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Silicon nanomagnetism 
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Abstract. The paper studied the dependence of the magnitude of the magnetic field induced 
in the contour formed by the edge channels of the silicon nanosandwich structure on the 
magnitude of the external magnetic field used for pre-magnetization. The measurements were 
carried out using a fluxgate magnetometer inside a magnetic screen, which ensures the value 
of the variation in the magnetic field induction no more than 0.1 nT. The experimental results 
obtained are in good agreement with preliminary estimates that take into account the energy 
of negative-U dipoles, and thus confirm the defining role of the spin–orbit interaction in 
quantum transport in the edge channels of the silicon nanosandwich structure. The presence of 
nanomagnetism in the contour of the edge channels of nanosandwich structures based on the 
classical semiconductor silicon, which were created using planar technology methods widely 
used to create processors and various integrated circuits, is demonstrated for the first time. 
Keywords: silicon nanosandwich; edge channel; magnetic flux quantum; negative-U centers; 
nanomagnetism 
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Introduction 

The development and improvement of planar technology in the first decades of the 21st century 
has led to the creation of high-performance processors with feature sizes of just a few nanometers. 
Only a few companies in the world have technologies with element sizes below 14 nm: their 
competition has led to a race to reduce the size of elements and, accordingly, to increase their 
number per unit area. However, the situation is currently close to saturation for several reasons. 
First, there are fundamental physical limitations to creating equipment to implement technology 
with feature sizes smaller than approximately 1 nm. Secondly, high density of elements in the 
processor chip, with any variant of its classical architecture (stabilized DC power supply), leads to 
the flow of a large operating current through a unit area, which requires solving the complex 
problem of Joule heat removal. The fact that this problem will arise sooner or later became 
obvious several decades ago. Today it is clear that a further increase in the concentration of 
elements with a decrease in their size becomes practically impossible. 

The search for a solution to this problem has led to the development of a number of 
alternative directions. One of them is the creation of nanomagnetic chips that perform logical 
switching under the influence of a magnetic field, which can significantly reduce the energy 
load compared to a classical processor [1–6]. One such nanomagnetic chip is a multilayer 
structure consisting of thousands of layers of nanomagnets that can act as individual logic 

https://orcid.org/0000-0001-7577-1262
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elements [7]. Scientists working in this direction believe that the use of such chips creates 
opportunities for parallelization of calculations, and, in addition, makes it possible to offer 
functions for dynamically changing the processor architecture, which can be optimized each 
time to perform a specific task. 

In addition, in recent decades, special attention has been paid to the development of 
such a direction of nanophysics as spintronics, which uses the dynamics of the magnetic 
moment for the transfer and storage of information, as well as the magnetic properties of 
materials in computational operations [8–12]. Thus, research in this area led to the 
development of spin magnetic memory devices with a cell size of less than 10 nm, in which 
information is encoded and stored not in electron charges, as in conventional electronics, but 
in their spins [13]. 

It should be noted that from the point of view of the interaction of the electrical and 
magnetic properties of materials, it is especially tempting to consider the possibility of 
obtaining magnetic nanostructures without paramagnetic impurities based on classical 
semiconductors, for example, silicon, to which methods of planar technology widely used to 
create processors and integrated circuits for various purposes are applicable. 

Therefore, another direction, alternative to those described above, is the creation of low-
dimensional silicon nanosandwich structures (SNS), in the edge channels (ECs) of which 
quantum transport of charge carriers is realized at high, up to room, temperatures. 
Developments in this direction are based on the achievements of nanophysics and nanotechnology 
of quantum-sized structures, which display size quantization effects, quantum interference, and 
enable ballistic transport and single-electron tunneling of charge carriers [14,15]. One of the most 
important experimental results obtained when studying the effects of quantum spin-dependent 
transport in the above-mentioned SNS structures is the demonstration of the spin field 
transistor effect [16], which became possible due to the spin–orbit interaction in the ECs, and, 
accordingly, the resulting quantum spin interference. 

This paper presents the results of experiments to study the behavior of the magnetic 
moment arising in the EC contour in a SNS structure under the influence of an external 
magnetic field. These experiments are a continuation of studies of spin-dependent transport in 
SNS structures with the aim of creating SNS-based memory cells that can be switched by a 
magnetic field. 
 
Method 

An experimental SNS built in Hall geometry, which is an ultra-narrow p-type silicon quantum 
well (QW) limited by δ-barriers heavily doped with boron (5 × 1021 cm-3) on the surface of n-
silicon (100), is shown in Fig. 1(a). It was previously established that edge channels (ECs) are 
formed in the SNS quantum well during technological processes, and boron atoms in  
the δ-barriers limiting the ECs form trigonal dipole negative-U centers (Fig. 1(b)). This 
circumstance significantly suppresses electron–electron interaction in such an EC, thus 
resulting in a long relaxation time of the carriers [15]. 

It was shown that the EC of the studied SNS consists of pixels: areas of interference of 
single carriers, and, taking into account the value of their two-dimensional density (3 × 1013 m-2), 
the pixel length is approximately 16.1 m (Fig. 1(c)), and the resistance of a single carrier per 
pixel is quantized and amounts to "h/e2". In this case, each pixel consists of layers containing 
boron dipoles with an area Spixel = 16.1 µm × 2 nm, through which the carrier tunnels, since the 
QW is limited by these two layers with a width and height of approximately 2 nm [17]. In 
addition, the spin polarization of single carriers was experimentally discovered in the ECs of 
the SNS under study, and it was concluded that the ECs are coupled and the carriers in them 
have opposite spin orientations (Fig. 1(d)) [18]. 
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Fig. 1. Experimental SNS built in Hall geometry (a); topological edge channel of SNS (b),  
in which single charge carriers occupy its individual areas, pixels (c); polarized carriers are 

transported along opposite walls of the edge channel pixels (d) 
 
It was discovered [17] that when varying the magnitude of the magnetic field В applied 

perpendicular to the SNS surface, due to Faraday electromagnetic induction, sequential capture of 
single magnetic flux quanta occurs on single carriers in pixels, and an induction current Iind appears in 
the EC: 

ind

E
I n


=


,                   (1) 

where ∆E is the change in energy when varying the magnitude of the magnetic flux in the quantum 
interference region; ∆Ф = ∆BS; ∆В is the change in the external magnetic field inside the quantum 
interference region of area S; n is the number of pixels. Previously conducted studies of the de Haas–
van Alphen and quantum Hall effects [15] showed that with the above two-dimensional carrier 
concentration and pixel size, the capture of a magnetic flux quantum by a single pixel occurs at a 
value of ∆В = 120 mT. Wherein 0 /BS h e =  = = . An important factor for further research is 

that the EC in the SNS is a contour with a length of 4.7 mm and a width of 0.2 mm (Fig. 1(b)). 
If the SNS is not connected to any external power source, then, accordingly, no current can 

flow in its EC other than Iind induced in the EC pixels by an external magnetic field directed 
perpendicular to the SNS surface. Moreover, in the case of a high relaxation time in the EC, such an 
induced current turns out to be persistent [19]. 

Considering the above, it becomes clear that nanomagnetism can be realized in ECs of SNS 
structures. Therefore, the purpose of this work was to conduct experiments demonstrating this 
possibility, namely, to study the induced magnetic field arising in the ECs of a SNS under the 
influence of an external magnetic field. 

The experiments were carried out according to the following procedure. First, the experimental 
sample at room temperature was placed for 300 seconds in the gap of an electromagnet, which, when 
turned on, created a homogeneous magnetic field directed perpendicular to the surface of the sample. 
After this, the sample was removed from the electromagnet gap and placed in a laboratory setup to 
measure the magnetic moment, at room temperature as well. Then this cycle was repeated multiple 
times at other values of the external magnetic field. 

The laboratory shielded installation used in the experiments is made in the form of a five-
layer cylindrical magnetic shield. Moreover, all the internal cylinders are made of M-79 grade 
permalloy, and the outer cylinder (50 cm in diameter and 70 cm in length) is made of ARMCO 
steel. The cylinders have lids made of the same material. The innermost cylinder houses a 
Helmholtz coil powered by a constant (regulated) current supply, which is used both to create 
an internal uniform magnetic field and to compensate for the residual magnetic field caused by 

a 
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the penetration (inside the screen) of the external laboratory field and the residual magnetization 
of permalloys shells. The resulting shielding coefficients (in the frequency range 0–1 Нz) had 
values of 700 for the longitudinal (along the screen axis) and 5000 for the transverse 
(perpendicular to the screen axis) components of the magnetic field. During the experiments, 
the magnitude of variations in the magnetic field induction inside the installation was monitored 
using a cesium vapor quantum magnetometer and practically did not exceed ± 0.1 nT. 

To measure magnetization (magnetic moment), we used a single-component fluxgate 
magnetometer with a resolution of ~0.5 nT in the frequency band 0–1 Нz. Measurements of the 
magnetization arising in the sample were carried out as follows. The fluxgate magnetometer placed 
in the center of the Helmholtz coil was continuously measuring the longitudinal component of the 
magnetic field of a given value of +30 nT. Then, we moved the (pre-magnetized) sample close to it 
and measured the shift in the magnitude of the longitudinal component of the magnetic field. The 
results obtained were used to determine the dependence of the shift in the magnitude of the 
magnetic field at the location of the fluxgate on the magnitude of the magnetic field of the 
electromagnet pre-magnetizing the sample. 
 
Results and Discussion 

Figure 2 shows the experimental dependence of magnetization M arising in the contour 
formed by the SNS ECs on the external magnetic field of the magnetization performed. 

 
Fig. 2. Dependence of the magnetization arising in the contour formed by the SNS ECs 

on the external magnetic field of the magnetization performed 
 
It was experimentally discovered that the obtained values of M are maintained for a 

long time (at least a day), since the current induced by an external magnetic field in the EC 
contour does not decay in time, due to the fact that transport in the ECs is ballistic in nature. 
Local maxima in the dependence M = f(B) correspond to those values of the magnetizing field 
at which a magnetic flux quantum per pixel is captured (120 mT), i.e. when:  

0 /BS h e =  = =                 (2) 

However, the experimentally obtained Bind values slightly exceed the expected result. 
Since the magnitude of the energy change when capturing a magnetic flux quantum per pixel 

2
B

E B =   (where В is the Bohr magneton), then, taking into account the number of pixels 

in the EC contour (in the geometry of the experimental sample, the EC length is 9.8 mm; with 
the above two-dimensional density of single carriers in the EC, the pixel length is 16.1 µm; 
number of pixels is 609) and Eq. (2), the expected value of the induced current according to 
Eq. (1) turns out to be Iind  10-10 А, which (with the area of the EC contour ΔS = 10-6 m2) is 
too small to correspond to the obtained experimental results. 
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This discrepancy between the experimental results and the expected results is explained 
by the peculiarity of the ECs in the SNS, which is formed between the chains of negative-U 
boron dipoles. Quantum transport in an EC is carried out along its boundaries by 
decoupling/coupling of dipoles [20–22]. This means that in the absence of external energy 
sources and at В = 0, there are no free carriers in the EC pixels, since they are localized on 
negative-U dipoles. In this case, since, as was shown in [18], the spin–orbit interaction plays 
the main role in quantum transport in ECs in SNSs, energy E = 44 meV is required for carrier 
release. With this value of E and at Ф  Ф0 = 4 10-15 Wb, n = 609, an induced current Iind  2 mА 
appears in the EC contour (see (1)). In accordance with Faraday’s law of electromagnetic 
induction, such a current in the EC limiting the SNS creates a magnetic moment P, the values of 
which correspond to the observed value of the measured magnetization M: 

ind
M I S= ,                  (3) 

where S  10-6 m2 – the area of the EC contour in the model of the frame with the current 
formed by the SNS limited by the ECs. In this case, the induced current flows through the ECs. 

Thus, the obtained experimental values of M are in good agreement with preliminary 
estimates that take into account the energy of negative-U dipoles, and, thereby, confirm the 
decisive role of the spin–orbit interaction in quantum transport in ECs in the SNS. In this 
case, carriers with both spin up and spin down are induced in the ECs, which make a total 
contribution to the induced current in the EC contour. 

When the external magnetizing field increases to a value corresponding to the capture of 
a magnetic flux quantum (B = 120 mT), an increase in the value of M is observed (Fig. 2). 
The external magnetic field the SNS is placed in of such a magnitude generates a stable 
induced magnetic field that does not decay for a long time (at least a day). Therefore, the 
subsequent introduction of a SNS into an external magnetic field of greater magnitude leads 
to the appearance of an induced current, which, in turn, induces a magnetic field of the 
opposite direction in it. This effect, similar to the Meissner effect, manifests itself in the 
oscillating nature of the dependence M = f(B) with a further increase in the external 
magnetizing field. 

It should be noted that a significant increase in the oscillation amplitude (Fig. 2) with an 
increase in the external magnetic field may be associated with the possible capture of several 
magnetic flux quanta at once by a single pixel [15]. 

 
Conclusions 

The obtained experimental results for the first time indicate the presence of nanomagnetism in 
the contour of the edge channels of nanosandwich structures based on the classical 
semiconductor, silicon, which were created by means of planar technology methods widely 
used to create processors and various integrated circuits. The demonstrated effect of changing 

/E   value is similar to changing entropy /E T  , since the presence of negative-U 
centers is a regulator of entropy [20,23,24]. 
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Abstract. The paper describes the magnetic pulse method for the formation of controlled 

pressure pulses in a microsecond range of duration for testing the dynamic mechanical strength 

of brittle materials. The scheme of the experimental setup includes a pulse current generator 

(PCG), the magnetic pulse loading system, the pulse current measuring system and the sample. 

The main parameters of the developed experimental setup are given - charging voltage, 

capacitance, inductance, active resistance of the PCG. Zirconium dioxide samples were tested 

according to this method. Numerical simulation of pulsed magnetic and dynamic mechanical 

fields during testing of materials is performed. Experimental pulses of the generated pressure 

are calculated. Based on the results of experiments and numerical modeling, the dynamic 

mechanical strength of zirconium dioxide under loading mode I was determined based on the 

described method. 

Keywords: pulsed magnetic fields; magnetic pulse loading; high strain rate deformation; 

testing of materials 
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Introduction 

Large current and power loads, typical for the operation of high-powered electrophysical 

installations, require consideration of the strength properties of all elements that make up the 

equipment and operate under conditions of combined effects. So, when generating strong 

pulsed magnetic fields, current-carrying elements (coils of the solenoid) experience the action 

of Lorentz forces and Joule heating, and the insulation that separates them experiences 

mechanical and thermal loads and the effect of applied impulse voltage. The stress state in these 

systems is quite complex, and the performance of the solenoid is determined by limiting current 

loads, which determine the choice of material of the coils, and by the properties of the 

insulation, which ensures the electrical strength of the structure. In this case, the insulation can 

perform the function of containing deformations of current-carrying elements. Examples are 

the designs of solenoids with quasi-forceless windings described in [1,2], the mechanical 

stresses in which are significantly reduced with an increase in the elastic modulus of the 

material filling the inter-turn gaps. Therefore, it is of interest to study the strength characteristics 

of media having a high modulus of elasticity (ceramic dielectrics) under loading conditions 

close to those realized in magnets with a pulsed field. An example would be a magnet with 

inertial confinement of the screen, which balances its front-end part, described in [3]. The 

https://orcid.org/0000-0002-7087-098X
https://orcid.org/0000-0003-1334-7452
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magnet (Fig. 1) is designed to obtain a magnetic field in a small volume in the form of a pulse 

with a duration of 10 μs and an induction amplitude of up to 50 T. Numerical simulation showed 

that in the insulation between the winding coils, the mechanical stress calculated by the von 

Mises criterion, can reach 1 GPa.  

 

 
(а) 

 
(b) 

Fig. 1. Solenoid with quasi-forceless windings: (a) coils; (b) insulation of coils 

 

This article describes an installation designed to generate controlled pressure pulses and 

an experimental-calculation method for determining the threshold breaking load of a dielectric 

in the microsecond range of exposure durations. 

Testing of the installation was carried out during testing of zirconium dioxide. In the 

experiments described, the pressure wave front propagation time to the edge of the sample is 

commensurate with the pulse duration; therefore, a necessary part of the work was the use of 

computer simulation to calculate the mechanical stress, taking into account the process of 

formation and propagation of the pressure wave. 

It is known that the mechanical properties of materials, such as the elastic limit, hardening 

factor [4–10] and tensile strength depend on the deformation rate of materials. There are various 

methods for testing the dynamic properties of materials [11-14], but the loading schemes used 

in these methods are very conservative and cannot be used in sample configurations that are not 

traditional for these methods. A magnetic-pulse method [15–22] for the formation of shock 

loads is used in this work. The material under study in this work (zirconium dioxide) does not 

have pronounced plastic properties and its deformation characteristic can be represented as a 

linear dependence of mechanical stresses on relative deformations, therefore, the main interest 

in determining the mechanical properties of zirconium dioxide is its dynamic strength limit, in 

the time range, close to operating conditions of the solenoid. 

 

Methods 

Formation of controlled pressure pulses. To study the dynamic tensile strength, this work uses 

a magnetic-pulse technique for generating controlled pressure pulses [19–21], adapted to testing 

materials with a high tensile strength, a simplified diagram of which is shown in Fig. 2. 

In the above test scheme, there are three blocks: a pulsed currents generator (PCG) I, a 

Rogowski coil II, a magnetic-mechanical loading system III, and a test sample 2. 

The geometric dimensions of the tested zirconium dioxide specimens are: length 23 mm, 

width 23 mm, thickness 8 mm, groove length 15 mm, groove height 3 mm, groove top rounding 

radius 1.5 mm. Sample elasticity modulus E = 210 GPa, density ρ = 6200 kg/m3. 

The pulsed currents generator (PCG) I consists of impulse capacitors with a total capacity 

of TPCG = 30 μF, a charging voltage of up to 25 kV, a low-inductance busbar LPCG = 75 nH 

and a controlled spark gap SPCG, made of two parallel thyratrons of the TDI4-250k / 20PE type 

with a control unit PB-3DV/2E. 



Destruction threshold of ZrO2 under microsecond magnetic-pulse action          9 

 
 

Fig. 2. Scheme of magnetic-pulse testing of the dynamic tensile strength of materials:  

1 - copper flat busbars, 2 - test sample 

 

The Rogowski coil II is connected through an integrating RC-circuit with an integration 

constant much longer than the measured signal to the input of oscilloscope to record the PCG 

discharge current. 

Loading system III is made of flat closely spaced copper bifilar busbars, 0.3 mm 

thickness, 10 mm width. There is a groove in the sample with flat copper busbars placed. 

After the PCG capacitors are charged to a predetermined voltage level, using a controlled 

spark gap, the PCG is discharged onto copper bars, where pulsed magnetic field is formed. The 

magnetic field interacts with the flat busbar current and generates a pulsed magnetic pressure, 

which is transferred to the edges of the sample’s groove. Under the influence of this pressure, 
the sample’s groove opens, which leads to the formation of a region of maximum mechanical 
stresses at the top of the groove. 

By adjusting the charging voltage of capacitors and/or the width of the copper busbars of 

the magnetic-mechanical loading device, it is possible to vary the amplitude of magnetic 

pressure acting on the sample. The charging voltage and busbars width corresponding to the 

sample destruction threshold are experimentally determined. The charging voltage 

corresponding to the threshold voltage is the voltage, below which the destruction of sample is 

not observed, and with an increase in voltage, the destruction of sample occurs. During the 

discharge, pulsed current is measured. With the help of numerical simulation, the mechanical 

stress at the top of the sample is determined, which corresponds to dynamic tensile strength for 

a given form of loading. 

A typical experimental oscillogram of the current of test setup in the short circuit mode 

is shown in Fig. 3. 

The current pulse is approximated by the following expression: 𝑖(𝑡) = 𝐼𝑚 ⋅ 𝑠𝑖𝑛( 2𝜋/𝑇 ⋅ 𝑡) ⋅ 𝑒𝑥𝑝( − 𝑡/𝜏),           (1) 

where 𝐼𝑚 = 𝑈0/𝜌 - maximum current value without attenuation, 𝜌 = √𝐿/𝐶 = 50 MΩ is the 

wave resistance, 𝑇 = 2𝜋√𝐿𝐶 = 9.5 ms is the period of oscillation, τ = 21 ms is the attenuation 

constant. 
The charging voltage of the test set can be changed in the range U0 = 5…25 kV which 

corresponds to Im = 100…500 kA. 

 



10                     S.I. Krivosheev, G.A. Shneerson, S.G. Magazinov, D.V. Zhukov, K.V. Voloshin 

 
 

Fig. 3. Typical oscillogram of the experimental current 

 

Flowing through the flat bifilar busbars, the pulsed current forms a pulsed magnetic field 

between them, which creates pressure on the busbars, determined by the expression: 𝑃𝑚(𝑡) = 𝑘𝑚 ⋅ 𝜇/2 ⋅ (𝑖(𝑡)/𝑐)2,             (2) 
where c is the width of the flat busbars, km is a rate that is equal to 1 with a uniform distribution 

of current density in the busbars, which occurs if the width of the busbars is much larger than 

the gap between them. Under experimental conditions, the values of this coefficient lie in the 

range km = 0.4...0.8 and are determined by the results of numerical simulation of the magnetic 

field for given dimensions of flat busbars and pulsed current parameters. 

Computer modelling. To determine the magnetic pressure coefficient km under 

experimental conditions, a numerical simulation of a pulsed magnetic field in the Comsol 

Multiphysics environment was performed with respect to the vector magnetic potential A, 

defined by the expression: 𝛥𝐴 − 𝜎𝜇 𝜕𝐴𝜕𝑡 = 𝜇𝐽,               (3)
 

where σ, μ are the electrical conductivity and magnetic permeability respectively. 

According to the known distribution of the vector magnetic potential, it is possible to 

determine all the parameters of the magnetic field, such as the magnetic field induction  𝐵 = 𝛻 × 𝐴, magnetic field strength 𝐻 = 𝐵/𝜇, current density 𝐽 = 𝛻 × 𝐻. The vector product 

of the magnetic field induction and the current density gives the vector of the volumetric 

Lorentz force  𝑓𝐿̅ = 𝐽 × 𝐵̄ acting on the copper bars. By integrating the vertical component of 

this force over the cross section of the conductor, the magnetic pressure of the magnetic-

mechanical loading system is determined, which is transmitted to the edges of the sample’s 
groove [23]. 

To determine the mechanical stresses at the top of the sample groove (the zone of 

maximum mechanical stresses), a numerical simulation of the dynamic mechanical field in the 

Comsol Multiphysics environment was performed based on Newton's second law in differential 

form with a linear deformation dependence determined by Hooke's law: 𝑚 𝜕2𝑢𝜕𝑡2 = 𝑓𝐿 − 𝛻 ⋅ 𝜎̈,               (4)
 𝜎 = 𝐸 ⋅ 𝜀,                (5) 

where u is the vector of displacements, σ is the mechanical stress tensor, m is mass, ε is strain 

tensor, E is elastic moduli tensor. 
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Results 

A series of experiments was carried out on samples of zirconium dioxide, the tire width in all 

experiments was kept constant and equal to 10 mm. The charging voltage of the test setup was 

empirically determined, corresponding to the sample destruction threshold US = 6 kV. 

When the charging voltage decreased below US, the destruction of the samples was not 

observed, and the excess of the charging voltage above the US value led to the destruction of 

the samples (see Fig. 4). 

 

  

(a) (b) 

Fig. 4. Samples after testing: (a) the charging voltage is less than the threshold;  

(b) the charging voltage is above the threshold 

 

Based on the numerical simulation of the magnetic field, the magnetic pressure 

coefficient km = 0.55 was determined and the time dependences of the magnetic pressure acting 

on the sides of the samples’ grooves were found. They are shown in Fig. 5(a). 

  

 
(a) 

 
(b) 

Fig. 5. Graphs of the dependences of the magnetic pressure (a) applied to the edges of the 

sample’s groove and the calculated value of the y-component (tensile) of the mechanical 

stress (b) at the top of the sample’s groove on time, close to the fracture threshold: blue curve 

- corresponds to the experiment with the destruction of the sample; green curve - without 

destruction of the sample 
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On the basis of numerical simulation of dynamic mechanical deformation of samples 

under the influence of pulsed pressure corresponding to the experimental conditions, the time 

dependence of tensile mechanical stress at the top of the groove, where it takes on a maximum 

value, was constructed (Fig. 5(b)). 

The given data in Fig. 5(b) show that the amplitude of the threshold value of the y-

component of mechanical stress of the tested samples is between the green curve corresponding 

to the experiment without sample destruction and the blue curve corresponding to the 

experiment with sample destruction. Thus, it can be argued that the threshold value under 

conditions of described experiments (for a pulse duration of 36 µs) is 600 ± 50 MPa. 
3D modeling of the process has been completed. A spatial distribution of the y-component 

of stress tensor is shown Fig. 6(a) for one fourth of the sample. For the point at the top of the 

sample’s groove in Fig. 6(b) shows the time dependences of x, y, z - the components of the 

stress tensor and the von Mises equivalent stress. 

 

 
(а) 

 
(b) 

Fig. 6. Results of numerical simulation of dynamic deformation of samples under loading 

close to the fracture threshold: (a) distribution of the y-component of mechanical stresses (one 

fourth of the symmetry sample) at the time of maximum t = 20 μs; (b) time dependences x, y, 

z - components of the stress tensor and the equivalent stress at the top of the sample’s groove 

 

According to the results presented in Fig. 6, it can be seen that the mechanical wave length 

λ = T∙(E/ρ)1/2 = 55 mm is comparable to the characteristic dimensions of the samples 

(23 × 23 × 8 mm). The shape of the mechanical stress curves at the top of the groove does not 

repeat the shape of the applied magnetic pressure due to the dynamic nature of loading the edges 

of the groove with a uniformly distributed magnetic pressure. In this mode, at the top of the 
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slot, there is a superposition of stress waves formed under the influence of magnetic pressure 

on the entire slot boundary. The observed behavior of the dependences of stresses at the top of 

the groove observed in the calculations is related to the finite rate of stress propagation caused 

by the action on the sides of the groove, and corresponds to the description of similar processes 

under dynamic and shock-wave loading [24,25]. An analysis of the simulation results 

demonstrates the absence of a shock-wave nature of loading; therefore, we can assume that in 

our case, the loading mode of the samples is intermediate between wave and quasistatic. 

From Fig. 6(b) it can be seen that the tensile y-component of the mechanical stress tensor 

dominates at the top of the sample’s groove, the x and z components make up 3 and 14 % of 

the y-component, respectively. The von Mises stress at the top of the groove is 92 % of the y-

component of the tensor. 

 

Conclusion 

Based on the testing of samples of zirconium dioxide, the possibility of testing the dynamic 

mechanical strength of materials in mode I by the magnetic pulse method was shown. 

The dynamic tensile strength according to von Mises of the tested samples of zirconium 

dioxide when loaded by the magnetic-pulse method in mode I was 550 ± 50 MPa with a 

mechanical stress duration of 36 μs. 
 

References 

1. Nemov AS, Lagutkina AD, Shneerson GA. A Conceptual 3-D Design of a Non-Destructive 

Two-Layer Quasi-Force-Free Magnet for Megagauss Field Generation. IEEE Transactions on 

Magnetics. 2022;3(58): 8000609.  

2. Shneerson GA, Nemov AS, Lagutkina AD. Designing quasi-force-free configurations of 

non-destructive megagauss magnets. In: Proc. 8th Euro-Asian Pulsed Power Conference 

(EAPPC 2020). 2020. p.1–26 

3. Shneerson GA, Parfentyev AA, Titkov VV, Krivosheyev SI, Lagutkina AD, Nemov AS, 

Nenashev AP. Shimansky SA. Conceptual Model of a Quasi-Force-Free Magnet of Small 

Volume with Inertial Retention of Its End Part. Tech. Phys. Lett. 2021;47: 573–576.  

4. Johnson GR, Cook WH. A constitutive model and data for metals subjected to large strains, 

high strain rates and high. In: Proceedings of the 7th International Symposium on Ballistics 

Committee. 1983. p.541–547 

5. Follansbee PS, Kocks UF. A constitutive description of the deformation of copper based on the use 

of the mechanical threshold stress as an internal state variable. Acta Metallurgica. 1988;1(36): 81–93.  

6. Zerilli FJ, Armstrong RW. Dislocation-mechanics-based constitutive relations for material 

dynamics calculations. Journal of Applied Physics. 1987;5(61): 1816–1825.  

7. Preston DL, Tonks DL, Wallace DC. Model of plastic deformation for extreme loading 

conditions. Journal of Applied Physics. 2003;1(93): 211–220.  

8. Korkmaz ME, Günay M, Verleysen P. Investigation of tensile Johnson-Cook model 

parameters for Nimonic 80A superalloy. J. Alloys Compd. 2019;801: 542–549. 

9. Grazka M, Janiszewski J. Identification of johnson-cook equation constants using finite 

element method. Eng. Trans. 2012;60: 215–223. 

10. Liu W, Zhou H, Li J, Meng Z, Xu Z, Huang S. Comparison of Johnson-Cook and Cowper-

Symonds models for aluminum alloy sheet by inverse identification based on electromagnetic 

bulge. Int. J. Mater. Form. 2022;15: 10.  

11. Kolsky H. An investigation of the mechanical properties of materials at very high rates of 

loading. Proceedings of the Physical Society. Section B. 1949;11(62): 676–700.  

12. Novikov SA. Razrusheniye materialov pri vozdeystvii intensivnykh udarnykh nagruzok. 

Sorosovskiy obrazovatelnyy zhurnal. 1999;8: 116–121. (In-Russian) 

https://doi.org/10.1109/TMAG.2022.3140925
https://doi.org/10.1109/TMAG.2022.3140925
https://doi.org/10.1134/S1063785021060134
https://doi.org/1016/0001-6160(88)90030-2
https://doi.org/1016/0001-6160(88)90030-2
https://doi.org/1016/0001-6160(88)90030-2
https://doi.org/10.1016/j.jallcom.2019.06.153
https://doi.org/10.1007/s12289-022-01656-w
https://doi.org/10.1088/0370-1301/62/11/302


14                     S.I. Krivosheev, G.A. Shneerson, S.G. Magazinov, D.V. Zhukov, K.V. Voloshin 

13. Bragov AM, E. Kadoni LK. Sovremennyye metody dinamicheskikh ispytaniy materialov. 

Vestnik Nizhegorodskogo universiteta im. N.I. Lobachevskogo. 2011;5(4): 2039–2040. (In-Russian) 

14. Taylor G. The use of flat-ended projectiles for determining dynamic yield stress. 

Proceedings of the Royal Society of London A. 1948;194: 289–299. 

15. Nie H, Suo T, Wu B, Li Y, Zhao H. A versatile split Hopkinson pressure bar using 

electromagnetic loading. Int. J. Impact Eng. 2018;116: 94–104.  

16. Avriel E, Lovinger Z, Nemirovsky R, Rittel D. Investigating the strength of materials at very high 

strain rates using electro-magnetically driven expanding cylinders. Mech. Mater. 2018;117: 165–180.  

17. Zhang H, Ravi-Chandar K. On the dynamics of necking and fragmentation - I. Real-time 

and post-mortem observations in Al 6061-O. Int. J. Fract. 2006;142: 183–217.  

18. Guo Y, Du B, Liu H, Ding Z, Zhao Z, Tang Z, Suo T, Li Y. Electromagnetic Hopkinson 

bar: A powerful scientific instrument to study mechanical behavior of materials at high strain 

rates. Rev. Sci. Instrum. 2020;91(8): 081501.   

19. Krivosheev SI. Pulsed magnetic technique of material testing under impulsive loading. 

Technical Physics. 2005;3(50): 334–340.  

20. Ostropiko E, Magazinov S, Krivosheev S. Uniaxial Magnetic Pulse Tension of TiNi Alloy 

with Experimental Strain Rate Evaluation. Experimental Mechanics. 2022;6(62): 1027–1036.   

21. Magazinov SG, Krivosheev SI, Adamyan YE, Alekseev DI, Titkov VV, Chernenkaya LV. 

Adaptation of the magnetic pulse method for conductive materials testing. Materials Physics 

and Mechanics. 2018;40(1): 117–123.   

22. Chandar KR, Knauss WG. Dynamic crack-tip stresses under stress wave loading -A 

comparison of theory and experiment. International Journal of Fracture. 1982;3(20): 209–222.   

23. Ostropiko ES, Krivosheev SI, Magazinov SG. Analytical evaluation of magnetic pulse 

deformation of tini alloy. Letters on Materials. 2021;1(11): 55–60.  

24. Krivosheev SI, Korovkin NV, Slastenko VK, Magazinov SG. Destruction of brittle 

materials by microsecond pressure pulses at their formation by magnetic pulse method. 

International Journal of Mechanics. 2015;9: 293–299. 

25. Ma CC, Freund LB. The extent of the stress intensity factor field during crack growth under 

dynamic loading conditions. Journal of Applied Mechanics, Transactions ASME. 1986;2(53): 303–310.   

 

 

THE AUTHORS 

 

Krivosheev S.I.      Shneerson G.A.  

e-mail: ksi.mgd@gmail.com     e-mail: gashneerson@mail.ru 

 

Magazinov S.G.      Zhukov D.V.  

e-mail: magazinov_sg@mail.ru    e-mail: s_zhukov51@bk.ru  

 

Voloshin K.V.  

e-mail: kir_vol@mail.ru  

 

https://doi.org/10.1016/j.ijimpeng.2018.02.002
https://doi.org/10.1016/j.mechmat.2017.11.009
https://doi.org/10.1007/s10704-006-9024-7
https://doi.org/10.1063/5.0006084
https://doi.org/10.1134/1.1884733
https://doi.org/10.1007/s11340-022-00864-4
https://doi.org/10.18720/MPM.4012018_14
https://doi.org/10.18720/MPM.4012018_14
https://doi.org/10.1007/BF01140336
https://doi.org/10.22226/2410-3535-2021-1-55-60
https://doi.org/10.1115/1.3171756
https://orcid.org/0000-0002-7087-098X
https://orcid.org/0000-0003-1334-7452


Materials Physics and Mechanics. 2023;51(7): 15-21  Submitted: January 11, 2023 

Research article    Approved: March20, 2023 

http://dx.doi.org/10.18149/MPM.5172023_3  Accepted: November 24, 2023 

© B. Samran, E.N. Timah, P. Thongpanit, S. Chaiwichian, 2023. 

Publisher: Peter the Great St. Petersburg Polytechnic University  

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

 

 

Synthesis and characterization of iron-doped TiO2 nanotubes  

for dye-sensitized solar cells 

B. Samran  1, E.N. Timah  2, P. Thongpanit  1, S. Chaiwichian  3  

1 Nakhon Phanom University, Nakhon Phanom, Thailand 

2 Trinity International School, Bangkok, Thailand 

3 Rajamangala University of Technology Isan Sakonnakhon Campus, Sakonnakhon, Thailand 

 saranyou530531117@gmail.com 

 

 

Abstract. Titanium dioxide nanotubes as materials for energy conversion were successfully 

synthesized, characterized and tested for dye-sensitized solar cells (DSSC). The TiO2 

nanotubes were grown by one face anodization at room temperature on titanium sheets of 

0.25 mm thickness and 99.7 % purity. The electrolyte was composed of ethylene glycol, 

ammonium fluoride (0.3 wt. % NH4F), deionized water (2 vol. % deionized water) and 

Fe(NO3)3 as dopant source with varying concentrations of 2, 4, 6 and 10 mM. The X-ray 

diffraction (XRD), scanning electron microscopy (SEM), atomic force microscopy (AFM) 

and ultraviolet–visible spectrometry (UV-vis) techniques were used to characterize the 

TiO2nanotubes. Finally, the samples were tested in dye-sensitized solar cells and their 

conversion efficiencies were calculated. According to the results, amorphous TiO2 was 

transformed into the crystalline anatase phase after heat treatment. Under the given 

experimental conditions, our optimal results were obtained for the titanium dioxide nanotubes 

(TNTs) at 6 mM of iron (III) nitrate. The maximum DSSC conversion efficiency was 4.66 % 

for the TNTs of 6 mM Fe(NO3)3. The findings of this research provide significant guidelines 

for current and future research in the development of renewable energy. 

Keywords: renewable energy; dye-sensitized solar cells; TiO2 nanotubes; iron (III) nitrate 
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Introduction 

The first dye-sensitized solar cells (DSSCs) were fabricated by O’Regan and Gratzel [1]. As a 
renewable sources of energy, DSSCs have several advantages such as low production cost, 

simple preparation method and relatively high efficiency [2]. Titanium dioxide (TiO2) has 

semiconducting properties, which has attracted its usage in solar cell fabrication. Titanium 

dioxide has several other beneficial properties such as low toxicity, high photocatalytic activity, 

resistance to corrosion, excellent dielectric effect, chemical stability, availability and low cost. 

These amazing properties have made TiO2 to have a wide range of applications such as in gas 

sensing, photocatalysis, hydrogen generation, photovoltaic, and water purification [3–5]. 
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The use of titanium dioxide nanotubes (TNT) in solar cells and photocatalysis has 

grown of recent due to the benefits of slower rates of charge recombination and higher 

efficiencies [6–9]. To overcome the large energy band gap (3.2 eV) of titanium dioxide 

(TiO2), doping with foreign elements has been employed successfully [10]. In 2009, Dholam 

and Patel reported the use of sputtering and sol-gel techniques to dope TiO2 nanostructures 

with iron (Fe) [11]. Amongst many other techniques that have been used for synthesizing 

TNT for DSSCs, DC Anodization is much suitable because of its low cost and simplicity 

[12,13]. A number of substances have been used as key components of the electrolyte during 

anodization. In 2009, Sreekantanet al. [14] reported the use of an electrolyte composed of 

sodium sulfate, ammonium fluoride, sulfuric acid and sodium hydroxide. Later in 2011, 

Omidvar et al. [15] also reported the use of sulfuric acid and phosphoric acid in an electrolyte 

composed of deionized (DI) water and ammonium fluoride. In 2012, H. Li et al. [16] 

successfully used an electrolyte containing DI water, ethylene glycol and ammonium fluoride 

(NH4F). This electrolyte composition will be used in this work.   

The purpose of this paper is to synthesis Fe-doped TNTs and determine their 

efficiencies in DSSCs by varying the amount of dopant. The TNTs will be prepared by DC 

anodization using ethylene glycol and ammonium fluoride electrolyte. The samples will be 

characterized by X-Ray diffraction (XRD) and scanning electron microscopy (SEM), atomic 

force microscopy (AFM) and ultraviolet – visible spectrometry (UV-vis) techniques. 

Experimental procedure 

TiO2 nanotubes were grown by DC anodization method at 50 V for 2 hours at room 

temperature. Titanium sheets of 0.25 mm thickness and 99.7 % purity purchased from Sigma 

Aldrich were first polished with abrasive papers. After polishing, the Ti foils were degreased 

ultrasonically in isopropanol, deionized water and ethanol. The electrolyte was composed of 

ethyleneglycol (EG), ammonium fluoride (0.3 wt. % NH4F), deionized water (2 vol. % D.I. 

H2O) and iron (III) nitrate. The concentration of Fe(NO3)3 was varied from 2, 4, 6 to 10 mM. 

The electrolyte was kept for 5 hours before anodization to ensure homogeneity. The 

anodization apparatus is a two-electrode configuration with a piece of highly pure platinum 

counter electrode.  

 

 
Fig. 1.The schematic diagram of a single-face anodization process 

 

Figure 1 shows the schematic diagram of the anodization process. This set up allows 

only one face of the Ti foil to be in contact with the electrolyte. Three sets of samples were 

studied, (a) as anodized without annealing or calcination (b) anodized once and calcinated at 

450 °C and (c) re-anodized after calcination at 450 °C. Characterization was done using XRD, 

SEM, AFM, UV-vis and tested in DSSCs. For the DSSCs, TiO2 nanotubes photoelectrodes 

were immersed in 0.5 mM solution of N719 dye in a mixture of acetonitrile/tert-butanol (1:1) 
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at 25 °C for 24 hours. A transparent conducting oxide (TCO) glass was used as counter 

electrode. A platinum catalyst was deposited on the TCO glass by coating with drops of 

platinum solution (H2PtCl6). The TCO glass was heated for 30 min at 80 °C. Then, TiO2 

nanotubes photoelectrode and Pt counter electrode were assembled into a sandwich. The TiO2 

nanotubes arrays were finally assembled into DSSCs and their IV-characteristics were 

measured. The photovoltaic properties of the DSSCs were characterized by the four most 

important parameters, which are the short-circuit current density (Jsc), open-circuit voltage 

(Voc), fill factor (FF) and the conversion efficiency (η). The equations of DSSCs are shown as 
follows[17]:  𝐹𝐹 = 𝑉𝑚𝐼𝑚𝑉𝑜𝑐𝐼𝑠𝑐,       (1) 𝜂 = 𝑉𝑚𝐼𝑚𝑃𝑖𝑛 = 𝑉𝑜𝑐𝐼𝑠𝑐𝐹𝐹𝑃𝑖𝑛 ,       (2) 

where Im and Vm are respectively the current density and voltage at the optimal operationpoint 

that gives the maximum output power, and Pin is the power of the incident light. 

