
 

 

ISSN 1605-2730 

E-ISSN 1605-8119 
 

 

 

 

 

MATERIALS PHYSICS  

AND MECHANICS 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Vol. 52, No. 3, 2024 
 

 

 

 

 

 



 

 

MATERIALS PHYSICS AND MECHANICS 

 
 

Principal Editors: 

Alexander Belyaev  

Institute for Problems in Mechanical Engineering   

of the Russian Academy of Science (RAS), Russia 

 

Andrei Rudskoi 

Peter the Great St. Petersburg Polytechnic University, Russia  

Founder and Honorary Editor: Ilya Ovid'ko (1961-2017) 

Institute for Problems in Mechanical Engineering   

of the Russian Academy of Sciences (RAS), Russia 

 

Associate Editor: 

Anna Kolesnikova 

Institute for Problems in Mechanical Engineering   

of the Russian Academy of Sciences (RAS), Russia 

Artem Semenov 

Peter the Great St. Petersburg Polytechnic University, Russia 

 

Editorial Board: 

E.C. Aifantis 

Aristotle University of Thessaloniki, Greece 

T.G. Langdon 

University of Southampton, U.K. 

K.E. Aifantis 

University of Florida, USA 

V.P. Matveenko 

Institute of Continuous Media Mechanics (RAS), Russia 

U. Balachandran 

Argonne National Laboratory, USA 

A.I. Melker 

Peter the Great St. Petersburg Polytechnic University, Russia 

A. Bellosi 

Research Institute for Ceramics Technology, Italy 

Yu.I. Meshcheryakov 

Institute for Problems in Mechanical Engineering (RAS), Russia 

S.V. Bobylev 

Institute for Problems in Mechanical Engineering (RAS), Russia 

N.F. Morozov 

St. Petersburg State University, Russia 

A.I. Borovkov 

Peter the Great St.Petersburg Polytechnic University, Russia 

R.R. Mulyukov 

Institute for Metals Superplasticity Problems (RAS), Russia 

G.-M. Chow 

National University of Singapore, Singapore 

Yu.V. Petrov 

St. Petersburg State University, Russia 

Yu. Estrin 

Monash University, Australia 

N.M. Pugno 

Politecnico di Torino, Italy 

A.B. Freidin 

Institute for Problems in Mechanical Engineering (RAS), Russia 

B.B. Rath 

Naval Research Laboratory, USA 

Y. Gogotsi 

Drexel University, USA 

A.E. Romanov 

Ioffe Institute (RAS), Russia 

I.G. Goryacheva 

Institute of Problems of Mechanics (RAS), Russia 

A.M. Sastry 

University of Michigan, Ann Arbor, USA 

D. Hui 

University of New Orleans, USA 

B.A. Schrefler 

University of Padua, Italy 

G. Kiriakidis 

IESL/FORTH, Greece 

N.V. Skiba 

Institute for Problems in Mechanical Engineering (RAS), Russia 

D.M. Klimov 

Institute of Problems of Mechanics (RAS), Russia 

A.G. Sheinerman 

Institute for Problems in Mechanical Engineering (RAS), Russia 

G.E. Kodzhaspirov 

Peter the Great St. Petersburg Polytechnic University, Russia 

R.Z. Valiev 

Ufa State Aviation Technical University, Russia 

S.A. Kukushkin 

Institute for Problems in Mechanical Engineering (RAS), Russia 

K. Zhou 

Nanyang Technological University, Singapore 

  

 

"Materials Physics and Mechanics" Editorial Office:  

Phone: +7(812)552 77 78, ext. 224 E-mail: mpmjournal@spbstu.ru Web-site: http://www.mpm.spbstu.ru  

 

 

International scientific journal "Materials Physics and Mechanics" is published by Peter the Great St. Petersburg Polytechnic University in 

collaboration with Institute for Problems for Mechanical Engineering in the Russian Academy of Sciences in both hard copy and electronic versions.  

The journal provides an international medium for the publication of reviews and original research papers written in English and focused on the 

following topics: 

• Mechanics of composite and nanostructured materials. 

• Physics of strength and plasticity of composite and nanostructured materials. 

• Mechanics of deformation and fracture processes in conventional materials (solids). 

• Physics of strength and plasticity of conventional materials (solids). 

• Physics and mechanics of defects in composite, nanostructured, and conventional materials. 

• Mechanics and physics of materials in coupled fields. 

Owner organizations: Peter the Great St. Petersburg Polytechnic University; Institute of Problems of Mechanical Engineering RAS. 

 

Materials Physics and Mechanics is indexed in Chemical Abstracts, Cambridge Scientific Abstracts, 

Web of Science Emerging Sources Citation Index (ESCI) and Elsevier Bibliographic Databases (in particular, SCOPUS). 

 

© 2024, Peter the Great St. Petersburg Polytechnic University 

© 2024, Institute for Problems in Mechanical Engineering RAS  
 

http://www.ipme.ru/e-journals/MPM/index.html
http://www.ipme.ru/index.html
http://www.ipme.ru/index.html
http://www.ipme.ru/index.html
http://www.ipme.ru/index.html
http://nano.materials.drexel.edu/


 
 

 

 
 
 

МЕХАНИКА И ФИЗИКА МАТЕРИАЛОВ 

 

Materials Physics and Mechanics 

 

 

 

 

 

 

 

 

 

Том 52, номер 3, 2024 год 

 

 

 

 
 

 

 

 

 

Учредители: 
ФГАОУ ВО «Санкт-Петербургский политехнический университет Петра Великого» 

ФГБУН «Институт проблем машиноведения Российской академии наук» 

  



Редакционная коллегия журнала 

Главные редакторы: 
д.ф.-м.н., чл.-корр. РАН А.К. Беляев 

Институт проблем машиноведения  
Российской академии наук (РАН) 

д.т.н., академик РАН А.И. Рудской 

Санкт-Петербургский политехнический университет  
Петра Великого 

 

Основатель и почетный редактор: д.ф.-м.н. И.А. Овидько (1961-2017) 

Институт проблем машиноведения Российской академии наук (РАН) 
 

Ответственные редакторы 

д.ф.-м.н. А.Л. Колесникова 

Институт проблем машиноведения  
Российской академии наук (РАН) 

д.ф.-м.н. А.С. Семенов 

Санкт-Петербургский политехнический университет  
Петра Великого 

 

Международная редакционная коллегия:  
 

д.ф.-м.н. С.В. Бобылев 

Институт проблем машиноведения РАН, Россия 

Prof., Dr. E.C. Aifantis 

Aristotle University of Thessaloniki, Greece 

к.т.н., проф. А.И. Боровков 

Санкт-Петербургский политехнический ун-т Петра Великого, Россия 

Dr. K.E. Aifantis 

University of Florida, USA 

д.ф.-м.н., проф. Р.З. Валиев 

Уфимский государственный технический университет, Россия 

Dr. U. Balachandran 

Argonne National Laboratory, USA 

д.ф.-м.н., академик РАН И.Г. Горячева 

Институт проблем механики РАН, Россия 

Dr. A. Bellosi 

Research Institute for Ceramics Technology, Italy 

д.ф.-м.н., академик РАН Д.М. Климов 

Институт проблем механики РАН, Россия 

Prof., Dr. G.-M. Chow 

National University of Singapore, Singapore 

д.т.н., проф. Г.Е. Коджаспиров 

Санкт-Петербургский политехнический ун-т Петра Великого, Россия 

Prof., Dr. Yu. Estrin 

Monash University, Australia 

д.ф.-м.н., проф. С.А. Кукушкин 

Институт проблем машиноведения РАН, Россия 

Prof., Dr. Y. Gogotsi 

Drexel University, USA 

д.ф.-м.н., академик РАН В.П. Матвеенко 

Институт механики сплошных сред РАН, Россия 

Prof., Dr. D. Hui 

University of New Orleans, USA 

д.ф.-м.н., проф. А.И. Мелькер 

Санкт-Петербургский политехнический ун-т Петра Великого, Россия 

Prof., Dr. G. Kiriakidis 

IESL/FORTH, Greece 

д.ф.-м.н., проф. Ю.И. Мещеряков 

Институт проблем машиноведения РАН, Россия 

Prof., Dr. T.G. Langdon 

University of Southampton, UK 

д.ф.-м.н., академик РАН Н.Ф. Морозов 

Санкт-Петербургский государственный университет, Россия 

Prof., Dr. N.M. Pugno 

Politecnico di Torino, Italy 

д.ф.-м.н., чл.-корр. РАН Р.Р. Мулюков 

Институт проблем сверхпластичности металлов РАН, Россия 

Dr. B.B. Rath 

Naval Research Laboratory, USA 

д.ф.-м.н., чл.-корр. РАН Ю.В. Петров 

Санкт-Петербургский государственный университет, Россия 

Prof., Dr. A.M. Sastry 

University of Michigan, Ann Arbor, USA 

д.ф.-м.н., проф. А.Е. Романов 

Физико-технический институт им. А.Ф. Иоффе РАН, Россия 

Prof., Dr. B.A. Schrefler 

University of Padua, Italy 

д.ф.-м.н. Н.В. Скиба 

Институт проблем машиноведения РАН, Россия 

Prof., Dr. K. Zhou 

Nanyang Technological University, Singapore 

д.ф.-м.н., проф. А.Б. Фрейдин 

Институт проблем машиноведения РАН, Россия 
 

д.ф.-м.н. А.Г. Шейнерман 

Институт проблем машиноведения РАН, Россия 
 

  

  

 

Тел.: +7(812)552 77 78, доб. 224 E-mail: mpmjournal@spbstu.ru Web-site: http://www.mpm.spbstu.ru 

 

Тематика журнала 

Международный научный журнал "Materials Physics and Mechanics" издается Санкт-Петербургским политехническим университетом 
Петра Великого в сотрудничестве с Институтом проблем машиноведения Российской академии наук в печатном виде и электронной 
форме. Журнал публикует обзорные и оригинальные научные статьи на английском языке по следующим тематикам:  
• Механика композиционных и наноструктурированных материалов. 
• Физика прочности и пластичности композиционных и наноструктурированных материалов. 
• Механика процессов деформации и разрушения в традиционных материалах (твердых телах). 
• Физика прочности и пластичности традиционных материалов (твердых тел). 
• Физика и механика дефектов в композиционных, наноструктурированных и традиционных материалах. 
• Механика и физика материалов в связанных полях. 
Редколлегия принимает статьи, которые нигде ранее не опубликованы и не направлены для опубликования в другие научные издания. 
Все представляемые в редакцию журнала "Механика и физика материалов" статьи рецензируются. Статьи могут отправляться авторам на 
доработку. Не принятые к опубликованию статьи авторам не возвращаются. 
 

Журнал "Механика и физика материалов" ("Materials Physics and Mechanics") включен в систему цитирования Web of Science Emerging 

Sources Citation Index (ESCI), SCOPUS и РИНЦ. 
 

 

© 2024, Санкт-Петербургский политехнический университет Петра Великого 

© 2024, Институт проблем машиноведения Российской академии наук 

http://www.ipme.ru/indexr.html


Contents 

 

Experimental determination of physical, chemical and surface properties of 1–12 

biocompatible thermoplastic 

D.A. Erofeev, P.B. Pirozhnikov, I.A. Keresten, A.G. Titov 

 

Influence of adhesive interaction on the sound speed in layered composites 13–21 

R.-R.V. Razakova, R.A. Turusov 

 

Topology optimization algorithm for heterogeneous anisotropic materials and structures 22–32 

A.D. Novokshenov, D.V. Vershinin, I.I. Abdulin 

 

Variants of physical equations in a curvilinear coordinate system and their 33–43 

comparison based on mixed FEM 

R.Z. Kiseleva, N.A. Kirsanova, A.P. Nikolaev, Yu.V. Klochkov, V.N. Yushkin 

 

Synthesis and tensile behavior of Al7475-nano B4C particles reinforced  44–57 

composites at elevated temperatures 

G.L. Chandrasekhar, Y. Vijayakumar, M. Nagaral, A. Rajesh, K. Manjunath, R. Vara Prasad Kaviti, V. Auradi 

 

Unique properties of the Al-0.5Fe-0.3Cu alloy, obtained by casting into  58–72 

an electromagnetic crystallizer, after equal-channel angular pressing and cold drawing 

A.E. Medvedev, O.O. Zhukova, V.U. Kazykhanov, A. F. Shaikhulova, M.M. Motkov,  

V.N. Timofeev, N.A. Enikeev, M.Yu. Murashkin   

 

Outstanding ductility of high-strength ultrafine-grained aluminium  73–79 

at cryogenic temperatures 

T.S. Orlova, D.I. Sadykov 

  

The effect of high-temperature annealing on the properties of bulk β-Ga2O3  80–85 

obtained in different growth atmospheres 

V.A. Spiridonov, D.I. Panov, A.Yu. Ivanov, D.A. Bauman, A.E. Romanov 

  

Influence of aluminum shell on the process of devitrification  86–95 

of amorphous titanium nanoparticles: molecular dynamics simulation 

G.M. Poletaev, Y.Y. Gafner, S.L. Gafner, I.V. Zorya, Y.V. Bebikhov, A.S. Semenov 

 

Interaction of two circular holes in an infinite plate by body force method 96–107  

S. M. Badiger, D.S. Ramakrishna 

 

The role of the hydrostatic pressure under dynamic fracture of rocks 108–120 

N.S. Selyutina, L.A. Igusheva, Y.V. Petrov 

  



Laboratory study on use of lime and waste materials in improving  121–144 

geotechnical properties of clay 

G. Juneja, A. Bhardwaj, A. Sharma, R.K. Sharma 

  

Research of hydrogen diffusion in a material with various types of traps 145–153 

V.A. Polyanskiy, E.A. Varshavchik, A.A. Chevrychkina 

 

Chromium plating of steel parts using the thermoemission field  154–160 

N.А. Shaburova 



 

Submitted: March 14, 2024 Revised: May 29, 2024 Accepted: July 16, 2024 

© D.A. Erofeev, P.B. Pirozhnikov, I.A. Keresten, A.G. Titov, 2024. 

Publisher: Peter the Great St. Petersburg Polytechnic University  

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

MATERIALS PHYSICS AND MECHANICS                                                  RESEACH ARTICLE 

 

 

Experimental determination of physical, chemical and surface 

properties of biocompatible thermoplastic 
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ABSTRACT  

The main purpose of this research is determination of physical, chemical and surface properties of 

thermoplastics, which were certificated for medical employment, for implant or prosthesis manufacturing. 

The physical and chemical structure of thermoplastics (polyacrylonitrile-co-butadiene-co-styrene, 

polycarbonate, polyetherimide) were investigated with the Fourier-transform infrared spectroscopy (FTIR), 

differential thermal and thermogravimetric analysis (DTA/TG), differential scanning calorimetry (DSC), 

wide-angle X-ray diffraction (XRD) and scanning electron microscopy (SEM). The surface of all investigated 

thermoplastics had a transition or a hydrophobic state. The contact angle hysteresis by distilled water was 

in range 95.6–103.0° that indicates "sticky" wetting behavior of surfaces. The contact angle by blood 

plasma was in the range 84.7–92.1°, depending on the chemical structure of the thermoplastic polymer. 

Despite the lower contact angle value of the blood plasma, the amount of its adsorption was greater than 

in case of distilled water, and it should be considered in development of medical polymer devices. 

KEYWORDS  

thermoplastics • polyacrylonitrile-co-butadiene-co-styrene • polycarbonate • polyetherimide • endoprosthetics 

physical and chemical properties • surface wetting 

Citation: Erofeev DA, Pirozhnikov PB, Keresten IA, Titov AG. Experimental determination of physical, chemical 

and surface properties of biocompatible thermoplastic. Materials Physics and Mechanics. 2024;52(3): 1–12.  

http://dx.doi.org/10.18149/MPM.5232024_1  

 

 

Introduction 

Endoprosthetics is the widespread surgical procedure for normal function recovery of 

original joints after different defects or diseases [1]. The Increase of the joint’s 
replacement surgery is conditioned by both a growth of average life expectancy and an 

implant service time (more than 12–15 years) due to the appearance of new materials 

[2]. Usually for implant production the titanium alloy Ti6Al4V is used as base material, 

because it contains a whole set of required properties for medical devices (a 

biocompatibility, an ultimate strength, etc.). Unfortunately, the usage of Ti6Al4V in the 

musculoskeletal system may lead to bone tissue destruction near the contact surface of 

bone-implant pairs for two reasons. Firstly, due to the difference in mechanical properties 

between the cortical bone and Ti6Al4V [3,4]. Secondly, the contact surface of the bone-

implant pair includes screw holes for its connection, which represent a stress 

concentrator and lead to increase the stress and probability of bone failure [5–7]. In 

addition, it is necessary to identify the shape of the implant for greater compatibility of 

bone-implant contact pair, which leads to increasing the implant lifetime and shortening 

http://dx.doi.org/10.18149/MPM.5232024_1
https://orcid.org/0000-0002-6259-2019
https://orcid.org/0000-0001-8358-7211
https://orcid.org/0000-0001-7536-2258
https://orcid.org/0000-0003-4698-1484
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the period of patient rehabilitation after the surgery. Today it is possible to manufacture 

personalized implants which consider individual patient’s characteristics which are 
obtained using computerized tomography. However, standard-size implants are still used 

because personalized implants have a longer production cycle. Unfortunately, standard-

size implants consider individual characteristics of the patient only partially, which lead 

to shortening the implant lifetime due to imperfect contact interaction [1]. 

A more complicated situation occurred with the revision of endoprosthetics. 

Standard-size metallic implants often have a polygonal shape that can lead to several 

problems. Firstly, it will require excessive bone removing for a precise augment placing. 

Secondly, the unrounded shape corners will be zones with increased mechanical stress, 

which lead to the bone tissue destruction. Therefore, it is crucial to simplify and shorten 

the production cycle of implants with complicated shapes (for example, it would be quite 

convenient to manufacture implants "near operating table") to increase the implant 

lifetime and to shorten the period of patient rehabilitation after the surgery. For such 

purpose, thermosetting polymers are more preferred for manufacturing implants with 

complicated shapes. 

Polymeric materials can be very useful as polymer matrix composite for different 

kinds of medical devices (implants, prostheses, syringes, blood bags and other) [8]. 

Medical devices, which are made of polymeric materials, should satisfy special 

requirements caused by orthopedic surgery: biocompatibility, strength, durability, 

adhesion, osseointegration [9,10]. Polymeric materials should be durable to an aggressive 

environment during a sterilization process as well as have no toxic components in the 

compound during the usage of implant [3,4,8]. The modern thermoplastics could be easily 

manufactured, that allow creating implants with complicated shapes, and it is very 

suitable for personalized endoprosthetics. Most thermoplastic polymers don’t cause an 
immune response, which is one of the criteria of biocompatibility [11]. However, during 

the usage of implant, several polymeric materials may release toxic monomers [8]. 

Surfaces of the most thermoplastic polymers are usually bioinert [12], that create 

difficulties for recovering of around laid tissues [13]. The bioinert property of 

thermoplastics lead to adhesion failure of the implant or the prosthesis with around laid 

tissues. As a result, additional surgery may be required [2]. Finally, thermoplastic implants 

and prosthesis have a long-lasting manufacturing cycle. 

Today, the possibilities of thermosetting polymers usage in endoprosthetics have 

not been studied yet and represent scientific novelty [14–16]. That is due to special 

features of such thermosetting polymers, particularly the liquid-solid state transition 

during its curing, which leads to almost impossible full monomer conversation. This will 

lead to the presence of a small amount of residual unreacted toxic monomer around laid 

tissues. Another unpleasant feature concerns the necessity to precisely control the linking 

density of the thermosetting polymers, since a highly linked polymer matrix has the 

brittle failure behavior [17]. However, such limitations of the thermosetting polymers 

could be overcome by different methods of modification of their chemical composition, 

for example: an introduction of chain extensions to increase the plastic deformation of 

the polymer matrix; a selection of monomers and catalysts that increase conversion. It is 

safety to say that high speed between monomers shortens the time of manufacturing for 
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medical devices. The great advantage of thermosetting polymer matrix consists in high 

adhesion to various surfaces due to generation of chemical and physical bonding. 

The main purpose of this research consists in investigation of the physical, chemical 

and surface properties of available biocompatible thermoplastics in order to determine 

requirements to chemical composition of thermosetting polymer matrix for satisfying 

special requirements caused by orthopedic surgery. Well known experimental methods 

(FTIR, DTA/TG, DSC, XRD and SEM) were used to determine the physical, chemical and 

surface properties of investigated thermoplastics [18–21]. 

 

Materials and Methods  

In this article as the object of research several biocompatible (by the standard ISO 10993 

USP Class VI according to the data provided by the manufacturer on the official website 

[22]) thermoplastic polymers are considered: polyacrylonitrile-co-butadiene-co-styrene 

(ABS-M30i, Stratasys Ltd.), polycarbonate (PC-ISO, Stratasys Ltd.) and polyetherimide 

(Ultem 1010 Resin, Stratasys Ltd.). 

 

Samples manufacturing 

The standard samples were manufactured with the industrial grade 3D-printer Stratasys 

Fortus 450mc (Stratasys Ltd.) by fused deposition modeling. 3D-printing is realized by a 

print head with 2 nozzle tips. The angle of thread laying was close to 90° during  

3D-printing. The 3D-printing surface is presented by a plastic build sheet, which is held 

to the aluminum platen with a machined pattern using a vacuum source. The thickness 

of the one layer for ABS-M30i and PC-ISO was 178 μm, whereas the thickness of the one 

layer of Ultem 1010 Resin was 254 μm due to technological limitations of the 3D-printer. 

The thickness of each sample was 3 mm. 3D-printing was performed in a heated build 

chamber. The temperature of the chamber was around 88–105 °C, while the speed of  
3D-printing was about 6–7.5 mm/sec. 

 

Fourier-transform infrared spectroscopy 

Fourier-transform infrared (FTIR) spectra were obtained by the spectrometer IRTracer-

100 (Shimadzu Europa GmbH) using the attenuated total reflectance (ATR) console Quest 

(Specac Ltd.). Diamond was used as the crystal material. The incidence angle of the IR-

beam on the crystal surface was 45°. The penetration depth was 2 μm. The FTIR 

spectroscopy was conducted in order to identify chemical structure, confirm data declared 

by the manufacturer and check the absence of additional chemical modification. 

 

Contact angle measurement 

Static and dynamic contact angles were measured with the goniometer KRUSS DS225 

(KRUSS GmbH) using Advance software. Static contact angles were measured by the 

sessile drop method with drop volume about 2–4 μl. The contact angle values were 

averaged between 5–10 measurements at different points of the surface. Dynamic 

contact angles were measured by a method of increasing and decreasing drop volume 

that is being in contact with the surface. Firstly, 4 μl were placed at the surface of the 
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polymers, wherein the syringe tip stayed in the drop. Advancing contact angle was 

obtained during simultaneously adding the following 6 μl with measuring of contact line 

increasing. The receding contact angle was obtained by the contact line decreasing 

during removal of the liquid. 

 

Differential thermal and thermogravimetric analysis 

For the differential thermal and thermogravimetric analysis, the derivatograph DTG-60 

(Shimadzu Europa GmbH) was used. Samples with 11 ± 1 mg mass were placed in an 

alumina crucible and heated from 20 to 600 °C with 10 °C/min speed in the air 
environment. The empty alumina crucible was used as a comparison sample. 

 

Differential scanning calorimetry 

The glass temperature (Tg) of polymers were obtained by differential scanning 

calorimeter (DSC) Netzsch DSC 214 Polyma (Netzsch GmbH). Samples with 10.5 ± 2.5 mg 

mass were placed in an alumina crucible with pierced lid and heated from 50 to 250 °C 
with 10°C/min speed in the N2 environment in accordance with ISO 11357-1:2016. The 

DSC curve of empty alumina crucible, heated at the same conditions, was subtracted from 

all obtained DSC curves. 

 

Distilled water and blood plasma absorption 

The distilled water and blood plasma adsorption was measured in accordance with  

ISO 62:2008. In case of distilled water, the investigation was conducted at 23 °C with a 
10-day duration of the exposition. In case of blood plasma, the investigation was 

conducted also at 23 °C but with an 8-day duration of the exposition. 

