solve an initial-value problem in elastic 
diffusion based on the different diffusion models. The first fundamental solution is brought in 
the Laplace domain. Numerical schemes, graphical representations, and potential discussions 
are prepared in Section 0. We give a summary of the work, concluding remarks, and future 
generalizations in Section 0. 

 
Diffusion-induced stresses in an infinite domain 

The diffusion of atoms or their ions (cations/anions) within a solvent medium causes 
distortions in the solvent lattice which could result in the development of local stresses that 
are known in the literature as diffusion-induced (or chemical) stresses [6-8]. Conversely, 
when the effect of stresses on the diffusion process is considered, then we have a stress-
induced diffusion and Fick's first law is replaced with [2,48] 𝐉(𝐫, 𝑡) = − 𝐷0𝑅𝜃 𝑐(𝐫, 𝑡)𝛁𝜇(𝐫, 𝑡), (1) 

where 𝐉(𝐫, 𝑡) is the particle flux vector, 𝐫 ∈  ℝ𝑛 denotes the position vector in the nth 
dimensional space, 𝐫 =  〈𝑥1, … , 𝑥𝑛〉, and 𝑡 denotes the temporal variable, 𝑅 is the gas 
constant, 𝜃 is the absolute temperature, 𝐷0 is the diffusion coefficient and 𝜇(𝐫, 𝑡) is the 
chemical potential determined through the constitutive relation [4] 𝜇(𝐫, 𝑡) = 𝑅𝜃 ln 𝑐(𝐫, 𝑡) − Ω𝜎𝐻(𝐫, 𝑡) (2) 
where Ω is the partial molar volume (m3/mol) and 𝜎𝐻(𝐫, 𝑡) is the hydrostatic stress defined 
as the mean of normal stresses, namely, 
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𝜎𝐻 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧3 . (3) 

In isothermal thermodynamical processes, the generalized Fick's law (1) with the 
chemical potential (2) reads 𝐉(𝐫, 𝑡) = −𝐷0 [𝛁𝑐(𝐫, 𝑡) − Ω𝑅𝜃 𝑐(𝐫, 𝑡)𝛁𝜎𝐻(𝐫, 𝑡)]. (4) 

If the effect of stresses on the diffusion is negligible, or in other words, if we disregard 
the nonlinear terms of (4), we recover the classical Fick's first law 𝐉(𝐫, 𝑡) = −𝐷0𝛁𝑐(𝐫, 𝑡). 

Because the main goal of this study is to introduce a comparative analysis that 
distinguishes the response of the solvent lattice to different types of non-Fickian diffusion, we 
assume that the lattice distortions (deformations) are very small and recoverable so that we 
can adopt the classical model of linear elasticity which describes the chemical stresses 
through the strain-stress constitutive relation [6] 𝜀𝑖𝑗 = 1𝐸 [(1 + 𝜈)𝜎𝑖𝑗 − 𝜈𝜎𝑘𝑘𝛿𝑖𝑗] + Ω3 𝑐𝛿𝑖𝑗 , (5) 

where 𝜎𝑖𝑗 are the components of the stress tensor, 𝜀𝑖𝑗 are the component of the strain tensor, 𝑖, 𝑗 = 1,2,3, 𝜎𝑘𝑘 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧 is the volumetric stress, 𝛿𝑖𝑗 is the Kronecker delta, 𝐸 and 𝜈 are Young's modulus and Poisson ratio of the elastic material. Setting 𝑖 = 𝑗 in (5), we get 
the relation 𝐸3(1 − 2𝜈) 𝜖 = 𝜎𝐻 + Ω𝐸3(1 − 2𝜈) 𝑐, (6) 

where 𝜎𝑘𝑘 = 3𝜎𝐻, 𝜖 = 𝜀𝑘𝑘 = 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧 is the volumetric strain, and the strain 

components are related to the displacement through the constitutive equation 𝜀𝑖𝑗 = 12 (𝑢𝑖,𝑗 + 𝑢𝑗,𝑖), (7) 

and 𝑢 = ⟨𝑢𝑥, 𝑢𝑦, 𝑢𝑧⟩ is the displacement vector. Now substituting from (6) into (5), we obtain 

the stress-strain constitutive relation 𝜎𝑖𝑗 = 𝐸1 + 𝜈 𝜀𝑖𝑗 + 𝜈𝐸(1 + 𝜈)(1 − 2𝜈) 𝜖𝛿𝑖𝑗 − Ω𝐸3(1 − 2𝜈) 𝑐𝛿𝑖𝑗 . (8) 

Here, we consider only the diffusion-induced stress with disregarding the stress-induced 
diffusion. Furthermore, we assume that different non-Fickian diffusion situations could occur 
during the simulation, so we have altered the classical Fick's first law 𝐉(𝐫, 𝑡) = −𝐷0𝛁𝑐(𝐫, 𝑡) 
with the following the more inclusive constitutive law [17,26]: 𝐉(𝐫, 𝑡 + 𝜏𝑗) = −𝐷0𝛁𝑐(𝐫, 𝑡 + 𝜏𝑐), (9) 

where 𝜏𝑗  and 𝜏𝑐 are constants of time dimension termed phase-lag in the diffusion flux and 

phase-lag in the concentration-gradient respectively. Equation (9) generalizes the approach 
followed in [47], wherein the phase lag 𝜏𝑐 has been neglected from their study. The first 
approximation of the Taylor series expansion of (9) yields the Jeffreys-type constitutive law (1 + 𝜏𝑗 ∂𝑡)𝐉(𝐫, 𝑡) = −𝐷0(1 + 𝜏𝑐 ∂𝑡)𝛁𝑐(𝐫, 𝑡), (10) 

which leads to a parabolic type of partial differential equation. Whilst the second 
approximation of the Taylor series of the left-hand side of (9) yields the constitutive law  (1 + 𝜏𝑗 ∂𝑡 + 𝜏𝑗22 ∂𝑡2) 𝐉(𝐫, 𝑡) = −𝐷0(1 + 𝜏𝑐 ∂𝑡)𝛁𝑐(𝐫, 𝑡), (11) 

which gives a hyperbolic type of partial differential equation known as the hyperbolic DPL 
equation. Lastly, the successive lagging response of Fick's law yields the Burger-type 
constitutive law [33] (1 + 𝜏𝑗 ∂𝑡 + 𝜏𝑚2 ∂𝑡2)𝐉(𝐫, 𝑡) = −𝐷0(1 + 𝜏𝑐 ∂𝑡)𝛁𝑐(𝐫, 𝑡), (12) 
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where that 𝜏𝑗 = 𝜏𝑗1 + 𝜏𝑗2 , 𝜏𝑚 = √𝜏𝑗1𝜏𝑗2 , 𝜏𝑗1and 𝜏𝑗2 are successive phase lags in the diffusion 

flux. Introducing the controlling parameters 𝑛0 and 𝑛1, the above equations, (10)-(12), can be 
combined in the following generic constitutive law: (1 + 𝜏𝑗 ∂𝑡 + (𝑛0 𝜏𝑗22 + 𝑛1𝜏𝑚2 ) ∂𝑡2) 𝐉(𝐫, 𝑡) = −𝐷0(1 + 𝜏𝑐 ∂𝑡)𝛁𝑐(𝐫, 𝑡). (13) 

The numbers 𝑛0 and 𝑛1, used in the above equation, take their values from the set {0,1}, 
and they are inserted for invoking various diffusion models from the single unphysical 
equation (13),  that show up in the following limiting cases:  
(i) Equation (13) reduces to the well-known Fick's first law, if and only if 𝑛0 =  𝑛1 = 0, 

and the time constants are identical or neglected, 𝜏𝑗 = 𝜏𝑐 = 0. 
(ii) Cattaneo equation can be obtained from (13) when setting 𝑛0 =  𝑛1 = 0 and 𝜏𝑐 = 0. 
(iii) The parabolic flux-precedence (flux-driven) Jeffreys equation is produced, when 𝑛0 = 𝑛1 = 0, and 𝜏𝑗 < 𝜏𝑐. 

(iv) The parabolic concentration gradient-precedence Jeffreys equation is obtained, when 𝑛0 =  𝑛1 = 0, and 𝜏𝑗 > 𝜏𝑐. 

(v) For 𝑛0 =  1, 𝑛1 = 0, equation (13) reduces to the hyperbolic DPL diffusion model.  
(vi) Setting 𝑛0 = 0, 𝑛1 = 1, 𝜏𝑗 > 𝜏𝑐, equation (13) reduces to the modified hyperbolic DPL 

diffusion model or alternatively the Burgers-type equation, such that 𝜏𝑗 = 𝜏𝑗1 + 𝜏𝑗2 , 𝜏𝑚 = √𝜏𝑗1𝜏𝑗2 , where 𝜏𝑗1and 𝜏𝑗2 are successive phase lags in the diffusion flux.   

Therefore, any local stress will be stimulated by the diffusion process only. 
The conservation of momentum for the alloy (solvent and solute atoms) is given in the 

absence of external agents by 𝜎𝑗𝑖,𝑗 = 𝜚𝑢̈𝑖 , 
where 𝜚 = 𝜚0 + 𝜚alloy (𝑐) is the density and 𝜚0 is the density of the solvent at constant 

temperature (assumed constant). Because of the linearity assumption in this section, we 
neglect the term 𝜚𝑎𝑙𝑙𝑜𝑦(𝑐)𝑢̈𝑖 and keep only the linear term 𝜚0𝑢̈𝑖. Therefore, the conservation 

of momentum reads 𝜎𝑗𝑖,𝑗 = 𝜚0𝑢̈𝑖 . (14) 
Likewise, we ignore the dependence of 𝐸 and 𝜈 on the solute concentration and take 

them as material constants at a constant temperature. Under these assumptions, the initial 
value problem can be modeled in the one-dimensional setting where the displacement vector 
and the concentration of the solute are given as 𝐮 = ⟨𝑢(𝑥, 𝑡), 0,0⟩,  𝑐(𝐫, 𝑡) = 𝑐(𝑥. 𝑡). (15) 

Thus, the normal stresses are given by 𝜎𝑥𝑥 = (1 − 𝜈)𝐸(1 + 𝜈)(1 − 2𝜈) 𝜖 − Ω𝐸3(1 − 2𝜈) 𝑐, (16) 𝜎𝑦𝑦 = 𝜎𝑧𝑧 = 𝜈𝐸(1 + 𝜈)(1 − 2𝜈) 𝜖 − Ω𝐸3(1 − 2𝜈) 𝑐, (17) 

and the hydrostatic stress is given by 𝜎𝐻 = 𝐸3(1 − 2𝜈) [𝜖 − Ω𝑐]. (18) 

The equation of conservation of momentum has a nonzero component in 𝑥-direction, 
namely ∂2𝜎𝑥𝑥/ ∂𝑥2 = 𝜚0 ∂2𝜖/ ∂𝑡2, which upon combining it with the constitutive relation 
(16), we obtain (1 − 𝜈)𝐸(1 + 𝜈)(1 − 2𝜈) ∂2𝜖∂𝑥2 − Ω𝐸3(1 − 2𝜈) ∂2𝑐∂𝑥2 = 𝜚0 ∂2𝜖∂𝑡2 , (19) 

and the concentration is given by: 
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(1 + 𝜏𝑗 ∂𝑡 + (𝑛0 𝜏𝑗22 + 𝑛1𝜏𝑚2 ) ∂𝑡2) ∂𝑐∂𝑡 = 𝐷0(1 + 𝜏𝑐 ∂𝑡) ∂2𝑐∂𝑥2, (20) 

resulted from eliminating the flux 𝐉(𝐫, 𝑡) between (13) and the continuity equation: 𝛁 ⋅ 𝐉(𝐫, 𝑡) + ∂𝑐(𝐫, 𝑡)∂𝑡 = 0, (21) 

and considering the one-dimensional setting (15). For our impulsive initial value problem, we 
attach the following initial conditions 𝑐(𝑥, 0) = 𝑐0𝛿 ( 𝑥√𝐷0𝜏𝑗) ,  ∂𝑐(𝑥, 𝑡)∂𝑡 |𝑡=0 = 𝜏𝑐𝐷0𝑐0𝜏𝑗 ∂𝑥2 [𝛿 ( 𝑥√𝐷0𝜏𝑗)] ,  𝜖(𝑥, 0)

= ∂𝜖(𝑥, 𝑡)∂𝑡 |𝑡=0 = 0. (22) 

By applying the following transformations 𝑥√𝐷0𝜏𝑗 → 𝑥,   𝑢√𝐷0𝜏𝑗 → 𝑢,   𝑡𝜏𝑗 → 𝑡,   Ω(1 + 𝜈)3(1 − 𝜈) 𝑐 → 𝑐,   (1 + 𝜈)(1 − 2𝜈)1 − 𝜈 𝜎𝑖𝑗𝐸 → 𝜎𝑖𝑗 , (23) 

the governing equations can be cast in the dimensionless form: ∂2𝜖∂𝑥2 − ∂2𝑐∂𝑥2 = 𝜅𝑀 ∂2𝜖∂𝑡2 , (24) (1 + ∂𝑡 + (𝑛02 + 𝑛1𝜒12) ∂𝑡2) ∂𝑐∂𝑡 = (1 + 𝜒0 ∂𝑡) ∂2𝑐∂𝑥2, (25) 𝜎𝑥𝑥 = 𝜖 − 𝑐, (26) 𝜎𝑦𝑦 = 𝜎𝑧𝑧 = 𝜈1 − 𝜈 𝜖 − 𝑐 (27) 

and the hydrostatic stress 𝜎𝐻 = 𝜅𝑆𝜖 − 𝑐 (28) 
subject to the dimensionless initial conditions [22, 26] 𝑐(𝑥, 0) = 𝛿(𝑥),  ∂𝑐(𝑥, 𝑡)∂𝑡 |𝑡=0 = 𝜒0 ∂𝑥2[𝛿(𝑥)],  𝜖(𝑥, 0) = ∂𝜖(𝑥, 𝑡)∂𝑡 |𝑡=0 = 0 (29) 

where 𝜅𝑀 = 𝜚0𝐷0(1 + 𝜈)(1 − 2𝜈)𝜏𝑗(1 − 𝜈)𝐸 ,    𝜅𝑆 = 1 + 𝜈3(1 − 𝜈),    𝜒0 = 𝜏𝑐𝜏𝑗 ,  𝜒1 = 𝜏𝑚𝜏𝑗 ,   𝑐0 = 3(1 − 𝜈)Ω(1 + 𝜈). (30) 

The solutions of (24)-(25) subject to (29) are given in the Laplace-Fourier space as 𝜖̃̂(𝑞, 𝑠) = 𝐿(𝑠)𝜅𝑀𝑠2 − 𝑠𝐿(𝑠) [ 𝜅𝑀𝑠2𝑞2 + 𝜅𝑀𝑠2 − 𝑠𝐿(𝑠)𝑞2 + 𝑠𝐿(𝑠)], (31) 

𝑐̂̃(𝑞, 𝑠) = 𝐿(𝑠)𝑞2 + 𝑠𝐿(𝑠) , (32) 

where 𝐿̃(𝑠) = (1 + 𝑠 + (𝑛02 + 𝑛1𝜒12) 𝑠2)1 + 𝜒0𝑠 . (33) 

Here, the tildes refer to the Laplace transform 𝑓(𝑥, 𝑠) = ℒ{𝑓(𝑥, 𝑡); 𝑡}(𝑥, 𝑠) =∫  𝑓(𝑥, 𝑡)exp (−𝑠𝑡)∞0 𝑑𝑡, the hats refer to the Fourier transform 𝑓(𝑞, 𝑡) =
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ℱ{𝑓(𝑥, 𝑡); 𝑥}(𝑞, 𝑡) = ∫ 𝑓(𝑥, 𝑡) exp(𝚤𝑞𝑥) 𝑑𝑥∞−∞ , 𝑠 ∈ ℂ is the Laplace parameter, and 𝑞 ∈ ℝ is 

the Fourier parameter. 
Finding a closed-form expression for the volumetric strain 𝜖̃̂(𝑞, 𝑠) in the real domain is 

an intractable problem to our knowledge. To extract as much information as possible from the 
above simulation, we shall at first invert the Fourier transform using a well-known tabulated 
rule, then we invoke to a familiar numerical technique to invert the Laplace transform. The 
solutions of the volumetric strain and the concentration are given in the Laplace space: 𝜖̃(𝑥, 𝑠) = 𝐿(𝑠)2(𝜅𝑀𝑠2 − 𝑠𝐿(𝑠)) [√𝜅𝑀𝑠2 exp (−√𝜅𝑀𝑠2|𝑥|)− √𝑠𝐿(𝑠) exp (−√𝑠𝐿(𝑠)|𝑥|)] (34) 

𝑐̃(𝑥, 𝑠) = 12 √𝐿(𝑠)𝑠 exp (−√𝑠𝐿(𝑠)|𝑥|), (35) 

where we have used the rule ℱ−1 { 1𝑎2+𝜔2} = 12𝑎 exp (−𝑎|𝑥|), see [49]. 

 
Results and discussions 

In this section we bring the solutions of concentration and volumetric strain to the real domain 
by inverting numerically the Laplace transform in equations (34)-(35), [17,50-55]. The 
diffusion of lithium ions in silicon anode is chosen for this simulation. Because of the 
phenomenological nature of our study, we have considered an infinite silicon medium and 
there has been an impulse of lithium ions distributed uniformly on the 𝑦𝑧-plane (𝑥 = 0). No 
surprising that if the phenomenon occurs on the picometer scale, the micrometer silicon film 
can be considered as a half-space. The crystalline silicon parameters at room temperature 𝜃0 = 298𝐾 are [8] 𝐸 = 159 𝐺𝑃𝑎, 𝜈 = 0.22, and the density [56] 𝜚0 = 2.33 × 103 𝐾𝑔/𝑚3. 
The diffusivity of lithium ions in the silicon at room temperature 𝜃0 = 298𝐾 is 𝐷0 =10−17𝑚2/𝑠 [8] and the partial molar volume Ω = 7.69 × 10−6𝑚3/𝑚𝑜𝑙. Further, we have 
chosen the relaxation of particle flux as 𝜏𝑗 = 10−15 = 1 𝑓𝑒𝑚𝑡𝑜𝑠𝑒𝑐𝑜𝑛𝑑. Using these 

parameters, we have 𝜅𝑀 = 0.128,  𝜅𝑆 = 0.521,  𝑐0 = 2.494 × 105, (36) 
and 𝜒0 and 𝜒1 will be arbitrarily chosen to study the effects of the concentration gradient and 
flux diffusion delay, respectively. 

Figure 1 shows the hydrostatic stress at different values of time for the Fickian 
diffusion. In the short time domain, the propagation of discontinuities, a characteristic 
property in the mathematical model of linear elasticity [57] and coupled thermoelasticity [58], 
is clear. As time progresses, the discontinuities go to infinity so that they do not appear in the 
long-time domain near the disturbances as Fig. 1(b) shows. In the finite-speed diffusion 
governed by the telegrapher "Cattaneo" equation, there is a characteristic discontinuity in the 
concentration profile in the short-time domain when the particle has had time to interact  
with the reflecting point [20]. This feature affects the corresponding stress distribution as 
shown in Fig. 2, where there are four discontinuity points for the single hydrostatic stress 
profile; two of them are due to the mechanical wave and the others are due to the 
concentration wave. With the passage of time, the wave term effect in the Cattaneo equation 
diminishes and the process transforms to the Fickian diffusion, thereby the discontinuity 
points due to finite-speed diffusion diminish in the intermediate time domain as Fig. 2(b). The 
long-time behavior of the hydrostatic stress due to finite-speed diffusion coincides with the 
long-time behavior of the Fickian diffusion, Fig. 1(b). Not only the temporal progress that 
lowers the sharpness of discontinuity points, but also the transition from telegrapher to 
telegrapher-like behavior as Fig. 3 exhibits. 
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Fig. 1. Hydrostatic stress distribution for Fickian diffusion at different values of time: (a) for a 

small value of time; (b) for a large value of time 

  
Fig. 2. Hydrostatic stress distribution for finite-velocity diffusion at different values of time: 

(a) for a small value of time; (b) for a large value of time 

 
Fig. 3. Elimination of the discontinuity point of the finite-speed diffusion at the transition 

from telegrapher to telegrapher-like behavior 
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Fig. 4. Hydrostatic stress distribution for the DPL with flux precedence, or the cage-like 

diffusion: (a) for different values of time and 𝜒0 = 10; (b) for different values of 𝜒0 and 𝑡 =1.0 
As the ratio 𝜒0 leaves the interval (0,1], i.e., 𝜏𝑐 > 𝜏𝑗, the concentration profile described 

by ordinary Jeffreys equation converts from the telegrapher-like effect to the cage-like or the 
labyrinth-like effects characterized by the crossover from normal diffusion 〈𝑥2(𝑡)〉 ∝ 𝑡 in the 
short-time domain to anomalous 〈𝑥2(𝑡)〉 ∝ 𝑡𝛾 , 0 < 𝛾 < 1 in the intermediate-time domain, 
and lastly from anomalous to normal again 〈𝑥2(𝑡)〉 ∝ 𝑡 in the long-time domain, see [26]. The 
hydrostatic stress corresponding to this cage-like phenomenon at 𝜒0 = 10 is depicted in 
Fig. 4(a) at relatively small values of the time. In comparison between the material response 
to the Fickian diffusion, Fig. 1(a), and to the diffusion with caging at random places within 
the solvent, Fig. 4(a), one concludes that the stresses in the diffusion process with caging have 
amplitudes less than those in the normal diffusion without caging or labyrinth, but the stresses 
in the case of caging reach to deeper points of the solvent compared to the normal diffusion 
situation. In view of Fig. 4(b) one can see that the longer the concentration gradient delays, 
the least-value and the deeper-distributed stresses within the solvent are. 