 

Results and discussion 

Figure 2 shows the XRD patterns of uncalcinated Fe-doped nanotubes. The peaks at (002), 

(101), (102), (110), (103) and (112) are characteristic crystal faces of Ti metal. It indicates 

that the TiO2 remains in the amorphous phase even for different dopant concentrations.  

In Fig. 3, the XRD patterns of Fe-doped TNTs annealed at 450 °C are displayed.  

The diffraction peaks emerging at scattering angles 2θ = 25.3, 48.7, 53.5 and 55.2° 
correspond to the anatase phase (A). This shows that the crystalline structure of TiO2 has been 

transformed from its original amorphous phase after calcination into the anatase phase. These 

results are in agreement with the work of J.Y. Lin [18].  
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Fig. 2. XRD patterns for Fe-doped TNTs 

before annealing 

Fig. 3. XRD patterns for Fe-doped TNTs 

after annealing 

 

The SEM images of the different samples after calcination at 450 °C are shown in 

Fig. 4. It is observed that as the concentration of dopant substance changes, so too is the 

surface morphology of the samples. There seems to be an increasing disorder in the array of 

the nanotubes with increasing dopant concentration. At a-Fe(NO3)3 concentration of 10 mM, 

the alignment of the nanotubes are significantly destroyed, as seen in Fig. 4(d). This result is 

supported by the work of Xiabo Chen et al. [19]. 
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Fig. 4. SEM imagesofFe-doped TNTs with different concentrationsof iron (III) nitrate: 

(a) 2 mM, (b) 4 mM, (c) 6mM and (d) 10 mM 

 

Could re-anodization after annealing improve the photo-response of the nanotubes? We 

tried to answer this question by re-anodizing the 6 mM sample, and studied it using SEM, 

AFM and UV-vis techniques. The SEM image in Fig. 5 shows the surface morphology with 

lots of cracks and a disordered array of nanotubes. This disorder is also confirmed by the 

AFM images in Fig. 6. Although the nanotubes appear thicker in diameter, their array is 

highly non-uniform. The energy band gap of the 6 mM re-anodized sample was determined 

from the UV-vis spectrum, as shown in Fig. 7. The data at a cut-off wavelength of 388 nm 

yielded an energy band gap value of 3.20 eV. This value is still as high as that of the pour 

TiO2 and would therefore result in a lower efficiency. From the results in Figs. 5-7, we can 

conclude that it is not recommended to re-anodize the samples after calcinations. 

 

  
Fig. 5. SEM images of 6 mM sample re-

anodized after annealing at 450 °C 

Fig. 6. AFM imagesof 6 mM sample re-

anodized after annealing at 450 °C 



Synthesis and characterization of iron-doped TiO2 nanotubes for dye-sensitized solar cells 19 

 
Fig. 7. UV-Visspectrumof 6 mM sample re-anodized after annealing 

 
The IV characteristic in Fig. 8 shows a plot of current density versus voltage, while 

Table 1 displays the photocatalytic performance of the Fe-doped TNTs in DSSCs. It is 

observed from both Fig. 8 and Table 1 that as dopant concentration increases, the cell 

efficiency and photocatalytic performance increases as well. The dopant element, Fe, plays 

the role of charge traps which hinders charge career recombination. As the concentration of 

Fe(NO3)3 increases, more Fe ions displaces Ti ions in the lattice structure. Intermediate 

energy bands are created, which leads to a lowering of the energy band gap. This results in a 

shift in optical absorption from the UV region into the visible light spectrum. This is in line 

with the work of U. Tipparachet al. [20]. The highest cell efficiency of 4.66 % is obtained for 

aFe(NO3)3 concentration of 6 mM. At a higher concentration of 10 mM, the cell efficiency 

drops dramatically to 2.22 %. As seen from the SEM images in Fig. 4(d), many cracks 

develop as dopants concentration increases. The arrangement of the nanotubes becomes more 

disorderly. These conditions lead to more charge carrier recombination and a consequent 

decrease in photocatalytic performance and cell efficiency. 

 

 
Fig. 8. Current-voltage (IV) characteristic curve of Fe-doped TNTs with varying amounts of 

Fe(NO3)3: (a) 2 mM, (b) 4 mM, (c) 6 mM and (d) 10 mM 

 

Table 1. Photocatalytic Performance of Fe-doped TNTs with different concentrations of Fe(NO3)3 
Samples Jsc, mA/cm2 Voc, V FF η, % 

2 mM 9.61 0.59 0.63 3.58 

4 mM 10.96 0.68 0.54 4.04 

6 mM 12.44 0.69 0.56 4.66 

10 mM 5.95 0.67 0.50 2.22 
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Conclusions 

In this work, Fe-doped titanium dioxide nanotubes were synthesized by DC anodization using 

a 50 V supply. The composition of the electrolyte was as follows: ethyleneglycol (EG), 

ammoniumfluoride (0.3 wt. % NH4F), deionizedwater (2 vol. % deionizedwater), and 

Fe(NO3)3as dopant source with varying concentrations of 2, 4, 6 and 10 mM. The samples 
were studied before calcination and after calcination at 450 °C. The SEM images were used to 
study the surface morphology of the samples and revealed the structural arrangement of the 
nanotubes. The XRD patterns were used to investigate the crystalline phases of Ti and TiO2. 
Anatase phases were observed after annealing at 450° C. The photocatalytic performance was 

studied in DSSCs and showed increased activity with dopant concentration. The highest cell 

efficiency of 4.66 % was obtained for aFe(NO3)3 concentration of 6 mM, after which the cell 

efficiency dropped. From the results of SEM, AFM and UV-vis studies on the 6 mM sample, 

we strongly recommend not to re-anodize after annealing, as this does not improve the photo-

response of the TNTs. Titanium dioxide nanotubes have a wide range of applications such as 

in photocatalysis, photovoltaics, hydrogen generation, water purification and fuel cells. The 

results of this work would serve as a guideline for further research in this field of study. 
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Abstract. A kinetic model of stress-induced vacancy diffusion in pentagonal whiskers and rods 
is suggested to investigate the void evolution there. In the framework of the model, the Gibbs-
Thompson boundary conditions are employed to identify the free surface effect on the vacancy 
flux while the elastic fields of the wedge disclination are involved to reveal the contribution of 
the bulk effect. It is shown that the void evolution mode in the hollow pentagonal whiskers and 
rods is strongly determined by the initial internal and external radii as well as the materials 
parameters describing the response of both the residual stress and the surface tension. The void 
evolution diagram and kinetic curves are demonstrated to elucidate the critical and optimal 
parameters of this phenomenon. 
Keywords: pentagonal whiskers; pentagonal rods; multiply twinned particles; residual stress; 
stress relaxation; disclination; hollow nanostructures; stress-induced diffusion 
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Introduction 

Pentagonal crystal (PC) structures are deemed to be essential for enhanced performance in 
photonic, plasmonic and catalytic applications [1,2]. Their properties, prescribed not only by 
{111} faceting but also by cyclic twinning, evince more effective performance than their single-
crystal analogs [3–5]. For most PCs such as pentagonal whiskers (PWs) or rods [6], plates [7], 
and decahedral particles (DhPs) [8], the five-fold cyclic twinning is common. The more complex 
multiply cyclic twinning corresponds to the class of icosahedral particles (IcPs) [9]. Besides, the 
cyclic twinning is responsible for inhomogeneous residual stress-strain states in PCs that 
significantly impact upon their functional properties [10–12].  

Recently, much attention has been focused on the fabrication of hollow PC structures 
with tunable properties [13–17]. The fact that the hollowing process in PCs is strongly affected 
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by the residual stress caused by multiply twinning has been demonstrated in series of 
experiments [18–21]. For instance, Romanov et al. [18] observed voids in large CdTe PWs with 
diameter 1-10 mm. Later Yasnikov and Vikarchuk [19] employed the electrodeposition 
technique to produce both hollow and solid Cu PCs to investigate the size effect in the void 
formation. They observed the voids in relatively large PCs, while relatively small PCs remained 
free of voids. These experiments were explained by the higher level of the strain energy stored 
by the inhomogeneous residual stress in the larger PCs. Another example of stress-induced 
process of hollowing was described by Lu et al. [20] investigating the galvanic replacement 
reaction of both single-crystalline and multiply twinned Ag nanoparticles with H Au Cl4 in 
organic medium. The authors demonstrated that, under the galvanic replacement process, the 
single-crystalline Ag nanocubes evolved into nanoboxes while the multiply twinned Ag 
nanoparticles evolved into either pentagonal nanorings or nanocages of decahedral and 
icosahedral shapes. Similar results were obtained by Huang et al. [21] in examining the void 
growth phenomenon in single-crystalline and multiply twinned Pd nanoparticles placed in the 
Cu-acetylacetonate atmosphere. The authors reported that they synthesized hollow PdCu 
alloyed particles from the multiply twinned precursors in contrast to the void-free Pd/Cu core-
shell particles produced from the single-crystalline precursors. Thus, to control the void 
evolution in PCs, it is essential to incorporate the residual stress effects into both the synthesis 
protocols and theoretical modeling. 

The residual stress in PCs can be described within the disclination concept [22–24]. 
According to this concept, PWs and DhPs are considered as elastic bodies containing a positive 
partial wedge disclination with strength  0.128 rad, while IcPs as elastic spheres containing a 
Marks-Ioffe stereo disclination with strength  0.0613 sr that models the presence of six 
positive partial wedge disclinations with strength  0.128 rad. It is worth noting that, within the 
disclination concept, various stress relaxation phenomena in PCs such as dislocation generation 
[25,26], crack initiation [27], formation of the phase inhomogeneities [28] and the misfit layers 
[29] has received the theoretical description in [30–35]. The phenomenon of the void evolution 
in the PCs has been elucidated in the large volume of the theoretical works as well. 

Historically, the theoretical research concerning the void evolution phenomenon in PCs has 
focused on the interaction of point defects with wedge disclinations. The stress-induced diffusion 
of vacancies in vicinity of wedge disclinations was elucidated in the pioneer works [36–38].  

Latter Mikhailin and Romanov [39] employed an elastic model and a molecular dynamic 
simulation to investigate the bulk vacancy migration to the disclination core placed in the center 
of a circular crystal plate. The numerical simulation demonstrated that the initial amorphization 
of the disclination core occurs and subsequently results in the nucleation of a cavity. Besides, it 
was revealed that incorporating the surface effects in the energy balance of the elastic plate leads 
to appropriate agreement with computer simulation results for the cavity formation phenomenon.  

Romanov and Samsonidze [40] suggested a kinetic model of the point defects diffusion 
driven by the stress state of a wedge disclination in an elastic cylinder. The disclination core 
was considered as a perfect sink for point defects while the cylinder surface as a perfect source 
of them. The original profile of the point defects concentration inside the body was presumed 
to be relevant to the elastic disturbance of the disclination to introduce the initial and boundary 
conditions. The asymptotic expression for the point defects diffusion flux toward the 
disclination core was obtained in two limiting cases of (i) the initial stage, when the absorption 
of point defects in vicinity of the disclination prevails, and (ii) the final stage, when the steady-
state condition is achieved. 

Osipov and Ovid’ko [41] investigated the migration of substitutional atoms to triple 
junction disclinations in alloyed materials. The concentration of substitutional atoms in vicinity 
of a disclination core was derived with the assumption of the parabolic growth. It was inferred 
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that the split of the disclination, which was induced by the diffusion process, is one of the main 
factors responsible for the growth of a nucleus of amorphous phase under mechanical alloying.  

Nazarov [42] analyzed the grain boundary diffusion affected by triple junction 
disclinations. He demonstrated that the stress gradients, induced by the disclination 
configurations, may explain anomalously high values of grain boundary diffusivity in 
nanocrystalline materials. To better understand the effects of a disclination on the grain 
boundary diffusion, Murzaev and Nazarov [43,44] implemented the molecular dynamic 
simulation of the grain boundary containing a partial disclination. They showed that the 
numerically calculated grain boundary diffusivity in disclinated nanocrystalline materials is at 
least two orders higher than in the disclination-free polycrystals.   

Romanov et al. [18] examined the void formation in PWs and IcPs as a channel of residual 
stress relaxation. Within the quasi-equilibrium energetic approach, the critical conditions of a 
void formation in PCs were determined in terms of the change of surface and disclination strain 
energies due to the void growth. Using the stress fields of wedge disclinations in elastic bodies 
with spherical surfaces that were found by Kolesnikova at al. [45], Krasnitckii et al. [46] later 
considered a similar problem for DhPs. In spite of the fact that the energetic approach has quite 
limited applications (as it does not include the kinetic aspects of the problem), the optimal size 
of voids prescribed by the stress relaxation models in [18,46] is in agreement with experimental 
observations of hollow PCs [18,19]. 

Vlasov et al. introduced the most thorough formulation of non-steady stress-induced 
diffusion problems concerning the formation of impurity atmospheres in vicinity of triple 
junction disclinations [47,48] as well as the growth of void and phase nuclei in PWs [49,50] 
and IcPs [51,52]. For the case of void growth in PWs, Vlasov et al. [49] managed to derive the 
strict analytical solutions for the void radius rate. Besides, it was demonstrated [52] that, at the 
initial stage, when the disturbance induced by the body external surface is negligible, the 
nucleus radius rate in vicinity of wedge and stereo disclinations varies as  t1/2 (hereinafter t is 
the time of the process) in contrast to that in vicinity of edge dislocations and tips of mode I 
cracks, varying as t1/3 and t2/5, respectively.  

Later Tsagrakis et al. [53] considered the void growth phenomena in IcPs with accounting 
for size effects within the gradient elasticity theory. The gradient solution for a stereo 
disclination was found to provide nonsingular profiles of the vacancy velocity and the vacancy 
concentration inside IcPs. The authors showed that the gradient elastic effects are essential to 
consider when the internal length parameter is of the same order of magnitude as the particle 
radius, otherwise these effects can be neglected. 

It is worth noting that the aforementioned kinetics models have a serious limitation. In 
fact, they are unable to incorporate the influence of surface tension in the void evolution process 
in PCs. Recently Krasnitckii et al. [54] have overcome this limitation by involving the surface 
tension on the inner and outer surfaces of hollow IcPs in the form of the linearized Gibbs-
Tompson conditions. The corresponding stress-assisted diffusion problem under the steady-
state approximation was solved to consider the void evolution kinetics driven by both the 
surface and bulk stress effects. It was shown that the void evolves in either the shrinking mode, 
if the vacancy flux induced by the Gibbs-Tompson effects is predominant, or the growing mode, 
if the pressure-induced vacancy flux prevails, or the stabilizing mode, if the contributions of 
these fluxes are equal. 

The present work is aimed at extending the general formalism of the model suggested 
in [54] to investigate the stress-induced vacancy diffusion as well as the void evolution 
phenomena in PWs under the Gibbs-Tompson curvature effects. It represents (i) a solution of the 
steady-state problem of vacancy diffusion for a hollow cylindrical body, (ii) an analysis of the 
void evolution kinetics in a PW, and (iii) an evaluation of the critical and optimal parameters of 
the void equilibrium state. 
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Model 

Consider a hollow PW as a long hollow cylindrical body containing a positive partial wedge 
disclination of strength ω  0.128 rad (Fig. 1(a)). The wedge disclination is responsible for the 
hydrostatic compression in the inner region of the cylinder and for the hydrostatic tension in its 
outer region. This volumetric strain stimulates both the generation of vacancies at the stretched 
surface of the PW and subsequent migration of the vacancies inward the compressed region, where 
they can coagulate with formation of a central cylindrical void. The stress-assisted vacancy 
diffusion can be described by the second Fick low with a drift term [54]: 
1 1

int int

C C
C C W W

D t kT kT


=  +   + 


, (1) 

where C is the relative (dimensionless) concentration of vacancies inside the cylinder, D is the 
diffusivity of vacancies, k is the Boltzmann constant, T is the absolute temperature, Wint = P δv 
is the interaction energy of a vacancy with the wedge disclination, P is the hydrostatic pressure 
exerted by the wedge disclination stress tensor  (P = –1/3 tr ), and v is the vacancy 
relaxation volume (v < 0). The hydrostatic pressure P reads [24]: 
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where G is the shear modulus,  is the Poisson coefficient, av and a are the internal and external 
radii, respectively, of the hollow cylinder, and r is the radial coordinate.   
 

 
(a) (b) 

Fig. 1. (а) Continuum model of a PW with a central cylindrical void. (b) The radial flux of 
vacancies jv (ap) through the void surface in dependence of the normalized void radius p for 

 = 0 (single-crystalline tubes) and  = –1 (PWs). The radial flux is given in units of C0 D /  
 

Substituting Eq. 2 in the diffusion equation Eq. 1, for the steady-state process (C/t  0) 
in the case of the cylindrical symmetry, one can come to the following equation:  

2

2

1
0

d C dC

dr r dr

−
+ = , (3) 

where  is the dimensionless complex which defines the disclination stress contribution to the 
diffusion process: 
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1

3 1

G v

kT

  
 

+
=

−
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In addition to the bulk effects accompanying the void growth in PWs, the surface effects 

viz. surface tension should be also taken into consideration. Actually, the surface tension 

produces a negative pressure (positive hydrostatic stress) on the inner surface while the outer 

surface is affected by a positive pressure (negative hydrostatic stress). From this point of view, 

the vacancy concentration at the inner surface can be bigger than at the outer one. It means that 

the vacancy flux inside PWs can be either inhibited or even inversed by the surface tension. 

The latter phenomenon exerts the void shrinking with its subsequent collapse. The impact of 

the surface tension on the void evolution can be taken into account in the linearized form of the 

Gibbs-Thompson boundary conditions as follows [55]: 
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where C0 is the equilibrium concentration of vacancies near the flat surface,  =   / (kT) is the 

length parameter,  is the specific surface energy,  is the atomic volume. 

The solution of the diffusion equation (Eq. 3) with regard to the boundary conditions 

(Eqs. 5) is given by 

0
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It is worth noting that Eq. 6 coincides with the solution of the diffusion problem for the 

defect-free cylindrical shells given in [55], if the parameter  tends to zero. 

  

Results 

The void evolution phenomenon in hollow PWs is strongly determined by the migration of 

vacancies. Inside the PWs, the migration of vacancies can be described in terms of the radial 

flux as follows: 

jv = jc + j , (7) 

where  jc is the vacancy flux caused by the vacancy concentration gradient between the inner 

and outer surfaces of the PWs, 

Ωc

D
j C= −  , (8) 

and j is the stress-induced vacancy flux caused by the elastic field of the wedge disclination, 

σ Ω int

D C
j W

kT
= −  . (9) 

The radial vacancy flux in Eq. 7 can be rewritten with respect to the concentration profile 

(given by Eq. 6) in the following form:  
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To investigate the void evolution phenomenon, one can consider the dependencies of the 

radial vacancy flux through the inner surface jv (av) on the radii ratio p = av / a shown in Fig. 1(b) 

for different values of . The void evolution mode is defined by the sign of the total vacancy 

flux at the void surface in Eq. 10. If the flux is negative, the inward stress-induced flux prevails 

so that vacancies are absorbed by the void, thus provoking the void growth mode. When the 

flux is positive, the outward concentration flux is predominant so that vacancy emission from 

the void evincing the void shrinkage mode is expected. Besides, if the vacancy flux turns to 
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According to Fig. 1(b), the relatively small voids (when p < peq) in hollow PWs with  = –
1 tend to grow until reaching the optimal radius popt. On the contrary, the relatively large voids 

(when p > peq) tend to shrink to the optimal radius popt. In the case of defect-free single-

crystalline tubes with  = 0, the vacancy flux is positive for any radii ratio p, hence the void 

growth mode occurs to transform tubes into solid rods. 

Since the void evolution mode in PWs is mainly determined by the sign of the vacancy 

flux at the void, one can derive the critical mode condition from the vanishing flux equation 

jv (av) = 0 in the form: 
1

v va a

a a
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Introducing dimensionless variables, one can rewrite Eq. 11 with regard to the mass 

conservation law [54], 2 2 2

0va a a− = , as follows: 
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, (12)  

where p = av / a, 
2 1/2Δ (1 )p= − , b0 = a0 / , and a0 is the radius of a solid PW. 

 

 
(a) (b) 

Fig. 2. (а) Dependence of the parameter  on the normalized void radius p for different 

values of b0 = 5, 20 and 100. The inset in the upper right corner indicates the regions A, B, C 

and D corresponding to different scenarios of void evolution. (b) Dependence of the 

normalized void radius p on the dimensionless time   given for different values of the initial 

void radius p0 = 0.05 and 0.5, and the parameter  = 0.0, –0.5, –0.61, –0.62, and   –0.611 

 

Figure 2(a) demonstrates the curves  = f (p) given by Eq. 12 for different values of the 

parameter b0 = 5, 20 and 100. These curves define the parameters  and p of hollow PWs for 

which jv (av) = 0, i.e. the void equilibrium mode takes place. The area below the curves 

( < f (p)) corresponds to the void growth mode when jv (av) < 0, while the area above them 

( > f (p)) to the void shrinkage mode when jv (av) < 0. It is worth noting that the area above 

curves reduces if the parameter b0 increases.  

The void evolution scenarios in the hollow PWs are determined by the roots of the 

equation  = f (p) for a given value of  (see Fig. 2(a)). For example, the equation  = f (p) has 

no roots for cr <   0 so the void shrinkage mode is valid for any p, and hence the void of any 
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size is unstable. For  = cr, there is the only root p = pextr corresponding to the unstable 
equilibrium state of the void, i.e. any perturbation of its radius results in the transition to the 
shrinkage mode. The cases of p = pcr and p = popt can be elucidated as the unstable and stable 
equilibrium void states, respectively. For  < –1, the equation  = f (p) has the only one root, 
p = popt, relating to the stable equilibrium state of the void. To obtain the stable equilibrium, the 
voids with p from the range of 0 < p < popt must grow, while those with p from the range of 
popt < p < 1 must shrink. 

Thus, the voids in PWs should be unstable and have a tendency to shrinkage if either 
cr <   0 for any void radius (see region A in Fig. 2(a)) or –1   < cr for pre radius less than 
a critical one (see region B in Fig. 2(a)). In contrast, the stable void can evolve via either 
shrinkage or growth if  < –1 for any void radius and –1   < cr for void radius larger than the 
critical value (see regions C and D in Fig. 2(a)). 

Turning now to the kinetic aspects of the void evolution in hollow PWs, the growth rate 
is defined by the vacancy flux at the void surface:  

( )v
v v

da
j a

dt
= − . (13) 

The Eq. 13 can be derived as follows: 
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where  = С0 D t / a0
2 is the dimensionless time. 

The numerical solution of the void evolution equation (Eq. 14) is illustrated in Fig. 2(b) for 
b0 = 5 (in this case, cr  –0.558, see Fig. 2(a)). According to Fig. 2(b), for the given initial 
normalized radius p0 = 0.05 of the void, some different scenarios of its evolution can occur. For 
 = 0.0 and –0.5 (> cr  –0.558), the void tends to shrink with subsequent collapse (see region 
A in Fig. 2(a)). Similar pathway is expected in the case when   = –0.61 (< cr  –0.558) and the 
initial radius p0 of the void is less than critical value pcr  0.051 (region B). Moreover, the time 
for the void collapse is mainly determined by : the smaller the value of , the longer the void 
shrinking process. As is seen from Fig. 2(b), for even smaller  = –0.62, the void tends to take 
the optimal size via either its growth (for p0 = 0.05 corresponding to region C) or shrinkage (for 
p0 = 0.5 corresponding to region D). It is worth noting that, for   –0.611, the normalized 
radius p0 = 0.05 of the void coincides with the critical one, pcr, so the void occurs in the state of 
unstable equilibrium when any perturbation of its radius causes either shrinking or growing. 

Let us now examine the critical and optimal conditions of the void evolution process in 
PWs. As was mentioned above, the nucleation of stable voids in solid PWs is possible if the 
absolute value of parameter  exceeds that of some critical value cr only. The latter one 
strongly depends on the ratio of the solid PW radius a0 to the length parameter . The parameter 
 characterizes the bulk effects in solid PWs attributed to the wedge disclination stress while 
the parameter   describes the role of surface effects (the bigger the surface energy   the bigger 
 ). Fig. 3(a) illustrates the dependence of cr on the solid PW radius a0 for different values of 
the length parameter  = 5, 10, and 20 nm. As is seen from Fig 3(a), the critical value cr first 
sharply increases for 0 < a0 < 200 nm and then gradually tends to zero for a0 > 200 nm. Besides, 
for a given value of the solid PW radius a0, the critical value cr decreases with an increase in 
. It means that, in PWs of the same size (for example, at a0 = 100 nm), the void nucleation is 
more likely to occur in the PWs with smaller surface tension (cr  –0.15 for  = 5 nm whereas 
cr  –0.55 for  = 20 nm). 
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(a) (b) 

Fig. 3. (а) Dependence of the critical value cr on the solid PW radius a0 for different 

values of the parameter  = 5, 10 and 20 nm. (b) The dependences of the normalized void 

radii pcr (solid curves), popt (dushed curves), and pextr (dushed-and-dotted curve) on the 

dimensionless parameter b0 for  = –0.16, –0.31, and –0.56 

 

In contrast to the case of cr <   0, when the void initiation failed, the barrier-controlled 

nucleation of voids in solid PWs can occur if the normalized radius of void nucleus exceeds its 

critical value pcr at –1   < cr. In this case, the void nucleus tends to grow until it reaches the 

optimal size and p = popt. As it was mentioned above, the values of parameters pcr and popt are 

strongly determined by the material parameters  and b0 = a0 /  demonstrating the role of size 

effect in the void evolution phenomenon. The dependences of the characteristic normalized 

radii of voids in PWs, pcr, pextr, and popt, on the value of b0 are shown in Fig. 3b for different 

values of . As is seen from Fig. 3(b), the critical and optimal normalized radii coincide with 

the extremal value pextr if  takes the critical value. When b0 increases, pcr decreases while popt 

increases. In the limiting cases, when  → –1 or b0 → +, the critical normalized radius of the 

void vanishes, the optimal one tends to 1.0 (the case of an infinitely thin-wall tube), and the 

extremal one tends to a constant value  0.3. 

In the case of  < –1, the barrier-less nucleation of voids in PWs should occur. Indeed, 

the contribution of the surface tension to void evolution is negligible with regard to the impact 

of the disclination stress field. As a result, the void nucleus is expected to grow in order to take 

a stable state with its optimal normalized radius popt. 

 

Conclusions 

In summary, the void evolution kinetics in PWs has been reconsidered with regard to the 

curvature surface effect. In doing so, the linearized Gibbs-Thompson boundary conditions are 

incorporated in the boundary-value problem of stress-assisted vacancy diffusion inside a hollow 

cylindrical body. It is shown that the vacancy flux is mainly determined by the dimensionless 

parameters  indicating the impact of the bulk stress state of the wedge disclination, and  

describing the effect of the surface tension on the vacancy diffusion. With assuming that the 

direction of the vacancy flux completely prescribes the void shrinkage or growth modes in 

hollow PWs, various void evolution scenarios have been revealed with respect to the initial 

void radius av,0 and the dimensionless parameters  and b0 = a0 / (where a0 is the radius of a 
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solid PW) which reflect the contributions of the bulk stress and surface effects, respectively, to 
the void evolution process.  

According to the first scenario, in PWs with cr <  < 0, the void of any size is unstable, 
i.e. it tends to shrink with the subsequent collapse. Hence, the void nucleation is completely 
inhibited by the surface effects.  

In PWs with –1   < cr , the voids of size smaller than a critical one are not stable and 
tend to shrink, in contrast to the voids of size larger than the critical one tend to reach the stable 
state with the optimal radius av,opt.  

When  < –1, the voids of any size have the tendency to reach the stable state via either 
growing (if av < av,opt) or shrinking (if av > av,opt). Hence, the bulk stress effect prevails and 
stimulates the void nucleation to occur.  

Finally, the critical and optimal parameters of the void evolution scenarios are identified 
with respect to the bulk and surface effects. It is shown that the critical parameter cr increases 
with an increase in the solid PW radius a0 as well as with a decrease in the length parameter . 
That is the bigger the PW size the less the influence of the surface tension and hence the barrier 
for void nucleation. Besides, the critical radius of void nucleus av,cr also declines with an 
increase in the solid PW size. As for the optimal radius av,opt of a stable void, the rise of both 
the parameters b0 and |  | leads to an increase in the optimal radius of the void. Moreover, in 
the limiting cases when b0 → + and  →  –, the hollow PWs could evolve in thin-wall 
pentagonal tubes.  

One of the most significant findings to emerge from this model is that the surface effects 
such as surface tension is essential to incorporate in the problem of the void evolution in PWs 
if the material parameter  > –1. When  < –1, the surface effect on the void nucleation can be 
neglected.   
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Abstract. We propose a two-dimensional (2D) model that describes toughening of 

nanocrystalline metallic alloys due to grain boundary (GB) segregations. Within the model, 

brittle GB segregations lead to the formation of satellite GB cracks near the tip of the main 

crack. These cracks affect the stress concentration in the vicinity of the main crack tip and lead 

to toughening. We performed 2D finite element simulations of crack growth in a representative 

volume that incorporates GB fragments without segregations and with segregations. In these 

simulations, GBs are modeled as interface elements, and the effect of GB segregations 

manifests itself in a strong reduction of the cohesive strength of these elements. We demonstrate 

that GB segregations in nanocrystalline alloys can increase the fracture energy and thereby 

toughen these solids. 
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Introduction 

The unique mechanical properties of nanocrystalline metallic materials, such as ultrahigh 

strength, have made them a subject of intensive research last years (see, e.g., reviews [1–6]). 

Of special interest are nanocrystalline alloys with grain boundary (GB) segregations, which 

make these nanocrystalline solids stable against grain growth [7–11]. In addition, GB solute 

segregations can affect the mechanical properties of nanocrystalline alloys, including their 

strength, hardness and fracture toughness. For example, experiments [12–14] indicate that GB 

segregations can dramatically increase strength and hardness of nanocrystalline alloys. An 

improvement of these mechanical properties was explained by the action of various 

mechanisms, such as inactivation of GB dislocation sources [15–17], resistance to dislocation 

propagation across grains [18], and suppression of GB sliding [17,19]. 

In parallel with strength and hardness, GB segregations in nanocrystalline alloys 

influence the fracture toughness of these alloys. Since such segregations are commonly brittle, 

they can in some cases reduce the fracture toughness of nanocrystalline alloys [20–22]. 

Meanwhile, recent experiments [22] demonstrated the possibility of increasing the fracture 
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toughness and ductility of nanocrystalline Pt-Au alloys due to the formation of segregations. In 

these experiments, GB segregations of Au increased toughness at moderate (5 at. %) Au 

concentration and reduced it at high (10 at. %) Au concentration. The toughening associated 

with the GB segregations of Au was related [22] to the formation of secondary nanocracks at 

GBs containing brittle GB segregations. 

Also, recent two-dimensional (2D) finite element (FE) simulations [23] of crack advance 

along grain or interphase boundaries that form a two-dimensional hexagonal lattice within an 

elastic–viscoplastic constitutive model demonstrated the possibility of fracture toughness 

enhancement at a moderate (up to 10-40 %) fraction of brittle boundaries followed by a drop of 

fracture toughness at a higher fraction of such boundaries. The toughening associated with 

brittle boundaries was attributed [23] to the combination of various toughening mechanisms, 

such as crack deflection, crack branching, the formation of secondary cracks and enhanced 

plastic deformation near the crack tip. However, the contributions of separate toughening 

mechanisms to the fracture toughness enhancement were not evaluated. Also, other FE 

simulations studied similar effects of toughening [24–29] associated with the structural 

inhomogeneities, such as bimodal grain size distribution [24], the formation of elongated 

grains [25], or inhomogeneous residual stresses [27]. 

More recently, the contribution of crack deflection to the fracture toughness of 

nanocrystalline alloys with GB segregations has been theoretically studied within a 2D 

analytical model [30]. It appeared [30] that crack deflection can increase the fracture toughness 

by up to 30–35 %, and the maximum toughening is achieved if segregations are very brittle and 

occupy a moderate proportion of GBs. The aim of the present paper is to reveal the effects of 

secondary (satellite) nanocracks formed near the tip of the main crack due to the presence of 

brittle GB segregations on the fracture energy and toughness of nanocrystalline alloys. In the 

following, we suggest a 2D model that describes the toughening effect of the satellite 

nanocracks and describe the results of our FE simulations of the fracture energy of 

nanocrystaline alloys with GB segregations. 

 

Model 

Consider the effect of GB segregations on the fracture energy and toughness of nanocrystalline 

alloys. To do so, within our 2D model, we examine a bar of infinite length and a rectangular 

cross section under the plane strain state and introduce a precrack with the initial half-length 

l0=0.4 µm, which is much smaller than the dimensions of the bar (Fig. 1). The bar is supposed 

to be loaded by a tensile load that corresponds to specified constant displacements at the upper 

and lower boundaries, and the direction of the initial crack is assumed to be normal to the 

direction of the applied load (Fig. 1). A symmetry condition is set on the left boundary of the 

bar, that is, the displacement in the direction normal to the boundary is prohibited, and the right 

boundary is assumed to be free. The displacements at the upper and lower boundaries are set 

small enough to prevent the cracking of GBs far from the crack tip, and the material is assumed 

to be linearly elastic and elastically isotropic.  

In the vicinity of the tip of the initial crack, on the way of its further advance during the 

bar tension, there is a region simulating the grain structure. In order to reduce computational 

costs, the rest of the bar far from the crack tip is modeled as a homogeneous material, due to 

the relatively low influence of this region on the critical parameters of crack growth. 

To generate a representative volume of the grain structure with the size 𝛥𝑎𝑚𝑎𝑥=0.4 μm 
located near the precrack tip, algorithms were used to construct a Voronoi diagram. The 

characteristic average grain width is assumed to be 50 nm, which corresponds to the 

experimental values for the nanocrystalline Pt-Au alloy with GB segregations [22]. 
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Fig. 1. Finite element model in the region near the initial crack tip, containing a nanostructure 

of grains 

 

All calculations were performed in the ANSYS FE analysis system. The Young modulus E 

and Poisson’s ratio ν of the solid were put equal to the characteristic values of those for  
the Pt-10Au (at. %) nanocrystalline alloy examined in [22]: E=145 GPa, ν=0.4 [31]. To construct 
a computational model of grains and a homogeneous region of the bar, flat elements in the plane 

strain state were used. To increase the accuracy of numerical calculations, when constructing a 

finite element mesh, finite elements with a quadratic function for approximating the 

displacements were used.  

For simplicity, here we do not consider the effect of crack deflection on fracture toughness 

(assuming that the initial crack stays flat during growth) and focus on the effect of the secondary 

nanocracks at GBs (whose formation near the precrack tip is enhanced due to the presence of 

brittle GB segregations) on the growth of the initial crack. To simulate the formation of 

nanocracks at GBs as well as the growth of the initial crack, we define interface elements of the 

CZM (cohesive zone model) type at GBs and on the extension of the main crack; in the unloaded 

state, their thickness is equal to zero. During loading of the bar, the interface elements are 

elastically deformed along with the grains, and when the jump of displacements exceeds a 

critical value, they fracture. 

 The interface elements divide two contacting surfaces and are characterized by the 

surface potential that describes the additional total energy of the surfaces (per their unit area) 

associated with their separation and sliding. The surface potential 𝜑 is defined in the form 

originally proposed in [32] as 𝜑(𝛿𝑛, 𝛿𝑡 ) = 𝑒𝜎𝑚𝑎𝑥𝛿𝑛̅[1 − (1 + 𝛥𝑛)𝑒−𝛥𝑛𝑒−𝛥𝑡2],          (1) 

Nanostructure 

of grains 

Initial crack 
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where 𝛥𝑛 = 𝛿𝑛/𝛿𝑛̅, 𝛥𝑡 = 𝛿𝑡/𝛿𝑡̅,   𝜎𝑚𝑎𝑥 is cohesive strength of the interface,  𝛿𝑛 and  𝛿𝑡 are the 

normal  and tangential jumps of displacements at the interface element, respectively, and   𝛿𝑛̅ and  𝛿𝑡̅ are parameters. The maximum value of the surface potential  𝜑𝑚𝑎𝑥 = 𝜑(𝛿𝑛 → ∞, 𝛿𝑡 ) = 𝑒𝜎𝑚𝑎𝑥𝛿𝑛̅ corresponds to the specific work of normal separation of 

the two surfaces. The surface potential 𝜑(𝛿𝑛, 𝛿𝑡 ) decreases with the normal separation 𝛿𝑛 at 𝛿𝑛 > 𝛿𝑛̅. This implies that once the relation 𝛿𝑛 > 𝛿𝑛̅ is satisfied, the contacting surfaces are 

energetically favored to be separated, and thus, the fracture at an interface element occurs in 

the region where 𝛿𝑛 > 𝛿𝑛̅.  We put 𝛿𝑛̅ = 1 nm, 𝛿𝑡̅ = 2 nm. 

 

 

  
Crack plane 

 

Strong GB 

fragments   

Weak GB 

fragments 

 

Fig. 2. The geometry of strong and weak GB fragments in the representative volume 

 

GB segregations in the grain structure are modeled as interface elements with a strongly 

reduced cohesive strength 𝜎𝑚𝑎𝑥 (see Fig. 2). Focusing on the case where the fragments of GBs 

with segregations are very brittle,  we set the value 𝜎𝑚𝑎𝑥 for the "weak" interface elements (that 

model GB segregations) to be 5 times smaller than that for "strong" interface elements (without 

GB segregations). 

Let us denote the proportion c of weak GB fragments (containing GB segregations) as the 

ratio of the total length of weak GB fragments to the total length of GBs in the representative 

volume. The location of weak GB fragments is chosen randomly depending on their proportion c. 

Figure 2 illustrates one of the possible arrangements of strong and weak GB fragments for the 

case c = 15 %. 

The simulation of main crack growth was carried out as follows. The bar is loaded using 

kinematic boundary conditions, and thus the initial stress field appears in the bar. Then, 

sequentially, element by element, the interface elements that make up the region in which the 

main crack propagates are removed. During the growth of the main crack, the interface 

elements in GBs can be destroyed when the critical parameters (the jumps of displacements 

at the elements) exceed critical values, and, thus, new nanocracks can form. The removal of 

interface elements was carried out using the Ekill method, which reduces the stiffness of the 
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required final element to a negligible value. Each step of the solution is recorded, and at all 

iterations of the numerical solution the value of the strain energy E, which is released during 

the growth of the main crack, is calculated. The magnitude of the specified displacements at 

the upper and lower boundaries is fixed, and so a change in the strain energy can only be 

caused by an increase in the length of the main crack, as well as by the formation of new 

nanocracks at GBs. The energy release rate G in the course of main crack growth is given by 𝐺 = −𝑑𝐸/𝑑𝑎, where a is the crack length. 

 

Results 

Figure 3 plots the dependences of the energy release rate G on the crack length increment 𝛥𝑎 

within the representative volume at various proportions c of weak GB fragments, calculated for 

some random configurations. The reason for the sharp decrease of the parameter G as the crack 

tip penetrates into the heterogeneous region and its increase as the crack exits the heterogeneous 

region is the formation of GB nanocracks as the main crack grows. The non-monotonic 

character of the curves in Fig. 3 in the interval 0.12  < 𝛥a < 0.32 μm is related to the 

approaching the main crack tip to GB nanocracks or moving it away from such nanocracks. 

 
Fig. 3. Energy release rate G as a function of crack length increment a , for various values 

of the proportion c of weak GB fragments 

 

In the absence of GB nanocracks, the critical condition for main crack growth has the 

form 0c
G G= , where 0c

G  is the intrinsic fracture energy, which is determined by the surface 

energy of the solid. On the other hand, to a remote observer, the crack advances in a 

homogeneous medium and is characterized by the energy release rate G0 that depends on the 

applied load and the crack length. Macroscopically, the crack growth condition has the form 

0 c
G G= , where Gc is the effective fracture energy that accounts for the effect of GB nanocracks. 

As a result, when the energy release rate G is close to the intrinsic fracture energy Gc0, we have: 

0 0/ /
c c

G G G G= . To calculate the fracture toughness associated with crack growth over strong 

and weak GBs, we will consider the strongest GB along which crack propagation is most 

difficult and calculate the fracture energy as 0 0 0 0 maxmax{( / ) , }
c c

G G G G l a l a=   + . 
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Using such a calculation procedure, the fracture energy c
G  was calculated for c = 0, 15, 

30 and 50 %. Due to the influence of the random location of weak GB fragments on the results 

obtained, for each value of c, the values of the fracture energy c
G  were averaged for 10 different 

arrangements of weak GB fragments. In this case, the geometry of GBs remains unchanged, 

and only the location of weak GBs varies. 