 

X-ray diffraction 

Wide-angle X-ray diffraction (XRD) data were obtained by Rigaku Corporation SmartLab 3 

(Rigaku Americas Corp.) diffractometer using CuKα radiation equipped with a nickel foil 

filter. Kß was not considered due to using nickel filter. The length of the emitted wave by 

the copper tube of the apparatus equals 1.54 Å. Samples were pre-cleaned and placed in 

a non-crushed state in a measuring cuvette. Data were obtained by counting for 2 s at 

each 0.01° step in 2θ. The blank curve was subtracted from all obtained data. 

Determination of interplanar distance with separation of peaks was performed using the 

Origin 2019 software. Obtained curves were pre-smoothed by 80 points using the Fourier 

transform. 

 

Scanning electron microscopy 

The cross-section of polymers was obtained using scanning electron microscopy (SEM) by 

TESCAN VEGA 3 SBH (TESCAN Ltd.) microscope. Accelerated voltage was about 5–20 kV, 

focus distance was 15 mm and probe current was 17 pA. Samples were frozen in liquid 

N2, cracked, and fixed on a double-sided tape. The carbon layer with 5–20 nm thickness 

was sprayed on the sample surface using the Q150RE (Quorum Technologies Ltd.). For an 

image registration, the secondary electron detector was used. 
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Results and Discussion 

The FTIR spectroscopy 

The IR-spectra of ABS-M30i (Fig. 1) contains absorption bands of –C–H– groups at 2924–
2852, 1453 and 1267 cm-1. Absorption bands at 1735 and 1267–1031 cm-1 indicate the 

presence of ester and ether groups. The presence of a styrene fragment is indicated by 

absorption bands 3060–3026, 1735, 1602, 1496, and 758–693 cm-1. Absorption bands at 

963–910 cm-1 indicate the presence of polybutadiene fragments. The presence of –CN 

fragments of an acrylonitrile is indicated by the absorption band at 2238 cm-1. Absorption 

band at 3082 cm-1 indicates the presence of the aryl or of –C=C– groups. The absence of 

absorption bands near 3300, 1637 and 1552 cm-1, which are typical for –NH– groups of 

amides, indicates on absence of antistatic agents, which are usually added in a 

commercial polyacrylonitrile-co-butadiene-co-styrene [23]. 

The IR-spectra of PC-ISO (Fig. 2) contains absorption bands of –CH3 and –CH2– 

groups at 2967–2849 and 1413–1363 cm-1. Absorption bands at 3050, 1602, 1500, 1465, 

and 760 cm-1 indicate the presence of aryl and p-substituted aryl rings. The presence of 

aryl-aryl, aryl-alkyl and alkyl-alkyl –C–O–C– ether groups is indicated by absorption 

bands at 1220–1012 cm-1. 
 

  
 

Fig. 1. The IR-spectra of ABS-M30i 
 

Fig. 2. The IR-spectra of PC-ISO 
 

 

 
 

Fig. 3. The IR-spectra of Ultem 1010 Resin 
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More complicated the IR-spectra of Ultem 1010 Resin (Fig. 3) contains absorption 

bands of aryl ring at 3066 and 1602–1496 cm-1, carbonyl groups of imide at 1717 cm-1 

and –C(O)–N–C(O) – ring of imide at 1350, 1171, 1071, 842, and 739 cm-1. The presence 

of ester groups is indicated by the absorption band at 1779 cm-1. Absorption bands at 

1267–1233, 1091 and 1012 indicate the presence of aryl-aryl and alkyl-aryl groups. The 

presence of –CH3 and –CH2– groups is indicated by absorption bands at 2961–2849 and 

953–922 cm-1 [24–26]. 

 

The investigation of wetting parameters 

Surfaces of all investigated thermoplastics have transition or hydrophobic properties 

(Table 1), which leads to increasing persistence to an infection occurring [27]. At the same 

time the protein adhesion that leads to recovery of around laid tissues, could be 

shortened because of the hydrophobic property of the thermoplastics [3,28]. Ultem 1010 

Resin has the largest contact angle hysteresis, which indicates high water adhesion to its 

surface. PC-ISO has the least contact angle hysteresis and ABS-M30i has the value 

between other thermoplastic polymers. However, all investigated thermoplastics have 

relatively high contact angle hysteresis, which may provide an increase of both proteins 

and bacterial adhesion [29,30]. Also, the blood plasma has high wettability of PC-ISO and 

Ultem 1010 Resin surfaces. 

 
Table 1. The values of contact angles and hysteresis of all investigated thermoplastics 

Thermoplastic θW, ° θAdv, ° θRec, ° Hysteresis θ, ° θP, ° 

ABS-M30i 89.6 ± 2.3 95.6 ± 0.6 24.4 ± 3.3 71.2 ± 3.9 92.1 ± 2.3 

PC-ISO 89.5 ± 2.8 85 ± 1 22.6 ± 3.2 62.4 ± 4.1 84.7 ± 1.6 

Ultem 1010 Resin 96.4 ± 3.1 103 ± 1.4 8.8 ± 1.2 94.2 ± 2.5 86.1 ± 2.9 

 

DTA/TG and DSC investigations 

All investigated thermoplastics have the same mass losing character (Fig. 4). The 

destruction temperature of ABS-M30i and PC-ISO (Fig. 4(a,b)) is about 375 °C. Ultem 1010 
Resin is the most stable to oxidative destruction thermoplastic polymer, which starts to 

destruct at almost 500 °C (Fig. 4(c)). Ultem 1010 Resin loses about 2.5 wt. % of its mass up 

to 250 °C due to evaporation of volatile components. Weight loss may be caused by 
evaporation of the sorbed water from the sample, which is retained by hydrogen bonding 

between water molecules and amide groups of Ultem 1010 Resin. The same phenomena 

do not occur for ABS-M30i and PC-ISO. 

All presented DSC curves include a single glass transition, which indicates the 

absence of crystal structure of all investigated thermoplastics (Fig. 5). Based on this study, 

it can be assumed that the investigated thermoplastics are amorphous. The glass 

transitions of ABS-M30i, PC-ISO and Ultem 1010 Resin equal 101.4, 135.8 and 207.2 °С. 
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Fig. 4. DTA/TG curves: (а) ABS-M30i; (b) PC-ISO; (c) Ultem 1010 Resin 

 

 
 

Fig. 5. DSC cooling curves of all investigated thermoplastics 
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Absorption investigation 

It is well known that polymers tend to absorb surrounding substances. The amount of 

absorbed substance indicates the presence of open micropores or channels inside the 

polymer body or structure defects. It also may indicate the absence of water-soluble 

monomers. The absence of monomers in the final polymer is extremely important, since 

the toxicity of monomers significantly exceeds the toxicity of polymers. Moreover, the 

absorption of such substances can lead to undesirable both size changing and releasing 

components due to swelling. Since implants and prosthesis are not surrounded by the 

water, it would be useful to investigate behavior of thermoplastic polymers in bioliquids, 

for example blood plasma. 

 

  
(a) (b) 

 

Fig. 6. The dependence of the distilled water (a) and blood plasma (b) absorption versus exposition time 

 

It was expected that the hydrophobic property of thermoplastic polymers in relation 

to the distilled water and blood plasma will lead to decreasing of their adsorption. 

However, all investigated thermoplastic samples tend to adsorb water (Fig. 6(a)), and the 

value of water uptake depends precisely on chemical structure and doesn’t depend on 
wetting parameters. Thus, ABS-M30i demonstrates the highest distilled water adsorption, 

which equals 2.8 % after 190 hours of exposition. At the same time, Ultem 1010 Resin 

has the lowest distilled water absorption, which equals only 1.7 % after 190 hours of 

exposition. In addition, despite the relatively high value of the θP of ABS-M30i (Table 2), 

the value of blood plasma absorption after 190 hours is more than 4.5 wt. % (Fig. 6(b)). 

PC-ISO has the less value of the θP compared to ABS-M30i. However, the value of the 

absorbed blood plasma of PC-ISO is close to ABS-M30i. Ultem 1010 Resin has the least 

value of the blood plasma absorption (lower than 3 wt. %). Thus, the distilled water and 

blood plasma adsorption tightly correlate with the glass transition. Increasing glass 

temperature leads to decreasing liquid absorption. It is also well known that glass 

temperature tightly correlates with the number of chemical or physical bonds. Therefore, 

using a polymer matrix with relatively high cross-linking density (high glass temperature) 

leads to reduction of bioliquids adsorption. 
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Table 2. The values of distilled water and blood plasma adsorption of all investigated thermoplastics 

Thermoplastic 
Distilled water adsorption 

after 190 hours, % 

Blood plasma adsorption 

after 190 hours, % 

ABS-M30i 3.12 4.83 

PC-ISO 2.17 4.72 

Ultem 1010 Resin 1.66 3.26 

 

Wide-angle XRD investigations 

XRD has been successfully used to study various aspects of polymer structures, which 

include thermoplastics, thermosetting polymers and liquid crystalline polymers [31]. The 

supposition of amorphous structure of all investigated thermoplastic polymers also was 

confirmed by the XRD results (Figs. 8–10), since narrow peaks are absent in all diffraction 

patterns. It should be mentioned that mineral fillers are not detected in all investigated 

thermoplastic samples. It is possible to detect wide peaks (17–22 °C) layered on the 
broad polymer halo signal using the Levenberg-Marquardt algorithm, which is widely 

used for curve fitting. Corresponding 2 values are presented in Table 3. In addition, 

according to Bragg's law, Table 3 shows calculated values of d-space – the distances 

between polymer chains, which tend to form a low ordered structure, due to 

intermolecular orientational interactions [32]. 

 

  
 

Fig. 8. Wide-angle XRD curve of ABS-M30i 

 

 

Fig. 9. Wide-angle XRD curve of PC-ISO 

 

 
 

Fig. 10. Wide-angle XRD curve of Ultem 1010 Resin 
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Table 3. Interplane distance of all investigated thermoplastics 

Thermoplastic 2Θ, ° d-space, Å 

ABS-M30i 

13.26 4.38 

20.1 2.2 

40.12 3.53 

PC-ISO 

6.66 13.25 

17.26 5.11 

24.86 3.55 

44.04 2 

Ultem 1010 Resin 
17.46 5.05 

44.46 1.98 

 

SEM investigation of the cross-section 

The cross-sections of ABS-M30i (Fig. 11(a)) and PC-ISO (Fig. 11(b)) contain trays of plastic 

deformation, whereas the cross-section of Ultem 1010 Resin is smooth and typical for a 

brittle failure (Fig. 11(c)). Pores lower than 10 μm are absent, whereas pores larger than 

50 μm are presented at all images. Such structure is the result of the sample 

manufacturing with 3D-printing by fused deposition modeling and can facilitate the 

osseointegration [28]. 

 

 
 

Fig. 11. The cross-section of thermoplastic samples after several cycles of loading: (а) ABS-M30i;  
(b) PC-ISO; (c) Ultem 1010 Resin 

 

Conclusion 

This paper focuses on experimental determination of physical, chemical and surface 

properties of several biocompatible thermoplastics: ABS-M30i (polyacrylonitrile-co-

butadiene-co-styrene), PC-ISO (polycarbonate) and Ultem 1010 Resin (polyetherimide). 

Investigated samples were manufactured with the industrial grade 3D-printer by fused 

deposition modeling. In particular, the following physical, chemical and surface 

properties were obtained: IR-spectra, static and dynamic contact angles, DTA/TG curves, 

DSC curves, dependence of the distilled water and blood plasma absorption versus 

exposition time, wide-angle XRD curves, cross-section of samples after several cycles of 

loading. 

For further research it is important to outline suggestions to chemical composition 

of thermosetting polymer matrix for satisfying orthopedic surgery requirements. Physical 
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and mechanical properties of thermosetting polymers may be varied by controlling the 

proportion of "hard" and "soft" blocks, which can be presented by block-copolymers. For 

example, aromatic ethers, alicyclic ethers and polyimides can be used as «hard» segments 
of thermosetting polymer matrix. While the demanding "soft" behavior of the whole 

thermosetting polymer matrix can be achieved by integration of long-chain 

polyurethanes or oligoether epoxy resins or derivatives of polyethylene terephthalate or 

derivatives of polycarbonate. It is quite desirable to include polar groups in thermosetting 

polymer, which will facilitate wettability of surfaces and increase adhesion. A special 

attention should be paid to the inclusion of mineral fillers in such polymers, since it may 

affect physical, chemical and surface properties. 
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ABSTRACT  

There are the adhesive interaction parameters influence between soft polymer and steel layers to the 

velocity of the longitudinal sound wave in this paper. Authors have presented numerical and experimental 

tests of the sound speed in two composite and one polymer samples. There are the mixture formula and a 

mathematical model whose were used to determine the elastic parameters in numerical calculations with 

contact layer. The model, which included the contact layer, allows calculating the layered composites 

elastic modulus with certain geometric and mechanical parameters of adhesive interaction. Authors have 

compared the results of numerical calculations and physical experiment. It was found that the adhesive 

interaction parameters in the calculation of layered structures is necessary to consider because the 

adhesive connecting polymer layers with the steel layers have experience comprehensive stretching which 

affects to the elastic and acoustic parameters of the samples. 

KEYWORDS  

layered materials • contact layer • Young's modulus • Poisson ratio • adhesion contact • tunable materials 

material properties • polymer  

Citation: R.-R.V. Razakova, R.A. Turusov. Influence of adhesive interaction on the sound speed in layered 

composites. Materials Physics and Mechanics. 2024;52(3): 13–21.  

http://dx.doi.org/10.18149/MPM.5232024_2  

 

 

Introduction 

One of the most important tasks of the national economy branches is improving 

structures quality and reliability. This task is especially important in the military, 

construction, energy and other industries, where structural destruction can lead to human 

casualties, as well as global financial losses. Therefore, it is necessary to develop methods 

for analyzing building materials. In aviation and other leading industries in the 1950s, 

designers began to use multilayer structures, which are rigidly interconnected metal and 

polymer layers. Since then, the development of materials science has progressed greatly 

and now scientists and engineers focused their efforts on creating tunable materials that 

can be layered, cellular ant etc. Most scientific researches in composite materials field 

are focused on possible technical applications, but at the same time, there are a shortage 

of scientific researches dedicated to the analysis of the material parameters influence, 

topologies, deformations and stiffness effects on the elastic wave's propagation in 

various artificial composite materials. A large number of numerical and physical 

experiments which significance to science were carried out by Mary C. Boyce. Some of 

them were presented in [1,2]. It was paid attention to the development of tunable 

materials, analyze the influence of geometry, pattern and topology of structures in 

http://dx.doi.org/10.18149/MPM.5232024_2
https://orcid.org/0000-0001-7310-5266
https://orcid.org/0000-0002-2753-0701
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heterogeneous materials on the physical and mechanical characteristics in these 

scientific publications. Engineering applications require high sound-insulating properties, 

safe, lightweight, as well as strong and durable from layered materials. The layered 

composites interlayer strength was studied in [3,4]. However, the authors do not describe 

the influence of the adhesive interaction parameters, which is one of the fundamental 

values for ensuring the required strength. In [5], the authors presented studies for 

optimizing laminated materials with a viscoelastic damping layer by the finite element 

method. It was done by changing the position of the damping layer. The authors did not 

indicate how adhesion modeling was performed in the ABAQUS system, although this is 

very important for optimizing the strength of such structural materials, as evidenced by 

the works of [6–8]. In these articles, the authors used the finite element method to model 

the layered structure. This method has been worked out with a fairly high accuracy, but 

solution of the layered structure stress-strain state problem leads to singular stresses at 

the corner points of the gluing surface [9]. There are some ways to bypass singularities 

[10,11], but these methods are often not verified by physical experiments. The contact 

layer method theory avoids such problems as infinite shear stresses that occur at the 

boundaries between layers and at the corner points of gluing. It has been verified by 

numerous experiments, which are presented in [12].  

The contact layer method has been tested in numerical experiments, which aimed 

at determining the sound speed in layered material in the present investigation. The 

influence analysis on the sound speed of some physico-mechanical and geometric 

characteristics of the composite materials components was done with the framework of 

the theory method possibilities. This work was supposed to compare the results of a 

physical experiment with the numerical experiments data.  

 

Materials and Methods 

In [13], it was proposed a mathematical model (2) for calculating the effective Young’s 
modulus of the layered sample, which include the contact layer and its parameters. We 

proposed the method for calculating the sound wave speed in a layered composite in this 

paper, which included the main mechanical parameters and sample cross-sectional 

dimensions. It is important to note that in the contact layer method, the interaction 

between the layers of the adhesive and the substrate was carried out with the contact 

layer (Fig. 1), which is a system of oriented normally to the contact surface short thin 

elastic rods-bonds. In this layer, there is not any direct contact of the rods with each other 

and, therefore, there are not any normal stresses σx and σz. Short rods perceive shear 

stresses σyx, σzy, σxz and normal stress σy. The most important physical feature in the 

layered structure model (steel + polymer) is that more than 95 % of the polymer adhesive 

layer is fully stretched (or compressed). Therefore, it follows that instead of the usual 

polymer elastic modulus, there is the modulus of all-round volumetric tension works. The 

proportion of fully stretched adhesive depends on the concentration zone with of the 

edge effect: if it is the smaller, the proportion of fully stretched adhesive is greater. The 

bulk modulus K is related to Young's modulus E and Poisson's ratio μ by the relation: 𝐾 = 𝐸3(1−2𝜇).                                                                              (1) 
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This specialty included in Eq. (2), which makes mathematical model more accurate 

than the mixture formula use. This rule is especially critical for layered structures where 

the polymer is relatively soft. This theory has been successfully tested in research for 

calculating the adhesive interaction of materials by Vladimir. I. Andreev, 

Robert A. Turusov and other [14,15]. 

 

 
Fig. 1. Schematic diagram which is showing the model of the contact layer 

 

The equation for calculating the effective Young's modulus 𝐸𝑒𝑓𝑓.𝑙.𝑏.  according to 

contact layer theory can be represented in the following form (2): 𝐸𝑒𝑓𝑓.𝑙.𝑏. = [(𝑉0𝐸0 + 𝑉1𝐸1) − 2⋅(𝜇0𝐸0−𝜇1𝐸1)2
(1−𝜇1)𝐸1⋅𝑉1 +(1−𝜇0)𝐸0⋅𝑉0 ⋅ (1 − 𝑡𝑎𝑛ℎ(𝜈)𝜈 )]−1,         (2) 

where E0 and E1 are Young's modules of the substrate and adhesive, respectively; μ0, μ1 

are Poisson's ratios of the substrate and adhesive, respectively; V0, V1 are the relative 

volume fractions content of the substrate and adhesive, respectively.  

 

 
 

Fig. 2. The investigated composite specimens: 1- epoxy, 2- three-section, 3- layered 

 

The parameter ν in Eq. (2) characterizes the contact layer and determined as follows: 𝜈 = 𝜔⋅𝐿2 ; 𝜔 = √𝐺ℎ [1−𝜇0𝐸0ℎ0 + 2(1−𝜇1)𝐸1ℎ1 ]; L is the length of the section side; Gh is a stiffness of 
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the contact layer; E0, E1 are Young's modules of the substrate and adhesive; μ0, μ1 are 

Poisson's ratios of the substrate and adhesive; h0, h1 are thickness of the substrate and 

adhesive; The experimental study has been done on three rods, which are presented in 

Fig. 2. Initial data in the experimental study: E0 = 210,000 MPa; μ0 = 0.3; L = 10 mm;  

μ1 = 0.5; Gh, E1 are changes during polymer hardening. The geometric dimensions of the 

rods are shown in the Fig. 2. In composite rods, the relative proportions of polymer and 

steel were 15 and 85 %, respectively.  

Layered rod elastic modulus calculating according to Eq. (2) and a composite rod 

according to Reuss model which based on rule of mixtures. This rule has been presented 

in Eq. (3):  𝐸𝑚𝑖𝑥 = 𝐸0⋅𝐸1𝑉0⋅𝐸1+𝑉1⋅𝐸0.                                                                                                                    (3) 

The data from theoretical calculations obtained using Eqs. (2) and (3) were 

compared with the data from physical experiments. The experimental data which was 

used in this work has been published by the Semenov Institute of Chemical Physics 

Russian Academy of Sciences employees in [16]. The experiment included the acoustic 

resonance method, which is quite famous method to the non-destructive testing [17–20]. 

It is important to be noted that in acoustic methods it has been used elastic waves 

(longitudinal, shear, surface, normal, bending) of a wide frequency ultrasonic range, 

which have emitted in a continuous or pulsed mode. Elastic waves propagate different 

speeds in the sample material. Elastic waves are attenuated according to the parameters 

of the material. When a sound wave propagates in a transversally isotropic material at 

the boundaries of interfacial surfaces (in the area of adhesive interaction between layers), 

processes such as refraction, reflection, and scattering can occur. It affects the amplitude, 

phase, and other parameters. 

There is a lot of scientific evidence that the section geometric dimensions, which are 

much less than rod length, are very important for ultrasonic control of the rod parameters. 

However, all this evidence is for rods with a homogeneous structure. Equation (2) could be 

used for makes it possible to include the length of the rod section L, the contact layer 

and the Poisson's ratio. Therefore, it becomes possible to see the effect of the section 

size on the speed of transmitted sound and check the effect of the elastic modulus and 

Poisson's ratio of a viscoelastic polymer (epoxy). The relationship between Young's 

modulus and the speed of sound is expressed by the following Eq. (4): 𝑐 = √𝐸𝜌,                                                                                                                                 (4) 

where E is Young's modulus; ρ is a density (it is constant in this work). 

 

Results 

It has been shown the sound speed in composite samples, which were shown in Fig. 2, 

versus the sound speed in the polymer in Fig. 3. Also, it can be found that with an increase 

of Young's modulus of polymers, the layered and three-section rods samples sound speed 

increases too. As a result of the experiment, a significant discrepancy between Young's 

modulus of the layered and three-section (composite) rod was obtained. It has been 

shown in Fig. 3. The sound speed in a sample with thin polymer layers begins to increase 

sharply, exceeding the speed in a three-section rod many times over. As can be found 
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from the graph and numerical information (Table 1), the difference between the 

characteristics of the layered and three-section sample is significant. The result indicates 

that the interlayer effect is greater in a layered rod than in a three-section. It is worth 

recalling that in two composites, rods have the same volume fractions of polymer and 

steel (15 % polymer, 85 % steel). The obtained result could be explained by a physical 

and mechanical feature behavior of thin polymer layers, which enclosed between steel 

layers. Based on the relation for the bulk modulus (1), which is part of Eq. (2), it follows 

that the bulk modulus K can be much larger than Young's modulus. Also, it could be found 

that the closer Poisson's ratio is to the limit value of 0.5, the greater K and more the 

resistance of the layered structures stretching or compressing. The equation for 

determining the effective Young’s modulus of a layered rod (2) includes the indicated 

physical dependence. The considered layered rod was created because a layer of polymer 

is glued to a solid steel layer. The transverse dimensions of the layers are the same and 

shown in Fig. 2. As a result, a tensile force can be applied to the rod across the layers 

along the rod, i.e. across the layers. In this case, the tensile stresses in all layers are the 

same. Since the tensile stresses are the same, the material with the lower young’s 
modulus (i.e. polymer adhesive) is deformed first. When any rod is stretched, its transverse 

dimensions are reduced. These phenomena are reflected by Poisson's ratio. For isotropic 

material, its value is usually greater than zero, but less than 0.5. If it is equal to 0.5, then 

it is a comprehensively in extensible or comprehensively incompressible material. Also, 

it means that its volume does not change during deformation. But with other Poisson's 

ratios, the material changes its volume when there is a deformation. The interconnection 

between volumetric relative strain ΔV/V and confining pressure (tension) reflects the 

volumetric tension (compression) modulus K = ΔP/(ΔV/V). It is related to Young’s modulus 
by Poisson’s ratio in elasticity (1). There is the following statement: when Poisson’s ratio 
μ is close to 0.5, the value of bulk modulus tends to infinity. Obviously, as a result of 

applying a tensile force to the rod, the softer material responds to tension. In that 

situation, it is a polymer adhesive, but when there is a stretched process, it must reduce 

its transverse dimensions. However, because of the adhesion process to a rigid and 

practically non-deformable substrate (i.e. steel), the polymer cannot reduce its transverse 

size. As the result, the polymer adhesive became fully stretched. It happens during 

compression, too. Those, instead of Young's modulus, the modulus of all-round tension 

(compression) K operates, which can significantly exceed Young's modulus. Especially 

with Poisson's ratio close to 0.5. Solving the problem of the stress-strain state of a thin 

layer of adhesive using the contact layer method [12,13] makes it possible to determine 

the size and magnitude of stress concentration near the edge. The rest of the inside part 

of the adhesive is completely stretched. The result of these phenomena presented in 

Fig. 3 for a sound speed.  

