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Abstract. In view of the unique characteristics and diverse applications of composite materials; 

researchers across the world are focusing on the development of a variety of Metal-Matrix 

Composites (MMCs), particularly in the domain of Aluminum-based MMCs (AMMCs). The 

present research paper focuses on the study of the influence of rare earth elements (REEs) and 

rare earth oxides (REOs) on the Tensile Strength, Hardness, and Microstructure of AMMCs. 

Apart from the fraction, shape, and size of the reinforced particle, the fabrication methods also 

play a crucial role in the microstructure and performance of the composite. Stir casting and 

Powder metallurgy are the methods that are commonly used over the globe for processing of 

AMMCs due to their availability, simplicity, and low-cost production. During stir casting, the 

nature and characteristics of AMMCs largely depend upon geometrical parameters like impeller 

design and process parameters such as stirring speed, stirring time, and stirring temperature. 

However, in Powder Metallurgy, process parameters such as blending time, sintering 

temperature, and compact pressure have a significant effect on the performance of AMMCs. 

From previous studies, it has been observed that the tensile strength of AMMCs having REEs 

and REOs as reinforcement varies in the range of 26MPa to 562 MPa, and the elongation during 

tensile tests enhanced up to 33.33%. It is also observed that the hardness value of AMMCs with 

REEs and REOs particulates occurred in the range of 46 VHN to 260 VHN. From the survey of 

microscopic images, it is concluded that grain refinement and the formation of the useful 

compounds between aluminium matrix and rare earth particles helped in the enhancement of the 

mechanical properties of the AMMCs. It is also observed that the excessive use of reinforcement 

particles results in agglomeration that leads to a reduction in mechanical properties.  

Keywords: aluminium metal matrix composites, rare earth elements, rare earth oxide, 

mechanical properties, microstructural properties 
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Introduction 

In ancient times, from 200 BC to 1200 AD, the clay was reinforced with grass fibers in the Nile 

valley, straw-reinforced bricks in the Great Wall of China, bonding super and lower quality 

wood in Egypt, and lamination of horns, wood, and silk on Bows with adhesives were the 

significant landmarks of composite materials. At the turn of the twentieth century, polymer 

composites such as glass-fiber reinforced composites and phenolic-resin-asbestos captured the 

attention of many researchers. But due to higher thermal sensitivity and lower strength, there was 

https://orcid.org/0000-0002-9886-0177
https://orcid.org/0000-0002-5648-6113
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a restriction of application in the aerospace and defence sector. So, in the 1970s, the space race 

between the world's superpowers gave birth to MMCs, which were lighter than base metal or 

alloy and more robust than polymer composites [1]. The demand for innovative products using 

superior materials and process technologies is increasing in the age of globalization. Engineers 

are currently seeking stronger, lighter, and less costly materials. Metallic matrix composites 

(MMCs) offer the qualities required for various engineering applications. 

MMCs outperform traditional composites mechanically, thermally, and electrically. They 

are also more resistant to extreme temperatures, moisture, radiation, and outgassing in a vacuum. 

The metal matrix composites consist of at least two different materials, one of which must be 

metal, as illustrated in Fig. 1. The second component can be another metal, an organic or 

inorganic compound, or a ceramic [2–5]. Composite materials are more potent and lighter than 

conventional materials like steel. Rather than using steel, the auto industry is increasingly turning 

to composite materials to light automobile parts load [6]. MMCs are distinguished by their 

superior specific strength, low coefficient of thermal expansion, high thermal resistance, 

exceptional wear resistance, superior specific stiffness, and exceptional corrosion resistance [3-

7]. Matrix materials in MMCs often consist of light metals like Al, Mg, and Ti. The production 

of MMCs is facilitated by the wide availability of matrixed materials, with aluminium and its 

alloys being particularly popular. Aluminium's many positive qualities make it a popular metal 

choice, including its light-weight, low cost, economic viability, ease of processing with a wide 

range of methods, high strength-to-weight ratio, and resistance to corrosion [8]. The AMCs are 

replacing cast iron components in automotive industries due to enhancement in hardness with a 

slight compromise in ductility by doping ceramic particles in the base metal matrix [9]. 

 

 
 

Fig. 1. Classification of Metal Matrix Composites 

 

The current investigation centres on particle-reinforced composites (a reinforcement with 

discrete form), specifically rare earth elements/oxides (REEs/REOs), because of their 

availability, low cost, ease of dispersion in the matrix, and relatively uniform distribution. The 

composite's purposes and uses inform the selection of reinforcement materials. Using lightweight 

metals as reinforcement paves the way for novel applications where reduced weight is a priority 

[10–12]. Common reinforcements used in aluminium matrices to improve mechanical and 

tribological properties include Al2O3 [13], ZrO2 [14], SiO2/TiO2 [15], Si3N4 [16], TiC [17], 

SiC [18], B4C [19], TiB [20], CNT [21] and diamond [22]. But in recent years, researchers have 

been keen on hybrid metal matrix composites. The hybrid AMCs can be prepared with 
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combinations of two or more ceramic particulates, synthetic and industrial waste, agriculture 

waste, and synthetic powder ceramic [23]. Because of their superior performance to single-

reinforced composites, hybrid AMCs have seen consistent growth in demand from the aerospace 

and automotive sectors [24]. 

Similarly, researchers are beginning to pay more attention to the use of rare earth elements 

and their oxides as an additive/reinforcement in the composites due to their appealing properties, 

such as high strength at room temperature, excellent magnetic properties, high thermal 

conductivity, high thermal stability and high mechanical properties [25]. There are a total of 17 

rare earth elements and they include the lanthanides (15), ranging in atomic number from 57 

(lanthanum) to 71 (lutetium), as well as yttrium (39) and scandium (21). The REEs are widely 

used in chemical, metal and alloy, medical science, and oil refining industries. Nowadays, the 

use of REEs is expanding in electronic pieces of equipment, permanent magnets, and the 

polishing of glass[26–31]. 

 

Common materials for AMMCs with REEs/REOs 

The most commonly used combinations of materials for AMMCs with REEs/REOs are shown in 

Table 1. 

 

Table 1. List of matrix and reinforcement material combinations  

Matrix Material Reinforcement 

2510 Al alloy Yb 

Al6063 
Al2O3, Y2O3, Al2O3/ Y2O3, SiC + Rare Earths mixture [CeO2 (cerium oxide) + 

La2O3(lanthanum oxide)] 

AA6082 Y2O3, Gr + Y2O3 

AA7075 Micron-sized yttria, Nano-sized yttria 

Al6061 [Al2O3 (aluminium oxide) + SiC (silicon carbide)] + CeO2 

AA20240 ZnO, Y2O3 

AA7017 Y2O3 

 

Fabrication procedures 

Various techniques have been described in the different works of literature for the fabrication of 

MMCs, but are mainly categorised into liquid-state and solid-state techniques. However, the two 

most used methods are described below.  

Stir casting. The traditional method of liquid casting, which entails agitating, was the most 

appealing and widely used of the many processing methods available. Reinforcements, whether 

added to pure or hybrid composites, can improve the materials' mechanical properties; however, 

the case depends heavily on the precision with which the materials are fabricated [32]. The 

quality of the final composite is profoundly impacted by operational parameters like stirring 

speed, stirring time, melting temperature, and impeller size. The crucial parameters for better 

functionality of the manufactured composite are the reinforcement weight/volume percentage, 

shape, and size. At first, the metal is heated in a graphite crucible using a high-frequency 

induction heater until it reaches a molten or semi-solid state (Stir Rheocasting) [33]. Afterwards, 

the reinforcements such as metals, organic compounds, ceramic, and REE are incorporated into 

the molten metal matrix, mainly after preheating, to avoid the decomposition of reinforcement 

particulates. Titanium carbide, silicon carbide, or graphite stirrers are used to ensure that the 

reinforcement is evenly distributed throughout the matrix and to prevent the reinforcement from 

clumping together. In ultrasonic-assisted stir casting, an ultrasonic probe is used in place of a 

stirrer to prevent reinforcement particles from accumulating [34]. It is standard procedure to 
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include wetting agents of 1-2wt%, such as magnesium, calcium, silicon, titanium, zinc, and 

zirconium, to increase the wettability of reinforcements in the matrix [35]. Degassers like 

tetrachloroethane, sodium hexachloroaluminate, and hexachloroethane are used to get rid of the 

hydrogen, nitrogen, and carbon dioxide in the aluminium melt [34,36–40]. The procedure is 

carried out in an inert gas atmosphere (Argon) to avoid melt oxidation. After the melt has been 

poured into the die and allowed to solidify, the product is ejected from the die and put through 

additional quality assurance procedures. The squeeze casting process occurs when pressure is 

applied during the solidification phase. A schematic arrangement of basic stir casting has been 

shown in Fig. 2. 

 

 
Fig. 2. Schematic diagram of the stir casting process 

 

Powder metallurgy. Mixing, compacting and sintering are the three main stages of  

the powder metallurgy process shown in Fig. 3. In the mixing stage, the reinforcement materials 

(discrete phases) and matrix material (continuous phase) are mixed properly using suitable 

process control agents like toluene (to avoid oxidation) and zinc stearate (lubricant) [41].  

The compacting of the mixed material with enough pressure to form the green compact with the 

desired porosity is prepared in the compacting stage. And then, sintering, wherein the green 

compacts are heated and held at a high temperature below the melting point of the metal matrix 

for long enough for a diffusion bond to form. The reinforcement material and PM process 

parameters (compaction pressure, holding temperature, and holding time) contribute to the final 

product's characteristics [42]. The physical and mechanical properties of aluminium-based 

composites are most sensitive to compaction pressure, one of the three parameters of the powder 

metallurgy process. The sintering temperature and time also affect the mechanical properties of 

aluminium-based composites. There are several ways to sinter the green compact in  

PM's sintering stage, including spark or plasma sintering, conventional microwave sintering, 

hybrid microwave sintering, and gas sintering. Powder metallurgy produces high-quality 

aluminium-based materials best when compacted at pressures of 600 to 700 MPa, sintered at 

temperatures of 520 to 600°C, and given a sintering time of 3 to 4 hours. Compared to other 

methods of making MMC, powder metallurgy has several benefits, such as lower processing 

temperatures, less energy use, and better material utilisation [43].  
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Fig. 3. Processing diagram of Powder Metallurgy 

 

Effect of REEs and REOs on mechanical properties of AMMCs 

Mechanical testing is an essential part of estimating the material's mechanical properties. To 

check whether the given material can meet the desired applications, some mechanical 

characteristics have to be identified for composites, such as tensile strength and hardness. The 

Universal Testing Machine (UTM) is commonly used to test the material's tensile strength.  The 

hardness tests such as Vicker hardness and Brinell hardness test are used [44]. 

Effect of REEs and REOs on tensile strength of AMMCs. Manufacturing components 

that can withstand tension forces relies heavily on the tensile characteristics of materials. The 

results of tensile tests can predict how long individual parts will last and lead to the economical 

production of the parts. 

 

 
Fig. 4. Different temperatures cause a different amount of change in UTS  

for 2510A aluminium alloy with varying %Yb (based on data of [45]) 

 

Zhang Xin-ming et al. performed a tensile test of the plate of 2519 aluminium alloy doped 

with rare earth element ytterbium (Yb) (0%, 0.17%, and 0.30% mass fraction) at different 

temperatures of 25°C, 300°C, and 400°C. Tensile strength was higher for the composite with 

0.17% Yb at both room temperature and 300˚C, though elongation was slightly lower. The 

tensile strength was improved by adding 0.17% Yb, from 483.2 MPa to 501.0 MPa at 25°C and 

from 139.5 MPa to 169.4 MPa at 300°C as shown in Fig. 4. But the sample underperformed at 

400°C. And the maximum percentage of elongation (65%) was observed for Yb-free alloy at 

400°C, as illustrated in Fig. 5 [45]. 
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Fig. 5. Different temperatures cause a different amount of change in %elongation  

for 2510A aluminium alloy with varying %Yb (based on data of [45]) 

 

The impact of Cerium (Ce) on Al-Cu-Mg-Ag alloy with varying concentrations of Ce 

(0wt%, 0.2wt%, and 0.45wt%) was investigated by D.H. Xiao et al. The impact of temperature 

on the material's tensile properties was investigated through experiments conducted at 250°C, 

200°C, 300°C, and 350°C. In all temperatures up to 350 degrees Celsius, the tensile strength 

increased from 0% to 0.45%wt Ce. At room temperature, tensile strength increased from 

516 MPa to 562 MPa, yield strength increased from 482 MPa to 528 MPa, and %elongation 

decreased from 9.5% to 7.3% as Ce content changed from 0% to 0.45%. This improved 

efficiency was also observed at different temperatures [46]. Similar results were observed by 

Wei Tian et al. for the Al-Cu-Mn-Mg-Fe alloy, using 0.254wt% Ce to study its impact on 

mechanical properties. The tensile strength was 326MPa, which rose 15.19% and the yield 

strength was 256 MPa, which rose 6.667%. The elongation has also increased from 3.1% to 

4.8% [47]. 
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Fig. 6. Effect of La and Sm additions on (a) UTS and (b) %elongation of Al-Cu-Mn  
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Ultimate tensile strength increased with increasing amounts of Er (erbium) in a study by 

Xiaowu Hu et al. The addition of 0.6 wt% of Er boosted the sample's UTS to a maximum of 

269.35 MPa, a 31.76% improvement over the UTS of the base alloy [49]. Furthermore, Chen 

Zhongwei et al. looked at how adding 1wt%Lanthanum (La) and 1.01wt%Samarium (Sm) to  

Al-Cu-Mn alloy altered its mechanical properties. The formation of the new phase Al6Cu6La in 

the La-containing composite increased the tensile strength from 310 MPa to 405.6 MPa, as 

shown in Fig. 6(a). There was an improvement over the Sm-containing composite, which only 

achieved 375.9 MPa [48]. 

In another study, Oxide Dispersion Strengthened (ODS) alloys were manufactured through 

stir casting using commercial aluminium and yttrium oxide with various mass percentages of 

1%, 2%, and 3%, and their mechanical properties were examined by Gwang-Ho Kim et al. The 

tensile specimen was made using the ASTM-E8M standard. Al-2mass%Y2O3 sample reported a 

maximum UTS value up to 80 MPa, i.e., 1.55 times the base alloy. The UTS value for  

Al-3mass%Y2O3 was 0.6 times lower than pure Al due to oxide particle aggregation [50]. 

Similarly, Zhi-Qiang Yu et al. utilised the squeeze casting method to prepare modified (yttria-

coated alumina) and unmodified (alumina) composites with an Al-Mg-Si matrix. The modified 

composites had a maximum tensile strength of 527 MPa, yield strength of 428 MPa, and 

elongation of 0.5%, while the non-modified composites had maximum values of 406 MPa, 

308 MPa, and 0.3%. A stronger interfacial bond was formed with the matrix in the modified 

composite, resulting in enhanced characteristics [51]. Regarding tensile examination of 

nanocomposites, Hafeez Ahamed et al. compared the base alloy, nanocomposite, and  

a hybrid nanocomposite of aluminium. The material has been put through tensile tests per  

the ASTM-E8/E8M-09 standard. Increased UTS were observed at 89% for 

Al6063/1.5vol%Al2O3, 97% for Al6063/1.5vol%Y2O3, and 106% for 

Al6063/0.75vol%Al2O3/0.75vol%Y2O3, respectively, when compared to the base alloy [52]. 

Furthermore, the effect of Y2O3 at concentrations of 3, 6, and 9 vol% on AA6082 

aluminium alloy was explored by J. Ramesh Kumar et al. In accordance with ASTME8M-04, the 

samples were prepared using a method known as friction stir processing (FSP). As can be seen in 

Fig. 7, the 9vol% Y2O3 specimen exhibits a considerable increase in UTS (45.45%), YS 

(43.17%), and %elongation (33.33%) [53]. Along a similar line, T. Satish Kumar et al., using 

FSP, developed a hybrid composite material constituted of AA6082 and graphite (4vol%) doped 

with Y2O3 at different compositions of 2%, 4%, and 6%. The 6Y2O3 + 4Gr composite had a UTS 

of 300 MPa and a YS of 120 MPa [54]. 

 

 
Fig. 7. Variation in UTS, YS and %elongation w.r.t Y2O3 vol% in AA6082  

(based on data of [53]) 
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To better understand the role that shape and size of reinforcement play, Tilak C. Joshi et al. 

compared the impact of micron-sized and nano-sized reinforcement particles of yttria on the 

mechanical behaviour of AA7075. Micron-sized (4µm) and nano-sized (10nm) yttria (0.1, 0.5, 1, 

and 3vol%) were incorporated into the aluminium alloy AA7075 using the powder metallurgy 

technique, which was then followed by a forging process. With 0.5 vol% nano-yttria, the 

maximum tensile strength was 554 MPa, while with 5vol% micron-yttria, it was 247 MPa. Grain 

refinement due to better dispersion of nano-sized yttria led to the enhancement in mechanical 

characteristics of the composite [55]. In another study, V.K. Sharma et al. investigated the 

composite having aluminium alloy (Al-6063) as matrix and SiC and RE mixture of cerium oxide 

and lanthanum oxide i.e., (CeO2 + La2O3) as reinforced with weightage of 3, 6, 9wt% and 1, 2, 

3wt% respectively. Al-6063 alloy has been measured to have a tensile strength of 22 MPa. 

Incorporating RE at different concentrations significantly enhanced ultimate tensile strength 

(UTS) and elongation. The composites with 3wt% SiC showed an increase in ultimate tensile 

strength from 28 MPa to 70 MPa and elongation from 0.24% to 0.62% upon adding 1% cerium 

and lanthanum combination. As shown in Fig. 8, the ultimate tensile strength of composites 

comprised of 6wt% and 9wt% SiC increased from 51 MPa to 91 MPa and from 60 MPa to 

78 MPa, respectively, when the amount of RE was increased from 2 to 3 wt% [56]. 

 

 
Fig. 8. Effect of RE mixture (CeO2 + La2O3) on Al6063 composite  

(based on data of [56]) 

 

 
Fig. 9. Tensile strength of Al6061 as affected by (Al2O3 + SiC) mixture and CeO2  

(based on data of [57]) 
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In a follow-up study, Vipin Kumar Sharma et al. examined how adding the rare earth metal 

cerium oxide affected a hybrid composite's mechanical and metallurgical properties. Stir casting 

was utilised to process the hybrid composites Al6061/(Al2O3 + SiC) and Al6061/(Al2O3 + 

SiC)/CeO2. CeO2 weight concentrations were 0.5%, 1.5%, and 2.5%, while (Al2O3 + SiC) 

mixtures ranged from 5% to 15% by weight. From the base alloy's 26 MPa, the UTS increased to 

30 MPa, 54 MPa, and 73 MPa after incorporating 5wt%, 10wt%, and 15wt% of (SiC + Al2O3). 

In the range of 30 MPa to 89 MPa, the UTS increased for Al6061/5wt% (Al2O3 + 

SiC)/0.5wt%CeO2, 54 to 102 MPa for Al6061/10wt% (Al2O3 + SiC)/1.5wt%CeO2, and 73 to 123 

MPa for Al6061/15wt% (Al2O3 + SiC)/2.5wt%CeO2. Figure 9 demonstrates that when compared 

to other materials, UTS is best for Al6061/15wt% (Al2O3 + SiC)/2.5wt% CeO2. A higher 

elongation percentage was achieved after reinforcements were inserted [57]. 

In an extension of a similar kind of research, the A356.2 alloy was improved by Shaochen 

Zhang et al. by adding 0.1, 0.2, and 0.3 wt% Yb and La, respectively. As shown in Fig. 10, the 

UTS was raised to 279 MPa after T6 treatment, representing a rise of 28.2% from the base alloy 

[58].  Based on the findings mentioned above, incorporating rare earth elements into the 

composite boosted tensile strength due to the following mechanisms: refining the Al matrix's 

grain, hindering crack propagation, and strengthening intermetallic bonds. However, after a 

specific fraction of reinforcement particles, some composites showed a modest decrease in the 

mechanical characteristics due to a higher degree of agglomeration of reinforced particles, 

resulting in weak intermetallic bonding. 

 

 
Fig. 10. Effect of (Yb + La) mixture on tensile strength and microhardness of A356.2 

 (based on data of [58]) 

 

Effect of REEs and REOs on the hardness of AMMCs. One of the essential 

characteristics of a material is its hardness, which is measured by how easily it can be dented or 

worn away by other means. Several studies comparing composite and base materials' hardness 

were presented. 
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shown in Fig. 10 [58]. Regarding the advancement in AMMCs, Sharma et al. developed some 

quite intriguing outcomes associated with mechanical characteristics. They fabricated AMMCs 

containing Al6063, SiC (3wt%, 6wt%, and 9wt%), and RE mixture of cerium oxide and 

lanthanum oxide i.e., (CeO2 + La2O3) (1wt%, 2wt%, and 3wt%) using the stir casting technique. 

Microhardness increased with the addition of reinforcements when 3wt%, 6wt%, and 9wt% of 

SiC were reinforced. After transforming from a ductile alloy to a brittle one, the microhardness 

increased from 46 VHN (base alloy Al6063) to 68.95, 76.04, and 106.46 VHN. With 1, 2, or 3 

weight percent of (CeO2 + La2O3) added to the prepared composites; the hardness increased to 

108.6, 114.24, and 85.80 VHN, respectively. The maximum value for hardness was obtained in 

the case of 2wt% RE [59]. On a similar note, composites of Al6061 with (Al2O3 + SiC) mixture 

(5%, 10%, and 15%wt%) and CeO2 (0.5, 1.5, and 2.5wt%) were also prepared by V.K. Sharma 

et al. via a stir casting process. Figure 11 displays that the microhardness of the sample treated 

with 2.5wt%CeO2 reached a maximum of 92.8 VHN, a value 16.39% higher than that of the base 

alloy (79.3 VHN) [60]. 

 

 
Fig. 11. Effect of (Al2O3 + SiC) and CeO2 on microhardness of Al6061 (based on data of [60]) 
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improved performance of the hybrid nanocomposite Al6063/0.75Al2O3/0.75Y2O3 was attributed 

to the smaller particle size of the nano-particles and the fact that they were embedded in a softer 

matrix [64]. 

 

 
Fig. 12. Effect of wt% of Yttrium oxide on the hardness of aluminium alloy AA2024  

(based on data of [62]) 

 

The mechanical properties of the hybrid composite AA2024/TiB2 + Y2O3(YO) were 

studied by Semegn Cheneke et al. Stir rheocasting was used to produce a variety of samples with 

a constant 2wt% of TiB2 and 0, 0.5, 1 and 1.5wt% of Y2O3. The microhardness of 2TiB2/0.5YO, 

2TiB2/1YO, and 2TiB2/1.5YO increased by 23%, 24%, and 25%, respectively, as depicted in 

Fig. 13 [65].  

 

 
Fig. 13. Aluminium alloy AA2024 hardness as a function of wt% TiB2 and Yttrium oxide  

(based on data of [65]) 
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properties improve, attributed to an ultrafine grain structure achieved after 20 hours of milling. 

As can be seen in Fig. 15, the maximum hardness was reached after 20 hours of milling, i.e., 

260VHN [67]. 

Hardness in Al-composites is affected by the grain structures and the level of 

reinforcement particle dispersion in the aluminium matrix. As the composite's foreign particles 

aggregate, the material's hardness decreases. 

 

  
Fig. 14. Effect of  wt% of Yttrium oxide and ZnO 

on the hardness of aluminium  

(based on data of [66]) 

Fig. 15. Milling time's influence  

on AA7017 + 10vol% Y2O3 hardness  

(based on data of [67]) 

 

Effect of REEs and REOs on Microstructural properties of AMMCs 

The micro-scale distribution of reinforcement particles and the degree of grain refinement 
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methods, including scanning electron microscopy (SEM), field emission scanning electron 
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The behaviour of Al2024 reinforced with varying weight percentages of Y2O3 between 0% 

and 20% was described by Mohanad Lateef Hamada et al. Incorporating up to 10wt% Y2O3 

improved microhardness, tensile strength, and wear rate. Once this ratio was exceeded, 

composites' strength began to decline due to Y2O3 agglomeration. Agglomerated particles of 

Y2O3 weaken the internal structure of the composite. As a result, internal deformation and 

dislocations occur in the internal structure of the composite. The dislocations and deformation 

create voids in the internal structure, which results in increased porosity [68]. 
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absence of Y2O3 particles and suggesting that yttria particles may have melted or decomposed as 

a result of the high temperature experienced during arc melting (3700°C), which was higher than 

the melting point of yttria (2430°C). As per the Energy Dispersive Spectroscopy (EDS) analysis, 

oxygen was not detected in the Y2O3-added samples. Since there was an imperceptible amount of 

oxygen in the samples, it can be concluded that the oxygen released from Y2O3 was able to 

escape the samples during melting. Due to the melting of each sample four times, the chances of 

oxygen being released from the sample increased significantly. With the help of XRD technique, 

the samples has confirmed the existence of a new phase, Al3Y. As a result of the Al3Y phase 

formation and microstructure modification, the Al-20wt%Y2O3 sample exhibited improved 

hardness, enhanced polarisation behaviour, and wear resistance [69]. 

Guangzhu Bai et al. made Mg2Si/Al composites using ultrasonic stir casting with different 

powers (50W, 100W, 150W, and 200W), with Al-20%Si and Al-50%La serving as the master 

alloys. The absence of lanthanum (La) caused the Mg2Si primary particles to be of an irregular 

shape and distributed unevenly. La's incorporation resulted in a more uniform distribution of 

primary Mg2Si particles and a refinement of their average particle size to 42 nm. Processing of 

sample (Mg2Si/Al-0.4wt%La) at 150W was found to be optimal for microstructural and 

intermetallic bond modifications, especially Al11La3 [70]. 

Furthermore, Using A356 aluminium alloy as-received and milled form, E. Aguirre-De la 

Torre et al. doped the ACL (Al-6Ce-3La) alloy. The milling was performed for 5h and 10h. The 

ACL master alloy's La/Ce phase was successfully incorporated after 10 hours of milling, 

resulting in finer fragmentation. Adding 0.2wt% ACL with a 9.0wt% La/Ce content improved 

the A356's mechanical performance. Milling ACL resulted in finer grains, a higher degree of 

homogeneity in the distribution of La/Ce particles, and the formation of intermetallic compounds 

like AlLa4, CeAlO3, and Al11Ce3. These factors contributed to the improved performance of the 

resulting samples [71]. 

Hafeez Ahamed et al. performed a similar experiment, blending Al6063 with 

1.3vol%Al2O3, 1.3 vol%Y2O3, and 0.65vol%Al2O3/0.65vol%Y2O3, and then analysing the 

composites for changes in morphology and particle size. In contrast to the 1.3Y2O3 system, the 

1.3Al2O3 system generated more refined and smaller particles due to the spherical shape of 

Al2O3 hard ceramic particles. The average particle size was significantly reduced and particle 

distribution was made more homogenous after adding 1.3Y2O3 and 0.65Al2O3/0.65Y2O3. It was 

also concluded that the grain refinement and lattice strain increased up to 20h milling time; 

afterwards, these remained constant. In addition, it was determined that the development of 

nanocomposites with high-energy ball milling led to microstructure refinement and randomly 

oriented interfacial boundaries [72]. 

Furthermore, Zhi-Qiang Yu et al. examined the nature of interfacial bonding for the 

modified reinforcement of sub-micron alumina coated with yttrium oxide in the Al-Mg-Si alloy 

at different age hardening at 130, 160, and 190°C. The samples were prepared through the 

squeeze casting process. The new phase Y2Al was attributed to a reaction between Y2O3 and the 

Al-matrix at the interface. After the formation of the new phase Y2Al, thermal stresses between 

the modified particles and matrix increased, leading to the appearance of some dislocations in the 

matrix. Hardness values for aged modified composites are consistently higher than those for 

aged non-modified composites. This occurred because Y2Al surrounded the grains, which 

boosted quenching vacancy saturation and favoured the zone nucleation of the grain particles 

[51]. 

Similar research was conducted by V. K. Sharma et al., who looked at composites of Al-

6061 containing CeO2 (0.5, 1.5, 2.5wt%) and SiC/Al2O3 (5, 10, 15wt%) and synthesised via the 

stir casting route. The dendritic growth in composite and the effective incorporation of 

SiC/Al2O3 particles have been depicted with the help of SEM technique. Decrease in the grain 

size has been observed with the incorporation of CeO2 into the Al-matrix. On the other hand, 

some of the cerium oxide particles aggregated and clustered together, negatively affecting the 

mechanical properties. By using XRD analysis, it has been verified that α-Al, Al4Ce, Al3Ce, and 
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Al8Mg5 phases were present in an Al-matrix. Better performance was observed in these samples 

compared to others, which was attributed to the successful incorporation of CeO2 in the matrix, 

as evidenced by the presence of phases such as Al4Ce and Al3Ce [73]. 

Similarly, Vipin Kumar Sharma et al. also researched the influence of 1, 2, and 3wt% REP 

(CeO2 + La2O3) on Al-6063/SiC (3, 6, and 9wt%) hybrid composites fabricated via a stir-casting 

route. REP mixture acted as a grain refiner and reduced the agglomeration of particles, leading to 

better performance of the hybrid composites. Still, some clustering of CeO2 and La2O3 was 

noticed, which declined the performance of the composites. After testing, the failure samples 

showed grooves, pin holes, and micro-cracking due to the agglomeration and uneven distribution 

of reinforcement particles in some regions [74]. Xu Wang et al. reinforced neodymium (Nd) in 

the Gr/Al-17Mg matrix with different quantities of 0.2, 0.5, and 2%. The phases at the interface, 

such as Al3Mg2 and Al11Nd3, were observed with the help of TEM and XRD. The addition of Nd 

significantly reduced the bending strength of Gr/Al composites from 1463 MPa (Gr/Al-17Mg) to 

791 MPa (Gr/Al-17Mg-2Nd). The formation of the Al3C, Al3Mg2, and Al11Nd3 phases, as well 

as the transition layer, increases the interfacial bonding strength, which reduces the amount of 

pulled-out single fibres and bundles [75]. 

The mechanical properties of a composite are profoundly affected by factors such as the 

grains' shape and size, the dispersion of reinforcement particles, and the emergence of new 

phases. However, the mechanical properties suffer, when there is an agglomeration of particles 

in the matrix. Fig. 16 depicts the overall impact of rare earth elements and their oxides on the 

properties of AMMCs. 

 

 
 

Fig. 16. Effect of RE incorporation in the aluminium matrix 

 

Conclusions 

The aerospace and automotive industries and the military have a high demand for aluminium 

metal matrix composites. Rare earth elements and rare earth oxides have been the main focus of 

this review due to their ability to improve tensile strength, hardness, and microstructural 

properties. In this section, we will go over a few of the most important results: 

1. As a result of accessibility and ease of use, powder metallurgy and stir casting are the most 

reliable methods for processing aluminium metal matrix composites. 

2. Including a slight amount of rare earth elements or oxides in an aluminium matrix 

significantly improved the material's mechanical and microstructural qualities. 

3. The composite's microstructure is determined by the reinforcement type, shape and size, 

and input parameters used during fabrication. The homogenous dispersion of reinforcement 

particles achieves a better mechanical and tribological performance. 

4. Because of variations in density and thermal expansion coefficients between the matrix and 

the reinforcement, the aggregates of incorporated particles can form. Due to this, the tribological 

and mechanical behaviour of the composite gets irregular. Agglomeration precluded the metal 

matrix from bonding to the reinforced particles and reducing mechanical properties. Selecting 

the most suitable fabrication approach, volume/weight percentage of reinforcement particles, and 
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optimised input parameters will reduce the agglomeration or clustering degree of reinforced 

particles. 

5. The defects such as pin holes, grooves, and micro-holes are observed during 

microstructural investigation of failed samples of AMMCs. These defects arise due to either 

improper handling during fabrication or due to the aggregation of reinforced particles.  

6. Ultrafine grain structure and better mechanical strength can be attained when the fabricated 

composite is processed under secondary methods like forging, extrusion, heat treatments, etc. 

7. Combining rare earth elements (REEs) with ceramic reinforcement (Al2O3, SiC, TiB2, etc.) 

in an aluminium metal matrix led to a notable enhancement in mechanical and tribological 

properties. 

8. Hardness, tensile strength, and elongation showed the increment range of 46-260 VHN, 

26-562 MPa and 0.5% to 33.33 % when rare earth elements were used as a reinforced particle in 

the aluminium alloy matrix. 
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Abstract. A finite element simulation is employed to provide a thorough investigation of 

fracture tolerance in ceramic materials containing lamellar inhomogeneities. The opening mode 

crack initiated in matrix, inhomogeneity and at interphase boundary is considered in terms of 

energy release rate accompanying the flaw growth to define the most feasible fracture 

configurations. The dependences of the crack energy release rate on sizes of crack and 

inhomogeneity, and elastic moduli of materials are shown and discussed. It is demonstrated that 

the energy release rate reaches its maximum value at certain ratios of inhomogeneity-to-matrix 

shear moduli and crack-to-inhomogeneity sizes. 

Keywords: ceramic composites, fracture toughness, crack, energy release rate, finite element 

simulation 
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Introduction 

The development of ceramic materials endowed with less brittleness is of great interest of 

research in material science, especially in the way to obtain the promising composite materials 

with enhanced functional properties providing durability and reliability of devices under 

operational conditions [1-4]. These materials can be fabricated via sintering of ceramic powders 

with advanced compounds such as graphene [5,6]. Owing to the technological parameters of 

this process, the produced materials can contain high fraction of interfacial inhomogeneities 

mostly located at grain boundaries (GBs) [7]. Under operational conditions these 

inhomogeneities as the origins of stress disturbance induced by the impact of the external fields 

(thermal, electrical, or magnetic) can provoke the relaxation processes, either dislocation 

emission or crack nucleation [8-11]. The first mechanism mostly contributes to plastic 

deformation (yielding) phenomenon, while the second one is responsible for brittle fracture of 

obtained ceramic composites. The analysis of the occurrence of either relaxation mechanism is 

deemed to be a significant issue that could be conducted through the thorough investigation of 

stress disturbance in vicinity of interfacial inhomogeneities and the subsequent development of 

theoretical models of relaxation processes to increase the fracture resistance of ceramic 

materials. 

For the case of ceramic/graphene composites, various toughening strategies have been 

suggested and realized (e.g., [12,13]), and theoretical models that considered the effects of crack 

deflection [13], crack bridging [14,15] and GB sliding [11,16] on fracture resistance of 
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composites have been elaborated. While crack bridging and deflection expectedly lead to 

toughening of ceramic/graphene composites, it was demonstrated that GB sliding can reduce 

their fracture toughness.  

Also, in our previous research, the local stress distribution in ceramics materials 

containing pores [17] and inclusions [18] was investigated analytically through boundary 

perturbation technic and verified by finite element simulation. The specific shape of triple 

junction inhomogeneity was approximated through the analytical equation defining a rounded 

triangle curve of three-fold symmetry which deviates from circle for some small variable. In 

the case of remote uniform tension along inhomogeneity symmetry axis, the first order 

analytical solution demonstrated qualitative correlation with the results of numerical 

simulation. 

In our present research, we focused on crack initiation in the vicinity of a lamellar 

inhomogeneity in a ceramic matrix. The finite element analysis is employed to determine the 

energy release rate accompanies the increment of a Mode I crack placed in either the matrix or 

inhomogeneity, or at the interphase boundary. Within this approach, the fracture tolerance of 

crack configurations impacted by the difference of elastic moduli of materials is elucidated. 

 

Model 

We consider a plain strain of an infinite matrix containing a lamellar inhomogeneity of width d 

subjected to axial tension (see Fig. 1a). The applied axial tension is supposed to be 

perpendicular to the interphase boundary. The shear modulus and Poisson coefficient of the 

matrix and inhomogeneity are μ1, ν1 and μ2, ν2 respectively. 

 
Fig. 1. a) Feasible cracking locations in a matrix containing a lamellar inhomogeneity 

 under remote axial tension: (i) flaw in the matrix, (ii) flaw in the inhomogeneity and  

(iii) flaw at the interphase boundary. b) The finite element model of a flaw placed  

in the middle of lamellar inhomogeneity. The kinematic boundary conditions  

for displacement components ux and uy are shown 

a) b) 
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The following fracture scenarios are considered: (i) the flaw initiated in the matrix; (ii) 

the flaw initiated in the inhomogeneity and (iii) the flaw initiated at the interphase boundary as 

it is illustrated in Fig. 1a. The energetic approach is employed to provide a comparative analysis 

of these fracture scenarios. According to this approach [19] the fracture tolerance of 

aforementioned crack types can be estimated in terms of energy release rate as 

stE
G

a


 −


,  (1) 

where ΔEst is a change of the strain energy of the elastic system available for increment of crack 

extension Δa. Eq. 1 is valid as long as the work done by external forces vanishes.  

In order to estimate an energy release rate G of the cracks, a finite element model of a 

body composed of the matrix and inhomogeneity domains is prepared in one of the commercial 

software and shown in Fig. 1b. The model is built up from 2D plane elements containing 4 

nodes. The cracks are treated as a flat cut placed in the different locations: (i) in the matrix at a 

distance b from the interphase boundary; (ii) in the middle of the inhomogeneity and (iii) at the 

interphase boundary. The axial tension state is achieved due to prescribed displacement, viz. 

the model bottom is fixed while the top gets a vertical displacement δ. The crack faces and right 

border of the model are assumed to be traction free. The size of the body is considered to be 

big enough to neglect the screening effects of the external boundary. The symmetry of the 

problem is taken into account with respect to both the geometry and loading. The materials of 

the matrix and the inhomogeneity are supposed to be linearly elastic and isotropic. 

The couple of separate numerical simulations are performed for cracks of length a and 

a + Δa to calculate the strain energy increment in the Eq. 1. The crack increment Δa is 

considered to be in the order less then crack length a (Δa  a / 10). 

 

Results 

Let us first investigate the effect of elastic moduli of the matrix and the inhomogeneity on the 

energy release rate of the cracks. Fig. 2a shows the curves G(μ2 / μ1) obtained numerically for 

a = d / 2 and b = d / 2. As is seen, there are peaks at μ2 / μ1  0.1 with the values of G  1.2G0 for 

the crack located in the matrix region (curve (i)) and G  1.4G0 for the cracks located in the 

inhomogeneity and at the interface (curves (ii) and (iii), respectively). Hereafter G0 is the crack 

energy release rate in a homogeneous material (when μ1 = μ2). One can note that the peak value 

of the crack energy release rate reduces with the increase of the distance between flaw and 

inhomogeneity b. Besides, with the increase of b the value of μ2 / μ1 corresponding to the 

maximum of G rises.  

In the case of relatively soft inhomogeneities (μ2 / μ1 < 1), the curves (ii) and (iii) 

practically coincide, while curve (i) goes significantly lower than these ones. In the limiting 

case of an infinitely soft inhomogeneity (μ2 / μ1 → 0), the energy release rate vanishes for all 

crack locations under consideration.  

In the case of relatively rigid inhomogeneity (μ2 / μ1 > 1), the crack in the matrix takes the 

highest energy release rate, while the crack in the inhomogeneity takes the lowest one. In the 

limiting case of a rigid inhomogeneity (μ2 / μ1 → +), the crack energy release rate tends to 

some constant values: G  0.65G0 for the crack in the matrix, G  0.5G0 for the interface crack, 

and G  0 for the crack in inhomogeneity. 
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Fig. 2. The energy release rate G of cracks located in the matrix (i), in the inhomogeneity (ii) 

and at the interphase boundary (iii) in dependence on: a) the ratio of inhomogeneity-to-matrix 

shear moduli μ2 / μ1 for d = a / 2 and b = d / 2; b) the crack-to-inhomogeneity size ratio a / d 

for μ1 = 2μ2 and b = a / 2. G0 is the crack energy release rate for μ1 = μ2  

 

Consider now the dependence of the energy release rate on the ratio a/d at μ1 = 2μ2,  

ν1 = ν2 = 0.3, and b = a / 2. As it seen from Fig. 2b, the crack energy release rate tends to zero if 

the flaw length is negligibly small with regard to the inhomogeneity width (a << d). The curves 

G(a / d) first rapidly increase, achieving their maximum values (1.15G0 for the crack in the 

inhomogeneity at a  2d) and then gradually decline to their constant values 1.1G0 for a >> d. 

It means that the energy release rate of relatively matured cracks (a >> d) doesn’t depend on the 
aforementioned fracture locations.   

Thus, the results of the simulations demonstrate that in the case of relatively rigid 

inhomogeneities (when μ2 > μ1), cracks in the matrix are characterized by higher values of the 

energy release rate than similar cracks inside the inhomogeneity or at the interphase boundary. 

This promotes crack propagation inside the matrix. In contrast, for relatively soft 

inhomogeneities (μ1 > μ2), the cracks in the inhomogeneity or along the interphase boundary 

have higher values of the energy release rate than similar cracks in the matrix. This facilitates 

crack propagation inside the inhomogeneity or along the interface. At the same time, along with 

the energy release rate, crack propagation is strongly affected by the local fracture resistance 

Gc, which can be defined as the critical value of the energy release rate G for the catastrophic 

crack growth inside the specified phase or along the interphase boundary. For example, for the 

case of a brittle ceramic matrix and a ductile metallic inhomogeneity (whose value of Gc is 

much larger than that in the matrix), cracks are expected to advance inside the matrix even if 

the metallic inhomogeneity is softer than the ceramic matrix. Thus, the preferred pathway of 

crack propagation (inside the matrix, inside the inhomogeneity or along their interface) is 

determined by both the ratio of the shear moduli of the matrix and the inhomogeneity (crack 

advance is preferable in a softer phase) and the fracture toughness of the two phases (crack 

propagation is promoted in the phase with a smaller value of Gc). 
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Conclusions 

In summary, a finite element analysis is provided to consider different fracture phenomena in 

composite ceramics with lamellar filler. A composite ceramic is modeled as an elastic body 

containing matrix and lamellar inhomogeneity domains. It is assumed that a Mode I crack is 

opened in either the matrix in close vicinity to the inhomogeneity, or in the middle of the 

inhomogeneity, or at the interphase boundary. The numerically obtained energy release rate 

accompanying the crack extension is employed to implement the comparative analysis of the 

crack configurations through the finite element simulations with varying the elastic moduli of 

materials, the crack and inhomogeneity sizes. It is shown that if the critical values of the energy 

release rate in the matrix and the inhomogeneity are the same, such cracks are more feasible to 

open in the matrix region near the interface in the case of relatively rigid inhomogeneities (when 

μ2 > μ1). As for relatively soft inhomogeneities (μ1 > μ2), the cracks are expected to occur in 

either the inhomogeneity or the interphase boundary. The energy release rate of the 

aforementioned cracks tends to a constant value if the crack length is much larger than the 

inhomogeneity width (a >> d) and vanishes in the opposite case (a << d). One of the main results 

to emerge in this study is that, for all crack configurations under study, the energy release rate 

reaches its maximum value at certain ratios of inhomogeneity-to-matrix shear moduli and 

crack-to-inhomogeneity sizes. 
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Abstract. The paper presents the results of studying the region of glass formation in  

the B2O3-SiO2-ZnO-NaBr system. The used mode of glass synthesis made it possible  

to avoid the complete volatilization of bromine from the glass melt. For a series of samples  

containing 8 mol. % sodium bromide, 12 mol. % SiO2 and variable ratio of B2O3 and ZnO  

the dependences of density and refractive index were determined. For the glass composition 

60B2O3 – 12SiO2 – 20ZnO – 8NaBr additionally containing PbBr and CsNO3, in-situ 

crystallization of halide perovskite crystals was performed. Based on X-ray phase analysis,  

the formation of the CsPbBr3 phase was established. Upon excitation at a wavelength of 

405 nm, the glass-ceramic sample had a luminescence band with a maximum near a wavelength 

of 518 nm. 

Keywords: zinc borosilicate glass, glassy matrix, halide perovskite crystals, CsPbBr3, 

microhardness. 
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Introduction 

In recent years, a lot of research has been carried out on the study of luminescent materials. 

Such materials are used in many optical devices: in solid-state lasers, light-emitting diodes, 

radiation converters, plasma displays, solar cells, detectors, and low-dimensional quantum 

devices [1]. One of the matrices for such materials is glass containing functional additives. They 

can be luminescent nanocrystals, light-absorbing pigments and rare earth elements.  

It is well-known that oxide systems are the most chemically stable among glassy 

materials. Borosilicate glass possesses high resistance to crystallization, high optical uniformity 

and manufacturability, a wide operating temperature range and high mechanical strength. 

Borosilicate glasses are used in various fields of science and technology: in optical and 

optoelectronic devices, sensors, inorganic and organic chemistry, chemical synthesis and 

vacuum devices [2]. In addition, this material has a low thermal expansion coefficient, which 

makes it more applicable [3,4]. For glasses containing silicon oxide, ZnO is a common additive. 

In general, ZnO is a glass modifier, which in boron glasses breaks up B-O-B bonds. In case of 

modifier, it reduces the inhomogeneities that occur during macroscopic phase separation and 

increase the chemical resistance of the glass [5]. However, at high concentrations, ZnO can act 

as a glass former being linked to four oxygen ions in a covalent bond configuration [2]. Typical 
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additives for oxide glasses, improving their performance are Na and K ions. Noted elements 

are modifier ions, which modify the structural network of glass, reducing the strength of the 

bond between the structural groups, which leads to a decrease in the glass transition temperature 

and an increase of the coefficient of thermal expansion [1,3,4]. 

