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Impact of non-local, two temperature and impedance parameters 

on propagation of waves in generalized thermoelastic medium 

under modified Green-Lindsay model 
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ABSTRACT  

This study is primarily focused on the behavior of propagation of waves through a homogeneous and isotropic 

thermoelastic half-space using the modified Green-Lindsay theory of thermoelasticity, along with the effects 

of non-local and two temperature (TT) parameters. A new set of governing equations is formulated and solved 

using the reflection technique after reducing the equations to two dimensions and a dimensionless form. The 

impact of different parameters namely non-local parameter, TT parameter, and impedance parameters along 

with different theories of thermoelasticity are shown graphically on amplitude ratios obtained from reflected 

waves i.e., longitudinal wave (LD-wave), thermal wave (T-wave), and transverse wave (SV-wave). The modified 

Green-Lindsay theory is widely used in fields such as heat transfer, and geophysics with potential practical 

applications in areas such as earthquake engineering and materials engineering. The study also includes the 

deduction of particular cases based on the obtained results. 

KEYWORDS  

modified Green-Lindsay theory • non-local • two temperature • impedance parameters 
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Introduction 

The mathematical framework known as the two temperature (TT) theory of 

thermoelasticity describes how materials respond to thermal loads and is an extension 

of the classical theory of elasticity. This theory finds use in several engineering disciplines 

that depend on the system's performance under thermal loads. For instance, in the 

semiconductor industry, the two temperature theory can be used to model electronic 

device behavior at elevated temperatures. Many authors have discussed different types 

of problems in the context of theory of thermoelasticity notable of them are [1–5]. 

Youssef [6] proposed a novel model of generalized thermoelasticity by 

incorporating two distinct temperatures, namely thermodynamic temperature and 

conductive temperature. Later on, [7–10] explored different types of problems in the 

context of TT theory of elasticity. Lofty et al. [11] established a memory-depended 

derivative (MDD) during the excitation processes by pulsed laser for a time-dependent 

material under the magneto thermoelasticity with TT. Al-Lehaibi [12] discussed the 

http://dx.doi.org/10.18149/MPM.5212024_1
https://orcid.org/0000-0002-0873-0046
https://orcid.org/0000-0002-1572-2108
https://orcid.org/0009-0000-5437-1972
https://orcid.org/0009-0008-4347-4851
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variational principle theorem without energy dissipation for an isotropic and 

homogeneous material in the context of the TT theory of thermoelasticity.  

Green and Lindsay's (G-L) theory assumes linear behavior of the material, meaning 

that the response is assumed to be proportional to the applied loads and thermal 

gradients. This assumption may not hold for materials subjected to large deformations or 

high temperatures. The theory is typically formulated under the assumption of small 

temperature gradients. In situations where temperature changes are large, nonlinear 

effects may become significant, and the theory may not be accurate. 

The modified Green-Lindsay (MG-L) theory is a revised version of the Green-Lindsay 

(G-L) theory that expands the classical linear thermoelasticity theory. This extended 

theory applies to extreme conditions, such as high temperatures, rapid heating or 

cooling, or other scenarios where the assumptions of the original theory may break 

down. This revised theory considers the impact of nonlinear thermal expansion to provide 

a more comprehensive description of the thermomechanical behavior of materials. By 

doing so, the MG-L theory offers improved predictions of the stress and strain in materials 

that are exposed to significant temperature changes and thermal gradients, which can 

result in significant mechanical stresses and deformations. 

Yu et al. [13] used the extended thermodynamics principle to propose a model of 

generalized thermoelasticity that incorporates strain rate terms into the Green-Lindsay 

model. Quintanilla [14] reported some qualitative results for the MG-L thermoelasticity 

model. Ghodrat et al. [15] developed a numerical method to solve the governing 

equations for a large deformation domain in an elastic medium exposed to thermal shock 

under the MG-L theory of thermoelasticity. In the context of MG-L, Sarkar and De [16] 

examined the propagation of thermoelastic waves and determined that both MG-L and 

G-L have a significant impact on the amplitude ratios of reflected waves. A study that 

elaborates the response of a heat source along with thermomechanical loading  

in a MG-L generalized thermoelastic half-space with non-local and two temperature 

parameters is presented by Kumar et al. [17]. 

The non-local theory of thermoelasticity models the non-local effects by 

introducing a non-local constitutive equation that considers the temperature field over a 

larger region. This theory is useful in understanding the thermomechanical behavior of 

materials at small scales, where non-local effects can play a significant role in the 

material response. A non-local elasticity theory was developed by Eringen and Edelen 

[18], using global balance laws and the second law of thermodynamics. Initially, the non-

local theory of elasticity was used to study screw dislocations and surface waves in solids 

(Lazar and Agiasofitou [19]). 

A new model was discussed by Pramanik and Siddhartha [20] by using Eringen's 

non-local thermoelasticity theory, which explored the transmission of Rayleigh surface 

waves in a uniform, isotropic medium. Luo et al. [21] studied the temporary thermoelastic 

reactions of a slab with thermal properties that rely on the temperature, using a non-local 

thermoelastic model. In the case of non-local bio-thermoelastic media with diffusion, 

Kumar et al. [22] developed a dynamic model incorporating the impact of non-local and 

dual-phase lags. 

Malischewsky [23] investigated the propagation of Rayleigh waves using impedance 

boundary conditions. In the context of thermoelastic medium, Singh [24] examined the 
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reflection of plane waves utilizing impedance boundary conditions. In a study conducted 

by Kaushal et al. [25], they investigated how diffusion and impedance parameters affect 

the propagation of plane waves in a thermoelastic medium using both the Green and 

Lindsay theory (G-L) and the Coupled theory (C-T) of thermoelasticity. Yadav [26] 

examined the influence of impedance parameters on the reflection of plane waves in a 

thermoelastic medium subjected to rotating and magnetic effects. 

The purpose of the manuscript is to explore propagation of waves in thermoelastic 

media, which has been a focal point in seismology. Notably, these investigations play a 

crucial role in mineral ore exploration, hydrocarbon detection, and the planning and 

construction of infrastructure such as dams, bridges, roads, and highways. 

The other authors explored various problems in the field of MG-L but the governing 

equations for a homogeneous and isotropic thermoelastic medium to determine the 

amplitude ratios of reflected LD-wave, T-wave, and SV-wave having impacts of non-local 

and TT under impedance boundary conditions is not explored. In the context of plane wave 

reflection, the consideration of impedance boundary conditions becomes paramount. These 

conditions are characterized by linear combinations of unspecified functions and their 

derivatives along the boundary. Such scenarios are frequently encountered in acoustics, 

electromagnetism, and seismology. This new model has the potential for application in 

fields such as geophysics, seismology, and earthquake engineering. 

 

Basic equations 

In the present investigation, we consider the MG-L model proposed by Yu et al. [13] along 

with non-local theory given by Eringen and Edelen [18] and two temperature theory of 

thermoelasticity given by Youssef [6]. So, in the absence of body forces and heat sources, 

the field equations and constitutive relations with non-local, TT under MG-L model of 

thermoelasticity in general cartesian coordinate system 𝑂𝑥1𝑥2𝑥3are given as: (1 + 𝜂1𝜏1 𝜕𝜕𝑡) [(𝜆 + 𝜇)𝛻(𝛻 ⋅ 𝑢⃗ ) + 𝜇𝛻2𝑢⃗ ] − 𝛽1 (1 + 𝜂2𝜏1 𝜕𝜕𝑡)𝛻𝑇 = 𝜌(1 − 𝜉12𝛻2) 𝜕2𝑢⃗⃗ 𝜕𝑡2 ,     (1) 𝐾∗𝛻2𝜑 = (1 + 𝜂3𝜏0 𝜕𝜕𝑡) (𝛽1𝑇0𝑢̇𝑘,𝑘) + (1 + 𝜂4𝜏0 𝜕𝜕𝑡) 𝜌𝐶𝑒𝑇̇,        (2) 𝑡𝑖𝑗 = (1 + 𝜂1𝜏1 𝜕𝜕𝑡) [𝜆𝑢𝑘,𝑘𝛿𝑖𝑗 + 𝜇(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖)] − 𝛽1 (1 + 𝜂2𝜏1 𝜕𝜕𝑡) 𝑇𝛿𝑖𝑗 ,       (3) 𝑇 = (1 − 𝑎𝛻2)𝜑,              (4) 

where 𝜆,  𝜇 -Lame's constants, 𝜉1 - non-local parameter, 𝑡 - time, 𝛽1 = (3𝜆 + 2𝜇)𝛼𝑡,  𝛼𝑡 - coefficient of linear thermal expansion, 𝜌,  𝐶𝑒 - density and specific heat, 𝐾∗ - thermal 

conductivity, 𝜑 - conductive temperature, 𝑇 - temperature, 𝑡𝑖𝑗 - components of stress 

tensor, 𝜏0,  𝜏1- the relaxation times, 𝛿𝑖𝑗- Kronecker delta, 𝑢⃗ - displacement vector, 𝑇0-

reference temperature, 𝜂1,  𝜂2,  𝜂3, 𝜂4 - constants, a-TT parameter, 𝛻2- Laplacian operator. 

The Eqs. (1)-(4) reduce to the following: 𝜂1 = 𝜂2 = 𝜂3 = 𝜂4 = 1,      Modified Green-Lindsay, (MG-L), (2018). 𝜂1 = 𝜂3 = 0, 𝜂2 = 𝜂4 = 1,                       Green-Lindsay, (G-L), (1972). 𝜂1 = 𝜂2 = 0, 𝜂3 = 𝜂4 = 1,             Lord-Shulman, (L-S), (1967). 𝜂1 = 𝜂2 = 𝜂3 = 𝜂4 = 0,      Coupled thermoelasticity, (C-T), (1980). 
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Problem statement 

A homogeneous, isotropic thermoelastic solid half space with TT and non-local is 

considered. The rectangular Cartesian coordinate system Ox1x2x3is taken such that the 

origin is located on the surface 𝑥3 = 0 and 𝑥3-axis is pointing normally to the medium as 

shown in Fig. 1. 

 

 
Fig. 1. Geometry of the problem 

 

The components of displacement are taken as follows for a two-dimensional 

problem: 

( )31 ,0, uuu =


.               (5) 

Dimensionless quantities are referred as: 

( ) ( )iiii ux
c

ux ,,
1

1
= , 𝑡3𝑖′ = 𝑡3𝑖𝛽1𝑇0, (𝜑′, 𝑇′) = 1𝑇0 (𝜑, 𝑇), (𝑡′, 𝜏0′ , 𝜏1′ ) = 𝜔1(𝑡, 𝜏0, 𝜏1),  𝑎′ = 𝜔12𝑐12 𝑎, 𝜉1′ = 𝑤1𝑐1 𝜉1,  (𝑧1',z2′) = 𝑐1𝛽1𝑇0 (𝑧1,z2), 𝑧3'= 𝑐1𝐾∗ 𝑧3, ι = 1, 3.     (6) 

where 𝑐12 = 𝜆+2𝜇𝜌  and 𝜔1 = 𝜌𝐶𝑒𝐶12𝐾∗ . 

After removing the primes and introducing the values defined by Eq. (6) in addition 

to Eq. (5), in Eqs. (1)-(4) we get,  (1 + 𝜂1𝜏1 𝜕𝜕𝑡) [𝑎1 𝜕𝑒𝜕𝑥1 + 𝑎2𝛻2𝑢1] − 𝑎3 (1 + 𝜂2𝜏1 𝜕𝜕𝑡) 𝜕𝑇𝜕𝑥1 = (1 − 𝜉12𝛻2) 𝜕2𝑢1𝜕𝑡2 ,      (7) (1 + 𝜂1𝜏1 𝜕𝜕𝑡) [𝑎1 𝜕𝑒𝜕𝑥3 + 𝑎2𝛻2𝑢3] − 𝑎3 (1 + 𝜂2𝜏1 𝜕𝜕𝑡) 𝜕𝑇𝜕𝑥3 = (1 − 𝜉12𝛻2) 𝜕2𝑢3𝜕𝑡2 ,      (8) 𝛻2𝜑 = 𝑎4 (1 + 𝜂3𝜏0 𝜕𝜕𝑡) 𝜕𝜕𝑡 (𝑢1,1 + 𝑢3,3) + (1 + 𝜂4𝜏0 𝜕𝜕𝑡) 𝜕𝑇𝜕𝑡 ,        (9) 𝑇 = (1 − 𝑎𝛻2)𝜑,            (10) 𝑡33 = (1 + 𝜂1𝜏1 𝜕𝜕𝑡) [𝑎5 𝜕𝑢3𝜕𝑥3 + 𝑎6 𝜕𝑢1𝜕𝑥1] − (1 + 𝜂2𝜏1 𝜕𝜕𝑡)𝑇,       (11) 𝑡31 = (1 + 𝜂1𝜏1 𝜕𝜕𝑡) [𝑎7 (𝜕𝑢3𝜕𝑥1 + 𝜕𝑢1𝜕𝑥3)],         (12) 

where 𝑎1 = 𝜆+𝜇𝜌𝐶12 , 𝑎2 = 𝜇𝜌𝐶12, 𝑎3 = 𝛽1𝜏0𝜌𝐶12 , 𝑎4 = 𝛽1𝐶1²𝐾∗𝜔1 , 𝑎5 = 𝜆+2𝜇𝛽1𝑇0 , 𝑎6 = 𝜆𝛽1𝑇0, 𝑎7 = 𝜇𝛽1𝑇0, e= 𝜕𝑢1𝜕𝑥1 + 𝜕𝑢3𝜕𝑥3. 

To decouple the above system of equations, we take 𝑢1and 𝑢3in the dimensionless 

form as: 𝑢1 = 𝑞,1 − 𝜓,3, 𝑢3 = 𝑞,3 + 𝜓,1.                  (13) 
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Using Eqs. (7)-(10) and (13), we get the following set of equations: (1 + 𝜂1𝜏1 𝜕𝜕𝑡) (∇2𝑞) − 𝑎3 (1 + 𝜂2𝜏1 𝜕𝜕𝑡)𝑇 = (1 − 𝜉12∇2) 𝜕2𝑞𝜕𝑡2 ,      (14) 𝑎2(1 + 𝜂1𝜏1 𝜕𝜕𝑡)(∇2𝜓) − (1 − 𝜉12∇2) 𝜕2𝜓𝜕𝑡2  =0,        (15) 𝛻2𝜑 = 𝑎4 (1 + 𝜂3𝜏0 𝜕𝜕𝑡) 𝜕𝜕𝑡 𝛻2q+(1 + 𝜂4𝜏0 𝜕𝜕𝑡) 𝜕𝑇𝜕𝑡 .        (16)  

 

Dispersion equation and its solutions 

Assuming the motion to be harmonic and for solving the Eqs. (14)-(16), we assume 

solutions in the form: (𝑞, 𝜑, 𝜓) = (𝑞0, 𝜑0, 𝜓0)𝑒𝜄𝑘(𝑥1𝑆𝑖𝑛𝜃0−𝑥3𝐶𝑜𝑠𝜃0)+𝜄𝜔𝑡 ,        (17) 

where k denotes as wave number, ι is known as iota, 𝜃0 is angle of inclination and 

quantities such as 𝑞0, 𝜑0, 𝜓0are arbitrary constants. Using the values of 𝑞, 𝜑, 𝜓 we 

obtained following equations: (𝐴𝜈4 + 𝐵𝜈2 + 𝐶)(𝑞, 𝜑) = 0,           (18) (𝜈2 − 𝐴1)ψ = 0,            (19) 

where A=𝐸2 𝑖𝜔, B=(𝐸2𝑎𝜔3𝑖 + 𝜔2) + 𝑖𝜔𝐸2(𝜉12𝜔2 − 𝐸1) − (𝑎3 𝑎4𝐸3𝐸4 𝑖𝜔), 
C= (𝜉12𝜔2 − 𝐸1)(𝐸2𝑎𝜔3𝑖 + 𝜔2) − 𝑖𝑎𝑎3𝑎4𝐸3𝐸4𝜔3, 𝐴1 = (1 + 𝜂1𝜏1 𝑖𝜔)𝑎2 − 𝜉12𝜔2, 𝐸1 = (1 + 𝜂1𝜏1𝑖𝜔), 𝐸2 = (1 + 𝜂4𝜏0𝑖𝜔),  𝐸3 = (1 + 𝜂3𝜏0𝑖𝜔), 𝐸4 = (1 + 𝜂2𝜏1𝑖𝜔). 
 

Restriction on boundary 

Impedance boundary conditions consist of unknown functions and their derivatives 

prescribed on the boundary. These conditions find widespread use in multiple disciplines 

such as thermoelasticity, acoustics, and electromagnetism within the realm of Physics. 

When dealing with seismic wave interactions involving discontinuities, the typical 

assumption is an ideally welded contact, ensuring continuity of relevant displacement 

and stress components. Consequently, it is suitable to treat these contact planes as 

extremely thin layers, giving rise to boundary conditions similar to impedance conditions. 

Hence, following Malischewsky [23] and Schoenberg [27], the impedance boundary 

conditions at 𝑥3 = 0 are: 

(i) 𝑡33 + 𝜔𝑧1𝑢3 = 0,  (ii) 𝑡31 + 𝜔𝑧2𝑢1 = 0, (iii) 𝐾∗ 𝜕𝑇𝜕𝑥3 + 𝜔𝑧3𝑇 = 0,     (20) 

where 𝑧1, 𝑧2 and 𝑧3 are impedance parameters, the boundary conditions at free surface 

can be obtained by setting 𝑧1 = 𝑧2 = 𝑧3 = 0. 

To obtain amplitude ratios, we consider 𝑞, 𝜑, 𝜓 as follows: 𝑞 = Σ(𝐴0𝜄𝑒𝜄𝑘0(𝑥1𝑆𝑖𝑛𝜃0−𝑥3𝐶𝑜𝑠𝜃0)+𝜄𝜔𝑡  +  𝐴𝜄𝑒𝜄𝑘𝜄(𝑥1𝑆𝑖𝑛𝜃𝜄+𝑥3𝐶𝑜𝑠𝜃𝜄)+𝜄𝜔𝑡),     (21) 𝜑 = Σ(𝑑𝜄𝐴0𝜄𝑒𝜄𝑘0(𝑥1𝑆𝑖𝑛𝜃0−𝑥3𝐶𝑜𝑠𝜃0)+𝜄𝜔𝑡 + 𝑑𝜄𝐴𝜄𝑒𝜄𝑘𝜄(𝑥1𝑆𝑖𝑛𝜃𝜄+𝑥3𝐶𝑜𝑠𝜃𝜄)+𝜄𝜔𝑡),     (22) 𝜓 = (𝐴03𝑒𝜄𝑘0(𝑥1𝑆𝑖𝑛𝜃0−𝑥3𝐶𝑜𝑠𝜃0)+𝜄𝜔𝑡 + 𝐴3𝑒𝜄𝑘3(𝑥1𝑆𝑖𝑛𝜃3+𝑥3𝐶𝑜𝑠𝜃3)+𝜄𝜔𝑡),     (23) 

where 𝑑𝑙 = 𝜄𝜔𝑎4𝐸3𝑘𝑙2𝑘𝑙2+𝜄𝜔𝐸2(1+𝑎𝑘𝑙2),  (𝑙=1,2), 𝐴0𝜄are the amplitude of incident Longitudinal wave 

(LD-wave), thermal waves (T-wave) and shear waves (SV-wave). 𝐴𝜄 are the amplitude of 

the reflected Longitudinal wave (LD-wave) and reflected Thermal waves (T-wave) and 𝐴3 

is the amplitude of the reflected Shear wave (SV-wave). 
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Snell’s Law is given as  sin𝜃0𝜐0 = 
sin𝜃1𝜐1  =

sin𝜃2𝜐2 = 
sin𝜃3𝜐3 ,           (24) 

where  𝑘1𝜐1 = 𝑘2𝜐2 = 𝑘3𝜐3 = 𝜔, at 𝑥3 = 0,         (25) 𝜐0 = {𝜈1, for incident LD −  wave𝜈2, for incident T −  wave   𝜈3, for incident SV −  wave . 

Using potential defined by Eq. (13) along with Eqs. (21)-(25) in the boundary 

conditions given by Eq. (20), we obtained a system of equations defined as: ∑𝑎𝑖𝑗𝑅𝑗 = 𝑌𝑗 , (𝑖, 𝑗 = 1, 2, 3),           (26) 

where 𝑎1𝑖 = −[𝐸1 𝑎5𝑘𝑖2 cos2 𝜃𝑖 + 𝐸1𝑎6𝑘𝑖2 sin2 𝜃𝑖 + 𝐸4(1 + 𝑎𝑘𝑖2)𝑑𝑖 + 𝑖𝑘𝑖 cos 𝜃𝑖 𝑤𝑧1], 𝑎13 = (𝑎6 − 𝑎5)𝐸1𝑘32 sin 𝜃3 cos 𝜃3 + 𝑖𝑘3sin𝜃3𝑤𝑧1, 𝑎2𝑖 = −2𝐸1 𝑎7𝑘𝑖2 sin 𝜃𝑖 cos 𝜃𝑖 + 𝑖𝑘𝑖 sin 𝜃𝑖 𝑤𝑧2, 𝑎23 = 𝐸1 𝑎7𝑘32(cos2 𝜃3 − sin2 𝜃3) − 𝑖𝑘3 cos 𝜃3 𝑤𝑧2, 𝑎3𝑖 = 𝑑𝑖(1 + 𝑎𝑘²)[𝑖𝑘𝑖𝐾∗ cos 𝜃𝑖 + 𝑤𝑧3],i= 1, 2. 

 

Unique cases 

Modified Green-Lindsay model with two temperature. Let 𝜉1 → 0 in Eq. (26), we obtain the 

resulting expression for MG-L theory of thermoelasticity along with TT effect. The results 

tally with those obtained by Sarkar and Mondal [28]. 

Non-local modified Green-Lindsay model. As TT parameter vanishes i.e. a=0 in Eq. (26), 

we obtain the results for MG-L model involving non-local impact. 

Non-local G-L generalized thermoelastic model with two temperature. Taking 𝜂1 = 𝜂3 = 0, 𝜂2 = 𝜂4 = 1, reduces the system of equation defined by Eq. (26) for G-L model 

having non-local and TT effect. 

Non-local L-S generalized thermoelastic model with two temperature. Putting 𝜂1 = 𝜂2 = 0, 𝜂3 = 𝜂4 = 1, in Eq. (26) will yield the expression for L-S model involving non-

local and TT. If we vanish the TT effect then the model reduces to L-S generalized 

thermoelastic model with non-local effects and the results tally with those obtained by Singh 

and Bijarnia [29]. 

Coupled thermoelastic model with non-local and two temperature. Let  𝜂1 = 𝜂2 = 𝜂3 = 𝜂4 = 0, i.e. in absence of relaxation time, Eq. (26) gives the corresponding 

expression for CT model along with non-local and TT. 

 

Computational interpretation 

To study the effect of various parameters, the numerical calculations are carried out for three 

different cases, the effect of (i) non-local and impedance parameters (ii) TT and impedance 

parameters (iii) different theories of thermoelasticity i.e. MG-L, G-L and L-S theories. 

Following Dhaliwal and Singh [30], we take the case of magnesium crystal, the 

physical constants used are: 𝜆 = 2.17 × 1010
 Nm−2,  𝜇 = 3.278 × 1010 Nm−2, 𝐾∗ = 1.7 × 102

 Wm−1deg−1,  𝜔1 = 3.58 × 1011
 s−1,  𝛽1 = 2.68 × 106Nm−2

 deg−1,  𝜌 = 1.74 × 103 Kgm−3, 𝐶𝑒 = 1.04 × 103 JKg−1deg−1, 𝑇0 = 298 k, 𝜏0 = 0.1 s, 𝜏1 = 0.2 s.  
The values of impedance parameters for all the cases are 𝑧1 = 5, 𝑧2 = 2, and  𝑧3 = 1. 
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Non-local effects and impedance parameters. In this case, we consider fixed value of 

TT parameter as 𝑎 = 0.104 with 0o ≤ θ0 ≤ 90o. Non-local parameter (𝜉1 = 0.5) along with 

TT and impedance parameters (NTI) is represented by a solid Black line. The case of non-

local parameter(𝜉1 = 0.5) along with TT and without impedance parameters (NTWI) is 

represented by a solid red. The case of absence of non-local parameter, i.e. (𝜉1 = 0.0) along 

with TT and impedance parameter (TI) is represented by a solid Blue line with center symbol 

'𝛥'. The case of absence of non-local parameter i.e.(𝜉1 = 0.0) along with TT and without 

impedance (TWI) is shown by a violet line with center symbol '⋄'. 
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Fig. 2. Variation of Amplitude ratio |R1|  

for LD-wave (Impact of non-Local and impedance 

parameters) 

 

Fig. 3. Variation of Amplitude ratio |R2|  

for LD-wave (Impact of non-Local and impedance 

parameters) 
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Fig. 4. Variation of Amplitude ratio |R3| 

for LD-wave (Impact of non-Local and impedance 

parameters) 

 

Fig. 5.Variation of Amplitude ratio |R1|  

for T-wave (Impact of non-Local and impedance 

parameters) 
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LD-wave. In Fig. 2, the changes in |𝑅1| are depicted as a function of the angle of 

incidence. It is observed that |𝑅1| decreases for all the cases considered throughout the 

entire range. Additionally, it is apparent that |𝑅1| is more pronounced for the case NTI as 

compared to TI. Also, the value of |𝑅1| for the case of NTWI is higher than that of TI, 

indicating the influence of non-local on|𝑅1|. 
Figure 3 illustrates those variations of |𝑅2| with 𝜃0, it is noticed that |𝑅2| decreases 

for all cases considered, namely NTI, NTWI, TI, and TWI, as 𝜃0 increases. Specifically, the 

value of |𝑅2| for NTI and TI are higher than that of NTWI and TWI respectively, reveals 

the impact of non-local and impedance on the |𝑅2|.  
The trend of variations of |𝑅3| with 𝜃0 is shown in Fig. 4. It is observed that the 

value of |𝑅3| increases in the first half of the interval and decreases in the remaining 

range for all considered cases. However, the magnitude of |𝑅3| is higher for NTWI 

compared to other cases in the entire range. 

T-wave. Figure 5 displays a plot of |𝑅1| with 𝜃0, it is evident that |𝑅1| exhibits a 

significant downward trend for all the considered cases in the range of 0 ≤ 𝜃 ≤ 18° 
followed by a steady decline in the remaining interval. Moreover, the magnitude of 

variations appears to be relatively higher for the NTWI case compared to the other cases 

throughout the entire range. 

Figure 6 illustrates the variations of |𝑅2| with 𝜃0, indicating that |𝑅2| exhibits a 

downward trend within a range 0 ≤ 𝜃 ≤ 27° for all examined cases. As the values of 𝜃0 

increases further, |𝑅2| shows a small decrement for all considered cases. 
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Fig. 6. Variation of Amplitude ratio |R2|  

for T-wave (Impact of non-Local and impedance 

parameters) 

 

Fig. 7. Variation of Amplitude ratio |R3|  

for T-wave (Impact of non-Local and impedance 

parameters) 

 

From Fig. 7 it is seen that value of |𝑅3| increases in the interval 0 ≤ 𝜃 ≤ 18° for all 

considered cases, whereasit exhibits an opposite trend in the remaining range, implying 

that the amplitude ratio is adversely affected by the impedance parameter. Furthermore, 

the magnitudes of |𝑅3| are relatively higher for NTWI, TWI than NTI and TI, which can be 

attributed to the absence of impedance parameter. 
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SV-wave. Figure 8 displays a plot of |𝑅1| with 𝜃0, indicating that the values of |𝑅1|exhibit an upward trend for all the cases considered with increase in 𝜃0. It is also seen 

that  magnitude of values for TWI and NTWI are greater as compared to TI and NTI, which 

reveals the impact of impedance parameter. 
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Fig. 8. Variation of Amplitude ratio |R1|  

for SV-wave (Impact of non-Local and impedance 

parameters) 

 

Fig. 9. Variation of Amplitude ratio |R2|  

for SV-wave (Impact of non-Local and impedance 

parameters) 

 

Figure 9 indicates a growing trend of variation of |𝑅2| in the case of NTI, NTWI, TI 

and TWI for the entire range. Figure 10 demonstrates that the variations of amplitude 

ratio |𝑅3| against 𝜃0 follows the decreasing trend for all the considered cases in the entire 

range, magnitude of decrement for NTWI is greater as compared to other cases. 

Two temperature effects and impedance parameters. In this case, we consider the 

fixed value of non-local parameter (𝜉1 = 0.5) parameter and  0o ≤ θ0 ≤ 90o. TT 

parameter (𝑎 = 0.0104) along with non-local and impedance parameters (TNI) is 

represented by a solid Black line. The TT parameter (𝑎 = 0.0104) along with non-local 

and without impedance parameters (TNWI) is represented by a solid red. The case of 

absence of TT i.e.(𝑎 = 0.0) along with non-local with impedance parameter (NI) is 

represented by a solid Blue line with center symbol '𝛥'. The case of absence of TT i.e. 

(𝑎 = 0.0) along with non-local and without impedance (NWI) is represented by a violet 

with center symbol '⋄'. 

LD-wave. From Fig. 11 which is a plot of |𝑅1| vs 𝜃0. It is clear that the value of |𝑅1| 
follows the descending trend for all the considered cases as 𝜃0 increases, magnitude of |𝑅1| 
for TNI and TNWI are greater than NI and NWI respectively, which reveals the impact of TT 

parameter. 

From Fig. 12, which presents the plot of |𝑅2| vs 𝜃0. The graph clearly shows a decline 

in |𝑅2| for TNI, TNWI, NI, and NWI. Among these, TNI exhibits the largest variation, while 

NWI has the smallest. As 𝜃0 increases, the amplitude ratios eventually converge towards zero 

value. In Fig. 13, depicts the amplitude ratio |𝑅3| vs 𝜃0, demonstrating a positive trend during 

the first half of the interval, followed by a reversal in the second half for all the cases. Notably, 

TNWI experiences the largest magnitude of variation, while NWI exhibits the smallest. 
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T-wave. Figure 14 displays the trend of variations for |𝑅1| with 𝜃0. It is observed that 

the value of |𝑅1| decreases monotonically throughout the entire range for all considered 

cases, with varying magnitudes of variation. Moreover, TNI and TNWI are smaller as 

compared to NI and NWI, which reveals the impact of TT parameter. Figure 15 illustrates 

the plot of |𝑅2| against 𝜃0. It is evident that TNI, NI, TNWI, and NWI exhibit a downward 

trend for the entire range except for 27 ≤ 𝜃0 ≤ 60, where |𝑅2| shows a steady state. 
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Fig. 10. Variation of Amplitude ratio |R3| for SV-
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parameters) 

 

Fig. 11. Variation of Amplitude ratio |R1| for LD-

wave (Impact of TT and impedance parameters) 
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Fig. 12. Variation of Amplitude ratio |R2| for LD-wave  

(Impact of TT and impedance parameters) 

Fig. 13. Variation of Amplitude ratio |R3| for LD-wave  
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Fig. 15. Variation of Amplitude ratio |R2| for T-wave  

(Impact of TT and impedance parameters) 

 

From Fig. 16, which is a plot of |𝑅3| vs 𝜃0, it is noticed that |𝑅3| exhibits an 

increasing trend in the interval 0 ≤ 𝜃 ≤ 18, and thereafter follows a descending behavior 

for the remaining range with significant difference in their magnitude. 

SV-wave. From Fig. 17, which is a plot of |𝑅1| vs 𝜃0. It is clear that the value |𝑅1| 
shows an increasing trend in the entire range for all the cases. It is also noticeable that 

magnitude of variations of |𝑅1| is larger in case of TNI as compare to TNWI, which reveals 

impact of impedance. Figure 18 illustrates the plot of |𝑅2| against 𝜃0. It indicates the 

growing trend of variation of |𝑅2| for all the considered cases with significant difference 

in magnitude. It is also noticed that the larger variation is seen for TNI as compared to 

remaining cases. Figure 19 demonstrates a plot of |𝑅3| vs 𝜃0, it is seen that impedance 

has decreasing effect on amplitude ratio |𝑅3|and magnitude of variation is observed 

larger for the case of NI. 
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Fig. 18. Variation of Amplitude ratio |R2| for SV-

wave (Impact of TT and impedance parameters) 

Fig. 19. Variation of Amplitude ratio |R3| for SV-

wave(Impact of TT and impedance parameters) 

 

Different theories of thermoelasticity. LD-wave. Figure 20 depicts the variations of |𝑅1| vs 𝜃0. It is noticed that the value of |𝑅1| shows decreasing trend. Moreover, the value 

of |𝑅1| for G-L model is higher as compared with MG-L and L-S model. Figure 21 shows 

the variation of |𝑅2| with 𝜃0. It is seen that |𝑅2| follows the similar trend as observed for |𝑅1|. Figure 22 illustrates that amplitude ratio |𝑅3| vs 𝜃0. It is noticed that the values of |𝑅3| increases in first half of the interval and in remaining half the values shows a vice-

versa trend for all the considered cases. 
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for LD-wave(Impact of Different Theories) 

Fig. 21. Variation of Amplitude ratio |R2|  

for LD-wave (Impact of Different Theories) 
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Fig. 22. Variation of Amplitude ratio |R3|  

for LD-wave (Impact of Different Theories) 

 

Fig. 23. Variation of Amplitude ratio |R1|  

for T-wave (Impact of Different Theories) 

 

T-wave. From Fig. 23, it is observed that the value of |𝑅1| for MGL, G-L and L-S 

model follows decreasing trends while magnitude of |𝑅1| is more for the G-L as compared 

to MG-L and L-S. From Fig. 24, which is plot of |𝑅2| vs 𝜃0. It is noticed that magnitude of |𝑅2| for G-L is higher as compared to other two models i.e. MG-L model and L-S model. 

The variations of |𝑅3| vs 𝜃0are presented in Fig. 25. It is observed that the value of |𝑅3| 
is in upward trend for all considered cases in the range 0 ≤ 𝜃 ≤ 18°, 𝜃 ≥ 80° and is in 

downward trend in rest of the interval.  
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Fig. 24. Variation of Amplitude ratio |R2|  

for T-wave(Impact of Different Theories) 

 

Fig. 25. Variation of Amplitude ratio |R3|  

for T-wave (Impact of Different Theories) 

 

SV-Wave. Figure 26 depicts the variations of |𝑅1| with 𝜃0. It is observed that the 

value of |𝑅1| are in uptrend for all the cases. It is also noticed that the values of |𝑅1| for 

G-L model are more as compared to MG-L and L-S model. From Fig. 27, it is observed that 

the value of |𝑅2| for G-L, MG-L and L-S follows rising trend for entire range but magnitude 
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of |𝑅2| for G-L is higher than MG-L, L-S. Figure 28 depicts the variations of |𝑅3| with 𝜃0. 

It is observed that the value of |𝑅3| follows decreasing trend for all the considered 

models. Also, the value of |𝑅3| for G-L model is more as compared to MG-L and L-S model. 
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Fig. 26. Variation of Amplitude ratio |R1|  

for SV-wave (Impact of Different Theories) 

 

Fig. 27. Variation of Amplitude ratio |R2|  

for SV-wave(Impact of Different Theories) 
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Fig. 28 Variation of Amplitude ratio |R3| for SV-wave(Impact of Different Theories) 

 

Conclusion 

In this investigation, propagation of wave is studied, which is the central focus in 

seismology, generating precise results applicable to a wide range of economic activities. 

The amplitude ratios of various reflected waves are obtained by considering a 

homogenous, isotropic thermoelastic medium under MG-L model of thermoelasticity with 

the impact of non-local parameter, TT parameter and impedance parameters along with 

different theories of thermoelasticity. The following results have been obtained: 
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1. It is observed that for incident LD-wave under the influence of non-local, TT and impedance 

parameter |𝑅1| and |𝑅2| shows a descending behaviour in the entire interval, whereas |𝑅3| 
shows uptrend in first half of the interval and thereafter it decreases for all the considered cases. 

2. For incident T-wave, the value of |𝑅1| and |𝑅2| diminish with increase in 𝜃0. While |𝑅3| shows 

increasing behaviour in the initial range and with increase in 𝜃0, |𝑅3| shows downward trend. 

3. It is observed that for incident SV-waves, the value of |𝑅1| and |𝑅2| continuously increases 

with increase in 𝜃0, whereas for |𝑅3| the values decrease with constant magnitude. 

4. It is also seen that for incident LD-wave and T-wave, it is seen that for different theories 

of thermoelasticity, the values of |𝑅1| and |𝑅2| decays with increase in 𝜃0, whereas for |𝑅3| the values show uptrend initially and after attaining its maximum point the values 

of |𝑅3| decreases. However, in case of incident SV-wave, an opposite behaviour is 

observed for |𝑅1| and |𝑅2| as compared with incident LD-wave and T-wave respectively. 

5. The magnitude of |𝑅1|, |𝑅2|, and |𝑅3| for LD-wave, T-wave, SV-wave in case of G-L 

model are more as compared with other two models of thermoelasticity. 

Based on these findings, it is also concluded that the non-local parameter, TT 

parameters, and impedance parameters have significant effect on the amplitude ratios as 

non-local parameter enhances the amplitude ratios for LD-wave and T-wave. It is also 

observed that amplitude ratios are influenced by different theories of thermoelasticity as 

the values of amplitude ratios for MG-L are higher than L-S theory and lower than G-L 

theory of thermoelasticity for all the incident waves. The present new model is useful in 

developing more accurate representations of thermoelastic solids, making it particularly 

relevant for geophysical studies, especially in the investigation of seismic events and 

other phenomena in seismology and engineering. 
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ABSTRACT  

The problem of subcritical growth of repolarization nuclei in ferroelectric crystals is considered. Following 

the approach of Barenblatt to the theory of equilibrium brittle cracks, a concept of cohesive forces, acting 

on adjacent domain walls in a region near the domain tip, is introduced. These cohesive forces are 

intimately related to the gradient term in the Ginzburg-Landau energy and become substantial as the 

separation between the domain walls compares with their thickness δ. The condition of equilibrium for a 

ferroelectric domain is formulated by taking into account the internal field associated with the cohesive 

forces. Criteria for stable subcritical growth of nuclei in non-uniform electric fields are presented in terms 

of a gradient modulus, which is an extension of the cohesion modulus concept of Barenblatt. 
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Introduction 

One of the main factors that determines the efficacy of application of functional materials in 

various devices is the high sensitivity of their physical properties to the features of the real 

structure. In the case of ferroics (ferroelectrics, ferroelastics, ferromagnets), it is the behavior 

of the real (domain) structure that is the cause of physical nonlinearities observed in the form 

of hysteresis phenomena, the mechanism of which is often the subject of debate. Elucidation 

of the mechanism of the subcritical growth of ferroelectric domains in polycrystalline films 

is one of the current controversial issues in the physics of ferroelectrics. 

The lead zirconate titanate Pb(Zr1-xTix)O3 (PZT) solid solution near the morphotropic 

phase boundary x = 0.47, separating two ferroelectric phases ― rhombohedral and 

tetragonal, is one of the most widely used smart materials due to unique combination of its 

piezoelectric and dielectric properties. In such applications as nonvolatile random access 

memories also the nonlinear properties of PZT become important, especially its resistance 

to dynamic fatigue resulting from the polarization switching and reducing life time of the 

memory cells. The experimental studies of the influence of dynamic fatigue on ferroelectric 

http://dx.doi.org/10.18149/MPM.5212024_
https://orcid.org/0000-0002-0787-2210
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hysteresis revealed a considerable difference in physical mechanisms, underlying the 

polarization reversal in polycrystalline PZT films of different microstructure. In particular, for 

(Pb1-yLay)(Zr1-xTix)O3 (PLZT) polycrystalline films, including tetragonal Pb(Zr50Ti50)O3, deposited 

on Pt/Ti-coated Si substrates [1] the grain size D of ~0.3 µm was comparable with the film 
thickness H = 0.55 µm. These films show a frequency dependence of a coercive field Ec(ν) in 

the Merz form, ln(ν/ν0) = – α/Ec, for a wide range of frequencies ν = 101–105 Hz. An important 

observation made in [1] is that the dynamic fatigue does not affect the characteristic 

frequency ν0, which lies around 109 Hz for different PLZT compositions and can be considered 

as a signature of the physical mechanism of polarization switching. Unlike ν0, the activation 

field α increases with the number of cycles used in fatigue tests and is the only parameter in 

the Merz equation that characterizes the degree of fatigue [1]. Surprisingly, it was found that 

in polycrystalline Pb(Zr0.53Ti0.47)O3 films deposited on Pt/Ti/SiO2/Si substrates the frequency 

dependence of the coercive field Ec(ν) differs significantly from the Merz equation and follows 

the unusual law: ln(ν/ν0) = – (β/Ec)2 [2], which was never observed before and can be referred 

to as 1/E2–law. This result not only means the change in the physical mechanism governing 

the polarization switching rate in these films, but also implies the existence of a low limiting 

frequency ν0, approaching which the coercive field diverges. The value of ν0 obtained by the 

extrapolation of the experimental dependence of lnν on 1/Ec
2 to the point 1/Ec

2 = 0 was about 

105 Hz [2]. This value is much less both the Debye frequency in ferroelectric crystals with 

perovskite structure (~1013 Hz for PZT [1]) and also the aforementioned limiting frequency 

for PZT films, in which the polarization switching rate is given by the Mertz equation. Fatigue 

tests [2] showed that the limiting frequency ν0 for the new mechanism is also independent 

of the number of cycles, whereas the activation field β increases with cycling, as shown in 

Fig. 1. Despite their importance, the results obtained in [2] remained unnoticed until they 

were reproduced in [3,4] for tetragonal Pb(Zr0.40Ti0.60)O3 films grown on Ir/SiO2/Si substrates 

using the sol–gel process. Here, it is worth to mention that the 1/E2–law was also reported 

for some other ferroelectric materials [5,6].  

The existence of two principally different mechanisms of polarization switching in 

polycrystalline PZT films raises the question of what structural features of the films are 

responsible for realization of a particular mechanism. However, there is no information on 

the film thickness in [2]. The films grown in [3,4] had the thickness of 240 nm, but the grain 

size values were reported neither in [2] nor in [3,4]. Some insight into the microstructure 

can be gained from [7], where tetragonal Pb(Zr0.20Ti0.80)O3 films with thickness of 260 nm 

were composed of elongated single-domain grains with the mean size of ~ 50 nm. The 

switching of polarization by an electric field is a multistage process. It includes the stage 

of formation of repolarization nuclei; the stage of their forward growth into the crystal, 

which results in the formation of planar domain walls; and subsequent sideways motion of 

the domain walls. According to [8], it is the nucleation stage of the repolarization nuclei 

that is responsible for 1/E2–law. Furthermore, as was shown in [8], thin repolarization 

nuclei arise as the result of thermal fluctuations. Taking into account the experimental 

value of ν0 = 106 Hz from [3], the activation energy was estimated as ΔG(Ec) ~ 10 kT, where 

the coercive field Ec = 62.5 kV/cm corresponds to the hysteresis loop at a frequency 

ν = 9.3 Hz [3] and kT – to room temperature. Thus the nucleation due to thermal 

fluctuations is not so prohibitive as is sometimes accepted. Among additional factors, which 

could contribute to the dependence of Ec on ν, one should mention the thermally activated 
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sideways motion of domain walls in the field of short-range obstacles. For instance, such 

interactions become important in bulk PZT-based ceramics and lead to a logarithmic 

dependence of the coercive field on frequency [9–12]. 