Equation (2) reflects not only volume fractions effect, Young's modulus, and 

Poisson's ratios of the polymer and steel, but also the stiffness of the contact layer 

Gh. The parameter Gh is the shear modulus ratio of the contact layer to its thickness. 

The data presented in Table 1 shows that if contact layer stiffness increase, the 

effective Young’s modulus and the sound speed increases too. The contact layer 
stiffness changes its parameters at the beginning of gluing quite rapidly, but over 

time this process slows down. The stiffness of the contact layer Gh was calculated by 
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using the function which was obtained from the approximation of experimental data: 𝐺ℎ = −145.6 ⋅ 𝐸12 + 6438 ⋅ 𝐸1 − 33250. 
 

Table 1. Experimental and theoretical data of testing the sound in rods speed 

  The speed of sound, m/s 

Experimental data Theoretical methods data 

E1, MPa 

Contact layer 

stiffness Gh, 

MPa/mm 

Layered 

composite 

Three-segment 

composite 

Model taking into 

account the contact 

layer 

Reuss model 

6 136.4 129.962 87.655 98.518 76.396 

7 4681.6 223.996 92.591 235.773 82.516 

8 8935.6 278.537 101.082 286.401 88.212 

9 12898.4 325.586 108.914 323.182 93.562 

10 16570.0 368.029 112.625 353.127 98.621 

11 19950.4 385.623 119.704 378.701 103.434 

12 23039.6 401.020 123.090 401.091 108.031 

13 25837.6 409.839 126.386 420.974 112.441 

14 27968.4 418.472 129.598 438.773 116.684 

 

 
 

Fig. 3. Experimental and analytical study comparison of the three-section and layered rods sound speed 

and epoxy adhesive Young's modulus 

 

There are the graphs and initial data for each case of the investigated composite 

rods by acoustic resonance method in this part of article. The processing of the 

measurement results and the necessary numerical experiments were performed by using 

a computer program which was written in the Matlab R2020b.  

In the Fig. 4 it has been shown that the sound speed increased significantly when 

the size of the section was changed. This process occurs in connection with an increase 

of the composite Young's modulus. It was calculated by Eq. (2). The length is also taken 

into account the coefficient ν in Eq. (2). It characterizes the contact layer of the considered 

object.  
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Fig. 4. Dependence of the sound speed and the size of the square section L. Initial data of the calculation 

case: L varies from 10-9m to 0.01 m; E0 = 210,000 MPa; E1 = 500 MPa; μ0 = 0.3; μ1 = 0.44; ρ0 =7800 kg/m3; 

Gh = 25000 MPa/m; ρ1=1200 kg/m3 

 

The sound speed upraises with an increase of Young’s modulus of the polymer, since 
the interatomic interaction becomes much stronger. Soft viscoelastic polymer layers of 

epoxy resin have relatively high damping properties, and in the process of hardening one 

can observe their decrease. It has accompanied by an increase in Young’s modulus and 
the speed of sound. The speed of sound in crystalline solids has characterized by 

anisotropy, i.e. the dependence on the propagation direction. In anisotropic bodies, there 

are different distances between atoms in different directions, different values of the 

interaction force, and, consequently, different properties. All these characteristics affect 

the speed of propagating sound. Polymeric materials have a viscoelastic nature, which 

affects too. 

 

 
 

Fig. 5. Dependence of the sound speed passing through the composite and Poisson's ratio of polymer. 

Initial data: L = 0.01 m; E0 = 210,000 MPa; E1 = 500 MPa; μ0 = 0.3; μ1 varies from 0 to 0.5; ρ0 =7800 kg/m3; 

Gh = 25000 MPa/m; ρ1 = 1200 kg/m3 
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It has been shown in Fig. 5 that with an increase in Poisson's ratio of the polymer to 

the limiting value of 0.5, the sound speed increases since the layered structure, acquires a 

greater ability to resist compression. Poisson's ratio which included in Eq. (2) must be used 

for accuracy of the calculations. The size of the square section L and Poisson's ratio do not 

affect the value of Young's modulus, which was calculated by Reuss model, and therefore 

the speed of sound remains unchanged. It was shown in Figs. 3 and 4. 

 

Conclusion 

We can conclude that the sound speed in a rod with a layered structure depends on many 

parameters, which must be included. It is important to note that the analytical formula 

for determining the effective Young's modulus with the contact layer model has a fairly 

good agreement with the results of a physical experiment and can be considered 

accurate. The formula of the effective Young's modulus, which included the contact layer 

for determining the sound speed, gives possible to carry out the numerical experiments 

by changing the size of the rectangular section and the mechanical properties values of 

the two materials constituent layered composite. It has been believed that as smaller the 

rectangular section size of the rod in relation to the length as the results of non-

destructive testing are better, but it was found from the presented results, this rule does 

not match in the case of a layered composite rod. With a significant change in the 

modulus of elasticity depending on the section size, a significant synergistic effect can 

be found but with small cross-sectional dimensions, it can be lost. 
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ABSTRACT  

In this paper, a two-phase topology optimization method is proposed, determines not only the ratio of the phases 

of high and low stiffness at each point of the body, but also the angle of rotation of the axes of anisotropy. The 

proposed method makes it possible to significantly improve the functionality of the products being developed. The 

topology optimization of the two-phase material is implemented using the method of moving asymptotes, and the 

angle of rotation of the anisotropy axes is aligned along the main axes of the stress tensor. As an example, a 

rectangular elastic plate is considered, with joint constraints in the two lower corners and the force in the middle 

of the upper face. The problem of simultaneous optimization of phases and axes of anisotropy is solved for this 

plate. The obtained results are analyzed, after which the correctness of the developed algorithm is concluded. 
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Introduction 

With the fast grow of additive manufacturing technologies possibilities, it becomes 

possible to create complex shaped products based on topology optimization: bridges [1,2], 

porous structures [3], minimum-weight, symmetrically loaded wheel structures [4], and 

materials with required effective mechanical properties [5,6]. Until recently, most additive 

manufacturing technologies were limited to using a single-phase material, which limited 

the functionality of the products being developed. 3D printing for multiphase material is 

only an emerging technology, but it will certainly lead to more functional products. For 

example, the article [7] demonstrates the manufacture of a product obtained using two-

phase topology optimization using PolyJet additive manufacturing technology, which 

allows printing bulk materials with a wide range of elastic modulus [8]. 

In the classical formulation, topology optimization is the task of finding the optimal 

distribution of material in a given area under certain loads and boundary conditions. The 

review of the articles allows us to identify 3 classes of existing topology optimization 

algorithms – algorithms based on optimality criteria, algorithms based on sensitivity 

analysis (mathematical programming methods), and so-called genetic algorithms of 

topology optimization [9]. The most stable method used by the authors in optimizing 

https://rscf.ru/project/22-71-00108/
http://dx.doi.org/10.18149/MPM.5232024_3
https://orcid.org/0000-0001-5874-5994
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structures made of anisotropic materials is the method of moving asymptotes (MMA) [10], 

therefore in this work it was chosen as the base optimization algorithm. 

As a result of the analysis of existing sources for optimizing the phase ratio, it was 

observed that the most of the of works on topology optimization based on density, taking 

into account several material phases, are based on expanding the interpolation scheme 

of a solid isotropic material (SIMP), which uses a power law to determine intermediate 

densities, taking into account various regions of a solid and voids [11,12]. To optimize 

the topology of two materials (without voids) [13], a single design variable is used to 

interpolate between two phases of the material [14]. The approach has also been used, 

for example, to multiphysics actuators design, [15] and functionally graded structures 

with optimal eigenfrequencies design [16]. A three-phase expansion of SIMP has also 

been proposed [14], characterized by a topology design variable that controls the 

material/void distribution and a second design variable that interpolates between two 

solid material phases. This “three-phase mixing” scheme is expandable to an arbitrary 

number of materials [17,18], however, it is noted that with a further increase in the 

number of design variables, the optimization problem, as a rule, gets stuck in a local 

extremum. In fact, most of the results in the papers on optimizing topology from multiple 

materials using this “m-phase mixing” scheme were limited to two solid phases and a 

void [7,19]. The multi-material topology optimization by considering the volumes of 

multiple materials have also been applied to other problems, including simultaneous 

structural and thermal analyses [20], lattice structures [21], thermal buckling criteria [22], 

and cable-suspended membrane structures [23]. 

Development of composite 3D printers [24] make actual to use topology 

optimization with conjunction of material anisotropy axes optimization. As a result of the 

analysis of existing articles on the optimization of anisotropy axes directions, several 

approaches have been identified to solve this problem. In particular, there are approaches 

that do not introduce additional design variables for the orientation of the material. 

Instead, it is assumed that the main direction of the material coincides with the main 

direction of stress tensor or deformation tensor, which is reasonable for "shear-weak" 

materials [25,26]. Also, there are approaches that introduce additional design variables 

to optimize the orientation of the material [27,28]. However, due to the difficulty of 

avoiding local optima [29,30], the optimization of the orientation of the material based 

on the stress tensor and strain tensor is used in this work. 

 

Methods 

The classic state of topology optimization problem is to determine the optimal material 

distribution in terms of stiffness under given boundary conditions and resource 

constraints. Maximizing the stiffness of a body is equivalent to minimizing the elastic 

energy of deformation (i.e. compliance), which has the following form (1): 𝑐 = 12∫ ( 𝑪 4 ∙∙ 𝜺) ∙∙ 𝜺𝑑ΩΩ , (1) 

where 𝑪 4  is an elasticity tensor; 𝜺 is a strain tensor; 𝛺 is a material volume (design domain). 

Parameterization of the optimization space is performed through finite element 

discretization and the application of the approach SIMP (solid isotropic material with 
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penalization). The properties of the material in each element depend on the magnitude 

of the fictitious density 𝜌𝑒, the values of which vary from 0 to 1. It is assumed that (2): 𝑪 4 𝑒 = 𝜌𝑒𝑝 𝑪 4 0𝑒, (2) 

where 𝑪 4 0𝑒 is an initial elasticity tensor in a given finite element, 𝑝 is a penalization factor. 

The maximum allowed volume fracture is expressed by the following inequality (3): ∫ 𝜌(𝒓)𝑑Ω Ω < 𝑉, (3) 

where Ω is a design domain, 𝜌(𝒓) is a fictitious density (design variable, which vary from 0 to 1). 

Thus, the problem of finding the distribution of material in the considered area in 

the finite element formulation will have the form (4) subject to (5) [11]: 𝑚𝑖𝑛(𝒇𝑇𝒖), (4) 

{  
  𝑲𝒖 = ∑ 𝑲𝑒(𝜌𝑒)𝒖𝑒𝑁𝑒=1 = 𝒇𝑲𝑒(𝜌𝑒) = 𝜌𝑒𝑝𝑲0𝑒𝑉𝑉0 = ∑ 𝑉𝑒𝑁𝑒=1𝑉0 = 𝛼0 < 𝛼 < 1 , (5) 

where 𝒇𝑇 is a force vector, 𝒖 is a displacement vector, 𝒖𝑒 is a displacement vector of the 

element nodes, 𝑲 is a global stiffness matrix, 𝑲𝑒(𝜌𝑒) is a local stiffness matrix of the 

element, 𝑲0𝑒 is an initial local stiffness matrix of the element, 𝑉𝑒 is a volume of the 

element, 𝑉0 is an initial volume of the body. 

To solve this problem, mathematical programming methods are further applied. In 

this work, the method of moving asymptotes (MMA) was used. 

 

Topology optimization using two phases 

Control of several phases in the optimization process is carried out using an extension of 

the SIMP method. In this work, a three-phase SIMP method (as shown in 1) was used, 

which is characterized by two design variables 𝜌0𝑒 and 𝜌1𝑒 (6) [15]: 𝑲𝑒(𝜌0𝑒 , 𝜌1𝑒) = 𝜌0𝑒𝑝0(𝜌1𝑒𝑝1𝑲1𝑒 + (1 − 𝜌1𝑒)𝑝1𝑲2𝑒), (6) 

where 𝜌0𝑒 is a density of the total material in element, 𝜌1𝑒 is a ratio of the volume of phase 

1 with respect to the volume of the total material in element, 𝑝0 and 𝑝1 are penalization 

factors, 𝑲1𝑒 is an initial local stiffness matrix of the element of phase 1, 𝑲2𝑒 is an initial 

local stiffness matrix of the element of phase 2. 

 

 
Fig. 1. 1 – void phase, 2 – phase 1, 3 – phase 2 
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The volume constraint for design domains of two materials can be written as (7) [31]: 

{  
  𝑉𝑒𝑉0 ∑ (1 − 𝜌0𝑒)𝑁𝑒=1 = (1 − 𝛼0)𝑉𝑒𝑉0 ∑ 𝜌0𝑒𝜌1𝑒𝑁𝑒=1 = 𝛼0𝛼1𝑉𝑒𝑉0 ∑ 𝜌0𝑒(1 − 𝜌1𝑒)𝑁𝑒=1 = 𝛼0(1 − 𝛼1), (7) 

where 𝛼0 is a volume fraction of the total material with respect to the volume of the design 

domain, 𝛼1 is a ratio of the volume of the first phase to the volume of the total material. 

The formulation of the topology optimization problem can be expressed as (8) 

subject to (9) [15]: 𝑚𝑖𝑛(𝒇𝑇𝒖), (8) 

{   
  
   𝑲𝒖 = ∑ 𝑲𝑒(𝜌0𝑒 , 𝜌1𝑒)𝒖𝑒𝑁𝑒=1 = 𝒇𝑲𝑒(𝜌0𝑒 , 𝜌1𝑒) = 𝜌0𝑒𝑝0(𝜌1𝑒𝑝1𝑲1𝑒 + (1 − 𝜌1𝑒)𝑝1𝑲2𝑒)𝑉𝑒𝑉0 ∑ (1 − 𝜌0𝑒)𝑁𝑒=1 = (1 − 𝛼0)𝑉𝑒𝑉0 ∑ 𝜌0𝑒𝜌1𝑒𝑁𝑒=1 = 𝛼0𝛼1𝑉𝑒𝑉0 ∑ 𝜌0𝑒(1 − 𝜌1𝑒)𝑁𝑒=1 = 𝛼0(1 − 𝛼1)0 < 𝛼0, 𝛼1 < 1

. (9) 

 

Predicting the optimal orientation  

An orthotropic material was considered. The stiffness of the structure was maximized by 

varying the orientation of the orthotropy axes in each finite element. 

Optimization of the orthotropy axes was carried out in conjunction with topology 

optimization. The classical SIMP method with one design variable (10) was used, where 

the stiffness matrix can be expressed using a rotation tensor [32]: { 𝑲𝑒(𝜑, 𝜌𝑒) = 𝜌𝑒𝑝𝑲0𝑒(𝜑)𝑲0𝑒(𝜑) = 𝑩𝑇𝑻𝑇(𝜑)𝑫𝑻(𝜑)𝑩𝑑𝑒𝑡(𝑱), (10) 

where 𝜑 is a variable orientation of the orthotropy axes, 𝑲0𝑒(𝜑) is a local stiffness matrix 

of the element rotated by an angle 𝜑, 𝑫 is an elasticity matrix of an orthotropic material, 𝑩 is a matrix of the derivatives of shape functions, 𝑻(𝜑) is a rotation matrix, 𝑱 is the Jacobi 

matrix. 

The algorithm for optimizing the distribution of the material and the angle of rotation 

is constructed in such a way that the design variable is only a fictitious density 𝜌𝑒 .  
The angle 𝜑 is aligned along the main stress or strain axes before each step of the 

topology optimization algorithm.  

The scheme of algorithm is shown in Fig. 2. The constructed algorithm consists of 

the following steps: 

1. Changing all design variables 𝜌𝑒 to satisfy the volume fraction constraint. 

2. Finite element calculation of the stress-strain state of the body. 

3. Calculation of the sensitivities of the strain energy by design variables (11): 𝜕𝑐𝜕𝜌𝑒, (11) 

where 𝑐 = 𝒖𝑻𝑲𝒖. 

4. Finding the main direction of the stress/strain tensor. 
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5. Construction of a convex approximation of the function, finding the minimum through 

the dual function (internal MMA cycle) [10]. 

6. The found solution is the next step of the approximation point. Updating the vector of 

design variables. 

7. Updating direction of anisotropy axes according to main stress/strain tensor direcitons. 

8. Checking for convergence. If there is no convergence, return to step 2. 

 

 
Fig. 2. Developed algorithm scheme 

 

The formulation of the topology optimization problem can be expressed as (12) 

subject to (13): 𝑚𝑖𝑛(𝒇𝑇𝒖), (12) 

{  
  𝑲𝒖 = ∑ 𝑲𝑒(𝜑, 𝜌𝑒)𝒖𝑒𝑁𝑒=1 = 𝒇𝑲𝑒(𝜑, 𝜌𝑒) = 𝜌𝑒𝑝𝑲0𝑒(𝜑)𝑉𝑉0 = ∑ 𝑉𝑒𝑁𝑒=1𝑉0 = 𝛼0 < 𝛼 < 1 . (13) 
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Development of a topology optimization algorithm using two phases, taking into 

account the direction of the anisotropy axes 

The optimization of heterogeneous orthotropic material was carried out using a 

combination of two approaches (14): {𝑲𝑒(𝜑, 𝜌0𝑒 , 𝜌1𝑒) = 𝜌0𝑒𝑝0 (𝜌1𝑒𝑝1𝑲1𝑒(𝜑) + (1 − 𝜌1𝑒)𝑝1𝑲2𝑒(𝜑))𝑲𝑖𝑒(𝜑) = 𝑩𝑇𝑻𝑇(𝜑)𝑫𝑖𝑻(𝜑)𝑩𝑑𝑒𝑡(𝑱) , (14) 

where 𝑲𝑖𝑒(𝜑) is a local stiffness matrix of the element of the i-th phase, 𝑫𝑖 is an elasticity 

matrix of the orthotropic i-th phase. 

The algorithm for optimizing the distribution of phases and the angle of rotation is 

the same as in the previous subsection but uses only two design variables – 𝜌0𝑒 and 𝜌1𝑒 . 
The formulation of the topology optimization problem can be expressed as (15) 

subject to (16): 𝑚𝑖𝑛(𝒇𝑇𝒖), (15) 

{  
  
   
 𝑲𝒖 = ∑ 𝑲𝑒(𝜑, 𝜌0𝑒 , 𝜌1𝑒)𝒖𝑒𝑁𝑒=1 = 𝒇𝑲𝑒(𝜑, 𝜌0𝑒 , 𝜌1𝑒) = 𝜌0𝑒𝑝0 (𝜌1𝑒𝑝1𝑲1𝑒(𝜑) + (1 − 𝜌1𝑒)𝑝1𝑲2𝑒(𝜑))𝑉𝑒𝑉0 ∑ (1 − 𝜌0𝑒)𝑁𝑒=1 = (1 − 𝛼0)𝑉𝑒𝑉0 ∑ 𝜌0𝑒𝜌1𝑒𝑁𝑒=1 = 𝛼0𝛼1𝑉𝑒𝑉0 ∑ 𝜌0𝑒(1 − 𝜌1𝑒)𝑁𝑒=1 = 𝛼0(1 − 𝛼1)0 < 𝛼0, 𝛼1 < 1

, (16) 

 

Implementation of the developed topological optimization algorithms 

To implement the optimization algorithm, the Python language was chosen as the most 

convenient and fastest from the point of view of development, as well as containing the 

NumPy and SciPy libraries with a large number of functions for working with matrices, 

including highly sparse large-dimensional matrices that arise when using the finite 

element method. 
A proprietary 2D finite element solver has been developed, which includes not only 

well-known standard procedures, but also supplemented with the parameters necessary 

to solve the optimization problem. The finite element solver was tested on simple 2D 

problems of elasticity theory, the results coincided with ANSYS with high accuracy. 

The MMA method did not need to be fully implemented, since an implementation 

of this algorithm in Python was found in open sources. However, it was necessary to adapt 

this program code to solve the problem of topological optimization, both in terms of 

algorithm settings and in terms of the connection of the algorithm with a finite element 

solver. In particular, a feature has been added that allows you to change the design 

variables in the finite element model after each completed internal MMA cycle. 

To display the optimization results, a separate module was developed using the 

Python - matplotlib library. 
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Results and Discussion 

Optimization of the material distribution, phases and orthotropy direction angle was 

tested on a two-dimensional plate with boundary conditions and loads shown in Fig. 3. 

Design domain with boundary conditions and load: L =40 mm, finite element 

discretization 160 × 40, F =100 N. 

The following parameters were used for each of the optimization tasks: 

- number of iterations: 100; 

- penalization powers: 𝑝 = 𝑝0 = 𝑝1 = 4; 

- volume constraints: 
𝑉𝑉0 = 0.5, 

𝑉1𝑉0 = 
𝑉2𝑉0 = 0.25. 

 
Fig. 3. Design domain with boundary conditions and loads: 𝐿 = 40 mm, finite element discretization 

160 × 40, 𝐹 = 1000 N 

 

The test materials taken from literature [15,29] are presented in Tables 13. The 

optimization results are shown in Figs.7. 

It can be seen that the phase with high stiffness is distributed along the edges as a 

result of optimization, which corresponds to the results given in the literature. However, 

the optimization results in this paper and the optimization results from the sources are 

slightly different, due to different optimization parameters and phase properties. 

Optimization through alignment of the orthotropy axes along the main directions 

of the stress tensor is a more effective method compared to alignment along the main 

directions of the strain tensor. Firstly, the value of the objective function (strain energy) 

as a result of optimization for the first case turns out to be less. Secondly, alignment 

along the main directions of the stress tensor gives a more understandable result – the 

direction of the anisotropy axes in most cases agrees with the topology of the structure, 

that is, inside the "rod-like" structures remaining as a result of optimization, the direction 

of the orthotropy axes coincides with the direction of the outer boundary of these 

structures. In the case of alignment along the main directions of the strain tensor, the 

results are more unpredictable. 

Finally, the simultaneous optimization of the material distribution, phases and 

orthotropy direction angle was tested on a plate. On Fig. 6, it can be seen that phase 

distribution has the same character as in the case of isotropic phases, and the anisotropy 

axes are consistent with the "rod-like" topology. 

To demonstrate the advantages of the presented optimization, a comparative 

analysis of the results for the classic topology optimization algorithm and developed was 

performed. The results of optimization and comparison are presented in Table 4. 

It can be seen from the table above that the use of two orthotropic phases and the 

alignment of the anisotropy axes leads to a decrease in compliance.  
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Fig. 4. Optimal distribution of isotropic phases,  𝑐 = 22.49 J: red color – phase 1, blue color – 

phase 2 

Fig. 5. Optimal distribution of orthotropic 

material, alignment of orthotropy axes along the 

main directions of the stress tensor, 𝑐 = 19.413 J 

 

 
 

Fig. 6. Optimal distribution of orthotropic 

material, alignment of anisotropy axes along the 

main directions of the strain tensor, 𝑐 = 27.317 J 

Fig. 7. Optimal distribution of orthotropic phases, 

alignment of anisotropy axes along the main 

directions of the stress tensor, 𝑐 = 12.669 J:  

red color – phase 1, blue color – phase 2 

Table 1. Properties of isotropic phases for the task of optimizing the phase distribution 𝐸1, GPa 𝐸2, GPa 𝜈1 𝜈2 

200.00 100.00 0.31 0.31 

 
Table 2. Properties of an orthotropic material for the task of optimizing the distribution of the material and 

the axes of orthotropy 𝐸𝑥 , GPa 𝐸𝑦, GPa 𝐸𝑧, GPa 𝐺𝑥𝑦 , GPa 𝐺𝑦𝑧, GPa 𝐺𝑥𝑧 , GPa 𝜈𝑥𝑦 𝜈𝑦𝑧 𝜈𝑥𝑧 
54.00 18.00 18.00 9.00 9.00 9.00 0.25 0.25 0.25 
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Table 3. Properties of orthotropic phases for the problem of optimizing the distribution of phases and axes 

of orthotropy 

№ phase 𝐸𝑥 , GPa 𝐸𝑦, GPa 𝐸𝑧, GPa 𝐺𝑥𝑦 , GPa 𝐺𝑦𝑧, GPa 𝐺𝑥𝑧 , GPa 𝜈𝑥𝑦 𝜈𝑦𝑧 𝜈𝑥𝑧 
1 108.00 18.00 18.00 9.00 9.00 9.00 0.25 0.25 0.25 

2 54.00 18.00 18.00 9.00 9.00 9.00 0.25 0.25 0.25 

 
Table 4. Comparison table of optimization results for various materials (1 – topology optimization with one 

orthotroic material phase, 2- topology optimization with two orthotropic material phases, 3 - topology 

optimization with two orthotropic material phases with orthotropy axes direction variation) 

№ material Predicting orientation Compliance, J Optimal distribution 

1 No 72.36  

2 No 35.49 

 

 
 

2 No 28.23 

 

 
 

3 Yes 12.67 

 

 
 

 

Conclusions 

In this paper, an algorithm for two-phase topology optimization was developed, taking 

into account the rotation of the axes of anisotropy (orthotropy). 