In the ordinary wave equation, we have the dimensionless from ∂2𝑐∂𝑡2 = ∂2𝑐∂𝑥2 (37) 

subject to 𝑐(𝑥, 0) = 𝛿(𝑥),  ∂𝑐(𝑥, 𝑡)∂𝑡 |𝑡=0 = 0, (38) 

which can be obtained from Eq. (25) by setting 𝑛0 = 0, 𝑛1 = 1, and 𝜒0 = 0. The first 
fundamental solution of the wave equation (37), i.e., the initial conditions (38) are considered, 
in the Laplace-Fourier domain reads 𝑐̂̃(𝑞, 𝑠) = 𝑠/(𝑠2 + 𝑞2), which can be solved analytically 
as [59]  𝑐wave (𝑥, 𝑡) = 12 𝛿(𝑡 − |𝑥|). (39) 

The solution (39) is zero everywhere except at the points 𝑥 = ±𝑡, where it goes to 
infinity at these points. Inserting this solution into Eq. (24) as an external agent stimulating 
the lattice strain, we get 𝜖(𝑥, 𝑡) = 12(1 − 𝜅𝑀) [𝛿(𝑡 − |𝑥|) − √𝜅𝑀𝛿(𝑡 − √𝜅𝑀|𝑥|)], (40) 

and substituting the resulting volumetric strain (40) and the concentration (39) into the 
hydrostatic stress (28) we obtain 𝜎𝐻(𝑥. 𝑡) = 12(1 − 𝜅𝑀) [(𝜅𝑀 + 𝜅𝑆 − 1)𝛿(𝑡 − |𝑥|) − 𝜅𝑆√𝜅𝑀𝛿(𝑡 − √𝜅𝑀|𝑥|)]. (41) 



102   M. Fayik, A.R. El-Dhaba, E. Awad 

Therefore, the hydrostatic stress (41) resulting from the ballistic motion of the dispersed 

substance is zero everywhere except at the four points 𝑥 = ±𝑡, ± 𝑡√𝜅𝑀, where the stresses go to 

infinity also, which refers to the possibility of damaging the solvent medium at these points. It 
is noteworthy to mention that if we replace the conditions (38) with 𝑐(𝑥, 0) = 0,  ∂𝑐(𝑥, 𝑡)∂𝑡 |𝑡=0 = 𝛿(𝑥), (42) 

we get the second fundamental solution of the wave equation [12] 𝑐wave (𝑥, 𝑡) = 12 𝐻(𝑡 − |𝑥|). (43) 

It is noted that the second fundamental solution (43) has not a probabilistic 

interpretation since ∫−∞∞  𝑐𝑤𝑎𝑣𝑒(𝑥, 𝑡)𝑑𝑥 = 
12 ∫−∞∞  𝐻(𝑡 − |𝑥|)𝑑𝑥 = 𝑡(≠ 1). Thus, we could not 

classify the motion following the distribution (43) with a certain dynamical description as the 
case of the second Fick’s law and Cattaneo, and Jeffreys equations. For the sake of 
completeness in this discussion, we insert the solution (43) into Eqs (24) and (28), and we 
obtain 𝜖(𝑥, 𝑡) = 12(1 − 𝜅𝑀) [𝐻(𝑡 − |𝑥|) − √𝜅𝑀𝐻(𝑡 − √𝜅𝑀|𝑥|)], (44) 𝜎𝐻(𝑥. 𝑡) = 12(1 − 𝜅𝑀) [(𝜅𝑀 + 𝜅𝑆 − 1)𝐻(𝑡 − |𝑥|) − 𝜅𝑆√𝜅𝑀𝐻(𝑡 − √𝜅𝑀|𝑥|)]. (45) 

The volumetric strain and the hydrostatic stress were not found in the first problem [12]. 
We present the hydrostatic stresses induced by the nonzero concentration-velocity at the 
beginning (45) in Fig. 5 at different values of the time. The four discontinuity points at 𝑥 =±𝑡, ± 𝑡√𝜅𝑀 are obvious. The two points 𝑥 = ±𝑡 come from the wave motion, while the others 𝑥 = ± 𝑡√𝜅𝑀 come from the mechanical wave, refer to Eqs. (43)-(45). We note the same 

velocities and discontinuity points in the hydrostatic stress resulting from the finite-speed 
diffusion in the short-time limit, refer to Fig. 2(a).  

 
Fig. 5. Hydrostatic stress induced by an initial nonzero concentration velocity at different 

values of time 
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Fig. 6. Hydrostatic stress distribution for hyperbolic DPL diffusion model: (a) for different 

values of time, where 𝜒0 = 10, (b) for different values of 𝜒0, where 𝑡 = 1.0 
 

Figure 6(a) illustrates the distributions of hydrostatic stress governed by the hyperbolic 
DPL diffusion model at 𝜒0 = 10, for short times. It is found that for any fixed short time, the 
mechanical, and diffusive waves are travelling with finite speeds, namely ( 1√𝜅𝑀 , √2𝜒0), respectively. i.e., the hydrostatic stress has four discontinuity points at the 

locations 𝑥 = ±√2𝜒0𝑡, ± 𝑡√𝜅𝑀. Also, for the fixed value of 𝜒0, we note that the magnitude of 

mechanical wavefronts is the same at different values of time (independent of time or 
position), but the magnitude of diffusive wavefronts decreases as time passes (exponentially 
decreasing with 𝑥). Figure 6(b) shows the distributions of hydrostatic stress governed by the 
hyperbolic DPL diffusion model for different values of 𝜒0 > 1, at instant 𝑡 = 1.0.  
We can observe that as 𝜒0 increases, the hydrostatic stress records lower peaks, while the 

diffusive wave goes further into the medium because its speed increases, 𝑣𝐷𝑃𝐿 = √2𝜒0.  

As far as there is a significant delay between the concentration gradient and the particle flux 
such that 𝜏𝑐 ≫ 𝜏𝑗 or 𝜒0 ≫ 1, then the diffusive wave speed becomes greater than the 

mechanical wave speed, i.e., 𝑣𝐷𝑃𝐿 ≫ 𝑣𝑀𝑒𝑐ℎ, which makes the diffusion process is dominant, 
particularly in the short-time domain. This statement is valid only for the diffusion of lithium 
ions in silicon medium since the coefficient 𝜅𝑀 will be different for other diffusion 
circumstances, and thus the mechanical wave speed will differ, 𝑣𝑀𝑒𝑐ℎ = 1/√𝜅𝑀. On the 
contrary, the case of Cattaneo diffusion equation is characterized by the relation 𝑣𝐶𝑎𝑡𝑡𝑎𝑛𝑒𝑜 <𝑣𝑀𝑒𝑐ℎ, where 𝑣𝐶𝑎𝑡𝑡𝑎𝑛𝑒𝑜 = 1 and 𝑣𝑀𝑒𝑐ℎ = 1/√𝜅𝑀, which leads to the dominance of 
mechanical waves in the short-time domain. 

Figure 7(a) illustrates the distributions of hydrostatic stress associated with the modified 
hyperbolic DPL diffusion model at 𝜒0 = 10 and 𝜒1 = 0.246 as time elapses. In this case, the 

mechanical and the diffusive waves are travelling with finite speeds ( 1√𝜅𝑀 , √𝜒0𝜒1 ), respectively, 

with finite sharp jumps at the wavefronts 𝑥 = ± √𝜒0𝜒1 𝑡, ± 𝑡√𝜅𝑀, as shown in Fig. 7(a) at 𝑡 = 0.1,0.5 and 1. Figure 7(b) clearly reveals that at any instant, for example at 𝑡 = 1.0, the 
increasing of 𝜒1 at a fixed value of 𝜒0 leads to the magnitude of hydrostatics stress governed 

by modified hyperbolic DPL records the small values through interval domain |𝑥| < 𝑡√𝜅𝑀, and 

after crossing the mechanical wavefront, the increasing of 0 < 𝜒1 < 1 has a converse effect 
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on the domain 
𝑡√𝜅𝑀 < |𝑥| < √𝜒0𝜒1 𝑡. In addition, the magnitude of the mechanical and diffusive 

wavefronts increases as 𝜒1 increases. 
 

  
Fig. 7. Hydrostatic stress distribution for modified hyperbolic DPL diffusion model: (a) for 

different values of time, 𝜒0  = 10.0 and 𝜒1  = 0.246; (b) for different values of 𝜒1, 𝜒0  = 10 
and 𝑡 = 1.0 

 
We infer that the hydrostatic stress governed by the Fickian diffusion, DPL with flux-

precedence 𝜒0 ≫ 1, hyperbolic DPL, and modified hyperbolic DPL are compressive along 
the whole domain. The maximum value of the compressive stress is at the location of the 
mechanical wavefronts. Otherwise, the hydrostatic stress is governed by the Cattaneo and the 
Cattaneo-like diffusion (the gradient-precedence case in which 𝜒0 ≪ 1) equations is negative 
on the region |𝑥| < 𝑡 (compressive stress region). After crossing the point |𝑥| = 𝑡, the 
hydrostatic stress values transform suddenly to be positive, i.e., tensile stress region. In 
addition, the maximum values of compressive and tensile stresses are at the location of the 
mechanical and diffusive wavefronts. In this case, fracture failure is most likely to occur [60]. 

  
Conclusions 

On a phenomenological basis, we introduced the generalized DPL equation to the uncoupled 
theory of elastic diffusion to compare the different responses of the material to these varieties 
of non-Fickian diffusion processes. We paid great attention to the hydrostatic stresses 
(chemical) inherent within the material. We found that the stresses record higher values in the 
normal and Fickian diffusion processes compared with the considered non-Fickian situations. 
Many investigations employed Fick's law for modeling the diffusion of solute atoms within a 
solid, e.g., the diffusion of lithium ions within the silicon. The stresses resulting from such 
investigations contain both the effect of diffusion on stress and the effect of stress on 
diffusion. We derived our motivation from the fundamental hypothesis of a recent 
investigation that studied the effect of delayed constitutive law on the diffusion of lithium 
ions, see [47], without discussing the stresses. Here, we discussed the stresses due to finite-
speed diffusion, refer to Fig. 2, in addition to investigating the effect of other non-Fickian 
diffusion models on diffusion-induced stresses. We compared among the different velocities 
of the hyperbolic diffusion models and the mechanical wave velocities. The speed of diffusive 
waves governed by Cattaneo equation has apparently a velocity less than the mechanical  
wave speed in the case of diffusion of lithium ions within the silicon medium. Then, the 
mechanical waves dominate the short-time domain. On the contrary, the hyperbolic DPL 
diffusion models own speeds greater than the mechanical wave speed, thus, the diffusion 
process dominates the short-time domain. 
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Abstract. The aim of the study was to evaluate the mechanical characteristics of 
polycarbonate on the example of polycarbonate samples for 3D printing, to obtain the 
dependence of stress intensity on strain intensity taking into account compressibility. An 
experimental study of the mechanical properties of polycarbonate used in 3D printing has 
been carried out. Polycarbonate samples were made to perform tensile tests on a 3D printer. A 
series of stretching experiments were carried out in the elastic stage of samples to determine 
the Poisson's ratio of polycarbonate. To calculate the tensile strength, the conditional yield 
strength, polycarbonate samples were tested for rupture. Diagrams of conditional stresses 
from relative deformations are constructed. Since polycarbonate for 3D printing mainly works 
in the elasticity stage, the study constructed diagrams of polycarbonate deformation taking 
into account the compressibility of the material. According to the results of the study, the 
average values of the tensile elastic limit, the conditional yield strength, the tensile strength 
and the relative deformation at rupture of samples made by the 3d- printing method of 
polycarbonate were obtained. Deformations curves will allow us to estimate the stress-strain 
state of loaded polycarbonate elements not only under simple tension, but also under 
conditions of complex volumetric loading, since they relate the intensity of stresses and 
deformations. 
Keywords: polycarbonate, deformation curve, 3D printing, stress, strain, compressibility 
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Introduction 

The sustainable development of industry today involves the use of more economical and 
accurate methods of manufacturing products, one of such methods is the 3D prototyping 
method, which allows manufacturing parts for the aviation and automotive industries by 
printing on a 3D printer. The relevance of this direction lies in the possibility of switching 
from all-metal products to the manufacture of parts from polymers of optimized shape. 
However, it is important to assess the mechanical properties of polymers, in particular 
polycarbonate, which is actively used in 3D printing. Modern reference materials are mainly 
limited to the basic characteristics of the polymer, such as modulus of elasticity, yield 
strength, tensile strength. It is quite difficult to find stress dependence on polycarbonate 
deformations during loading, especially for samples obtained by 3D printing methods. Taking 
into account the compressibility of the material is important, since polycarbonate used for 3D 

https://orcid.org/0000-0001-8732-9615


Mechanical properties and deformation curves of the 3D-printed polycarbonate  109 

furnaces practically does not work in the field of plastic deformation, respectively, in the field 
of elasticity, it is necessary to determine experimentally the value of the Poisson's ratio and 
take into account when constructing the dependence of stress intensity on strain intensity. 

According to the literature review, the issues of sustainable development of domestic 
industry at the present stage require solving a large number of engineering problems, which is 
noted in [1]. Modern production automation systems and the design of complex structures are 
mainly associated with the use of metals [2-4]. At the same time, the transition to the use of 
polymers in the production of parts is one of the vectors of sustainable development. Issues 
related to the study of the mechanical and thermal properties of polycarbonate for 3D furnaces 
were investigated in [5-10]. Structural models and chemical features of the properties of 
substances used in industry are investigated in [11-13]. A feature of the use of polymers in 
industry is the possibility of reuse. The problems of recycling of secondary raw materials 
were investigated in the works [14, 15]. 

Since many products experience prolonged loads during operation, accompanied by the 
appearance of fatigue defects, it is important to assess cyclic loads, fatigue failure [16-18]. 
Experimental studies of the creep and dynamic properties of polycarbonate are presented in 
[19]. In addition, the peculiarity of polymers is that in the process of cyclic deformation, self-
heating phenomena may occur. The problems of temperature modeling, optimization of 
polymer structures in self-heating conditions are presented in [20-23]. The problems of finite 
element simulation related to the assessment of the stress-strain state are considered in studies 
[24-28]. The issues of studying the mechanics of plastics and composite materials are 
investigated in the works [29-31]. 

  
Methods  

The purpose of the study was to construct a diagram of polycarbonate deformation taking into 
account the compressibility of the material. The peculiarity of the deformation diagram is that 
it relates the intensity of stresses and the intensity of deformations, in contrast to the diagram 
for simple stretching. Therefore, the deformation diagram can be used in the study of the 
volumetric stress state of the elements. Taking into account the compressibility of 
polycarbonate will allow taking into account the influence of the elastic component of 
deformation when assessing the stress-strain state. 

To achieve this goal, it was necessary to consider a number of subtasks, namely: 
- conduct a full-scale experiment on simple stretching of samples made of polycarbonate by 
3D printing until destruction; 
- build a diagram of conditional stresses; 
- to conduct a full-scale experiment on simple stretching in order to calculate the Poisson's 
ratio when loaded to the yield point; 
- construct a deformation diagram for true stresses and logarithmic deformations with and 
without taking into account the compressibility of the material. 

When constructing the polycarbonate deformation diagram, it was necessary to switch 
to true stresses and logarithmic deformations. This step is due to the need to take into account 
the change in the cross-sectional area of the sample during deformation, since the conditional 
stress diagram is constructed under the assumption that the cross-sectional area remains 
unchanged, while in the process of simple stretching, the transverse dimensions of the sample 
decrease. Since samples made of polymers by 3D printing methods can be used under 
repeated loads, it is necessary to take into account the need for summation of deformations. 
Since relative deformations do not have the additivity property, we will construct the diagram 
using logarithmic deformations that have the summation property. 

To switch to true stresses, taking into account the reduction of the cross-sectional area, 
we use the condition: 
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𝜎𝑠𝐹 = 𝜎𝐹0,                                                                                                                                    (1) 
where 𝜎𝑠 − true stresses, 𝐹 − current cross−sectional area, 𝜎 − conditional stresses, 𝐹0 − 
initial cross-sectional area of the sample. 

Taking into account the incompressibility condition 𝐹0𝑙0 = 𝐹𝑙, the true stresses are 
determined through the relative longitudinal strain ε and conditional stresses according to (1): 𝜎𝑠 = 𝜎(1 + 𝜀),                                                                      (2) 

To determine the true stresses, taking into account the compressibility of the material, 
consider the change in the geometric characteristics of the sample: thickness a, width b and 
length l. Let the dimensions of the body change after deformation according to the ratios: 𝑎 = 𝑎0(1 + 𝜀⊥), 𝑏 = 𝑏0(1 + 𝜀⊥), 𝑙 = 𝑙0(1 + 𝜀),                                  (3) 
where 𝑎0 − the initial thickness, 𝑏0 − the initial width, 𝑙0 − the initial length, 𝜀⊥ − relative 
transverse strain. 

The initial cross-sectional area is determined by 𝐹0 = 𝑎0𝑏0. After deformation, the 
cross-sectional area will change according to (3): 𝐹 = 𝑎𝑏 = 𝐹0(1 + 𝜀⊥)2.                                                                      (4) 

We express the cross-sectional area (4) in terms of the coefficient of transverse strain: 𝜇′ = − 𝑒⊥𝑒 ,                                                                         (5) 

where 𝑒 = ln(1 + 𝜀) − logarithmic longitudinal deformation, 𝑒⊥ = ln(1 + 𝜀⊥) − logarithmic 
transverse strain. 

We express the transverse relative deformation in terms of the coefficient of transverse 
deformation according to (5): 𝜀⊥ = 𝑒𝑥𝑝(−𝑒𝜇′) − 1.                                                           (6) 

Substituting (6) into (4), we obtain a change in the cross-sectional area taking into 
account the compressibility of the material: 𝐹 = 𝐹0exp(−2𝜇′𝑒).                                                               (7) 

Then the true stresses according to (1), (7) are determined through the coefficient of 
transverse deformation: 𝜎𝑠 = 𝜎exp(2𝜇′𝑒).                                                                  (8) 

The coefficient of transverse deformation is determined according to [29] 𝜇′ = 12 − (1−2𝜇)2𝐸 𝜎𝑠𝑒 .                                                          (9) 

Taking into account (9), the true stresses (8), taking into account the compressibility of 
the material, will be determined: 𝜎𝑠 = 𝜎exp (𝑒 − 1−2𝜇𝐸 𝜎𝑠).                                                       (10) 

Since the true stresses cannot be expressed explicitly in terms of logarithmic 
deformations and conditional stresses, we substitute in the right part (10) the value of the true 
stress obtained without taking into account compressibility: 𝜎𝑠 ≈ 𝜎 ∙ exp(𝑒), 
then the true stress is determined by 𝜎𝑠 = 𝜎exp (𝑒 − 1−2𝜇𝐸 𝜎 ∙ exp(𝑒))                                           (11) 

To construct a deformation diagram, imagine the intensity of logarithmic deformations 
[32]: 𝑒𝑖 = √23 √(𝑒1 − 𝑒2)2 + (𝑒2 − 𝑒3)2 + (𝑒3 − 𝑒1)2                            (12) 

where 𝑒1, 𝑒2, 𝑒3 − main logarithmic strains: 𝑒1 = 𝑒, 𝑒2 = 𝑒3 = −𝜇′𝑒.                                               (13) 
Substitute the relations (9), (13) in (12), then the intensity of deformations is expressed 

in terms of longitudinal deformation by the ratio: 
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𝑒𝑖 = 𝑒 − (1 − 2𝜇)3𝐸 𝜎𝑠 , 
because  𝜎𝑠 = 𝜎𝑖 − the intensity of the stresses, we get 𝑒𝑖 = 𝑒 − (1−2𝜇)3𝐸 𝜎𝑖 .                                                      (14) 

In the elasticity stage , the dependence of the intensity of deformations on the intensity 
of stresses will take the form: 𝑒𝑖 = 2(1+𝜇)3𝐸 𝜎𝑖 , 𝑒𝑖 ≤ 𝑒𝑖𝑇           (15) 

In the case of an incompressible material (𝜇 = 0.5)  the deformation diagram and the 
true stress diagram according to (15) coincide. As a result, the deformation diagram 𝜎𝑖 − 𝑒𝑖 
can be presented in parametric form according to the diagram 𝜎𝑠 − 𝑒: { 𝜎𝑖 = 𝜎𝑠𝑒𝑖 = 𝑒 − (1 − 2𝜇)3𝐸 𝜎𝑠 . 

Thus, according to the discrete data of the diagram of conditional stresses σ from 
relative deformations ε, the construction of the deformation diagram will be determined by the 
relations: 𝜎𝑖 = 𝜎exp (ln(1 + 𝜀) − 1−2𝜇𝐸 𝜎(1 + 𝜀)),                                      (16) 𝑒𝑖 = ln(1 + 𝜀) − (1−2𝜇)3𝐸 𝜎exp (ln(1 + 𝜀) − 1−2𝜇𝐸 𝜎(1 + 𝜀)).            (17) 

 
Results and Discussion 

To conduct a simple stretching experiment, samples made by 3D printing from polycarbonate 
on a Designer X printer of the Picaso3D brand were used (Figure 1). The tests were carried 
out according to the methodology described in [33]. When printing samples, the Fused 
Filament Fabrication technology was used. 
 

 
Fig. 1.  Simple stretching of a sample made of polycarbonate by 3D printing 
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To calculate the Poisson's ratio, the tensile force loading was carried out within elastic 
deformations. The stress from the external load was 25 MPa. The initial geometric 
characteristics of the cross-section of the sample are presented in Table 1. Measurements of 
the thickness and width of the cross-section were carried out twice at 5 points along the length 
of the sample. The results of thickness and width measurements before the start of the tests 
are presented in Table 1. The length of the sample before and after the test: 𝑙0 = 120 𝑚𝑚, 𝑙 =121.425 𝑚𝑚.  
 