Figure 4 shows the normalized fracture energy / ( 0)
c c

G G c =  for different proportions c 

of weak GB fragments. It is seen in Fig. 4 that fracture energy increases with c, and for c = 50 %, 

an increase in the fracture energy is around 18 %. Since the fracture energy Gc is proportional 

to the squared fracture toughness, 
2

ICK , this corresponds to an increase in the fracture toughness 

by approximately 9 %. This implies that the formation of nanocracks at weak GBs with 

segregations can toughen nanocrystalline alloys and the maximum fracture toughness can be 

achieved when the proportion of GBs with segregations is sufficiently high. At the same time, 

the proportion of GBs with segregations should not exceed the values at which such brittle 

boundaries form clusters leading to catastrophic fracture. 

 

 
 

Fig. 4. Normalized fracture energy / ( 0)
c c

G G c =  vs the proportion c of weak GB fragments 

 

Concluding remarks 

Thus, in the present paper, we have proposed a 2D model that describes the toughening due to 

GB solute segregations in nanocrystalline alloys. Within the model, we focused on the 

toughening associated with the formation of GB nanocracks at the sites for GB segregations 

near the tip of the main crack. These nanocracks affect the growth of the main crack and can 

lead to toughening. The toughening associated with the GB nanocracks is not high. For the case 

where GB segregations occupy 50 % of the total GB length, the fracture energy increases due 

to GB segregations by 18 %, which corresponds to 9 % increase in fracture toughness. 

However, together with other toughening mechanisms, such as crack deflection [23,30] and 

crack branching [23], a high enough proportion of GB segregations can considerably toughen 

nanocrystalline alloys [23,30]. The model is valid for the case where the fraction of the GB 

segregations does not exceed the values at which such brittle GBs form clusters leading to 

catastrophic fracture. The results of the model correlate with the experimental observations [22] 

of Pt-Au alloys, where GB segregations of Au led to toughening. 
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Abstract. The paper considers seven types of lattice structures of different topologies, which 

are periodic unit cells of metamaterials to be manufactured by additive technologies. We carried 

out finite-element analysis of lattice structures with varying thicknesses of elementary beams 

comprising the cells and varying initial symmetric shapes. The effective elastic properties of 

metamaterials as continuous media were calculated by the method of direct numerical 

homogenization with periodic boundary conditions. The dependences between elastic 

properties and characteristic parameters determining the topology of cells were established. 

Some types of lattices were found to exhibit auxetic properties in a certain range of topological 

parameters. 
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Introduction 

Over the last decade, additive technologies, as a group of manufacturing technologies with a 

wide range of capabilities and few limitations, have made it possible to produce complex metal 

and polymer parts and components that could not previously be produced by conventional 

material processing technologies [1]. Metamaterials, whose physical and mechanical properties 

can be controlled by changing the shape and parameters of a unit cell, are an example of such 

structures. 

Metamaterials are understood as artificially designed multiscale structures formed by 

periodically repeating basic cells of relatively small size, fine-tuned to ensure that the physical 

and mechanical behaviour of the structure at the macro-level is that of a continuous material.  

A characteristic example of a metamaterial is a periodic lattice structure, which is formed by 

duplicating a unit cell in the directions of three non-coplanar vectors on which a parallelepiped 

describing the boundary of the unit cell is built [2]. Such a structure has a three-dimensional 

periodic topology, whose step of repetition depends on the geometric dimensions of the unit 

cell. The metamaterials can also include porous media with a complicated multiscale system of 

pore channels [3]. 
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Since typical unit cells have complex topology, the parts integrating metamaterials can 

only be manufactured by additive technologies, primarily powder-based laser 3D printing. It is 

the specific topology and variable shape of the elementary structural cell that gives the 

metamaterial unique physical and mechanical properties at the macro-level, unattainable for 

conventional homogeneous materials. In this case, the elastic properties of the metamaterial at 

the macro-level are assumed to be the effective properties of the structural cell as a part of a 

periodic array along three axes of the global coordinate system. Thus, a metamaterial can be 

characterized as an additively produced material consisting of a large number of unit cells 

whose size is much smaller than the size of a part made of the metamaterial. 

The effective physical and mechanical properties of the metamaterial, which are 

considerably different from the properties of the solid material from which the periodic 

structure is fabricated, can be determined using the homogenization procedure performed for 

the representative volume element (RVE) of the metamaterial [4]. In the case of a metamaterial 

formed by arrays of unit cells along three Сartesian axes, the RVE is a structure of minimal 

volume, containing the characteristic geometry of the material repeating with a certain step, so 

it can be regarded as a periodicity cell from the standpoint of theory of heterogeneous and 

composite materials. 

The dependences of effective elastic properties of metamaterials on the topological 

features of the structure at the meso-level are a popular subject for research in mechanics of 

heterogeneous continuous media [5]. The main objective of this research is to establish the 

approaches to designing the mechanical properties of the structure by varying the topology of 

the unit cell by new unconventional techniques [6]. In particular, the numerical analysis of the 

mechanical properties of the unit cell was carried out in [7] by the homogenization method with 

varying topological parameters of the unit cell. 

Recent developments in the field of metamaterials for special applications are outlined in [8], 

covering ultra-lightweight, ultra-stiff and ultra-strong materials, with emphasis placed on 

metamaterials with negative compressibility and negative stiffness. The current understanding 

of the structure and mechanical behaviour of cellular materials with low effective density, and 

how they can be used in the design of engineering structures, is discussed in [9]. 

Numerous studies deal with the influence of topological properties of metamaterials on 

their mechanical performance, considering different types of unit cells with varied effective 

porosity [10]. Some papers introduce hypotheses about the analytical dependences between the 

mechanical constants and the effective porosity obeying a power law [11]. However, such 

dependencies do not take into account a wide range of parameters of the unit cell. 

Beam theories based on the Bernoulli–Euler model have been applied to evaluating the 

macroscopic properties of lattice struts, allowing to predict some of the properties without virtual 

tests [12]. The analytical description of the mechanical behaviour of unit cells using the 

Timoshenko beam theory is presented in [13]. However, the applicability of these approaches is 

strongly limited to regular cells of relatively simple shape represented in the beam formulation. 

An important point in the study of additively manufactured metamaterials is the influence of 

technological processes during their fabrication. In particular, a significant decrease in the 

mechanical strength was detected for samples built diagonally with respect to the printing direction, 

accompanied by transformation of the material microstructure during heat treatment [14]. 

A notable trend in research is to determine the effective distribution of topological 

parameters of a metamaterial over the volume of a product. In this case, the focus shifts from 

the search for the optimal shape and size of the unit cell to the search for the optimal distribution 

of the physical and mechanical parameters within the product to achieve their smooth spatial 

variation [15]. This approach allows to tailor certain areas of the product to the given operating 

conditions and control the macroscopic properties of the material depending on the internal 

forces in a particular area of the structure [16]. 
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A separate extremely interesting class is represented by metamaterials with negative 

effective Poisson’s ratio, the so-called auxetics [17]. According to [18], unit cells capable of 

generating the auxetic effect are divided into three main groups based on the mechanism 

underlying that effect: re-entrant cells, chiral cells, and rotating cells. Importantly, the first 

group is the most promising from the standpoint of manufacturing technologies, including 

additive manufacturing, since the cells of the second group have a more complex structure, and 

the cells of the third group comprise structures connected through hinges, so they should be 

produced by other types of manufacturing technologies. A detailed analysis of the approaches 

to design of cell struts for auxetic metamaterials and examples of numerical analysis of their 

mechanical behaviour are given in [19]. 

As evident from the reviewed literature, interest in metamaterials has been growing steadily 

over the recent years, and the directions of research are diverse. While there are multiple 

approaches to studying the mechanical characteristics in this type of structures, the main issue 

has not been fully resolved. Building on our previous works on lattice structures [20], in this 

paper, we adopt homogenization methods to carry out numerical calculations of elastic 

anisotropic properties of metamaterials formed by different types of unit cells, subsequently 

analysing the relationship between the metamaterial’s elastic moduli and topology parameters. 

 

Materials and Methods 

The geometry of metamaterials has a periodic structure similar to conventional metallic 

materials grains formed by crystal lattices. We focus on metamaterials formed by typical lattice 

structures in this study, and the research methods are based on composite mechanics, elasticity 

theory of anisotropic media and computational mechanics. 

Theoretical aspects of homogenization. Homogenization is a method for estimating the 

equivalent macroscopic properties of a homogeneous material in such a way that at the global 

level they are equivalent to the properties of the heterogeneous metamaterial. Such properties 

of the metamaterial are called effective properties. The results obtained for one cell can be 

generalized for the whole material due to its periodic structure. 

The stresses and strains averaged over a representative volume element are determined 

by the following formulas: 〈𝜎𝑖𝑗〉 = 1𝑉 ∫ 𝜎𝑖𝑗𝑑𝑉𝑉 , 〈𝜀𝑖𝑗〉 = 1𝑉 ∫ 𝜀𝑖𝑗𝑑𝑉𝑉 ,  〈𝛾𝑖𝑗〉 = 1𝑉 ∫ 𝛾𝑖𝑗𝑑𝑉𝑉 , (1) 

where 𝑉 is the volume of the RVE. 

The stresses and strains averaged over the RVE of the metamaterial as assumed to be a 

homogeneous orthotropic material are related by the equations of generalized Hooke’s law 
written in terms of the principal axes of material symmetry X, Y and Z of the stress and strain 

tensors: 𝐸𝑥〈𝜀𝑥𝑥〉 = 〈𝜎𝑥𝑥〉 − 𝜈𝑥𝑦〈𝜎𝑦𝑦〉 − 𝜈𝑥𝑧〈𝜎𝑧𝑧〉, 𝐸𝑦〈𝜀𝑦𝑦〉 = −𝜈𝑦𝑥〈𝜎𝑥𝑥〉 + 〈𝜎𝑦𝑦〉 − 𝜈𝑦𝑧〈𝜎𝑧𝑧〉, 𝐸𝑧〈𝜀𝑧𝑧〉 = −𝜈𝑧𝑥〈𝜎𝑥𝑥〉 − 𝜈𝑧𝑦〈𝜎𝑦𝑦〉 + 〈𝜎𝑧𝑧〉, (2) 𝐺𝑥𝑦〈𝛾𝑥𝑦〉 = 〈𝜎𝑥𝑦〉, 𝐺𝑦𝑧〈𝛾𝑦𝑧〉 = 〈𝜎𝑦𝑧〉, 𝐺𝑥𝑧〈𝛾𝑥𝑧〉 = 〈𝜎𝑥𝑧〉, 
here 𝐸𝑥, 𝐸𝑦 and 𝐸𝑧 are the effective Young’s moduli of the unit cell; 𝜈𝑥𝑦,  𝜈𝑦𝑥,  𝜈𝑦𝑧,  𝜈𝑧𝑦,  𝜈𝑥𝑧 
and 𝜈𝑧𝑥 are the effective Poisson’s ratios; 𝐺𝑥𝑦,  𝐺𝑦𝑧 and 𝐺𝑥𝑧 are the effective shear moduli. 

The expressions of the effective Poisson’s ratios can be formulated as follows: 𝜈𝑥𝑦 = 〈𝜀𝑦𝑦〉〈𝜀𝑥𝑥〉, 𝜈𝑦𝑥 = 〈𝜀𝑥𝑥〉〈𝜀𝑦𝑦〉, 𝜈𝑦𝑧 = 〈𝜀𝑧𝑧〉〈𝜀𝑦𝑦〉, 𝜈𝑧𝑦 = 〈𝜀𝑦𝑦〉〈𝜀𝑧𝑧〉, 𝜈𝑧𝑥 = 〈𝜀𝑥𝑥〉〈𝜀𝑧𝑧〉, 𝜈𝑥𝑧 = 〈𝜀𝑧𝑧〉〈𝜀𝑥𝑥〉. (3) 
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According to the properties of orthotropic material models, only nine of the twelve 

material constants are independent, since there are three additional relationships between 

Poisson’s ratios and Young’s moduli: 𝐸𝑥𝜈𝑦𝑥 = 𝐸𝑦𝜈𝑥𝑦, 𝐸𝑦𝜈𝑧𝑦 = 𝐸𝑧𝜈𝑦𝑧, 𝐸𝑧𝜈𝑥𝑧 = 𝐸𝑥𝜈𝑧𝑥. (4) 

The compliance matrix [C] relating strains and stresses is based on material constants 𝐸𝑥,  𝐸𝑦,  𝐸𝑧, 𝐺𝑥𝑦,  𝐺𝑦𝑧, 𝐺𝑥𝑧,  𝜈𝑥𝑦,  𝜈𝑦𝑧 and 𝜈𝑥𝑧 and has the form: 

[𝐶] =
( 
   
   
 1𝐸𝑥 − 𝜈𝑦𝑥𝐸𝑦 − 𝜈𝑧𝑥𝐸𝑧 0 0 0− 𝜈𝑥𝑦𝐸𝑥 1𝐸𝑦 − 𝜈𝑧𝑦𝐸𝑧 0 0 0− 𝜈𝑥𝑧𝐸𝑥 − 𝜈𝑦𝑧𝐸𝑦 1𝐸𝑧 0 0 00 0 0 1𝐺𝑥𝑦 0 00 0 0 0 1𝐺𝑦𝑧 00 0 0 0 0 1𝐺𝑥𝑧) 

   
   
 

. (5) 

In addition to form (2), Hooke’s law can be written in the form, which is more common 

for continuum mechanics as an expression of stress through strain: 

( 
   
⟨𝜎𝑥𝑥⟩⟨𝜎𝑦𝑦⟩⟨𝜎𝑧𝑧⟩⟨𝜎𝑥𝑦⟩⟨𝜎𝑦𝑧⟩⟨𝜎𝑥𝑧⟩) 

   = ( 
  
𝐷11 𝐷12 𝐷13 0 0 0𝐷21 𝐷22 𝐷23 0 0 0𝐷31 𝐷32 𝐷33 0 0 00 0 0 𝐷44 0 00 0 0 0 𝐷55 00 0 0 0 0 𝐷66) 

  ∙
( 
   
⟨𝜀𝑥𝑥⟩⟨𝜀𝑦𝑦⟩⟨𝜀𝑧𝑧⟩⟨𝛾𝑥𝑦⟩⟨𝛾𝑦𝑧⟩⟨𝛾𝑥𝑧⟩) 

   , (6) 

where [𝐷] is the stiffness matrix that corresponds to the 4th-rank tensor of elastic moduli and is 

the inverse of the compliance matrix: [𝐷] = [𝐶]−1. (7) 

Six numerical tests are required to determine the independent constants: three uniaxial 

tension tests and three shear tests. When each test is considered separately, relation (6) takes a 

simplified form, where ⟨𝜎𝑖𝑗𝑥⟩, ⟨𝜎𝑖𝑗𝑦⟩ and ⟨𝜎𝑖𝑗𝑧 ⟩ are the stresses in uniaxial tensile tests along axes 

X, Y and Z  respectively, ⟨𝜎𝑖𝑗𝑥𝑦⟩, ⟨𝜎𝑖𝑗𝑦𝑧⟩ and ⟨𝜎𝑖𝑗𝑥𝑧⟩ are the stresses in the shear tests in planes XY, 

YZ and ZX respectively (here 𝑖, 𝑗 ∈ {𝑥, 𝑦, 𝑧}): 
𝐴
(  
 𝐷11𝐷21𝐷31000 ) 

  =
( 
  
⟨𝜎𝑥𝑥𝑥 ⟩ ⟨𝜎𝑦𝑦𝑥 ⟩⟨𝜎𝑧𝑧𝑥 ⟩000 ) 

  , 𝐴
(  
 𝐷12𝐷22𝐷32000 ) 

  =
( 
   
⟨𝜎𝑥𝑥𝑦 ⟩ ⟨𝜎𝑦𝑦𝑦 ⟩⟨𝜎𝑧𝑧𝑦 ⟩000 ) 

   , 𝐴
(  
 𝐷13𝐷23𝐷33000 ) 

  =
( 
  
⟨𝜎𝑥𝑥𝑧 ⟩ ⟨𝜎𝑦𝑦𝑧 ⟩⟨𝜎𝑧𝑧𝑧 ⟩000 ) 

  , (8) 

𝐴
(  
 000𝐷4400 ) 

  =
( 
  

0 00⟨𝜎𝑥𝑦𝑥𝑦⟩00 ) 
  , 𝐴

(  
 0000𝐷550 ) 

  =
( 
  

0000⟨𝜎𝑦𝑧𝑦𝑧⟩0 ) 
  , 𝐴

( 
  
00000𝐷66) 
  =

( 
  
0 0000⟨𝜎𝑥𝑧𝑥𝑧⟩) 
  , (9) 

where 𝐴 is the value of longitudinal strain along one of the principal orthotropy axes or under 

shear in one of the principal orthotropy planes. The value of 𝐴 here and below is taken equal to 

0.001. 
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The averaged stresses during numerical homogenization are taken as the ratio of the force 𝐹𝑘, arising under deformation of the unit cell and applied to its face, to the area of this face 𝑆: ⟨𝜎𝑖𝑗𝑘⟩ = 𝐹𝑘𝑆 , (10) 

where 𝑖, 𝑗 ∈ {𝑥, 𝑦, 𝑧}, 𝑘 ∈ {𝑥, 𝑦, 𝑧, 𝑥𝑦, 𝑦𝑧, 𝑥𝑧}.  
The index 𝑘 in formula (10) corresponds to the test conducted: 𝑥 is the tension along the 

X axis, 𝑦 is the tension along the Y axis, 𝑧 is the tension along the Z axis, 𝑥𝑦 is the shear in the 

XY plane, 𝑦𝑧 is the shear in the YZ plane, 𝑥𝑧 is the shear in the XZ plane. 

The unknown components of the stiffness matrix 𝐷𝑖𝑗 can be obtained based on the results 

of the six tests: 

[𝐷] =
( 
  
𝐷11 𝐷12 𝐷13 0 0 0𝐷21 𝐷22 𝐷23 0 0 0𝐷31 𝐷32 𝐷33 0 0 00 0 0 𝐷44 0 00 0 0 0 𝐷55 00 0 0 0 0 𝐷66) 

  . (11) 

Next, the compliance matrix components can be found in accordance with Eq. (7). After 

that, all unknown elastic constants can be found from Eq. (5): 𝐸𝑥 = 1𝐶11, 𝐸𝑦 = 1𝐶22, 𝐸𝑧 = 1𝐶33, 𝐺𝑥𝑦 = 1𝐶44, 𝐺𝑦𝑧 = 1𝐶55, 𝐺𝑥𝑧 = 1𝐶66, (12) 𝜈𝑥𝑦 = − 𝐶21𝐶11, 𝜈𝑥𝑧 = − 𝐶31𝐶11, 𝜈𝑦𝑧 = − 𝐶32𝐶22. 
Because the metamaterial is a periodic structure, numerical experiments should be 

performed with boundary conditions different from the traditional ones. Periodic boundary 

conditions adequately describe the three-dimensional symmetry of the structure, also providing 

a more physical deformation of the material, since they reflect the direct mutual influence of 

deformation of the given cell on its neighbouring cells. 

The periodic boundary conditions show the same displacements of each pair of nodes on 

opposite faces of the unit cell of size 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 . Three tensile tests and three shear tests were 

conducted to determine the material parameters under the boundary conditions described above. 

The following periodic boundary conditions have to be satisfied on pairs of opposite sides 

of the RVE, respectively, to perform three numerical uniaxial tensile tests sequentially along 

the X, Y, and Z axes. 

Tension along the X axis: 𝐮|𝑥=0 − 𝐮|𝑥=𝐿𝑥 = 𝐴𝐢, 𝐮|𝑦=0 − 𝐮|𝑦=𝐿𝑦 = 0, 𝐮|𝑧=0 − 𝐮|𝑧=𝐿𝑧 = 0. (13) 

Tension along the Y axis: 𝐮|𝑥=0 − 𝐮|𝑥=𝐿𝑥 = 0, 𝐮|𝑦=0 − 𝐮|𝑦=𝐿𝑦 = 𝐴𝐣, 𝐮|𝑧=0 − 𝐮|𝑧=𝐿𝑧 = 0. (14) 

Tension along the Z axis: 𝐮|𝑥=0 − 𝐮|𝑥=𝐿𝑥 = 0, 𝐮|𝑦=0 − 𝐮|𝑦=𝐿𝑦 = 0, 𝐮|𝑧=0 − 𝐮|𝑧=𝐿𝑧 = 𝐴𝐤. (15) 

where 𝐮 is the displacement vector of RVE points; 𝐢, 𝐣 and 𝐤 are the coordinate system basis 

vectors along axes X, Y and Z. 

The following periodic boundary conditions have to be satisfied on pairs of opposite sides 

of the RVE to perform three shear tests sequentially in the XY, YZ and XZ planes. 

Shear in the XY plane: 𝐮|𝑥=0 − 𝐮|𝑥=𝐿𝑥 = 𝐴𝐣, 𝐮|𝑦=0 − 𝐮|𝑦=𝐿𝑦 = 𝐴𝐢, 𝐮|𝑧=0 − 𝐮|𝑧=𝐿𝑧 = 0. (16) 

Shear in the YZ plane: 𝐮|𝑥=0 − 𝐮|𝑥=𝐿𝑥 = 0, 𝐮|𝑦=0 − 𝐮|𝑦=𝐿𝑦 = 𝐴𝐤, 𝐮|𝑧=0 − 𝐮|𝑧=𝐿𝑧 = 𝐴𝐣. (17) 
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Shear in the XZ plane: 𝐮|𝑥=0 − 𝐮|𝑥=𝐿𝑥 = 𝐴𝐤, 𝐮|𝑦=0 − 𝐮|𝑦=𝐿𝑦 = 0, 𝐮|𝑧=0 − 𝐮|𝑧=𝐿𝑧 = 𝐴𝐢. (18) 

Estimation of elastic properties of metamaterial in non-principal axes. Changing the 

direction of the local axes of the unit cell allows estimating the characteristics of the 

metamaterial in a different direction, which can have a positive effect on changing the 

parameters of the unit cell and the metamaterial as a whole. Specifically, the values of the elastic 

characteristics of the unit cell may turn out to be higher along the rotated axes, making it possible 

to arrange the lattice structure more rationally within the designed product and render it more 

resistant to applied loads. This section considers the behaviour of lattice properties when local 

axes of the unit cell are rotated relative to the initial orientation of the metamaterial axes (Fig. 1). 

 

 
Fig. 1. Axis layout and printing direction 

 

We "rotate" the stiffness matrix in the equation, corresponding to the 4th-rank elastic 

moduli tensor. The deformation directions remain unchanged. 

The combination of two rotations around three orthogonal vectors X, Y, Z is taken as the 

rotation tensor. However, it does not seem possible to rotate a 6 × 6 matrix by a 3 × 3 rotation 

matrix. Instead, the 4th-rank tensor must be recovered for this purpose from the 6×6 matrix by 
the Voigt notation rule explained below: 

( 
  
𝐶11 → 𝐶1111 𝐶12 → 𝐶1122 𝐶13 → 𝐶1133 𝐶14 → 𝐶1123 𝐶15 → 𝐶1131 𝐶16 → 𝐶1112𝐶21 → 𝐶2211 𝐶22 → 𝐶2222 𝐶23 → 𝐶2233 𝐶24 → 𝐶2223 𝐶24 → 𝐶2231 𝐶26 → 𝐶2212𝐶31 → 𝐶3311 𝐶32 → 𝐶3322 𝐶33 → 𝐶3333 𝐶34 → 𝐶3323 𝐶35 → 𝐶3331 𝐶36 → 𝐶3312𝐶41 → 𝐶2311 𝐶42 → 𝐶2322 𝐶43 → 𝐶2333 𝐶44 → 𝐶2323 𝐶45 → 𝐶2331 𝐶46 → 𝐶2312𝐶51 → 𝐶3111 𝐶52 → 𝐶3122 𝐶53 → 𝐶3133 𝐶54 → 𝐶3123 𝐶55 → 𝐶3131 𝐶56 → 𝐶3112𝐶61 → 𝐶1211 𝐶62 → 𝐶1222 𝐶63 → 𝐶1233 𝐶64 → 𝐶1223 𝐶65 → 𝐶1231 𝐶66 → 𝐶1212) 

  (19) 

The 4th-rank elastic moduli tensor 𝐶𝑖𝑗𝑘𝑙 is symmetric with respect to the first and second 

pairs of indices: 𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑗𝑖𝑘𝑙 = 𝐶𝑖𝑗𝑙𝑘. (20) 

The elements can be written as a 6×6 matrix using the following index substitution: 

11 → 1; 22 → 2; 33 → 3; 23, 32 → 4; 13, 31 → 5; 12, 21 → 6. (21) 

As one Cartesian coordinate system 𝑥1, 𝑥2, 𝑥3 is converted to another Cartesian 

coordinate system 𝑥1′ , 𝑥2′ , 𝑥3′ , the components of the elastic moduli tensor are transformed as 

follows (the Einstein notation for summation over repeated indices is used here): 𝐶𝑖𝑗𝑘𝑙′ = 𝑛𝑖𝛼𝑛𝑗𝛽𝑛𝑘𝛾𝑛𝑙𝛿𝐶𝛼𝛽𝛾𝛿, (22) 

where 𝑛𝑚𝑛 are the directional cosines between the m, n axes, which can be determined from 

the formula: 𝑛𝑚𝑛 = 𝑥𝑚 ∙ 𝑥𝑛|𝑥𝑚||𝑥𝑛|. (23) 
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In our case, the axes are rotated by the angle α lying in the range from 0 to 2π with the 

step 0.02π around the Z axis and by the angle β in the range from -π/2 to π/2 with the step 0.01π 
in the case of rotation around the rotated Y axis. The rotation matrices are constructed by the 

angles given at each step: 𝑃𝑧 = (𝑐𝑜𝑠𝛼 −𝑠𝑖𝑛𝛼 0𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 00 0 1), (24) 

𝑃𝑦 = ( 𝑐𝑜𝑠𝛽 0 𝑠𝑖𝑛𝛽0 1 0−𝑠𝑖𝑛𝛽 0 𝑐𝑜𝑠𝛽). (25) 

Thus, the rotated axes can be calculated by the formula: 𝑥𝑖′ = 𝑃𝑦 ∙ 𝑃𝑧 ∙ 𝑥𝑖, 𝑖 ∈ {1, 2, 3}. (26) 

The matrix of elastic moduli 𝐶𝑖𝑗𝑘𝑙′  is calculated from Eq. (22) in the local (rotated) 

coordinate system. After that, the values of elastic constants in the rotated coordinate system 

can be obtained by Eq. (12). 

Calculating the moduli values for each of the specified angle values, we obtain a circular 

diagram reflecting the dependence of the considered mechanical characteristics on the direction 

of local axes. For convenience, matrix transformations, orthogonal rotation and other related 

calculations are performed with the code in MATLAB package. Such transformations were 

performed for each type of unit cell. 

Geometric models for unit cells of the metamaterial. Geometric models of unit cells 

of the metamaterial are designed assuming that the basic cells can be formed by rods of different 

diameters and have different volume fractions of solid material. SolidWorks computer-aided 

design system was used to build the geometric models [21]. 

 

  
(a) (b) (c) (d) 

  

 (e) (f) (g)  

Fig. 2. Unit cells of metamaterials: (a) cell of type 1, (b) cell of type 2, (c) cell of type 3, 

(d) cell of type 4, (e) cell of type 5, (f) cell of type 6, (g) cell of type 7 

 

Each cell type has the overall dimensions of 10 × 10 × 10 mm. The 3D view of the 

designed unit cells is shown in Fig. 2. The topology of the cells was chosen as the most 

interesting and promising for further research. The designs presented in Fig. 2 are based on a 

single rod 1.0 mm in diameter. 
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Several modifications of the structure geometry are adopted to comprehensively analyse 

the influence of the metamaterial unit cell topology, as well as to correctly compare the lattices 

with each other. 

We primarily focus on the effect of the volume fraction of the lattice structure material 

and the effect of the ratio of the unit cell dimensions 𝐿𝑥, 𝐿𝑦 and 𝐿𝑧 on the macroscopic 

properties of the metamaterial. The analysis in this section aimed to establish the dependence 

of the macroscopic properties of the metamaterial on its effective density for each of the seven 

cell types considered. 

Several modifications of the structure geometry are adopted to comprehensively analyse 

the influence of the metamaterial unit cell topology, as well as to correctly compare the lattices 

with each other. 

We primarily focus on the effect of the volume fraction of the lattice structure material 

and the effect of the ratio of the unit cell dimensions 𝐿𝑥, 𝐿𝑦 and 𝐿𝑧 on the macroscopic 

properties of the metamaterial. The analysis in this section aimed to establish the dependence 

of the macroscopic properties of the metamaterial on its effective density for each of the seven 

cell types considered. 

The effective density of metamaterial is understood as the ratio of the volume of solid 

material contained in a unit cell to the volume of a parallelepiped with the characteristic size 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 . The volume fraction varies from 0.01 to 1, where 1 corresponds to solid material. 

The mechanical characteristics were calculated by taking 10 points in the range from 0.01 to 

0.1, and then another 24 points with a constant step of 0.0375. Figures 3–9 show the geometric 

shapes for each of the cell types for the four volume fractions of the material. 

Cells with the characteristic size 𝐿𝑥 = 𝐿𝑦 = 𝐿𝑧 = 10 mm are considered above. Departing 

from the traditional understanding of a cubic unit cell, we introduce a range of variation for one 

of the geometrical parameters, the value of length 𝐿𝑥. Let us estimate the variation trends of the 

metamaterial parameters with varying ratio of unit cell sizes. The value of length 𝐿𝑥 varies from 

10 to 1 mm with the step of 1 mm for each cell under consideration. 

 

    
(a) (b) (c) (d) 

 

Fig. 3. Unit cell of type 1 with different volume fractions of the material: (a) 0.01; (b) 0.1; (c) 0.4; (d) 0.7 

 

    
(a) (b) (c) (d) 

Fig. 4. Unit cell of type 2 with different volume fractions of the material: (a) 0.01; (b) 0.1; (c) 0.4; (d) 0.7 
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(a) (b) (c) (d) 

Fig. 5. Unit cell of type 3 with different volume fractions of the material: (a) 0.01; (b) 0.1; (c) 0.4; (d) 0.7 

 

    
(a) (b) (c) (d) 

Fig. 6. Unit cell of type 4 with different volume fractions of the material: (a) 0.01; (b) 0.1; (c) 0.4; (d) 0.7 

 

    
(a) (b) (c) (d) 

Fig. 7. Unit cell of type 5 with different volume fractions of the material: (a) 0.01; (b) 0.1; (c) 0.4; (d) 0.7 

 

 
(a) (b) (c) (d) 

Fig. 8. Unit cell of type 6 with different volume fractions of the material: (a) 0.01; (b) 0.1; (c) 0.4; (d) 0.7 

 

   
(a) (b) (c) (d) 

Fig. 9. Unit cell of type 7 with different volume fractions of the material: (a) 0.01; (b) 0.1; (c) 0.4; (d) 0.7 
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Figures 10–16 show the 3D view for four topologies of each type of unit cells with 𝐿𝑥 ∈ {10, 7, 4, 1}. For correct analysis of the results, homogenization was performed at a fixed 

volume fraction of 0.05. 

 

    
(a) (b) (c) (d) 

Fig. 10. Unit cell of type 1 with varying dimension 𝐿𝑥: (a) 10 mm, (b) 7 mm, (c) 4 mm, (d) 1 mm 

 

    
(a) (b) (c) (d) 

Fig. 11. Unit cell of type 1 with varying dimension 𝐿𝑥: (a) 10 mm, (b) 7 mm, (c) 4 mm, (d) 1 mm 

 

    
(a) (b) (c) (d) 

Fig. 12. Unit cell of type 1 with varying dimension 𝐿𝑥: (a) 10 mm, (b) 7 mm, (c) 4 mm, (d) 1 mm 

 

    
(a) (b) (c) (d) 

Fig. 13. Unit cell of type 1 with varying dimension 𝐿𝑥: (a) 10 mm, (b) 7 mm, (c) 4 mm, (d) 1 mm 
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(a) (b) (c) (d) 

Fig. 14. Unit cell of type 1 with varying dimension 𝐿𝑥: (a) 10 mm, (b) 7 mm, (c) 4 mm, (d) 1 mm 

 

    
(a) (b) (c) (d) 

Fig. 15. Unit cell of type 1 with varying dimension 𝐿𝑥: (a) 10 mm, (b) 7 mm, (c) 4 mm, (d) 1 mm 

 

    
(a) (b) (c) (d) 

Fig. 16. Unit cell of type 1 with varying dimension 𝐿𝑥: (a) 10 mm, (b) 7 mm, (c) 4 mm, (d) 1 mm 

 

Finite element models of metamaterial unit cells. A series of finite element models 

were developed based on the presented three-dimensional geometric models (Figs. 3–16). The 

models are formed by tetrahedral finite elements with first-order displacement interpolation. 

The classical finite element method in displacements with variational formulation based on the 

weighted residuals method or the principle of minimum potential energy is used for the three-

dimensional problem of elasticity theory [22]. 

The homogenization process for the metamaterial is carried out according to the algorithm 

described above using the finite element analysis system ANSYS Material Designer. The 

characteristic problems of elasticity theory are solved in a static formulation using the 

considered periodic boundary conditions (13)–(18). 

The computational domain of each type of metamaterial represents one unit cell. The 

maximum size of the finite element of the computational mesh is 1 mm. The characteristic mesh 

size depends on the thickness of the rod forming the unit cell, covering the range from 0.005 to 

1 mm and selected for each cell type individually taking into account the volume fraction of the 

solid material. 

Typical examples of finite element meshes are shown in Figs. 17 and 18. The numbers of 

elements and nodes in the numerical models are given in Table 1 for unit cells of types 1–7 with 

0.4 vol. % of the material as a typical example. 



Elastic properties of additively produced metamaterials based on lattice structures 53 

    
(a) (b) © (d) 

Fig. 17. Finite element mesh for unit cells of type 1 with different volume fractions of the material: 

(a) volume fraction 0.025, mesh size 0.3 mm, (b) volume fraction 0.05, mesh size 0.4 mm, 

(c) volume fraction 0.1, mesh size 0.45 mm, (d) volume fraction 0.25, mesh size 0.5 mm 

 

    
(a) (b) © (d) 

 

   

 

 © (f) (g)  

Fig. 18. Finite element mesh for unit cells of types 1–7 with 0.4 vol.% of the material:  

(a) type 1, (b) type 2, (c) type 3, (d) type 4, (c) type 5, (f) type 6, (g) type 7 

Table 1. Mesh statistics for finite element models of unit cells with 0.4 vol. % of the material 
Unit cell type Number of elements Number of nodes 

1 40 743 63 706 

2 37 920 59 799 

3 32 162 50 098 

4 28 606 42 551 

5 30 609 45 272 

6 30 245 44 863 

7 33 133 51 415 

 

Representative elements are considered to check the adequacy and correctness of the 

introduced periodic boundary conditions (13)–(18). Provided that the elasticity theory problem 

is well-posed for a periodic composite material with periodic boundary conditions, the 

homogenization problem can be solved numerically for a representative volume element 

consisting of 1 × 1 × 1 basic or unit cells. However, it is certainly possible to study the 
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behaviour of the RVEs consisting of 3 × 3 × 3 and 5 × 5 × 5 unit cells, since they can be 

considered as the representative volume elements of larger size (Fig. 19). 

 

   
(a) (b) © 

Fig. 19. Representative volume elements with different numbers of unit cells:  

(c) 1 × 1 ×1 unit cells, (b) 3 × 3 × 3 unit cells, (c) 5 × 5 × 5 unit cells 

 

This step is necessary for checking whether the periodic boundary conditions adopted are 

well-posed and the overall methodology is sound. Because the RVE is large-sized, a larger number 

of finite elements have to be processed (Table 2), which significantly increases the computational 

cost of the research. Therefore, it seems reasonable to assess the influence of the number of unit 

cells in the RVE on the values of the obtained elastic characteristics of the metamaterial. 

 

Table 2. Mesh statistics for finite element models of representative volume elements formed 

by different numbers of unit cells 
Number of unit cells in RVE Number of elements Number of nodes 

1 × 1 × 1 5 450 10 533 

3 × 3 × 3 119 466 208 914 

5 × 5 × 5 574 758 980 132 

 

Mechanical properties of the material. Finally, to formulate the problem of elasticity theory 

for the case of additively manufactured materials, we should tailor the mechanical properties to 

account for potential anisotropy. Our study considers the metamaterials produced additively from 

AlSi10Mg by selective laser melting (SLM) with the powder particle size less than 150 µm. The 

material and the technique can be used to produce parts with thin structural elements and complex 

geometry, also well suited for manufacturing of lightweight products. 

 

Table 3. Mechanical properties of additively manufactured AlSi10Mg alloy 
Mechanical property type Direction 

X/XY Y/YZ Z/XZ 

Young’s modulus, Gpa 82.5 76.7 76.8 

Shear modulus, Gpa 23.8 27.1 21.4 

Poisson’s ratio 0.32 0.32 0.33 

 

The values of technical elastic properties of the solid material obtained by selective 

melting 0 are given in Table 3. The orientation of coordinate system axes and printing direction 

are shown in Fig. 1. As seen from Table 3, adopting the SLM technology for producing 



Elastic properties of additively produced metamaterials based on lattice structures 55 

metamaterials yields a slightly pronounced orthotropy of the properties, which is taken into 

account when selecting a non-isotropic model of the material for numerical analysis. 

 

Results and Discussion 

This section presents the computational results for the elastic properties of metamaterials of all 

types with varying volume fraction of solid material within the unit cell. We also carried out an 

analysis of Young’s moduli values depending on the rotation of the local axes relative to the 

principal axes of material symmetry, as well as analysis of the effect of compression of the unit 

cell shape along one of the coordinate axes. 

Verification of boundary conditions. To verify the adequacy and correctness of the 

mathematical formulation of the problem and periodic boundary conditions imposed on pairs of nodes 

of the mesh, the effective mechanical properties of the structures consisting of 1 × 1 × 1, 3 × 3 × 3  

and 5 × 5 × 5 unit cells of type 1 were evaluated (Fig. 19). The volume fraction of the material of the 

analysed cells was taken equal to 0.1. In our opinion, verifying only one type of metamaterial should 

be sufficient to draw the required conclusions, since the results for the rest of the cells should be 

similar due to the uniformity of the used algorithm. The computations are performed on an Intel Core 

i7 CPU (10th generation) workstation with 64 Gb DDR4 RAM. The duration of analysis for the 

models with 1 × 1 × 1, 3 × 3 × 3 and 5 × 5 × 5 cells was 40, 181 and 810 seconds, respectively. 

The computational results for the three cases of the metamaterial RVE are presented in 

Table 4. The relative differences are given in the table compared to the 5 × 5 × 5 structure. 

 

Table 4. Young’s moduli for different numbers of unit cells in representative volumes of type 1 

metamaterial  

Mechanical property type 
RVE with 1 × 1 × 1 

unit cells 

RVE with 3 × 3 × 3 

unit cells 

RVE with 5 × 5 × 5 

unit cells 𝐸1, Mpa 3 366.2 3 366.1 3 366.4 𝐸2, Mpa 3 137.8 3 137.9 3 138.2 𝐸3, Mpa 3 140.2 3 140.6 3 140.9 

Relative difference for 𝐸1, % 0.006 0.009 – 

Relative difference for 𝐸2, % 0.013 0.010 – 

Relative difference for 𝐸3, % 0.022 0.009 – 

 

As seen from Table 4, the relative differences in Young’s moduli between the three RVEs 

is less than 0.03 %, which is within the numerical errors of finite element analysis. At the same 

time, the computations for the RVE consisting of 5 × 5 × 5 unit cells take more than 15 times 

longer compared to the computations for the RVE with 1 × 1 × 1 unit cells. 

Thus, it is safe to assume that the mathematical model is correct and subsequent 

computations can be performed with the periodic boundary conditions (13)–(18) without 

compromising the accuracy of the results for an RVE consisting of one unit cell with the 

characteristic size of 10 × 10 × 10 mm. 

Results for the case of rods with fixed diameter. The computational time for one 

metamaterial unit cell is about 3 minutes depending on the geometric complexity. The results of finite 

element homogenization for unit cells of types 1–7 at fixed diameter of rods are presented in Table 5. 

Since the rod diameters of all unit cells of the metamaterials are the same and equal to 

1 mm, the volume fraction of the material in each of the unit cells is different (Table 6). This 

should be taken into account in the comparative analysis of elastic moduli. We can 

approximately consider Young’s and shear moduli to be proportional to the material volume 
fraction for small values. 