In the context of the creation of new glass-based devices, in the past few years, active 

research has been carried out on glassy matrices for the in situ formation of low-dimensional 

structures such as nanowires, nanocrystals and quantum dots [6,7]. One of the most studied 

low-dimensional structures for optoelectronic devices in the last few years is halide perovskites 

(HP). HP are currently considered the most promising luminescent material for the production 

of displays, visible light-emitting diodes, lasers, solar cells, and photodetectors. HP crystals 

have such unique properties as a widely tunable spectral range of radiation, a high luminescence 

quantum yield (up to 90 %), a narrow emission linewidth, and a relatively simple synthesis 

technology. 

Halide perovskites have demonstrated record high progress in increasing the quantum 

yield of solar panels based on them. Unfortunately, HP have an extremely short lifetime of no 

more than 3 years, which is caused by the degradation of their structure under the influence of 

external factors [8,9]. One of the promising solutions aimed at increasing their service life 

without reducing their luminescent properties is the production of low-sized crystals directly in 

a solid-state matrix [10,11].  

In this paper, we present the results of studying the glassy system B2O3-SiO2-ZnO-(NaBr) 

in the context of a new solid-state matrix for in situ formation of CsPbBr3 crystals. In this work, 

for the first time, the concentration dependences of the microhardness, density, refractive index, 

and spectral characteristics of noted system are present.  

 

Materials and methods 

Glass formation was studied in the system (33-60) B2O3 – 12 SiO2 – (47-20) ZnO – 8 NaBr. 

The glass components were prepared under laboratory conditions on a balance (ViBRA HT-

224RCE) based on the molar composition. In order to achieve homogeneity, the final mixture 

was ground in an agate mortar for at least 15 minutes. The glass synthesis was carried out in an 

electric resistance furnace in air at a temperature of 1200 ˚C for 15 minutes. The melt casting 

was carried out on a brass mold heated to 400 ˚C and then annealed in a muffle furnace at a 

temperature 30–50˚C lower than glass transition temperature.  

For optical measurements, the samples were ground and polished to a thickness of  

2-3 mm. X-ray diffraction analysis was carried out on a D8-Advance diffractometer (Bruker). 

The density of the samples was measured by the hydrostatic method in distilled water under 

normal conditions. The error did not exceed 0.003 g/cm3. The refractive index nD was measured 

with an IRF-23 (LOMO) optical refractometer at a wavelength of 589 nm; alfa-

bromonaphthalene was used as the immersion liquid.  

The microhardness values of the samples were obtained on a Buehler MICROMET 5103. 

To measure the transmission spectrum in the range of 200–1100 nm, a spectrophotometer 

(Analytic Jena, Specord 40) was used. IR spectroscopy was carried out on an FSM 1201 

spectrophotometer. The luminescence spectrum was measured on an Avantes-2048 fiber 

spectrometer under excitation by a semiconductor laser with a wavelength of 405 nm. 

 

Results and discussion 

In this work, compositions were synthesized for the first time to determine the area of glass 

formation in pseudo ternary (B2O3 + SiO2) – ZnO – NaBr system. Figure 1 shows the obtained 

region of glass formation. It can be seen from the figure that the region of glass formation with 

respect to NaBr is limited to 25 mol. %, while the change in the ZnO content lies in the range 
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of (10 - 70) mol. %. The latter is in accordance with the fact that at high concentrations ZnO 

can act as a glass former [2]. 

 
Fig. 1. Area of glass formation in (B2O3 + SiO2) – ZnO – NaBr system 

 

The introduction of NaBr into the matrix served as an additional source of bromine for 

the subsequent formation of the CsPbBr3 crystalline phase. In the context of a solid matrix for 

HP nucleation, a series of glass samples containing 8 mol. % of NaBr was chosen. At a higher 

content of NaBr in glass, a high discrepancy was observed in the content of bromine according 

to the results of EDX analysis and synthesis (more than 10%), which indicated its volatilization 

during high-temperature synthesis from glass melt. For the series with 8 % NaBr, the 

discrepancy between the experimental and synthesized bromine concentrations did not exceed 

5 mol. %. In addition, for samples with a high content of bromine, a tendency to haze on the 

surface was found, which, apparently, is associated with the low hydrolytic resistance of glasses 

at a high content of bromine. With a decrease in the content of NaBr, the resistance to moisture 

increased and at 8 mol. %, the manifestation of the effect of moisture was absent both in the 

optical transmission spectra and in the measurements of mass loss when the glasses were kept 

in water for 20 days at T=25 ˚C. 

The compositions of the synthesized glass samples with 8 mol. % of NaBr and their labels 

are given in Table 1. 

 

Table 1. Chemical compositions of synthesized glass samples, mol. % (By batch) 

B2O3 SiO2 ZnO NaBr Sample code 

60.0 12.0 20.3 7.7 BSZ-20 

58.0 12.0 22.0 8.0 BSZ-22 

52.0 12.0 27.0 8.0 BSZ-27 

45.2 12.0 35.0 7.8 BSZ-35 

40.0 12.0 40.0 8.0 BSZ-40 

36.8 12.0 43.3 7.9 BSZ-43 

32.2 12.0 47.8 8.0 BSZ-47 
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Physical properties. For a series of samples with 8 mol. % of NaBr, the density 

dependence on the ZnO content is shown in Figure 2.  

 

 
Fig. 2. Glass density versus ZnO content (The line is drawn to guide the viewer) 

 

It can be seen from the figure that with an increase in the ZnO concentration, the density 

of the samples increased from 2.5 to 3.9 g/cm3. This effect can be explained on the basis of two 

reasons. The first is that ZnO (81.38 g/mol) has a larger molar mass than B2O3 (69.62 g/mol). 

The corresponding increase in the content of the heavier element with a decrease in the light 

element leads to an increase in the density of the glass. A similar character of the influence of 

additives of components with a higher molar mass on the glass density was obtained earlier for 

fluoride, phosphate, and borosilicate systems [12-14]. 

The second possible reason for the dependence is the structural modification of the glass 

matrix with an increase in the content of zinc oxide. From the point of view of glass formation, 

it is known that at low concentrations, ZnO will act as a modifier of the structural network of 

glass. However, the boundary of the transition of the role in glass from a modifier to a glass 

former depends on the type of matrix [15]. In the case of a glass former, it joins the glass 

network in the form of [ZnO4] structural units, where zinc is bonded to four oxygen ions in a 

covalent bond configuration [16]. 

In the studied compositions, the content of ZnO is relatively high (>20 mol. %), which 

allows us to assume its glass-forming role. Therefore, with an increase in the ZnO/B2O3 ratio, 

the number of unbound oxygen atoms in the glass decreases, which leads to the formation of a 

more “loose” structure. With an increase in the ZnO content in glass, Zn2+ ions occupy 

intermediate spaces between the structural groups of the glass framework, thereby increasing 

the density. 

It is known that in glassy materials, there is a correlation between density and refractive 

index [17]. To identify the marked connection, the values of the refractive index for a series of 

glasses were measured. Figure 3, a shows the dependence of the refractive index on the content 

of ZnO. It can be seen that an increase in the ZnO content leads to an almost linear increase in 

refractive index, so the value of it increased from 1.53 to 1.63.  

Based on a joint analysis of the dependences of density and refractive index, it can be 

concluded that an increase in the ZnO content leads to a decrease in the average distance 

between glass structural groups, an increase in the cohesion of the glass framework, and a 

decrease in the speed of light propagation. A similar, single-phase nature of the dependence 

reflects the relationship between the structural and optical characteristics of glass and 
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corresponds to the previously obtained results for phosphate, fluoride, and borosilicate glasses 

[18, 19]. 

 

                                      (a)                                                                         (b) 

Fig. 3. Dependence of the refractive index (a) and (b) microhardness versus ZnO content in 

a series of studied glasses 

 

Figure 3, b shows the dependence of microhardness on the content of ZnO.  

The microhardness values for the resulting samples ranged from 390 to 500 HV, respectively. 

A similar character of the dependence was obtained in borosilicate, phosphate, and tellurite 

glasses [20-22]. An increase in microhardness can be associated with the formation of a denser 

packing of glass, which correlates with the previously obtained dependence of density on  

the ZnO content [1]. 

Spectral properties. The spectral transparency region of glass determines the possibility 

of using it as a matrix for various luminescent particles, for example, halide perovskite crystals. 

The obtained transmission spectra in the spectral region 200 - 500 nm for a series of glasses 

under study are shown in Figure 4. It can be seen from the presented spectra that the position 

of the short-wavelength transmission boundary changes depending on the composition of the 

glasses. An increase in the content of ZnO leads to a shift of the boundary to the visible region 

from 290 to 335 nm (at the 50% transmission level). Since the short-wavelength boundary 

reflects the magnitude of the chemical bonds of the glass structural groups, its shift indicates 

the effect of the zinc oxide content on the glass matrix. The latter is consistent with the results 

described above and the conclusion about the glass-forming role of ZnO in the system under 

study.  

The application of glass as a matrix for halide perovskite crystal, a high level of 

transmission is required in the luminescence excitation wavelength region of CsPbBr3 phase. 

For the marked phase, the excitation region starting from 300 to 420 nm, thus, it can be stated 

that the proposed system is applicable in terms of spectral characteristics as a matrix for the 

CsPbBr3 crystal. 
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Fig. 4. Transmittance spectra of a series of studied glasses 

 

In-situ nucleation and luminescent properties. The formation of a crystalline phase in a 

glassy matrix was carried out by thermal annealing of glasses containing the following 

components in the initial mixture: Cs(NO3)2 and PbBr2. The original glass sample with 

composition 60B2O3 – 12SiO2 – 20ZnO – 8NaBr was completely transparent in the visible 

region of the spectrum after being worked out; the fundamental absorption edge was located 

around 300 nm. After the annealing procedure in a furnace for 1 hour at a temperature of 460 ⁰C, 

the appearance of a yellow tint was noted, indicating the formation of an absorption band in the 

glass. The optical transmission spectra of the original and annealed samples are shown in Figure 

5. As can be seen from the figure, the value of absorption edge for heat treated glass was shifted 

to 510 nm. 

 

 
Fig. 5. Transmittance spectra of glass samples doped with CsNO3 and PbBr2 before and 

after annealing for 1 hour at 460 ⁰C 
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To establish the nature of the change in the spectral characteristic, X-ray phase analysis 

was carried out, which indicated the formation of a CsPbBr3 phase in the glassy matrix. 

The luminescence spectrum was also measured upon excitation by a semiconductor laser 

with a wavelength of 405 nm, shown in Figure 6. The position of the maximum of the 

luminescence band was 518 nm, which corresponds to that described in the literature for the 

CsPbBr3 phase formed in various glassy systems [3,4,10,11]. 

 

 
Fig. 6. Luminescence peak of a sample with CsPbBr3 crystals nucleated after heat treatment 

 

Visually, the samples had a high uniformity and intensity of green luminescence. The 

concentration dependences of the luminescence intensity as a function of the zinc oxide content 

are the subject of further research. 

 

Conclusion 

In this work, the region of glass formation of B2O3-SiO2-ZnO-NaBr was determined. The 

concentration dependences of microhardness, refractive index, and density depending on  

ZnO content were established. With an increase in the content of zinc oxide, a close to linear 

increase in the density, refractive index, and glass microhardness was observed. In addition, an 

increase in the fraction of ZnO in glass leads to a shift in the fundamental absorption limit from 

290 to 335 nm. Apparently, the reason for this is the manifestation of the glass-forming ability 

of ZnO, which causes a decrease in the distance between the structural groups in the glass and 

increases the strength of the bond between the elements of the glass network. To confirm this 

assumption and to determine in detail the structural role of ZnO in the studied matrix, additional 

studies using structure-sensitive methods are required. 

In glass sample with composition 60 B2O3 – 12 SiO2 – 20 ZnO – 8 NaBr, the possibility 

of nucleation of halide perovskites CsPbBr3 in the studied matrix was demonstrated, and the 

temperature and time regime of annealing for the formation of the noted crystalline phase was 

determined. The luminescence spectrum consisted of a single peak, peaking at about 520 nm at 

an excitation wavelength of 405 nm. 
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Abstract. Assessment of the dynamic characteristics (eigenfrequencies, modes and decrement 

of vibration) of rolling stock wheelsets is an urgent task. This study is devoted to the evaluation 

of the dynamic characteristics of wheelsets together with the rail taking into account the 

inelastic properties of the shaft material, wheel sliding, and rolling stock speed. A mathematical 

model for assessing the dynamic characteristics of wheelsets, taking into account the 

viscoelastic properties of the material of the system was developed using the Boltzmann-

Volterra hereditary theory. A method and algorithm were developed to reduce the problem of 

natural oscillations of the system to an algebraic eigenvalue problem. Dynamic characteristics 

of the wheelsets were determined under various parameters of the viscoelasticity of the material. 

A mathematical model was developed to evaluate the dynamic characteristics of wheelsets with 

a rail, while considering dissipative processes and using a linear combination of mass and 

stiffness matrices of the system. Eigenfrequencies, modes and decrement of vibrations of 

rolling stock wheelsets with a rail were determined taking into account wheel sliding and rolling 

stock speed. Some mechanical effects were revealed. 

Keywords: rolling stock, wheelsets, dynamic characteristics, viscoelasticity, adhesion, sliding, 

damping. 
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Introduction  

Important dynamic characteristics of wheelsets are the assessment of eigenfrequencies, modes 

of vibrations and damping coefficient considering energy dissipation in the material. These 

values actually characterize the degree of vulnerability of the structure to dynamic loads. 

A number of publications deal mainly with the issues of numerical and experimental 

determination of the frequency spectrum of natural vibrations of wheelsets. The study in [1] 

proposes a numerical and experimental method for determining the eigenfrequency spectrum 

of wheelsets. The damping coefficients were experimentally found to range from 0.1 to 1.0% 

for each frequency. 

Reference [2] is devoted to solving the problem of oscillations for a rotating flexible 

wheelset taking into account the contact and flexibility of the wheelset, and the effect of 

rotation. Flexible modes of vibrations with frequencies less than 1000 Hz and proportional 

damping coefficients for all frequencies within 0.2% are taken into account. 

The authors of [3] presented the analysis of natural frequencies spectrum of the traction 

wheelset and rail track obtained experimentally and by the three-dimensional finite element 

https://orcid.org/0000-0002-1087-7303
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method. At that, the eigenmodes are determined for eigenfrequencies, which correspond to the 

excitation frequency caused by the short pitch rail corrugation. The results show that the 

excitation frequency at the average speed of the train on curved tracks corresponds to the 

eigenfrequency of the wheelset. The results obtained by the FEM for wheelsets are in better 

agreement at a frequency of 100 Hz. 

The study in [4] is devoted to the development of a new wheel/rail contact model to 

consider the effect of deformation under wheelset bending on the wheel/rail contact behavior 

at high speeds. In determining the frequency spectrum of high-speed rolling stock, two models 

of wheelset bending were considered, i.e., a model of rigid wheelsets, and a model of flexible 

wheelsets. Here, the wheelsets were modeled as the Euler-Bernoulli beam, and the wheel was 

considered rigid and always perpendicular to the deformed axis in the center of the wheel. The 

results obtained show that the proposed contact models characterize the effect of the first two 

wheelset bending modes on the contact behavior quite well. 

In [5], three mathematical models based on the Euler approach were presented to obtain 

the dynamic characteristics of an elastic body of revolution that rotates around its principal axis 

at a constant angular velocity. The proposed models are related to the study of the interaction 

between a rigid body and a non-rotating system, i.e., to the study of the dynamics of a railway 

wheelset with a rail. The calculations performed using these models show the existence of a 

spectral deviation in the analysis of the Campbell diagram for a railway wheel. It should be 

noted that damping coefficients are not taken into account in this case. 

Paper [7] presents the modeling of eigenfrequencies of flexible wheelsets on the track 

using the FEM. The obtained results of natural frequencies are compared with measurements 

on the track. The effect of structural flexibility of the wheelset on the travel forces in the 

frequency range of 0–100 Hz was studied. It was shown that both lateral and vertical caterpillar 

forces significantly depend on the flexibility of the wheelset, and they are in good agreement 

with the measurements. The flexibility of the wheelset increases the lateral forces of the track. 

In [6], the effect of the flexibility of a wheelset design on the dynamics of the rolling 

stock was studied. The main attention was paid to the experimental and numerical spectral 

analysis of the locomotive wheelset in the frequency range of 0–500 Hz. The results of the 

numerical spectral analysis obtained are in good agreement with the results of the experiment. 

It was established that the wheelset has rather low natural frequencies.  

Reference [8] is devoted to fundamental research related to the study of the influence of 

wheelset flexibility on the polygonization of locomotive wheels. Contact responses to track 

roughness for a free wheelset and a wheelset on the track were studied taking into account the 

effect of rotation; the influence of the wheelset flexibility on contact responses excited by white 

noise for straight and curved sections of tracks were investigated. The influence of the 

compliance of the wheelset on the development of polygonization of wheels was tested on the 

basis of the developed program. The results showed that the flexibility of a wheelset cannot 

dominate the polygonization of a railway wheel in a general sense. The torsion mode of the 

wheelset can be effectively excited by the spasmodic vibration due to the strong contact 

adhesion, which can take place on the track with small curvature radii or high traction moment.  

In [9], using dynamic tests of the body and bogie of a rail car, 13 frequencies and modes 

of vibrations were determined at different vibration regimes using the method of stochastic 

identification of a subspace. In addition, dynamic testing of the systems of passenger seats was 

conducted. Model calibration was performed using a multi-stage modeling approach. The 

calibration was conducted by an iterative method based on a genetic algorithm and made it 

possible to obtain the optimal values of 17 parameters of the numerical model. A comparison 

of the experimental and numerical results before and after calibration revealed significant 

improvements in the numerical model and a very good correlation between the responses 

obtained with the calibrated model and experimental responses. 
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In [10], the problem of low-frequency oscillations of the cabin in the direction of 

translational motion during the operation of the vibratory roller was solved. A spectral test was 

conducted for a single drum vibratory roller to determine the natural frequency of the railway 

vehicle. The results of the FEM simulation led to a good agreement between the results and 

experiments. The design parameters of the cabin isolation system were optimized to ensure 

maximum avoidance of resonant vibration of a cabin. 

In [11], a model of a railway vehicle wheelset was proposed, which takes into account 

the flexibility of the wheelset to study dynamic stability. The parameters corresponding to the 

wheelset flexibility were analyzed; they have the greatest influence on the critical speed of high-

speed vehicles and vehicles with a variable gauge. 

In [12], field tests and numerical simulations of the formation mechanism and key factors 

affecting the high-order polygonization of a wheel were conducted. Experimental results 

showed that polygonization of wheels is associated with the first-order bending vibration of the 

wheelset and the P2 resonance that occurs on tracks with staircase sleepers and floating plates. 

To investigate the causes of wheel polygonization, a long-term wear model was developed that 

included a dynamic model associated with the vehicle and track considering the flexibility of 

the wheelset and track. The influence of operating speeds, resonant frequencies P2 for various 

tracks and the flexibility of wheelsets on the development of wheel polygonization were 

investigated. Based on the results of experiments and simulations, it was further assumed that 

the P2 resonance is the main cause of high-order polygonal wear of wheels, and the first-order 

bending vibration of the wheelset can exacerbate wheel polygonization. 

The study in [13] describes a procedure for numerical and experimental design, which 

makes it possible to soften the resonance of a loco wheel under radial and lateral excitations 

through viscoelastic layers. It was proven that these high frequencies could be reduced by 

proper design of the damping layer mechanisms. Visco-elastic damping layers were analyzed. 

The results showed that the correct design and dimensions of viscoelastic damping layers 

successfully reduced the high amplitude resonant peaks of the wheel under radial and lateral 

excitations. 

In [14], railway wheelsets were considered in modeling as a one-dimensional deformable 

body based on the Bernoulli-Euler theory with two rigid discs. The discs were modeled as a 

rigid body characterized by mass and moment of inertia. This takes into account the centrifugal 

and gyroscopic effects and the damping properties of the material. Taking these factors into 

account, the problem under consideration was reduced to a high-order homogeneous system of 

differential equations. The dynamic characteristics of railway wheelsets were studied 

depending on the angular velocity of the wheel (without considering the wheelset/rail contact) 

under simple damping. 

Reference [15] is devoted to the study of the vibration wave propagation caused by 

railway transport and the assessment of its levels at various objects. In that study, using a 

variational approach, a mathematical model was developed to describe vibration wave 

propagation from railway transport over various distances. A technique for solving the 

considered problems using the finite element method was developed. The level of vibrations 

propagating from the railway transport motion to buildings located at a certain distance from 

the source of vibrations was studied. 

Recently, the Boltzmann–Volterra hereditary theory of viscoelasticity has been 

increasingly used to describe the damping properties of the material [16–20,26]. When studying 

natural vibrations of various deformable systems using this theory, it is possible to determine 

the complex natural frequencies of the system; the real part of it shows the oscillation frequency, 

and the complex part shows the damping coefficient of the system. 

This concludes our overview of some of the publications devoted to solving various 

dynamic problems of railway wheelsets with or without damping. 
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Each of these approaches, when solving specific problems, has its advantages and 

disadvantages, however, all of them are used in solving practical problems. 

This review shows the incompleteness of research in determining the dynamic 

characteristics (natural frequencies, modes and damping coefficient) of wheelsets taking into 

account the viscoelastic properties of the material. 

Therefore, this study is devoted to the development of mathematical models and the 

method for assessing the dynamic characteristics of wheelsets taking into account viscoelastic 

damping, which is an urgent problem. 

 

Methods 

Mathematical model. All materials exhibit some viscoelastic properties. In well-known metals 

such as steel, and aluminum the behavior at room temperature and under light load does not 

deviate much from linear elasticity. Under certain conditions, even a small viscoelastic response 

can be significant. Therefore, when compiling mathematical models of real structures or 

systems, it is necessary to take into account the viscoelastic properties of the material. 

We consider railway wheelsets mounted on two bearings (radiaxial and radial ones) and 

consisting of a hollow shaft and two discs (Fig. 1). 

 

 
Fig. 1. Calculation scheme of a railway wheelset 

 

In modeling the wheelset is considered as a one-dimensional deformable body based on 

the Bernoulli-Euler theory with two rigid discs. The cross-section of the shaft is assumed flat 

and perpendicular to the centerline under vibration. Discs are modeled as rigid bodies 

characterized by mass and moment of inertia [14]. 

The wheelset (Fig. 1) is considered a non-conservative system for which it is necessary 

to determine the dynamic characteristics (i.e., natural frequencies, modes, and damping factor). 

For the mathematical formulation of the problem under consideration, the Lagrange 

equations for the shaft (without external excitation) are used in a matrix form 𝑑𝑑𝑡 (𝜕𝐸𝑘𝜕𝒒̇ ) − (𝜕𝐸𝑘𝜕𝒒 ) + (𝜕𝐸𝑝𝜕𝒒 )   =  0.            (1) 

The problem under consideration is solved by the finite element method, so the kinetic Ek 

and potential Ep energy of the system (Fig. 1) can be written as: 𝐸𝑘 = ∑ 𝐸𝑘(𝑒)𝑁𝑒=1 , 𝐸𝑝 = ∑ 𝐸𝑝(𝑒)𝑁𝑒=1 .                                                                                                         (2) 

Here, 𝐸𝑘(𝑒), 𝐸𝑝(𝑒) are the kinetic and potential energies for the eth finite element; N is the 

number of finite elements the considered shaft is partitioned into. 

To determine expression (2) in explicit form, a one-dimensional eth finite element of 

circular cross-section is selected from the shaft as a finite element [14]. At that, deformations 

of the finite element at any point x are described by deflections 𝑢(𝑥) (in the 𝑥 direction), 𝑣(𝑥) 
(in the 𝑦 direction), 𝑤(𝑥) (in the 𝑧 direction), Euler angles of rotation of the section plane 𝜗(𝑥), 
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considering the viscous-elastic properties of the material 𝜓(𝑥) and torsional rotation 𝜑(𝑥). It is assumed that the section plane after deformation remains 

perpendicular to the axis of the deformable shaft. 

To describe the damping properties of the shaft material, according to [16–20], the 

Boltzmann-Volterra hereditary theory of viscoelasticity is used. The viscous-elastic properties 

of the shaft material are described by an integral operator of the following form 𝐸̃[𝜑(𝑡)] = 𝐸 [𝜑(𝑡) − ∫ Г𝐸𝑡0 (𝑡 − 𝜏)𝜑(𝑡)𝑑𝜏]𝐺̃[𝜑(𝑡)] = 𝐺 [𝜑(𝑡) − ∫ Г𝐺𝑡0 (𝑡 − 𝜏)𝜑(𝑡)𝑑𝜏]}.          (3) 

Here, 𝐸 and 𝐺 are the instantaneous moduli of elasticity of the material under tension 

(compression) and shear, respectively; Г𝐸 ,  Г𝐺 are the relaxation kernels; 𝜑(𝑡) is an arbitrary 

function of time. 

For the eth finite element, the matrices of stiffness and mass have the following form 

[14]: 

𝑲̅(𝑒) = [   
 𝑺1−𝑇𝑰3̅𝑺1−1 𝟎 𝟎 𝟎𝟎 𝑺2−𝑇𝑰3̅𝑺2−1 𝟎 𝟎𝟎 𝟎 𝑺3−𝑇𝑰6̅𝑺3−1 𝟎𝟎 𝟎 𝟎 𝑺3−𝑇𝑰7̅𝑺3−1]  

   .         (4) 

The coefficients of matrix (1.4) are complex values since 𝑰3, 𝑰6, 𝑰7 are matrices with 

complex parameters. 

Let us assume that the integral terms in (1.3) are small in comparison with an arbitrary 

function of time φ(t) and  𝜑(𝑡) = ψ(𝑡)𝑒−𝑖𝜔𝑅𝑡,              (5) 

where ψ is a slowly varying function of time, 𝑖 is an imaginary unit, 𝜔𝑅 is a real constant. 

Using the freezing method [16,17,19,21,22], one can replace (3) with the following 

complex expression: 𝐸̃[𝜑(𝑡)] ≈ 𝐸̅[𝜑(𝑡)] = 𝐸[1 − Г𝐸с (𝜔𝑅) − 𝑖Г𝐸𝑠 (𝜔𝑅)]𝜑(𝑡)𝐺̃[𝜑(𝑡)] ≈ 𝐺̅[𝜑(𝑡)] = 𝐺[1 − Г𝐺с (𝜔𝑅) − 𝑖Г𝐺𝑠 (𝜔𝑅)]𝜑(𝑡)},         (6) 

here, 

Г𝐸𝑐 (𝜔𝑅) = ∫ Г𝐸∞0 (𝜏) 𝑐𝑜𝑠 𝜔𝑅 𝜏𝑑𝜏, Г𝐸𝑠 (𝜔𝑅) = ∫ Г𝐸∞0 (𝜏) 𝑠𝑖𝑛𝜔𝑅 𝜏𝑑𝜏,       (7) 

Г𝐺с (𝜔𝑅) = ∫ Г𝐺(𝜏) 𝑐𝑜𝑠 𝜔𝑅 𝜏𝑑𝜏,∞0 Г𝐺𝑠 (𝜔𝑅) = ∫ Г𝐺(𝜏) 𝑠𝑖𝑛 𝜔𝑅 𝜏𝑑𝜏∞0 ,        (8) 

where Г𝐸𝑆 , Г𝐸𝐶 ,Г𝐺𝑆 ,Г𝐺𝐶  are the sines and cosines of the Fourier image of kernel Г𝐸(𝜏),Г𝐺(𝜏). 
Therefore, the elements of matrix (4) take the following form: 

𝑺1 = [1 0 0 00 1 0 01 𝑙 𝑙2 𝑙30 1 2𝑙 3𝑙2], 𝑺2 = [1    0   0   00 −1   0   01    𝑙    𝑙2    𝑙30 −1 −2𝑙 −3𝑙2], 𝑺3 = [1 01 𝑙 ],      (9) 

where 𝑙 denotes the length of the finite element of the shaft. 

In the case of a prismatic section of the element, the area 𝐴 (𝑥) = 𝐴, the quadratic 

moments of inertia  𝐽(𝑥) = 𝐽, and the polar moment 𝐽𝑝 = 2𝐽 are constant along the entire length 

𝑰1 = 𝜚𝐴𝑙 [   
 1 𝑙/2 𝑙2/3 𝑙3/4𝑙/2 𝑙2/3 𝑙3/4 𝑙4/5𝑙2/3 𝑙3/4 𝑙4/5 𝑙5/6𝑙3/4 𝑙4/5 𝑙5/6 𝑙6/7]   

 
, 𝑰2 = 𝜚𝐽𝑙 [0 0 0 00 1 𝑙 𝑙20 𝑙 4𝑙2/3 3𝑙3/20 𝑙2 3𝑙3/2 9𝑙4/5], 

𝑰3 = 𝐸̅𝐽𝑙 [0 0 0 00 0 0 00 0 4 6𝑙0 0 6𝑙 12𝑙2], 𝑰4 = 𝜚𝐴𝑙 [ 1 𝑙/2𝑙/2 𝑙2/3], 𝑰5 = 𝜚𝐽𝑝𝑙 [ 1 𝑙/2𝑙/2 𝑙2/3], 
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𝑰6 = 𝐸̅𝐴𝑙 [0 00 1],   𝑰7 = 𝐺̅𝐽𝑝𝑙 [0 00 1],       (10) 

where 𝜚 is the density of the material. 

As a result of the operations performed, we obtain mass matrix  𝑴(𝑒), matrix of 

gyroscopic effects 𝑮(𝑒) and stiffness matrix  𝑲(𝑒) (considering the energy dissipation in the 

material) for the 𝑒th finite element. 

The procedure of the finite element method allows us to write the potential and kinetic 

energy (1.2) for the system under consideration (Fig. 1) in the following form: 𝐸𝑘 =∑𝐸𝑘(𝑒) =𝑁
𝑒=1

12𝒒𝑇𝑴𝒒̇ + 𝜔0(𝒒̇)𝑇𝑪𝒒 + 12𝜔02(𝒒)𝑇𝑲𝑑𝒒 + 𝜔0(𝒒̇)𝑇𝒇1 + 12𝜔02𝐼 𝐸𝑝 = ∑ 𝐸𝑝(𝑒) =𝑁𝑒=1 12 (𝒒)𝑇𝑲𝑠𝒒 .          (11) 

Substituting the expression for kinetic and potential energy (11) into the Lagrange 

equation (1), we obtain a system of homogeneous ordinary differential equations in a matrix 

form that describes the natural vibrations of a rotating shaft, i.e.: 𝑴𝒒̈(𝑡) + 𝜔0𝑮𝒒̇(𝑡) + (𝑲𝑠 − 𝜔02𝑲𝑑)𝒒(𝑡) = 𝟎.        (12) 

Here: 𝑴 is the global mass matrix, 𝑪 is the global Coriolis matrix, 𝒇1 is the global vector 

of gyroscopic forces, 𝐼 is the total moment of inertia of the shaft around the x-axis, 𝑲𝑑 is the 

global matrix of rotation softening, 𝑲𝑠 is the global static stiffness matrix with complex 

coefficients, 𝜔0𝑮 = 𝜔0(𝑪 − 𝑪𝑇) is the global matrix of gyroscopic effects. 

The matrix of the global vector of node deviation (i.e., the vector of coordinates of the 

generalized system) has the following form: 𝒒 = [𝒒𝑖], 𝒒𝑖 = [𝑢(𝑥), 𝑣(𝑥),𝑤(𝑥), 𝜑(𝑥), 𝜗(𝑥), 𝜓(𝑥)]𝑇 , 𝑖 = 1,2, … ,𝑁,𝑁 + 1     (13) 

Now it is necessary to determine the natural oscillations, i.e. the most ordered movement of the 

system (Fig. 1), occurring in the absence of external influences; all points of the system oscillate 

according to the same complex harmonic law but at different amplitudes. 

Solution method. To determine the dynamic characteristics of the system (Fig. 1), it is 

necessary to find a non-trivial solution of equation (12) in the following form 𝒒(𝑡) = 𝒒∗𝑒−𝑖𝜔𝑡,            (14) 

Here, the real part of the complex natural frequency 𝜔 = 𝜔𝑅 − 𝑖𝜔𝐼 means the oscillation 

frequency, and the imaginary part determines the damping rate of the system oscillations 

(Fig. 1) and has the meaning of the damping coefficient. 

Substitution of (14) into (12) reduces the problem under consideration to a complex 

algebraic eigenvalue problem, i.e.:  ([(𝑲𝑠 − 𝜔02𝑲𝑑) − 𝜔0𝜔𝑮+ 𝜔2𝑴)])𝒒∗ = 0.       (15) 

Here, Ks  is a complex stiffness matrix; the values of its elements depend on the sought-

for parameter 𝜔𝑅; 𝜔 = 𝜔𝑅 − 𝑖𝜔𝐼 is the complex eigenfrequency, and q* is the complex 

eigenvector corresponding to the eigenfrequencies 𝜔 of the system. 

The order of the system of algebraic eigenvalue equations (15) reaches 200. They are 

solved by the Matlab software using the eig function. 

The method described above was used to evaluate the dynamic characteristics of the steel 

shaft of railway wheelsets mounted on two bearings (radiaxial and radial ones). Wheelsets 

consist of a hollow shaft and two discs (Fig. 1). To take into account the energy dissipation in 

the material of the shaft, the Boltzmann-Volterra hereditary theory of viscoelasticity was used. 

The following geometric and physico-mechanical parameters of wheelsets were used for 

specific calculations: shaft inner diameter 𝑑𝑠ℎ𝑎𝑓𝑡=0.026 m; shaft outer diameters 𝐷1=0.13 m, 𝐷2=0.165 m, 𝐷3=0.194 m, 𝐷4 =0.1475 m, 𝐷5=0.179 m; shaft length 𝑙 = 2.216 m; bearing 

stiffness 𝑘𝑏 = 6𝑒 + 12 [𝑁/𝑚], 𝑘𝑎 = 2𝑒 + 12 [𝑁/𝑚]; moment of inertia of discs 𝐼10 = 𝐼20 =54.69 𝑘𝑔 · 𝑚2, 𝐼1 = 𝐼2 = 27.88 𝑘𝑔 · 𝑚2; disc mass 𝑚1 = 𝑚2 = 364.57 𝑘𝑔, shaft material 
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properties: modulus of elasticity 𝐸 = 2.1e+11 Pа, 𝐺 = 8.076e+10 Pа; Poisson’s ratio 𝜈 = 0.30; 

material density 𝜌 =7850 kg /m3.  

Further, this problem is solved by taking into account the viscoelastic properties of the 

material. The accuracy of solutions depends on the correct choice of the relaxation kernel. The 

accuracy of kernel approximations should be verified by comparing them with experimental 

curves. The existing Koltunov–Rzhanitsyn three-parameter singular hereditary kernels satisfy 

all the conditions imposed on the creep and relaxation kernel and best approximate the 

experimental data over a long period. Therefore, the Koltunov–Rzhanitsyn three-parameter 

kernels [17, 18, 19] are used as the relaxation kernels in the integral operator (3) in the following 

form 

Г(𝑡) = 𝐴𝑒−𝛽𝑡𝑡𝛼−1             (16) 

Here, Г𝐸𝑆 ,Г𝐸𝐶 ,Г𝐺𝑆 , Г𝐺𝐶  are the sines and cosines of the Fourier image of kernel Г𝐸(𝜏),Г𝐺(𝜏)  
and are calculated by the following formulas 

Г𝑗𝑆 = 𝐴⋅Г(𝛼)(𝜔𝑖2+𝛽2)𝛼2 𝑠𝑖𝑛 (𝛼 ⋅ arctg𝜔𝑖𝛽 ), Г𝑗𝐶 = 𝐴⋅Г(𝛼)(𝜔𝑖2+𝛽2)𝛼2 𝑐𝑜𝑠 (𝛼 ⋅ arctg𝜔𝑖𝛽 ), 
Г∗ = 𝐴 ⋅ Г(𝛼)/(𝛽𝛼),             (17) 

 

where Г(𝛼) is the gamma function, 𝛼 (0 < 𝛼 < 1) is the singularity parameter determined by 

experiment, 𝛽 (𝛽 > 0) is the damping parameter (constant coefficient), A is the viscosity 

parameter (A> 0). 

 

Results and discussion  

Dynamic characteristics of wheelsets considering viscoelastic properties of the material. 

In the dynamic analysis of viscoelastic mechanical systems, the real part of the eigenvalues 

corresponds to the eigenfrequencies of vibrations, and the eigenvectors characterize the 

eigenmodes of these vibrations. In the case of non-rotating wheelsets (i.e. for  𝜔0  = 0 rad/s), 

considering the bearings, the equation of motion of the system has the following form:  (𝑴 +𝑴1(𝐷) +𝑴2(𝐷))𝒒̈(𝑡) + (𝑲̅𝒔 +𝑲𝑩)𝒒(𝑡) = 𝟎.        (18) 

where 𝑲𝑩 is the matrix of bearing stiffness, 𝑴1(𝐷),𝑴2(𝐷), and 𝑴 – are the matrices of disc masses 

and the matrix of wheelset shaft masses, 𝑲̅𝒔 is the stiffness matrix of wheelset shaft with 

complex coefficients. 

Substituting (14) into (18), the problem of determining the generalized eigenvalue 

problem can be written as [(𝑲̅𝒔 +𝑲𝑩) − 𝜆(𝑴+𝑴1(𝐷) +𝑴2(𝐷))] 𝒒∗ = 𝟎,        (19) 

where 𝜆 = 𝜔2, 𝜔 =  𝜔𝑅 − 𝑖𝜔𝐼. 
This homogeneous complex algebraic equation (19) is a complex eigenvalue problem. 

The eigenvalues λ of system (19) are complex quantities, i.e. and their real part ω𝑅 is the 

eigenfrequencies of wheelsets in rad/s. The imaginary part of 𝜔𝐼 is the damping coefficients of 

the system by taking into account the viscoelastic properties of the material. 

In the specific calculation of the kernel parameters (17), the values of 𝛼 = 0.4,  𝛽 = 0.05 and A = 0.1……1 were taken. 

Table 1 shows the first eight eigenfrequencies 𝑓𝜈 = 𝜔/2𝜋 of a non-rotating wheelset 

obtained using the Matlab software considering the viscoelastic parameters of the material. 
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Table 1. Eigenfrequencies and oscillation decrement of non-rotating wheelsets for А = 0.35 

and 𝛼 = 0.4, 𝛽 = 0.05 

Natural 

frequency 

numbers 

Elastic 

material, 

Natural 

frequency 𝑓 

[Hz], 

Viscoelastic material, 

Natural frequency 𝑓 = (𝜔𝑅 − 𝑖𝜔𝐼)/2𝜋 

[Hz], 

Imaginary part 

i.e. Damping 

coefficients, 𝐷𝜈 

Oscillation 

decrement 𝛿 =−2𝜋 (𝜔𝐼𝑚𝜔𝑅𝑒) 
1 0 0 0 0 

2,3 57.83 57.7054–0.0914𝒊 0.0914 0.01 

4 80.07 79.9007–0.1266𝒊 0.1266 0.01 

5,6 163.6 163.2249–0.2586𝒊 0.2586 0.01 

7,8 354.11 353.3671–0.5598𝒊 0.5598 0.01 

 

Analysis of the results obtained (Table 1) considering the viscoelastic properties of the 

material shows that for all complex frequencies, the real and imaginary parts change 

proportionally. This means that the logarithmic oscillation decrement is independent of the 

number of frequencies. 

If the viscoelastic properties of the material are taken into account, the oscillation 

frequency 𝜔𝑅 slightly decreases. This is because the dynamic modulus of elasticity is less than 

the static modulus.  

Then, the damping coefficients 𝐷𝜈 were calculated depending on the viscosity parameter 

A for 𝛼 = 0.4, 𝛽 = 0.05. 

The results of these calculations, i.e. the dependence of the damping coefficients 𝐷𝜈  of 

the wheelset on the viscosity parameter А are shown in Fig. 2. 

An analysis of the results of the damping coefficient 𝐷𝜈  dependence on the viscosity 

parameter А (Fig. 2) shows that the values of the damping coefficient increase linearly with 

increasing viscosity. At that, the greater the value of the oscillation frequency of the system, 

the greater the damping coefficient. This means that the higher modes of vibration attenuate 

much faster than the first modes of the system’s vibrations. This is especially important for 

damping the vibrations of higher tones and is more pronounced in the resonant modes of the 

system’s vibrations.  

 

 
Fig. 2. Dependence of the damping coefficient on the viscosity parameter of the wheelset 

material 
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considering the viscous-elastic properties of the material 

Dynamic characteristics of wheelsets with a rail. When controlling the wheel/rail 

relationship, it is shown that during the transfer of traction force there is always a certain 

difference between the angular velocity of the wheel 𝑟𝜔 and its longitudinal speed 𝑣. If, as the 

difference increases, the friction coefficient also increases 𝜇 =  𝑇𝑁, i.e., the ratio of the thrust 

force 𝑇 to the normal force 𝑁 or the magnitude of the thrust force, then the speed difference 

will be denoted as effective slip. 

The value of traction is the difference in the speed of effective sliding. When the adhesion 

coefficient is exceeded, the sliding speed rapidly increases, the tangential force in the wheel 

contact decreases and slippage occurs. This means that the peak of the sliding characteristic 

corresponds to the adhesion coefficient. The dependence of the adhesion coefficient (or tensile 

force under a given normal load) on the so-called longitudinal relative sliding 𝑠 = 𝑟𝜔−𝑣𝑣  is called 

wheel slippage on the rail. Therefore, the adhesion characteristic has the form shown in Fig. 3.  

Usually, the adhesion coefficient and the shape of the sliding characteristic greatly depend 

on the current conditions. In general, when the adhesion coefficient decreases, the sliding speed 

corresponding to the maximum of the sliding characteristic is shifted to higher values. At that, 

the maximum of the trajectory is less pronounced. Under very poor adhesion conditions, the 

sliding characteristic may not have a maximum. 

The adhesion coefficient μ in the wheel/rail contact is called the longitudinal adhesion 

coefficient, and it is determined experimentally. In [23], on the basis of the experiment, it was 

recommended to describe the adhesion coefficient μ depending on the relative sliding 𝑠 and 

railway vehicle speed 𝑣 in the following form 𝜇(𝑠, 𝑣 ) = 2𝜋 𝑓 [𝑎𝑟𝑐𝑡𝑔 ( 𝑠𝜌𝑎𝑑𝑓) + 𝑠𝜌𝑎𝑑𝑓1+( 𝑠𝜌𝑎𝑑𝑓)2 ].         (20) 

In this case, the friction coefficient 𝑓 (for the mode of wheels moving along the rail due 

to shear) is given by the following dependence 𝑓 = 𝑎 ∙ 𝑒−𝑏𝜈𝑠 + 𝑐.            (21) 

According to [23], constants a,b,c for normal conditions of contact between a wheel of a 

traction vehicle and a rail have the following values: 𝑎 = 0.395, 𝑏 = 0.2083, 𝑐 = 0.125. 

 

 
 

Fig. 5. Adhesion characteristics 
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The adhesion parameter 𝜌𝑎𝑑 depends on the maximum normal pressure, the radius of the 

longitudinal semi-axis of the contact surface and the constant expressing the elastic properties 

of the surfaces of the contacting bodies; based on this, it is proposed to take  𝜌𝑎𝑑 = (5 ÷ 15) ∙ 10−3. 
Figure 3 shows the adhesion characteristics for 𝜌𝑎𝑑 = 10−2 and for different vehicle 

speeds 𝑣 = 40 ÷ 200 𝑘𝑚/ℎ. 

 

 
 

Figure 4. Derivative adhesion characteristics 

 

Figure 4 shows the derivative characteristics of adhesion with respect to relative sliding. 

When dμ/ds<0, there is an unstable region. 

Let us assume that the wheelset drive of a rail vehicle moves along a straight path in the 

rated torque mode. The following main operating parameters are taken into account: 

longitudinal relative slippage of both wheels 𝑠0, vehicle speed 𝜈  [km/h], and vertical force of 

the wheel 𝑁0 (Fig.5). 

These operating parameters correspond to the engine torque of a two-axle bogie with 

separate two-wheel drives [24]. Therefore, the traction forces of the bogie and the longitudinal 

adhesion forces at the wheel/rail contact have the following form:  𝑀(𝑠0, 𝑣) = 2𝜇0𝑁0𝑟 1𝑝  ,    𝐹0 = 4𝜇0𝑁0,     𝑇0 = 𝜇0𝑁0 ,      (22) 

where 𝜇0 = 𝜇(𝑠0, 𝑣) is the longitudinal adhesion coefficient [15]. When the wheels of the 

wheelset oscillate in the wheel/rail contact, there are longitudinal adhesion forces 𝑇𝑖 𝑎𝑑, 

transverse adhesion forces 𝐴𝑖 𝑎𝑑 and adhesion moments during rotation 𝑀𝑖 𝑎𝑑, the magnitude of 

which can be expressed, for example, according to [24] (index i corresponds to the designation 

of the nodes in which they are deployed on the axis): 𝑇𝑖 𝑎𝑑 = 𝜇(𝑠𝑖, 𝑣)𝑁𝑖 ,               𝐴𝑖 𝑎𝑑 = 𝑏22(𝑢̇𝑖 + 𝑟𝜓̇𝑖) + 𝑏23 𝜗̇𝑖,  𝑀𝑖 𝑎𝑑 = −𝑏23(𝑢̇𝑖 + 𝑟𝜓̇𝑖) + 𝑏33 𝜗̇𝑖,         (23) 

where 𝑢̇𝑖 is the lateral speed (in the direction of the wheelset axle), 𝜗̇𝑖 is the rotation, and 𝜓̇𝑖 is 

the angular velocity of the wheel. 