Table 1.  Geometric characteristics of the cross-section of the sample before deformation 

№ point 

Thickness, mm Width, mm 

First dimension Second dimension First dimension Second dimension 

1 4.258 4.258 10.429 10.422 
2 4.278 4.273 10.321 10.315 
3 4.321 4.315 10.227 10.227 
4 4.355 4.358 10.209 10.208 
5 4.403 4.401 10.22 10.215 

 
The arithmetic mean values of the thickness 𝑎̅ and width 𝑏̅ of the sample were 

determined by the formulas: 𝑎̅ = 110 ∑ 𝑎𝑖10
𝑖=1 , 𝑏̅ = 110 ∑ 𝑏𝑖10

𝑖=1 .                                       
Accordingly, the average values of thickness and width before the sample test were 

obtained: 𝑎̅ = 4,32 𝑚𝑚, 𝑏̅ = 10.28 𝑚𝑚 

The average quadratic error of measuring the average thickness and width of the sample 
was determined by the formulas: 

𝑆𝑎̅ = √∑ (𝑎𝑖 − 𝑎̅)29010
𝑖=1 ,   𝑆𝑏̅ = √∑ (𝑏𝑖 − 𝑏̅)29010

𝑖=1                                     𝑆𝑎̅ = 0.018 ,            𝑆𝑏̅ = 0.028    
For the confidence probability 𝛼 = 0,98, the Student's coefficient was assumed to be 

equal to 𝑡𝛼 = 3,7. As a result, the average values of the cross-section of the sample with a 
confidence interval were assumed to be equal: 𝑎 = 4,32 ± 0.065 𝑚𝑚, 𝑏 = 10,28 ±0.102 𝑚𝑚. 

The relative measurement errors are equal to: 𝛿𝑎̅ = 1,5%, 𝛿𝑏̅ = 1%. 
The results of measurements of the thickness and width of the sample after stretching 

are presented in Table 2. 
 

Table 2.  Geometric characteristics of the cross-section of the sample after deformation 

№ point 
Thickness, mm Width, mm 

First dimension Second dimension First dimension Second dimension 

1 4.249 4.240 10.360 10.352 
2 4.251 4.259 10.264 10.239 

3 4.289 4.295 10.161 10.169 

4 4.329 4.330 10.171 10.165 
5 4.382 4.369 10.177 10.173 
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                               а)                                                                    b) 

 
                             c)                                                                      d) 

 
                                                                   e) 

Fig. 2.  Diagram of the dependence of the conditional stresses on the relative strains of 
polycarbonate: a) sample 1, b) sample 2, c) sample 3, d) sample 4, e) sample 5 

 
The average quadratic error of measuring the average thickness and width of the sample 

after deformation: 𝑆𝑎̅ = 0.01 ,  𝑆𝑏̅ = 0.025 
The average values of the thickness and width of the sample after deformation with a 

given confidence interval: 𝑎 = 4.30 ± 0.06 𝑚𝑚, 𝑏 = 10.22 ± 0.09 𝑚𝑚, 
The relative measurement errors are equal to: 
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𝛿𝑎̅ = 1.4%, 𝛿𝑏̅ = 0.8% 
Poisson's ratio according to (5) when changing the thickness and width of the sample in 

the experiment for simple stretching: 𝜇𝑎 = 0.41, 𝜇𝑏 = 0.46                                                   (18) 
According to the calculated values (18), the average value of the Poisson's ratio of 

polycarbonate under simple tension is determined: 𝜇 = 0.44                                                                     (19) 
Based on the results of the simple stretching experiment, a diagram of the dependence 

of conditional stresses on relative deformations was taken for 5 different samples (Figure 2). 
Table 3 shows the values of the mechanical characteristics of 5 samples: tensile 

modulus of elasticity, conditional yield strength, tensile strength, relative deformation at the 
moment of rupture. 

 
Table 3. Mechanical properties of polycarbonate based on the results of a simple stretching 
experiment. 
Modulus of elasticity, 

MPa 

Conditional yield strength, 

MPa 

Tensile strength, 

MPa 

Relative strain at the 

break, % 

2602 42.24 54.17 2.64 
2756 43.45 52.28 2.28 
2679 41.96 45.40 1.96 
2687 40.98 51.17 2.36 
2719 41.23 47.11 2.05 

 
The deformation diagram (Figure 3), taking into account and without taking into 

account the compressibility of the material, was constructed according to the ratios (20), (21), 
(25) according to the diagrams of conditional stresses (Figure 2). 

Thus, according to the results of the conducted experiments on rupture and stretching in 
the field of elasticity, the average values of the main mechanical characteristics of 
polycarbonate used for 3D printing were determined: the elastic modulus at tension, the 
conditional yield strength, the tensile strength, the relative deformation at the moment of 
rupture, the Poisson's ratio (table 4). 

 
Table 4. Mechanical properties of polycarbonate based on the results of a simple stretching 
experiment. 

Mechanical characteristics of polycarbonate for 3D 

printing 
Average values 

Tensile modulus of elasticity 2689 MPa 
Conditional yield strength 41.97 MPa 

Tensile strength 50.03 MPa 
Relative strain at break 2.26 % 

Poisson's Ratio 0.44 

 
Deformation diagrams were obtained for 5 samples made by 3D printing from 

polycarbonate with and without compressibility. Comparing the results in Figures 1 and 2, it 
should be noted that the maximum error when using a conditional stress diagram instead of a 
deformation diagram is 5 %; failure to take into account the compressibility of the material 
during deformation leads to an error of 2 %. 
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                             а)                                                                   b) 

 
                             c)                                                                      d) 

 
                                                                e) 

1 – taking into account the compressibility of the material, 2 – without taking into 
account the compressibility of the material 

 
Fig 3. Polycarbonate deformation diagram: a) sample 1, b) sample 2, c) sample 3, d) 

sample 4, e) sample 5 
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Conclusion 

The results of the study make it possible to increase the efficiency of industrial production, 
since the obtained deformation diagrams can be used to assess the stress-strain state of 
manufactured parts for aviation and automotive purposes by 3D prototyping methods made of 
polycarbonate. This approach creates the necessary prerequisites for the sustainable 
development of industry, since the use of polymers instead of metals in the manufacture of 
parts will allow for more accurate production except for the costs of finishing work. 
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Abstract. In this paper hybrid grey relations analysis (GRA) and an artificial neural network 
(ANN) are applied to study the influence of process parameters on the mechanical properties 
of friction stir welded aluminum alloy 6061-T6. Thirty experiments were performed by 
varying tool rotation speed, tool traverse speed, and tool tilt angle to study their effects on 
ultimate tensile strength, yield strength, percentage elongation, and impact strength of FSW 
joints. GRA was used to convert all responses into the single response variable, i.e., the grey 
relation grade (GRG). A feed-forward backpropagation ANN with two hidden layers 
composed of 9 and 7 neurons each was used to simulate the weld joint characteristics in terms 
of GRG. ANOVA analysis was used to study the influence of process parameters on grey 
relation grade. It was found that tool rotation speed has a significant impact on weld 
characteristics, followed by traverse speed and tilt angle. Based on the results it was revealed 
that tool rotation speed contributes 39.89% to the mechanical properties of underwater 
friction stir welding of AA 6061-T6, followed by tool traverse speed and tool tilt angle, 
respectively, by 29.87% and 19.59%. The tensile test demonstrates that the underwater FSW 
joint is approximately 8% stronger than the conventional air FSW joint due to grain 
refinement and increased nugget zone hardness because of less heat exposure and absorption. 
Keywords: microstructure, underwater friction stir welding, artificial neural network, grey 
relation analysis, ANOVA 
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Introduction 

Friction stir welding (FSW) was developed and patented by the Welding Institute (TWI) in 
1991. Earlier, it was limited to laboratory experiments to weld high-strength aluminum alloys 
(2xxx and 6xxx), which have limited weldability using fusion welding processes [1]. Since 
FSW is a solid-state welding process, it avoids defects like gas porosity, solidification 
cracking, residual stresses, weakening of HAZ and nugget zones, reduced corrosion 
resistance, etc., developed during traditional welding processes [1-2]. FSW is essentially a 
constrained extrusion process controlled by the non-consumable profiled tool. The tool 
shoulder constraints softened material, so it cannot escape easily. The material is gradually 
swept around the probe between the retreating side of the tool and the surrounding material as 
the tool traverses the joint line. Extruded material forms solid-phase joints behind the tool. 

https://orcid.org/0000-0002-4275-0681
https://orcid.org/0000-0002-0197-1605
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The asymmetrical joint is caused by the extrusion of the deformed material past the RS of the 
tool [1-3].  

This process generates a significant strain and strain rate compared to other solid-state 
metalworking processes such as rolling, extrusion, and forging. The key parameters affecting 
weld quality in this welding process are tool geometry, plunging depth, rotational speed, 
traverse speed, and tool tilt angle [1-3]. In the AA6XXX series, 6061-T6 is a moderately 
strong heat-treatable alloy containing Al-Mg-Si as its primary alloying element. The Mg2Si 
sediments are responsible for strengthening the AA6061 alloy. This material's high strength-
to-weight ratio and corrosion resistance make it ideal for fabricating lightweight structures 
[5]. AA6061 possesses excellent welding characteristics but suffers a loss in strength due to 
the dissolution of strengthening precipitates and softening of HAZ. Friction stir welding 
refines the grain in the nugget zone and improves mechanical properties compared to other 
welding processes. 

Thermal cycle and material flow behavior determine the FSW joint's microstructure 
evolution and mechanical properties, which are affected by process variables like rotation 
speed, welding speed, and tool geometry [6]. A fracture of the weld occurred along the LHZs. 
The tensile strength of the weld increased with increasing welding speed and was independent 
of tool dimension and rotation speed. Li et al. [7] reported UW-FSW of CNT/Al-Cu-Mg 
composites reach 94.7% efficiency when compared to FSW. The thermal cycle of underwater 
trials decreases, and fewer flash faults occur, which facilitates post-weld processing and 
increases welding productivity. 

Underwater or submerged friction stir welding (UFSW/ SFSW) has become a cutting-
edge welding technique that offers better mechanical properties while avoiding the welding 
flaws in traditional FSW [8–10]. During underwater friction stir welding, the entire welding 
process is carried out in the presence of water. Hofmann et al. [11] proposed using water as a 
cooling medium to produce ultra-fine grains in the nugget zone of friction stir processed 
AA6061–T6. As a result of water cooling, Wang et al. [12] found that underwater FSW of 
spray-formed 7075 Al alloy improves tensile properties and corrosion resistance and reduces 
the corrosion rate. Compared to conventional FSW, M. Hosseini et al. [13]found underwater 
friction stir welding to enhance the tensile strength and yield strength of ultrafine-grained 
AA1050. Furthermore, UFSW was proposed as a method for hardening materials on the 
surface. According to Rathinasuriyan et al. [14], SFSW requires more torque and power than 
conventional friction stir welding. Additionally, these values increase as the water head 
increases during submerged friction stir welding. 

Bagheri et al. [15] reported numerical analyses of friction stir welding (FSW) in the air 
and underwater using smoothed particle hydrodynamics and finite element modelling. 
Underwater welding results in a lower peak temperature than traditional welding due to its 
higher cooling impact. In addition, peak temperature and strain rate decreased under both 
welding conditions as welding speed increased. Abdollahzadeh et al. [16] found that 
underwater FSW of 60621 T6 significantly reduced the joint temperature. This resulted in a 
refined microstructure in the stir zone, which improved the welded joint's mechanical 
properties. UFSW joints have a higher hardness than CFSW joints due to the refined grains' 
synergetic effect, decreased dissolution of 𝛽" precipitates, and fast cooling rate (intensified 
local deformation). SFSW of AA6061 T6 tensile strength increased with tool rotation speed 
and decreased with welding speed [17]. Fratini et al. [18] investigated the effects of in-process 
cooling within normal air, forced air, and water on the mechanical properties of friction stir 
welding for AA7075-T6. Results show that water is a more powerful cooling medium, 
improving joint tensile strength due to narrowing the weakest TMAZ and HAZ. FSW samples 
with water as a cooling medium show increasing microhardness values and low hardness 
values in the nugget zone of the water FSW sample compared with natural air and forced air 
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FSW samples. Sharma et al. [19] studied the effects of liquid nitrogen, regular air, and 
compressed air on the FSW of AA7039. During welding, cooling absorbs the excess heat, 
which restricts grain growth in the nugget zone and coarsens it in the HAZ. Water was also 
found to be the best cooling medium for maximum tensile strength and percentage elongation 
than compressed air and liquid nitrogen. Sinhmar et al. [20] found that FSW joints with water 
cooling show improved yield strength, tensile strength, hardness in HAZ, and corrosion 
resistance due to more refined microstructure and limited precipitate restrictions as compared 
with conventional FSW with natural air cooling. Mahto et al. [21] reported that FSW 
AA6061-T6 and AISI304 form re-crystallized and deformation-textured grains in the SZ, 
which ultimately transform into dominant shear-and deformation-textured grains in water and 
air, respectively.  

Abbasi et al. [22] evaluated the formability characteristics of tailor-welded blanks 
created by combining AA6061 aluminum alloy sheets of various thicknesses and devising 
friction stir vibration welding (FSVW). The results showed that FSVW-ed blanks exhibited 
better mechanical and formability characteristics than FSW-ed blanks. According to Abbasi et 
al. [23], grain size decreases from approximately 57 μm for friction stir welding to 
approximately 34 μm for friction stir vibration welding and approximately 23 μm for 
underwater friction stir welding. Underwater friction stir welding and friction stir vibration 
welding effectively reduce precipitation size and interparticle distance. The underwater 
friction stir welding processed samples have the highest strength and ductility compared to 
friction stir welding processed samples. The cylindrical and conical tool pins used in FSW are 
simple in shape and easy to manufacture. Conical pin tools have better mechanical properties 
than cylindrical, square, and pin tools.  

Multiobjective optimization is one of the elements of research in manufacturing 
processes. Several researchers used AHP, TOPSIS [23-25], and GRA [26-30] for the 
multiobjective optimization of FSW. The use of empirical non-analytical models, such as 
Artificial Neural Networks (ANNs), can be an effective alternative in manufacturing 
problems characterized by complex relationships among variables and unknown relationships 
among variables [22]. The usefulness of artificial neural networks has been demonstrated in 
metal forming, fusion welding, and machining [32]. Thapliyal et al. [33] proposed a machine-
learning model to predict the ultimate tensile strength of friction stir-welded copper 
specimens. The result shows that ANN can predict UTS with 94% accuracy. Using five 
different neural networks, Manvatkar et al. [34] calculated tool and workpiece temperatures, 
torque, traverse force, and stresses according to the thickness of the plate, welding speed, 
rotating tool speed, shoulder, pin, and pin length, and the tool material for the friction stir 
welding. Both experimental and numerical methods were used to evaluate the performance of 
all ANNs. Ghetiya et al. [35] predicted the tensile strength of FSWed aluminum alloy 
AA8014. ANN was used to study the influence of welding parameters such as axial force, 
welding speed, rotational tool speed, and tool shoulder diameter on joint strength. In their 
study of friction stir lap welding of the Al-Mg and CuZn34 alloys, Shojaeefard et al. [36] 
developed an ANN model to analyze the relationship between the mechanical properties and 
the process parameters. Ansari et al. [37] predicted the average grain size of Magnesium ingot 
under friction stir extrusion processing with the effect of rotational speed, vertical speed, and 
extrusion hole size (HS) using a 3-6-1 artificial neural network.  

Buffa et al. [38]  predicted microstructure and microhardness values using ANN for the 
nugget zone of a Ti–6Al–4V titanium alloy FSW joint. Laubscher et al. [39] proposed a 
single-layer backpropagation ANN with RSM for predicting friction-welded titanium joint 
tensile strength based on ANN architecture 3-10-1 and sensitivity analysis. Patel et al. [40] 
have developed a cellular automata finite element – artificial neural network (CAFE-ANN) 
hybrid model to predict grain size and yield strength evolution during friction stir welding. 
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Maleki et al. [41] predicted tensile and hardness properties of the welding zone of FSWed 
AA-7075-T6 considering input parameters as the rotational and welding speed, pin diameter, 
shoulder diameter, axial force, and tool hardness as input parameters using ANN.  

Since the submerged FSW is gaining a lot of interest nowadays, optimizing the process 
parameters of submerged FSW for better results would be more critical. In this research, grey 
relation analysis (GRA) was chosen along with an artificial neural network for the 
multiobjective optimization and selection of optimum process parameters. FSW is a complex 
welding mechanism; obtaining all the required responses for a particular set of input 
parameters is challenging. Hence, it is desired to use a multiobjective decision-making 
technique to solve this problem. Four output parameters were selected, such as yield strength, 
ultimate tensile strength, % elongation, and impact strength for the multiobjective 
optimization of underwater FSW of AA6061-T6. ANOVA analysis was carried out to 
determine the influence of process parameters on the mechanical properties of the welded 
joint.  

 

Methods and materials 

The research was carried out on rolled plates of aluminum alloy AA 6061-T6 of 6 mm 
thickness. A conical tool with an 18 mm shoulder diameter and a pin with a 6 mm diameter, 
14° semi-cone angle, and 5.6 mm length were considered to manufacture the tool. The 
chemical composition and mechanical properties of AA 6061-T6 are shown in Table 1 and 
Table 2, respectively. Aluminum alloy sheets were cut into sample sizes of 
200(L)×75(W)×6(T)mm with an abrasive cutting machine. Edges are machined with a milling 
machine, and an edge of 200 mm in length, cut to a transverse direction rolling line, was 
considered to form a weld. Plates were washed with acetone to avoid contamination during 
the welding procedure. In order to manufacture the tool, a conical tool with a shoulder 
diameter of 18 mm and a pin diameter of 6 mm, a semi-cone angle of 14°, and a length of 
5.6 mm was considered. Hot work dies steel (AISI-H13) was used as a tool material with 
hardening of 50-55 HRC. The main constituents of the chemical composition of H13 are C-
0.4, Mn-0.4, Si-1, Mo-1.35, Cr-0.25, V-1, and Fe-balance (all elements in wt.%). A new 
fixture was developed to carry out welding trials, which can hold the workpiece properly and 
withstand the load acting on it. A special vessel-type arrangement was made with an acrylic 
sheet to store water in the fixture.  
 
Table 1. Chemical Composition of AA6061-T6 Alloy 

Elements Mg Si Mn Zn Fe Cu Al 

Alloying elements (in %) 1.1 0.6 0.12 0.25 0.35 0.3 Rest 

 
Table 2. Mechanical properties of AA6061-T6 Alloy 
Properties UTS YS E % el 𝜇 MP H D 

Values 303 MPa 240 MPa 68.9 GPa 20% 0.33 582–652°C 107Hv 2.7 g/cc 
 

All the experiments were carried out on a universal milling machine (G. DUFOUR 
make) 624D model having a vertical spindle attachment with DRO. The machine consists of 
the main spindle motor of 15 HP with a spindle speed range of between 24-1180 rpm. There 
are also two feed motors with 5 HP power, with a feed in the range of 22-1180 mm/min. The 
experimental setup of underwater friction stir welding is shown in Fig. 1. The Friction Stir 
welding tool is mounted with a collet on the spindle of a universal milling machine. The 
fixture was rigidly mounted on the bed of the milling machine. Specimens to be welded were 
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fixed in the slot made in a fixture with clamps to avoid lateral and transverse movement of 
specimens during trials. Firstly, the rotating tool shoulder is allowed to touch the top surface 
of the specimen, and then water is allowed to pour into the fixture vessel to make a 30 mm 
water head. An arrangement was made to pour and drain hot water from the vessel. At a 
distance of 14 mm from either side of the weld line and 100 mm from the start point, K-type 
thermocouples were employed. 

  

  
 

Fig. 1. Experimental setup 
 

In this research, rotation speed, welding speed, and tilt angle were chosen as process 
parameters. Initial trials were performed to derive levels of process parameters by considering 
defects in the weld zone shown in Table 3.  
 
Table 3. Process parameters levels 
Parameter (Notation) Unit Level 

Tool rotation speed (TRS) rpm 710 900 1180 
Welding speed (WS) mm/min 22 29 49 64 83 108 
Tilt Angle (TA) ° degree 1° 2° 3° 
 

The specimens welded with the underwater FSW procedure are shown in Fig. 2 (a) and 
(b) of final experimentation by considering different levels of process parameters. A total of 
30 trials (shown in Table 4) were performed to analyse the effects of process parameters.  

After welding trials, all welded samples were cut into the required size per the 
American Society for Testing of Materials (ASTM) E-8M-08 [ASTM-2008] guidelines using 
an abrasive water jet machine shown in Figs. 2 and 3. In this study, three samples of tensile 
strength, one for each impact strength, microstructure, and microhardness, were considered 
for the characterization. Tensile tests were performed on a 2000KN universal testing machine 
(UTM) (Make: Universal Motion Inc, Model: MUTCS-20 model). During tensile testing, a 
crosshead speed of 1 mm/min of UTM was chosen. Selected samples were considered for 
macro and microstructure evaluation. Optical microscopy has been carried out using a light 
optical microscope (Make: Conation technologies) with an image analysis system.  
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Table 4. Grey relation analysis 

Sr. 

No. 