Nevertheless, only the simplest structure of type 1 contains a significantly lower volume fraction 

of the material, while the other cells are filled with the base material by about the same 4.1–6.9 %. 
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Table 5. Effective elastic moduli of metamaterials with different types of unit cells at fixed rod 

diameter (1 mm) 
Mechanical 

property type 

Unit cell 

of type 1 

Unit cell 

of type 2 

Unit cell 

of type 3 

Unit cell 

of type 4 

Unit cell 

of type 5 

Unit cell 

of type 6 

Unit cell of 

type 7 𝐸1, Mpa 665.4 908.2 80.3 594.3 897.3 59.5 231.3 𝐸2, Mpa 619.3 863.4 78.9 595 854.7 56 240.2 𝐸3, Mpa 620 863.9 79.5 593.6 595.8 55.6 234.3 𝐺12, Mpa 2.7 422.8 82.9 386.9 5.4 372.2 62.2 𝐺23, Mpa 2.6 428.9 84 421.9 415.4 2.6 62.9 𝐺31, MPa 2.6 417.5 82.2 359.3 352.6 344.9 61.7 𝜈12 0.03 0.29 0.47 0.33 -0.2 0.9 0.4 𝜈13 0.03 0.29 0.46 0.28 0.5 0.9 0.4 𝜈23 0.03 0.29 0.49 0.37 0.6 -0.9 0.4 

 

Table 6. Volume fraction of material for rod diameter of 1 mm 

Unit cell type 
Unit cell of 

type 1 

Unit cell 

of type 2 

Unit cell 

of type 3 

Unit cell 

of type 4 

Unit cell 

of type 5 

Unit cell of 

type 6 

Unit cell of 

type 7 

Volume 

fraction 
0.022 0.069 0.049 0.059 0.053 0.041 0.059 

 

We can conclude from these preliminary computations that the effective elastic properties 

of the metamaterial depend significantly on the geometry of the unit cell forming the periodic 

structure of the metamaterial. Cells of types 1, 2 and 5 exhibit the highest stiffnesses along the 

principal orthotropy axes. The geometry of these cells contains the rods that are parallel to the 

loading axes, making the material more resistant to tension–compression. 

Cells of types 2 and 4 exhibit the highest shear stiffness, determined by the shear modulus, 

apparently due to the presence of transverse rods connecting the diagonal nodes of the lattice. 

Metamaterials based on type 5 and 6 cells also have rather high shear stiffnesses, but only in two 

planes, which is due to incomplete symmetry of the cells with respect to the coordinate planes. 

Metamaterials based on types 3 and 6 cells have the lowest values of Young’s and shear 

moduli along the axes of the global coordinate system. A possible explanation for this is that 

these cell types are formed mainly by diagonal rods and, therefore, do not have high stiffness 

in the considered directions. Nevertheless, it can be hypothesized that the properties may be 

higher in other directions (this point is discussed below). 

The simplest cell of type 1 exhibits the highest stiffness along the three principal 

directions due to its characteristic cubic shape with no additional diagonal rods. However, its 

shear stiffness as well as its Poisson’s ratio are minimal. The significant difference in Young’s 

moduli along the Z axis for the cell of type 5 compared to the same parameter along the X and 

Y axes is due to the absence of the rod in the unit cell in this direction. 

Interestingly, the metamaterials based on cells of types 5 and 6 have auxetic properties, 

which is confirmed by the negative values of Poisson’s ratio in certain planes. Both positive 

and negative values of Poisson’s ratio are rather high for these cell types. Analysing the 

geometry of these cells, we can assume that diagonally arranged rods lead to the auxetic effect, 

and the metamaterials themselves can be classified as auxetics based on re-entrant cells. 

The computations ultimately confirm that all types of metamaterials exhibit material 

symmetry of elastic properties with respect to the three orthotropy planes. The structural 

anisotropy is in this case apparently complemented by the initial non-isotropy of the material 

properties due to additive manufacturing by selective laser melting. 

The volume fraction of the material in the unit cell of the metamaterial can serve as an 

additional criterion of efficiency along with the elastic properties. We assume that a 

metamaterial with a lower content of initial material but higher stiffness is more efficient than 

a metamaterial with similar elastic properties but lower porosity. We should also note that the 
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presence of a system with branched pore channels in metamaterials can be a crucial factor in 

some applications, in particular for biomedicine [23]. 

Effect of material volume fraction on metamaterial properties. Let us start the analysis 

of the effective properties of the metamaterial formed by different types of cells by considering 

the comparative graphs illustrating the differences in the variation of Young’s moduli, shear 

moduli, and Poisson’s ratio at the same value of the material volume fraction. Figure 20 shows 

the variations of elastic constants of the metamaterial as functions of porosity. The results are 

given as curves of the dependences of Young’s moduli, shear moduli and Poisson’s ratios along 

the principal axes of orthotropy on the volume fraction of the initial material. 

 

   
(a) (b) (c) 

   
(d) (e) (f) 

   
(g) (h) (i) 

Fig. 20. Dependences of elastic constants of metamaterials formed by cells of type 1–7 on the 

volume fraction of solid material: (a) Young’s modulus 𝐸1, (b) Young’s modulus 𝐸2,  
(c) Young’s modulus 𝐸3, (d) shear modulus 𝐺12, (e) shear modulus 𝐺23,  

(f) shear modulus 𝐺31, (g) Poisson’s ratio 𝜈12, (h) Poisson’s ratio 𝜈13, (i) Poisson’s ratio 𝜈23 
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The dependences for most cell types have a typical nonlinear character, generally 

corresponding to the behaviour of porous structures with varied porosity 0. This behaviour, 

however, is apparently inverted, since by definition porosity and volume fraction of the material 

sum to 1. As follows from the theory of composites, the Young’s and shear elastic moduli of 

the metamaterial vary from zero to the corresponding values of the solid material following 

some nonlinear relationship. The degree of non-isotropy associated with additive 

manufacturing increases slightly with increasing relative density. 

The values of the mechanical characteristics of metamaterials strongly depend on the type 

of unit cell. We can observe from the computations that the nature of the dependence coincides 

with the intuitive understanding of the metamaterial behaviour, correlated with the basic 

concepts of deformable solid mechanics. The mechanical characteristics grow with an increase 

in the volume fraction, tending to the values of the moduli in the solid AlSi10Mg alloy. 

However, as seen from Figure 20, the mechanical characteristics vary at a different rate in each 

of the unit cells given the same variation rate of effective density. 

Analysing the curves, we see a distinct dependence of the mechanical characteristics of 

the metamaterial on the volume fraction of the base material. When comparing the elastic 

moduli in each direction for all the considered cell types, the cells with the highest and the 

lowest elastic modulus along each of the axes are distinguished. In particular, the largest 

Young’s modulus along the axes X and Y is observed in the cell of type 1, along the axis Z – by 

the cell of type 1 (at lower values of volume fraction) and by the cell of type 5 (at medium 

values of volume fraction) and by the cells of types 5 and 6 (at volume fraction close to 1). The 

lowest elastic modulus along each of the axes is observed in the cell of type 3. 

The dependence of the parameters on the relative density of the material is similar for all 

of the cell types, but due to the lack of complete symmetry of some types of basic cells, some 

differences occur, mainly when considering the Young’s modulus along Z axis. It is also 

important to mention that metamaterials based on the cells of types 3 and 4 demonstrate the 

effect of "sagging" of Young’s modulus values at the volume fractions of 0.3–0.8. This effect 

might be useful in terms of selecting the optimal combination of mass and stiffness properties. 

It is also interesting to note that auxetic behaviour occurs for the metamaterials of types 

5 and 6, and this effect takes place over the whole considered range of the volume fraction. 

Effect of unit cell asymmetry on metamaterial properties. The effect of gradual 

contraction of the cell along one coordinate axis (X) is demonstrated in Fig. 21 in the form of 

dependences of Young’s and shear moduli and Poisson’s ratio on the side length of the 

periodicity cell along the X axis. The effect of the difference of the sides of the unit cell is shown 

above in Figs. 10–16. 

The results of finite element homogenization of the cells with different aspect ratios 

suggest that Young′s modulus evidently decreases along the X axis with the decrease in the 

value of the unit cell side 𝐿𝑥. The reason for this is the decrease in the effective cross-sectional 

area perpendicular to the X axis due to the decrease in the thickness of the rod. The values of 

elastic moduli along the other two axes increase. This fact can be explained, on the contrary, 

by the increase in the effective cross-sectional area perpendicular to the Y and Z axes. The rate 

of decrease of 𝐸𝑥  is higher than the rate of increase of 𝐸𝑦 and  𝐸𝑧. In the cells of types 1 and 2 

the character of Young’s modulus variation along each of the axes is close to linear. 

It is important to mention that the basic mechanical characteristics of the metamaterial 

are close to isotropic before the decrease in 𝐿𝑥. The cell of type 6 shows a significant increase 

in Young’s moduli along the Y and Z axes, with a slight decrease in Young’s moduli along the 

X axis. In contrast, the cells of types 3 and 7 exhibit a relatively low growth of Young’s moduli 𝐸2 and 𝐸3 and a significant decrease of 𝐸1 with a less than twofold decrease in the parameter 𝐿𝑥. However, a decrease in Young’s moduli along each of the three axes occurs with a further 

decrease in the parameter 𝐿𝑥. 
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Fig. 21. Dependences of elastic properties on the length of cell side 𝐿𝑥 for metamaterial 

formed by unit cells of types 1–7: (a) Young’s modulus 𝐸1, (b) Young’s modulus 𝐸2,  
(c) Young’s modulus 𝐸3, (d) shear modulus 𝐺12, (e) shear modulus 𝐺23,  

(f) shear modulus 𝐺31, (f) Poisson’s ratio 𝜈12, (g) Poisson’s ratio 𝜈13, (i) Poisson’s ratio 𝜈23 
 

Since the mechanical characteristics of cells with different values of the parameter 𝐿𝑥 

were computed at a fixed material volume fraction and a constant unit cell mass, an increase in 

Young’s moduli along the Y and Z axes can be achieved without increasing the amount of 

material. Thus, the stiffness of the metamaterial can be tailored to the desired level by varying 

the aspect ratios of the unit cell. 

Elastic moduli of the metamaterial in the rotated coordinate system. Due to their 

geometrical features, metamaterials might have a high degree of anisotropy and have different 

values of mechanical characteristics in different directions. The paper considers unit cells of 
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each type at 0.4 vol. % (Fig. 18), and an algorithm for determining the elastic moduli in different 

directions is developed using Eqs. (12), (22). Surface diagrams are given as a typical example 

for the values of Young’s modulus in different directions of the local coordinate system 

(Fig. 22). Such diagrams can be interpreted as the average stiffness at an arbitrary stretching 

direction of the metamaterial. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 

 
(g) 

 

Fig. 22. Young’s modulus of the metamaterial formed by cells of different types  

with 0.4 vol. %: (a) type 1, (b) type 2, (c) type 3, (d) type 4, (e) type 5, (f) type 6, (g) type 7 

As follows from the diagrams (Fig. 22), the character of the modulus distribution depends 

significantly on the type of unit cell. In particular, cells of types 1 and 7 have significantly higher 

Young’s moduli in the directions of the principal axes. Conversely, however, the cell of type 3 
has a higher Young’s modulus value in the diagonal direction. The diagrams for cells of types 5 
and 6 show a lower amount of symmetry planes, reflecting the geometric properties of these cells, 

while the modulus values cover a much wider range compared to other unit cell types. Cell of 

types 2 and 4 have less pronounced anisotropy compared to other types of unit cells. Cells of 

types 5 and 6, demonstrating auxetic properties, also have a characteristic, different from classical 

metamaterials, appearance of circular diagrams of the Young’s modulus. 
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Depending on the cell type, Young’s modulus both increases and decreases in the 

direction of each of the orthogonal axes, which is well-observed in the diagrams above. Thus, 

cells of types 1, 5 and 7 exhibit a decrease in Young’s moduli by 2–11 times in each direction 

when the axes are rotated. Cells of types 2, 3, 4 and 9 exhibit an increase in Young’s moduli by 

1.5–2.5 times for each of the axes. 

Analysing the diagrams presented above for the cells whose rods are aligned with the 

global axes, it is possible notice an interesting feature. If we consider such rotation, which 

makes the axes aligned with the diagonals of the unit cell, the values taken by the diagonal 

components of the elastic moduli tensor decrease significantly, as well as the spread in the 

values of all tensor components. Conversely, a significant increase of some components 

corresponding to the loading direction in the new axes is observed for other cells when the 

direction of the changes, which suggesting that the axes are oriented more rationally under 

homogeneous loading. 

 

Conclusion 

Analysis of the properties of lattice structures is a burgeoning area of research in mechanics. 

This article describes an approach to studying the macroscopic mechanical properties of 

metamaterials. We formulated and verified a number of assumptions about the relationship 

between mechanical properties and topological parameters, such as the type of unit cell, volume 

fraction of material, geometrical parameters of the RVE. 

We aimed to determine the overall influence of the topology of a heterogeneous periodic 

structure on the values of macroscopic mechanical characteristics in a metamaterial. We found 

the topology parameters estimating the influence that each of them has on the results of the 

obtained elastic moduli of the porous material. 

Analysing the influence of the RVE aspect ratios, we found a significant decrease in 

Young’s moduli in the direction of the axis along which the geometric size of the cell varied; 

on the other hand, a significant increase in Young’s moduli along the other two axes was 

observed as well. 

The diagrams illustrate the influence of anisotropy of the additive material used to 

produce the metamaterial cells on the resulting mechanical properties. Varying the direction of 

the local axes allows to better assess the mechanical capabilities of the unit cells by monitoring 

their stiffness in other directions. 

Studies on a range of dependences should allow to design materials with specific 

mechanical properties, required for developing modern advanced industrial products based on 

continuum mechanics, mechanics of heterogeneous media and composites, computational 

mechanics and mathematical modelling, biomedical and advanced manufacturing technologies. 
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Abstract. This article presents the study of the Jeffcott rotor shaft system, diameter 32 mm, length 

1000 mm with a disc in the middle of an exterior diameter 250 and 30 mm thickness for four 

different materials namely (JIS-S45C steels, 38CrMoAl steels, structural steels, titanium steels 

(Ti-6AL-4V)), for a case simply supported, and it is important to determine the natural 

frequencies, critical speeds and amplitudes of the rotor system (von Mises stress, principal stress, 

maximum shear stress, lifetime). This characteristic is found by using the parametric design tool 

ANSYS Workbench. Modal, harmonic cases are realized for the single-rotor system. The results 

obtained for this analysis are useful for design of rotor system and to facilitate engineering 

applications and allied researches by presenting a detailed comparative picture based on dynamic 

analysis of Jeffcott rotor. The authors covered modal, harmonic response along with natural 

frequencies and whirling speeds at different modes. Resonance occurrence speeds are also 

analyzed using the Campbell diagram. The harmonic response is investigated, with added 

material (0.1 kg) on the disc, to reveal the von Mises stress, normal elastic strain, total 

displacement, maximum shear stress and life cycle number. FEA is carried out to estimate critical 

speeds for these four materials. The results of this study indicated that the critical speeds are 

superiors for 38CrMoAl steel, (1858.7, 1859.4, 8468.1 rpm) and lower for the steels of JIS-S45C 

(1784.2, 1784.9, 8147.7 rpm) by contribution the two steels (structural steels, titanium alloy  

(Ti-6Al-4V)). The natural frequencies of the Jeffcott rotor are also higher for 38CrMoAl steels 

and are equal for the two materials (Titanium alloy (Ti-6Al-4V), JIS-S45C) and minimum for 

structural steels. On the other hand, the results of the harmonic analysis indicated that the 

vibration severity is very lower for 38CrMoAl steels material (9435.2 MPa) and very higher for 

structural steels material (55134 MPa). The rotary machines undergoing high stress severity and 

deformation severity are recommended to use 38CrMoAl steels. Rotor dynamic analysis of 

Jeffcott rotor with four materials, JIS-S45C, 38CrMoAl, structural steel, titanium alloy materials 

are highly recommended with the less severity of vibration. Choose JIS-S45C and 38CrMoAl 

materials for higher whirling speeds compared to structural steel, titanium alloy materials. The 

rotary machines undergoing higher operating speeds like propeller shafts, turbine and compressor 

are recommended to use JIS S45C and 38CrMoAl. 

Keywords: rotor; natural frequency; critical speeds; amplitudes; phase angle; damping; Von Mises 

stress; strain elastic; total displacement 
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Introduction 

Rotor Dynamics is a branch of physics which deals with study of behaviour of rotating systems 
under application of dynamic forces. Rotor is part of system i.e. disks, blades or couplings 
mounted on shaft is called as rotor. Rotor is used to convert one form of energy into another 
form hence rotational energy must be maximum, so we must reduce vibrational energy as much 
as possible, so they have wide range of applications in many industries as well as household 
applications so we need to analyse the system to prevent catastrophic failures. 

Applications such as centrifugal pumps, generators, motors, compressors, blowers, 
sewing machine, steam turbines, gas turbines, aero engines, main and tail rotors of helicopters. 
In rotating system, flexural vibrations are main cause as compared to torsional vibration and 
axial vibration. 

Unbalance in rotor gives raise to forces and moments in rotor, this generates flexural 
vibration in rotor. The vibrations perpendicular to the axis of rotation, such vibrations are 
known as flexural vibrations. Whirling is one of the main cause for failures of rotating systems 
due unbalance of rotor i.e. due to the manufacturing defects center of gravity of shaft doesn’t 
coincide with axis of rotation, misalignment of rotor shaft and bearings, due to loose supports 
or if the machine is operated at critical speeds may lead to catastrophic failure of system. 

Generally, rotors rotate at high speeds, when the natural frequency of the system is equal 
to the critical speed resonance occur. Resonance is the most common problem in rotating 
systems. In a rotating system, if there is some percentage of vibration in the machine, these 
vibrations are magnified by resonance. At these critical speeds the amplitude of vibration goes 
on increasing this cause rotor to bend and twist so this cause rubs or wear and tear and collide 
with adjacent parts of system hence excessive force are developed and hence leads to failure. 
So determination of natural frequency, critical speeds and amplitudes of vibrations are very 
important in rotor dynamics. As a designer by changing mass, stiffness, position of disk etc. 
such design modification to change critical speeds of system to operate in a suitable 
environment. To reduce whirling amplitudes, we must avoid rotating at critical speeds of the 
system, or squeeze film damper is suitable. By using damper, whirling amplitudes are reduced 
as well as reduces forces on the supports [1]. 

Tai et al. [2] analysed steady state response of a single rub-impact rotor system. The 
harmonic balance method with pseudo arc-length continuation is used to obtain the analytical 
solutions of the stable periodic motion. The changed of frequency response due to unbalance at 
first natural frequency was discussed. Nanfei Wang and Dongxiang Jiang [3] described 
vibration response characteristics of a dual rotor unbalance. The governing equation of dual 
rotor system with unbalance was numerically derived by using Runge Kutta method. The rotor 
test rig model was conducted to experimentally validate the responses due to the rotating 
unbalance. Juan Xu et al. [4] presented vibration characteristics of unbalance responses for 
motorized spindle system using mathematical and simulation models at high excitation 
frequencies. SM Ghoneam et al. [5] studied the dynamic analysis of a rotor system with active 
magnetic bearings. This system consists of a flexible shaft with a rigid disk and flexible 
bearings. Natural frequencies of rotor active magnetic bearings system are evaluated using 
Ansys Workbench and finite element based on Matlab code. Natural frequencies and mode 
shapes are evaluated in the case of free-free system and with AMB stiffness at rotational speed 
Ω=0. The results show that the natural frequencies increase with the increase of bearing 
stiffness. The higher modes do not differ much when the bearing stiffness increases. Stiffness 
of AMB increases with the increase in both current and number of turns, and decreases with the 
increase in the air gap.  Comparison between results that obtained from Ansys Workbench and 
finite element and the error percentages between them has been illustrated. Very close 
agreement has been obtained. The results which obtained from Ansys Workbench are more 
accurate.  
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Amit Malgol et al. [1] studied and analysed of rotor shaft system for three different 
position of the disk, for a simply supported case, and it is important to determine natural 
frequency, critical speeds and amplitudes of rotor system. This characteristic is found by using 
ANSYS parametric design tool. Modal, harmonic and transient cases are carried out for the 
single rotor system. The results obtained for this analysis are useful for design of rotor system. 
The results obtained from analytical method have close agreement with the results obtained 
from ANSYS results.  

Emna Sghaier et al. [6] created a new mathematical model for the dynamic behavior of 
the rotating machines at non-stationary regime shows coupling between the lateral and torsional 
degrees of freedom. It also shows strong non-linearities. The results of the simulations show 
that the model help to better understand the behavior of the rotating machinery. It shows the 
interaction between the rotational behavior and the lateral one, especially in the vicinity of the 
critical speed.  

Yuanchang Chen et al. [7] studied a comprehensive experimental and numerical study 
based on three modal tests and a correlated finite element simulation to study the complex 
curvature mode shapes and mode coupling dynamics for a three bladed wind turbine assembly. 
Three tests are conducted: Test 1, ten accelerometers are deployed on the whole assembly under 
impact excitation; Test 2, nine accelerometers are deployed on a single blade under impact 
excitation; and Test 3, a non-contact 3D Scanning Laser Doppler Vibrometer (SLDV) test is 
performed on a single blade under shaker excitation. The results show that this model has an 
excellent correlation with both experimental mode shapes from the SLDV test and dynamic 
response from the impact test. All blade modes below 100 Hz are studied, and experimental 
and numerical modes give close frequency and well correlated mode shapes.  

Mohamed Amine Dabachi et al. [8] studied the durability of Darrieus-type floating wind 
turbine blades with three-stage rotors under extreme load conditions. Considering the applied 
stresses, perfect long-term durability is required. FEM allows the selection of materials (fiber, 
matrix), fiber architectures (plies, tissues), and the optimization of lay-up sequences that 
minimize the sensitivity to mechanical stresses applied to the structures. The results show that 
the composite materials, with proper ply orientation, are the best choice to achieve these 
characteristics. These characteristics result in a high strength-to-weight ratio, which reduces the 
total weight of the blade and the centrifugal forces acting on it.  

Arnab Bose et al. [9] analyzed the natural and whirl frequencies of a slant-cracked 
functionally graded rotor-bearing system using finite element analysis for the flexural 
vibrations. The functionally graded shaft is modelled using two nodded beam elements 
formulated using the Timoshenko beam theory. The flexibility matrix of a slant-cracked 
functionally graded shaft element has been derived using fracture mechanics concepts, which 
is further used to develop the stiffness matrix of a cracked element. Material properties are 
temperature and position dependent and graded in a radial direction following power-law 
gradation. A Python code has been developed to carry out the complete finite element analysis 
to determine the Eigenvalues and Eigenvectors of a slant-cracked rotor subjected to different 
thermal gradients. The analysis investigates and further reveals significant effect of the power-
law index and thermal gradients on the local flexibility coefficients of slant-cracked element 
and whirl natural frequencies of the cracked functionally graded rotor system. 

For mathematical modelling, D’Alembert’s Principle was used to derive the equation of 
motion and ANSYS was used to simulate the response. Apart from those studies on analysis of 
vibration response due to rotating unbalance, Sudhakar and Sekhar et al. [10] identified 
unbalance fault in a rotor bearing system using equivalent loads minimization and vibration 
minimization method. Unbalance fault was experimentally identified for one rotating speed and 
three unbalance conditions. The maximum discrepancy was 23% in unbalance identification 
process. Using different method, Akash Shrivastava and Amiya Ranjan Mohanty et al. [11] also 
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identified unbalance in a rotor system. Three different rotating speeds and four unbalance 
conditions were presented using a joint input estimation. The maximum discrepancy between 
actual and estimated unbalance reported is 10 %. In the present study, Jeffcott rotor is simulated 
using FEM by ANSYS, and the Whirl map diagrams are plotted. The analytical results are 
reported with backward whirl when the rotor is coasting down. 

Pavlenko et al. [12] aimed to investigating rotor dynamics of multistage centrifugal 
machines with ball bearings by using the computer programs “Critical frequencies of the rotor” 
and “Forced oscillations of the rotor,” which are implemented the mathematical model based 
on the use of beam finite elements. Free and forces oscillations of the rotor for the multistage 
centrifugal oil pump NPS 200-700 are observed by taking into account the analytical 
dependence of bearing stiffness on rotor speed, which is previously defined on the basis of 
results’ approximation for the numerical simulation in ANSYS by applying 3D finite elements. 
The calculations found that characteristic and constrained oscillations of rotor and corresponded 
to them forms of vibrations, as well as the form of constrained oscillation on the actual 
frequency for acceptable residual unbalance are determined.  

Ralston Fernandes et al. [13] presented a methodology for conducting a 3-D static fracture 
analysis with applications to a gas turbine compressor blade. An open crack model is considered 
in the study, and crack-tip driving parameters are estimated by using 3-D singular crack-tip 
elements in ANSYS. The static fracture analysis is verified with a special purpose fracture code 
(FRANC3D). Results demonstrate that for the applied loading condition, a mixed mode crack 
propagation is expected. In the modal analysis study, increasing the depth of the crack leads to 
a decrease in the natural frequencies of both the single blade and bladed disk system, while 
increasing the rotational velocity increases the natural frequencies. The presence of a crack also 
leads to mode localization for all mode families, a phenomenon that cannot be captured by a 
single blade analysis. 

Hyung-Chul Jung et al. [14] presented a rotor dynamic modelling and analysis of a radial 
inflow turbine rotor-bearing system. One of the challenging aspects of radial turbine design and 
manufacturing is vibration and stability. In this rotor dynamic analysis of a 1 kWe radial inflow 
turbine, a computer model is constructed for a rotating shaft with a row of rotor blades 
supported by two ball bearings. The modal and harmonic analyses are performed with the model 
to determine the design for safe operation of the turbine. The design parameters of the shaft 
length and diameter, and the distance between two bearings were varied to identify the critical 
speeds and unbalance response. A parametric study is then conducted on variations in 
unbalanced force and bearing stiffness. 

 
Work objective and overall methodology 

The scientific research objective for this study and the overall methodology as shown in Fig. 1. 
This article presents the study of the Jeffcott rotor shaft system for four  
different materials (JIS-S45C steels, 38CrMoAl steels, standard steels, titanium alloy steels  
(Ti-6AL-4V)), for a case simply supported, and it is important to determine the natural 
frequencies, critical speeds and amplitudes of the rotor system (von Mises stress, principal 
stress, maximum shear stress, lifetime). This characteristic is found by using the parametric 
design tool ANSYS Workbench. Modal, harmonic cases are realized for the single-rotor 
system. The results obtained for this analysis are useful for the design of the rotor system. In 
the present work, the dynamic analysis of the rotor is presented with a Jeffcott rotor with a 
single unbalance mass equal to 0.1 kg. The unbalance mass is symmetrical is mounted on a 
flexible rotor (see Fig. 2) and on a rigid bearing support and the work is analyzed with the 
ANSYS Workbench software. 
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Fig. 1. Dynamic rotor system studied [15] 
Fig. 2. LAVAL/JEFFCOTT model (a) and 
plan of oscillations (xoz) (b) 𝐹𝑐⃗⃗  ⃗ - centrifugal inertial force due to unbalance, 𝐹𝑟⃗⃗  ⃗ - restoring force due to shaft flexibility, e 

- unbalance eccentricity, R - shaft radius. 
 
In this context, the dynamic characteristics have been analyzed and evaluated where the 

critical speeds are reported on the basis of the modal analysis, the unbalanced response of the 
harmonic response, neglecting the gyroscopic effect. 

 
Fundamental equation 

The general form of equation of motion for all vibration problems is given by, [𝑀]{𝑢̈} + [𝐶]{𝑢̇} + [𝐾]{𝑢} = {𝑓},             (1) 

where, symmetric mass matrix [𝑀] = (𝑚 00 𝑚), symmetric damping  

matrix [𝐶] = ( 𝑐 2𝑚𝜔−2𝑚𝜔 𝑐 ), symmetric stiffness matrix [𝐾] = (𝐾 00 𝐾), external force 

vector {𝑓} = [−𝑚𝑔 𝑠𝑖𝑛 𝜃−𝑚𝑔 𝑐𝑜𝑠 𝜃] = f(𝑡), generalized coordinate vector in rotordynamics {𝑢}.  
This equation of motion can be expressed in the following general form [3]. [𝑀]{𝑢̈} + ([𝐶] + [𝐺]){𝑢̇} + ([𝐾] + [𝐵]){𝑢} = {𝑓}.          (2) 
The above-mentioned equation (2) describes the motion of an axially symmetric rotor, 

which is rotating at constant spin speed   about its spin axis. This equation is just similar to 
the general dynamic equation except it is accompanied by skew-symmetric gyroscopic matrix, 

 G and skew-symmetric circulatory matrix  B . The gyroscopic and circulatory matrices  G

and  B are greatly influenced by rotational velocity  . When the rotational velocity  , tends 

to zero, the skew-symmetric terms present in equation (2) vanish and represent an ordinary 

stand still structure. The gyroscopic matrix  G contains inertial terms and that are derived from 

kinetic energy due to gyroscopic moments acting on the rotating parts of the machine. If this 

equation is described in rotating reference frame, this gyroscopic matrix  G also contains the 

terms associated with Carioles acceleration. 

The circulatory matrix  B is contributed mainly from internal damping of rotating 

elements [16]. The concept of rotor dynamics can be easily demonstrated with the help of 
generalized Laval-Jeffcott rotor modal, as shown in Fig. 2. 

The generalized Laval-Jeffcott rotor consists of a long, flexible mass less shaft with 

flexible bearings on both the ends. The bearings have support stiffness of xK  and yK  associated 

with damping xC  and yC  in x and y direction respectively. There is a massive disk of mass, m 

located at the center of the shaft. The center of gravity of the disk is offset from the shaft 
geometric center by an eccentricity of e. The motion of the disk center is described by two 

translational displacements, ( ),x y  as shown in Fig. 2 and 3. We consider that: 
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1. Lateral vibrations are damped;  
2. The model is symmetrical;  
3. Gravity and the gyroscopic effect are neglected;  
4. The rotational speed   is constant;  
5. The oscillations take place in the plane perpendicular to the plane of equilibrium of the 
system.  

Let's go back to the JEFFCOTT model and consider the flexible and isotropic bearings, 
i.e. the characteristics are identical in the 2 directions Ox and Oy as shown in Fig. 3. 

 
  

(a) (b) 𝐾 = 𝐾𝑥1 = 𝐾𝑥2 = 𝐾𝑦1 = 𝐾𝑦2 = 𝐾𝑥 = 𝐾𝑦 = 𝐾𝐵 = (2K𝑎.𝐾𝐵)(2K𝑎+𝐾𝐵)  and C𝑥 = 𝐶𝑦 = 2C𝐵  
Fig. 3. Model with flexible and isotropic bearings (a), and oscillator in each direction (b)  

 
When the rotor is rotating at constant rotational speed, the equation of motion for the mass 

center can be derived from Newton’s law of motion, and it is expressed in the following form. 𝑚 𝑑2𝑑𝑡2 (𝑥 + 𝑒 𝑐𝑜𝑠(𝛺𝑡 + 𝜙𝑒)) = −𝐶𝑥𝑥̇ − 𝐾𝑥𝑥           (3) 𝑚 𝑑²𝑑𝑡² (𝑦 + 𝑒 𝑠𝑖𝑛(𝛺𝑡 + 𝜙𝑒)) = −𝐶𝑦𝑦̇ − 𝐾𝑦𝑦           (4) 

The above equations can be re-written as,  𝑚𝑥̈ + 𝐶𝑥𝑥̇ + 𝐾𝑥𝑥 = 𝑚𝑒𝛺2𝑐𝑜𝑠(𝛺𝑡+𝜙𝑒),           (5) 𝑚𝑦̈ + 𝐶𝑦𝑦̇ + 𝐾𝑦𝑦 = 𝑚𝑒𝛺² 𝑠𝑖𝑛(𝛺𝑡 + 𝜙𝑒),           (6) 

where, is the phase angle of the mass unbalance. The above equations of motions show that the 
motions in X and Y direction are both dynamically and statically decoupled in this model. 
Therefore, they can be solved separately.  

Determination of natural frequencies. For this simple rotor model, the undamped 
natural frequency, damping ration and the damped natural frequency of the rotor model for X 
and Y direction can be calculated from.  𝜔𝑛𝑥 = √𝐾𝑥𝑚 , 𝜁𝑥 = 𝐶𝑥2𝑚𝜔𝑛𝑥′

, 𝜔𝑥 = 𝜔𝑛𝑥√1 − 𝜁𝑥2, 𝜔𝑛𝑦 = √𝐾𝑦𝑚 , 𝜁𝑦 = 𝐶𝑦2𝑚𝜔𝑛𝑦′
, 𝜔𝑦 = 𝜔𝑛𝑦√1 − 𝜁𝑦2  (7) 

Steady state response to unbalance. For a single unbalance force, as present in this case, 
that can be set to zero. Therefore, the equations (5) and (6) becomes, 𝑚𝑥̈ + 𝐶𝑥𝑥̇ + 𝐾𝑥𝑥 = 𝑚𝑒𝛺² 𝑐𝑜𝑠(𝛺𝑡),                        (8) 𝑚𝑦̈ + 𝐶𝑦𝑦̇ + 𝐾𝑦𝑦 = 𝑚𝑒𝛺² 𝑠𝑖𝑛(𝛺𝑡).                        (9) 

Then the solution for the response is, |𝑥| = 𝑚𝑒𝛺2√[(𝐾𝑥−𝛺2𝑚)2+(𝛺𝐶𝑥)2],           (10) |𝑦| = 𝑚𝑒𝛺²√[(𝐾𝑦−𝛺²𝑚)2+(𝛺𝐶𝑦)2].              (11) 
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Rotor-Dynamic Analysis: modal and harmonic 

Modal analysis. The role of Modal analysis is to facilitate the investigations pertaining to the 
vibration characteristics (natural frequencies and mode shapes) of a mechanical structure or 
component, showing the movement of different parts of the structure under dynamic loading 
conditions. Modal Analysis offers different modes with natural frequencies and, one can obtain 
the critical speeds from the whirl map diagram, which are useful to review the stability and 
resonance occurrence possibility. Its use can be observed in different fields such as rotor dynamic 
analysis for a hydraulic turbine [17] to chaotic vibration reduction in a centrifugal pump [18]. 
Modal fitting of different vibration modes and use of frequency response functions facilitate 
virtual manufacturing setup for the use of structural dynamics concepts [19]. In context to modal 
analysis, Jeffcott rotor equations of motion are as under, covering forces [20,21]. 

Harmonic response analysis. The role of harmonic response analysis is to determine 
responses towards balanced and unbalanced excitations. Many researchers have explored and 
admired the effectiveness of harmonic response analysis to find results based on various 
vibration parameters [22-24]. To perform a harmonic analysis of an unbalanced excitation; the 
effect of the unbalanced mass is represented by the forces in the two perpendicular directions 
to the spinning axis. For a single mass unbalance, the angle a will be zero and one will get the 
following expressions for the forces in the XY plane, as shown in Fig. 4: 𝐹𝑥 = 𝐹𝑐 𝑐𝑜𝑠 𝛺 𝑡 = 𝐹𝑐𝑒𝑗𝛺𝑡,            (12) 𝐹𝑦 = 𝐹𝑐 𝑠𝑖𝑛 𝛺 𝑡 = 𝐹𝑐 𝑐𝑜𝑠 (𝛺𝑡 − 𝜋2),          (13) 

where, The Z-axis is a spinning axis, m = unbalance mass,   = rotational velocity, r = radius 
of the eccentric mass,   = angular velocity of in rad/sec. 
 

Mathemanical modeling 

To perform the simulations, is necessary to obtain the mathematical model of the rotor-bearing 
system, where was used Finite Element Method. Initially it was found the kinetic energy, 
potential and forces that were applied to the elements of the system, as described by [25]. 
 

 

Finite elements method. According to Rao [26], these methods allow more accurate 
predictions, reducing the cost of experiments and simulation, thus achieving cheaper and more 
accurate designs before testing prototypes. Through this method can be found matrices of mass, 
stiffness, damping, the gyroscopic effect mass and unbalanced. In this method is used the 
energy equations for each element, and without the generalized coordinates, but with the 
degrees of freedom available in the element. For the derivation of the equations of motion of 
the rotor, just apply the Lagrange equation in the kinetic energy, potential and forces of the 
system, as described by [27]. The general equation is given as: 𝑑𝑑𝑡 (𝜕𝑇𝜕𝛿) − 𝜕𝑇𝜕𝛿 + 𝜕𝑈𝜕𝛿 = 𝐹,            (14) 

  

Fig. 4. Representation of disk [27] Fig. 5. Modeling of one dimensional (1D) rotor [29] 
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where ( (1 )N i N  ) is the number of degree of freedom,   is the displacement vector and º 
indicates differentiation in relation to time. These equation follows a procedure used by [28]. 
In the case of the disc element, as it has four degrees of freedom, , ,u w and  , Fig. 4. 

Assuming that the kinetic energy of the disc is obtained using Lagrange has to the 
following equation: 𝑑𝑑𝑡 (𝜕𝑇𝐷𝜕𝛿′ ) − 𝜕𝑇𝐷𝜕𝛿 = [𝑀𝐷]{𝛿′′} + 𝛺[𝐶𝐷]{𝛿′},          (15) 

where  DM is the classical mass matrix and  DC is the gyroscopic matrix. 