 

 
 

Fig. 1. Semi-log plots lnν vs 1/Ec
2 illustrating schematically shift of the limiting frequency ν0(D)  

with a change in the electrode diameter D (D2 < D1) in fresh PZT films (squares correspond to RT data and 

D1 = 320 µm [3]). An expected transformation of the plot in fatigued films is sketched 

 

The original model [8] of the polarization reversal was not flexible enough to explain 

some features of the 1/E2–law, namely some size (or geometric) effects. According to [3,4], 

the observable limiting frequency ν0 is not a fundamental characteristic of the film material 

or structure. It depends on the size of the upper electrode R as well: ν0 = ν0(R). A qualitative 

phenomenological model [13], explaining the origin of such effects, assumes the existence 

of an additional mechanism for the growth of nuclei, which must be much faster than the 

usual nucleation due to thermal fluctuations. Further development [14] led to the 

conclusion that such mechanism is subcritical growth of repolarization nuclei in a non-

uniform electric field at the edges of the electrode. In this work, following the approach of 

Barenblatt [15] to equilibrium brittle cracks, a concept of cohesive forces, acting on 

adjacent domain walls in a region near the domain tip, is introduced. These cohesive forces 

stem from the gradient term in the Ginzburg-Landau energy. The condition of equilibrium 

for a ferroelectric domain is formulated by explicit incorporation of the internal field 

associated with the cohesive forces. Criteria for stable subcritical growth of nuclei in non-

uniform electric fields are presented in terms of a gradient modulus, which is an extension 

of the cohesion modulus of Barenblatt. 

 

Thin domain approximation 

In the theory of brittle cracks proposed by Barenblatt the concept of atomic cohesive 

forces is introduced to describe interaction of the crack surfaces in the cohesion zones 

near its tips. The cohesive forces are assumed to be local. Like surface forces in the 

continuum elasticity theory they are applied directly to the crack surfaces. Therefore, they 

differ from the real interatomic forces acting on atoms situated in a surface layer, which 
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thickness depends on the range of interatomic interaction. The idea of cohesive forces 

turns out to be also useful for ferroelectric domains, where they act locally on the 

adjacent domain walls. These forces are related to the gradient term in the Ginzburg-

Landau energy and become substantial in the region near the domain tips, where the 

separation between the domain walls compares with their thickness δ. This region can 

be referred to as the gradient zone. To illustrate incorporation of the cohesive forces into 

equations of equilibrium of ferroelectric domains, we consider a two-dimensional 

problem of a thin 180° domain of length l = a2 - a1 = 2a in an infinite uniaxial crystal. The 

domain is infinitely long in the z-direction and polarized in the x-direction. Its tips are 

situated at points x = a1 and x = a2, respectively, as shown in Fig. 2. From the microscopic 

viewpoint, the shape h(x) of the domain profile in xy-plane depends on distribution of 

atomic steps at the curved domain walls bounding the domain. Since each step increases 

the domain thickness by one interplanar distance c, the thickness h(x) at a point x is 

determined by the total number of steps situated between this point and the domain tip 

x = a2. By introducing the step density function n(x), h(x) can be represented as: ℎ(𝑥) = { 𝑐 ∫ 𝑛(𝑢)𝑑𝑢,  (𝑎1   ≤ 𝑥  ≤ 𝑎2)𝑎2𝑥 0 ,                   (𝑥  < 𝑎1 or 𝑥  > 𝑎2).          (1) 

 

 

 
 

Fig. 2. A 180° domain of length 2a = a2 - a1. Atomic steps on the domain wall W are schematically shown. 

The thickness of the domain cross section in the xy-plane is described by the function h(x). The gradient 

zone G is shown for the tip a2 

 

Further analysis throughout the paper is based on the thin domain 

approximation [8]. It means that all steps are situated in one plane y = 0 and we deal with 

a plane step distribution. Within the framework of this approximation the spontaneous 

polarization, which in our case has only one component, is localized in the plane y = 0 

and can be expressed as: 𝑃𝑥0(𝑥, 𝑦) = −𝑃𝑠 + 𝛥𝑃𝑠ℎ(𝑥)𝛿(𝑦),            (2) 

where 𝑃𝑠 denotes the value of spontaneous polarization and 𝑃𝑠𝑐 = 2𝑃𝑠𝑐 is the bound 

charge (per unit length along the z-axis) associated with a step on the domain wall. The 

shape of an equilibrium domain is to be found from the condition of vanishing the 

configuration force fx(x) acting on each step. Provided that the potentials of remote 

electrodes are fixed, it is to be derived from the electric free energy [8]. In general, the 

condition of step equilibrium contains three terms of different nature: 𝑓𝑥(𝑥) = 𝑓𝑥𝐸(𝑥) + 𝑓𝑥𝐺𝐿(𝑥) + 𝑓𝑥𝑙𝑎𝑡(𝑥) = 0.           (3) 
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However, the main contribution to the configuration force in Eq. (3) is due to the 

cohesive (or gradient) force: 𝑓𝑥𝐺𝐿(𝑥) = −(𝛥𝑃𝑠𝑐)𝐸𝑥∗(𝑥),             (4) 

where 𝐸𝑥∗(𝑥) = 𝐸𝑥∗[ℎ(𝑥)] is the internal field associated with the Ginzburg-Landau energy, 

and the electric force:  𝑓𝑥𝐸(𝑥) = 𝛥𝑃𝑠𝑐(𝐸𝑈(𝑥) + 𝐸𝑥𝑑(𝑥, 𝑦 = 0)).           (5) 

Here, 𝐸𝑈(𝑥) = 𝐸𝑥𝑈(𝑥, 𝑦 = 0) is the electric field of remote electrodes with an 

account of the depolarization field of the homogeneously poled ferroelectric crystal and 𝐸𝑥𝑑(𝑥, 𝑦 = 0) = 𝛥𝑃𝑠𝑐2𝜋𝜀  ∫  𝑛(𝑢)𝑥−𝑢  𝑑𝑢𝑎2𝑎1             (6) 

is the depolarization field due to bound charges of the steps. Correspondingly, 

 = (ε11ε22)1/2 stands for the effective dielectric constant. As concerns the force 𝑓𝑥𝑙𝑎𝑡(𝑥) in 

Eq. (3), it has the lattice periodicity and plays the same role as Peierls force on a crystal 

dislocation. Its mean value over the lattice period vanishes and we neglect it in the step 

equilibrium condition given in Eq. (3). Finally, taking into account Eq. (6), we obtain the 

equation of domain equilibrium: 12𝜋𝜀  ∫  𝑛(𝑢)𝑥−𝑢  𝑑𝑢𝑎2𝑎1 = 𝐸𝑥𝑈(𝑥) − 𝐸𝑥∗(𝑥),  (𝑎1 < 𝑥 < 𝑎2),         (7) 

which is a singular integral equation for the step density function 𝑛(𝑥). The self-force on 

a step, resulting from Eq. (6) for the depolarization field, has a singularity at x = u, but it 

can be excluded, using the principal value of the integral in Eq. (7). Unlike the previous 

analysis [8,14], here we include explicitly the internal field 𝐸𝑥∗(𝑥) acting only on few steps 

in the neighbourhood of the domain tips. It is the field, which work gives rise to an 

increase in the domain wall surface energy as the domain grows. It cannot be derived 

within the framework of the semi-continuum approach used here. More details on 

properties of 𝐸𝑥∗(𝑥) following from the Ginzburg-Landau theory will be published 

elsewhere. Moreover, one can consider the internal field phenomenologically, like it was 

done for elastic twins [16-18] and brittle cracks [15]. In fact, the internal field is not a 

usual function of the step position x, namely, it is a functional of the domain thickness 

h(x) at this point and thereby is a functional of the step density n(x). Therefore, strictly 

speaking, Eq. (7) is nonlinear. However, this difficulty can be overcome in the same way 

as in Barenblatt’s theory [15]. 

 

The concept of gradient modulus 

Eq. (7) can be solved analytically, see [14] for details. Let’s consider the solution for the 
depolarization field defined in Eq. (6). Ahead the right domain tip x = a2 it has the form: 𝐸𝑥𝑑(𝑥 > 𝑎2, 𝑦 = 0) = 1𝜋√(𝑥−𝑎1)(𝑥−𝑎2) ∫  √(𝑎2−𝑢)(𝑢−𝑎1)𝑥−𝑢𝑎2𝑎1  [𝐸𝑥𝑈(𝑢) − 𝐸𝑥∗(𝑥)] 𝑑𝑢,      (8) 

and near the tip shows a universal behaviour with a singularity: 𝐸𝑥𝑑(𝑥 → 𝑎2, 𝑦 = 0) = 1√2𝜋 (𝑥−𝑎2) {𝐾(𝑎2) − 1√𝜋 𝑎 ∫ √ 𝑢−𝑎1𝑎2−𝑢𝑎2𝑎1  𝐸𝑥∗(𝑢) 𝑑𝑢 },       (9) 

where the quantity 𝐾(𝑎2) = 1√𝜋𝑎  ∫  √ 𝑢−𝑎1𝑎2−𝑢𝑎2𝑎1  𝐸𝑥𝑈(𝑢) 𝑑𝑢         (10) 
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is a weighted average (or intensity factor) of the external field. Since for the equilibrium 

domain the depolarization field has to be non-singular, the singularity in Eq. (9) is to be 

eliminated. This requirement leads to the condition: 𝐾(𝑎2) = 1√𝜋𝑎  ∫  √ 𝑢−𝑎1𝑎2−𝑢𝑎2𝑎1  𝐸𝑥∗(𝑢) 𝑑𝑢.         (11) 

Since the internal field rapidly vanishes outside the gradient zone, Eq. (11) takes the form: 𝐾(𝑎2) = 𝐾∗,             (12) 

where the quantity K* characterizes the behaviour of the cohesive forces in the gradient 

zone and can be referred to as gradient modulus. It is a material constant and can be 

represented as: 𝐾∗ = √2𝜋 ∫  𝐸∗(𝑢)√𝑢𝑑0  𝑑𝑢 = √2𝜋 ∫  𝐸∗(𝑢)√𝑢∞0  𝑑𝑢,        (13) 

where d is the gradient zone size and 𝐸∗(𝑢) =   |𝐸𝑥∗(𝑥)|. In practice, one can use d = ∞, 
since beyond the gradient zone the internal field is vanishing. Eq. (12) is the first equation 

for the unknown positions a1 and a2 of the equilibrium domain tips. The second equation 

for a1 and a2 can be obtained similarly, eliminating the singularity at the left tip a1. 

 

Subcritical growth of a repolarization nucleus 

If the external field is uniform, the intensity factors for both domain tips coincide, 𝐾(−𝑎) = 𝐾(𝑎) = 𝐸𝑈√𝜋𝑎,           (14) 

where the domain tip positions are chosen at a1 = –a and a2 = a. The size of the 

equilibrium domain in terms of the gradient modulus is given as: 𝑙𝑐 = 2𝜋 (𝐾∗𝐸𝑈)2
.               (15) 

Such domain is unstable [14]. If the size of a repolarization nucleus exceeds the critical 

value given in Eq. (15), the nucleus can grow, thus reducing the thermodynamic potential, 

otherwise it shrinks. Comparing Eq. (15) with the results of [14], one can obtain the important 

relation between the gradient modulus and the domain wall surface energy γw, 𝐾∗ = 2√𝛾𝑤/𝜀.            (16) 

In the case of non-uniform electric fields, the thermodynamics of the growth process 

can be analyzed by means of the known in fracture mechanics Irwin formula for a crack 

in an elastic solid. Its extension to the case of a ferroelectric domain was made in [14] 

and represents the variation in the electric free energy when the domain size changes by 

the value of δl, 𝛿𝐹̃𝐷 = − 12 ∫ [𝐸𝑥𝑈(𝑥) + 𝐸𝑥𝑑(𝑥, 𝑦 = 0)]𝑎2+𝛿𝑙𝑎2 (∫ 𝛿𝑃𝑥0(𝑥 − 𝛿𝑙, 𝑦)𝑑𝑦∞−∞ )𝑑𝑥.     (17) 

According to [14], calculation of the integral in Eq. (17) gives rise to a simple result, 𝛿𝐹̃𝐷 = − 𝜀𝐾2(𝑎2)2  𝛿𝑙,            (18) 

for the electric free energy release, and the domain growth in a non-uniform electric field 

becomes thermodynamically favourable if 𝛿𝐺𝐷 = 𝛿𝐹̃𝐷 + 2𝛾𝑤𝛿𝑙 = (− 𝜀𝐾2(𝑎2)2 + 𝜀𝐾∗22 )  𝛿𝑙 ≤ 0.        (19) 

For the tip x = a1 a similar condition takes place. 
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The mechanism of subcritical growth can be demonstrated within the framework of 

a simple model presented in Fig. 3, where it is assumed that a repolarization nucleus of 

size l = 2a arose at the edge of the electrode x = –b as a result of thermal fluctuation. 

This model is directly relevant to the forward growth of nuclei near the electrode edges 

in PZT films. Analysis of the results of numerical calculations of the coefficients K(–a) and 

K(a) depending on the value of the geometric parameter b/a, where b is the distance from 

the edge of the electrode to the centre of the nucleus, shows that if the right tip of the 

nucleus is in equilibrium, its left tip cannot be in equilibrium and always shifts towards 

the edge of the electrode. However, the main conclusion is that at b = a the value of the 

intensity factor K(a) = 2KE/π for the right edge of the nucleus turns out to be independent 
of its size. Here, KE= Q/(2ε(πR)1/2), Q is the linear charge of the electrode, and 2R is its 

width. Consequently, if condition (19) is met, nuclei of arbitrarily small size resulting from 

thermal fluctuations do not annihilate, but can grow, lowering the thermodynamic 

potential G of the system. This means the fundamental possibility of stable subcritical 

growth of repolarization nuclei in the vicinity of the electrode edges. 

 

 
 

Fig. 3. A sketch of a 180° repolarization nucleus of length 2a near the edge x = –b of a thin planar 

electrode occupying the region -2R - b  ≤ x ≤ -b 

 

Conclusions 

Stable subcritical growth of repolarization nuclei, which doesn’t require thermal 
activation, becomes possible due to the lack of dependence of electric energy release on 

the nucleus size. This growth regime is provided by specific behaviour of the non-uniform 

electric field near electrode edges. Since the electric field decreases with the distance r 

from the electrode edge as 1/√𝑟, the electric free energy released by the domain 

expansion is fully consumed by the newly formed domain wall surfaces whatever nucleus 

size is. This effect is very similar to the microcrack formation mechanism by arrested 

dislocation pile-ups (Zener-Mott-Stroh model), where elastic energy release turns out to 

be independent of crack size [19–21]. 
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ABSTRACT  

One of the key tasks in the study of two-dimensional nanomaterials (fullerenes, nanotubes, graphene) is to explore 

their mechanical properties: bending, vibrations, and stability. For the study of such problems, it is essential to 

construct both microscopic and macroscopic models of the deformation behavior of such materials. Based on the 

three-dimensional moment theory of elasticity, the moment-membrane theory of elastic cylindrical shells is 

constructed as a continual model of deformations of a single-layer carbon nanotube.  The axisymmetric deformation 

of an elastic cylindrical shell is studied, and numerical results are presented. Further, a moment-membrane technical 

theory of elastic cylindrical shells is constructed, on the basis of which the stability of the initially axial compressed 

state of a carbon nanotube is studied, and the critical load value is numerically determined. 
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Introduction 

The emergence of two-dimensional nanomaterials (fullerene [1], carbon nanotube [2], 

graphene [3]) has resulted in a need to construct continual models which enable the study 

of their deformations. 

In [4–7], the consideration of the moment interaction between atoms in the crystal 

lattices of two-dimensional nanomaterials (and other nano-objects) has been justified. 

Also, the three-dimensional moment theory of elasticity (with independent fields of 

displacements and rotations) has been established as a continual model for deformations 

of the considered nanomaterials. 

Studies [4–7] have naturally led to a topical problem concerning the construction 

of a model of thin plates or shells that can adequately describe the deformations of two-

dimensional nanomaterials, based on the three-dimensional moment theory of elasticity. 

We note that the general model of constructing the models of thin shells and plates 

based on the moment theory of elasticity are developed in [8,9], where a detailed review 

of the works in the field are presented. The general remark to these models is that the 

six elastic constants of the material based on the moment theory of elasticity have not 

been defined in them. 

http://dx.doi.org/10.18149/MPM.5212024_
https://orcid.org/0000-0003-1102-1061
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In this case we note that a new approach has been taken in [10] for the construction 

of an adequate model of two-dimensional nanomaterials based on the moment theory of 

elasticity.   

In [10], the corresponding one-dimensional continual-beam model has been 

constructed, based on the study of the general deformation of a linear atomic chain, when 

the force interaction between its atoms is non-central and a moment interaction is in 

place. Considering the crystal graphene lattice, in the cell of its periodicity, by replacing 

interatomic interactions with the indicated beam model, a discrete-continual model of a 

graphene is constructed. Further, by passing the limit, a continual linear model of its 

deformation is constructed. In the same paper, it is stated that the constructed model of 

a graphene is completely identical to the so-called moment-membrane theory of elastic 

thin plates [11,12]. By comparing the two models, all elastic constants of the indicated 

theory of plates are numerically determined (through the physical parameters of the 

discrete model of a graphene). It is evident that the constructed moment-membrane 

linear theory of elastic thin plates (a) - plane stress state, (b) - transverse bending) with 

certain elastic constants is a continual model of graphene deformations ((a) - for its 

deformation in its own plane, (b) - for its transverse bending from its own plane). This 

opens a new avenue for studying various applied deformation problems of statics, 

dynamics and stability of a graphene sheet. 

It is important to note that the main feature of the moment-membrane theory of 

elastic plates is the property of a uniform distribution of displacements, free rotations, 

stresses and moment stresses along the thickness of the plate. The property is 

characteristic for a thin membrane (it is no coincidence that in many publications (for 

example [13]), the term ‘graphene membrane’ is used for a ‘graphene’). 
Considering that a single-layer carbon nanotube is an extended structure in the form 

of a hollow cylinder (consisting of one graphite layer or a graphene rolled into a tube [14], 

with a hexagonal organization of carbon atoms), it is appropriate to develop the ideas of 

works [10–12] and construct a moment-membrane theory of elastic cylindrical shells as a 

continual model of deformation of a single-layer carbon nanotube. 

 

Main hypotheses. Kinematic model of deformations of moment-membrane 

theory of cylindrical shells. Equations of strain compatibility 

As a basis, we will consider equations and boundary conditions of the three-dimensional 

moment linear theory of elasticity with independent fields of displacements and 

rotations [15] in the region of a cylindrical shell with thickness 2ℎ. A cylindrical 

coordinate system 𝑥, 𝜃, 𝑧 is considered, where 𝑥, 𝜃 represent the lines of the main 

curvatures of the middle surface of the shell (𝑧 = 0), and the rectilinear axis 𝑧is directed 

along the normal to this surface. In this case, for Lame coefficients of the middle surface, 

we take: 𝛢1 = 1, 𝛢2 = 𝑅. 

To study the deformations of a single-layer carbon nanotube, below, based on the 

three-dimensional moment theory of elasticity, as well as based on certain hypotheses, 

we will consider the basic equations of the moment-membrane theory of elastic 

cylindrical shells. 
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The hypotheses adopted below can be considered as kinematic and static: 

1. The essence of the kinematic hypothesis is the assumption about the constancy of all 

components of the displacement and free rotation vectors along the coordinate 𝑧  

(i.e., their uniform distribution over the thickness of the shell): 𝑉𝑖 = 𝑢𝑖(𝑥, 𝜃),   𝑉3 = 𝑤(𝑥, 𝜃),   𝜔𝑖 = 𝛺𝑖(𝑥, 𝜃),   𝜔3 = 𝛺3(𝑥, 𝜃),    𝑖 = 1,2.                                                   (1)                        

2. In the physical relations of the moment theory of elasticity [15], stresses 𝜎33, 𝜎3𝑖and 

moment stresses 𝜇33, 𝜇3𝑖 can be neglected with respect to 𝜎𝑖𝑖 , 𝜎𝑖3, 𝜇𝑖𝑖, 𝜇𝑖3(𝑖 = 1,2). 

3. It is accepted that the shell is thin (2ℎ𝑅 << 1). 

We note that the formulated hypotheses correspond to the initial approximation of 

the result of the asymptotic method of integration of the three-dimensional boundary 

value problem of the moment elasticity theory in a thin shell region [16,17]. 

Based on hypotheses (1) and (3), from the corresponding geometric relations of the 

moment theory of elasticity [15] (in the case of cylindrical coordinates) for the 

components of the tensors of deformations and bending torsions, we have:  𝛾11(𝑥, 𝜃, 𝑧) = 𝛤11(𝑥, 𝜃),   𝛾22(𝑥, 𝜙, 𝑧) = 𝛤22(𝑥, 𝜙),   𝛾12(𝑥, 𝜙, 𝑧) = 𝛤12(𝑥, 𝜙),  𝛾21(𝑥, 𝜙, 𝑧) = 𝛤21(𝑥, 𝜙),   𝛾13(𝑥, 𝜙, 𝑧) = 𝛤13(𝑥, 𝜙),   𝛾23(𝑥, 𝜙, 𝑧) = 𝛤23(𝑥, 𝜙),                                        𝜒11(𝑥, 𝜙, 𝑧) = 𝑘11(𝑥, 𝜙),   𝜒22(𝑥, 𝜙, 𝑧) = 𝑘22(𝑥, 𝜙),   𝜒12(𝑥, 𝜙, 𝑧) = 𝑘12(𝑥, 𝜙),                                                   (2) 𝜒21(𝑥, 𝜙, 𝑧) = 𝑘21(𝑥, 𝜙),   𝜒13(𝑥, 𝜙, 𝑧) = 𝑘13(𝑥, 𝜙),   𝜒23(𝑥, 𝜙, 𝑧) = 𝑘23(𝑥, 𝜙),  𝜒31 = 𝜒32 = 𝜒33 = 0,    𝛾31 = 𝛾32 = 𝛾33 = 0,                                 
where 𝛤11 = 𝜕𝑢1𝜕𝑥 ,   Γ22 = 1𝑅 𝜕𝑢2𝜕𝜃 + 𝑤𝑅 ,   Γ12 = 𝜕𝑢2𝜕𝑥 − 𝛺3,   Γ21 = 1𝑅 𝜕𝑢1𝜕𝜃 + 𝛺3,  𝛤13 = 𝜕𝑤𝜕𝑥 + 𝛺2,   Γ23 = 1𝑅 𝜕𝑤𝜕𝜃 − 𝑢2𝑅 − 𝛺1,                                            (3)  𝑘11 = 𝜕𝛺1𝜕𝑥 ,   𝑘22 = 1𝑅 𝜕𝛺2𝜕𝜃 + 𝛺3𝑅 ,   𝑘12 = 𝜕𝛺2𝜕𝑥 ,   𝑘21 = 1𝑅 𝜕𝛺1𝜕𝜃 ,  𝑘13 = 𝜕𝛺3𝜕𝑥 ,   𝑘23 = 1𝑅 𝜕𝛺3𝜕𝜃 − 𝛺2𝑅 .  

Here 𝛤11, 𝛤22, 𝛤12, 𝛤21, 𝛤13, 𝛤23-are components of deformation tensor, 𝑘11, 𝑘22, 𝑘12, 𝑘21, 𝑘13, 𝑘23-components of the bending-torsion tensor in the moment-

membrane theory of thin cylindrical shells. 

Based on Eqs. (1)-(3), it is easy to verify that the components of the displacement 

and free rotation vectors, the components of the deformation and bending-torsion 

tensors are constant by 𝑧coordinate functions (i.e. they are all uniformly distributed over 

the thickness of the cylindrical shell). 

It should be noted that Eqs. (1)-(3) determine the kinematic model of deformations 

in the moment-membrane theory of thin cylindrical shells. 

Twelve quantities 𝛤11, 𝛤22, 𝛤12, 𝛤21, 𝛤13, 𝛤23, 𝑘11, 𝑘22, 𝑘12, 𝑘21, 𝑘13, 𝑘23are expressed 

through six functions 𝑢1, 𝑢2, 𝑤, 𝛺1, 𝛺2, 𝛺3 
by Eq. (3). These twelve quantities are 

interconnected by six equations, which are called the equations of strain compatibility of 

the middle surface in the moment-membrane theory of thin cylindrical shells (which can 

be obtained from Eq. (3), excluding the quantities 𝑢1, 𝑢2, 𝑤, 𝛺1, 𝛺2, 𝛺3): 1𝑅 𝜕𝛤11𝜕𝜃 − 𝜕𝛤21𝜕𝑥 + 𝑘13 = 0,   𝜕𝛤22𝜕𝑥 − 1𝑅 𝜕𝛤12𝜕𝜃 − 𝛤13𝑅 − 𝑘23 = 0,                                                       (4) 𝜕𝛤23𝜕𝑥 − 1𝑅 𝜕𝛤13𝜕𝜃 + 𝛤12𝑅 + 𝑘11 + 𝑘22 = 0,  1𝑅 𝜕𝑘11𝜕𝜃 − 𝜕𝑘21𝜕𝑥 = 0,   𝜕𝑘22𝜕𝑥 − 1𝑅 𝜕𝑘12𝜕𝜃 − 𝑘13𝑅 = 0,                                                                              (5) 𝜕𝑘23𝜕𝑥 − 1𝑅 𝜕𝑘13𝜕𝜃 + 𝑘12𝑅 = 0.  
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Unit forces and moments of the moment-membrane theory of elastic 

cylindrical shells. Elasticity relations. Equilibrium equations 

We consider an element, with the lengths of the arcs of the shell middle surface, extracted 

from the shell by normal sections drawn in the direction of the curvature lines. In these 

sections, there are tangential normal 𝜎11,  𝜎22, tangential tangents 𝜎12,  𝜎21 and transverse 

tangents stresses 𝜎13,  𝜎23, as well as corresponding moment stresses 𝜇11,  𝜇22,  𝜇12,  𝜇21,  𝜇13,  𝜇23, which will be distributed uniformly over the thickness of the 

shell. This is easy to verify if we consider the physical relations of the moment theory of 

elasticity [15], hypothesis (2) and geometric relations (2)-(3): 𝜎11 = 𝐸1−𝜈2 (𝛤11 + 𝜈𝛤22),   𝜎22 = 𝐸1−𝜈2 (𝛤22 + 𝜈𝛤11),   𝜎12 = (𝜇 + 𝛼)(𝛤12 + 𝜂1 ⋅ 𝛤22),  𝜎21 = (𝜇 + 𝛼)(𝛤21 + 𝜂1 ⋅ 𝛤12),   𝜎13 = 𝐺̃ ⋅ 𝛤12,   𝜎23 = 𝐺̃ ⋅ 𝛤23,   𝜂1 = 𝜇−𝛼𝜇+𝛼,   𝜇11 = (𝛾 + 𝜀)[(1 + 2𝜂2)𝑘11 + 𝜂2 ⋅ 𝑘22],     𝜇22 = (𝛾 + 𝜀)[(1 + 2𝜂2)𝑘22 + 𝜂2 ⋅ 𝑘11],   𝜂2 = 𝛾−𝜀𝛾+𝜀,           (6)  𝜇12 = (𝛾 + 𝜀)(𝑘12 + 𝜂2 ⋅ 𝑘21),     𝜇21 = (𝛾 + 𝜀)(𝑘21 + 𝜂2 ⋅ 𝑘12),     𝜇13 = 𝐵 ⋅ 𝑘13,   𝜇23 = 𝐵 ⋅ 𝑘23,  
where [10]: 

Е,   𝜈,   𝜇 = 𝐸2(1+𝜈) ,   𝛼,   𝐺̃ = 4𝜇𝛼𝜇+𝛼 ,   𝛾,   𝜀,   𝛽 = 𝛾−𝜀𝛾+𝜀 2𝛾,   𝐵 = 4𝛾𝜀𝛾+𝜀                                                              (7)  

are the elastic constants of the moment theory of elasticity for two-dimensional 

nanomaterials. 

Now, instead we introduce integral characteristics - forces and moments - statically 

equivalent to the components of the stress tensor and the moment stress tensor (6). 

Considering the thinness of the shell, we have: 𝑇11 = ∫ 𝜎11𝑑𝑧 = 2ℎ−ℎ 𝜎11ℎ,   𝑇22 = ∫ 𝜎22𝑑𝑧 = 2ℎ−ℎ 𝜎22ℎ,   𝑆12 = ∫ 𝜎12𝑑𝑧 = 2ℎ−ℎ 𝜎12ℎ,      𝑆21 = ∫ 𝜎21𝑑𝑧 = 2ℎ−ℎ 𝜎21ℎ, 𝑁13 = ∫ 𝜎13𝑑𝑧 = 2ℎ−ℎ 𝜎13ℎ,   𝑁23 = ∫ 𝜎23𝑑𝑧 = 2ℎ−ℎ 𝜎23ℎ,             (8)  𝐿11 = ∫ 𝜇11𝑑𝑧 = 2ℎ−ℎ 𝜇11ℎ,   𝐿22 = ∫ 𝜇22𝑑𝑧 = 2ℎ−ℎ 𝜇22ℎ,   𝐿12 = ∫ 𝜇12𝑑𝑧 = 2ℎ−ℎ 𝜇12ℎ,     𝐿21 = ∫ 𝜇21𝑑𝑧 = 2ℎ−ℎ 𝜇21ℎ,  𝐿13 = ∫ 𝜇13𝑑𝑧 = 2ℎ−ℎ 𝜇13ℎ,   𝐿23 = ∫ 𝜇23𝑑𝑧 = 2ℎ−ℎ 𝜇23ℎ.       

With the help of Eq. (6), as well as Eq. (8), we obtain the physical relations of 

elasticity of the moment-membrane theory of cylindrical shells: 𝑇11 = 𝐸̃∗(𝛤11 + 𝜈 ⋅ 𝛤22),   𝑇22 = 𝐸̃∗(𝛤22 + 𝜈 ⋅ 𝛤11),     𝑆12 = 𝐷2(𝛤12 + 𝜂1 ⋅ 𝛤21),   𝑆21 = 𝐷2(𝛤21 + 𝜂1 ⋅ 𝛤12),  𝑁13 = 𝐷1 ⋅ 𝛤13,     𝑁23 = 𝐷1 ⋅ 𝛤23, 𝐿11 = 𝐷′[(1 + 2𝜂2)𝑘22 + 𝜂2 ⋅ 𝑘11],   𝐿22 = 𝐷′[(1 + 2𝜂2)𝑘22 + 𝜂2 ⋅ 𝑘11],     (9) 𝐿12 = 𝐷′(𝑘12 + 𝜂2 ⋅ 𝑘21),   𝐿21 = 𝐷′(𝑘21 + 𝜂2 ⋅ 𝑘12), 𝐿13 = 𝐵∗ ⋅ 𝑘13,   𝐿23 = 𝐵∗ ⋅ 𝑘23,           
where 

Е∗ = 2𝐸ℎ,   𝐸̃∗ = Е∗1−𝜈2 ,   𝐷2 = (𝜇 + 𝛼) ⋅ 2ℎ,   𝐷1 = 2𝐺̃ℎ,  𝐷′ = (𝛾 + 𝜀) ⋅ 2ℎ,   𝐵∗ = 2𝐵ℎ.                             (10) 

It should be noted that expressions (10) represent the stiffness characteristics of the 

moment-membrane theory of elastic cylindrical shells, the numerical values of which (in 

the current form) are determined in [10].  
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Fig. 1. Forces and moments acting on the shell element 

 

We now consider the equilibrium of an element of the middle surface of a cylindrical 

shell (Fig. 1), loaded with internal forces, moments and an externally distributed load. Based 

on the condition that the main vector and the main moment of the indicated forces, acting 

on the element, are equal to zero and after switching to scalar equations, the six equilibrium 

equations of the moment-membrane theory of elastic thin cylindrical shells are obtained: 𝜕𝑇11𝜕𝑥 + 1𝑅 𝜕𝑆21𝜕𝜃 = −𝑞1,   1𝑅 𝜕𝑇22𝜕𝜃 + 𝜕𝑆12𝜕𝑥 + 𝑁23𝑅 = −𝑞2,  𝑇22𝑅 − 𝜕𝑁13𝜕𝑥 − 1𝑅 𝜕𝑁23𝜕𝜃 = 𝑞3,                                                            (11) 𝜕𝐿11𝜕𝑥 + 1𝑅 𝜕𝐿21𝜕𝜃 + 𝑁23 = −𝑚1,   1𝑅 𝜕𝐿22𝜕𝜃 + 𝜕𝐿12𝜕𝑥 + 𝐿23𝑅 − 𝑁13 = −𝑚2,   𝐿22𝑅 − 𝜕𝐿13𝜕𝑥 − 1𝑅 𝜕𝐿23𝜕𝜃 − (𝑆12 − 𝑆21) = 𝑚3,                      
where 𝑞𝑘(𝑥, 𝜙),  𝑚𝑘(𝑥, 𝜙),  𝑘 = 1,2,3 are surface density components of externally 

distributed forces and moments.  

Geometric relations (3), elasticity relations (9) and equilibrium equations (11) are 

the basic equations of the moment-membrane theory of elastic thin cylindrical shells, at 

the same time, the basic equations of the continual model of deformations of a single-

layer carbon nanotube. 

By substituting geometric relations (3) into elasticity relations (9) and into the 

obtained equilibrium equations (11) (at 𝑚𝑘 = 0,  𝑘 = 1,2,3), we reduce the problem to a 

resolving system of six differential equations with respect to generalized displacements 𝑢𝑖 , 𝑤, 𝛺𝑖 , 𝛺3, 𝑖 = 1,2, , the order of which is twelve: 𝐿̃11𝑢1 + 𝐿̃12𝑢2 + 𝐿̃13𝑤 + 𝐿̃14𝛺1 + 𝐿̃15𝛺2 + 𝐿̃16𝛺3 = − 𝑞1𝐸̃∗,  𝐿̃21𝑢1 + 𝐿̃22𝑢2 + 𝐿̃23𝑤 + 𝐿̃24𝛺1 + 𝐿̃25𝛺2 + 𝐿̃26𝛺3 = − 𝑞2𝐸̃∗,  𝐿̃31𝑢1 + 𝐿̃32𝑢2 + 𝐿̃33𝑤 + 𝐿̃34𝛺1 + 𝐿̃35𝛺2 + 𝐿̃36𝛺3 = 𝑞3𝐸̃∗, (12)                             𝐿̃41𝑢1 + 𝐿̃42𝑢2 + 𝐿̃43𝑤 + 𝐿̃44𝛺1 + 𝐿̃45𝛺2 + 𝐿̃46𝛺3 = 0,  𝐿̃51𝑢1 + 𝐿̃52𝑢2 + 𝐿̃53𝑤 + 𝐿̃54𝛺1 + 𝐿̃55𝛺2 + 𝐿̃56𝛺3 = 0,  𝐿̃61𝑢1 + 𝐿̃62𝑢2 + 𝐿̃63𝑤 + 𝐿̃64𝛺1 + 𝐿̃65𝛺2 + 𝐿̃66𝛺3 = 0,                                                    
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where the coefficients 𝐿̃𝑘𝑚 
are partial differential operators in the following form: 𝐿̃11 = 𝜕2𝜕𝑥2 + 𝐷2𝐸̃∗ 1𝑅2 𝜕2𝜕𝜃2 ,   𝐿̃12 = 𝐿̃21 = (𝜈 + 𝐷2𝜂1𝐸̃∗ ) 1𝑅 𝜕2𝜕𝑥𝜕𝜃 ,   𝐿̃13 = 𝐿̃31 = 𝜈𝑅 𝜕𝜕𝑥,  𝐿̃14 = 𝐿̃41 = 0,   𝐿̃15 = 𝐿̃51 = 0,   𝐿̃16 = 𝐿̃61 = 𝐷2𝐸̃∗ (1 − 𝜂1) 1𝑅 𝜕𝜕𝜃,  𝐿̃22 = 𝐷2𝐸̃∗ 𝜕2𝜕𝑥2 + 1𝑅2 𝜕2𝜕𝜃2 − 𝐷2𝐸̃∗⋅𝑅2 ,   𝐿̃23 = 𝐿̃32 = 1𝑅 (1 + 𝐷1𝐸̃∗) 1𝑅 𝜕𝜕𝜃,  𝐿̃24 = 𝐿̃42 = − 𝐷1𝐸̃∗⋅𝑅 ,   𝐿̃25 = 𝐿̃52 = 0,   𝐿̃26 = 𝐿̃62 = − 𝐷2𝐸̃∗ (1 − 𝜂1) 𝜕𝜕𝑥,             𝐿̃33 = − 𝐷1𝐸̃∗ ( 𝜕2𝜕𝑥2 + 1𝑅2 𝜕2𝜕𝜃2) ,   𝐿̃34 = 𝐿̃43 = 𝐷1𝐸̃∗ ⋅ 1𝑅 𝜕𝜕𝜃,  (13) 𝐿̃35 = 𝐿̃53 = − 𝐷1𝐸̃∗ 𝜕𝜕𝑥 ,   𝐿̃36 = 𝐿̃63 = 0,   𝐿̃44 = 𝐷′(1+2𝜂2)𝐸̃∗ 𝜕2𝜕𝑥2 + 𝐷′𝐸̃∗ ⋅ 1𝑅2 𝜕2𝜕𝜃2 − 𝐷1𝐸̃∗ ,                 𝐿̃45 = 𝐿̃54 = 2𝐷′𝜂2𝐸̃∗ ⋅ 1𝑅 𝜕2𝜕𝑥𝜕𝜃 ,   𝐿̃46 = 𝐿̃64 = 𝐷′⋅𝜂2𝐸̃∗⋅𝑅 𝜕𝜕𝑥,  𝐿̃55 = 𝐷′𝐸̃∗ 𝜕2𝜕𝑥2 + 𝐷′(1+2𝜂2)𝐸̃∗ ⋅ 1𝑅2 𝜕2𝜕𝜃2 − ( 𝐵∗𝐸̃∗𝑅2 + 𝐷1𝐸̃∗),  𝐿̃56 = 𝐿̃65 = [𝐷′(1+2𝜂2)𝐸̃∗⋅𝑅 + 𝐵∗𝐸̃∗⋅𝑅] ⋅ 1𝑅 𝜕𝜕𝜃,  𝐿̃66 = − 𝐵∗𝐸̃∗ ⋅ 𝜕2𝜕𝑥2 − 𝐵∗𝐸̃∗ ⋅ 1𝑅2 𝜕2𝜕𝜃2 + [2𝐷2(1−𝜂1)𝐸̃∗ + 𝐷′(1+2𝜂2)𝐸̃∗⋅𝑅2 ].  

When solving specific problems, this system should be attached by boundary conditions, 

the total number of which is equal to six at each of the ends 𝑥 = 0, and 𝑥 = 𝑙of the shell (𝑙 is 
the length of the shell), as well as periodicity conditions (due to a closed shell that is considered). 

 

Potential energy of deformation of the middle surface. The principle of 

possible displacements in the moment-membrane theory of elastic thin 

cylindrical shells. Boundary conditions 

In accordance with the general relations of the three-dimensional moment theory of 

elasticity [15], by applying the expression for the potential energy of the deformation of 

a shell which we consider a three-dimensional body and, further, by applying Eq. (2) for 

the components of the deformations and bending-torsion tensors, as well as Eq. (8) and 

hypothesis (3), the potential energy of deformation in the moment-membrane theory of 

elastic thin cylindrical shells will be expressed as follows: 𝑈0 = 12 ∬ (𝑇11 ⋅ 𝛤11 + 𝑇22 ⋅ 𝛤22 + 𝑆12 ⋅ 𝛤12 + 𝑆21 ⋅ 𝛤21 + 𝑁13 ⋅ 𝛤13 + 𝑁23 ⋅ 𝛤23 + 𝐿11 ⋅ 𝑘11 +(𝑠)   +𝐿22 ⋅ 𝑘22 + 𝐿12 ⋅ 𝑘12 + 𝐿21 ⋅ 𝑘21 + 𝐿13 ⋅ 𝑘13 + 𝐿23 ⋅ 𝑘23)𝑅𝑑𝑥𝑑𝜃,                                                          (14)                   

where (𝑠) -is an area of the middle surface. 

If the expressions for forces and moments are used with the help of elasticity 

relations (9), the surface density of the potential energy of the deformation of the 

moment-membrane theory of elastic thin cylindrical shells will be expressed as follows: 𝑊0 = 12 ⟨𝐸̃∗(𝛤112 + 𝛤222 + 2𝜈 ⋅ 𝛤11 ⋅ 𝛤22) + 𝐷2(𝛤122 + 𝛤212 + 2𝜂1 ⋅ 𝛤12 ⋅ 𝛤21) + 𝐷1(𝛤132 + 𝛤232 )    +𝐷′{[(1 + 2𝜂2)(𝑘112 + 𝑘222 ) + 2𝜂2𝑘11𝑘22] + (𝑘122 + 𝑘212 + 2𝜂2𝑘12𝑘21)]} + 𝐵∗(𝑘132 + 𝑘232 )⟩.                            (15) 

Using the law of elasticity (9), it is easy to verify that: 

Т11 = 𝜕𝑊0𝜕𝛤11 , . . . , 𝑆21 = 𝜕𝑊0𝜕𝛤21 , . . . , 𝐿12 = 𝜕𝑊0𝜕𝑘12 , … .                   (16) 

Thus, the function 𝑊0 
can be considered as an elastic potential of forces and 

moments. 

In all cases, when there is an elastic potential, the principle of possible 

displacements is valid. According to the principle, the actual state of equilibrium of an 

elastic body differs from adjacent geometrically possible states in that for any infinitely 
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small possible displacements from the equilibrium position, the variation of the total 

energy of the system is equal to zero. 

If we write the principle of possible displacements of the shell, considering it as a 

three-dimensional body [15], applying formulas for displacements and rotations (1), 

components of bending deformation and bending-torsion tensors (2), stresses and 

moment stresses (6), the equation of the principle of possible displacements of the 

moment-membrane theory of elastic thin cylindrical shells will be obtained: ∬ (𝑇11 ⋅ 𝛿𝛤11 + 𝑇22 ⋅ 𝛿𝛤22 + 𝑆12 ⋅ 𝛿𝛤12 + 𝑆21 ⋅ 𝛿𝛤21 + 𝑁13 ⋅ 𝛿𝛤13 + 𝑁23 ⋅ 𝛿𝛤23 +(𝑠)  (17) +𝐿11 ⋅ 𝛿𝑘11 + 𝐿22 ⋅ 𝛿𝑘22 + 𝐿12 ⋅ 𝛿𝑘12 + 𝐿21 ⋅ 𝛿𝑘21 + 𝐿13 ⋅ 𝛿𝑘13 + 𝐿23 ⋅ 𝛿𝑘23)𝑅𝑑𝑥𝑑𝜃 − 𝛿𝐴0 = 0,  
where 𝛿𝐴0 is the work of external forces and moments on possible displacements and 

rotations 𝛿𝑢1, 𝛿𝑢2, 𝛿𝑤, 𝛿𝛺1, 𝛿𝛺2, 𝛿𝛺3: 𝛿𝐴0 = ∬ (𝑞1 ⋅ 𝛿𝑢1 + 𝑞2 ⋅ 𝛿𝑢2 + 𝑞3 ⋅ 𝛿𝑤 + 𝑚1 ⋅ 𝛿𝛺1 + 𝑚2 ⋅ 𝛿𝛺2 + 𝑚3 ⋅ 𝛿𝛺3)𝑅𝑑𝑥𝑑𝜃 −(𝑠)   − ∫ (𝑇̄11 ⋅ 𝛿𝑢1 + 𝑆̄12 ⋅ 𝛿𝑢2 + 𝑁̄13 ⋅ 𝛿𝑤 + 𝐿̄11 ⋅ 𝛿𝛺1 + 𝐿̄12 ⋅ 𝛿𝛺2 + 𝐿̄13 ⋅ 𝛿𝛺3)𝜃0+2𝜋𝜃0 |𝑥=0 𝑅𝑑𝜃 +                       (18) + ∫ (𝑇̄11 ⋅ 𝛿𝑢1 + 𝑆̄12 ⋅ 𝛿𝑢2 + 𝑁̄13 ⋅ 𝛿𝑤 + 𝐿̄11 ⋅ 𝛿𝛺1 + 𝐿̄12 ⋅ 𝛿𝛺2 + 𝐿̄13 ⋅ 𝛿𝛺3)𝜃0+2𝜋𝜃0 |𝑥=𝑙 𝑅𝑑𝜃.                   