Input Parameter Output Parameters Normalized Inputs Normalized Responses 
GR

G 

Ran

k TRS 
TT
S 

TT
A 

UTS % El YS IS 
RP
M 

WS TA 
UT
S 

% 
El 

YS IS 

1 710 22 2 
186.5

6 
14.2

8 
105.9

7 
21.7

6 
0.00 

0.0
0 

0.5
0 

0.21 0.97 
0.3
2 

0.8
3 

0.63 8 

2 710 29 2 
222.0

1 
7.50 

140.2
6 

18.4
8 

0.00 
0.0
8 

0.5
0 

0.76 0.20 
1.0
0 

0.5
9 

0.65 3 

3 710 49 2 
174.8

9 
9.37 

104.1
8 

24.1
0 

0.00 
0.3
1 

0.5
0 

0.03 0.41 
0.2
8 

1.0
0 

0.55 16 

4 710 64 2 
208.9

4 
13.6

8 
123.4

3 
14.0

9 
0.00 

0.4
9 

0.5
0 

0.56 0.91 
0.6
6 

0.2
6 

0.59 11 

5 710 83 2 
212.8

1 
11.5

6 
108.6

9 
12.7

3 
0.00 

0.7
1 

0.5
0 

0.62 0.66 
0.3
7 

0.1
6 

0.50 26 

6 710 108 2 
172.7

7 
5.78 

109.5
5 

10.5
2 

0.00 
1.0
0 

0.5
0 

0.00 0.00 
0.3
9 

0.0
0 

0.36 30 

7 710 22 1 
182.2

2 
12.8

4 
97.75 

22.2
3 

0.00 
0.0
0 

0.0
0 

0.14 0.81 
0.1
5 

0.8
6 

0.56 14 

8 710 29 1 
195.0

0 
9.50 

101.0
0 

15.8
5 

0.00 
0.0
8 

0.0
0 

0.34 0.43 
0.2
2 

0.3
9 

0.44 29 

9 710 83 3 
210.7

5 
11.1

2 
115.4

1 
13.8

6 
0.00 

0.7
1 

1.0
0 

0.59 0.61 
0.5
0 

0.2
5 

0.50 25 

10 710 108 3 
219.0

5 
12.9

6 
102.2

4 
15.4

6 
0.00 

1.0
0 

1.0
0 

0.72 0.82 
0.2
4 

0.3
6 

0.55 15 

11 900 22 2 
185.8

5 
13.2

8 
90.12 

22.4
7 

0.40 
0.0
0 

0.5
0 

0.20 0.86 
0.0
0 

0.8
8 

0.58 13 

12 900 29 2 
198.5

1 
12.0

3 
110.9

8 
18.9

5 
0.40 

0.0
8 

0.5
0 

0.40 0.72 
0.4
2 

0.6
2 

0.53 20 

13 900 49 2 
202.0

6 
9.84 95.07 

16.8
5 

0.40 
0.3
1 

0.5
0 

0.46 0.47 
0.1
0 

0.4
7 

0.45 28 

14 900 64 2 
213.2

2 
11.8

7 
117.0

6 
12.9

6 
0.40 

0.4
9 

0.5
0 

0.63 0.70 
0.5
4 

0.1
8 

0.52 22 

15 900 83 2 
217.3

6 
13.4

3 
128.4

9 
15.4

6 
0.40 

0.7
1 

0.5
0 

0.69 0.88 
0.7
7 

0.3
6 

0.64 6 

16 900 108 2 
237.0

5 
12.6

2 
140.0

0 
12.5

7 
0.40 

1.0
0 

0.5
0 

1.00 0.78 
0.9
9 

0.1
5 

0.76 1 

17 900 83 1 
219.9

2 
10.7

5 
136.4

6 
17.7

8 
0.40 

0.7
1 

0.0
0 

0.73 0.57 
0.9
2 

0.5
3 

0.64 5 

18 900 108 1 
232.1

2 
12.8

4 
130.0

0 
12.1

2 
0.40 

1.0
0 

0.0
0 

0.92 0.81 
0.8
0 

0.1
2 

0.67 2 

19 900 49 3 
199.0

7 
11.7

5 
110.7

6 
15.4

6 
0.40 

0.3
1 

1.0
0 

0.41 0.68 
0.4
1 

0.3
6 

0.49 27 

20 900 64 3 
210.3

6 
13.0

3 
125.4

1 
15.5

5 
0.40 

0.4
9 

1.0
0 

0.58 0.83 
0.7
0 

0.3
7 

0.59 12 

21 
118

0 
83 2 

218.2
8 

10.6
2 

129.0
6 

19.8
9 

1.00 
0.7
1 

0.5
0 

0.71 0.56 
0.7
8 

0.6
9 

0.62 9 

22 
118

0 
64 2 

208.3
3 

11.8
1 

121.3
5 

16.3
9 

1.00 
0.4
9 

0.5
0 

0.55 0.69 
0.6
2 

0.4
3 

0.55 17 

23 
118

0 
49 2 

204.5
8 

10.5
6 

115.2
8 

17.7
8 

1.00 
0.3
1 

0.5
0 

0.49 0.55 
0.5
0 

0.5
3 

0.51 24 

24 
118

0 
29 2 

196.1
9 

12.3
7 

111.8
1 

23.6
3 

1.00 
0.0
8 

0.5
0 

0.36 0.76 
0.4
3 

0.9
7 

0.63 7 

25 
118

0 
22 2 

188.1
2 

13.4
3 

97.89 
18.2

5 
1.00 

0.0
0 

0.5
0 

0.24 0.88 
0.1
6 

0.5
7 

0.53 21 

26 
118

0 
108 2 

222.5
2 

12.0
9 

138.0
0 

11.3
0 

1.00 
1.0
0 

0.5
0 

0.77 0.72 
0.9
5 

0.0
6 

0.65 4 

27 
118

0 
49 1 

207.1
6 

12.1
3 

106.3
0 

16.6
2 

1.00 
0.3
1 

0.0
0 

0.54 0.73 
0.3
2 

0.4
5 

0.52 23 

28 
118

0 
64 1 

206.4
8 

12.4
3 

114.8
3 

16.7
8 

1.00 
0.4
9 

0.0
0 

0.52 0.76 
0.4
9 

0.4
6 

0.54 19 

29 
118

0 
22 3 

188.9
3 

13.0
0 

91.23 
21.0

6 
1.00 

0.0
0 

1.0
0 

0.25 0.83 
0.0
2 

0.7
8 

0.54 18 

30 
118

0 
29 3 

198.5
4 

14.5
0 

117.6
9 

15.4
6 

1.00 
0.0
8 

1.0
0 

0.40 1.00 
0.5
5 

0.3
6 

0.61 10 

 

For metallographic investigation of welded specimens, a cross-section was taken as they 
were polished using various grids and etched using Tucker's reagent. Friction stir-welded 
specimens were polished with emery sheets of various grades. These samples were then 
etched for 20 seconds with Keller's reagent. EBSD and optical microscopy (OM) were used to 
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examine these etched specimens. EBSD is a scanning electron microscopy-based 
microstructural-crystallographic characterization technique used frequently to study 
crystalline or polycrystalline materials. All the microstructure samples were polished to 
different grades of emery paper followed by a diamond paste of 1 µm particle size to evolve 
different zones of the welded specimen SZ, TMAZ, HAZ, and base material. Microhardness 
testing was carried out on the Vickers Microhardness taster of (Economet make) VH-1MD. 
The middle of the weld zone (transverse to weld direction) was considered a testing area with 
a 1mm interval using a 100g indentation load. The sub-size specimen was considered for the 
Charpy impact test as per ASTM E23 standards. 

 

  

(a) (b) 
Fig. 2. Underwater friction stir welded specimen 

 

 
Fig. 3. Tensile test specimens as per E-8M-08 [ASTM-2008] guidelines 

 
Grey relation analysis. Grey relation analysis is a multi-criteria decision-making 

technique founded by Chinese professor Julong Deng in the 1980s. GRA is an effective tool 
for solving inter-relationships among multiple responses and criteria. In GRA, multiple 
responses are converted into a single grey relation grade, which is convenient for decision-
making. GRA gives the appropriate, good solution instead of the best solution for complex 
real-life problems. Normalization, generation of grey relation coefficient (GRC), and 
generation of grey relation grade (GRG) are three critical steps in GRA. In normalization, 
responses are normalized between values 0 to 1 according to three different performance 
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characteristics – the "larger the better," "smaller the better," and the "nominal the better." In 
this research, all the response variables, ultimate tensile strength, yield strength, impact 
strength, and percent elongation, should be at their maximum. Hence, all the variables were 
normalized with larger performance characteristics (Ref. Eq. 1). Then, the normalized data 
were turned into a grey relation coefficient (Ref. Eq.2) to show the relationship between the 
actual data and the data that was wanted. In the last step (Ref. Eq.3), an overall grey relation 
grade is calculated by averaging weighed grey relation coefficients.  

The steps followed in the GRA are shown below: 
Step 1. Normalization [18-20] 𝑥𝑖∗(𝑘) = 𝑥𝑖0(𝑘)− 𝑥𝑖0(𝑘) 𝑚𝑎𝑥 𝑥𝑖0(𝑘)−𝑥𝑖0(𝑘) ,      (1) 

where 𝑥𝑖∗(𝑘) is the sequence after the data preprocessing, 𝑥𝑖0(𝑘) is the reference sequence, 𝑥𝑖0(𝑘)  is the smallest value in the reference sequence, 𝑚𝑎𝑥 𝑥𝑖0(𝑘) is the largest value in the 
reference sequence, 𝑖 = 1, 2,…, 𝑚; 𝑘 = 1, 2,…,𝑛; 𝑚 is the number of experiments, and 𝑛 is 
the number of experimental data. 

Step 2. Grey relation coefficient [18-20] 𝜉(𝑥0∗(𝑘), 𝑥𝑖∗(𝑘)) = ∆𝑚𝑖𝑛(𝑘)+𝜁∆𝑚𝑖𝑛(𝑘)∆0𝑖(𝑘)+𝜁∆𝑚𝑎𝑥(𝑘)   , (Table 5. C16-C19) (2) ∆0𝑖. (𝑘) = ‖𝑥0∗(𝑘) − 𝑥𝑖∗(𝑘)‖ ,    (2.1) ∆𝑚𝑖𝑛(𝑘) = 𝑚𝑖𝑛∀𝑗∈𝑖𝑚𝑖𝑛∀𝑘‖𝑥0∗(𝑘) − 𝑥𝑗∗(𝑘)‖, ∆𝑚𝑎𝑥(𝑘) = 𝑚𝑎𝑥∀𝑗∈𝑖𝑚𝑎𝑥∀𝑘‖𝑥0∗(𝑘) − 𝑥𝑗∗(𝑘)‖ , 
where ∆0𝑖. (𝑘) is the deviation sequence of the comparability sequence 𝑥𝑖∗(𝑘) and reference 
sequence 𝑥0∗(𝑘)=1, ζ is the distinguishing coefficient, having a value between 0-1. The value 
of 0.5 is generally used. 

Step 3. Grey relation grade [18-20] 𝛾𝑖(𝑥0∗(𝑘), 𝑥𝑖∗(𝑘)) = 1𝑛 ∑ 𝑤𝑖𝑛𝑖=1 𝜉(𝑥0∗(𝑘), 𝑥𝑖∗(𝑘)),    (3) 

where 𝑤𝑖 is the weighting value of the 𝑖th performance characteristic, and here 0.25 is the 

weight considered for each response variable, 𝛾𝑖(𝑥0∗(𝑘), 𝑥𝑖∗(𝑘)) is the GRG for an 𝑖th 

experiment, and 𝑛 is the number of performance characteristics. 
First, using Eq. (1), the experimental data consisting of process parameters and 

responses have been normalized. Tensile strength, yield strength, elongation percentage, and 
impact strength were evaluated using the largest-the-better (LB) criterion. Based on Eq. (2), 
grey relational coefficients are calculated for each performance characteristic with weights of 
w1 = 0.5 and w2 = 0.5 [13]. Eq. 3 has been used to calculate the grey relational coefficients 
for each response. FSW quality is measured by the grey relational grade, a comprehensive 
measure. GRA transforms the multi-response optimization problem into a single optimization 
problem with equivalent objective functions. The GRG is the relationship between the 
reference sequence values and comparability sequence values. 

Table 10 indicates the optimal factor combination with a high GRG value. A tool 
rotation of 900 rpm, a tilt angle of 2 degrees, and a welding speed of 108 mm/min are the 
optimal conditions for the FSW of aluminum alloy. Table 5 shows the network topology and 
training parameters of the ANN to GRG, and Table 6 shows each level's mean grey relational 
grade ratio according to the process parameters. Table 7 shows the absolute error values for 
different neural networks. 

An artificial neural network (ANN). An artificial neural network (ANN) is a 
computational network inspired by biological processes. ANNs are optimization techniques 
that use data analysis and simulation to model the human brain or neural system. The main 
benefits of ANNs are that they can access more data and remove noise and insufficient data. 
ANNs are advantageous because of their calculation speed, ability to learn from examples and 
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simplicity. Due to these characteristics, ANNs can be applied to materials science. FSW 
responses have been modeled and predicted by several researchers using ANNs. Manvatkar 
et al. [36] used a feed-forward network and the backpropagation algorithm for various 
combinations of welding variables to generate tool durability maps to study tool strength. 

Networks are multi-layered, with an input layer for parameters, an output layer for the 
response, and a hidden layer for processing input using a training function. Four input neurons 
were used to develop neural networks. In each hidden layer, 1-10 neurons were used to train 
the data, and one neuron predicted the mechanical properties of welded joints. Input layer 
nodes represent tool rotation speed, transverse tool speed, and tool tilt angle, which are used 
to predict response. After training several networks, the number of hidden layers and neurons 
in each layer was determined. In this study, back propagation neural network with three 
neurons for the input parameters and one neuron for the response of FSW in terms of grey 
relation grade.  

The training functions "logsig" and "tansig" are used in the first and second hidden 
layers, respectively. An ANN model was trained with 70% of the readings, validated with 
15%, and tested with 15%. A linear regression analysis was also performed between the ANN 
outputs (predictions) and the corresponding targets (experiments) to evaluate the ANN-based 
model response. After several trials, the model was developed with two hidden layers 
containing 1-10 neurons each. A network with minimum absolute relative error and maximum 
correlation coefficient criteria was used to select the required neural network by training and 
validating several neural networks. The absolute relative error was calculated with the root to 
mean square (RSM) error shown in Eq. 4 and the correlation coefficient shown in Eq 5. 
Neurons in hidden layers one and two were validated with "logsig" and "tagsig" activation 
functions. 𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐸𝑟𝑟𝑜𝑟 = |𝑅𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 − 𝑅𝑀𝑆𝐸𝑉𝑎𝑙| , (4) 

where 𝑅𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 = [(1𝑝) ∑ |𝑡𝑗 − 𝑜𝑗|2𝑗 ]12 ;  𝑅𝑀𝑆𝐸𝑉𝑎𝑙 = [(1𝑝) ∑ |𝑡𝑗 − 𝑜𝑗|2𝑗 ]12
. 

𝑅2 = 1 − [∑ (𝑡𝑗−𝑜𝑗)2𝑗∑ (𝑜𝑗)2𝑗 ]12
. (5) 

Network parameters used to train and validate the networks as shown in Table 5. 
 

Table 5. Network topology and training parameters of the ANN to GRG 
Network parameter Content 

Number of input nodes  3 
Number of hidden layers 2 
Number of output nodes  1 
Number of neurons for each hidden layer Layer1=9, Layer 2=7 

Network type Feed forward back propagation 
Training function Levenberg–Marquardt 
Transfer functions for hidden layers logsig, tansig 
Transfer functions for the output layer Linear 
Performance function MSE 
Training epoch 300 

Goal  0.0001 
 

One hundred neural networks were tested with varying neurons in two hidden layers to 
select the optimal neuron sets in hidden layers. Tables 6 and 7 show that the network with 
nine neurons in hidden layer 1 and 7 neurons in hidden layer 2 shows the highest correlation 
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coefficient (𝑹𝟐) is 0.9937, and the slightest absolute error of 0.0021. Hence to train the neural 
networks, 3-9-7-1 architecture was chosen to predict the grey relation grade. 
 

Table 6. Correlation coefficient (𝑅2) for different neural networks  
Layer 2 

L
a

y
er1

 

Neurons 1 2 3 4 5 6 7 8 9 10 

1 0.6892 0.6636 0.7017 0.4764 0.5315 0.3679 0.6266 0.5031 0.4530 0.6986 

2 0.6760 0.8289 0.6192 0.5921 0.4645 0.6688 0.9691 0.3169 0.5352 0.8687 

3 0.6336 0.7232 0.6495 0.5406 0.9110 0.9875 0.6857 0.6252 0.7901 0.8351 

4 0.9159 0.7816 0.7183 0.5610 0.4624 0.8267 0.6953 0.6191 0.1319 0.5056 

5 0.5753 0.7340 0.6174 0.8097 0.5934 0.6564 0.9065 0.6930 0.6009 0.5936 

6 0.7000 0.8581 0.5812 0.6299 0.9627 0.8522 0.9475 0.6644 0.4279 0.7815 

7 0.7254 0.5310 0.9679 0.6704 0.6573 0.5874 0.9704 0.7635 0.8179 0.5863 

8 0.9436 0.6040 0.5583 0.9227 0.1089 0.8556 0.9184 0.8283 0.7068 0.8041 

9 0.6561 0.8712 0.6353 0.9200 0.6328 0.6823 0.9909 0.9229 0.6204 0.8194 

10 0.8391 0.5643 0.8690 0.9664 0.7029 0.7514 0.9739 0.9806 0.8580 0.8990 

 
Table 7. Absolute error values for different neural networks 
  Layer 2 
 

Neurons 1 2 3 4 5 6 7 8 9 10 

L
a

y
er1

 

1 0.0919 0.0448 0.1190 0.0270 0.1665 0.0578 0.1156 0.0027 0.1484 0.0208 

2 0.1063 0.1749 0.0695 0.1246 0.0651 0.0365 0.0045 0.0319 0.2044 0.1449 

3 0.1275 0.1495 0.0238 0.1930 0.0949 0.0068 0.0499 0.0390 0.2084 0.0310 

4 0.1157 0.0546 0.0417 0.0105 0.1068 0.1738 0.0186 0.0106 0.1169 0.0634 

5 0.0879 0.1094 0.0643 0.1512 0.1244 0.1236 0.0283 0.0403 0.0051 0.0219 

6 0.0834 0.0791 0.0424 0.1089 0.1388 0.1687 0.0640 0.0774 0.2137 0.0062 

7 0.1249 0.0500 0.0131 0.1532 0.1820 0.1360 0.1810 0.0912 0.0024 0.0849 

8 0.1581 0.1281 0.1286 0.1541 0.1032 0.1588 0.2424 0.2220 0.0438 0.1972 

9 0.1207 0.2402 0.1194 0.0733 0.0999 0.1003 0.0021 0.0445 0.2045 0.2543 

10 0.0739 0.0097 0.0481 0.1634 0.0511 0.1650 0.0753 0.2281 0.0588 0.0960 

 
The experimental results and neural network predictions of the process parameters 

follow each other very closely shown in Table 8, so the developed ANN can accurately 
predict the grey relation grade. Consequently, it is possible to achieve overall performance 
without performing any experiments. A neural network model could forecast outcomes better 
if its mean squared error is lower. 

For the GRG, the correlation coefficients were 0.9833, 0.9884, and 0.9938 at the 
training, validation, and testing stages, respectively shown in Fig. 4. The percentage relative 
error between the trained and the predicted value by ANN were closely matched, and the 
maximum percentage of errors was about 3.7% which is within the acceptable level. The low 
relative error values and average absolute relative error in FSW, as well as the strong 
correlation coefficients between predicted and experimental results, demonstrate the 
outstanding capability of artificial neural networks to model mechanical properties without 
requiring a priori knowledge of thermal and material flow, microstructural and mechanical 
analysis.  
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Table 8. ANN predictions 
Sr. No 1 2 3 4 5 6 7 8 9 10 

GRG 0.6268 0.6531 0.5526 0.5944 0.4960 0.3624 0.5623 0.4350 0.5035 0.5544 

ANN Pred 0.6492 0.6289 0.5458 0.6073 0.4871 0.3579 0.5566 0.4424 0.4870 0.5609 

Error 0.0223 0.0241 0.0067 0.0130 0.0089 0.0044 0.0057 0.0074 0.0166 0.0065 

% Error 3.6% 3.7% 1.2% 2.2% 1.8% 1.2% 1.0% 1.7% 3.3% 1.2% 

Sr. No 11 12 13 14 15 16 17 18 19 20 

GRG 0.5766 0.5308 0.4507 0.5240 0.6359 0.7647 0.6440 0.6656 0.4928 0.5912 

ANN Pred 0.5785 0.5248 0.4523 0.5102 0.6503 0.7654 0.6408 0.6665 0.4839 0.5963 

Error 0.0019 0.0060 0.0017 0.0138 0.0144 0.0006 0.0032 0.0008 0.0088 0.0051 

% Error 0.3% 1.1% 0.4% 2.6% 2.3% 0.1% 0.5% 0.1% 1.8% 0.9% 

Sr. No 21 22 23 24 25 26 27 28 29 30 

GRG 0.6172 0.5462 0.5104 0.6291 0.5271 0.6491 0.5166 0.5421 0.5434 0.6053 

ANN Pred 0.6276 0.5456 0.5183 0.6179 0.5313 0.6504 0.5231 0.5492 0.5518 0.5954 

Error 0.0104 0.0005 0.0079 0.0112 0.0042 0.0013 0.0065 0.0071 0.0084 0.0099 

% Error 1.7% 0.1% 1.5% 1.8% 0.8% 0.2% 1.3% 1.3% 1.5% 1.6% 

 

 
Fig. 4. ANN regression values 
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Prediction of optimum process parameters. To predict the optimum process 
parameters, trained ANN (3-9-7-1) was used. From the grey relation analysis, it was observed 
that 900 rpm, tool rotation speed, 108 mm/min tool traverse speed, and Tilt angle 2° show the 
highest value of grey relation grade of 0.7647 (sr. no 16 of Table 4). The same set of 
parameters was used to obtain the optimum process parameter by varying each parameter by 
keeping two parameters constant to simulate the neural network. As shown in Fig 5 (a), the 
effect of tool rotation speed on grey relation grade is predicted using a trained neural network 
by keeping 108 mm/min of TTS and tilt angle 2° constant. Results show that GRG value 
increases with an increase in tool rotation speed up to 975 rpm, then decreases.  

Also, for the tool traverse speed, the grey GRG value increases with an increase in TTS 
for TRS 900 rpm and TTA of 2°, as shown in Fig. 5 (b). Maximum grey relation grade 
obtained at 108 mm/min. Figure 5 (c) shows GRG value increases with an increase in tool tilt 
angle from 1-2° and then decreases. Maximum grey relation grade obtained at 2°. 