In 1D finite element, the shaft is modeled as a beam which has a constant circular cross-
section. If the element has two nodal, it will form the 8- order matrix. Each of the nodal has 4 
degrees of freedom: 2 displacements and 2 slopes in both x-y plane and y-z planes (Fig. 5), 
therefore nodal displacement vector can be written in the equation [29]. To shaft matrices, first 
is shown that this have to be divided through nodes, as shown in Fig. 5: 𝛿 = [𝑢1, 𝑤1, 𝜃1, 𝛹1, 𝑢2, 𝑤2, 𝜃2, 𝛹2]𝑇.          (16) 

The relationship between displacement and slope are: 𝜃 = 𝛿𝑤𝛿𝑦 ,           (17) 𝛹 = − 𝛿𝑢𝛿𝑦.           (18) 

Displacements u and w in accordance with movements in the X and Y directions 
written by the equation: 𝛿𝑢 = [𝑢1, 𝛹1, 𝑢2, 𝛹2]𝑇,            (19) 𝛿𝑤 = [𝑤1, 𝜃1, 𝑤2, 𝜃2]𝑇.           (20) 

Displacements in the finite element are formed from: 𝑢 = 𝑁1(𝑦)𝛿𝑢,             (21) 𝑤 = 𝑁2(𝑦)𝛿𝑤.             (22) 

1( )N y and 2 ( )N y  are the function of displacements for the beam that are subjected to 

bending loads: 𝑁1(𝑦) = [1 − 3𝑦²𝐿²
+ 2𝑦3𝐿3 ; −𝑦 + 2𝑦2𝐿 − 𝑦3𝐿2 ; 3𝑦²𝐿²

− 2𝑦3𝐿3 ; 𝑦²𝐿 − 𝑦3𝐿2],         (23) 𝑁2(𝑦) = [1 − 3𝑦²𝐿²
+ 2𝑦3𝐿3 ; 𝑦 − 2𝑦2𝐿 + 𝑦3𝐿2 ; 3𝑦²𝐿²

− 2𝑦3𝐿3 ; − 𝑦²𝐿 + 𝑦3𝐿2].       (24) 

Kinetic energy of the shaft can be calculated as [29]: 𝑇 = 𝜌𝑆2 ∫ [𝛿𝑢̇𝑇𝑁1𝑇𝑁1𝛿𝑢̇ + 𝛿𝑤̇𝑇𝑁2𝑇𝑁2𝛿𝑤̇]𝐿0 𝑑𝑦 + 𝜌𝐼2 ∫ [𝛿𝑢̇𝑇 𝑑𝑁1𝑇𝑑𝑦 𝑑𝑁1𝑑𝑦 𝛿𝑢̇ +𝐿0+ 𝛿𝑤̇𝑇 𝑑𝑁2𝑇𝑑𝑦 𝑑𝑁2𝑑𝑦 𝛿𝑤̇] 𝑑𝑦 − 2𝜌𝐼𝛺 ∫ 𝛿𝑢̇𝑇 𝑑𝑁1𝑇𝑑𝑦 𝑑𝑁2𝑑𝑦 𝛿𝑤𝑑𝑦 + 𝜌𝐼𝐿𝛺²𝐿0 ,       (25) 

where  is the density, S is the cross-sectional area of the beam, and N shape functions, I is 

the area moment of inertia of the beam cross-section about the neutral axis,   angular velocity 
and L  is the length of the element. Making the necessary integrations and applying Lagrange, 
is obtained. Substitution of equation (23) and (24) into equation (25), then [27]: 𝑇 = 12 𝛿𝑢̇𝑇𝑀1𝛿𝑢̇ + 12 𝛿𝑤̇𝑇𝑀2𝛿𝑤̇ + 12 𝛿𝑢̇𝑇𝑀3𝛿𝑢̇ + 12 𝛿𝑤̇𝑇𝑀4𝛿𝑤̇ + 𝛺𝛿𝑢̇𝑇𝑀5𝛿𝑤 + 𝜌𝐼𝐿𝛺2,   (26) 

where 1M and 2M are the classical mass matrix, 3M and 4M are generated due to a secondary 

effect of rotor inertia, and 5M is generated due to gyroscopic. By applying the Lagrange 

equation, then [27]: 𝑑𝑑𝑡 (𝜕𝑇𝜕𝛿̇) − 𝜕𝑇𝜕𝛿 = (𝑀 + 𝑀𝑠)𝛿̈ + 𝐶𝛿̇,              (27) 

where  M is the classical mass matrix,  SM effect of inertia matrix and  SC gyroscopic 

matrix. Where M and s
M are obtained from 1 2 3 4, , ,M M M M and C  from 5M , thus [27]:  
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𝑀 = 𝜌𝑆𝐿420
[  
   
  156 0 0 −22𝐿 54 0 0 13𝐿0 156 22𝐿 0 0 54 −13𝐿 00 22𝐿 4𝐿² 0 0 13𝐿 −3𝐿² 0−22𝐿 0 0 4𝐿² −13𝐿 0 0 −3𝐿²54 0 0 −13𝐿 156 0 0 22𝐿0 54 13𝐿 0 0 156 −22𝐿 00 −13𝐿 −3𝐿² 0 0 −22𝐿 4𝐿² 013𝐿 0 0 −3𝐿² 22𝐿 0 0 4𝐿² ]  

   
  ,                       (29) 

 

𝑀𝑆 = 𝜌𝐼30𝐿
[  
   
  36 0 0 −3𝐿 −36 0 0 −3𝐿0 36 3𝐿 0 0 −36 3𝐿 00 3𝐿 4𝐿² 0 0 −3𝐿 −𝐿² 0−3𝐿 0 0 4𝐿² 3𝐿 0 0 −𝐿²−36 0 0 3𝐿 36 0 0 3𝐿0 −36 −3𝐿 0 0 36 −3𝐿 00 3𝐿 −𝐿² 0 0 −3𝐿 4𝐿² 0−3𝐿 0 0 −𝐿² 3𝐿 0 0 4𝐿² ]  

   
  ,                                         (30)  

 

𝐶 = 𝜌𝐼𝛺15𝐿
[  
   
  36 0 0 −3𝐿 −36 0 0 −3𝐿0 36 3𝐿 0 0 −36 3𝐿 00 3𝐿 4𝐿² 0 0 −3𝐿 −𝐿² 0−3𝐿 0 0 4𝐿² 3𝐿 0 0 −𝐿²−36 0 0 3𝐿 36 0 0 3𝐿0 −36 −3𝐿 0 0 36 −3𝐿 00 3𝐿 −𝐿² 0 0 −3𝐿 4𝐿² 0−3𝐿 0 0 −𝐿² 3𝐿 0 0 4𝐿² ]  

   
  .                                         (31) 

Strain energy on the shaft can be calculated by the equation [27]: 𝑈 = 𝐸𝐼2 ∫ [𝛿𝑢𝑇 𝑑²𝑁1𝑇𝑑𝑦²
𝑑²𝑁1𝑑𝑦²

𝛿𝑢 + 𝛿𝑤𝑇 𝑑²𝑁2𝑇𝑑𝑦²
𝑑²𝑁2𝑑𝑦²

𝛿𝑤]𝐿
0 𝑑𝑦+ 𝐹02 ∫ [𝛿𝑢𝑇 𝑑𝑁1𝑇𝑑𝑦 𝑑𝑁1𝑑𝑦 𝛿𝑢 + 𝛿𝑤𝑇 𝑑𝑁2𝑇𝑑𝑦 𝑑𝑁2𝑑𝑦 𝛿𝑤]𝐿

0 𝑑𝑦.                                       (32) 

Then, after integration : 𝑈 = 12𝛿𝑢𝑇𝐾1𝛿𝑢 + 12𝛿𝑤𝑇𝐾2𝛿𝑤 + 12𝛿𝑢𝑇𝐾3𝛿𝑢 + 12 𝛿𝑤𝑇𝐾4𝛿𝑤,                                                 (33) 

where  1K and  2K are the classical stiffness matrix  cK ,  3K and  4K are the matrix due 

to the axial force ( )fK . The effect of shear force can be calculated by the equation [27]:  𝑎 = 12𝐸𝐼𝐺𝑆𝑟𝐿²
.                                                                                                                                             (34) 

With shear modulus [27]: 𝐺 = 𝐸2(1 + 𝜐),                                                                                                                                       (35) 

where   is the Poissons ratio and E  is Young’s modulus of the material. Then by applying Eq. 
(32) to the Lagrange equation [27]: 𝜕𝑈𝜕𝛿 = 𝐾𝛿,                                                                                                                                                (36) 𝐾 = 𝐾𝐶 + 𝐾𝐹,                                                                                                                                         (37) 

where  cK and  FK , can be calculated [27]: 
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𝐾𝐶 = 𝐸𝐼(1 + 𝑎)𝐿3
[  
   
  12 0 0 −6𝐿 −12 0 0 −6𝐿0 12 6𝐿 0 0 −12 6𝐿 00 6𝐿 (4 + 𝑎)𝐿² 0 0 −6𝐿 (2 − 𝑎)𝐿² 0−6𝐿 0 0 (4 + 𝑎)𝐿² 6𝐿 0 0 (2 − 𝑎)𝐿²−12 0 0 6𝐿 12 0 0 6𝐿0 −12 −6𝐿 0 0 12 −6𝐿 00 6𝐿 (2 − 𝑎)𝐿² 0 0 −6𝐿 (4 + 𝑎)𝐿² 0−6𝐿 0 0 (2 − 𝑎)𝐿² 6𝐿 0 0 (4 + 𝑎)𝐿²]  

   
  ,   (38) 

𝐾𝐹 = 𝐹30𝐿
[  
   
  36 0 0 −3𝐿 −36 0 0 −3𝐿0 36 3𝐿 0 0 −36 3𝐿 00 3𝐿 4𝐿² 0 0 −3𝐿 −𝐿² 0−3𝐿 0 0 4𝐿² 3𝐿 0 0 −𝐿²−36 0 0 3𝐿 36 0 0 3𝐿0 −36 −3𝐿 0 0 36 −3𝐿 00 3𝐿 −𝐿² 0 0 −3𝐿 4𝐿² 0−3𝐿 0 0 −𝐿² 3𝐿 0 0 4𝐿² ]  

   
  .                                       (39) 

Moreover, the disc is the main element of the rotor system, which is characterized only 
by its kinetic energy. The node of the rotor has four degrees of freedom : two displacements u

and w  and two slopes about the x-y and y-z planes, which are  and  respectively. Then if the 

nodal displacement vector   of the center of the disk is [30]: 𝛿 = [𝑢,𝑤, 𝜃,𝛹]𝑇 .                                                                                                                                  (40) 

By applying the Lagrange equations, the equation for the disk: 𝑑𝑑𝑡 (𝜕𝑇𝜕𝛿̇) − 𝜕𝑇𝜕𝛿 = [𝑀𝐷 0 0 00 𝑀𝐷 0 00 0 𝐼𝐷𝑥 00 0 0 𝐼𝐷𝑥] [𝑢̈𝑤̈𝜃̈𝛹̈] + 𝛺 [  
 0 0 0 00 0 0 00 0 0 −𝐼𝐷𝑦0 0 𝐼𝐷𝑦 0 ]  

 [𝑢̇𝑤̇𝜃̇𝛹̇].                        (41) 

where the first matrix is the classical stiffness matrix and the second one is the matrix due to 
gyroscopic effects. In this study, the effects of bearing influence are neglected so that the 
general equation of rotor dynamics is [30]: 𝑀𝛿̈ + 𝐾𝛿 = 𝐹(𝑡),                                                                                                                                 (42) 
where 𝛿is all nodal displacement vectors, 𝑀is the mass matrix, 𝐾is the stiffness matrix and 𝐹(𝑡)is 
the force vector. 1D finite element analysis in this study uses the discretization of 3 elements and 
4 nodal. Simplification scheme of the rotor with dimension in mm is shown in Fig. 6. 

 
  

Fig. 6. Simplification scheme of the discretization 
in 1D finite element analysis for the rotor 

Fig. 7. Jeffcott rotor model definition 
drawing (using Solidworks) 
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To produce the equality throughout the element, the local element matrix of each element 
is arranged into a global matrix. Every element, which has the same number of nodal and that 
of degrees of freedom, is placed on the same row and column and this applies to the mass 
matrix, stiffness matrix and damping matrix [27]. The illustrative example of the element 
assembly from local elements into global element for two local elements can be seen in Fig. 6. 
Globalizing matrix in this way is the fastest and easy, even for a lot of elements and nodal 
degrees of freedom. In addition to the dimensions of each component of the rotor, the 
mechanical properties of the component are also required as the input data of the calculation. 

As for bearing is simpler to find the matrix, because having the force equation, the matrix 
is obtained directly: 

[𝐹𝑢𝐹𝜃𝐹𝜔𝐹𝛹] = − [𝑘𝑥𝑥 0 𝑘𝑥𝑧 00 0 0 0𝑘𝑧𝑥 0 𝑘𝑧𝑧 00 0 0 0] [𝑢𝜃𝜔𝜓] − [𝑐𝑥𝑥 0 𝑐𝑥𝑧 00 0 0 0𝑐𝑧𝑥 0 𝑐𝑧𝑧 00 0 0 0] [𝑢̇𝜃̇𝜔̇𝜓̇].                                                  (43) 

Considering the first the matrix of stiffness and the second matrix of damping, where they 
can be symmetric, when 

xx yyk k= et 
xx yyc c= or asymmetric when et xx yy xx yyk k c c  . 

In the case of unbalanced mass matrix is also obtained directly, applying the Lagrange in 
the equation kinetic energy of the unbalanced mass, we obtain the following matrix. [𝐹𝑢𝐹𝜔] = 𝑚𝑢𝑑𝛺² [𝑐𝑜𝑠(𝛺𝑡 + 𝛼)𝑠𝑖𝑛(𝛺𝑡 + 𝛼)],                                                                                                         (43) 

where Ω is the angular velocity and α is the angular position with respect z axis. 
 

Analysis by 3D finite element method of the rotor dynamics system 

Jeffcott rotor geometry and mechanical properties of materials. The program Solidworks, 
seen in Fig. 7, is used to create the Jeffcott rotor model. The shaft's dimensions are L = 1000 mm 
in length and d = 32 mm in diameter. Bearings on both ends of the shaft support the rotor. The 
center is mounted with a disc that has an offset mass of 0.1 kg. The disc has the following 
measurements: 250 mm in diameter, 30 mm in thickness, and an equal mass unbalance (0.1 kg). 
A geometric shaft center and an eccentricity of e separate the unbalance's center of gravity from 
each other. The CAD model and schematic design of the Jeffcott rotor are shown in Figs. 8 and 
9. Table 1 depicts the material characteristics. Engineering materials utilized primarily in rotor 
machines, such as low-carbon steels (JIS-S45C steel, 38CrMoAl steel, structural steel, and 
titanium alloy steel (Ti-6AL-4V)), were included by the authors. 
 

 

 

Fig. 8. Global mesh of the Jeffcott rotor 
model 

Fig. 9. Boundary conditions of the Jeffcott 
rotor model: modale analysis 

 
 



74          N. Afane, S. Zahaf, M. Dahmane, A. Belaziz, N. Rachid 

Table 1. Material properties of 4 steels. 

Sl.no: Properties 
JIS-S45C 

steel 
38CrMoAl 

steel 
Structure 

steel 
Ti-6Al-4V alloy 

steel 
Units 

1 Density 7700 7850 7850  Kg/m3 
2 Young’s modulus 190 210 200 114 GPa 

3 Poisson’s ratio 0,27 0.3 0.3 0.35 
Unit 
less 

quantity 
4 Shear modulus 7.4803E+10 8.0769E+10 7.6923E+10 4.2222E+10 Pa 

5 
Tensile strength, 

ultimate 
569 571 460 1170 MPa 

6 Tensile strength 343 439 250 1100 MPa 

7 
Elongation at 

break 
20 10 23 10 % 

8  Bearing stiffness 1.6e+006 1.6e+006 1.6e+006 1.6e+006 N/mm 
9 Bearing damp 23000 23000  23000  23000  N·s/mm 
10 Mass 17.346 17.346 17.346 17.346 kg 

 

Jeffcott rotor mesh by Ansys Workbench. Given that the geometry of the product is 
broken down into a limited number of pieces, meshing is an essential component of ANSYS 
and works with computer-aided design and engineering processes. The fundamental principle 
of FEA is to do calculations at a finite set of points and then extrapolate the outcomes to the 
full volume. Every continuous object has a potentially huge number of degrees of freedom, 
which could make it difficult to discover solutions by FEA through the use of discretization or 
meshing, FEA reduces degrees of freedom from infinite to finite. The geometry for the selected 
Jeffcott rotor with shaft includes 8537 elements with a dimension of 7 mm and 28,682 nodes 
(details of which have already been disclosed). (As depicted in Fig. 8). 

Boundary conditions. For modal analysis we fixed Z-axis rotation and translation and 
stiff behavior at both ends, displacements are employed as a constraint for modal analysis. Two 
displacements at the level of bearing A and B with fixed Z-axis rotation and translation and 
rigid behavior at both ends are utilized as a restriction for harmonic response analysis (see Figs. 
9 and 10). The unbalanced forces, stresses, phase angles, and deformations are measured at the 
first natural frequencies because the initial resonance possibility is at the first mode. 
 

 
Fig. 10. Boundary conditions of the Jeffcott rotor model: harmonis response analysis 

 
Results and Discussion 

Modal Analysis. The following Tables 2-5 indicate the natural frequencies of the Jeffcott rotor 
for four materials and for ten different modes. In Tables 2-5, we notice that the natural 
frequencies in the almost four materials are similar and increase progressively, 0 Hz in the first 
mode, 265.27 Hz in the fifth mode, 652.73 Hz in the tenth mode, 1596.2 Hz in the fifteenth 

https://www.matweb.com/tools/unitconverter.aspx?fromID=108&fromValue=1170
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mode, 2685 Hz in twentieth mode. In this case, we will simply extract the results in the last ten 
frequencies only and comment on them.  

For JIS-S45C steel material. The maximum deformation for the material (JIS-S45C steel 

material) and varies from 13.948 mm at 1st mode, 18.134 mm at 2nd mode, 12.989 mm at 3rd mode, 
18.045 mm at 4th mode, 27.928 mm at 5th mode, 27.887 mm at 6th mode, 15.294 mm at 7th mode, 
20.07 mm at 8th mode, 19.364 mm at 9th mode, 15.293 mm at 10th mode as shown in Fig. 11. 

 

Fig. 11. Different modes shapes with two materials: JIS-S45C steel material (a), 38CrMoAl 
steel material (b) 

 
For 38CrMoAl steel material. The maximum deformation for the material (38CrMoAl 

steel material) and varies from 13.86 mm at 1st mode, 18.041 mm at 2nd mode, 13.118 mm at 
3rd mode, 18.148 mm at 4th mode, 27.593 mm at 5th mode, 27.552 mm at 6th mode, 
15.182 mm at 7th mode, 20.028 mm at 8th mode, 19.232 mm at 9th mode, 15.181 mm at 10th 
mode as shown in Fig. 11. The natural frequencies and several modes of two materials are 
shown in the above Tables 2, 3 when the speed varies from 0 to10000 rpm.  

For JIS-S45C steel material. The resonance occurrence possibilities are found from the 
whirl map diagram in the first 3 modes. 1784.2 rpm in a backward whirl at a natural frequency 
of 29.72 Hz, 1784.9 rpm in a forward whirl at a natural frequency of 29.765 Hz, 8147.7 rpm in 
the backward whirl at a natural frequency of 123.55 Hz as shown in Table. 2.  

 
 

(a) 

(b) 
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Table. 2. Whirl map Campbell Diagram of JIS S45C steel material 

 

For 38CrMoAl steel material. The resonance occurrence possibilities are found from 
the whirl map diagram in the first 3 modes. 1858.7 rpm in a backward whirl at a natural 
frequency of 30.962 Hz, 1859.4 rpm in a forward whirl at a natural frequency of 31.007 Hz, 
8468.1 rpm in the backward whirl at a natural frequency of 130.94 Hz as shown in Table. 3. 
 

Table. 3. Whirl map Campbell Diagram of 38CrMoAl steel material 
Mode Whirl Direction Mode Stability Critical Speed 0, rpm 10000 rpm 

1 UNDETERMINED STABLE 0, rpm 3,5879e-004 Hz 3,5879e-004 Hz 
2 BW STABLE 1858,7 rpm 30,982 Hz 30,962 Hz 
3 FW STABLE 1859,4 rpm 30,987 Hz 31,007 Hz 
4 BW STABLE 8468,1 rpm 197,51 Hz 130,94 Hz 
5 FW STABLE 0, rpm 197,53 Hz 273,46 Hz 
6 BW STABLE 0, rpm 443,38 Hz 442,93 Hz 
7 FW STABLE 0, rpm 443,59 Hz 444,04 Hz 
8 BW STABLE 0, rpm 534,24 Hz 484,63 Hz 
9 FW STABLE 0, rpm 534,62 Hz 639,49 Hz 
10 FW STABLE 0, rpm 680,55 Hz 680,55 Hz 
11 BW STABLE 0, rpm 1336,7 Hz 1327,3 Hz 
12 BW STABLE 0, rpm 1338,5 Hz 1351,5 Hz 
13 FW STABLE 0, rpm 1352,8 Hz 1353,5 Hz 
14 FW STABLE 0, rpm 1354,5 Hz 1355,7 Hz 
15 BW STABLE 0, rpm 1642,8 Hz 1642,8 Hz 
16 BW STABLE 0, rpm 1646,2 Hz 1646,2 Hz 
17 BW STABLE 0, rpm 2358,9 Hz 2157,6 Hz 
18 FW STABLE 0, rpm 2439,9 Hz 2358,9 Hz 
19 BW STABLE 0, rpm 2440,7 Hz 2645,7 Hz 
20 FW STABLE 0, rpm 2645,4 Hz 2760, Hz 

 
Figure 12 shows the Whirl map diagram/Campbell diagram for four materials with their 

critical speeds is shown above. The Campbell diagram, also known as whirl speed map or a 
frequency interface diagram, of a simple rotor system. On the other hand, the rotor system is 
made by the two materials (JIS-S45C steel material, 38CrMoAl steel material), The occurrence 

Mode Whirl Direction Mode Stability Critical Speed 0, rpm 10000 rpm 
1 UNDETERMINED UNSTABLE 0, rpm 0, Hz 0, Hz 
2 BW STABLE 1784,2 rpm 29,74 Hz 29,72 Hz 
3 FW STABLE 1784,9 rpm 29,745 Hz 29,765 Hz 
4 BW STABLE 8147,7 rpm 189,64 Hz 123,55 Hz 
5 FW STABLE 0, rpm 189,66 Hz 265,27 Hz 
6 BW STABLE 0, rpm 425,59 Hz 425,14 Hz 
7 FW STABLE 0, rpm 425,79 Hz 426,24 Hz 
8 BW STABLE 0, rpm 512,33 Hz 463,43 Hz 
9 FW STABLE 0, rpm 512,69 Hz 619,19 Hz 
10 FW STABLE 0, rpm 652,73 Hz 652,73 Hz 
11 BW STABLE 0, rpm 1282,6 Hz 1273,2 Hz 
12 BW STABLE 0, rpm 1284,3 Hz 1297,6 Hz 
13 FW STABLE 0, rpm 1298,9 Hz 1299,4 Hz 
14 FW STABLE 0, rpm 1300,5 Hz 1301,7 Hz 
15 BW STABLE 0, rpm 1596,2 Hz 1596,2 Hz 
16 BW STABLE 0, rpm 1599,6 Hz 1599,6 Hz 
17 BW STABLE 0, rpm 2249,6 Hz 2082,1 Hz 
18 FW STABLE 0, rpm 2364,1 Hz 2249,6 Hz 
19 BW STABLE 0, rpm 2364,8 Hz 2539,9 Hz 
20 FW STABLE 0, rpm 2539,6 Hz 2685, Hz 
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possibilities of operating well at response speed are found from the wirl map diagram in the 14 
following modes (265.27, 425.14, 426.24, 463.43, 619.19, 652.73, 1273.2, 1297.6, 1299.4, 
1301.7, 1596.2, 1599.6, 2082.1, 2249.6, 2539.9, 2685 Hz), (273.46, 442.93, 444.04, 484.63, 
639.49, 680.55, 1327.3, 1351.5, 1353.5,1355.7, 1642.8, 1646.2, 2157.6, 2358.9, 2645.7, 
2760 Hz) for 38CrMoAl steel material, as shown in the Table. 3. For the two materials (JIS-

S45C steel material, 38CrMoAl steel material), the critical velocity occurrence possibilities are 
found from the wirl map diagram in the first 3 modes (29.72, 29.765, 123, 55Hz), (30.962, 
31.007, 130.94Hz) as shown in Tables 2 and 3. 

 

 
Fig. 12. Whirl map Campbell diagram with four materials: (a) JIS-S45C steel material;  

(b) 38CrMoAl steel material: (c) structural steel material; (d) titanium alloy (Ti-6AL-4V) material 

For structure steel material: The maximum total deformation for this type of material 
is almost larger at each mode and varies from 437.97 mm at 1st mode, 557.88 mm at 2nd mode, 
446.39 mm at 3rd mode, 585.74 mm at 4th mode, 872.55 mm at 5th mode, 871.26 mm at 6th 
mode, 480.07 mm at 7th mode, 633.35 mm at 8th mode, 608.17 mm at 9th mode, 480.07 mm 
at 10th mode. The natural frequencies and several modes of this material are shown in Table 4 
and Fig. 13 when the speed varies from 0 rpm to 10,000 rpm. 

The resonance occurrence possibilities are found from the whirl map diagram in the first 
3 modes. 1813.9rpm in backward whirl at natural frequency of 30.2015 Hz, 1814.6 rpm in 
forward whirl at natural frequency of 30.261 Hz, 8275.9 rpm in the backward whirl at natural 
frequency of 126.51 Hz as shown in Table. 4. On the other hand, the rotor system is made by 
the materials (structure steel material). The occurrence possibilities of operating well at 

(a) (b)  

(c) (d) 
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response speed are found from the wirl map diagram in the 14 following modes (268.47, 432.25, 
433.35, 472.16, 627.5, 664.15, 1295.1, 1318.9, 1321.4, 1323.1, 1603.2, 1606.5, 2099.3, 2302, 
2582, 2701.6 Hz), as shown in the Table 4. 

Table. 4. Whirl map Campbell diagram of Structural Steel material. 
Mode Whirl Direction Mode Stability Critical Speed 0, rpm 10000 rpm 

1 UNDETERMINED UNSTABLE 0, rpm 0, Hz 0, Hz 
2 BW STABLE 1813,9 rpm 30,236 Hz 30,215 Hz 
3 FW STABLE 1814,6 rpm 30,24 Hz 30,261 Hz 
4 BW STABLE 8275,9 rpm 192,75 Hz 126,51 Hz 
5 FW STABLE 0, rpm 192,77 Hz 268,47 Hz 
6 BW STABLE 0, rpm 432,69 Hz 432,25 Hz 
7 FW STABLE 0, rpm 432,9 Hz 433,35 Hz 
8 BW STABLE 0, rpm 521,37 Hz 472,16 Hz 
9 FW STABLE 0, rpm 521,74 Hz 627,5 Hz 
10 FW STABLE 0, rpm 664,15 Hz 664,15 Hz 
11 BW STABLE 0, rpm 1304,5 Hz 1295,1 Hz 
12 BW STABLE 0, rpm 1306,2 Hz 1318,9 Hz 
13 FW STABLE 0, rpm 1320,2 Hz 1321,4 Hz 
14 FW STABLE 0, rpm 1321,9 Hz 1323,1 Hz 
15 BW STABLE 0, rpm 1603,2 Hz 1603,2 Hz 
16 BW STABLE 0, rpm 1606,5 Hz 1606,5 Hz 
17 BW STABLE 0, rpm 2302, Hz 2099,3 Hz 
18 FW STABLE 0, rpm 2381,1 Hz 2302, Hz 
19 BW STABLE 0, rpm 2381,8 Hz 2582, Hz 
20 FW STABLE 0, rpm 2581,6 Hz 2701,6 Hz 

 

Table. 5. Whirl map Campbell diagram of titanium alloy (Ti-6AL-4V) material. 
5 Whirl Direction Mode Stability Critical Speed 0, rpm 10000 rpm 
1 UNDETERMINED UNSTABLE 0, rpm 0, Hz 0, Hz 
2 BW STABLE 1824,8 rpm 30,417 Hz 30,397 Hz 
3 FW STABLE 1825,5 rpm 30,422 Hz 30,442 Hz 
4 BW STABLE 8323,9 rpm 193,82 Hz 127,64 Hz 
5 FW STABLE 0, rpm 193,83 Hz 269,47 Hz 
6 BW STABLE 0, rpm 435,35 Hz 434,9 Hz 
7 FW STABLE 0, rpm 435,56 Hz 436,01 Hz 
8 BW STABLE 0, rpm 525,48 Hz 476,11 Hz 
9 FW STABLE 0, rpm 525,87 Hz 631,18 Hz 

10 FW STABLE 0, rpm 669,2 Hz 669,2 Hz 
11 BW STABLE 0, rpm 1313,6 Hz 1304,1 Hz 
12 BW STABLE 0, rpm 1315,4 Hz 1326,5 Hz 
13 FW STABLE 0, rpm 1327,7 Hz 1330,3 Hz 
14 FW STABLE 0, rpm 1329,4 Hz 1330,9 Hz 
15 BW STABLE 0, rpm 1581,2 Hz 1581,2 Hz 
16 BW STABLE 0, rpm 1584,5 Hz 1584,5 Hz 
17 BW STABLE 0, rpm 2342,6 Hz 2078,1 Hz 
18 FW STABLE 0, rpm 2359,4 Hz 2342,6 Hz 
19 BW STABLE 0, rpm 2360,1 Hz 2597,7 Hz 
20 FW STABLE 0, rpm 2597,4 Hz 2679,5 Hz 

 

For titanium alloy (Ti-6AL-4V) material. The maximum total deformation for this type 
of material is almost larger at each mode and varies from 18.512 mm at 1st mode, 22.787 mm 
at 2nd mode, 26.196 mm at 3rd mode, 28.491 mm at 4th mode, 36.515 mm at 5th mode, 
36.46 mm at 6th mode, 20.284 mm at 7th mode, 27.021 mm at 8th mode, 25.738 mm at 9th 
mode, 20.286 mm at 10th mode. The natural frequencies and several modes of this material are 
shown in Table 5 and Fig. 13 above when the speed varies from 0 rpm to 10,000 rpm. 
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The resonance occurrence possibilities are found from the whirl map diagram in the first 
3 modes. 1824.8 rpm in backward whirl at natural frequency of 30.397 Hz, 1825.5 rpm in 
forward whirl at natural frequency of 30.442 Hz, 8323.9 rpm in the backward whirl at natural 
frequency of 127.64 Hz as shown in Table. 5. 

 

 
Fig. 13. Different modes shapes with two materials: (a) structural steel material, (b) titanium 

alloy (Ti-6AL-4V) material 

On the other hand, the rotor system is made by the materials (titanium alloy (Ti-6AL-4V)). 
The occurrence possibilities of operating well at response speed are found from the wirl map 
diagram in the 14 following modes (269.47, 434.9, 436.01, 476.11, 631.18, 669.2, 1304.1, 1326.5, 
1330.3, 1330.9, 1581.2, 1584.5, 2078.1, 2342.6, 2597.7, 2679.5 Hz), as shown in the Table 5. 

Harmonic response analysis. Analysis of the harmonic response of a rotor allows us to 
determine the deformations, Von Mises stresses, principal stresses, maximum shear stresses 
and phase angle effect due to balanced and unbalanced forces acting on the system rotor-shaft. 

Stress severity for Jeffcott rotor. The following data represents results of the harmonic 
response analysis of the Jeffcott rotor for the four different materials based on the stress severity. 

(b) 

(a) 
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Figure 14 explains the stresses severity due to the unbalance force for four materials. 
When the 0.1 kg of unbalanced mass added on the disk with the increasing, the frequencies 
from 270 to 2700 Hz with step size 100 Hz. 
 

X-direction X-direction 
  

(a) (b) 
 

X-direction X-direction 
  

(c) (d) 
Fig. 14. Stress severity for Jeffcott rotor with 4 varieties of materials due to the unbalance 

forces: (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 
 

For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along X varies from 4.237E-2 MPa at 270 Hz, 1.805 MPa at 1350 Hz and 
4.0996 MPa at 2700 Hz a shown in Fig. 14. 

For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along X varies from 4.4507E-2 MPa at 270 Hz, 4.7825 MPa at 1350 Hz 
and 2.6653 MPa at 2700 Hz this mentioned in Fig. 14. 

For a material of structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along X varies from 4.6344E-2 MPa at 270 Hz, 6.5875 MPa at 1350 Hz 
and 13.374 MPa at 2700 Hz a shown in Fig. 14. 

For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of normal stress total along X varies from 5.807E-2 MPa at 270 Hz, 
17.248 MPa at 1350 Hz and 8.4654 MPa at 2700 Hz this mentioned in Fig. 14. 

For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along Y varies from 3.4435E-2 MPa at 270 Hz, 3.02MPa at 1350 Hz and 
20.648 MPa at 2700 Hz a shown in Fig. 15. 
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For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along Y varies from 3.618E-2 MPa at 270 Hz, 7.3703 MPa at 1350 Hz 
and 7.3703 MPa at 2700 Hz this mentioned in Fig. 15. 

For a material of structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along Y varies from 3.7946E-2 MPa at 270 Hz, 8.9688 MPa at 1350 Hz 
and 55.453 MPa at 2700 Hz a shown in Fig. 15. 

For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of normal stress total along Y varies from 4.8007E-2 MPa at 270 Hz, 
18.335 MPa at 1350 Hz and 25.171 at 2700 Hz this mentioned in Fig. 15. 

 

Y-direction Y-direction 
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Fig. 15. Stress severity for Jeffcott rotor with 4 varieties of materials due to the unbalance 
forces: (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 

 
For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 

the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along Y varies from 0.3983 MPa at 270 Hz, 23.773 MPa at 1350 Hz and 
46.995 MPa at 2700 Hz a shown in Fig. 16. 

For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along Y varies from 0.3027 MPa at 270 Hz, 39.891 MPa at 1350 Hz and 
21.672 MPa at 2700 Hz this mentioned in Fig. 16. 
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Fig. 16. Stress severity for Jeffcott rotor with 4 varieties of materials due to the unbalance 

forces: (a) JIS-S45C, (b) 38CrMoAl, (c) structural steel, and (d) Ti-6AL-4V 
 

For a material of Structural Steel When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal stress total along Y varies from 0.3 MPa at 270 Hz, 60.387 MPa at 1350 Hz and 
134.08 MPa at 2700 Hz a shown in Fig. 16. 

For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of normal stress total along Y varies from 0.31 MPa at 270 Hz, 
105.31 MPa at 1350 Hz and 48.272 at 2700 Hz this mentioned in Fig. 12. 

Deformation severity for Jeffcott rotor. Figure 13 explains the deformation severity 
due to the unbalance force for four materials. When the 0.1 kg of unbalanced mass added on 
the disk with the increasing, the frequencies from 270 to 2700 Hz with step size 100 Hz. 

For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along X varies from 0.83667 mm at 270 Hz, 0.1374 mm at 1350 Hz and 
1.5277 mm at 2700 Hz a shown in Fig. 17. 

For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along X varies from 0.7506 mm at 270 Hz, 0.7506 mm at 1350 Hz and 
1.0275 mm at 2700 Hz a shown in Fig. 17. 

For a material of structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along X varies from 0.70512 mm at 270 Hz, 0.17663 mm at 1350 Hz and 
5.6242 mm at 2700 Hz a shown in Fig. 17. 
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For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of deformation total along X varies from 1.27589 mm at 270 Hz, 
1.27589 mm at 1350 Hz and 4.7221 mm at 2700 Hz a shown in Fig. 17. 
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Fig. 17.  Deformation severity for Jeffcott rotor with 4 varieties of materials due to the 
unbalance forces. (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 

 
For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 

the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along Y varies from 0.84969 mm at 270 Hz, 0.1356 mm at 1350 Hz and 
1.5664 mm at 2700 Hz a shown in Fig. 18. 

For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along Y varies from 0.69327 mm at 270 Hz, 0.80392 mm at 1350 Hz and 
1.1093 mm at 2700 Hz a shown in Fig. 18. 

For a material of Structural Steel. When 0.1 kg of unbalance is added to the disk with the 
increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude of 
deformation total along Y varies from 0.72833 mm at 270 Hz, 0.18248 mm at 1350 Hz and 
5.8078 mm at 2700 Hz a shown in Fig. 18. 

For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of deformation total along Y varies from 1.31794 mm at 270 Hz, 1.31794 
mm at 1350 Hz and 4.897 mm at 2700 Hz a shown in Fig. 18. 
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Fig. 18. Deformation severity for Jeffcott rotor with 4 varieties of materials due to the 
unbalance forces: (a) JIS-S45C, (b) 38CrMoAl, (c) structural steel, (d) Ti-6AL-4V 
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Fig. 19. Deformation severity for Jeffcott rotor with 3 varieties of materials due to the 

unbalance forces 
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For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along Z varies from 4.0779E-4 mm at 270 Hz, 3.6159E-3 mm at 1350 Hz 
and 3.2085E-2 mm mm at 2700 Hz a shown in Fig. 19.  

For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along Z varies from 3.7037E-4 mm at 270 Hz, 4.6105E-3 mm at 1350 Hz 
and 1.0685E-2 mm mm at 2700 Hz a shown in Fig. 19.  

For a material of structural Steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of deformation total along Z varies from 3.8674E-4 mm at 270 Hz, 5.8255E-3 mm at 1350 Hz 
and 8.7748E-2 mm at 2700 Hz a shown in Fig. 19.   

For a material of Titanium Alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of deformation total along Z varies from 6.7586E-4 mm at 270 Hz, 
2.0994E-2 mm at 1350 Hz and 6.5996E-2 mm mm at 2700 Hz a shown in Fig. 19. 
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Fig. 20. Normal elastic strain severity for Jeffcott rotor with 4 varieties of materials due to the 
unbalance forces. (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 

 

Normal elastic strain severity for Jeffcott rotor. Figure 20 explains normal elastic strain 
severity due to the unbalance force for four materials. When the 0.1 kg of unbalanced mass added 
on the disk with the increasing, the frequencies from 270 to 2700 Hz with step size 100 Hz. 

For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along X varies from 6.3854E-7 mm at 270 Hz, 3.3438E-5 mm at 
1350 Hz and 5.8861E-5 mm at 2700 Hz a shown in Fig. 20.   
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For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along X varies from 6.3518E-7 mm at 270 Hz, 7.3906E-5 mm at 
1350 Hz and 3.16E-5 mm at 2700 Hz a shown in Fig. 20.   

For a material of structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along X varies from 6.6623E-7 mm at 270 Hz, 9.9505E-5 mm at 
1350 Hz and 2.0344E-1 mm at 2700 Hz a shown in Fig. 20.   

For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of normal elastic strain along X varies from 1.347E-6 mm at 270 Hz, 
4.2796E-4 mm at 1350 Hz and 2.0828E-4 mm mm at 2700 Hz a shown in Fig. 20.  

For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along Y varies from 6.3169E-7 mm at 270 Hz, 9.7506E-6 mm at 
1350 Hz and 1.5051E-4 mm at 2700 Hz a shown in Fig. 21.   
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Fig. 21. Normal elastic strain severity for Jeffcott rotor with 4 varieties of materials due to the 
unbalance forces. (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 
 

For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along Y varies from 6.295E-7 mm at 270 Hz, 2.6511E-5 mm at 1350 Hz 
and 4.5237E-5 mm at 2700 Hz a shown in Fig. 21.   

For a material of structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along Y varies from 6.5947E-7 mm at 270 Hz, 3.6045E-5 mm at 
1350 Hz and 3.9757E-4 mm at 2700 Hz a shown in Fig. 21.   
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For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of normal elastic strain along Y varies from 1.3317E-6 mm at 270 Hz, 
1.641E-4 mm at 1350 Hz and 3.2642E-4 mm at 2700 Hz a shown in Fig. 21. 

For a steel material of JIS-S45C. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 Hz to 2700 Hz with a step of 100 Hz, the maximum 
amplitude of normal elastic strain along Y varies from 2.035E-6mm at 270 Hz, 7.1783E-5mm 
at 1350 Hz and 2.6707E-4mm mm at 2700 Hz a shown in Fig. 22.   

For a steel material of 38CrMoAl. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along Y varies from 2.1237E-6 mm at 270 Hz, 1.8149E-4 mm at 
1350 Hz and 9.6134E-5  mm at 2700 Hz a shown in Fig. 22.   

For a material of structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of normal elastic strain along Y varies from 2.30E-6 mm at 270 Hz, 2.45E-4 mm at 1350 Hz 
and 7.308E-4 mm at 2700 Hz a shown in Fig. 22.   

For a material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of normal elastic strain along Y varies from 3.63055E-6mm at 270 Hz, 
8.9358E-4 mm at 1350 Hz and 6.59265E-4 mm at 2700 Hz a shown in Fig. 22.   
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Fig. 22. Normal elastic strain severity for Jeffcott rotor with 3 varieties of materials due to the 
unbalance forces. (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 

 
Phase angle effect on stress severity for Jeffcott rotor. Ensuing values of the four 

chosen materials provides the results of the harmonic response analysis for the Jeffcott rotor 
based on the phase angle effect with respect to the stress severity. 
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Figures 23-26 explains the severity of normal stresses due to the unbalance force for four 
materials wherein the 0.1 kg of unbalanced mass added on the disk with the increasing, the 
frequencies from 270 to 2700 Hz with step size 100 Hz. 
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Fig. 23. Stresses severity vs phase angle for Jeffcott rotor for JIS-S45C steel material 
 
For a steel material of JIS-S45C in X direction. The maximum normal stress is -

1.186 MPa at sweep phase angle equal 0°, 4.0987 MPa at sweep phase angle equal 252°, -
4.0987 MPa at sweep phase angle equals 432°, 4.0987 MPa at sweep phase angle equals 612°, 
-1.186 MPa at sweep phase angle equals 720° (See Fig. 23). 

For a steel material of JIS-S45C in Y direction. The maximum normal stress is -
1.8746 MPa at sweep phase angle equal 0°, 20.64 MPa at sweep phase angle equal 266.4°, -
20.64 MPa at sweep phase angle equals 446.4°, 20.64MPa at sweep phase angle equals 626.4°, 
-1.8745 MPa at sweep phase angle equals 720° in Y direction (See Fig. 23). 
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For a steel material of JIS-S45C in Z direction. The maximum normal stress is -
37.009 MPa at sweep phase angle equal 0°, 46.965 MPa at sweep phase angle equal 144°, -
46.965 MPa at sweep phase angle equals 324°, 46.965 MPa at sweep phase angle equals 504°, 
-37.009 MPa at sweep phase angle equals 720° (see Fig. 23). 

For a steel material of 38CrMoAl in X direction. The maximum normal stress is -
0.97662MPa at sweep phase angle equal 0°, 2.2592MPa at sweep phase angle equal 115.2°, - 
2.2592MPa at sweep phase angle equals 115.2°, 2.2592MPa at sweep phase angle equals 
475.2°, -0.97663MPa at sweep phase angle equals 720° (see Fig. 24). 
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Stress severity for 38CrMoAl steel in Y-axis direction 
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Fig. 24. Stresses severity vs phase angle for Jeffcott rotor with 38CrMoAl steel material 

 
For a steel material of 38CrMoAl in Y direction. The maximum normal stress is  

– 0.13911 MPa at sweep phase angle equal 0°, 6.3642 MPa at sweep phase angle equal 86.4°, 
-6.3642 MPa at sweep phase angle equals 266.4°, 6.3642 MPa at sweep phase angle equals 
446.4°, -6.3642 MPa at sweep phase angle equals 626.4°, 6.3642 MPa at sweep phase angle 
equals 446.4°, 0,1391 MPa at sweep phase angle equals 720° in Y direction (see Fig. 24). 
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For a steel material of 38CrMoAl in Z direction. The maximum normal stress is 15.623 
MPa at sweep phase angle equal 0°, -18.086 MPa at sweep phase angle equal 151.2°, -18,086 
MPa at sweep phase angle equals 331.2°, -18.086 MPa at sweep phase angle equals 511.2°,  
-15.623 MPa at sweep phase angle equals 720° (See Fig. 24). 
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Fig. 25. Stresses severity vs phase angle for Jeffcott rotor with for Structure steel material 

 

For Structural steel material in X direction. The maximum normal stress is -1.4351 MPa 
at sweep phase angle equal 0°, 13.36 MPa at sweep phase angle equal 93.6°, -13.36 MPa at sweep 
phase angle equals 273.6°, 13.36 MPa at sweep phase angle equals 453.6°, -13.33 MPa at sweep 
phase angle equals 640.8°, -1.4351 MPa at sweep phase angle equals 270° (See Fig. 25). 