The distribution of the two isotropic phases was compared with the results from 

open sources. Based on the results of the comparison, it can be said that the phase 

distributions are qualitatively the same. 

The alignment of orthotropy direction angles along the main directions of the stress 

and strain tensor was compared. Alignment along the main directions of the stress tensor 
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is a more efficient method, which is why it was used in optimizing a heterogeneous 

material with two orthotropy phases and a void. 

The developed algorithm was tested on the problem of topology optimization of 

the plate. An optimal distribution of the material with two orthotropic phases and a void 

was obtained, in which the phase distribution was similar to the isotropic case, and the 

orthotropy axes were consistent with a "rod-like" topology. 
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Variants of physical equations in a curvilinear coordinate system 

and their comparison based on mixed FEM 
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ABSTRACT  

In arbitrary curvilinear coordinate system under elastoplastic deformation, a comparative analysis of three 

variants of the defining equations at the loading step was performed. In the first variant, the equations of the 

theory of plastic flow were used, according to which the strain increment had been divided into elastic and 

plastic parts. The cumbersomeness of the algorithm for obtaining expressions for the components of the 

plastic strain increments tensor in an arbitrary curvilinear coordinate system is shown, which leads to the lack 

of the possibility of obtaining the matrix dependence of physical equations at the loading step. In the second 

variant, to obtain plastic strain increments, the hypothesis of their proportional dependence on the 

components of the stress increments deviator was used. The defining equations were also obtained by 

summation of the elastic strains increment and plastic strains increment. In the third variant, the hypothesis 

of the division of strain increments into elastic and plastic parts was not used. The physical equations were 

written using the assumption that there was a proportional dependence between the components of the strain 

increment deviators and stress increment deviators. Using the example of calculating the shell of revolution, 

the preference of the third variant of the defining equations for elastoplastic deformation is shown. 
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Introduction 

When calculating structures taking into account elastoplastic deformations, it is necessary 

to take into account the behavior of the material, including the formation of residual 

deformations. Determining the values of the stress-strain state during deformation beyond 

the elastic limit makes it possible to establish the maximum load and assign a safety factor. 

Therefore, calculations of structural elements taking into account zones of elastoplastic 

deformation are an urgent engineering problem for mechanical engineering, aircraft 

structures, hydraulic structures, etc. Currently, the most used theories for finding the 

strength parameters of deformed objects are the deformation theory of plasticity and the 

theory of plastic flow [1–15]. Numerical implementation of the defining equations of the 

theories of plasticity is widely carried out using the finite element method (FEM) in the 
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displacement method formulation [16–23] and in the mixed formulation [22,24–30]. 

Widely used theories of plasticity (the theory of small elastoplastic deformations and the 

theory of plastic flow) use the hypothesis of dividing strain increments into elastic and 

plastic parts. In the theory of plastic flow, for the components of the plastic strain 

increment tensor are determined based on the assumption of their proportionality to the 

components of the total stress deviator with the coefficient of proportionality, which is a 

function of the stress intensity increment. To obtain physical equations at the loading 

step, it is necessary to represent the stress intensity increment through the increments of 

the components of the stress increment tensor, which is very difficult in a curvilinear 

coordinate system. The authors considered three variants of defining equations as 

physical ratios. In the first variant, equations of the theory of plastic flow were used. In 

the second variant, defining relations were used based on the assumption proposed by 

the authors about the proportional relation between the components of the plastic strain 

increments tensor and the components of the stress increments deviator. In the third 

variant, the defining equations were obtained without dividing the strain increments into 

elastic and plastic parts. The proportionality assumption was applied directly to the strain 

increments and stress increments deviator components. The coefficient of proportionality 

turned out to be a function of the tangent modulus of the strain diagram. For the 

numerical implementation of the equations, mentioned above, a hybrid finite element 

developed by the authors with nodal unknowns in the form of displacement increments 

and stress increments was used. 

 

Materials and Methods 

Relations of the theory of plastic flow 

According to this theory, strain increments at the loading step consist of elastic strain 

increments 𝛥𝜀𝑖𝑗𝑒  and plastic strain increments 𝛥𝜀𝑖𝑗𝑝 : 𝛥𝜀𝑖𝑗 = 𝛥𝜀𝑖𝑗𝑒 + 𝛥𝜀𝑖𝑗𝑝 .              (1) 

Elastic strain increments are determined by Hooke's law [5–7]: 𝛥𝜀𝑖𝑗𝑒 = 12𝜇 𝛥𝜎𝑖𝑗 − 𝜆2𝜇 𝑔𝑖𝑗 1−2𝜈𝐸 𝑃𝛥𝜎;  (𝑖, 𝑗 = 1,2,3),          (2) 

where λ, µ are the Lamé parameters, ν is the Poisson’s ratio, 𝛥𝜎𝑖𝑗 are normal and tangential 

stresses increments, 𝑔𝑖𝑗 are the covariant components of the metric tensor at the loading 

step, 𝐸 is the elastic modulus, 𝑃𝛥𝜎 = 𝛥𝜎𝑚𝑛𝑔𝑚𝑛 = 𝛥𝜎𝑚𝑛𝑔𝑚𝑛 is the first invariant of the 

stress increments tensor. 

The components of the plastic strain increments tensor in the theory of flow are 

determined [1] based on the hypothesis of a proportional relation between the 

components of the plastic strain increments tensor and the components of the stress 

deviator: 𝛥𝜀𝑖𝑗𝑝 = 32 𝛥𝜀𝑖𝑝𝜎𝑖  (𝜎𝑖𝑗 − 13 𝑔𝑖𝑗𝑃𝜎),            (3) 

where 𝛥𝜀𝑖𝑝 is the increment of the plastic strain intensity, 𝜎𝑖 is the stress intensity;  𝑃𝜎 = 𝜎𝑖𝑗𝑔𝑖𝑗 = 𝜎𝑖𝑗𝑔𝑖𝑗 . 

The value of the intensity of plastic strain increments included in Eq. (3) is 

determined by the difference: 
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 𝛥𝜀𝑖𝑝 = 𝛥𝜀𝑖 − 𝛥𝜀𝑖𝑒 = 𝛥𝜎𝑖𝐸𝑘 − 𝛥𝜎𝑖𝐸1 ,            (4) 

where 𝛥𝜀𝑖𝑝, 𝛥𝜎𝑖 are the increments of the intensities of plastic strain and stress 

increments, 𝐸1 is the modulus of the initial section of the strain diagram, 𝐸к is the tangent 

modulus at the considered point of the strain diagram. 

Relations (3) taking into account Eq. (4) are written as: 𝛥𝜀𝑖𝑗𝑝 = 𝛥𝜎𝑖 1𝜎𝑖 ( 1𝐸𝑘 − 1𝐸1) (𝜎𝑖𝑗 − 13 𝑔𝑖𝑗𝑃𝜎).           (5) 

To obtain relations between the values 𝛥𝜀𝑖𝑗𝑝  and 𝛥𝜎𝑖𝑗 the value 𝛥𝜎𝑖 should be 

presented generally like: 𝛥𝜎𝑖 = 𝜕𝜎𝑖𝜕𝜎𝑘𝑙 𝛥𝜎𝑘𝑙 ,              (6) 

where the stress intensity is determined in a curvilinear coordinate system by the 

expression [5]: 𝜎𝑖 = √32 𝑆𝑖𝑗𝑆𝑖𝑗.               (7) 

The components of the stress deviator included in Eq. (7) are determined by the 

following formulas [5]: 𝑆𝑖𝑗 = 𝜎𝑖𝑗 − 13 𝑔𝑖𝑗𝜎𝑚𝑛𝑔𝑚𝑛;  𝑆𝑖𝑗 = 𝑔𝑖𝑚𝑔𝑖𝑛𝑆𝑚𝑛.          (8) 

Expression (6) taking into account Eq. (7) will take the form: 𝛥𝜎𝑖 = √32√2 1𝜎𝑖 𝜕𝜕𝜎𝑘𝑙 (𝑆𝑖𝑗𝑆𝑖𝑗)𝛥𝜎𝑘𝑙 .            (9)

 The plastic strain increments (5) taking into account Eq. (9) will be written as: 𝛥𝜀𝑖𝑗𝑝 = 𝛾1 𝜕𝜕𝜎𝑘𝑙 (𝑆𝑖𝑗𝑆𝑖𝑗)𝛥𝜎𝑘𝑙 ,            (10) 

where 𝛾1 = √32√2 1𝜎𝑖2 ( 1𝐸к − 1𝐸1) (𝜎𝑖𝑗 − 13 𝑔𝑖𝑗𝑃𝜎).  
By summation of Eqs. (2) and (10), the matrix is formed: {𝛥𝜀}6×1 = {С1П}6×6 {𝛥𝜎}6×1 ,            (11) 

where {𝛥𝜀}1×6 Т = {𝛥𝜀11 𝛥𝜀22 𝛥𝜀33 2𝛥𝜀12 2𝛥𝜀13 2𝛥𝜀23 };  {𝛥𝜎}1×6 Т = {𝛥𝜎11 𝛥𝜎22 𝛥𝜎33 𝛥𝜎12 𝛥𝜎13 𝛥𝜎23 }. 

Due to the cumbersomeness of expressing the derivative in relation (9), the work 

on forming the matrix relation (11) in an arbitrary curvilinear coordinate system was not 

carried out in this research. 

 

The second variant of plastic flow 

It is proposed to determine the plastic strain increments based on the hypothesis of their 

proportionality to the components of the stress increments deviator [24]: 𝛥𝜀𝑖𝑗𝑝 = 32 𝛥𝜀𝑖𝑝𝛥𝜎𝑖 (𝛥𝜎𝑖𝑗 − 13 𝑔𝑖𝑗𝑃𝛥𝜎).          (12) 

When taking Eq. (4) into account, Eq. (12) will be written in the form: 𝛥𝜀𝑖𝑗𝑝 = 32 ( 1𝐸к − 1Е1) (𝛥𝜎𝑖𝑗 − 13 𝑔𝑖𝑗𝑃𝛥𝜎).          (13) 

By summation of Eqs. (2) and (13), the relation is formed: 𝛥𝜀𝑖𝑗 = [ 12𝜇 + 32 ( 1𝐸к − 1Е1)] 𝛥𝜎𝑖𝑗 − 𝑔𝑖𝑗𝑃𝛥𝜎 [ 12𝜇 1−2𝜈𝐸 − 12 ( 1𝐸к − 1Е1)],      (14) 
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as the matrix: {𝛥𝜀}6×1 = [С2П]6×6 {𝛥𝜎}6×1 .            (15) 

It should be noted that when obtaining the components of the plastic strain 

increment tensor, the hypothesis of the incompressibility of the material during plastic 

deformation was accepted. 

 

The third variant of physical relations at the loading step 

The relations between the stress and strain increments are obtained based on the 

assumption of a proportional relation between the components of the deviators of the 

stress and strain increments without dividing the increments of strain into elastic and 

plastic parts: 𝛥𝜀𝑖𝑗 − 13 𝑔𝑖𝑗𝑃𝛥𝜀 = 32𝐸к (𝛥𝜎𝑖𝑗 − 13 𝑔𝑖𝑗𝑃𝛥𝜎),         (16) 

where 𝑃𝛥𝜀 = 𝛥𝜀𝑚𝑛𝑔𝑚𝑛 is the first invariant of the strain increments tensor. 

The relation between the values of 𝑃𝛥𝜀 and Р𝛥𝜎 should be determined 

experimentally in the form of functional dependence 𝑃𝛥𝜀 = 𝜙Р𝛥𝜎. It is assumed in this 

research that the relation between the first invariants of the strain increments tensors 

and stress increments in the process of elastic and plastic deformation remains 

unchanged: 𝑃𝛥𝜀 = 𝑃𝛥𝜎 1−2𝜈𝐸 .            (17) 

After substituting Eq. (17) into Eq. (16), the strain increments through the stress 

increments can be written in the form: 𝛥𝜀𝑖𝑗 = 32𝐸к 𝛥𝜎𝑖𝑗 − 𝜓𝑔𝑖𝑗 ⋅ 𝑃𝛥𝜎,           (18) 

where 𝛹 = 12𝐸к − 13  1−2𝜈𝐸 . 

Using Eq. (18), a matrix dependence is formed: {𝛥𝜀}6×1 = [С3П]6×6 {𝛥𝜎}6×1 .            (19) 

 

Shell geometry 

The radius vector of an arbitrary point located at a distance t from the middle surface is 

written by the expression: 𝑹0𝑡 = 𝑹0 + 𝑡𝒂0,            (20) 

where 𝑹0 = 𝑥𝒊 + 𝑟(𝑥) 𝑠𝑖𝑛 𝜃 𝒋 + 𝑟(𝑥) 𝑐𝑜𝑠 𝜃 𝒌
 
 is the radius vector of the corresponding 

point of the middle surface of the shell of revolution, 𝒂0
 is the normal to middle surface, 

t is the distance of a point from the middle surface. 

At an arbitrary point, the basis vectors are determined by differentiation Eq. (20): 𝒈𝑚0 = 𝑹,𝑚0𝑡 = 𝑹,𝑚0 + 𝑡𝒂0.           (21) 

The derivatives with respect to 𝑥, 𝜃, 𝑡 of the basis vectors of the point М0t are 

determined by the components in the same basis [23]: {𝒈0,х }3×1 = [𝑚]3×3 {𝒈0}3×1 ;  {𝒈0,𝜃 }3×1 = [𝑛]3×3{𝒈0}3×1 ; {𝒈0,𝑡 }3×1 = [𝑙]3×3{𝒈0}3×1 ,      (22) 

where {𝒈0,𝜆 }𝑇1×3 = {𝒈10,𝜆 𝒈20,𝜆 𝒈30,𝜆 };  𝜆 = 𝑥, 𝜃, 𝑡.
 
 

The displacement of the shell point М0t at the loading step is determined by the vector: 𝛥𝑽 = 𝛥𝑣𝑖𝒈𝑖0.
              

(23) 
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Derivatives (23) of the vector will be written as: 𝛥𝑽,𝜆 = 𝑓𝜆𝑖𝒈𝑖0,             (24) 

where  𝑓11 = 𝛥𝑣,𝑥1+ 𝛥𝑣1𝑚11 + 𝛥𝑣2𝑚21 + 𝛥𝑣3𝑚31;        (25) 𝑓33 = 𝛥𝑣,𝑡3+ 𝛥𝑣1𝑙13 + 𝛥𝑣2𝑙23 + 𝛥𝑣3𝑙33. 
When the shell of rotation is deformed in a geometrically linear formulation, an 

arbitrary point М0t will take the position M t, determined by the radius vector: 𝑹 = 𝑹0𝑡 + 𝛥𝑽.            (26) 

The basis vectors of the point M t are determined by the differentiation Eq. (26): 𝒈𝑖 = 𝒈𝑖0 + 𝛥𝑽,𝑖.            (27) 

The strain increments at the loading step are determined by the difference in the 

covariant components of the metric tensors [5]: 𝛥𝜀𝑖𝑗 = 12 (𝑔𝑖𝑗 − 𝑔0𝑖𝑗) = 12 (𝒈𝑖0 ⋅ 𝛥𝑽,𝑗+ 𝒈𝑗0 ⋅ 𝛥𝑽,𝑖 ).        (28) 

The strain increments 𝛥𝜀𝑖𝑗 taking into account Eqs. (24) and (25) could be presented 

through the vector components (23) in a matrix: {𝛥𝜀}6×1 = [𝐿]6×3{𝛥𝑣}3×1 ,            (29) 

where {𝛥𝑣}Т1×3 = {𝛥𝑣1 𝛥𝑣2𝛥𝑣3} is the string of the displacement vector, [𝐿] is the matrix 

of differential and algebraic operators. 

 

Strain matrix of the finite element at the loading step 

A hexahedral finite element with eight nodal points w = i, j, k, l, m, n, p, h, the strain matrix 

of which is obtained in a mixed FEM formulation when choosing as nodal unknowns in 

the form of displacement increments and stress increments. The coordinates of the 

hexahedron through the coordinates of the nodes were determined by trilinear functions 

of local coordinates 𝜉,  𝜂,  𝜁, varying within −1 ≤  𝜉,  𝜂𝜁 ≤  1.  𝜆 = {𝑓(𝜉, 𝜂, 𝜁)}1×8 𝑇{𝜆𝑦}8×1 ,           (30) 

where 𝜆 is a global coordinate 𝑥, 𝜃, 𝑡, {𝜆𝑦}8×1 Т
 is the string of nodal coordinate values 𝜆. 

Displacement increments were also approximated using Eq. (30):  {𝛥𝑣}3×1 = [𝐴]3×24{𝛥𝑣𝑦}24×1 ,            (31) 

where {𝛥𝑣𝑦}1×24 𝑇 = {𝛥𝑣1𝑖. . .  𝛥𝑣1ℎ𝛥𝑣2𝑖. . . 𝛥𝑣2ℎ𝛥𝑣3𝑖 . . . 𝛥𝑣3ℎ} is the string of hexahedral nodal 

displacement. 

Taking Eq. (31) into account, strains (29) will be written by the matrix expression: {𝛥𝜀}6×1 = [𝐿]6×3  [𝐴]3×24 {𝛥𝑣𝑦}24×1 = [𝐵]6×24 {𝛥𝑣𝑦}24×1 .         (32) 

Stress increments in the vicinity of the internal point of the hexahedral are 

approximated by Eq. (30): 𝛥𝜎𝑠𝑟 = {𝑓(𝜉, 𝜂, 𝜁)}1×8 𝑇{𝛥𝜎𝑠𝑟𝑤}8×1 ,           (33) 

where {𝛥𝜎𝑠𝑟𝑤}1×8 𝑇 = {𝛥𝜎𝑠𝑟𝑖 𝛥𝜎𝑠𝑟𝑗  𝛥𝜎𝑠𝑟𝑘  𝛥𝜎𝑠𝑟𝑙 𝛥𝜎𝑠𝑟𝑚 𝛥𝜎𝑠𝑟𝑛  𝛥𝜎𝑠𝑟𝑝 𝛥𝜎𝑠𝑟ℎ }. 
 

Using Eq. (33), the matrix relation is formed [8]: 
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{𝛥𝜎𝑠𝑟}6×1 = [𝑆]6×48{𝛥𝜎𝑦}48×1 ,            (34) 

where {𝛥𝜎𝑠𝑟}1×6 𝑇 = {𝛥𝜎11𝛥𝜎22𝛥𝜎33𝛥𝜎12𝛥𝜎13𝛥𝜎23};  {𝛥𝜎𝑦}Т1×48 = {𝛥𝜎11𝑖 𝛥𝜎11𝑗 𝛥𝜎11𝑘 𝛥𝜎11𝑙 𝛥𝜎11𝑚𝛥𝜎11𝑛 𝛥𝜎11𝑝 . 𝛥𝜎11ℎ . . . . . . 𝛥𝜎23𝑖 𝛥𝜎23𝑗 𝛥𝜎23𝑘 𝛥𝜎23𝑙 𝛥𝜎23𝑚𝛥𝜎23𝑛 𝛥𝜎⬚23𝑝 𝛥𝜎23ℎ }. 
To obtain the stress-strain state matrix at the loading step, a mixed functional was 

used [25]: П ≡ ∫ {𝛥𝜎𝑠𝑟}1×6 𝑇 [𝐿]6×3{𝛥𝑣}3×1 𝑑𝑉 −𝑉 12 ∫ {𝛥𝜎𝑠𝑟}1×6 𝑇[𝐶кП]6×6 {𝛥𝜎𝑠𝑟}6×1 𝑑𝑉 −𝑉 12 ∫ {𝛥𝑣}1×3 𝑇{𝛥𝑞}3×1 𝑑𝑆 −𝑆   − ∫ {𝛥𝑣}1×3 𝑇{𝑞}3×1𝑑𝑆 +𝑆 ∫ {𝜎𝑠𝑟}1×6 𝑇{𝛥𝜀}6×1 𝑑𝑉;  (к = 1,2,3)𝑉 .        (35) 

 

Taking into account approximating Eqs. (31), (32) and (34), Eq. (35) will be written as: П ≡ {𝛥𝜎у}1×48 𝑇 ∫ [𝑆]48×6𝑉
𝑇 [𝐺]6×6𝑇 [𝐵]6×24𝑑𝑉{𝛥𝑣𝑦}24×1 − 12 {𝛥𝜎𝑦}1×48 𝑇 ∫ [𝑆]48×3𝑇[𝐺]6×6𝑇[СкП]6×6 [𝑆]6×48𝑑𝑉{𝛥𝜎𝑦}48×1 −𝑉  − 12 {𝛥𝑣𝑦}1×24 𝑇 ∫ [𝐴]24×3𝑇{𝛥𝑞}3×1 𝑑𝑆 − {𝛥𝑣𝑦}1×24 𝑇𝑆 ∫ [𝐴]24×3𝑇{𝑞}3×1𝑑𝑆 + {𝛥𝑣𝑦}1×24 𝑇𝑆 ∫ [𝐵]24×6𝑇{𝜎𝑠𝑟}6×1 𝑑𝑉𝑉 ,  (36) 

where the following relation is used {𝛥𝜎𝑠𝑟}6×1 = [𝐺]6×6{𝜎𝑠𝑟}.

 By varying Eq. (36) according to the nodal unknowns, the stress-strain state matrix 

[K] is formed at the loading step [8]: [𝐾]72×72{𝑍у}72×1 = {𝐹𝑦},72×1                 (37) 

where {𝑍у}1×72Т = {{𝛥𝜎𝑦}1×48 𝑇{𝛥𝑣𝑦}1×24 𝑇} is the vector of finite element nodal unknowns;  

 

{𝐹у}1×72Т = { {0}1×48𝑇 ⋮ {𝛥𝑓𝑞}1×24 𝑇 + {𝑅}1×24𝑇} is the vector of nodal loads with residual {𝑅}𝑇. 

Using the developed strain matrix of a hexahedral finite element, it is possible to 

perform calculations during elastoplastic deformation with any hardening law, except for 

the horizontal section of the strain diagram (Ek = 0). 

 

Results and Discussion 

Example 1. The stress state of a shell of revolution with the middle surface of a truncated 

ellipsoid (Fig. 1) under the influence of internal pressure was considered. The following 

input data was used: а = 0.15 m; в = 0.10 m; h = 0.01 m; 𝑙𝑘 = 0.14 m;

 

𝑧𝑘 =  0.0359 m; 

Е = 2‧105 MPa; 𝜈 = 0.3. 

When discretizing the shell, the bases of the hexahedral elements were located in 

the shell surfaces located at distances t = t1 and t = t2 from the middle surface. The edges 

of the elements accepted the normals to the middle surface. 

The strain diagram was accepted with a section of nonlinear hardening (Fig. 2) with 

the following values of its characteristics: 𝜎𝑖Т = 200 MPa; 𝜀𝑖Т = 0.866667‧10-3;

 𝜀𝑖𝑘 =  0.019; 𝜎𝑖𝑘 =  400 MPa. 