 

 

 
Fig. 5. Prediction of GRG using ANN 

 
After simulating the results, optimum parameters predicted by the ANN are Tool 

rotation speed of 975 rpm, tool transverse speed of 108mm/min, and tool tilt angle of 2°, as 
shown in Table 9. The grey relation grade obtained using the proposed GRA-ANN approach 
was 0.8440 with revised optimum parameters tool rotation 975 rpm, tilt angle 2°, and welding 
speed 108 mm/min, a 9.32% improvement over the 0.7647 obtained experimentally at 
900 rpm and 108 mm/min. The results show that the adoption of the GRA-ANN hybrid 

(a) (b) 

(c) 
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optimization method leads to a significant improvement of mechanical properties in friction 
stir welding. 

As the milling machine has limited settings of the tool rotation speed, 975 rpm was not 
possible with the machine. Hence closed match speed setting of 900 rpm was considered the 
optimum speed with a transverse tool speed of 108mm/min and tool tilt angle of 2°. The same 
parameters were used for the conventional in-air friction stir welding experiment after the 
optimal process parameters were determined for underwater friction stir welding. Mechanical 
and microscopic investigations were conducted to compare underwater and in-air FSW 
performance. 
 
Table 9. Results of welding performance using the GRA and ANN 

Method 

Optimum process 

conditions GRG 

% 

Improveme

nt in GRG TRS TTS TA 
GRA 900 108 2° 0.7647  --- 

GRA-ANN(Pred) 900 108 2° 0.7653 -- 
TAGUCHI-GRA-ANN (optimized 

parameters) 
975 108 2° 0.8440 9.32% 

 

Result and discussion 

ANOVA analysis. The grey relation grade obtained using the proposed GRA-ANN approach 
was 0.8440 with revised optimum parameters tool rotation 975 rpm, tilt angle 2°, and welding 
speed 108 mm/min, a 9.32% improvement over the 0.7647 obtained experimentally at 
900 rpm and 108 mm/min. [42]. The results of the ANOVA test are shown in Table 10. In 
addition, a percentage contribution is calculated. In the 1920s, statistician and geneticist 
R.A. Fisher developed Fisher's F-distribution to test for statistical significance. In this paper, 
ANOVA analysis was carried out to find the % contribution of each process parameter to the 
mechanical properties of the welded joint. From Table 10, in ANOVA analysis, it is observed 
that input parameter tool rotation speed is having highest % contribution of 39.89%, followed 
by 29.87% and 19.59% of Tool traverse speed and Tool tilt angle, respectively on mechanical 
properties of underwater friction stir welding of AA 6061-T6. 
 
Table 10. ANOVA analysis 
Parameters SS Value DOF MS Value F-Value  P-value % Contribution 

TRS 0.0672 2 0.0336 3.743941 0.041456. 39.89% 
TTS 0.1258 5 0.02516 2.803499 0.046358. 29.87% 
TTA 0.033 2 0.0165 1.838543 0.188142 19.59% 
Error 0.17949 20 0.008975  10.65% 
Total 0.40549 29   

  
Increasing the rotational tool speed improves the grey relation grade to a maximum for 

a given TTS and TTA. The material is mixed and stirred around the pin due to frictional 
heating and plastic deformation caused by tool rotation speed. Insufficient tensile strength and 
yield strength might be caused by low heat generation and plastic deformation at low 
rotational speeds. On the other hand, a high rotational speed is characterized by turbulent 
material flow and localized softening due to the abundance of heat created. The presence of 
strengthening precipitates, dissolution, and coarsening, decreases the strength of the welded 
joint. Welds produced with tool speeds close to 900 rpm have better mechanical properties 
because sufficient heat is generated for effective softening and mixing of the deformed 
material. The strength of the joint tends to increase as welding speed increases.  
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Characterization of welded joint. Macroscopic images of all 30 samples are free from 
any volumetric defect except flash over the top surface of the weld. Figure 6 shows a 
macroscopic image of an underwater friction stir welding sample welded with optimum 
process parameters obtained with ANN-GRA analysis. For the micro and macrostructural 
investigations, specimens were processed with the optimum process, and parameters were 
used. For the comparative study, for the same optimum parameters, a new specimen was 
welded with the conventional in-air friction stir welding process. A macrograph of underwater 
FSW shows distinct HAZ, TMAZ, and SZ zones, whereas, for in-air FSW, the HAZ and 
TMAZ are separated by a thin boundary. The macrograph of the weld sample shows well-
defined onion rings consisting of bright and dark field regions, which denote uniform material 
flow in the nugget zone shown in Fig. 6. Exposure to water in UFSW makes the weld 
smoother compared with FSW.  

 

 
(a) 

 
(b) 

Fig. 6. Macroscopic image of an underwater friction stir welding sample welded with 
optimum process parameters 

 
The plastic deformation generated by the FSW process severely compresses the pre-

deformed coarse grains, resulting in the creation of extremely fine recrystallized equiaxed 
grains within the weld nugget. In addition, the dynamic recrystallisation (DRX) phenomenon, 
which is theoretical to have been induced by the adsorption of dislocations by sub-grain 
boundaries, may have also aided in the nucleation and development of ultrafine grains in the 
FSW weld nugget. As grain refinement takes place, which precedes to increase of 
microhardness ultimately increases the tensile strength of the joint due to water as a cooling 
medium carrying out heat from the weld specimens rapidly. This rapid cooling is responsible 
for restricting grain growth, which leads to refined grains in the weld nugget zone. Slight 
variation in the grain size of FSW welded samples of both the condition shows that the 
cooling effect due to water dominates the development of tool pin profiles with the same 
process parameters. Further, the microstructure analysis the specimen welded in water 
analysed using EBSD techniques.  

Figure 7 shows the EBSD grain maps of base metal compared with the weld nugget 
zone of UFSW and CFSW analysed using the ATEX software tool [23]. Figure 7 (a) shows 
the EBSD maps of base material and which shows elongated grains with an average 84 µm 
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grain size. Figures 7 (b) and 7 (c) shows the components and grains map of TMAZ prepared 
under water and in air. Where, slightly more refined grains of size 2.56 µm were observed for 
water as compared with the air. It was because of effective heat distribution and plastic 
deformation that occurred due to water which refine grains in the welding zone compared 
with the air.  

In FSW, the base material of 84 µm grain size undergoes severe plastic deformation, 
and grain refinements provide an equiaxed grain size. The average grain size in UFSW is 
2.65 µm, and the CFSW is 4.91 µm. The water environment in UFSW restricted grain growth 
in the nugget zone after processing, providing finer grain UFSW compared with CFSW. Due 
to the shear deformation generated by the rotating tool, the parent grains tend to be reoriented 
along the flow pattern around the pin, which is a characteristic of TMAZ. Observation of 
newly-formed equiaxed grains indicates the presence of dynamic recrystallization (DRX). 
From the exterior to the interior of the TMAZ, there is a trend for more equiaxed grains to 
develop. With closer proximity to the core of the weld, higher temperatures and more 
locational deformation are obtained, resulting in an increase in DRX. The texture transition 
happens on the TMAZ border. The alterations are concentrated in a small area. This region 
also has significant diversity in grain size. 

 

 
(a) Grain structure of base material 

 
(i) EBSD maps of FSW specimen prepared underwater  
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(ii) EBSD maps showing grain boundaries for underwater FSW 

 
(iii) Pole maps of underwater FSW 

(b) (i, ii and iii) EBSD maps of FSW specimens prepared underwater  

 
 (i) EBSD maps of FSW specimen prepared in air 
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(ii) EBSD maps showing grain boundaries for FSW specimen prepared in air 

 
 (iii) Pole figures for FSW specimen prepared in air 

(c) (i, ii, and iii) EBSD maps of FSW specimens prepared in air 
Fig. 7. EBSD Maps of a) base metal, b) Underwater FSW, c) In air FSW 

 
In FSW, due to intense recrystallization because of stir action, grain refinement occurs 

which is responsible for changing mechanical properties in a welded joint. Underwater 
friction stir welding reduces the thermal exposure in nugget zone, which restricts grain growth 
due to natural aging during the cooling of the joint, which adds extra benefit to improve the 
mechanical properties of the joint. The grain refining process is driven by grain subdivision at 
the cooler perimeter of the tool's deformation zone and the geometric effects of strain, which 
reduce the overall high-angle border spacing with increasing deformation. Nevertheless, it 
also involves thermally induced high-angle grain boundary migration, which increases as the 
temperature approaches the tool. The later, higher-temperature stages of the refining process 
resemble geometric dynamic recrystallisation. As a result of static annealing in the thermal 
wake of the tool, the nugget grain structure becomes more equiaxed and coarsens slightly, as 
well. As indicated previously, sites with relatively large deformation stresses exhibit 
discontinuous recrystallization; yet, continuous recrystallization is also accompanied by 
grains refining. In the SZ, a steady change from low-angle borders to high-angle boundaries 
can be detected, according to studies of grains distribution in the literature [21,22].  

The low angle boundaries for the specimen prepared in water are nearly 28.5 % as seen 
in Fig. 7 (b-ii) whereas high angle boundaries are 71.5 % with an average grain size of 
3.21 μm and texture intensity of 5.01 as observed in pole Fig. 7 (b-iii). On the other side, the 
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low angle boundaries for the specimen prepared in the air are nearly 25.4% as seen in 
Fig. Fig. 7 (c-ii) whereas, high angle boundaries are 74.6 % with an average grain size of 
8.1 μm and texture intensity of 7.32 as observed in pole Fig. 7 (c-iii). 

The high temperatures and intense deformation experienced during FSW/UFSW result 
in different textures, precipitates dissolving, and coarsening. The macrostructure has three 
distinct zones: the stir zone (SZ), the TMAZ, and the HAZ. There is a distinct boundary 
between TMAZ/HAZ and SZ. The grains of BM are non-deformed and elongated. Typically, 
the SZ exhibits equiaxed and refined grains that have been dynamically recrystallized. New 
grains are formed in the SZ due to intensive plastic deformation caused by tool stirring and 
heat generated by tool rubbing. Figure 8 shows Vickers microhardness profiles measured 
along the midsections of base material, CFSW, and UFSW specimens. The base material has 
an average hardness value of 107 HV. The weld regions of HTAAs usually become soft as a 
result of FSW. The UFSW joints of AA6061 soften due to coarsening and dissolution of 
strengthening precipitates during FSW/UFSW [43]. 

 It was observed that precipitation-hardened AAs typically have 'W' type hardness 
profiles (Fig. 8). The advancing side undergoes severe plastic deformation in friction stir 
welding compared with the retreating side. Due to this, the advancing side undergoes higher 
temperatures than the retreating side, reducing the region's microhardness. AS in UFSW, with 
low-temperature exposure in the welding region, the hardness value increases, as shown in 
Fig. 8. The retreating side in UFSW shows a minimum hardness of 70.2 Hv on the interface 
of TMAZ /HAZ. For the CFSW minimum hardness value observed in the HAZ zone of the 
Advancing side.  

 

 
Fig. 8. Microhardness profile of UFSW sample 

 
For CFSW samples, due to high heat input on AS, microhardness in AS (64-86 HV) 

was lower than that in RS (66-87HV). A maximum microhardness of 85 HV was found in the 
SZ of RS, which was lower than the average microhardness of 107 HV found in the BM. 
Compared to SZ, TMAZ/HAZ exhibited a noticeable decrease in microhardness. 
Microstructure analysis revealed that SZ contains fine grains and precipitates. Refined grains 
with many grain boundaries resist dislocation motion when indented or loaded. As a result, 
the SZ exhibits a higher microhardness than the TMAZ. There was grain growth (coarsening) 
in the TMAZ and HAZ. Due to a coarse boundary, there is less resistance to dislocation 
motion, which makes grain boundaries less available. TMAZ and HAZ have low grain 
boundary strengthening, contributing to their low hardness. As reported, it was found that in 
UFSW, TMAZ and HAZ were narrowing, which reduced softening regions in the nugget 
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zone [7]. TMAZ/HAZ might also have a lower hardness due to the dissolution of 
strengthening precipitates, Lin et al. [44] observed similar results.  

The tensile test results for the base metal, underwater friction stir welding, and 
conventional in-air fraction stir welding (CFSW) samples are shown in Fig 9. Figure 9 shows 
that welding speed increases from 29-108 mm/min improves mechanical properties. As a 
result of welding at lower speeds, high heat levels are generated, compromising the growth 
and dissolution of strengthening precipitates. With higher welding speeds, thermal cycles are 
reduced, which improves tensile strength and inhibits grain growth and precipitate 
dissolution. According to Liu et al. [45], the tensile strength first increases with welding speed 
and then dramatically decreases at 200 mm/min due to the groove defect, which is present at a 
fixed rotation speed of 800 rpm.  

The optimal process parameters used to process both CFSW and UFSW samples are 
TRS 900 rpm, WS 108 mm/min, with TA =2°. Friction stir welding undergoes thermal 
heating, which reduces mechanical properties compared to a base metal, which results in 
tensile strength of 303.5 MPa and a 20% elongation. Results show underwater samples show 
a tensile strength of 237.25 MPa (78.17% of BM) with an elongation of 13.44% (76.08% of 
BM). FSW samples processed in the air (CFSW) show a tensile strength of 216.88 MPa 
(71.45% of BM) with an elongation of 12.5% (63.2%) of BM).  

 

 
Fig. 9. Stress-Strain curves for BM, CFSW, and UFSW 

 
Tensile strength was increased by 10.7% when the welding medium was changed from 

air to water [46]. The peak temperature in the UFSW is lower than in the FSW due to water's 
higher heat absorption capacity. In addition, UFSW results in a shorter dwell time above a 
given temperature and a lower peak temperature due to more significant heating and cooling 
rates [46]. Water cooling limits the coarsening and dissolution of strengthening precipitates 
due to reduced temperatures and less thermal gradient. As a result, an optimal underwater 
FSW joint may be more substantial than a conventional FSW joint. 

The hardness minimum is a potential fracture location during transverse tensile loading 
of heat-treatable Al alloys since the hardening precipitates dominate the strength [46]. In 
FSW, zones with low hardness distribution are prone to fracture initiation. Figure 10 (a) 
shows tensile test specimens' fracture surface locations. Based on current research, CFSW 
tensile test fracture occurs on the AS in the HAZ adjacent to the TMAZ, which has the lowest 
hardness [43]. Microfractographs (Fig. 10 (b)) show some equiaxed dimples, indicating 
ductile fracture modes. Dawood et al. [47] attribute small dimples to homogeneous 
microstructures at the failure site.  
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Fig. 10. The tensile fracture surfaces of weld joints welded a) CFSW b) UFSW 

 
Typically, the advancing side achieves higher temperatures, causing grain growth, and 

resulting in the lowest hardness region. The fracture position shifts from advancing to 
retreating when the cooling medium changes from air to water shown in Fig. 10 (b) for 
UFSW, fracture occurs in the low hardness zone of the interface of TMAZ and HAZ on the 
retreating side [48,49]. Several large dimples are evident on the fracture surface of 
Figs. 10 (a) and (b), indicating significant plastic deformation during tensile testing. Joints 
welded in air exhibit larger and deeper dimples than joints welded in water; the fracture 
surfaces of the joints welded in air exhibit ductile characteristics with large dimples. In some 
positions on the fracture surface of the joint welded in water, there are small dimples with 
secondary cracks, and quasi-cleavage planes are visible [49].  

 

Conclusions 
In the present investigations, multiobjective optimization was performed using ANN-GRA for 
UFSW of AA 6061-T6 aluminium alloy using a conical tool. The ultimate tensile strength, 
yield strength, elongation percentage, and impact strength, optimal process parameters were 
determined and optimized for tool rotation speed, welding speed, and tilt angle. Based on the 
results of this study, the following conclusions were drawn: 
1. For UFSW the ANN multilayer network 3-9-7-1 shows optimum results in terms of 
grey relation grade with a correlation coefficient of 0.9909 and an absolute minimum error of 
0.0021. In a model trained with an ANN, a grey relation grade increases with tool rotation 
speed as it increases from 700 to 910 rpm, then decreases. In addition, the grey relation grade 
increases with an increase in tool traverse speed from 22 to 108 mm/min. 
2. Based on GRA-ANN, 0.8440 grey relation grades were predicted with new optimum 
parameters of 900 rpm, 2° tilt angle, and 108 mm/min welding speed, compared to 0.7647 
obtained experimentally at 900 rpm, 2° tilt angle, and 108 mm/min. 
3. ANOVA analysis revealed that tool rotation speed contributes 39.89% to the 
mechanical properties of underwater friction stir welding of AA 6061-T6, followed by tool 
traverse speed and tool tilt angle, respectively, by 29.87% and 19.59%. 
4. Underwater FSW samples show the highest strength of 237.25 MPa (78.17% of BM) 
compared with the air (CFSW) sample of 216.88 MPa (71.45% of BM).  
5. The UFSW produces refined grains in the nugget zone and thus improves the 
microhardness and tensile strength of the joints compared with in-air friction stir welding. 
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Abstract. The applications of aluminum-based Metal Matrix Composite (MMC) are very 
huge and it possesses good output when combined with Mica Powder. Because Mica is one of 
the naturally available crafted stones of minerals. It can bind with the materials easily in 
ambient conditions. This research work is to study the mechanical performance of the 
AL7075/Mica Powder hybrid MMC's. The varying grams of Mica powder (5 g to 25 g) are 
added with 500 grams of aluminum 7075. From the results obtained for the mechanical 
properties of AL7075/Mica Powder composite. Specimen 5 (500 g of AL 7075/25 g of Mica 
Powder) has excellent mechanical properties such as tensile strength of about 285 MPa, 
impact strength of about 18 J. The Vicker Hardness indentation is about 80 VHN, all these 
results define that after the addition of Mica Powder in the composite. The bonding nature of 
Mica with AL7075 always acts as a supporting agent in the defining of excellent mechanical 
properties of metal matrix composite. 
Keywords: AL7075, Mica Powder, Tensile strength, Impact strength, Vicker's Hardness test, 
SEM morphology 
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Introduction 

The progression of composite materials with evaluated properties known as practically 
reviewed materials has reformed mechanical parts fabricating, particularly in the auto, flight, 
guard, and biomedical businesses. The mix of composite materials is in light of the fact that 
each layer is unique in relation to different layers. The strength and tribology properties of 
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each layer rely upon the constituents present in it. On account of appearance, there is a critical 
improvement in the presentation and lifetime of mechanical parts like pinion wheels, heading, 
shafts, and cams [1]. The main impetus for AMCs production is fitting the helpful properties 
of the material by joining the lightweight, intense and flexible aluminum (Al) composite with 
reasonable earthenware particles. Especially, AMCs supported with SiC have caught much 
consideration from auto for example brake drums, chamber liners, cylinders and cylinder 
rings, and so forth, and aviation ventures like rotor vanes, and drive shafts in view of their 
amazing mechanical properties alongside monetary and natural manageability execution of 
AMCs relies upon the synthesis of the grid composite, sort of support, and producing 
strategies [2]. Serious plastic distortion is a productive methodology for making a high 
thickness of line deserts in metals. The blend of enormous shear strain with high hydrostatic 
tension, which is brought about, diminishes the grain size of the amalgam, opportunity 
agglomerates, and nano precipitation. Attributable to these benefits, Serious plastic distortion 
is frequently applied in the improvement of a wide scope of ultrafine-grained mass metallic 
composites with ultrahigh strength [3]. Changing reinforcements like Boron Carbide, Silicon 
Carbide, Aluminum Oxide, and Titanium Diboride are utilized to bear strength in the 
subsequent parts. Combinations of aluminum are generally utilized in high-temperature 
application regions where their mechanical properties assume a significant part in the working 
of the framework. Later investigationsare on different scopes of network materials in 
combinations of Aluminum like A356, Al6061, Al7075, and comparative others are utilized 
for the creation of composites utilizing different techniques like diffusive projecting, mix 
projecting, crush projecting, and comparable different procedures [4]. 7075 aluminum 
composites have superb exhaustive properties and high strength at room temperature. It is one 
of the greatest strengths of aluminum composites as of now utilized. It has better framing 
properties however broad erosion opposition and helpless hotness opposition. It is moderately 
low in extinguishing affectability, appropriate for arrangement treatment at different 
temperatures, and equipped for fast normal maturing. This high-strength and lightweight 
combination can be utilized to fabricate climbing hardware and bike parts, and be applied to 
an auto body board, brake lodging, brake cylinder, guide sheet parts, and other field seat rails 
in flying [5]. Among different Al combinations grew up until now, the commitment of 
Al7075 combination to underlying applications in auto and aviation businesses is striking in 
light of its incredibly high strength, low thickness, high warm steadiness, and great weariness 
strength. Al7075 is a hotness-treatable combination, in which the development of MgZn2 
hastens and improves its solidarity by scattering fortifying. Mechanical properties of these 
combinations can be additionally improved by huge refinement of grains by serious plastic 
disfigurement, which basically fuses cell separation, what's more, disfigurement [6]. 
Agglomeration is an extremely urgent issue in the utilization of added substances in metal 
framework materials. This is particularly the situation when metal framework composites are 
delivered by fluid projecting techniques on the grounds that these fortifications can isolate at 
grain limits. Furthermore, these techniques require dissolving the metals, which prompts high 
creation costs [7]. The use of different hard-clay particles like aluminium oxide, boron 
carbide, titanium carbide, silicon carbide, and rice husk as support has come about in 
improved mechanical and tribological attributes of composites. Numerous scientists are 
chipping away at SiC-based metal network composites in light of the fact that of their 
appealing components. Contrasted with mix projecting, metal penetration, splash 
deterioration, and mechanical alloying, one of the broadly utilized strategies to foster 
composites is the Powder metallurgy process [8]. Al7075 MMC was observed to be expanded 
when contrasted and Al7075 by 20% and 33%, which is because of the great strength and 
solidness given by the Al2O3 which is mixed with Al7075the particles have a holding ability 
that bonds with the base material. In mix projecting interaction, the support material is 
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presented in a persistently mixed liquid grid and afterward cast by sand, long-lasting mold, or 
strain pass-on projects on the off chance that the blending is done consistently, the B4C 
particles are similarly circulated, which invigorates a uniform all through the material [9]. 
Al7075 with alumina metal network composite by Stir projecting method. It is tracked down 
that 8% of Alumina with Al7075 has the most noteworthy mechanical properties. This 
proportion has the most noteworthy worth in the Brinell hardness test, Impact test, and 
Extreme load test. A portion of the inventive and effective assembling strategies are 
effectively carried out in numerous fabricating ventures to create composite materials [10]. 
With consistently scattered TiB2 and Gr particles, the high hardness and other great properties 
of these fortifications can be viably utilized for the improvement of the solidarity of 
composites. The augmentation in a definitive rigidity of Al7075 combination and it is half and 
half composites are Hall-Petch reinforcing, load move strength, warm crisscross reinforcing, 
and precipitation fortifying. Here each fortifying is talked about one by one to see how they 
impact the strength of Al7075 combination furthermore, its half and half composites. 
Composites show a decrement in grain size likened to that of unreinforced Al7075 amalgam 
because of half and half fortifications. Because of the expansion in grain limit thickness, the 
composites [11, 12]. Al7075 compound by means of contact mix welding and finished up that 
20 % volume part of nano particles of SiC with Al7075 expanded the mechanical properties 
of the welded joint. They announced that the mechanical properties of the welded joint are 
dependent on grain size, support scattering, and the holding quality among network and 
fortifications materials. The hardness of the contact mix prepared Cu with the B4C was 
expanded 42 % higher than the without these particulates [13]. Notwithstanding a slight 
diminishing in the primary hours of the maturing system, the electrical conductivity of the 
sintered examples for the most part expanded with the expansion in the maturing time [21]. 
The impact of ball processing time and sintering temperature on the microstructural 
developments, wear conduct, and mechanical and warm properties of the created composites 
were researched. X-beam diffractometer and examining electron magnifying lens examination 
showed that as the ball processing time expanded, the molecule size diminished, the 
homogeneity expanded the overall thickness of the Al2024 framework diminished with an 
increment of the nano-ZrO2 particles while the clear porosity expanded [22]. Besides, critical 
improvement in mechanical properties, for instance, microhardness, extreme strength, 
reinforcing productivity, and Young's modulus. The wear rate diminished as the support 
content expanded while it expanded with the increment of the sliding distance and applied 
load [23,24]. The objective of the research work is to study the mechanical and morphological 
properties of chosenAl7075/Mica Powder Metal Matrix Composite for automobile, and 
aerospace applications. 
 