For structural steel material in Y direction. The maximum normal stress is 
3.7447 MPa at sweep phase angle equal 0°, 55.452 MPa at sweep phase angle equal 86.4°,  
-55.452 MPa at sweep phase angle equals 266.4°, 55,452 MPa at sweep phase angle equals 
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446.4°, -54.982 MPa at sweep phase angle equals 633.6°, 3.7446 MPa at sweep phase angle 
equals 270° (see Fig. 25). 

For Structural steel material in Z direction. The maximum normal stress is 
110.71 MPa at sweep phase angle equal 0°, -134.02 MPa at sweep phase angle equal 144°, 
134.02 MPa at sweep phase angle equals 324°, -134.02 MPa at sweep phase angle equals 504°, 
110.71MPa at sweep phase angle equals 270° (see Fig. 25). 

For titanium alloy (Ti-6AL-4V) material in X direction. The maximum normal stress is -2.7244 
MPa at sweep phase angle equal 0°, 7.8805 MPa at sweep phase angle equal 108°, -7.8565 MPa at sweep 
phase angle equals 295.2°, 7.8805 MPa at sweep phase angle equals 468°, -7.8805 MPa at sweep phase 
angle equals 648°, -2.7244 MPa at sweep phase angle equals 270° (see Fig. 26). 
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Stress severity for Titanium Alloy (Ti-6AL-4V) in X-axis direction 
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Stress severity for titanium alloy (Ti-6AL-4V) in Y-axis direction 
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Stress severity for titanium alloy (Ti-6AL-4V) in Z-axis direction 

Fig. 26. Stresses severity vs phase angle for Jeffcott rotor for Titanium Alloy (Ti-6AL-4V) 
material 

 
For Titanium Alloy (Ti-6AL-4V) material in Y direction. The maximum normal stress is 

0.81197MPa at sweep phase angle equal 0°, 25.16 MPa at sweep phase angle equal 86.4°, -25.16MPa at 
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sweep phase angle equals 266.4°, 25.16 MPa at sweep phase angle equals 446.4°, -25.16MPa at sweep 
phase angle equals 626.4°, 0.8119 MPa at sweep phase angle equals 270° (see Fig. 26). 

For Titanium Alloy (Ti-6AL-4V) material in Z direction. The maximum normal stress 
is 49.207 MPa at sweep phase angle equal 0°, -58.755 MPa at sweep phase angle equal 144°, 
58.755 MPa at sweep phase angle equals 324°, -58.755 MPa at sweep phase angle equals 504°, 
49.207 MPa at sweep phase angle equals 270° (see Fig. 26). 

Force reaction effect on Jeffcott rotor. Figure 27 explains the force reaction in the two 
bearings due to the unbalance force for four materials. When the 0.1 kg of unbalanced mass added 
on the disk with the increasing, the frequencies from 270 to 2700 Hz with step size 100 Hz. 

For a material of JIS-S45C steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along X varies from 2228.3 N at 270 Hz, 2.124E+5 N at 1350 Hz and 
9.7022E5 N at 2700 Hz a shown in Fig. 27.   
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Fig. 27. Shows the Force Reaction vs phase angle for a Jeffcott rotor with 4 varieties of 
materials. (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 

 

For a material of 38CrMoAl steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along X varies from 2133.1 N at 270 Hz, 4.3588E+5 N at 1350 Hz and 
4.3588E+5 N at 2700 Hz a shown in Fig. 27.   

For a material of structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along X varies from 2187 N at 270 Hz, 4.8468E+5 N at 1350 Hz and 
2.9331E6 N at 2700 Hz a shown in Fig. 27.   

For material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to the 
disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum 
amplitude of reaction force along X varies from 2172.6 N at 270 Hz, 1.3126E+6 N at 1350 Hz 
and 1.3126E+6 N at 2700 Hz a shown in Fig. 27.  
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For a material of JIS-S45C steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along Y varies from 2225.1 N at 270 Hz, 2.1749E+5 N at 1350 Hz and 
1.0018E+6 N at 2700 Hz a shown in Fig. 28.   
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Fig. 28. Shows the deformation vs phase angle for a Jeffcott rotor with 4 varieties of 
materials. (a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 

 
For a material of 38CrMoAl steel. When 0.1 kg of unbalance is added to the disk with 

the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along Y varies from 2130.4 N at 270 Hz, 5.0426E+5 N at 1350 Hz and 
5.0426 N at 2700 Hz a shown in Fig. 28.   

For a material of Structural steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along Y varies from 2184 N at 270 Hz, 5.0213E+5 N at 1350 Hz and 
3.0761E+6 N at 2700 Hz a shown in Fig. 28.   

For material of Titanium Alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to 
the disk with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the 
maximum amplitude of reaction force along Y varies from 2169.5N at 270 Hz, 1.3883E+6 N 
at 1350 Hz and 1.3883E+6N at 2700 Hz a shown in Fig. 28.   

For a material of JIS-S45C steel. When 0.1 kg of unbalance is added to the disk with 
the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along Z varies from 3.212N at 270 Hz, 2278.7N at 1350 Hz and 2278.7E+6 at 
2700 Hz a shown in Fig. 29.   

For a material of 38CrMoAl steel. When 0.1 kg of unbalance is added to the disk with the 
increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude of 
reaction force along Z varies from 2.7424 N at 270 Hz, 3787.3 N at 1350 Hz and 1533.9 N at 2700 
Hz a shown in Fig. 29.   
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For a material of structural steel. When 0.1 kg of unbalance is added to the disk with the increase 
in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude of reaction force along 
Z varies from 2.9805N at 270 Hz, 4425.6N at 1350 Hz and 1776.3N at 2700 Hz a shown in Fig. 29.   

For material of titanium alloy (Ti-6AL-4V). When 0.1 kg of unbalance is added to the disk 
with the increase in frequencies from 270 to 2700 Hz with a step of 100 Hz, the maximum amplitude 
of reaction force along Z varies from 2.8215 N at 270 Hz, 9544.7 N at 1350 Hz and 1251.5 N at 
2700 Hz a shown in Fig. 29.   
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Fig. 29. Shows the force reaction for a Jeffcott rotor with 4 varieties of materials: 
(a) JIS-S45C; (b) 38CrMoAl; (c) structural steel; (d) Ti-6AL-4V 

 
Distribution of equivalent stress and total displacement in rotordynamic system. 

Figure 30 shows the equivalent stress distribution in Jeffcott's rotor-dynamic system (JIS S45C, 
38CrMoAl, structural steel, titanium alloy) for four different materials. When 0.1 kg of 
unbalance is added to the disc with the increase in frequencies from 270 to 2700 Hz with a step 
of 100 Hz, the amplitude of maximum equivalent stresses for 4 materials are equal to (18625, 
9435.2, 55134, 23624 MPa) (red outline at bearing level). 

On the other hand, when 0.1 kg of unbalance is added to the disk with the increase of 
frequencies from 270 to 2700 Hz with a step of 100 Hz, the normal plastic deformation 
amplitude for 4 materials (JIS S45C, 38CrMoAl, structural steel, titanium alloy) are equal to 
(0.1026, 0.0506, 0.2894, 0.2187 mm/mm).  

We note in Fig. 30, the single-disc root-dynamic system manufactured by the two 
materials (JIS S45C, 38CrMoAl) show a minimum total displacement which are equal to 
(11.984, 5.213 mm) by contribution of the two steels (structural steel, titanium alloy). 

Figure 30 shows the maximum shear stress distribution in Jeffcott's rotor-dynamic system 
made by four different materials (JIS S45C, 38CrMoAl, structural steel, titanium alloy). When 
0.1 kg of unbalance is added to the disc with increasing frequencies from 270 to 2700 Hz with 
a step of 100 Hz, the maximum shear stress amplitude for 4 materials are equal to (10036, 5288, 
29634, 12649 MPa) (outline in red at the bearings). 
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Fig. 30. Shows the von Mises stress, normal elastic strain, total displacement, maximum shear 

stress and life cycle number for a Jeffcott rotor with 4 varieties of materials. 

 

JIS-S45C steel 38CrMoAl 

 

Structural steel Titanium 
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On the other hand, when 0.1 kg of unbalance is added to the disc with the increase in 
frequencies from 270 Hz to 2700 Hz with a step of 100 Hz, the number of life cycles for the 4 
materials (JIS S45C, 38CrMoAl, Structural Steel, Titanium Alloy) are equal to (6.9099e6, 
1.2461e6, 370.37, 8.665e6). 

 
Conclusions 

The academic finite element method is a good tool to understand the dynamics of rotor system. 
It is observed that all the verification of analysis, that of numerical results for a single rotor 
system is very good agreement with ANSYS results. The Jeffcott rotor performed using the 
commercially available ANSYS Workbench software indicated that the critical velocities for 
four materials are 1784.2, 1784.9, 8147.7RPMs for JIS S45C steel material, 1858.7, 1859.4, 
8468.1 RPMs for 38CrMoAl steel material, 1813.9, 1814.6, 8275,9 RPMs for structural steel 
material and 1824.8, 1825.5, 8323.9 for titanium Alloy (Ti-6AL-4V) material. The natural 
frequencies of the Jeffcott rotor are also higher for 38CrMoAl steels and are equal for the two 
materials (titanium alloy (Ti-6Aal-4V) and JIS S45C) and minimum for steel structure steels.  

For JIS-S45C steel a stability of the Jeffcott rotor system found in the Campbell diagram 
between the two critical speeds (1784.2 rpm, 8147.7 RPM), that is to say the rotor system is 
turned well with a speed rotation superior to 1784.2 rpm and lower of 8147.7 rpm. On the other 
hand, if the rotation speed of the dynamic rotor superior the critical speed 8147.7 RPM, the 
rotor system is turned well (see Fig. 12).  

For 38CrMoAl steel a stability of the Jeffcott rotor system found in the Campbell diagram 
between the two critical speeds (1858.7 rpm, 8468.1 rpm), that is to say the rotor system is 
turned well with a speed rotation superior of 1858.7 rpm and lower of 8468.1 rpm. On the other 
hand, if the rotation speed of the dynamic rotor superior the critical speed 8468.1 rpm, the rotor 
system is turned well (see Fig. 12).  

For structural steel a stability of the Jeffcott rotor system found in the Campbell diagram between 
the two critical speeds (1813.9, 8275.9 rpm), that is to say the rotor system is turned well with a speed 
rotation superior of 1813,9rpm and lower of 8275.9 rpm. On the other hand, if the rotation speed of the 
dynamic rotor superior the critical speed 8275.9 rpm, the rotor system is turned well (see Fig. 12).  

For titanium alloy (Ti-6AL-4V) material a stability of the Jeffcott rotor system found in the 
Campbell diagram between the two critical speeds (1824.8, 8323.9 rpm), that is to say the rotor 
system is turned well with a speed rotation superior of 1824.8rpm and lower of 8323.9 rpm. On the 
other hand, if the rotation speed of the dynamic rotor superior the critical speed 8323.9 rpm, the 
rotor system is turned well (see Fig. 12). The rotary machines undergoing higher operating speeds 
like propeller shafts, turbine and compressor are recommended to use JIS S45C and Ti-6AL-4V. 

In the harmonic analysis, due to the unbalance force of 0.1 kg acting on the disc, the 
vibration severity is very high for the steel materials, and Equivalent stress is 18625 MPa for 
JIS S45C steel material, 9435.2 MPa for 38CrMoAl steels material, and 55134 MPa for 
Structural steels material, and 23624 MPa for titanium alloy (Ti-6AL-4V) material. 

Not only equivalent alternating stresses but also the other stresses in the X-axis, Y-axis, and  
Z-axis directions are less severity for 38CrMoAl steels materials compared to the JIS S45C steels, 
38CrMoAl steels and titanium alloy (Ti-6AL-4V) materials (refer Figs. 10–12). The rotary machines 
undergoing high stress severity and deformation severity are recommended to use 38CrMoAl steels. 

Rotor dynamic analysis of Jeffcott rotor with four materials, JIS S45C, 38CrMoAl, 
structural steel, titanium alloy materials are highly recommended with the less severity of 
vibration. Choose JIS S45C and Ti-6AL-4V materials for higher whirling speeds compared to 
structural steel, titanium alloy materials.  

The sweeping phase angle severity is found maximum on the Z-direction for all materials. 
Compared to the two steels (structural steels, titanium alloy), parameters such as natural 
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frequency, the harmonic response is far better for (JIS S45C, 38CrMoAl) and are recommended. 
A tabular representation is listed in Table 2 and 3. 

Authors thus presented a comparative picture about dynamic analysis of Jeffcott rotor 
with 0.1 kg of unbalance mass is added to the disc, as a case sample application. It is expected 
that a study capturing the comparative status of different engineering materials along with 
different analyses will be useful for both researchers and practitioners. Both communities will 
be motivated to explore and compare different materials for diverse and better applications. 
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Abstract. This research explores the utilization of acrylonitrile butadiene styrene (ABS) 
material for structural applications, addressing the growing demand for polymer composites. 
Employing fused filament fabrication (FFF) 3D printing with a 2 mm shell thickness, ABS 
samples were reinforced with basalt, hemp, and glass fibers using epoxy resin to enhance 
material strength. Mechanical behavior under axial, flexural, and impact loading conditions was 
investigated, revealing the basalt-reinforced ABS composite's superior performance with a 
maximum load of 9540 N - three times that of pure ABS (2975 N). The load-bearing capacity 
of basalt-epoxy reinforced ABS reached 880 N, surpassing glass-epoxy and hemp-epoxy 
variants. Impact energy was notably higher for reinforced composites (28.9-32.2 KJ/m2) 
compared to pure ABS (10.3 KJ/m2). The SEM analysis also carried out for better 
understanding of fracture surface of composites. This study recommends the application of 
these reinforced ABS composites in structural contexts. 
Keywords: 3D printing; fibre; epoxy; mechanical load 

 
Citation: Venkataramana P, Jani SP, Sudhakar U, Adam Khan M, Sravanthi K. Evaluation of 
mechanical properties of ABS-based fiber composite with infill using 3D printing technology. 
Materials Physics and Mechanics. 2023;51(7): 99–106. DOI: 10.18149/MPM.5172023_8. 
 

 

Introduction  

Fused deposition modelling (FDM) is a widely used 3D printing technology that has 
revolutionized the manufacturing industry. FDM printers use a thermoplastic filament that is 
melted and extruded layer by layer to create 3D objects [1]. The most commonly used material 
in FDM printing is acrylonitrile butadiene styrene (ABS). However, ABS has some limitations 
in terms of strength, stiffness, and thermal stability. To overcome these limitations, researchers 
have been investigating the use of fiber reinforcements in ABS for FDM printing. The addition 
of fibers can significantly improve the mechanical properties of the printed parts. In this 
literature review, we will explore the various types of fibers that can be used as reinforcement 
in ABS for FDM printing and the impact of fiber reinforcement on the mechanical and thermal 
properties of the printed parts [2,3].  

In recent years, there has been a growing interest in using fiber-reinforced materials for 
3D printing. The addition of fibers to a polymer matrix can enhance the mechanical properties 
of the printed parts, including tensile strength, flexural strength, and impact strength. There are 
several types of fibers that have been investigated as reinforcement in ABS for FDM printing, 
including carbon fibers, glass fibers, and natural fibers [4,5]. 

Carbon fibers are widely used as a reinforcement in composites due to their high strength, 
stiffness, and low weight. Several studies have investigated the use of carbon fibers as a 
reinforcement in ABS for FDM printing [6]. Carbon fiber-reinforced ABS (CFR-ABS) can 
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have a tensile strength up to 120 MPa and a modulus of elasticity up to 12 GPa, which is 
significantly higher than unreinforced ABS [7]. The addition of carbon fibers can also improve 
the thermal stability of ABS. However, the high cost of carbon fibers and the difficulty in 
achieving a homogeneous distribution of fibers in the polymer matrix are significant challenges 
in using CFR-ABS for 3D printing [8]. 

Glass fibers are another commonly used reinforcement in composites due to their high 
strength and stiffness. Several studies have investigated the use of glass fibers as a 
reinforcement in ABS for FDM printing [9]. Glass fiber-reinforced ABS (GFR-ABS) can have 
a tensile strength up to 80 MPa and a modulus of elasticity up to 7 GPa, which is significantly 
higher than unreinforced ABS. The addition of glass fibers can also improve the thermal 
stability of ABS. However, the main challenge in using GFR-ABS for 3D printing is the 
difficulty in achieving a homogeneous distribution of fibers in the polymer matrix [10]. 

Natural fibers, such as flax, hemp, and jute, have been investigated as a reinforcement in 
composites due to their low cost, low density, and biodegradability [11]. Several studies have 
investigated the use of natural fibers as a reinforcement in ABS for FDM printing [12]. Natural 
fiber-reinforced ABS (NFR-ABS) can have a tensile strength up to 40 MPa and a modulus of 
elasticity up to 4 GPa. The addition of natural fibers can also improve the thermal stability of 
ABS. However, the main challenge in using NFR-ABS for 3D printing is the difficulty in 
achieving a homogeneous distribution of fibers in the polymer matrix [13]. 

The novelty of this project lies in the investigation of the mechanical behavior of ABS 
composites reinforced with different types of fibers under different loading conditions. While 
ABS material is commonly used for soft and low-load applications, the addition of fiber 
reinforcement can enhance its strength and make it suitable for structural applications. The use 
of 3D printing technology for fabricating the composite samples provides an efficient and cost-
effective way to produce complex geometries. The use of basalt and hemp fibers as 
reinforcement materials is relatively new and has not been extensively studied in comparison 
to traditional reinforcement materials like glass fibers. Therefore, this project offers a unique 
opportunity to explore the mechanical properties of ABS composites reinforced with basalt and 
hemp fibers in comparison to glass fibers. The study results will contribute to the knowledge of 
the potential of reinforced ABS composites for structural applications, offering insights into the 
optimal fiber type and loading conditions for achieving the desired mechanical performance. 

 
Materials and Methods  

Sample development. Acrylonitrile butadiene styrene (ABS) is the common thermoplastic 
polymer material which is highly recommended and used for making the structural device. Most 
of the toys and play store devices are made using this polymeric material [14,15]. To increase the 
structural properties in terms of strength, the fiber reinforcement is made inside the 3D printed 
ABS material. In order to study the strength of 3D printed composite, a common ASTM standard 
test samples are used. In order to produce the test structure, the ABS wire is used to develop the 
test sample for tensile test, flexural test and impact test following ASTM standard. Figure 1 shows 
the photo image of 3D printing of ABS material (Table 1).  

The test samples developed through the additive manufacturing are further post processed 
to fill the structure with different fiber and Epoxy SYSBOND 757 with hardener 757 (10:1) [16]. 
The fibre and resin in the proportion of 60:40 wt. % is used to fill in the additive – built test 
coupons. Three different types of fibre namely basalt, glass and hemp fibre are used as a 
reinforcement material mixed with the epoxy resin; and the same are filled inside the ABS 
structure. Standard procedure is adopted for resin – catalyst curing with fibre reinforcement. The 
prepared mixture / blend of fibre and epoxy was refilled as given in the photo image (Fig. 2).  

After a proper curing time, the test samples are cleaned and verified to the standard 
dimensions. The extra projections or overflow in the ASTM standard dimensions are cleared 
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before the mechanical testing (tensile, flexural and impact) of samples. The samples are now 
designated as i. ABS + Basalt, ii. ABS + Glass and iii. ABS + Hemp combination. The final 
test samples are given in the following image (Fig. 3). Further, the standard procedure is used 
to evaluate the mechanical properties of the test samples.  
 

  
(a) (b) 

Fig. 1. 3D printing of hollow structure using ABS wire for mechanical test specimen 
following ASTM standard dimensions: (a) tensile test sample; (b) flexural test sample 

 
Table 1. Printing specification 

Initial layer height, mm 0.2 
Top/bottom thickness, mm 0.68 
Infill density, % 100 
Infill pattern Lines 
Infill line direction, ° 90 
Bed plate temp., °C 100 
Travel speed, mm/s 100  
Fan speed, % 100 
Adhesion Type Skirt 
Speed, mm/s 80  
Thickness, mm  0.16 
Temp., °C 270  

 

  
 

Fig. 2. The filling of fibre – epoxy mixture 
in the ABS structure 

 

Fig. 3. Test samples after curing of fibre – 
epoxy resin in the ABS structure 

 
Results and Discussion 

Tensile testing. The mechanical testing of the ABS build structure with fiber – epoxy filling is 
compared with pure ABS 3D printed sample. The test samples are investigated to report the 
material behaviour under axial loading condition. The tensile testing is followed with an ASTM 
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Standard number ASTM D638-14 for evaluation. The test samples are designated in three 
different groups of combination for better comparison and illustration; and the samples are as:  
1. ABS with basalt fibre and epoxy resin (ABS + basalt);  
2. ABS with glass fibre and epoxy resin (ABS + glass); 
3. ABS with hemp fibre and epoxy resin (ABS + hemp). 
 

  
(a) (b) 

Fig. 4. Universal testing machine (a) and stress-strain graphs (b) 
 
Figure 4 shows the mechanical testing facility for the test sample (UTM 2010 Model) and 

the result of test samples in the form of graph. The stress – strain curves recorded for the ABS 
with different fiber and epoxy resin indicate the appreciable result. The difference in yield point 
and fracture point are wide in range for the samples based on the reinforcement material. While 
comparing the individual results, the performance of the ABS material with basalt fiber 
maximum [17]. The maximum load for the ABS material with basalt fiber is, 9540 N as the 
basalt natural material has high strength compared to the other fiber material. It is three times 
stronger than the pure ABS 3D printed material (2975 N load) as indicated in the Fig. 5 as 
tensile load factor. The ABS with glass fiber (3360 N load) and hemp fiber (3240 N load) are 
less compared to basalt fiber material. The brittleness nature of glass fiber has induced the 
composite to fracture in the early stage rather than the basalt.  

 

 
 

Fig. 5. Tensile load recorded for the ABS with different fibre – epoxy resin 
 
Further, the material quality in terms of strength is evaluated for comparison. As recorded, 

the maximum yield load in the axial condition has increased tensile strength of different 
material combination. Figure 6 shows tensile strength recorded for different fiber material in 
the ABS material. As the load increase, the intensity of the subjected area will subsequently 
support to increase the strength. Therefore, the tensile strength of the material will be maximum 
[18,19]. On the other hand, the material behaviour in terms of young’s modulus is one of the 
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predominant factor. The result of stress and the strain induced in the material during the axial 
load is used to find the modulus of the material. Figure 7 is the calculated value of modulus 
based on stress and strain of the material behaviour. The difference in modulus is very less 
compared to each material combination. For example, the hemp and glass fiber (3.2 and 
3.1 KPa) is close to the basalt fiber (4.3 KPa), indicating the difference in deformation. As the 
elongation increases, the modulus of the material will be reduced. By the for pure ABS material 
the modulus recoded is 1.8 KPa where the elongation is maximum compared to the fiber 
reinforcement. Therefore, the load bearing capacity of the ABS material with basalt – epoxy 
resin reinforcement has developed a better result compared to other materials. 

 

  
Fig. 6. Tensile strength of ABS with 

different fibre – epoxy resin 
Fig. 7. Youngs modulus of ABS with 

different fibre – epoxy resin 
 

Flexural test. The flexural testing of the material is made through the three point bending 
method following the simply supported loaded structure. The ASTM standard was followed for 
the flexural loading (ASTMD790-30) with a defined set of geometrical dimensions and 
experimental procedure. Like the tensile testing, the samples are designated as:  
1. ABS with basalt fibre and epoxy resin (ABS + Basalt);  
2. ABS with glass fibre and epoxy resin (ABS + glass); 
3. ABS with hemp fibre and epoxy resin (ABS + hemp). 

 

  
Fig. 8. Flexural load recorded for the ABS 
material reinforced with different types of 

fibre – epoxy resin 

Fig. 9. Flexural strength recorded for the 
ABS material reinforced with different 

types of fibre – epoxy resin 
 
The samples are tested and evaluated to report the flexural strength and the bending load 

of the material. From the experimentation, the flexural load and the strength of the material. 
Figure 8 indicates the maximum load for ABS with different reinforcement material. The load 
bearing capacity of the basalt – epoxy reinforced ABS material recorded with a maximum load 
of 880 N. The basalt fiber possess high strength, and it has high flexural properties just like the 
carbon material. The nature made basalt material (derived from the rock) has high damping 
energy, and it can withstand maximum load. For the glass and hemp reinforced ABS material 
possess two times less load compared to the basalt material. When comparing the pure ABS 
with fiber reinforced material; the quality of pure ABS found discouraging to select in terms of 
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load. As the pure ABS material developed through the additive manufacturing does not have 
enough bonding to bear the load.  

In general, the additive build materials are anisotropic in nature, and they are in need of 
secondary process or support to bear the load. In this case, the ABS structure with different 
types of fiber – epoxy resin is filled and investigated. The reinforcement has a reasonable 
strength compared to the ABS built material structure. From the graph (Fig. 9) the flexural 
strength of the material is recorded. The basalt fiber – epoxy has a maximum flexural strength 
of 87.7 MPa indicating the strength as in the axial loading. For the glass fiber and hemp fiber – 
epoxy reinforced ABS structure has less strength in the two-fold of basalt material. When the 
load is applied on the hatch layers, the structure is subjected to sliding of the material and it 
fails. At the same, the hatch layers do not have good bonding with maximum loading and make 
the material fracture. To increase the strength, the reinforcement in the ABS structure has 
supported the layer to withstand the applied load.  

Impact strength. The impact strength of the above designed materials is studied to record 
the impact energy observed in the material. The ASTM standard was followed for the Impact 
(ASTM D256) with a defined set of geometrical dimensions and experimental procedure. The 
impact energy of the ABS structure reinforced with the basalt – epoxy resin has a maximum 
impact energy of 53.9 KJ/m2. As mentioned in the previous section, the data recorded for the 
ABS with basalt – epoxy resin has two time high strength compared to the other two fibers. The 
glass – epoxy and hemp – epoxy has an average of 28.9 and 32.2 KJ/m2 impact energy. At the 
same, the pure ABS structure has 10.3 KJ/m2 energy. The ABS is the pure soft material which 
is vulnerable towards the impact load and do not have strength to face the load. However, on 
reinforcement of hard fiber in the ABS structure have absorbed the impact energy. From the 
Fig. 10 analysis, the mechanical behaviour of the material with fiber – epoxy reinforced 
structure results indicate that the basalt fiber has high strength in terms of tensile loading, 
flexural load and impact load.  

 

 
 

Fig. 10. Impact strength recorded for the ABS material reinforced  
with different types of fibre – epoxy resin 

 
Scanning electron microscopy (SEM) analysis (Fig. 11) was conducted on fractured 

samples from the tensile and flexural testing of hemp-reinforced ABS composites. The 
examination aimed to elucidate the microstructural features and fracture surfaces, providing 
insights into the material's failure mechanisms. The SEM images revealed the dispersion and 
alignment of hemp fibers within the ABS matrix, contributing to the enhanced mechanical 
properties observed in the tensile and flexural tests. Fracture surfaces exhibited characteristic 
patterns indicative of fiber-matrix interactions, offering valuable information on the 
composite's structural integrity. This analysis further supports the comprehensive 
understanding of the mechanical behavior and performance of hemp-reinforced ABS 
composites in structural applications. 
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(a) (b) 

Fig. 11. Fracture image of hemp ABS fibre: (a) tensile tested sample; (b) flexural tested sample 
 

Conclusions 

The study utilized ABS material to construct a test structure, extending its application by 
developing three distinct fiber-epoxy reinforced ABS composites for comparative analysis. 
Findings indicate that fiber reinforcement significantly enhances axial load strength, with the 
basalt-epoxy composite demonstrating notable yielding strength. Deformation resistance, 
particularly towards elongation and strain rate, was improved through fiber-epoxy 
reinforcement, with the basalt fiber-epoxy composite displaying high resistance. In flexural 
strength, the basalt fiber-epoxy reinforced ABS material exhibited commendable bending 
strength and resistance against maximum bending load, making it suitable for structural 
applications. Contrarily, the soft ABS material demonstrated lower strength than its fiber-epoxy 
reinforced counterparts. Scanning electron microscopy (SEM) analysis confirmed the uniform 
distribution of fibers within the ABS matrix. The study recommends a shift in the application 
of soft ABS material towards mechanical loading and structural applications when reinforced 
with fibers and epoxy. For future work, optimizing fiber content, exploring additional 
composite materials, conducting durability studies, and assessing scalability for industrial 
applications are proposed avenues to refine and expand the application scope of fiber-reinforced 
ABS composites. 

 
Reference  

1. Jani SP, Kumar AS, Anushraj B, Mashinini PM, Uppalapati S. Development and Optimization 
Study of Poly-Lactic Acid Blended Carbon Particles by Fused Deposition Modelling Method. In: 
Innovations in Additive Manufacturing. Cham: Springer; 2022. p.121-138. 
2. Mazzanti V, Malagutti L, Mollica F. FDM 3D printing of polymers containing natural fillers: 
A review of their mechanical properties. Polymers. 2019;11(7): 1094. 
3. Morales MA, Atencio Martinez CL, Maranon A, Hernandez C, Michaud V, Porras A. 
Development and characterization of rice husk and recycled polypropylene composite filaments 
for 3D printing. Polymers. 2021;13(7): 1067. 
4. Sanei SHR, Popescu D. 3D-printed carbon fiber reinforced polymer composites: a systematic 
review. J Composites Sci. 2020;4(3): 98. 
5. Mazzanti V, Malagutti L, Mollica F. FDM 3D printing of polymers containing natural fillers: 
A review of their mechanical properties. Polymers. 2019;11(7): 1094. 
6. Billah KMM, Lorenzana FA, Martinez NL, Wicker RB, Espalin D. Thermomechanical 
characterization of short carbon fiber and short glass fiber-reinforced ABS used in large format 
additive manufacturing. Additive Manufacturing. 2020;35: 101299. 



106 P. Venkataramana, S.P. Jani, U. Sudhakar, M. Adam Khan, K. Sravanthi 

7. Ahmed SW, Hussain G, Altaf K, Ali S, Alkahtani M, Abidi MH, Alzabidi A. On the effects 
of process parameters and optimization of interlaminate bond strength in 3D printed ABS/CF-
PLA composite. Polymers. 2020;12(9): 2155. 
8. Adeniran O, Cong W, Oluwabunmi K. Thermoplastic matrix material influences on the 
mechanical performance of additively manufactured carbon-fiber-reinforced plastic 
composites. J Composite Materials. 2022;56(9): 1391-1405. 
9. Badogu K, Kumar R, Kumar R. 3D Printing of Glass Fiber-Reinforced Polymeric 
Composites: A Review. J Institution of Engineers (India): Series C. 2022;103(5):1285-1301. 
10. Chabaud G, Castro M, Denoual C, Le Duigou A. Hygromechanical properties of 3D printed 
continuous carbon and glass fibre reinforced polyamide composite for outdoor structural 
applications. Additive Manufacturing. 2019;26: 94-105. 
11. Mazzanti V, Malagutti L, Mollica F. FDM 3D printing of polymers containing natural 
fillers: A review of their mechanical properties. Polymers. 2019;11(7): 1094. 
12. Parpala RC, Popescu D, Pupaza C. Infill parameters influence over the natural frequencies of ABS 
specimens obtained by extrusion-based 3D printing. Rapid Prototyping J. 2021;27(6): 1273-1285. 
13. Ismail KI, Yap TC, Ahmed R. 3D-Printed Fiber-Reinforced Polymer Composites by Fused Deposition 
Modelling (FDM): Fiber Length and Fiber Implementation Techniques. Polymers. 2022;14(21): 4659. 
14. Le Duigou A, Correa D, Ueda M, Matsuzaki R, Castro M. A review of 3D and 4D printing 
of natural fibre biocomposites. Materials & Design. 2020;194: 108911. 
15. Antony S, Cherouat A, Montay G. Fabrication and characterization of hemp fibre based 3D 
printed honeycomb sandwich structure by FDM process. A. Composite Materials. 2020;27: 935-953. 
16. Asokan R, Rathanasamy R, Paramasivam P, Chinnasamy M, Pal SK, Palaniappan SK. 
Hemp composite. In: Green Sustainable Process for Chemical and Environmental Engineering 

and Science. Elsevier; 2023. p.89-112. 
17. Chinnasamy V, Subramani SP, Palaniappan SK, Mylsamy B, Aruchamy K. 
Characterization on thermal properties of glass fiber and kevlar fiber with modified epoxy 
hybrid composites. J Mater Res Technol. 2020;9(3): 3158-3167. 
18. Jayanth D, Kumar PS, Nayak GC, Kumar JS, Pal SK, Rajasekar R. A review on 
biodegradable polymeric materials striving towards the attainment of green environment. J 

Polymers Environ. 2018;26: 838-865. 
19. Kaliyannan GV, Rathanasamy R, Kumar HKM, Raj MKA, Chinnasamy M, Pal SK, 
Palaniappan SK. Natural fiber-based bio-degradable polymer composite. In: Green Sustainable 

Process for Chemical and Environmental Engineering and Science. Elsevier; 2023. p.145-165. 
20. ASTM D256. Standard Test Methods for Determining the Izod Pendulum Impact 

Resistance of Plastics. 
21. ASTM D790. Standard Test Methods for Flexural Properties of Unreinforced and 

Reinforced Plastics and Electrical Insulating Materials. 
22. ASTM D638. Standard Test Method for Tensile Properties of Plastics. 

 
 

THE AUTHORS 

 

Venkataramana P.      Jani S.P.  

e-mail: nagakiransai123@gmail.com   e-mail: spjani10@gmail.com 
 

Sudhakar U.       Adam Khan M.  

e-mail: sudhakar_uppalapati@yahoo.com   e-mail: adamkhanm@gmail.com 
 

Sravanthi K.  

e-mail: kundhurusravanthi@gmail.com 

https://orcid.org/0009-0003-6127-6596
https://orcid.org/0000-0002-8491-6117
https://orcid.org/0000-0002-5522-6205
https://orcid.org/0000-0003-4014-9611
https://orcid.org/0000-0002-6394-9681


Materials Physics and Mechanics. 2023;51(7): 107-116   Submitted: April 12, 2023 

Research article   Approved: July 12, 2023 

http://dx.doi.org/10.18149/MPM.5172023_9   Accepted: October 31, 2023 

© Y. Munde, A.S. Shinde, I. Siva, P. Anearo, 2023. 
Publisher: Peter the Great St. Petersburg Polytechnic University  

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

 

 

Assessment of physical and vibration damping characteristics of sisal/PLA 

biodegradable composite  

Y. Munde  1, A.S. Shinde  1 ✉, I. Siva  2, P. Anearo  3 

1 MKSSS's Cummins College of Engineering for Women, Maharashtra, India  
2 Rajas Institute of Technology, Tamilnadu, India 

3 Vishwakarma Institute of Information Technology, Maharashtra, India 

 avinash.shinde@cumminscollege.in 

 

 

Abstract. Natural fiber composites have industrially attractive because of their low density, 

low cost, and comparable specific mechanical properties with synthetic fiber. The extrusion and 

injection molding method is used to fabricate the  sisal fiber-reinforced PLA biodegradable 

composites with random fiber orientations. The fiber weight fraction varied from 0 to 30 wt. % 

(in the step of 10 %), and the influence of the fiber weight fraction of biocomposite on different 

properties was studied. The composites are tested for evaluating the physical properties, viz. 

density, hardness, and water absorption and vibration characteristics, viz. natural frequency and 

damping ratio. The density of Sisal/PLA biocomposites was seen from 1.18 to 1.23 gm/cm3 and 

hardness from 93.84 to 97.28. In water absorption, as the weight percentage of sisal increases, 

the diffusion and permeability coefficient increase and reach 2.83E-05 and 8.11E-06, 

respectively, for 30 % sisal loading. The fundamental natural frequencies and damping ratio of 

30 wt. % sisal fiber biocomposite are 24.41 Hz and 0.1450, respectively, higher than the pure 

PLA. This is observed for all vibration modes, and the reason behind this is the high stiffness 

of fibers. These developed biodegradable composites help lower the cost of purePLA-based 

composites and have wise applications in packaging and allied industries. 

Keywords: natural frequency; damping ratio; sisal fiber; PLA; water absorption 
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Introduction 

A highly demanded and exponentially raised use of synthetic fiber reinforced composites in 

industries posed environmental concerns because of their non-degradable and non-renewable 

properties. Industries are looking to develop green materials independent of polymers derived 

from petroleum resources (1). Among the different biopolymers available today, i.e. 

polyhydroxy butyrate (PHB), poly(hy- droxyalkanoate) (PHA), polybutylene succinate (PBS), 

poly(lactic acid), starch, polycaprolactone (PCL), the PLA is promising to replace petroleum-

based polymer in engineering applications which are renewable and biologically degradable 

because made from the fermentation of starch-based biomass. Initially, the high cost of PLA ed 

its use, but recently the cost has recentlys use, but recently the cost has fallen. The reinforcement 

of natural fibers in PLA producess composites with enhanced properties and also minimizes the 

amount of PLA required, which saves cost (2). 
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Several studies were carried out on the static mechanical behavior of PLA composites with a 

different types of natural fiber such as sisal [1,3,4], jute [5–8], Banana [4,9–13], pulp fibers (14), 

Pineapple Leaf (15), Ramie fabric [16,17], oil palm (18), corn (19), sugarcane bagasse (20), Grewia 

optiva (21), flax [22,23], kenaf (24), bamboo (25), Waste Leather Buff (26), olive pit powder (27). 

In comparison, many of these researchers have studied the effect of fiber loading, treatment of fiber, 

and fiber length on mechanical behavior in terms of tensile, flexural, and impact properties. They 

show that natural fibers reinforcement in PLA composites has good potential.  

The literature reveals that a large quantum of research was carried out on sisal/PLA 

composite, but minimal work is reported on the vibration-damping behavior of biodegradable 

composites. The present work attempts to fabricate sisal/PLA composites using an extrusion-

injection molding process with different weight fractions of sisal fiber. Experimental modal 

analysis will characterize the fabricated composite for physical and vibration properties. 

 

Materials and Methods 

PLA matrix and sisal fiber property details. The matrix used in this study is Ingeo 

biopolymer polylactic acid (PLA) of grade 3052D, supplied by Nature Works LLC, USA. This 

is designed for injection molding applications with a density of 1.24 g/cc, MFI 14 g/10 min (at 

210 °C/2.16 Kg). Sisal fibers are obtained from the sisal plant leaves Agave sisalana. Fiber is 

extracted by a process known as decortication. The sisal fibers were obtained from Tokyo 

Engineering Corporation, Coimbatore, India. The chemical composition of sisal fiber includes 

66-72 % cellulose, 12 % hemicellulose, 10-14 % lignin, and 11 % moisture content. The 

physical and mechanical properties of sisal fiber and PLA matrix are listed in Table 1.  

 

Table 1. Properties of sisal fiber and PLA matrix 

Property Sisal fiber PLA matrix 

Density, g/cc 1.45 1.24 

Elongation, % 2-2.5 3.5 

Tensile strength, MPa 511-635 62 

Young’s modulus, GPa 9.4-22 - 

Heat distortion temperature, °C - 55 

 

Manufacturing of specimens. Overnight dried sisal fibers of 3 to 5 mm, and PLA was 

compounded using a twin screw extruder (Make M/s Specific Engineering, Model –ZV 20) with 

Screw diameter 21 mm, L/D ratio 40:1, zonal temperature 165-210 °C and speed 40 rpm. Pallets 
were produced for 0, 10, 20, and 30 wt. % of fiber to the polymer weight. Table 2 shows the 

specimen coding followed in the production. Extruded pallets were dried at 90 °C for 12 hr. in a hot 

air-oven and then injection molded by injection molding machine (Make Ferromatik Milacron, 

model-OMEGA 80W) with a screw diameter of 36 mm and screw speed of 298 rpm. The molding 

temperature ranged from 175 to 200 °C, and a pressure of 50 bar was maintained. 