The actual normal force is determined using the following formula  𝑁𝑖 = 𝑁0 − 𝑘𝑅 𝑣̇𝑖 − 𝑏𝑅 𝑣̇𝑖 −𝑚𝑅 𝑣̈𝑖. 
In this case, adhesion coefficient 𝜇(𝑠𝑖, 𝑣) is described by dependences (20)–(21). 
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Fig. 5. Wheelset/rail contact 

 

The relative sliding of the wheels at the speed of the locomotive 𝑣 [km/h] and their 

torsional 𝜑̇𝑖 (around the axis of the wheelsets) and longitudinal 𝑤̇𝑖 (in the direction of the 

locomotive motion) oscillations is determined by: 𝑠𝑖 = 𝑠0 + 𝑟𝜑̇𝑖 − 𝑤̇𝑖𝑣 ∙ 3,6 ,        𝑠0 = 3,6∙𝑟𝜔𝐷 − 𝑣𝑣 ,        (24) 

where 𝑠0 is the relative sliding of two wheels to a failure caused by torque, 𝑟 is the radius of the 

wheel, and 𝜔𝐷 is the angular velocity of the wheelsets to failure. The coefficients  𝑏𝑖𝑗 = 3.6 ∙ 𝑓𝑖𝑗𝑣  correspond to the Kalker coefficients 𝑓𝑖𝑗 [25] and are calculated for a constant 

wheel force 𝑁0. The vector of adhesion forces in the coordinate system 𝑥𝑖  𝑦𝑖  𝑧𝑖  (Fig. 5) has 

the following form 𝒇𝑖𝑇 = [−𝐴𝑖 𝑎𝑑, 𝑁𝑖 , 𝑇𝑖 𝑎𝑑, −𝑇𝑖 𝑎𝑑 𝑟, −𝑀𝑖 𝑎𝑑 , −𝐴𝑖 𝑎𝑑𝑟, ].      (25) 

Expanding into a series of the nonlinear dependences of the adhesion coefficient on the 

relative sliding of the wheels, using the Taylor formula, and restricting ourselves to the first 

two terms of the expansion, we obtain the adhesion coefficient in a linearized form 𝜇(𝑠𝑖, 𝜈) = 𝜇(𝑠0, 𝜈) + [𝜕𝜇𝜕𝑠𝑖]𝑠𝑖=𝑠0 (𝑠𝑖 − 𝑠0).        (26) 

If we assume that 𝑁𝑖 = 𝑁0 then the longitudinal adhesion force can be expressed as: 𝑇𝑖 𝑎𝑑 = 𝜇0𝑁0 + 𝑏11(𝑟𝜑̇𝑖 − 𝑤̇𝑖), 𝑏11 = 3,6𝑣 𝑁0 [𝜕𝜇𝜕𝑠]𝑠=𝑠0.      (27) 

Now, based on (23), (27), the adhesion force vector can be written as: 

𝒇𝑖 = −
[  
   
 𝑏22 0 0 0 𝑏23 𝑟𝑏220 𝑏𝑅 0 0 0 00 0 𝑏11 −𝑟𝑏11 0 00 0 −𝑟𝑏11 𝑟2𝑏11 0 0−𝑏23 0 0 0 𝑏33 −𝑟𝑏23𝑟𝑏22 0 0 0 𝑟𝑏23 𝑟2𝑏22 ]  

   
 

⏟                            𝑩𝑖 𝑎𝑑 [  
   
 𝑢̇𝑖𝑣̇𝑖𝑤̇𝑖𝜑̇𝑖𝜗̇𝑖𝜓̇𝑖]  
   
 

⏟𝒒̇𝑖
+
[  
   0𝑁0 − 𝑘𝑅𝑣𝑖 −𝑚𝑅𝑣̈𝑖𝜇0𝑁0−𝜇0𝑁0𝑟00 ]  

   
⏟            𝒇𝑖

.  (28) 

Accordingly, the vector of adhesion forces acting on the vibration of the wheelset has the 

following form 𝒇𝑖 = −𝑩𝑖 𝑎𝑑𝒒̇𝑖 + 𝒇𝑖  .           (29) 

Here, 𝑩𝑖 𝑎𝑑 is the matrix that contains the damping effect of line 𝑏𝑅. 
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If 𝑩𝑖 𝑎𝑑, 𝑏𝑅 = 0 (i.e., vertical oscillations of the wheel center are not taken into account), 

then vector 𝒇𝑖 has the following form: 𝒇𝑖 = [0, 𝑁0, 𝜇0𝑁0, −𝜇0𝑁0𝑟, 0, 0]𝑇 .         (30) 

This vector expresses the load on the wheel in steady-state mode. 

Now the linearized mathematical model of the wheelset contacting with the rail, can be 

written as a system of a second-order homogeneous differential equation, i.e.: 𝑴𝒒̈(𝑡) + (𝑩𝑎𝑑(𝑠0, 𝑣) + 𝑩𝑠)𝒒̇(𝑡) + 𝑲𝒒(𝑡) = 𝟎.       (31) 

Here: 𝑴 =  𝑴+𝑴1(𝐷) +𝑴2(𝐷), 𝑲 = 𝑲𝒔 +𝑲𝑩, 𝑩𝑎𝑑(𝑠0, 𝑣) = 𝑑𝑖𝑎𝑔(…𝑩𝑖 𝑎𝑑 …𝑩𝑖 𝑎𝑑). 
In the case of rotating wheelsets (i.e. 𝑤ℎ𝑒𝑛  𝜔0  ≠  0 rad/s) the following values are taken 

into account: 

• wheel/rail contact, i.e. 𝑩𝑎𝑑(𝑠0, 𝑣); 
• damping matrix 𝑩𝑠 as a linear combination of mass and stiffness matrices, i.e. 

 𝑩𝑠 = 𝑎𝑴𝑠 + 𝑏𝑲𝑠.  
Here, 𝑎 is the mass proportionality factor and b is the stiffness proportionality factor. 

To determine the eigenvalues of the linearized model of rotating wheelsets, (31) can be 

reduced to solving an algebraic eigenvalue problem of the following form [𝜆𝑺(𝑠0, 𝑣) + 𝑨]𝒖 = 𝟎         (32) 

in the state space, i.e. 𝒖(𝒕) = [𝒒̇𝑻(𝒕) 𝒒𝑻(𝒕)]𝑇, 𝒖(𝒕) ∈ 𝑹𝟐𝒏 given by the following matrices 𝑺(𝑠0, 𝑣) = [ 𝟎                           𝑴𝑴 (𝑩𝑎𝑑(𝑠0, 𝑣) + 𝑩𝑠)],   𝑨 = [−𝑴 𝟎𝟎 𝑲 ].    (33) 

The eigenvalues λ of equation (32) are a pair complex quantity, i.e. 𝜆 =  𝜔 =  𝜔𝑅 ± 𝑖𝜔𝐼 
and their imaginary part is the eigenfrequencies 𝜔𝐼 in rad/s of the rotating wheelsets. The 

conjugate root 𝜆̅  =  𝜔 =  𝜔𝑅 − 𝑖𝜔𝐼 corresponds to every complex root 𝜆 =  𝜔 =  𝜔𝑅 + 𝑖𝜔𝐼 
of the characteristic equation (32). 

If the real parts of all roots of the characteristic equation (32) are negative (𝜔𝑅 < 0, 𝜔𝐼 >0), then the unperturbed motion is asymptotically stable. 

If among the roots of the characteristic equation there is at least one real root (i.e., a 

positive one (𝜔𝑅 > 0, 𝜔𝐼 > 0)), then the unperturbed motion is unstable [27]. 

To illustrate it, Table 2 shows the first eight natural frequencies of equation (32). 

 

Table 2. Natural frequencies of rotating wheelsets 

Number of 

eigen 

frequencies 

Complex natural 

frequencies of wheelsets 

for 𝑠0 = 0.009, 𝑣 = 40 

km/h 

Damping 

coefficients 

Complex natural 

frequencies of 

wheelsets for 𝑠0 =0.014, 𝑣 = 40 𝑘𝑚/ℎ 

Damping 

coefficients 

1 −2.33𝑒 − 09 ± 0.0𝑖 0.0 −3.85𝑒 − 08 ± 0.0𝑖 0.0 

2,3 −2.10 ± 57.79𝑖 0.036 −2.10 ± 57.79𝑖 0.036 

4 −17.21 ± 78.20𝑖 0.220 𝟎. 𝟑𝟓 ± 𝟖𝟎. 𝟎𝟕𝒊 -0.004 

5,6 −16.81 ± 162.71𝑖 0.103 −16.81 ± 162.71𝑖 0.103 

7,8 −78.79 ± 345.26𝑖 0.228 −78.79 ± 345.26𝑖 0.228 

 

The first eight pairs of complex-pair eigenvalues, ordered by the magnitude of the 

imaginary part, are presented in Table 2. Positive real parts of eigenvalues (i.e. 𝟎. 𝟑𝟓 ± 𝟖𝟎. 𝟎𝟕𝒊) 
reflect the instability of the system. This instability corresponds to the positive real part of the 

complex-pair eigenvalues (i.e. 𝟎. 𝟑𝟓 ± 𝟖𝟎. 𝟎𝟕𝒊 for 𝑠0 = 0.014, 𝑣 = 40𝑘𝑚/ℎ). However, the 

wheelset of the rolling stock works stably, mainly in the linear area of the adhesion 

characteristic (Fig. 3), but despite this, even at a speed of 𝑣 =  40𝑘𝑚/ℎ, and   𝑠0 ≈ 0.009 the perturbed motion of the wheelsets with the rail turned out to be stable. 
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Conclusions 

1. A mathematical model was developed to evaluate the dynamic characteristics of rolling stock 

wheelsets, taking into account the viscoelastic properties of the material using the Boltzmann–
Volterra hereditary theory of viscoelasticity. 

2. A method and algorithm were developed for determining the natural frequencies, modes and 

decrement of oscillations of wheelsets taking into account the dissipation in the system and the 

viscoelastic properties of the material. 

3. Eigenfrequencies, modes and decrement of vibrations of wheelsets were determined for 

various viscoelastic parameters of the material, and the independence of the logarithmic 

decrement of vibrations of the system from the number of natural frequencies was revealed. 

4. A mathematical model was developed to evaluate the dynamic characteristics of wheelsets 

in contact with the rail taking into account damping in the form of a linear combination of the 

mass and stiffness matrices of the system. 

5. The natural frequencies, modes and decrement of vibrations of the wheelsets of the rolling 

stock with the rail were determined, taking into account the slippage of the wheels and the speed 

of the rail vehicle. The positive real parts of the complex-pair eigenvalues which reflected the 

instability of the system were identified. With this mathematical model, it became possible to 

establish the stability of the unperturbed motion of wheelsets together with the rail in almost 

any area of the adhesion characteristic. 
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Abstract. To assess martensite fractions in low carbon bainitic steel quenched at different 

cooling rates, statistics of the crystal curvature in terms of EBSD data is analyzed. Results are 

verified by independent data on the transformation kinetics recorded by dilatometry and 

characteristic coupling of the transformation variants admitted by the interphase orientation 

relationship.   
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Introduction  

A martensitic or bainitic structure of low-carbon steel provides its high strength and fracture 

toughness, combined with good weldability. At the same time, the phase composition of such 

materials depends on the cooling rate in quenching and hence becomes rather non-uniform in 

case of thick semi-products. Accordingly, to answer a challenging question of how this issue 

affects the metal properties, relevant methods of local structural analysis are required. If some 

constituent is minor (e.g., martensite islands in a mostly bainitic structure), its accurate 

evaluation by the usual optical microscopy of etched sections will be hardly possible. A popular 

alternative is EBSD [1] that maps crystal orientations at periodically arranged separate points 

and, subsequently, related curvature (orientation gradient) that is sensitive to the local 

dislocation density. Since the latter notably differ in dissimilar phases (e.g., bainite and 

martensite), simple scalar measures for the curvature [2-5] have been applied to resolve the 

problem. 

The most used curvature characteristics are KAM (kernel average misorientation) and 

GAM (grain average misorientation). The former one averages magnitudes of misorientation 

angles between each data point and a predefined number of its neighbors. To enhance spatial 

resolution of KAM, only the first coordination layer will be further considered. However, such 

a measure depends not only on the bulk lattice curvature but also on orientation jumps at 

interfaces. To avoid related errors, a proper tolerance angle t should be selected that will 

exclude neighboring points with >t. Moreover, t enables partitioning of the orientation map 

https://orcid.org/0000-0002-9431-7097
https://orcid.org/0000-0001-6732-7217
https://orcid.org/0000-0002-0185-5452
https://orcid.org/0000-0002-1324-7112
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into finite domains separated by closed boundaries. Thus, unlike an essentially local and rather 

noisy KAM, GAM is introduced to express its average value over any domain and hence to 

specify the latter as a whole. To properly treat such structural elements, the EBSD scanning 

step  should be relevant to the considered structure. For example, if lath widths in martensite 

vary around 300 nm, <100 nm at most is desired. It is worth noting as well that both KAM 

and GAM are expressed in angular units (e.g., degrees) unlike the physical dimension of 

curvature [angle/length]. However, if spacing  is fixed, these characteristics are proportional 

to the orientation gradient and hence suitable for curvature imaging.   

The mapping of GAM or another related parameter still has serious limitations. First, it 

is not a trivial question of how to predefine certain curvature ranges indicative of various 

constituents. Second, even if such ranges are somehow selected, discrimination between 

domains of different structural types is not always accurate because their curvature variations 

may overlap. In the present paper, to mitigate the above-mentioned drawbacks, we will extract 

from the treated area an overall spectrum of curvature rather than its local values for specific 

elements. The obtained experimental results and those earlier reported in [6] indicate that shapes 

of such spectra are sufficiently sensitive to minor phase constituents, even if their distinction in 

curvature is modest. Furthermore, respective estimates can be verified by their comparison to 

the transformation kinetics as provided by dilatometry. 

One more way to make use of EDSD data in analysis of martensite or bainite structure is 

to assess specific interfacial areas between admitted variants of the orientation relationship 

(OR). According to [7-9], statistics of the variant coupling depends on fractions of martensite 

and bainite as well as on specific types of the latter. However, to accurately distinguish 

individual variants, an actual rather than virtual reference OR should be applied. Following 

[10], we will extract OR from a set of interfacial disorientation because this method excludes 

errors due to the substructure of parent austenite grains and strongly accelerates computations. 

Besides, the same OR will be used to select in the transformed structure the above-mentioned 

tolerance angle t that should correspond to the least inter-variant misorientation. 

The paper is organized as follows. Section 2 describes chemical composition of the 

investigated low carbon steel as well as applied experimental methods, and the re-processing 

of obtained raw data is considered in Section 3. Section 4 lists and discusses the resulting 

assessment of martensite and bainite fractions for the steel quenching at low and high cooling 

rates. Brief conclusions from the work are finally formulated in Section 5.         

 

Material and experimental methods 

Chemical composition of the considered steel (wt. %: 0.090C, 2.65(Ni + Cu), 0.83(Cr + Mo), 

0.27Si, 0.56Mn, 0.02V) suggests in its quenched state a mostly bainitic structure for a rather 

wide range of cooling rates (2 to 50ᵒC/s) covering various industrial conditions. Reheated to 

950ᵒC and then hold for 100s, steel specimens (∅5×10 mm) have been quenched at cooling 

rates of 3 and 70ᵒC/s on Dil 805-A/D dilatometer. The transformation kinetics for these 

specimens is then represented in terms of their thermal expansions.  

Planar sections were prepared by conventional metallographic procedures and 

additionally subjected to electrolytic polishing; then the transformed structures have been 

analyzed by EBSD with a scanning step of 50 nm on SEM Lyra 3-XM at an accelerating voltage 

of 20 kV. Lattice orientations at discrete data points arranged according to a virtual square grid 

have been determined with an angular accuracy of about one degree within areas of 100m in 

width and height by means of own AZTEC software of the SEM.  

In addition to the orientation data further treated according to the next section, the band 

contrast (BC) of EBSD sensitive to lattice defects has been imaged. In a sense, its maps 

substitute microstructure images provided by the conventional chemical etching. 
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Treatment of experimental data  

To enhance accuracy of determined martensite fractions in the quenched bainitic steel, raw data 

of dilatometry and EBSD have been reprocessed as follows.  

Dilatometry. Unlike the simplified lever rule based on local tangent lines to the 

dilatometric curve, the transformation degree has been quantified according to [11] with 

allowance for temperature dependences of the thermal expansion coefficient in both the parent 

and product phases. When neglecting this issue, the transformation start temperature would be 

overestimated by 20 to 40°C. Besides, derivatives of the recorded transformation degree with 

respect to temperature have been plotted to clearly reveal its bimodal (two-phase) character, if 

any. Since at the lower cooling rate (3ᵒC/s) the transformation kinetics displays no distinct sign 

of the banite-to-martensite transition, a small fraction of the latter phase is roughly attributed to 

temperatures below certain Ms estimated according to [12] in terms of the chemical 

composition. Although at the higher cooling rate (70ᵒC/s) such a transition near Ms virtually 

indicating the martensite start becomes apparent and suggests comparable fractions of 

considered phases, the refined final estimates will be based on EBSD data.      

EBSD. To get tolerance angle t needed in mapping GAM of individual bainite and 

martensite crystals, actual OR at the applied cooling rates have been specifically derived 

according to [10] from interfacial misorientations. Based on the same OR, mutual lattice 

rotations of its coupled variants V1/Vi (i=2,3,…,24) have been determined with angular accuracy 

of one degree to evaluate the corresponding fractions of inter-variant boundaries in terms of 

their lengths on the section plane. To assess volume fractions of constituent phases as 

considered in the introduction section, the spectra of GAM further denoted by G are extracted 

from experimental bar charts for its probability density p over intervals of 0.02ᵒ width. Parts of 

p due to bainite and martensite are determined as follows.  

The main bainite contribution to p is approximated by a continuous function, whereas the 

residual due to other constituents is found by subtraction of this approximation from p. The 

considered function is sought in a form 𝐵 = 𝛼𝑓,   0 < 𝛼 ≤ 1,             (1) 

where  𝑓 = (2𝜋)−1/2(𝐺𝜎)−1𝑒𝑥𝑝⁡{−(𝐿𝑛(𝐺) − 𝜇)2/(2𝜎2)}          (2) 

is a lognormal function of G. It was necessary to rescale f since its integral over the whole range 

of G reaches unity that generally exceeds an integral of constituent B. The lognormal function 

is used since it is relevant to a natural effect of the current transformation degree on its further 

rate and has suitable properties (a positive definition range and a longer right tail). In a sense, 

such an effect resembles the popular example of a repeatedly crushed solid, where the number 

and dimensions of debris at any step are predefined by those at previous steps. Parameters ,  

and  are sought to get  ∑ (𝐵𝑖 − 𝑝𝑖)2 = 𝑚𝑖𝑛𝑛𝑖=𝑚                   (3) 

over an appropriate region of axis G (sequence of G intervals m≤i≤n). At the low cooling rate, 

a very small amount of martensite, if any, should not affect the mode (maximum position) of 

experimental p. Therefore, this mode is ascribed to B for predominant bainite. Function B is 

then fitted to the plot of p except for its lowest values at the right tail, corresponding to the 

maximum level of curvature. The same region is then used to assess the martensite fraction. In 

case of the rapid quenching that admits a notable fraction of martensite, B is fitted to a part of 

the left tail before a distinct inflection point due to influence of the harder constituent. In both 

cases, a nonlinear least-square method is employed to find three parameters of function B.  
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Results and discussion 

Fig. 1 represents temperature dependences of the transformed fractions and their derivatives at 

the two cooling rates. Owing to a smooth transformation curve confirmed by a mono-modal 

shape of the derivative, no sign of martensite is perceptible at the slow quenching. Thus, a pure 

bainite should predominate, whereas temperature of about 670ᵒC at its nucleation suggests a 

granular type of this phase.  

 

  
   (a)          (b) 

 

Fig. 1. Temperature dependences of the transformation degree (a) and its derivative (b)  

at cooing rates of 3 and 70ᵒC/s. The rates correspond to red and blue lines, respectively 

 

Formally, few per cent of martensite and residual austenite can comply with a temperature 

range below theoretical Ms owing to the carbon repulsion into austenite during the bainitic 

transformation [13-15]. However, this reservation must be verified by an independent method. 

In case of the rapid quenching, the martensite appearance near Ms becomes apparent due to both 

an inflection region in Fig. 1a and a bi-modal distribution in Fig. 1b. In this case, the nucleation 

of bainite below 600ᵒC admits its low-temperature (lath) sort. At the same time, to confirm the 

latter and accurately quantify fractions of the coexisting phases, EBSD data should be analyzed.  

   

  
(a)      (b) 

 

Fig. 2. EBSD band contrast maps of steel quenched from 950ᵒC  
at cooling rates of (a) 3 and (b) 70ᵒC/s 
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BC maps of EBSD shown in Fig. 2 qualitatively support the previous assumptions. 

Indeed, at the low cooling rate the most part of the transformed structure corresponds to the 

granular bainite although small fractions of dispersed dark domains and light grains may be 

attributed to a martensite/austenite constituent and ferrite, respectively. At the high cooling rate 

the BC map looks as an expected mixture of bainite and martensite where the former phase 

mostly gets lath morphology since the temperature of its nucleation has been notably reduced 

with respect to the previous case.  

According to GAM maps represented in Fig. 3, the average level of crystal curvature 

increases at the rapid quenching, as expected. At the same time, the contrast of these images is 

not sufficient to accurately quantify fractions of the coexisting bainite and martensite. That is 

why, to refine analysis, the curvature statistics becomes indispensable.    

 

  
        (a)                  (b) 

 

Fig. 3. GAM maps of steel quenched from 950ᵒC at cooling rates of (a) 3 and (b) 70ᵒC/s 

 

Fig. 4 represents GAM spectra for the considered cooling rates. As expected, the spectrum 

at faster cooling spreads to right, that is, to stronger curvature. Dashed lines in these plots 

correspond to bainite constituents fitted according to Section 3 to experimental p. Note that 

despite the slow quenching, the lower part of the right tail in Fig. 4a distinctly deviates from 

the bainitic curve and hence suggests some martensitic residual. As to some deviation of p from 

B at the lowest level of curvature (G<0.2 deg), this may be partly due to an insignificant fraction 

of ferrite and will not affect treatment of a short martensite range at the right tail. The fitted 

lognormal approximations display relevant properties. Indeed, in both cases the corresponding 

bainite constituents are situated within the same range of G; moreover, the positions of their 

maximums prove to be rather close to each other. According to the difference between lath (low 

temperature) and granular types of bainite in dislocation density, a slightly higher mode of B at 

the rapid cooling (Fig. 4b) also could be expected.                  
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(a)                                                         (b) 

 

Fig. 4. GAM spectra of steel quenched from 950ᵒC at cooling rates (a) 3 and (b) 70ᵒC/s. 

Rescaled lognormal functions (dashed lines) fitted to experimental data approximate 

respective bainite constituents. 

 

Bainite and martensite fractions evaluated by the dilatometric technique and derived from 

EBSD data at different cooling rates are listed in Table 1. Although results based on virtual 

temperature Ms due to the chemical composition of steel [12] could not pretend to high 

accuracy, correspondence between estimates by the two methods proves to be better than could 

be expected. As to a lesser martensite fraction at the high cooling rate according to the former 

approach based on calculated Ms, the latter is hardly relevant here because it presumes the 

martensite appearance first rather than its nucleation at the preformed bainite. It is worth noting 

as well that evaluation of bainite fraction ignores an insignificant contribution of ferrite possible 

in the considered steel at the cooling rate of 3 ᵒC/s.        

 

Table 1. Bainite and martensite fractions (%) evaluated by two methods 

Method Cooling rate, ᵒC/s Bainite Martensite 

 

Dilatometry* 

3 96.4 3.6  

70 43.2 56.8 

 

EBSD 

3 95.5 4.5 

70 55.5 44.5 
* Rough estimates based on a virtual temperature of martensite start 

 

Statistics of OR variant coupling represented in Fig. 5 also qualitatively comply with the 

previous analysis. Thus, according to [7,8], predominance of V1/V8 couple and modest 

frequency of V1/V2 are characteristic for bainite nucleated at higher temperatures peculiar the 

slower cooling. At the rapid cooling and hence lesser temperature of the transformation start, 

as noted in the same reference, the strongly increased V1/V2 and reduced V1/V8 couple 

frequencies indicate another (low temperature) sort of bainite. At the same time, these findings 

are hardly relevant to the considered martensite because the latter appears after a significant 

fraction of the preformed bainite. Besides, according to [16], in some steels the couple V1/V4 

rather than V1/V8 can dominate in high temperature bainites.  
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(a)       (b) 

 

Fig. 5. Spectra of OR variant coupling in steel quenched from 950ᵒC at cooling rates (a) 3 and 

(b) 70ᵒC/s. Dotted lines correspond to the random variant coupling 

     

Conclusion  

The crystal curvature spectra derived from EBSD data reflect the difference between bainite 

and martensite in dislocation density, and hence enable assessment of martensite fractions in 

low carbon bainitic steel quenched at low and high cooling rates. This method applicable to 

industrial steel semi-products gains in significance when a minor structural constituent cannot 

be properly quantified by conventional metallographic techniques.  
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Abstract. A theoretical model is suggested which describes a mechanism of the fracture 

toughness in a bimodal nanotwinned metal-graphene composite consisting of large grains 

with nanotwinned structure embedded into ultrafine-grained/nanocrystalline metal-matrix 

reinforced by graphene inclusions. In the framework of the model, the migration of nanotwin 

boundaries in the large grains releases in part local stresses near crack tips and provides the 

enhancement of the plastic deformation of the bimodal nanotwinned metal-graphene 

composites. At the same time, the presence of the graphene inclusions induces the crack 

bridging effect which also increases the fracture toughness of the metal-graphene composites. 

In exemplary case of aluminum-graphene composite, it was shown that the formation of the 

bimodal nanotwinned structure in ultrafine-grained/nanocrystalline matrix and account for the 

crack bridging by the graphene inclusions leads to a significant increase in the fracture 

toughness of the bimodal nanotwinned metal-graphene composites. 

Keywords: fracture toughness, microcracks, plastic deformation, metal-graphene composites, 

bimodal nanotwinned structure, nanotwin boundaries 
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Introduction 

Recent experimental [1,2] and theoretical studies [3–6] demonstrate that metals, alloys and 

composites with a bimodal structure (materials with large grains embedded in an ultrafine-

grained/nanocrystalline (UFG/NC) matrix) simultaneously exhibit high strength and ductility. 

In addition, according to [5–8], the formation of a nanotwinned structure in the large grains is 

accompanied by an additional increase in the strength and the plasticity of such materials. It 

should be noted that, in most cases, the addition of graphene inclusions to the UFG/NC matrix 

leads to a significant increase in the strength of such composites but is often accompanied by 

a decrease in their plasticity and fracture toughness. The main reason for the decrease in the 

fracture toughness of the UFG/NC metal-graphene composites is considered to be the hamper 

of the dislocation slip due to the presence of the graphene inclusions, which act as obstacles to 

https://orcid.org/0000-0003-2192-0386
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0 

the dislocation slip [9-13]. As a result, hindered dislocation pile-ups are formed at the 

graphene inclusions. These pile-ups of the dislocations are strong stress concentrators that 

stimulate the formation of microcracks. Thus, the development of mechanisms for increasing 

the plasticity and the fracture toughness of the UFG/NC metal-graphene composites is 

relevant and important for their practical application. One of the ways to increase the fracture 

toughness of the UFG/NC metal-graphene composites can be the formation of a bimodal 

nanotwinned structure in the UFG/NC matrix with the graphene inclusions. In particular, in 

the theoretical work [6], a significant increase in the strength and the ductility of the UFG/NC 

metal-graphene composite due to the formation of the large grains with a nanotwinned 

structure was shown. According to these data, a theoretical model is suggested that describes 

the mechanism of increasing plasticity and the fracture toughness in the UFG/NC Al-

graphene composite due to the formation of a bimodal nanotwinned structure. 

 

Model 

Consider a two-dimensional model of a bimodal composite consisting of an UFG/NC metal 

matrix with inclusions in the form of graphene platelets and large grains with a nanotwinned 

structure under a uniform tensile stress 0  (Fig. 1). Assume that graphene plates are mainly 

located along grain boundaries in the metal matrix and do not contain pores, while the large 

nanotwinned grains do not contain the graphene inclusions. Also, it is assumed that under the 

action of the external load a straight semi-infinite crack of type I evolutes in the UFG/NC 

matrix approaching the boundary of a large grain with the nanotwinned structure consisting of 

periodically distributed nanotwin boundaries (Fig. 1).  

 

            
Fig. 1. Model of a bimodal metal-graphene composite consisting of large grains with 

nanotwinned structure embedded into UFG/NC metal matrix with microcracks reinforced by 

graphene inclusions 

 

The crack intersects the configuration of identical graphene inclusions (which are 

nanoplatelets with length L  and thickness H ) oriented perpendicularly to the crack plane. In 

the region, where the distance between the crack edges is less than the length of the graphene 
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with nanotwinned structure 

nanoplatelets, bridges appear between the crack surfaces forming a zone of so-called crack 

bridging. Friction between the graphene nanoplatelets and the UFG/NC matrix creates forces 

that prevent crack opening, thereby increasing the fracture toughness of the composite. 

Within the model, the microcrack concentrates the external stress 0  near the crack tip 

and the resulting local stress induces the migration of a nanotwin boundary to a distance p  

(Fig. 1). Action of the concentrated external stress 0  causes shear stress   along the 

nanotwin boundaries. In turn, action of the shear stress   causes slip of the partial 

dislocations with Burgers vectors b  (partial b -dislocations) along the planes parallel to the 

nanotwin boundaries. At the same time, the slip of the partial dislocations along the planes 

parallel to the twin boundaries serves as the primary mechanism of the migration of the twin 

boundaries in the direction normal to the twin plane by one interplane distance 3/a= , 

where a  is the crystal lattice parameter. As a result of the successive migration of the twin 

boundary, two walls of the partial dislocations with Burgers vectors b  and b−  are formed on 

the opposite boundaries of the large grain. According to the theory of disclinations [14], such 

finite walls of edge dislocations are modeled by dipoles of wedge disclination dipoles with 

strengths   (hereinafter called  -disclinations) whose magnitudes are equal to 

)2/arctan(2  b=  (Fig. 1). Finally, a quadrupole ABCD of the wedge  -disclinations is 

formed (Fig. 1). The disclination quadrupole ABCD is supposed to have a rectangular shape 

with the sizes d  and p  (Fig. 1), where d  is an average grain size of the large nanotwinned 

grains. Thus, stress-induced migration of the nanotwin boundary causes the plastic 

deformation near the crack tip accompanied by the formation of the quadrupole of  -

disclinations whose stress field influences the microcrack growth.  

 

Effect of nanotwin boundaries migration near microcrack tips on the fracture toughness 

of bimodal nanotwinned metal-graphene composites 

Consider an individual quadrupole of the  -disclinations ABCD formed near the tip of a 

flat mode I crack due to the successive migration of a nanotwin boundary to the distance p  in 

a bimodal metal-graphene composite with nanotwinned structure (Fig. 1). In order to examine 

the effect of the disclination quadrupole on crack propagation, we use the energy criterion of 

crack growth. In the considered case of the plane strain state, this criterion has the following 

form [15,16]: 

,2)(
2

1 22 
=+

−
III KK

G
                                                                                                              (1) 

where IK  and IIK  are the stress intensity factors,   is the specific surface energy, G  is the 

shear modulus and   is Poisson’s ratio. In our case (see Fig. 1), the stress intensity IK  and 

IIK  are given by the following expressions [15,16]:  

q
III kKK +=  ,    q

IIII kK = ,                                                                                                      (2) 

where 
IK  is the stress intensity factor associated with the applied stress 0 , while q

Ik  and 

q
IIk  are the stress intensity factors associated with the stress field of the  -disclination 

quadrupole ABCD (Fig. 1).  

The influence of the formation of the disclination quadrupole ABCD near crack tip on 

the crack advance can be accounted for through the introduction of the critical stress intensity 

factor ICK . In this case, the formation of the disclination quadrupole changes the value of 

ICK  compared to the case without the disclination quadrupole. As a result, the critical 

condition for the crack growth can be written as follows [16]:  
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ICI KK =
.                                                                                                                                (3) 

 Substitution of (2) to (1) and account for formula (3) allow us to obtain an expression 

for the fracture toughness of the composite, which accounts for the toughness effect of the 

plastic deformation due to the twin boundary migration near the crack tip [16]: 

,)()( 22 q
IC

q
IICICIC kkKK −−= 

                                                                                               (4) 

where 
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= 

 and )1/(4  −= GK IC  is the fracture toughness of 

the composite in the situation when the disclination quadrupole and the graphene platelets are 

absent. 

In the examined case of a semi-infinite crack, the disclination located at the crack tip (at 

the point A) turns out at the surface of the composite and disappears. As a result, the 

disclination configuration consists of three individual disclinations (at the points B, C and D). 

For this disclination configuration (Fig. 1), the stress intensity factors q
Ik  and q

IIk  are 

calculated as follows [16]: 
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where 

,/ dpt = ,,~,1~,1~
13

2
21  ==+== trtrr

),cot2/(2cot2/2 tarctarc −−−++−=   

),2/(2cot2/3  −−++−= tarc  )(x  is the Heaviside function equal to unity at 

0x  and zero otherwise. 

To account for the fracture toughness enhancement K  due to the crack bridging by the 

graphene platelets, consider the situation when all graphene platelets are oriented normally to 

the crack growth direction (Fig. 1). Also, assume that the UFG/NC metal-graphene matrix is a 

homogeneous and elastically isotropic solid and neglect the influence of the difference in the 

elastic moduli of the metal-graphene matrix and thin graphene platelets on the fracture 

toughness. In this case, according the work [17], the fracture toughness ICK   of the composite, 

which simultaneously takes into account the crack bridging by graphene platelets and the 

plastic deformation due to the twin boundary migration, can be expressed from formula (4) as 

follows: 

,)()( 22 q
IC

q
IICICIC kkKKK −−+=                                                                                       (6) 

where HkGLfK g /)1( +=  [17], gf  is the graphene volume fraction, and k  is the 

parameter describing the bridging force of a graphene platelet per its unit length. 

Compare the quantities ICK   and 
ICK  to analyze the effect of the formation of the 

disclination quadrupole ABCD and the crack bridging by the graphene platelets on the crack 

growth. The ratio 
ICIC KK /  characterizes a coefficient 

ICIC KKq /=  of increase in the 

fracture toughness. The disclination quadrupole formation and the crack bridging increase the 

fracture toughness of the composite if the coefficient 1q  and decrease one if 1q .  
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Results and Discussion 

With the help of formulas (1)-(6), we calculated the ratio 
ICIC KKq /=  as a function of the 

distance p  of the twin boundary migration and the volume fraction gf  of the graphene 

platelets for the case of a bimodal nanotwinned Al-graphene composite characterized by the 

following parameter values: 27=G GPa, 3.0= , 405.0=a nm, 6/ab =  [18], 

91.0= J/m2 [19]. We also put 1500=d nm, 300=L nm, 7=H nm and = 70 . In the first 

approximation, the value of the specific bridging force 6.65k =  N/m was taken from the 

work [17] for 3C-SiC-graphene composites, since the value of k  is not known for Al-

graphene composites. The contour map of 
ICIC KKq /=  in the coordinate space ),( gfp is 

presented in Fig. 2. Figure 2 clearly demonstrates that the fracture toughness of the bimodal 

nanotwinned Al-graphene composite increases both in the case of an increase in the distance 

p  and in the case of an increase in the volume fraction gf  of the graphene platelets. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Contour map of the toughening ratio 
ICIC KKq /=  in the space ),( gfp . 

 

Conclusions 

Thus, a theoretical model which describes the mechanism of the fracture toughness 

enhancement in bimodal nanotwinned metal-graphene composites with a UFG/NC matrix has 

been developed. The mechanism of an increase in the ductility and the fracture toughness of 

these composites is the interaction of microcracks with the graphene inclusions in the 

UFG/NC matrix and with the nanotwinned structure in the large grains. The presence of the 

nanotwinned structure promotes the development of the plastic deformation in the large grains 

near the crack tips due to the migration of the nanotwin boundaries leading to the formation of 

disclination configurations whose stress fields slow down the further growth of microcracks, 

thereby increasing the fracture toughness of such composites. At the same time, the presence 

of the graphene platelets in UFG/NC metal-matrix induces the crack bridging by the graphene 

platelets which also increases the fracture toughness of the metal-graphene composites. 

Within the framework of the model, it was shown that the fracture toughness of the bimodal 

nanotwinned metal-graphene composites can be additionally increased up to 140% (in the 

case of the Al-graphene composite) due to the formation of the large grains with the 

nanotwinned structure in the UFG/NC matrix and account for the effect of the crack bridging 

by the graphene platelets in comparison with UFG/NC materials without bimodal 
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nanotwinned structure and graphene inclusions. It should be noted that the values of the 

toughening ratio 
ICIC KKq /=  calculated in the model considerably exceeds the typical 

experimental values, which can be attributed to an increase in porosity or the activation of 

other mechanisms reducing fracture toughness of the composites. Account for these 

mechanisms will be the subject of further investigations. 
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Abstract. The inability of manufacturing systems to fabricate near net shape complex structures 

requires efficient joining techniques for simple components to form a complex structure. 

Composites adhesive are gaining attention due to their good mechanical properties. The present 

study aims to improve the mechanical strength of single lap joint of composite material 

comprises of glass fibers reinforced polymer (GFRP) plates which were joined by nano particles 

modified adhesive. Epoxy adhesive was modified by dispersing 0.5 wt.% graphene oxide (GO). 

The surfaces of GFRP plates were prepared for five different surface roughness. The 

effectiveness of joint was assessed by the enhancement in the fatigue strength and fracture 

resistance of the single lap joint. The tensile test depicted the peak load of 6.095 kN when the 

surface roughness was prepared to be 3.316 µm. The observed peak load was 68% higher as 
compared to as-prepared composites where the surface roughness was 0.211 µm. Similarly, for 
the same surface roughness, axial fatigue tests showed 30% enhancement in number of cycles 

to failure as compared to as-prepared composites. The results concluded a substantial effect of 

surface roughness of adherend on the joint strength. 

Keywords: Cure/Hardening; resin-based composites; Epoxy Resin; Graphene Oxide; Optical 

Microscopy; Tensile Testing; Fatigue, Scanning Electron Microscopy; Surface Finish; surface 

treatment. 
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Introduction 

Fiber-reinforced composites (FRCs) are not new to advanced engineering sectors such as 

automobiles, aircraft, and shipbuilding industries. However, achieving near-net shapes for big 

and complex structures is still considered to be difficult. Thus joining methods for FRCs play 

an important role in depicting their in-service performance. The conventional joining technique 

like riveting may impose stress concentration effects in the vicinity of the joint. Thus adhesive 

bonding of FRCs is gaining attention due to its ability to uniformly distribute the stress which 

thereby relieves the stress concentration effect, and improves the mechanical strength and 

fatigue resistance (1). The adhesively bonded joints also lead to weight reduction which 

increases the specific strength of structures. Despite these advantages, the research on adhesives 

is not yet fully matured due to various underlying failure mechanisms such as adhesive failure, 

cohesive failure, fiber-tear failure, stock-break failure, and adhesion promotor failure which are 

more prominent in one or other. Several researchers (2–5) are designing composite adhesives 

https://orcid.org/0000-0002-2308-3481
https://orcid.org/0000-0002-4883-8174
https://orcid.org/0000-0002-7182-1645
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to enhance the strength of joint by enhancing strength of adhesive bulk, and strength of 

substrate/adhesive interface.  

In a research work, Korayem et al. (6) modified epoxy adhesive with carbon nanotubes 

(CNT) to join carbon fiber reinforced polymer (CFRP) composite with steel. It was observed 

that the effective bond length of CNT-modified epoxy was shorter as compared to pure epoxy 

adhesive. Thus, the potential of load transfer from steel to CFRP was higher in the case of CNT-

modified epoxy adhesive.  

In another research work, Saraç et al. (7) observed an increase in static and fatigue 

strength of epoxy-based adhesive joints when the adhesive was modified with ceramic 

nanoparticles. The increase in strengths was mainly attributed to the increase in damping 

capabilities with the addition of nanoparticles. This increased the displacement capacity of the 

joints which thereby increased the failure loads. Tailoring the composite adhesive by adding 

different amounts of filler in the matrix is an effective way of increasing the adhesive strength. 

Moreover, the strength of the substrate/adhesive interface can be tailored by altering the surface 

characteristics of the substrate.  

In a research work, van Dam et al. (8) varied the surface roughness of steel substrates and 

found that the strength of adhesive joint can be increased with an increase in surface roughness 

due to mechanical interlocking and an increase in interfacial bond area. However, it may lower 

the substrate resistance to environmental degradation. Thus, the optimum value of surface 

roughness is required to improve the in-service performance.  

In another research work, Liu et al. (9) showed that the parameters like nano-scale pores, 

wettability, and texture direction also play an important role instead of only surface roughness. 

The key parameter for composite adhesive is the material system chosen for adhesive. Graphene 

Oxide (GO) filled epoxy composite had proven its potential as an adhesive. The oxygen-

containing functional groups imparts hydrophilic character in GO due to which the interfacial 

interaction between GO and polar polymer improves significantly (10). This results in increase 

in strength of adhesive. Xue et al. (10) observed 56.3% increase in lap shear strength and 10.2% 

increase in Young’s modulus with the addition of 1% Graphene Oxide (GO) in epoxy adhesive. 

Similarly, Aradhana et al. (11) added GO in epoxy adhesive and observed a 50% increment in 

strength with 0.5 wt.% of GO. Thus, GO is an effective reinforcement in an epoxy based 

adhesive. The present investigation deals with the effect of surface roughness on adhesive 

characteristics of GO-modified epoxy. Glass fibers reinforced epoxy (GFRP) composites were 

considered substrates. The adhesive characteristics were assessed by static and fatigue strengths 

of single lap joints.  

Suneev Anil Bansal (12) used the wet chemical oxidation procedure to disperse graphene 

oxide in an epoxy matrix. The experimentation concluded that the mixture's visco-elastic 

characteristics had improved noticeably at this point. The study also concluded that 0.5% GO 

dispersion resulted in a 10% increase in the hardness of the epoxy-graphene oxide mixture. To 

study the tribological characteristics of magnetic iron oxide/graphene oxide (Fe3O4/GO) 

nanocomposites under the influence of magnetic fields, Arukali S et al. (13) worked on their 

synthesis. By increasing the concentration of Graphene Oxide (GO) in nanocomposite under 

magnetic field, the friction and wear performance was improved by 35.5%. Aluminum matrix 

composites loaded with titanium (Ti) particles were employed by C Rajaganapathy et al. (14) 

to study the tribological characteristics utilizing a Pin on Disc setup. They claimed that utilizing 

graphene with titanium reinforcement up to 3% and 1% of silver nanoparticles significantly 

improved the tribological characteristics. Also they found out that found that if more than 3% 

of reinforcement of Graphene and Titanium was made, both the strengths decreased 

considerably.  

Banea M.D. et al. (15) surveyed to analyze composite structures of fiber-reinforced 

plastics (FRP) that were adhesively bonded. Concerning the adhesive-bonded FRP composite 
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structure, a brief conclusion was made on the effects of elements such as surface preparation, 

bonding configuration, adhesion qualities, and environmental variables on bonding conduct.  

Fernandez M.V. et al. (16) performed carbon / epoxy composite laminate testing  to assess 

fatigue behavior in load mode I. The main objective here was to obtain a power release rate 

using various methods of data reduction. Three different data reduction schemes were used in 

the fatigue characterization of composite bonded joints. The methods allow different ways of 

calculating the strain energy release rate as a function of crack length, which is a fundamental 

task to establish a correlation with fatigue crack growth rate. The results obtained demonstrated 

that this method provides results that are consistent with the ones provided by the classical beam 

theory method. Some non-negligible differences were obtained relative to the compliance 

calibration method, which was attributed to the difficulties of the third-polynomial adjust- ment 

to the compliance versus crack length.  

The research by Wei J. et al. (17) focuses on the different processing techniques for 

nanocomposites as well as their mechanical, electrical, and thermal characteristics. The study 

discovered that insufficient mixing resulted in lumps and uneven dispersion, which reduced the 

mechanical and thermal performance of nanocomposite materials. Carbon nanotubes (CNTs), 

nano clay, nano silica (nano-SiO2), graphene nanoplatelets (GNPs), and nano alumina were 

among the nanofillers examined by Panta et al. (18) (nano-Al2O3). According to the literature, 

the type of Nano filler dispersed in the epoxy can increase binding strength by up to 70%. Also, 

it was found out that the Nano particles that were spherical in shape were lesser effective when 

compared to the Nano particles with flat or plate like morphology.  

Rohit R Ghadge et al. (19) conducted experimentation on various wt.% of graphene oxide 

dispersed in epoxy resin. A maximum of 33% improvement in fracture toughness was reported 

with the dispersion of 0.25 wt.% graphene oxide. Also, significant improvement in fatigue 

cycles was observed in with the addition of graphene oxide compared to neat epoxy.  