Due to the independence of the variations𝛿𝑢1, 𝛿𝑢2, 𝛿𝑤, 𝛿𝛺1, 𝛿𝛺2, 𝛿𝛺3, from the 

variational equation (17), the equilibrium equations (11) follow as Euler equations, and 

static boundary conditions of the moment-membrane theory of elastic thin closed 

cylindrical shells follow as natural boundary conditions: 𝑇11 = 𝑇̄11,  𝑆12 = 𝑆̄12,  𝑁13 = 𝑁̄13,  𝐿11 = 𝐿̄11,  𝐿12 = 𝐿̄12,  𝐿13 = 𝐿̄13, at 𝑥 = 0, 𝑥 = 𝑙.                  (19) 

The boundary conditions in generalized displacements will be as follows: 𝑢1(𝑥, 𝜃) = 𝑢̄1(𝑥, 𝜃),  𝑢2(𝑥, 𝜃) = 𝑢̄2(𝑥, 𝜃),  𝑤(𝑥, 𝜃) = 𝑤̄(𝑥, 𝜙),  𝛺1(𝑥, 𝜃) = 𝛺̄1(𝑥, 𝜃),  Ω2(𝑥, 𝜃) = 𝛺̄2(𝑥, 𝜃),  Ω3(𝑥, 𝜃) = 𝛺̄3(𝑥, 𝜃), at 𝑥 = 0, 𝑥 = 𝑙.                                      (20) 

As noted, the order of the resolving system of Eq. (12) of the moment-membrane 

theory of cylindrical shells is equal to twelve, therefore six boundary conditions of the 

type (19) or (20) must be set on each edge of a closed cylindrical shell. There may also be 

mixed boundary conditions (for example, hinge support conditions). 

 

Axisymmetric deformation of a cylindrical shell 

Due to symmetry, we accept 𝑢2 = 0,  Ω1 = 0,  𝑞2 = 0. Quantities 𝑢1,  𝑤,  𝛺2,  𝛺3  will 

depend only on the coordinate 𝑥. 

The resolving system for axisymmetric deformation with respect to 𝑢1, 𝑤, 𝛺2 takes 

the following form: 𝑑2𝑢1𝑑𝑥2 + 𝜈𝑅 𝑑𝑤𝑑𝑥 = − 𝑞1𝐸̃∗, 𝐷1𝐸̃∗ 𝑑2𝑤𝑑𝑥2 − 𝑤𝑅2 − 𝜈𝑅 𝑑𝑢1𝑑𝑥 + 𝐷1𝐸̃∗ ⋅ 𝑑𝛺2𝑑𝑥 = − 𝑞3𝐸̃∗, 𝑑2𝛺2𝑑𝑥2 − (𝐷1𝐷′ + 𝐵∗𝐷′⋅𝑅2) 𝛺2 − 𝐷1𝐷′ ⋅ 𝑑𝑤𝑑𝑥 = 0.    (21) 

We note that for the axisymmetric problem we also obtain 𝛺3 ≡ 0. Further, a case 

is considered when 𝑞1 = 0. In that case, from the first equation of system (21) we obtain: 𝑑𝑢1𝑑𝑥 + 𝜈𝑅 𝑤 = 𝐶0 = 𝑐𝑜𝑛𝑠𝑡.                       (22) 

This means that 𝑇11 = 𝑐𝑜𝑛𝑠𝑡. To be specific, we take 𝑇11 = 0, i.e. 𝑑𝑢1𝑑𝑥 = − 𝜈𝑅 𝑤.                (23) 

Instead of system (21) we obtain: 𝑑2𝑤𝑑𝑥2 − 𝐸∗𝐷1𝑅2 𝑤 + 𝑑𝛺2𝑑𝑥 = − 𝑞3𝐷1 , 𝐷′ ⋅ 𝑑2𝛺2𝑑𝑥2 − (𝐵∗𝑅2 + 𝐷1) 𝛺2 − 𝐷1 𝑑𝑤𝑑𝑥 = 0.                     (24) 

From the equations of this system the following formula is obtained for 𝛺2: (𝐵∗𝑅2 + 𝐷1) 𝛺2 = 𝐷′ (− 𝑑3𝑤𝑑𝑥3 + 𝐸∗𝐷1𝑅2 ⋅ 𝑑𝑤𝑑𝑥 − 1𝐷1 𝑑𝑞3𝑑𝑥 ) − 𝐷1 𝑑𝑤𝑑𝑥 .                                           (25) 
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Using Eqs. (24) and (25), we arrive at the solution of the following inhomogeneous 

fourth-order differential equation for 𝑤: 𝑑4𝑤𝑑𝑥4 − ( 𝐸∗𝐷1𝑅2 + 𝐵∗𝐷′𝑅2) 𝑑2𝑤𝑑𝑥2 + 𝐸∗𝐷′⋅𝐷1𝑅2 (𝐵∗𝑅2 + 𝐷1) 𝑤 = 1𝐷′𝐷1 (𝐵∗𝑅2 + 𝐷1) 𝑞3 − 1𝐷1 𝑑2𝑞3𝑑𝑥2 .                          (26) 

Further, a case is considered when 𝑞3 = 𝑐𝑜𝑛𝑠𝑡. In that case, instead of Eq. (26) we obtain: 𝑑4𝑤𝑑𝑥4 − ( 𝐸∗𝐷1𝑅2 + 𝐵∗𝐷′𝑅2) 𝑑2𝑤𝑑𝑥2 + 𝐸∗𝐷′⋅𝐷1𝑅2 (𝐵∗𝑅2 + 𝐷1) 𝑤 = 1𝐷′𝐷1 (𝐵∗𝑅2 + 𝐷1) 𝑞3.                               (27) 

It is easy to see that a particular solution of Eq. (27) is: 𝑤̃ = 𝑞3𝑅2𝐸∗ .                                 (28) 

Let us consider a specific example, where a carbon nanotube, when the ends 𝑥 = 0,  𝑥 = 𝑙  are hinge supported, is loaded with a uniformly distributed normally applied 

surface load 𝑞3. The boundary conditions in this case will be: 𝑤|𝑥=0𝑥=𝑙 = 0, 𝜕𝛺2𝜕𝑥 |𝑥=0𝑥=𝑙 = 0.                                                                                                        (29) 

The initial data has the following meanings: q3 = 10 nN/nm2, R = 10 nm, l = 100 nm. 

The stiffness characteristics of a nanotube are expressed numerically as follows [10]:  𝐸∗ = 287 
nNnm ;   𝐵∗ = 0.505 nN ⋅ nm,  𝐷1 = 86 

nNnm ,   𝐷′ = 0.415 nN ⋅ nm.  

The general solution of differential Eq. (27) (considering Eq. (28)) has the form:  𝑤(𝑥) = 3.484 + 𝑒−1.15𝑥(𝐶1 𝑐𝑜𝑠 1 . 14𝑥 + 𝐶 𝑠𝑖𝑛 12 . 14𝑥) + 𝑒1.15𝑥(𝐶3 𝑐𝑜𝑠 1 . 14𝑥 + 𝐶 𝑠𝑖𝑛 14 . 14𝑥), where 𝐶1,  𝐶2,  𝐶3,  𝐶4 are constants. 

With the help of boundary conditions (29), by determining the constants of 

integration, the solution of the stated problem will finally be expressed as follows: 𝑤(𝑥) = 3.484 + 𝑒−1.15𝑥(−3.484 𝑐𝑜𝑠 1 . 14𝑥 − 0.03 𝑠𝑖𝑛 1 . 14𝑥)  (nm).  
The maximum deflection of the nanotube is obtained at 𝑥 = 50 nm, 𝑤𝑚𝑎𝑥. 

 

Technical theory of cylindrical shells 

The integration of the system of differential equations of a cylindrical shell into 

generalized displacements based the moment-membrane theory (12) is a complex task, 

therefore, the resolving toolkit of the theory of cylindrical shells (similar to the classical 

theory of cylindrical shells [18,19]) should involve equations that are simpler in structure 

and provide sufficient accuracy in applied calculations. 

Such a simplified (technical) version of the theory of a cylindrical shell (the shell in 

this case has zero Gaussian curvature) is built on the basis of the following assumptions: 

a) following members in equilibrium equations (11) can be neglected: in the second one 

(as in the classical case) 
𝑁23𝑅 , in the fifth one - 

𝐿23𝑅  and in the sixth one - 
𝐿22𝑅 ; 

b) following members in the geometrical relations (3) can be neglected: for 𝛤23 − 𝑢2𝑅   

(as in the classical case); 𝑘23 − 𝛺2𝑅 ;  𝑘22 − 𝛺3𝑅 . 

In view of the above facts, the main relations of the theory of a cylindrical shell (3), 

Eq. (11) can be written as follows: 

Equilibrium equations: 𝜕𝑇11𝜕𝑥 + 1𝑅 𝜕𝑆21𝜕𝜃 = −𝑞1,   1𝑅 𝜕𝑇22𝜕𝜃 + 𝜕𝑆22𝜕𝑥 = −𝑞2, 𝑇22𝑅 − 𝜕𝑁13𝜕𝑥 − 1𝑅 𝜕𝑁23𝜕𝜃 = 𝑞3,   𝜕𝐿11𝜕𝑥 + 1𝑅 𝜕𝐿21𝜕𝜃 + 𝑁23 = −𝑚1,   1𝑅 𝜕𝐿22𝜕𝜃 + 𝜕𝐿12𝜕𝑥 − 𝑁13 = −𝑚2,               (30)  𝜕𝐿13𝜕𝑥 + 1𝑅 𝜕𝐿23𝜕𝜃 + (𝑆12 − 𝑆21) = −𝑚3.       

 



34  S.H. Sargsyan 

Geometrical relations: 𝛤11 = 𝜕𝑢1𝜕𝑥 ,   Γ22 = 1𝑅 𝜕𝑢2𝜕𝜃 + 𝑤𝑅 ,   Γ12 = 𝜕𝑢2𝜕𝑥 − 𝛺3,  𝛤21 = 1𝑅 𝜕𝑢1𝜕𝜃 + 𝛺3,   Γ13 = 𝜕𝑤𝜕𝑥 + 𝛺2,   Γ23 = 1𝑅 𝜕𝑤𝜕𝜃 − 𝛺1, (31) 𝑘11 = 𝜕𝛺1𝜕𝑥 ,   𝑘22 = 1𝑅 𝜕𝛺2𝜕𝜃 ,   𝑘12 = 𝜕𝛺2𝜕𝑥 , 𝑘21 = 1𝑅 𝜕𝛺1𝜕𝜃 ,   𝑘13 = 𝜕𝛺3𝜕𝑥 ,   𝑘23 = 1𝑅 𝜕𝛺3𝜕𝜃 .                                      

We add the elasticity relations (9) to the equilibrium equations (30) and geometric 

relations (31). 

From the geometric relations (31), by eliminating displacements 𝑢1, 𝑢2, we arrive at 

the following equations for the continuity of deformations: 𝜕𝛤21𝜕𝑥 − 1𝑅 𝜕𝛤11𝜕𝜃 − 𝑘13 = 0, 1𝑅 𝜕𝛤12𝜕𝜃 − 𝜕𝛤22𝜕𝑥 + 𝑘23 = − 1𝑅 𝜕𝑤𝜕𝑥 .                (32) 

It should be mentioned that equations 
1𝑅 𝜕𝑘11𝜕𝜃 = 𝜕𝑘21𝜕𝑥 ,   𝜕𝑘22𝜕𝑥 = 1𝑅 𝜕𝑘12𝜕𝜃  and 

1𝑅 𝜕𝑘13𝜕𝜃 = 𝜕𝑘23𝜕𝑥  

are automatically satisfied.  

Let us consider a more essential case of loading the cylindrical shell, when 𝑞3 = 𝑞, 𝑞1 = 𝑞2 = 𝑚1 = 𝑚2 = 𝑚3 = 0. 
Introducing auxiliary functions 𝛷1and 𝛷2 by formulas: 𝑇11 = 1𝑅 𝜕𝛷1𝜕𝜃 , 𝑆21 = − 𝜕𝛷1𝜕𝑥 , 𝑇22 = 𝜕𝛷2𝜕𝑥 , 𝑆12 = − 1𝑅 𝜕𝛷2𝜕𝜃 ,                                         (33) 

the first two equilibrium equations (30) are identically satisfied. 

Let us consider the sixth equilibrium equation from the system (30): 𝜕𝐿13𝜕𝑥 + 1𝑅 𝜕𝐿23𝜕𝜃 + (𝑆12 − 𝑆21) = 0.                                          (34) 

Function 𝜓 is introduced by formulas: 𝐿13 = 𝜕𝜓𝜕𝑥 , 𝐿23 = 1𝑅 𝜕𝜓𝜕𝜃 .                                      (35)  

By considering Eq. (33) for 𝑆12 and 𝑆21, as well as by satisfying Eq. (34), we arrive at 

the equality: 𝜕𝜕𝑥 (𝜕𝜓  𝜕𝑥 + 𝛷1) = 1𝑅 𝜕𝜕𝜃 (𝛷2 − 1𝑅 𝜕𝜓𝜕𝜃).                                 (36)  

Now, if we introduce the function 𝜙 according to the formulas: 𝛷2 − 1𝑅 𝜕𝜓𝜕𝜃 = 𝜕𝜙𝜕𝑥 ,   𝜕𝜓𝜕𝑥 + 𝛷1 = 1𝑅 𝜕𝜙𝜕𝜃 .                                 (37) 

Eq. (34) will be identically satisfied. 

For efforts 𝑇11, 𝑇22, 𝑆12, 𝑆21 and moments 𝐿13, 𝐿23,
 
we finally have: 𝑇11 = 1𝑅2 𝜕2𝜙𝜕𝜃2 − 1𝑅 𝜕2𝜓𝜕𝑥𝜕𝜃 ,   𝑇22 = 𝜕2𝜙𝜕𝑥2 + 1𝑅 𝜕2𝜓𝜕𝑥𝜕𝜃,  𝑆21 = − 1𝑅 𝜕2𝜙𝜕𝑥𝜕𝜃 + 𝜕2𝜓𝜕𝑥2 ,   𝑆12 = − 1𝑅 𝜕2𝜙𝜕𝑥𝜕𝜃 − 1𝑅2 𝜕2𝜓𝜕𝜃2 , (38) 𝐿13 = 𝜕𝜓𝜕𝑥 ,   𝐿23 = 1𝑅 𝜕𝜓𝜕𝜃 .                              

For the indicated forces and moments, by applying Eq. (38), as noted above, the first 

two and the sixth equilibrium equations from the system (30) are identically satisfied. As 

a result of the replacement of forces and moments through generalized displacements 𝑤, 𝛺1, 𝛺2 and functions 𝜙 and 𝜓,  the other three equations from the system (30), with 

the help of Eq. (38), take the form: 1𝑅 (𝜕2𝜙𝜕𝑥2 + 1𝑅 𝜕2𝜓𝜕𝑥𝜕𝜃) − 𝐷1𝛥𝑤 − 𝐷1 (𝜕𝛺2𝜕𝑥 − 1𝑅2 𝜕𝛺1𝜕𝜙 ) = 𝑞,  𝛥𝛺1 + 2𝜂2 𝜕𝜕𝑥 (𝜕𝛺1𝜕𝑥 + 1𝑅 𝜕𝛺2𝜕𝜃 ) + 𝐷1𝐷′ (1𝑅 𝜕𝑤𝜕𝜃 − 𝛺1) = 0,  (39) 𝛥𝛺2 + 2𝜂2 1𝑅 𝜕𝜕𝜃 (1𝑅 𝜕𝛺2𝜕𝜃 + 𝜕𝛺1𝜕𝑥 ) − 𝐷1𝐷′ (𝜕𝑤𝜕𝑥 + 𝛺2) = 0,                                             

where 𝛥(⋅) = 𝜕2(⋅)𝜕𝑥2 + 1𝑅2 𝜕2(⋅)𝜕𝜃2 .                                                                                                            (40) 
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Now the angles of free rotation 𝛺1and 𝛺2will be represented as follows [19-21]: 𝛺1 = − 1𝑅 𝜕𝐺𝜕𝜃 + 𝜕𝜒𝜕𝑥 ,  Ω2 = 𝜕𝐺𝜕𝑥 + 1𝑅 𝜕𝜒𝜕𝜃,                                                        (41) 

where 𝐺 and 𝜒 are auxiliary functions to be determined. 

By substituting Eq. (41) into the second and third equations from the system (39), it 

is easy to see that for the function 𝜒 we arrive at the solution of the following Helmholtz 

equation: 𝛥𝜒 − 𝑘̃2 ⋅ 𝜒 = 0,                                                                                                                  (42)  

where 𝑘̃2 = 𝐷1𝐷′(1+2𝜂2).                                                      (43) 

To determine the function 𝐺, we obtain the following equation: 𝐺 = − 1𝐷1 (𝐷′𝛥𝑤 + 𝐷1𝑤) + 𝐷′𝐷12 (𝛥𝑘′ 𝜙 + 𝛥𝑘″ 𝜓) − 𝐷′𝐷12 𝑞.                    (44) 

In addition, if the second equation from the system (39) is differentiated with 

respect to the operator 
1𝑅 𝜕𝜕𝜃,  while the third one- with respect to 

𝜕𝜕𝑥 , the second equation 

is subtracted from the obtained first equality, by using the first equation from system (39), 

we arrive at the following equation: 𝐷′𝛥𝛥𝑤 + 1𝑅 (1 − 𝐷′𝐷1 𝛥) (𝜕2𝜙𝜕𝑥2 + 1𝑅 𝜕2𝜓𝜕𝑥𝜕𝜃) = 𝑞 − 𝐷′𝐷1 𝛥𝑞.                                 (45) 

Thus, instead of system (39), we have obtained a system of two Eqs. (45) and (42), 

which contain four functions 𝑤,  𝜙,  𝜓,  𝜒. We will turn to two equations of continuity of 

deformations (32), by substituting in them the inverse relations of elasticity (9), which 

express 𝛤11, 𝛤22, 𝛤12, 𝛤21through forces 𝑇11, 𝑇22, 𝑆12, 𝑆21 and by using Eq. (38), instead of the 

equations of compatibility of deformations (32), we obtain the following equations: 𝜕𝜕𝑥 (𝑙∗2𝛥 − 1)𝜓 − 𝐵∗𝐸∗ ⋅ 1𝑅 𝜕𝛥𝜙𝜕𝜃 = 0,  1𝑅 𝜕𝜕𝜃 (𝑙∗2𝛥 − 1)𝜓 + 𝐵∗𝐸∗ ⋅ 𝜕𝛥𝜙𝜕𝑥 = 𝐵∗ 1𝑅 𝜕𝑤𝜕𝑥 ,                                                             (46)  

where 𝑙∗2 = 𝐵∗(𝜇∗+𝛼∗)4𝜇∗𝛼∗ .                          (47) 

Eq. (45), in conjunction with Eqs. (42) and (46), will form a complete system of 

equations for determining four functions 𝑤,  𝜙,  𝜓,  𝜒: 𝐷′𝛥𝛥𝑤 + 1𝑅 (1 − 𝐷′𝐷1 𝛥) (𝜕2𝜙𝜕𝑥2 + 1𝑅  𝜕2𝜓𝜕𝑥𝜕𝜃) = 𝑞 − 𝐷′𝐷1 𝛥𝑞,  𝜕𝜕𝑥 (𝑙∗2𝛥 − 1)𝜓 − 𝐵∗𝐸∗ ⋅ 1𝑅 𝜕𝛥𝜙𝜕𝜃 = 0,   1𝑅 𝜕𝜕𝜃 (𝑙∗2𝛥 − 1)𝜓 + 𝐵∗𝐸∗ ⋅ 𝜕𝛥𝜙𝜕𝑥 = 𝐵∗ 1𝑅 𝜕𝑤𝜕𝑥 ,        (48) 𝛥𝜒 − 𝑘̃2𝜒 = 0.     

The system of resolving equations of the moment-membrane technical theory (48) 

lends itself to further simplifications. 

Based on the second and third equations of system (48), it is easy to obtain the 

following equation: 𝛥𝛥𝜙 = 𝐸∗ 1𝑅 𝜕2𝑤𝜕𝑥2 .                (49) 

If we consider the first and third equations of system (48), it will be possible to 

express the mixed derivative of the function 𝜓  through functions 𝑤 and 𝜙: 1𝑅 (1𝑅 𝜕2𝜓𝜕𝑥𝜕𝜃) = −𝐷′𝑐0𝛥𝛥𝑤 − 𝑐0𝑅 ⋅ 𝜕2𝜙𝜕𝑥2 + 1𝑅 ⋅ 𝐷′𝐷1 ⋅ 𝑐0𝑎0 𝛥 𝜕2𝜙𝜕𝑥2 + 𝑑0𝑅2 𝐵∗ ⋅ 𝑑2𝑤𝑑𝑥2 + 𝑐0𝑞 − 𝑐0 𝐷′𝐷1 𝛥𝑞,
                                 

(50) 

where 𝑐0 = 𝑙∗2𝑙∗2− 𝐷′𝐷1 ,   𝑑0 = 𝐷′𝐷1𝑙∗2− 𝐷′𝐷1 ,   𝑎0 = 𝑙∗2𝑙∗2−𝐵∗𝐸∗.                            (51) 
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The substitution of Eq. (50) into the first equation of system (48), will result in the 

following system of equations, instead of the system of equations (48): 𝐷′𝛥𝛥𝑤 − 𝐷′𝑐0 (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥𝑤 − 𝑑0𝑅 (1 − 𝐷′𝐷1 𝛥) 𝜕2𝜙𝜕𝑥2 + 1𝑅 ⋅ 𝐷′𝐷1 ⋅ 𝑐0𝑎0 (1 − 𝐷′𝐷1 𝛥) 𝛥 𝜕2𝜙𝜕𝑥2 +  + 𝑑0𝑅2 𝐵∗ (1 − 𝐷′𝐷1 𝛥) 𝜕2𝑤𝜕𝑥2 = −𝑑0 (1 − 𝐷′𝐷1 𝛥) 𝑞 + 𝑐0 𝐷′𝐷1 (1 − 𝐷′𝐷1 𝛥) 𝛥𝑞, 𝛥𝛥𝜙 = 𝐸∗ 1𝑅 𝜕2𝑤𝜕𝑥2 ,  𝛥𝜒 − 𝑘̃2𝜒 = 0.   (52) 

Accepting, 𝑤 = 𝛥𝛥𝐹,   𝜙 = 𝐸∗𝑅 ⋅ 𝜕2𝐹𝜕𝑥2,            (53) 

we identically satisfy the second equation of system (52). From the first equation of 

system (52), we obtain a tenth-order equation with respect to the new potential function 𝐹. As a result, instead of system (52), we arrive at the following twelfth-order system of 

two equations for the functions 𝐹 and 𝜒: 𝐷′𝛥𝛥𝛥𝛥𝐹 − 𝐷′𝑐0 (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥𝛥𝛥𝐹 − 𝑑0𝑅2 𝐸∗ (1 − 𝐷′𝐷1 𝛥) 𝜕4𝐹𝜕𝑥4 + 1𝑅2 ⋅ 𝑐0𝑎0 ⋅ 𝐷′𝐷1 ⋅ 𝐸∗ (1 − 𝐷′𝐷1 𝛥) 𝛥 𝜕4𝐹𝜕𝑥4 +𝑑0𝑅2 𝐵∗ (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥 𝜕2𝐹𝜕𝑥2 = −𝑑0 (1 − 𝐷′𝐷1 𝛥) 𝑞 + 𝑐0 𝐷′𝐷1 (1 − 𝐷′𝐷1 𝛥) 𝛥𝑞,  𝛥𝜒 − 𝑘̃2𝜒 = 0.                         (54) 

If a closed cylindrical shell is hinged at the ends 𝑥 = 0, 𝑥 = 𝑙, it can be shown that 

in this particular case of boundary conditions, we have: 𝜒 ≡ 0.              (55) 

In that case, the problem is reduced to solving one equation of the tenth order with 

respect to the function 𝐹: 𝐷′𝛥𝛥𝛥𝛥𝐹 − 𝐷′𝑐0 (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥𝛥𝛥𝐹 − 𝑑0𝑅2 𝐸∗ (1 − 𝐷′𝐷1 𝛥) 𝜕4𝐹𝜕𝑥4 + 
1𝑅2 ⋅ 𝑐0𝑎0 ⋅ 𝐷′𝐷1 ⋅ 𝐸∗ (1 − 𝐷′𝐷1 𝛥) 𝛥 𝜕2𝐹𝜕𝑥2 ++ 𝑑0𝑅2 𝐵∗ (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥 𝜕2𝐹𝜕𝑥2 = −𝑑0 (1 − 𝐷′𝐷1 𝛥) 𝑞 + 𝑐0 𝐷′𝐷1 (1 − 𝐷′𝐷1 𝛥) 𝛥𝑞.        (56)  

We note that the simplified version of the moment-membrane technical theory of a 

cylindrical shell presented here can be used for studying various static problems for a 

carbon nanotube, in particular, for studying problems of its stability. 

 

Stability of an axially compressed closed cylindrical shell according to the 

moment-membrane theory (axisymmetric problem) 

Let us present the basic equations necessary for studying the stability of a cylindrical 

shell according to the moment-membrane theory.  

We consider a case when a closed cylindrical shell is under the action of a uniform 

axial compression (the main momentless state). For stability problems, the general 

equations of the technical theory of a cylindrical shell must be supplemented with terms 

that consider subcritical forces in the shell. 

In this case, in the first equation from the system (48), instead 𝑞we take a "fictitious” 
transverse load: 𝑞 = −𝑝1 𝜕2𝑤𝜕𝑥2 ,             (57) 

where 𝑝1 is the axial force that occurs in the shell before buckling. The specified system 

will take the form (further we consider the case when the ends 𝑥 = 0,  𝑥 = 𝑙 of the 

cylindrical shell are hinge supported, i.e. 𝜒 ≡ 0): 𝐷′𝛥𝛥𝑤 + 1𝑅 (1 − 𝐷′𝐷1 𝛥) (𝜕2𝜙𝜕𝑥2 + 1𝑅 𝜕2𝜓𝜕𝑥𝜕𝜃) = −𝑝1 𝜕2𝑤𝜕𝑥2 + 𝐷′𝐷1 𝑝1𝛥 𝜕2𝑤𝜕𝑥2 ,   𝜕𝜕𝑥 (𝑙∗2𝛥 − 1)𝜓 − 𝐵∗𝐸∗ ⋅ 1𝑅 𝜕𝛥𝜙𝜕𝜃 = 0,   1𝑅 𝜕𝜕𝜃 (𝑙∗2𝛥 − 1)𝜓 + 𝐵∗𝐸∗ ⋅ 𝜕𝛥𝜙𝜕𝑥 = 𝐵∗ 1𝑅 𝜕𝑤𝜕𝑥 .         (58) 
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Repeating the steps of the previous paragraph, instead of Eq. (58) we obtain: 𝐷′𝛥𝛥𝑤 − 𝐷′𝑐0 (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥𝑤 − 𝑑0𝑅 (1 − 𝐷′𝐷1 𝛥) 𝜕2𝜙𝜕𝑥2 + 1𝑅 ⋅ 𝐷′𝐷1 ⋅ 𝑐0𝑎0 (1 − 𝐷′𝐷1 𝛥) 𝛥 𝜕2𝜙𝜕𝑥2 +  + 𝑑0𝑅2 𝐵∗ (1 − 𝐷′𝐷1 𝛥) 𝜕2𝑤𝜕𝑥2 = −𝑝1𝑑0 (1 − 𝐷′𝐷1 𝛥) 𝜕2𝑤𝜕𝑥2 − 𝑝1𝑐0 𝐷′𝐷1 (1 − 𝐷′𝐷1 𝛥) 𝛥 𝜕2𝑤𝜕𝑥2 ,   𝛥𝛥𝜙 = 𝐸∗ 1𝑅 𝜕2𝑤𝜕𝑥2 .    (59) 

Based on the second equation from system (59), when studying the stability of a 

cylindrical closed shell, we arrive at the solution of the following 10th order equation 

with respect to 𝑤: 𝐷′𝛥𝛥𝛥𝛥𝑤 − 𝐷′𝑐0 (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥𝛥𝛥𝑤 − 𝑑0⋅𝑅2 𝐸∗ (1 − 𝐷′𝐷1 𝛥) 𝜕4𝑤𝜕𝑥4 + 
𝐸∗𝑅2 ⋅ 𝐷′𝐷1 ⋅ 𝑐0𝑎0 (1 − 𝐷′𝐷1 𝛥) 𝛥 𝜕4𝑤𝜕𝑥4 + + 𝑑0𝑅2 𝐵∗ (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥 𝜕2𝑤𝜕𝑥2 = 𝑝1𝑑0 (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥 𝜕2𝑤𝜕𝑥2 − 𝑝1𝑐0 𝐷′𝐷1 (1 − 𝐷′𝐷1 𝛥) 𝛥𝛥𝛥 𝜕2𝑤𝜕𝑥2 .     (60) 

If the curved surface of the shell remains axisymmetric after buckling, the deflection 𝑤depends only on the coordinate 𝑥, and Eq. (60) looks as follows: [𝐷′2𝑐0𝐷1 − 𝑝1𝑐0 (𝐷′𝐷1)2] 𝜕10𝑤𝜕𝑥10 + [𝐷′ − 𝐷′𝑐0 − 1𝑅2 (𝐷′𝐷1)2 𝑐0𝑎0 𝐸∗ − 𝐵∗ 𝑑0⋅𝐷′𝑅2⋅𝐷∗ + 𝑝1(𝑑0 + 𝑐0) 𝐷′𝐷1] 𝜕8𝑤𝜕𝑥8 +  + [𝑑0⋅𝐸∗𝑅2 𝐷′𝐷1 + 𝐸∗𝑅2 𝐷′𝐷1 𝑐0𝑎0 + 𝑑0𝑅2 𝐵∗ − 𝑝1𝑑0] 𝜕6𝑤𝜕𝑥6 − 𝑑0⋅𝐸∗𝑅2 𝜕4𝑤𝜕𝑥4 = 0.
                       

        (61) 

Based on the homogeneous differential Eq. (61), we consider the problem of 

determining the critical force of a carbon nanotube uniformly compressed in the axial 

direction. 

 

 
 

Fig. 2. Graphic definition of the critical force as a result of 𝑝1(𝜆𝑘) dependency minimization 

 

Assuming deflection 𝑤(𝑥) = 𝑓 𝑠𝑖𝑛 𝜆𝑘 𝑥,    𝑓 = 𝑐𝑜𝑛𝑠𝑡,     𝜆𝑘 = 𝜋𝑘𝑙 ,     𝑘 = 1,2,3, . . . ,   
by satisfying the boundary conditions of hinge support at 𝑥 = 0, 𝑥 = 𝑙, we obtain (here 

the data of paragraph 5 of this paper are used):  𝑝1 = 140072+1249,43𝜆𝑘2+20257,1𝜆𝑘4+82,93𝜆𝑘6(48805+435,34𝜆𝑘2+0,964𝜆𝑘4)𝜆𝑘2   

Let us determine the smallest (critical) value of the compressive force. Equating to 

zero the derivative of 𝑝1 by 𝜆𝑘: 
𝑑𝑝1𝑑𝜆𝑘 = 0, after determining the corresponding value for 𝜆𝑘, 

for the critical force we obtain the following numerical value: 𝑝𝑐𝑟 = 2.169 nNnm. This result 

is also substantiated graphically, by constructing a dependence graph 𝑝1(𝜆𝑘) (Fig. 2). 
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Conclusion 

Based on the three-dimensional moment linear theory of elasticity, with the application of the 

hypotheses’ method, the basic equations, relations and boundary conditions of the moment-
membrane theory of elastic cylindrical shells are constructed, which is interpreted as a continual 

model of the deformation behavior of a single-layer carbon nanotube. The resolving equations 

of the moment-membrane technical theory of elastic cylindrical shells are also constructed. The 

constructed continual theories of a cylindrical shell open new possibilities for studying various 

applied problems of the mechanical behavior of a single-walled carbon nanotube. 

As particular problems, in an axisymmetric formulation, the problems of the static bending 

of a single-layer carbon nanotube and the problem of the stability of its initial axial compressed 

state have been studied. 
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ABSTRACT  

A theoretical model of a mechanism of plastic deformation in high-temperature ceramic materials 

containing amorphous intercrystalline layers (AILs) is suggested. Within the model, the plastic deformation 

is realized due to the nucleation and the development of inclusions of a liquid-like phase in the AILs and 

the glide of lattice dislocations emitted from the triple junctions of the AILs that contain the liquid-like 

phase inclusions. In the exemplary case of high-temperature α-Al2O3 ceramics with AILs, the temperature 

dependences of the critical stresses for the formation of a liquid-like phase nucleus, for the lattice 

dislocation emission and for the lattice dislocation glide in a wide range of the deformation temperatures 

from 300 to 1500 K are calculated. The critical values of the external shear stress and the deformation 

temperature, at which the glide of the emitted lattice dislocations in the grain interior becomes 

energetically favorable, are determined. 
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Introduction 

It is well known that high-temperature ceramic materials and composites have high 

strength, hardness and wear resistance, maintaining these characteristics at elevated 

temperatures [1–3]. These unique properties depend on the deformation behavior of 

intercrystalline boundaries. According to experimental data [4–6], the grain boundaries 

in the ceramic materials with covalent chemical bonding (Al2O3, SiC, Si3N4, etc.) often 

contain amorphous intercrystalline layers (AILs), which have an approximately constant 

thickness (of the order of several nanometers). The experimental observations of the 

nucleation and the evolution of the AILs are difficult due to their small size that 

stimulated the development of analytical theoretical models [7–9] and computer 

modeling [10–13] of the deformation behavior of intercrystalline boundaries. 

In particular, in the works [10–12] on computer modeling of amorphous silicon, it 

was shown that the material is divided into two phases: a solid-like matrix and regions of 

a liquid-like phase. According to these models [10–12], the liquid-like phase regions are 

the carriers of plastic deformation in amorphous silicon and their volume fraction increases 

http://dx.doi.org/10.18149/MPM.5212024_4
https://orcid.org/0000-0003-0727-6352
https://orcid.org/0000-0003-2192-0386
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under mechanical loading. Also, the authors of the work [11] came to the conclusion that 

a similar mechanism of plastic deformation can operate in other amorphous materials with 

covalent bonds. 

Based on the results of computer modeling [10–12], a mechanism of plastic 

deformation in nanoceramics with AILs through the nucleation and evolution of liquid-

like inclusions in the grain boundaries under the action of an external shear stress was 

considered in analytical theoretical models [7–9]. The plastic shear within the liquid-like 

inclusions and their elastic fields and energies were modeled by gliding dislocation loops 

[7,8] and dislocation dipoles [9] with increasing Burgers vectors. Within the framework of 

these models, the achievement of a certain critical value by the external shear stress led 

to the formation of a liquid-like nucleus that grew in size and filled the entire grain 

boundary between the adjacent triple junctions. Also, in theoretical works [8,9], two cases 

of further development of plastic deformation in the nanoceramics with AILs were 

considered: (i) due to the nucleation of nanocracks on the liquid-like phase inclusions and 

the propagation of these nanocracks in the neighboring AILs [8], and (ii) due to liquid-

like phase inclusions overcoming the triple junctions of the AILs and penetrating into a 

neighboring AIL [9]. 

The main aim of this work is to propose the third possible scenario for the 

development of plastic deformation in the high-temperature ceramics with AILs due to 

the nucleation and the extension of the liquid-like phase inclusions in the AILs with the 

subsequent emission of lattice dislocations from the triple junctions of the AILs and the 

glide of these dislocations into the bulk of a neighboring grain. As a result of this model, 

the critical values of the external shear stress that are required for the formation of a 

liquid-like nuclei, for the lattice dislocation emission from the triple junctions, and for 

the lattice dislocation glide in the grain interiors in a wide temperature range in the 

exemplary case of a high-temperature α-Al2O3 ceramics with the AILs are estimated and 

discussed in detail. 

 

Model 

Within the framework of the approach used in the model [9], a ceramic sample consists 

of crystallites divided by the AILs (Fig. 1(a)). Consider an individual AIL AC with length L 

and width h, in which acts the maximum shear stress  = /2 resulting from the 

application of an external mechanical tensile stress  (Fig. 1(b)).  

According to the works [8,9], a nucleus of a liquid-like phase of length l starts to form 

in the AIL when the external shear stress reaches a certain critical value  = c1 (Fig. 1(b)). 

This nucleus of the liquid-like phase is a carrier of the plastic shear s that is modeled by an 

edge dislocation dipole with the variable Burgers vectors s (s-dislocation dipole) and  

the arm l (Fig. 1(b)). Under the action of the external shear stress   c1, the nucleus grows 

and transforms into an inclusion of length L, which corresponds to the length of AIL AC, 

with a simultaneous increase in the plastic shear value s, which is described by an increase 

in the strength of the s-dislocation dipole to a certain value B (Fig. 1(c)). As a result, the 

defect structure is characterized by a dipole of superdislocations with Burgers vectors B  

(B-superdislocation dipole) and arm L (Fig. 1(c)). 
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Further, it is assumed that, under the combine action of the external shear stress  

  с2 and the stress field of the B-superdislocation dipole, a lattice dislocation (LD) with 

the Burgers vector b (b-LD) is emitted from triple junction C of the AILs into the adjacent 

grain interior under the angle  to AC plane (Fig. 1(d)). Here с2 denotes a critical value of 

the external shear stress , at which the emission of the LD becomes energetically 

favorable. Upon reaching a critical stress с3 that determines the shear stress required to 

overcome the Peierls barrier, the emitted LD can glide over the distance p along its easy 

slip plane (Fig. 1(d)). In the model, the b-LD emission is modeled by the formation of a 

LD dipole with the Burgers vectors b (b-LD dipole) (Fig. 1(d)). It is worth noting that a 

similar model was invented long ago by Pozdnyakov and Glezer [14] although without 

thorough examination. 

 

 
 

Fig. 1. A two-dimensional model of the plastic deformation of ceramics with AILs.  

(a) Model of a ceramic sample with AILs under mechanical tensile stress .  

(b) An individual AIL AC with a nucleus of the liquid-like phase, modeled by an ellipsoidal inclusion that 

contains an edge dislocation dipole with growing Burgers vectors s. (c) Growth of the liquid-like phase 

inclusion with the dipole of superdislocations with Burgers vectors B to the size L. (d) Emission of a lattice 

dislocation with the Burgers vector b from triple junction C of the AILs into an adjacent grain under the 

angle α to AC plane and the dislocation glide in the grain interior over the distance p 

 

Thus, it is assumed that the glide of LDs emitted from the triple junctions of AILs 

can provide the development of plastic deformation in the case when further evolution 

of the liquid-like inclusions is suppressed. 
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Results 

Consider the energy characteristics of the formation of a liquid-like phase nucleus in AIL 

AC, which contains a s-dislocation dipole with variable Burgers vectors (Fig. 1(a-c)). 

The change in the total energy of the system W that characterizes the formation of 

the s-dislocation dipole surrounded by a region of the liquid-like phase is given by [9]:  𝛥𝑊 = 𝐸𝑑 + 𝛥𝐻𝑆 − 𝜏 𝑠𝑝,             (1) 

where Ed is the strain energy of the s-dislocation dipole; H is the excess enthalpy of 

the liquid-like phase in comparison with the solid-like phase, and S is the cross-sectional 

area of the liquid-like phase nucleus. 

The strain energy Ed of the s-dislocation dipole reads [15,16]: 𝐸𝑑 = 𝐷𝑠2 𝑙𝑛 𝑙−𝑟𝑐𝑟𝑐 ,              (2) 

where D = G/[2(1–)], G is the shear modulus,  is the Poisson ratio, rc  s is the cutoff 

radius of the elastic field of the s-dislocation dipole at the dislocation lines. 

According to the work [9], the cross-sectional area S = lh, where h  ka is the transverse 

size of the liquid-like phase nucleus, k = (2…4)a, a is the average interatomic distance within 

the AIL. 

As a result, Eq. (1) for the energy change W can be rewritten as follows: 𝛥𝑊 = 𝐺𝑠22𝜋(1−𝜈) 𝑙𝑛 𝑙−𝑟𝑐𝑟𝑐 + 𝐻 𝑙𝑘𝑎 − 𝜏 𝑠𝑝.           (3) 

With using Eq. (3), the maps of the energy change W in the normalized coordinates 

s/a and l/a in the exemplary case of high-temperature α-Al2O3 ceramics at the different 

deformation temperatures T = 300 and 1500 K were calculated. To the best of our 

knowledge, no studies have been carried out until now to calculate the parameters 

characterizing the liquid-like phase in AILs in the α-Al2O3 ceramics. Therefore, in the first 

approximation, it is assumed that the elastic moduli of the liquid-like phase are 

approximately equal to those of the solid-like phase (Gi = Gm = G, i = m =  ), weakly 

depend on the deformation temperature, and have the following values: G = 169 GPa and 

 = 0.23 [17,18]. Also, in the absence of the calculations of the enthalpy values for the 

liquid-like phase, one can use the estimate Hi  1.5Hm. This is motivated by the case of 

amorphous silicon (Si), in which the enthalpy of the liquid-like phase is approximately 

1.5 times greater than the enthalpy of the solid-like phase both at low (T = 300 K) and 

high (T = 1000 K) temperatures [7]. Following the experimental work [19], the enthalpy 

Hm of the solid-like phase is 10 kJ/mol at T = 300 K and 152.27 kJ/mol at T = 1500 K.  

As a result, the excess enthalpy H = Hi – Hm  0.05 eV/at. at T = 300 K and 0.79 eV/at. 

at T = 1500 K. The average interatomic distance a in AILs, the magnitude of the LD Burgers 

vector b in the grain, and the transverse size h of the liquid-like phase nucleus in an AIL 

were chosen as follows, respectively: a  0.19 nm, b  0.27 nm [17], and h  2a. The angle 

 was taken as the average angle  = 22 between 0 and 45 that correspond to the 

maximum and minimum levels of the external shear stress , respectively. 

The results of numerical calculations of the maps of energy change W in the 

normalized coordinates s/a and l/a are shown in Fig. 2(a) for the low deformation 

temperature (T = 300 K) and Fig. 2(b) for the high deformation temperature (T = 1500 K).  