 

Table 2. Composites formulation for specimen preparation 

Composite designation Weight fraction of sisal fiber, % Weight fraction of PLA matrix, % 

PLA 0 100 

S10 10 90 

S20 20 80 

S30 30 70 
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Experimental studies 

Measurement of density and void content. The density measurement of sisal/PLA composites 

as found out using Archimedes' principle. Theoretical density (t) of was calculated using Eq. (1):

   𝜌𝐶 =  1(𝑊𝑓𝜌𝑓 + 𝑊𝑚𝜌𝑚 ),                              (1) 

where c, f, and m are the densities of composites, fiber and matrix, respectively. The weight 

fraction of fiber and matrix denoted are by Wf  and Wm.  

The volume of void fraction (Vv) of the sisal/PLA composites was calculated from values 

of experimental and theoretical densities by Eq. (2):    𝑉𝑣 =  𝜌𝑡− 𝜌𝑒𝜌𝑡 .                            (2) 

Measurement of shore D hardness. The Shore D hardness of PLA and sisal/PLA 

composites was measured using a digital Durometer HT-6510D. The hardness is measured as 

per ASTM D2240 at three different points, and the average value is reported. 

Water absorption test. The specimens of sisal/PLA composites of dimensions 

20 × 20 mm were used to measure water absorption as per ASTM D570. The specimens of all 

compositions were dried in a hot air oven at 80 °C for 12 hr. to remove moisture content. The 

completely dried specimen was immersed in distilled water for 7 days with an interval of 24 hr. 

Every 24 hr. of time, specimens were taken out from the water, wipedd out to remove excess 

water and immediately measured weight with an analytical weighing balance. Eq. (3) is used 

to calculate % of water absorption:    𝑊𝐴(%) =  
𝑊𝑡− 𝑊1𝑊1 ,                                  (3) 

where Wt  and W1 are the weight of the specimen for a different time and the sample's initial dry 

weight, respectively. 

The kinematics of water can be understood by calculating parameters such as the 

Diffusion coefficient (D) and Sorption coefficient (S) using Eqs. (4) and (5), respectively: 𝐷 =  
𝑡2𝑚216𝑊∞2,                               (4) 𝑆 =  

𝑊∞𝑊𝑡 ,                               (5) 

where t is the initial sample thickness, m is the slope of the linear portion of the absorption 

curve, and W water absorption at saturation time. 

The net effect can be calculated in terms of Permeability Coefficient (P) by using Eq. (6):  𝑃 = 𝐷 × 𝑆.                            (6) 

Experimental modal analysis. Experimental modal analysis has been carried out to 

study the effect of sisal fiber addition in PLA matrix composites on its natural frequency and 

damping ratio. In these experiments, a specimen is fixed in rigid support for 20 mm length,  

a miniature accelerometer is attached to the specimen's free end, and impulse forces are applied 

using an impact hammer. As a specimen triggered by hammer, the miniature accelerometer 

measures the displacement signal in the time domain. This time domain signal converts into the 

frequency domain using Fast Fourier Transform (FFT) algorithm in Bruel & Kjaer DAQ. The 

direct measurement of FRF was from Photon + software for various weight fraction percentages 

of fiber-reinforced PP composites. The coherence value was observed to be close to one, 

confirming the signal's data quality. 

As per ASTME 756 [28], the produced composite has undergone impulse excitation 

analysis. Specimen of 200 × 20 × 3 mm are analysed as cast and shown in Fig. 1(a). The 

experimental modal analysis determines the natural frequency and associated modal damping 

as key parameters allied with the dynamic behaviour of the composite structure. The effects of 

fiber loading on the free vibrational characteristics of composite beams are also investigated.  
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Figure 1(b) shows a free vibration test setup schematic. The specimen was held with 

fixed-free boundary conditions, and the excitation was carried out by an impact hammer (PCB 

Piezoelectric model 086C03) with a hard tip. The lightweight miniature accelerometer (Bruel 

& Kjaer model 352B10) is used to avoid the effect of the weight of the accelerometer on free 

vibrational behaviour, and it is placed with wax at the free end of the cantilever beam to acquire 

displacement signals. The data acquisition system (Bruel & Kjaer with Photon+ software) 

comprises of fast Fourier transform (FFT) algorithm to get frequency response and time domain 

signal. The first peaks in Frequency Response Function (FRF) curve show the natural frequency 

of the studied composite beam. The method employed to find the damping values of sisal fiber-

reinforced PLA composites is half-power bandwidth using the FRF curves. Equation (7) was 

used to calculate a damping ratio.                                                 𝜁 = Δ𝜔2𝜔𝑛,                                           (7) 

where 𝜁– damping coefficient, Δ𝜔 – bandwidth and 𝜔𝑛– natural frequency. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. (a) Test specimen (b) and test setup for experimental modal analysis 

 

 

Results and Discussion 

Density and void fraction. The theoretical and experimental density of the Sisal/PLA 

composite were obtained and shown in Table 3. For all the compositions, the experimental 

density was lower than that of theoretical density, and with an increase in fiber content from 10 

to 30 %, the density of composites increased. This is because of the higher density of sisal fiber, 

which is 1.45 g/cm3, compared to pure PLA, which has 1.24 g/cm3.  

The volume fractions of void content are shown in Table 2. This value indicates the 

difference in density of composites obtained by the experimental and theoretical methods.  

The presence of voids in specimens is mainly because of air trapped during compounding, 

hollow spaces and incompatibility of fiber with matrix surface. 

The value of void content is a maximum of 6.18 %, which clearly shows the fabrication 

of specimens was fairly good. 

 

Table 3. Density and void content of Sisal/PLA composites 

Composition designation 
Theoretical 

Density, g/cc 

Experimental 

Density, g/cc 

Volume fraction 

of voids, % 

S10 1.26 1.18 6.18 

S20 1.28 1.21 5.04 

S30 1.30 1.23 5.23 

 

 

(a) (b) 
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Shore D hardness. The hardness of composite material is the resistance to indentation. 

Shore D hardness is the method that relatively measures hardness, a higher number indicates 

harder material. The value of the hardness of composite material depends on fiber dispersal into 

the matrix. The hardness of Sisal/PLA is shown in Table 4. Pure PLA exhibited a hardness 

value of 92.58 lowest, showing it is flexible material phase. Increasing fiber content increases 

the hardness throughout, and a maximum of was observed for S30 composites 97.28. This 

shows that the fiber incorporation has reduced the polymer chain's movement of PLA and -

increased rigidity.  

 

Table 4. Shore D hardness of PP and sisal/PP composites 

Composition designation Shore D hardness 

PLA 92.58 

S10 93.84 

S20 96.44 

S30 97.28 

 

Water absorption. The percentage weight gain versus the square root of time of sisal/PLA 

composites is shown in Fig. 2. The maximum WA of 4.67 % was seen for S30, and a minimum of 

1.30 % for pure PLA. Water absorption (%) increased with an increase in fiber loading. The 

hydroxyl groups of sisal fiber highly contribute to gaining water. With increased fiber content, the 

quantity of hydroxyl groups counted to more, promoting an increase in WA. [2,23]. 

 
Fig. 2. Water absorption versus time  

 

Table 5. Diffusion and permeability coefficient of the sisal/PLA composites 

Composition designation W∞ Wt 
Diffusion 

coefficient (D) 

Sorption 

coefficient (S) 

Permeability 

coefficient (P) 

PLA 1.302 0.748576 0.28E-05 0.575 1.59E-06 

PLAS10 2.159 0.825318 1.62E-05 0.382 6.21E-06 

PLAS20 3.753 0.921575 1.78E-05 0.246 4.38E-06 

PLAS30 4.678 1.340074 2.83E-05 0.286 8.11E-06 

0

0,5

1

1,5

2

2,5

3

3,5

4

4,5

5

0 2,5 5 7,5 10 12,5 15 17,5

W
e

ig
h

t 
(%

)

Time^0.5 (hr.)

PLA

S10

S20

S30



112   Y. Munde, A.S. Shinde, I. Siva, P. Anearo 

The diffusion, sorption and permeability coefficient of pure PLA and sisal/PLA 

composites are depicted in Table 5. The findings discovered that the diffusion coefficient rises 

with increased fiber content, with the highest for S30 of 2.83E-05 mm2/s. The permeability 

coefficient has shown similar behavior as that observed for diffusion. 

Natural frequency of Sisal/PLA composites. A typical decay curve in the time domain 

and FRF curve, i.e. FFT of signals respectively for pure PLA shown in Figs. 3 and 4, 

respectively. FRF curve clearly shows the three peaks, the three modes' natural frequency. The 

beam deformation pattern at each peak is the mode shape which appears to be bending, second 

bending, and twisting. Similar signal data is obtained by triggering all specimens three times 

and then average natural frequency values at each mode reported. 

 

 
Fig. 3. A time domain signal for pure PLA (a), S10 (b), S20 (c), and S30 (d) composites 
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Fig. 4. FRF curve for Pure PLA composites 

 

Figure 5 shows the influence of sisal fiber wt. % on mode one natural frequency of 

sisal/PLA composites. The mode 1 natural frequency of pure PLA, S10, S20, and S30 are 18.91, 

20.75, 23.80, and 24.41 Hz, respectively. The mode 1 natural frequency raised by 9.7, 14.7, and 

2.6 % for the subsequent addition of 10 wt. % of sisal over pure PLA.  

 

 
Fig. 5 Influence of fiber wt. % on the natural frequency of composites (Mode1) 

 

Table 6. Influence of wt. % on natural frequency of composites 

Composition 
Natural frequency, Hz 

Mode 1 Mode 2 Mode 3 

PLA 18.91 148.32 234.38 

S10 20.75 168.46 288.70 

S20 23.80 180.05 280.15 

S30 24.41 172.12 253.90 

 

Table 6 shows that natural frequencies for mode 2 and mode 3 increase with the increase 

in weight fraction up to 20 wt. % and then slightly decreases but is always higher than the pure 

PLA composites. This is because of the improved bending stiffness of Sisal/PLA with an increase 

in fiber content over pure PLA. Also, fiber reinforcement with an increase in fiber loading and 

the surface-to-surface contact area along the fiber/matrix interface that improves-surfae contact 

area along the fiber/matrix interface improves stiffness. The decrease in natural frequency of S30 

compared to S20 indicated the lowering of stiffness at high fiber content because of the 
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agglomeration and weakfiber–matrix interface. Similar results for nano clay-filled glass vinyl 

ester composites were observed by Chandradass et al. (28). 

The natural frequency of S10 composites for mode 1, mode 2, and mode 3 is 20.75, 

168.46, and 288.70 Hz, respectively. It indicated that the composites exhibited higher natural 

frequencies when it has higher modes of vibration. A similar trend was observed for pure PLA, 

S20, and S30 composites. 

Damping ratio of sisal/PLA composites. Figure 6 shows the influence of wt. % of fiber 

on mode 1 damping of PLA composites. The increase in wt. % from 0 to 30 % increases the 

damping ratio. As fiber content increases, the composite behavior shifts from viscoelastic to 

elastic and causes a reduction in the damping ratio, but the improvement was observed here. The 

marginal improvement in damping ratio was observed for S10 and S20 over pure PLA because 

of higher stiffness. The maximum damping ratio of 0.1450 is obtained at S20, indicating low 

stiffness, and weakens fibre-matrix interface, making itlose maximum energy. Also, at higher 

fiber content, there is an increase in the friction at the fibre-matrix interface and interlock of fiber 

resulting in an increase in damping. 

 

 
Fig. 6. Influence of wt. % on damping ratio of composites (Mode 1) 

 

Table 7 shows the mode 2 and mode 3 damping ratio of Sisal/PLA composites. It can be 

seen that a trend of damping for mode 2 and mode 3 is similar to that of mode 1. For pure PLA 

composites, the damping ratio declined at higher modes of vibration. It is consistent with 

increased natural frequency at higher mode reducing the damping ratio. A similar trend was 

observed for S10, S20, and S30 sisal/PLA composites. A similar observation was reported for 

Banana polyester and sisal polyester composites (29), A Etaati et al. for hemp polypropylene 

composites (30). 

 

Table 7. Influence of wt. % on damping ratio of composites (Mode 1, 2, 3) 

Composition 
Damping ratio 

Mode 1 Mode 2 Mode 3 

PLA 0.0746 0.0094 0.0060 

S10 0.0764 0.0094 0.0055 

S20 0.0896 0.0118 0.0076 

S30 0.1450 0.0205 0.0140 
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Conclusions 

In the present research work, Sisal/PLA composite specimens were successfully fabricated by 

twin screw extrusion and injection molding methods at a different fibre weight fraction. The 

influence of the weight fraction of sisal fiber in PLA composites on physical and vibration-

damping properties was examined. The density and Shore D hardness of PLA composites rise 

on fiber reinforcement, but at the same time, water absorption also rises to 4.5 % for a 30 % 

weight fraction of fiber. Fundamental natural frequencies and damping ratio of PLA composites 

were improved on fiber incorporation. The S30 composition showed the highest natural 

frequency and damping ratio of 24.41 Hz and 0.1450, respectively. These developed 

biodegradable composites help lower the cost of purePLA-based composites. The Sisal/PLA 

composites could be a better alternative for packaging and allied industrial applications. 
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Abstract. Ensuring the safety of structures from corrosion damage is an important task. One 

of the promising directions for increasing corrosion resistance is modifying the surface layer 

of a structural element using the ion implantation method. The standard approach of uniaxial 

tension for assessing the mechanical properties of thin-walled elements with corrosion defects 

is also ineffective, and the gravimetric method does not take into account changes in the 

structure of the material and physical and mechanical characteristics caused by loosening the 

material to a certain depth. In this work, on the basis of the experimental-theoretical method, 

the integral mechanical characteristics of the samples after exposure to corrosion were 

determined. The effectiveness of protecting steel samples from corrosion by pre-treatment of 

the surface layer with ion implantation has been demonstrated. The results of an experimental 

study of corrosive wear of a thin-walled sheet steel plate, on the surface layer of which carbon 

ions were implanted, are presented. 

Keywords: ion implantation; surface layer; experimental-theoretical method; corrosion wear; 

reduced modulus of elasticity; tensile rigidity 
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Introduction 

The structure of the material of structural elements largely determines their properties. In this 

case, the structure and properties of the surface layer are of particular importance. In metal 

elements, the morphology, phase composition and dislocation structure of the surface layers 

determine wear resistance, endurance limit, heat resistance and other characteristics. Of great 

interest is the method of ion implantation, which makes it possible to introduce a dosed amount 

of ions of almost any element into a metal without changing the boundaries of its grains. 

In the 70s - 80s of the twentieth century, along with traditional methods of volumetric 

impact on metal materials, such as thermomechanical processing, hardening, shock wave 

loading and other methods, it became possible to carry out surface treatment with 

concentrated energy flows (from 10 3 to 10 8 W/cm2) [1–4], using electron and ion beams, 

laser radiation and plasma flows. 

When processing with concentrated energy flows, radiation, thermal and shock-

mechanical effects are simultaneously carried out. The processes of structural restructuring 

that develop during this process make it possible to obtain surface layers with a unique set of 

physical and mechanical properties. 

https://orcid.org/0000-0003-2176-6913
https://orcid.org/0000-0002-7939-9610
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The use of laser radiation to improve the performance properties of materials is well 
reflected in monographs and reference books, in particular in works [1,5]. The work [6] 
presents the structures of various types of steel subjected to laser heating. 

Compared with laser radiation, processing with electron and ion beams has a number of 
advantages: higher efficiency, lower cost per unit of energy, the ability to process large areas, 
as well as a high degree of absorption of the supplied energy by all materials. When 
processing solids with electron and ion beams for the purpose of their modification, low-
energy, high-energy and powerful ion beams are used. 

Speaking about the advantages of the ion implantation method, we can note the 
possibility of controlling the number of introduced impurity atoms by simple integration of 
the ion current, the purity of the technology, and others. 

Unfortunately, the ion implantation method also has disadvantages - bombardment with 
heavy particles leads to the formation of defects on the surface, and the method is also 
relatively expensive. 

Intensive research into ion implantation in metals may have begun with the work of 
Trillat and Heimann [7] and the experiments of Crowder and Ta in [8]. A natural method of 
increasing the corrosion resistance of a metal surface is the implantation of ions, which, as 
alloying additives, can prevent or reduce the development of metal corrosion, for example, 
nickel or chromium ions in steel. 

Many works are devoted to the study of changes in the mechanical properties of metal 
surfaces. An increase in the microhardness of steel was observed after implantation of 
nitrogen, argon, boron and carbon ions [9]. When implanting nitrogen ions, the microhardness 
of steel increases according to Vickers from 300 to 400 kg [10]. 

The effect of the introduction of titanium-nickel and chromium-nickel ions into the 
surface layer of structural steel VSt3sp is shown in [11]. After implantation of chromium-
nickel atoms, an increase in the wear resistance of steel up to 2.5 times was observed. 

Microhardness and corrosion resistance studies have been conducted on the effect of 
nitrogen ion implantation on 7075 aluminum alloy [12]. Potentiodynamic corrosion tests were 
carried out in NaCl solution. The results showed that the microhardness increased by 90.81% 
after implantation. Corrosion testing showed an improvement in corrosion resistance by 
reducing the corrosion rate by a factor of 3. 

A decrease in the corrosion rate by 1.78 times was recorded with two-stage implantation 
of oxygen ions, as well as combined aluminum and boron ions [13]. Increased corrosion 
resistance is confirmed by long-term acid corrosion tests at pH 3.5 and accelerated 
electrochemical testing using a potentiostat . 

To increase the corrosion resistance of ferritic-martensitic steel SIMP, the authors of 
article [14] studied the effect of implantation of silicon ions and preliminary oxidation of the 
surface. It was found that increasing the Si content on the surface did not improve the 
corrosion resistance performance. In contrast, the pre-oxidized sample demonstrated high 
corrosion resistance due to the presence of a thin oxide layer enriched in Cr. 

The effect of implantation of calcium ions on the corrosion resistance of titanium is 
presented in [15]. The results of electrochemical studies show that calcium-ion implantation 
increases corrosion resistance, but only under stationary conditions; During anodic 
polarization, samples implanted with calcium ions undergo corrosion. 

The authors of the article [16] achieved suppression of local corrosion by using 
immersion ion implantation of nitrogen plasma on the surface of austenitic, duplex, 
martensitic and ferritic stainless steels. Nitrided stainless steel has shown high hardness and 
high corrosion resistance. 
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The use of the method of surface treatment with cathode spots of a vacuum-arc 

discharge led to both an increase in resistance to thermal fatigue and an increase in corrosion 

resistance [17,18]. 

The purpose of this work is to evaluate, on the basis of the experimental-theoretical 

method [19,20], the effectiveness of protecting steel samples from corrosion by pre-treating 

the surface layer with ion implantation. 

 

Methods 

Specimens subject to corrosive wear are thin-walled elements with a complex structure. To 

study the mechanical characteristics, an experimental-theoretical method was used [19]. The 

method allows, in contrast to the standard uniaxial test and the indenter method, to more 

accurately determine the integral mechanical properties of thin-walled elements. 

In the experimental-theoretical method, at the first stage, round-shaped samples are cut 

out from the thin-walled element under study. Then, the samples are fixed along the contour 

on a special installation and loaded with uniform pressure P. In the process of increasing 

pressure P, the shape of the dome being formed is monitored. In particular, for the top of the 

dome, data is taken for the graph pressure P - deflection N. At the theoretical stage, 

experimental data is processed using relationships obtained from the nonlinear theory of 

shells. In this case, the reduced (integral) characteristics of the samples are determined, for 

example, the reduced modulus of elasticity. The method captures the influence of surface 

defects on the integral properties of samples. 

For an elastic membrane in the case of average bending, the elastic modulus E and the 

tensile-compression stiffness B are calculated using the formulas: 𝐸 = 𝑁𝑃𝑎(1−𝜈2)
ℎ

(𝑎𝐻)3,               (1) 𝐵 = 𝑁𝑃𝑎 (𝑎𝐻)3, 𝐷 = 𝐵 ℎ212,                        (2) 

where the values of the coefficients N are shown in Table 1; P is the uniformly distributed 

pressure;  is the Poisson’s ratio of the material; h is the current membrane thickness; a is the 

radius of the membrane; H is the current dome lift height (maximum deflection). 

 

Table 1. Values of coefficients N 
 0.25 0.3 0.4 0.5 

N 0.311481993 0.303670085 0.290157232 0.279052533 

 

Results and Discussion 

Corrosive wear tests were carried out on three pairs of metal samples made of sheet steel 

grade Steel 3 with a thickness of t = 0.5 mm. The surfaces of the samples were subjected to 

pulsed ion implantation with carbon C atoms. For implantation, a TEMP pulsed ion 

accelerator was used, with an atomic voltage of 280 keV (the number of pulses was 8). The 

samples were kept in an aggressive environment (10% hydrochloric acid - HCl): group No. 1 

- two days, group No. 2 - three days, group No. 3 - four days. In each group of samples, a 

control “clean” sample that was not subjected to ion treatment was located next to its pair. 
Figures 1-3 show images of the surfaces of samples of groups No. 1-3 after keeping them 

in an aggressive environment. The images are enlarged 400х, with samples without 

implantation on the left and samples with implantation on the right. The results of measuring 

the thickness of samples after exposure to an aggressive environment are presented in Table 2. 

From Fig. 1-3 it is clear that the surfaces of non-implanted samples have deeper corrosion 

cavities with larger dimensions in plan. This is obviously due to the fact that when carbon 

atoms are implanted into the surface layer of steel, the surface layer becomes compacted, the 
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bonds of the crystal lattice are strengthened, and its chemical composition also changes. All 

this helps to increase chemical resistance when exposed to aggressive environments. 

 

  
(a) (b) 

Fig. 1. Samples of the 1st group: (a) not implanted, (b) implanted 

 

  
(a) (b) 

Fig. 2. Samples of the 2nd group: (a) not implanted, (b) implanted 

 

  
(a) (b) 

Fig. 3. Samples of the 3rd group: (a) not implanted, (b) implanted 

 

 



Stiffness characteristics of implanted steel plates after exposure to corrosion 121 

Table 2. Experimental data 

Group samples Group No. 1 Group No. 2 Group No. 3 

Wear time, days 2 3 4 

Implantation Yes No Yes No Yes No 

Thickness after wear, mm 0.481 0.469 0.478 0.464 0.468 0.452 

  

Table 2 also shows that the thicknesses of samples subjected to ion implantation for all 

groups are slightly greater than for non-implanted samples. All this indicates that the 

implanted samples are more corrosion resistant.  

Dependencies pressure P - bending rigidity D for the studied samples are presented in 

Tables 3 - 5. In the tables, samples previously subjected to ion implantation are designated as 

D+ , and those not treated with ion implantation are designated as D -. Stress curves "bending 

rigidity D - pressure P" are presented in Figs. 4-6. The graphs show two curves: for a sample 

subject to and not subject to ion implantation. As can be seen from Fig. 4-6, the bending 

rigidity of the implanted samples are more than those of the samples not subject to ion 

implantation. This means that the implanted samples are more corrosion-resistant, that is, the 

effect of implantation is obvious. 

 

Table 3. Dependence "pressure P - bending rigidity D" for sample of group No. 1 

P, MPa 0.06 0.08 0.10 0.12 0.16 0.20 

D + , kg/cm3 36.15 31.45 29.37 27.02 24.06 21.07 

D - , kg/cm3 18.76 17.57 17.17 17.15 16.34 15.10 

 

Table 4. Dependence "pressure P - bending rigidity D" for sample group No. 2 

R, MPa 0.06 0.08 0.10 0.12 0.16 0.20 

D + , kg/cm3 23.0 21.1 19.8 18.7 16.6 14.5 

D - , kg/cm3 17.4 16.7 15.6 14.9 13.8 12.4 

 

Table 5. Dependence "pressure P - bending rigidity D" for sample group No. 3 

P, MPa 0.06 0.08 0.10 0.12 0.16 0.20 

D + , kg/cm3 21.3 18.2 15.9 14.7 12.8 11.2 

D - , kg/cm3 13.6 12.5 11.5 10.7 9.4 8.2 

 

 

  
Fig. 4. Dependence "bending rigidity D – 

pressure P" for group of samples No. 1: curve 

1 – implanted samples; curve 2 – non-

implanted samples 

Fig. 5. Dependence "bending rigidity D – 

pressure P" for group of samples No. 2: curve 

1 – implanted samples; curve 2 – non-

implanted samples 

1 

2 

1 

2 
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Fig. 6. Dependence "bending rigidity D – 

pressure P" for group of samples No. 3: curve 

1 – implanted samples; curve 2 – non-

implanted samples 

Fig. 7. Dependence "bending rigidity D – 

pressure P" for implanted samples: curve 1 - 

2 days; curve 2 - 3 days; curve 3 - 4 days 

 

Figure 7 shows the "bending rigidity D - pressure P" curves for implanted samples 

depending on the duration of exposure in an aggressive environment. As can be seen from 

Fig. 7, with increasing exposure time in an aggressive environment, the degree of corrosive 

wear increases. 

 

Conclusion 

Surface treatment of samples by ion implantation allows maintaining a passivating protective 

layer and, thereby, helps reduce corrosive wear. Despite the effectiveness of ion implantation 

treatment, with increasing exposure time in an aggressive environment, the effect of surface 

protection by ion implantation decreases. This in turn leads to corrosive wear and 

deterioration of mechanical characteristics. This was investigated using the experimental-

theoretical method. Ion implantation is one of the effective ways to protect against corrosive 

wear. 
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Abstract. When solving the problems of improving the metal-surface treatment and giving 

special and anticorrosive properties to such surfaces, electrochemical composite coatings 

(ECCs) are essential. It is the dispersed phase that, being included in the metal matrix, gives the 

composite coatings a complex of new properties. This paper discusses how the 

aluminum/chromium oxide nanoparticles and high-dispersity graphite affect the physical and 

mechanical properties of coatings with a chrome matrix, i.e., corrosion resistance in 5 % NaCl, 

hardness, and wear resistance. Using the X-ray diffraction analysis, we have assessed how the 

particles under study affect the distribution of chromium over the surface of a steel sample. This 

paper also presents the microhardness test results for the heat treatment modes (temperature 

and time) of modified chrome coatings. 

Keywords: electrochemical composite coatings; chrome matrix; the aluminum/chromium 
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Introduction 

Currently, developing electrochemical composite coatings (ECCs) is an up-to-date sector of 

functional metal plating.  Composite coatings are created where it is planned to obtain new 

properties, improve solidity or corrosion resistant characteristics, and enhance heat/scale 

resistance [1]. 

The principle of obtaining ECCs is based on the co-deposition of disperse particles (DPs) 

of various dispersion grades/nature and metals from the suspension electrolytes. Using various 

DPs in forming ECCs can help obtain modified strengthening coatings that encompass the 

properties, such as high corrosion resistance, corrosion protection in atmospheric conditions 

and in the environments affected by high temperatures and aggressive gases, and high wear 

resistance in abrasive conditions and in friction units [2]. 

Currently, some dozens of metals are used for ECCs [3–12]. Review article [13] organizes 

data on the metal-matrix-based composite coatings obtained over the years 2000-2019, 

depending on the metal nature and dispersion phase. Analysis of publications included in the 

VINITI Database RAS showed that producing composite plating coatings is one of the priority 

areas in the modern plating industry.   

Among metal matrices used to obtain ECCs, we should distinguish the chrome one that 

has some valuable properties: 

1. Chromium does not oxidize and does not change its color at temperature of up to 500 °C. 

2. Chromium is resistant against most gases, acids, and alkalis. 

3. High hardness of metallic chromium puts it on a par with corundum. 
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4. Chromium is of bluish-white color, similar to that of silver or platinum, which allows using 

it for decorative purposes. 

5. In contrast to nickel, silver, or other metals, chromium is completely unaffected by the 

atmosphere and maintains its beautiful appearance. 

6. Possibility to apply thick coatings firmly adhered to the base. 

Of all electrodeposited metals, chromium has the least affinity for second-phase 

substances. Only in certain conditions, it is possible to obtain Cr-ECCs containing up to 2 % 

(mass) of dispersion phase [14]. 

This difficulty is associated with a low current efficiency of chromium (as little as 16-20 %), 

a significant hydrogen release, and formation of a cathode film preceding the metal release. 

This applies primarily to coatings obtained from suspension electrolytes containing electrically 

neutral particles that are highly resistant to electrolyte (Al2O3, TiO2, ZrO2). There have been a 

possibility of forming Cr-ECCs with some types of electroconductive particles, as well as the 

fact that the unsteady electrolysis factors can affect their formation. We also show the beneficial 

effects provided by organic compounds upon the co-deposition of DPs with chromium. 

In [15], two dispersed phases were studied: A non-conductive one, BN (in the wurtzite 

modification) and an electrically conductive one, WC. We have assessed the physical and 

mechanical properties of the ECCs obtained, including the particles of wurtzite-BN, and noticed 

a considerable enhancement in both microhardness (increase of up to 38 %) and wear resistance 

(3-time decrease in wear-caused weight loss). It is found that the physical and mechanical 

properties of precipitations modified with WC particles, as well as their quality, are 

significantly inferior to chrome obtained from a standard chrome-plating electrolyte. 

Ultrafine (nanometer-sized) particles are recognized as highly promising DP substances 

for creating efficient and functional ECCs, which allow improving the quality of the ECC 

performance characteristics and developing new-purpose materials, even with a lower DP 

content in the coating and the use of their low concentration in suspension electrolytes [16]. 

Widely using nano-sized particles is associated with the emergence of new substances, such as 

graphene, carbon nanotubes, nanodiamonds, silicon carbide, aluminum/silicon oxides, etc. 

Authors of articles [17] and [18] have studied the properties of composite chrome-

graphite coatings, i.e., chrome-containing multiwall carbon nanotubes (MWCNTs) obtained 

using particles of different dispersion. Graphite grades GC-3 (particles sized 40 ± 2 µm) and 
C1 (particles sized ~ 4 µm) and multiwalled carbon nanotubes were used as the dispersed phase. 

It is found that adding graphite of various grades to the chrome-plating solution leads to a slight 

decrease in roughness; that the graphite concentration in chrome-plating solution, while obtaining 

composite coatings, chrome-graphite does not practically affect the microhardness of the 

coatings; and that the total wear for the steel-ECC system (Cr–graphite GC-3) changes slightly, 

a decrease being observed in the graphite concentrations in the solution from 5 to 20 g/l. For the 

steel-ECC system (Cr-graphite C1), the total wear does not change. However, in both cases, 

there is a decrease in wear at lapping-in. 

DPs affect changes in the parameters of chrome coatings micro- and substructures and, 

therefore, changes in the physical and mechanical properties of coatings [19]. 

This study is aimed at investigating of how aluminum/chromium oxide nanoparticles and 

high-dispersity black carbon affect the Cr-ECC properties. 

 

Materials and Methods  

To apply Cr-ECC, a standard chrome-plating electrolyte was used, composed as follows, in g/dm3: 

CrO 3-250 (2.5 M), H2SO4 2.5 (0.025 M). Coatings were applied to steel samples sized 

2 × 3 cm. We used the following as the second-phase particles: 

1. Al2O3 nanopowder: TU 1791-002-36280340-2005: Ssp = 21 m2/g; the average particle size is 30 nm; 
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2. Cr2O3 nanopowder is a solid green refractory powder with the content of the main substance 

is 98.4 %, Ssp = 27.4 m2/g, davg = 42.7 nm;  

3. high-dispersion graphite, Ctotal = 99.9 %, Ssp = 110 m2/g, and ρ = 3.51 g/cm3. 

Electrolysis mode: t = 50 ± 5  and 60 ± 5 °C; cathodic current density = 30 A/dm2, and 

electrolysis time = 1 h. Lead plates were used as anodes, and electrolysis was performed with 

constant stirring with a magnetic stirrer. 

Current efficiency (CE) of metal was computed by Faraday law. Coating thicknesses were 

found using the gravimetric method in accordance with the Russian standard GOST 9.302-88. 

Chemical composition of layers in the Fe-Cr system and the coating thicknesses were found 

using an X-ray fluorescence (XRF) analyzer (X-STRATA 980). Microhardness of coatings was 

found using the PMT-3M microhardness meter in accordance with GOST 9.450-76. Surface 

morphology was investigated using microscope ALTAMI MET-15. Structures of control 

coatings were studied using electronic microscope REM-100U with the energy-dispersive 

analyzer EDAR. 

Corrosion resistance was measured using potentiostat IRC-Pro. We pre-varnished the 

samples, leaving a 5 × 5 mm square in the center. After the varnish dries, we degreased, dried, and 

tested the samples. Then we dipped each sample in a 5 % NaCl solution and turned on the machine. 

In practice, rate indicators are conventionally used to assess corrosion resistance: 

corrosion rate C (g/m2‧h), which characterizes the rate of loss of metal mass during testing and 

the corrosion penetration rate P (mm/year). For electrochemical corrosion, the current corrosion 

index (Сi) can be used. 

 

Experiment and Discussion 

Coatings modified with Al2O3 nanoparticles. Coatings were obtained with a dispersed phase 

of Al2O3 at different temperatures and concentrations. Increasing the electrolysis temperature 

contributes to increasing the current efficiency of chromium (passivation of anodes decreases), 

to increasing the electrical conductivity, to decreasing the amounts of chromium-hydrogen 

penetrating in the electrolytic deposits, and to forming large-crystalline precipitates. The 

outcomes are presented in Table 1 below. 

 

Table 1. Properties of chrome coatings depending on the concentration of Al2O3 nanoparticles 

in electrolyte and on the temperature 

Electrolysis temperature,  °C 50 60 

Concentration of particles in 

electrolyte, g/l 
0 5 10 0 10 

Coating thickness, µm 16 18 19.5 16.5 22 

Deposition rate, µm/s 0.23 0.3 0.33 0.28 0.37 

Current efficiency (CE) of metal, % 12 13.6 15 16.4 18 

 

Introducing the Al2O3 nanoparticles into the electrolyte leads to forming more smoothed 

deposits with a greater thickness. In presence of nanoparticles, deposition rate and coating 

thickness increase. The greatest thickness and current efficiency of metal are observed in 

coatings obtained from the deposition electrolyte at the Al2O3 concentration of 10 g/l and at a 

temperature of 60 °C. 
 

Table 2. Corrosion currents of the coatings (Кi∙104, A/m2) 

Al2O3  concentration in electrolyte, g/l 
Temperature, °C 

50 60 

0 7.9 7.9 

5 11.06 12.68 

10 – 13.83 
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We assessed the corrosion behavior of modified coatings by corroding current. Table 2 

shows the results of identifying these indicators. 

Corrosion penetration was computed by the following formula: 

P = 8.76·Кi·g,                        (1) 

where g is the metal density, g/cm3 (chrome density, g = 7.1 g/cm3). 

Computation results are shown in Table 3. 
 

Table 3. Corrosion penetration of chrome coatings, obtained from the suspension electrolyte 
Concentration of Al2O3 

particles in electrolyte, g/l 
Corrosion penetration, mm/y Score Resistance group. 

0(50) 0.001 1 Absolutely resistant 

0(60) 0.001 1 Absolutely resistant 

5(50) 0.0013 1 Absolutely resistant 

10(50) 0.002 2 Very resistant 

10(60) 0.002 2 Very resistant 

 

Chromium is considered one of the most corrosion-resistant metals and used in protective 

coatings. The results obtained confirm that the optimal conditions for obtaining corrosion-

resistant coatings are the particle concentration of 10 g/l and the temperature of 60 °C. The 
coatings have a smoothed surface and are of bluish color. 

Al2O3 nanoparticles affect the mechanical properties of deposited coatings, resulting from 

changes in the electrochemical parameters of the electrode process, including the state of the 

surface films of hydroxide layers, and not as a result of the particles penetrating in the growing 

chrome layers [20]. 

The most important characteristic of coatings that protect metal is their continuity. 

Defective coatings are less corrosion-resistant. Surfaces of the samples obtained were examined 

microscopically. Surfaces of control samples are uniform, with small cracks. However, the 

surfaces of the modified coatings have large and long cracks, which affects their corrosion 

resistance, reducing it. Since corrosion processes start on open surfaces and the metal 

destruction is accompanied by the appearance of an electric current flowing between the anode 

and cathode sections of the metal, the Cr-Al2O3 structure will contribute to spreading the 

corrosion into the depth of the coating due to cracks. 

As active cathodic inclusions, the Al2O3 particles can cause, reducing the corrosion 

resistance. Particles are involved in various redox processes occurring on the coating surface. 

Coatings modified with Cr2O3 nanoparticles. The coatings were obtained from an 

electrolyte with the DPs of Cr2O3 at the concentrations ranging from 10 to 50 g/l. Electrolysis 

temperature 50 °C. During visual inspection, we found that the samples obtained from the 
electrolyte with the DP concentration of 10 g/l had a silvery luster, and they were light. 

Samples obtained from the deposition electrolyte with the particles concentration of 20 g/l 

have a noticeably smaller shine than that of the samples obtained from the 10 g/l electrolyte. 

Samples obtained from electrolyte with the concentrations of 30, 40, or 50 g/l do not shine, they 

are matte. With an increase of the DP concentrations in electrolyte, the color of samples was 

slightly darker. Figures 1-3 show the structures of modified coatings. 

If follows from Fig. 1 that the galvanic chrome structure has large and deep cracks. 

Surface is uneven, there are dendrites in the form of well-formed globules with a diameter of 

30-50 µm, consisting of needle-like elements. Oxygen content is 4.67 %, and chrome content 

is 95.36 %. 

Figures 2 shows the structure of a modified coating at the Cr2O3 concentration of 10 g/l in 

the deposition electrolyte. Chromium particles are densely packed and faceted, sized 10-20 µm, 

microglobules (20-30 µm) are with small chromium particles (1-2 µm). Oxygen content is 4 %, 

and chrome content is 96 %. No cracks, and there are significantly fewer dendrites, as compared 
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to the control coating. Globule sizes are also smaller than those of the control coating. Metallic 

chromium is formed at active sites and at a closer distance from each other than in the control 

sample. It can be assumed that nanoparticles affect the cathode surface state and thus improve 

the electrode processes, activating more cathode sites at which chromium is reduced. 

 

 
Fig. 1. Structure of control coating 

 

  

Fig. 2. Structure of the modified coating at a 

concentration of Cr2O3 in the electrolyte of 10 g/l 

Fig. 3. Structure of the modified coating at a 

concentration of Cr2O3 in the electrolyte of 20 g/l 
 

Figures 3 shows that the structure is represented by chromium microglobules sized ~ 10 µm. 
Oxygen content is 5 %, and chrome content is 95 %. Table 4 shows the results of identifying 

the main indicators of applying the modified coatings. 
 

Table 4. Properties of chrome coatings depending on the concentration of the Cr2O3 

nanoparticles in electrolyte 
Concentration of particles in 

electrolyte, g/l 
0 10 20 30 40 50 

Coating thickness, µm 19.6 21.3 22.3 23.0 23.8 24.2 

Deposition rate, µm/s 0.33 0.36 0.37 0.38 0.4 0.4 

Current efficiency (CE) of 

metal, % 
13.8 15 16.1 18.5 18.8 19.4 

 

Slight increase in the thickness of samples obtained from the pure electrolyte is explained 

by the treeing taking place at the sample edges during electrolysis. Subsequently, removing 

them during mechanical treatment affects the weight gains of the coating and, therefore, the 

thickness computations. 
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In presence of DPs in electrolyte, treeing is observed to a lesser extent, while the 

deposition rate and coating thickness increase. At concentrations in the electrolyte of 30, 40, or 

50 g/l, no treeing was observed at all. 

As can be seen from the table, DPs of Cr2O3 provide a good effect on the current 

efficiency of chrome. CE value increases with the increase in the concentration of particles and 

reaches its maximum value of 19.4 % in electrolyte with the DP concentration of 50 g/l. 

Non-destructive quality control and identifying the elemental composition of the samples 

were performed using the analyzer X-STRATA 980. To assess the control and composition of 

modified coatings, we identified the contents of chromium and iron [21]. 

To assess the uniformity of the chromium distribution over the sample surface, we 

performed measurements at three different points on the samples (top, middle, and bottom – 

points 1, 2, and 3, respectively). Our findings are shown in Table 5. 
 

Table 5. Results of finding the percentage of chrome and iron contents, depending on the DPs 

concentration in electrolyte 
DPs concentration in 

electrolyte 
Points Chrome content, % Iron content, % 

0 

1 55.87 21.91 

2 68.99 8.31 

3 77.52 2.55 

10 

1 86.33 0.38 

2 88.94 0.43 

3 90.86 0.17 

20 

1 69.3 9.90 

2 77.55 4.52 

3 83.22 1.96 

30 

1 83.95   1.08 

2 86.21   0.66 

3 90.16 0.18 

40 

1 72.88 5.55 

2 83.59 1.72 

3 86.60 0.51 

50 

1 75.12 4.07 

2 79.45 2.2 

3 80.07 1.77 

 

Based on Table 5, we can conclude that the most "nonuniform" samples were obtained 

from the control electrolyte. Coatings obtained from the suspension electrolyte are very uniform 

in terms of chromium content, with a high content and, therefore, high hardness and brittleness 

of chromium. Table 6 shows the results of identifying the hardness of coatings. 
 