S. Budhe et al. (20) investigated the impact of adherend surface roughness on adhesive 

fatigue life. Surface roughness and adhesive bond strength were shown to be correlated. For 

aluminum and wood adherend joints, respectively, optimal surface roughness values were 

found to be in the range of Ra = 1.68± 0.14 m and Ra = 1.64±0.2 m.  

Panta et al. (21) demonstrated high epoxy-based adhesion of graphene nanoplatelets 

(GNPs) and triblock copolymers (BCPs) divided into phases to improve the strength of lap 

shear joints adhesive aluminum sheets. It was noted that the addition of 1wt.% of OZ-GNPs to 

about 10 wt.% SBM-modified epoxy adhesive resulted in a lap shear strength increase of 129%, 

compared to unchanged epoxy resin.  

Priyank et al. (22) used a method based on simulation. They used the atomistic-based 

modeling (ABC) model method and found a 30% improvement in Single lap joint strength 

using 2% concentrated CNT. In order to create/form graphene nanocomposites, Nikhil Koratkar 

et al. (23) investigated and evaluated the characteristics of graphene and Functionalized 

Graphene Sheets (FGS). In this study, 0.125 wt% FGS nanocomposites were found to improve 

fracture toughness by about 65% and fracture energy by about 115%. Several studies (24) have 

been conducted to verify the strength parameters of each lap joint, with the addition of silica 

nanoparticles and multi-walled carbon nanotubes increasing average shear strength and fracture 

point elongation by 28% and 36%, respectively.  

B. Soltannia et al. (25) investigated the effect of Nano-reinforcing materials on the 

mechanical response of single-wrap joints bonded with composite adhesives exposed to various 

strain rates. Impact test results show the positive effect of Nano-reinforcing on the stress 

sensitivity of the joint by increasing the stiffness and strength of the joint overall. 

MM Shokreih et al. (26)  investigated the impact of adding a mixture of carbon nanofibers 

(CNFs) and graphene nanosheets (GNFs) on the flexural fatigue behaviour of epoxy polymer. 

Based on shifting magnetic fields, graphene nanosheets were created. The samples were 
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subjected to various fatigue loadings with varying displacement amplitudes. Hybrid 

nanoparticle addition resulted in a notable improvement in the fatigue life of epoxy resin. 

Experimental results showed that adding 0.5 weight percent of hybrid nanoparticles increased 

strength ratio by 43%, but adding graphene and CNF increased strength ratio by only 27.4 and 

24%, respectively.  

The examination of the mechanical properties of E-glass fiber reinforced polymer 

nanocomposites was conducted by B Vijay Kiran et al. (27) where Graphene Oxide Nano 

Platelets (GONP) based polymer nanocomposite material with E-Glass fiber reinforcement was 

made utilizing the hand layup technique. Graphene Oxide Nano Platelets (GONP) based 

polymer nanocomposite material with E-Glass fiber reinforcement was made utilizing the hand 

layup technique. The author added four concentrations of nano particles in epoxy resin (0.5wt%, 

1wt%, 1.5wt% and 2 wt%). In addition to SEM testing, several tests were carried out, including 

tension, compression, hardness, toughness, and flexural tests. It was discovered through 

experimental research that the material's tensile strength and compressive strength had grown, 

with percentages of 10.25, 14.97, 16.26, 18.64, and 1.97, 3.46, 5.65, and 11.56 correspondingly. 

In addition to increasing the tensile and compressive strengths, the flexural strength increased 

by percentages of 4, 19.92, 26.78, and 28.73, respectively.  

Improvements in Fatigue Life and Fracture Toughness in Graphene Oxide/Epoxy 

Composites were researched by Daniel R. Bortz et al. (28) Uniquely, open helical-ribbon carbon 

nanofibers were unraveled and splayed to create graphene oxide. report improvements of up to 

15-80% in uniaxial tensile fatigue life and 28-111% in mode I fracture toughness by adding 

tiny amounts (less than 1 weight percent) of graphene oxide to an epoxy system. Only 0.1 

weight percent of graphene oxide added resulted in a 12% increase in tensile modulus. Flexural 

stiffness and strength were respectively 12 and 23% higher at 1 wt% compared to the unaltered 

epoxy.  

Mohammad Javad Sarraf, et al. (29) studied the effect of different concentrations of 

graphene oxide on the mechanical properties and flexural strength of composite. It was found 

out that the addition of more than 0.5wt% of GO in epoxy resin causes agglomeration of GO 

particles and decrease the flexural strength and flexural modulus of the composite. 

 

Material and Methods 

Materials. The materials used for the experimentation were E glass composite, Epoxy resin 

Epofine 740, epoxy hardener Finehard 918, epoxy hardener accelerator 062 and graphene oxide 

nano powder. The epoxy resin, epoxy hardener and hardener accelerator were supplied by Fine 

Finish Organics Pvt. Ltd. and graphene oxide powder by Ad-nano Technologies Pvt Ltd. The 

properties of graphene oxide powder are as shown in the Table 1. 

 

Table 1. Properties of graphene oxide 

Graphene Oxide Description 

Purity ~99% 

Thickness ~0.8-2 mm 

Dimension ~5-10 µm 

Layers 1-3 

Carbon Content ~60-80% 

Oxygen Content ~15-32% 

Surface Area 110-250* m2/g 

Bulk Density 0.5 g/cm3 

Physical form Fluffy, very light powder 

Odour Odourless 

Colour Black 
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Table 2. Properties of Epoxy hardener and Hardener accelerator 

Sr. No Description Unit Specification 
Measured 

value 

Test method 

 

Epoxy Hardener Finehard 918 

1 Color - 
Colorless-Pale 

yellow 
Colorless Visual 

2 Clarity - Clear liquid Clear liquid Visual 

3 Viscosity@25°C 
mPa 

s 
40 - 70 56.74 

ASTM D 

2196-18 

4 
Specific Gravity 

@25°C 
- 1.14 – 1.20 1.153 

IS 9162-

1979 

Epoxy Hardener Accelerator 062 

5 Color - Colorless Colorless Visual 

6 Clarity - Clear Liquid Clear Visual 

7 Density@25°C g/ml 0.88 - 0.92 0.8944 

IS 101 (part 

1/Sec 7) -

1987 

 

Methods. The use of composite materials in industries has started increasing due to their 

enhanced mechanical and fatigue properties. Hence, the need to study various bonding materials 

for the composite materials also plays a lot of importance. This has opened the possibility of 

the use of Nanomaterials in adhesives to increase their tensile as well as fatigue properties. E-

glass composite material was used as an adhered in this research. The E glass/epoxy composite 

orientation used in the Experimental Analysis was [0/45/-45/90]s. The dimension of the E glass 

slab is taken as 100mm×25mm×3mm according to ASTM D5868 standards. The adhesive 
thickness was restricted to 0.74mm as per ASTM D5868 standards. (Figure 2d).  

Many researchers have been working on the dispersion of nanocomposites such as 

graphene Nano palettes (GNPs) and carbon nanotubes (CNTs). but there is very limited research 

on the dispersion of Graphene Oxide (GO) nanomaterial in epoxy resin for adhesive 

preparation. Hence, this research focuses on the adhesive using the dispersion of GO Nano 

material into epoxy resin.  0.5 wt.% GO was dispersed in epoxy resin for the adhesive 

preparation. 5 different surface roughness of the adhered were obtained by the use of different 

grades of sandpapers, emery papers, and laser cutting machine. 

Preparation of SLJ. 500g / m² HinFabTM HGU500 fiberglass and epoxy matrix were 
selected as the composite material. The fiber orientation in the laminate was chosen to be [0/45/-

45/90]s. This symmetric configuration was chosen to provide and increase ultimate strength in 

all directions of the laminate. Laminates were created using the hand lay-up method and 100mm 

x 25mm x 3mm panels were used to create single wrap joints. After the matrix became sticky, 

it was press-cured in an oven at 70 ° C for 3 hours and then cooled to normal room temperature. 
Surface preparation of specimens was done using different grits of sandpaper, emery paper, and 

a laser cutting machine. The area of bonding measuring 25*25 mm was surface finished 

obtaining different roughness values (measured in Ra). Five different surface roughness were 

obtained on the adhered surface with the parameters shown in the table below (Table 3). The 

laser cutting machine was used to obtain higher surface roughness as it was not possible to use 

sand papers.  
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Table 3. Machine and sand paper parameters 

Sr 

no 
Grit 

Speed 

(mm/s) 

Power 

(W) 

Interval 

(micron) 

Roughness 

(Ra) Avg (microns) 

I NO SURFACE TREATMENT 

1 - - - - 0.211 

II SAND PAPER 

2 G80 - - - 1.7712 

3 G36 - - - 3.3168 

III LASER CUTTING MACHINE 

4 - 200 10 25 4.128 

5 - 175 15 35 9.01 

 

The parameters for the laser cutting machine were finalized by the trial-and-error process 

to get the desired surface roughness value of the adhered. First, random parameters were set on 

the laser cutting machine and the surface roughness obtained on the specimen was observed. If 

the desired surface roughness was obtained as shown in table 3, then the respective machining 

parameters were finalized. 

Adhesive Preparation. 0.5 wt.% graphene oxide-epoxy resin adhesive was selected for 

the study. This is because the study (29) showed that using GO concentrations higher than 

0.5wt% caused agglomeration of Graphene Oxide in the epoxy matrix further leading to 

decrease in the flexural strength and flexural modulus. 

During the preparation of the GO-Epoxy adhesive, the dispersion of the Graphene oxide 

nano particles in epoxy resin plays an important role. The graphene oxide particles have to be 

evenly dispersed in the epoxy resin so as to get uniform properties of the adhesive on curing. 

Care must be taken that there is no agglomeration/lump of the graphene oxide particles in the 

resin to avoid non uniform bonding properties of the adhesive. Here, acetone was used to 

initially disperse the Graphene Oxide uniformly in it. Acetone was selected because it has low 

boiling temperature of approximately 40°C. This helps in the later evaporation part of the 

acetone is highly volatile in nature. 

 

 
Figure 1. Prepared Mixture of Epoxy Resin and Graphene Oxide 

 

Here, first the measured quantity graphene oxide (0.5 gm) was mixed in acetone. The 

dispersion was done in the concentration of 2mg/ml of acetone. This mixture was then kept in 

ultrasonic bath for 2 hrs. for allowing proper dispersion of graphene oxide in acetone. Now, this 

entire mixture was poured in a beaker which had measured quantity of Epoxy resin (100 gm). 

This mixture was then kept on the magnetic stirrer for 4.5 to 5 hours (Figure 1). Initially the 
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acetone in the mixture makes the resin loose its viscosity. But the epoxy resin regains its 

viscosity due to evaporation of acetone. Again, the mixture was kept in heated water bath till 

acetone was completely evaporated. Thus, a well dispersed GO- Epoxy composite adhesive 

was prepared by mixing the epoxy resin, hardener and accelerator in the ratio of 100:90:1.  

Design of wooden Fixture. According to ASTM D5868 standards, the thickness of the 

adhesives should be kept around 0.76 mm during the lap joint preparation. This causes the need 

for a fixture that separates the two plates by a distance of 0.76 mm during the lap joint 

preparation. Hence, to maintain this thickness, a simple wooden fixture was designed. It was 

designed by the use of plywood for the base and 4mm ply which was surface treated to reduce 

its thickness to around 3.28 mm. This thin plywood was then glued to the base plywood to form 

a complete structure. This made it possible for maintaining the specified adhesive thickness 

according to ASTM standards. (Figure 2(a,b)). 

 

 
Figure 2. (a) Fixture Sketch, (b) Actual Fixture, (c) Clamped Specimen, (d) Specimen 

dimensions 

 

The dispersion of the graphene oxide in epoxy resin plays an important role in the final 

adhesive quality. Hence, to ensure this, a sample drop of the prepared adhesive was taken on a 

slide and observed under an optical microscope at 100x magnification. 
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Figure 3. (a) 0.5 wt% GO (Graphene Oxide) dispersion in epoxy resin taken at 2 different 

positions at 100x magnification, (b) SEM image of dispersion at 200x 

 

Images were taken at 2 different spots on the prepared adhesive. As seen from the optical 

microscopic images in Figures 3(a) and 3(b), it was observed that the Graphene oxide dispersion 

was uniform throughout the epoxy resin with no visible agglomeration/lump formation of 

graphene oxide. Three images were captured at two different positions of the adhesive drop 

taken on a slide. The black spots represent the graphene oxide nanoparticles dispersed in the 

epoxy resin (orange in color for better visibility). Figure 3(c) shows the dispersed Graphene 

Oxide (GO) particles. The dispersed GO particles are visible as white spots as seen in the image. 

After this, the adhesive was ready for application on the E glass plates to prepare single lap 

joints. Now, the hardener and the hardener accelerator were added to the prepared adhesive 

followed by further curing. Now, the hardener and hardener accelerator was added to the 

prepared adhesive in the ratio specified by the manufacturer. The epoxy resin, hardener, and 

accelerator were mixed in a ratio of 100:90:1 After the addition of the hardener and accelerator, 

the mixture was stirred to ensure proper mixing of all three. Now the adhesive was ready for 

application on the adhered.  

The prepared GO-Epoxy resin adhesive was applied on the adhered material. The adhered 

was placed on the prepared fixture as shown in the figure 2b to maintain the thickness of the 

adhesive (0.76mm) as per ASTM D5868 standard. Care was taken to avoid slippage of 

specimens. The setup was kept undisturbed till the adhesive became tacky. After the adhesive 

was visibly tacky, the whole setup was taken for the curing process. After the application of the 

adhesive on the adhered, it was allowed to become tacky. After becoming tacky, it was cured 

in a hot air oven. For curing, the adhered was placed in the hot air oven at a temperature of 

120°C for 120 minutes. After the curing process, the single lap joints were kept at room 

temperature for cooling. The prepared samples were ready for tensile and fatigue testing.  
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Results and Discussion  

Tensile testing and fatigue testing was performed on the ready specimens to calculate the 

tensile shear strength and fatigue life of the adhesive bond of the specimens. 

Tensile testing of specimens. It was necessary to conduct tensile testing to observe the 

maximum peak load, yield stress, and tensile shear strength of the bonded joint. The tensile 

testing of the specimen was carried out with reference to ASTM D5848 standards. Testing was 

done on UTM of 100 KN capacity. The crosshead travel was set to 3mm/min. An average of 3 

specimens was recorded for better accuracy. The specimen was held rigidly in C clamps at both 

ends and care was taken to avoid any kind of slippage. The tensile testing was carried out until 

the debonding of the specimen took place. The graphs for load vs displacement were captured 

and recorded. The maximum load before debonding was also recorded for all the specimens 

(Table 4). As seen in figure 2c, the test was stopped after the debonding of the specimen took 

place and the corresponding maximum peak load and stress were noted. It was observed that as 

the surface roughness increases, the maximum peak load that can be sustained by lap joint 

before debonding also increases. Figure 4 shows the comparison graph for max peak load of all 

5 specimens. Specimen 1 with roughness value of 0.211 µm was used as base value for 
comparison. The maximum value of peak load sustained of 6.095 KN, and tensile strength of 

81.267 N/mm2 was observed at a roughness value of 3.316 µm (sample 3). But as the roughness 

value increases beyond 3.316 µm, the maximum peak load sustained by the lap joint before 
debonding starts decreasing. Finally for over 9 microns roughness, the maximum peak load 

reduced to 4.705 KN, further reducing the tensile strength to 62.733 N/mm2.  

 

 
Figure 4. Load vs Displacement graph for specimens 

 

Table 4. Max peak load, yield stress and tensile strength 
Sample 

No. 

Surface roughness 

(Ra) µm 

Avg. Max Peak 

Load (KN) 

Avg. Yield 

Stress 

(N/mm2 ) 

Avg. Tensile shear 

Strength 

(N/mm2 ) 

1 0.211 3.626 38.587 48.347 

2 1.771 4.738 50.533 63.173 

3 3.316 6.095 64.813 81.267 

4 4.128 5.838 62.2 77.840 

5 9.045 4.705 50.187 62.733 
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The trend in the results obtained followed a similar trend as observed by S Budhe 

et.al.(20) where an increase in the mechanical properties was seen with the increase in surface 

roughness up to an optimal surface roughness after which the reduction in properties is 

observed. As seen in figure 4, the increase in maximum load took place due to an increase in 

bond strength of the adhesive due to the surface roughness of the bonding area. The results of 

the tensile testing were tabulated as shown below (Table 4). The values were calculated by the 

Universal Testing Machine (UTM) and displayed on the interface screen. 

Fatigue testing of specimens. It was necessary to conduct the fatigue tests on the 

specimens so as to observe any changes in the bond strength by observing the fatigue life 

(maximum number of cycles sustained before debonding) for different surface roughness of the 

specimens. The results were not compared with neat epoxy because the main aim was to study 

the effect of surface roughness on bond strength and not the effect of different concentrations 

of graphene oxide in epoxy resin which is already done by other researchers. 

The fatigue testing was carried out on the computerized axial fatigue testing machine of 

50 KN capacity according to ASTM D5868 standards. Specimen 1 with roughness value of 

0.211 µm was used as base value for comparison. The specimens were initially loaded at 50% 
of its ultimate load bearing capacity and gradually increased up to 90% to avoid sudden jerking 

and failure of material. The frequency was set to 3 Hz. 3 samples of each specimen were tested 

and average of the three was taken for better accuracy. Initially, the first specimen (Ra = 

0.211µm) sustained an average of 14680 cycles before failure due to shear. (Table 5) 

Maximum number of cycles observed during fatigue testing was 19,147 for Sample 3 

with Ra = 3.316 µm. The results of the fatigue testing are concluded in the table below (Table 
5). 

 

Table 5. Fatigue testing results 
Sample 

No. 

a 

Number 

of cycles 

b 

Number 

of cycles 

c 

Number 

of cycles 

Avg 

Number 

of cycles 

Roughness 

value 

Ra (µm) 

Max. 

peak load 

sustained 

in tensile 

testing 

(KN) 

50% 

of 

load 

(KN) 

90% 

of 

load 

(KN) 

1 14461 14900 14500 14620 0.211 3.626 1.813 3.263 

2 16100 16152 16250 16167 1.771 4.738 2.369 3.263 

3 19146 18637 19658 19147 3.316 6.095 3.047 5.485 

4 15214 15525 15350 15363 4.128 5.838 2.919 5.254 

5 12957 13275 13316 13182 9.045 4.705 2.352 4.234 

 

It was observed in the fatigue testing that the maximum bond strength was observed for 

sample 3 with surface roughness 3.316 µm as it sustained 19147 cycles before fatigue failure 
indicating maximum bond strength. Sample 1 sustained an average of 14260 cycles, which 

increased to 16167 cycles for sample 2 and the minimum cycles were observed for sample 5 

with surface roughness 9.045 µm, thus showcasing the least bond strength. These results 
obtained were compared with results obtained by research conducted by R.R Ghadge et al.(19) 

Table 6 shows the result table obtained by R.R. Ghadge et al. (19). There was no adhered 

surface modification done in this research by the author. The adhesive that was used by the 

author in the research was similar to the one used in this research. Also, the orientation of the 

E glass fibers was also similar to the one used in this research i.e. [0/45/-45/90]s. Comparing 

table 5 and table 6, it was seen that almost similar fatigue life (3.8% less) was obtained for 

lower GO/Epoxy concentration of 0.5 wt.% as compared to 0.75 wt% in table 6. This was made 

possible by only increasing the surface roughness to 3.316 µm, thus indicating an increase in 
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bond strength resulting an increase in fatigue life due to change in surface roughness of the 

specimen.  

 

Table 6. Fatigue testing results in other literature [19] 

Sr. 

No 
Specimen type Sample no 90% load (KN) 

No. of 

cycles to 

failure 

Average no. of cycles 

to failure 

1 

0.75% wt. 

GO/Epoxy 

 

1 3.046 19752 

19904 

2 3.046 20970 

3 3.046 18549 

4 3.046 19577 

5 3.046 20672 

 

Table 6 shows the result table obtained by R.R. Ghadge et al. (19). There was no adhered 

surface modification done in this research by the author. The adhesive that was used by the 

author in the research was similar to the one used in this research. Also, the orientation of the 

E glass fibers was also similar to the one used in this research i.e. [0/45/-45/90]s. Comparing 

table 5 and table 6, it was seen that almost similar fatigue life (3.8% less) was obtained for 

lower GO/Epoxy concentration of 0.5 wt.% as compared to 0.75 wt% in table 6. This was made 

possible by only increasing the surface roughness to 3.316 µm, thus indicating an increase in 

bond strength resulting an increase in fatigue life due to change in surface roughness of the 

specimen.  

Cohesive failures along with the mechanical interlocking phenomenon are the possible 

explanation for the variation in bonding shear strength due to change in surface roughness of 

adhered. 

 

 
Figure 5. De-bonded Specimens:  

(a) Sample 1, (b) Sample 2, (c) Sample 3, (d) Sample 4, (e) Sample 5 
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Figure 5 shows the de-bonded specimen images of different specimens. Initial 

observation of the de-bonded specimens was made by naked eyes. Figure 5(a) shows the de-

bonded specimen with a surface roughness of 0.211 µm and 5(b) with surface roughness. 

Sample 1, sample 4, and sample 5, (figure 5 (a, d, e)) were seen to have undergone adhesive 

failure. This was because the debonding occurred in the specimen leaving the complete layer 

of adhesive on one of the surfaces of the adhered as the adhesive can be seen on only one 

adhered. Sample 2(figure 5b) underwent cohesive failure. This was because the debonding 

occurred in the specimen causing the adhesive layer to break from the center leaving the 

adhesive layer on both the surfaces of the adhered. Sample 3(figure 5c) showed substrate 

failure. This is because the debonding occurred in the specimen causing a complete failure of 

the fibers of the surface. This type of failure is indicating the possibility of higher bond strength 

of the adhesive compared to the mechanical strength of the substrate. The increase in surface 

roughness of the adhered increases the total area of the adhesive joint. The statistics clearly 

show that roughness has a significant impact on adhesion and that there is a correlation between 

both roughness parameters and shear strength. The abraded surfaces were discovered to have a 

harsh, scratchy surface texture from the microscopic study. These surface features don't 

interlock, but they do offer a bigger surface area for bonding with the adhesive and the potential 

for the glue to flow into the scratches. The fact that the average roughness and developed 

interfacial area follow a similar pattern indicates that the increased adhesion caused by 

mechanical abrasion can be mostly attributable to the increased surface area induced by the 

roughening and not to the mechanical interlocking of surfaces. 

 

 
Figure 6. Delamination pattern of specimen  

 

The delamination of specimens occurred as shown in figure 6. Figure 6(a) shows us the 

initial specimen at the start of the fatigue test. We can see that the specimen is completely 

bonded. Later, during the testing, the delamination of the specimen slowly starts as shown in 

figure 6(b). The start of delamination was easily noticed and indicated by a red circle on the 

specimen. It can be observed that delamination started from the top and started to progress in 

the downward direction. This is because the shear force acting on the adhesive layer causes 

initiation of crack and propagates throughout the layer to further cause complete delamination 

of the specimen (Figure 6c). The debonding may have occurred due to crack propagation. 

Scanning Electron Microscopy of tested specimens. According to the ASTM D5573-

99 standards, there are total seven failure modes of fiber reinforced plastics bonded joints 

Scanning Electron Microscopy (SEM) was performed in on fatigue tested specimens to 

investigate the failure mode of the de-bonded specimens. Mode of failure can only be 

understood by analyzing the surface of failed specimen. The area of overlap was of interest. A 
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5mm × 5mm × 3mm sample of the respective specimens was cut for SEM. The material initially 

is non conducting. Hence, it is sputtered with gold to make it conducting. Following were the 

SEM images obtained for 5 different samples of the tested specimens (Figure 7). 

 

 
Figure 7. SEM surface images for different surface roughness  ((a)Sample 1(Ra =0.211µm), 
(b) Sample 2 (Ra=1.771µm), (c)Sample 3 (Ra= 3.316µm), (d) Sample 4 (Ra=4.128 µm, (e) 

Sample 5 (Ra=9.045 µm)) 
 

Figure 7(a) shows that the complete breaking of adhesive layer due to shear force during 

fatigue testing. Hence, it concluded that sample 1 has failed due to adhesive failure wherein 

only adhesive is seen to be failed keeping the below fibers intact. The shear forces generated 

during the fatigue testing caused the crack propagation only through the adhesive layer. Figure 

7(b) and figure 7(e) (sample 2 and sample 5) showed fiber failure as the fiber layers below the 
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adhesive have completely failed. This may be possible due to increased bond strength, changing 

the direction of crack propagation and damaging the fibers below the adhesive layer. In Figure 

7(c) (sample 3), it was observed that both the adhesive layer and fibers have failed due to the 

shear force on the specimen. Hence, figure 6(c) shows mixed type of failure. Figure 7(d) 

(sample 4) showed mixed type of failure wherein both adhesive and fibers are seen to be failed. 

 

Conclusion 

The dispersion of GO (Graphene Oxide) nano particles in epoxy adhesive causes deviation in 

the crack growth path to a notified different longer path. This is because of GO’s unique ability 
to fill in the small micro cracks that may occur within the material during the loading conditions. 

Due to this, the final failure of the material is slowed down and ultimately, it improves the 

mechanical characteristics of the material. Also, the increase in surface roughness of the 

bonding area increases the surface area available for the GO particles and thus increases the 

mechanical properties upto a limit. Increasing the surface roughness of the bonding area beyond 

this limit causes agglomeration of the GO particles which causes reduction in the mechanical 

properties of the material. 

The surfaces of GFRP adhered were prepared for different surface roughness. A graphene 

oxide (GO) filled epoxy material system was used as adhesive. A significant effect of surface 

roughness on the joint strength was observed. It was noticed that surface roughness of the 

contact area of the adhered for the adhesive enhances the tensile and fatigue properties of the 

bond. The tensile and fatigue testing of the specimens showed a noticeable variation in the 

tensile strength and fatigue life of the specimens. Maximum sustained peak load observed 

during tensile testing was 6.095 KN for Sample 3 with Ra = 3.316 µm which was an 
enhancement of 68% over 3.626 KN for Sample 1 with Ra = 0.211 µm. Maximum Tensile 
Strength observed during tensile testing was 81.267 N/mm2 for Sample 3 with Ra = 3.316 µm 
which was an enhancement of 68% over 48.347 N/mm2 for Sample 1 with Ra = 0.211 µm. 
Maximum number of cycles observed during fatigue testing was 19,147 for Sample 3 with Ra 

= 3.316 µm which was an enhancement of 30% over 14,620 cycles for Sample 1 with Ra = 

0.211 µm, thus indicating maximum bond strength. Increase in both the fatigue and tensile 
strength with the same amount of GO (0.5 wt.%) in the epoxy adhesive indicated the major 

outcome that increase in surface roughness increases the fatigue and tensile strength up to 

surface roughness of 3.316 µm and further increase in surface roughness decreased the fatigue 
and tensile strength of the adhesive bond. SEM images of the specimens indicated that Sample 

1 showed adhesive type of failure, Sample 2 and Sample 5 showed fiber failure whereas Sample 

3 and Sample 4 showed mixed type of failure.  
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A methodology for estimating the damage growth rates  

in layered composites using special fatigue accumulation rules 
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Abstract. The main provisions of existing methods for estimating the delamination growth 

rates in layered composites under cyclic tension are presented. It is noted that the considered 

methods do not allow one to estimate the growth rates of various damage modes during the 

accumulation of fatigue. As a definite alternative to the presented methods, a methodology for 

such estimates is proposed using special rules of separate fatigue accumulation. Verification 

of the ratios of the proposed methodology is carried out on the example of calculated 

estimates of the growth rates of three damage modes (delamination, matrix cracking, and 

splitting and ply cracking around open hole edges) of three types of specimens made of 

laminates of various carbon plastics. It is noted that the accuracy of the obtained estimates 

depends on the accuracy of the approximation of the experimental data, on the basis of which 

the search for relations for the special rules of separate fatigue accumulation is conducted. 

Keywords: layered composites, delamination, matrix cracking, splitting and ply cracking, 

damage growth rates, fatigue accumulation rules 
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Introduction 

Estimating the evolution of different types (modes) of fatigue damage in layered polymer 

composite materials (PCM) is a rather complex and time-consuming problem in mechanics of 

fatigue failure of PCM. Numerous studies consider this problem, primarily for delamination 

in PCM. 

Studies on determining the predominant failure mode throughout the developing 

delamination are focused on the mechanics of interlayer fracture, primarily aimed at finding 

the deformation energy per unit area of the delamination increment [1]. This parameter is 

called the elastic energy release rate into the tip of the crack G. Three failure modes are 

generally considered: mode I (due to breaking stresses); mode II (due to transverse shear 

stresses) and mode III (due to longitudinal shear stresses). Modes I and II are viewed as the 

most critical, so they are given the closest attention in constructing test methods and in 

computational studies [2–3]. 

A number of equations are given in [2–7] to estimate the delamination rate under cyclic 

loading. For example, the following equation is presented in [3] for estimating the 

delamination rate for a mixed fracture mode (I+II): 
21
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where 

• 
dn

dL
 is the delamination per one cycle of fatigue loading; 

• IG  is the effective release rate of elastic energy in mode I for the given loading cycle; 

• IIG  is the effective release rate of elastic energy in mode II for the given loading 

cycle; 

• IcG  is the critical release rate of elastic energy in mode I, which is a characteristic of 

crack resistance (determined experimentally, as a rule, less than the value of IcG for 

static fracture); 

• IIcG  is the critical release rate of elastic energy for mode II, which is a characteristic of 

crack resistance (determined experimentally, as a rule, less than IIcG for static 

destruction); 

• 2121 ,,, nnmm  are the material constants. 

Analyzing Eq. (1), we can conclude that it is rather complex, requiring a significant 

amount of preliminary experimental data; for this reason, it remains a challenge to adapt this 

equation for engineering estimates of delamination initiation/growth in specific layered 

materials. 

The fundamentals of the physical model describing the damage evolving under cyclic 

loading in layered PCM have major differences with the methods of linear mechanics of 

interlayer fracture, as discussed in [8–10].  

Fatigue damage is determined in this model by variable values of the parameter D.  

At the start of life, Di = 0, unless the damage Di was introduced during manufacturing or at an 

earlier point in the loading cycle. Cyclic loading produces an increase in damage from Di to 

Df, accompanied by catastrophic failure of the composite laminate. 

It is assumed in [8–10] that the accumulation rate of fatigue damage depends on the 

amplitude of cyclic stresses, the load asymmetry coefficient and the instantaneous value of the 

parameter D. Then, 

),,( DRf
dn

dD = . 

The main problem with this approach is that the function f is unknown. The above 

studies primarily propose to determine this function in terms of the relationship between the 

variation in Young's modulus during tensile testing of the composite laminate and the 

accumulated damage D. 

It is assumed that the relationship between the parameter D and Young's modulus for 

the given layered composite can be written as follows: 

)(0 DgEE = , 

where E is the instantaneous value of the elastic modulus; 0E  is the initial value of the elastic 

modulus for undamaged material; g(D) is a function. 

The delamination rates in layered PCM under cyclic tensile loads were estimated in 

[11] using the expression 





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


−==
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dE

Edn

dD
DRf

0

1
857.2),,(  ,           (2) 

whose right-hand side is estimated from the experimental data. 

Similar data are presented, for example, in [12] for quasi-isotropic laminate made of 

XAS/914 [45/90/-45/0]s carbon fiber under cyclic tension with R = 0.1. The study also gives 



260   V.E. Strizhius 

an example for approximating the experimental data considered using an equation similar to 

the well-known Paris equation: 
4.6
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,             (3) 

where UTS  = 550 MPa is the ultimate tensile strength of the given laminate (data from [12]). 

An equation similar in form to the well-known Collipriest equation was proposed in 

[13] for the same laminate: 
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where C, m, c , th  are empirical constants depending on the type and properties of the 

layered PCM. 

Thus, if the empirical constants C, m, c , th , are known, each value of   

corresponds to a specific delamination rate dndD/ . 

The experience accumulated suggests that Eqs. (2)–(4) can be successfully applied to 

engineering estimates of delamination rates in quasi-isotropic laminates under cyclic tension.  

However, we should also consider the following: 

1. Eq. (2) contains a rather important parameter, dndE / , which is absent from Eqs. 

(3)–(4). Thus, Eqs. (3)–(4) virtually do not account for the effect of the variation in 

the stiffness of the layered composite on the delamination rate throughout fatigue 

accumulation. Furthermore, Eqs. (3)–(4) do not allow to estimate the growth rates 

for different damage modes (other than delamination), which is also naturally of 

considerable interest for research. 

2. Similar conclusions can be drawn about the methods of linear mechanics of 

interlayer fracture outlined in [2–7]. 

3. The methods outlined in [2–13] are also largely inapplicable to solving another 

crucial problem in damage assessment, that is, the progression of different damage 

modes in one PCM. 

An alternative to these methods, making it possible to estimate the growth rates of 

various fatigue damage modes throughout fatigue accumulation and the sequential 

progression of different damage modes in one PCM, is the procedure we constructed for such 

estimates using special rules for linear summation of fatigue damage. 

 

Main hypotheses for fatigue damage accumulation in layered composites 

A range of hypotheses are proposed in foreign studies to describe the accumulation of fatigue 

damage in layered PCM (for example, 15 such hypotheses are discussed in [14]). 

Unfortunately, no data are available in Russian and foreign sources regarding the procedures 

for applying these hypotheses in engineering calculations for fatigue analysis; there are also 

insufficient data to confirm the hypotheses experimentally. 

Below is a brief overview of several hypotheses most commonly used at present to 

assess the accumulation of fatigue damage during cyclic loading of layered PCM. 

Palmgren–Miner rule. The simplest hypothesis of fatigue damage accumulation used 

in fatigue analysis of metal samples and structural elements is the linear summation rule 

(Palmgren–Miner rule): 

1==
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N

n
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where 

• D is the accumulated fatigue damage, D = 1 upon fracture of the given element; 

• ni is the number of loading cycles for the stress level i ; 

• Ni is the number of loading cycles before up to fracture of the given element for the 

stress level i . 

Notably, relation (5) is often used for calculating the fatigue life of elements made of 

layered PCM. On the other hand, numerous studies (for example, [15–16]) suggest that 

applying this rule in fatigue analysis of samples and elements made of layered PCM can 

produce substantial errors in the computational results. 

For this reason, many researchers are inclined to conclude that the rules that can 

satisfactorily describe fatigue damage accumulation during cyclic loading of PCM should be 

sought within the framework of the Marco–Starkey theory on nonlinear accumulation. This 

hypothesis can account for the effects from sequentially applying loads of different 

magnitude, so it holds much promise for fatigue analysis of elements made of layered PCM. 

Marco–Starkey model. The Marco-Starkey theory is based on the following 

assumptions: 

1. Damage curves for the amplitude of symmetric stresses with any magnitude can be 

described by the relation 
iq
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where 

• Di is the accumulated fatigue damage; 

• ni is the number of loading cycles with the amplitude of symmetric stresses аi ; 

• Ni is the number of loading cycles before fracture of the given element with the same 

amplitude of symmetrical stresses аi ; 

• q i is an exponent depending on the stress level. 

2. A specimen loaded by symmetrical stresses in any sequence is fractured when the 

total value of D reaches unity. A specialized procedure has been developed for accumulation 

of fatigue damage from one level to another. 

Hwang–Han model. The Hwang–Han model [17] can predict linear growth of 

accumulated damage in layered PCM depending on the stress level and regardless of the 

loading history. While this model is in many respects similar to the Marco–Starkey model, it 

cannot account for the effects from sequentially applying loads with different magnitudes. 

The main relations of the Hwang–Han model are written as follows: 
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where 

• ni is the number of loading cycles of the layered PCM for the stress level i ; 

• Ni is the number of loading cycles up to fracture of the layered PCM for the stress 

level i ; 

• E0 is the elastic modulus of the undamaged material; 

• E(ni) is the elastic modulus of the material during fatigue accumulation; 

• Ef is the elastic modulus of the material at the time of fatigue fracture; 
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• ci is the parameter of the relationship depending on the stress level. 

Howe–Owen model. A model of nonlinear damage accumulation was proposed in [18] 

by Howe and Owen to formulate a law for accumulation of fatigue damage that can be used in 

practical calculations for fatigue in layered PCM: 
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where 

• D is the accumulated fatigue damage of the given element, D = 1 upon fracture; 

• ni is the number of loading cycles for the stress level i ; 

• Ni is the number of loading cycles up to fracture of the given element for the stress 

level i . 

• A and B are the parameters of the relation independent of the stress level. 

The values of parameters A and B can be determined by linear regression analysis of 

known experimental data on the fatigue life of layered PCM specimens (elements) under 

complex loading. The values of these parameters are determined from the results of at least 2 

series of tests with different parameters of complex loading. 

A modification of the relation (6) is proposed in [9]: 
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containing three parameters A, B and c, determined using an iterative procedure aimed at 

fitting the experimental data to the relation (7). 

We can observe the following from the results of the analysis. 

1. All the models considered propose an aggregate or cumulative approach to deal with 

accumulation of generalized or finite damage and do not describe linear summation 

for different damage modes. 

2. We should note that linear summation for different modes of fatigue damage 

deserves separate consideration, as it is a matter of considerable interest for studies 

into sequential fatigue failure and analysis of the growth rates of different damages 

in layered PCM. 

3. The Howe–Owen model (6) is the basis for searching for the hypotheses accounting 

for summation of fatigue damage for different damage modes. According to [18–
21], this hypothesis also proved to be versatile, as it is applicable for various 

elements made of layered PCM, and for various types of cyclic loading. 

Unfortunately, no data are openly available on the practical applications of the 

Marco–Starkey and Hwang–Han models to describe the summation rules for fatigue 

damage in PCM. 

 

Procedure for estimating the growth rates of various damage modes using special rules 

for linear fatigue accumulation 

The procedure proposed for estimating the growth rates of various damage modes during 

cyclic loading of layered PCM comprises the following steps. 

The computational case of regular uniaxial cyclic loading is loading with a 

constant amplitude. The procedure is formulated as follows for the given computational 

case. 

1. The damage mode is specific to the given specimen or element made of layered PCM 

under the cyclic loading conditions considered. 
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2. The experimental data )/( NnfD = obtained using non-destructive testing methods 

are assumed to be known (for measuring one of the material properties, for example, 

Young's modulus, electrical conductivity, light scattering, X-ray absorption, 

ultrasonic attenuation, acoustic emission detection). 

3.  The following function is sought for by fitting the experimental data: 

)/,,(1 NnRfD = ,             (8) 

this function is in fact the special rule for summation of fatigue damage for the 

given damage mode and the cyclic loading conditions in layered PCM. 

4. The growth rate of the given damage mode is defined as the derivative of the function 

(8): 

),,(' 2 nRf
dn

dD
D == .            (9) 

Graphically, function (9) can be constructed as )(' nfD = or as )/(' NnfD = . 

The computational case of irregular uniaxial cyclic loading is loading with variable 

amplitudes. The procedure is formulated as follows for the given computational case. 

1. The damage mode is specific to the given specimen or element made of layered PCM 

under the cyclic loading conditions considered. 

2. The given cyclic loading can be represented as a certain loading block repeated 

during fatigue tests of the specimen or element. 

3. The experimental data obtained by non-destructive testing methods are assumed to be 

known; fitting these data can yield the function: 

)/( ..3 blbl NnfD = ,           (10) 

which is in fact the special rule for summation of fatigue damage for the given 

damage mode and the cyclic loading conditions of the specimen or element. 

4. The growth rate of the given damage mode is defined as the derivative of the function 

(10): 

)/(' ..4 blbl Nnf
dn

dD
D == .          (11) 

 

Verification of the proposed relations 

The amount of the experimental data serving as a basis for constructing functions (8) and (10) 

is fairly limited. Nevertheless, such data are found in some publications. 

The relations (8)–(9) were verified for an example where experimental data were 

processed for two types of specimens: 

1. Specimens of T800/5245 [(±45.02)2]s carbon fiber laminate [22–23]. 

2. Specimens of laminate based on chopped carbon fiber and polyester [18]. 

Specimens made of Т800/5245 [(±45.02)2]s carbon fiber were tested by cyclic tension 

with a maximum stress of 1000 MPa and R=0.1 [22]. The damage mode considered is 

cracking of the matrix in the inner 45° layers. According to [23], the fatigue life of the 

specimens was Nf= 1,500,000 cycles. 

Experimental data for CDi-n/N are given in [22] (CDi is the crack density in the 

laminate matrix after n loading cycles. These data can be rewritten in the D-n/N coordinates, 

where D=CDi/CDfr, CDfr is the crack density in the laminate matrix during fracture. 

Similar data are given in Fig. 1, also showing a trend line for the approximation of the 

experimental data. 
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Fig. 1. Accumulated damage in Т800/5245 [(±45.02)2]s carbon fiber laminate specimens 

during cyclic tensile tests with a maximum stress of 1000 MPa and R= 0.1 

 

The equation of the trend line is a second-degree polynomial (the confidence value of 

the approximation is R2=0.9099): 
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Then the cracking rate of the matrix: 
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Function (13) is plotted as a dependence )(' nfD = in Fig. 2, and as a dependence 

)/(' NnfD =  in Fig. 3. 

Specimens made of laminate incorporating chopped carbon fiber and polyester based on 

the data from [18] were subjected to cyclic tensile tests. The damage modes considered are 

matrix cracking and delamination. The fatigue life of the specimens is not known and 

assumed to reach a conditional level Nf = 1,000,000 cycles for studying the damage growth 

rates. 

The D-n/N dependences are plotted in Fig. 4 for the given damage modes based on the 

data from [18]. 

The figure also shows the trend lines for the approximation of the experimental data. 

The equation of the trend line is a second-degree polynomial (the confidence value of 

the approximation is R2=0.9926): 
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Fig. 2. Matrix cracking rate )(' nfD = in specimens made of T800/5245 [(±45.02)2]s carbon 

fiber laminate  

 

 
Fig. 3. Matrix cracking rate )/(' NnfD = in specimens made of T800/5245 [(±45.02)2]s 

carbon fiber laminate  
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Fig. 4. Accumulated damage in specimens made of laminate based on chopped carbon fiber 

and polyester 

 

Then the cracking rate of the matrix is: 
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The equation of the trend line for delamination is a third-degree polynomial (the 

confidence value of the approximation is R2=0.9922): 
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Then the delamination rate is: 
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Functions (14) and (16) are plotted in Fig. 4, functions (15) and (17) are plotted in Fig. 

5. 
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Fig. 5. Delamination and cracking rates of the matrix )/(' NnfD = in laminate specimens 

based on chopped carbon fiber and polyester  

 

Proposed approach applied to the computational case of irregular uniaxial cyclic 

loading. 

Relations (10)–(11) were verified for processing experimental data and computational 

estimates of the rates and durations of damage growth for free-hole specimens made of 

AS4/3501-6 [0/±45/90]s4 carbon fiber under predominantly tensile loads using block loading 

for the air stage from the TWIST standardized quasi-random software [24]. The loading 

blocks for the the air stage from the TWIST program are given in Table 1. 

 

Table 1. Loading block for the air stage from the TWIST program 

Level 

of loading 

Amplitude 

of loading 

Number of cycles 

of loading 

1 
m6.1  1 

2 
m5.1  2 

3 
m3.1  5 

4 
m15.1  18 

5 
m99.0  52 

6 
m84.0  152 

7 
m68.0  800 

8 
m53.0  4170 

9 
m37.0  34800 

10 
m22.0  358665 

( m  is the mean stress of the air stage) 
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The tests were carried out with the mean stress m = 134.4 MPa. According to [25], the 

fatigue life of the specimens was Nbl_f = 10 blocks. 

The damage mode considered is splitting of carbon fibers in the free hole zone. 

The split length SL of the laminate fibers was measured in the free hole zone during the 

tests. The dependence )( blnfSL =  was constructed based on the test results in [25]; here nbl 

is the number of loading blocks before failure. 

The dependence presented in [25] can be reconstructed with a small error in the 

coordinates "/" blbl NnD − , where 
fSLSLD /= ; SLf is the critical split length of composite 

fibers at the time of fatigue failure in the specimen; Nbl is the number of loading blocks before 

failure. In this case, the parameter D can be regarded as the accumulated fatigue damage of 

the specimen. 

A similar relationship is shown in Fig. 6.  

also showing a trend line for the approximation of the experimental data. 

The equation of the trend line is a second-degree polynomial (the confidence value of 

the approximation is R2=0.9694): 
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The fiber splitting rate is then 
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Function (18) is plotted in Fig. 6, function (19) is plotted in Fig. 7. 

 

 
Fig. 6. Accumulated damage in free-hole specimens made of AS4/3501-6 [0/±45/90]s4 carbon 

fiber subjected to block loading for the air stage from the TWIST program  
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Fig. 7. Fiber splitting rate in the free-hole zone of AS4/3501-6 [0/±45/90]s4 carbon fiber 

specimens  

 

Discussion 

Analyzing the dependences shown in Figs. 1–7, we can draw the following conclusions. 

1. The calculated matrix cracking rate in internal 45° layers in T800/5245 [(±45.0 2)2]s 

carbon fiber laminate specimens under cyclic tension with a maximum stress of 1000 MPa 

and R = 0.1 is the highest at the initial site of fatigue accumulation, up to the value 

03.0/ Nn . The cracking rate then drops sharply, nearly amounting to zero at 0.1/ =Nn  

(see Fig. 3). Fracture criterion of laminate: 0.1/ =Nn  . Taking the equality for the matrix 

cracking rate 0'=D  with 0.1/ =Nn  at the time of laminate failure and solving Eq. (13) in 

the form 010376.110010.1' 612 =+−= −− nD , we can find the cracking duration grNn =  = 

1,366,000 cycles, which is slightly less than the fatigue life of the specimens Nf = 1,500,000 cycles. 