In both the cases, the energy maps were built for the critical value c1 of the external shear 

stress , which characterizes the barrier-free formation of the liquid-like phase nucleus and 
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is approximately equal to 5.5 GPa for T = 300 K and 10.2 GPa for T = 1500 K. In these maps, 

the transition to the barrier-free regime of the nucleation of the liquid-like phase nucleus 

corresponds to the zero level (W = 0) contours touching the straight line l = 2a that 

corresponds to the initial size of the liquid-like nucleus (Fig. 2). The arrows in Fig. 2, drawn 

from the nucleation point along the line of the maximum gradient of the function ΔW(s, l), 

indicate the evolution of both the liquid-like nucleus and s-dislocation dipole in the space 

(s, l) under the critical stress c1. As follows from Fig. 2, at both the low and high deformation 

temperatures, an increase in the length l of the liquid-like nucleus is accompanied by a 

corresponding increase in the strength s of the dislocation dipole, which reaches the value 

s  2.5a at T = 300 K (Fig. 2(a)) and  7.5a at T = 1500 K (Fig. 2(b)) when l = 100a. Using 

these relations, one can express the strength s of the dislocation dipole in terms of its arm 

l as follow: s  0.025l at T = 300 K and  0.075l at T = 1500 K. 

 

 
Fig. 2. Contour maps of the energy change W (in units of eV/nm) in the space of the normalized strength 

s/a and the normalized arm l/a of the s-dislocation dipole at the deformation temperature  

T = (a) 300 and (b) 1500 K, and at the external shear stress  = (a) 5.5 and (b) 10.2 GPa 

 

Let us consider now the energy characteristics that correspond to the LD emission 

from the triple junction of AILs at point C (Fig. 1(d)). It is assumed that, under the action 

of the external shear stress   с1, the liquid-like phase inclusion fills entire AIL AC, thus 

increasing in size to the length l = L, and the s-dislocation dipole (modeling the plastic 

shear associated with the growth of the liquid-like phase inclusion) is transformed into 

the B-superdislocation dipole (Fig. 1(c)). 

The process of the LD emission is specified by the energy change ΔWb = Wb2 – Wb1, 

where Wb1 and Wb2 are the energies of the system in the initial state, before the b-LD 

emission (Fig. 1(c)), and in its current state, after the b-LD emission and glide over a 

distance p (Fig. 1(d)), respectively. Such a transformation of the defect system is 

energetically favorable if ΔWb < 0. 

The energy change ΔWb (per unit length of the b-LD) can be written as follows: 𝛥𝑊𝑏 = 𝐸𝑏 + 𝐸𝑖𝑛𝑡 − 𝜏𝑏𝑝,                                                                                                   (4) 
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where Eb is the self energy of the b-LD dipole, Eint is the interaction energy between  

the B-superdislocation dipole and the b-LD dipole, and p is the distance moved by the 

emitted b-LD in the grain interior. 

The self energy Eb of the b-LD dipole is given by [15,16]: 𝐸𝑏 = 𝐷𝑏2 (𝑙𝑛 𝑝−𝑟𝑏𝑟𝑏 + 1),                                                                                                   (5) 

where rb  b. 

The interaction energy Eint is calculated by a standard method [15,16] as the work 

spent to generate the b-LD dipole in the stress field of the B-superdislocation dipole. 

After some algebra, it reads: 𝐸𝑖𝑛𝑡 = 𝐷𝐵𝑏2 (𝑐𝑜𝑠 𝛼 (𝑙𝑛 𝐿2+𝑝2+2𝐿𝑝 𝑐𝑜𝑠𝛼𝐿2+𝑏2+2𝐿𝑏 𝑐𝑜𝑠𝛼 − 2 𝑙𝑛 𝑝𝑏) − 2𝐿𝑝 𝑠𝑖𝑛2 𝛼𝐿2+𝑝2+2𝐿𝑝𝑐𝑜𝑠𝛼 + 2𝐿𝑏 𝑠𝑖𝑛2 𝛼𝐿2+𝑏2+2𝐿𝑏 𝑐𝑜𝑠 𝛼).                 (6) 

Using Eqs. (4)-(6), the dependence of the energy change ΔWb on the distance p was 

calculated for different values of the external shear stress  and the size L of the liquid-

like phase inclusions. The numerical calculation of the dependences ΔWb(p) was carried 

out at the same values of the system parameters as before, in calculating the energy maps 

W(s, l) shown in Fig. 2 in the exemplary case of the high-temperature α-Al2O3 ceramics 

with AILs. The strength B of the B-superdislocation dipole was chosen equal to  0.025L 

at T = 300 K and  0.075L at T = 1500 K. The dependences ΔWb(p) are shown in Figs. 3 

and 4 for different values of the size L of the liquid-like phase inclusion: L = 5 (Figs. 3(a) 

and 4(a)), 10 (Figs. 3(b) and 4(b)), 15 (Figs. 3(с) and 4(c)), and 20 nm (Figs. 3(d) and 4(d)). 

 

 
 

Fig. 3. Dependence of the energy change ΔW on the distance p at various values of the external shear 

stress τ (shown at curves in units of GPa) for different sizes L = (a) 5, (b) 10, (c) 15 and (d) 20 nm, in the 

case of low deformation temperature T = 300 K 
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Fig. 4. Dependence of the energy change ΔW on the distance p at various values of the external shear 

stress τ (shown at curves in units of GPa) for different sizes L = (a) 5, (b) 10, (c) 15 and (d) 20 nm, in the 

case of high deformation temperature T = 1500 K 

 

The emission of the LD and its subsequent glide in the grain interior is energetically 

favorable, if the energy change ΔWb is negative at the initial point of the LD emission (when 

p  1 nm) and then monotonously decreases with the distance p. In these circumstances, the 

critical stress c2 that is the minimum stress required for the emission of a LD from the triple 

junction of the AILs, can be calculated from the conditions ΔWb ≤ 0 at p = 1 nm and 

ΔWb/p < 0 at p > 1 nm that guarantee the barrier-less emission of the LD.  

As can be seen from the dependences ΔWb(p) in Figs. 3 and 4, the critical stress c2 

increases with a decrease in the length L of the liquid-like phase inclusion and a decrease 

in the deformation temperature T. For example, c2 = 14, 9, 3.5 and 0.3 GPa at T = 300 K 

(Fig. 3), and 4.5, 0.2, 0.1 and 0.03 GPa at T = 1500 K (Fig. 4) for the size L = 5, 10, 15 and 

20 nm, respectively. The critical stresses c2 for other deformation temperatures in the 

range from 300 to 1500 K were determined in a similar way. 

During its slip in the grain interior, the LD is subject to resistance from the crystal 

lattice that is characterized by the Peierls barrier. In this case, the LD slip becomes 

possible when the external shear stress  reaches a certain critical value c3 that is 

required to overcome the Peierls barrier. The Peierls barrier depends on the temperature 

and decreases with an increase in it. Thus, the critical stress c3 also decreases with an 

increase in the temperature. The temperature dependences of the critical stresses c3b and 

c3p for the basal and prismatic slip, respectively, in α-Al2O3 ceramics were found in 

experiments [20]. They are given by the following formulas [20]: 𝜏с3𝑏 = 𝜏0𝑏𝑒−0.0052 𝑇,                                                                                                         (7) 𝜏с3𝑝 = 𝜏0𝑝𝑒−0.0026𝑇,                                                                                                          (8) 

where с0b = 109 GPa and с0p = 9 GPa. 
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With Eqs. (3)-(8), one can calculate the temperature dependences of the critical 

stresses с1, с2, and с3. The resulting curves с1(T), с2(T), and с3(T) are shown in Fig. 5 for 

different values of the size L of the liquid-like phase inclusion: L = 5 (Fig. 5(a)), 

10 (Fig. 5(b)), 15 (Fig. 5(c)), and 20 nm (Fig. 5(d)). Within the model, the emission of LDs 

can occur only after the formation of a liquid-like phase inclusion. Therefore, the LD 

generation becomes energetically favorable if the conditions  с1 and  с2 are satisfied. 

In turn, the realization of the LD slip in the grain interior along its easy slip plane becomes 

possible if the conditions   с3p and/or   с3b are satisfied. Regions I and II correspond 

to the values of the external shear stress  and the deformation temperature T, at which 

the glide of the LD along the basal (region I) and prismatic (region II) slip planes is 

possible (Fig. 5). As is seen from Fig. 5, the regions I and II expand with an increase in the 

size L of the liquid-like phase inclusions until this size reaches 15 nm and then rest 

constant in area.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 5. Dependences of the critical stresses с1, с2 and с3 on the deformation temperature T for different 

values of the liquid-like phase inclusion size L = (a) 5, (b) 10, (c) 15, and (d) 20 nm. Regions I and II 

correspond to the basal and prismatic plane slip, respectively 

 

It should be noted that, as follows from Fig. 5, there is a certain critical deformation 

temperature Tc, below which the basal plane slip is possible at lower values of the 

external shear stress  than those needed for the prismatic plane slip. When T > Tc, both 

the basal and prismatic slip systems are expected to be activated under the same shear 

stress   max{с1,с2}. The critical deformation temperature Tc increases with an increase 
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in the size L of the liquid-like phase inclusion up to a certain value Tc  550 K, which is 

achieved at the size L = 15 nm in our exemplary case of the α-Al2O3 ceramics (Fig. 5(c)), 

while then it does not change with increasing L (Fig. 5(d)). As a result, the critical 

deformation temperature values vary with small L (when 5 ≤ L ≤ 15 nm) in the range of 

400 < Tc < 550 K (Fig. 5). 

 

Conclusions  

Thus, a theoretical model of a new mechanism of plastic deformation in the high-

temperature ceramics with amorphous intercrystalline layers over a wide temperature 

range is developed. Within the model, the plastic deformation of a ceramic sample has 

two stages.  

At the first stage, the plastic deformation occurs due to the generation and the 

evolution of nuclei of the liquid-like phase in amorphous intercrystalline layers under the 

action of the external shear stress. This mechanism of plasticity works until the liquid-

like phase inclusions reach the nearest obstacles that, in the case of nanoceramics, are 

the nearest triple junctions of amorphous intercrystalline layers.  

At the second stage, the plastic deformation of the nanoceramic sample develops 

due to the emission of lattice dislocations from the liquid-like phase inclusions, inhibited 

by the triple junctions of amorphous intercrystalline layers, followed by the dislocation 

glide in the grain interior.  

The energy characteristics of the generation of the liquid-like phase nuclei in the 

amorphous intercrystalline layers and the emission of the lattice dislocations from the 

triple junctions of amorphous intercrystalline layers containing the liquid-like phase 

inclusions are calculated. In the exemplary case of a high-temperature -Al2O3 

nanoceramics, the critical stresses for the formation of a liquid-like phase nucleus, for the 

emission of the lattice dislocations from the triple junctions of amorphous intercrystalline 

layers, and for the lattice dislocation glide along the basal and prismatic slip planes are 

calculated in dependence on the deformation temperature. The temperature 

dependences of these critical stresses are plotted for different sizes of the liquid-like 

phase inclusion. The ranges of the values of the external shear stress and the deformation 

temperature, at which the glide of the emitted lattice dislocations in the grain interior is 

energetically favorable, are determined. It is shown that there is a certain critical 

deformation temperature, below which the basal plane slip is more preferable than the 

prismatic plane slip. In the exemplary case of the high-temperature -Al2O3 nanoceramics 

with amorphous intercrystalline layers, the critical deformation temperature increases 

from 400 to 550 K, when the size of the liquid-like phase inclusion increases from 5 to 

15 nm, and then remains constant when this size grow further. 

Thus, the plastic deformation of the high-temperature nanoceramics can effectively 

occurs through the emission of lattice dislocations from the triple junctions of amorphous 

intercrystalline layers at elevated temperatures. 
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ABSTRACT  

The research is devoted to the problem of obtaining an analytical expression for the dependence of stresses 

on strains during unloading and subsequent loading by the reverse sign force, taking into account the 

Bauschinger effect. The assessment of the deformed state was carried out using the use of Hencky strains. 

The mathematical model was developed under the assumption of a cyclically ideal material. To process the 

experimental data, the generalized Masing principle was applied, which is used to describe the ideal 

Bauschinger effect. On the basis of experimental data for the 45HGMA material, curves of changes in the 

coefficients of the Bauschinger effect were obtained using the least squares method. The results obtained 

showed sufficient convergence with experimental data. The results of the study can be used in solving elastic-

plastic problems for various processes of alternating loading using the deformation theory of plasticity, when 

a description of the deformation diagram of the material is required, using the analytical dependence of 

stresses on strains according to the hypothesis of a single curve. 
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Introduction 

The issues of determining stresses and strains in the presence of finite areas of plastic 

strains, in cases where external loads are applied once, are currently well studied, 

especially in the framework of deformation theory and in the theory of ideal plasticity. 

However, in engineering practice, numerous cases can be found when external forces are 

applied repeatedly (including with a sign change) and the behavior of the elastic-plastic 

system differs significantly from the case of a single loading. 

If, during the first loading, plastic strains occurred in the entire body or in some of 

its finite areas, then after the removal of external forces, it will not return to its original 

state, certain residual strains and stresses will occur in it. With subsequent loading by an 

arbitrary system of forces, the body will behave differently than in the case of its loading 

from the initial state. For example, if a sample, previously stretched beyond the elastic 

limit, is compressed, then plastic strains will appear at a lower axial load value than at 

the previous stretching. The elastic limit during subsequent compression decreases to a 

http://dx.doi.org/10.18149/MPM.5212024_
https://orcid.org/0000-0001-8684-7541
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greater extent, the higher the stress of the previous stretching was. Similar changes are 

observed in the case of stretching after pre-compression. Hysteresis loops are also 

observed during unloading and re-stretching. This behavior of the material is called the 

Bauschinger effect. 

The first successful attempt to explain the Bauschinger effect and the hysteresis 

loops observed during repeated loading was made by G. Masing, who proceeded from the 

fact that individual grains in a polycrystalline body, due to their different orientations and 

the anisotropy of crystals, have different mechanical characteristics and deform 

differently [1]. He proposed an interesting scheme of elastic-plastic deformation of a 

sample made of polycrystalline material, which is quite fully described in the work of 

Moskvitin V.V. [1]. The Masing model or principle is widely used by various authors in the 

analysis of alternating and cyclic loading [2–4]. 

According to the analysis of the current state of the research issue, most of the 

scientific works aimed at studying the Bauschinger effect are of an applied nature, in 

particular, taking into account the Bauschinger effect during experimental research was 

considered in [5]. Experimental studies of the behavior of the material, as well as its 

hardening under cyclic loading are reflected in [6,7]. The issues of deformation under cyclic 

loading, alternating loading in the case of loading and unloading were studied in [8–11]. 

Dynamic models of elastic-plastic deformation, which were studied in the works [12,13], 

also seem to be very relevant in recent years. Taking into account the Bauschinger effect is 

important for fatigue failure problems, as well as for the analysis of damage accumulation 

in the case of isotropic and kinematic hardening, to which the works are devoted [14–17]. 

In addition, the complexity of the study of the Bauschinger effect is due to the need 

to take into account the nonlinearity of the deformation process. Some issues of plastic 

deformation under the nonlinear hardening law require the use of numerical research 

methods, some aspects of the analytical description of the plastic behavior of the material 

are considered in [18]. Also, the problem of solving problems of nonlinear plasticity was 

considered in [19–21]. The deformation hardening that occurs in this case is important 

for assessing the ultimate deformations, which is noted in [22]. 

Taking into account the Bauschinger effect is also used in problems of elastic-

plastic deformation in the calculation of residual stresses. The effect of the Bauschinger 

effect on the picture of the residual stress-strain state is analyzed in [23,24]. 

In this article, we will consider an important issue for the analytical description of 

the Bauschinger effect of obtaining an expression of the stress – strain dependence 

during unloading and subsequent loading by the reverse sign force. To do this, we will 

use the generalized Masing principle [1]. 

 

Generalized Masing principle  

The results of theoretical studies made it possible for Masing to suggest that the curve 

of repeated alternating loading coincides with the corresponding curve at the first 

loading, but constructed in axes with a doubled scale and reverse direction. This 

assumption will be called the Masing principle [1]. If, at the first loading, the stresses and 

the corresponding strains are connected by the equation: 𝜎(1) = 𝛷(𝑒),                                                                                                                                             (1) 
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then according to the Masing principle, the stress differences 𝜎 = 𝜎′ − 𝜎(2) and the strain 

differences 𝑒̅ = 𝑒′ − 𝑒 satisfy the equation (Fig. 1) [1]:  𝜎 = 2𝛷 (𝑒̅2),                                                                                                                                             (2) 
or 𝜎(2) = 𝜎′ − 2𝛷 (𝑒′ − 𝑒2 ),                                                                                                                 (3) 
where 𝜎(1) – equation relating stresses and Hencky strains at the first loading in the 

coordinate system (𝜎, 𝑒); 𝜎 – equation describing the curve of repeated alternating 

loading in the coordinate system (𝜎, 𝑒̅); 𝜎(2) – equation relating stresses and strains under 

repeated alternating loading in the coordinate system (𝜎, 𝑒); 𝜎′ и e′ – maximum stresses 

and strains obtained during the first loading. 

 

 
 

Fig. 1. Diagram of repeated alternating deformation of Masing [1]  

 

If the diagram of the behavior of the material under the first loading (1) is known, 

then Eq. (3) relates the stresses 𝜎(2) and the corresponding deformations 𝑒 under 

repeated alternating loading. It should be noted that if the maximum stresses 𝜎′  and 

strains 𝑒′ were reached during the first loading, then with repeated loading in the 

opposite direction, the yield strength is determined by the equation (Fig. 1) [1]: 𝜎𝑇′′  = 2𝜎𝑇 − 𝜎′.                                                                                                                                       (4) 
Thus, if, after stretching to a plastic state, the sample is unloaded and then compressed, 

then the yield strength decreases, and, as follows from Eq. (4), the sum of the absolute values 

of the maximum tensile stress and the new yield strength during compression is equal to 

twice the yield strength of the undeformed material. In this case, the Bauschinger effect is 

usually called ideal [25] and a classical hysteresis loop is observed. 

Let us consider the important question for the analytical description of the 

Bauschinger effect of obtaining an expression of the stress – strain dependence during 

unloading and subsequent loading by the force of the reverse sign. The difficulties 

encountered in this case are due to the fact that, unlike the primary deformation curve, 

when the stress 𝜎(1) is a function of only 𝑒, with repeated loading, the stress 𝜎 is a 

function not only of 𝑒̅, but also, as experiments have shown, depends on the parameter 𝑒′  – the maximum strain obtained during the first loading. 
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As one of the possible generalizations of the Masing principle, the assumption is 

introduced that the deformation curve under alternating loading coincides with the curve 

of the previous loading 𝜎(1) = 𝛷(𝑒), but with a change in scale 𝛼𝑒 times along the strain 

axis and ασ  times along the stress axis, and in the general case 𝛼𝑒 and 𝛼σ can be functions 

of the preceding deformation at 𝑒′ ≥ 𝑒𝑇:  𝛼𝑒 = 𝛼𝑒(𝑒′), 𝛼𝜎 = 𝛼𝜎(𝑒′) [1]. In this case (Fig. 1): 𝜎 = 𝛼𝜎𝛷 ( 𝑒̅𝛼𝑒),                                                                                                                                        (5) 
or 𝜎(2) = 𝜎′ − 𝛼𝜎𝛷 (𝑒′ − 𝑒𝛼𝑒 ).                                                                                                              (6) 

The functions 𝛼𝑒(𝑒′) and 𝛼σ(𝑒′)  are called Masing functions and they must satisfy 

certain conditions. If the stretching and compression curves of the source material 

coincide with each other, then for 𝑒′ = 𝑒𝑇 there should be [1]: 𝛼𝑒(𝑒𝑇) = 2,  𝛼σ(𝑒𝑇) = 2.                                                                                                                      (7) 
If we take into account the deformation anisotropy of elastic constants, then before 

the appearance of plastic strains during repeated alternating loading: 𝜎 = 𝐸̅(𝑒′) 𝑒̅, 
where 𝐸̅(𝑒′) – variable modulus of elasticity, depending on the previous strain. In this 

case, according to [1]: 𝜎 = 𝛼𝜎𝐸 𝑒̅𝛼𝑒 , 𝛼𝜎𝛼𝑒 = 𝐸̅(𝑒′)𝐸  .                                                                                                           (8) 
Therefore, if the function of changing the Young's variable modulus 𝐸̅(𝑒′) is known, 

then from experiments on alternating loading it remains to determine only one function 

depending on the parameter 𝑒′ – α𝑒(𝑒′). If the deformation anisotropy of elastic 

constants is not taken into account, then 𝐸̅ = 𝐸. In this case, according to [1] it follows 

from Eq. (8) that: 𝛼𝜎(𝑒′) = 𝛼𝑒(𝑒′) = 𝛼(𝑒′).                                                                                                                     (9) 
As experimental data [26] show, the changes in the Young's modulus under 

alternating loading are insignificant and, as calculations show, these changes are 

commensurate with the errors in determining elastic constants, which is introduced by 

the hypothesis of incompressibility of the material. In the future, when considering 

alternating loading, we will not take into account the anisotropy of elastic constants. 

 

Definition of Masing functions  

The Bauschinger effect is defined as a decrease in the yield strength of a material under 

compression as a result of previous tensile strain. The majority of researchers agree that 

the degree of preliminary strain has a significant impact on the Bauschinger effect 

[27,28]. To quantify the Bauschinger effect, we take the ratio of the yield strength 𝜎𝑇′′(𝑒′)  
observed during compression to the maximum stress in the previous loading σ′ (Fig. 1).  

We call it the coefficient of the Bauschinger effect and denote 𝛽𝑇: 𝛽𝑇 = 𝛽𝑇(𝑒′) = 𝜎𝑇′′(𝑒′) 𝜎′(𝑒′) ,                                                                                                                     (10) 
where 𝑒′ – the maximum strain obtained during the first loading; 𝜎′(𝑒′) – the maximum 

stress corresponding to this strain. 
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In accordance with the generalized Masing principle, by analogy with Eq. (4), we 

can write σ𝑇′′(𝑒′) = α(𝑒′)σ𝑇 − σ′(𝑒′), or taking into account Eq. (10): 𝛼 = 𝛼(𝑒′) = 𝜎′(𝑒′)𝜎𝑇 (1 + 𝛽𝑇(𝑒′)).                                                                                                   (11) 
 

Determination of the Masing function based on experimental data 

For the calculations, we take the experimental results presented in [29]. In this work, the 

results of tests on steels of grades St3, SHL-4 (10HCND), 09G2 and on alloy steels having 𝜎0.2 = 600 ÷ 1200  MPa are presented. The research was carried out by the method of 

"probing". The sample was loaded to a certain specified strain, determined by the residual 

strain 𝜀longres   and the stress σ𝐷, then unloading and loading of the opposite sign was carried 

out to a residual strain of 0.2 %, determined by the stress 𝜎0.2С . Then the direct loading 

was repeated until the next level of the specified strain was reached, "probing" was 

carried out again, etc. The Bauschinger effect in this case was characterized by the ratio 𝜎0.2С 𝜎𝐷⁄  and we will denote it 𝛽0.2𝐷 . 

To display the test results on the deformation diagram (σ𝑖, 𝑒𝑖) we will use the 

hypothesis of a single curve, put forward by Ludwik and described in a scientific 

work [25], and recalculate relative strains into logarithmic, and conditional stresses into 

true stresses according to the formulas: 𝜀𝐷 = (𝜀𝑙𝑜𝑛𝑔𝑟𝑒𝑠 + 𝜎𝐷𝐸 ), 𝑒𝑖′ = 𝑙𝑛(1 + 𝜀𝐷),  𝜎𝑖′ = 𝜎𝐷(1 + 𝜀𝐷), 𝜎𝑖0.2′′ = 𝜎0.2С (1 − (0.002 + 𝜎0.2С𝐸 )). 
Calculations have been carried out for 45HGMA steel, which has 𝜎0.2 = 800  MPa, 

which corresponds to the data given in [29]. The calculation results are presented in Table 1. 

 
Table 1. Steel σ0,2 = 800  MPa (45HGMA - GOST 4543-2016) εlongres  ε𝐷 𝑒𝑖′ σ𝐷 , MPa σ𝑖′ , MPa σ0,2С , MPa σi0,2′′ , MPa β0,2𝐷 = σ0,2𝐶σ𝐷  β0,2 = σ𝑖0,2′′σ𝑖′  

0.0022 0.0061 0.0061 825 830.1 675 671.5 0.82 0.81 

0.0072 0.0113 0.0112 863 872.8 488 485.9 0.57 0.56 

0.0140 0.0182 0.0181 888 904.2 450 448.1 0.51 0.50 

0.0216 0.0259 0.0256 900 923.3 425 423.3 0.47 0.46 

0.0288 0.0332 0.0327 925 955.7 438 436.2 0.47 0.46 

0.0358 0.0402 0.0394 925 962.2 400 398.4 0.43 0.41 

0.0432 0.0477 0.0466 938 982.7 413 411.4 0.44 0.42 

0.0504 0.0549 0.0534 938 989.5 425 423.3 0.45 0.43 

0.0572 0.0617 0.0598 938 995.8 425 423.3 0.45 0.43 

0.0644 0.0689 0.0666 938 1002.6 388 386.5 0.41 0.39 

0.0716 0.0761 0.0733 938 1009.4 388 386.5 0.41 0.38 

0.0800 0.0845 0.0811 938 1017.2 425 423.3 0.45 0.42 

0.0858 0.0902 0.0864 925 1008.4 400 398.4 0.43 0.40 

 

To describe the deformation diagram of the material, we apply a linear-power 

approximation [30] in the form: 𝜎𝑖 = 𝛷(𝑒𝑖) = { 𝐸𝑒𝑖 , 𝑖𝑓 𝑒𝑖 ≤ 𝑒𝑖𝑇 𝐴(𝑒𝑖 − 𝑒0𝑖)𝑛 , 𝑖𝑓 𝑒𝑖 > 𝑒𝑖𝑇 ,                                                                                     (12) 
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where 𝜎𝑖 – intensity of stresses; 𝑒𝑖 – intensity of Hencky strain; 𝑒𝑖𝑇 – the value of the 

strain intensity corresponding to the transition point of the linear dependence to the 

power-law (yield strength); 𝑒0i – the magnitude of the displacement of the power 

function along the strain axis; 𝐴 и 𝑛 – power function parameters. 

 

 
 

Fig. 2. Approximation of the deformation diagram of 45XGMA steel (E=210000 MPa, 𝑒𝑖𝑇 = 0.00367, σ𝑖𝑇 =771.14 MPa, 𝐴 =1301.29 MPa, 𝑛 =0.0933) and experimental data for steel σ0,2=800 MPa (Table 1):  

1 – diagram constructed according to equation (12); 2 – diagram of conditional stresses σ𝐷; 3 – diagram 

of true stresses σ𝑖′; 4 – tangent, characterizing the property of the deformation diagram of the III kind [30] 

 

Figure 2 shows the results of the approximation of the 45HGMA steel deformation 

diagram and experimental data. As you can see, the results match quite well. In the case 

of approximation of the deformation diagram by Eqs. (5), (6), and (12), taking into account 

Eq. (9), will be written as: 

𝜎𝑖 = 𝛼(𝑒𝑖′)𝛷 ( 𝑒̅𝑖𝛼(𝑒𝑖′)) = {  
  𝛼(𝑒𝑖′)𝐸 ( 𝑒̅𝑖𝛼(𝑒𝑖′)) , 𝑖𝑓 0 ≤ 𝑒̅𝑖 ≤ 𝛼(𝑒𝑖′)𝑒𝑖𝑇𝛼(𝑒𝑖′) 𝐴 ( 𝑒̅𝑖𝛼(𝑒𝑖′) − 𝑒0𝑖)𝑛  , 𝑖𝑓  𝑒̅𝑖 > 𝛼(𝑒𝑖′)𝑒𝑖𝑇 ,                                 (13) 

and 𝜎𝑖(2) = 𝜎𝑖′(𝑒𝑖′) − 𝛼(𝑒𝑖′)𝛷 ((𝑒𝑖′ − 𝑒𝑖)𝛼(𝑒𝑖′) ) =                                                     
= {  
  𝜎𝑖′(𝑒𝑖′) − 𝛼(𝑒𝑖′)𝐸 ((𝑒𝑖′ − 𝑒𝑖)𝛼(𝑒𝑖′) ) , 𝑖𝑓 𝑒𝑖′ ≥ 𝑒𝑖 ≥ 𝑒𝑖′ − 𝛼(𝑒𝑖′)𝑒𝑖𝑇𝜎𝑖′(𝑒𝑖′) − 𝛼(𝑒𝑖′) 𝐴 ((𝑒𝑖′ − 𝑒𝑖)𝛼(𝑒𝑖′) − 𝑒0𝑖)𝑛 , 𝑖𝑓 𝑒𝑖 < 𝑒𝑖′ − 𝛼(𝑒𝑖′)𝑒𝑖𝑇 ,                                              (14) 

where σ𝑖′ и 𝑒𝑖′ – accordingly, the intensity of stresses and the intensity of strains obtained 

during the first loading. 

To determine the Masing function α(𝑒′), we use the Eq. (11), replacing, in 

accordance with the hypothesis of a single curve 𝑒′ and σ′(𝑒′)  on 𝑒𝑖′ and σ𝑖′(𝑒𝑖′): 𝛼(𝑒𝑖′) = 𝜎𝑖′(𝑒𝑖′)𝜎𝑇 (1 + 𝛽𝑇(𝑒𝑖′)).                                                                                                            (15) 
According to the available experimental data, we obtained the Bauschinger effect 

coefficient (Table 1) β0.2(𝑒𝑖′) = σ𝑖0.2′′ σ𝑖′⁄ . To analytically describe the Bauschinger effect 
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using Masing functions (15), we need to determine the Bauschinger effect coefficient β𝑇(𝑒𝑖′) = σ𝑖𝑇′′ σ𝑖′⁄ . 

If we determine the difference between σ𝑖0.2′′  and σ𝑖𝑇′′ , then we can obtain an 

equation connecting β𝑇 and β0.2: 𝛽𝑇(𝑒𝑖′) = 𝜎𝑖𝑇′′𝜎𝑖′ = 𝜎𝑖0,2′′𝜎𝑖′ − (𝜎𝑖0,2′′ − 𝜎𝑖𝑇′′)𝜎𝑖′ = 𝛽0,2(𝑒𝑖′) − (𝜎𝑖0,2′′ − 𝜎𝑖𝑇′′)𝜎𝑖′ .                                             (16) 
Considering that (σ𝑖0,2′′ − σ𝑖𝑇′′ ) = (σ̅𝑖0,2 − σ̅𝑖𝑇) we define σ̅𝑖𝑇 and σ̅𝑖0,2 when 

unloading and subsequent loading of the opposite sign in accordance with Eq. (13): 𝜎𝑖𝑇 = 𝛼(𝑒𝑖′)𝛷 ( 𝑒̅𝑖𝑇𝛼(𝑒𝑖′)) =  𝛼(𝑒𝑖′)𝐸 ( 𝑒̅𝑖𝑇𝛼(𝑒𝑖′)) = 𝐸𝑒̅𝑖𝑇 ,                                                                    (17) 𝜎𝑖0,2 = 𝛼(𝑒𝑖′)𝛷 ( 𝑒̅𝑖0,2𝛼(𝑒𝑖′)) =  𝛼(𝑒𝑖′) 𝐴 ( 𝑒̅𝑖0,2𝛼(𝑒𝑖′) − 𝑒0𝑖)𝑛 ,                                                                 (18) 
where 𝑒̅𝑖𝑇 и 𝑒̅𝑖0.2 – strains corresponding to the stress σ̅𝑖𝑇 and σ̅𝑖0.2 when describing the 

deformation diagram by the function (12). 

Thus, it is possible to write (𝜎𝑖0.2′′ − 𝜎𝑖𝑇′′ ) = 𝛼(𝑒𝑖′) 𝐴 ( 𝑒̅𝑖0.2𝛼(𝑒𝑖′) − 𝑒0𝑖)𝑛 −  𝐸𝑒̅𝑖𝑇 .                                                                         (19) 
Moreover, 𝑒̅𝑖𝑇 = α(𝑒𝑖′)𝑒𝑖𝑇, and 𝑒̅𝑖0,2 is determined numerically from the equation: 𝛼(𝑒𝑖′) 𝐴 ( 𝑒̅𝑖0.2𝛼(𝑒𝑖′) − 𝑒0𝑖)𝑛 = 𝐸(𝑒̅𝑖0.2 − 0.002).                                                                                (20) 
It follows from Eqs. (16), (19), and (20) that the function 𝛽𝑇(𝑒𝑖′)  depends on α(𝑒𝑖′). 

Since initially the value of the Masing function is not known, we take 𝛼(𝑒𝑖′) = 2 for 

calculations in the first approximation, as for the ideal Bauschinger effect. Next, using 

Eqs. (16) and (18), we determine the Masing function α(𝑒𝑖′) by Eq. (15). 

As calculations show, in the first approximation, the values of σ𝑖0,2(2)
 calculated by 

Eq. (14) differ significantly from the values of σ𝑖0.2′′  obtained experimentally (Table 1).  

In this case, the average arithmetic error of determining σ𝑖0.2(2)
 is 9.5 %, and the maximum 

is 20.7 %. To improve the result, a second approximation is carried out. In this case, the 

Masing function α(𝑒𝑖′) obtained in the first approximation is substituted into Eqs. (19), 

(20) and using Eqs. (15) and (16), the Masing function α(𝑒𝑖′) is refined in the second 

approximation. 

Figure 3 shows the functions β𝑇 = β𝑇(𝑒𝑖′) and β0.2 = β0.2(𝑒𝑖′) obtained in the second 

approximation by processing experimental data. Since the Bauschinger effect begins to 

manifest itself only after the 𝑒𝑖𝑇 yield stress deformations or the 𝑒𝑖0,2 conditional yield 

stress deformations are reached during the first loading, the graphs of the function  𝛽𝑇 = 𝛽𝑇(𝑒𝑖′)  and 𝛽0.2 = 𝛽0.2(𝑒𝑖′) were constructed in such a way that 𝛽𝑇 = 𝛽𝑇(𝑒𝑖𝑇) = 1 

and 𝛽0.2 = 𝛽0.2(𝑒𝑖0.2) = 1. In addition, when constructing the curve 𝛽𝑇(𝑒𝑖′), the 

experimental points 𝛽0.2(𝑒𝑖′) shifted not only along the ordinate axis down by an amount (σ̅𝑖0.2 − σ̅𝑖𝑇), but also along the abscissa axis to the left by an amount (𝑒̅𝑖0.2 − 𝑒̅𝑖𝑇). 
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Fig. 3. Curves of changes in the coefficients of the Bauschinger effect 𝛽0.2 = 𝛽0.2(𝑒𝑖′) and 𝛽𝑇 = 𝛽𝑇(𝑒𝑖′) 
obtained on the basis of processing experimental data (Table 1) and approximation by equations of the 

form (21): 1 – experimental values 𝛽0,2 (Table 1); 2 – 𝛽𝑇 values obtained by processing experimental 

data; 3 – function 𝛽0.2 = 𝛽0.2(𝑒𝑖′); 4 – function 𝛽𝑇 = 𝛽𝑇(𝑒𝑖′) 
 

To approximate the curves obtained experimentally, an equation of the form 𝛽(𝑒𝑖′) = 𝑎/(𝑒𝑖′ + 𝑏)𝑐 + 𝑑 was used. Provided that the curve passes through a given point 

(𝑒𝑖′0;  β0), the equation will take the form: 𝛽(𝑒𝑖′) = 𝑎(𝑒𝑖′ + 𝑏)𝑐 − 𝑎(𝑒𝑖′0 + 𝑏)𝑐 + 𝛽0.                                                                                           (21) 
In our case 𝛽0 = 1 and 𝑒𝑖′0 = 𝑒𝑖0.2 when determining 𝛽0.2(𝑒𝑖′) and 𝑒𝑖′0 = 𝑒𝑖𝑇 when 

determining 𝛽T(𝑒𝑖′). The coefficients a, b and c were determined from the given points by 

the least squares method.  

After determining the Bauschinger coefficient 𝛽𝑇 = 𝛽𝑇(𝑒𝑖′), by the Eq. (15) we 

determine the Masing function α = α(𝑒𝑖′). Figure 4 shows graphs of these functions, 

constructed from experimental data and according to the Eq. (15). 

 

 
 

Fig. 4. The Masing function α = α(𝑒𝑖′), determined by experimental data and by Eq. (15):  

1 – the values of α obtained by processing experimental data; 2 – the function α = α(𝑒𝑖′), obtained by 

Eq. (15); 3 – the values of the Masing function for an ideal Bauschinger effect, α = α(𝑒𝑖′) = 2 = const 
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Figure 5 shows diagrams of deformation of 45HGMA steel under reverse loading. The 

loading diagram was constructed using Eq. (12). Diagrams of unloading and further loading 

of the opposite sign were constructed on the basis of the generalized Masing principle 

according to Eq. (14) using the resulting Masing function shown in Fig. 4. As can be seen 

from the comparison of the calculation results with experimental data on the definition of σi0.2′′ , good convergence is obtained. The average arithmetic error of determining 𝜎𝑖0.2(2)  is 
4.8 %, and the maximum is 15.1 %. Moreover, the greatest error is observed for the initial 

loading stage at 𝑒𝑖′ <  0.01, which corresponds to the descending branch of the graph  α = α(𝑒𝑖′) (Fig. 4). In addition, a comparison of the results obtained with the calculated data 

for the ideal Bauschinger effect shows (Fig. 4) that the application of the generalized 

Masing principle allows get more accurate results. 

 

 
 

Fig. 5. Diagrams of deformation of 45HGMA steel under reverse loading: 1 – experimental data of the 

initial loading level σ𝑖′; 2 – experimental data on the definition of σ𝑖0,2′′  under reverse loading;  

3 – calculated data on the definition of σ𝑖0.2(2)
 under reverse loading; 4 – calculated diagrams of forward 

and reverse loading; 5 – calculated diagrams of reverse loading for the ideal Bauschinger effect 

 

Conclusion 

The possibility of an analytical description of the Bauschinger effect using experimental 

data allows us to obtain good convergence of the results and conclude that the 

generalized Masing principle can be applied in the study of various alternating loading 

processes. 

In general, the question of the behavior of the material in the plastic region during 

repeated compression requires separate experimental studies, but to solve problems 

when repeated plastic strains are insignificant, it is possible to successfully apply the 

generalized Masing principle to describe the Bauschinger effect. Such tasks include, for 

example, calculations related to the determination of the stress-strain state and residual 

stresses during autofrettage of thick-walled pipes and high-pressure vessels. 
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ABSTRACT  

Advanced technological and engineering solutions involve usage of complex tribological systems. There is a 

demand for precise and computationally efficient methods to describe such systems. The aim of this study is to 

develop a computationally efficient method to solve the problem of deformation of a two-layer system using the 

Green's function molecular dynamics (GFMD) technique. We consider a viscoelastic layer attached to an elastic 

halfspace and derive a constitutive equation in Fourier space from the corresponding elastic solution. This third-

order equation is numerically integrated by the backward Euler method, and a quasi-static solution is found 

through the fast inertial relaxation engine (FIRE) optimization algorithm. The method is illustrated with a simple 

model of indentation by a rigid cylinder. Using this method, contact area and pressure were calculated as a 

function of time for various shear modulus values. 
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Introduction 

Tribology is one of the oldest sciences, yet even after the hundreds years of research it 

remains not completely understood. Tribology of viscoelastic materials is becoming more 

and more important as technology moves forward: there is a large class of new rubber-

like materials which have a wide range of innovative implementations in engineering, 

microelectronics, microbiology. Therefore, when modelling such systems, it is necessary 

to include an accurate description of the response of the viscoelastic material. The 

contact of a rigid rough surface with a viscoelastic halfspace was investigated in the work 

of Bugnicourt et al. [1]. In their work, the contact problem was numerically solved through 

a combination of the backward Euler method and conjugate gradient optimization. A 

viscoelastic model utilizing Green's function molecular dynamics (GFMD) and a semi-

analytical solution with improved accuracy instead of the backward Euler method was 

developed in [2] and applied to the quasi-static indentation and rolling of a rigid cylinder 

on a frictionless viscoelastic halfspace. GFMD [3] is a boundary element method based 

on the fast Fourier transform and molecular dynamics energy minimization that simulates 

the response of an elastic body to an external force. GFMD has been used in simulations 

of rough elastic contacts [4], bodies of finite height [5], atomistic systems [3], viscoelastic 
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halfspaces [6] and adhesive viscoelastic roughness contact [7]. Recently, GFMD was 

accelerated with the fast inertial relaxation engine (FIRE) algorithm, resulting in 

speedups of one order of magnitude [8]. 

Contact mechanics models are used in many applications [9–11]. Sometimes 

contact mechanical systems can be represented by semi-infinite bodies. That, however, 

is not always the case [12]. There are systems that require a consideration of the layer's 

thickness, such as power transmission belts [13], seismic energy dissipation systems [14], 

electroadhesive devices [15], multi-layer structure [16], biomedical applications [17], 

coatings etc. In these situations, one should take into consideration the surface layer on 

top of the main half-space [18]. With further modification that concept can be used in 

investigation of adhesion of viscoelastic polymers depending on various factors, such as 

temperature, environment [19], blending [20] or molecular cross-linking density [21]. 

In this work we study the indentation of a viscoelastic layer of finite thickness 

bonded to an elastic halfspace. The paper is organized as following. In section "Methods", 

a constitutive equation is derived, following which, the methodology to obtain a 

numerical solution is explained. In section "Result and Discussion", using the newly 

developed model, the results for the indentation of a cylindrical punch onto a viscoelastic 

material are shown and discussed. 

 

Methods 

Consider a viscoelastic layer with stress σ and strain ε. Let s = σ – (1/3) tr(σ) I be the stress 

deviator, and let e = ε – (1/3) tr(ε) I be the strain deviator. Assume that viscoelasticity of 

the layer is described by the following equation [22]: 𝑠(𝑡) = ∫ 𝐺(𝑡 − 𝑡′)𝑒̇(𝑡′)d𝑡′𝑡−∞ ,            (1) 

where t is the time and G(t) is the time-dependent shear modulus. The complex shear 

modulus G(ω) is then defined by 𝐺(𝜔) = 𝑖𝜔 ∫ 𝐺(𝑡)𝑒−𝑖𝜔𝑡d𝑡′∞0 ,  (2) 

so that 𝑠(𝜔) = 2𝐺(𝜔)𝑒(𝜔),  (3) 

where s(ω) = ∫e–iωt s(t) dt, e(ω) = ∫e–iωt e(t) dt, and ω is the angular frequency. 