The function 𝜎𝑖 = 𝑓(𝜀𝑖) 
is taken in the form of a parabola 𝜎𝑖 = 𝑎1𝜀𝑖2 + 𝑏1𝜀𝑖 + 𝑐1 with 

numerical values of the constants: а = -6612835.5282 MPa; b = 242231.47902 MPa; 

с = 1795.0330258 MPa. 
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Fig. 1. Design diagram of a truncated ellipsoid 

 

           Fig. 2. Material strain diagram 

 

To verify the convergence of the computational process based on the finite element 

used for different quantities, the problem was solved for elastic strain. 

The function 𝜎𝑖 = 𝑓(𝜀𝑖) 
is taken in the form of a parabola 𝜎𝑖 = 𝑎1𝜀𝑖2 + 𝑏1𝜀𝑖 + 𝑐1 with 

numerical values of the constants: а = -6612835.5282 MPa; b = 242231.47902 MPa; 

с = 1795.0330258 MPa. 

To verify the convergence of the computational process based on the finite 

element used for different quantities, the problem was solved for elastic strain. 

The numerical values of normal stresses at internal pressure q = 8 MPa (elastic 

strain) in the initial section (S = 0.0) and the end section of the elliptical shell are given 

in Table 1 for various options for discretizing the structure along the meridional 

coordinate S (number of nodes NM) and along shell wall thickness h (number of nodes 

NT). Table 1 shows the normal stresses of the internal and external fibers. 

 
Table 1. Values of normal stresses of the internal and external fibers, where 𝜎11𝑖𝑛, 𝜎11𝑒𝑥 are the meridional stresses 

of the internal and external fibers and 𝜎22𝑖𝑛 , 𝜎22𝑒𝑥 are the circumferential stresses in internal and external fibers 

NM × 

NT 

Stresses, MPa 𝜎11𝑖𝑛 𝜎22𝑖𝑛 𝜎11𝑒𝑥 𝜎22𝑒𝑥 𝜎11𝑖𝑛 𝜎22𝑖𝑛 𝜎11𝑒𝑥 𝜎22𝑒𝑥 

20×3 32.18 65.97 34.06 60.61 2.05 62.65 1.08 46.90 

40×5 32.08 65.86 34.22 60.60 0.64 62.43 0.367 47.12 

80×7 
32.05 65.83 34.28 66.60 0.18 62.36 0.113 47.15 

S = 0.0 S = 16.06 cm 

 

Table 1 shows the values of physical stresses obtained using Hooke's law (2). 

Analysis of the results given in Table 1 indicates the convergence of the computational 

process and emphasizes the tendency towards zero meridional stresses in the end section 

(S = 16.06 cm).  

Example 2. The structure shown in example 1 was loaded with pressure 

q = 45.6 MPa for a different number of steps (ns = 10, 20, 40, 80). The calculation results 

based on Eqs. (15) and (19) turned out to be almost identical. 

Meridional and circumferential stresses in internal (𝜎11𝑖𝑛 , 𝜎22𝑖𝑛) and external fibers 

(𝜎11𝑒𝑥 , 𝜎22𝑒𝑥) of the support section, as well as stress intensity (𝜎𝑖𝑖𝑛, 𝜎𝑖𝑒𝑥) based on Eq. (19) 

are given in Table 2.  
 

Table 2. Values of meridional and circumferential stresses in the internal and external fibers of the support 
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section, and stress intensity 

ns 

Stresses, MPa 𝜎11𝑖𝑛 𝜎22𝑖𝑛 𝜎𝑖𝑖𝑛 𝜎𝑖𝑒𝑥 𝜎22𝑒𝑥 𝜎𝑖𝑒𝑥 

10 158.19 340.19 319.18 249.67 418.11 355.56 

20 160.97 343.45 327.56 215.71 367.71 310.98 

40 161.22 343.77 333.43 223.05 380.12 327.36 

80 162.36 345.88 336.72 216.65 369.98 319.58 

 

Analysis of the results of Table 2 indicates the convergence of the computational 

process with an increase in the number of loading steps. 

Meridional and circumferential stresses along the thickness of the shell support 

section are given in Table 3 under the load q = 45.6 MPa and ns = 40. 

 
Table 3. Values of meridional and circumferential stresses along the thickness of the shell support section 

σ11, MPa
 

161.22 170.99 178.54 187.85 196.65 205.61 223.05 

σ22, MPa
 

343.77 349.08 352.42 356.99 362.09 365.82 380.12 

 

Diagrams of meridional (𝜎11𝑖𝑛) and circumferential (𝜎22𝑖𝑛) stresses are presented in 

Figs. 3 and 4 respectively. Numerical values of circumferential stresses shown in Fig. 4 

are in adequate agreement with the numerical values of meridional stresses. 
 

 
 

Fig. 3. Diagram of meridional stresses 𝜎11 along the height of the support section 
 

 
 

Fig. 4. Diagram of circumferential stresses 𝜎22 of the support section 

 
 

Table 4. Values of meridional and circumferential stresses in the internal and external fibers along the 



Variants of physical equations in a curvilinear coordinate system and their comparison based on mixed FEM  41 

 

length of the meridian arc 

Stresses, 

MPa 

Length of meridian S, m 

0.00 1.16 3.38 5.19 7.03 10.98 12.06 13.22 13.72 14.24 14.79 15.4 16.06 𝜎11𝑖𝑛 161.22 160.29 161.09 159.08 156.27 144.30 135.55 117.86 106.79 91.31 70.62 41.28 -0.014 𝜎22𝑖𝑛 343.77 341.67 339.76 331.62 319.41 290.67 284.24 280.08 280.17 277.79 276.19 275.29 274.25 𝜎𝑖𝑖𝑛
 

333.43 331.39 329.36 322.28 312.00 286.34 280.74 276.52 277.12 275.95 277.01 282.28 294.63 𝜎11𝑒𝑥 223.05 219.91 207.46 192.69 172.94 110.58 88.83 67.77 58.64 51.57 42.361 29.10 1.365 𝜎22𝑒𝑥 380.12 377.38 362.98 363.61 346.49 293.49 287.99 274.81 275.65 270.61 275.55 275.38 274.31 𝜎𝑖𝑒𝑥
 

327.36 324.53 311.09 310.69 296.18 252.12 251.61 243.90 247.64 245.02 253.12 258.15 269.64 

 

Table 4 shows the values of meridional and circumferential stresses, as well as stress 

intensities along the length of the meridian, in the internal and external fibers of the shell. 

Based on the results of Table 4, graphs of meridional 𝜎11, circumferential 𝜎22 and 

stress intensity  𝜎𝑖 were constructed (Fig. 5). 

 

                       
 

Fig. 5. Graphs of changes in meridional and circumferential stresses in fibers along the length of the 

meridian arc 

 

From the values of stress intensities in the internal and external fibers on Fig. 5, it 

is clear that under conditions of plastic strain the material is near the surfaces. And since 

the meridional (𝜎11) and circumferential (𝜎22) stresses are tensile, it means that the 

material between the surfaces is under conditions of plastic strain. There are no areas of 

elastic strain at q = 45.6 MPa along the section thickness. 

Based on Fig. 3 for meridional stresses, a static check of the equilibrium condition 

of the structure was performed (Fig. 1) ∑ х = 𝑄𝑞 − 𝑄𝜎 = 0, where 𝑄𝜎 is a stress endeavor; 𝑄𝑞 is a pressure endeavor q. 
 

The error is 𝛿 = 0.6 %. From the values of stress intensities in the internal and 

external fibers in Fig. 5, it can be seen that the entire body of the shell is under conditions 

of plastic strain 𝜎𝑖 > 𝜎𝑖𝑇 = 200 MPa along the entire thickness. 
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Conclusions 

In the second variant of the physical equations (Eq. (14)) the following relations are 

accepted 𝑃𝛥𝜀 = 𝑃𝛥𝜀𝑒 + 𝑃𝛥𝜀𝑝 = 1−2𝜈𝐸 + 0, in other words, it is assumed that during 

elastoplastic deformation (𝜎𝑖 > 𝜎𝑖𝑇) the first invariant of the strain increment tensor 

changes according to the law of elastic deformation.  

In the third variant of the defining equations (Eq. (18)) the relations  𝑃𝛥𝜀 = 𝑃𝛥𝜀𝑒 + 𝑃𝛥𝜀𝑝 = 𝜙𝑃𝛥𝜎 are used, which can be accepted either on the basis of experiment 

or on the basis of some hypothesis. In the first and second variants of the defining 

equations, the value 𝑃𝛥𝜀𝑝 = 0, and the value 𝑃𝛥𝜀𝑝 = 1−2𝜈𝐸  is used in the increments of elastic 

deformation throughout the entire process of elasto-plastic deformation. 

In this work, in order to compare the variants of the defining equations, the 

expression 𝑃𝛥𝜀 = 𝑃𝛥𝜀𝑒 + 𝑃𝛥𝜀𝑝 = 1−2𝜈𝐸 , is used, in which the results of the calculation of the 

presented example based on the second and third variants of the physical equations 

turned out to be almost identical. 

When calculating structures for which the material dependence 𝑃𝛥𝜀 = 𝜙𝑃𝛥𝜎 is not 

linear, the third variant of physical equations should be used. 
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ABSTRACT  

Materials with superior mechanical and wear properties, high strength, high stiffness, and low weight are 

necessary for modern technology. Mechanical characteristics of metal matrix composites are crucial to their 

potential use as structural materials. The current research focuses on the preparation of Al7475 alloy with 400 

to 500 nm sized B4C a composite using a liquid metallurgy technique. Al7475 alloy was used to make composites 

with 2, 4, 6, 8 and 10 wt. % of B4C particles. Microstructural analysis was performed on the produced composites 

using SEM and EDS. Density, hardness, ultimate strength, yield strength, and elongation as a percentage were all 

measured as per ASTM norms. Further, tensile tests were conducted at room temperature, 50˚C and 100˚C 
elevated temperatures. SEM images showed that the boron carbide particles were evenly dispersed throughout 

the Al7475 alloy. EDS spectrums verified that Al7475 alloy contains boron carbide particles. By incorporating dual 

particles into the matrix, the density of Al alloy composites was lowered. Al7475 alloy with B4C composites 

exhibited superior tensile properties at room and elevated temperatures as compared to the base alloy. 

KEYWORDS  

Al7475 alloy • B4C particles • microstructure • density • tensile behavior 
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Auradi V. Synthesis and tensile behavior of Al7475-nano B4C particles reinforced composites at elevated 

temperatures. Materials Physics and Mechanics. 2024;52(3): 44–57.  
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Introduction 

Similar to other composites, metal matrix composites (MMCs) consist of at least two 

chemically and physically different phases that are dispersed in a way that confers 

properties not present in either phase alone. Many scientists simply refer to these 

materials as "light metal matrix composites". Recent decades have seen significant 

progress in the development of light metal matrix composites, allowing for their 

deployment in the most critical applications. In a commercial setting, aluminium matrix 

composites (AMCs) perform admirably. Due to their low density, high strength, 
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outstanding creep resistance, high damping capacity, and amazing dimensional stability, 

metal matrix nanocomposites of aluminium have been the topic of extensive research in 

recent years [1,2]. 

Aluminium and its derivatives are now in the mechanical generation stage of MMC 

production, having exceeded the previous lattice materials. The creation of low-cost Al-

based MMCs that are reinforced with hard and delicate materials including SiC, Al2O3, 

ZrO2, Graphite, and Mica have been a key focus of study. Boron carbide filaments and 

particles are widely recognized as being of exceptional quality [3]. Aluminium-ceramic 

multi-material composites produced using different methods are good examples of 

inexpensive, application-specific manufactured materials [4,5]. 

Metal matrix composites (MMCs) are a broad category of materials with the goal of 

improving many different characteristics. Although the grid can be constructed from any 

metal or alloy, research has focused mostly on the more easily modified mechanical 

properties of the lighter basic metals. Improvements in quality and reliability [6,7] have 

thus far been the driving forces for MMC development. By incorporating various filler 

components into metal grids, significant improvements can be made. As a result of these 

upgrades, the grids now have a higher damping limit, lighter segments, better wear 

resistance, warmer development, and higher temperature capacity. Metals are preferred 

due to their many useful qualities, including their low production cost, malleability, high 

heat and electrical conductivity, etc. 

Since the properties of metal matrix composites (MMCs) may be modified by adding 

different reinforcements, they find widespread application in cutting-edge sectors 

including the aerospace and automotive industries. Particulate-reinforced metal 

composites have recently attracted attention due to their high specific strength and 

specific stiffness in either room temperature or increased temperature applications. 

Micro-structural factors of the reinforcement, such as form, size, orientation, distribution, 

volume, and weight, are known to have a major impact on the elastic properties of a 

metal matrix composite [8,9]. 

Aluminium alloys show great promise as matrix materials due to their high specific 

strength and stiffness. However, their short lifespan limits their applicability. The aerospace 

and automotive industries make extensive use of particulate reinforced aluminium matrix 

composites because of their superior mechanical and tribological properties in comparison 

to those of regular alloys. In order to develop high-quality, inexpensive MMCs [10,11], 

scientists are investigating Al-based compounds reinforced with hard and soft materials 

such as SiC, Al2O3, B4C, ZrO2, tungsten carbide, graphite, and mica. 

The mechanical and other qualities of aluminium alloy can be improved by using 

ceramic particles as reinforcement, and this has been demonstrated. Most of the time, 

ceramics are used for the reinforcement in MMCs, and these reinforcements can be 

broadly classified as either continuous or discontinuous. They are known as continuous 

(fibre) reinforced composites and discontinuous (non-fiber) reinforced composites, 

respectively, for the MMCs they yield. Continuous fibres, short fibres (chopped fibres, not 

always the same length), whiskers, particle, and wire (only for metal) are the five main 

groups into which they can be further classified [12,13]. With the exception of wires, most 

reinforcing materials are ceramics, specifically oxides, carbides, and nitrides. These are 
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put to use because they combine excellent strength and stiffness in both cold and hot 

conditions. 

Mechanical properties of Al7475 MMCs reinforced with nano B4C particles 

manufactured through the stir casting method are poorly understood, however. 

Aluminium boron carbide composites are becoming increasingly significant as 

lightweight materials are required for new industrial applications. In light of these 

findings, it is suggested that Al7475 nano B4C composites with different concentrations 

of B4C particles be developed. The goal of this research is to use the liquid metallurgy 

method to develop Al7475 alloy with 2 to 10 wt. % of B4C composites and examine the 

mechanical properties of composites. Tensile characteristics are analyzed between  

a 50 and 100 °C temperature range. In the present research an attempt has been made 
to develop Al7475 alloy with 400 to 500 nano sized B4C composites using advanced novel 

two stage stir casting process. In the preparation of metal composites using oxide, carbide 

or nitride ceramic particles in the metal, always wettability between matrix and 

reinforcement is a major concern. This novel two stage melt stir method helped to 

develop uniformly distributed particles in the matrix. 

 

Experimental details 

Materials used  

The main alloying element in 7475-alloy is zinc, making it a precipitation hardening 

aluminium alloy. 7475-O (annealed) and 7475-T6 (solutionized and artificially aged) are two 

popular pre-tempered grades, and 7475-T651 (solutionized, stress-relieved stretched and 

artificially aged) is another. In Table 1, we can see the Al7475 ingot that was analyzed here. 

 
Table 1. Chemical composition of the Al7475 alloy used in the present study 

Elements Zn Mg Si Mn Cu Fe Cr Ti Al 

Weight, % 5.70 2.50 1.50 0.06 1.20 0.12 0.22 0.06 Bal 

 

As a wrought product and primary matrix material, Al7475 belongs to the 7000 class 

of aluminium alloys and features a high zinc and magnesium content. Al7475 is favored 

among aluminium alloys due to its low density (2.8 g/cm3) and great machinability (it can 

be formed into many shapes, such as jet engine components, structural components, and 

tubing). Age hardenable, strength, corrosion resistance, and superior weldability are all 

benefits of the materials with high zinc and magnesium content. The elements that make 

up Al7475 alloy are shown in Table 1. 

The nanoB4C employed here is a secondary reinforcement particle with a diameter 

of 400 to 500 nm. It was purchased from Reinste Delhi. Nano B4C is a popular material 

among scientists and engineers because of its high mechanical and tribological qualities, 

as well as its other unique traits, such as its hardness, its ability to support a catalyst, and 

its use as a neutron absorber. B4C is used to reinforce aluminium because of the metal's 

low density (it's lighter than the matrix material, thus it helps save weight) and because 

B4C has a high melting point (up to 2950 °C) and good chemical and thermal stability. As 

a result, the low-cost stir casting technology has gained popularity among consumers 

interested in B4C reinforced aluminium matrix composites. 
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Table 2. Physical properties of boron carbide [14] 

 

Particles of boron carbide have unusually high hardness, low density, and good wear 

resistance. Carbon and boron oxide are reduced in an electric furnace to form boron 

carbide. The black powder is first ground into a fine powder and then pressed at 

temperatures above 2000 °C to solidify it. Tables 2 and 3 list the material and mechanical 

properties of boron carbide, respectively. 

 
Table 3. Mechanical properties of boron carbide [14] 

Density, gm /cm3) 2.52 

Melting point, °C 2445 

Young's modulus, GPa 450 – 470 

Thermal conductivity (at 25 °C), W/m-K 30 – 42 

Hardness (Knoop 100g), kg/mm2 2900 – 3580 

 

Because of its low cost and suitability for mass manufacturing, the stir casting 

technique is used to manufacture metal matrix nano composites. Stir casting was used to 

create nano-composites with 2, 4, 6, 8, and 10 wt. % of B4C particles, respectively. The 

necessary quantity of B4C and the cast iron die are initially warmed to 500 °C. However, 

the Al7475 was heated to 750 °C in an electric furnace after being weighed and deposited 

in a graphite crucible. After the Al7475 alloy has melted completely, a degassing powder 

called solid hexachloroethane (C2Cl6) [15] was added to the molten melt in order to expel 

the undesirable adsorbed gases. A zirconium-coated mechanical stirrer is dipped into the 

hot melt, creating a visible vortex while the stirrer spins at 300 revolutions per minute. 

The nano ceramic particles and the right amount of K2TiF6were fed into the vortex at a 

consistent rate once the melt has reached the suitable temperature. The nano B4C and 

K2TiF6 combination was stirred continuously before and after each pouring stage to 

ensure that the nano particles are evenly dispersed throughout the melt without cluster. 

The molten metal was put into a cast iron die that had been preheated, and then stirred 

for a while. 

To prepare the metal matrix composites usually ceramic reinforcements in the form 

of oxides, nitrides and carbides are used. The maximum 15 wt. % of reinforcement can be 

used to synthesize the metal base composites, beyond this is very difficult to have good 

wettability between the matrix and reinforcement. So, one can use any combination of 

weight percentage below 15 wt. % to fabricate the composites, it may be 2, 4, 6, 8 and 

10 or 4 and 8 or 3, 6, 9 and 12 wt. %. In the present study, it is considered 2 to 10 wt. % 

in steps of 2 wt. %. Al7475 - 10 wt. % of B4C composites exhibited lesser ductility as 

compared to 8 wt. % of B4C reinforced composites; hence in this study 10 wt. % was used 

as a maximum wt. % to fabricate the Al7475 alloy composites. Rashmi et al. [16] studied 

the impact of 4 and 8 wt. % of nano and micron particles of B4C composites. Al7075 alloy 

Physical property Specification 

Crystallography Rhombohedral 

Color Black 

Specific gravity 2.52 

Knoop100 hardness 2800 

Melting point, ºC 2950 
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with 8 wt. % of nano B4C composites shown improved properties with slight decrease in 

the ductility, if more wt. % of boron carbide content in the matrix, decreases the ductility 

of the composites. Angadi et al. [17] investigated the various properties of 2.5 to 5 wt. % 

of B4C reinforced Al2011 composites. Al2011 with 5 wt. % of boron carbide composites 

once again exhibited high properties with slight reduced elongation. Hence, the higher 

weight percentage of carbide particles reduces the ductility of the composites. Ductility 

is an important property of materials it should not be lesser.  

 

 

 
(a) (b) 

Fig. 1. Photograph (a) and dimensions (in mm) of a tensile test specimen  

 

For the purpose of characterization, the synthesized Nano composites were 

machined to ASTM standards. After confirming the presence of B and C components and 

the homogeneous distribution of particles in the matrix using SEM, the mechanical 

behavior of as cast Al7475 alloy and its nano composites is evaluated using ASTM 

standards. Figure 1(a) shows the tensile test specimen used as per ASTM E8 standard. 

Figure 1(b) demonstrates the block diagram of the tensile test specimen with dimensions 

as per ASTM E8 standard. 

 

Results and Discussion 

Microstructural studies  

The manufactured nano composite's reinforcing pattern and uniform distribution of nano 

particles are inspected using a scanning electron microscope. Emery papers of 

progressively finer grits (starting with 220 grit SiC paper) were used to smooth up a 

segment of the casted specimen's cut section. Keller's reagent (HCL+ HNO3+HF+Water) 

was used to etch the samples after they were manually polished to better highlight the 

microstructure [18,19]. 

Scanning electron microscopy (SEM) images of as cast Al7475 alloy are displayed in 

Fig. 2(a). Figure 2(b–f) demonstrates 2 to 10 wt. % of nanoB4C reinforced composites. SEM 

images show that secondary phase nanoparticles are dispersed uniformly throughout the 

Al7475 alloy matrix with no evidence of agglomeration. Furthermore, the characteristics 

of Al7475 alloy are improved by the excellent interfacial bonding between the B4C and 

the alloy matrix. 

Figure 3(a) displays EDS spectra of as cast Al7475 alloy, while Fig. 3(b–f) displays 

EDS spectra of Al7475 alloy reinforced with 2 to10 wt. % of nano B4C particulates. 

Elements such as Zn, Fe, Mg, Cu, Si, Cr, and Ti are depicted in an Al matrix in Fig. 3(a). 

Energy dispersive spectroscope spectra of Al7475 alloy with 2, 4, 6, 8, and 10 wt. % B4C 

nano composites are shown in Fig. 3(b–f). All of the spectra show that boron (B) and 

carbon (C) are present in the Al7475 alloy, in addition to the expected Al, Zn, Cu, and Si. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

 

Fig. 2. SEM images of (a) As cast Al7475 alloy, (b) Al7475-2% B4C, (c) Al7475-4% B4C, (d) Al7475-6% B4C, 

(e) Al7475-8% B4C, (f) Al7475-10% B4C nano composites 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 
 

Fig. 3. EDS spectrums of (a) as cast Al7475 alloy, (b) Al7475-2% B4C, (c) Al7475-4% B4C, 

(d) Al7475-6% B4C, (e) Al7475-8% B4C, (f) Al7475-10% B4C nano composites 
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Density measurements 

Figure 4 shows a comparison of the theoretical and experimental densities of as cast 

Al7475 alloy to Al7475 alloy with 2, 4, 6, 8, and 10 wt. % of nano sized B4C composites. 

The density of Al7475 is 2.82 g/cm3, while that of boron carbide is 2.52 g/cm3. When 

Al7475 is reinforced with 2 wt. % nano B4C, the composite's overall density decreases 

because the B4C density is lower than the Al7475 alloy. When 4, 6, 8, or 10 wt. % of B4C 

particles are added to Al7475 alloy, the composite typically has a lower density than the 

original/base aluminium alloy. Furthermore, the difference between the theoretical and 

experimental densities can be seen to be smaller than expected [20,21]. Boron carbides' 

ability to reduce material density agrees with findings from competing studies. 

 

Fig. 4. Theoretical and experimental densities of 

Al7475 alloy with nano B4C composites 

Fig. 5. Hardness of Al7475 alloy and its nano B4C 

composites 

 

Hardness measurements 

One way to characterize a material's hardness is by measuring its resistance to plastic 

deformation. The hardness of as cast Al7475 alloy and Al7475 alloy with nanoB4C 

composites containing 2, 4, 6, 8, and 10 wt. % is measured using a Brinell hardness testing 

machine equipped with a 5 mm ball indenter, an applied force of 250 kgf, and a dwell 

period of 30 seconds for each sample at different locations. As can be seen in Fig. 5, the 

durability of composites greatly exceeds that of their as-cast counterparts as the 

percentage of nano B4C in the composites increases. The increasing trend in hardness can 

be attributed to the B4C particles, which are dispersed uniformly and add to the hardness 

of the composite by blocking the progress of dislocations within the matrix. The findings 

are consistent with those of other researchers, which may be due in large part to the 

intrinsic link between the matrix and reinforcement [22,23]. 