2. The calculated matrix cracking rate in laminate specimens based on chopped carbon 

fiber and polyester is the highest at the initial site of fatigue accumulation, up to 03.0/ Nn . 

The cracking rate then drops sharply, nearly amounting to zero at 0.1/ =Nn  (see. Fig. 5). 

Fracture criterion of laminate: 0.1/ =Nn  . Taking the equality for the cracking growth rate of 

the matrix at the time of laminate failure 0'=D  with 0.1/ =Nn  and solving Eq. (15) in the 

form 010521.110590.1' 612 =+−= −− nD , we can find the cracking duration grNn =  = 

956,600 cycles, which is slightly less than the fatigue life of the specimens Nf=1,000,000 

cycles.  

3. The calculated delamination rate in laminate specimens based on chopped carbon fiber 

and polyester is the highest at the initial site of fatigue accumulation (approximately up to the 

value 005.0/ Nn ), subsequently dropping sharply but increasing slightly at the final site of 

fatigue accumulation, see Fig. 5. Fracture criterion of laminate: 0.1/ =Nn . Taking the 

equality for the delamination rate 61039.1' −=D  with 0.1/ =Nn  at the time of laminate 

failure (see Fig. 5) and solving Eq. (17) in the form 
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6612218 1039.110864.110306.610835.5' −−−− =+−= ппD , we can find the delamination 

duration grNn =  = 999,400 cycles, which is slightly less than the fatigue life of the 

specimens Nf = 1,000,000 cycles. 

3. An important conclusion about the progression of the damage considered can be 

drawn for laminate specimens based on chopped carbon fiber and polyester. Analyzing the 

data in Figs. 4–5, we can assume that delamination triggered matrix cracking at the initial 

stage of fatigue accumulation. The delamination rate exceeds the matrix cracking rate over 

almost the entire site of fatigue accumulation, see Fig. 5. We can also conclude that 

delamination rather than matrix cracking is the main reason behind the failure in the laminate. 

4. The calculated fiber splitting rate in the free-hole zone of AS4/3501-6 [0/±45/90]s4 

carbon fiber specimens subjected to block loading from the TWIST software is maximum at 

the initial site of fatigue accumulation site, up to 01.0/ blbl Nn . The growth rate of the 

damage considered then drops sharply and is almost zero at 0.1/ =blbl Nn , see Fig. 7. 

Fracture criterion of laminate: 0.1/ =blbl Nn . Taking the equality for the fiber splitting rate 

0'=D  with 0.1/ =blbl Nn  at the time of specimen failure and solving Eq. (19) in the form 

010968.110126.2' 12 =+−= −−
blnD , we can find the fiber splitting duration grblbl Nn _= = 

9.3 blocks, which is slightly less than the fatigue life of the specimens 
fblN _
= 10 blocks.  

5. Evidently, the accuracy of the estimates obtained largely depends on the 

approximation accuracy of experimental data used to formulate the rules for linear summation 

of fatigue damage. In view of the reliability values obtained for the approximations, we can 

argue that satisfactory accuracy can be achieved for the computational estimates of the growth 

rates of the given damage modes. 

6. The computational estimates of damage durations in the given specimens turn out to 

be somewhat lower than their fatigue durations, so we can conclude that the proposed 

approach produces somewhat conservative estimates. 

 

Conclusion 

This paper outlines the key principles for estimating the delamination rates in layered PCM 

subjected to cyclic tensile tests, described in [1–13]. Notably, the methods considered do not 

allow estimating the growth rates of various damage modes throughout fatigue accumulation, 

which is of undoubted interest for research. 

An alternative to these methods, making it possible to estimate the growth rates of 

various fatigue damage modes throughout fatigue accumulation and the sequential 

progression of different damage modes in one PCM, is the procedure we constructed for such 

estimates using special rules of linear summation of fatigue damage. 

The Howe–Owen model was chosen as a basis for searching for such hypotheses [18]. 

According to [18–21], this model also proved to be versatile, as it is applicable for various 

elements made of layered PCM, and for various types of cyclic loading. 

We verified the relations constructed for the proposed methodology for the case of 

computational estimates of three damage modes (delamination, matrix cracking and fiber 

splitting in the free-hole zone) for three types of specimens from laminates of various carbon 

fiber plastics. 

 

 

 

 

 



A methodology for estimating the damage growth rates in layered composites  271 

using special fatigue accumulation rules 

References 

1. Martin M. Delamination fatigue. In: Harris B. (ed.) Fatigue in composites. Woodhead 

Publishing Ltd and CRC Press LLC; 2003. p.173-188. 

2. Martin RH, Murri GB. Characterization of mode I and II delamination growth and 

thresholds in AS4/PEEK composites. In: Garbo SP. (ed.) Composite Materials: Testing and 

Design (ninth Volume). ASTM; 1990. p.251–270. 

3. Ramkumar RL, Whitcomb JD. Characterization of mode I and mixed-mode delamination 

growth in T300/5208 graphite/epoxy. In: Delamination and Debonding of Materials. ASTM; 

1985. p.315-335. 

4. Polilov AN, Tatus NA. Energy criteria for FRP delamination. Vestnik PNIPU. 2012;3: 176-

203. (In-Russian) 

5. Skvortsov YV. Mechanics of composite materials. Lecture notes. Samara; Samara State 

Aerospace University; 2013. (In-Russian) 

6. Li C, Teng T, Wan Z, Li G, Rans C. Fatigue delamination growth for an adhesively-bonded 

composite joint under mode I loading. In: Proc. 27th ICAF Symposium. Jerusalem; 2013. 

7. Chernyakin SA, Skvortsov YV. Analysis of delamination propagation in composite 

structures. Vestnik SibGAU. 2014;4(56): 249–255. (In-Russian) 

8. Poursartip A, Ashby MF, Beaumont PWR. Damage accumulation during fatigue of 

composites. Scripta Metallurgica. 1982;16(5): 601–606. 

9. Poursartip A, Ashby MF, Beaumont PWR. Damage accumulation during fatigue of 

composites. In: Proc. of the 4th International Conference (ICCM-IV). Tokyo: Japan Society 

for Composite Materials. 1986. p.693–700. 

10. Poursartip A, Ashby MF, Beaumont PWR. Damage accumulation in composites during 

fatigue. In: Proc. of the 3rd RISØ International Symposium: Fatigue and Creep of Composite 
Materials. Roskilde, Denmark; 1986. 279–284. 

11. Beaumont PWR. Physical modelling of damage development in structural composite 

materials under stress. In: Harris B. (ed.) Fatigue in composites. Woodhead Publishing Ltd 

and CRC Press LLC; 2003. p.365-412. 

12. Poursartip A, Ashby MF, Beaumont PWR. Fatigue damage mechanics of a carbon fibre 

composite laminate: Part 1. Composites Science and Technology. 1986;25(3): 193–218. 

13. Strizhius VE. A methodology for estimating the delamination growth rate in layered 

composites under tensile cyclic loading. Mechanics of Composite Materials. 2020;56(4): 781-

790. 

14. Xiong JJ, Shenoi RA. Two new practical models for estimating reliability-based fatigue 

strength of composites. Journal of Composite Materials. 2004;38(14): 1187-1209. 

15. Vassilopoulos AP. Fatigue life prediction of composite materials under realistic loading 

conditions (variable amplitude loading). In: Vassilopoulos AP. (ed.) Fatigue life prediction of 

composites and composite structures. Woodhead Publishing Limited and CRC Press LLC; 

2010. 

16. Phillips EP. Effects of Truncation of a Predominantly Compression Load Spectrum on the 

Life of a Notched Graphite/Epoxy Laminate. Fatigue of Fibrous Composite Materials. ASTM 

STP 723; 1981. p.197-212. 

17. Hwang W, Han KS. Fatigue of composites – fatigue modulus concept and life prediction. 

Journal of Composite Materials. 1986;20: 154–165. 

18. Howe RJ, Owen MJ. Accumulation of damage in glass-reinforced plastic under tensile 

and fatigue loading. In: Proc. of the Eighth International Reinforced Plastics Congress. 

British Plastic Federation: London; 1972. p.137-148. 

19. Bond IP. Fatigue life prediction for GRP subjected to variable amplitude fatigue. 

Composites Part A: Applied Science and Manufacturing. 1999;30(8): 961-970. 

https://doi.org/10.1016/0036-9748(82)90279-4
https://doi.org/10.1016/0266-3538(86)90010-2
https://doi.org/10.1007/s11029-020-09901-6
https://doi.org/10.1177/0021998304042081
https://journals.sagepub.com/doi/pdf/10.1177/002199838602000203
https://doi.org/10.1016/S1359-835X(99)00011-1


272   V.E. Strizhius 

20. Strizhius V. Estimation of the residual fatigue of laminated composites under multistage 

cyclic loading. Mechanics of Composite Materials. 2016;52(5): 611-622. 

21. Strizhius V. Fatigue life prediction of CFRP laminate under quasi-random loading. In: 

Proc. of the 30th Symposium of the International Committee on Aeronautical Fatigue, ICAF 

2019. Krakow, Poland; 2019. p.423-431. 

22. Grimm B. Unpublished results, Department of Materials Science and Engineering, 

University of Bath. Bath, UK; 1996. Available from: URL: https://www.bath.ac.uk/ 

departments/department-of-mechanical-engineering/   

23. Chen AS, Harris B. Fatigue-induced damage mechanisms in CFRP composites. J. Mater. 

Sci. 1993;28: 2013–2027. 

24. De Jonge JB, Schutz D, Lowak H, Schijve J. A standardized load sequence for flight 

simulation tests on transport aircraft wing structures. LBF Bericht FB-106 (NLR 73029U). 

1973. 

25. Han HT, Choi SW. The Effect of Loading Parameters on Fatigue of Composite 

Laminates: Part V. Report DOT/FAA/AR-01/24. 2001. 

 

 

THE AUTHOR 

 

Strizhius V.E.  

e-mail: vitaly.strizhius@gmail.com 

 

https://doi.org/10.1007/s11029-016-9611-2
https://www.bath.ac.uk/departments/department-of-mechanical-engineering/
https://www.bath.ac.uk/departments/department-of-mechanical-engineering/
https://orcid.org/0000-0002-7575-7425


Materials Physics and Mechanics. 2023;51(2): 273-288   Submitted: August 10, 2022 

Research article   Approved: November 14, 2022 

http://dx.doi.org/10.18149/MPM.5122023_9   Accepted: November 15, 2022 

© A.N. Prokudin, 2023. 

Publisher: Peter the Great St. Petersburg Polytechnic University  

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

 

 

Exact elastoplastic analysis of a rotating hollow cylinder made of 

power-law hardening material  

A.N. Prokudin   

Institute of Machinery and Metallurgy, Khabarovsk Federal Research Center, Far-East Branch of RAS, 

Komsomolsk-on-Amur, Russia 

 sunbeam_85@mail.ru 

 

 

Abstract. The article is devoted to the elastic-plastic analysis of a rotating hollow cylinder 

with fixed ends. It is assumed that the strains in a cylinder are infinitesimal and additively 

decomposed into elastic and plastic components. The elastic component of strain is 

determined in accordance with Hooke's law. The Tresca’s yield condition, the flow rule 

associated with it and the power law of hardening are adopted in order to calculate plastic 

strains. The presented analysis covers both loading and unloading stages. Unloading of a 

cylinder is assumed to be purely elastic. For a number of special cases of the hardening law, 

an analytical solution of the formulated system of equations is found. Special attention is paid 

to the calculation of the angular velocity corresponding to the complete transition of a 

cylinder to the plastic state. Dependencies of the fully-plastic limit angular velocity on the 

hardening parameters are established. 

Keywords: elastoplasticity, stress analysis, Tresca’s criterion, power-law hardening, rotating 

cylinder, exact solution.   
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Introduction 

A rotating cylinder, along with a rotating disk, is one of the classical problems of solid 

mechanics. In addition to calculation of stresses and strains, it is of considerable interest to 

determine the maximum permissible angular velocity. Elastoplastic analysis gives a more 

accurate estimate of the bearing capacity of a rotating cylinder compared to the theory of 

elasticity. In this context, a relatively new technology of rotational autofrettage [1,2] also 

should be mentioned. Accurate modelling of this technology is possible only under the 

framework of elastoplastic analysis. Next, consider the works which are more relevant to the 

content of the present article.  

The solution of the elastoplastic problem for a linearly hardening rotating hollow 

cylinder with fixed ends is presented in [3]. A similar problem for an ideal hollow cylinder 

with free ends was considered by the authors of [4]. In [3,4], the distributions of 

displacements, stresses, and plastic strains in the cylinder under loading were found. 

Moreover, elastic limit angular velocity and fully-plastic limit angular velocity was 

established. In [1,2], rotational autofrettage of a hollow cylinder with fixed ends was modeled 

https://orcid.org/0000-0002-5156-424X
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considering the Bauschinger effect. The authors obtained the distribution of stresses in the 

cylinder at the stage of loading, as well as the distribution of residual stresses in the cylinder 

after its preliminary rotation at a given maximum angular velocity. It was assumed that the 

cylinder is made of an ideal elastoplastic material [1] or a linearly hardening [2] material. 

Rotational autofrettage of a hollow cylinder with free ends was studied in [5,6]. In [5], the 

authors obtained exact solutions for displacements, stresses, and plastic deformations in a 

rotating hollow cylinder at the stages of loading and unloading. Both isotropic and kinematic 

(Bauschinger effect) hardening was neglected. It should be noted that in [1–5] the Tresca 

plasticity condition and the flow law associated with it were adopted. 3D FEM analysis of 

rotational autofrettage is presented in [6]. The analysis is based on the von Mises’ yield 
condition, the associated flow rule, and the Ramberg-Osgood power-law of hardening. The 

authors of [6] established a fairly good agreement between the numerical calculations and the 

analytical solution [5].  

A rotating cylinder made of a nonlinear hardening material was studied in [7]. It was 

established that the parameters of hardening have a significant effect on the distribution of 

stresses and strains in the cylinder, as well as on the fully-plastic limit angular velocity. In [8], 

the distribution of residual stresses in a rotating nonlinear hardening cylinder after its 

preliminary rotation at a given velocity was found. Critical angular velocity is obtained, at 

which a secondary plastic flow does not occur at the stage of unloading. In [7, 8], the 

deformation theory of plasticity, the von Mises’ yield condition, and the Swift hardening law 
were used. The solution was carried out using the numerical algorithm based on the shooting 

method. 

The studies [9, 10] are devoted to the elastoplastic analysis of a rotating hollow cylinder 

in the presence of a stationary temperature gradient between the side surfaces of the cylinder. 

The problem statement was based on the Tresca condition, the flow law associated with it, 

and the law of linear hardening. To calculate thermal strains, the heat conduction equation and 

the Duhamel-Neumann law were adopted. It was assumed that the mechanical and 

thermophysical parameters of the material do not depend on temperature. It was established 

[9, 10] that an inhomogeneous temperature field has a significant effect on the evolution of 

plastic flow in a rotating hollow cylinder. 

One way to increase the bearing capacity of a structure and reduce its weight is to use 

functionally graded materials. Elastoplastic analysis of rotating hollow FGM-cylinders with 

fixed ends is presented in [11–14]. The results were obtained on the basis of the Tresca 

condition and the associated flow law, the material of the cylinder was assumed to be 

perfectly plastic. The power dependence of material properties on the radial coordinate of the 

cylinder was used. The obtained results [11-14] show that the inhomogeneity of the material 

has a significant effect on the stress state in the cylinder. Moreover, by a suitable choice of 

distributions of the mechanical properties of the material, it is possible to significantly 

increase the maximum angular velocity of the cylinder. 

As can be seen from the review, using the Tresca’s yield condition, analytical solutions 
were found for the elastoplastic rotating hollow cylinder in various formulations [1-5,9-14]. In 

all studies listed above, the material of the cylinder was assumed to be ideal or linearly 

hardening. As known [15], nonlinear laws more accurately describe the hardening of 

structural materials however the application of these laws is usually associated with the use of 

numerical methods [6–8]. This paper is devoted to the elastoplastic analysis of a rotating 

hollow cylinder based on the Tresca’s plasticity condition, the flow law associated with it, and 

the power law of hardening.  For a number of special cases of the hardening law, analytical 

solutions are obtained.  
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Problem statement 

Consider a hollow cylinder rotating around its own axis. The angular velocity   of the 

cylinder slowly increases with time, consequently the angular acceleration can be neglected. It 

is assumed that the cylinder is in a state of plane strain and holds axial symmetry. Under these 

kinematic constraints, the only non-zero displacement in the cylinder is the radial 

displacement r
u , and shear strains and shear stresses are equal to zero. A cylindrical 

coordinate system ( ), ,r z  is used.  Following dimensionless variables are introduced 
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here ,
in out
r r  are inner and outer radii of the cylinder,  E  is Young modulus, 

0
,

y
   are initial 

and current yield strength, 
ij
  are total strains, e

ij
  are elastic strains, p

ij
  are plastic strains, 

ij
  

are stresses,  ,K n  are hardening parameters,   is density. Next in the article, all formulas are 

written using dimensionless variables (1), and the overlines are omitted for brevity. For 

convenience, the loading parameter   is called the angular velocity. 

It is assumed that the strains in the cylinder are infinitesimal and additively decomposed 

into elastic and plastic parts 
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The only non-trivial equilibrium equation has form 

.rrrr   
 

−
+ = −


 (3) 

Elastic strains and stresses are related by Hooke’s law 
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where   is the Poisson ratio.  

The Tresca’s yield condition reads as follows 

31
,

y
  − =  (5) 

here eq
  is the equivalent stress, 31

,   are the major and minor principal stresses 

respectively.  

Flow rule has form: 

,p

ij

ij

d f
d d

d
 


=  (6) 

where p

ij
d  are the increments of plastic strains, d  is non-negative multiplier, f  is plastic 

function associated with the yield condition (5). 
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Power law of hardening reads as follows 

,1 n

y eq
H = +  (7) 

here 
eq
  is the equivalent plastic strain. 

The equivalence of the increment of plastic work is  

,p p p

y eq r zr zzr r z
d d d d        = + +  (8) 

where 
eq

d  is the increment of the equivalent plastic strain. 

It is assumed that the side surfaces of the cylinder are traction-free. In this case, the 

boundary conditions have the form: 

( ) ( )0, 1 0.
rr rr

  = =  (9) 

The yield condition (5) is satisfied for the first time on the inner surface of the cylinder 

 =  at 
p

= . With a further increase of the angular velocity, the elastoplastic border  

ep
 =  moves to the outer surface of the cylinder. At fp

=  the elastic region disappears 

and the cylinder becomes fully-plastic. The present analysis is restricted to a range 

p fp
  , in which the cylinder consists of the inner plastic region ( ),

ep
      and the 

outer elastic region ( ),1
ep

    . Next, the solution in each of the regions is considered.  

 

Elastic region 

The distributions of displacements and stresses in the elastic region have the form: 
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here 1 2
,d d  are integration constants. 

It is known [1-3] that plastic flow in a rotating hollow cylinder starts on the inner 

surface where the stress satisfies the inequality zz rr    . Elastic limit angular velocity 

is the function of the Poisson ratio   and the geometric parameter   [3]: 
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The integration constants 1 2
,d d  may be determined from the system of equations: 
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The meaning of the first equation is that the yield condition (5) should be satisfied on 

the elastoplastic boundary. The solution of the previous system reads as follows 

( )
( )

( )
( )

( )
( )

2 4 2 4

1 2

1 2 1 2 3 21

4 1 2
, .

8 1 8 1
ep ep ep ep

d d   
  
  

− − −
−  −  += = 

− − −
 (12) 
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Plastic region 

Assume that the stresses in the plastic region always satisfy the inequality zz rr    . In 

this case, Tresca's yield condition (5) has form 

.
rr y  − =  (13) 

It follows from the yield condition (13) and the flow rule (6) that  

, 0.p p p

rr zz
d d d  =− =  

The equivalence of the increment of plastic work (8) yields 

( ) .p p p p

y eq rr zrr zzz rr
d d d d d             = + + −=  

Using the yield condition (13), the previous equation leads to 

.p
eq

d d  =  

Hence, in the case of monotonically increasing load, the plastic strains are expressed as 

follows 

, 0.p p p

r zeq r z   = − ==  

It follows from the kinematic relations (2) and the previous expressions that 

,e

rr rr eq
 = +  ,e

eq   = −  0.e

zz
 =  

Thus, the Hooke’s law (4) can be transformed into the form: 

( )( ) ( ) ( )( )

( )( ) ( ) ( )( )

( )

1
1 1 2 ,

1 1 2

1
1 1 2 ,

1 1 2

.

rr rr eq

rr eq

zz rr



 



     
 

     
 

   

= − + + −
+ −

= + − −

+

−
+ −

=

 

Using the previous expressions, the equilibrium equation (3) takes the form: 

( )( )
( )

( )
( )

2

2 2

1 1 2 1 21
2 .

1 1

eq eq
du u u

d

   


       
+ − −   

+ − = −  − +   − −  
 

From the solution of the previous equation, one may find: 

( ) ( )( ) ( )( )
( )

( )
( )

( )
( )

( )
( )

1 3

3

21

2 2

2

2

2

2
1

2

1 1 1 2 1 2
1 1 2 ,

2 8 1 1

3 2 1
,

2 8 1 1

1 2 1
,

2 8 1 1

eqpl

eqpl

rr

eqpl

eq

c
u c d

c
c d

c
c d














   
     

   


  

   


   

   

+ + − −
= + + − −  −

− −

−
= − + −  −

− −

 +
= + −  − −  − −  







 (14) 

here 21
,c c are integration constants. 

The integration constants 1
c  and 2

c  may be determined from the system of equations: 

( )
( ) 0.

0,pl

rr

eq ep



 

 =


=
  

The solution of the previous system is as follows  

( )
( )

( )
( )

( )
( )2

2 4

2

22

2

1

4 , .
11 2 2 3 2

4 1 2 8 1 8 1

ep ep

ep ep
c c

  


  



 


− − −

 −  + 
− −

= − =
−

 (15) 
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The coordinate of the elastoplastic boundary is determined from the condition 

( ) ( ).el pl

ep ep
u u =  

Using (10), (12), (14) and (15), the previous condition may be written in the form 

( ) ( ) ( )( )
( ) 2

2

4
2

2 8
1 2 4 1 3 2 0.

1 1

ep

ep

q

e

e

p
d



     
 

 − 
+

− +− + −  =
−   (16) 

The equation (16) is nonlinear for the border radius 
ep

  and can be solved numerically 

by Newton’s method for assigned values of the mechanical parameters and the angular 

velocity ( )p .  

With the complete transition of the cylinder to the plastic state, the condition 1
ep
 =  is 

satisfied. Consequently, the equation (16) transforms into 

( ) ( )( ) ( )( )
( )

2

12
2 8

1 2 3 2 4 1 0.
1 1

eq

fp
d



    
 

− + − − −
− +

+ =  (17) 

The equation (17) has an analytical solution for the linear-hardening material ( )1n= . If 

1n  , then the equation (17) is nonlinear for 
fp

  and can be solved by Newton’s method. 
Proposition. The obtained elastoplastic solution (10), (12), (14), (15) and (16) is 

continuous across the border ep
 =  between elastic and plastic regions. 

Proof. In the present article the following continuity conditions at 
ep

 =  are used 

,

0,

1,

0
eq

el el

rr

u




 


 =


=

= −
 

where .  means jump of a variable, i.e., the difference between function values on the 

elastoplastic border. Next, we prove that the previous system of conditions ensures the 

continuity of all functions.  

Obviously, the condition 0u =  implies 0 = . From the condition 0
eq
 =  it 

follows that 0
rr zz

pl pl pl

  = = = . As a result, it can be concluded that 0el

 = . One can 

see that 
pl pl el el

rr rr    − = − , which in turn means that 
rr  = . Combining the previous 

equation with the equations 0, 0
z

e

z

l el

 = =  and using the inverse Hooke’s law 

,

,

,

el

rr zz

el

rr z

rr

zz

z

el

zz rr



 



   

   

   

= − −

= − −

= − −

 

the following system of equations can be obtained 

0,

0

0,

.

rr

rr zz

rr zz










 





 


− =


− =
+ −

=

− − +

 

The solution of the previous system is 0
rr zz  = = =  because its determinant 

equals ( )( )1 1 2 0 + −  . The continuity of the elastic strain 
l

rr

e  follows from the continuity 
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of stresses and the inverse Hooke’s law. Finally, 0
rr

el =  and 0
rr

pl =  imply that 0
rr
 = . 

Proof is complete.  

It should be noted that the obtained solution (14), as well as equations (16) and (17), are 

valid for any law of isotropic hardening. If the function ( )eq
   is known, then distributions 

of stresses and plastic strains can be easily derived for any value of the angular velocity   in 

the range 
p fp

  . The last step of the solution process is to determine the plastic strain 

eq
 . It follows from (5), (7) and (15) that 

( )
( )

0 0

0 0 0

2 21

2

0,

, .
1 2

1 , 1
4 1

n

eq eq
H

H
c

H

















+ + 

−
−  == − − 

=

=
−

 (18) 

In general case, the equation (18) is transcendental and has no solution for arbitrary 

n . However, if n , then the equation (18) is reduced to algebraic one. According to the 

Abel–Ruffini theorem, there is no solution in radicals to algebraic equations of degree five or 

higher. Hence the equation (18) has solution only in the following cases 

1 4,1 3,1 2,2 3,3 4,1, 4 3,3 2,2,3, 4.n=  

The results of experiments [16] show that hardening parameter usually is less than one 

for metals 1n . Consequently, the further analysis is limited to the following values 

1 4,1 3,1 2,2 3,3 4,1.n=   

The trivial case 1n=  corresponds to the linear-hardening material. The solution of (18) 

reads as 

0

0
1

eq
H







−
+

= .  (19) 

Using (19), the integral in the equation (17) may be evaluated in elementary functions, 

which in turn leads to dependence for plastic limit angular velocity 

( )( )
( ) ( ) ( )( )( )

2 2 2

2 2 2

4 1 1 8 log
.

1 4 1 1 2 3 2
fp

H

H

   

     

− − −

− + + − + −
 =  (20) 

The found solution (19), (20) certainly coincides with the previously known solution 

[3]. If 0
0H = , then the solution (19) reduces to 0eq

 =−   and describes perfectly plastic 

material. 

Next, special cases of nonlinear hardening are considered. The equation of the form  

( )/ 0 ,p qx ax b p q+ + =   is reduced to the equation 0q py a y b+ + =  by using the apparent 

substitution 1/qy x= .   

In the case 1 2n= , the equation (18) has two roots but only one of them satisfies the 

condition ( ) 0
eq ep
  = . This root read as follows 

( )22

0 0 0
.

1
4

4
eq

H v H = −  −  

It should be noted that using previous expression, the indefinite integral d
eq
    

may be evaluated through elliptical integrals which are supported by most computer algebra 

systems. 

If 1 3n= , then the equation (18) has only one real root 
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( ) ( )1/33
1/3 2/3 2 2 31

0 0 0 0
, .

1
3 2 3 27 4 9

18
eq

H v H v   −= −  + −=   

In the case 2 3n= , the single real root of the equation (18) has the form 

( ) ( )1/33
1/3 1/3 2 2 2 3 3

0 0 0 0 0 0 0

11
2 2 3 .

2
, 3 27 4 27 2

7
eq

H H v v H v H   − −= + −  +  = − −  

If 1 4n= , then only one root of the equation (18) satisfies the condition ( ) 0
eq ep
  = . 

This root read has form 

( )

4

1 2

0

1/3
1/3

1 2 4 3 3

0 0 0 01/3 2/3
.3

1 1
2 ,

2 2

2
4 , 9 27 256
3 2 3

eq
H

t
v t t H H v

   



−

−

 = − + − 
 

 =  + = + −  
 

 

In the case 3 4n= , the equation (18) has two real roots but only one of them satisfies 

the condition ( ) 0
eq ep
  = . This root may be written as follows 

( ) ( )

( ) ( ) ( )

4 2/3 1/31/33 2
0 00 0 0

1/3 1/3 2/3

2/3 1/31/32 1/3
0 0 4 20

0 0 01/3 1/3 2/3

,

.

21 1
4 ,

2 4 2 4 4 3 2 3

2
4 , 81 768 9

2 3 2 3

eq

v vH H H
d

d

v vH
d d H v H

d





 



  −  − 
 = + − − − +
 
 

−  − 

=

= + − = −  −

 

For the cases 1 4,1 3,2 3,3 4n= , the integrals in (15)–(17) are evaluated 

numerically. 

 

Validity of solution 

The obtained elastoplastic solution is valid only if the following inequality is satisfied in the 

plastic region during loading process 

zz rr     (21) 

Validity of this inequality strongly depends on the values of parameters , , ,H n  . It is 

easy to verify that for particular values of parameters the inequality (21) is violated. For 

example, if 0   then at the vicinity of the inner boundary of a cylinder the elastic stress state 

satisfies the inequality rr zz    . It follows from the boundary condition ( ) 0
rr

  =  and 

the relation ( )zz rr  = + . As a result, the inequality (21) will be violated in the plastic 

region. On the other hand, in the very thick-walled cylinders with relatively low but positive 

Poisson ratio, the radial stress may exceed axial one. This issue is illustrated in Fig. 1 where 

the distributions of stresses in a cylinder are presented for 0.2, 0.25, = = 0, 3.H =  =  
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Fig. 1. Violation of the inequality (21) in the plastic region ( )0.2, 0.25, 0, 3H = = = =  

 

It is interesting to note that the inequality (21) in the plastic region was assumed by 

other authors who studied rotating hollow cylinders with fixed ends [1–3] but the range of 

validity of this assumption has not been examined in detail before. The current section is 

aimed to fill this gap.  

The stress state in the plastic region is 

( )
1 ,

,

rr

zz rr





 

   

=

+

+

=

− 
 (22) 

where , 0n

eq
H =   . 

In the following, it is assumed that Poisson ratio is positive 0  . 

Stress state (22) should satisfy the inequality (21). Consider first part of the inequality 

(21). The previous equations can be combined as follows 

( )2 1
zz   = − + . 

Then the inequality zz   can be transformed into the form 

( )1 .
1 2

 


 − + 
−

 

Since 0, 0, 1 2, 0       then the previous inequality is valid.  

Next, consider the second part of the inequality (21). It follows from (22) that 

( )2 1 .
zz rr

  = + +  

The inequality zz rr
   implies that 

.
1 2 1 2

rr

 
 
+

− −
   (23) 

Consequently, the elastoplastic solution is valid if the radial stress satisfies the 

inequality (23). The careful estimation of the radial stress and the equivalent plastic strain is 

very complicated due to the nonlinearity of the solution. Consider the simpler inequality 

max .
1 2

rr


−

  (24) 

It is obvious that the previous inequality implies the inequality (23). Next, the maximum 

possible value of the radial stress should be estimated. It follows from (15) that the stresses 

increase with decreasing equivalent plastic strain and reach a maximum when 0
eq
 = . This 
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corresponds to the limiting case H→  when the plastic solution degenerates into the elastic 

one 

( )
( )2

21

2
.

3 2ˆ lim
2 8 1

pl pl

rr rr
H

c
c


  

 →

−
− + − 

−
= =  (25) 

The dependence of the angular velocity on the border radius follows from (16) 

( ) ( )
( ) ( )

2

4 2

4 1
.

1 2 3 2
p

e

e

e

p

p







  
−


−+

=
−

 

By using previous expression and (15), the limiting distribution (25) of the radial stress 

may be transformed into the form 

( )
( ) ( )( )

( )( )2 2 2

22

2

4

13 2ˆ
2 3 2 1 2

l ep

ep

p

rr

  






  

− −−

− + −
= . (26) 

Next, one has to evaluate the maximum value of the function (26). It follows from the 

boundary conditions (9) and Rolle's theorem that for any fixed border radius 
ep

  the radial 

stress has a point where the first derivative is zero. It is easy to verify that this point is 

 , 1   =   which is a maximum point.  

Consider the derivative of (26) with respect to 
ep

 . 

( )
( ) ( )( )
( ) ( )( )

( )( )2 2 2 2

2 2
2

5

4

3 2 1 2 1ˆ
3 2 .

3 2 1 2

e
pl

eprr

ep
p

p

e

       




  

− − − − −
= −

 − + −
 

The equation 
ˆ

0
pl

rr

ep





=


 has an only positive root 

1/4
3 2

1 2
ep

 


 − =  − 
. The second 

derivative analysis shows that 
ep

   is a maximum point. As a result, the radial stress has a 

maximum at point ( ),
ep ep

    = =  and the maximum value is  

( ) ( )21 3 2ˆ ˆmax max , .
4 1 2

pl pl

r

pl

rrr rr ep

    
 

   − −
−

= = =  

Combining the previous expression with the inequality (24) one may conclude that the 

inequality (21) is valid for any power-hardening material with ( )0, 0,
t

H n       where 

( ) ( )
( )

2

2 2 3 4

3 1

2
.

2 4 2 1 4 18 4
t




  


  

−

− − −
=

+ + + +
 (27) 

One may notice that ( ) ( )1
0 , 1 0.

2
t t

 = =  It should be remarked that under certain 

conditions the point 
ep

   may be out of range  , 1 , namely 1
ep

   . As a result, the actual 

maximum value of the radial stress may be less than predicted above. However, the analysis 

showed that this issue does not significantly affect the function ( )t
  .  

Next, consider the range of validity of the presented solution in the special case of ideal 

elastoplastic material. According to the (15), (18) and (19), if 0H =  then the radial stress in 

the plastic region takes the form 

( ) ( )2 21
.log

2

pl

rr
    += −  (28) 

It should be noted that  
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( )2 2 .
1

0
2

pl

rr
  =


− 


 

The last inequality implies that the radial stress decreases with increase in  . 

Consequently, for any given point ( , 1   in the cylinder the radial stress reaches a 

maximum at the moment when elastoplastic border reaches this point.  

The dependence of   according to border radius 
ep

  follows from (16) and takes the 

form 

( )
( ) ( )( )

( ) ( )( )
2

2 2

1

2

4 1 1 2log
.

3 2 4 1 1 2 2

ep

ep e

ep

p

ep

v

v v v

 

 




−− + −
 =

− − − + − −
 (29) 

The dependence of the radial stress at the elastoplastic border according to the border 

coordinate 
ep

  may be obtained by combining (28) and (29) and reads as follows 

( ) ( ) ( )
( ) ( )( )

( ) ( )( )
1

1 2

2

2

2

2 2

4 1 1 2log
.

1ˆ log
2 3 2 4 1 1 2 2

eppl

rr

ep

ep

ep p

ep ep

e

v

v v v

 
   









−

−
− + −

+ −
− − − +

=
− −

 

The function ( )ˆ pl
rr ep

   reaches a maximum at some point ( ), 1ep
   . As a result, the 

inequality (21) is valid for ( )t
   , where the point 

ep
   and the value of t

  may be 

evaluated numerically from the system of nonlinear equations 

( )

( )
2

0

ˆ
,

ˆ
.

1

pl

rr
ep

ep

pl

rr ep

 


 









 =

=

−

 

for any value of ( )0,1  .  

 

 
Fig. 2. The dependence ( )t

   for ideal and hardening elastoplastic material 

 

The plots of the function ( )t
   for hardening and ideal elastoplastic material are 

presented in Fig. 2. The plot for ideal material is constructed by numerical calculations. From 

a technical point of view, relatively thin-walled cylinders are more commonly used in 

practice. For 0.5   the presented elastoplastic solution for a nonlinear hardening material is 

correct if 1 6   which is valid for the vast majority of structural materials. The classical 

solution [3] for an ideal elastoplastic material has a much broader range of validity in 
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comparison to the presented solution. This is especially noticed for very thick-walled 

cylinders. On the other hand, if 0.9   then both solutions have very broad ( )0.0034   and 

almost the same ranges of applicability. 

 

Unloading 

The maximum angular velocity and final border radius are denoted as max
  and ˆep . It is 

assumed that unloading of a cylinder is purely elastic and the elastic properties ,E   of a 

material are the same as under loading. In this case the distributions of residual stresses at 

stand-still can be evaluated as the difference between the stresses at max
=  and the ones 

occurring in a fictitious elastic material with unlimited elastic behavior at the same angular 

velocity. Using the purely elastic solution (10) and the boundary conditions (9) together with 

the solutions (10),(12) and (14),(15) in elastic and plastic region respectively, the distributions 

of residual stresses can be obtained in the following form 
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Results 

Consider a rotating hollow cylinder with the following parameter values 0.5, 0.3 = = . It 

should be noted that these parameters satisfy the condition of validity for all values of 

hardening parameters (Section 5 and Fig. 2). Firstly, the obtained results are illustrated by the 

dependency of plastic limit angular velocity 
fp

  on hardening parameters n  and H . This 

relation is plotted in Fig. 3. It can be seen that 
fp

 increases with increase in H .  This 

dependence is the more pronounced, the lower the value of the power parameter n . For 

example, if 1n= , then the increase of 
fp

  for  0,1H  is 29% . On the other hand, if  

1 4n=  the increase is 42% . 

Series of Figs. 4-9 show the distribution of the circumferential stress and the equivalent 

plastic strain a cylinder for several values of H and n . It is assumed that the cylinder is fully-

plastic. The plots are limited to the circumferential stress because the it is mostly affected by 

the parameters. It is seen that with increase in H the stress increases and the plastic strain 

decreases. In same time, the increase of power parameter n  has inverse effect. It is interesting 

to note that for small values of n  and large values of H  the sufficiently large region in a 

vicinity of outer surface of the cylinder almost has no plastic strains (Fig. 4,5) even in the 

fully-plastic stress state.  
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Fig. 3. The dependency of ( )fp
H for several values of n  

 

 
 (a)  (b) 

 

Fig. 4. The distribution of (a) the circumferential stress and  

(b) the equivalent plastic strain for the several values of H and 1 4n=  

 

 
 (a)  (b) 

 

Fig. 5. The distribution of (a) the circumferential stress and  

(b) the equivalent plastic strain for the several values of H and 1 3n=  
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 (a)  (b) 

 

Fig. 6. The distribution of (a) the circumferential stress and  

(b) the equivalent plastic strain for the several values of H and 1 2n=  

 

 
 (a)  (b) 

 

Fig. 7. The distribution of (a) the circumferential stress and  

(b) the equivalent plastic strain for the several values of H and 2 3n=  

 

 
 (a)  (b) 

 

Fig. 8. The distribution of (a) the circumferential stress and  

(b) the equivalent plastic strain for the several values of H and 3 4n=  
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 (a)  (b) 

Fig. 9. The distribution of (a) the circumferential stress and  

(b) the equivalent plastic strain for the several values of H and 1n=  

 

Finally, the rotational autofrettage of a hollow cylinder with fixed ends is investigated. 

A cylinder with 0.5 =  made of 2024-T3 Aluminum [16] is considered. Mechanical 

parameters have following values 0 0 0
0.3, 200 , 2.8, 360, 0.25MPa K E n   = = = = = . 

Hence, non-dimensionless hardening parameter 0.6428H = . Plastic flow starts at 1.12
p

 =  

and the cylinder becomes fully-plastic at 2.472
fp

 = . Fig. 10 shows the distribution of 

residual circumferential stress after its previous rotation for several values of maximum 

angular velocity max
 , namely 

max
1.5,1.8,2.1,

fp
 =  . One can see that the rotational 

autofrettage process forms the compressive residual stresses in a vicinity of inner boundary of 

a cylinder. The magnitude of residual stresses increases with increase in maximum angular 

velocity. In the same time, if max
 is close to plastic limit angular velocity 

fp
  then the tensile 

residual stresses form in an outer boundary of a cylinder.  

 

 
Fig. 10. The distribution of the residual circumferential stress for the several values of max

  

 

Conclusions 

The paper considered an elastoplastic problem in a rotating hollow cylinder with fixed ends 

under the Tresca yield condition and the power law of hardening. For a number of special 

cases of the hardening law, analytical solutions are obtained. The dependence of the plastic 

limit angular velocity of the cylinder on the parameters of hardening of is established. Despite 

the fact that for many materials the hardening parameter n  has values close to those 

considered in the present article, the obtained results are not universal and cannot describe an 
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arbitrary material. For further research, it is of interest to obtain an approximate analytical 

solution for an arbitrary value of n . 
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Abstract. The article considers the process of deformation of thin-walled pipes using 

complex-shaped tooling. The article solves the actual problem of elastic and plastic 

deformation of pipe blanks in the stamping process, taking into account physical nonlinearity 

since the power law of hardening is taken into account, as well as the compressibility of the 

material at the stage of elasticity. When determining the stress and strain state during the 

deformation of thin-walled pipe blanks using axisymmetric tooling, the method of variable 

elasticity parameters was used, which allows taking into account not only the change in 

thickness during deformation but also the compressibility and nonlinearity of the hardening of 

the material. Integral equations are obtained for various processes: crimping and drawing, 

distribution, and broaching of a pipe billet. The described processes differ in the way the 

external load is applied. For all processes, two sections with different directions of curvature 

in the meridional section can be distinguished. The solution for determining the stress and 

strain state of the pipe, in accordance with the method of variable elasticity parameters, is 

proposed to be carried out by the method of successive approximations according to the 

constructed recurrent scheme. 

Keywords: integral equations of deformation, stamping, workpieces of complex curvature, 

stresses, compressibility of the material, physical nonlinearity 
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Introduction 

One of the most important tasks in the development of technological processes of deformation 

of thin-walled pipes, such as distribution and broaching, crimping, and drawing, is to 

determine the stress-strain state taking into account the nonlinear plasticity of the material. In 

most known solutions of similar processes, ideally rigid plastic material or a material with 

linear hardening is considered [1-4], which leads to significant errors. 

https://orcid.org/0000-0001-8732-9615
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In this article, when determining the stress-strain state during the deformation of thin-

walled pipes using axisymmetric tooling, we will use the method of variable elasticity 

parameters [4,5], which allows us to take into account not only the change in thickness during 

the deformation but also the compressibility and nonlinearity of the hardening of the material. 

The most profound issues of deformation of shell elements of complex shapes in the 

processes of shaping were considered in [1-9]. New technological methods of metal 

processing by pressure using broaching, and issues of roughness during broaching and 

drawing are considered in the works [10,11]. The use of stretching models for shell-type 

elements is considered in [12]. The problems of distribution and crimping, and the 

peculiarities of stress distribution during rolling are investigated in the works [13,14]. The 

issues of stamping blanks of complex shapes are considered in [15]. Numerical methods for 

estimating the stress-strain state of shell elements are considered in articles [16-19]. 

 

Methods  

To implement the method of variable elasticity parameters, it is necessary to have an 

analytical expression defining the deformation diagram. Analysis of existing methods of 

approximation of deformation diagrams proposed by N.N. Malinin [4], M.I. Lysov [6], and 

other researchers [7,8] showed that usually, this curve is well approximated either by a power 

dependence 𝜎𝑖 = 𝐴𝑒𝑖𝑛, or linear-power dependence 𝜎𝑖 = {3𝐺𝑒𝑖 при 𝑒𝑖 ≤ 𝑒𝑖𝑇𝐴𝑒𝑖𝑛 при 𝑒𝑖 > 𝑒𝑖𝑇 , 

where 𝐺 = 𝐸/2(1 + 𝜇)  – modulus of elasticity of the second kind, 𝑒𝑖 −  intensity of 

logarithmic strains,  𝑒𝑖т − intensity of logarithmic strains corresponding to the yield strength, 𝐴, 𝑛 − approximating coefficients of the power function, 𝐸 − Young's module, 𝜇 − Poisson's 

ratio. 

Let us consider the process of deformation of thin-walled pipes using complex-shaped 

tooling. Depending on the loading scheme, when increasing the diameter of the pipe using a 

punch, these operations will be called distribution and broaching, when reducing the diameter 

using a matrix – crimping (compression) and drawing [4]. In Figure 1(a) and Figure 2 with 

the application of forces, the distribution, and crimping schemes are shown from above, 

respectively, with the application of forces from below – broaching and drawing. 

In the general case, the equilibrium equations of a thin-walled axisymmetric shell (the 

shell can be both concave and convex), taking into account the specific friction force acting 

from the side of the tooling and being under pressure (pressure can be directed both inward 

and outward) in relation to the tangent and normal to the surface of the element in question, 

can be represented in the following form [3,4,8]: 𝑑𝑑𝜌 (𝜎𝑚𝜌𝑆) − 𝜎𝜃𝑆 ± 𝑞𝑓𝑟𝜌sin𝛼 = 0;± 𝜎𝑚𝑅𝑚 ± 𝜎𝜃𝑅𝜃 = 𝑞𝑆   , }                                         (1) 

where 𝜎𝑚 is the meridional main normal stress; 𝜎𝜃 is the circumferential main normal stress; 𝑞 is the specific pressure acting from the side of the tooling along the normal to the shell 

element in question; 𝑅𝑚 is the meridional radius of curvature of the median surface of the 

shell (the sign (+) is set if the direction of the normal curve in the meridional section 

coincides with the direction of the specific pressure, otherwise we put the sign (–));𝑅𝜃 is the 

circumferential radius of curvature of the median surface of the shell (we put the sign (+) if 

the direction of the normal of the curve in the circumferential section coincides with the 

direction of the specific pressure, otherwise we put the sign (–));𝑞𝑓𝑟 = 𝑓𝑞  is the specific 

friction force acting on the part of the tooling on the element in question shells (we put the 

sign (+) if the given friction force is directed in the direction of increasing 𝜌, otherwise we put 

the sign (-));𝑓 is the coefficient of friction; S is the thickness of the shell; 𝛼 is the angle 
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between the tangent to the shell element and its axis of symmetry; 𝜌 is the radius of the circle 

of the median surface of the shell in a section perpendicular to the axis of the shell. 