The complex shear modulus in the Zener model [22] is given by 𝐺(𝜔) = (𝐺0 + 𝑖𝜔𝜏𝐺∞) × (1 + 𝑖𝜔𝜏)−1
,  (4) 

where τ is the relaxation time, 𝐺0 = 𝑙𝑖𝑚𝜔→0𝐺(𝜔) is the low-frequency shear modulus, and 𝐺∞ = 𝑙𝑖𝑚𝜔→∞𝐺(𝜔) is the high-frequency shear modulus. The time-dependent shear modulus 

takes the form: 𝐺(𝑡) = 𝐺0 + (𝐺∞ − 𝐺0)𝑒−𝑡/𝜏.  (5) 

Substituting Eq. (4) in Eq. (3) and applying an inverse Fourier transform, we obtain: 𝑠(𝑡) + 𝜏 𝑠̇(𝑡) = 2𝐺0𝑒(𝑡) + 2𝜏𝐺∞𝑒̇(𝑡).  (6) 

For an elastic halfspace with shear modulus G and Poisson ratio ν the relation 

between normal surface stress σ(x) and normal surface displacement u(x) is [23]: 𝑢(𝑥) = − 1−𝜈2𝜋𝐺 ∫ 𝜎(𝑥′)|𝑥−𝑥′| 𝑑𝒙′.  (7) 
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After taking the Fourier transform, we can write: 𝑢(𝑞) = 𝑀(𝑞)𝜎(𝑞),  (8) 

where u(q) = ∫u(x) e–ix·q dx, σ(q) = ∫σ(x) e–ix·q dx, q is the wavevector, q = |q|, and 𝑀(𝑞) = − 1−𝜈𝐺𝑞 .  (9) 

Consider an elastic layer of thickness d with shear modulus G and Poisson ratio ν 
attached to an elastic halfspace with shear modulus Gbulk and Poisson ratio νbulk. Equation (9) 

becomes (see [24]): 𝑀(𝑞) = − 1−𝜈𝐺𝑞 𝑆(𝑞),  (10) 

where 𝑆(𝑞) = 1+4𝑚𝑞𝑑𝑒−2𝑞𝑑−𝑚𝑛𝑒−4𝑞𝑑1−(𝑚+𝑛+4𝑚𝑞2𝑑2)𝑒−2𝑞𝑑+𝑚𝑛𝑒−4𝑞𝑑,  (11) 

where 𝑚 = (𝐺/𝐺bulk − 1) × (𝐺/𝐺bulk + 3 − 4𝜈)−1,  (12a) 𝑛 = 1 − 4(1−𝜈)1+(𝐺/𝐺bulk)(3−4𝜈bulk).  (12b) 

In the limiting case where the halfspace is rigid (Gbulk = ∞), Eq. (11) reduces to: 𝑆(𝑞) = (3−4𝜈0) 𝑠𝑖𝑛ℎ(2𝑞𝑑)−2𝑞𝑑(3−4𝜈0) 𝑐𝑜𝑠ℎ(2𝑞𝑑)+2(𝑞𝑑)2−4𝜈0(3−2𝜈0)+5,  (13) 

while for a free layer (Gbulk = 0), Eq. (11) reduces to: 𝑆(𝑞) = 𝑠𝑖𝑛ℎ(2𝑞𝑑)+2𝑞𝑑𝑐𝑜𝑠ℎ(2𝑞𝑑)−2(𝑞𝑑)2−1.  (14) 

Assume the layered solid is incompressible. Then ν = νbulk = 0.5 and Eq. (12) simplify to: 𝑚 = 𝑛 = (𝐺 − 𝐺bulk)/(𝐺 + 𝐺bulk).  (15) 

Due to the elastic-viscoelastic correspondence principle, a solution to our 

viscoelastic problem can be derived from the elastic solution by replacing G with the 

complex shear modulus G(ω). Substituting Eq. (4) in Eq. (15) gives: 𝑛 = (𝐺0+𝑖𝜔𝜏𝐺∞)/(1+𝑖𝜔𝜏)−𝐺bulk(𝐺0+𝑖𝜔𝜏𝐺∞)/(1+𝑖𝜔𝜏)+𝐺bulk = (𝐺0/𝐺bulk−1)+𝑖𝜔𝜏(𝐺∞/𝐺bulk−1)(𝐺0/𝐺bulk+1)+𝑖𝜔𝜏(𝐺∞/𝐺bulk+1) = 𝑎0+𝑠𝑎1𝑎2+𝑠𝑎3, (16) 

where 𝑠 = 𝑖𝜔𝜏,  (17a) 𝑎0 = 𝐺0/𝐺bulk − 1,  (17b) 𝑎1 = 𝐺∞/𝐺bulk − 1,  (17c) 𝑎2 = 𝐺0/𝐺bulk + 1,  (17d) 𝑎3 = 𝐺∞/𝐺bulk + 1.  (17e) 

We define: 𝑟 = 𝑒−2𝑞𝑑,  (18a) 𝑏0 = −2(1 + 2(𝑞𝑑)2),  (18b) 𝑏1 = 4𝑞𝑑,  (18c) 

and write Eq. (11) as: 𝑆(𝑞) = 1+4𝑛𝑞𝑑𝑒−2𝑞𝑑−(𝑛𝑒−2𝑞𝑑)21−(2𝑛+4𝑛(𝑞𝑑)2)𝑒−2𝑞𝑑+(𝑛𝑒−2𝑞𝑑)2 = 1+𝑏1𝑛𝑟−(𝑛𝑟)21+𝑏0𝑛𝑟+(𝑛𝑟)2. (19) 

Substituting Eq. (16) gives: 𝑆(𝑞, 𝜔) = 1+𝑏1((𝑎0+𝑠𝑎1)/(𝑎2+𝑠𝑎3))𝑟−(((𝑎0+𝑠𝑎1)/(𝑎2+𝑠𝑎3))𝑟)2
1+𝑏0((𝑎0+𝑠𝑎1)/(𝑎2+𝑠𝑎3))𝑟+(((𝑎0+𝑠𝑎1)/(𝑎2+𝑠𝑎3))𝑟)2 =

(𝑎2+𝑠𝑎3)2+𝑏1(𝑎0+𝑠𝑎1)(𝑎2+𝑠𝑎3)𝑟−((𝑎0+𝑠𝑎1)𝑟)2(𝑎2+𝑠𝑎3)2+𝑏0(𝑎0+𝑠𝑎1)(𝑎2+𝑠𝑎3)𝑟+((𝑎0+𝑠𝑎1)𝑟)2 = 𝑐1,1+𝑐2,1𝑠+𝑐3,1𝑠2𝑐1,0+𝑐2,0𝑠+𝑐3,0𝑠2, 

(20) 
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where 𝑐0,𝑘 = 0,  (21a) 𝑐1,𝑘 = 𝑎22 + 𝑎0𝑎2𝑏𝑘𝑟 + (−1)𝑘𝑎02𝑟2,  (21b) 𝑐2,𝑘 = 2𝑎2𝑎3 + (𝑎1𝑎2 + 𝑎0𝑎3)𝑏𝑘𝑟 + (−1)𝑘2𝑎0𝑎1𝑟2, (21c) 𝑐3,𝑘 = 𝑎32 + 𝑎1𝑎3𝑏𝑘𝑟 + (−1)𝑘𝑎12𝑟2,  (21d) 𝑐4,𝑘 = 0.  (21e) 

For k = 0, 1. Using Eqs. (4), (9), and (20) gives: 𝑀(𝑞, 𝜔) = − 𝑆(𝑞,𝜔)2𝐺(𝜔)𝑞 = − 12𝑞 1+𝑠𝐺0+𝑠𝐺∞ 𝑐1,1+𝑐2,1𝑠+𝑐3,1𝑠2𝑐1,0+𝑐2,0𝑠+𝑐3,0𝑠2 =− 12𝑞 𝑐1,1+(𝑐1,1+𝑐2,1)𝑠+(𝑐2,1+𝑐3,1)𝑠2+𝑐3,1𝑠3𝐺0𝑐1,0+(𝐺0𝑐2,0+𝐺∞𝑐1,0)𝑠+(𝐺0𝑐3,0+𝐺∞𝑐2,0)𝑠2+𝐺∞𝑐3,0𝑠3. 
(22) 

Substituting this in Eq. (8), we have: ∑ (𝑐𝑘+1,1 + 𝑐𝑘,1)𝑠𝑘𝜎(𝑞, 𝜔)3𝑘=0 = −2𝑞 ∑ (𝑐𝑘+1, 0 𝐺0 + 𝑐𝑘, 0 𝐺∞)𝑠𝑘𝑢(𝑞, 𝜔)3𝑘=0 .               (23) 

An inverse Fourier transform is applied to obtain the constitutive equation: ∑ (𝑐𝑘+1,1 + 𝑐𝑘,1)𝜏𝑘𝜕𝑡𝑘𝜎(𝑞, 𝑡)3𝑘=0 = −2𝑞 ∑ (𝑐𝑘+1, 0 𝐺0 + 𝑐𝑘, 0 𝐺∞)𝜏𝑘𝜕𝑡𝑘𝑢(𝑞, 𝑡)3𝑘=0 .                 (24) 

Consider the limiting case where the elastic halfspace is infinitely rigid, i.e., 

Gbulk = ∞. Then –a0 = –a1 = a2 = a3 = 1 and: 1 − 𝑏𝑘𝑟 + (−1)𝑘𝑟2 = 𝑐1,𝑘 = 𝑐2,𝑘/2 = 𝑐3,𝑘.  (25) 

For k = 0, 1 so that the left-hand side operator of Eq. (24) is: ∑ (𝑐𝑘+1,1 + 𝑐𝑘,1)(𝜏𝜕𝑡)𝑘 = 𝑐1,1 + (𝑐1,1 + 𝑐2,1)(𝜏𝜕𝑡)3𝑘=0 + (𝑐2,1 + 𝑐3,1)(𝜏𝜕𝑡)2 +𝑐3,1(𝜏𝜕𝑡)3 = (1 − 𝑏1𝑟 − 𝑟2)(1 + 3(𝜏𝜕𝑡) + 3(𝜏𝜕𝑡)2 + (𝜏𝜕𝑡)3) = (1 − 𝑏1𝑟 −𝑟2)(1 + 𝜏𝜕𝑡)3, 

(26) 

while the right-hand side operator is: −2𝑞 ∑ (𝑐𝑘+1, 0 𝐺0 + 𝑐𝑘, 0 𝐺∞)3𝑘=0 (𝜏𝜕𝑡)𝑘 = −2𝑞(1 − 𝑏0𝑟 + 𝑟2)(𝐺0 +(2𝐺0 + 𝐺∞)(𝜏𝜕𝑡) + (𝐺0 + 2𝐺∞)(𝜏𝜕𝑡)2 + 𝐺∞(𝜏𝜕𝑡)3) = −2𝑞(1 − 𝑏0𝑟 + 𝑟2)(𝐺0 +𝐺∞𝜏𝜕𝑡)(1 + 𝜏𝜕𝑡)2. 

(27) 

After removing the common factor (1 + τ∂t)2, we get the equation: 𝜎(𝑞, 𝑡) + 𝜏𝜎̇(𝑞, 𝑡) = −2𝑞 1−𝑏0𝑟+𝑟21−𝑏1𝑟−𝑟2 (𝐺0𝑢(𝑞, 𝑡) + 𝐺∞𝜏𝑢̇(𝑞, 𝑡)). (28) 

If the viscoelastic layer is infinitely thick, i.e., d = ∞, then Eq. (28) reduces to: 𝜎(𝑞, 𝑡) + 𝜏𝜎̇(𝑞, 𝑡) = −2𝑞(𝐺0𝑢(𝑞, 𝑡) + 𝐺∞𝜏𝑢̇(𝑞, 𝑡)), (29) 

which was obtained and integrated semi-analytically by van Dokkum et al. [2]. Note that 

the same semi-analytical integration scheme may be used to solve Eq. (28). 

Assume the layered solid is indented by rigid punch with a trajectory h(x,t). The time is 

discretized into time points 0, Δt, 2Δt,… and the surface of the layered solid u(x,t) is 

discretized with n grid points x0, x1, …, xn-1. Overlap of the punch and the layered solid is not 

allowed (u(xj,t) ≤ h(xj,t)). Also, it is assumed that at the bottom of the elastic solid being 

approximated by the elastic halfspace the displacements are fixed at zero. Then, since the 

layered solid is incompressible, the mean surface displacement is zero (∑ 𝑢(𝑥𝑗 , 𝑡) = 0𝑛−1𝑗=0 ). 

To numerically solve Eq. (24) for σ the 𝜕𝑡𝑘𝑢 are approximated with finite differences 

and used to compute the input to the backward Euler method. An alternative might be to 

solve Eq. (24) semi-analytically [25] for improved convergence properties. The 

equilibrium displacement field at a given time is found by solving an energy minimization 

problem via FIRE-based GFMD [8]. 
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If u(q,t – 4Δt), u(q,t – 3Δt), u(q,t – 2Δt), and u(q,t – Δt) have been found, then σ(q,t) 

can be shown to be a linear function of u(q,t). Thus, the slopes and the intercepts of the 

linear functions may be precomputed before the minimization. (Note that the 

displacements could be shifted to eliminate the intercepts.) 

The fast Fourier transform and its inverse are denoted by FFT and IFFT. The 

pseudocode is as follows: 

0 set up the trajectory of the punch h(t) 

1 set displacements u(t) to zero for t < 0 

2 t ← 0 

3 be_solver ← (backward Euler solver of (24) for σ) 

4 while true 

5 a ← (slopes of σ from be_solver) 

6 b ← (intercepts of σ from be_solver) 

7 use FIRE-based GFMD to find u(t) such that the energy corresponding to the force 

IFFT (a ʘ FFT(u(t)) + b) is minimal subject to ( )1

0
, 0

−

=
=n

jj
txu  and u(t) ≤ h(t), where 

ʘ is elementwise product 

8 rhs ← (new values of the right-hand side of (24) computed from u(t – 3Δt), 

u(t – 2Δt), u(t – Δt), u(t) using finite differences) 

9 update be_solver with rhs 

10 t ← t + Δt 

 

Results and Discussion 

We consider indentation by a rigid punch in two dimensions. The punch is periodic in the 

x direction with period L and its trajectory is defined by: ℎ(𝑥, 𝑡) = 𝑅2 (𝑥𝑅)2 + −ℎ0𝐿𝜏 ⋅ {0, for 𝑡 < 0𝑡, for  0 ≤ 𝑡 < 𝜏𝜏, for 𝑡 ≥ 𝜏 ,  (30) 

for –1/2 ≤ x/L ≤ 1/2, where h0L is the maximum indentation depth and R is the radius of 

curvature at x = 0. A schematic of the system is shown in Fig. 1. The relative contact area is 

defined as ã = a/L, and the dimensionless pressure is defined as p̃ = p̄(2G0), where p̄ is the 

mean normal contact stress. The numerical results are obtained for Gbulk/G0 = 1, G∞/G0 = 10, 

n = 214 = 16384, h0 = 0.01, R/L = 0.25, d/L = 0.05, and Δt/τ = 0.005 unless specified 

otherwise. Figure 2 shows p̃ and ã for Gbulk = G∞ and d/L = 0, 1/32, 1/16, 1/8, 1/4, ∞. 

The relative contact area and the dimensionless pressure as functions of time for 

G∞ = Gbulk and d/L = 0, 1/32, 1/16, 1/8, 1/4, ∞ are presented in Figs. 2. At time t ≈ 0 the 

responses are approximately the same. This is because the coating is responding with the 

high-frequency modulus G∞ = Gbulk and the whole layered solid is behaving like a purely 

elastic halfspace with G = Gbulk regardless of thickness d. As the coating thickness d/L is 

varied from 0 to ∞, the relative contact area curve rises until d/L = 1/16 and then returns 

to the initial values. As we can see, the contact area curve is the same for d = 0 and d = ∞. 

At d = 0 the system is purely elastic, hence the contact area and pressure become constant 

when the punch stops at t = τ. The constantness of contact area at the hold for d = ∞ is 

in accordance with the simulations by van Dokkum [5]. That 𝑙𝑖𝑚𝑡→∞𝑎̃(𝑡) must be the same 

for d = 0 and d = ∞ follows from the corresponding elastic energy functions being equal 
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up to a positive constant factor. In Figure 3, the contact area and the pressure for varying 

hardness of the bulk layer are presented. As the bulk becomes harder, the values of the 

contact area curve increase up to infinite rigidity, at which point the contact area is 

constant at the hold. In Figure 4, the contact area and the pressure for 

G∞/G0 = 2, 3, 5, 9, 17 are presented. As G∞ increases, the contact area curve goes down, 

while the pressure curve goes up. When t → ∞, the curves approach the same response 

of an elastic halfspace with G = G0 =Gbulk. 

 

 
 

Fig. 1. Schematic of a rigid punch indenting a viscoelastically layered solid 

 

  
 

Fig. 2. The relative contact area ã (a) and the dimensionless pressure p ̃ (b) as a function of the 

dimensionless time t/τ for G∞ = Gbulk and d/L =0, 1/32, 1/16, 1/8, 1/4, ∞ 

 

a b 
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Fig. 3. The relative contact area ã (a) and the dimensionless pressure p ̃ (b) as a function of the 

dimensionless time t/τ for Gbulk/G0 = 4, 16, 64, 256, ∞ 

 

 
 

Fig. 4. The relative contact area ã (a) and the dimensionless pressure p ̃ (b) as a function of the 

dimensionless time t/τ for G∞/G0 = 2, 3, 5, 9, 17 

 

Conclusions 

There is a demand for computationally efficient methods to model tribological systems. 

We formulate and implement a GFMD technique to compute the response of a viscoelastic 

layer of finite thickness bonded to an elastic half-space. We derive a constitutive equation 

and solve it numerically using the backward Euler method. A quasi-static solution is found 

using the FIRE optimization algorithm. The developed method is applied to model 

indentation by a rigid punch. 

The model described in the article can be used in a number of cases, for instance, 

electroadhesive devices, multi-layer structures, coating, and etc. Moreover, as a future 

development, this computational model can be extended with adhesion forces, more 

precise (higher orders) of viscoelastic material allowing to simulate broader range of cases. 

 

 

 

a b 

a b 
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ABSTRACT  

This paper presents a numerical study for fatigue life estimation of a cylindrical specimen made of 

aluminum alloy under high cycle fatigue regime. The fatigue life is assessed through the stress-life 

approach. The sample is weakened by either a cluster of surface defects or by an equivalent defect. Two 

different forms of defects are considered. The load conditions are assumed to be uniaxial tension-

compression with a load ratio R = 0.1. To account for non-zero mean stress the Goodman correction is used. 

The material properties are considered to be combined nonlinear isotropic and kinematic hardening 

implemented in ANSYS Workbench software. 
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Introduction 

Most of the metal structures are subjected to cyclic mechanical loads during their service 

life. Even if the applied loads never exceed the elastic limit of the material, it is possible 

that after a certain number of cycles failure may occur. Therefore, it is important to 

understand how the mechanical properties of the material degrade as a result of the 

gradual accumulation of damage under the influence of various stresses below the elastic 

limit, i.e., the fatigue life of the material.  

For a correct estimation of fatigue life, it is necessary to determine the appropriate 

parameters of the metal in question as a result of many experiments, as well as to account 

for a lot of different factors affecting fatigue behavior such as surface condition, type of 

loading, environment conditions, etc. The literature analysis indicates that fatigue 

performance of structures is hard to predict since it depends on numerous parameters.  

Moreover, the majority of structures always contain a certain number of defects, 

which, becoming stress concentrators, reduce the strength and fatigue life of the 

structure. For metals such local stress concentrators may often result from manufacturing 

process [1,2] or be induced by corrosion [3–5]. The effect of defects on fatigue strength 

has been widely studied for decades, nevertheless, a lot of dependencies are still unclear. 

It is known with reasonable accuracy about two parameters that influence fatigue limit 

significantly. The first of them is defect size; it was shown by many researchers that 

fatigue limit decreases with increasing defect size, e.g., [6–9]. The second known 
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https://orcid.org/0000-0001-8695-3598
https://orcid.org/0000-0001-9097-8501


70  L.A. Almazova, O.S. Sedova 

characteristic is defect location: surface, subsurface or internal. Studies, comparing 

surface and internal defects, clearly showed that surface ones are more dangerous than 

internal ones, e.g., [6,10,11]. Papers, where subsurface defects were considered, showed 

that this type of defect location is most harmful to fatigue life [12,13]. Recent 

experimental research by Nadot [14] performed for different materials and various 

parameters shows that the defect’s size, type and position are among the major 
parameters affecting fatigue performance. The author notes that assessing fatigue limit 

in the presence of a defect is indeed a challenging task where many questions are not yet 

answered. Including those issues of interest named the local material behaviour near 

defects, which may be not only elastic but also plastic, which is considered in limited 

research on structures weakened by defects. 

The influence of single defects on the stress-strained state of structures has been 

studied extensively both for surface and internal defects. However, it is obvious that real 

materials may contain several defects, which, being in close proximity, begin to interact 

with each other. In particular, defects caused by production activities, namely casting 

defects or welding defects, corrosion pits, surface roughness, micro inclusions, 

dislocations, are often located close together, which leads to interaction of fields of 

stresses and significantly reduces the strength limit of the material [6,15].  

In [3,16,17] it is noted that corrosion pits on the surface of steels and aluminum 

alloys have a complex shape, where the main and secondary pitting at the bottom can be 

conditionally distinguished. Studies carried out on the modelling of stress-deformed 

structures containing one corrosion defect of such a complex shape show that the 

influence of the additional pitting leads to a significant increase in the stress 

concentration coefficient [16–18]. 

It is worth mentioning that in situations where the defects are located in close 

proximity to each other, it is very difficult to determine the actual size and form of 

damage [11,19]. That is why research designed to find simplified forms that could 

approximate such complex forms of defects or sets of defects is extremely relevant. Such 

simplified forms are utilized in a few papers for a variety of problems, where they are 

usually called “equivalent” forms for the considered complex-shaped surface or internal 

defects or “equivalent” defects, e.g. [11,20,21]. 

In [22] a cluster of surface defects is approximated by a rectangle to determine the 

ultimate strength of a plate with randomly distributed defects. More complex approach 

which may be considered as multiple equivalent rectangles is used in [23]. Simplified 

conical, cylindrical and spherical shapes of pits are used [24] to numerically assess the 

ultimate strength of hull structural plate with multiple local corrosion defects. Rounded 

rectangles are also utilized to approximate complex-form defects or set of defects 

[21,25,26]. Note that in papers [21,25,26], where the defects are simplified by rounded 

rectangles, the rounded edge serves for avoiding singularities in finite element analysis, 

yet the possible effect of the different values of the rounding radius is not studied. 

Authors of [24,27,28] showed that the form of defects (circular, conical, elliptical or 

cylindrical) has a slight effect on strength of plates under different loading. However, in 

the mentioned papers neither the effect of varying sizes of the defect with rounded 

rectangle form nor the influence of complex forms of defects are not considered.  
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Experimental and numerical research for aluminum alloy under cyclic load is conducted 

in [20]. Spherical and three types of complex form artificial defects were introduced in 

specimens. Fatigue test results were complemented by finite element analysis conducted for 

geometries with two types of equivalent defect forms: spherical and elliptical. Simulations 

performed with elliptical defects provided better correspondence with experimental results. 

The possible reason for that might be that the elliptical defects account for the orientation 

of the defect which is extremely important for fatigue life prediction.   

The impact of surface defect interaction is investigated in order to assess the high 

cycle fatigue performance of aluminum alloy in [21]. Nonlinear hardening is used to 

describe the material behaviour under uniaxial cyclic load. The stress distribution around 

the cluster of three hemispherical defects on the surface of a cylindrical specimen is 

numerically calculated. Circumferential and longitudinal configurations of defects are 

considered as well as various defect sizes, distances between defects and applied loads. 

The numerical results obtained through the Crossland criterion are compared with 

experiments by Mu et. al. [29]. Additionally, authors [21] proposed substituting three 

interacting hemispherical surface defects with a single equivalent defect in the shape of a 

rounded rectangle. The calculated fatigue limit of the model with the equivalent defect is 

compared with the fatigue limit of the model with three interacting defects. It is concluded 

that the fatigue limit of specimens with the cluster of defects can be estimated by the finite 

analysis of the model with the single equivalent defect. The authors report that the fatigue 

limit obtained using the equivalent defect is greater than with three interacting 

hemispherical defects, with the difference being within 7%. However, it remains 

unexplored whether the equivalent defect sizes proposed in [21] are optimal, and whether 

the suggested method can be applied to estimate the fatigue limit when defects are of 

complex forms [3,16,17]. These questions are addressed in the present paper. 

In this paper, the fatigue life of a specimen made of aluminum alloy is assessed. 

Fatigue life is determined by the SN curve method. The specimen is weakened by a cluster 

of surface defects. Three hemispherical defects and three defects of a complex shape, 

where the main and secondary hemispherical pitting at the bottom can be conditionally 

distinguished, are considered. The defects are located in close proximity to each other so 

that the interaction of stress fields takes place. Three models with corresponding 

equivalent defects that could approximate complex forms of the considered sets of 

defects are constructed and analyzed. The combined nonlinear isotropic and kinematic 

hardening model is utilized to describe the material behaviour. The mean stress 

correction is used to account for the effect of non-zero mean stresses. 

 

Fatigue life assessment 

The most common approaches for assessing fatigue damage under cyclic loading are a 

stress-life approach, a strain-life approach and fracture mechanics approach [30]. In 

stress-life and strain-life approaches, the number of cycles to failure is represented as a 

function of alternating stress and mean stress, alternating stress and R-ratio (defined as 

a ratio of the minimum stress value to the maximum stress value), and alternating strain 

and mean strain, respectively [30]. In fracture mechanics approach the rates of growing 

cracks are analyzed to assess fatigue life [30]. 
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The stress–life approach is used in applications where the applied stress is 

essentially within the elastic range, and the material has a long cyclic life. This approach 

is suitable when the degree of plastic straining is negligible, as in high cycle fatigue 

regime (HCF), where plastic strains are relatively small and concentrated in a small area. 

Stress–life data is usually represented by SN curve, which is either plotted as a log-linear 

or a log-log plot. SN curve is obtained from constant-amplitude uniaxial cyclic tests 

performed for a given material for different alternating stresses with the same stress ratio 

R. Different SN curves are therefore generated for different R-ratios. The Basquin model 

is widely used to determine fatigue life in terms of stress–life in the case of uniaxial loads 

for multi-cycle fatigue [31]. According to this model based on fatigue curves, the 

difference between the minimum and maximum stresses in the cycle is linearly related 

to the number of cycles before the destruction [32]: 𝜎𝑎𝑁𝑓𝑏 = 𝑐,                (1) 

where 𝑁𝑓 is the number of cycles before destruction, 𝜎𝑎 – stress amplitude of a symmetric 

loading cycle, b = const – fatigue strength exponent, c = const. For the cases where mean 

stress is non-zero, the load amplitude needs to be corrected before using Eq. (1). The 

parameters 𝑏 and 𝑐 depend on the material properties. Numerical parameters of the 

Basquin model are determined by the SN curve of the alloy considered. 

The strain–life approach considers the plastic deformation that may occur during 

fatigue loading. This method accounts for localized yielding, which is often the case in 

metal components corresponding to low cycle fatigue (that is a relatively short fatigue 

life, usually less than 105 cycles). In such a case, the plastic deformation of a material 

may take place not only in a small area near stress concentrators.  

In this research, fatigue life is assessed through the stress-life approach using 

Basquin's relation Eq. (1).  

 

Mean stress correction 

SN curve methods are widely used to estimate fatigue life of materials under symmetrical 

loading conditions, i.e., where mean stress is zero. As mentioned above, by performing 

multiple tests it is possible to obtain the SN curves for a considered material under 

different mean stress conditions. It is obvious that resources for conducting experiments 

are quite limited, or it may be impossible to create the necessary conditions. Thus, the 

case with a zero mean stress has become the one that has been most studied 

experimentally. Whereas, when the magnitude of loading in both directions is different, 

mean stress value plays a vital role in fatigue life estimation [33–35]. None-zero mean 

stress may decrease or increase the estimated life depending on parameters of a problem 

[35]. There are variety of models for the mean stress correction developed for different 

materials and conditions, e.g. [36–38]. Such models allow one to use the data from 

experiments with zero mean stress for a case where the mean stress is non-zero. The 

mean stress correction essentially provides the stress amplitude called equivalent 

amplitude (with zero mean stress) which results in the same fatigue damage as the given 

non-symmetric stress amplitude (with non-zero mean stress). By means of equivalent 

amplitude fatigue life is assessed. Some of the common mean stress correction methods 

are the Coffin–Mason relationship [39], Morrow’s mean stress approach [40] and the 
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Smith, Watson and Topper [41]. A new model to account for the mean stress is proposed 

and found to be valid for different materials in [42]. 

One of the widely used mean stress corrections is Goodman equation [43] that is 

generally suitable for brittle materials [44]:  𝜎𝑎𝜎𝑎𝑟 + 𝜎𝑚𝜎𝑢 = 1,                (2) 

where 𝜎𝑎 – is the stress amplitude, 𝜎𝑚 – mean stress, 𝜎𝑢 – ultimate tensile strength. That 

used to solve for 𝜎𝑎𝑟 – equivalent amplitude of a corresponding symmetric cycle. 

Smith-Watson-Topper (SWT) mean stress correction is a good choice for general 

use and quite accurate for aluminum alloys [41,45,46]: 𝜎𝑎𝑟 = 𝜎𝑚𝑎𝑥√1−𝑅2 ,               (3) 

where 𝜎𝑚𝑎𝑥 = 𝜎𝑚 + 𝜎𝑎.  

 

Problem formulation  

The cylindrical sample of aluminum alloy either with a cluster of three corrosion defects 

or with a single equivalent defect is considered under HCF regime. The load conditions 

are assumed to be uniaxial tension-compression with R = 0.1. The problem is to 

numerically assess the fatigue life of a sample for various load values and different defect 

shapes. Mean stress correction is made by Goodman theory (Eq. (2)). The distribution of 

von Mises stress under static uniaxial tension is also analyzed.   

 

Material  

The paper considers the alloy AS7G06 with T6 post-thermal treatment. The chemical 

composition are shown in the Table 1 [29]. 

 
Table 1. Chemical composition of AS7G06 

Element Si Mg Fe Cu Mn Ni Zn Pb Ti 

% 7.00 0.56 0.097 <0.015 <0.03 <0.01 <0.01 <0.003 0.13 

 

 

 

Fig. 1. SN curve for AS7G06: blue dots correspond to experimental results [29],  

orange curve results from fitting a set of data points with a quadratic function 
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The material parameters are specified in the ANSYS Workbench package in the 

Engineering Data section. The material behavior is described by a model with a combined 

nonlinear isotropic and kinematic hardening implemented in ANSYS Workbench. 

Moreover, SN curve for the considered material (Fig. 1) obtained in [29] was used to 

find numerical parameters needed for fatigue life estimation. 

 

Model 

The geometric model was built in the ANSYS SpaceClaim package. The elementary model 

in question is a cylinder corresponding to the gauge part of the experimental samples 

either with a cluster of surface defects or with a single equivalent defect. Cylinder has a 

diameter 10 mm and length 20 mm. Five geometries with differently shaped defects have 

been constructed:  

1. A sample with three hemispherical defects (Fig. 2(a)). All hemispherical defects are 

equal to each other, their radii are set to 𝑟𝑚 = 0.32 mm. The distance between defects 

equals 0.1 mm.  

2. A sample with three defects of a complex form: every defect consists of the main defect 

and a secondary damage at the bottom of the main one (Fig. 2(b)). Both the main and 

secondary damage are of a hemispherical form. All main defects are equal to each other, 

their radii are set to 𝑟𝑚  = 0.32 mm. The distance between main defects equals 0.1 mm. 

All secondary defects are equal to each other and have a radius 𝑟𝑠 = 0.08 mm. 

3. A sample with one equivalent defect to approximate geometry (i). The defect is modeled 

as a rectangle cut with a rounded edge. The rectangle dimensions are length = 6𝑟𝑚, 

width = 2𝑟𝑚 and height = 
𝑟𝑚2 , the radius of curvature of a rounded edge is 0.1𝑟𝑚. 

4. A sample with one equivalent defect to approximate geometry (i) (Fig. 2(c)). The defect 

is modeled as a rectangle cut with a rounded edge. The rectangle dimensions are length 

= 6𝑟𝑚, width = 2𝑟𝑚 and height = 
𝑟𝑚4 , the radius of curvature of a rounded edge is 0.1𝑟𝑚. 

5. A sample with one equivalent defect to approximate geometry (ii) (Fig. 2(d)). The defect 

is modeled as a rectangle cut with a rounded edge. The rectangle dimensions are length 

= 6𝑟𝑚, width = 2𝑟𝑚 and height = 𝑟𝑚+𝑟𝑠, the radius of curvature of a rounded edge is 0.1𝑟𝑚. 

 

 

Fig. 2. Geometries with differently shaped defects 
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Due to symmetry, only a one fourth part of each of the considered models was 

constructed (see Fig. 3). It should be noted that sizes in geometry descriptions (i–v) are 

given for the whole elementary models. Consequently, in constructed parts with the 

equivalent defect (iii –v), the length and width of the defect are 3𝑟𝑚 and 𝑟𝑚, respectively. 

The height of the equivalent defect in one fourth part of each of the considered models 

(iii –v) remains as indicated above. 

The constructed geometric models have the following boundary conditions: on the 

cross-section corresponding to the boundary of the gauge part of the sample, the force 

corresponding to the amplitude in cyclic tests is applied; the symmetry condition 

(“frictionless support” condition in ANSYS Workbench) acts on the cross-section planes of 

the quarter of the model (planes a and b in Fig. 3). 

 

 

 

 

Fig. 3. A geometrical model with the equivalent-form defect: 

a, b – the planes with symmetry condition; arrows indicate the plane of load application and direction 

 

 

Fig. 4. Stress distribution for constructed geometries (stress values are given in MPa) 
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To use the finite element method, a tetrahedron mesh was constructed. Moreover, 

since the vicinity of the defects is a probable place of stress concentration, the face sizing 

method was additionally applied to the surface of the defects, allowing to set a fine grid 

in the specified areas (Fig. 4).  

The mesh convergence study was carried out in order to ensure the accuracy of 

solution. With various finite element meshes, several static analysis simulations for 

geometry with three surface defects of a complex form (geometry (ii)) were conducted. 

Figure 5 shows the maximum von Mises stress corresponding to the number of elements 

in a certain mesh. It was found that for meshes with the number of elements over 106 the 

relative differences between results of considered simulations is less than 4 %. Therefore, 

for further analysis the number of elements was approximately 1.2 × 106. 

 

 
 

Fig. 5. Mesh convergence of maximum von Mises stress obtained with different meshes 

 

Results 

Stress distributions near the local defects for the set of geometries in question are 

presented in Fig. 4 for the applied static load equal to 60 MPa. They clearly demonstrate 

that for geometries with a cluster of three pits (i) and (ii) (Fig. 4(a,b), respectively) a 

significant increase in the value of the von Mises stress is observed in the presence of the 

secondary damage (geometry (ii), Fig. 4(b)). Note that in the case of defects of a complex 

shape (Fig. 4(b)), the maximum stress values are reached at the joint of the secondary 

defects with the main ones. For geometry (i) with three defects of a hemispherical form 

(without a secondary damage), the maximum of the von Mises stress is achieved at the 

sharp edges between the defects (Fig. 4(a)). This result is in accordance with [21,48,49].  

From Fig. 4 it is seen that the difference between maximum stress values in a 

sample with three hemispherical pits (i, Fig. 4(a)) and a sample with equivalent defect  

(iv, Fig. 4(c)) is below 3 %. While the difference between values of maximum stress 

obtained in geometry (ii, Fig. 4(b)) with a cluster of complex-shaped pits and the geometry 

(v, Fig. 4(d)) with the equivalent defect is over 30 % for a considered load. Therefore, the 

equivalent defect (iv) provides a good approximation of a cluster of hemispherical pits (i) 

in terms of prediction of stress values for static analysis (Figs. 4(a,c)). At the same time, 

none of the considered equivalent defects (iii–v) allows to estimate the stress values near 
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a cluster of complex-shaped pits (ii) for static analysis. It should be noted that the 

difference between results obtained for a sample with three hemispherical pits  

(i, Fig. 4(a)) and for the equivalent defect (iii) is sufficiently more than 3 %.  

The dependencies of calculated fatigue life values of constructed models (i–v) from 

values of applied loads at R = 0.1 with the Goodman mean stress correction (Eq. (2)) are 

shown in Fig. 6. It can be seen that the maximum life of geometries considered coincides, 

but in the case of defects of a complex shape (geometry (ii), solid orange curve) it is 

achieved at a maximum load of 60 MPa, while for geometry with defects of a 

hemispherical form without a secondary damage (geometry (i), solid blue curve) the 

maximum value of fatigue life is maintained up to a load of 90 MPa. In this case, the 

maximum load at which a structure with secondary damages (geometry (ii)) does not 

undergo instantaneous destruction reaches 60 MPa when for the second model (geometry 

(i)), it reaches 90 MPa. Thus, the presence of a secondary defect at the bottom of the main 

one causes a significant decrease in strength. Note that in contrast to steel and titanium 

alloys, aluminum alloys do not have a distinct fatigue limit. Consequently, aluminum 

specimens are susceptible to fatigue failure, even under minimal stress amplitudes. 

 

 

 

Fig. 6. Dependence of fatigue life from values of applied loads 

 

It is seen from Fig. 6 that the curves for geometries (i) and (iv), (ii) and (v) are close 

to each other for all considered applied loads. However, the analysis of results showed 

that for a fixed load value the estimated lifetimes between geometries (i) and (iv) may 

reach 40 %. This difference grows with the growing applied load. For loads under 66 MPa 

the difference is less than 30 %. In the same way the difference between the estimated 

fatigue lifetimes between geometries (ii) and (v) grows as load grows, reaching 33 % at 

56 MPa. For loads under 48 MPa the difference is less than 26%. 

Thus, the geometries with equivalent defects (iv) and (v) provide overestimated 

values of calculated fatigue lifetimes up to 40 and 33 %, respectively, compared with the 

results of lifetimes obtained using geometries with pit clusters (i) and (ii). 
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Conclusions 

In the paper a cylindrical sample of aluminum alloy either with a cluster of surface defects 

or with a single equivalent defect is considered at high cycle fatigue regime under 

uniaxial tension-compression load with ratio R = 0.1. Using ANSYS Workbench the fatigue 

life of a sample for various load values and different defect shapes is numerically 

assessed. Goodman mean stress correction is performed to account for non-zero mean 

stress. The distribution of von Mises stress under static uniaxial tension is also analyzed 

for different defect shapes.   

It was found that the equivalent defect may be used for prediction of stress values 

for a specimen with a cluster of three hemispherical pits for static analysis. 

It was shown that the form of surface pits plays significant role for the calculated 

fatigue life. Complex form of surface defects reduces fatigue strength.  

The error of modelling a cluster of three pits by a single equivalent defect grows 

with the growing applied load for both considered shapes of pits. The assessment of 

fatigue life of locally corroded specimens through a single equivalent defect may provide 

overestimated values of fatigue lifetimes up to 40 % for a cluster of three hemispherical 

pits and up to 33 % for a cluster of three complex-shaped pits.  
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ABSTRACT  

The paper explores the microstructure, mechanical properties and heat resistance of the piston alloy AL30 

(AK12MMgN) for the first time produced via continuous casting into an electromagnetic mold 

(electromagnetic casting, EMC). The study demonstrates that casting into EMC allows for the formation of 

a homogeneous dispersed microstructure in both the peripheral and central zones of the ingot, consisting 

of a blend of aluminum's solid solution and eutectic, which contains lamellar silicon (Si). The volume 

fraction of compact primary Si particles does not exceed 1 %. In addition to Si, the aluminum matrix 

contains the phases of crystallization origin such as -Al3Ni, -Al8FeMg3Si6, Q-Al4Cu2MgSi7 and S-Al2CuMg. 

The analysis of the evolution of microstructure and properties of a cast alloy after conventional heat 

treatment (HT) reveals that microstructural changes induced by HT lead to the AL30 alloy having 

mechanical properties that far exceed the properties of its counterparts obtained through traditional 

casting methods. The research analysis shows that mechanical properties and heat resistance of the AL30 

alloy produced via EMC with subsequent T6 treatment are comparable to the deformable piston alloys such 

as the AK12D alloy after similar heat treatment. 
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Introduction  

Most of the pistons for internal combustion (IC) engines are made of special heat-resistant 

aluminum piston alloys [1,2]. For example, in Russian Federation, the commonly used 

materials for pistons produced by permanent mold casting are the eutectic modifications 

of silumin alloys such as AL25(AK12M2MgN) and AL30(AK12MMgN), which after 

hardening heat treatment T6 (following the national standard GOST 1583-93 [3]) have 

the room-temperature strength in the range of 195-235 MPa [1,4]. Likewise, engine 

pistons abroad are generally manufactured from the M124 alloy (AlSi12CuMgNi), which 

is similar in chemical composition and properties to the materials produced in Russian 
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Federation [2]. Following the need to make the IC engines, and therefore their pistons, 

substantially more efficient, one of the timely research trends in this field deals with 

increasing the mechanical and service properties of silumin piston alloys. Due to the fact 

that strength, ductility and heat resistance are structure-dependent features, nowadays, 

much attention is focused on the formation of microstructure in piston materials, which 

will ensure the maximum level of properties. As is known, decreasing dendritic cell size 

of the aluminum solid solution, as well as the refinement of the second phases included 

in the eutectic may result in a higher complex of properties of cast alloys [2,5]. Nowadays, 

such changes in microstructure are achieved by modifying the alloy composition during 

casting [1,2,6–9], by using casting or powder metallurgy techniques that ensure high 

crystallization rates [10–12], by using various types of heat [13] and deformation 

treatments [14,15], including severe plastic deformation [16–18]. 

Recently, much attention has been focused on the fabrication of semifinished 

products from aluminum alloys in the form of bars of small cross-section (diameter from 

8 to 12 mm) by continuous electromagnetic casting method (EMC). During EMC, intensive 

melt circulation in the region of ingot crystallization is implemented, which promotes the 

formation of a homogeneous microstructure throughout its volume, and the high cooling 

rate (103-105 K/s) ensures the formation of highly dispersed cast structures [19–22].  

In addition, high cooling rate during crystallization leads to abnormal supersaturation of 

aluminum with alloying elements [19,20]. All the above-listed microstructural features of 

cast rods produced by EMC favorably influences their mechanical and service properties 

after various deformation or deformation-thermal treatments [19–22]. As was 

demonstrated recently in the work [23] on the example of the formation of the solid 

solution in the Al-Zn-Mg-Ca-Fe system alloy, the EMC method may be used to produce 

bulk cylindrical billets with a homogeneous structure in which the dendritic cell size is 

less than 10 μm and the second phases are less than 3 μm in size. 
Herein, we study the microstructure features, mechanical properties and heat 

resistance of a solid cast rod from piston alloy AL30, that was for the first time produced 

through casting in EMC subsequently conventionally hardened by heat treatment.  

 

Materials and Methods 

The experiments were conducted on the AL30 (AK12MMgN) alloy bar with a diameter of 

80 mm obtained by continuous casting in EMC at the Research and Production Center of 

Magnetic Hydrodynamics Ltd [24]. The alloy was produced on the basis of primary 

aluminum grade A85 (not less than 99.85 wt. % Al), silicon grade KR00 (not less than 

99.41 wt. % Si), magnesium grade MG-95 (not less than 99.95 wt. % Mg), copper grade 

M00k (not less than 99.9 wt. % Cu), and alloying compositions AlNi20 and AlSr10. Prior 

to casting, the finished melt was degassed with argon and simultaneously treated with a 

special flux. Continuous casting in the EMC unit was carried out at a temperature of 

750 С and rate of 5 mm/s. Chemical composition of the peripheral and central zones of 

the cast rod was observed using the Bruker Q4 Tasman optical emission spectrometer 

and is given in Table 1. As is seen, the chemical composition of the rod obtained by 

casting in EMC does not change from the periphery to its central zone and fully meets 

the requirements of the GOST 1583-93 national standard [3]. 
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Table 1. Chemical composition of the alloy AL30 (wt. %)  

 Si Cu Mg Ni Fe Ti Cr Mn Zn Sn, Pb 

A 13.1/13.0* 1.3/1.3 1.0/1.0 1.3/1.3 0.25/0.20 0.2 0.06 

B 11-13 0.8-1.5 0.8-1.3 0.8-1.3 ≤0.7 ≤0.2 ≤0.06 

A – chemical composition of the alloy AL30 produced by electromagnetic casting 

B – chemical composition of the alloy AL30 [3] 

* - chemical composition of the peripheral/central zone of the cast rod 

 

The microstructure and properties of the cast rod were examined precisely in the 

peripheral (the area of these parts was determined by the data of structural analysis) and 

central parts of the rod. The choice of such areas for study was determined by the fact 

that in the process of producing the cast rod by EMC, there was observed the maximum 

difference in the rate of material crystallization between these areas and, therefore, the 

different degree of dispersion of the obtained microstructure.  