Materials and methods 

Aluminium7075 powder of about 10-60 µm is purchased from Chandan Steel World, 
Bhuvaneshwar, Mumbai, Maharashtra. Industrial White Mica powder with a particle size of 
10-60 µm purchased from the pearl enterprise, Chennai, Tamil Nadu. The stir casting method 
is used to prepare the composite with the graphite crucible at 680ºC for 25 minutes. The 
preheated reinforcement is added atregular intervals to avoid unnecessary agglomeration. The 
reinforcement Al7075 and Mica powder were mixed with 580rpm for 15 minutes. After the 
mixing of the composite by maintaining 680ºC, the molten mixture is pertained in the die and 
allows for natural cooling at ambient temperature. The same procedure is repeated for the 
preparation of 5 specimens with varying ratios of Al7075 and Mica powder. Figure 1 
represents the experimental setup of stir casting for the preparation of the composite 
specimens. Table 1 represents the specimen description of the prepared composite. 
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Fig.1. Stir Casting Setup 

 

Table. 1. Composite Specimen Description 

S.no 
Weight of Aluminium 

AL7075(g) 
Weight of Mica 

Powder(g) 
Prepared Specimen 

Designation 

1 500 0 Specimen 1 
2 500 5 Specimen 2 
3 500 10 Specimen 3 
4 500 20 Specimen 4 
5 500 25 Specimen 5 

 
Result and discussion 

Tensile test. The tensile strength analysis is carried out using the universal tensile testing 
machine. The specimen was prepared as per the ASTM E8 standard and values are recorded 
with an average of five specimens. The tensile strength of the filler Mica Powder increases the 
tensile strength of the MMC composite also increase [14, 15]. This type of phenomenon 
represents the bonding and solid strengthening of the metal and the matrix. The maximum 
tensile peak is noted for specimen 5 about 285 MPa for the combination which has 25 grams 
of Mica powder with 500 grams of aluminium. Increasing the homogeneity of the particle size 
produces a tough bonding at the time of fabrication. This type of pocketing of mica powder 
may improve the tensile strength of the composite. In addition to this, the different-sized 
atomic combinations are readily exhibiting this type of intervention on the aluminum-based 
metal matrix composite [16]. Figure 2 shows the tensile strength analysis of varying grams of 
Al7075/Mica Powder MMC. 

Impact test. Impact strength specifies the energy-absorbing capabilities of the material 
at the time of application of sudden load. At the time of the impact, event happened the 
workpiece material may withstand the load or break into two halves. The impact test was 
carried out using the Charpy impact tester with the standard of ASTM A370. For the final 
value calculation, the average of five specimens is taken. Figure 3 represents the impact 
strength analysis of Al7075/Mica Powder Metal Matrix Composite. The results of the impact 
study also, represent the same observation the increase in the content of Mica Powder 
improves the energy observing capability of the composite about 18 J. While increasing the 
Mica Powder content increasesthe bonding strength of the aluminium-reinforced composite 
[17]. Owing to the quality dispersion of Mica in the aluminum shows this kind of observation, 
during the happening of the impact event. 
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Fig. 2. Tensile strength analysis of Al7075/Mica Powder 

 

 
Fig. 3. Impact strength analysis of Al7075/Mica Powder 

 

Hardness test. Hardness is one of the tests which helps to determine the deformation of 
the materials by means of indentation. Vicker hardness tester is used to evaluate the hardness 
of the prepared specimens. A load of 100 kg is applied to the composite for 20 seconds. An 
average of five specimens are taken for the hardness study. The increase of the filler Mica 
Powder is an inorganic material thatproduces an improved hardening condition for the 
composite [18]. Because the hardness value is only depending on the incorporation of 
powdered particles in the layers of aluminum which shows about 80 VHN for specimen 5. 
Figure 4 represents the Vicker Hardness Number of the prepared specimen. 



Effect of Mechanical Properties of AL7075/Mica Powder Hybrid Metal Matrix Composite  147 

 

 
Fig. 4. Hardness test analysis of Al7075/Mica Powder 

 

  
 

Fig. 5. SEM Morphology of tensile and impact fractured specimen 
 

SEM morphology studies. Scanning electron microscopy is one of the effective 
microstructure analysis tools which helps to study the failure pattern of the composite. 
Figure 5 (a) and (b) show the impact and tensile failure pattern of the Al7075 and Mica 
powder combination of 15 micron. SEM morphology of tensile fractured specimen 5 (a) 
clearly locates the potential mismatch on the surface of the composite. Formation of 
conjunction among the composite may create nucleation of the powdered particles and 
convert the composite into hard particles. These hard particles of Mica Powder deposited on 
the surface are responsible for the dislocation of reinforcement particles on the composite. 
Even though they are having good agglomeration between Al7075 and Mica powder, these 
types of interventions may occur [19]. The high-pressure compaction of between is 
responsible for the happening of voids in the composite. Also, the higher stirring time leads to 
voids in the presence of Mica powder on Al7075 in the composite. The formation of poor 
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grain boundaries is responsible for the uneven breakdown of the composite at the time of 
impact load with some voids also noted in Fig. 5(b). The voids and hair line fins are called 
two-line surface disturbance which completely collapses the impact strength of the metal 
matrix composite [20]. 

 
Conclusions 

Alumium7075 reinforced with Mica Powder metal matrix composite is successfully 
fabrication using stir the casting method. To study the mechanical properties of the prepared 
specimens, from the results discussed in the above chapter. The following conclusions are 
made, 
✓ The maximum tensile peak is noted for specimen 5 about 285 MPa for the 
combination which has 25 grams of Mica powder with 500 grams of aluminum. In addition to 
this, the different-sized atomic combinations are readily exhibiting this type of intervention on 
the aluminum-based metal matrix composite. 
✓ The results of the impact study also, represent the same observation the increase in the 
content of Mica Powder improves the energy-observing capability of the composite by about 
18 J. While increasing the Mica Powder content increases the bonding strength of the 
aluminum-reinforced composite. 
✓ Owing to the quality dispersion of Mica in the aluminum shows this kind of 
observation, during the happening of the impact event. 
✓ The increase of the filler Mica Powder is an inorganic material that produces an 
improved hardening condition for the composite. Because the hardness value is only 
depending on the incorporation of powdered particles in the layers of aluminum which shows 
about 80 VHN for specimen 5. 
✓ Mica Powder deposited on the surface is responsible for the dislocation of 
reinforcement particles on the composite. Even though they are having good agglomeration, 
these types of interventions may occur during tensile loading conditions. The formation of 
poor grain boundaries is responsible for the uneven breakdown of the composite in the time of 
impact load with some voids. 
✓ The better cast ability, high corrosion, low density, and high elasticity of the 
Al7075/Mica powder composite is one of the potential replacements for the conventional 
MMC's can utilize transport, automobile, aerospace, and marine applications. 
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Abstract. Determining long crack threshold as a design criterion is not a new research topic; 
however, some anomalies because of different test methods in literature keep it voguish. 
Inaccurate estimations may result in considerable variation on corresponding endurance stress 
for components with small crack size. Accepted approach compared to traditional methods is 
to perform compression-compression precracking before crack growth tests by eliminating 
history effects and accurately estimating long crack threshold value. Load history effects may 
result from specimen configuration and test procedure applied. The scale of yielding during 
precracking cannot be underestimated and these residual stresses have an effect on crack growth 
rates, even if limited by stress relief in the plastic region. Naturally formed precrack will 
propagate until diminishing size of the corresponding tensile zone responsible for crack growth. 
Compression-compression precracking under constant amplitude loading is performed to form 
non-propagation crack. The advantage of compression precracking is to provide a fully open 
crack that eliminates possible closure effects. In the scope of this paper, different stress ratios 
will be tested and the effect of compression precracking on near threshold will be investigated. 
To present reliable and accurate crack measurement that affects long threshold directly, 
compliance curves will be also introduced with this article.  
Keywords: Steel, Fatigue, Compliance, Crack growth, Threshold 
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Introduction 

Damage tolerant design approach is used for components having high cycles of operation life 
such as transmission parts and service life and inspection intervals are specified based on fatigue 
crack growth data [1]. Fatigue crack propagation behavior is caused by intrinsic and extrinsic 
mechanisms. Intrinsic mechanism can be controlled by monotonic and cyclic strains ahead of 
crack tip. Brittle materials exhibit monotonic loading fracture; on the other hand, ductile ones 
show cyclic deformation because of crack blunting and re-sharping in the vicinity of steady 
state crack propagation. Cyclic plastic deformation is the reason for fatigue crack growth with 
below fracture toughness loading over ductile materials. Generation of residual stresses because 
of plastic deformation after unloading results in change in local stress ratio and fatigue crack 
growth behavior is severely affected as if applied additional loading [2]. Steels exhibits strain 
hardening under deformation and expected stress redistribution is to be less and results as 
smaller plastic zone size ahead of crack tip [3]. Fatigue cracks grow through slip planes with 
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maximum resolved shear stress and shear stress changes grain to grain, therefore crack path has 
a rough surface. 

Historically, compression precracking is proposed for materials having low fracture 
toughness and possible failure occurs under tensile precracking conditions. Compression 
precracking was proposed by Hubbard to eliminate possible load history effects and generate 
accurate crack growth rates around near threshold [4]. After compression precracking, non-
propagating crack needs to advance at least three monotonic compressive zone sizes to reach 
steady state crack growth conditions. Compression precracking followed by constant amplitude 
loading is considered as favorable procedure for analyzing threshold behavior of long cracks at 
low stress amplitudes.  

Pearson observed propagation of small cracks below long crack threshold stress 
intensities defined by test standards [5]. Then, Newman assessed different behavior of small 
and long cracks around near threshold on remote crack closure effects that are effective on long 
cracks under constant amplitude loading [6]. Small cracks below certain length grow faster than 
long ones because of absence of crack closure. Elber identified crack closure concept under 
alternating loading that affects residual stress distribution and plastic wake around crack flanks, 
and this phenomenon is known as load history effects on crack propagation [7]. James et al. 
studied possible load history effects caused by compression precracking as tensile residual 
stress that increased threshold value. Load history effects can be due to specimen configuration 
and applied test procedure. Scale of yielding during precracking cannot be underestimated and 
has an effect on crack growth rates, even though those residual stresses are limited in plastic 
zone due to stress relief [8]. Fanning around near threshold is caused by load history and 
environmental effects resulting in remote closure. Maierhofer et al. described crack growth rate 
model for small cracks having small scale, yielding by building up crack closure effects and 
Modified NASGRO equation. Each closure mechanism occurs entirely after certain crack 
extension. Plasticity induced crack closure increases because of increasing plastic zone size 
until definite crack size and becomes constant [9]. Some equations were introduced to correlate 
crack growth rate with 𝛥𝐾 (stress intensity factor) for all three regions of 𝑑𝑎/𝑑𝑁 (𝑎: crack size 
and 𝑁: number of fatigue cycles) curve. Steady state and unstable crack growth regions are 
generally fitted well, but problematic region is around near threshold, especially for lower stress 
ratios [10].  

Fatigue limit can be expressed as resistance of material in terms of propagation of 
nucleated cracks and corresponding threshold stress for fatigue limit needs to be overcome 
microstructural barriers for growth process. Therefore, fatigue limit is directly correlated with 
microstructure properties like grain dimensions at onset of fatigue initiation and initial growth 
phase can also be called as microstructural threshold. By controlling microstructure through 
heat treatment enables to have superior fatigue properties of material via excellent mechanical 
properties. Microstructurally short cracks (on the order of grain size) endure crack propagation 
because of microstructural barrier resistance and arrest results in preserving fatigue limit 
unchanged until certain size. Those cracks generally nucleate on surface, and threshold stress 
is called smooth or plain specimen fatigue limit. However, long cracks have sufficient driving 
force for growth and fatigue limit decreases by increasing crack size [11]. Applied 𝛥𝐾 needs to 
be higher than threshold value that is related with crack closure phenomenon for growth process 
for long cracks. Physically small cracks are between microstructural small cracks and long 
cracks and crack closure starts to become effective, even though they are also sensitive to 
microstructural changes. This range can be considered as 50 μm and 0.5 mm crack size for low 
carbon steels [12]. Below 50 μm; microstructural shot crack is prevailing, and fatigue limit not 
affected by microstructural barriers. However, fatigue limit starts to decrease parabolically 
increasing crack size until reaching long crack size region. Then; fatigue limit has a linear 
relation with increasing crack size because of losing crack closure effects that is responsible 
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asymptotically decrease for physically short cracks. Number of cycles in terms of fatigue life 
are spent during propagation phase for most of the short cracks.  

Small crack growth is affected by microstructural changes, large scale yielding at crack 
tip and crack closure as driving force for propagation. In pearlite phase, crack propagation rate 
decreases because of thin ferrite lamellar on the microstructure; however, cementite part is 
responsible for rapid propagation Linear Elastic Fracture Mechanics (LEFM). In microstructure 
containing ferrite and bainite phase; cracks start on ferrite phase and propagate through ferrite 
across retained austenitic regions [13]. Fatigue growth for small cracks needs to have higher 
internal and applied stress because of less closure effects. By increasing crack length, internal 
stresses due to dislocation pile-up to sustain crack growth decrease, which is inversely 
proportional with R curve change. Specimen with short cracks requires higher stress amplitude 
and large number of cycles to develop fatigue damage near crack tip, necessary growth of crack 
[14]. Short cracks grow very slowly by in high propagation rates compared to long cracks. 
Threshold of stress intensity range for small cracks increases until asymptote to long crack 
threshold value by increasing crack length and variation of this phenomenon is called R-curve 
or resistance curve to fatigue crack propagation. This curve serviceably helps to evaluate fatigue 
limit of materials having small size defects [15]. SN curves can be considered as a function of 
small crack initiation in classical safe life design approach [16]. 

Source of internal stresses is stress concentration regions such as notch, hole, 
microstructural defects etc. and internal stress asymptotically decreases by distance move away. 
However, applied stress increases by increasing crack length and there exist competitions in 
terms of total stress. If applied stress is less than 𝛥𝐾𝑡ℎ (threshold stress intensity factor) and 𝐾𝑚𝑎𝑥 (maximum stress intensity factor), crack is arrested since total stress is insufficient for 
propagation. Elimination of internal stress is attributed to fatigue crack growth behavior of long 
cracks. Local stress ratio will be higher at crack tip than remote load ratio because of existence 
of internal stresses. Essentially, equal driving forces exist for fatigue crack growth behavior 
between shot and long cracks in case of all the forces included. Compressive residual stresses 
result in extra stiff characteristic to material and higher driving forces require for crack growth. 
Therefore, compressive residual stresses enhance crack closure. Change in grain boundary 
orientation due to strain concentration may be the reason for arresting of small cracks [17].  

Short crack behavior exhibits unlike than long crack in terms of difference in clack 
closure, microstructural sensitivity and relative plastic zone size based on crack length. It is 
known that short cracks grow at higher propagation rates. Basically, small cracks can be 
classified into four groups. Microstructural small crack: it is less than grain size. Mechanically 
small crack: it is less than plastic zone size. Physically small crack: it is less than a unity, so 
crack closure is fully formed (considered as 1 mm). Chemically small crack: it depends on crack 
tip environment and may be up to 10 mm in size. Short crack growth rate is faster than long 
ones, and even they can propagate below long crack threshold region. Long fatigue life can be 
reached by understanding the near threshold concept and choosing design loads around 
threshold value. Damage tolerant design allowed to use structures with crack with known 
propagation rates and specifying inspection interval for remedy. Previously, safe life approach 
focused only operation lifetime of a component and replacing part after retirement without 
inspected whether existence of a crack or not. Safe life design is still in use for primary 
structures based on defining fatigue limit; however, damage tolerant design approach become 
popular because of extended life of components. Therefore, crack propagation rates become a 
significant issue during design phase. On material selection phase, it is desired to be high fatigue 
crack growth resistance with high threshold value fulfilled with soft material that is in contrast 
with fatigue limit. Therefore, optimum one is chosen for design material by providing less crack 
growth rate and high fatigue limit [18]. Fatigue crack propagation behavior for small cracks has 
different curve shape compared to long ones. Many analytical models are introduced to predict 
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crack growth rate. It is known that short cracks will extend their crack size even though applied 
stress is below the corresponding long crack threshold value. Therefore, residual life of a 
component is remarkably affected with altering threshold value. Change in 1 MPa√m on 
threshold value results in about 18% change in residual characteristics of a component [19].  

 
Experimental Procedure  

Crack growth test specimens were manufactured from AISI 4340 steel with a chemical 
composition of .38% C, .65%Mn, .7% Cr, 1.65% Ni, .2% Mo, .025% P and S, bal. Fe (in wt%) 
to discover crack propagation behavior of the steel having high toughness and fatigue 
performance that makes it good candidate as an aerospace grade material. Crack growth tests 
were carried out by Single Edge Bending (SEB) specimens. In total, four specimens were used 
for crack growth tests, and they were extracted in rolling direction. After the material was out 
of stock, heat treatment was applied per AMS 2759-1D [20]. Accordingly, the rectangular bar 
was initially normalized at 900 °C for 90 minutes then air cooled, austenitized 816 °C for 60 
minutes followed by quickly oil quenched and finally tempered 600 °C for 3 hours. After heat 
treatment, bainite and ferrite phases are available in microstructures as shown in Fig. 1. 
Machining parameters were 450 m/min cutting speed, 0.25 rev/min coarse gain and 0.1 rev/min 
fine gain. The dimensions of specimens were 110 mm in length, 24 mm width and 12 mm 
thickness by ensuring plain strain condition specified on ASTM E647 [21]. Also, notch section 
with 8 mm width was produced by Electro Discharge Machining (EDM) method to provide 
high accuracy in terms of positioning. Mechanical properties can be summarized as 1080 MPa 
tensile strength and 29 HRC hardness. 
 

 
Fig. 1 Micrograph of steel specimens 

 
Crack propagation tests were carried out under laboratory conditions (23±2°C and 50±5% 

RH) per ASTM E647. Specimens were cyclically loaded by exciting sinusoidal wave form 
under 80 Hz test frequency on RUMUL cracktronic test system with stress ratio R of 0.1.  
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Results 

Compliance Method 

Crack length measurement can be done by different methods such as compliance, potential 
drop, laser interferometry and ultrasonic isoscanning. Among them, compliance technique is 
considered the most common method for estimating crack length. Compliance method is 
eligible for isotropic materials such as metals that exhibit linear elastic behavior by handling 
load and displacement data to determine crack propagation. The basic idea behind this method 
is based on the concept that stiffness decreases with increasing crack length on the specimen. 
Therefore, calibration curve correlates relationship between crack length and compliance. 
Compliance method is evaluated for a limited range in terms of normalized crack size. It is also 
attributed as elastic compliance of specimen because of introducing unloading part of elastic-
plastic range, and it is a function of crack length. Therefore, compliance value changes by 
alternating crack length, which is inversely proportional to specimen size.  