The circumferential radius of curvature of the median surface of the shell is determined 

by the formula 𝑅𝜃 = 𝜌 cos 𝛼⁄  . 

To define 𝑅𝑚, we express the curvature of the shell in the meridional direction by 𝛼 and 𝜌 [9]: 𝜅𝑚 = 1𝑅𝑚 = |𝑑𝛼𝑑𝑙 | = |𝑑𝛼𝑑𝜌| sin 𝛼 . 
Having determined the value of the radii, we write down an equation that allows us to 

determine the specific pressure: 𝑞 = (±𝜎𝜃 cos𝛼𝜌 ± 𝜎𝑚 |𝑑𝛼𝑑𝜌| sin 𝛼) 𝑆 .                                                                                          (2) 

Let us consider the processes of distribution and broaching of a pipe billet (Fig. 1(a)). 

 

 
                  a)                                                         b)                                c) 

Fig. 1. The general case of distribution and broaching of a pipe billet 

 

In general, it is possible to distinguish two sections with different directions of 

curvature in the meridional section (Fig. 1(b), Fig. 1(c)). 

For the first section (Fig. 1b), the system of equations (1) can be represented as: 𝑑𝑑𝜌 (𝜎𝑚𝜌𝑆) − 𝜎𝜃𝑆 − 𝑞𝑓𝑟𝜌sin𝛼 = 0;𝑞 = (𝜎𝜃 cos𝛼𝜌 − 𝜎𝑚 |𝑑𝛼𝑑𝜌| sin 𝛼) 𝑆 .}                                                                                        (3) 

Substituting the second equation of the system (3) into the first, and performing simple 

transformations, it is possible to obtain an equilibrium equation for the first part in the process 

of distribution and broaching: 𝑑(𝜎𝑚𝑆)𝑑𝜌 = 𝜎𝜃(1+𝑓𝑐𝑡𝑔 𝛼)−𝜎𝑚(1+𝑓𝜌|𝑑𝛼𝑑𝜌|)𝜌 𝑆 .                                                                                         (4) 
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For the second section (Fig. 1(c)), the system of equations (3) will have the form (5): 𝑑𝑑𝜌 (𝜎𝑚𝜌𝑆) − 𝜎𝜃𝑆 − 𝑞𝑓𝑟𝜌sin𝛼 = 0;𝑞 = (𝜎𝜃 cos𝛼𝜌 + 𝜎𝑚 |𝑑𝛼𝑑𝜌| sin 𝛼) 𝑆 ,}                                                                                               (5) 

and the equation of equilibrium, respectively 𝑑(𝜎𝑚𝑆)𝑑𝜌 = 𝜎𝜃(1+𝑓𝑐𝑡𝑔 𝛼)−𝜎𝑚(1−𝑓𝜌|𝑑𝛼𝑑𝜌|)𝜌 𝑆 .                                                                                         (6) 

Let us consider the process of crimping and drawing a pipe billet (Fig. 2(a)). When 

applying forces to the billet from above, we have a crimping scheme, and when applied from 

below, drawing. 

As in the case of distribution and broaching, when crimping and drawing, two sections 

with different directions of curvature in the meridional section can be distinguished 

(Fig. 2(b,c)). 

 

 
                                     a)                                                          b)                          c) 

Fig. 2. The general case of crimping and drawing of a pipe billet 

 

For the first section (Fig. 2(b)), the system of equations (1) can be represented as: 𝑑𝑑𝜌 (𝜎𝑚𝜌𝑆) − 𝜎𝜃𝑆 + 𝑞𝑓𝑟𝜌sin𝛼′ = 0;𝑞 = (−𝜎𝜃 cos𝛼′𝜌 − 𝜎𝑚 |𝑑𝛼′𝑑𝜌 | sin 𝛼′) 𝑆 .}                                                                                         (7) 

Substituting the second equation of the system (7) into the first, and performing simple 

transformations, it is possible to obtain the equilibrium equation for the first section in the 

process of crimping and drawing: 𝑑(𝜎𝑚𝑆)𝑑𝜌 = 𝜎𝜃(1+𝑓𝑐𝑡𝑔 𝛼′)−𝜎𝑚(1−𝑓𝜌|𝑑𝛼′𝑑𝜌 |)𝜌 𝑆 .                                                                              (8) 

For the second section (Fig. 2(c)), the system of equations (7) will have the form (9): 𝑑𝑑𝜌 (𝜎𝑚𝜌𝑆) − 𝜎𝜃𝑆 + 𝑞𝑓𝑟𝜌sin𝛼′ = 0;𝑞 = (−𝜎𝜃 cos𝛼′𝜌 + 𝜎𝑚 |𝑑𝛼′𝑑𝜌 | sin 𝛼′) 𝑆 ,}                                    (9) 

and the equation of equilibrium, respectively 𝑑(𝜎𝑚𝑆)𝑑𝜌 = 𝜎𝜃(1+𝑓𝑐𝑡𝑔 𝛼′)−𝜎𝑚(1+𝑓𝜌|𝑑𝛼′𝑑𝜌 |)𝜌 𝑆 .                                                                                     (10) 
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Analysis of equations (4, 6, 8, and 10) shows that for all cases of distribution and 

broaching, crimping, and drawing, one equilibrium equation can be written as 𝑑(𝜎𝑚𝑆)𝑑𝜌 = 𝜎𝜃(1+𝑓𝑐𝑡𝑔 𝛼)−𝜎𝑚(1±𝑓𝜌|𝑑𝛼𝑑𝜌|)𝜌 𝑆 ,                   (11) 

where 𝛼 is the angle between the tangent to the shell element and its axis of symmetry (for 

distribution and broaching, the angle is counted from the axis of symmetry counterclockwise, 

for crimping and drawing – clockwise); a sign (–) is placed in the bracket of the second layer 

if the shell is convex in the meridional section and a sign (+) if concave (Fig. 1, Fig. 2). 

Considering that for a convex hull always
𝑑𝛼𝑑𝜌 < 0, and for the concave – 

𝑑𝛼𝑑𝜌 > 0, the 

equilibrium equation for all cases of deformation of thin-walled pipes using axisymmetric 

tooling can be written as follows: 𝑑(𝜎𝑚𝑆)𝑑𝜌 = 𝜎𝜃(1 + 𝑓𝑐𝑡𝑔 𝛼) − 𝜎𝑚(1 + 𝑓𝜌 𝑑𝛼𝑑𝜌)𝜌 𝑆 .                            
To solve this equation by the method of variable elasticity parameters, it is advisable to 

switch to integral equations [5]. 

Let us write equation (11) in the form: 𝑑(𝜎𝑚𝑆)𝑑𝜌 + (1 + 𝑓𝜌 𝑑𝛼𝑑𝜌)𝜌 (𝜎𝑚𝑆) = 𝜎𝜃𝑆(1 + 𝑓𝑐𝑡𝑔 𝛼)𝜌  . 
This equation can be considered a linear inhomogeneous equation of the first degree 𝑌′ + 𝐴(𝜌)𝑌 = 𝐵(𝜌),                                                         (12) 

where 𝑌 = 𝜎𝑚𝑆, 𝐴(𝜌) = (1+𝑓𝜌𝑑𝛼𝑑𝜌)𝜌 , 𝐵(𝜌) = 𝜎𝜃𝑆(1+𝑓𝑐𝑡𝑔 𝛼)𝜌 . 
Such an equation can be solved by the Bernoulli method 𝑌 = 𝑈(𝜌)𝑉(𝜌), 

where 𝑈(𝜌) = exp[∫−𝐴(𝜌)𝑑𝜌 ] , 𝑉(𝜌) = ∫ 𝐵(𝜌)𝑈(𝜌)𝑑𝜌 + 𝐶. 
Thus, the general solution of equation (12) can be written as: 𝑌 = 𝑈(𝜌) [∫𝐵(𝜌)𝑈(𝜌) 𝑑𝜌 + 𝐶] , 

or 𝜎𝑚𝑆 = 𝑈(𝜌) [∫ 𝜎𝜃𝑆(1+𝑓𝑐𝑡𝑔 𝛼)𝜌∙𝑈(𝜌)𝜌𝜌0 𝑑𝜌 + 𝐶].                                                                        (13) 

Using equation (13) and the stress-strain coupling equations, in the form: 𝜎𝑚 = 𝐸∗(1 − 𝜇∗2) (𝑒𝑚 + 𝜇∗𝑒𝜃);𝜎𝜃 = 𝐸∗(1 − 𝜇∗2) (𝑒𝜃 + 𝜇∗𝑒𝑚),} 
 

 

where 𝐸∗ and 𝜇∗ – variable elasticity parameters.  

In this case, taking into account the boundary conditions, it is possible to write the 

integral equation of equilibrium in deformations: 𝑒𝑚 = −𝜇∗𝑒𝜃 +                                                                                                                 + (1−𝜇∗2)𝑈(𝜌)𝐸∗𝑆  [∫ 𝐸∗𝑆(1+𝑓𝑐𝑡𝑔 𝛼)(1−𝜇∗2)𝜌𝑈(𝜌) (𝑒𝜃 + 𝜇∗𝑒𝑚)𝜌𝜌0 𝑑𝜌 + 𝜎𝑚𝜌0𝑆𝜌0]   (14) 

where 𝜎𝑚𝜌0  and 𝑆𝜌0 – the meridional stress and thickness of the deformable pipe at one of the 

boundaries, and the function 𝑈(𝜌) defined by the equation: 
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𝑈(𝜌) = 𝑒𝑥𝑝 [−∫(1 + 𝑓𝜌 𝑑𝛼𝑑𝜌)𝜌 𝑑𝜌] = 1𝜌 𝑒𝑥𝑝 (−𝑓𝛼).                           
Substituting the obtained expression into equation (14), we write down the integral 

equation of equilibrium in deformations for all cases of deformation of cylindrical pipes in 

axisymmetric matrices of complex shape: 𝑒𝑚 = −𝜇∗𝑒𝜃 + (1 − 𝜇∗2)𝐸∗𝑆 𝜌 exp(𝑓𝛼) ∗                                                              ∗ [∫ 𝐸∗𝑆(1+𝑓𝑐𝑡𝑔 𝛼)exp(𝑓𝛼)(1−𝜇∗2) (𝑒𝜃 + 𝜇∗𝑒𝑚)𝜌𝜌0 𝑑𝜌 + 𝜎𝑚𝜌0𝑆𝜌0]                                (15) 

Let us consider the order of solving the problem of determining the stress-strain state 

during the deformation of cylindrical pipes in matrices of complex shape. To solve the 

integral equation (15), it is necessary to know the function of the angle change α depending 

on 𝜌: 𝛼 = 𝛼(𝜌). 
In the case of the deformation of cylindrical pipes using axisymmetric tooling, 

circumferential deformations can be considered known and depend only on the coordinate of 

the point in question: 𝑒𝜃 = ln ( 𝜌𝑅0),                                                               (16) 

where 𝑅0 – is the initial radius of the median surface of the pipe. 

The boundary conditions are determined at the pipe edge opposite to the force 

application. 

The solution for determining the stress-strain state of the pipe, in accordance with the 

method of variable elasticity parameters, is carried out by the method of successive 

approximations according to the recurrent scheme using equation (14) for the given boundary 

conditions: 𝑒𝑚(𝑘+1) = −𝜇∗(𝑘) ln ( 𝜌𝑅0) + (1 − 𝜇∗(𝑘)2)𝐸∗(𝑘)𝑆(𝑘) 𝜌 ∗ ∗ [∫ 𝐸∗(𝑘)𝑆(𝑘)(1 + 𝑓𝑐𝑡𝑔 𝛼(𝜌))exp(𝑓𝛼(𝜌))(1 − 𝜇∗(𝑘)2) (ln ( 𝜌𝑅0) + 𝜇∗(𝑘)𝑒𝑚(𝑘))𝜌
𝜌0 𝑑𝜌 + 𝜎𝑚𝜌0𝑆𝜌0], 

where the values with index (k) and (k+1) denote, respectively, their values in the k-th and 

(k+1)-th approximations. 

Numerical integration during crimping and distribution is carried out from R to 𝑅0, and 

during drawing and broaching from 𝑅0 to R. If the matrix or punch is of variable curvature, 

integration is carried out in two sections. 

As the calculations have shown, the results of the calculations do not depend on the 

choice of the values of the initial approximation, therefore, in the initial approximation we 

take: 𝑒𝑚(0) = 0;  𝑆(0) = 𝑆0;   𝐸∗(0) = 3𝐺;  𝜇∗(0) = 𝜇, 
where 𝑆0 – initial pipe thickness. 

Then the deformations are calculated by the thickness of the pipe: 𝑒𝑧(𝑘+1) = 𝜇∗(𝑘)(𝜇∗(𝑘) − 1) (ln ( 𝜌𝑅0) + 𝑒𝑚(𝑘+1)). 
This strain is necessary to determine the intensity of strains 

After determining the strain state, the stress state of the pipe is determined using the 

equations of the relationship between stresses and deformations: 
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𝜎𝑚(𝑘+1) = 𝐸∗(𝑘)(1 − 𝜇∗(𝑘)2) (𝑒𝑚(𝑘+1) + 𝜇∗(𝑘)𝑒𝜃(𝑘+1));𝜎𝜃(𝑘+1) = 𝐸∗(𝑘)(1 − 𝜇∗(𝑘)2) (𝑒𝜃(𝑘+1) + 𝜇∗(𝑘)𝑒𝑚(𝑘+1)).}  
  

 

Next, the intensity of stresses and the intensity of deformations are determined and the 

value is specified 𝐸seс, using the equation of approximation of the deformation diagram by a 

power function: 𝐸seс(𝑘+1) = 𝐴 (𝑒𝑖(𝑘+1))𝑛𝑒𝑖(𝑘+1) . 
Then the value of the variable elasticity parameters is specified [4]: 𝐸∗(𝑘+1) = 𝐸seс(𝑘+1)1 + 1 − 2𝜇3𝐸 𝐸seс(𝑘+1) ; 𝜇∗(𝑘+1) = 12 − 1 − 2𝜇3𝐸 𝐸seс(𝑘+1)1 + 1 − 2𝜇3𝐸 𝐸seс(𝑘+1). 
To control the convergence of the process, the values of stress intensities are compared: |𝜎𝑖(𝑘+1) − 𝜎𝑖(𝑘)| ≤ ∆𝜎𝑖. 
The calculation is continued until the specified accuracy is reached. 

 

Research results 

To verify the reliability of the obtained integral equations, a calculation and comparison were 

carried out with the well-known analytical solution for crimping a pipe billet in a curved 

matrix with a constant radius in the meridional direction (Fig. 3), described in [3, p. 387]. 

 

 
Fig. 3. Scheme of crimping a pipe billet in a curved matrix with a constant radius in the 

meridional direction 

 

The analytical calculation was carried out for absolutely plastic material and the 

Tresca-Saint-Venant plasticity condition was used. 

Using the designations we have adopted and the deformation scheme (Fig. 2), we 

obtain the following relations: 𝑎 = 𝑅0 − 𝑅𝑚 ;  𝜌 = 𝑅𝑚 cos 𝛼 + 𝑎 ; 𝑑𝜌 = −𝑅𝑚 sin 𝛼 𝑑𝛼.                         (17) 
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Taking into account the accepted ratios, the analytical solution determining the 

dependence of stresses on the angle α can be represented as: 𝜎𝑚 = −𝜎T𝛽((1 + 𝑓𝛼) cos 𝛼 − (1 + 𝑓𝛼0) cos 𝛼0 + 2𝑓(sin 𝛼0 − sin𝛼)) ∗ 𝑅𝑚 𝑒𝑥𝑝 (−𝑓𝛼)(𝑅𝑚 cos 𝛼 + 𝑎) ; 𝜎𝜃 = −𝜎T𝛽, 
where 𝜎𝑚  – meridional stresses, 𝜎𝜃  – circumferential stresses, 𝛽  – coefficient taking into 

account the influence of the average main stress (1 ≤ 𝛽 ≤ 2 √3⁄ ). 
In order to obtain by the method of variable elasticity parameters of the solution 

depending on the angle α, it is necessary for equations (15, 16) to replace the current radius 𝜌 

with the current angle α, using the given relations (16) and to integrate along the angle α: 𝑒𝑚 = −𝜇∗𝑒𝜃 + (1−𝜇∗2) 𝑒𝑥𝑝(−𝑓𝛼)𝐸∗𝑆 (𝑅𝑚 cos𝛼+𝑎) ∗ [∫ − 𝐸∗𝑆𝑅𝑚(sin𝛼+𝑓 cos𝛼) exp(𝑓𝛼)(1−𝜇∗2) (𝑒𝜃 + 𝜇∗𝑒𝑚)𝛼𝛼0 𝑑𝛼] ;         (18) 𝑒𝜃 = ln (𝑅𝑚 𝑐𝑜𝑠 𝛼+𝑎𝑅0 ) .                                                              (19) 

Further determination of the stress-strain state is carried out according to the algorithm 

described above. 

 

 
Fig. 4. Comparison of the results of calculations obtained by the method of variable elasticity 

parameters without taking into account changes in thickness with an analytical solution 

without taking into account changes in thickness: 

1 – analytical solution for 𝛽 = 1 for 𝜎𝑚 𝜎𝑇⁄ ; 2 – analytical solution for 𝛽 = 2 √3⁄  for 𝜎𝑚 𝜎𝑇⁄ ; 
3 – solution by the method of variable elasticity parameters for 𝜎𝑚 𝜎𝑇⁄ ; 4 – analytical solution 

for 𝛽 = 1 for 𝜎𝜃 𝜎𝑇⁄ ; 5 – analytical solution for 𝛽 = 2 √3⁄  for 𝜎𝜃 𝜎𝑇⁄ ; 6 – analytical solution 

for 𝜎𝜃 𝜎𝑇⁄  

 

Figure 4 shows the results of calculations for an absolutely plastic material obtained 

analytically at two extreme values of β and by the method of variable elasticity parameters 

without taking into account thickness changes. 

As expected, the results obtained by the method of variable elasticity parameters using 

equations (18 and 19) lie between the results obtained for the extreme values of β. Moreover, 

the smallest difference between the two solutions is observed when 𝛽 = 2 √3⁄ . 



Integral equations of deformation of cylindrical workpieces in axisymmetric matrices of complex shape  297 

Figure 5 shows the results of calculations for an absolutely plastic material obtained 

analytically without taking into account changes in thickness and by the method of variable 

elasticity parameters taking into account changes in thickness. 

As can be seen from the comparison of Fig. 4 and Fig. 5, calculations without taking 

into account the thickness change give an underestimated value of the required deformation 

force by more than 20%. 

 

 
 

Fig. 5. Comparison of the results of calculations obtained by the method of variable elasticity 

parameters, taking into account the change in thickness, with an analytical solution without 

taking into account the change in thickness: 

1 – analytical solution without taking into account the change in thickness at 𝛽 = 2 √3⁄  for 𝜎𝑚 𝜎𝑇⁄ ; 2 – solution by the method of variable elasticity parameters taking into account the 

change in thickness for 𝜎𝑚 𝜎𝑇⁄ ; 3 – analytical solution without taking into account the change 

in thickness at 𝛽 = 2 √3⁄  for 𝜎𝜃 𝜎𝑇⁄ ; 4 – solution by the method of variable elasticity 

parameters taking into account the change in thickness for 𝜎𝜃 𝜎𝑇⁄  

 

Conclusion 

A comparison of the results of calculations obtained by the method of variable elasticity 

parameters with the known analytical solution showed the reliability of the obtained integral 

equations. With the well-known equation of a curve forming the shape of a curved matrix or a 

curved punch, as well as with a well-known material deformation diagram, the obtained 

integral equations allow solving the problems of deformation of pipe blanks by the method of 

variable elasticity parameters, taking into account changes in thickness and nonlinear 

plasticity. 

 

References 

1. Gorbunov MN. Technology of procurement and stamping works in aircraft production. 

Moscow: Mechanical Engineering; 1981. 

2. Gorbunov MN. Stamping parts from tubular blanks. Moscow: Mashinostroenie; 1960. 

3. Storozhev MV, Popov EA. Theory of metal processing by pressure. Moscow: 

Mashinostroenie; 1977. 



298   I.K. Andrianov, S.I. Feoktistov 

4. Malinin NN. Applied theory of plasticity and creep. Moscow: Mechanical Engineering; 

1975. 

5. Birger IA. Round plates and shells of rotation. Moscow: Mechanical Engineering; 1961. 

6. Lysov MI. Theory and calculation of processes of manufacturing parts by bending 

methods. Moscow: Mashinostroenie; 1966. 

7. Polukhin PI. Resistance to plastic deformation of metals and alloys. Moscow: 

Metallurgiya; 1983. 

8. Chumadin AS. Theory and calculations of sheet stamping processes. Moscow: MAI; 2014. 

9. Vygodsky MY. Handbook of Mathematics. Moscow: PHIZMATLIT, 1965. 

10. Shepelenko IV, Posviatenko EK, Nemyrovskyi YB, Cherkun VV, Rybak IP. Creation of 

new technological methods for surface engineering based on broaching. Problems of 

Tribology. 2022; 27: 6-12.  

11. Krazer M. Innovative broaching technology. Zeitschrift für wirtschaftlichen 
Fabrikbetrieb. 2022;93(11): 542-545. 

12. Martinovic J, Peterka J. Technology of broaching – research of the roughness and 

machine capability. MM Science Journal. 2021;6: 5452-5459.  

13. Grigoryeva A, Khromov A, Grigoryev Y. Tensile Model of a Shell-Type Flat Plate at 

Different Displacement Velocity Fields. In: Shakirova OG, Bashkov OV, Khusainov AA. 

(eds) Current Problems and Ways of Industry Development: Equipment and Technologies. 

Lecture Notes in Networks and Systems. Cham: Springer; 2021. p.147-156.  

14. Wen C, Dong X, Hao J, Yang F, Hu X. Analysis of the stress distribution of crimped 

pultruded composite rods subjected to traction. Composites Part B: Engineering. 2013;50: 

362–370. 

15. Ha H, Choi E, Park S. Investigating stress distribution of crimped SMA fibers during 

pullout behavior using experimental testing and a finite element model. Composite Structures. 

2021;272: 114254.  

16. Roberov I, Kokhan L, Morozov Y, Borisov A. Stamping complex surfaces by rolling. 

Steel in Translation. 2009;39: 11-14. 

17. Radchenko V, Shishkin D. Numerical method for calculating the stress-strain state in a 

prismatic surface-hardened spacemen with a notch in elastic and elastoplastic formulations. 

Izvestiya of Saratov University. Series: Mathematics. Mechanics. Informatics. 2021;21: 503-

519. (In Russian) 

18. Bondar I, Burombaev S, Aldekeeva D. Calculation of Stress-Strain State of Overpasses. 

World of Transport and Transportation. 2019;17(1): 58-69. In-Russian 

19. Korneev V, Korneev S, Ilichev V, Vaskova M. The calculation of stress-strain state flat 

shell. Actual directions of scientific researches of the XXI century: theory and practice. 

2015;3: 283-287. 

20. Grinko D, Khoroshev A, Zemlyanoy M. Calculation of Stress-strain State of the 

Microtunneling Shield Housing. Materials Science and Engineering. 2019;680: 012033. 

 

 

THE AUTHORS 

 

Andrianov I.K.      Feoktistov S.I. 

e-mail: ivan_andrianov_90@mail.ru   e-mail: serg_feo@mail.ru 

 

 

 

https://doi.org/10.31891/2079-1372-2022-104-2-6-12
https://doi.org/10.31891/2079-1372-2022-104-2-6-12
https://doi.org/10.1515/zwf-1998-0294
https://doi.org/10.1515/zwf-1998-0294
https://doi.org/10.17973/MMSJ.2021_12_2021187
https://doi.org/10.1007/978-3-030-69421-0_16
https://doi.org/10.1007/978-3-030-69421-0_16
https://doi.org/10.1016/j.compositesb.2013.02.039
https://doi.org/10.1016/j.compstruct.2021.114254
https://doi.org/10.3103/S0967091209010045
https://doi.org/10.18500/1816-9791-2021-21-4-503-519
https://doi.org/10.30932/1992-3252-2019-17-1-58-69
https://doi.org/10.1088/1757-899X/680/1/012033
https://orcid.org/0000-0001-8732-9615


Materials Physics and Mechanics. 2023;51(2): 299-304   Submitted: October 2, 2022 

Research article   Approved: December 7, 2022 

http://dx.doi.org/10.18149/MPM.5122023_11   Accepted: March 20, 2023 

© O. Zhouri, I. Haddouch, Z. Mouallif, I. Mouallif, 2023. 

Publisher: Peter the Great St. Petersburg Polytechnic University  

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

 

 

Comparative studies (using FTIR) of structural changes in HDPE under 

UV aging for different commercial companies 

O. Zhouri 1, I. Haddouch 1, Z. Mouallif 2, I. Mouallif 1   

1 Moulay Ismail University of Meknes, Meknes, Morocco 

2 Université Hassan 1er, Settat, Morocco 

 i.mouallif@ensam.umi.ac.ma 

 

 

Abstract. One of the key pillars of the nation's infrastructure is the sewerage system. The 

selection of sewerage pipelines must therefore be done after extensive research before they 

are installed in the relevant network. These studies should guarantee the durability of these 

pipelines. High density polyethylene is produced due to its dominance in these applications. 

But despite the performance of the latter, it can be attacked by chemical or physical factors. 

Our research aims to analyze HDPE samples that have been exposed to ultraviolet (UV) rays 

from natural light for predetermined amounts of time using infrared spectroscopy. The 

structural alterations of the chemical bonds in these samples' composition can be determined 

by FTIR spectroscopy analysis. The results show that there is a remarkable change in the 

spectra of the aged (after exposure) and unaged (before exposure) samples. 
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Introduction  

Today, polymer is widely employed in the production of sewer pipes, and it takes many 

various forms: Polyvinyl Chloride (PVC), Polypropylene (PP), High Density Polyethylene 

(HDPE), and Glass Fiber Reinforced Polyester (GFRP) 1-3. This material is known for its 

durability, simplicity of installation and economic efficiency. All of these materials are 

susceptible to degradation in a variety of chemical and physical methods: attack by water’s 
acidity, failure by the high temperature, mechanical stress, and photo-oxidation by UV rays 

4-7. 
We may point to some literature evaluation that looked at how the mechanical and 

structural characteristics of polymers behaved when subjected to various aging processes. N. 

Guermazi [8] examined how mechanical and structural qualities changed by the effect of time 

and temperature aging. This study demonstrated that both the structural change (as 

determined by FTIR spectroscopy analysis) and the mechanical properties were affected by 

aging damage (tensile tests).  

T. Lu 9 provides a numerical simulation model of the damage caused by ultraviolet 

radiation (by varying: wavelength, intensity and exposure time) to polymer surfaces (flat and 

sinusoidal), as well as an experimental test of the exposure of epoxy samples to UV in high 

temperature (80ºC) air. The results of this work show a decrease in the surface roughness of 
the aged specimens.  

https://orcid.org/0000-0003-1369-2723
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When L. Douminge [10] used fluorescence spectroscopy to analyze the behavior of 

high-density polyethylene under ultraviolet irradiation or mechanical solicitation, the results 

revealed a very high sensitivity to the microscopic events intervening at the first moments of 

UV radiation exposure.  

Karla I. Martínez carried out a degradation study by infrared spectroscopy of 
polyethylene films of three different types: low density polyethylene (LDPE), high-density 

polyethylene (HDPE) and biodegradable polyethylene (BIO-PE)), exposure to UV radiation 

at a variety of time intervals 11. These samples were also exposed to domestic composting 

during two different seasons (spring and fall) under ambient conditions.  

I. Mouallif used infrared spectroscopy to examine how HDPE's structural changes, 

moisture absorption, and modification in mechanical characteristics changed when subjected 

to sulfuric acid aging at different temperatures [12-14]. They studied the phenomena of 

absorption, which enabled water to diffuse into HDPE samples and impact the material's 

mechanical and structural properties.  

The logical conclusion is that in order to completely eliminate the possibility of 

environmental damage, the sanitation material must be chosen after a number of tests. 

Therefore, the purpose of this paper is to compare samples of HDPE pipes that have been 

subjected to degradation by UV radiation from natural light using FTIR spectroscopy. 

 

Method 

Preparation of samples. Four national firms that produce and distribute these pipes on an 

industrial scale have allowed us to collect samples of HDPE (high density polyethylene) pipes 

of different diameters. 

The samples were sliced into little pieces, or pellets, each measuring 1 cm in diameter 

as shown in Fig.1., using a screwdriver (in order to be compatible with the analysis tank of the 

FTIR apparatus). 

 

 
 

Fig.1. The pellets of the samples to be analyzed (measuring 1cm in diameter) 

 

Aging of samples. The samples were exposed to natural UV light for different periods. 

Each sample was used in three different states: virgin state, aged for 77 days, aged for 131 

days. In total, 12 samples were examined. 

Infrared spectroscopy. The type of instrument used for this study is VERTEX 70v FT-

IR spectrometer. The infrared spectroscopy was performed with a resolution of 4 cm-1, in the 

range of 4000 to 500 cm-1. The HDPE samples were examined at a mirror speed of 0.4747 

utilizing a KBr separator and a DTGS ATR detector because of their robust nature. 
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Results and discussions 

The measurement of the FTIR spectrum using the transmission mode was done to determine 

the structural characteristics of the aged material 15-17. The Figs. 2-5 correspond to the 

infrared spectra of the different samples. Three spectra of one product are shown in each 

figure, and each spectrum represents one of the following states: 

• Spectrum 1: virgin state (no aging process); 

• Spectrum 2: aged for 77 days; 

• Spectrum 3: aged for 131 days. 

 

 
 

Fig.2. HDPE spectra acquired by the transmission mode. Unaged and aged samples for 77 

days and 131 days. IR spectra of samples from the 1st manufacturer (P) 

 

 
 

Fig.3.  HDPE spectra acquired by the transmission mode. Unaged and aged samples for 77 

days and 131 days. IR spectra of samples from the 2nd manufacturer (F) 
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Fig.4. HDPE spectra acquired by the transmission mode. Unaged and aged samples for 77 

days and 131 days. IR spectra of samples from the 3rd manufacturer (D) 

 

 
Fig.5. HDPE spectra acquired by the transmission mode. Unaged and aged samples for 77 

days and 131 days. IR spectra of samples from the 4th manufacturer (I) 

 

By using FTIR spectroscopy, we attempted to examined the structural changes of HDPE 

samples from different manufacturers (P, F, D, I).  

Fig.2. shows the IR spectrum of the 1st sample. Its primary bands are situated at (2914 

and 2847) cm-1: a strong peak that reflects the CH2 group being stretched asymmetrically; 

(1471 and 1462) cm-1: Average peak, which reflects bending deformation, (717 and 730) cm-

1: an average peak, results of the aromatic C-H group being deformed. 

Fig.3. depicts the IR spectrum of the 2nd sample. Its primary bands are situated at (2914 

- 2847) cm-1 : A fine and strong that reflects the CH2 group being stretched asymmetrically; 

(1472 - 1462) cm-1: a medium peak, corresponds to bending-induced deformation; (718 - 730) 

cm-1: medium peak, that is caused by the aromatic C-H group deformation. 

Fig.4. shows the IR spectrum of the 3rd sample. Its primary bands are situated at (2914 - 

2847) cm-1: a strong peak that reflects the CH2 group being stretched asymmetrically, (1472 - 

1462) cm-1: a medium peak, which corresponds to a deformation by bending, 1376 cm-1: a 

strong peak, which corresponds to a deformation of CH3 bond, (1540 - 1737) cm-1: 4 bands 

indicating an elongation, of the aromatic C-C bond. 
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The fourth product’s IR spectrum is depicted in Fig.5. Its primary bands are situated at 
(2914 - 2847) cm-1: a strong peak reflects the CH2 group being stretched asymmetrically; 

(1471 - 1462) cm-1: average peak, corresponds to bending deformation, (717 - 730) cm-1: 

Average peak, corresponds to an aromatic C-H group deformation 18-20. 
As shown in Table 1, we have tried to include the main chemical bonds of the studied 

HDPE samples. 

 

Table 1. Main bands of FTIR spectra of HDPE studied 

 

We can clearly demonstrate whether there is in fact a structural modification induced by 

the UV aging process by analyzing the infrared spectra of the material. As can be observed, 

all four samples show the same transmission bands. The only difference between the four 

samples' transmission bands is their intensity. This difference can be seen in the decrease of 

the signal intensity of the following bands (corresponding to 2900, 1570, 1460 cm-1, etc.). 

This indicates the beginning of the disappearance of these bands. In all four cases, the change 

in intensity can be taken as evidence of the beginnings of polymer chain scission and 

breakdown, which cause structural alterations in the UV-exposed products that persist 77 days 

at 131. 

 

Conclusion 

According to this study, HDPE deteriorates when exposed to UV rays from natural daylight. 

The examined FTIR spectra revealed significant variations in the transmission bands. We can 

speculate that these changes are caused by the onset of chemical bond breakdown and the 

amorphization of polymeric chains because they manifest as a drop in band intensity as a 

function of aging time. The findings of this study enabled us to draw the conclusion that 

exposure to UV causes HDPE's chemical structure to deteriorate. So, it may be said that in 

order to ensure a long service life, HDPE pipes shouldn't be progressively exposed to natural 

light before being laid. 
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Abstract. Development of aluminium cast parts by stircasting technique is an effective 

method. Stircasting technique is one of the most commonly accepted techniques. In the 

present investigation, how the microstructure, mechanical and wear mechanics of A357 alloy 

were impacted by the presence of Sr/Ca was investigated. The outcomes revealed that 

addition of elements (Sr/Ca) enhance the microstructural features. Uniform dispersal of 

particulates (Sr/Ca) in Al357 alloy and also the modified structure of silicon (Si) were 

observed. The outcomes also exhibited that, the simultaneous additions of Sr/Ca cause a 

considerable improvement of tensile strength and wear resistance. The study on fractured 

surfaces reveals the acceptable bonding among A357+Sr/Ca element. 

Keywords: A357 alloy, mechanical behavior, wear behavior, SEM analysis 
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Introduction 

A357 alloy is the major alloy used for light weight metal parts because of good castability, 

low cost, low weight, and also exhibits better mechanical characteristics [1]. They find 

extensive application in aircraft/automobile products. Subsequent solidification of casting 

effects mechanical and wear properties of cast parts due to microstructural changes [2,3]. 

Mechanical strength can be enhanced by the addition of chemical modifiers generally, which 

cause better microstructure during solidification process. Adding of Ba, Sr, Ca, Na, and Eu, 

causes modification of the eutectic “Si” morphology from the coarse structure into fine 

fibrous structure and also a beneficial effect on ductility and material strength [4]. Though the 

effects of chemical modifications were known 9–10 decades back, but there was no 

universally accepted understanding of the mechanism that which allows the microstructure to 

change upon addition of little extra metal ingredient/s was available [5,6]. In the past 55–65 

years, several mechanisms of eutectic modifications were written about in the literature 

https://orcid.org/0000-0003-1776-0949
https://orcid.org/0000-0002-4958-839X
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survey, some of them focused on the eutectic growth [7], and others on the eutectic nucleation 

[8]. Alloying elements like Cu and Mg, Al-silicon alloy in heat-treatment enable to attain 

improved mechanical and wear behavior [9,10]. Heat-treatment generally implicates an initial 

step where solubilization takes place. As alloying element/s solubilize in the α-Al matrix, and 

the second step of an artificial aging, whereas intermetallic phases nucleates into the Al 

matrix, thus enhancing in mechanical properties. Some chemical elements (Sr, K, Na, Rb, Ca, 

La, Ce, Yb and Ba) lead to promote the modifications of eutectic Si instead of heat-treatment 

[11,12]. Introduction of “strontium” (Sr) leads to further refinement of the structure and 
enhances the ultimate tensile strength. These characteristics of the directionally crystallized 

alloys are greater than the eutectic alloy achieved by casting in a mold [13-15]. Sr has also 

been reported about modification of the inter-metallic particles which lead to high stress 

concentrations. Though, not all the side effects formed by addition of Sr are good. Addition of 

Sr was effected improved porosity with in Al-Si alloy. Sr addition has been stated to improve 

the efficiency of oxide inclusions within the Al melt as pore nucleation’s site. The change in 

porosity features thus is influenced by the amount of Sr existing in the solidified structures. 

Porosity causes reduction in mechanical strength and leads to lower-quality of cast parts. Sr 

additions will also relate with grain refinements of Al foundry alloy [16-18]. In [19], the 

researcher studied the influence of modifying Sr in A356 matrix alloy on the mechanical 

behavior, and it was found that, there was an increase in the impact released energies with 

reduction in the grain size after the modifying of Sr element. Investigational evidence 

confirmed that Sr modification leads to effective due to the both quantity and quality of Sr 

particulates. Improved quality in mechanical properties requires a low Sr amount [20]. In 

[21], addition of Sr was examined in the alloy, and it was concluded that Sr causes a 

considerable enhancement in tensile strength compared to properties of unmodified cast part. 

Beneficial application of calcium (Ca) contain modifier in Al-Si alloy, iron neutraliser in the 

recycled Al alloys with more iron content, scavenger of P, Bi and Sb from secondary alloy, 

stiffening agent in the fabrication of Al foams and also wetting promoter within the synthesis 

of the Metal Matrix Composite (MMCs) as an alloying elements, and calcium will impart the 

superplasticity [22]. The use of Ca like a modifier is presently under technical discussion, as 

the existence of Ca in the Al alloy may lead to negative impact. In small quantity, Ca may 

positively impact the subsequent alloys structure and consequently, its ensuing properties. In 

larger amount, Ca has an effect on undesired gasification of alloys, which leads to a rise in the 

porosity of a resultant structure [23]. In [24], it was concluded that, Ca can be used as 

significant alloying element content in Mg alloy to increase their high strength and cause 

better creep resistance. The researcher [25], stated that, Ca offers a thermally stabled second 

phase (Mg2Ca) and thus considerably enhanced the creep property and elevated high 

temperature strength. Al alloys with added calcium become low-cost Mg alloys which can be 

used as enhanced heat-resistant component in automobile applications [26,27]. It was stated 

that, the adding small quantity of Ca into Al alloy can lead to refinement of the grain-

structures and also enhances the mechanical properties. Drits et al. [28] concluded that, 

addition of Ca content in Mg based alloys not only refines the microstructure, but also it 

improves the creep resistance and resists high temperature oxidation. In this circumstance, it 

is observed that, the Ca can be used like grain refiner in Al alloy material [29]. In this present 

work, three A357 cast parts were examined. The samples (cast parts) were examined in the 

unmodified and modified conditions. Alloys were prepared by stir casting method, and test 

samples were evaluated in terms of mechanical and wear properties to find the relationship 

among the modifications. Fractography and also wornout surfaces after the Sr and Ca 

modification were investigated. The goal of the present research work is to highlight 

mechanical and wear behavior A357 after Sr and Ca modification. 
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Fabrication of cast parts 

A357 was used as a base alloy and two dissimilar modifying elements Strontium (Sr) and 

Calcium (Ca) were used for the fabrication of modified cast parts. In the present work, three 

different cast parts (A357, A357+Sr and A357+Ca) were fabricated by stir casting method. 

Here, the wt. % of two modifying elements was varied like 4-10% in steps of 2%. An 

electrical furnace was used to melt A357 material. After maintaining the temperature between  

700-750 °C, Sr / Ca granular were added in to the melt with continuous stirring action. 

Stirring was maintained continuously for about 2-3 min after the addition of Sr/Ca 

particulates for uniform dispersal in the molten melt. Then, the melting temperature was 

maintained up to 800 °C for a period of 30 min, so that Sr and Ca particulates got dissolved 

into the molten melt. Three different cast parts such as without modifier (A357), with 

modifier i.e., A357+Sr and A357+Ca cast parts were fabricated by pouring of ready molten 

melt into the preheated mould box. The cast parts were taken out from the mold box and 

finally, the test specimens were machined as per the American Society for Testing and 

Materials (ASTM) standards*.  

 

Result and discussion 

Microstructural analysis. Uniform dispersal of modifying particulates showed an 

improvement in mechanical and wear behavior of produced cast parts [30,31]. A eutectic 

microstructure of unmodified, Sr-modified and Ca-modified alloy is depicted in Fig. 1. 

Microstructures of unmodified alloy depend on the inter-metallic phases and which generally 

depends on the alloying element. As previously stated, the Al alloys studied in this research 

work contain a certain quantity of Mg, Fe, and Mn. Some inter-metallic phases are noticeable 

by microstructure study. The amount of inter-metallic phases in the Al alloy and their effect 

on mechanical characteristics generally depends on the compositions of Al alloys. Some of 

these inter-metallic phases have proved to be detrimental, such as β-Al5FeSi, increasing in 

iron (Fe) content, causes reduction in elongation. Fe-β inter-metallic phases were observed in 

alloys. Sr / Ca significantly influence strength in developed cast parts. Fig. 1 (a) shows that 

the Al alloy without modification of Sr / Ca had coarse microstructure, and also primary  

α-phase was distributed in a disorderly manner throughout the cast part. The addition of Sr 

causes modification of the microstructure as depicted in Fig. 1 (b).  Addition of Sr efficiently 

affects the eutectic point to a higher silicon (Si) concentration with low temperature. Eutectic 

points get shifted far enough to make the Al alloy, at this composition, hypo-eutectic instead 

of the hyper eutectic. Therefore, by adding a small amount of Sr, the microstructure of these 

alloys is changed, and also its properties may be significantly improved [32-34]. A small 

amount of Sr can bring about a change in the morphology of the eutectic silicon phase which 

causes a change in Al alloy from the coarse structure to a fine fibrous structure. When “Ca” 
was modified in the Al alloys as depicted in Fig. 1 (c), structure was developed, and it was 

observed that, the primary α-phase dendrites were reduced. When Ca was added, the best 

refinement in the microstructure in Al alloy was observed. And also the primary α-phase with 

the smallest dendrite size, which was settled regularly within the base alloy, was seen. By Ca 

addition, the microstructure of the Al alloys started to deteriorate. The primary dendrite of a 

primary α-phase becomes coarse. So, the size of the primary α-phase dendritic was very 

small, and also it is in uniform distribution [35]. The importance of adding Ca to A357 at 

casting conditions generally helps to improve the mechanical properties and reduce the 

corrosion rate. In the present research work, A357 alloy with Ca addition leds to reduce  

 

 
*(ASTM standards web-link for tensile test specimens: https://www.trl.com/astm_e8_tensile_testing_of_metals/) 

and (ASTM standards web-link for wear test specimens: https://www.astm.org/g0099-17.html) 

https://www.trl.com/astm_e8_tensile_testing_of_metals/
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the growth of dendetic structures, which results in improvement of mechanical and wear 

properties. 

 

 
 

Fig. 1. Microstructure images of (a) A357 (b) A357+Sr (c) A357+Ca 

 

Tensile strength. Influence of modification as regards the tensile strength of Al alloys 

and simultaneously modified Sr and Ca cast parts are shown in Fig. 2. It is found that the 

tensile strength of unmodified is lower than that of simultaneously modified Sr / Ca cast parts. 

Similar variation in UTS of such developed cast parts fabricated by stir casting was observed 

[36]. Interesting outcomes were achieved from the simultaneous addition of Sr / Ca, as 

depicted in Fig. 2. Enhancement in tensile strength of the developed cast parts maybe related 

to the modified elements, which increase particulates wettability in alloy. So, it was 

predictable that the modifiers would show significant variations on percentage of elongation. 

Since, chemical modifications could form tiny and round Si crystal due to the phenomena of 

fragmentation. The existence of tiny and round Si particulates reduces the stress concentration 

in alloy and consequently increases ductility during the plastic deformations [37-39]. The 

changes in microstructure due to Sr modification produce an enhancement in the tensile 

strength of the alloy cast in sand / metal moulds.  Sr particulates were also applied to 

transform the platelet Fe-rich phases to an AlFeSi. The addition of Sr promoted the 

development of a-AlFeSi and also improved the extrusion characteristics considerably, 

especially tensile strength. It was also observed that, the material properties were improved by 

the addition of Sr into Al alloys. Fe is one of the alloying elements in A357. Fe-rich 

intermetallic phases have much more multifaceted morphologies, with brittle and fragile 

appearance. The existence of Fe is usually reported to have a detrimental effect on strength, 

ductility, and fatigue properties of Al alloys. After modifying Ca content, the tensile strength 

of the developed cast part was enhanced when compared with the tensile strength of 

unmodified cast part. The development observed was attributed to the corresponding 

enhancement in grain refinement [40]. Whereas, the tensile strength of A357+Ca cast parts is 

lower when it is compared to the tensile strength of A357+Sr cast parts. Similar outcomes 

were also observed from other researcher [36]. But at 10 wt. % of Sr and Ca content, led to 

reduction in the tensile strength due to agglomeration effects [41,42].  