One part of the samples from the peripheral and central zones of the cast rod was 

subjected to heat treatment (HT) T1, the other part was subjected to heat treatment T6, 

according to the regimes recommended in [3] for the AL30 alloy. The T1 treatment 

included artificial aging at a temperature of 190 С for 12 hours (without preliminary 

hardening). The T6 treatment included annealing at 520 С for up to 4 hours, quenching 

into water and aging at 180 С, 6 hours.  

After the T6 treatment, the AL30 alloy samples were used for the examination of 

heat resistance according to the method introduced in [25]. The samples were annealed 

at a temperature of 300 С and 100 hours of holding time. Samples of the AK12D alloy in 

the T6 state were subjected to similar annealing. During annealing, intermediate 

measurements of hardness change after 1, 3, 5, and 24 hours of exposure were made.  

HT and annealing of the samples to determine the heat resistance of the alloy were 

carried out in a chamber furnace Nabertherm N15/65HA. 

The microstructure was examined using optical microscopy (OM), scanning and 

transmission electron microscopy (SEM and TEM), and X-ray diffraction analysis (XRD).  

OM was performed on an Olympus QX 51 microscope. SEM was performed on a 

Tescan Mira scanning microscope at 10-20 kV accelerating voltage. Chemical 

composition of the second phases was analyzed by energy dispersive X-ray spectroscopy 

(EDS) using the INCA X-Act installation from Oxford instruments. SEM was performed on 

a JEOL JEM 2100 transmission microscope at 200 kV accelerating voltage. The samples 

for microstructure studies were prepared by jet electrolytic polishing of thin foils on a 

Tenupol-5 equipment from Struers Inc. in a solution of 20 % nitric  acid and 

80 % methanol at ≥ -20 °C and 10-20 V voltage. ImageJ software and Grain Size software 

package were used to process the obtained images and quantitatively analyze the 

microstructure features (average dendritic cell size, average section size of the second 

phase within the eutectic/size of second phase particles, volume fraction of particles). 

X-ray diffraction analysis of the samples was performed on a Bruker D8 Discover 

diffractometer using the Cu-Kα-radiation. The results were used to determine the phase 

composition and lattice period (a) of the samples in different zones of the cast rod and 

after HT. The a value was calculated using the Rietveld method and MAUD software [26].  

Vicker’s microhardness [27] was measured using an EMCO-Test DuraScan-50 device 

at a load of 1 Н and a dwell time of 15 s.  
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Mechanical properties (conditional yield stress (σ0,2), ultimate tensile strength (σUTS) 

and elongation to failure (δ5)) after HT were determined using the results of static tensile 

tests, which were performed on an Instron 5982 universal testing machine in accordance 

with the GOST 1497-84 national standard [28].  

 

Results and discussion  

Microstructure of the alloy after casting into EMC mold and subsequent heat treatment 

Typical microstructure of the AL30 alloy in the peripheral and central parts of the cast 

rod produced by EMC is shown in Fig. 1(a,b). The microstructure is composed of dendrites 

of aluminum solid solution (αAl) and the eutectic, with dispersed lamellar silicon (Si) 

located along the αAl boundaries (Figs. 2 and 3). In addition to Si, the particles that are 

different in color from it were noted in the eutectic. Also, a small amount of coarse 

compact particles of primary Si were observed in the microstructure of the cast rod - both 

in the peripheral and central zones (Fig. 1(a,b)). 

General view of the microstructure of the AL30 alloy obtained by casting into EMC 

resembles the eutectic silumins produced by conventional casting methods [1,2,4–6]. 

However, the size of cells and of lamellar silicon included in the eutectic, especially in 

the peripheral zone, indicates an unusually high cooling rate of the melt during its 

crystallization. Quantitative evaluation of the cross-sectional area of the bar 

demonstrated that the microstructure, which is characteristic of the peripheral zone 

(Fig. 1(a)), occupies about 20 % of its total area. 

The results of quantitative analysis of microstructure in the cast rod are presented in 

Table 2.  

 

 
 

Fig. 1. Microstructure of the AL30 alloy cast rod after casting into EMC (a, b)  

and after T6 treatment (c, d). (a, c - peripheral zone of the rod; b, d - central zone of the rod) (OM method) 

b a 

c d 
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Fig. 2. Typical microstructure area in the peripheral zone of the cast rod and elemental mapping  

of such area (SEM) 

 

 
 

Fig. 3. Typical microstructure area in the central zone of the cast rod and elemental mapping  

of such area (SEM) 
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Table 2. Microstructural characteristics of the alloy AL30 alloy after casting into EMC and subsequent T6 

treatment 
State Zone of cast rod d, μm dSi, μm QSi, % h, μm Kf QV, % 

EMC 
Periphery 7.6 ± 0.4 11.3 ± 0.5 0.3 ± 0.1 0.96 ± 0.12 - 24 ± 3 

Center 16.6 ± 0.6 16.2 ± 0.4 1.1 ± 0.1 1.57 ± 0.16 - 22 ± 5 

T6 

Periphery - - - 2.80 ± 0.28* 2.1 25 ± 4 

Center - - 
- 5.65 ± 1.45* 2.7 

23 ± 3 

where d is an average size of dendritic cell; dSi and QSi are average size and volume fraction of primary 

Si particles; h is average size of second phase section inside eutectic; Kf is mold ratio of second phase 

particles; QV is volume fraction of second phase particles; * average size of second phase particles 

 

The obtained data reveals that the sizes of dendritic cells formed by αAl and eutectic 

are more than twice smaller in the peripheral zone of the cast rod. Also in this zone, the 

cross-section of Si plates included in the eutectic is noticeably smaller than the cross-

section of Si plates formed in the central zone. As is known, the increase in the 

crystallization rate (Vс) reduces not only the size of dendritic cells (d), but also the size of 

second phase particles [5]. At the same time, the dependence between d and Vc has a 

linear character on a logarithmic scale and persists up to cooling rates ≥ 108 K/s. 

According to this dependence, in the peripheral and central zone of the cast rod of AL30 

alloy, the value Vc differs by more than an order of magnitude, constituting ≥ 103 and 

≤102 K/s, respectively. It is the difference in Vc that explains the differences revealed in 

the microstructure (Table 2). The microstructure formed in the peripheral zone is 

qualitatively similar to the microstructure formed in cast billets of aluminum alloys for 

electrical and structural purposes, which were also obtained by casting into EMC [19–22]. 

The microstructure in the central zone of the cast rod is similar to the microstructure that 

was obtained in eutectic silumin piston alloys by casting methods, the latter providing a 

noticeably lower Vс  [1,2,4–6]. However, considering the results of study of crystallization 

in a bulk rod of the alloy Al-Zn-Mg-Ca-Fe during casting into EMC, the values of Vс still 

remain high and may reach 600 K/s [23]. 

Considering the different color of particles, which is clearly visible in Figs. 1-3, the 

eutectic composition includes other phases in addition to Si. Distribution maps in the 

areas of the peripheral and central zones of the cast rod for the main alloying elements 

made by EDS (Fig. 2 and 3) showed the presence of Si and Mg in addition to aluminum in 

the dark gray plates include, and the presence of Cu, Ni and Fe in the light gray phases.  

The results of X-ray phase analysis are presented in Fig. 4 and the data made it 

possible to determine the phase composition of the alloy. The phases -Al3Ni,  

-Al8FeMg3Si6, Q-Al4Cu2MgSi7 and S-Al2CuMg were formed both in the peripheral and 

central parts of the cast rod in addition to Si during casting into EMS. The presence of 

these phases has been previously reported in similar silumin piston alloys [5,6,29,30].  

The absence of noticeable differences in the value of lattice parameter in the 

peripheral and central parts of the cast rod, which constitutes 4.0487 ±0.0001 and 
4.0490 ± 0.0001 Å respectively, means that the concentration of alloying elements in αAl 

after EMC is almost similar.  
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Fig. 4. X-ray profiles of the sample of AL30 alloy cast rod obtained from the peripheral (1)  

and central (2) zones, as well as from the central zone after T6 treatment (3) (X-ray analysis) 

 

When T1 heat treatment was performed, the AL30 alloy samples were subjected 

only to artificial aging at a temperature that could not lead to significant changes in the 

size and morphology of the second phases [5,29]. Therefore, microstructure evolution in 

the cast rod was examined after T6 heat treatment. Typical images of the microstructure 

after such treatment in the peripheral and central parts of the rod are presented in 

Fig. 1(c,d), as well as in Figs. 5-7.  

 

 
 

Fig. 5. Typical microstructure area in the peripheral zone of the cast rod and  

elemental mapping of such area (SEM) 
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Fig. 6. Typical microstructure area in the central zone of the cast rod and elemental mapping of such area (SEM) 

 

 
Fig. 7. Microstructure in the peripheral zone of the cast rod after T6 treatment: (a) after annealing at 520 °C 

and quenching; (b) after quenching and artificial aging (axis of the microdiffraction pattern zone [001]) (TEM) 

 

As can be seen, after T6 treatment at the stage of annealing at 520 С, 

fragmentation and spheroidization of lamellar Si and other phases in the eutectic 

occurred. In addition, the results of quantitative analysis (Table 2) demonstrate that 

annealing leads to coarsening of the particles (coalescence). However, there is still a 

noticeable difference in the particle size in the peripheral and central parts, which was 

noted earlier for the cast rod before HT. 

In addition to the particles, whose morphology and size changed as a result of 

annealing at 520 °С, the microstructure of the alloy exhibits the presence of particle in 

the form of thin plates/needles with a smooth surface (indicated by arrows in 

Figs. 5 and 6), which did not undergo fragmentation. Elemental mapping showed that 

these particles, in addition to aluminum, include Fe and Ni. As was stated in the work [29], 

the particles of phases with similar morphology, which include alloying elements of a 

a b 

2 m 50 nm 
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low solubility in aluminum, possess high resistance to thermal effects. Such particles 

include the particles of -phase (Al3Ni), which was possible to identify by X-ray diffraction, 

as well as, probably, the particles of Al9FeNi – the presence of a small amount of such 

phase in the alloy is indicated by EDS results. 

After the second stage of T6 treatment, which is artificial aging, the formation of 

rod-/plate-like particles of secondary phase is observed in the aluminum matrix, which 

are oriented in a strictly defined direction, have a thickness of several nanometers and a 

length in the range from 20 to 100 nm (Fig. 7(b)). The XRD data reveals a new well-

defined diffraction peak related to the Mg2Si phase that develops on X-ray diffraction 

pattern 3 (Fig. 4) after T6 heat treatment. According to [31], the particles of this phase 

develop after artificial ageing in the form of thin plates lying in {100}Al planes, i.e., as in 

the image shown in Fig. 7(b). After T6 treatment, the lattice parameter of the alloy was 

as close as possible to that of pure aluminum (4.0507 ± 0.0001 Å). Such a change in the 
lattice parameter indicates the process of decomposition of Al as a result of aging and 

that aluminum solid solution has reached the maximum depletion of alloying elements. 

It is known that in silumins, as a result of heat treatment, including aging, other 

strengthening phases such as Al2Cu, Al2CuMg, and secondary Si can be formed in addition 

to Mg2Si [29]. However, such phases were not detected in the examined samples in the 

process of microstructural analysis either by TEM or XRD. The possibility of detecting the 

phases of such composition might be limited by research techniques applied in the 

present study. 

It should be noted that the microstructure that was formed in the AL30 alloy due to 

continuous casting into EMC and subsequent T6 heat treatment is close in its parameters 

to the microstructure of piston alloys with a similar chemical composition, which are used 

for manufacturing of semifinished products using deformation processing [14–18]. In the 

peripheral zone of the cast rod, in which Vс ≥ 103 K/s was implemented after HT, it was 

possible to form a more dispersed microstructure. Similar microstructure was observed in 

the billets subjected to severe plastic deformation [16–18] or obtained by selective laser 

melting (SLM), in the process of which, as in the case of EMC casting, Vc in the range of 

104-107 K/s is realized [11,12]. 

 

Mechanical properties of the alloy after heat treatment 

Mechanical properties of the cast rod obtained by casting into EMC from the alloy AL30 

and subsequent T1 and T6 heat treatment are presented in Table 3. In addition, Table 3 

lists the properties of counterparts produced by conventional casting into the steel 

coquille (i.e., permanent mold casting) in Russian Federation [2,25] and abroad [3]. For 

comparison, the properties of semifinished products made of piston alloys similar in 

chemical composition, which were obtained using the deformation processing 

techniques, including severe deformation by equal-channel angular pressing (ECAP) [17], 

as well as by SLM technology [11,12], are also presented. 

The data summarized in Table 3 from the present as well as previously carried out 

studies clearly demonstrate that the samples of cast rod obtained by casting into EMC 

from the alloy AL30 after T1 and T6 treatments are considerably superior to the 

mechanical properties of counterparts obtained by conventional casting. After T6 
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treatment the alloy AL30 demonstrates the “strength-ductility” ratio at the level of forged 
piston alloy M124R(AlSi12CuMgNi) [2] and alloy Al-11Si processed by ECAP [17], as well 

as of deformable alloy AK12D. However, its strength is found to be inferior to the alloys 

produced by SLM technology [11,12]. 

 
Table 3. Mechanical properties of the cast rod obtained from the alloy AL30 after conventional HT and of 

eutectic silumins with close chemical composition manufactured by different techniques 

Alloy State Cast rod zone HV UTS, MPa 0.2, MPa δ5, % 

AL30 

(AK12MMgN) 

T1 
Periphery 135  5 345  10 250  15 2.1  0.3 

Center 139  9 309  5 295  7 0.5  0.1 

T6 
Periphery 150  4 404  5 335  8 4.2  0.3 

Center 147  9 393  7 329  9 2.4  0.3 

T1 [3] - HB90 196 - 0.5 

T6 [3] - НВ100 216 - 0.7 

AL25 

(AK12M2MgN) 

 

T6 [25] 
- - 

 

360 
- - 

M124 

(AlSi12CuMgNi) 

 

T6 [2] 
- - 

 

200-251 

 

190-230 

 

 1 

M124R 

(AlSi12CuMgNi) 

 

T6 [2] 
- - 

 

300-370 

 

280-340 

 

 1 

AK12D* T6 - 156 ± 5 407 ± 4 387 ± 6 1.9 ± 0.2 

Al-11Si ECAP +T6 [17] - - ~ 390 - ~ 7 

Al10SiMg SLM [11] - - 475 294 2.4 

Al-12Si SLM [12] - - ≥ 425 ≥ 275 ≥ 6 

* – heat treatment and tests were carried out in the framework of present study 

 

The level of properties displayed by the alloy AL30, obtained by casting into EMC 

and subjected to HT, is in good agreement with its microstructural features. In terms of 

dispersibility, the alloy AL30 is close to the alloys that undergo deformation treatment 

and occupies an intermediate position between the counterparts obtained by 

conventional casting methods and those produced by SLM technology. The increased 

strength of SLM-produced alloys relates to their ability to form a highly dispersed 

structure, which surpasses the structure resulting from casting into EMC, including the 

structure in the peripheral zone of the cast rod obtained from the alloy AL30. For example, 

as was demonstrated in the work [11], the samples of SLM-produced alloy Al10SiMg 

revealed the formation of a microstructure featuring dendritic cells of submicron scale 

(around 500 nm) and Si particles in the nanometer range. 

 

Evaluation of heat resistance of the alloy after casting into EMC and subsequent heat treatment 

Traditionally, pistons in IC engines are operated for extended periods (over 1000 hours) 

at temperatures up to and including 300 °C [1,2]. In this case, it seems important to 

determine the level at which the strength properties of piston materials become stable 

under these conditions. For this purpose, it was proposed in [25] to evaluate heat 

resistance by examining the piston alloys' hardness after annealing at 300 °C  
for 100  hours. Temperature exposure for the same period is used to determine the long-

term strength of such materials.  
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Table 4 displays the results of evaluation of hardness change in the alloy AL30 

samples after T6 heat treatment as a result of annealing at 300 °С. For comparison, the 

annealing treatment was performed on a sample of deformable alloy AK12D in the state 

T6, which has a similar chemical composition and level of mechanical properties (Table 3). 

In addition, Fig. 8 shows the graph of change in hardness with annealing time at 300 °С.  

 
Table 4. Hardness of cast rod obtained from the alloy AL30 after thermal exposure at 300 С 

Rod zone 
Initial 

hardness 

Annealing time, h 

1 3 5 24 100 

Periphery 150 ± 4 114 ± 7 98 ± 5 89 ± 4 72 ± 4 66 ± 7 

Center 147 ± 8 115 ± 5 98 ± 4 86 ± 5 71 ± 4 68 ± 7 

 

As follows from Table 4 and Fig. 8, the character of hardness change is the same for 

the peripheral and central parts of the alloy AL30 cast rod. After 1-hour exposure at 

300 °С, the sample hardness decreases by ~ 25 %, and hardness values continue to 

decrease significantly during 24 hours of annealing. Further increase of exposure time 

does not lead to considerable changes in hardness. It becomes stable at the level of ~ 

HV70, which is ~ 45 % of the initial hardness - after T6 heat treatment (Table 4). In the 

work [25], after similar annealing, the samples of alloy AL25 (AK12M2MgN) with close 

chemical composition, obtained by casting with crystallization under pressure and 

subjected to T6 treatment, demonstrated residual hardness of about 40 % of the initial 

hardness, and the samples of deformable alloy AK12D in the T6 state – 47 % (Fig. 8). 

 

 
Fig. 8. Change in hardness of the alloy AL30 cast rod after T6 heat treatment with exposure time during 

annealing 300 С: (1) – peripheral and (2) – central zones 

 

Based on the analysis of the data herein and previous studies, it may be concluded 

that the cast rods, obtained from the alloy AL30 by casting into EMC and subsequent T6 

heat treatment, exhibit heat resistance at the level of counterparts produced by casting 

or deformation processing. The absence of difference in the heat resistance level in 

different zones of the alloy AL30 cast rod might relate to the fact that the sizes of Si 
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particles and other secondary phases are insufficient for more pronounced stabilization 

of strength characteristics under extended thermal exposure (at 300 °С). 

First results obtained in this study have shown that the use of continuous casting 

into EMC in combination with conventional HT to produce bulk billets of piston eutectic 

silumins makes it is possible to increase their mechanical properties while maintaining 

heat resistance at a high level. However, more research is needed to study the potential 

for further increasing the complex of properties through the formation of more 

homogeneous and dispersed structures (at submicron and/or nanoscale level) as well as 

improving the conditions of casting into EMC and HT modes. 

 

Conclusions 

1. The microstructure, mechanical properties and heat resistance of piston alloy AL30 

(AK12MMgN), which for the first time was obtained by continuous casting into an 

electromagnetic mold (EMC), were studied.  

2. It was shown that the EMC technique makes it possible to form a homogeneous 

dispersed microstructure comprised of a mixture of aluminum solid solution and eutectic 

with lamellar silicon (Si), as well as secondary phases, including -Al3Ni, -Al8FeMg3Si6, 

Q-Al4Cu2MgSi7 and S-Al2CuMg, in both the central and peripheral regions of the bulk ingot.  

3. It was established that in the alloy AL30, a microstructure formed by casting into EMC 

with subsequent T6 heat treatment provides the achievement of mechanical properties 

(0.2, UTS and δ5 not less than 330, 390 MPa and 2.5 % respectively), which are noticeably 

higher than the properties of its material counterparts produced by conventional casting 

in Russian Federation and abroad.  

4. It was shown that the mechanical properties and heat resistance of the EMC-produced 

alloy AL30 with subsequent T6 heat treatment are identical to the properties of 

deformable piston alloys subjected to similar HT. 
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Influence of various friction stir processing (FSP) schemes on the 

microstructure and properties of AD31 aluminium alloy busbar 
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ABSTRACT  

This paper examines the influence of various schemes for implementing friction stir processing (FSP) on 

the microstructure and properties of a conductive busbar made of AD31T (AA6063) aluminum alloy. In 

particular, the implementation of five different FSP schemes on the formation of structure and volumetric 

defects in the volume of the stir zone was studied. It has been shown that performing FSP at a tool rotation 

speed of 1120 rpm and a linear tool movement velocity of 200 mm/min ensures the absence of macroscopic 

defects in the volume of the stir zone. The implementation of certain FSP schemes made it possible to 

achieve the formation of an ultrafine-grained structure both in the near-surface layer and in the bulk of the 

material under study. This type of processing can be recommended as a way to increase the strength of 

aluminum materials without significant loss of their electrical conductivity. 
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Introduction 

Aluminium and aluminium alloys occupy a significant share in the modern metallurgical 

industry. Along with relative availability, one of the most important properties of 

aluminium alloys that determine its widespread use is its low density and good electrical 

conductivity, accounting for 62 % of the electrical conductivity of copper. Considering the 

scarcity and high cost of copper, the role of aluminium as a conductor material is steadily 

increasing. The undoubted advantages of aluminium include its high plasticity, thermal 

conductivity and heat capacity, good manufacturability, and corrosion resistance [1]. The 

main disadvantage of aluminium is its relatively low strength - 49 MPa. This level of 

properties is not sufficient for widespread industrial use, so research aimed at increasing 

the strength of aluminium alloys is important. One of the ways to strengthen aluminium 

is to create alloys based on it [2]. The general pattern of aluminium alloying is that the 

http://dx.doi.org/10.18149/MPM.5212024_9
https://orcid.org/0000-0002-8616-0042
https://orcid.org/0000-0001-7145-7532
https://orcid.org/0000-0001-9631-2102
https://orcid.org/0000-0001-9270-1792
https://orcid.org/0000-0003-4575-9670
https://orcid.org/0000-0003-0615-5401


96  A.E. Medvedev, V.V. Atroshchenko, A.S. Selivanov, et al. 

addition of other elements, leading to an increase in the strength of the aluminium alloy, 

leads to a decrease in its electrical conductivity [3–5]. The need to maintain the level of 

electrical conductivity of pure aluminium, or to minimize its drop due to alloying, as well 

as the desire to reduce the cost of production of aluminium alloys, lead to minimizing the 

amount of additions of alloying elements without a significant loss in properties - the 

creation of the so-called low-alloyed alloys [6,7]. 

Another fundamental approach to increasing the strength of aluminium and 

aluminium alloys is the use of deformation methods - stamping, drawing, pressing, etc. [2]. 

Such methods have undoubted advantages - they are well-developed modes and 

conditions of deformation, stability and predictability of the results obtained. The 

disadvantages of such methods include the volumetric nature of the impact - 

deformation, as a rule, extends to the entire volume of the processed material, as well as 

an increase in the density of defects, which entails a drop in electrical conductivity [8]. 

The effect of deformation can be reduced by using local hardening methods, such as cold-

working, shot peening, diamond burnishing and other similar methods [1]. A separate 

group of methods aimed at modifying the surface and surface layer of a material includes 

methods based on the effect of surface friction. These include, in particular: friction stir 

welding, friction stir processing, friction surfacing, friction brazing, friction transformation 

hardening, friction extrusion and others [9]. The most popular and commonly used in 

industry are friction stir welding (FSW) and friction stir processing (FSP). 

Friction stir processing (FSP) is a technology aimed at changing the structure and 

properties of the surface and subsurface layer of materials in the solid phase [9–11]. A 

distinctive feature of this method is local mixing of the metal in the treated area without 

the formation of a liquid phase, which can lead to oxidation and burnout of the metal, as 

well as a decrease in its strength properties. Work aimed at studying FSP quickly showed 

that this method can modify the surface layer of the processed material, providing a 

structure and properties different from the processed material [12]. Since FSP involves 

processing the material in the solid phase, the main attention has been paid to soft 

materials, such as aluminium alloys [13], magnesium alloys [14] and copper alloys [15]. 

There is also a limited set of publications on FSP of titanium alloys and steels [11,16]. 

Research aimed at FSP of aluminium alloys aims to create permanent joints where 

welding is not applicable or impractical. Thus, it was shown that FSP with the imposition 

of tracks on the aluminium surface makes it possible to reduce the average grain size to  

100–200 nm over a relatively large area, reaching an ultrafine-grained (UFG) state [17–19].  

The authors propose a similar approach that makes it possible to obtain large-sized 

products with a UFG structure of the surface layer. The authors of [13] claim a decrease 

in the average grain size per one pass of FSP by more than 20 times, which led to an 

increase in the yield strength of the material by 2.4 times. Articles [20–22] explore 

methods of friction stir welding with overlap, a two-pass connection in one direction and 

in opposite directions, on both sides of the welded sample. These studies claim that such 

methods can provide good fluidity and mixing of dissimilar metals, reducing the size of 

grains and defects at their boundaries, and a two-pass connection can significantly 

increase the strength properties of the welded joint, reduce wear, and obtain minimal 

costs for mixing tools. 
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Despite a large amount of information regarding the FSP of aluminium alloys, there 

is depressingly little data on the effect of this processing method on the electrical 

conductivity of aluminium alloys. There is no data on the effect of this processing method 

on the level of electrical conductivity in conductive products made from aluminium 

alloys. This study is a continuation of works devoted to the FSP of conductive busbars 

made of aluminium alloy AD31 [23]. In previous work, a rational FSP mode was 

established, which allows, for a given geometry of the processing tool, to obtain a 

processed zone without volumetric defects. This paper examines five different schemes 

for implementing FSP, their influence on the structure and properties of busbars made of 

AD31T aluminium alloy. 

 

Materials and Methods 

As a research material, hot-rolled aluminium alloy plates of 10 mm thick and 

200 × 200 mm in size were used. The plates were obtained in the "T" state, meaning 

quenching and natural aging. The chemical composition of the commercially produced 

AD31T alloy (AA6063 analogue) is given in Table 1.  

 
Table 1. Chemical composition of the AD31T alloy 

Concentration of the element, wt. % 

Al Si Fe Mg Mn Cu Zn 

Base material 0.410 0.390 0.390 ≤ 0.035 ≤ 0.035 ≤ 0.035 

 

The processing of the material was carried out on a vertical console milling machine 

FSS-400, adapted for FSP, in 6 different processing schemes (Table 2). Based on the results 

of previous research [23], the FSP parameters were set as follows: tool rotation speed 

1120 rpm, tool linear velocity 200 mm/min. During FSP, the shoulder penetration was 

0.635 mm at a tool inclination angle of 3˚. The tool dwelling time after immersion is 10 sec.  

A sketch of the tool is shown in Fig. 1. The tool is made of steel containing 0.2 wt. % C 

and 13 wt. % Cr (the closest analogue is AISI 420). Before use, the tool is hardened up to 

580 HB. Most authors tend not to disclose the details of the geometry of the stirring tool, 

however, the general recommendations for aluminium alloys are that the tool pin should 

be a tapered cone or a threaded one. Since the production of the threaded tool is more 

expensive and complex, than the production of the tapered cone tool, and tapered cone 

tool is proven to provide defect less structure [22,24,25], the latter type of tool was used.  

 

 
 

Fig. 1. Schematic drawing of the stirring tool 



98  A.E. Medvedev, V.V. Atroshchenko, A.S. Selivanov, et al. 

Table 2. FSP schemes  

Marking of the 

sample 
FSP scheme description FSP scheme depiction 

225 Single linear track  

 

226 

Two unidirectional tracks, on a single line, 

one from each surface (upper and lower) of 

the plate 
 

227 

Two unidirectional tracks, on a single line, on 

top of each other, on the same surface of the 

plate 

 

228 

Two counter directional tracks, on a single 

line, on top of each other, on the same 

surface of the plate 
 

229 
Multiple unidirectional overlapping tracks on 

the same surface, overlap of 10 mm 

 

233 
Multiple unidirectional overlapping tracks on 

the same surface, overlap of 5 mm 

 

 

X-ray control was carried out on the hardware-software complex of digital 

radiography "Tsifrakon". Microstructure studies were performed on an Olympus Q15OR 

optical microscope. For metallographic analysis, macrosections were made by cutting in 

the middle of the length of the stir zone (SZ) in the direction perpendicular to the 

processing direction. Surface finishing was carried out in a 3 % hydrofluoric acid solution 

to reveal the macrostructure. Microhardness (HV) was evaluated by the Vickers method 

on a Buehler MicroMet 5101 instrument at a load of 1 N and a holding time under load 

of 10 s. The microhardness (HV) value was calculated using the Omnimet Imaging System 

software. Microhardness was measured on transverse sections of specimens along lines 

parallel to the surface of the original plate. The measurements were taken at the middle 

of the sample thickness, and ¼ of the height from the bottom and top surfaces of the 
plate. When measuring the microhardness of the stir zone, the line of measurements 

passed through all sections of the cross-section of the FSP sample at a measurement step 

of 0.5 mm (about 60 measurements per line). The error value for the microhardness 

profiles was calculated as a standard deviation for each profile. Generally, the absolute 

value of the microhardness error does not exceed 5 HV. Mechanical tensile tests were 

carried out on samples manufactured in accordance with GOST 1497-84. Tests were 

carried out on flat samples with length 70 mm and cross-sectional dimensions 3 × 9 mm. 

The samples were cut in the direction perpendicular to the FSP treatment so that the 

treated area aligned with the middle of the sample. Specific electrical conductivity (ω) of 

the alloy samples was determined with a relative error of 2% using a VE-27NTs/4-5 eddy 
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current electrical conductivity meter according to ASTM E1004-09. The electrical 

conductivity value of the samples relative to annealed copper (International Annealed 

Copper Standard) was calculated using Eq. (1): 

IACS = ω Al/ ω Cu ‧ 100 [%],             (1) 

where ωAl is the experimentally determined value of the electrical conductivity of the 

aluminium alloy sample, ωCu is the electrical conductivity of annealed copper, equal to 

58 MS/m, (MS/m stands for 106 S/m, siemens per meter). Since the electrical conductivity 

was measured at 10 points on a line located in the middle of the sample thickness. 

 

Results and Discussion 

Samples and stir zone (SZ) assessment 

Images of the samples 225-233 are presented on Fig. 2. Sample 225 was produced to 

ensure the correctness of the chosen FSP mode [23] in appliance to the studied material, 

ensuring the absence of macroscopic defects in the research material. Visual attestation 

of the samples 226-233 shows the absence of the macroscopic defects, tunnel effect, 

melting and excessive material pushouts from the stir zone during FSP. Figure 2(f) on 

example of 233 demonstrates the placement of the tensile test samples.  

 

   
(a) (b) (c) 

   
(d) (e)   (f) 

 

Fig. 2. Samples 225(a), 226 (b), 227 (c), 228 (d), 229 (e) and 233 (f) after FSP.  

Red rectangle on (f) represents the placement of the tensile test sample 

 

The results of X-ray control of samples 225–229 and 233 are presented in Fig. 3. 

Each of the studied samples demonstrate the absence of the volumetric defects: tunnel 

defects, gas pores and other.  

Since sample 225 was used as a reference one for testing the FSP conditions, it was 

no longer studied further. 
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  (a) (b) (c) 

   
(d) (e) (f) 

Fig. 3. Results of the X-Ray control of samples 225 (a), 226 (b), 227 (c),  

228 (d), 229 (e) and 233 (f) after the FSP 

 

Macrostructure assessment 

Figure 4 shows photographs of the cross-section of samples 226-233 after FSP. As a result 

of FSP, a finely dispersed structure was formed in the stir zone (SZ) and the heat affected 

zone (HAZ) (Fig. 4). The shape and size of the HAZ is similar for samples 227–229 - it 

narrows towards the base of the sample due to more significant heat dissipation in the 

sample volume. The HAZ of samples 229 and 233 is wider than in samples 226-228 due 

to the overlap of the HAZ of each individual track. 

 

 
Fig. 4. Macrostructure assessment of the 226 - 233 samples (top to bottom) cross-sections. Advancing 

side and retreating side are marked AS and RS, correspondingly 
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According to macroscopy data, a busbar made of the alloy under study in the initial 

state is characterized by three zones - central, intermediate, and peripheral (Fig. 5). The 

central zone is characterized by relatively small, elongated grains with the size not 

exceeding 100 µm. In the intermediate zone, grains are characterized by a larger size, 
ranging from 50 to 300 µm with an average of 146 µm, and a shape close to equiaxial. 

The peripheral zone consists of coarse crystals arranged in 1 or 2 rows. These coarse 

grains are generally presented in the shape of elongated towards the edge of the busbar 

grains, with the average length of 337 µm (ranging from 130 to 740 µm) and average 
width of 571 µm (ranging from 300 to 900 µm). 

 

 

 
Fig. 5. Macroscopic images  

of the initial busbar cross section. 

Three zones are distinctly visible – central, 

intermediate, and peripheral, OM 

Fig. 6. Metallographic analysis of the samples 

226-233 cross sections (top to bottom), OM.  

Advancing side and retreating side are marked AS 

and RS, correspondingly 

 

Figure 6 presents the panoramic images of the 226-233 samples. According to it, 

the grain size within the SZ ranges from 20 to 30 µm with an average of 22 ± 8 µm. The 
value of the average grain size is the same throughout the SZ, so the deformation could 

be considered uniform in the SZ. Outside the SZ, however, in the HAZ the average size of 

the grain is 295.35 nm, which is higher than in both intermediate and central zones of 

the busbar (Fig. 5). The grain growth presumably is caused by the heating inevitably 

accompanying the FSP process.  

According to Fig. 6, in sample 226, the tracks located on different sides of the busbar 

did superimpose each other but were located offset. However, the SZs of both tracks 

influenced each other, bending the normally symmetrical shape of the SZ. In samples 227 

and 228, the tracks overlapped with virtually no displacement relative to each other. If in 

sample 227 the directions of tool movement coincided, and the advancing side (AS) and 
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retreating side (RS) zones overlapped each other, increasing the heterogeneity of the 

thermomechanically affected zone (TMAZ), then in sample 228, during the second pass, 

the AS and RS zones overlapped each other, providing a symmetrical TMAZ. Sample 229 

was obtained with superimposed unidirectional tracks with a tool offset of 10 mm. As it 

turned out, a displacement of this magnitude does not provide only partial overlap of the 

SZ, leaving untreated areas. In sample 233, processed according to a scheme similar to 

sample 229, the displacement of the tracks was 5 mm, as a result of which complete 

overlap of the SZ was achieved.  

 

Microhardness and electrical conductivity assessment 

Analysis of the hardness distribution curves (Fig. 7) shows that the cross-section of sample 

226 is characterized by two significantly different sections: the base metal (BM), which 

hardness is 50-55 HV (depending on the depth of measurements relative to the surface), 

and the metal of the SZ, the hardness of which is on average 10–15 % higher. There is 

also a noticeable decrease in hardness at the boundary of the SZ, between the BM and 

the TMAZ, caused by recovery processes as a result of thermal effects. Microhardness 

values increase in the center of the SZ, since due to a greater degree of deformation, the 

contribution of grain boundary and dislocation strengthening increases as well. 

The microhardness profiles of samples 226-228 are largely similar, however, there are 

certain differences. In sample 226, there was no exact overlap of the SZ core, as a result of 

which the TMAZ of the second track partially overlapped the SZ core of the first track, 

leading to softening - the maximum microhardness in sample 226 does not reach 60 HV, 

which is the minimum value for samples 226-228 (Fig. 7(a)). The microhardness values for 

the upper, middle, and lower zones of the sample are almost completely identical, which 

indicates the absence of hardening in the surface zone. Also, the microhardness values 

completely coincide in the center of the sample - between the centers of the SZ cores. 

In sample 227, in which unidirectional tracks were superimposed, an increase in 

microhardness is observed throughout the entire SZ and TMAZ, and the hardness values for 

the upper and middle layers of the sample turned out to be higher than for the lower layer 

(Fig. 7(b)). The multidirectionality of the tracks in sample 228 caused the strengthening of 

the lower layer, in addition to an increase in microhardness in the upper and middle layers 

of the sample (Fig. 7(c)). In general, the increase in microhardness in sample 228 is less 

pronounced, most likely due to the overlap of the HAZ from multidirectional tool passes.  

The nature of the microhardness profiles for samples 229 and 233 is different from 

samples 226-228. In sample 229, the microhardness of the surface layer turned out to be 

higher than in the base material, since the overlap of the SZ core is located just near the 

surface. The microhardness of the lower layer of the busbar increases slightly, but the 

change is insignificant. The microhardness profile of the middle layer has a sawtooth 

character, corresponding to alternating SZs (Figs. 4-6). The growth of microhardness in 

the upper and middle zones of sample 233 is more pronounced than in sample 229, and, 

in general, the hardening in sample 233 is greater than in sample 229. A characteristic 

feature of sample 233 is a sharp decrease in microhardness at the boundary of the zone 

- where the overlaps of the SZs, and this decrease is most noticeable in the upper and 

middle layers of the sample. 



Influence of various friction stir processing (FSP) schemes on the microstructure and properties of AD31 aluminium alloy busbar  103 

 

  
(a) (b) 

  
(c) (d) 

 
(e) 

Fig. 7. Microhardness profiles for the samples 226 (a), 227 (b), 228 (c), 229 (d) and 233 (e). For all 

samples advancing side (AS) is on the right and retreating side (RS) is on the left 

 

Figure 8 shows the electrical conductivity profiles of the samples. Based on the 

results of measuring the electrical conductivity of the SZ and TMAZ, the average value of 

the electrical conductivity of the BM was 28.8–29.1 MS/m.  

The change in resistivity value for each sample is different from the others. Thus, in 

sample 226, there is a noticeable decrease in electrical conductivity in the SZ and TMAZ 

(Fig. 8(a)), and an increase beyond them. According to Fig. 8(a), a relatively small increase 

in microhardness is observed in the sample SZ, which correlates with a decrease in 

electrical conductivity. Near the SZ, an increase in electrical conductivity is observed, 

probably as a result of recovery processes. The behavior of electrical conductivity in 

samples 227 and 228 correlates with changes in microhardness - for example, the 

microhardness in the SZ of sample 227 is higher, and the electrical conductivity is lower 

than in the SZ of sample 228. The electrical conductivity values to the left and right of 
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the SZ and TMAZ in sample 228 are higher than in sample 227 are and are located 

symmetrically due to the overlap of the AS and RS zones from each tool pass. 

Just like microhardness, the electrical conductivity profiles in samples 229 and 233 

are different from the electrical conductivity profiles for samples 226-228. In general, the 

electrical conductivity of the TMAZ of the sample 229 corresponds to the electrical 

conductivity of the BM, except for areas at the edge of the SZ. The electrical conductivity 

of sample 233 is higher almost throughout its entire length than in the base material, 

and decreases only at the edge of the SZ (Fig. 8(f)). 

 

  
(a) (b) 

  
(c) (d) 

 
(e) 

Fig. 8. Electrical conductivity profiles for samples 226 (a), 227 (b), 228 (c), 229 (d) and 233 (e). Orange 

dashed lines mark the edges of the SZ. For the sample 233 (e) green dashed lines mark the start and 

the end of the SZ edge. For all samples advancing side (AS) is on the right and retreating side (RS) is on 

the left 
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Figure 9 shows the engineering stress-strain curves of samples made from 

workpieces of states 226–233. All states are characterized by ductile fracture and have 

comparable values of the yield strength (UTS) (70–80 MPa), ultimate tensile strength 

(140–160 MPa) and ductility (16–18 %). The sawtooth sections of the tensile curves 

indicate alternating localization of deformation and its relaxation.  

 

  
Fig. 9. Engineering strain-stress curves  

for the 226-233 samples 
Fig. 10. Fractures tensile tests samples  

of the 226-233 (top to bottom) samples  

 

Figure 10 presents the fractured tensile tests samples of the 226-233 states. Judging 

by these images, all samples failed outside the FSP region. Firstly, this indicates the 

strengthening effect of FSP, and secondly, the absence of defects introduced by FSP. On 

samples 226, 227 and 228 it is clearly visible that the localization of deformation occurred 

on both sides of the SZ. The wavy relief of localized deformation zones confirms the 

assumption of alternating localization and relaxation of deformation during tensile tests. 

In this study, the implementation of various FSP schemes was carried out for two 

purposes: the first group of samples (226–228) was obtained for the purpose of testing 

the linear FSP regime, the second (229, 233) was obtained for the purpose of modifying 

the structure and properties in a certain volume of the sample. It is known that during 

FSP a number of processes might occur:  plastic deformation, recovery, static and dynamic 

recrystallization, formation and decomposition of a solid solution, phase transformations 

[25–28]. All or some of these processes can occur simultaneously, forming different 

structures in the section of the SZ and TMAZ. However, judging by the results of the study, 

processes aimed at increasing the mechanical strength in the SZ predominate in the 

modes used. Despite the fact that in aluminium alloys an increase in electrical 

conductivity and electrical conductivity are considered competing properties [29], in this 

case it was possible to achieve an increase in microhardness (Fig. 7) and ultimate tensile 

strength (Fig. 9) in the SZ without a decrease, and in some cases - with increasing the 

electrical conductivity (Fig. 8). The results allow us to assert that for alloys of the Al-Mg-

Si system (possibly for other thermally hardenable aluminium alloys as well), the given 

FSP processing modes allow obtaining a defect-free linear processing zone characterized 

by increased hardness, strength and electrical conductivity relative to the base material 

(226–228), as well as modifying a volume of material of a certain depth, which is also 

characterized by increased hardness, strength and electrical conductivity relative to the 

base material (229, 233). 
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Conclusions 

In this work, five FSP schemes were implemented, three of them along a line, two along 

a surface, in the same process conditions: linear tool velocity of 200 mm/min and tool 

rotation speed of 1120 rpm. The authors have drawn the following conclusions: 

1. Proposed FSP schemes implemented on a 10 mm thick conductive busbar made of commercial 

aluminium alloy AD31T (Al-Mg-Si system, analogue of AA6063) provided a defect-free structure. 

2. Due to the implementation of each scheme in the volume of the treated area, due to 

plastic deformation, a decrease in the average grain size occurred, accompanied by 

hardening and a decrease in electrical conductivity. In thermally affected areas, located 

on the periphery of the stir zone, reverse processes occurred. 

3. During mechanical tests, the destruction of samples of all proposed FSP schemes occurred 

outside the FSP zone, accompanied by alternating localization and relaxation of deformation. 