Closure phenomenon in fatigue cracks is based on continuously closing from crack tip, 
resulting in plasticity induced crack closure that alters compliance consistently on load-
displacement curve. Friction of contact surfaces and plastic deformation result in hysteresis on 
the compliance curve that makes determination of opening stress more cumbersome. By 
introducing 𝛥𝐾𝑒𝑓𝑓 (effective stress intensity factor) rather than using 𝐾 (stress intensity factor) 

and R (stress ratio) together, stress ratio effect on fatigue crack growth can be significantly 
eliminated. As is known, plasticity induced crack closure is the responsible mechanism for 
varying crack growth rates under different stress ratios. It was observed that crack opening 
moment leads to change in compliance measurements. Compliance method is useful to monitor 
crack length of structures under alternating loading. It gives reasonable opening stress value 
from load-displacement curve in the range of 0.3 to 0.65 times specimen width in terms of crack 
length. Opening stress can also be estimated by following equation for constant amplitude 
loading conditions [22]: 𝑆0𝑆𝑚𝑎𝑥 = 𝐴0 + 𝐴1 ∗ 𝑅 + 𝐴2 ∗ 𝑅2 + 𝐴3 ∗ 𝑅3 𝑓𝑜𝑟 𝑅 ≥ 0     (1) 𝑆0𝑆𝑚𝑎𝑥 = 𝐴0 + 𝐴1 ∗ 𝑅    𝑓𝑜𝑟 − 1 ≤ 𝑅 < 0    (2)

  𝐴0 = (0.825 − 0.34 ∗ 𝑎 + 0.05 ∗ 𝑎2)[cos (𝜋 ∗ 𝑆𝑚𝑎𝑥/2𝜎0)]1/𝑎    (3) 𝐴1 = (0.415 − 0.071 ∗ 𝑎) ∗ (𝑆𝑚𝑎𝑥/𝜎0)       (4) 𝐴2 = 1 − 𝐴0 − 𝐴1 − 𝐴3         (5) 𝐴3 = 2𝐴0 + 𝐴1 − 1          (6) 
where 𝜎0 is the flow stress, 𝑆0 is opening stress, 𝑆𝑚𝑎𝑥 is maximum applied stress, R is stress 
ratio, 𝑎 is constraint factor and 𝐴0, 𝐴1, 𝐴2 𝑎𝑛𝑑 𝐴3 are the coefficients. 

A constraint factor needs to be defined to discover stress state ahead of crack tip. 
Corresponding factor equals to 1 for plain stress conditions and 3 for plain strain conditions. 
Crack growth tests around near threshold were conducted under plain strain conditions in a 
controlled environment; therefore, later one was adopted for crack opening stress evaluation. 
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Fig. 2 Variation of normalized crack opening stress with stress ratio  
for constraint factor equals to 1 

 

 
Fig. 3 Variation of normalized crack opening stress with stress ratio  

for constraint factor equals to 3 
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Fig. 4 Variation of normalized crack opening stress with stress ratio  

in case of 𝑆𝑚𝑎𝑥/𝜎0=1/3 
 

As seen from the graph, normalized crack opening stress exhibits lower value with 
increasing constraint factor, regardless of stress ratio.  

Determining compliance by elastic unloading method is proposed by Clarke [23] in order 
to determine crack length and plastic work fragment ahead of crack tip. Compliance is also 
called as inverse stiffness function of crack length. Therefore, the relation between crack length 
and compliance is written in the form of following formulation: 𝐸𝐵𝐶 = 𝑓(𝑎𝑤)           (7) 

where E is elastic modulus of material, B is thickness, C is compliance, w is width and α is 
crack size.  
 

 
Fig. 5 Determination of crack size by compliance 

 
For specimens with shallow cracks the following equations can be applied if the 

normalized crack size (a/w) is between 0.05 and 0.45 for SEB specimens [24]. This correlation 
is performed by least square polynomial regression. 
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𝑎𝑤 = 1.01878 − 4.5367 ∗ 𝑢 + 9.0101 ∗ 𝑢2 − 27.333 ∗ 𝑢3 + 74.4 ∗ 𝑢4 − 71.489 ∗ 𝑢5 (8) 𝑢 = 1√𝐵𝑊𝐶𝐸𝑆/4 +1           (9) 

where u is dimensionless compliance, S is span length of specimen. 
During tests, crack sizes were measured at certain intervals and its correlation with 

compliance term was examined as shown in Fig. 5. 
Compliance measurements were performed on unloading specimen to prevent possible 

errors because of inelastic strains while calculating slope of displacement versus load data. 
Compliance is also defined as inverse stiffness of material, and corresponding data contains 
nonlinearity at maximum and minimum values. Therefore, 10% of upper and lower part was 
omitted to prevent nonlinear effects and slope was determined via the least square regression 
fits on unloading part of curve. The accepted approach is to apply the fifth order polynomial fit 
proposed by Hudak and Saxena [25]. Even though compliance change may not be observed at 
high stress intensity factors because of stabilized crack, compliance variation can be observed 
at lower stress intensity factor, especially near thresholds. 

To obtain accurate compliance value, 100 data pairs sampling rate is needed per each 
cycle. Among them, unloading part that is 50 data pairs is used to estimate opening stress. To 
determine opening stress, fully open crack slope value is firstly determined by help of least 
square. ASTM method uses the least square fit on the upper part of load-displacement curve 
which is in the range of about 25% to determine compliance value as shown in Fig. 6.  

 

 
Fig. 6 Load-displacement curve 

 
Compliance offset method was used to determine opening stress by introducing loading 

segment and overlapping range. In this study, loading segment was defined as 10% sliding on 
fully open part and overlapping range between each segment was 5% and variation form this 
slope gives opening stress by introducing specific deviation on slope value. This deviation can 
vary with sampling rate, therefore a larger sampling rate gives more reliable results. 
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Fig. 7 Compliance offset method 

 

High variability in compliance offset data resulted because of scattering in the data; 
nevertheless, the opening load can be estimated at 3.6 kN per ASTM assumption of 2% 
deviation given on Fig. 7.  

Even though compliance change may not be observed at high stress intensity factors 
because of stabilized crack, compliance variation can be observed at lower stress intensity factor 
especially near thresholds. Compliance measurements were done throughout threshold tests and 
variation of crack size with compliance is shown in Fig. 8. 
 

 
Fig. 8 Compliance change during each phase of test 

 
Compression Precracking 

Compression precracking is a method to obtain fatigue crack growth data with minimal load 
history effects. Possible reason for inaccurate threshold value is majorly load history effects 
arising from test procedure, specimen size and test configuration. In case of higher applied 
precracking loading, remote closure takes place and reduces driving force and results in higher 
threshold value. The advantage of compression precracking is that stress intensity is below zero 
while crack closing on pre-cracking period, therefore crack will directly open and not affected 
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by load histories under constant amplitude fatigue growth test. During compression 
precracking, monotonic compressive zone forms after first loading case and tensile yielding 
ahead of notch takes place after unloading and tensile plastic zone forms inside the compressive 
zone. As loading continues through testing, a cyclic plastic zone forms that results in small 
scale yielding and crack propagation. After crack keeps propagation, residual stress will relax 
and cyclic plastic zone size diminishes. It continues up to monotonic compressive zone size, 
then crack is arrested because of decreased driving force for crack growth. Advantageous of 
compression precracking is to provide fully open crack which eliminates possible crack closure 
effects, therefore it results in less crack propagation rates at low stress intensities. Crack growth 
rate around near threshold depends on increased stress intensity due to crack growth and 
ascending threshold because of arising crack closure effects. After certain length propagation 
near threshold value, crack closure builds up becomes slower and increase of stress intensity 
gets dominant for crack extension. 

 

 
Fig. 9 Variation of maximum precrack force with stress ratio 

 
Before compression, precracking; stress concentration around crack tip was done via 

razor blade operation. Razor blade is accepted as beneficial method for forming sharp crack 
around 20 μm because of little plastic deformation for precracking. After EDM notch 
preparation, the notch is sharpened by razor blade with 1 μm diamond paste. EDM notch is 
machined by 30 μm in diameter wires for precise dimensions. Precracking tests were carried 
out under constant amplitude compressive loading that enables tensile yield ahead of crack tip, 
and this tensile zone is responsible for straight and natural crack. By extension of fatigue crack, 
tensile cyclic plastic zone decreases because of relaxation of internal stresses and crack arrests 
after reaching on monotonic compressive zone. Amount of crack growth for precracking can 
be correlated with compressive plastic zone size. Arrested crack is called as non-propagating 
crack under compressive loading because of not available driving force. Compressive 
precracking tests were performed at stress ratio: R=10, R=20 and R=40 via four point bending 
setup on RUMUL resonant fatigue test system by keeping constant ΔK for each case. Test loads 
were determined based on Irwin plastic zone assumption. Lower and upper roller distance was 
24 mm for each case, and oscillatory load was calculated as 20 kN for compression precracking 
tests. By increasing stress ratio, maximum force converges to zero as shown in Fig. 9 and 
minimum force converges to -20 kN in case of predetermined 10 kN amplitude loading 
condition. In other words, fatigue crack threshold values for compression precracked specimens 
with higher stress ratio converges to proximate threshold values after certain load ratio. 
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Therefore, R of 40 for compression precracking was chosen as the highest stress ratio, since the 
threshold values for higher stress ratios will resemble to each other.  

To identify the effect of compression precracking on near threshold regime, three 
specimens were tested under different stress ratios as shown in Fig. 10 and one of the specimens 
not precracked for comparison. Compression precracking loading is estimated based on an 
Irwin tip radius of 0.25 mm over plain stress condition. Under subsequent cyclic loading, cyclic 
plastic zone size decreases because of relation of residual stresses and this results in decreasing 
driving force for crack propagation and crack arrets around monotonic compressive zone. 𝑟𝑝,   𝑃𝑙𝑎𝑖𝑛 𝑆𝑡𝑟𝑒𝑠𝑠 = ( 12𝜋) (𝐾𝑚𝑎𝑥𝜎𝑦 )2

        (10) 

where 𝑟𝑝 is Irwin radius, 𝐾𝑚𝑎𝑥 is maximum stress intensity factor and 𝜎𝑦 is yield strength of 

material. 𝐾𝑚𝑎𝑥 can be calculated by given equations below; 𝐾𝑚𝑎𝑥 = ( 𝑌∗𝑀𝑚𝑎𝑥𝐵∗√(𝑊)3)          (11) 

𝑌𝑆𝐸𝐵 = 6 ∗ (√(2∗tan( 𝑎𝑊))cos( 𝑎𝑊) ) ∗ (0,923 + 0,199 ∗ (1 − sin ( 𝑎𝑊))4)    (12) 

where 𝑀𝑚𝑎𝑥 is maximum moment, B and W are thickness and width of specimens respectively, 
Y is geometry factor, α is crack size of specimen including notch length. 
 

 
Fig. 10 Load profile of compression precracking for different stress ratios 

 
Tests were continued until 2E+06 cycles, then non-propagating crack was measured 

through optical microscope for each specimen as shown in Fig. 11. After compression 
precracking, non-propagating crack needs to advance at least three monotonic compressive 
zone sizes to reach steady state crack growth conditions. Non-propagating crack size was 
around 0.2 mm or less, and it is known that precracking size is less than cyclic tensile zone 
consisting of after unloading. In order to generate reliable fatigue crack growth data, 
precracking size needs to be outside monotonic compressive zone by ensuring small scale 
yielding ahead of crack tip. This is achieved by tensile fatigue loading after compression 
precracking in order to be free in terms of residual stresses. 
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Fig. 11 Non-propagating crack after compression precracking:  

a) Razor blade application before precracking; b) Front side micrograph;  
c) Back side after formation of non-propagating crack 

 
Constant amplitude loading is performed just below the threshold value until increased 

crack propagation rate slightly. In this point, most annoying part is to estimate initial 𝛥𝐾 value, 
since initial data is affected by tensile residual stresses form precracking. Tests were initiated 
at small stress intensities to propagate crack. After 5E+05 cycles, load increment was increased 
as 10% in case of not observed crack propagation. This sequence is continued until crack 
propagation having stabilized rate. Crack size having at least two- or three-times plastic zone 
size enables to reach steady state crack growth rate under constant amplitude loading after 
providing 1-1.5 mm crack advancement. During propagation phase, crack plane is yielded and 
formed residual stresses affects propagation of crack beyond plastic zone. Crack arrest is caused 
by residual stresses and loading below threshold stress. Therefore, residual stress effects are 
eliminated for following constant amplitude testing in case of pre-crack size is around plastic 
zone size. In this study, 𝛥𝐾 initial was chosen as 4.5 MPa√m for R of 0.1. Then, a minimum of 
1.5 mm of crack propagation was allowed to ensure that the crack was stabilized.  

Load reduction method was followed after crack stabilization to find out precise threshold 
value around 1E-10 crack growth rate. At least five data points were observed that test was 
stopped by assuming crack not propagating around near threshold region because of dominant 
closure effects on crack growth rate. 

NASGRO crack growth approach was used to estimate 𝛥𝐾𝑡ℎ while post-processing of the 
data analysis [26]. Expression is given by following equation; 𝑑𝑎𝑑𝑁 = 𝐶 ((1−𝑓)(1−𝑅) ΔK)𝑛 (1−ΔK𝑡ℎΔK )𝑝

(1−𝐾𝑚𝑎𝑥𝐾𝑐 )𝑞        (13) 

where crack growth rate (da/dN) depends on following parameters: C and n are constants, f is 
Newman’s crack opening function, p and q are responsible for slope change in threshold and 
unstable crack growth region respectively, ΔK is stress intensity factor range, ΔK𝑡ℎ is threshold 
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stress intensity factor range, 𝐾𝑚𝑎𝑥 is maximum applied stress intensity factor, 𝐾𝑐 is critical 
stress intensity factor and R is stress ratio.  
Newton’s crack opening function (𝑓) can be calculated by following formula [21];  𝑓 = 𝐾𝑜𝑝𝑒𝑛𝑖𝑛𝑔𝐾𝑚𝑎𝑥𝑖𝑚𝑢𝑚 = {𝑚𝑎𝑥 𝑅 𝑜𝑟 (𝐴0 + 𝐴1 ∗ 𝑅 + 𝐴2 ∗ 𝑅2 + 𝐴3 ∗ 𝑅3)     𝑅 ≥ 0𝐴0 + 𝐴1 ∗ 𝑅                                                                    𝑅 < 0   (14) 

where 𝐾𝑜𝑝𝑒𝑛𝑖𝑛𝑔 is opening stress intensity factor and 𝐾𝑜𝑝𝑒𝑛𝑖𝑛𝑔 is maximum stress intensity 

factor. 
The equation fits fatigue crack growth data using the logarithmic square 

method by minimizing errors. The material constants C and n were taken as the fitting 
parameters and the parameter q was set to zero because of only interested in near threshold 
region [27]. 

The following NASGRO equations can be used to evaluate the threshold change as a 
function of the stress ratio [28]. 𝐶𝑡ℎ𝑝 , 𝐶𝑡ℎ𝑚 and 𝛥𝐾1 are materials constants, they are estimated by 

least square fitting with fatigue threshold (𝛥𝐾𝑡ℎ) data. 𝛥𝐾1 is the stress intensity threshold range 
as the stress ratio approaches to 1. 𝛥𝐾1∗ takes into account small crack parameter that is called 
as 𝑎0 [29]. 𝛥𝐾𝑡ℎ = 𝛥𝐾1∗ ∗ [ (1−𝑅1−𝑓)(1+𝑅𝐶𝑡ℎ𝑝 )

(1−𝐴0)(1−𝑅)(𝐶𝑡ℎ𝑝 )]            𝑅 ≥ 0       (16) 

𝛥𝐾𝑡ℎ = 𝛥𝐾1∗ ∗ [ (1−𝑅1−𝑓)(1+𝑅𝐶𝑡ℎ𝑚 )
(1−𝐴0)(𝐶𝑡ℎ𝑝 −𝑅𝐶𝑡ℎ𝑚 )]            𝑅 ≥ 0       (17)

  𝛥𝐾1∗ = 𝛥𝐾1 ∗ √ 𝑎(𝑎+𝑎0)          (18) 

 

 
Fig. 12 NASGRO curve fitting after crack growth tests 

 
Curve fitting by least square method helps to estimate stress intensity threshold range. As 

a result, the resultant curves were plotted only on near threshold data by applying NASGRO 
curve fit as shown in Fig. 12. For not precracked specimen; initial 𝛥𝐾 was started with 5 
MPa√m and at least 2E+06 cycles loaded to observe fatigue crack. Nevertheless, fatigue crack 
was not initiated on this stress level even though enough stress concentration formed through 
razor blade nevertheless it was not sufficient to initiate crack ahead of the notch then 𝛥𝐾 was 
increased as %10 of predefined initial 𝛥𝐾 value. This procedure was continued until 𝛥𝐾 was 
equal to 15 MPa√m. Then, natural crack was formed on notch region and stabilized after 1.5 
mm advancement. During load reduction, crack propagated fast because of high stress level and 
crack length reached its limit because of specimen geometry. Therefore, crack growth data 
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points were not recorded around 10−10 m/cycles. Nevertheless, NASGRO curve fitting enables 
to estimate long crack threshold value after least square for not precracked specimen test. 
Accordingly, long crack threshold values were found 4.82, 4.96, 6.06 and 7.97 MPa√m for R 
of 40, 20, 10 and not precracked specimens respectively.  

Long crack threshold values for each case were determined and the effect of compression-
compression precracking was evaluated. Accordingly, R of 40 was resulted as lowest threshold 
value that means more accurate estimate on threshold value can be done through that stress 
ratio as design criteria. Indeed, lower stress ratio for compression precracking resulted in remote 
closure taking place and reducing driving force, hence higher threshold value was obtained. It 
is suggested that higher stress ratio for compression precracking can be chosen for accurate and 
reliable fatigue threshold value. If compression precracking was not performed before starting 
crack growth tests, it was resulted as higher threshold as expected because of load history 
effects.   

 
Discussion 

The accuracy of compliance measurements provides correlation about assessment of crack 
closure responsible for stress ratio effect on fatigue crack growth rate, which introduces 
effective stress intensity factor. In small crack lengths, the compliance value increases with the 
increase of the load, while the compliance starts to diverge at larger crack lengths. Determining 
of opening stress through compliance method is difficult and confusing because of hysteresis 
and measurement noise on data. Compliance variation is caused by change in crack size that 
alters contacted region and change in plastic zone size. It is generally accepted that usage of 
2% deviation from compliance offset gives sensible results. Crack opening stress through 
compliance method can be attributed more than 3% deviation on load displacement curve. 
Opening stress can be estimated by assuming an offset of 1.5% on the load-displacement curve. 
In case total variation of load displacement curve is very small; in other words, where the slope 
change is not easily seen, opening stress determining can be problematic and brings large scatter 
on results. For such cases, ASTM compliance offset through 2% deviation leads to evaluating 
less opening stress value compared to larger variation of compliance instances having distinct 
slope change. Preference of larger deviation such as 10% on compliance offset value results in 
less scatter on data but shifting effective stress intensity curve to larger values. Among other 
methods, ASTM is admitted as compliance offset method. Nevertheless, the downside of the 
method is that poor precision leads to large scatter on compliance measurements. Another 
disadvantage is that ASTM offset method may alter with variation of stress ratio.  

Compression precracking before crack growth tests causes faster crack growth rates 
compared to load reduction procedure and resulted as lower threshold value. Threshold values 
are affected by initial 𝛥𝐾 under load reduction scenario. On the other hand, cracks will be fully 
open after compression precracking and reaches steady state under constant amplitude loading. 
Therefore, providing stabilized crack before load reduction approaches crack growth to 
effective stress intensity and deviation around threshold is minimized. Because of difficulties 
like to control crack growth and keep a sufficient crack length under tensile-tensile precracking; 
compression precracking is more preferable. Precracking productivity depends on grain 
boundary orientation in terms of aligned and elongated grains. It is desired to apply small 𝛥𝐾 
for precracking to minimize tensile residual stresses. After precracking, small scale yielding 
ahead of crack tip front takes place under cyclic compression. Non-propagating crack size is 
around 0.2 mm or more, and it is known that precracking size is less than cyclic tensile zone 
consisting of after unloading. In order to generate reliable fatigue crack growth data, 
precracking size needs to be outside of monotonic compressive zone by ensuring small scale 
yielding ahead of crack tip. This is achieved by tensile fatigue loading after compression 
precracking in order to be free in terms of residual stresses. 
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Long cracks need to be fully opened on steady state region, then load reduction can be 
applied to obtain accurate threshold value by assuring fatigue crack growth tests performed 
with eliminated residual stresses. Even though compression precracking provides minimization 
of load history effects, crack propagation is desired to be sure on eliminated of closure effects. 
ASTM E647 load reduction procedure exhibits low crack propagation rate and high threshold 
values because of having roughness and oxide induced crack closure, which is responsible for 
observing rough crack flank. Precracking stress value shall be minimum as much as possible to 
decrease residual stress effects ahead of crack tip.   

Crack growth takes place by fulfilled following condition: Applied loading is larger than 𝐾𝑚𝑎𝑥,𝑡ℎ and 𝛥𝐾𝑡ℎ. Long crack threshold value is a material property and independent of crack 
size and specimen geometry. Small cracks advance on regions owning in-situ or pre-existing 
stress concentration that can be caused by slip bands, dislocation pile-up or existing defects. 
Cyclic deformation provides fatigue damage formation though dislocation pile-up, persistent 
slip band formation and accordingly presents available condition for initiation phase of crack. 
Short crack behavior can be summarized as their dependence on crack length, having higher 
crack growth rates, advancement even below long crack threshold value and variance of 
threshold with crack size. 

Cracks may not be initiated at maximum allowable rates under load reduction for AISI 
4340 steels; however, precracking enables initiation of cracks around 𝛥𝐾𝑡ℎ by minimizing load 
history effects. Even though it is considered that compression precracking provides presenting 
more accurate fatigue crack growth data with minimal load history effects compared to 
traditional methods. After compression precracking, non-propagating crack needs to advance 
at least three monotonic compressive zone sizes to reach steady state crack growth conditions.  