 

Tensile properties 

Figures 6–8 show the ultimate tensile strength of unreinforced Al7475, Al7475 reinforced 

with 2 wt. % B4C, Al7475 reinforced with 4 wt. % B4C, Al7475 reinforced with 6 wt. % B4C, 

Al7475 reinforced with 8 weight percent B4C, and Al7475 reinforced with 10 wt. % B4C at 

room temperature and at 50 and 100 °C, respectively. 
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Fig. 6. UTS of Al7475 alloy and its nano B4C 

composites at room temperature 
Fig. 7. UTS of Al7475 alloy and its nano B4C 

composites at 50 °C 

 
Fig. 8. UTS of Al7475 alloy and its nanoB4C composites at 100 °C 

 

Figure 6 displays the room-temperature ultimate tensile strength of Al7475 alloy 

and its nano B4C reinforced composites, respectively. When Al7475 alloy is as cast, its 

maximal tensile strength is 212.43 MPa. Nano B4C particles added at quantities between 

2 and 10 % increased the UTS of Al7475 alloy. The following are the UTS values: The 

tensile strength of Al7475 alloy at 2% B4C is 234.17 MPa, at 4 % B4C it is 251.67 MPa, at 

6 % B4C it is 282.47 MPa, at 8 % B4C it is 298.03 MPa, and at 10 % B4C it is 322.53 MPa. 

The UTS of Al7475 alloy is enhanced by 52.8 % when nano B4C is added at a concentration 

of 10 wt. %. Nanoparticle inclusion has resulted in increased ultimate strength, primarily 

as a result of reinforcing tougher particles in the soft matrix. During testing, 

strengthening particles work to prevent the matrix from undergoing plastic deformation 

because they are, by definition, stronger and more rigid than the matrix. However, the 

distribution of the boron carbide particles throughout the Al7475 alloy matrix is essential 

for preventing the matrix from deforming plastically [24,25]. 

Composites supplemented with 2–10 % nano boron carbide particles from Al7475 

alloy exhibit higher ultimate tensile strength at 50 and 100 °C, as shown in Figs. 7 and 8. 

Increasing the percentage of reinforcement particles from 2 to 10 wt. % enhances the UTS 

of Al7475 alloy at both 50 and 100 °C, as shown by the graphs. The increased UTS of Al7475 

alloy at high temperatures is extremely useful in a wide variety of applications. With UTS of 
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201.37 MPa at 50 °C and 179.80 MPa at 100 °C, Al7475 alloy possesses impressive properties 

as cast. After incorporating 10 wt. % nano boron carbide particles, the UTS increases to 

318.87 MPa at 50 °C and 302.5 MPa at 100 °C. In both the 50 and 100 °C test conditions, the 

UTS of Al7475 alloy nano B4C composites is greater than that of the base matrix. 

Nanoparticle-reinforced composites are advantageous mainly because to their resistance to 

plastic deformation. At 50 °C, the UTS of the Al7475 alloy rose by 58.26 %. 

 

Fig. 9. Comparison of UTS of Al7475 alloy and its 

nano B4C composites at room temperature and 

elevated temperatures 

Fig. 10. Comparison of YS of Al7475 alloy and its 

nano B4C composites at room temperature and 

elevated temperatures 

 

 
Fig. 11. Comparison of elongation of Al7475 alloy and its nano B4C composites at room temperature 

and elevated temperatures 

 

Ultimate tensile strength comparisons at room temperature and increased 

temperatures (50 and 100 °C) for Al7475 alloy and various wt. % of B4C reinforced 

composites are shown in Fig. 9. As cast alloy has a UTS of 212.43 MPa at room 

temperature; at 50 and 100 °C, the UTS is 201.37 MPa (50 °C) and 179.80 MPa (100 °C), 

respectively. The as cast Al7475 alloy's UTS decreases from ambient temperature to 

higher temperatures. More plastic deformation of alloy occurs at higher temperatures, 

which is the primary cause of this decrease in UTS. 
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Furthermore, Fig. 9 shows that the UTS is enhanced both at room temperature and 

at elevated temperatures as the weight percentage of B4C particles is increased from  

2 to 10 wt. %. UTS values for composites of Al7475 – 2 wt. % of B4C reinforcement at 

room temperature (RT), 50˚C, and 100˚C, respectively, are 234.17, 228.4, and 214.13 MPa. 

As cast alloy has a UTS of 212.43 MPa at room temperature. The UTS of Al7475 alloy is 

enhanced by the addition of 2 wt. % of nanoparticles in all situations at ambient 

temperature as well as at increased temperatures. Furthermore, the ultimate strength of 

as cast Al7475 alloy and its composites decreases from room temperature to 100 °C.  

The softening of the material caused by exposure to high temperatures is responsible for 

most of the drop in UTS. The ultimate strength of the Al7475 alloy without any particles 

is 212.43 MPa at room temperature, this ultimate strength has been improved to 

322.53 MPa with 10 wt. % of B4C particles in the Al7475 alloy. Al7475 – 10 wt. % of B4C 

composites exhibited an improvement of 51.82 % in the ultimate tensile strength at room 

temperature. 

Yield strength comparisons at room temperature and increased temperatures  

(50 and 100 °C) between Al7475 alloy and various wt. % of B4C reinforced composites are 

shown in Fig. 10. As cast alloy has YS of 173.83 MPa at room temperature; similarly, it 

has YS of 169.57 MPa (at 50 °C) and 157.73 MPa (at 100 °C) in test settings. As cast Al7475 

alloy has a lower YS at high temperatures than at ambient temperature. When heated, 

alloy undergoes increased plastic deformation, leading to a drop in YS. 

Furthermore, as shown in Fig. 10, increasing the proportion of B4C particles from  

2 to 10 wt. % improves YS at both room temperature and higher temperatures. The YS 

values of composites made from Al7475 alloy and 2 wt. % of B4C reinforcement were 

196.4 MPa at RT, 192.2 MPa at 50 °C, and 173.47 MPa at 100 °C. The addition of 2 wt. % 

of nano particles improves the YS of Al7475 alloy under all conditions, including at room 

temperature and higher temperatures. The yield strength of as cast Al7475 alloy and its 

composites diminishes from 0 to 100 °C. This decrease in YS can be traced back to the 

material softening as a result of prolonged contact to high temperatures [26,27]. 

Figure 11 displays the elongation as a percentage of the initial length at room 

temperature and high temperature for Al7475 alloy and nano boron carbide reinforced 

composites, respectively. As can be seen in Fig. 11 the ductility of Al7475 alloy is 

diminished when hard boron carbide particles are added to it. Experiments conducted at 

room temperature reveal a 13.83 % stretch in as cast Al7475 alloy. In addition, nano B4C 

reinforced composites at 10 wt. % for Al7475 alloy have a value of 9.73 %. From the plot 

it is observed that as the testing temperature increases from RT to 100 °C, there is 

increase in the elongation due to the higher temperature. 

Figure 12 represents SEM images of tensile fractured surfaces of Al7475 alloy and 

Al7475 with 10 wt. % of B4C reinforced composites at room temperature and at 100 °C 
temperatures tensile test specimens. Figure 12(a) is the tensile fractured surface of 

Al7475 alloy at room temperature test conducted specimen. This shows grains and void 

dimples. Further, the fracture surface of Al7475 alloy at 100 °C testing environment 
exhibited the elongated grains, which is mainly due to improved ductility at higher 

temperature. Figure 12(c–d) are representing the tensile fractured surfaces of Al7475 

alloy with 10 wt. % of B4C composites. These samples surfaces are showing combined 

brittle and ductile mode of fracture due to presence of hard particles [28]. 
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(a) (b) 

   
(c) (d) 

Fig. 12. Tensile fractured SEM of (a) Al7475 alloy at room temperature, (b) Al7475 alloy at 100 °C,  

(c) Al7475 – 10 wt. % of B4C composites at room temperature, (d) Al7475 – 10 wt. % of B4C composites at 100 °C 

 

Conclusions 

The stir cast method is suitable for producing Al7475 alloy with B4C particles of nano in 

size and MMCs of 2 to 10 wt. %. Scanning electron microscopy images show that B4C 

particles are evenly dispersed across the Al7475 alloy. This study analyzed the EDS 

patterns of composites made from Al7475 alloy and B4C particles at 2 to 10 wt. %. The 

presence of boron and carbon elements in Al7475 alloy with B4C composites are 

confirmed by EDS spectrums. The incorporation of B4C particles reduced the density of 

Al7475 alloy composites. Further, theoretical and experimental densities are very nearer 

to each other, which indicate the proper casting method of Al7475 alloy and B4C 

composites. The hardness of Al7475 alloy has increased with the incorporation of B4C 

particles. The highest hardness is observed in the case of Al7475 alloy with 10 wt. % of 

B4C composites. The ultimate strength of the Al7475 alloy without any particles is 

212.43 MPa at room temperature, this ultimate strength has been improved to 

322.53 MPa with 10 wt. % of B4C particles in the Al7475 alloy. Ultimate and yield 

strengths of Al7475 alloy have enhanced with the 2 to 10 wt. % of boron carbide particles 

reinforced addition. Improvements in the UTS and YS with 10 wt. % of B4C particles in 

Al7475 alloy is 51.8 and 61.6 % respectively. Further, UTS and YS values of as cast Al7475 
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alloy and its 2 to 10 wt. % of boron carbide composites decreased at elevated 50 and 

100 °C. The ductility of Al7475 alloy has been slightly reduced with the incorporation of 

boron carbide particles in the Al7475 alloy matrix. The ductility has been improved in the 

case of elevated temperatures as compared to the room temperature experimental 

values. Tensile fractured surfaces at elevated temperatures exhibited larger and 

elongated grains. Metal composites with B4C shown combined brittle and ductile mode 

of fracture behavior.  
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ABSTRACT  

This paper examines the effect of equal-channel angular pressing (ECAP) and subsequent cold drawing (CD) on 

the microstructure and properties of the Al-0.5Fe-0.3Cu (wt. %) alloy produced by electromagnetic casting 

(EMC). The high rate of crystallization of the alloy ensured the formation of a solid solution of copper in the 

aluminum matrix, while iron was completely bound in intermetallic particles of the Al-Fe and Al-Fe-Cu types.  

A distinctive feature of ECAP processing followed by CD is the presence of signs of both ECAP and CD in the 

structure of the processed alloy. Moreover, the syncretic effect of two deformation methods, implementing 

different deformation schemes, led to the appearance of features that were absent in the alloy structures after 

ECAP or after CD. Presence of the unique ultra-fine grained (UFG) microstructure, formed as a result of the 

combined ECAP+CD treatment, led to an increase in the tensile strength of wires made of the Al-0.5Fe-0.3Cu 

alloy to 342 MPa while maintaining a relatively high electrical conductivity of 55.5 % IACS. Compared to the 

commercial scale alloys, the wire (with a UFG structure) from the Al-0.5Fe-0.3Cu alloy demonstrates either equal 

(6000 series alloys) or improved (8000 series alloys) mechanical strength and electrical conductivity.  Introduction 

of copper into Al-0.5Fe alloy, obtained using the EMC method, allows to even further improve the strength-

conductivity combination of this alloy. 

KEYWORDS  

aluminum alloy • Al-Fe-Cu • electromagnetic crystallization • equal-channel angular pressing  
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Introduction 

The development of the industrial and technical complex requires new materials, while 

traditionally used aluminum alloys are close to exhausting the resource for further improving 

their characteristics [1]. Nevertheless, aluminum remains, due to its availability and a 

combination of attractive properties, one of the most popular materials, and the task of 

modern metal science is to find new ways of producing and processing aluminum alloys [2,3]. 
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Improvement of mechanical performance of aluminum alloys can be achieved in 

several ways - by alloying, by thermal and deformation treatment, as well as by 

modification of casting methods [4–6]. However, with almost any method of increasing 

the strength of aluminum alloys, their electrical conductivity is inevitably lost [5–7]. This 

is due to the fact that the same structural mechanisms that lead to increased strength 

(increased dislocation density, increased density of grain boundaries, the presence of 

strengthening particles, the presence of a solid solution of alloying elements in 

aluminum) simultaneously negatively affect electrical conductivity. An important point is 

that the absolute values of the contributions of the above mechanisms are different, and 

by selecting them in a special way, it is possible to ensure an increase in mechanical 

strength without a significant loss of electrical conductivity [8]. 

In this regard, the creation of low-alloyed alloys is of particular importance, since 

the influence of alloying elements on the structures is more significant, the higher the 

concentration of these elements [9,10]. Maximum reduction in the concentration of 

alloying elements and a competent approach to structural mechanisms can provide the 

required level of physical and mechanical properties. 

Relatively recently, alloys of the Al-Fe system have gained a significant interest [11]. 

New methods for producing these alloys, as well as their maximum availability due to the 

low cost of components, have led to the fact that their use is permitted as materials for 

household electrical wiring [12,13]. In addition to being cheap, such materials are also 

subject to requirements for mechanical strength, electrical conductivity, and thermal 

stability. This set of properties is achievable by creating certain structures in the material, 

namely, a relatively small grain size, the presence of strengthening intermetallic particles 

and the absence of a solid solution. Alloys of this system are also attractive because the 

solubility of iron in aluminum at room temperature is no more than 0.005 wt. %, which 

transforms these alloys into the category of an alloy with no solubility of alloying 

elements in the solid state, which means that the contribution of the solid solution to the 

increase in electrical resistance will be minimal or equal to zero [14]. 

In addition to Al-Fe alloys, the advancement of this system with the addition of 

copper is also of interest. Al-Fe alloys are already quite well studied, which prompts the 

search for new materials and combinations of alloying elements. Copper additions have 

a positive effect on the strength of alloys without significantly affecting their electrical 

conductivity. Copper, unlike iron, forms a solid solution with aluminum, which allows a 

more flexible approach to the issue of heat treatment and decomposition of the solid 

solution/formation of intermetallic precipitates [15,16]. 

In addition to the selected chemical composition, the structure of the material in its 

initial state also plays an important role. If the cast billet is subsequently subjected to 

deformation processing, then to obtain a relatively small average grain size in the original 

billet, conditions must be created for this [17]. In addition, the initial workpiece should 

not contain large gradients in the chemical composition and inhomogeneities in the 

distribution of structural elements, since such features may not be eliminated by 

deformation treatment and remain in the final product. 

A relatively new method for producing aluminum alloys is casting in an 

electromagnetic crystallizer [18,19]. The main advantage of this method is the high  

(103-104K/s) cooling rate of the melt, which ensures nonequilibrium crystallization 
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conditions. In addition, the method itself makes it possible to obtain a workpiece that is 

uniform in chemical composition and size and distribution of structural elements. Thus, 

it becomes possible to form highly dispersed particles of the second phases and a 

supersaturated solid solution already in cast workpieces, homogeneously distributed in 

the aluminum matrix [20]. 

The third way to obtain outstanding properties is the currently widely known 

methods of severe plastic deformation [21,22]. Techniques such as high-pressure torsion 

[23], equal-channel angular pressing [24,25] and their variations make it possible to 

achieve large degrees of deformation in materials and obtain nonequilibrium structures 

(minimum grain size, supersaturated solid solution), which would be impossible to obtain 

using classical methods. Such alloy microstructures, in combination with subsequent heat 

treatment, make it possible to realize the best balance of physical and mechanical 

properties in semifinished products and products [26,27]. 

In the previous study, authors have stablished that combined deformation treatment 

including SPD methods positively affects the mechanical properties of the Al-Fe-Cu 

system alloys [28]. Particularly, stripes of the Al-0.5Fe-0.3Cu produced by EMC and 

subjected to the ECAP with the subsequent cold rolling demonstrated formed UFG 

microstructure providing the UTS of 300 MPa along with the electrical conductivity of the 

56 % IACS. Since the form of a wire is preferable for the materials in the electrical 

industry, the combination of the ECAP and cold drawing was studied in the current work. 

In this work, three approaches are used to create a conductive aluminum alloy with 

unique properties. The workpieces of economically alloyed Al-0.5Fe-0.3Cu alloy (wt. %) 

obtained by frontier technique of casting in an electromagnetic crystallizer were 

subjected to two-stage deformation processing, including equal-channel angular 

pressing and cold drawing. Samples of wire with a diameter of 3 mm obtained by this 

treatment were subjected to annealing at 230 C for 1 hour to test its thermal stability. 

The physical and mechanical properties of the wire samples produced in this work are 

compared with the properties of conductive wires made from commercial alloys for 

electrical purposes, as well as from Al-Fe system alloys produced by casting in EMC, which 

do not contain copper.  

 

Materials and Methods 

In order to study the effect of electromagnetic casting and subsequent deformation 

treatment the experimental Al-0.5Fe-0.3Cu wt. % alloy was produced. Its samples in the 

form of thin rods of a diameter of 10 mm were obtained by continuous casting in an 

electromagnetic mold. The chemical composition of the alloy samples is presented in 

Table 1. In terms of the content of alloying elements and impurities, it is close to the 

AA8030 alloy [29], widely used in electrical engineering. Conventionally, wire rod of such 

alloys is produced by the method of continuous casting and rolling (CCR) [30]. 

 
Table 1. Chemical composition of alloys of the Al-Fe system (wt. %) 

Alloy Cu Fe Si Ʃ (Mn, Cr, Zn) Al 
Al-0.5Fe-0.3Cu 0.30 0.50 0.02  0.01 Res. 
AA8030 [29] 0.15 – 0.20 0.35 – 0.45 0.07  0.03 Res. 
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Samples of wire rod of the Al-Fe-Cu alloy were made on the basis of primary 

aluminum grade A85 (not less than 99.85 wt. % Al), copper grade M00k (not less than 

99.9 wt. % Cu), as well as Fe80Al20 alloy in proportions selected to match the required 

Fe and Cu concentrations. After the melt temperature reached more than 800 °C, 
continuous casting was carried out in an EMC installation at a speed of 12.4 mm/s. 

Some of the obtained wire rod samples were subjected to two-stage deformation 

treatment, including SPD by equal-channel angular pressing (ECAP) and subsequent cold 

drawing (CD), and the other part was subjected to deformation only by cold drawing. 

Using an ARTA-120 wire-cutting machine, square samples measuring 

10 × 10 × 100 mm were made from cast semifinished products and subjected to two-

stage deformation processing. 

At the first stage, the samples were deformed using the ECAP method in equipment 

with a channel coupling angle of 120º, in the BС mode, at room temperature. The number 

of processing cycles was 4. Similar processing conditions are used to form the UFG 

structure in low-alloy aluminum alloys [31–33]. As a result of SPD processing, samples 

with a cross-section of 10 × 10 mm and a length of up to 80 mm were obtained. 

At the second stage, the samples were subjected to cold deformation on a laboratory 

drawing machine with a draw ratio of 13.5 (relative compression ~ 75 %). As a result of 

CD, wire samples with a diameter of 3 mm were obtained. Samples of the original wire 

rod were also subjected to CD using similar conditions. 

The heat resistance of wire samples was assessed in accordance with the 

requirements of the IEC 62641:2023 standard [34]. To do this, after cold treatment, some 

of the samples were annealed at a temperature of 230 °C for 1 hour, followed by cooling 
in air. Annealing was carried out in a Nabertherm B180 furnace. 

The microstructure was studied using scanning electron microscopy (SEM) on a 

Tescan Mira microscope at an accelerating voltage of 10-20 kV in back-scattered (BSE) 

and secondary electrons (SE) modes.  

The microstructure was studied using transmission electron microscopy (TEM) on a 

JEOL JEM 2100 microscope at an accelerating voltage of 200 kV. Before the study, the 

samples were subjected to electropolishing by double-jet polishing of thin foils on a 

Struers Tenupol-5 unit using a solution of 20 % nitric acid and 80 % methanol. Polishing 

was carried out at a solution temperature of -20 °C and a voltage of 20 kV. The studies 

were carried out on three foils per condition to obtain statistically reliable data. Images 

were obtained in bright field (BF) and dark field (DF) modes. 

To obtain statistically reliable results, tensile tests were carried out on three 

samples for each state, on a universal dynamometer Instron 5982 at room temperature 

and a strain rate of 10-3 s-1 (for initial samples and after deformation by the ECAP method) 

in accordance with GOST 1487-94 and at a speed of 100 mm/min (for wire samples after 

cold drawing) in accordance with GOST 10446-80. Based on the test results, the values 

of the yield strength (σYS), ultimate tensile strength (σUTS) and elongation to failure (δ) 

were determined. Tensile test samples after ECAP had the dimensions of  1 × 1 × 4 mm, 

after cold drawing – the shape of cylinders of 3 mm diameter and 100 mm length. 

X-ray diffraction (XRD) analysis was conducted with a Bruker D2 Phaser 

diffractometer using CuKα radiation. Values of lattice parameter were calculated via the 

Rietveld refinement method using MAUD software [31].  
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Electrical conductivity (ω) was determined with an error of ± 2 % by the eddy current 

method on samples after ECAP and by the four-point bridge method on samples after 

drawing [35]. The electrical conductivity relative to annealed copper (International 

Annealed Copper Standard, % IACS) was calculated using Eq. (1): 𝐼𝐴𝐶𝑆 = 𝜔Al𝜔Cu × 100%                                                                                                         (1) 

where ωAl is the measured electrical conductivity of the Al alloy, ωCu is the electrical 

conductivity of annealed chemically pure copper (58 MS/m). 

 

Results and Discussion 

Microstructural assessment 

Figure 1 shows images of the microstructure of the Al-0.5Fe-0.3Cu alloy formed in the 

original wire rod after EMC casting. The dark gray phase is the aluminum matrix, the light 

phase is intermetallic particles. The structure is very similar to one observed before  

in Al-Fe [36], Al-La-Ce [17] and Al-Fe-Cu [28] system alloys produced by casting into 

electromagnetic mold.  

The average size of a dendritic cell is 5.7 ± 0.9 µm. Based on the previous research it 
means that the crystallization rate was not less than 103 K\s [18]. It is known from the 

literature that in alloys of the Al-Fe system, during nonequilibrium crystallization, both 

metastable phases such as Al2Fe and Al6Fe and a stable phase Al13Fe4 can be formed [36–38]. 

However, the studied alloy also contains copper, which can form a solid solution in 

aluminum with a maximum equilibrium concentration at room temperature of about 

0.3 wt. % and form double phases like Al2Cu and/or ternary Al-Fe-Cu phases, the most 

prevalent of which is Al7Cu2Fe [39–41].  

 

 
 

Fig. 1. Microstructure of the Al-0.5Fe-0.3Cu alloy in the initial state, SEM, BSE [41] 

 

According to previous studies, almost all Fe is concentrated in intermetallic 

particles, which is expected, given its low solubility in aluminum [8,14]. Due to the high 

rate of crystallization of the alloy, part of the Cu is in the solid solution of aluminum and 

can also be part of some intermetallic particles [42]. 
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Judging by the results of XRD analysis, which were previously carried out by authors 

on alloys of the Al-Fe system, obtained by a similar casting method [37,38], it can be 

assumed that the particles of the double phase of iron aluminide belong to the 

metastable Al2Fe phase. While the lattice parameter of the Al-0.5Fe alloy practically does 

not change due to ECAP (from 4.0507±0.0001 Å to 4.0503±0.0001 Å) [37], the lattice 

parameter of the Al-0.5Fe-0.3Cu alloy due to ECAP decreases from 4.0522 ± 0.0001 to 

4.0498 ± 0.0001 Å. The data obtained indicate the retention of a solid solution of copper 
in aluminum in the alloy after casting in the EMC, as well as the presence in the 

composition, in addition to the double phase of iron aluminide, of a ternary phase, 

presumably Al7Cu2Fe [43]. Copper, when dissolved in a solid solution of aluminum, 

reduces its lattice parameter, which can be seen in the material under study. According 

to literature data [8,14], the maximum concentration of a solid solution of copper in 

aluminum at room temperature is about 0.3 wt. %, so theoretically all the copper could 

dissolve in aluminum. According to the literature data, the ECAP has a rather weak effect 

on the formation of a solid solution, so it could be safely assumed that not all copper is 

dissolved in the solid solution after ECAP [44].  