4. Based on the research carried out, to create permanent connections of conductive 

aluminium busbars, it is recommended to use scheme 227 (parallel unidirectional passes 

with complete overlap of the second pass on the first), for strengthening treatment of the 

surface and near-surface layer – scheme 233 (parallel unidirectional passes of the tool, 

with overlapping tracks by 5 mm – at a given tool configuration). 
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ABSTRACT  

The aim of this work is to explore the mechanical and wear properties of Al-TiC composites synthesized through 

liquid metallurgy technique. Al6061 was the matrix material used and Titanium carbide (TiC) is the reinforcement 

material. The composites were fabricated by adding TiC of 3, 6, 9 and 12 wt. % to Al6061. Thermal processing 

was used on the produced composite specimens to accomplish solutionization at 530 °C for a period of 8 hours 

and quenched in three different medias like air, water and ice. The effect of heat treatment and quenching media 

was evaluated in the research. In order to validate the effect of heat treatment as cast samples also studies for 

its wear properties. Results outcomes shows the better mechanical and wear characteristics compare to 

composites that haven't been heat treated. Also, superior mechanical and wear characteristics of composites are 

produced by ice quenching compare to air and water quenching. Wear out samples are investigated through 

SEM to study the mechanism of wear. Microstructure study was made, and it reveals good bond between matrix 

and reinforcement material. 
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Introduction 

Due to the enhanced performance, MMCs have recently grown in popularity and have begun 

to replace traditional materials in a number of engineering fields. Due to their fundamental 

advantages like exceptional stiffness, strength, low density, light weight, resistance to 

corrosion, and resistance to wear, numerous industrial applications employ MMCs, including 

those in the automotive, aerospace, and military sectors [1–4]. Al-based MMCs are among 

the kinds of MMCs that are most commonly used because of their superior mechanical and 

tribological characteristics. The quantity, scope, composition, and weight distribution of 

reinforcements are just a few of the many variables affecting the characteristics of these 

AMCs. Al6061 is one of the many series of aluminium that are readily available and is a 

popular matrix substance used in the manufacture of MMCs due to its high corrosion 

resistance, weldability, and machinability. Alumina, TiC, silicon carbide, Boran carbide, and 

other materials are frequently employed as reinforcements when Al 6061 is used to create 

composites that enhance a variety of mechanical qualities [3,5–8]. These particles 

specifically improve Al6061's mechanical and wear resistance. MMCs can be produced using 

a variety of methods, including the PM process, liquid phase fabrication vacuum casting, 

squeeze form technology, compo casting, and stir casting, and more. Because it is easy to 

http://dx.doi.org/10.18149/MPM.5212024_10
https://orcid.org/0000-0001-9432-3836
https://orcid.org/0000-0003-3701-3107
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obtain, simple to manufacture, and more affordable than other production procedures, the 

most common technique used to make AMCs is stir casting [8–12].  
The majority of the basic materials have unusual properties. Because of some 

intrinsic traits and attributes that may not be suited for ordinary uses, the majority of 

them that are currently available may not be physically viable for many engineering 

purposes. As a result, materials are frequently thermally treated to increase their strength, 

making them physically and structurally viable for a larger range of industrial uses. The 

heat treatment procedure has the potential to change the microstructure of AMCs, 

strengthening its mechanical attributes. The solution treatment step of the thermal 

treatment procedure is followed by the quenching in different medias. Literature reveals 

that heat treatment positively affects the properties of composites. There is a wealth of 

information on metal alloys with an aluminium foundation that contain alumina, silicon 

carbide, boron carbide, and magnesia, however there aren't many experiments on 

titanium carbide particles. Although the type of reinforcement and the synergistic effect 

of heat treatment both significantly influence the ultimate mechanical properties of 

composites, little is known about the heat treatment of Al-based composites. As a result, 

using the liquid metallurgical approach, composites have been created in the current 

experiment by adding TiC particles to the Al6061 matrix. Analysis of the effects of heat 

treatment and quenching media on the performance of Al6061-TiC MMCs is the main 

goal of the study. TiC of 0–12 wt. % added to Al6061 in a stage of 3 wt. % were used in 

the testing. Mechanical and wear properties were then assessed and contrasted with the 

composites that hadn't been heated. On hardness and wear qualities, studies and reports 

on the effects of heat treatment and quenching medium were made.  

 

Materials and Methods 

Due to the accessibility and ease of use, the stir casting approach has been used to create 

MMCs that contain Al6061 and TiC at concentrations of 0–12 wt. %. Al6061 was the matrix 

material used in the current study. Properties and chemical composition of Al60631 was 

shown in Tables 1 and 2. TiC particles with a size range of 10–20 µm are utilised as 
reinforcement in the ongoing research work to produce composite. Properties of TiC was 

shown in Table 3. In a stage of 3 wt. %, TiC particles were blended at a rate of 0–12 wt. % 

to Al6061. Utilising a CNC machine, samples for various testing have been prepared using 

the created composites. To find the distribution of TiC particles across the matrix material 

and quantify wear behaviour, a microstructure investigation of produced sample specimens 

was done. In order to determine the configuration of composites, energy dispersive 

spectroscopy (EDS) and optical microscope were also used. Scanning electron microscopy 

(SEM) analysis is made to study the mechanism of wear. Therefore, they are contrasted with 

the basic alloy material in order to support the experimental results. 

In the beginning, known quantities of Al6061 alloy rods were put into the graphite 

crucible and then into the electric furnace. At 850 °C, the alloy was melted and fine 
vortices began to form as a result of mechanical stirring. In order to increase the degree 

of wetting, in a different container, preheating of the TiC particles was carried out at 

700 °C. The preheated TiC was then put into a furnace containing molten Al6061 alloy 
after being stirred to create a fine vortex. A steady feeding rate and an electric stirrer 
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speed of 450 rpm were used during the addition of reinforcement. By moving the molten 

metal from the crucible into the cavity of the mould at room temperature, the metal was 

given time to solidify. The same procedure was repeated for various TiC fractions, 

including 3, 6, 9, and 12 wt. %. Table 4 displays the configurations of the MMCs used in 

the ongoing research work. 

 
Table 1. Properties of Al6061 

Properties Values 

Density, g/cm3 2.70  

Melting point, °C 585.00 

Tensile strength, MPa 124.00 

Yields strength, MPa 55.00 

Young’s modulus, GPa 68.00 

Poison’s ratio 0.33 

Thermal conductivity, W/mK 180.00 

Shear strength, MPa 83.00 

 
Table 2. Configuration of Al6061 by wt. % 

Constituents Mg Cu Fe Cr Si Mn Ti Zn Al 

Percentage 1.1500 0.2750 0.1060 0.2010 0.5800 0.0014 0.1300 0.2500 Balance 

 
Table 3. Properties of titanium carbide 

Properties Values 

Formula TiC 

Density, g/cm3 4.93  

Size mesh 325 

Purity, % 99.10 

Melting point, °C 3155.00 

Vickers hardness, VH  3200.00 

UTS, MPa 240.00  

Compressive strength, MPa 3700.00  

 
Table 4. Composite configuration 

Specimen Composite 

A Al6061 

B Al6061+3 wt% TiC 

C Al6061+6 wt% TiC 

D Al6061+9 wt% TiC 

E Al6061+12 wt% TiC 

 

To create the specimens, the designed composites were machined on a CNC 

machine. In order to analyse the physical and microstructural characteristics that match 

the test rig standards. To find the scattering of reinforcing particles in an alloy, the optical 

metallurgical microscope was used in the microstructural examination. The samples were 

polished for microstructure analysis, and the polished surface was etched using the 

conventional metallographic procedure. The samples were polished using the 

conventional metallographic method in order to examine their microstructure, and the 

polished surface was etched with Keller's reagent. 
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By using a weight of 500 g and a dwell time of 15 s, the Vickers' hardness tester 

was utilised to determine the microhardness of produced MMCs. For data reproducibility, 

three trials were conducted for each test condition in order to reduce experimental error 

and uncertainty. The outcome is determined using the value's arithmetic average. The 

average value from the dataset, a standard deviation of one on either side, is used to plot 

the graphs. Utilising a pin on disc device, composites have had their wear rate assessed. 

A force of 30 N, a velocoty of 100 rpm, and a sliding distance of 1000 m are used to 

measure the wear rates. The specimens were created in accordance with ASTM (G99-05) 

requirements for a length of 30 mm and a diameter of 8 mm. Figure 1 shows the sample 

that was utilised to test the wear properties. At the same time, the coefficient of friction 

(COF) of aluminium and its composites was also observed. SEM was used to do a 

morphological analysis on worn-out samples in order to investigate the wear mechanism.  

 

 
 

Fig. 1. Wear test specimens  

 

Heat treatment has been applied to the produced composites. The heat treatment 

for solutionizing was carried out in a muffle furnace. Al6061 and Al6061-TiC composites 

that have been cast are first given an 8-hour solutionizing treatment in a muffle furnace 

at a temperature of 530 °C, followed by an immediate quenching in three distinct media, 
like air, water and ice. In order to evaluate how heat treatment and quenching media 

affect composites, the microstructural and wear behaviour of both heat-treated and non-

heated MMCs were examined.  

 

Results and discussion 

Examination of microstructure 

In the current study, hybrid MMCs are created by combining Al6061 with micron-sized 

TiC particles. With the aid of an optical microscope, a morphological study has been 

carried out to look at the dispersion of reinforcing materials into Al6061. The 

corresponding optical micrographs of Al6061 with 0–12 % TiC particles are shown in 

Fig. 2. The accurate and uniform dispersion of TiC particles over the matrix alloy is shown 

in Fig. 2. A homogenous dispersion of reinforcing elements has been seen in optical 

micrographs. Due to the swirling effect created during the production process, this has 

happened. Additionally, the key factor for the homogenous dispersion of TiC in alloy is 

the existence of a component of magnesium in the matrix alloy [13–16].  
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Fig. 2. Microstructure of composites (a) Al6061, (b) Al6061+3 % TiC,  

(c) Al6061+6 % TiC, (d) Al6061+9 % TiC 

 

The EDS spectrum of generated MMCs, which is shown in Fig. 3, identifies the 

presence of the elements used in the current investigation to create composites. The 

incorporation of TiC reinforcements has been noticed in the EDS spectrum's Ti and 

C elements. The presence of all the components predicted in the paper was confirmed by 

the Al6061's high intensity peak that was also seen in the spectrum. 

 

  
Fig. 3. EDS spectrum of composites 

 

Fig. 4. XRD pattern of composites 

 

An appropriate sample was created in accordance with the guidelines in order to 

perform the X-ray diffraction study. Figure 4 depicts an X-ray diffraction (XRD) pattern for 

the provided material to illustrate its quality and attest to the presence of the constituent 

elements used to construct the present composite material. Figure 4 displays multiple 

a b 

c d 
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peaks for Al6061 and TiC particulates at the same time as well as peaks at (111), (200), 

and (220). Due to Al's low sterility and TiC's higher purity, this occurs. This is likewise a 

result of the Al and TiC particulates samples being oriented in the (111), (200), and (220) 

planes. After comparing the experimental peaks attained and the standard peaks, 

components such as Al and TiC were found. TiC reinforcement is present in the ongoing 

study, according to the X-ray diffraction results. 

 

Hardness 

The hardness of the produced composites is assessed using the Vickers' hardness tester. 

The microhardness of composites without and with heat treatment condition is shown in 

Fig. 5. Studies demonstrate that hardness is significantly increased when TiC is added to 

Al alloy. Up to 9 weight percent, adding TiC to Al6061 results in an increase in hardness; 

after that, it decreases. Composites lose hardness as a result of reinforcement 

agglomeration caused by increased TiC buildup in the matrix alloy. Similar outcomes 

were attained for all of the case studies involving both heat-untreated and heat-treated 

composites. Additionally, studies are conducted to determine how heat treatment and 

quenching media affect the hardness of produced composites. By solutionizing heat 

treating composites and immediately quenching them in air, water, or ice, the hardness 

of the material is significantly increased. This is because Al and its composites have been 

solutionized, allowing the highest concentration of the hardening solute to dissolve into 

solution. Additionally, quenching media influences how hard composites are. For 

Al+9%TiC composites that were ice quenched, a higher hardness was achieved. The 

hardness and mechanical qualities of composites can be increased through quick 

quenching, which produces a saturated solution. Because of this, ice-quenched 

composites have superior mechanical properties compare to air and water quenched 

composites. When compared to unheated Al alloy, ice-quenched Al+9%TiC composites 

show a hardness improvement of about 43 %. Similar kind of outcomes is seen in [17-23]. 

 

Wear 

The wear rate of composites was investigated using a pin on the disc wear tester with a 

load of 30 N, a velocity of 100 rpm, and a sliding length of 1000 m. Figure 6 illustrates how 

quickly composite materials wear down with and without heat treatment. The findings 

indicate that the volume loss per unit distance decreases as TiC reinforcement are added 

to the Al6061 alloy. Increasing the weight fraction of TiC in Al alloy reduces the rate at 

which composites wear out. This decrease in composite wear rate is seen up until the 

inclusion of 9 wt. % TiC; however, TiC concentration above 9 wt. % causes an increase in 

wear rate. This is due to the fact that an agglomeration with a greater TiC concentration in 

Al alloy can be seen in the microstructure. It has been discovered that the wear rate of 

composite materials can be decreased by mixing hard TiC particles with Al6061. 

Additionally, it is evident that heat treatment has a favourable impact on 

composites capacity to resist abrasion. Wear resistance of composites is improved by 

solutionizing heat treatment at 530 °C for 8 hours, followed by rapid quenching in three 
distinct mediums. In all the examples that were examined, it was found that the addition 

of TiC particles decreased the composites' rate of wear up to 9 wt. % of TiC. The 
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solutionizing process causes the intermetallic phase of Mg and Si to develop, which is 

harder than Al and exhibits better wear resistance compare to un heat treated composites. 

The impact of the quenching medium on the composites' wear rate was also researched. 

For all quenching media examined, such as air, water, and ice, the wear rate of aluminium 

alloy and its composites reduces. 

It was discovered that Al6061 and its composites wear down at the least rate when 

the composites are ice quenched compare to air and water. Compared to air and water 

quenching, the ice quenching procedure produces composites with superior wear 

resistance since the composites cool down more quickly following solutionizing 

treatment. Intermetallic precipitations from the extremely saturated solid solution will 

not be able to form during the quenching process due to the fast cooling. Minimum wear 

rate is observed for Al+9 % TiC for all cases tested. When compared to unheated Al6061 

alloy, wear resistance for ice quenched Al+9 % TiC composites was found to be improved 

by about 62 %. Results are familiar in the work [24–26]. 

 

  
Fig. 5. Microhardness of composites Fig. 6. Wear rate of composites 

 

 
Fig. 7. Coefficient of friction of composites 
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Coefficient of friction 

The typical coefficient of friction for composites is shown in Fig. 7. It is amply demonstrated 

that adding TiC lowers the coefficient of friction. When compared to unreinforced Al6061 

alloy, the coefficient of friction (COF) of composites is lower. For Al6061 alloy, a high COF 

was seen, while reinforced composites showed a low COF. COF was found minimum for 

Al+9 % TiC. As a result of the harder TiC reinforcement sharing its strength with the Al alloy, 

the addition of TiC boosts the COF of the alloy. Additionally, solutionizing heat treatment 

is seen to significantly improve composites' COF. For all evaluated examples of heat 

treatment Al+9 % TiC composites, COF is shown to be low. It was also looked at how 

quenching mediums affected COF and discovered that COF of composites decreased across 

the board. When Al6061 and its composites are ice quenched, the COF of the composites 

decreases at the least rate when compared to air and water, it was found. Comparing ice 

quenched Al+9 % TiC to unheated Al alloy, COF drops by about 23 %. 

Figure 8 displays the SEM micrographs of the worn-out surfaces acquired under a 

load of 30 N at a speed of 100 rpm. The composites wear down more quickly as a result 

of the accumulation of harder TiC particles and an oxide layer between the pin and the 

disc. The samples' surfaces are all marked with scratches and grooves, as seen in the 

figure. Furthermore, the particles separate from the outer layer of the samples as a result 

of plastic deformation, which shows that the composites' surface adhesive has worn 

down. Researchers [27–30] have made similar observations. According to the research, 

the presence of hard ceramic particles enhances the wear properties of composites, 

increasing the wear resistance of MMCs. 

 

  
  

  
  

Fig. 8. SEM worn out surfaces of composites (a) Al6061+3%TiC, (b) Al6061+6%TiC,  

(c) Al6061+9%TiC, and (d) Al6061+12%TiC 

b 

c d 

a 
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Conclusions 

1. Analysis of the role of thermal treatment and quenching media for Al6061 mixed with 

TiC MMCs is the main goal. To create composites, the stir casting technique was used, 

and the microstructure examination revealed a uniform distribution of reinforcements. 

2. The EDS spectrum further supports the existence of study-related reinforcements.  

3. The microhardness of composite materials increases up to a TiC content of 9 wt. % in 

an Al alloy; after that, it declines.  

4. The hardness of composites is also influenced by heat treatment and the quenching media. 

The composites that have undergone ice quenching and contain 9 wt. % TiC are the toughest.    

5. The addition of TiC to the Al alloy significantly reduces the wear rate of composite materials. 

For all of the evaluated scenarios, Al+9 % TiC composites showed the lowest wear rate.  

6. The heat treatment and quenching medium has a considerable impact on the alloy and 

its composites' wear behaviour.  

7. Ice quenched composites exhibits superior wear resistance compare to air and water 

quenched composites. 
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ABSTRACT  

Various composite materials are implemented in aircraft, rocket and automobile construction, shipbuilding, 

railway transport, tidal power and others due to their high strength to weight ratio, superior fatigue strength, 

and design flexibility. These materials are used in critical areas of engineering practice, so this makes their 

long-term aging and fatigue characteristics of paramount importance. At the same time, the characteristics of 

these materials essentially changed after long-term operation. Thus, investigations of aging of these materials 

are much needed. Experimental studies on alternation of cyclic loading, climatic and thermal aging were 

conducted to study the characteristics of unidirectional carbon fiber reinforced plastic of the 

T107/ON190/R132436 mark. Experimental results shown a significant hardening during cyclic experiments, 

which considerably depends on the aging program. 
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Introduction 

Polymers and polymer-based composite materials are being intensively implemented in 

almost all areas of industry and construction: in aircraft, rocket and automotive construction, 

shipbuilding, railway transport, agricultural machinery production, tidal power, as well as in 

the production of sports equipment. These materials have a high strength-to-weight ratio, 

superior fatigue strength and design flexibility. Considered applications frequently have a 

very high performance demand, making the long-term characteristics of polymer and 

composite materials of paramount importance. At the same time, they were subjected to 

degradation due to environmental factors, including light, temperature, stress, and others. 

During the aging, the degradation of polymer and composite materials leads to significant 

changes of their physical and mechanical properties [1–5]. 

Polymer and polymer-based composite materials are usually tested for a long time 

in a liquid medium at certain temperature conditions. This method of evaluation of 

polymer and composite materials service conditions is termed as hygrothermal aging. 

Hygrothermal aging at high temperature accelerates the aging process. The natural 

seawater, distilled water, tap water, demineralized water, alkaline and acid environment, 

saline solution and any other chemical based applications can be used as aging agents. 

The effect of aging on the mechanical properties of the fiber reinforced plastics under 

various environmental factors and loading conditions was investigated in [6–18]. 

http://dx.doi.org/10.18149/MPM.5212024_
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In the study [6], the flexure, tensile and compressive behavior of the hygrothermal 

aged carbon fiber reinforced epoxy composite was studied as a function of the absorbed 

moisture content. Composite specimens were aged by immersing them in the natural 

seawater at 60°C for different time intervals. The flexure, tensile and compressive strength 

of the material showed an inverse correlation with the absorbed moisture content, whereas 

the elastic modulus showed negligible correlation. Similarly, the tensile and flexure failure 

strain showed an inverse relationship with the absorbed moisture content. 

The paper [7] was focused on the effect of hygrothermal aging on the mechanical 

properties of mixed short fibre/woven composite materials in different environments, i.e. 

moisture and temperature, for different durations. The seawater is the most aggressive 

medium that makes materials less resistant than distilled water and makes them brittle. 

The obtained results, follows that the presence of water in the composite material causes 

a deterioration of the mechanical properties. The penetration of water or moisture is 

through the outer surface of the composite within the structure. The fibers do not absorb 

the solvent, while the matrix is capable of absorbing them through the free volume and 

the micro-cavities. The water interacts with the matrix, with the reinforcement and the 

interfacial zones, which can in particular degrade the bonds and thus causes an 

irreversible degradation of the properties of the composite. In addition, the material 

undergoes the effect of plasticization, i.e. a modification of the structure, which can result 

in the simultaneous decrease of the plasticity threshold or damage. The temperature has 

a negative influence on the resistance of materials. A sharp drop in mechanical properties 

as follows: 67 % of the elastic stress, 59 % the ultimate stress and 18 % of the elastic 

modulus is observed during a long duration of temperature (one year). In some cases 

(1 month), the temperature serves to improve the properties of the material deformations 

due to the hardening of the material. Indeed, the increase in temperature induces, in 

general, a softening of the materials and a decrease of the yield point. 

To characterize the durability of carbon fiber reinforced plastics (CFRP) and glassy 

fiber reinforced plastics (GFRP) composites to hygrothermal environment a 

comprehensive experimental work was carried out in [8]. Composites were directly placed 

in water at 80°C for accelerated hygrothermal treatment. Moisture absorbed during 
hygrothermal ageing improved the impact properties of CFRP composites. After absorbing 

3.149 wt. % of moisture, the peak contact force of CFRP laminates during impact test 

increased by 20.60 %. After hygrothermal treatment (in 80 °C water for 912 h), the 

strength of GFRP composites decreased by 28.53 %. For GFRP laminates, the peak contact 

force during impact test decreased by 33.44 %. After removing the moisture absorbed, 

the tensile strength of CFRP composites was recovered to 95.75 % of its original value. 

The strength retention rate of GFRP composites was only 74.65 %. The modulus of glass 

fibers and GFRP composites remained nearly unchanged. In contrast, their tensile 

strength decreased significantly. Growth of surface flaws is considered as the main 

mechanism for the decrease in strength of glass fibers in the current investigation.  

The effect of seawater immersion on the durability of glass- and carbon-fiber 

reinforced polymer composites was experimentally investigated in [9]. The materials 

studied were glass/polyester, carbon/polyester, glass/vinyl ester and carbon/vinyl ester 

composites used in marine structures. When immersed in seawater at a temperature of 

30°C for over two years, the composites experienced significant moisture absorption and 
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suffered chemical degradation of the resin matrix and fiber/matrix interphase region. This 

degraded the flexural modulus and strength of the composites, although the mode I 

interlaminar fracture toughness was only marginally affected by immersion.  

In the study [10] the aging of an epoxy resin and its CFRP composites in water, 

acidic, and alkaline solutions at different temperatures was explored. The tensile tests 

revealed that degradation adversely affected the tensile strength, although the tensile 

modulus values did not significantly decrease throughout the aging study. According to 

the thermal and mechanical analysis, degradation occurred in a higher rate as the 

exposure temperature is higher. In general, from the thermal and mechanical analysis it 

was observed the rate of degradation is accelerated at elevated temperature and is 

obvious in acidic conditions. The degradation of the composite materials can be 

attributed to the deterioration of the resin matrix and debonding at the fiber-resin 

interface. This damage was visible in the morphological analysis. By correlating the 

experimental data and prediction results, it can be concluded that the CFRP composite 

materials may need to be developed further to withstand acidic media and ensure a 

longer service life. 

The effect of specimen thickness on the water absorption and flexural strength of 

wet lay-up CFRP laminates immersed in distilled water or alkaline solution was 

investigated in the study [11]. The water uptakes and flexural strength retentions of wet 

lay-up CFRP laminates were greatly affected by the adopted specimen thicknesses. For 

CFRP laminates conditioned in distilled water or alkaline solution up to a duration of 

180 days, the water uptake decreased in the early stage of immersion and increased in 

the later stage of immersion with the increase of specimen thickness. Meanwhile, the 

flexural strength retention generally increased as the specimen thickness increased. 

Two different quasi-static crushing tests have been performed in [12] to investigate 

the effects of humid ageing on the crashworthiness behaviors of the CFRP polymer 

laminates. Four different types of specimens made from T700/M21 and Cytec woven CFRP 

materials were placed in a humidity-controlled chamber at 90 % relative humidity (RH) 

and 80 °C until they reach saturation before performing the crushing tests. From the 
result obtained, the behavior of the force-displacement curves, crushing morphologies 

and damage mechanisms between humid ageing specimens and the same specimens are 

very similar. Nevertheless, in terms of ply mean crushing stress analysis it is quantitatively 

proven that there are drops nearly to 10 % on the CFRP laminates have been exposed to 

the humidity environment. 

The results of studying the climatic aging of aviation polymer composite materials 

(PCMs) performed over the last 5-8 years was analyzed in [13]. These results expand the 

understanding of the mechanisms of the physicochemical transformations under the 

influence of aggressive environmental factors. The new information is useful in assessing 

the expected effects of changing the most common deformation-strength parameters of 

PCMs with allowance for the type of material, the measured mechanical index, the 

exposure time, and climatic conditions. If the results of selective measurements of the 

strength or the elastic moduli of a particular material fall out of a general trend, this is the 

basis for taking into account possible methodological errors in measurements. The 

traditional control of changing one or several mechanical properties at room temperature 

is insufficient to characterize the climatic resistance of PCMs. To plan climatic tests of new 
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promising PCMs, one can take into account in advance that the ultimate bending strength 

changes most strongly and the bending elastic modulus is the most stable property. 

Investigation of the water uptake and interlaminar shear strength behavior of CFRP 

laminates after ageing was performed in [14]. Distilled water, 1.0 % saline solution and 

pH ≈ 4.0 ± 0.2 acidic solution were prepared to treat the samples for 12 weeks. Short 

beam shear tests were performed to evaluate the interlaminar shear strength (ILSS). The 

experimental results show that saline and acidic solution can reduce the water uptake 

capacity of CFRP laminate compared with distilled water. Delamination in layer and 

between layers and fiber-matrix interface debonding were the main environmental 

damages. After 12 weeks of ageing, the ILSS reduction of specimens aged in acidic 

solution had the largest reduction (21.52 %), followed by saline solution (15.65 %), and 

distilled water had the smallest reduction (10.59 %). However, there was an increase in 

ILSS at the early acidic and saline ageing, while a stable in distilled water ageing, which 

may be a new way to strengthen the CFRP in future. It was also found, that the ILSS 

degraded nonlinearly with the increasing of water uptake of matrix. The results would 

guide the application of CFRP in engineering filed. 

In the paper [15], the tension-tension (T-T) and tension-compression (T-C) fatigue 

properties and static strength of hygrothermal aged laminates were investigated. A 

tensile and compressive strength reduction of laminates is observed. Based on run-out 

specimen data, an average 18 % reduction in fatigue strength was shown. The damage 

initiation and fatigue life reduction of aged specimens were higher in T-C loading as 

compared to T-T loading.  

Experiments on accelerated aging of carbon/epoxy and glass/epoxy laminates in an 

artificial seawater environment with 3.5 % salinity were carried out at 60 °C for 45 
days [16]. Mechanical experiments including tensile and 3-point bending tests were 

conducted on the reference/dry and aged standard specimens at room temperature and 

at 60 °C. The loss in the mechanical properties including tensile and flexural strength of 
carbon/epoxy and glass/epoxy laminates at 60°C and ambient temperature is observed.  

The work [17] is devoted to investigation of the static and fatigue three-point 

bending behavior of the carbon fiber reinforced polymer laminates. Two types of layup 

(unconstrained and constrained) under the dry and hygrothermal aged conditions were 

considered. Fatigue behavior was investigated at two stress ratios of 0.1 and 0.5. The 

effective flexure strength, modulus and failure strain of both constrained and 

unconstrained laminates degraded due to hygrothermal aging. The degradation degree 

depends on the aging duration. Aging significantly reduces the fatigue life of the 

unconstrained laminate at both stress ratios. The reduction in the fatigue limit due to 

aging is considerably at the high stress ratio than at the low stress ratio. The greater 

degradation of the aged unconstrained and constrained laminates at high stress ratio is 

responsible for diminishing the stress ratio effect. 

The aim of the paper [18] was to investigate the combined effects of seawater 

ageing and fatigue loading on the bearing performance and failure mechanism of 

CFRP/CFRP single-lap bolted joints. The bolted joints with an interference fit size of 

1.15 % were prepared and then immersed in artificial seawater (50°C-3.5% NaCl solution) 

for 7 months. After that, fatigue loads were further applied to the unaged and aged joints. 

Finally, single-lap bearing tests were carried out to evaluate the bearing performance of 
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seawater aged and fatigue load treated joints. The experimental results showed that the 

ultimate bearing load of joints suffered the single effect of seawater ageing decreased 

exponentially with the increase of ageing time, while the joints suffered the combined 

effect of seawater ageing and fatigue loading decreased linearly. Moreover, compared 

with the single effect joints, the bearing capacity of combined effect joints showed a 

significant improvement. Furthermore, the failure mechanism of single effect joints was 

mainly the shearing fracture in bearing zones and the failure mechanism of combined 

effect joints was changed to be delamination in bearing zones. Those findings can provide 

an effective support during the use of CFRP/CFRP bolted joints for marine applications. 

Treated the joints with fatigue loads is an alternative method to improve the bearing 

performance of CFRP/CFRP bolted joints. However, it is very necessary to further explore 

the effect of fatigue loading parameters (load peak, load ratio and fatigue cycles) on the 

bearing performance of CFRP/CFRP bolted joints, which will make us have a deeper 

understanding of the fatigue loads. 

In this work, experimental studies on the alternation of cyclic loading and climatic 

and thermal aging were conducted to study the fatigue strength change of carbon fiber 

reinforced plastics. 

 

Materials and Methods 

Specimens of unidirectional carbon fiber reinforced plastic (CFRP) of the 

T107/ON190/R132436 mark with a length of 250 mm, a working length of 140 mm, a 

width of 15 mm and a thickness of 0.8-1 mm we used in tension and fatigue experiments. 

The geometry and dimensions of specimens and tabs are shown on Fig. 1.  

 

 
 

Fig. 1. Geometry and dimensions of specimens and tabs (mm) 

 

The experiments on tension were performed on a tearing test machine TINIUS 

OLSEN H10K-T. Fatigue experiments were carried out on a desktop fatigue servo 

hydraulic test machine Si-Plan SH-B. Aging at evaluated and low temperatures were 

conducted correspondingly in a muffle furnace Nabertherm N40E and in a standard 

freezer. 
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Experiments on tension of CFRP specimens 

Experiments on tension of CFRP specimens with a rate of 1 mm/min were conducted. The 

obtained tension stress-strain diagram is shown on Fig. 2. 

 

 
 

Fig. 2. Tension stress-strain diagram of CFRP specimens of the T107/ON190/R132436 mark 

 

From Fig. 2 it can be seen that the tension stress-strain diagram has a shape close 

to a straight line, which is observed in experiments for various polymer composite 

materials [6,15,19-20]. 

 

Influence of climatic and deformation aging on fatigue strength of CFRP specimens 

Cyclic experiments of CFRP specimens with constant amplitude were conducted with a 

sinusoidal variation in stress ϭ = 337 MPa (0.45 of the ultimate tensile strength), stress 

ratio R = 0 and a loading frequency of 20 Hz. Thus, the average number of cycles N to 

fracture was determined to be 696 119 cycles. 

To study the effect of climatic and deformation aging on fatigue strength, the 

following experimental programs were used. 

Program 1. Specimens were tested up to 0.4 N cycles at noted loading parameters; 

placed in a muffle furnace at 120°C for 2 hours; aged in laboratory conditions for 3 
months, and then tested to fracture. 

Program 2. Specimens were tested up to 0.4 N cycles at noted loading parameters; 

placed in distilled water at room temperature, then frozen at temperature –16°C and kept 
in ice for 2 days; then unfrozen and kept in distilled water for 3 weeks; aged in laboratory 

conditions for 3 months and then tested to fracture. 

Program 3. Specimens were placed in distilled water at room temperature, then 

frozen at temperature –16°C and kept in ice for 2 days; then unfrozen and kept in distilled 
water for 3 weeks; aged in laboratory conditions for 3 months and then tested to fracture. 

The results of the influence of climatic and deformation aging on the cyclic strength 

of CFRP specimens according to programs 1-3 are presented in Table 1. 

According to the obtained results, a significant hardening during cyclic experiments 

is observed, which considerably depends on the aging program. Therefore, for the case 

of cyclic loading and aging of specimens at elevated temperatures, the number of cycles 



124  A.R. Arutyunyan 

to fracture increased by more than two times, compared to specimens without aging. For 

the case of cyclic loading and aging of specimens at low temperatures, it is increased by 

more than 5 times. For specimens not subjected to initial cyclic loading, but aged at 

negative temperatures, it is increased by more than 9 times, compared to specimens 

without aging. 

 
Table 1. Effect of climatic and deformation aging on the cyclic strength of CFRP specimens at ϭ = 337 MPa, 

stress ratio R = 0 and loading frequency of 20 Hz according to various programs 

 
Without aging 

Aging 

Program 1 Program 2 Program 3 

Average number 

of cycles to 

fracture N 

696 119 1 789 977 3 791 257 6 295 671 

N/Nwithout aging 1 > 2 > 5 > 9 

 

Conclusions 

To study the changes in deformation and strength characteristics of unidirectional carbon 

fiber reinforced plastic of the T107/ON190/R132436 mark, experiments on alternation of 

cyclic loading and climatic and thermal aging were conducted. The specimens were aged 

according to several programs, including the alternation of cyclic loading, thermal and 

natural aging. According to the experimental results, a significant hardening during cyclic 

experiments is observed, which considerably depends on the aging program. For the case of 

cyclic loading and aging of specimens at elevated and low temperatures, the number of 

cycles to fracture increased by a factor of more than 2 and 5, respectively, compared to 

specimens without aging. For specimens not subjected to initial cyclic loading, but aged at 

negative temperatures it is increased by more than 9 times, compared to unaged specimens. 
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ABSTRACT  

The effect of glass fibers (GF) on the rheometric (vulcanization) characteristics of the rubber compound, 

physico-mechanical, performance and dynamic properties of vulcanized rubber based on general and 

special purpose caoutchoucs for rail fastenings has been studied. It is shown that with the introduction of 

GF into the rubber compound, an increase in the minimum torque and the time of the onset of vulcanization 

is observed. An increase in the content of GF in the rubber compound leads to an increase in elastic-strength 

properties, hardness, a decrease in tear resistance and changes in physico-mechanical parameters, hardness 

of vulcanizates after daily thermal aging in air and after exposure to standard SZhR-1 liquid. GF contribute 

to an increase in the mechanical loss factor and the storage modulus of vulcanizates. It was found that the 

rubber compound containing 12.0 phr, has improved technological properties, and vulcanizates based on 

it are characterized by increased physico-mechanical, performance and dynamic parameters. 
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Introduction 

It is known [1–4] that fibrous fillers are used to improve the physical, mechanical and 

operational properties of rubbers. One of these fillers are glass fibers (GF) [5–10], which 

can increase the strength, incombustibility, heat resistance, and aggressive resistance of 

various materials [11–21]. The influence of GF on the physico-mechanical properties of 

rubbers based on siloxane [22], chloroprene [23], natural [24], and nitrile butadiene [25] 

caoutchoucs was studied in [22–25]. It was shown in [22] that adding 10.0 wt. % of GF in 

the composition of silicone rubber resulted in an increase in tensile strength by more than 

26 % compared to a vulcanizate containing no GF. In [23–25] an increase in strength 

parameters is also shown when GF are introduced into rubber. It was found in [26] that the 

maximum results for testing mechanical properties were obtained from a sample of natural 

rubber vulcanizate with 8 wt. % GF, whose tensile strength and hardness were 57 and 32 % 

higher than rubber without GF. It was shown in [27] that the addition of GF modified with 

the capping agent Si69 (bis-[γ-(triethoxysilyl)propyl]tetrasulfide) in an amount of 5.0 wt. % 

in the rubber composition based on styrene butadiene rubber led to a significant increase 

in tensile strength by 37 %. In this regard, it is of interest to study the influence of GF on 

the rheometric characteristics of the rubber compound, physico-mechanical, performance 

http://dx.doi.org/10.18149/MPM.5212024_
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https://orcid.org/0000-0003-2264-1370
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and dynamic properties of vulcanized rubber based on general and special purpose 

caoutchoucs used for the manufacture of rail fastening gaskets. 

 

Materials and Methods 

The combination of isoprene SKI-3, α-methylstyrene-butadiene SKMS-30ARK, and nitrile-

butadiene SKN-2655 caoutchoucs served as the polymer base of the studied rubber 

compound. In addition to rubbers, the rubber compound contained the following 

ingredients: vulcanizing agents - sulfur, N,N'-dithiodimorpholine, tetramethylthiuram 

disulfide; vulcanization accelerator - N-cyclohexyl-2-benzothiazolesulfenamide; 

vulcanization activators - zinc oxide, stearic acid; antioxidants - acetonanil N, protective 

wax ZV-P, N-isopropyl-N'-phenyl-para-phenylenediamine; softeners - rosin, industrial oil 

I-12A; fillers - kaolin, carbons black N 220 and P 514, silicon dioxide Zeosil 1165 MP and 

trans-polynorbornene; scorch retarder - N-nitrosodiphenylamine. 

The rubber compound was made on laboratory rolls LB 320 160/160 at a temperature 

of the surface of the rolls of 60–70 °C with a mixing cycle of 25 min. The vulcanization 

(curing) characteristics of the rubber compound were studied on a Mon Tech MDR 3000 

Basic rheometer at 143 °C for 40 min in accordance with ASTM D2084-79. Rubber 

compound samples for determination of physico-mechanical properties were vulcanized at 

a temperature of 143 °C for 20 min in a P-V-100-3RT-2-PCD type vulcanizing press. Elastic-

strength properties were determined according to GOST 270-75; hardness - according to 

GOST 263-75; tear resistance - according to GOST 262-93; change in tensile strength, 

elongation at break and hardness after thermal aging in air - according to GOST 9.024-74; 

change in tensile strength, elongation at break and hardness after exposure to standard oil 

liquid SZhR-1 - according to GOST 9.030-74 (method B); change in mass after exposure to 

aggressive media (water, industrial oil I-20A, standard oil liquid SZhR-3) - according to 

GOST 9.030-74 (method A). The dynamic characteristics (mechanical loss factor and storage 

modulus) of the rubber compound vulcanizates were studied on a Metravib VHF 104 

dynamo-mechanical analyzer. The GF of Limited Liability Company Glassteks were staples 

with a cutting length of 4.5 mm, an elementary fiber diameter of 11 μm, a density of 

2.66 g/cm3, a refractive index of 1.566, and an elastic modulus of 80 GPa. 

 

Results and Discussion 

First, the rheometric (vulcanization) characteristics of a rubber compound containing GF 

in an amount from 3.0 to 20.0 phr (parts per hundred parts of rubber) were studied at 

143 °C, the results of which are given in Table 1. 

As can be seen from Table 1, with an increase in the content of GF to 12.0 phr the 

maximum torque of the rubber compound remains practically unchanged. However, with 

a further increase in the content of GF, the maximum torque, as well as the minimum 

torque, of the rubber compound increases, leading to a deterioration in its technological 

properties and poor processability by extrusion and calendering methods. Thus, the 

optimal content of GF is 12.0 phr. 
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Table 1. Variants and rheometric properties of the rubber compound 

Ingredient,  

indicators 

Variants of the rubber compound 

1 2 3 4 5 6 7 8 

GF, phr – 3.0 6.0 9.0 12.0 15.0 18.0 20.0 

Rheometric properties of the rubber compound 

MH, dN·m 18.20 18.24 18.26 18.18 18.30 18.41 19.37 20.94 

ML. dN·m 2.95 3.07 3.16 3.24 3.33 3.48 3.75 4.03 

ts. min 4.47 4.82 4.92 4.96 4.99 5.17 5.34 5.58 

t90. min 15.33 15.32 15.34 15.31 15.33 15.48 15.69 15.97 

Note: MH is the maximum torque; ML is the minimum torque; ts is the curing scorch time; t90 is the optimum 

curing time. 

 
Table 2. Physico-mechanical properties of vulcanizates 

 

Subsequently, we investigated the physico-mechanical, performance and dynamic 

properties of vulcanizates containing up to 12.0 phr GF. The results of studying the physico-

mechanical properties of vulcanizates (modulus stress at 100 % elongation, tensile 

strength, elongation at break, hardness and tear resistance) are presented in Table 2. 

From the data in Table 2 it follows that an increase in the content of GF in the 

composition of the rubber compound contributes to an increase in the tensile strength, 

elongation at break, hardness and a decrease in the tear resistance of vulcanizates. These 

indicators increase to a GF content of 12.0 phr, the excess of which, as noted above, leads 

to a deterioration in the technological properties of the rubber compound and the 

associated physico-mechanical properties of the vulcanizates. 

The results of studying the performance properties (changes in physico-mechanical 

parameters) of vulcanizates after thermal aging in air and exposure to standard 

hydrocarbon liquid SZhR-1 at a temperature of 100 °C for 24 hours are given in Table 3. 

From the data in Table 3 shows that with an increase in the content of GF, there is 

a decrease in changes in the physico-mechanical parameters of vulcanizates after daily 

aging in air and in SZhR-1. The least changes in these indicators has vulcanizate, 

including 12.0 phr GF. 

Table 3 also shows the results of a study of the change in the mass of vulcanized 

rubbers after soaking in water, industrial oil I-20A and SZhR-3 at 23 °C for 24 hours. As 
can be seen, an increase in the content of GF leads to a decrease in the change in the 

mass of vulcanizates. The smallest changes in the mass of vulcanizates in the studied 

aggressive environments are characterized by vulcanizate containing also 12.0 phr 

including GF. 
 

Indicators Variants of the rubber mixture 

1 2 3 4 5 

f100, MPa 5.4±0.2 6.2±0.2 6.4±0.2 6.5±0.3 7.2±0.3 

fp, MPa 13.4±0.5 13.5±0.5 13.5±0.5 13.7±0.5 13.9±0.6 

εp, % 340±13 410±16 380±15 390±15 350±14 

H, units Shore A 74±1 72±1 73±1 74±1 76±1 

В, kN/m 50±2 53±2 48±2 47±2 46±2 

Note:  f100 is the modulus stress at 100% elongation; fp is the tensile strength; р is the elongation at 

break; H is the hardness; B is the tear resistance. 
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Table 3. Performance properties of rubber mixture vulcanizates 

 

  
Figs. 1. The mechanical loss factor of vulcanizates Fig. 2. Storage modulus of vulcanizates 

 

A quantitative measure for assessing the dynamic (vibration-damping) properties of 

polymer materials, including vulcanized rubber, are the values of the mechanical loss 

tangent (tgδ) and the storage modulus (E′) [28–30]. For the resulting vulcanizates, the 

dynamic properties were studied: the mechanical loss factor tgδ (Fig. 1) and the storage 

modulus E′ (Fig. 2) in the "tension-compression" mode at a frequency of 1000 Hz, a degree 

of deformation of 0.01 % and a temperature of 30 °C. 
From Figs. 1 and 2, it can be seen that the introduction of GF into the rubber 

compound contributes to an increase in both dynamic parameters. It is known [30–34] 

that as the mechanical loss factor of polymers (vulcanized rubbers) increases, their 

vibration-damping properties increase. 

Тhe highest value of tgδ, and, consequently, good dynamic properties is 

characterized by the vulcanizate of the fifth variant containing 12.0 phr GF. 