Table 6. Hardness of modified chrome coatings 
DPs concentration in electrolyte 0 10 20 30 40 50 

Hardness, GPa 7.75 11.8 11.1 9.2 9.6 9.6 

 

DPs have a positive impact on the hardness of chrome ECCs. The best effect is provided 

by the DP concentration of 10 g/l: hardness increased to the highest value of 11.8 GPa. 

We studied how the thermal treatment of modified chrome coatings affects 

microhardness.  

We annealed the samples obtained from the control electrolyte and from the electrolyte 

with DPs of Cr2O3, 10 mg/l. Annealing was carried out at temperatures of 300, 600, and 900 °C 
and at the annealing duration of 1 and 2 h. Upon annealing, we identified the values of 

microhardness. Table 7 shows the results of identifying the hardness of the annealed samples. 
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Table 7. Hardness of the annealed modified coating samples 
Annealing temperature, °С 300 600 900 

Annealing duration, h 1 2 1 2 1 2 

Without DPs 9.1 7.3 7.1 12.0 4.8 2.5 

DPs, 10 g/l 9.6 10 10.3 12.4 5.1 3.7 

 

At 300 °C, the appearance of samples has not changed, and there are no cracks. Metal 
chrome had a good appearance. At 600 °C, the color of the samples changed from light gray to 

bright blue, the samples obtained from the electrolyte with the additive having a brighter color 

and being more uniform. Samples that had been annealed for just 1 h were of pale blue color. 

Neither pure chromium nor its oxides can be blue. Chromium salts are of sky-blue color. 

Chromium (III) chloride, CrCl3, represents purple crystals. It is soluble in water in the presence 

of reducing agents (Cr2+, Fe2+). It is used in obtaining chromium by electrolysis and by 

metallothermic process. At 900 °C, with the annealing lasting for 1 hour, the samples become 

dark green. Samples obtained from the control electrolyte had large cracks and were destructed 

at some points. Samples obtained from electrolyte with DPs have no cracks and have not been 

damaged. If annealing lasted 2 h, the samples were black, crack-free, and strong. 

Coatings modified with high-dispersion carbon. To identify the optimal parameters of 

obtaining composite coatings, we studied how the concentration of high-dispersion particles of 

black carbon affected the properties of Cr-ECC. Table 8 shows the results of finding the basic 

parameters of the electrochemical reduction of chrome from the suspension electrolyte. 
 

Table 8. Properties of chrome coatings depending on the concentration of high-dispersion 

graphite particles in electrolyte 
Concentration of particles in 

electrolyte, g/l 
0 5 10 15 20 

Deposition rate, µm/h 10.56 11.69 15.27 17.86 20.11 

Current efficiency (CE) of metal, % 9.54 10.2 11.01 12.87 14.49 

Hardness (H), GPa 7.7 9.23 10.11 9.67 9.11 

 

In all the experiments, coatings were matte and silver-gray. It follows from Table 8 that, 

with increasing the concentration of graphite particles, the deposition rate of coatings increases. 

With an increase in DP concentration, the current efficiency of chromium increases from 10 to 

15 %. The highest CE value is reached at the concentration of 20 g/l. 

Graphite particles contribute to increasing the hardness at smaller concentrations only. If 

the concentrations in deposition electrolyte is higher, 15 and 20 g/l, then the hardness of samples 

decreases. The highest hardness value, 10 GPa, can be reached at the concentration of 10 g/l. 

It is characteristic of most ECCs that the increase in hardness is determined by changing 

the matrix structure, grinding the grains, increasing the displacement resistance of individual 

components of the system with the existing particles, and finally by the presence of the second-

phase substances that have a much higher hardness than the matrix. 

Decreasing ECC hardness can be found, where materials having lower density are used, such 

as graphite, disulfide, or molybdenum. This is due to the fact that, when contacting the anode, these 

particles, in most cases, don't have a sufficient force pulse to ensure a tight contact, and in some 

cases, they penetrate in the coating as agglomerated groups that give the coating a reduced porosity. 

With a smaller ECC thickness, the hardness is found for the coating and its sublayer. 

To identify the chemical composition of the chrome layers, we used X-ray diffraction 

analysis. Top, middle, and bottom of the sample were selected as the measurement points of 

chrome distribution over the metal. The outcomes are presented in Table 9 below. Results shown 

in Table 9 confirm the outcomes shown in Table 8 above. Since the system under study is a single-

layer one, it is natural that the greater the coating thickness, the higher the chromium content. 
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Table 9. Identifying the chemical composition of chrome layers, % 

Concentration, g/l 0 5 10 15 20 

"Top" 
Cr 41.53 62.85 65.7 68.75 87 

Fe 44.77 13.35 21.5 9.95 0.9 

"Middle" 
Cr 82.88 83.5 85.05 86.83 96.1 

Fe 0.76 0.45 0.5 0.52 0.7 

"Bottom" 
Cr 92.47 93.45 96.9 99.1 99.8 

Fe 0.34 0.45 0 0.13 0.11 

 

In control samples, chromium is distributed over the surface of the metallic sample non-

uniformly. Chromium is mostly deposited in the middle and bottom of the samples. This can 

be explained by the poor throwing power of chrome electrolyte. When introducing in the 

electrolyte the graphite particles at their concentration of 5-15 g/l, chrome content in the coating 

increases, the influence of particles being observed to a larger extent in the "tops" of the 

samples. The thickness of the "bottom" changes slightly in all the coatings. 

It can be concluded that graphite provides good effects on the throwing power of chrome 

electrolyte. More uniform, in terms of their compositions, were coatings obtained at the 20 g/l 

concentration of ultrafine graphite particles. The findings are consistent with the results of 

computing the CEs (Table 8). 

Heat treatment is performed to relieve internal stresses, increase the plasticity of deposits, 

and homogenize the coating structure. When performing the heat treatment of a dispersed-phase 

substance can either be partly removed from the superficial layer or be modified and thereby 

affect the coating structure. 

Hydrogen content can be reduced by annealing. Annealing had been performed at a 

temperature of 300, 600, and 900 °C in an electric furnace until a constant coating mass was 
established. During annealing, the coating masses decreased by thousandths of a gram. We 

investigated the influence of graphite particles on the hydrogen content in the chrome matrix. 

As a criterion for evaluating the hydrogen effect, we took weight before and after annealing and 

measured the coating hardness.  

Hardness was evaluated in control samples after annealing at all the temperatures studied. 

Hardness of modified coatings was evaluated after annealing them at the temperature of 600 °C. 
The results are shown in Table 10. 

 

Table 10. Hardness of coatings depending on the annealing temperature 

Concentration of 

particles, g/l 

Temperature, °C 

300.00 600.00 900.00 

Hardness, H, GPa 

0 
7.70 8.00 8.90 

Time, h 

 1.00 2.00 1.00 

5 
10.74 

1.00 

10 
11.03 

2.00 

15 11.64 

 

Table 10 shows that the hardness of the coatings after annealing increased by an average 

of 2.7 GPa in coatings at the 5 g/l concentration of particles in electrolyte. Appearance of the 

coatings: at a temperature of 300 °C, thin films were formed on the samples, which were not at 
all noticeable to the eye.  

At 600 °C, violet-blue films were formed on the smooth surface of metal as a result of 

forming a thin transparent surficial oxide film and of the light interference in it. Color was 
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affected by the rate of temperature elevation (from 300 up to 600 °C) and by the holding time 
(2 hours) of metal samples at such temperature.  

These iridescent colors can be observed on the shiny surface of steel objects heated; and 

they are called "annealing colors". These colors develop due to the fact that, resulting from 

heating the steel to high temperatures, its surface gets oxidized to form a thin transparent oxide 

film that reflects light in different ways depending on its thickness, which makes us see one or 

another annealing color. At the points where the heating temperature was higher, the oxide film 

thickness is greater, respectively, because at higher temperatures the diffusion rate is higher and 

the oxygen atoms penetrate deeper; thicker oxide films absorb light waves with a longer 

wavelength and reflect those with a smaller one. 

There is a direct relationship between the film thickness and the wavelength of the light 

reflected by it: The greater the film thickness is, the shorter-wave reflected light we get. For 

example, blue is formed when longer waves are "subtracted" from the white, such as red or 

orange, while yellow is formed when short-wave radiation, such as violet or blue, is 

"subtracted" from the spectrum. Therefore, blue color is relevant to a higher heating 

temperature, while yellow color to a lower one. 

Many factors influence on the annealing steel color formation: Heating rate, holding time, 

and steel composition. For example, in alloyed steels (especially with chromium), oxide films 

are formed slower and at higher temperatures than in common carbon steels. 

The oxide film is of such a color due to the fact that hexavalent chromium is oxidized to 

the trivalent one when heated. As is known from literary references, trivalent chromium salts 

have a violet and a green modification, the salts of such modifications having different 

structures. 

At 900 °C, well-visible thick marsh-green films were formed; this color is due to forming 

the trivalent chromium oxide film that a typical green color.  

Heating improves the adhesion of chrome coatings to metal, but the heating should not 

exceed 600 °C, because at the same time, a brittle carbide layer is formed at the boundary 
between steel and chromium, along which the samples are exfoliated if deformed. 

During the thermal oxidation of metallic chromium, chromium (III) oxide can be formed 

in the coating, as well as chromium hydrides and carbides. Chromium hydride is not formed, 

since about 80 % of hydrogen is released at 300 °C and the remaining 20 % only at higher 

temperatures, while chromium recrystallization starts at 900 °C.  
Heating improves the adhesion of chrome coatings to metal, but the heating should not 

exceed 600 °C, because at the same time, a brittle carbide layer is formed at the boundary 
between steel and chromium, along which the samples are exfoliated if deformed.  

Figures 4-10 show the microstructures of coatings, depending on the annealing conditions 

and the graphite concentrations in the electrolyte.  

 

 
 

Fig. 4. Control coating microstructure 

before burning 

Fig. 5. Control coating microstructure after 

annealing at 300 °C 

50 мм 50 мм 
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Fig. 6. Control coating microstructure after 

annealing at 600 °C 

Fig. 7. Control coating microstructure after 

annealing at 900 °C 

 

 
(a) 

 
(b) 

Fig. 8. Chrome coating microstructure at the graphite concentration of 5 g/l in electrolyte 

(a) before and (a) after annealing at 300 °C 

 

 
(a) 

 
(b) 

Fig. 9. Chrome coating microstructure at the graphite concentration of 10 g/l in electrolyte 

(a) before and (b) after annealing at 600 °C 

 

 
(a) 

 
(b) 

Fig. 10. Chrome coating microstructure at the graphite concentration of 15 g/l in electrolyte 

(a) before and (b) after annealing at 900 °C 

50 мм 50 мм 

50 мм 50 мм 

50 мм 50 мм 

50 мм 50 мм 
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Microphotographs show that chrome coatings have different structures. With the 

transition of no-DP chrome coating to the ECC, the surface microstructure changes 

significantly. The surface is better developed and has a noticeable shine; it also has darker areas, 

corresponding to possible inclusions of graphite particles in the chrome matrix. 

Total corrosion rate is evaluated by losing the metal per unit area of corrosion, e.g., in 

g/m2‧h, or by the corrosion penetration rate, i.e., by a single side decrease in the intact metal 

thickness (P), e.g., mm/year. Tables 11 and 12 present the results of evaluating the corrosion 

resistance of modified coatings. 

 

Table 11. Influence of annealing conditions on the gas corrosion rate 
Annealing 

temperature, °C 

Concentration of 

particles, g/l 
V gas corrosion rate, g/m2*h 

300 
0 1.1∙10-4 3.83∙10-6 4.8∙10-4 3.3∙10-6 

5  

600 
0 1.77∙10-6 

3.33∙10-4 3.77∙10-5 2.44∙10-3 

10  

900 
0 1.15∙10-6 

1.7∙10-12 2.95∙10-9 2.25∙10-10 

15  

 

Table 12. Corrosion penetration of modified coatings 

Temperature, °C 
Concentration of 

particles, g/l 
Corrosion penetration, mm/year 

300 
0 0.03 

0.05 0.07 0.06 
5  

600 
0 0.454 

0.21 0.58 0.47 
10  

900 
0 0.008 

0.002 0.005 0.097 
15  

 

Gas corrosion rate increases greatly with the temperature exceeding 200-300 °C. The 
samples of control coatings turned out to be resistant, if they had been annealed at 300 °C and 
with particles at a concentration of 5 g/l in the deposition electrolyte and at 600 °C with particles 
of 10 g/l. Samples annealed at 900 °C and the concentration of 15 g/l turned out to be less 

resistant. Corrosion resistance of coatings is due to forming a protective film, Cr2O3, on the 

surface. Thickness and composition of this film are evaluated by the coating surface state and 

by the conditions of evaluating the corrosion resistance. Table 13 shows the results of 

evaluating the average wear of samples. 
 

Table 13. Average wear of the samples obtained from electrolytes of different compositions. 
Electrolyte composition Average wear, mg 

Control coating 0.0216 

Standard electrolyte with 5 g/l of graphite 0.0289 

Standard electrolyte with 10 g/l of graphite 0.0189 

Standard electrolyte with 15 g/l of graphite 0.0295 

 

As can be seen from Table 13, the sample obtained from a standard electrolyte with 10 g/l 

of ultrafine graphite particles demonstrates the least wear, and the dispersed-phase coating 

resists the wear 1.1 times better than galvanic chromium deposits. 
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Conclusion 

Changes in the physical and mechanical properties of chrome matrix are caused by the effect 

of dispersed-phase particles, such as aluminum/chromium oxide nanoparticles and high-

dispersion carbon, on the state of the deposited chrome layers. When introducing the dispersed 

phase into the electrolyte, the surface of the electrically deposited chrome gets smoothed, and 

thicker coatings are obtained. Using the XRF method, we have shown that introducing DPs in 

the electrolyte contributes to a more uniform chrome distribution over the entire surface of steel 

samples. 

With changes in the concentration of the Cr2O3 particles in electrolyte from 10 to 50 g/l, 

the hardness of deposits increases by 1.2-1.5 times, while when using high-dispersion graphite 

particles of 5-20 g/l, this indicator changes by 1.2–1.3 times. 

In studying corrosion currents, we found that coatings obtained from electrolytes with the 

Al2O3 nanoparticles had corrosion currents greater than those of coatings from a standard 

chrome-plating electrolyte. Moreover, with an increase in the DP content, the corrosion current 

increases.  
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Abstract. This paper discusses the possibility of protection enhancing against contact corrosion 

of light-alloy drill pipes (LAIDP) by forming a ceramic coating on threaded parts of the 

aluminum drill pipe using the micro-arc oxidation (MAO) method. When such a coating is 

formed in the zone of connection of the pipe with steel tool joint and on the threaded part of the 

pipe, a barrier for contact corrosion between the steel tool joint and the surface of the aluminum 

pipe is created. Studies of this paper were directed to determine the electrochemical potentials 

(ECP) on samples in a pair of aluminum alloy 1953T1 and steel 40KhN2MA in a 5 % NaCl 

solution at 20 °C and their influence on the contact corrosion. The results obtained showed that 

protective MAO-coating reduce the contact corrosion of the pipe and increase the reliability of 

connection between the LAIDP pipe body and the steel tool joint. 
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Introduction 

Nowadays, a significant increase in the share of horizontal wells, wells with complex profiles and 

multilateral wells is watched when drilling for oil and gas [1,2]. This creates the prerequisites for 

using LAIDP (light alloy improved dependability drill pipes) which design presents a pressed 

pipe made of 1953T1 aluminum alloy with upset ends and cut the trapezoidal thread in accordance 

with ISO 15546-2011 [3] for attaching the tool joint made from the steel 40KhN2MA. 

The use of LAIDP allows reducing the torque and drag loads during rotation and movement 

of the drill string in a borehole during directional wells drilling. Using of LAIDP in the drill string 

provides the opportunity to make a longer borehole from the same drill rig [4–6]. The connection 

of an aluminum pipe with a steel tool joint in a corrosive environment, due to the difference in 

electrochemical potentials of the contacting materials, is often a reason for the contact corrosion 

which can occur in the section of the aluminum pipe adjacent to the steel tool joint [7–10]. Similar 

corrosion damages were encountered, for instance, during drilling at the Tarim field located in 

China [11]. 

To reduce the contact corrosion in the aluminum-steel connection, it is necessary to create 

conditions that provide the elimination of direct metal contact between steel tool joints and 

aluminum pipe. This can be made by applying an insulating coating. The recent research in this 

field was proposed in [12] when the aluminum oxide obtained by anodization was used as such a 

coating that showed its effectiveness. 

https://orcid.org/0000-0002-3905-5864
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The MAO method [13–15] arose from traditional anodizing, but the processing is carried 
out at the higher values of potentials and currents that provide the surface of an aluminum alloy 
treatment not only electrochemical in electrolyte but by the action of micro-arc discharges having 
temperature up to 6000-8000 °C [16]. Such conditions are highly providential for forming a hard 
α-aluminum oxide (corundum) with high mechanical properties (microhardness up to 20 GPa). 
Due to the uncial properties of aluminum oxide, these coatings are very resistant to wear, 
corrosion, heat, and insulation. 

The main feature of this technology is an environmentally friendly process and highly 
efficient. When such coating is formed in the zone of aluminum pipe connection with steel tool 
joint including the threaded part of the pipe, a barrier that prevents the contact corrosion between 
the steel and aluminum surfaces is created. This barrier is reducing the density of corrosive 
currents and increasing the electrical resistance of the contact on the part of the pipe adjacent to 
the steel tool joint. The study performed with samples simulating a threaded connection "steel 
tool joint - aluminum pipe" [17] showed good resistance against contact corrosion in a corrosive 
environment in these pairs. 

This paper is a further investigation in this direction and presents some results of a research 
program of increasing the corrosion resistance of drilling pipes made of 1953T1 aluminum alloy 
against contact corrosion by forming MAO-coating in the contact area of the pipe and tool joint. 

 
Materials and Methods 

For investigation of electrochemical potentials and corrosion currents on the samples, the same 
grades of the materials used in the drilling were taken: aluminum alloy – 1953T1, and steel – 
40KhN2MA. This steel is usually used to manufacture tool joints in accordance with 
International Standard ISO 11961-2020 [18,19] for aluminum pipes connection in the drill 
string and is chromium-nickel-molybdenum structural alloy steel. 40KhN2MA is smelted in 
open electric furnaces and by the method of electroslag remelting and characterized by high 
mechanical properties. The form and dimensions of samples were as follows: square plate from 
aluminum alloy – 30 × 30 × 5 mm, square plate from steel – 13.4 × 13.4 × 5 mm with 6.5 mm 
diameter holes in the center. 

The MAO-coating was formed on the samples of 1953T1 in the same conditions as during 
the previous studies [17] – in a weakly alkaline electrolyte for 15 and 30 min and the thickness 
of the formed coating was 15-20 and 35-40 µm respectively. 

It should be noticed that the coating on samples was formed not on the whole sample 
surface but only on the part of the surface adjacent to the contact zone. In this connection, the 
section with MAO-coating on the sample was formed only on one side of the sample and the 
surface of coating was not more than one-fourth of the whole surface of the sample. To prevent 
the coating formation on other surfaces of the sample it was isolated by silicone. 

The accepted coding of samples was the same as used in ref. [17]. Samples 0 and 1 were 
without MAO-coating, samples 11-13 were with MAO coating 15-20 µm thick, samples 21-23 
were with MAO-coating 35-40 µm thick, samples of steel with numbers 1, 12, 13, 22, and 23 
were subjected to phosphating at the same conditions as in [17]. Two samples from aluminum 
alloy with numbers 12 and 22 were treated in addition by fluoroplastic suspension (F-4D).  

Before the start of the experiment, measurements of electrochemical potentials and 
corrosion currents were carried out in an electrochemical cell for each pair of samples in a 5 % 
NaCl solution at the temperature 20 °C using a two-electrode scheme [20]. For this aim, the 
potentiostat PARSTAT 4000 and the software VersaStudio were used. After these preliminary 
measurements, the original samples were assembled into pairs (Fig. 1) and kept for 336 hours 
in a 5 % NaCl solution at 80 °С in a drying oven (Fig. 2). After exposition in a corrosive 
environment, the samples were cleaned of corrosion products and visually evaluated. 
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Then there were carried out the repeated measurement of electrochemical potentials and 
corrosion currents and the data recorded into the journal. 

 

 
 

Fig. 1. Assembly of contact pair samples:  
1 - bolting; 2 - flouroplastic spacers; 3 - steel 
sample; 4 - aluminum alloy sample; 5 - nut 

Fig. 2. Collected assemblies of pair samples 
in 5 % NaCl solution at 80 °C 

 

Results and Discussion 

The view of samples assembled pairs after exposition in a corrosive environment is represented 
in Fig. 3. 
 

 
 

Fig. 3. Samples after exposition in 5 % NaCl solution at 80 °C during 336 hours 

 
Figure 4 shows the electrochemical potentials versus corrosion currents for samples 

without MAO-coating (a) - samples 0, and with the coating (b) - samples 23 in two states – 
before the corrosion test (on the left) and after it (on the right). 

All experimental data obtained are represented in Table 1. The results show that the effect 
of prolonged hydrothermal action on the samples is reduced to the following. 

After a corrosive test on the surface of the samples of pair 0, an abundant amount of 
corrosion product was noticed. After cleaning them, on the surface of the aluminum alloy 
sample in the contact zone with the steel sample, irregularities in the form of micro-ulcers were 
observed. Samples of pair 1 did not show outer any signs of corrosion, but after disassembly 
and cleaning, similar surface damage was revealed as in pair 0 in the form of micro-ulcers, but 
more pronounced. 

For pairs 11 and 12, corrosion of the steel sample in the form of local spots was noted. In 
pair 13, the same as in pairs 12 and 11, the steel sample corroded, but more actively. The first 
inspection of pair 21 revealed a large volume of corrosion product deposited on the aluminum 
sample. But after cleaning them, no any damages of MAO-coating were found. It was 
concluded that only the steel sample has corroded. 



140 V.N. Malyshev, M. Ya. Gelfgat, A.I. Shcherbakov, A.A. Alkhimenko 

 
(a) 

 
(b) 

Fig. 4. Tafel polarization curves for samples of some pairs: (a) sample 0; (b) sample 23  
(on the left – before corrosion test, on the right – after exposition in corrosion environment) 

 
Table 1. Results of measurements and visual estimation 

Samples 
Thickness of 

MAO- 
coating, μm 

Potential 
before test, 

mV 

Corrosion 
current 

before test, 
μA 

Potential 
after test, 

mV 

Corrosion 
current 

after test, 
μA 

Corrosion 
damages 

Notes 

0 
Without 
MAO 

-80.679 242.291 -191.641 687.463 presence - 

1 
Without 
MAO 

-134.413 13.029 -13.944 465.456 presence 
Phosphated 

steel 

11 15 -96.678 154.236 6.795 365.000 low 
Phosphated 

steel 

12F 23 -138.384 876.718 -82.034 25.890 presence F-4D added 

13 17 -316.313 2.715 -51.229 22.297 presence 
Phosphated 

steel 

21 28 103.515 94.757 34.403 17.945 presence 
Phosphated 

steel 

22F 36 40.006 79.960 413.415 0.672 no F-4D added 

23 30 -30.326 149.348 -48.254 27.985 low 
Phosphated 

steel 

 

Samples of pair 22 did not show any changes on the surfaces in the contact zone, and 
there were no signs of corrosion. Corrosion products are present around the contact perimeter 
of pair 23. But signs of MAO-coating violation of the integrity were not noticed. 
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Repeated measurements of the polarization curves from the samples were also carried out 
in a 5 % aqueous solution of NaCl at T = 20 °C. During corrosion studies, corrosion potentials, 
corrosion currents, and Tafel coefficients were determined. All potentials of aluminum samples 
are represented relative to their corresponding steel samples. 

Based on the data in Table 1, for a more visual assessment of the results, diagrams were 
drawn up (see Figs. 5, and 6). 

 

  
Fig. 5. Electrochemical potentials of 

investigated samples 
Fig. 6. Calculated corrosion currents 

 
Comparing the results obtained, we can say the following: 

1. for samples of pair 0, after the test, the corrosion current value was maximum among all 
presented pairs, and for pair 22, on the contrary, it was minimum. Having linked these values 
with a visual assessment of samples, it is permissible to assert that the lower the value of the 
corrosion current, the lower will be the contact corrosion; 
2. the phosphating of steel samples directly affects the process of contact corrosion, namely, it 
helps to reduce the corrosion current. This is most likely due to the fact that the phosphating 
steel layer represents also an insulator at the points of contact; 
3. samples of pairs 11 and 13 had MAO-coatings 15 and 17 μm thick, respectively. After 
exposition in 5% NaCl solution, the coatings were damaged. This means that the thickness of 
MAO-coating lower than 20 µm cannot keep the integrity and should be increased over this value; 
4. additional treatment of samples from aluminum alloy with MAO-coating by fluoroplastic 
suspension play in whole its positive role but is ambiguous; 
5. forming the MAO-coating on the contact zone reduces significantly the corrosion current, 
increasing thereby the corrosion resistance of aluminum alloys. 
 
Conclusions 

Thus, the held investigations have shown that in most cases the corroded material was steel. 
Using the MAO-coating as an insulator to improve the resistance from contact corrosion of 
aluminum drill pipes is quite appropriate. The recommended thickness of the coating should be 
about 30-40 µm because at lower thickness is it possible to develop some damages of coating 
and breakdown of its completeness. 
 
References  

1. Gelfgat MY. Razvitie technologiy bureniya skvazhin – klyuchevoe napravlenie razvitiya 
neftegazovoy otrasli. Vestnik assotsiatsii burovykh podryadchikov. 2020;1: 19-27. (In-Russian) 
2. Neskoromnykh VV. Drilling of inclined, horizontal and multilateral wells: textbook. 
Krasnoyarsk: Siberian Federal University; 2016. (In-Russian) 
3. International Organization for Standardization. ISO 15546:2011. Petroleum and natural gas 

industries – Aluminum alloy drill pipe. ISO; 2011. 



142 V.N. Malyshev, M. Ya. Gelfgat, A.I. Shcherbakov, A.A. Alkhimenko 

4. Gelfgat MY, Basovich VS, Tikhonov VS. Drillstring with aluminium alloy pipes design and practices. 
In: 2003 SPE/IADC Conference, Amsterdam, The Netherlands, 19-21 February 2003. p. SPE-79873-MS.  
5. Chandler RB, Jellison MJ, Payne ML et al. Advanced and emerging drillstring technologies 
overcome operational challenges. World Oil. 2006;227(10): 23-34. 
6. Panda K, Williams T, Collins A. Increased Tool Life and Enhanced Reliability for 
Bottomhole Assemblies in Harsh Environments. In: SPE Middle East Oil and Gas Show and 

Conference, Manama, Bahrain, 18-21 March 2019. 2019. 
7. Gelfgat MY, Chizhikov V, Kolesov S, Alkhimenko A, Shaposhnikov V. Application of Aluminum 
Alloy Tube Semis: Problems and Solutions in the Development of Exploration, Production and 
Transportation Business of Hydrocarbons in the Arctic. In: 2013 Arctic and Extreme Environments 

Conference & Exhibition, Moscow, Russia, 15–17 October 2013. p. SPE-166919-MS. 
8. Kolesov SS, Badrak R, Chizhikov VV. Galvanic effects in drilling equipment challenges and 
solutions of corrosion resistance. In: Eurocorr 2014, European Corrosion Congress, Pisa, Italy, 8-12 

September 2014. 2014. 
9. Kolesov SS, Kondratev SY, Chizhikov VV, Shvetsov OV. Issledovanie struktury i svoystv 
burilnykh trub iz splava D16T posle expluatatsii v usloviyakh neftedobychi. Zagotovitelnoe 

proizvodstvo v mashinistrornii. 2011;4: 39-43. (In-Russian) 
10. Kang Y, Leng X, Zhao L, Bai B, Wang X, Chen H. Review on the Corrosion Behaviour of 
Nickel-Based Alloys in Supercritical Carbon Dioxide under High Temperature and Pressure. 
Crystals. 2023;13(5): 725-746. 
11. Analysis of damage to LBTPN-147x13 made of alloy D16T, discovered during drilling of 

the well Xa-15 at the Tarim field in China. Scientific and technical report of the Research and 

Development Center "Weatherford-Polytechnic" St. Petersburg; 2010. (In-Russian) 
12. Shvetsov OV. Improving the operational reliability of drill pipes made of aluminum alloys 

D16 and 1953. Ph.D Thesis. St. Petersburg; 2014. 
13. Logunov AA. (Ed). Microarc oxidation. Science and humanity - almanac. Moscow: 
Znanie; 1981. (In-Russian) 
14. Nikolaev AV, Markov GA, Peshchevitsky BI. A new phenomenon in electrolysis. Izv. SO 

AN USSR, Ser. Chem. Sciences. 1977;5: 32-33. (In-Russian) 
15. Malyshev VN. Effective electrochemical transformation method of valve metals surface 
layer into high-tensile ceramic coating. In: Duncan JI, Klein AB. (Eds.). Chemical Reactions 

on Surfaces. Nova Science Publishers; 2008. p.211-262. 
16. Suminov IV, Belkin PN, Apelfeld AV, Lyudin VB, Crete BL. Plasma-electrolytic 

modification of the surface of metals and alloys. Moscow: Technosphere; 2011. (In-Russian) 
17. Malyshev VN, Gelfgat MY, Scherbakov AI, Alkhimenko AA. Protection enhancing of 
threaded connections of light-alloy drill pipes against contact corrosion. E3S Web of 

Conferences. 2021;225: 03003. 
18. International Organization for Standardization. ISO 11961:2020. Petroleum and natural 

gas industries — Steel drill pipe. ISO; 2020. 
19. Branch Standard. OST 92014-90. Deformable aluminium alloys. Grades. WILS; 1990. (In-Russian) 
20. Cramer SD, Covino BS, Moosbrugger JC. ASM Handbook, Volume 13B: Corrosion 

Materials. ASM International; 2005. 
THE AUTHORS  

 
V.N. Malyshev       M.Ya. Gelfgat 

e-mail: vmal@inbox.ru     e-mail: mikhailgelfgat@gmail.com 
 

A. I. Shcherbakov      A.A. Alkhimenko 

e-mail: ars.scherbakov@yandex.ru    e-mail: a.alkhimenko@spbstu.ru 

https://doi.org/10.2118/79873-MS
https://doi.org/10.2118/166919-MS
https://doi.org/10.2118/166919-MS
https://doi.org/10.3390/cryst13050725
https://doi.org/10.1051/e3sconf/202122503003
https://doi.org/10.1051/e3sconf/202122503003
https://orcid.org/0000-0002-3905-5864


Materials Physics and Mechanics. 2023;51(7): 143-147   Submitted: August 7, 2023 
Research article   Approved: September 20, 2023 
http://dx.doi.org/10.18149/MPM.5172023_13   Accepted: October 27, 2023 

(с) G.Kh. Samigullin, S.A. Nefedyev, L.G. Samigullina, A.Yu. Bruslinovskiy, 2023. 
Publisher: Peter the Great St. Petersburg Polytechnic University  
This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

 
 

Assessment of industrial safety at oil refining facilities based  

on stochastic modeling 

G.Kh. Samigullin1, S.A. Nefedyev1, L.G. Samigullina 2 , A.Yu. Bruslinovskiy1 

1 Saint-Petersburg University of State Fire Service of Emercom of Russia, St. Petersburg, Russia 

2 Gazprom PJSC, St. Petersburg, Russia 

 lil_1992@mail.ru  

 
 

Abstract. The article deals with the estimation of negative influence (impact), provided by 
dangerous factors, appearing during fire hazardous situation. It is clear, that both thermal stream 
and inner overpressure mutually can lead to the machine depressurization and destruction, 
which can cause cascading troubles, making situation more hurtful, than it was. The application 
of mathematic model is suggested in order to estimate the probability of equipment backstop 
integrity, which guarantees the evaluation of prevention possibility of the Domino effect. 
Keywords: process equipment; emergency situation; normal distribution; standard deviation; 
expected value; cascade accident progression 
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Introduction 

The problem of oil and gas facilities and pipelines ensuring safe operation as a part of 
technological basements on oil and gas production is claimed to be extremely acute and 
actual [1,2]. Scientific and technical researches, negotiated nowadays, are directed on quality 
increasing of production sphere technical regulation in area of resource security and 
reliability, also they are claimed to guarantee regular requirements of production equipment, 
infrastructure, personal and population safety [3]. 

An achievement of required safety level and accident consequences minimization on 
hydrocarbon feedstock facilities obligates further development and improvement of 
methodical justification for the activities, referred to trouble-free exploitation of oil and gas 
equipment and pipelines [4,5]. 

A significant constructive variety of equipment used at technological installations for oil 
and gas processing, large-scale industrial technologies, a wide range of fire hazard properties 
of initial hydrocarbon raw materials, intermediate components and commercial oil products 
are all the reason of an extremely high level of potential hazard, which is generating during 
the operation of oil and gas production facilities [6]. A priori there is a constant potential 
hazard, which is able to cause negative cases, like technical failures, accidents and 
breakdowns, which are the result of capacitive equipment, unit or process pipelines 
depressurization. In addition to that, there is a high possibility level for further local accidents 
to grow up to the catastrophic measures involving fires, explosions, leading to considerable 
material losses, ecological harm, and injuries among the personal, also leading to the fatal 
outcome [7,8]. In this chain of negative events, the most unfavorable is a case in which 
hazardous factors, arising during the accident, will initiate further damage or destruction and 
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depressurization of process equipment, which undoubtedly leads to an increase in the amount 
of combustible substances involved in the emergencies formation. Mentioned above way is 
classified as progressive destruction, appearing as a specific Domino Effect, which means: 
unfavorable scenarios for the accident to grow up, in which (in case of defense system 
imperfection and (or) personal incorrect actions) it is possible for the accident harmful factors 
to overcome emergency unit, equipment item or facility boundaries, and hazardous substance 
involvement in the nearby none-emergency facilities, growing up to the further accident 
development stage [9,10]. 

Foreign specialists found out [11,12], that the biggest number of cascading accidents 
(55-80 %) occurs while preserving automobile and aviation motor fuels, volatile solvents, 
mixtures of hydrocarbon gases in various states of aggregation, moreover, increase in storage 
tonnage and production platform area decrease incredibly enhancing possible negative effects. 
 
Methods 

Despite the considerable successes in overall accidents rate reducing at hazardous oil and gas 
productions facilities [13], the relevance of development of some new methods for oil and gas 
equipment and pipelines danger estimation still remains. These methods are based on 
realization possibility of accident cascade development estimation in order to improve the 
efficiency of technosphere and fire risks management systems, as well as to support 
management decisions. At the same time, the researchers attempts are focused on the 
development of universal models for a comprehensive assessment of the level of risks of 
various natures in the conditions of oil and gas production in the presence of a local source of 
danger and the resulting hazardous factors [14,15]. 

Ipso facto, cascade growing of an accident forecasting means to be rather difficult 
trouble [16,17], as it is being affected by many factors, which cannot be easily formulated, 
such as technological process consummation degree, engineering quality, amount of 
technological machinery, qualification level of the personal, weather conditions and so on. 
Meanwhile, it is the obvious hypothesis, that the main option, which can prevent an accident 
progressive character, is to secure machinery and pipelines integrity, which can be 
conditionally defined like: 
N ≤ G, (1) 
where N – whole amount of negative factors (internal – overpressure and temperature of the 
facilities process environment, external – appearing as a result of an accident or fire – 
pressure wave impulse, heat radiation, etc.), G – the material equipment ability to perceive 
external and internal negative factors (strength, bearing capacity, etc.). 
 

Results and Discussion 

In order to preliminary estimate the level of the process environment negative impact and 
hazardous factors on the equipment technical condition, using as an example a typical thermal 
cracking separator under the condition of a hypothetical fire, calculations were realized 
according to the methodology [18]. All calculation results are presented in Table 1. 
 
Table 1. The mechanical stresses when a heat flow is affecting to the walls of the machinery 
calculating result 

Technical condition characteristics 
Temperature, °C 

50 60 70 80 90 
Mechanical tension as a result of internal pressure, MPa 123.7 127.5 131.4 135.2 139.1 
Mechanical tension as a result of heat radiation, MPa 0 25.2 50.4 75.6 100.8 
Total tension, MPa 123.7 152.7 181.8 210.8 239.9 
Allowed tension, MPa 188.9 186.5 184.1 181.7 179.3 
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Initial data: process environment – gasoline fraction, machine diameter – 1.5 m, wall 
thickness – 12 mm, operating pressure – 1.8 MPa, operating temperature – 50 °C, wall 
material – steel 09G2S, allowed stresses at design temperature 188.9 MPa. 

The results, which are given there in the table, indicate that the wall temperature rising 
above 60 °C leads to efficiency interruption and also leads to the origin of depressurization 
risk, respectively increases the amount of combustible substance, involved in fires with 
possible cascade growing of the hazardous situation. The results graphic interpretation of the 
calculations is shown in the Fig. 1. 

 

  

Fig. 1. The comparison of active and 
allowed tension inside the facilities 

walls during the fire 

Fig. 2. Estimation of impermeability condition of 
technological condition principle graphic illustration:  
w – accident risk area, x1 – primary moment of time,  

x2 – calculated moment of time 
 
The fire hazardous situation analysis was fulfilled in quasi-stationary conditions, 

without taking into the consideration the thermal stream dynamic character effect on the 
facilities, without thermal insulation, without consideration of the thermophysical features of 
the process environment, without consideration of the wall material. Such deterministic 
setting makes the final solution for the dangerous situation growth forecasting rather labor-
consuming and less perspective [19,20].  

In order to estimate the cascade growing of fire-danger realization probability on the oil 
refining facilities, an algorithm based on stochastic modeling was developed. 

Wherein, some simplifications and assumptions were accepted, and one of them is a 
possibility for these appearances to be described by the random number apparatus. The 
values, given in the inequality (1), whether the information is lacking, or it is unreliable, can 
be described due to classical laws of distribution, if we know the expected value and standard 
deviation. 

According to the position, given in the study [21], an application of the function 
distribution law of random argument, we have: 

f(N)= 1√2πSN
exp [– (N – MN)2

2SN
2 ], (2) 

f(G)= 1√2πSG
exp [– (G – MG)2

2SG
2 ], (3) 

where f(N), f(G) – distribution functions for the cumulatively acting technological effects 
(burden) and load bearing capacity (mechanical strength) equipment wall material, MN, MG – 
expected values for the cumulatively acting technological effects (burden) and load bearing 
capacity (mechanical strength) equipment wall material, SN, SG – standard deviations for the 
cumulatively acting technological effects (burden) N and load bearing capacity (mechanical 
strength) equipment wall material G. 

The difference G – N also will be allocated according to the normal law g(G – N) with 
expected value Mg with dispersion Dg: 
Mg = MG – MN, (4) 
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Dg = DN + DG, (5) 

Sg=√Dg, (6) 

where g – sought for random value distribution function (G – N), Mg, Dg, Sg – meanings 
expected value, dispersion and standard deviation of the difference (G – N), DN,  

DG – dispersions for the cumulatively acting technological effects and load bearing capacity. 
The process facilities and pipelines impermeability can be estimated in case we have 

distribution parameters g(G – N), due to calculated probability value: 

P(0 < R – Q < ∞) =∫ g(R – Q)d∞
0 (R – Q) = Φ (Mg

Sg
), (7) 

where Φ (Mg

Sg
) – a tabulated normal distribution function.  

Impermeability will be provided whether during an accident the probability value, 
calculated according to the Eq. (7), is close to one. 

Respectively, depressurization risks H apparatus can be estimated due to: 
H = 1 – P, (8) 
where P – depressurization maintenance probability in case of fire-danger situation.  

In the algorithm for the technical state estimation of the equipment mutually competing 
processes are considered: on the one hand technical loads increasing intensity, on the other 
hand – damage growing amount and durability decrease with rising temperature from 
equipment walls and technological environment. These counter-directed processes are 
graphically given in the Fig. 2. 

Apparatus technical condition will be characterized by some value between (X1 – X2), 
which can be matched with operability reserve value, also increasing area where both 
distribution functions f(N) and f(G) cross, allows us to estimate possible depressurization 
probability or technological apparatus total distraction in case of (X1 – X2) = 0, which 
physically means equality between acting loads and durability of the material. 
 

Conclusion 

Thus, basing on the negative impact analysis of the harmful factors, that can lead to the 
temperature increase up to the 20 °C and higher, the loss of material durability occurs as a 
result of thermal stream action, which in the fullness of time combined with internal 
overpressure, supposed to lead to the facilities depressurization or distraction.  

It is proposed to estimate the probability of the accident cascade growth for the oil and 
gas process equipment based on model, which is formulated by the estimation of vessel 
depressurization probability, which works under the pressure. 
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