 

(a) (b) (c) 
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Fig. 2. Tensile strength for A357 and varying wt. % of Sr and Ca 

 

The stress-strain graphs of A357 alloys and simultaneously modified Sr/Ca cast parts 

are depicted in Fig. 3. Mainly, these stress-strain curves show that, tensile strength is 

enhanced when fracture strain is reduced by increasing the content of modifying elements. It 

is found that, the unmodified alloy (A357) has the high plastic strain rate and also exhibits 

lowest resistance for plastic deformation when compared with A357+Sr and A357+Ca cast 

part. It is seen that the modified cast parts exhibit improved strength when it compared with 

unmodified alloys (A357). Generally, this is caused by better grain refinement and also 

strengthening of particulates. The enhancement of material strength in the element modified 

cast part is generally due to mismatch strengthening and also high load bearing capacity 

produced by the Sr/Ca particles. Because of the thermal-mismatch stress, there is a tendency 

to rise in dislocation of density in the base alloy as it cools from solidification temperature. 

The dislocation results in stress at an interface of particles and the base alloy. This stress 

usually depends on the temperature from which the developed cast parts were cooled. High 

temperature causes increased stress at the interface. This makes the plastic deformation very 

hard and results in improved strength of cast parts. As compared to the base alloy, the 

enhancement in the material strength of modified cast parts is generally due to existence of 

the hard particles (Sr/Ca) which restrict the motion of dislocations within the alloy. Increasing 

in wt. % of Sr/Ca particulates content might increase dislocation density with in the Al alloy, 

which is called as the dislocation strengthening. These dislocations trapped by the Sr 

particulates lead to improved tensile strength of the developed cast parts as compared to Ca 

modified cast parts. 
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Fig. 3. Stress strain curve of A357 and varying wt. % of Sr and Ca cast parts 

 

    

 
 

Fig. 4. Fracture images of (a) 357, (b) A357+Sr and (c) A357+Ca 
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A fractured surface of the tensile test specimen was examined to study the failure 

mechanisms of the developed cast parts. Fig. 4 (a) depicts the fractured surface of unmodified 

alloy (A357). Fig. 4(b) depicts the fractured surface of A357+Sr modified cast part. Fig. 4(c) 

depicts the fractured surface of A357+Ca modified cast part. The extent of cracking is high in 

the test samples modified by the Sr/Ca. This indicates the strong bonding at the interface. In-

fact, when the interface is very strong with an alloy, the Sr/Ca gets loaded to their fracture 

crack. Relatively a large number of broken / cracked surface are seen in the case of addition 

of Ca/Sr, and this number is less in unmodified test samples, as shown in Fig. 4 (a) and 

similar results were observed in [36]. The fractured surfaces show that the unmodified alloys 

are brittle in nature of fracture, which follows the eutectic Si modules and are further 

improved by contribution due to iron-rich phase. Whereas, the modified alloys have a nature 

of ductile fracture. Generally, this follows largely through the plastic deformation of Al alloy 

[43].  

 
Fig. 5. Wear loss of A357 and varying wt. % of Sr and Ca 

 

Wear loss. Wear behavior was evaluated as per ASTM standards at a constant speed 

(sliding speed) of 2 m/s and 20 N of load against a steel disc (grade: EN-32). Test samples of 

30 mm length and 8 mm ϕ were prepared by CNC machining as per the ASTM standards. The 
amount of wear loss of the developed cast parts were calculated by weight loss method. Fig. 4 

depicts the wear loss of all the developed cast parts. From the Fig. 5, it can be seen that, the 

wear loss of A357 alloy was high when it is compared to the cast parts of A357+Sr. But 

whereas, the wear loss of A357+Ca cast parts was again high when it is compared to cast 

parts of A357+Sr. By adding Sr content, the granular eutectic silicon phases are uniformly 

dispersed in aluminium dendrite boundaries. Fe-rich phase is entirely refined and also 

distributed within the centre of the silicon phase. So, the stress concentration among the 

secondary phase, substrate is also lessened and the adhesion between the secondary phase & 

substrate can be significantly enhanced and this led to better wear resistance. A357 with 

appropriate wt. % of Sr effected improvement of wear resistance when compared to the cast 

parts without Sr modification. Though, too hard and brittleness can also lead to deterioration 

of the wear resistance [44]. From Fig. 5, it is evidenced that the wear loss considerably 

decreases at initially and further increases due to increase in Sr content. This is mainly 

coincident with changing the trends in average size of the primary Mg2Si phases of the base 

alloys [45]. Ca modified cast parts have higher wear resistance compared to unmodified cast 

parts. Further, wear resistance of A357+Ca have been reduced compared to A357+Sr. Similar 
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outcomes have been found in [36] and also stated that, increase in wear loss at higher wt. % of 

modifying elements is generally due to the agglomeration effect [42,46]. 

COF (µ). The coefficient of friction (COF) of the alloy and modified cast parts are 

shown in the Fig 6. The average value of COF of A357 without Sr/Ca is found to be highest. 

By increasing in Sr content, the average value of COF of the A357 alloys become less.  

On addition of Sr content, the average COF of alloy reaches the minimum value. Friction 

arises as due to bonding of surfaces, the molecules on both the surfaces bond with each other, 

also resists when the surfaces try to move away and break the bonding. As stated, when the 

content of Sr content is increased, the wear loss is minimum. Consequently, the amount of 

wear debris accrued, among asperities, is also significantly reduced. At constant applied load, 

reduced COF would generally lead to the lower friction factor [44]. Ca modified cast parts 

showed improved COF compared to unmodified cast parts. But whereas, compared to Ca 

modified cast parts, A357+Sr cast parts exhibit improved COF.  

 

 
Fig. 6. COF of A357 and varying wt. % of Sr/Ca 

 

The wornout surfaces of A357 alloy and other cast parts of varying wt. % of Sr/Ca 

content are depicted in Fig. 7. A thick oxidation film is deposited on the surface of Al alloy at 

room temperature (27 °C). Mainly, when subjected to higher loads, released heat and the 

surface roughness cause formation of oxidized films on grinding surface of Al alloy. Due to 

the presence of lubricant, the oxide film direct interaction between the base alloy and hard 

disk is prevented. So, oxide films not only decrease the COF but also increase wear 

resistance. Though, under adequate normal force, the plastic deformation will take place on 

surfaces of the base alloy, which generally results in formation of the cracks in the oxide film 

layer. It can be seen in Fig. 7 (a), that a plastic deformation ensued, and parallel scratch marks 

are created due to rubbing action between hard spots of friction pairs. In Fig. 7 (a), larger pits 

are seen at sliding surfaces. It indicates that, delamination wear was caused in wear test trails. 

Delamination wear is a fatigue wear, affected due to frequent sliding wear of base alloy. It is 

also observed that, the flake cracks are formed in surface layer as also developed in the 

subsurface. Numerous cracks propagated to the wear surface leads to peeling of material. 

Because of the brittle nature, generally the oxide film gets broken when the Al alloy crosses 

its load limits of the external forces. So, the softer Al alloy and friction pair contacts between 

each other directly, which results in the high wear loss [44]. Compared with one in Fig. 7 (b), 

the peeling pit in Fig. 7 (c) has wider and deeper scratches. With additional Sr content, 

eutectic silicon and also Fe-rich phases have granular shape, which generally causes tight 
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adhesion between the alloy and secondary phase. It not only prevents grain boundary from the 

sliding, but also avoids the shear effect between the soft base alloy and hard asperity, and it 

reduces the generation, growth, and expansion of the crack. Addition of Sr content can 

modify the alloy microstructure to improve the material strength. So, the scratches on the 

wear surface of A357+Sr in Fig. 7 (b) are finer when compared to the A357 without Sr 

addition in Fig. 7 (a). As depicted in Fig. 7 (b), almost no peeling pit or plastic deformation is 

found on the wornout surface of A357 alloy modified with Sr content. Fig. 7 (c) depicts the 

wear debris produced from the wear tests of A357 alloy modified with Ca content. According 

to the wornout surface images, it is seen that, the size of debris belonging to A357+Ca is very 

much smaller as compared to that of unmodified A357 alloy [44]. The ground surfaces are 

less damaged than the unmodified test samples. 

 

    

 

 

Fig. 7. Worn-out surface morphology of (a) A357, (b) A357+Sr, and (c) A357+Ca 
 

Conclusions 

A357-Sr/Ca cast parts were produced by stir casting method. Different wt. % of Sr and Ca  

(4, 6, 8 and 10%) were added (modified) to A357 alloy to achieve optimum levels of Sr and 

Ca on the microstructural amendment. Further, the study was undertakes to examine the 

mechanical and wear behaviour of developed materials by modifying with Sr and Ca.  

Acceptable fibrous structure of silicon crystals in the alloy is attained by modifying Sr 

content, but high content of Ca is required for modification of the A357 alloy to achieve 

similar improvement of structure. Additions of Sr or Ca content enhance the tensile strength 

of A357-Sa / Ca cast parts to some extent. But at higher wt. % of Sr / Ca it led to reduction in 
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the material strength due to the agglomeration effect. Ca modified cast parts have higher wear 

resistance than the unmodified cast parts. Further, wear resistance of A357+Ca cast parts is 

less when compared to wear resistance of A357+Sr cast parts. Ca modified cast parts show 

better COF compared to unmodified cast parts. But compared to Ca modified cast parts, the 

A357+Sr cast parts exhibit better COF. From the SEM images of fractured surfaces, the 

fracture like brittleness is observed in A357 (unmodified) cast part samples. The wear 

mechanism of examined alloys is a mild abrasive oxidative wear with the little adhesion. 
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Abstract. Analytical and numerical results for fixed-end torsion of cylindrical specimen are 

presented. Finite-strain elastoplastic kinematics based on multiplicative split of deformation 

gradient tensor is adopted. The constitutive relations are a combination of an arbitrary 

hyperelastic model based on the first invariant of the left Cauchy – Green deformation tensor 

and the J2–plasticity model with an arbitrary isotropic strain hardening. The integral 

characteristics of the process, namely, torque and axial force (Swift effect), are compared with 

the known exact solution for a neo-Hookean hyperelastic material with Tresca yield 

condition. The axial force predicted by these models can differ markedly, but the torque is 

almost the same. For the materials with yield stress saturation, we find the limit in torque and 

axial force. 

Keywords: torsion, finite-strain elastoplasticity, hardening, von Mises yield condition, Tresca 

yield condition, Swift effect, hyperelasticity 
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Introduction 

The torsion test is a wide-spread technique to identify the parameters of constitutive relations 

in elasticity, plasticity or creep. For metallic materials, elastic deformation is usually small, 

and for an analytical description of experiments, one can utilize the rigid-plastic analysis, the 

deformation theory of plasticity, or the Prandtl – Reuss theory. For many polymeric materials, 

the situation is different: these materials are capable to sustain a significant elastic and plastic 

deformation, and in the plastic flow regime they exhibit nonlinear and sometimes 

nonmonotonic behavior. For such materials, interpretation of experimental data can be based 

on FEM modeling [1] or analytical studies [2]. 

For elastic-plastic torsion of cylindrical specimens, some analytical results are known. 

In [3], free-end torsion is considered for the Mooney – Rivlin material with Tresca yield 

condition. For the same material model, a closed-form solution for fixed-end torsion was 

obtained in [4]; and a solution [5] takes into account the heating caused by plastic dissipation. 

An approximate analytical solution [6] takes into account the dependence of the yield strength 

on pressure. All the mentioned results utilize the multiplicative decomposition of the 

deformation gradient (or decomposition of the total strain tensor, which leads to similar 

https://orcid.org/0000-0003-4755-5305
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results) into elastic and plastic parts as the elastoplastic kinematics. The hypoelastic 

formulation was used in [7, 8]. 

The presented study provides analytical results for a class of isotropic incompressible 

hyperelastic materials whose elastic potential is a function (possibly nonlinear) of only the 

first invariant of the left Cauchy – Green deformation tensor, and plastic flow is described by 

von Mises yield condition with arbitrary isotropic hardening. The mentioned class of elastic 

materials includes the neo-Hookean solid, as well as Fung [9], Yeoh [10], Arruda – Boyce 

[11], Gent [12] models. 

 

Finite-strain elastoplastic kinematics 

We utilize the multiplicative decomposition of the deformation gradient tensor F  into elastic 
eF  and plastic pF  parts 

( )( )e p e e p p= =F F F V R R U     (1) 

Here eR  and pR  are proper orthogonal rotation tensors (elastic and plastic, respectively); 

symmetric 
eV  and pU  are elastic left and plastic right stretch tensors. Following [13], it can 

be assumed that p =R I . 

In constitutive equations we utilize the elastic part 
ec  of eulerian deformation tensor 

1 1 2T− − − −= = =c B F F V : 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 2T T T
e e e e e e e e e e e

− − − − − − − − −
= = = = =c B F F V R R V V V V

 
 

Here B  is the left Cauchy – Green deformation tensor; I  is unit tensor. 

From (1) by direct time differentiation, we can obtain the following evolution equation 

for the tensor 
ec  [6]: 

( ) ( ) ( )1 1

2e e T e e e p e

CR
D

− −
 + + =c c l c c l V D V

 
   (2) 

Here CR
D

 denotes the Cotter – Rivlin derivative; ( ) 1T −=  =l v FF  is the spatial velocity 

gradient, ( )1 T− = − F I u  is the spatial deformation gradient; ( )t= =   + v u u v u  is the 

velocity vector, u  is the displacement vector in actual basis; pD  is the plastic strain rate 

tensor, ( ) ( ) ( )1 1

2
T

p e p p p p e
− − =   

D R U U + U U R . The dot under symbols denotes the material 

time derivative. 

 

Material model 

We consider the class of nonlinear-elastic incompressible materials with free energy 

represented as a function of the first invariant of the tensor eB  only. For an incompressible 

materials the invariants of the tensors eB  and 
ec  are related as 

( ) ( )2
2

1 2tr 1 2 tr trB e c e e
I I  = = = −  

B c c  [14], so the elastic rule in this case can be write out in 

the form 

( )2 12 2e e с e
e

W
p p w I


= − − = − + −


σ I c I c I c

c
, ( )2 2 2

2

с
с

W
w w I

I


= =


    (3) 

Here W  is the hyperelastic potential (the volumetric density of free energy), σ  is the 

Cauchy (true) stress tensor; the scalar function p  is introduced due to incompressibility 

constraints. For purely elastic deformation, 
ec  coincides with the total deformation tensor c . 

In undeformed state =c I , 
1 2 3с с

I I= = , ( )24 3p w= −
 
hold. For the neo-Hookean solid with 
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( ) ( )1 1 1 23 3B c
W C I C I= − = −

, the function 2w  is constant, 2 1 2w С = = , where   has the 

same meaning as the shear modulus in linear elasticity. 

We utilize the von Mises ( 2J ) yield criterion for isotropic hardening material: 

2

2 0J  = − = ,    (4) 

where 2

22 trdevJ = σ , ( ) ( ) ( )dev tr 3= − I ; ( ) ( )0 1q H q  = = +    is hardening law for 

shear yield stress, ( )0 0H = ; q

 

is the accumulated plastic strain determined by the equation 

( ) ( )2

2 3 tr p
q = D . 

According to the associated flow rule, the plastic strain rate tensor satisfies the equality 

2

2

devp J

J

 
=  =  = 

  
D σ

σ σ
,    (5) 

where   is the plastic potential (4),   is the scalar plastic multiplier. 

Then ( ) ( )2

22 3 tr dev 2 3 2 3q J =  =  = σ . 

For an isotropic material described by potential relations (3) and (5), the tensors σ , cD , 

ec  and 
eV  are coaxial, commute in product, therefore (2) takes the form 

( )

( ) ( )  ( )2 1

2 dev

2 3 dev

e e e T e e

e e с e e T e e

t

w q I

   =  −  + + = 

 = − −  + + 

c c σ v c l c c l

c c I c v c l c c l
 

   (6) 

 

Elastic stage 

Let a right-circular cylinder with diameter 2R  and height H

 

fixed so that one of its ends 

remains motionless, while the other can only experience the rotation around the axis of 

symmetry. Thus, the movement of material points along the axis of symmetry is excluded; the 

height of the cylinder is constant. The angle of rotation of the movable end is a known 

function of time ( )t . The lateral surface of the cylinder is stress-free. 

Let introduce a cylindrical coordinate system with basis vectors r
e , e , z

e ; in the actual 

configuration, the displacement vector has the form [5,14] 

( ) ( )1 11 cos sinrr zH r zH  − − = − + u e e
 

   (7) 

Under purely elastic deformation, the tensor 
ec  coincides with the total deformation 

tensor 
1T− −=c F F  and has the following coordinate representation: 

0 0

0

0

e

rr

e e e

z

e e

z zz

c

c c

c c

 



 
 

=  
 
 

c

, 

   (8) 

1e

rrc =
, 

1e
c = , 

e

zc r = −
, 

( )2
1e

zzc r= +
.
 

   (9) 

We introduced here two dimensionless parameters: the radial coordinate r r R=  and 

the surface shear strain R H = . The latter is conveniently used as a time-like loading 

parameter. 
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The stress state of the cylinder is described by the well-known universal (i.e., valid for 

any elastic potential) Rivlin solution [15]. Taking into account the incompressibility condition 

det 1e =c , we have 1e e e e

z zz rr
c c c c = − − . Then according to (3) 

( )
2

0 0

2 0 1

0 1

e e e

rr zz

e e e e e

rr rr z rr

e e e e e

z rr rr zz rr

c c c

p w c c c c c

c c c c c



 



 +
 

= − − + 
 + 
 

σ I   (10) 

and taking into account (9): 

( )

( )

2

2

2

2 0 0

2 0 2

0 2

r

p w r

r r




 

 +
 

= − − − 
  − + 

σ I , ( )2 2 2

c
w w I= , ( )2

2 3c
I r= + .  

The non-vanished component of the equilibrium equation  =σ 0  is 

0
rrrr

r r

  −
+ =

 ; 
 

it serves to calculate the function p : 

( )2 22 1c

r R
p I w W W

=
= − − − +

, 
( )2

c

r R r R
W W I

= =
=

, 

2

2 3c

r R
I 

=
= +

 

 

Here we used the boundary condition 0rr r R


=
=

 
in determining the integration constant. For 

example, for neo-Hookean solid with 
( ) ( )( )2 22 3c c

W I I= −
, 2 2w const= = , one can find 

( ) ( )2 22 4 3 1p r  = − + −  . 

 

Plastic flow stage 

At a certain angle of rotation, the yield condition is satisfied for the first time on the lateral 

surface of the cylinder r R= . We assume that after the plastic flow starts, the expression (7) 

for the displacement vector remains valid. From this point on, two regions will be present in 

the cylinder: the elastic deformation region 0, epr r    and the plastic deformation region 

,epr r R   . These regions are separated by a moving elastic-plastic boundary ( )epr r t= ; on 

this interface the accumulated plastic strain q  is equal to zero and the yield condition is 

fulfilled in the form 2

2 0J = . In the elastic region, the elastic deformation tensor (8) satisfies 

the equalities (9). In the plastic region, 
ec  does not satisfy (9); the evolution of its components 

is determined by equation (6), while the initial condition for 
ec  components in the plastic 

region is the elastic solution (9). Equation (10) for stress tensor holds in the plastic flow 

region too; the function p  must be continuous on the elastic-plastic boundary. 

An elastic-plastic boundary is determined by the yield condition (4) 2

2 0
epr r

J 
=

= . Taking 

into account (9) and the following expression 

( ) ( )  ( ) ( )
2 2

22 22 2 2 2

2 2 1 2

21 1 1
tr dev 2 tr dev 2

2 2 3

e

ze с e e e e
z rr rre e

rr rr

cw
J w I c c c

c c




 
= = − = + + − + 

  
σ c I c , 

we have the following: 
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( )
2

2
0

2

3 4
1 1

2 3 2
ep

ep

r r

r
w


=

    = + −     

,

 
( )2 2 2

ep ep

c

r r r r
w w I

= =
= , ( )2

2 3
ep

c

epr r
I r

=
= + .

 
 (11) 

This equation gives ( )epr   explicitly only for the neo-Hookean material.

 Let's make some preliminary remarks. The Hamiltonian operator in a cylindrical 

coordinate system is 

1
r z

r r z


  
 = + +

  
e e e .

 
 

Then we have ( )( )( )z R d dt  =  v ,
 
and taking into account the derivatives of 

basis vectors ( r   =e e , 
r   = −e e , all other vanish), we obtain 

d
zr

dt



=v e , ( )

0 0

0

0 0 0

T

z R
d

z R r
dt


− 

 =  =  
 
 

l v
 

 

Now we can write the coordinate representation of the tensor 
( ) e T e e + +v c l c c l

 which 

appears on the right-hand side of equation (6): 

( )
0 0 0

0 0

0 2

e T e e e

e e

z

d
r c

dt
c c



 


 
 

 + + =  
 
 

v c l c c l

 

 (12) 

Further we have 

( ) 

( )

( ) ( )

( ) ( )

1

2

2

2

dev

2 0 0

1
0 3 1

3

0 1 3

e e с e

e e e

rr zz

e e

ze e e e e e e

rr zz rr zze e

rr rr

e e
z e e e e e e ezz

rr zz rr zz zze e

rr rr

I

c c c

c c
c c c c c c c

c c

c c
c c c c c c c

c c



 
  


 

− =

 
 − + 
 

  = − − + − + +  
 
  − + + − − +   

c c I c

.
 

 (13) 

Here it is taken into account that the incompressibility condition det 1e =c  is also 

fulfilled in the plastic region [6], therefore, 
2 1e e e e

z zz rrc c c c = − . It is easy to see that if 

e e

rrc c=
 then the components of tensor (13) satisfy the equality 

( ) ( ) ( ) ( )1 1dev deve e с e e e с e

rr

I I


− = −c c I c c c I c  and the corresponding components of 

tensor (12) are zero. This allows us to conclude that in this case 
e e

rrc t c t  =  
. But 

from (9) it follows that 
1e e

rrc c= =
 on the elastic-plastic boundary. Consequently, in the 

plastic region, the components 
e

rrc
 and 

ec  also coincide, although, in contrast to the elastic 

region, they change during loading. This interesting property, which is typical only for 

materials with 
1

B
I –based hyperelastic potentials, makes it possible (as for a viscoelastic 

material [16]) to obtain a simple analytical solution of the problem. 
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Thus, the system of differential equations (6) contains unknown functions 
e

rrc
, 

ec , 
e

zzc
, 

e

zc , q , which are also related by algebraic equations 
e e

rrc c =  and 
2 1e e e e

z zz rrc c c c = − , as 

well as the yield condition (4). 

Instead of the equation for component 
e

zzc
, it is more convenient to use the evolution 

equation for the second invariant of the elastic deformation tensor 

( ) ( )2
2 2 2

2 1 2 tr tr 1c e e e e e e e e e e e e e

rr zz rr zz z rr rr zz rr
I c c c c c c c c c c c  

 = − = + + − = + +  
c c

, which can be 

obtained from (6): 

2

2

2 22 2
2 22

1
2

2 3 1 1
2 2 2

3

c e e
e e err zz
rr zz rre

rr

c
c e e c e e

rr rr rr rre e

rr rr

I c c
c c c

t c t t

w Iq d
I c r c I c c

t c c dt




   
= + − + =    

 
= − − − + + − −    .

 

 

Here it is taken into account that for the considered deformation pattern q q t=    
holds. 

Just as in [5,17], we assume that the components of the elastic deformation tensor are 

functions of the accumulated plastic strain q , which in turn is a function of the self-similar 

variable r . In what follows, it is convenient to consider as a parameter the elastic strain 

component 
e

rrc
. In this case, the system of governing differential equations (6) has the form 

1

2

2

1 1
1

2 33

c e

rre

rr

dq
I c

dc w

 −
 = − − 
 

 

(14a)
 

( )
3

2 2

2

2

2

2

11 1

2 3 1

2

c c e

rr

e e e e c

rr rr rr rr

e e c e e
rr rr rr rr

I dI c

d r c dc c c I

dc c I c c


−

− +
−

= −
− −

 

(14b) 

In the last of these equations, 
2

c e

rrdI dc  is calculated according to the chain rule as the 

derivative of the composite function ( )2 2 ,c c e

rrI I c q= : 

1

2 2 2 2 2
2

2

1 1
1

2 33

c c c c c
c e

rre e e e

rr rr rr rr

dI I I I Idq
I c

dc c q dc c q w

 −     = + = − −        
 

Equation (14a) contains the known functions ( )2 2 2 2

c c
w W I w I=   =  and ( )q  

describing the elastic and plastic properties of the material. The invariant 
2

c
I  can be expressed 

in terms of e

rrc  and q  with yield condition (4) 

( )2 2 22
2 2 2 2

1 1
2

3

c
c e

rre e

rr rr

I
J w I c

c c


 
= − − + = 

 
.
 

 (15) 

Then integration (14a) with the initial condition ( 1e

rrc =
 

when 0q = ) implicitly 

determines the function ( )e

rrc q . It is worth noting that expression ( )2 2 ,c c e

rrI I c q=  from (15) 

can be quite complex. 
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Given that the function ( )e

rrq q c=  is known from solution (14a), the right-hand side of 

equation (14b) is a function of e

rrc . This allows us to integrate (14b) directly, taking into 

account the initial condition (11) (
epr r =  when 1e

rrc = ), by finding r  as a function of e

rrc . 

 

Formulas for torque and axial force 

Using the found solution the torque can be expressed as 
1

2 3 3 3 2

2 2

0 0

1 33
3 3 22 2

2 23 2

20

2 4 4

14 1 1
4

2 3 1

ep

ep

ep

e
rr

r R

rR

e e

z z rr

r

r c c e
err
rre e e e c

rr rr rr rrc

M r dr R r w dr R r c c w dr

I dI cR
R r w dr G w dc

c dc c c I

     

 


=

= = − =

 −
= + − + − 

  

 
 

 (16) 

Here, the first term reflects the contribution of the elastic region, the second corresponds to 

the plastic one. In the first term ( )( )2

2 2 3w w r= + ; in the second term ( )2 2 2

c
w w I= ; 

( )2 2 ,c c e

rrI I c q=  is the function known from (15); ( )e

rrq q c=  is the solution of (14a); the 

function G r=  is given by equation (14b): 

( )

3

2 2
1 2

2

2

2

11 1

2 3 1

2e
rr

c c e

rr

e e e e c
e err rr rr rr
rr ep rr

e c e e
c rr rr rr

I dI c

c dc c c I
G c r r dc

c I c c
 

−
− +

−
= = +

− −


 

 (17) 

The integration limit 
e

rr r R
c

=
 in (16) can be considered as a solution parameter, while the value 

of the loading parameter   corresponding to it can be expressed from (17) as 
( )e

rr r R
G c

=
=

. 

To calculate the axial force 
1

2

0
2 zzQ R rdr = −  , we represent the integral 

zzrdr  in 

the following form using expressions (10): 

( )2

22 1e e

zz rr rr rrrdr rdr c c rw dr = + −   . 

Next, we integrate by parts the first integral on the right-hand side of this expression and 

use the equilibrium equation 
2

2
2 2

1
2 2

e e e c e
rrrr rr zz rr rrc c c I c

w w
r r r r

  − + −
= − = − = −

 . 
 

We have: 

( ) ( )2 2 2 2 2

2 2 2

1 1 1
2 1 3

2 2 2

e e e crr
zz rr rr rr rr rr

d
rdr r r dr c c rw dr r c I rw dr

dr

  = − + − = + −    . 

This expression holds for both the elastic and plastic regions. Then, taking into account 

the continuity of the radial stress on the elastic-plastic boundary, as well as the fact that the 

lateral surface of the cylinder is stress-free, 
1

0rr r


=
= , we have: 

( ) ( )

( )

1 1 1

2 2 2 2 2

2 2 2 2

0 0 0

232
2 22 2 3 2 2

2 2 2 2
20 2

1
2 3 2 3

2

312 1 1
2

2 3 1 2

ep

r

e c c e

rr rr rr

r

r c e ec c e
rr rrrr

e e e e c e c e e
rr rr rr rr rr rr rr

Q R r c I rw dr R I c rw dr

I c Gw dcI dI cR
R r w dr

c dc c c I c I c c

  

 


=

=

   = − + − = − =     

− −
= + − + − − − 

 


1

e
rr

r R
c

=


  (18) 
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Limit values for torque and axial force. If the strain hardening of the material is limited 

(meaning the saturation of the yield stress), then there are limit values of the torque and axial 

force, to which these quantities tend with an increase in the angle of rotation. There is also a 

limiting stress state, which corresponds to a certain value of the elastic deformation tensor. It 

follows from (14a) that 2 3c e

rrI c →
 with  → . Then (15) becomes 2 2e e

rr rrc c −
− = , where 

( )2lim 2
q

w  →
= . The root of this equation, up to quadratic terms, is 21 3e

rrc = − . 

Applying L'Hopital's rule to formulas (16) and (18) taking into account (14b) we have: 
23 32 2

lim 1
3 3 3

R R
M



  
 →

 
 −  

 
, 

2
2 23 3

lim 1
2 3 2

Q R R


     
   →

 
 −  

 
  (19) 

Plastically non-hardening neo-Hookean solid. Let's illustrate the solution with a simple 

example of the neo-Hookean solid with 
( )( )22 3c

W I= −
, 2 2 constw = = . If the material 

is non-hardening in the plastic range, then from (15) it follows that 

2

3 1

2

с
e

rr

S
I

c

+
= , 0

0




= , 
( ) ( )2 2

0

4 1

3 3

e e e

rr rr rrS c c c = + −

 

 (20) 

The integral of equation (14a) is 

( )
1

0

2

13 e
rrc

d
q

S




=
−

 

 

From (20) 

3

2 2

2

2 1 31

2

c c e

rr

e e e

rr rr rr

dI I c S

dc c Sc

 + −
= =


, then 

( ) ( ) ( )
( ) ( )

31

1 2
5 2 3

1 3 2 1 1 2 5 12

4 1 3 2 1e
rr

ep

c

S S S S
G r r d

S S S


  

 

+ − + − −  = = +
− − −


 

 (21) 

where from (11) we state 

( )2
2

0

3 4
1 1

2 3
ep

r 
 

= + − 
 

.
 

 (22) 

The torque is 

( ) ( ) ( ) ( )
( )

313
4

2

3 2

1 3 2 1 1 2 5 1

2 1e
rr

r R

ep

c

S S S SR
M r G d

S S

  
 

=

 + − + − −   = + −  
  

 

The axial force is 

( ) ( ) ( ) ( )
( ) ( )

312 3
4

1 22 5 2 3

1 3 2 1 1 2 5 13 1 2

4 2 1 3 1 2e
rr

r R

ep

c

S S S SR S
Q r Gd

S S S

  
  

=

 + − + − −  + −  = + 
− − −  

  

The solution parameter 
e

rr r R
c

=
 defines by (21) the surface shear strain 

( )e

rr r R
G c

=
=

. 

 

Comparison with the exact solution for the Tresca yield condition 

The torque and axial force in the fixed-end elastic-plastic torsion for a neo-Hookean material 

with the Tresca yield condition have the following expressions [4,6]: 
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( ) ( )
3 2

2 22 2 2

3 2

0 0

1
2 4 1 2 1

2 1

R

z

R f
M r dr a a a d

f




   


 −
= = − + + + 

   

( ) ( )
2

2
2

2 22
0 0

6
2 4 1 2 1 1

4 14

R

zz

R a f
Q rdr a a a d

fa

   


  
= − = − + − +  +−   

   

( ) ( )
( )

1 1 tanh2

2 1 1 tanh
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Under purely elastic deformation ( 24a = + , 0 = ), the formulas above take the 

well-known form ( ) 31 2M R= , ( ) 2 21 4Q R= . 

Figure 1 shows the plots of the dimensionless torque ( )32M M R=  and axial force 

( )24Q Q R=  for the Tresca and von Mises plasticity models combined with the 

hyperelastic neo-Hookean model. The expression for surface shear strain, at which plastic 

flow starts in the sample, in the Tresca model is ( )2

02 1 1y = + −  [4], for von Mises 

model according to (22) ( ) ( ) 2

03 2 1 4 3 1y  = + −  . Both of these quantities at 0 1   

are practically indistinguishable from the small-strain theory approximation 
0y = . 

The torque is almost the same for von Mises model as for Tresca model, if the models 

are calibrated such that the pure shear yield strength is the same for both models. The Swift 

effect (the appearance of an axial force in fixed-end torsion) is more pronounced for the von 

Mises model, and the difference increases with increasing deformation of the sample. For an 

ideally plastic (non-hardening) neo-Hokean solid, both models predict that both the torque 

and the axial force reach their limiting stationary values at large angles of rotation. For the 

Tresca material 

30

2

0

2
lim

3 1
M R



 
→

=
+

, 

2 22
0 0

2

0

1 2 1
lim

2 1

R
Q



 
→

+ + −
=

+
. 

If 0 1 
 
then the first of these quantities differs little from the value ( ) 3

02 3M R = , 

which can be obtained by completely neglecting elastic effects and assuming that 
0z = . 

The second represents a purely non-linear effect and it’s approximately equal to 

( ) ( )2

0 05 4 R   
 
at 0 1  . 

According to (19), for the von Mises material 
3
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2
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2

0 03
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2
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The limit value of axial force for the von Mises model is 20% higher than for the Tresca 

model. 
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Fig. 1. Dimensionless axial force ( )24Q Q R=  (circles) and torque ( )32M M R=  

(triangles). The solid lines correspond to the presented solution for the von Mises yield 

condition, the dashed lines correspond to the solution [4] for the Tresca yield condition. The 

dashed rectangles mark the range of purely elastic torsion. The abscissa axis displays the 

loading parameter (surface shear strain R H = ). Neo-Hookean solid with 0 0 0.2  = =  
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Abstract.The friction stir welding (FSW) process has been developed to obtain good joint 

mechanical and process properties. The development of FSW for lap joint manufacturing will 

expand the number of applications that can benefit from this technology. In this paper, 

experimental methods were performed on FSW lap joints, including interface morphology 

and mechanical properties. Microhardness measurements, lap shear testing, resulting material 

flow, and the effect of flow variation on the next mechanical properties of FSW butt lap joints 

in aluminum alloy 3003. The study also presents the effect of different parameters welding on 
the quality of lap joints. The hardness in the welded region gives importance to the influence 

of the studied parameters on the different zones of the weld. The fracture shows the 

characteristics of ductile-brittle mixed fracture. 

Keywords: Friction stir welding, lap joint, aluminium 3003, parameters, tensile shear test, 

properties. 
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Introduction 

Friction stir welding (FSW) is a relatively new welding process that may have significant 

advantages compared to the fusion processes as follows: joining of conventionally non-fusion 

weldable alloys, reduced distortion and improved mechanical properties of weldable alloys 

joints due to the pure solid-state joining of metals [1-3]. The utilization of lap joints in 

airplane structures expands the mechanical properties of the joints and influences weight 

decrease [4]. Lap joints are used to assemble parts in the transportation industry. These 

process specialties have made FSW very practical for joining dissimilar alloys. In this 

process, the heat is originally derived from the friction between the welding tool (including 

the shoulder and the probe) and the welded material, which causes the welded material to 

soften at a temperature less than its melting point [5-9]. Lately, some researches have been 

performed on friction stir welding of dissimilar aluminum lap joints. FSW can also assemble 

different joint configurations, such as lap, butt, and T-joints, of which the lap joints are widely 

applied in vehicle and aircraft design and manufacturing [10-12]. Of importance for friction 

stir lap welding (FSLW), how-ever, is the greater diligence necessary in developing and 

optimizing tool designs and process parameters to break the surface oxide layer on two planar 

surfaces and mitigate the three main defects, i.e., kissing bonds, hooking, and top workpiece 

thinning [13].Examples include aircraft wing-box, structural panel plate, rail carriers and ship 

decks [14-15]. When these methods are applied to aluminum work pieces, the melting and re-

https://orcid.org/0000-0002-7276-7716
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solidification is highly detrimental to the material and is known to result in hot cracking, 

hydrogen cracking, and liquation cracking; not to mention the loss of strength due to 

dissolution of strengthening precipitates formed during the heat treatment process. The best 

results were obtained for overlap FSW joints between thin sheets of AA7075-T6 and 

AA6022-T4 when the welding parameters of tool geometry and welding speed are varied 

successfully at speeds of up to 500 mm/min [16]. 

For the friction stir welding of AA 3003 aluminum alloy with different initial 

microstructures, the results showed that the size of recrystallized grains and the amount of 

second-phase particles in the weld nugget zone (WNZ) decreased with decreasing welding 

ambient temperature [17]. Buffa et al. [18] studied an on the lap joining of AA2198-T4 

aluminum alloy blanks by FSW is by varying the joint configuration and the tool geometry 

and rotational speed. They found that the use of cylindrical–conical pin tools and the correct 

choice of the relative sheet positioning increase the welded nugget extension and integrity, 

improving the mechanical performances of the obtained joints.   

Hakan Aydin et al. [19], studied the effect of welding parameters (rotation speed and 

welding speed) on the mechanical properties of 3003-H12 aluminum alloy joints produced by 

friction stir welding where the weld strength increased with increasing the welding speed or 

decreasing the rotation speed. To produce the best weld quality, these parameters have to be 

determined for each component and alloy. 

In another study [20], FSW lap joint that the thickness of IMC layer increases from  

7.7 to 58.1 μm with decreasing welding speed, which significantly affects the strength of the 
joint. Fatigue properties of the welded joints of AA 3003-H14 aluminum alloy were evaluated 

based on the superior tensile properties for FSW at 1500 rpm rotational speed and 80 mm/min 

welding speed with 89 % welding efficiency [21]. Barlas [22] studied the effect of tool tilt 

angle on tensile-shear failure load and weld zone properties for 1050 aluminum plates under 

tool rotation speed of 1200 rpm and tool travel speed of 30 mm/min. The results indicated that 

best joint performance of about 4.8 kN was achieved at 2.5°. The temperature field around the 

pin tool is asymmetric, with slightly higher temperatures reported on the retreating side (RS) 

of the FSW in aluminum alloys [1]. 

The effectiveness of these parameters on the properties of friction stir welds as well as 

the realization of their influence on the properties of the weld are the subject of studies carried 

out by several researchers [23-26]. 

A great number of studies have been focused on to determine the microstructural and 

mechanical properties of the joints of heat treatable 3XXX aluminum alloys [27-29]. This last 

is the alloy which has been widely used in purpose alloys for moderate-strength applications 

requiring good workability, such as stamping, spun and drawn parts and products, chemical 

equipment, storage tanks, fan blades, walk ways, flooring, and truck and trailer components 

[29]. 

The object of this paper is to develop and high mechanical properties for AA3003 

during friction stirs lap welding, as well as the influence of the factors affecting the quality of 

the joint. Therefore, a methodology was adopted in order to identify the determining 

parameters with respect to the evolution of the mechanical properties. The effect of welding 

control parameters and tool design on process response was investigated. 

 

Experimental method                 

The materials used were AA 3003 alloys of 2 mm thickness. Samples were cut according to 

the shape shown in the Fig. 1. The external sheets were welded parallel to the rolling direction 

while the central sheet was put in the long transverse direction for FSW process in order 

tolimit potential effect of rolling texture. The chemical composition of the aluminum 3003 
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sheet is presented in Table1, and the mechanical properties of the sheets are presented in 

Table 2. 

 

Table 1. Chemical composition of 3003 aluminum alloy 

Al Si Fe Cu Mn Mg Cr Zn Ti 

96.70 0.90 0.90 0.13 1.30 0.00 0.00 0.30 0.10 

 

Table 2. Mechanical properties of 3003 aluminum alloy 

E, MPa YS, MPa UTS, MPa A, % RS, MPa Hv 

60000 110 160 5.6 127 51 

 

 
(a)                                                                               (b) 

 

Fig.1. Lap shear specimens: a) single lap, b) double lap 

 

Two welding tools used for the single and double overlap joint is made of steel type 

42CrMo4 (Fig. 2), it has the mechanical properties (Rm = 750/1300 MPa, A= 10-14 %,  

Re = 500/900 MPa and E = 210000 MPa).  

 

 
 

Fig. 2.Types of tools used for FSLW: a) single lap, b) double lap 
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A configuration of a typical single and double lap joint, used as the basic design in this 

work, to ensure the overlap configurations additional sheets was placed under the bottom 

work pieces. 

The welding process was carried out along the rolling direction into two different 

shapes using a FSW machine and a mechanical clamping system. On the advancing side, the 

motor speed resulting from the rotation of the instrument is in the same direction as the 

translation speed of the instrument, and for the retreating side, the two speeds (axial and 

longitudinal) are mutually reinforcing. This causes asymmetry in the flow of materials 

affecting the microstructure and the mechanical properties, as shown in Fig. 3, for each FSW 

form (single and double lap) we distinguish two configuration according to the rotation and 

welding direction as shown in (Figs. 3,a and 3,b), an asymmetric metal flow is obtained. An 

advancing side and a retreating one are observed in the joint section: the former is 

characterized by the “positive” composition of the tool feed rate and of the peripheral tool 
velocity; on the contrary, in the latter the two velocity vectors are opposite. What is more, in 

the section a vertical movement of the material is observed due to both the tilt angle and the 

tool pin geometry, mixing the two sheets of material [30]. FSLW was conducted at selected 

rotation speeds of 1000, 1400and 2000 rpm and selected travel speeds of 160, 200 and 250 

mm/min.After the FSW welding process, the tensile test was  carried out on an INSTRON 

tensile machine, controlled by the MTS software, as shown in Fig.4 at a transverse speed of 2 

mm / min. The hardness of the weld cross-section was measured point-wise at speeds (1400 

rpm and 200 mm/min) in both forms single and double lap with a load of 1000 g and a dwell 

time of 10 s. 

 

 
 

(a) (b) 

Fig.3.Stir welded Lap joint, (a): Configuration (A), (b): Configuration (B) 

 

 
Fig. 4. Testing machine INSTRON and specimen for tensile test 
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Results and discussions 

Effect of welding speed on the heat production. Fig. 5 shows the effect of welding speed on 

the temperature. A heat input change was performed in FSW using different traverse speed, 

which ranged from 160 to 250 mm/min. Experimental treatments that were conducted at 

different tool rotational speeds: 1000 rpm and 2000 rpm, were chosen to study the effect of 

variation in tool rotational speed on the transient temperature distribution within the welding 

zone.It is noted that the temperature decreases gradually with the increasing welding speed 

and this is attributed by the high rotational speed results in the metallurgical transformation.  

A slow rotational speed avoids that the weld zone reaches the appropriate temperature 

with enough plastic deformation, due to the lack of heat input [31]. The temperature profiles 

have a uniform plot during the welding process which is trending symmetrically toward the 

peak of thermal cycles, and dropping after passing through the maximum temperature.  
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Fig.5. Temperature profiles of different welding speed: (a) single lap, (b) double lap 

 

Microhardness measurements. The Fig.6 shows the evolution of the hardness by 

defeating the speed of advance (160, 200, 250) mm/min and even the speed of rotation 

(1400 rpm), in both forms (single lap and double lap) on a SHIMADZU HMV-2000. In the 

hardness measurement, we used a load 1000 g for 10 seconds per point and distance between 

the two points was 2 mm along 28 mm in hardness Vickers (HV). 

The value of the stiffness in areas HAZ, TMAZ and NZ decreases from the value in BM 

due to the decrease in the displacement density resulting from FSW. We notice from the Fig.6 

that the value of the hardness decreases from the area HAZ in a direction TMAZ in various 

measurements until it reaches a minimum value and then rises in a direction NZ and this is 

due to the recrystallization of the grains because of the welding process [32]. We also note a 

slight decrease in hardness value in the area of NZ with an increase in welding speed [33]. 

The hardness in the welded region is significantly lower with respect to the base 

material (50 μHV for single lap, 48 μHV for double lap). The high temperature achieved 

during the FSW process can be considered as the major cause of this softening effect. Even 

just a few microhardness values are reported for reasons of synthesis, it is possible to assert 

that the width of the softened region and the microhardness values recorded in the same 

region are influenced by the welding process parameters [34]. 
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Fig. 6. Hardness distribution profiles: a): single lap; b) double lap 

 

Tensile strength test. We measured the tensile properties on the single and double lap 

in both configuration (A and B) are presented in Fig. 7 and Fig. 8, using constant tool rotation 

speeds of 1000 rpm (Fig.7,a), 1400 rpm (Fig. 7,b), 2000 rpm (Fig. 7,c), and tool displacement 

speeds of 160, 200 and 250 mm/min. To analyze the evolution of the mechanical with the 

welding parameters, averaged over several trials, is calculated. 
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Fig.7. Load curve – displacement (Single lap) 
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The results were presented according to the same parameter’s to highlight the 
differences in mechanical resistance of the two configurations (A and B). Fig. 7 shows some 

representative curves, this figure shows that the load is maximum when the welding speed is 

equal to 160 mm/min (configuration B) Where the advancing side (AS) of the joint bore the 

main load, they reach a low value for a welding speed equal to 250 mm/min and rotation 

1400 rpm (Fig.7,b). 
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Fig.8. Load curve – displacement (double lap) 

 

The load-displacement curve showed that the joint made at 1000 rpm possessed bigger 

displacement. Overall, for the configuration (B) the joint tensile shear performance was 

excellent. 

Failure modes. In shear tests, the friction stir welding present two failure modes [35]. 

The first is shear fracture or interfacial fracture, which starts at the transition point and 

spreads toward the free edge of the tool pin hole, and the second is mixed-mode fracture. 