Indicators Variants of the rubber mixture 

1 2 3 4 5 

Change in physiсo-mechanical properties of vulcanizates after air aging 

∆fp, % -21.5±0.8 -23.9±0.9 -35.6±1.4 -20.9±0.8 -15.2±0.6 

∆р, % -35.3±1.4 -31.2±1.2 -32.1±1.3 -33.3±1.3 -28.6±1.1 

∆H, units Shore A +2.0±1.0 +2±1 +4±1 +4±1 +4±1 

Change in physiсo-mechanical properties of vulcanizates after exposure to SZhR-1 

∆fp, % -45.9±1.8 -41.5±1.7 -38.9±1.6 -35.2±1.4 -30.4±1.2 

∆р, % -29.5±1.2 -30.5±1.2 -27.8±1.1 -23.9±0.9 -18.6±0.7 

∆H, units Shore A -16±1 -12±1 -12±1 -12±1 -10±1 

Change in the mass of vulcanizates in various environments 

∆m (water), % 0.64±0.01 0.59±0.01 0.51±0.01 0.46±0.01 0.41±0.01 

∆m (I-20A), % 6.97±0.10 6.31±0.09 5.97±0.08 5.11±0.07 4.89±0.07 

∆m (SZhR-3), % 12.10±0.18 11.76±0.17 10.71±0.16 9.83±0.15 8.65±0.13 

Note: ∆fp, ∆р, ∆m – relative changes in tensile strength, elongation at break and mass; ∆H is the 
difference in hardness after and before holding in an aggressive environment. 
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Conclusions 

The influence of GF on the properties of vulcanized rubber based on general and special purpose 

caoutchoucs has been studied. It has been shown that with a GF content of up to 12.0 phr, the 

rubber compound has satisfactory technological properties and can be well processed by 

injection and calendering methods. The physico-mechanical properties of vulcanizates increase 

to the same content of GF in the rubber compound, the excess of which leads to their reduction 

due to deteriorating technological properties. The best performance properties are characterized 

by a vulcanizate that has the greatest physico-mechanical properties, i.e. vulcanizate containing 

12.0 phr of GF. This is consistent with the well-known statement that most rubbers with high 

physico-mechanical properties are also characterized by increased performance properties. The 

same vulcanizate has improved dynamic properties, which is associated with the previously 

noted good processability (manufacturability) and the resulting homogeneous structure of the 

rubber compound used to produce it. Thus, for the manufacture of gaskets for rail fastenings, 

rubber containing 12.0 phr of GF can be recommended. 
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ABSTRACT  

Many studies are currently being performed on the complex issue of fatigue of reinforced composite materials. 

Graphene oxide (GO) is a strong contender for reinforcement, an atomically thin form of carbon with remarkable 

multifunctional qualities and a perfect surface for interacting with polymer matrices. This report investigates the 

effect of GO modified epoxy resin on the flexural fatigue life of a composite beam. First, two different weight 

concentrations of 0.25 and 0.50 % are dispersed by ultrasonication in epoxy resin and composite beams are 

prepared through a hand layup process. The microscopic analysis confirmed the uniform dispersion. The static 

bend test resulted in an increase in the flexural strength of the GO-incorporated beam by 33.3 % compared with 

that of the neat epoxy beam. Flexural fatigue tests were performed for different load levels, and damage 

evolution at every 4000th cycle was observed. It was noted that under 60 % loading, a significant change in 

damage initialization was observed between neat epoxy and 0.25 % GO. However, under a higher load level,  

a negligible effect of crack initialization was observed in all types of beams. 
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Introduction 

In recent years, industries across the board including the automotive, aerospace, and 

structural applications have increased their usage of composite materials. Composite 

materials are even used in electronic equipment’s for EMI (electromagnetic interference) [1]. 

Composites allow for performance levels that are not attainable with traditional materials. 

Recent research on composite materials is being conducted in labs throughout the world 

to better understand the behavior of composite structures in order to maximize their use 

and appropriateness for industrial applications. Different types of loading conditions are 

acted upon a composite structure like tensile, compressive, bending, shear and torsion so 

with respect to that the structure is tested according to the load. In order to improve their 

performance under these loading, various nanoparticles like Carbon nanotubes, Silicon 

dioxide, Graphene oxide is induced in composite preparation. Some other nano material 

like Montomorillonite (MMT) is also used by Kirve et al. [2] to improve the strength of 

bamboo fiber. Liu et al. [3] performed an experiment to study the effect of carbon 

nanotubes/graphene oxide on the fracture toughness of CFRP laminates. By changing the 

ratios of carbon nanotubes/graphene oxide, they found out that there was a substantial 

increase in the fracture toughness of about 151.2 % than the original laminates. A very 

detailed review has been done by Han et al. [4] where they have highlighted all the 
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improvements in mechanical properties of graphene / carbon nanotube reinforced FRP 

composites. Also, for Glass fiber incorporation of graphene for mechanical properties were 

characterized by Rathinasabapathi et al. [5]. According to the report, the interface to 

volume ratio and filler size has a significant impact on the mechanical properties of 

composites that have had their matrix modified. Icaopo et al. [6] worked-on investigation 

of GO reinforcement in epoxy resin. From 0-3 wt. % of GO the flexural strength were 

considered and resulted first in increase of strength up to 0.3 % and sudden decrease from 

0.5 to 3.0 % of GO. Hence, nanofillers are essential for the alteration of the polymer matrix 

in this direction. The effect of functionalized GO was well documented by Pathak et al. [7] 

where modified the synthesis process of GO and evaluated the flexural strength. A review 

is carried out by Dias et al. [8] which emphasizes collective research on articles which 

highlights composite filled with nanoclay and their mechanical behavior. Also, considering 

the tribological performance, the addition of graphene lead to increase in the tear strength 

of silicone rubber as observed by Shinde et al. [9]. 

They are also known for their resistance towards cyclic loading. So, to design a fiber 

composite to reduce delamination occurring due to fatigue loading, the important 

concern. To prevent quick fracture and potentially catastrophic failure, composite 

structures must be designed for either no growth or moderate, steady growth under cyclic 

fatigue loadings. Through the recent study, the nanotechnology has showed a significant 

improvement of epoxy composite fibers. Apart from all the nanoparticles, graphene 

shows promising results. Graphene is a form of carbon possessing a two-dimensional 

structure. They have extremely high fracture strength and young’s modulus and provides 
large surface area. As compared to other carbon materials graphene contains higher 

mobility and thermal conductivity with significant strength of 1 TPa. This makes 

graphene a potential material in sector transistor element, energy harvesting techniques 

and sensor application. Due to their high surface-to-volume ratio, two-dimensional 

carbon nanostructures like graphene and its variants are among the most intriguing 

reinforcements that can be used to enhance mechanical properties.  

In marine, construction, aerospace, and automobile industry’s composite structure 
undergoes flexural loading. Considering the marine environmental conditions, 

Romina et al. [10] studied the effect of graphene nanoplatelets on the flexural properties of 

fiber metal laminates. They observed 128 % improvement in flexural strength was by 

0.25 wt. % of nanoplatelets which was due to the metal/polymer adhesion. Also, carbon 

nanomaterials show improvements in mechanical and thermal properties of 

composites [11]. Flexural test simulation is performed by Joshi et al. [12] which showcase 

the improvement of epoxy fibers with varying range of graphene content. Filipe et al. [13] 

understood the behavior of hybrid composites under tension-tension fatigue loading and 

observed that carbon/carbon composites showed better resistance towards damage. The 

fatigue damage to composite is occurred in different stages, in order to prolong its effect 

nanoparticles are dispersed through various processes. A remarkable improvement of 

flexural fatigue of epoxy composite were observed by Shoriekh et al. [14] by combination 

of graphene nanosheet. 3-point bending fatigue tests were conducted on aluminum 

composite with honeycomb core by Mzad et al. [15]. They performed first 3-point static 

tests on the specimens and then fatigue test at three different loading conditions. Also, 

to improve interfacial bonding, Dabbagh et al. [16] investigated the effect of GO-NH2 



134  A.R. Ropalekar, R.R. Ghadge, N.A .Anekar 

epoxy composite on the fatigue loading. By varying the loading conditions, about  

72-241 % improvement was noted in fatigue life. The synergy effect of graphene oxide 

sheets and carbon nanotubes was studied by Yuanqing et al. [17]. They observed 950 % 

increment in fatigue life with respect to pure epoxy. Ashutosh et al. [18] performed 

experimentation to evaluate the effect of surface roughness on fatigue strength of epoxy 

composited single lap joint. They used modified adhesive with graphene oxide and 

observed enhancement of 30 % in fatigue strength. The effect of aluminum oxide, 

magnesium oxide and copper oxide (CuO) nanoparticles on the fatigue behavior of woven 

composite was carried out by Ergün et al. [19]. They observed that among different weight 

concentrations, 0.5 % CuO was the stiffest.   

Various processes are involved for graphene oxide to get induced in the epoxy resin. 

In this the study, a simple synthesis is followed, mentioned in [20]. By using injection 

molding techniques, Sen-Sen et al. [21] reported the effects of graphene oxide coating 

on glass fiber. To improve interfacial strength, graphene oxide (GO) is used, which leads 

to better epoxy and fibers bonding. Most of the research is focused on the static 

improvement of the composite structure. Fewer researches are carried out on the flexural 

fatigue performance. The present experimental work details the characterization of 

epoxy/GO composites and studies the effect on the flexural fatigue life of the composite 

beams.   

 

Materials and Methods 

Materials 

Research Grade graphene oxide was used to incorporate in epoxy resin (EPOFINE) and its 

hardener. For preparation of specimen, glass fiber of 700 GSM was used. All the materials 

came up with the properties as shown in Tables 1 and 2. 

 
Table 1. Specifications of glass fiber 

Parameters Specification 

Weight, Gram/Sq.m 740.0 

Width, mm 1020.0 

Thickness, mm 0.7 

Weave Pattern Plain 

 

Table 2. Specifications of nanomaterial 

Parameter Specification 

Thickness, nm 0.8-2.0 

Average Lateral Dimension(X&Y), µm 10 

C:O 55:45 
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Dispersion of graphene oxide with epoxy resin 

There are two different weight concentrations of GO i.e. 0.25 and 0.50 % used in this 

study. As per the E-glass fibre sheet to be made of 300 × 300 mm2, we require 0.625 gm 

of graphene oxide (0.25 % GO). Essentially, at a concentration of 2 mg‧ml-1, GO was 

dissolved in acetone. For proper mixing of acetone and GO, its mixture was kept into an 

ultrasonic bath for 2 hours. This mixture was then poured into a beaker containing epoxy 

resin required for the sheet. The whole mixture of resin/nanoparticles was kept on 

magnetic stirring for about 10 hours (Fig. 1). This process was referred from [20]. 

 

  

  

Fig. 1. (a) GO mixture with epoxy resin and (b) magnetic stirrer action of GO and resin mixture 

 

Composite preparation 

The composite was fabricated by hand lay-up process followed compressed curing with 

orientation of [0/45/0]s.  Three different sheets of 300 × 300 mm2 were fabricated for net 

epoxy, 0.25 and 0.50 wt. % of GO. Testing of specimen were carried out according to 

ASTM D790 [22] (Fig. 2).  

 

 
 

  

Fig. 2. (a) Schematic of test specimen and (b) actual test specimens 

 

  

a b 

a                                                                  b 
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Static bending test 

The test was carried out on universal testing machine (UTM) with capacity of 50 kN in 

accordance to ASTM D790 standard (Fig. 3). The ram speed for the tests was 5 mm/min. For 

each test, 3 samples were used. The bending stress was calculated: 𝜎 = 3𝐹𝐿2𝑤𝑑2, where F is 

the maximum load sustained, L is the supporting span length, w is the width of specimen 

and d is the thickness of specimen.  

 

  
 

Fig. 3. Schematic of three-point bend test 

 

Flexural fatigue test  

The flexural fatigue test is carried out for specimens under different loading conditions 

using an axial fatigue testing. The stress ratio (R) was 0.1 and frequency was 3.5 Hz for 

all tests. The fatigue test was carried out at 80, 60, 40 % of the maximum bending force 

they could withstand at static test (F). The test was terminated when the upper surface 

was delaminated.  

 

Results and Discussion 

3-point bend test and bending fatigue were carried out on the ready specimens to 

evaluate the bending strength and fatigue life of the specimens.  

 

Static bend test 

According to the standard, the test was carried out at 5 mm/min ramp speed on UTM at 

MITWPU. For each percentage of GO, there were three specimens tested on UTM and 

average result for load vs cross head travel are plotted in the Fig. 4(a). It is observed that 

the flexural strength modified epoxy composited increases from 255 to 322-343 MPa. 

The maximum increase in strength at 0.25 wt. % of GO corresponds to a hike of 25.65 % 

compared to net epoxy resin (Fig. 4(b)). This result develops that even at lower 

concentrations, the strength of the composite beam can be improved. It is because of 

interfacial bonding between the layers is enhanced due to the incorporation of GO [23].  
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Fig. 4. (a) Load vs displacement; (b) variation of flexural strength and flexural modulus 

 

Flexural strength at 0.50 wt. % of GO results in significant rise of 20.3 % compared to 

net epoxy. But increasing the weight content of GO has led to a small amount of decay in 

the flexural strength. In the graph as shown in Fig. 4(b), plotted for flexural strength vs 

flexural modulus, the increase in flexural strength with increase in weight percentage of 

GO has been observed, whereas flexural modulus shows similar trend but slight decline for 

0.50 wt. % of GO. Such behavior might be linked to nanofiller agglomerations that form 

inclusions from which microcracks can propagate during testing, resulting in a decrease in 

the mechanical characteristics of the epoxy resin. Furthermore, these agglomerates yield a 

reduced usable section, causing the specimens to fail prematurely [6].  

 

Fatigue damage evolution 

The fatigue testing is done by varying loading conditions. For analyzing the damage 

propagation, the 60 % loading condition is discussed here. Fatigue testing have been 

halted at various points during the loading to provide information about damage 

development and to comprehend how fatigue cycling impacts composites. At every 4000th 

cycles observations were noted. Transverse matrix cracks typically begin at the 

specimen's edge, owing to the effects of microdamage during sample cutting. These 

damages are highlighted in the yellow boxes in Fig. 5. From 6000th cycles onwards the 

crack density rises as the cyclic load increases, followed by crack coupling and interfacial 

deboning. The upper layer starts to de-bond and delaminate at further increase in cycles. 

Hassan et al. performed similar experimentation and conferred that during this phase, 

crack propagation and buildup in a number of stress concentration areas are the main 

causes of a rapid decay of modulus. The complete surface gets delaminated at 16232nd 

cycle. The size of the yellow box indicates that the damage is increasing in that area. It 

is observed that growth of the crack is in the dispersed way. Reifsnider et al. [23] also 

studied the behavior of cracks on the fiber surface and inferred that the transverse 

cracking is formed in regular spacing, which can also observed here.  

The fatigue life data for the specimens with and without graphene oxide are 

presented in Table 1. For 0.25 wt. % GO, Fig. 6 represents the damage evolution due to 

flexural fatigue loading. The results show that the addition of graphene oxide 

significantly delays in the damage initialization under fatigue loading of the epoxy 

composite. Daniel et al. [24] reported that modest but considerable stiffness and strength 

improvements were made, especially at low graphene oxide weight fractions. GO has 

many groups on the surface and edge which are reactive. Due to the incorporation of 
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nanoparticles led to increase in the interfacial bonding [25]. It is due to the fact that 

graphene acts like a filler between the growing fractures. Using these findings as a basis, 

we suggested the following interpretation: In the experiment, it was observed that 

0.25 wt. % GO sustained maximum number of cycles to failure at 60 % of loading 

condition. The table illustrated fracture images at loading of 60 % at every 4000 cycles. 

For 0.5 GO wt. % it is observed that the delamination is more even at early stages. This 

indicates that more weight leads to agglomeration. 

 
No of cycles 0 % GO 0.25 % GO 0.50 % GO 
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8000 

   
 

 

12000 

   

 

 

16000 

   
 

 

20000 

 

 

 

 

 

 

 

24000 

 

 

 

 

Fig. 5. Damage evolution of all type’s specimens under fatigue loading 
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Similarly, for the rest of the tests this pattern is observed and a table is formulated. 

At high levels of load, there is no significant increase in number of cycles to failure. 

Figure 6 illustrates the S-N curve for the tested specimens.  

 

  
 

Fig. 6. Variation of fatigue loading cycles to failure for different stress levels 

 

Conclusions 

In the present research, the influence of different weight concentrations of GO on the damage 

evolution under flexural fatigue loadings of the composite beam.  These were the key 

findings from this experimental investigation. Synthesis of GO dispersion is time-consuming 

but also was well dispersed. The static results showed a significant increase in the flexural 

strength of 0.25 % GO than the net epoxy composite beam. Due to incorporation of GO, the 

failure of its beam has showed less debonding between the layers of lamina which also 

indicated a better interfacial strength. Fatigue results showed that at 0.25 wt. % of GO, the 

crack initialization is postponed by 4000 cycles than the neat epoxy. Also, 0.5 wt. % of GO 

caused agglomeration and resulted in early failure, with more delamination observing than 

that of 0.25 % GO. The incorporation of functionalized GnP into the polymer matrix increased 

the matrix phase's and the fibre interfaces' fracture toughness. The continuous matrix phase's 

continual nanoparticle dispersion caused microcracks to deflect, lowering the crack-tip 

energy. As a result, composites showed extended fatigue life before final fracture and the 

beginning of matrix cracking and delamination under cyclic loading was delayed. 

This research will guide for designing and improving glass fiber composites under 

cyclic loading. However, research opportunities are open to understand the effect of 

functionalization of GO for better interfacial bonding. Moreover, composite preparation 

techniques like VARTM can also be used for uniform dispersion of modified epoxy.  
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compositions of the C-Cr-Mn-V-Fe coatings under conditions of 

electron beam (EB) Surfacing in vacuum 
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ABSTRACT  

The microstructure and interphase distribution of chemical elements in multilayer coatings made of white cast 

iron in Fe-Cr-V-C system additionally alloyed with manganese and obtained using electron-beam surfacing in 

vacuum have been investigated. It is shown that in deposited state the surface of Cr-V-Mn cast iron coating is 

represented by the composite structure of "austenitic manganese containing matrix - carbides V2C, Me7C3 of 

variable composition" with high abrasive wear resistance (Ki = 9.4) similar to chrome vanadium cast iron coatings 

with an austenitic-martensitic matrix, but with significantly better abrasive wear resistance compared to cast 

iron coatings with an austenitic matrix stabilized by nickel. 
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Introduction 

Most equipment parts in mining, processing, metallurgical and other industries operate 

under intense abrasive and impact-abrasive wear conditions. The service life of heavily 

loaded parts directly depends on the wear resistance and hardness of their working 

surfaces, therefore its economically viable to develop new technologies of manufacturing 

parts with special hardening coatings that provide required operational reliability [1–8]. 

Therefore, the search for promising multi-component coating compositions and 

fundamentally new technological solutions for their production is of particular importance. 

Recently, there has been a significant increase in practical application of 

technologies based on the highly concentrated energy sources (laser, electron beam (EB) 

surfacing, etc.) where the high surface and volume concentration of energy makes it 

possible to reduce the time of high-temperature exposure to materials tenfold, at the 

same time providing the low mixing ratio of coating materials with substrate materials 

and minimal deformations of hardening parts. Due to increased heating and cooling rate 

http://dx.doi.org/10.18149/MPM.5212024_
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(~ 105 K/s), the formed coatings can demonstrate advanced strength and tribological 

characteristics due to formation of solid solutions supersaturated with alloying elements 

and separation of fine particles of reinforcing refractory compounds from these solid 

solutions [9,10]. 

To achieve these objectives the multicomponent alloys can be utilized as coating 

materials with abrasion resistance properties based on high-chromium high-carbon white 

cast irons exhibiting the structure of natural composites [11–16]. At the same time, one 

should take into account the important role of the matrix, which should combine such 

characteristics as high strength, high impact toughness, ability to wet the strengthening 

particles and the surface of parts to be hardened during surfacing, as well as have 

damping ability for effective relaxation of stress concentrators being developed during 

loading of heterogeneous coatings and have the ability to harden under plastic 

deformation [17,18]. 

The work objective was framed after the research study on excavator’s teeth 
hardening with coatings from white chromium and chrome vanadium cast irons with an 

austenitic-martensitic matrix using EB surfacing method [19,20]. The field tests results 

showed the low abrasive resistance of coatings due to tendency to cracking and 

destruction. As a result, the objective was defined to develop and study composite 

coatings based on eutectic chromium cast iron, alloyed additionally with vanadium and 

manganese, with the purpose to obtain the austenitic strain-hardened 110G13 (Russian 

GOST) type matrix. 

Considering the high physical and mechanical properties of the base materials of 

surfacing compositions and the unique capabilities of the EB surfacing technology, as 

well as the fact that no analogous research in this direction was found, it seemed relevant 

to conduct a systematic study of the patterns of formation of the structure and properties 

of coatings from white eutectic chromium-vanadium-manganese cast iron, obtained by 

layered EB surfacing method. 

 

Materials and Methods  

The initial material for the electron-beam surfacing of the coating was the mixture of 

industrial powders of hypereutectic chromium iron PG-S27, vanadium grade VAL-2 and 

ferromanganese FMn-78 (Russian GOST 4755-91) with the dispersion of 100-400 µm.  

To obtain the eutectic composition of the deposited layer, the industrial powders were 

mixed in the following ratio of the initial components: 65 % PG-S27 + 5 % V + 30 % FeMn 

(wt. %). The chemical composition of the surfacing powder is presented in Table 1. 

 
Table 1. Chemical composition of the surfacing material 

Content, wt. % 

С Cr V Mn Si Ni W Fe 

2.5 17.0 5.0 23.0 1.5 1.1 0.2 base 

* The eutectic composition was based on the data from study [3]. 
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Fig. 1. Microstructure of electron beam (EB) coating along the depth of the layer of eutectic chromium-

manganese-vanadium cast iron: (a, b) "substrate-coating" interface; (c, d) hypoeutectic structure;  

(e, f) eutectic structure; (g, h) hypereutectic structure 
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The surfacing was carried out on the substrates made of low carbon steel С1030 

200 × 30 × 5 mm in size. 

The process of layered surfacing of a wear-resistant coating using the EB surfacing 

method was carried out in a vacuum chamber with 5×10-1 Pa pressure. During surfacing, 

an electron beam of 1 mm in diameter and 3 kW of power was deployed in a line with a 

size of 5×1 mm with a scanning frequency of 50 Hz, forming a melt pool with a size of 

5 × 5 mm on the surface of the steel substrate. 

The structure of the coating was analyzed using a Carl Zeiss Axio Observer A1m 

optical microscope (Fig. 1) after etching in a Marble reagent and Rigaku SmartLab X-ray 

diffractometer (Cu Kα radiation). The chemical composition of the metal base was 

determined at local points on carbides and inside eutectic colonies using X-ray spectral 

microanalysis (MRSA) on a Zeiss Merlin Compact scanning electron microscope, and 

hardness was tested using Instron RB2000 hardness tester and PMT-3 microhardness 

tester. Wear resistance tests were carried out in laboratory conditions with a non-rigidly 

fixed abrasive material made of silica sand with a fraction of ˂  300 µm, a hardness of 1000-

1200 HV0.1 in accordance with GOST 23.208-79. 

 

Results and Discussion 

After multilayer (6 passes) electron-beam surfacing of 65 %PG-S27 + 5 % V+30 % FeMn 

(wt. %) powder on a low-carbon steel substrate, a 3.5 mm thick coating was obtained.  

It is clear that with each successively applied layer a decrease in the crystallization rate 

occurs due to heating of the substrate, leading to the change of the composite structure 

over the depth of the coating, as well as the chemical composition and dispersion of the 

structural components. The metallographic analysis indicated (Fig. 1) that the coating is 

characterized by a gradient structure caused by dilution of surfacing material by substrate 

material (Iron) and uneven crystallization of microvolumes of the material due to different 

cooling rates of the layer-by-layer deposited metal. 

The distribution curves of the main alloying elements over the thickness of the 

deposited layer, shown in Fig. 2, indicates their gradual increase in concentrations from 

the interface to the surface of the coating. 

 

  
Fig. 2. Chemical elements distribution over the thickness of CR-V-MN cast iron coating (a; b) obtained 

using electron beam (EB) surfacing method 

(a)                                                                 (b) 
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Metallographic studies of the cross-section showed that with the change of chemical 

composition along the coating depth, the number of characteristic structures was formed, 

as shown in Fig. 1. Once crystallization of the first layer was complete, a narrow zone  

(8–10 µm) at the "substrate-coating" interface was formed in the shape of a non-etched 

strip (Fig. 1(a,b)) with composition of a high-alloy steel (Table 2). This is followed by the 

next ~ 1000 µm section of the structure - a transition zone, consisting of excessive 

austenite dendrites, formed from the interface, which are surrounded by a rarefied skeletal 

austenite-carbide eutectic (Fig. 1(c,d)). 

 
Table 2. The analysis of distribution of alloying elements along the depth of the coating  

Layer 

Thickness of 

deposited 

layers, µm 

Chemical Elements Content 

С Cr V Mn Si Ni W 

Layer 1 10  1.1 ± 0.1 8.3 ± 0.3 0.6 ± 0.2 4.3 ± 0.2 1.0 ± 0.1 - - 

Layer 2 1,000 1.8 ± 0.7 10.6 ± 0.9 1.1 ± 0.4 5.6 ± 0.3 1.3 ± 0.1 1.4 ± 0.1 0.3 ± 0.2 

Layer 3 200-300 4.0 ± 1.6 19.8 ± 7.2 1.5 ± 0.6 8.6 ± 1.8 1.5 ± 0.6 1.5 ± 0.5 0.4 ± 0.2 

Layer 4 2,000 5.4 ± 0.8 21.0 ± 2.6 4.47 ± 0.6 10.2 ± 1.8 1.2 ± 0.5 1.21 ± 0.6 0.18±0.2 

 

During the subsequent deposition of layers an eutectic-type 200-300 µm structure was 

found with high density distribution of carbide in eutectic colonies. The carbide phase in the 

form of plates or needles grows in fan-like manner in the outward direction from substrate 

to surface (Fig. 1(f)), which indicates directional solidification in the process of electron-beam 

surfacing. Spheroidal carbide particles (1, 2 µm) are relatively evenly distributed on and 

between the plates, most of which have a somewhat elongated shape with a ratio of 

dimensions along the axes in the range of 1-2 and with average size of 1-5 µm. 

The final surfacing resulted in the formation of the thickest ~ 2000 µm fourth layer of 

hypereutectic cast iron. The structure is characterized by the presence of large primary hypereutectic 

carbides of hexagonal shape in the austenite-vanadium-carbide eutectic (Fig. 1) and the highest 

content of the main alloying elements - chromium, vanadium and manganese (Table 2). 

The analysis of distribution of alloying elements along the depth of the coating, as 

shown in Fig. 2 and Table 2, showed that the chemical composition of the coating has 

changed compared to the estimated one, which is attributed to the intrinsic specifics of 

the electric beam (EB) surfacing technology. 

The temperature of the melt pool must be at least 2000 °C to ensure the complete melting 
of the surfacing powder 65 % PG-S27 + 5 % V + 30 % FeMn that contains vanadium with the 

melting point of 1920 °C. Among the main alloying elements present in the coating, manganese 
has the lowest melting point of 1245 °C and lowest boiling point of 2080 °C. Therefore, at 10-

1 Pa pressure in the vacuum chamber and ~ 2000 °C melt bath temperature in the electron beam 
zone, the manganese begins to actively evaporate. As a result, the loss of manganese relative to 

the calculated content was 56 %. According to MRSA data (Table 2), the manganese content in 

the coating after surfacing decreased relative to the calculated composition from 23.0 to 10.2 

wt. %, which with the existing ratio of alloying components turned out to be sufficient to form a 

composite coating with an austenitic matrix. The presence of austenite is confirmed by 

diffractogram of the coating surface, with diffraction maximas corresponding to g-Fe, vanadium 
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carbide V2C and trigonal carbide Me7C3 (Fig. 3). The combination of the detected phases stipulates 

the formation in the coating of double eutectics of inverted type - based on vanadium carbide 

(g-Fe - V2C) and chromium carbide - g-Fe - Ме7С3 [1,4]. 

 

  
 

Fig. 3. X-ray diffraction pattern of coating made 

from powder mixture with composition  

65 % PG-S27 + 5 % V + 30 % FeMn (wt. %) formed 

by EB surfacing in vacuum 

 

Fig. 4. Microhardness distribution in the system 

"low-carbon steel substrate - coating of eutectic 

chrome-vanadium cast iron" at loads of 50, 100 and 

200 g 

 

Composition analysis of Ме7С3 carbides showed that complex alloying leads to 

formation of carbides (Cr-Fe-V-Mn)7С3 of variable composition, in which chromium is 

partially replaced by iron, and manganese and vanadium are present in approximately 

equal concentrations. It is shown that carbides (Cr-Fe-V-Mn)7C3 differ slightly from each 

other in chemical composition, staying within the following concentration of alloying 

elements: Cr - 43.58 ÷ 45.43; Fe - 29.9 ÷ 32.55; V - 7.18 ÷ 8.45; Mn - 7.29 ÷ 8.17. 

Microhardness measurements on a sample cross section under various loads (200, 

100, 50 g.) showed a gradual increase in microhardness from substrate to coating surface 

due to increase in the degree of alloying of the material and increase of dispersion of the 

structural components of the composite structure in the formed layer (Fig. 4). 

As can be seen from the graphs the microhardness along the depth of the coating 

changes in accordance with the layer-by-layer structures formed during crystallization 

process. Thus, the average microhardness of the hypoeutectic cast iron section of the 

coating structure at indenter load of 200 g is 5.5 GPa, of the eutectic cast iron section is 

6.1 GPa, and of the hypereutectic cast iron section is 6.5 GPa. A gradual increase in 

hardness from substrate to working surface in accordance with the gradual change in 

chemical composition along the depth of the deposited layer may indicate decrease of 

the gradient of properties and stresses between the coating and the substrate, and 

reduction of the tendency of the entire "substrate-to-coating" system to cracking. 

Abrasive wear resistance tests of coatings made using EB surfacing method in 

vacuum showed the following results (Fig. 5): the studied coating made of chromium-

vanadium-manganese cast iron with an austenitic matrix (composition 1), with abrasive 

wear resistance of Ki = 9.4, is practically not inferior in abrasive wear resistance to the 

coating of chrome vanadium cast iron with an austenitic-martensitic matrix 

(composition 2) (Ki = 10), but significantly surpasses the wear resistance of the cast iron 
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with an austenitic matrix coating stabilized by nickel (composition 3) (Ki = 4.5) [4,5]. The 

hardness of the coating surface was 50 ± 1 HRC on Rockwell scale. 

 

 
 

Fig. 5. Abrasive wear resistance of coatings made of white high-chromium high-carbon cast irons alloyed 

with vanadium, nickel and manganese obtained using EB surfacing method in vacuum (Cr20Mn10V5 

(composition 1); Cr19V5 (composition 2); Cr20NiV5 (composition 3)) 

 

Conclusion 

1. It was shown that functional alloying with vanadium and manganese during layered 

electron beam (EB) surfacing of the powder composition 65 % PG-S27 + 

5 % V + 30 % FeMn wt. % leads to formation of coatings with gradient structure along the 

depth of the layer. There is a sequential formation of layers within the coating structure 

of high-alloy steel (Cr8Mn4V), hypereutectic (Cr10Mn5V), eutectic (Cr18Mn8V2) and 

hypereutectic (Cr20Mn10V4) white high-alloy cast irons.  

2 It was found that the loss of manganese during electron beam (EB) surfacing at 10-1 Pa 

pressure in vacuum chamber was 56 % from calculated chemical composition. The 

residual content of manganese after surfacing of 10.2 wt. % in the coating, contributed 

to the formation of a composite coating based on austenitic strain-hardened matrix. 

3. It was shown that complex alloying leads to formation of carbides of two types: spheroidal 

V2C based on vanadium and trigonal carbides (Cr-Fe-V-Mn)7C3 of variable composition, where 

the content of the main alloying elements was within the following concentration limits: 

Cr – 43.58 ÷ 45.43; Fe - 29.9 ÷ 32.55; V - 7.18 ÷ 8.45; Mn - 7.29 ÷ 8.17. 

4. Comparative studies have shown that coating obtained in this work from chromium-

vanadium-manganese cast iron with an austenitic matrix of Cr20Mn10V5 (composition 1) 

composition, with abrasive wear resistance coefficient of Ki = 9.4, is practically not inferior 

in abrasive wear resistance to chrome-vanadium cast iron Cr19V5 (composition 2) coating 

with austenitic matrix of Ki = 10, but significantly surpasses the wear resistance of the 

Cr20NiV5 (composition 3) coating with an austenitic matrix stabilized by nickel (Ki = 4.5). 
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ABSTRACT  

Studies have been carried out to assess the effectiveness of a protective anticorrosive internal coating for 

pipelines and metal structures, made on the basis of an epoxy polymer material modified with nanoparticles 

of aluminum oxide. The proposed protective coating has been checked for compliance with the specified 

characteristics: high corrosion resistance and abrasion resistance, resistance to icing, high adhesion to the 

protected material, processability of application. 

KEYWORDS  

protective coating • corrosion resistance • icing • composite material • epoxy polymers • edge angle • adhesion 

Citation: Grigoryeva TA, Khabarov EA, Khabarova ZV. Evaluation of the efficiency of anti-corrosive 

protective coating based on epoxy polymers for protecting pipelines and metal structures. Materials Physics 

and Mechanics. 2024;52(1): 150–155.  

http://dx.doi.org/10.18149/MPM.5212024_15  

 

 

Introduction 

To ensure reliable and long-term operation of metal structures and pipelines, it is 

necessary to take into account all the factors influencing the change in the properties of 

the materials from which they are made, as well as to take the necessary measures to 

reduce or eliminate the negative influence of the external environment on them. 

Pipelines and metal structures operating in the oil and gas industry are influenced by 

a number of external factors: relative air humidity, time of periodic moistening of the steel 

surface, atmospheric pollution with aggressive gases (CO2, SO2, SO3, NO2, H2S, etc.); 

dustiness (presence of small mineral particles in the air), changes in air temperature; 

presence of spores of fungi and bacteria in the air, etc [1,2]. In addition, the processed and 

transported raw materials and products are themselves corrosive compounds: gas 

condensate, oil and oil products, formation water. 

A promising way to increase the resource and reliability of oil and gas equipment and 

pipelines is to modify their surfaces by applying protective coatings that meet a number of 

requirements: high corrosion resistance, resistance to icing, high adhesion, crack resistance, etc. 

Technologies for applying coatings on pipes and metal structures based on epoxy resins 

have been used for a long time. The experience of their application accumulated during this 

time shows that the use of these coatings is promising for reducing energy consumption during 

the operation of pipelines, and various structures when working with aggressive media [3–7]. 

The properties of epoxy polymers can be easily controlled both by selecting the epoxy 

oligomer - hardener system and by introducing active (modifying) fillers. The use of oxide 

http://dx.doi.org/10.18149/MPM.5212024_
https://orcid.org/0009-0009-3977-6993
https://orcid.org/0009-0006-2244-5088
https://orcid.org/0009-0008-2162-7503
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surfaces with different acidity or basicity allows you to control the adhesion of the matrix epoxy 

polymer on various surfaces, the method of application, resistance to external influences and 

other characteristics [8–12]. The effectiveness of aluminum oxide as a modifying component 

that improves performance characteristics has been shown in a number of studies [13-15].  

The purpose of the study: to evaluate the effectiveness of protective anticorrosive 

internal coating of pipelines and metal structures, made on the basis of epoxy-polymer 

material modified with aluminum oxide nanoparticles. In order to achieve the set goal 

the tasks are defined: 

1. to carry out studies of corrosion resistance and abrasion and icing resistance; 

2. research adhesion of the applied material to steel substrate. 

 

Materials and Method  

In this work, we used an epoxy oligomer brand ED-20 (GOST 10587-84), iso-

methyltetrahydrophthalic anhydride brand iso-MTHFA (TU 6-09-3321-73) as a hardener 

and a catalyst: 2,4,6, -tris (dimethylaminomethyl) phenol grade alcofen (TU 6-09-4136-

75), nanodispersed aluminum oxide (99.6%) from Nanox was selected as a modifying 

component. This oxide was chosen based on previous experiments [11,14]. 

Steel grade ASTM A694  F65 was determined as a substrate. For the research, an 

epoxy-polymer matrix was selected with the composition: oligomer - epoxy resin ED-20 

+ hardener i-MTHFA, in a ratio of 100: 80 mass parts. 

Mixing of ED-20 epoxy resin with filler was carried out on a stirrer at a speed of 500 

rpm at a given temperature (80 °C) for 45 minutes, then the mixture was stirred for 
another 60 minutes. The aluminum oxide concentration was 1 % by weight of the epoxy 

resin weight. The choice of the conditions for the experiment and the concentration of 

the filler is based on the literature data and the results of previous studies. 

The assessment of the adhesive properties of the coating under study was carried out 

according to the values of the contact angle of wetting. The contact angle was measured 

using an OSA-15EC DataPhysics Instruments GmbH optical device using the lying drop 

method. The prepared mixture in a heated state was applied to the surface of the studied 

substrate using a syringe with a thin needle (d = 0.6 mm), and the dynamic tracking function 

was simultaneously turned on. 

Further measurements of the contact angle were carried out at room temperature in the 

course of dynamic tracking with fixing the readings every 10 seconds for an hour for each sample. 

Steel samples treated in accordance with GOST 9.506-87 were coated and cured in 

a drying cabinet at a constant temperature (180 °C) for 3 hours, and then dried at room 
temperature. Area of steel plates (average) - 10 cm3, сoating area 5 cm3. 

These methods for evaluating the effectiveness of coatings have been tested on the 

development of similar materials, are quite representative [16–18]. 

Determination of corrosion resistance of coated steel plates in aggressive media was 

carried out on the basis of the methods described in GOST 9.308 Unified Corrosion and 

Aging Protection System. Metallic and non-metallic inorganic coatings. Methods of 

accelerated corrosion tests and GOST 9.506-87 GOST 9.506-87 Unified Corrosion and Aging 

Protection System. Metal corrosion inhibitors in water-oil media. Methods for determining 

protective capacity. 
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The prepared samples were located on the corresponding Wednesday, and were 

maintained in case of a water-oil emulsion at a temperature of + 55 °C within 24 hours, 
when hashing on the magnetic mixer with a speed of 1800 rpm. 

The main principle of the gravimetric method of determination corrosion resistance 

is in evaluation of the mass loss of the test items after keeping them in corrosive medium 

in conditions close to the industrial [8].  

 
Table 1. Рhysico-chemical properties of produced water (model) 

Indicator Value 

Density at 20 °С, kg/m3 1002.1 

рН 6.72 

Suspended solids, mg/dm3 9.56 

Еotal dissolved, mg/dm3 219.5 

 

Table 2. Рhysico-chemical properties of oil emulsion 

Indicator Value 

Density at 20 °С, kg/m3 865.5 

Mass. % water 2.4 

Chloride salts, mg/dm3 22.1 

Mass. % sulfur 1.24 

Mass. % mechanical impurities 0.0092 

Mass. % paraffin 7.2 

Mass. % resins 15.66 

Mass. % asphaltenes 3.81 

Fractional composition at 200° С, % 19.4 

Fractional composition at 300° С, % 37.4 

 

Table 3. Properties of corrosive structure 

рН 1.2 

Mass. % mechanical impurities 5.4 

 

Since while the evaluation of the quality of cover its omnitude is important, research 

of corrosion resistance has been conducted in three media: 1 - the model of produced 

water with total dissolved solids 250 mg/dm3; 2 - water-oil emulsion  of North 

Savinoborsk origin with 12 % watering and the contents of mechanical impurities 0.95 %; 

3 - fresh water, acidated with commercial hydrochloric acid solution to the indicator 

рН = 3.0 (aggressive substances). Properties of environments are shown in Tables 1-3. 

All studies were carried out for three samples: an initial steel sample without a 

coating, a sample coated with an epoxy polymer without the addition of a modifier, and 

a sample with a modified coating. For the same samples, studies were additionally carried 

out to determine the resistance to icing by the gravimetric method. 

The ice resistance of the coating was determined by the edge angle of wetting using 

the lying drop method. The suitably prepared coated and uncoated steel samples were 

dosed with fresh and salty water and the angle values recorded at the initial moment and 

after 10 minutes. The values of the edge angle ϴ more 100º indicate the 
superhydrophobicity of the coating. 
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Results and Discussion 

Evaluation of adhesive ability of coating  

Epoxy polymers can contain OH groups, electronegative atoms, such as oxygen, chlorine 

and others, which can interreact with functional groups on the initial substance surface, 

providing high bond strength. 

Injection of modifying component – aluminium oxide leads to formation of additional 

active sites, that leads to adhesion build and change of mechanical characteristics of 

epoxypolymeric materials. Usage of oxide surface with different acidity or basicity allows 

to control adhesion of matrix epoxy polymer on different surfaces. Acid-basic type of 

substrate was found out by free surface energy determination (FCE). It consists of the 

following components: dispersive, associated with intermolecular interaction of 

instantaneous dipoles and acid-basic type, associated with all other non-dispersive reasons 

(measurement according to the method of van Oss-Chodery-Good) [19]. 

Amounts of this components was estimated by the measuring of water contact angle 

of substrate surfaces by test matters: Lewis acids (phenol and glycerine) and bases – 

aniline and formaldehyde. According to the result of the researches free surface energy 

of the substrate under discussion (steel 17G1S) 24.90 MJ/m2, dispersion component of 

FSE is 20.29 MJ/m2, polar – 4.61 MJ/m2.  

As it has been said before, there are acid and base sites on the surface of aluminium 

oxide, used as the filler, so it is likely that in support of absorption theory of adhesion 

this modifying component is sure to influence the adhesive attributes of the epoxy 

materials respectively to the substrate with the basic nature [20,21].  

The effect from loafing of filler can be considered positive providing derating of 

water contact angle of promoted epoxy polymer in comparison with the initial, because 

smaller amounts of water contact angle mean better wettability of the substrate by the 

adhesive. The work of adhesion was calculated by Young – Dupre equation (Table 4).  

 
Table 4. Adhesion characteristics of the coating 

Sample material Cosϴ Wa/Wk Wa, mJ/m2 

Unmodified resin 

coating  
0.4384 0.7192 56.1 

Coating with 

aluminium oxide  
0.8192 0.9096 65.5 

 

The method of measuring of water contact angle showed, that injection of 

nanodispersed aluminium oxide in polymeric matrix under chosen optimal conditions 

improves wettability of epoxy binder to steel substrate. 

The interaction between nanoparticles of aluminium oxide and epoxy matrix 

depend on physicochemical properties of particle surfaces and affects fundamentally on 

further processes, that run on while separation of the adhesive from the substrate, aced-

base interaction between which determine the adhesive strength. 
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Evaluation of corrosive resistance of the sample materials 

For assessment of corrosion resistance of metals and alloys with anticorrosive protection and 

without her use various criteria:  

1. change of appearance of a sample during test; 

2. time which passed before emergence of the first center of corrosion of base metal or a 

covering; 

3. quantity and distribution of corrosion defects;  

4. change of the weight (GOST P 9.907);  

5. change of the sizes (especially thickness). 

The results of the research show, that coating provides good corrosion resistance to 

steel article of interest in high aggressive substances: corrosion rate decreases in more 

than two times in comparison to raw sample. Level of protection increases while injection 

of modifying component in epoxypolymeric matrix. This effect can be explained, as it has 

been said before, by formation of interfacial additional sites, that provide firmer adhesion 

and more continual and homogemnous application (Table 5). 

 
Table 5. Evaluation of corrosion resistance of the surface 

Sample Media 
Speed of corrosion, 

mm/yr 
Appearance 

Without 

coating 

1 0.221 
All surface area has scratches and compression marks 

with the dimeter of 1 mm 
2 0.198 

3 0.265 

Bare coating 

1 0.112 No changes 

2 0.104 Slight scratches 

3 0.131 No changed 

Coating with 

filler 

1 0.088 No changes 

2 0.092 Slight scratches 

3 0.082 No changes 

 

Conclusion 

The obtained results allow to state that protective coating on the base of epoxypolimeric 

matrix, modified by particles of fumed alumina is expected to increase the safety of 

steelworks, used in conditions of Extreme North, the Arctic and shelf sea, described by 

low temperatures of environment, humidity and aggressive corrosion attack.  

Interaction between nanoparticles of aluminium oxide and epoxy matrix depends 

on physicochemical characteristics on the surface of the particles and influences on the 

further processes while separation of the adhesive from the substrate, acid-base 

interaction of which results in adhesive strength, high workability of application, that 

provide continual application and high security level in corrosive medium. 
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