Figure 2 shows the microstructure of a sample of the Al-0.5Fe-0.3Cu alloy after 

deformation by ECAP. The intermetallic network formed by the plates of intermetallic phases 

is deformed and becomes curved due to deformation and loses its continuity. Fragmentation 

of intermetallic particles also occurs. The average grain/structural element size is 

1350 ± 70 nm in length and 700 ± 40 nm in width, the average size of intermetallic particles 

is 650 ± 50 nm. Despite the fact that ECAP belongs to SPD methods, it usually does not lead 

to phase transformations in aluminum alloys of this or similar alloying systems [31,45], 

suggesting their absence in this case. Figure 2(b) shows black voids in the middle of 

intermetallic particles. This could be attributed either to fragmentation of the particles during 

the ECAP and formation of the micropores (similar effect was observed in [46]), or to the 

effect of the particles “falling out” from the sample during the electropolishing. Since this 
effect was previously observed on samples prepared by mechanical polishing, authors are 

inclined to the state that these voids are the result of the deformation of the relatively soft 

aluminium matrix by the fragmented intermetallic particles.    

 

  
 

Fig. 2. Microstructure of the Al-0.5Fe-0.3Cu alloy in the state after ECAP: (a) 2kx, (b) 5kx, SEM, BSE 
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After ECAP, the consequent deformation treatment of the alloy in the form of cold 

drawing took place. Figure 3 shows the microstructure of the Al-0.5Fe-0.3Cu alloy after 

combined ECAP and CD. The material in this state was successively subjected to 

deformation with tangential (ECAP) and normal (CD) stresses, affecting its microstructure. 

Both grains and intermetallic particles experience the fragmentation during CD. Thus, 

according to SEM data, the average size of intermetallic particles after ECAP and CD in 

decreased to 380 ± 45 nm, the average grain width - to 350 ± 15 nm with the 

simultaneous average grain length increase up to 2850 ± 290 nm. The decrease in size of 

the major structural features, such as average grain size and average particle size, was 

facilitated by both the deformation accumulated during ECAP and the preliminary 

fragmentation of intermetallic particles and their denser distribution in the volume of the 

material.  

 

  
 

  
 

Fig. 3. Microstructure of the Al-0.5Fe-0.3Cu alloy after ECAP+CD, obtained in different SEM modes:  

(a,c) backscattered electrons, 2kx, (b,d) secondary electrons, 10kx. Secondary electrons mode allows to 

highlight the surface relief of the sample. White arrows indicate the deformation bands 
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Another effect introduced by the combined ECAP+CD treatment is a characteristic 

relief on the surface of samples for microscopy. It consists of the presence of bright stripes 

located within the grain boundaries and oriented at an angle of 45° relative to the 

direction of deformation (Fig. 3(c)). These structural elements are visible only in 

secondary electrons and are not visible in back-scattered electrons, from which two 

conclusions can be drawn: first, these bands are not particles of a different phase relative 

to the grains, and second, they appear on the surface of the sample. Most likely, these are 

shear bands formed during the localization of deformation in the aluminum matrix as a 

result of combined deformation treatment according to schemes that implement shear 

(ECAP) and normal (CD) deformation [25].  

Figure 4 shows the microstructure of the Al-0.5Fe-0.3Cu alloy after cold drawing. 

The structure is qualitatively similar to that observed in the ECAP+CD state (Fig. 3).  

 

    
 

Fig. 4. Microstructure of the Al-0.5Fe-0.3Cu alloy after CD: (a) 2kx, (b) 10kx, BSE, SEM 

 

The arrangement of layers of intermetallic particles along the grain boundaries is 

noticeably less dense than after ECAP +CD (Fig. 3). This effect is facilitated by the absence 

of the preliminary fragmentation of clusters of intermetallic particles during ECAP (like 

in the case of ECAP+CD), providing fewer barriers for the grain boundary migration and 

resulting in wider grain - due to CD of the materials in the initial state the grains acquired 

an elongated shape with an average length of 2750 ± 400 nm and an average width of 

650 ± 20 nm, while grains after ECAP, having roughly the same length, are about 2 times 

narrower. The fragmentation of the intermetallic particles occurs during the CD, resulting 

in the formation of the linear particles clusters oriented in the direction of deformation 

(Fig. 4(b)). The average size of intermetallic particles in CD state is 390 ± 80 nm. 

It should also be noted that the segregations/clusters of intermetallic particles, 

although they acted as barriers to the migration of grain boundaries, were not the only 

obstacle to their migration - the grain boundaries of the aluminum matrix also line up in 

lines parallel to the direction of deformation (Fig. 4(b)). 
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The abovementioned observations are confirmed by the TEM results. Figure 5 shows 

the microstructure of the Al-0.5Fe-0.3Cu alloy after cold drawing in longitudinal 

(Fig. 5(a,b)) and cross-sections (Fig. 5(c,d)). Images of a longitudinal section show 

segregations of intermetallic particles along grain boundaries elongated in the direction 

of deformation. These segregations act as obstacles to the migration of grain boundaries. 

Segregation of particles along grain boundaries are also observed in the cross-section.  

 

   
 

  
 

Fig. 5. Microstructure of Al-0.5Fe-0.3Cu alloy in cold drawing state, longitudinal ((a) - BF, (b) - DF) 

and cross section ((c) - BF, (d) - DF), TEM 

 

Overall, the implementation of the ECAP before the CD results in the qualitatively 

and quantitively different microstructure in comparison to the single CD treatment. 

ECAP+CD provides narrower grain with more even distribution of the intermetallic 

particles within the material, although the size of the particle remains the same.   

According to previously published studies, the smaller grain should provide the 

higher level of the yield stress since it shortens the free path of the dislocations [26]. 

Rough estimation of the grain size impact on the mechanical strength of the material 

shows that ECAP + CD state should have 25 MPa higher yield stress than CD state, which 

is confirmed, considering the error value, in the Table 2. 
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Physical and mechanical properties of Al-0.5Fe-0.3Cu alloy 

The mechanical properties and electrical conductivity of the Al-0.5Fe-0.3Cu alloy are 

presented in Table 2. According to the data given below, in the initial state  

the Al-0.5Fe-0.3Cu alloy is characterized by low strength indicators (ultimate strength 

106 MPa) with a fairly high level of electrical conductivity (about 56%IACS) and 

elongation to failure (about 34 %).  

 
Table 2. Physical and mechanical properties of the Al-0.5Fe-0.3Cu alloy  

State 
Electrical properties Mechanical properties 

IACS, % YS, МPа σUTS, МPа δ, % 

Before and after ECAP 

Initial (cast) 56.1±0.4 72.0±8.0 106.0±4.0 33.7±6.5 

ECAP 54.8±0.2 181.0±12.0 214.0±15.0 13.7±2.8 

ECAP+CD 55.5±0.3 234.0±19.0 342.0±6.0 2.7±0.5 

CD 55.8±0.4 230.0±7.0 260.0±5.0 2.5±0.2 

After CD and annealing at 230C for 1h 

ECAP+CD+230 С 58.5±0.3 146.0±16.0 163.0±15.0 7.2±3.7 

CD+230 С 58.0±0.1 174.0±3.0 200.0±3.0 3.2±0.3 

Wire made from Al-0.5Fe and 6101 Al-Mg-Si alloys 

8000 series alloys [29] 60.6 - 103.0-152.0 - 

Al-0.5Fe EMC + CD [37] 58.4 170.0±12.0 204.0±14.0 5.3±0.2 

Al-0.5Fe EMC +  

CD+230С [37] 
59.2 175.0±11.0 200.0±16.0 4.0±0.4 

6000 series alloys [47] 57.4-52.5 - 245.0-342.0 3.0-3.5 

6101 ECAP-C 

+AA+CD [31] 
56.4 - 364.0 3.5 

Stripes 

Al-0.5Fe-0.3Cu EMC +  

ECAP + Cold rolling [28] 
55.9±0.7 267.0±6.0 309.0±4.0 13.8±0.9 

 

In case of the studied materials, ECAP generally leads to a lower level of structural 

defects than cold drawing resulting in a lower level of ultimate tensile strength 

(214 MPa). The electrical conductivity value, however, is higher in the cold-drawn state, 

which can be explained by the possible formation of a solid solution of copper in 

aluminum during ECAP due to the diffusion of copper into the aluminum matrix under 

the influence of large stress fields and shear deformation. As a result of the combined 

processing of ECAP + CD, a wire was obtained that is characterized by a high (as after 

drawing) level of electrical conductivity and a significantly increased (even more than 

after ECAP) level of tensile strength. The relative elongation to failure, however, is at the 

level of the wire after cold drawing and is very small (Table 2).  

Table 2 also shows the strength and electrical conductivity values of some 

commercial alloys for comparison. Thus, wire from the Al-0.5Fe-0.3Cu alloy after 

combined ECAP + CD treatment in terms of strength and electrical conductivity is at the 

level of heat-resistant wire made from 6101 alloy by the same deformation scheme, 
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making it affordable alternative to the Al-Mg-Si alloys. Commercially produced wires from 

6000 and 8000 series alloys, as well as wires made from electromagnetically cast  

Al-0.5Fe alloy, while having slightly higher level of electrical conductivity, demonstrate 

notably (about 1.5 times) lower mechanical strength compared to the wires produced 

from electromagnetically cast Al-0.5Fe-0.3Cu alloy with use of ECAP+CD. 

Alloys made from these systems are subject to thermal stability requirements. 

Thermal stability is tested by annealing at 230 °C for 1 hour, which is equivalent to 
operating at 150 °C for 40 years [34]. 

Engineering stress-strain curves of the alloy in deformed states and after annealing 

are presented in Fig. 6. It would be fair to say that every studied state has ductile character 

of the deformation and failure. This is surprising considering that the presence of the Cu 

in aluminium alloy may result in the embrittlement of the latter.    

    
Fig. 6. Engineering stress-strain curves of alloy samples in the EMC and ECAP states (a): 1 – EMC,  

2 – ECAP; as well as samples in the form of a wires (b): 1 – ECAP+CD, 2 – CD, 3 – ECAP+CD+230С,  

4 – CD+230 С  

 

The mechanical properties and electrical conductivity of the alloy after annealing 

at 230 °C for 1 hour are also presented in Table 2. Annealing leads to softening of alloys 

both after cold drawing and after a combination of equal-channel angular pressing and 

cold drawing [48]. The drop in the level of ultimate strength in the alloy after drawing 

was 23 %, in the alloy after combined processing – 52 %. None of these states can be 

considered thermally stable, since the drop of the UTS was more than 10 %. As for 

absolute values, the alloy after combined processing softened significantly more than 

after drawing. At the same time, there was an increase in the relative elongation to failure 

and electrical conductivity. Similar processes occurred in the alloy after cold drawing, but 

the decrease in strength and increase in ductility are much less pronounced. The electrical 

conductivity in both states is comparable and amounts to 58–58.5 % IACS, exceeding the 

electrical conductivity of the starting material. 
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Conclusions 

In this work, a two-stage deformation treatment was carried out, including equal-channel 

angular pressing and cold drawing, of an Al-0.5Fe-0.3Cu alloy produced by casting in an 

electromagnetic crystallizer. During the work, the following conclusions were drawn: 

1. The method of casting in an electromagnetic crystallizer makes it possible to form the 

microstructure of the alloy at a high crystallization rate. The resulting microstructure is 

characteristic of aluminum alloys with limited solubility of components in the solid state 

after casting in an EMC. 

2. During the ECAP a solid solution of copper in aluminum is formed. Iron is bound in 

intermetallic Al2Fe, Al6Fe and Al13Fe4 phases. Copper atoms are also bound in either 

double (Al2Cu) or triple (Al7Cu2Fe) intermetallic phases.  

3. The combined treatment of ECAP + CD leads to the formation of a structure in the Al-

0.5Fe-0.3Cu alloy that is different from one formed as a result of CD. The main difference 

is the decreased grain width and the presence of the shear bands within them in the 

ECAP+CD state. This structural difference resulted in the 25 % increased UTS of the wire 

in the ECAP+CD state relative to the CD sate with the similar values of the electrical 

conductivity and elongation to failure.  

4. The strength level of wire made from the Al-0.5Fe-0.3Cu alloy after ECAP + CD exceeds 

that of thermally resistant alloys of the 6000 and 8000 series, as well as the Al-0.5Fe 

alloy produced by casting in an electromagnetic crystallizer. As a result of the combined 

ECAP + CD processing, a tensile strength level of 342 MPa and an electrical conductivity 

level of 55.5 % IACS are achieved, which is comparable to the similar characteristics of 

the commercial alloy 6101 subjected to ECAP-Conform processing followed by cold 

drawing. 

5. According to the standards for conductive wires made of aluminum alloys, wire made 

of Al-0.5Fe-0.3Cu alloy after heat treatment and ECAP + CD cannot be considered 

thermally stable, since the loss of strength after heat treatment is more than 10 % in both 

cases. However, after annealing equivalent to operating at 150 °C for 40 years, both wires 
have an electrical conductivity of at least 58 % IACS and a strength of at least 160 MPa.  
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Outstanding ductility of high-strength ultrafine-grained 

aluminium at cryogenic temperatures 
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ABSTRACT  

By decreasing the temperature of the tensile tests from 293 to 77 K, a drastic increase in ductility 

(elongation to failure ~ 40 % and uniform elongation ~ 25 %) was demonstrated for the first time, along 

with an increase in strength (yield stress ~ 235 MPa and ultimate tensile strength ~ 265 MPa) for ultrafine-

grained aluminium structured by combination of equal-channel angular pressing and cold rolling with 

subsequent annealing. The increase in ductility at 77 K is accompanied by an increase in the strain 

hardening coefficient. The physical reasons for the significant increase in ductility at 77 K are discussed in 

comparison with the peculiarities of microstructure. The obtained combination of ductility and strength 

opens up prospects for the use of this material at cryogenic temperatures, as well as the application of 

cryogenic temperatures for the formation of its products of complex shapes. 

KEYWORDS  

aluminium • ultrafine-grained structure • ductility • strength • cryogenic temperatures 

Citation: Orlova TS, Sadykov DI. Outstanding ductility of high-strength ultrafine-grained aluminium at 

cryogenic temperatures. Materials Physics and Mechanics. 2024;52(3): 73–79.  

http://dx.doi.org/10.18149/MPM.5232024_7  

 

 

Introduction 

Grain refinement by severe plastic deformation (SPD) methods is widely used to increase 

the strength of aluminium and its alloys [1–6]. As a result of such processing, an ultrafine-

grained (UFG) structure is formed, with an average grain size usually ranging from 100 to 

1000 nm, depending on the SPD method used, processing parameters, and the chemical 

composition of the specific alloy [1]. The most widely used SPD methods currently are 

equal-channel angular pressing (ECAP), high-pressure torsion (HPT), and accumulative 

roll bonding [1,3,7–9]. The formation of UFG structure leads to a significant (several 

times) increase in strength, however, ductility is significantly reduced [1,7,10].  

The reduction in ductility greatly complicates the processing of such materials and, 

consequently, limits their industrial application. The traditional method for increasing 

ductility is a suitable annealing at specific temperatures and durations. However, the 

increase in ductility in this case is accompanied by grain growth and, consequently, leads 

to significant decrease in strength [11,12]. The thermal stability of UFG materials 

decreases with increase in their chemical purity and decrease in grain size, which leads 

to decrease in strength when using, for example, hot pressing for the manufacture of 

products from them. Previously, we suggested a new approach to achieve significant 

increase in ductility at room temperature (RT) while maintaining high strength of UFG Al 

(99.6 wt. %), structured by the HPT method [13]. This approach presents the use of a 

special deformation-heat treatment (DHT), consisting of low-temperature annealing and 

http://dx.doi.org/10.18149/MPM.5232024_7
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additional small HPT deformation at RT. As a result of such DHT, a good combination of 

strength (yield stress σ0.2 ~ 130 MPa and ultimate tensile strength σUTS ~ 180 MPa) and 

ductility (elongation to failure δ ~ 34 % and uniform elongation δ1 ~ 19 %) at RT was 

achieved for HPT Al [14]. As was shown, the increase in ductility of HPT Al after such DHT 

is due to increase in the degree of non-equilibrium of high-angle grain boundaries 

through their relaxation and subsequent introduction of additional density of extrinsic 

dislocations into them [15,16]. However, such DHT did not ensure high ductility in UFG 

Al, in which the UFG structure was formed by a combination of ECAP and cold rolling (CR) 

methods [17]. As a result of structuring aluminium by the combination of ECAP and CR 

methods with subsequent annealing at 150 °C for 1 h, remarkable strength 

(σ0.2 ~ 182 MPa, σUTS ~ 212 MPa) was achieved and thermal stability of properties up to 

150 °C, at least [17]. At the same time, δ was equal to ~ 9.6 %, and δ1 was only ~ 1.2 %, 

indicating low formability of this material at RT. 

In the present work, it has been shown that deformation at cryogenic temperatures 

(77 K) of samples structured by the combination of ECAP and CR methods followed by 

annealing (T = 150 °C, t = 1 h), provides a drastic increase in ductility accompanied by 

increase in strength. The achieved ductility, primarily uniform elongation, indicate the 

prospects of using Al structured in this way for products operating at low temperatures, 

as well as for deformation treatments of this material under cryogenic temperature 

conditions. 

 

Materials and Methods 

Commercially pure Al (A7E, 99.7 wt. % Al) was chosen for the study. The UFG structure 

was formed by combination of ECAP (4 passes, via route BC, the angle between channels 

is 90°) and CR (total thickness reduction ~ 90 %), followed by annealing at T = 150 °C  

for 1 h (Al_ECAP+CR+AN state). Mechanical properties were studied by uniaxial tensile 

tests using the blade-shaped samples with a gauge size of 2.0 × 1.0 × 6.0 mm3 (the gauge 

length was oriented along the rolling direction). Tensile tests were carried out on a 

Shimadzu AG-50kNX testing machine with a constant strain rate of 5 × 10−4 s−1 at RT, as 

well as in liquid nitrogen (at 77 K). At least three samples were tested for each state and 

temperature. The yield stress (σ0.2), ultimate tensile strength (σUTS), elongation to failure 

(δ) and uniform elongation (δ1) were determined from the obtained stress-strain curves. 

The microstructure of samples was studied by transmission electron microscopy (TEM) 

using a JEOL 2100 microscope at an accelerating voltage of 200 kV. TEM studies were 

carried out in the plane marked in red in Fig. 1(a), which is formed by the rolling direction 

(RD) and the direction normal to the rolling plane (ND). Analysis of the obtained 

microstructure images was carried out using ImageJ software. Samples for TEM studies 

were prepared by mechanical polishing followed by twin-jet electropolishing in solution 

of nitric acid (25 %) in methanol at -25 °C at an operating voltage of 25 V. 
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Results and Discussion 

A typical TEM image of the microstructure is shown in Fig. 1(a). Based on a series of TEM 

images obtained, grain sizes were measured using ImageJ software. The size of each grain 

was determined by estimating the diameter of a circle equivalent in area to each 

individual grain. The grain size distribution obtained on the basis of ~ 100 grains is shown 

in Fig. 1(b). The average grain size is (dG) ~ 665 nm. According to data obtained by electron 

backscatter diffraction, such structure contains predominantly (67 %) high-angle grain 

boundaries [17]. Despite the annealing at 150 °C, dislocations are clearly visible in some 
grains (Fig. 1(a)). According to X-ray diffraction analysis, the dislocation density in the 

Al_ECAP+CR+AN state is ~ 1.6 × 1012 m-2 [17]. 

 

 
 

(a) (b) 

Fig. 1. (a) – typical TEM image of Al_ECAP+CR+AN samples in RD-ND plane with indication of the 

sample orientation relative to the rolling direction RD; ND and TD - normal and transverse directions, 

respectively; (b) – statistical grain size distribution for Al_ECAP+CR+AN. wRT, w77K – the steady-state 

subgrain size at RT and 77 K, respectively (see the explanation in the text); f (dG < wRT), f (dG < w77K) – 

fractions of grains with the grain size dG smaller than wRT, and w77K, respectively 

 

Figure 2 shows the stress-strain curves of the Al_ECAP+CR+AN samples at RT and 

77 K. For comparison, the stress-strain curve of Al in the initial coarse-grained state (CG) 

at RT is also presented. The mechanical characteristics of the Al_ECAP+CR+AN samples 

at RT are similar to those we obtained previously [17]. As is seen (Fig. 2), the strength 

characteristics of the material in the UFG state Al_ECAP+CR+AN significantly exceed 

those in the initial CG state. In the UFG state, compared to the CG state, the value of σ0.2 

increased from ~ 35 to ~ 185 MPa, and the value of σUTS increased from ~ 50 to ~ 215 MPa. 

The value of δ at RT drops by 4 times, from ~ 40 % in the CG state to δ ~ 10 % in the UFG 

state. The uniform elongation becomes very low (δ1 ~ 1 %), which indicates the 

localization of deformation in UFG Al immediately after the onset of plastic flow. 

However, the Al_ECAP+CR+AN samples demonstrate excellent ductility at 77 К (curve 3 

in Fig. 2): δ reaches ~ 40 %, and uniform elongation is ~ 25 %, which exceeds δ1 at RT by 

~ 25 times. The increase in ductility of UFG Al at 77 K is accompanied by a noticeable 

increase in the strength (by ~ 1.3 times). The values of σ0.2 and σUTS increased from ~ 185 

to ~ 235 MPa and from ~ 215 to ~ 265 MPa, respectively. 
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Fig. 2. Stress-strain curves of Al in the CG state (1) and in the UFG state Al_ECAP+CR+AN (2, 3)  

at RT (1, 2) and 77 K (3) 

 

Figure 3 shows the stress-strain curves in true coordinates and the corresponding 

dependences of strain hardening coefficient ( = dσtr/dtr, where σtr is true stress and tr is 

true strain) on true strain for UFG Al in the Al_ECAP+CR+AN state at different deformation 

temperatures.  

 

 
(a) 

 
(b) 

Fig. 3. (a) – true stress-strain curves of Al_ECAP+CR+AN at RT (curve 1) and 77 K (curve 2);  

(b) – the strain hardening coefficient as a function of true strain for Al_ECAP+CR+AN at RT (curve 1) 

and 77K (curve 2) 

 

As is seen, the value of  at RT sharply decreases to negative values when the strain 

is very small, that indicates low ability of UFG Al to strain hardening. At 77 K, the 

Al_ECAP+CR+AN samples show strain hardening (  > 0) until a large strain of ~ 25 % is 

reached (Fig. 3(b)). The high ductility of Al in the Al_ECAP+CR+AN state at 77 K opens up 

prospects for using this material to form products of complex shapes. High ductility at 

cryogenic temperature (77 K) was also demonstrated by UFG Al structured only by the CR 

method (Al_CR) [18]. However, Al_CR showed significantly lower strength at RT:  

σ0.2 ~ 134 MPa and σUTS ~ 140 MPa, which are 1.35 and 1.5 times lower, respectively, than 

the such characteristics of Al_ECAP+CR+AN. At 77 K, both strength characteristics (σ0.2 and 

σUTS) of Al_CR are also approximately 1.3 times lower than those of Al_ECAP+CR+AN. UFG 
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Al structured only by ECAP also has lower strength (σ0.2 ~ 150 MPa and σUTS ~ 180 MPa) 

and low ductility (1 ~ 3.9 % and  ~ 14 %) at RT [19]. The yield stress of UFG Al samples 

structured by HPT is ~ 1.4 times lower compared to σ0.2 of Al_ECAP+CR+AN samples. For UFG 

Al structured by HPT, no increase in ductility is observed at 77 K compared to that at RT [20]. 

At 77 K, the ductility of Al_HPT is  ~ 19 % with uniform elongation 1 ~ 1 % in both 

states: with and without subsequent annealing at T = 150 °C for t = 1 h [20]. Thus, 

comparison of mechanical properties of Al_ECAP+CR+AN and UFG Al structured by other 

SPD methods at RT shows that the Al_ECAP+CR+AN samples have the best strength. 

As is known, at large plastic deformation a subgrain structure develops in the initial 

CG material as a result of the rearrangement of dislocations accumulated during 

deformation [21,22]. When the strain reaches a critical value, the stationary regime of 

dynamic equilibrium of the nucleation and annihilation of dislocations is established, and 

a steady-state subgrain size w is reached. According to [23], the steady-state subgrain 

size is determined as: 𝑤 = 𝑘𝑤 𝑏𝐺𝜎𝑡𝑟𝑚𝑎𝑥,                (1) 

where kw is a constant in the range 10–30, G is the shear modulus, b is the value of 

Burgers vector and 𝜎𝑡𝑟𝑚𝑎𝑥 is the maximum true stress obtained from the stress-strain 

curves in true coordinates. 