Thinning of the top sheet metal at the tool shoulder edge due to the shoulder cut also favors 

this failure mode. Mode III failures are associated with moderately higher shear strengths and 

larger fracture energies compared to Mode II [36]. For the tensile/ shear samples, the crack 

initiates in the tip of the hook and then propagates along the hook. In addition, as mentioned 

above, when the joint is subject to the external loading, the upper sheet bends upward and the 

lower sheet bends downward, which leads to the nugget rotation seen in Fig. 9. 
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Fig.9. Shear specimen during the tensile test 

 

Fig. 10 groups the specimens after the tension test. The fracture was observed to occur 

predominantly in or near the interface of the SZ/TMAZ on the advancing side (AS) of the top 

workpiece (Fig. 10,a), where the severe stress concentration arising from the presence of the 

hooking defect caused the crack to propagate directly into the top workpiece. 

A total separation of the two sheets is observed in the case of the joint with double 

overlap (Fig. 10,b). The fracture surfaces broken in this way, two characteristic zones can be 

seen in the weld area, which occurs on the advancing side (AS) of weld, and the area, which 

is visible in the retreating side of weld. The presence of such an area on the retreating side 

(RS) of joint is due to insufficient dispersion of oxides from the surfaces, which are only 
rubbed into weld area and form strongly adherent layer, thus reduces the mechanical 

properties of the joint [4]. 

 

 
 

Fig.10. Different modes of fracture: a) single lap; b) double lap 
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Weld microstructures and properties of single and double lap FSW joint. 

Metallographic experiments using optical microscopy and scanning electron microscope 

found that the weld cross-section could be divided into nugget zone (SZ), 

thermomechanically affected zone (TMAZ) and heat affected zone (HAZ) as shown in Fig. 

11. Analysis of each zone revealed that the material in SZ region underwent dynamic 

recrystallization process and redistribution of the strengthening phase [37-38]. The 

transformation of the microstructure into finer equiaxed grains caused the preexisting cracks 

to disappear [39]. For the TMAZ on both sides of the friction stir welded joint material, 

TMAZ (advancing side) has obvious contour boundary, and the TMAZ (retreating side) 

contour boundary is relatively blurred. It is generally believed that this phenomenon is related 

to the material flow direction [39]. 

The Heat Affected Zone (HAZ) is the region which lies closer to the weld-center and 

has experienced a thermal cycle during welding which has modified the microstructure and/or 

the mechanical property, there is no plastic deformation in this region. There is a distinct 

boundary between the recrystallized zone and the TMAZ [39].  

 
Fig.11.Metallographic cross-section of the FSLW weld (1000/160) 

 

The microstructure of the double lap joint was characterized by Light Microscopy and 

SEM in the base materials and in the weld nugget zone. The microstructure of the Base 

Materials (BM) and characteristic zones of the FSW double lap joint are shown in Fig. 12. 

This figure is a Polarized Optical Micrograph of the BMs showing the equiaxed grains of the 

3003 top and bottom sheets with a mean size of 10 μm, while the middle sheet has elongated 
grains in the longitudinal direction. The equivalent grain diameter measured are between 0.17 

and 67.14 μm, calculated by the intercept method. 
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Fig.12. Microscopy of double lap FSW joint (1000/160). 

 

Conclusions 

The present work was designed to identify the most influential and optimal friction stir 

welding process parameters on joint strength during FSLW welding of aluminium alloy 

AA3003. This study focuses on the influence of three factors (speed, feed rate, welding time). 

In particular, the changes in microstructure, microhardness, and tensile properties of were 

investigated. It was found that the welding process treatment induces higher microhardness 

values and lower longitudinal residual stress in the weld zone surface. The flow of material is 

facilitated around the tool pin, while the surface hardness is improved at the same time. 

The important conclusions are derived from this study are: 

• For aluminium 3003 alloy welds, fracture strength was found to be very sensitive to 

pin positioning during FSLW. 

• A maximum failure load of 9000 N was exhibited by the FSLW joints (double lap) 

fabricated with the optimized parameters of 1000 tr/min rotational speed, 250 mm/min 

welding speed. Also, this value (fractured at SZ) for the pin penetrated welds is itself higher 

than the maximum value (fractured at the SZ or interface) reported in literature when pin 

penetrating condition used. 

• Beyond the HAZ, it can be seen that the stresses gradually tend towards zero when 

passing through the HAZ zone 
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Abstract. Increase in environmental pollution and global warming due to continuous use of 

petroleum based materials, exploitation of forest reserves, improper industrial wastes 

management and natural resources. To reduces such alarming issues and find viable solutions, 

innovative research work on recycling of used materials such as used (clothes) textile wastes 

and used jute fibers has been reported to develop advanced sustainable hybrid composites in 

this work. The current study deals with mechanical and wear peculiarities of (cotton and jute 

fiber) textile wastes reinforced epoxy composites. Hand lay-up method was used to develop 

composites in five different stacking sequences. The developed composites were 

characterized for its mechanical peculiarities namely hardness, flexural, tensile, toughness, as 

per ASTM standards. Hybrid composite which was found with best sacking sequence, pure 

cotton and pure jute fiber composites were further analyzed for their wear peculiarity 

behaviour using Taughi (L27) design of experiment approach. Morphologies after mechanical 

and wear testing studies using SEM. It was inferred that hybrid composites with JCCJ 

stacking sequence produced good mechanical peculiarities. The currently developed 

composites have been found better than pure wood, epoxy, plastics and persuade for 

multifunctional applications. 

Keywords: Epoxy Hybrid Composites, Waste jute fiber, Waste cotton fiber, Taughi design of 

experiment. 
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Introduction  

Improved living standards and world population increased textile consumption globally 

during the last two and half decades. Rate of consumption and fashion trends creates bigger 

impact on textile production and their wastes [1-4]. Lack of recycling, absence of waste 

management strategies and continuous land filing creates environmental decay. Waste 

management in textile industry focus mainly towards post industry waste and little or no 

attention is paid to post consumer waste. Post consumer waste includes used fabrics, cutting 

waste, rejected and after sewing operation waste. As demand increases, volume of production 

increases, and waste fabrics managing become an alarming issue in the different parts of 

world. Moreover, post textile waste contributes to hazardous green house gases, groundwater 

contamination and even pollute environment. Degradable textile waste (non-organic) 

generates methane and (organic waste) like wool produces ammonia during decomposition. 

Non-degradable textile waste (synthetic) mostly accumulated in landfill, both contributes to 

environmental pollution and social alarming issues [5-8]. Firstly to minimizing such issues it 

is important to develop recycling solutions for textile waste and secondly textile waste must 

https://orcid.org/0000-0002-0729-8239
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utilize as a resource. Therefore, it is important to develop recycling solutions for textile waste.  

This work aimed to investigate the feasibility of recycling cotton and jute fabric textile 

wastes, which are generally ended up in landfill. Currently, cotton and jute are globally used 

fibers in textile and apparel industry, and therefore during processing and after use every 

household produces massive amount of cotton and jute waste in daily basis. While recycling 

textile waste fabrics becomes problematic, especially separation challenges. Therefore, 

innovative recycling solutions required to develop during deal with such types of textile 

wastes [9-11]. 

Utilization of textile wastes in various applications in automobile segment, aerospace 

industry, and building construction, marine has become great research area of interest. 

Automobile and construction sector consumes significant/ amount of energy, materials, cost 

and various other resources therefore recycled, sustainable and cost-effective materials has 

capability to replace conventional materials. Global regulations of the countries trending and 

promoting recyclable, sustainable, cost-effective and eco-friendly construction and 

automotive materials. The main goal to use waste textile fibers in hybrid composites is to 

achieve improved strength, light weight, competitiveness and durability. 

Textile waste i.e. cotton and jute fabrics are preferred due to their inherent features like 

low overall cost and better strength. It is observed that natural jute fiber filed polymer 

composites have particularly better wear resistance in the recent researches. Cotton fiber as 

well as jute fiber reinforced polymer composites are widely used in ship and automobile 

industries [12-14]. 

Previous researches reported the suitability of recycled textile fibers for building 

construction and automobile sector such as thermal, acoustic insulation, wear and structural 

reinforcement [15-18]. Considering the properties and characteristics of waste cotton and jute 

fiber due to superior wear, structural, thermal and insulation properties, this research 

investigated the feasibility of hybrid composites having better wear peculiarities developed 

from post consumer waste textile waste.  

The mechanical and wear behaviour of materials depends on the factors such as matrix 

type, fiber type fiber size, stacking sequence, material thickness, density, porosity [19-21]. 

Mechanical properties of woven jute fabric hybrid and effect of hybridization and layering 

pattern were studied [6]. Jute fibers gave very promising results, wear resistance of 

composites found to be better in antiparallel orientation and fiber orientation has significant 

influence on wear and frictional performance of jute fiber reinforced epoxy composites [7]. 

The primary objective of this research work was to reuse and utilize waste cotton and jute 

fiber to develop a sustainable hybrid composite. The developed composites using textile 

waste would enhance the sustainability of the new product by replacing synthetic material up-

to some extent [24-28]. No research work has been in the literature on hybrid composites of 

cotton waste fiber and used jute waste fiber in epoxy resin. The present work develops five 

kinds (different stacking sequence) of composites. Pure cotton waste fiber, pure jute waste 

fiber and hybrid composites (combination of cotton and jute with three different fiber orders). 

The incorporation of more than one reinforcing materials in a single matrix is called hybrid 

composites [29-34]. In current experimentation, mechanical peculiarities of all five different 

kinds of composites were tested. Further best among hybrid composites (three different fiber 

orders of composites), pure waste jute fiber and pure waste cotton fiber were tested for wear 

peculiarities. The effect of hybridization of waste cotton and waste jute layering pattern effect 

on mechanical peculiarities were observed. Coefficient of friction and wear rate are output 

responses during tribological analysis. Morphology of wear out and fractured composites 

examined to understand fiber matrix interaction in relation to mechanical and wear 

peculiarities.  
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Materials and Methods 

Material Used in preparation. The stacking sequence and their designation of textile and 

packaging waste fibers shown in Fig 1. Currently, epoxy resin is used due to very common 

industrial usage and multi functional application. Aradlite LY 556 i.e. epoxy resin of density 

1.2g/cc and HY951 hardener of density 0.96g/cc mixed in a ratio of 1:10 supplied from 

shakshi chemical pvt. Ltd. New Delhi. 

 

 
 

Fig. 1. Composites development with different Stacking sequence 

 

Five different samples for testing were fabricated by hand lay-up technique, flow chart 

shown in Fig.2. five different kinds of samples/ laminates were prepared using 300×300×3 
mm3 size or dimensions with total four plies maintained at 3 mm thickness for mechanical 

(tensile, flexural, impact and hardness) testing by varying the stacking sequence of textile and 

packaging waste fiber to obtain various composites. For wear testing, samples of 6 mm 

thickness were prepared. 

 

 
 

Fig. 2. Technique flow chart of composites by hand lay up 
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In all composites samples all layer of woven fiber either textile or packaging waste is at 

0° angle and then the after placing each layer of fabrics epoxy resin is applied, equally 

distributed by using brush and roller to compress at normal temperature pressure. 50 kN 

compression weight is applied for 24hrs at NTP. 

 

Table 1.Sample designation and their architecture 

S. No. Sample Designation Fiber Stacking sequence 

1 W1(JJJJ) Jute-Jute-Jute-Jute 

2 W2(CCCC) Cotton-Cotton-Cotton-Cotton 

3 W3(JCCJ) Jute-Cotton-Cotton-Jute 

4 W4(CJJC) Cotton-Jute-Jute-Cotton 

5 W5(JCJC) Jute-Cotton-Jute-Cotton 

 

Weight fraction is calculated as below [13] reference: 𝑊𝑓 = 𝑊𝑓𝑊𝑓+𝑊𝑚 ,            (1) 𝑊𝑚 = 𝑊𝑚(𝑊𝑓 + 𝑊𝑚),           (2) 

where 𝑊𝑓= weight of fiber, 𝑊𝑝 = weight of packaging waste fiber, 𝑊𝑡= weight of textile 

waste fiber, 𝑊𝑚 = weight of matrix. 

Total fiber volume fraction is calculated using following as[18] 𝑉𝑓 = (𝑊𝑡𝜌𝑡 )+(𝑊𝑝𝜌𝑝 )(𝑊𝑡𝜌𝑡 )+ (𝑊𝑝𝜌𝑝 ) +(𝑊𝑚𝜌𝑚 ),           (3) 

where 𝜌𝑚 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦𝑜𝑓𝑚𝑎𝑡𝑟𝑖𝑥, 𝜌𝑡 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦𝑜𝑓𝑡𝑒𝑥𝑡𝑖𝑙𝑒𝑓𝑖𝑏𝑒𝑟, 𝜌𝑝 =𝑑𝑒𝑛𝑠𝑖𝑡𝑦𝑜𝑓𝑝𝑎𝑐𝑘𝑎𝑔𝑖𝑛𝑔𝑓𝑖𝑏𝑒𝑟. 

 

Methods. After fabrication, the next step is to check mechanical and wear behaviour of 

formulations as per ASTM standards shown in Table 2 below. Which shows the different 

ASTM standards followed during the study to obtain an average value for each mechanical 

property, three identical specimens from each composite combination were evaluated. 

 

Table 2.Shows ASTM standards followed during Experimentation. 

S. No. Parameters under observation ASTM Standard Followed 

1 Tensile Strength ASTM D638-14 

2 Flexural strength ASTM D790-10 

3 Toughness (Izod Impact test) ASTM D256-10 

4 Micro Hardness ASTM D2240-05 

5 Wear ASTM G-99 

 

Discussion and Results  

Density and void fraction One of the most common defects during sample preparation is 

voids, which results in low resistance to water penetration and poor composite strength. 

Composites with 1% voids are good composites and 5% voids are poorly made composites. 

Equation below was used to calculate the theoretical densities of the composites: 𝜌𝑐𝑡 = 1[𝑊𝑓𝜌𝑓 +𝑊𝑚𝜌𝑚 ].            (4) 

On the other hand, actual densities of the developed composites were measured using a 

water immersion method (using distilled water) for individual sample average eight values of 

density were observed as per ASTM D2734-94. 
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The volume of void content (Vv) was calculated using  𝑉𝑣 = (𝜌𝑐𝑡 − 𝜌𝑐𝑒)/𝜌𝑐𝑡           (5) 

Voids remain the key cause of the disparity between experimental and theoretical 

densities. All composites have less than 3% voids, which indicate that each laminate was 

good. By comparing pure textile and pure packaging waste, it was observed that hybridization 

of waste, i.e. packaging and textile, had less voids. 

Tensile peculiarities. Five different kinds of composite samples are tested in UTM (at 

CIPET Baddi) for tensile properties, presented in Fig 3. The stress strain relationship is used 

to calculate the tensile strength and tensile modulus of laminates. All composites have a 

steady rise in tensile peculiarities, according to the findings, whereas W3 (JCCJ) stacking 

sequence type laminate shows significant improvement among all. 

 

 
 

Fig. 3. A Mechanical peculiarities of developed composites 

 

Flexural peculiarities. The three-point bending test was used to investigate the flexural 

peculiarities of composite laminates. Fig.3 shows the flexural strength. W3 (JCCJ) composite 

was found to be higher respectively as far as the pure waste  based composites fiber 

packaging waste based composites had a better flexural strength than waste textile composites 

laminates. The flexural power of the hybrid composites with the stacking series JCCJ are 

27.75 MPa respectively. Flexural research reveals that the hybridization of two waste-based 

fibers improves flexural peculiarities as well. All of these findings show that the constituents 

of the hybrid and stacking sequence have an impact on flexural strength. 

Impact peculiarities. Impact strength of developed composites using Izod test (at 

CIPET baddi) figure 3 shows toughness results. It is revels from results that impact strength 

i.e. toughness of the developed composites improved  and among all the specimens W3 

(JCCJ) found to be best  stacking sequence and further recommended for wear or tribological 

testing. 

Microhardness. Hardness of the developed composites using Vickers hardness test as 

per ASTM D2240-05 standards. Figure 3 shows results based on test average three tests on a 

particular composites were conducted from the results W3 (JCCJ) stacking sequence shows 

higher valve among other stacking sequence and hardness of all the developed composite 

laminates improved by hybridization and different stacking sequence.  

Wear peculiarities. The tribometer pin on disc type was used to analyzing COF and 

wear rate as output responses. The ASTM G-99 standards are used by the company make 

DUCOM. To communicate smoothly during operations, the tribometer was attached to a 

computer system running Winducom2010. In this type of tribometer pin was mounted on disc 

with the help of lever which is facilitated with normal load and speed variations. The whole 

setup along with control panel facilitates to monitor wear and friction under dry conditions. 

The developed composites were evaluated under different parameters (Normal load, sliding 
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distance, sliding velocity and composition type) for evaluation of wear rate and COF. Each 

composite sample was made in the form of pin shape of 30 mm length and 10 mm thickness.     

Table 3 shows the input parameters for testing the composites. The size /dimensions of 

the specimen were 30 ×10 mm. 
 

Table 3.Input parameters and their level 

Parameters Notation Level 1 Level 2 Level 3 

Normal Load (N) NL 10 20 30 

Sliding Distance (m) SD 1500 3000 4500 

Sliding Velocity(m/s) SV .75 1.5 3 

Composition Type CT TW PW HY 
TW= Textile Cotton waste (W2 (CCCC)), PW= Packaging Jute Waste (W1 (JJJJ)), HY= Hybrid  

Composites W3(JCCJ). 

 

The pin was held tightly with the holder attached with crank lever mechanism during 

tests. The disc of counter material EN31 having roughness RA 1.21(Hardness HRC 65) 

rotates against the pin shaped composite samples.  All the tests were performed on different 

Disc track diameter (vary from 20 mm – 140 mm). Before and after the wear test, a weight 

balance is used to determine the weight of the developed composites samples. The normal 

load was varied from (10-50 N) different weights with supporting arrangements to maintain 

the normal load through LVDT sensor attaches to the machine. Sliding velocity range varied 

from (1-5 m/s) by using control panel. One of the output response wear rate was calculated 

using weight loss formula given as:  

WR = Δm/𝜌 d,           (6) 

where Δm is weight loss in grams, d is sliding distance in meters and 𝜌 is the density of 

developed composites. COF directly obtained from computer system with Winducom 2010 

software.  

To analyze the tribological behaviour of developed composites, Taughi L27 is used for 

design of experiments with responses shown in Table 4 and multi-way ANOVA was applied 

for optimization and analysis of variance shown in Table 5 and Table 6 for COF and wear 

rate.  

Regression equation for wear rate and COF shown in Table 7 and Figure 4 addressing 

relationship of responses COF and wear rate with input parameters sliding distance, sliding 

velocity and composition type in graphical manner. Whereas Table 8 gives the validation of 

given results in ideal conditions, i.e. observations of COF and wear rate after confirmation 

experiments.  
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 

Fig.4. Results:(a) Relationship COF vs Normal Load;(b) Sliding velocity Relationship COF 

vs Normal Load; (c) Sliding distance Relationship COF vs Normal Load; (d) Composition 

Type Relationship WR vs Normal Load;(e) Composition Type Relationship WR vs Normal 

Load; (f) Sliding Distance Relationship WR vs Normal Load, sliding velocity 
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Table 4. Experimental output responses at various level and combination of input parameters 

S. 

No 

Normal 

load (N) 

Sliding 

Velocity, (m/s) 

Sliding 

Distance, (m) 

Compositi

on Type 

Wear 

Rate×10-4 

(mm3/m) 

COF 

1 10 1 1500 TW 0.50 4.8 

2 10 1 1500 TW 0.52 4.6 

3 10 1 1500 TW 0.53 4.8 

4 10 3 3000 PW 0.70 5.8 

5 10 3 3000 PW 0.72 5.5 

6 10 3 3000 PW 0.74 5.0 

7 10 5 4500 HY 0.63 4.0 

8 10 5 4500 HY 0.62 4.2 

9 10 5 4500 HY 0.62 4.1 

10 50 1 3000 HY 0.55 5.5 

11 50 1 3000 HY 0.56 5.4 

12 50 1 3000 HY 0.57 5.3 

13 50 3 4500 TW 0.58 4.0 

14 50 3 4500 TW 0.59 3.9 

15 50 3 4500 TW 0.60 3.7 

16 50 5 1500 PW 0.87 3.4 

17 50 5 1500 PW 0.85 3.6 

18 50 5 1500 PW 0.80 3.8 

19 80 1 4500 PW 0.60 7.0 

20 80 1 4500 PW 0.65 6.9 

21 80 1 4500 PW 0.63 6.7 

22 80 3 1500 HY 0.59 4.8 

23 80 3 1500 HY 0.60 4.8 

24 80 3 1500 HY 0.61 4.6 

25 80 5 3000 TW 0.61 3.3 

26 80 5 3000 TW 0.62 3.2 

27 80 5 3000 TW 0.60 3.0 

 

Table 5. ANOVA for COF 

Source  DF Adj SS    Adj MS   F-Value  P-value 

NL 2 0.013652   0.006826     20.48     0.000 

SV 2 0.068763   0.034381    103.14     0.000 

SD 2 0.006852   0.003426     10.28     0.001 

CT 2 0.129341   0.064670    194.01     0.000 

Error  18 0.006000   0.000333   

Lack of fit  3 2.3634 0.7878 22.16 0.00 

Pure Error 18 0.6400 0.0356   

Total  26 0.224607    
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Table 6. ANOVA for wear rate  

Source  DF Adj SS    Adj MS   F-Value  P-value 

NL 2 0.1250 0.1250 .87 .360 

SV 2 18.2688 18.2688 127.74 .000 

SD 2 1.5606 1.5606 10.91 .003 

CT 2 8.6489 4.3244 30.24 .000 

Error  18 3.0034 0.1430   

Lack of fit  3 2.3634 .7878 22.16 0.00 

Pure Error 18 .6400 .0356   

Total  26 31.6067    

 

Table 7. Responses for wear rate and COF 

S. 

No. 
Response Regression equations (in terms of actual factors) 

1 
Wear 

Rate 

4.6556+ 0.1000* NL_10-

0.3667* NL_50+ 0.2667 *NL_80+ 1.0111 *SV_1+ 0.0222 *SV_3 

1.0333* SV_5-0.3000 *SD_1500+ 0.0111* SD_3000+ 0.2889 *SD_4500-

0.7333 *CT_TW+ 0.6444 *CT_PW + 0.0889 *CT_HY 

 

2 COF 

0.63185- 0.01185* NL_10+ 0.03148* NL_50-

 0.01963* NL_80+0.06407 *SV_1 + 0.00481 *SV_3+ 0.05926 *SV_5 

+ 0.02037 *SD_1500 - 0.00185 *SD_3000 - 0.01852 *SD_4500 -

 0.05963 *CT_TW+ 0.09704 *CT_PW - 0.03741 *CT_HY 

 

Table 8. Results of the Confirmation Experiments for wear rate and COF 

Sr. No. Response Goal Predicted 

(OA) 

Experimental 

(OB) 

Error(%)= (OB-OA)/ 

OA×100 

1 Wear Rate  Minimize 0.62 0.66 6.4 

2 COF Minimize 4.2 4.4 4.7 

 

SEM. Morphology of different composites after testing at different conditions was 

studied. Interfacial properties such as fiber/matrix interaction, void material, and fiber pull out 

of composites are all highlighted by morphology as shown in Fig.5 below.  
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Fig. 5. SEM images of developed composites after wear: Hybrid W3 (JCCJ) at 20 μm (a)and 

at 100 μm(b); Packaging waste W1(JJJJ) at 20 μm(c) and at 100 μm (d); Textile waste 

W2(CCCC) at 20 μm(d) and at 100 μm (e) 
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Conclusion 

The cotton fiber waste and jute fiber waste are good reinforcing material, and they can be 

successfully used with epoxy to produce hybrid composite of different stacking sequence. The 

produced composites were characterized in mechanical peculiarities by flexural, tensile, 

impact, hardness tests further pure cotton waste and pure jute waste fiber and best 

combination of stacking sequence were tested for wear peculiarities using Taughi (L27) design 

of experiment. SEM was used to study fractured and wears out surfaces. The results based on 

experiments are listed below. 

1. The inclusion of an outer layer of waste jute fiber resulted in increased durability, ultimate 

tensile strength, and hardness, as well as improved adhesion between the matrix and the 

cotton fiber waste. 

2. The presence of waste jute fiber in the middle increased the flexural strength of the central 

layer of jute and the outer layer of waste cotton fiber. The fractography studies showed that 

there were no cracks, indicating that the flexural strength was increased. 

3. Above findings shows waste jute fiber at outside and intermittent layer of waste cotton 

fiber were best in case of mechanical peculiarities. 

4. The morphological study is done through a SEM. The fiber pullout from composites, 

stacking of fibers, cracks, delaminated flacks, wear direction, crater and wear out surfaces in 

the composites were observed. 

5. Sliding velocity and composition type are two most significant parameters for both the 

output responses (wear rate and coefficient of friction). The ANOVA tests confirmed the 

significance of generated models. 

6. Present experimentation reveals that the placing of fiber or stacking sequence in the 

composites plays an important role in obtaining good mechanical peculiarities. Thus, it can be 

concluded that reuse of waste cotton and waste jute fibers is an effective way to utilize 

resources that is of low cost and its application also increases when compared to synthetic 

fiber. 

7. Taughi method was used to optimize input parameters to reduce output responses. Both the 

wear and the coefficient of friction responses of composites are represented by significant 

quadric models. Taughi's three-dimensional diagrams also support the findings of the steady-

state experiment. The R square value for wear rate and coefficient of friction is greater than 

0.94, indicating that the model is significant. 

8. Confirmation checks are used to double-check the results by using the same input 

parameters that were used to measure the expected value. Since the error percentage is 6.4% 

and 4.7 % in S/N ratio of Wear rate & COF indicates that the model is adequate.  

9. Waste Jute fiber and cotton fiber showed promise as replacements for synthetic fibers like 

glass, basalt for same composites at same operating conditions. 
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Appendix 

 

 

 

Fig. 6. Tribometer pin on disc: DUCOM make (A) System attached to pin on disc tribometer. 

(B)Control Panel of pin on disc. (C) Top view of pin on disc tribometer. (D) Front view of pin 

on disc tribometer. 

 

 

Fig. 7. Jute specimen after micro hardness test (a) and cotton specimen after micro hardness 

test (b) 
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Fig.8.Main effect plot for S/N ratios for COF 

 

Fig. 9. Interaction Plots for COF 
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Fig. 5 Main effect plot for S/N ratio for Wear rate 

 

Fig 6 Interaction plot for Wear rate 
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Fig. 7. Residual plot for Wear rate  

 

Fig. 8. Residual plot for Coefficient of friction 
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Microstructural modeling of a TiNi beam bending 
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Abstract. This work presents a numerical simulation of a TiNi shape memory alloy (SMA) 

beam deformation in the mode of pure bending. The beam is loaded by a bending moment 

and experiences temperature variations. The boundary-value problem includes the equations 

of the mechanical equilibrium and the constitutive relations of the SMA realized by a 

microstructural model, which accounts for the strains due to elasticity, thermal expansion, and 

phase transformation. Bending at different temperatures and the shape recovery on heating are 

simulated. Thickness distributions of the stress and dependences of the deflection on the 

bending moment and temperature are obtained. Since the microstructural model automatically 

accounts for the tension-compression asymmetry of TiNi its use for the description of the 

SMA behavior predicts that the neutral line of the bent beam does not pass through its center. 

Keywords: shape memory alloys, bending, boundary-value problem, modeling 
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Introduction  

In shape memory alloy (SMA) applications requiring large displacements, SMA parts 

accumulate and recover deformations in bending mode. These are the active parts of actuators 

[1,2], medical staples [3], endovascular stents [4], etc. Bending deformation mode is 

characterized by inhomogeneous stress and strain fields, consisting of tensioned and 

compressed layers. Since many SMA, such as the widely used TiNi-based alloys, exhibit 

asymmetry in tensile-compressive mechanical properties [5,6], the functional properties of  

a curved SMA beam cannot be the same as those of a bar exposed only to tension or only to 

compression. To find the dependences of the curvature and deflection of the beam under the 

action of the bending moment, as well as the distribution of the martensite volume fraction 

and stresses over the cross-section of the beam, it is necessary to solve the boundary value 

problem.  

Boundary value problems for SMA parts present a difficult task because of the 

peculiarities of SMA mechanical properties, which hamper calculating the evolution of stress 

and strain fields. A definite success was achieved in solving isothermal problems for SMA in 

the pseudoelastic or pseudoplastic state: a macroscopic model for SMA [7] was implemented 

into a finite element computer package ANSYS [8]. In a recent work [9] the authors using a 

macro model based on the approach of D.C. Lagoudas [10] solved a challenging 2D boundary 

value problem concerning the calculation of the stress and strain fields near a crack tip. 

Introducing into the model a fatigue degradation function they succeeded in the prediction of 

https://orcid.org/0000-0001-5035-7970
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the cyclic life of a medical stent. The boundary conditions, including non-isothermal loading, 

are more complicated, and there are examples of solutions only for the simplest one-

dimensional problems, such as torsion of a cylinder with the fixed inner surface and a turned 

outer surface [11], mandrelling and assembling of a thermomechanical pipe coupling [12],  

the tension of a cylinder loaded with axial force and cooled from the surface [13,14,15]. In 

works [12-15] a microstructural model was used, which allowed obtaining a more physically 

grounded description of SMA behavior but demanding more computer memory for storage of 

the internal variables and more computation time. In the work [16] a problem of pure bending 

of a TiNi beam in the isothermal conditions in the austenitic pseudoelastic and martensitic 

pseudoplastic state was considered. The present work complements these results by the 

simulation of the shape recovery on heating.  

 

Constitutive relations: microstructural model 

Microstructural models have significant advantages since they directly account for the 

structure of the SMA and the specific features of different mechanisms of deformation. Some 

of the first such models were reported in the works [17-19]. In the works [18,19] the primary 

martensite orientation variants are considered to be the plates characterized by the habit plane 

and the shift direction. The interaction energy between the plates is calculated with the help of 

J. Eshelby's theory. It is also assumed that these variants are subdivided into several self-

accommodating groups in which variants can grow together. It was shown that these models 

can simulate pseudoelasticity and the shape memory effect. Further development of E. Patoor, 

A. Eberhardt, and M. Berveiller model [18] was made in [20], in which the interaction matrix 

for martensite variants in NiTi SMA was derived. This matrix accounted for all self-

accommodating groups observed in this alloy. Works [21,22] were probably the first, in 

which an idea of connecting the thermodynamic principles with the apparatus of statistical 

physics was suggested. This allowed deriving relevant properties of SMA in analogy to the 

formalism used for paramagnetic-ferromagnetic systems. In [23] the Boltzmann-type 

statistical approach was compared with a crystal plasticity model. In both cases, a previously 

developed self-consistent scheme of the transition from the stress-strain state on the local 

scale to the global one was used.  

 

 
Fig. 1. Scheme of the representative volume of SMA 

 

Grain 
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Grain 1

Grain 
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The microstructural model, which served as the basis for this work, was described in the 

work [17] and further elaborated in [24-26]. The primary orientational variants of martensite 

are domains referred to as the Bain's variants, which originate from austenite by one of the 

variants of the lattice transformation. It was shown that this microstructural model also 

allowed simulating all the basic phenomena related to the functional-mechanical properties of 

SMA. The equations are formulated for the phenomena, producing micro-strains of the micro-

regions and the macroscopic strain of a representative volume is calculated by neutralization 

of all micro strains. The internal variables in this model are the volume fractions of Bain's 

variants. The representative volume V of SMA (Fig. 1) consists of a set of grains, each 

characterized by the orientation  of its crystallographic axes.  

A. Reuss' hypothesis is accepted and the spatial averaging of the micro-strains is 

substituted by the orientation averaging. Small deformation tensors are used and the 

macroscopic strain  and the volume fraction Фм of martensite are: 
gr( ) ( )f



 =    ,  
gr

M ( ) ( )f


 =    ,           (1) 

where the sum is taken over all grains, f() is the volume fraction of the grains with 

orientation  (a discrete analogue of the orientation distribution function)  gr ( )   and gr ( )   

are the strain tensor and the volume fraction of martensite in grain with orientation .  

In each grain, we consider N variants of martensite obtained from austenite by 

crystallographically equivalent Bain's deformations Dn (n = 1 ,…, N). For TiNi SMA with the 

transformation of the cubic phase into monoclinic N=12. An account of shuffles would 

increase this number up to 24, but the shuffles do not affect the homogeneous part of the 

Bain's strain. Thus, we characterize martensite by the internal variables n (n = 1 ,…, N), 

such that (1/N)n is the volume fraction of the domain occupied by the n-th variant of 

martensite. For the phase deformation of this grain one has:  

gr gr A M

1

1
(1 )

N

n n

nN =

 = −   +   .            (2) 

The superscripts A and M stand for austenite and martensite, A and M are the 

deformations of the austenitic and martensitic phases. In this work, we do not take into 

account plastic and micro-plastic deformations, thus, each of the strains A and M is 

calculated as the sum of the elastic strain e, thermal expansion strain T, and the phase 

strain Ph. Elastic and thermal strains are assumed to be isotropic and are calculated by 

common formulae. Since the phase strain is the result of the transformation of austenite to 

martensite we put that for the austenite PhA = 0 and for the n-th variant of martensite 
PhM

n nD = . Then the total phase strain of grain is 

Ph gr

1

1 N

n n

n

D
N =

 =  .              (3) 

The Gibbs' potential G for a unit volume can be written as: 

eig mixG G G= + ,   eig gr A M

1

1
(1 )

N

n n

n

G G G
N =

= −  +  ,   𝐺𝑛𝑚𝑖𝑥 = 𝜇2 ∑ 𝐴𝑚𝑛Φ𝑚Φ𝑛𝑁𝑚,𝑛=1 ,            (4) 

where A
G , M

nG  are the eigenpotentials of austenite and martensite (without an account of 

their interaction), eig
G  is the mean value of A

G  and M

nG ; mix
G  is the "mixing" potential equal 

to the elastic energy of the interphase stresses,  is a material constant. In [27] this potential is 

referred to as the "phase interaction energy function" (PIEF). The eigenpotentials A
G  and 

M

nG  at temperature T and stress  can be expressed by the formula: 
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a 2
a a a 0a a0

0 0 0

0

( ) 1
( ) ( ) : : :

2 2

c T T
G G S T T T Q

T

 −
= − − − −   −   , a = A, M,                  (5) 

where T0 is the temperature of the thermodynamic equilibrium of austenite and martensite at 

zero stress, for which the approximation 𝑇0 = (𝑀𝑠 + 𝐴𝑓)/2 suggested in [28] is used; a

0G  and 

a

0S  are the values of the Gibbs' potential and of the entropy at T=T0 and =0=0; a
c  is the 

specific heat (per unit volume), 0a ( )T  is the strain at =0, 
a

Q  is the tensor of elastic 

compliances, symbol ":" denotes the double scalar product of tensors.  

Potential mix
G  is estimated by a quadratic form of the internal variables n. Its matrix 

Amn accounts for the interaction between the Bain's variants of martensite, which in TiNi 

group into the "Corresponding Variants Pairs" (CVP) [29-31]. This tendency is taken into 

account by the proposed structure of matrix Amn, which for a proper numeration of variants is: А = (𝐴1 0 00 𝐴1 00 0 𝐴1),   𝐴1 = ( 1 −𝛼−𝛼 1 −𝛼 00 −𝛼−𝛼 00 −𝛼 1 −𝛼−𝛼 1 ) ,                   (6) 

where α is a material constant (0 <=  < 1/2) measuring the degree of the interaction between 

the variants forming a CVP. The evolution equation for the internal variables is deduced from 

the condition of equilibrium of the thermodynamic forces Fn, which are the derivatives of the 

Gibbs' potential. 𝐹𝑛 = − 𝜕𝐺𝜕Φ𝑛 ≈ 𝑞0(𝑇−𝑇0)𝑇0 + 𝜎: 𝐷𝑛 − 𝜇 ∑ 𝐴𝑛𝑚𝑁𝑚=1 Φ𝑚 .           (7) 

Here q0 is the latent heat of the transformation (q0 < 0 ). The transformation occurs at a 

state apart from equilibrium when there is an excess of the driving force, i.e at the condition: 
fr

nF F=  ,       

with sign "+" taken for the direct and "–" for the reverse transformation. The material constant 
fr

F  determines the extent of the deviation from equilibrium and it is responsible for the 

temperature – phase hysteresis of the transformation. 

To describe the reorientation (twinning) of martensite three hypotheses are accepted:  

(1) any variant of martensite can be transformed in any other variant; (2) reorientation occurs 

along the direction in the space 1,…,N, corresponding to the fastest decrease of the Gibbs' 

potential; (3) reorientation starts when the thermodynamic force reaches a critical value. To 

find the direction of the reorientation we use vector 
1

,...,n

N

G G
F

  
= − −   

 and take its 

projection L onto the plane 1+…+N =const. Then, if for some n it holds that n=0 and 

Ln<0, we substitute L for its projection L onto the intersection of planes n=0 and 

1+…+N =const, repeating this procedure for other components of Ln if necessary. Finally, 

we obtain the direction l, which does not lead to a violation of conditions 1+…+N  <1, 

n>0, n=1,…,N. For this direction we postulate the condition of reorientation: 
tw fr tw( )F l F= ,               (8) 

where 
tw

1 1

( )
N N

n n n

n nn

G G
F l l l F

l = =

 
= − = − =

   , fr tw
F  is a material constant, characterizing the 

critical driving force for reorientation. From hypotheses 1 and 2, it follows that the increments 

dn  are proportional to ln :  dn = ln d, where d is the proportionality factor, which must 

be found from the condition of reorientation. 

There are rather few material constants in the model, in which the elastic thermal and 

phase deformation are taken into account. The values for most of the constants are found from 

independent experiments: the Bain's strain is determined from the X-ray diffraction data and 
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the scheme of the crystal lattice deformation; values for Ffr and µ are derived from the values 

of the characteristic temperatures Mf, Ms, As, Af, and the latent heat q0 (all of them can be 

measured on the differential scanning calorimeter). The adjustable parameters are Ffr tw and 

 . The first of them is related to the phase yield limit of martensite and is easily found from 

the mechanical test. The second affects the value of the reversible phase strain accumulated 

on the cooling of the specimen under constant stress: with the growth of  the tendency of the 

Bain's variants to form self-accommodated configurations becomes more pronounced and the 

macroscopic phase strain decreases. The number of grains Ngr is the model parameter, which 

affects the anisotropy of a simulated SMA. For a single crystal, the material is anisotropic, 

becoming almost isotropic when Ngr exceeds 300. So, this parameter must correlate to the 

ratio of the grain diameter to the characteristic dimension of the specimen. For TiNi the 

values of the constants were determined in previous work [26]. 

This microstructural approach proved to be efficient for simulating the deformation of a 

specimen in different states (martensitic, two-phase, and austenitic) as well as strain 

accumulation on cooling and heating under a constant or varying load. 

 

Boundary-value problem for bending of an SMA beam 

We consider a beam with a rectangular cross-section with width b and thickness h, loaded by 

a bending moment M and thus, experiencing pure bending. The bending scheme and beam 

dimensions are shown in Fig. 2. We assume that loading is made in isothermal conditions, and 

the cross-section dimensions are such that heat transfer occurs fast enough for the temperature 

distribution over the cross-section could be considered homogeneous.  

For pure bending, the Bernoulli plane-sections hypothesis and the hypothesis of non-

compression of layers are valid. In this case, the strain distribution over the height of the beam 

is specified by the formula 𝜀𝑧𝑧(𝑦) = 𝜅𝑦 + 𝜀 ̅, (9) 

where  𝜅 is the curvature of the beam central layer and 𝜀 ̅is the relative elongation of this 

layer. The only non-vanishing stress is 𝜎𝑧𝑧. Further, notations  and  are used for 𝜀𝑧𝑧 and 𝜎𝑧𝑧. 

 
Fig. 2. Scheme of pure bending 

 

The Hook's law gives:  

 = E( – ne),                                                                                                                         (10) 

where E is Young's modulus and ne is the non-elastic strain.  

For a given distribution (z) the equilibrium conditions are valid: ∫ 𝑏𝜎(𝑦)𝑑𝑦ℎ/2−ℎ/2 = 0,  ∫ 𝑏𝜎(𝑦)𝑦𝑑𝑦ℎ/2−ℎ/2 = 𝑀.                                                                          (11) 

The increments of the phase strain and of the internal variables are given by the 

microstructural model described in section 2. They can be schematically expressed as Δ𝜀𝑛𝑒(𝑦) = 𝐹1(Δ𝑇, Δ𝜎(𝑦), X(y)) ,  Δ𝑋(𝑦) = 𝐹2(Δ𝑇, Δ𝜎(𝑦), 𝑋(𝑦)),                                      (12) 
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where the functions F1 and F2 are defined by the microstructural model and X denotes the set 

of internal variables n() – the volume fractions of martensite for each variant n in each 

grain .  

To solve the problem specified by equations (9) – (12) we use the discrete scheme, 

dividing the interval [–h/2 , h/2] into K equal segments and search for the values j,= (yj), 

j,= (yj), where yj = (jh/K), j = 0,…,K).  

We split the whole problem into two parts. The first problem is the problem of the 

mechanical equilibrium and it is to find the "vector" {j} for given moment M and "vector" 

{j
ne} using formulae (9) – (11). Denoting the operator solving this problem by M, we write  

{j} = M (M, {j
ne}).                                                                                                             (13) 

The second ("rheological") problem is to find the increments of the non-elastic strains 

{j
ne} for known increments T and {j} using the microstructural model (12). Denoting 

this operator by R, we write: 

{j
ne} = R(T, {j}).                                                                                                         (14) 

Now we formulate the scheme of passing from the "vector" {j
ne(t)} corresponding to 

the time instant t to the "vector" {j
ne(t+t)}, where the time increment t corresponds to the 

increments T and M of the temperature and of the bending moment. This scheme is as 

follows.  

1. Choose the 0-th approximation {j
ne}(0) =0 for "vector" {j

ne}. 

2. Find {j}
(1) = M(M + M, {j

ne}(0)).  

3. Find the 1-st approximation {j
ne}(1) = {j

ne}(0) + R(T, {j}
(1)). 

4. Repeat steps 1 – 3 until  maxj({j
ne}(i+1) – {j

ne}(i+1)) < err, 

where  is the iteration parameter (0<≤1) and err denotes the admissible error. 

Thus, for given regime of the thermomechanical loading specified by the successive 

values of temperature Ti and bending moment Mi corresponding to time instants ti, one can 

find the values {j
ne(ti) }and {j(ti) } as well as the values i of the curvature.  

 

Simulation results 

For simulation the following beam dimensions were chosen: length l = 50 mm, width 

b = 10 mm, thickness h = 2.8mm. The characteristic temperatures Mf , Ms, As, Af , were 300, 

315, 350 365 K, and the latent heat q0 = –150.0 J/cm3. The diagram of bending at temperature 

Tdef =375 K > Af is shown in Fig. 3 (the deflection measured at the center of the bent arc) and 

the height distributions of the stress and phase are presented in Fig. 4.  

 

 
Fig. 3. The dependence of the bending moment on the deflection of the beam for the 

deformation temperature Tdef = 375 K > Af 
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The microstructural model automatically accounts for the tension-compression 

asymmetry of TiNi mechanical properties, the simulation predicts that the neutral line of the 

bent beam does not pass through its center, but rather is shifted towards the compressed beam 

layers. In the layers close to the neutral line the total volume fraction of martensite M is zero, 

while in both stretched and compressed near-surface layers it has almost the same value  

(M  0.75) in spite of the fact that the maximum absolute value of the compressive stress is 

bigger than of the tensile stress. This circumstance should be taken into account when 

assessing the functional properties of the SMA tested in bending mode. 

 

a)

 
 

b) 

 

Fig. 4. Distribution of the normal stress (a) and of the volume fraction of martensite (b) along 

the height of the pseudoelastic beam loaded at 375 K by a bending torque 12 N m 

 

The next simulation concerned bending of the beam in the pseudoplastic martensitic 

state, in the two-phase state, and the shape recovery on the subsequent heating. Dependences 

of the deflection at various temperatures on the bending moment are shown in Fig. 5 and the 

stress distribution on loading and after unloading are presented in Fig. 6. 

 

 

Fig. 5. Dependences of the bending torque on the deflection of the beam during its 

deformation at temperatures Tdef = 290, 300, and 310 K 
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a

 

b 

 
Fig. 6. Distributions of the normal stress along the height of the beam on loading at 290 K (a); 

after unloading and during consequent heating (b) 

 

Again one can see that the distribution of the stress is not symmetric and the 

compressive stress is much higher than the tensile one. The asymmetry of the distribution of 

stress is present also after unloading the beam. 

Figure 7 illustrates the shape recovery on heating after the isothermal deformation in the 

martensitic state and in the termocycle under a constant bending moment. Because of the 

internal and applied stresses the reverse transformation temperatures are shifted and the shape 

recovery starts at a temperature less than As. 

 

a) 

 

b) 

 
 

Fig. 7. Dependence of the beam deflection on temperature on heating after isothermal 

deformation in the martensitic or two-phase state (a); and in the thermocycle under a constant 

bending moment 4 Nm (b) 

 

Conclusions 

1. Microstructural modeling allows solving simple boundary-value problems for 

thermomechanical loading of SMA in the pure bending mode, revealing the inhomogeneity of 

the distributions of the stress. 

2. The tension-compression asymmetry of SMA leads to the asymmetric distribution of the 

stress, at which the compressed side of the bent beam is under higher stress than the stretched 

side. 
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