Crack closure is caused by tensile part of loading for long cracks under small scale 
yielding conditions. In small scale yielding, crack closure effect is caused by plasticity, 
roughness and oxide induced crack closure. Plasticity induced crack closure is not observed on 
plain strain conditions, since local wedge near crack tip takes place because of plastic shear 
deformation in wake of crack. Source of internal stresses is stress concentration regions such 
as notch, hole, microstructural defects etc. And internal stress asymptotically decreases by 
distance to move away. However, applied stress increases by increasing crack length and there 
exist competitions in terms of total stress. If applied stress is less than 𝛥𝐾𝑡ℎ and 𝐾𝑚𝑎𝑥, crack is 
arrested since total is stress is insufficient for propagation. Elimination of internal stress is 
attributed to fatigue crack growth behavior of long cracks. Local stress ratio will be higher at 
crack tip than remote load ratio because of existence of internal stresses.  

Crack closure becomes stabilized by growing from small to long crack, and it increases 
by increasing crack length until steady state. In this region, closure in terms of crack wake 
plasticity is maximized then its effectiveness diminishes by increasing effective stress. Presence 
of crack closure enables to contact of crack flakes under unloading, then results in change in 
slope on compliance curve. By increasing stress ratio for long cracks, crack closure effects 
diminish and become R of 0.7 condition. Crack closure for small cracks slowly increases by 
increasing crack size, that means threshold stress for small cracks increases until certain value 
that small crack approaches to long cracks. 

 
 

Conclusions 

Threshold stress becomes significant especially for structures having high cycle loading and 
resulting in high percentage of initiation and short time for propagation, so life estimation is 
necessary with accurate threshold stress. Long crack threshold value is basically used in design 
value for damage tolerant structures, however it is known that small cracks exhibit different 
crack growth rates than long cracks. To clarify differences in propagation rate, crack closure 
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concept needs to be well grasped. The following conclusions drawn from this study are listed 
below:  
▪ Compliance curve is restricted on 0.25<a/w<0.8 region to represent appropriate 
calibration result. 
▪ Steady state region on crack growth curve represents crack propagation with constant 
rate until plastic zone size with unchanged crack sharpness. Threshold value of a component is 
defined during design phase to estimate safe operation life during service therefore accurate 
data is significant for durability purposes.  
▪ Residual life of a component is remarkably affected with altering threshold value. For 
instance, small change on threshold value results in considerable change in residual 
characteristics of a component. 
▪ Higher stress ratios for compression precracking tests are advised for more accurate 
fatigue threshold value. 
▪ Crack size after compression precracking is directly related with monotonic 
compressive zone after first compressive loading. 
▪ Long crack threshold value exhibited high scatter which is around 20% for precracked 
specimens. By using polynomial fit to entire region; fatigue crack growth rate and threshold 
value can be estimated. 
▪ The probable cause of the erroneous threshold value is largely due to load history effects 
from the test procedure, sample size, and test configuration. In case of higher applied 
precracking loading, remote closure takes place and reduces driving force and results in higher 
threshold value. 
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Abstract. To achieve a satisfactory level of safety and stability in the construction of structures 
in weak soils, one of the best solutions may be soil improvement, the recycling and reuse of 
construction and demolition materials results in the preservation of natural resources and the 
reduction of environmental pollution. Therefore, this experimental study proposes to evaluate 
the mechanical properties of soil for surface foundations incorporating recycled demolition 
material. The mechanical behavior of a clayey soil improved with recycled concrete from 
demolition (CRD) was analyzed by means of a series of compaction tests, unconfined 
compression of soil specimens and direct shear in mixtures with 10 %, 15 %, 20 % and 25 % 
CRD by weight. As a result, the highest compressive strength of the soil is obtained with 
16.67 % CRD according to UCS tests; and an improvement in cohesion and friction angle for 
all CRD percentages. Thus, it can be demonstrated that CRD has a positive influence on the 
mechanical properties of a soil with clayey characteristics. 
 
Keywords: mechanical properties, shallow foundations, recycled demolition material, soil 
improvement, unconfined compression of soil specimens, direct shear. 
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Introduction 

To perform different construction works, soil is one of the most important components [1]. 
Soils used for foundations are the most affected when dealing with loose soils with low shear 
strength [2], a structure transfers the load to the soil through the foundations at a depth of 
approximately two to three times its width [3] so avoiding the replacement of these by high 
quality raw materials [4], finding the suitable materials to treat reinforcement layers for footings 
in soils with unfavorable bearing capacity [5] and that the generated costs are affordable is one 
of the purposes of geotechnical engineering [6]. 

Due to the abundance of construction and renovation of urban buildings in developing 
and developed countries, there is an increase in the amount of construction and demolition 
waste [7], this inevitably leads to an increase in the proliferation of construction and demolition 
waste [8] coupled with the decrease in landfill capacity and the increased difficulty in 
identifying aggregate quarries [9] the implementation of the reuse of these wastes in civil 
construction should be developed to mitigate environmental problems [10].  

Soils that include loose sands, soft clays, and organics are not suitable for construction 
projects because they do not possess valuable physical properties for their application [3, 11]. 
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A clayey soil tends to have low shear strength which is further reduced by wetting [12, 13], and 
a high expansive potential [14] contracting significantly if it dries out and expanding if it 
absorbs moisture which puts a lot of pressure on the substructure [15], added to this is the 
heterogeneous condition of these soils at the base of a building and their uneven compression 
due to poor compaction resulting in variable settlement of the foundation and its subsequent 
destruction [16, 17]. Therefore, stabilization is often required prior to the construction of civil 
infrastructures [18] by methods that are economical and environmentally friendly [19].  

When we talk about soil improvement, there is a wide range of materials and methods to 
perform it. R&D materials are those from the construction, rehabilitation and demolition of any 
type of construction site, whether public or private [20, 21]. The three main demolition waste 
materials are crushed brick, recycled concrete aggregate (RCA), and reclaimed asphalt 
pavement [22]. 

A wide range of soil improvement methods have been developed to support shallow 
foundations, one of these methods is the in-situ mixing of recycled demolition materials. On a 
laboratory scale the influence of recycled concrete demolition material (CRD) on the behavior 
of clayey soils has been studied by several authors concluding that, the addition of this material 
in a proportion of 22% [23] and 15% [7] results in an increase of the unconfined compressive 
strength (UCS), permeability coefficient and CBR, as well as the reduction to zero of the free 
heave; [24] agrees that the optimum percentage of CRD to achieve improvements in the soil is 
22%, but this author also compares the results with those obtained by fly ash and lime, 
concluding that the UCS at 28 days of fly ash is higher than that obtained by CRD waste and 
the highest CBR is obtained by using lime in the sample, where he states that lime is the best 
stabilizer to be used as subgrade, but C&D waste is more economical when it is required to 
have earlier resistances. 

The influence of demolition recycled material (R&D) consisting of crushed floor 
concrete and bricks was also studied, presenting an increase in UCS value and soil shear 
strength (CBR) by 4 and 4.5 times respectively compared to an untreated soil by adding 20 % 
of (R&D), as well as, reducing swelling and swelling pressure of the stabilized soil by 80 % 
[25, 26]. 

Studies have also been done on the mechanical behavior of soils incorporating different 
types of reusable materials such as expanded polystyrene (EPS) where the lateral thrust 
coefficient (k0) was analyzed with the oedometer test at percentages of 0 %, 0.25 %, 0.5 % and 
1% EPS by weight, concluding that, as EPS beads are highly deformable, the application of 
overburden pressure compressed the soft particles, leading to an increase in k0 [27]; the 
permeability of the EPS - soil aggregate composite decreases with increasing dry unit weight, 
where wet compaction of the optimum moisture content contributes to a further increase in 
permeability variation [28], the influence of EPS bead inclusion on the strength properties of 
poorly graded stabilized sands was also evaluated [29]. 

The incorporation of fly ash into soil was studied, concluding that geopolymerization 
converts clay soil into a non-plastic silt-like material due to the fact that the clay particles are 
covered by geopolymer gels, thus forming coagulated particles with considerably less 
likelihood of swelling, consolidation and drying shrinkage [30]; results also indicate that a fly 
ash-based geopolymer could be a simple solution to increase the sorption and metal removal 
capacity of local clay to mitigate potential contaminants due to leachate penetration into the 
soil [31]. 

Likewise, an attempt was made to examine the effect of lime-zeolite stabilization on the 
behavior of a natural soil the size of a low plasticity silt, by performing standard compaction 
tests, as well as unconfined compression experiments specimens were subjected to consecutive 
cycles of freezing and thawing showed a significant improvement in the mechanical 
performance of the treated soil in terms of strength and durability [32]. 
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A study was conducted with direct shear tests on a rubber-sand composite along a 
nonwoven geotextile layer, demonstrating that the addition of 40 % granulated rubber to pure 
sand caused an approximately 50 % reduction in the maximum mobilized interface shear stress 
as loading cycles progressed [33]. 

In addition, literature reviews have been conducted: on cementitious composites, 
common unconventional stabilizers, reinforcing fibrous inclusions, and the simultaneous use 
of a stabilizer and a reinforcing agent where the most prominent studies are detailed and laid 
out in a logical sequence to present the most practical mixtures used for soil stabilization 
purposes [34]; also, the effects of EPS incorporation in different types of mixtures were 
investigated by reviewing the most prominent studies on EPS beads and blocks subjected to 
static and cyclic loading, the study proposes some essential practical issues to be followed for 
future research that are lacking in the current literature [35]. 

Therefore, the objective of this research is to evaluate the mechanical properties of a soil 
with clayey characteristics by adding 10 %, 15 %, 20 % and 25 % by weight of recycled 
concrete from demolition; subjecting it to unconfined compressive strength tests UCS and 
direct shear to verify the mechanical behavior of the soil in parameters of shear strength, 
cohesion, and friction angle in the construction of shallow foundations. 

 
Methods 

Materials used. Figure 1 shows the flow diagram of the processes followed for the 
development of this research, from the location of the land to obtain the soil samples and the 
collection of the CRD samples, their crushing process and the laboratory tests performed. 

 
Fig. 1. Process flow diagram  
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Soil. Soil samples were collected through 9 soil pits in the locality of Ferreñafe, 
Lambayeque, Peru with a depth of 1.50 meters to avoid the presence of vegetation and loose 
soils. The representative clay samples were collected in polyethylene bags in order to avoid any 
variation in moisture content. The geotechnical properties of the soil are given in Table 1. 
 

Table 1. Physical properties of soil 
  

MOISTURE 
CONTENT 

(%) 

LIMITS OF 
ATTERBERG 

GRANULOMETRY 

CLASS. 
USCS 

γ max  
g/cm3 

OCH 
% 

  
LL 
(%) 

LP 
(%) 

IP 
(%) 

% 
PASS 
N°4 

% 
PASS 
N°10 

% 
PASS 
N°40 

% 
PASS 
N°200 POINT DEPTH 

C1 1.5 m 26.29 22.07 17.40 4.17 100.0 99.5 86.4 17.8 SC-SM 1.973 9.44 

C2 1.5 m 15.09 22.16 16.94 5.22 100.0 99.5 93.8 22.7 SC-SM 1.978 9.08 

C3 1.5 m 21.98 41.96 23.23 18.74 100.0 99.2 96.7 35.1 SC 2.018 10.44 

C4 1.5 m 21.83 29.98 16.43 13.56 100.0 98.7 94.0 66.2 CL 1.930 13.06 

C5 1.5 m 18.22 49.46 20.82 28.64 100.0 99.0 96.6 51.7 CL 1.981 10.34 

C6 1.5 m 15.11 38.64 17.11 21.53 100.0 99.2 95.0 53.1 CL 1.968 10.71 

C7 1.5 m 18.99 44.71 16.35 28.35 99.9 98.4 94.2 60.0 CL 2.010 11.38 

C8 1.5 m 21.57 44.16 15.90 28.26 100.0 98.5 92.8 62.4 CL 2.016 11.40 

C9 1.5 m 19.49 52.59 23.19 29.40 100.0 99.6 94.2 74.4 CH 1.896 14.37 

 

Recycled demolition material. The CRD material consisted of concrete rubble obtained 
from demolition activities of sidewalks, columns of a building under renovation and laboratory 
cores.  

Due to the large size of these blocks and that they cannot be directly implemented in 
experimental studies because of the small/medium scale of the laboratory equipment, the 
chosen CRD material was dried, crushed and filtered through a 2 mm No. 10 sieve and kept in 
air-tied polyethylene bags at a controlled temperature. The crushing process was carried out in 
the Los Angeles Abrasion Machine, in a time span of 15 min per sample. The physical 
properties of the residues are presented in Table 2. 
.  

 

Table 2. Physical properties of CRD 

Characteristic Worth 

Uniformity coefficient, Cu 1.4 
Curvature coefficient, Cc 0.9 

Classification according to USCS SP 
 

 

Experimental work 

A series of laboratory tests were performed consisting of Modified Proctor, Unconfined 
Compressive Strength USC and Direct Shear testing on natural soil and recycled concrete 
demolition waste at (10 %, 15 %, 20 %, 25 %). Sample preparation and laboratory testing were 
performed in accordance with the appropriate ASTM standards. 

Compaction Testing. Modified Proctor compaction tests (ASTM D-1557) were 
performed to determine optimum moisture content (OCH) and maximum dry density (MDS). 
The soil and composite mixtures were thoroughly mixed for 12 hours prior to compaction. First, 
compaction tests were performed to determine the compaction characteristics of the 
unstabilized soil. Subsequently, tests were conducted on the composite mixtures consisting of 
soil plus CRD in all their percentages under study. A soil sample weighing 2.5 kg was taken 
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and passed through a 4.75 mm No. 4 sieve to perform the compaction test in a modified Proctor 
mold of 943 cm3 capacity. The water is then added to the soil and mixed thoroughly without 
the formation of lumps. This sample is divided into 5 equal parts, poured into standard mold in 
five layers and compacted by applying 25 blows per layer using a modified rammer weight of 
44.48 N weight dropped from a height of 47.52 cm. 

 

   
           Shredded from RDC           Physical characterization of the soil                 Compaction tests 

 

 
     Specimen Compaction              Test of UCS                                    Direct Shear Tests 

 

Fig. 2. Materials used and experimental work 

 

Unconfined compressive strength tests. Unconfined compressive strength tests (ASTM 
D-2166) were performed on 41 mm diameter and 88 mm high cylindrical specimens at optimum 
moisture content, compacted to maximum dry density. The specimens were prepared by 
compacting them by simulating the Modified Proctor dynamic compaction energy in five equal 
layers in the standard 99.99 cm3 mold by applying 19 blows per layer using a rammer weight 
of 17.18 N dropped from a height of 16 cm. Three specimens were made per sample, and these 
were cured by keeping them in plastic bags to prevent moisture loss and tested at 24 hours. The 
UCS was determined as the average of values. UCS tests were performed on the specimens at 
a strain rate of 1.68 mm/min. Stress and strain values were recorded, and a graph was plotted 
between in stress as the ordinate and strain as the abscissa. 

Shear strength tests. The shear strengths of the RCA clay mixtures were determined 
using the direct shear test method (ASTM D-3080). The conventional direct shear apparatus 
implemented consisted of a shear box that accommodates a 60 mm diameter soil sample with 
22 mm depth. During vertical (normal) tension tests, it is applied mechanically using dead 
weights and a lever arm, while shear tension is exerted by a displacement-controlled motor. 
The displacement gauges have a resolution of 0.01 mm and 0.001 mm respectively, while shear 
force measurements are accurate to 0.05 kg. 
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Specimen fabrication, performed in three layers (each approximately 7-8 mm), is 
generally similar to that described for unconfined compression testing, i.e., each specimen is 
made at optimum moisture content compacted to maximum dry density; simulating modified 
Proctor compaction energy in a 67.85 cm3 mold applying in this case 22 strokes per layer using 
a rammer weight of 17.18 N dropped from a height of 16 cm. The specimens are cut under 
vertical stresses of σn = 0.48, 1.12 and 1.61 kg/cm2. After applying vertical tension, the 
specimen is gradually immersed in water and soaked for 24 h before cutting (the specimens had 
no prior curing). Throughout the soaking period, any settlement and compression of the sample 
is monitored. Soil samples were sheared at a constant rate of 1 mm / min up to the maximum 
horizontal displacement (u) of 6 mm. This rapid shear rate would significantly deny the samples 
the time required for drainage, and therefore conditions resembling an undrained shear would 
prevail. 

 

Results and discussion 

As a result of the experimental studies, the characteristics of unconfined compressive strength 
UCS and shear strength were determined; according to the USCS classification, the soils were 
grouped into 4 groups with similar physical characteristics.  

Soil compaction tests. The Modified Proctor results are shown in Figure 3, these show a 
tendency to decrease both OCH and MDS as the percentage of CRD increases;  OCH decreases 
due to the presence of coarser particles of CRD waste compared to those of soil, which results 
in reduced surface area and therefore a lower affinity for water [23], the decrease in MDS  
occurs because the specific gravity of CRD waste is lower than those of natural soil and also  
CRD aggregates present unreacted cement that flocculates with clay to provide less 
densification [25]. 

 

  
(a) (b) 

 

Fig. 3. Compaction test results: (a) maximum dry density, (b) optimum moisture content  
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Table 3. Preliminary laboratory results, Modified Proctor test  

MODIFIED PROCTOR RESULTS FOR SOIL / CRD 

CALICATA 
CRD MDS OCH 

% g/cm3 % 

SC-SM 

0 1.976 9.26 

10 1.967 8.74 

15 1.940 8.30 

20 1.890 7.31 

25 1.878 6.85 

SC 

0 2.018 10.44 

10 1.946 10.10 

15 1.931 9.84 

20 1.925 9.19 

25 1.915 8.87 

CL 

0 1.981 11.38 

10 1.971 10.84 

15 1.961 10.39 

20 1.953 9.87 

25 1.945 9.33 

CH 

0 1.896 14.37 

10 1.883 13.93 

15 1.876 13.74 

20 1.871 13.45 

25 1.855 13.15 

 
 

Unconfined compressive strength tests. Figure 4 shows the behavior of the soil after 
incorporating CRD by weight in different percentages and subjecting it to compressive strength 
tests with 24 hours of curing in a humid chamber. In all the research points (test pits), an 
improvement in strength is observed with the addition of CRD. The average optimum CRD % 
is calculated by interpolating all the results of the 04 soil types. 

 

 
Fig. 4. Unconfined Compressive Strength Test Results 
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The Shapiro Wilk normality test presented a p-value of significance lower than 0.05 
(p=0.023<0.05), for the variable percentage of recycled concrete from demolition (%), i.e. the 
normality assumption was not met, while the p-value was greater than 0.05 (p=0.918>0. 05) for 
the variable Unconfined compressive strength (kg/cm²), complying with the normality 
assumption, therefore, the correlation was quantified with Spearman's correlation test, which 
presented a p-value of significance lower than 0.05 (p=0. 041<0.05), rejecting the null 
hypothesis, showing that there is a significant relationship between both variables, likewise 
Spearman's correlation coefficient reached a positive value (rs=0.460), that is, there is a low 
direct correlation between both variables. 

According to Figure 5 the approximate dispersion equation which is: 𝜎 = −119.06%𝐶𝑅𝐷2 + 39.705%𝐶𝑅𝐷 + 5.0079                   (1) 
Deriving the equation with respect to the %CRD we obtain:  𝜎 = −238.12%𝐶𝑅𝐷 + 39.705 = 0                                                  (2) 
And if the equation equals zero, the average optimal %CRD of the 4 soil types can be 

obtained: %CRD = 16.67 % y  𝜎 = 8.32 kg/𝑐𝑚2. 
From Figure 5, as a result, the average optimum percentage of CRD is 16.67 % reaching 

a compressive strength of 8.32 kg/𝑐𝑚2, with higher percentages of CRD the compressive 
strength decreases progressively.  

 

 
Fig. 5. Dispersion of the UCS test results and their respective approximate equations 

 
On the other hand other authors, [23] argues that, in their research the addition of 22 % 

CRD increases the UCS to 1062 kPa, which was more than two and a half times that of the UCS 
of natural soil, with 22 % CRD the UCS increases to 1062 kPa, after the addition of 24 % CRD, 
the USC increases to 1012 KPa which is less than the UCS of the soil + 22 % composite CRD 
waste, therefore, he concluded that 22 % CRD can be considered as the optimum percentage 
for stabilization of that type of soil.  

The researcher [25] considered 20 % CRD as the optimum percentage with a 4-fold 
increase over natural soil for a curing period of 28 days, at more days of curing the strength 
growth is marginal. [7] also analyzed the UCS strength of a clayey soil at different curing 
periods and sample percentages, having at 15 % CRD at 28 days of curing a compressive 
strength of 1567 KPa compared to UCS= 275 KPa for an unstabilized soil without any curing. 
These results are similar to the present investigation, which in this case the optimum percentage 
is 16.67 %, beyond this percentage the compressive strength of the soil decreases. 
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Shear strength tests. The results of the shear strength tests are shown in Figure 6. These 
results present an upward trend with a downward curve in some cases. For its part [7] argues 
that for RCA - natural clayey soil mixtures, the increase in %CRD results in dilatant behavior 
and higher shear strength as reflected in results with high cohesion and high peak internal 
friction angle, since, mixing RCA with clayey soils results in stronger, stiffer and less 
compressible mixtures that are particularly suitable for construction purposes as subbase / 
subgrade of road pavements. 

 

  
(a)                                                                 (b) 

 

Figure 6. Shear strength test results: (a) Cohesion, (b) Internal friction angle 
 
Conclusions 

1. The physical tests of the soils defined the type of soil to which they belonged; there was 
no previous information on the type of soil in the sampling area; but after the pertinent analysis 
in the laboratory, SC-SM, SC, CL and CH soils were obtained according to the USCS 
classification.  
2. By means of the Modified Proctor test, information was obtained for the subsequent 
elaboration of the compacted specimens according to their OCH and MDS; these results showed 
a tendency to reduce as a higher percentage of CRD was added to the sample. 
3. According to the unconfined compressive strength test of cylinders of natural soil and 
soil improved with CRD, it was obtained through a dispersion analysis that the addition of this 
aggregate in a 16.67% by weight in a soil with clay properties presents the greatest 
improvements according to the UCS test. 
4. For the RCA - natural soil mixtures, the increase in %CRD results in an increase in the 
angle of friction and cohesion with respect to the soil in its natural state. 
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