It is known that the value of the parameter w decreases with decreasing 

temperature and increasing strain rate [24,25]. At low temperatures, dynamic recovery 

(annihilation of dislocations and rearrangement of the dislocation structure) is 

suppressed, which contributes to a greater accumulation of dislocations during 

deformation. As a consequence, the free path of mobile dislocations decreases. The level 

of flow stress increases, that can promote the activation of additional sources of 

dislocations, leading to an overall increase in dislocation density. These dislocations can 

interact with each other and form a cell/subgrain dislocation structure with a lower w 

compared to the case of deformation at RT [24]. According to [18,22], the grain size dG in 

a UFG structure relative to the parameter w at a given temperature and strain rate can 

play a decisive role in determining the overall deformation behavior of the material. In 

UFG alloys with a predominant grain size dG < w, dislocations emitted from grain 

boundaries will glide to the opposite boundary (in the absence of any obstacles) and be 

embedded into it. Such dynamics of dislocations leads to a very slight or almost complete 

absence of strain hardening of the material, the rapid achievement of instability state 

(localization of deformation) in accordance with the Considère criterion: σ =  [26,27], 

and, consequently, to low tensile ductility, primarily to low uniform elongation. In a UFG 

structure with a grain size dG > w, emitted dislocations can interact with each other, 

accumulate, and form a cell/subgrain structure and, as a result, promote strain hardening. 

In the present work, we estimated the parameter w for UFG Al_ECAP+CR+AN  

for deformation conditions at RT (wRT) and 77 K (w77K) according to Eq. (1). Using the values 

of G = 26 GPa at RT and 29.2 GPa at 77 K for Al [28], b = 0.286 nm [29] and the widely used 

value kw = 20 for Al [30], as well as corresponding values of σtr
max determined from true stress 

– true strain diagrams (Fig. 3(a)), the values of wRT  730 nm and w77K  530 nm were obtained. 

A comparison of the estimated w-values with the experimentally obtained grain size 

distribution for UFG Al in the Al_ECAP+CR+AN state (Fig. 1(b)) shows that the majority of 
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grains (fraction of grains f  65 %) have a size dG smaller then wRT, therefore, at RT the 

accumulation of dislocations during deformation can occur mainly only in ~ 35 % of 

grains, that explains the low ductility at RT (Fig. 2). At the same time, the majority of 

grains (~ 75 %) meet the criterion dG > w77K; therefore, at 77 K, deformation with the 

accumulation of dislocations can occur in them promoting noticeable strain hardening, 

which is observed experimentally (Fig. 3) and explains the drastic increase in ductility at 

the cryogenic temperature (Fig. 2). 

 

Conclusions 

Thus, it was shown that UFG aluminium structured by a combination of ECAP and CR 

methods followed by annealing (T = 150 °C, t = 1 h) demonstrates drastic increase in 

ductility at 77 K compared with the ductility at RT.  The values of δ and δ1 increased 

respectively from ~ 10 % and ~ 1 % at RT to ~ 40 % and ~ 25 % at 77 К, while the strength 

also increased, reaching values of σ0.2 ~ 235 MPa and σUTS ~ 265 MPa at 77 K. The achieved 

large uniform elongation opens up prospects for the use of cryogenic temperatures for 

molding products of complex shapes from such high-strength UFG aluminum, as well as its 

use for operation at cryogenic temperatures. It was shown that the increase in ductility, 

both elongation to failure and uniform elongation at 77 K, is associated with an increase 

in the strain hardening coefficient with decreasing deformation temperature and a high 

fraction of grains with sizes exceeding the characteristic steady-state subgrain size at 77 K. 
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The effect of high-temperature annealing on the properties of 

bulk β-Ga2O3 obtained in different growth atmospheres 
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ABSTRACT  

The work presents the results of the experiments on annealing in air of bulk crystals of gallium oxide grown in 

Ar+O2 and CO2 atmospheres at a temperature of 1400 °C. The annealing time was 5 hours; the time to reach the 
temperature was 3.5 hours; the cooling time was 20 hours. Annealed samples show increasing of transmission 

in infrared area of electromagnetic spectrum and decreasing of width of X-ray rocking curve which means the 

reduction of the number of defects in crystals. Full width at half maximum of rocking curve for annealed samples 

was almost the same for both atmospheres: FWHMa = 84 arcsec for sample grown in Ar+O2 atmosphere and 

FWHMa = 80 arcsec for sample grown in CO2, which means that after annealing, the quality of the samples 

became comparable, despite the initial difference. 
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Introduction 

Recently, the theme of ultra-wide bandgap (UWBG) semiconductors has been gaining big 

attention [1–4]. The term UWBG is commonly used to denote semiconductors with a 

larger band gap Eg than traditional wide bandgap semiconductors such as silicon carbide 

(Eg=3.2eV [5]) and gallium nitride (Eg=3.4 eV [6]). Usually, compounds III-V (BN, AlN, 

AlGaN), diamond and compounds based on gallium oxide are considered as UWBG. The 

bulk crystal of gallium oxide (β-Ga2O3) is a semiconductor with a band gap of about 4.8 eV 

[7,8], with excellent electrical characteristics, such as large breakdown electric field of 

about 8 MV/cm theoretically [9] and about 3.8 MV/cm in the device [10], high radiation 

resistance [11] and relatively high electron mobility (up to 200 cm2V-1s-1 [12]). One of the 

main advantages of gallium oxide over other UWBG semiconductors is the possibility of 

fabricating bulk crystals by liquid phase growth methods such as the Czochralski method 

[13–19] and the edge-defined film-fed growth (EFG) method [20–25] used in the 

industry. 

Experiments on the annealing of bulk β-Ga2O3 crystals have shown that annealing 

in an oxygen-containing atmosphere leads to an increase in optical transmission in the 

IR region and a drop in the concentration of charge carriers [26–28]. During annealing 

without oxygen, for example in nitrogen [28] or in vacuum [29], the reverse processes 

occur — the concentration of carriers increases, transmission decreases. 
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Previous experiments have shown that increasing the oxygen concentration in the 

growth atmosphere improves the quality of crystals [30,31], as well as high-temperature 

annealing in an oxygen-containing atmosphere [26–28,31–33]. In addition, experiments 

have shown that the properties of the crystal after annealing change significantly at an 

annealing temperature of 1200 °C and above [31,33]. In this paper, the effect of annealing 

on gallium oxide crystals grown in different growth atmospheres is evaluated. 

 

Experimental setup and methodology 

For this study bulk single crystals of gallium oxide were grown in the industrial facility 

“Nika-3” (production of EZAN, Russia) using the Czochralski method as described in our 
previous work [30]. An iridium crucible was used to form the melt. β-Ga2O3 crystals were 

used as seeds. Ga2O3 powder with a purity of 99.999 % (5N) was used as a starting material 

for the formation of the melt. The growths were conducted in an argon atmosphere with 

the addition of 5 vol. % of oxygen and in CO2 atmosphere at a pressure of 1.4 bar. 

For the studies plane-parallel plates with thicknesses of 1 mm were cut from crystal 

boule along the cleavage plane (100). 

Annealing was conducted in a shaft furnace at a temperature of 1400 °C for 5 hours 

(the time to reach the temperature was 3.5 hours, the cooling time was 20 hours) in air. 

Sample for annealing was placed on sapphire substrate in corundum crucible. 

 

Results and Discussion 

The main difficulties in obtaining gallium oxide from the melt are the high melting point 

(1795–1820 °C [16,34]) and melt decomposition into volatile forms during growth in an 

atmosphere with oxygen deficiency [16]. The decomposition of the gallium oxide melt 

can be described by the following reactions: 

2Ga2O3 → 4GaO↑+ O2↑   (1)  

4GaO → 2Ga2O↑ + O2↑  (2)  

2Ga2O → 4Ga↑+ O2↑  (3) 

With crystal growth, decomposition leads to a lack of oxygen in the melt, which in 

turn leads to a violation of stoichiometry in the grown crystal and the formation of oxygen 

vacancies in crystal. Vacancies in β-Ga2O3 lead, for example, to an increase in optical 

absorption in the IR region of the spectrum [35]. 

 

 
Fig. 1. Photo of the samples of β-Ga2O3: a) sample grown in CO2 atmosphere; b) annealed sample grown in 

CO2 atmosphere; c) sample grown in Ar+O2 atmosphere; d) annealed sample grown in Ar+O2 atmosphere 
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After annealing, the sample became visually cloudy (Fig. 1), which indicates a change 

in the morphology of its top surface, presumably due to diffusion processes. For further 

experiments, a rough surface layer 0.1 mm thick was exfoliated from each annealed sample 

and the measurements were carried out on the remaining part of the samples. 

Figure 2 shows the normalized transmission spectra of samples. The graph shows 

that annealing led to an increase in transmission in the IR region of the spectrum, which 

means a decrease in the number of absorbing centers that can be oxygen vacancies [35]. 

There is also a strong difference between samples grown in Ar+O2 and in CO2 atmosphere, 

due to the almost five times higher [31] oxygen concentration in the growth atmosphere, 

which reduces the volatilization of oxygen from the melt [16]. 

  
Fig. 2. Normalized transmission spectra  

of samples of β-Ga2O3.  

Solid line – samples grown in Ar+O2 atmosphere, 

dashed line - samples grown in CO2 atmosphere 

Fig. 3. XRD 2-spectra of annealed and  

non-annealed samples of β-Ga2O3.  

Solid line – samples grown in Ar+O2 atmosphere,  

dashed line - samples grown in CO2 atmosphere 

 

XRD spectra (Fig. 3) showed the presence of peaks corresponding to the (100) plane 

of the β-Ga2O3 and showed no phase changes between samples. Figures 4 and 5 present 

normalized rocking curves of samples for peak (400). For sample grown in the Ar+O2 

atmosphere we can see significant reduction in the full width at half maximum (FWHM) 

of the rocking curve (RC) from FWHMna = 208 arcsec for the non-annealed sample to 

FWHMa = 84 arcsec for the annealed one. 
 

  
Fig. 4. Rocking curve ω for the peak (400) of 

annealed and non-annealed samples of β-Ga2O3 

grown in Ar+O2 atmosphere. FWHMna=208 arcsec, 

FWHMa= 84 arcsec 

Fig. 5. Rocking curve ω for the peak (400) of 

annealed and non-annealed samples of β-Ga2O3 

grown in CO2. FWHMna=82 arcsec, FWHMa= 80 

arcsec 
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Together with the visible change in the morphology of the sample surface after 

annealing, we can say about the movement of defects on to the surface and an increase 

in the bulk crystalline quality. 

For the sample grown in CO2 before annealing, a wide tail is observed on the RC, 

which indicates the presence of defect blocks in the crystal. The RC of the non-annealed 

sample can be decomposed by gaussians to the three peaks (see Fig. 6), similar to how it 

was done in [36], which means the presence of multiple disoriented blocks. After 

annealing, this tail disappears, which shows a decrease in the number of defects i.e., an 

improvement in crystal quality. The FWHM of RC after annealing correspond to the FWHM 

of strongest peak at the RC of the non-annealed sample. 

 

 
 

Fig. 6. Decomposition of rocking curve ω for the peak (400) of non-annealed sample β-Ga2O3 grown in 

CO2 atmosphere by gaussians 

 

Conclusions 

The work showed that annealing of β-Ga2O3 bulk crystals in air at 1400 °C for 5 hours 

leads to an increase in transmission in the infrared region of the electromagnetic 

spectrum and a decrease in the width of the rocking curve, which indicates a decrease in 

the number of defects in crystal. As has been shown in [35] oxygen vacancies can serve 

as absorption centers in a gallium oxide. Thus, the increase in transmittance in the IR 

region can be explained by a decrease in the concentration of oxygen vacancies during 

annealing in an oxygen-containing atmosphere (in air). RC shows that after annealing 

FWHM is almost same for samples grown in CO2 and Ar+O2 (95:5 vol. %) atmosphere, 

which means that after annealing, the quality of the sample obtained in the atmosphere 

of CO2, which was initially lower, became comparable to the quality of the sample 

obtained in the atmosphere of Ar+O2. In general, it can be concluded that annealing leads 

to a significant improvement in the quality of the samples regardless of the growth 

atmosphere, although the sample grown in CO2 still shows higher absorbance in IR range 

of electromagnetic spectrum. 

 

  



The effect of high-temperature annealing on the properties of bulk β-Ga2O3 obtained in different growth atmospheres  84 

 

References 

1. Tsao JY, Chowdhury S, Hollis MA, Jena D, Johnson NM, Jones KA, Kaplar RJ, Rajan S, Van de Walle CG, 

Bellotti E, Chua CL, Collazo R, Coltrin ME, Cooper JA, Evans KR, Graham S, Grotjohn TA, Heller ER, 

Higashiwaki M, Islam MS, Juodawlkis PW, Khan MA, Koehler AD, Leach JH, Mishra UK, Nemanich RJ, Pilawa-

Podgurski RCN, Shealy JB, Sitar Z, Tadjer MJ, Witulski AF, Wraback M, Simmons JA. Ultrawide-Bandgap 

Semiconductors: Research Opportunities and Challenges. Advanced Electronic Materials. 2018;4(1): 160. 

2. Wong MH, Bierwagen O, Kaplar RJ, Umezawa H. Ultrawide-bandgap semiconductors: An overview. Journal 

of Materials Research. 2021;36(23): 4601–4615. 

3. Woo K, Bian Z, Noshin M, Martinez RP, Malakoutian M, Shankar B, Chowdhury S. From wide to ultrawide-

bandgap semiconductors for high power and high frequency electronic devices. J. Phys. Mater. 2024;7(2): 022003.  

4. Feng T, Zhou H, Cheng Z, Larkin LS, Neupane MR. A Critical Review of Thermal Boundary Conductance across 

Wide and Ultrawide Bandgap Semiconductor Interfaces. ACS Appl Mater Interfaces. 2023;15(25): 29655–29673.  

5. Patrick L, Hamilton DR, Choyke WJ. Growth, Luminescence, Selection Rules, and Lattice Sums of SiC with 

Wurtzite Structure. Phys Rev. 1966;143(2): 526–536. 

6. Levinshtein ME, Rumyantsev SL, Shur MS. Properties of Advanced Semiconductor Materials: GaN, AIN, InN, 

BN, SiC, SiGe. John Wiley & Sons; 2001. 

7. Orita M, Ohta H, Hirano M, Hosono H. Deep-ultraviolet transparent conductive β-Ga2O3 thin films. Appl. 

Phys. Lett. 2000;77(25): 4166–4168. 

8. Panov DI, Spiridonov VA, Zakgeim DA, Kremleva AV, Bauman DA, Romanov AE, Bougrov VE. Growth 

Technology and Optical Properties of Bulk Crystalline Gallium Oxide. Rev. Adv. Mater. Tech. 2020;2(3): 51–55.  

9. Zhang J, Shi J, Qi DC, Chen L, Zhang KHL. Recent progress on the electronic structure, defect, and doping 

properties of Ga2O3. APL Materials. 2020;8(2): 020906. 

10. Green AJ, Chabak KD, Heller ER, Fitch RC, Baldini M, Fiedler A, Irmscher K, Wagner G, Galazka Z, Tetlak 

SE, Crespo A, Leedy K, Jessen GH. 3.8-MV/cm Breakdown Strength of MOVPE-Grown Sn-Doped β-Ga2O3 

MOSFETs. IEEE Electron Device Letters. 2016;37(7): 902–905. 

11. Bauman DA, Borodkin AI, Petrenko AA, Panov DI, Kremleva AV, Spiridonov VA, Zakgeim DA, Silnikov MV, 

Odnoblyudov MA, Romanov AE, Bougrov VE. On improving the radiation resistance of gallium oxide for 

space applications. Acta Astronautica. 2021;180: 125–129. 

12. Singh R, Lenka TR, Panda DK, Velpula RT, Jain B, Bui HQT, Nguyen HPT. The dawn of Ga2O3 HEMTs for 

high power electronics - A review. Materials Science in Semiconductor Processing. 2020;119: 105216. 

13. Shimamura K, Villora E. Czochralski-Based growth and characteristics of selected novel single crystals 

for optical applications. Acta Physica Polonica A. 2013;124(2): 265–273. 

14. Blevins JD, Thomson D, Stevens K, Foundos G. Growth of single crystal beta-gallium oxide (β‐Ga2O3) 

semiconductor material. In: Proceedings of the CSMANTECH. Indian wells, CA, USA; 2017. p.22–25. 

15. Vasil’tsiv VI, Zakarko YaM. Effects of electron capture by impurity centers on the luminescent parameters 
of β-Ga2O3:Cr crystals. J. Appl. Spectrosc. 1983;39(3): 1037–1041. 

16. Galazka Z, Uecker R, Irmscher K, Albrecht M, Klimm D, Pietsch M, Brützam M, Bertram R, Ganschow S, Fornari R. 
Czochralski growth and characterization of β-Ga2O3 single crystals. Crystal Research and Technology. 2010;45(12): 1229–1236. 

17. Tomm Y, Reiche P, Klimm D, Fukuda T. Czochralski grown Ga2O3 crystals. Journal of Crystal Growth. 2000;220(4): 510–514. 

18. Panov DI, Spiridonov VA, Zakgeim DA, Kremleva AV, Bauman DA, Romanov AE, Bougrov VE. Growth 

technology and characterization of bulk crystalline gallium oxide. J. Phys: Conf. Ser. 2020;1695(1): 012024. 

19. McCloy JS, Jesenovec J, Dutton BL, Pansegrau C, Remple C, Weber MH, Swain S, McCluskey M, Scarpulla 

M. Growth and defect characterization of doped and undoped β-Ga2O3 crystals. In: Oxide-based Materials 

and Devices XIII. San Francisco, California, United States: SPIE; 2022. p.21–39. 

20. Nakai K, Nagai T, Noami K, Futagi T. Characterization of defects in β-Ga2O3 single crystals. Jpn. J. Appl. Phys. 2015;54(5): 051103.  

21. Kuramata A, Koshi K, Watanabe S, Yamaoka Y, Masui T, Yamakoshi S. High-quality β‐Ga2O3 single 

crystals grown by edge-defined film-fed growth. Jpn. J. Appl. Phys. 2016;55(12): 1202A2.  

22. Tang H, He N, Zhang H, Liu B, Zhu Z, Xu M, Chen L, Liu J, Ouyang X, Xu J. Inhibition of volatilization and polycrystalline 

cracking, and the optical properties of β-Ga2O3 grown by the EFG method. CrystEngComm. 2020;22(5): 924–931. 

23. Zhang S, Lian X, Ma Y, Liu W, Zhang Y, Xu Y, Cheng H. Growth and characterization of 2-inch high quality 

β-Ga2O3 single crystals grown by EFG method. J. Semicond. 2018;39(8): 083003.  

24. Mu W, Jia Z, Yin Y, Hu Q, Li Y, Wu B, Zhang J, Tao X. High quality crystal growth and anisotropic physical 

characterization of β-Ga2O3 single crystals grown by EFG method. Journal of Alloys and Compounds. 2017;714: 453–458. 

https://doi.org/10.1002/aelm.201600501
https://doi.org/10.1557/s43578-021-00458-1
https://doi.org/10.1557/s43578-021-00458-1
file:///C:/Users/guzil/Downloads/J.%20Phys.%20Mater
https://doi.org/10.1021/acsami.3c02507
https://doi.org/10.1103/PhysRev.143.526
https://doi.org/10.1063/1.1330559
https://doi.org/10.1063/1.1330559
https://doi.org/10.17586/2687-0568-2020-2-3-51-55
https://doi.org/10.1063/1.5142999
https://doi.org/10.1109/LED.2016.2568139
https://doi.org/10.1016/j.actaastro.2020.12.010
https://doi.org/10.1016/j.mssp.2020.105216
http://dx.doi.org/10.12693/APhysPolA.124.265
https://csmantech.org/wp-content/acfrcwduploads/field_5e8cddf5ddd10/post_4271/14.2.pdf
https://doi.org/10.1007/BF00659040
https://doi.org/10.1002/crat.201000341
https://doi.org/10.1016/S0022-0248(00)00851-4
https://doi.org/10.1088/1742-6596/1695/1/012024
https://doi.org/10.1117/12.2611852
https://doi.org/10.1117/12.2611852
https://doi.org/10.7567/JJAP.54.051103
https://doi.org/10.7567/JJAP.55.1202A2
https://doi.org/10.1039/C9CE01294J
https://doi.org/10.1088/1674-4926/39/8/083003
https://doi.org/10.1016/j.jallcom.2017.04.185


85 V.A. Spiridonov, D.I. Panov, A.Yu. Ivanov, D.A. Bauman, A.E. Romanov 

 

25. Bauman DA, Panov DIu., Spiridonov VA, Kremleva AV, Asach AV, Tambulatova EV, Sakharov AV, Romanov 

AE. High quality β‐Ga2O3 bulk crystals, grown by edge-defined film-fed growth method: Growth features, 

structural, and thermal properties. Journal of Vacuum Science & Technology A. 2023;41(5): 053203. 

26. Li P, Han X, Chen D, Sai Q, Qi H. Effect of air annealing on the structural, electrical, and optical properties 

of V-doped β‐Ga2O3single crystals. Journal of Alloys and Compounds. 2022;908: 164590. 

27. Irmscher K, Galazka Z, Pietsch M, Uecker R, Fornari R. Electrical properties of β‐Ga2O3 single crystals 

grown by the Czochralski method. Journal of Applied Physics. 2011;110(6): 063720. 

28. Tadjer MJ, Freitas JA, Culbertson JC, Weber MH, Glaser ER, Mock AL, Mahadik NA, Schmieder K, Jackson 

E, Gallagher JC, Feigelson BN, Kuramata A. Structural and electronic properties of Si- and Sn-doped (−201) 
β-Ga2O3 annealed in nitrogen and oxygen atmospheres. J. Phys. D: Appl. Phys. 2020;53(50): 504002.  

29. Okada A, Nakatani M, Chen L, Ferreyra RA, Kadono K. Effect of annealing conditions on the optical properties 

and surface morphologies of (̅201)-oriented β-Ga2O3 crystals. Applied Surface Science. 2022;574: 151651.  

30. Bauman DA, Panov DIu, Zakgeim DA, Spiridonov VA, Kremleva AV, Petrenko AA, Brunkov PN, Prasolov 

ND, Nashchekin AV, Smirnov AM, Odnoblyudov MA, Bougrov VE, Romanov AE. High‐Quality Bulk β‐Ga2O3 

and β‐(Al x Ga1−x )2O3 Crystals: Growth and Properties. Physica Status Solidi (a). 2021;218(20): 2100335. 

31. Galazka Z, Irmscher K, Uecker R, Bertram R, Pietsch M, Kwasniewski A, Naumann M, Schulz T, Schewski 

R, Klimm D, Bickermann M. On the bulk β‐Ga2O3 single crystals grown by the Czochralski method. Journal 

of Crystal Growth. 2014;404: 184–191. 

32. Zhang N, Liu H, Sai Q, Shao C, Xia C, Wan L, Feng ZC, Mohamed HF. Structural and electronic characteristics 

of Fe-doped β-Ga2O3 single crystals and the annealing effects. J. Mater. Sci. 2021;56(23): 13178–13189. 

33. Jesenovec J, Weber MH, Pansegrau C, McCluskey MD, Lynn KG, McCloy JS. Gallium vacancy formation in 

oxygen annealed β‐Ga2O3. Journal of Applied Physics. 2021;129(24): 245701. 

34. Schneider SJ, Waring JL. Phase Equilibrium Relations in the Sc2O3-Ga2O3 System. J. Res. Natl. Bur. Stand. 

A Phys. Chem. 1963;67A(1): 19–25. 

35. Dong L, Jia R, Xin B, Peng B, Zhang Y. Effects of oxygen vacancies on the structural and optical properties 

of β‐Ga2O3. Sci Rep. 2017;7(1): 40160. 

36. Bauman DA, Panov DYu, Spiridonov VA, Ivanov AYu, Sakharov AV, Rodin SN, Prasolov ND, Romanov AE. 

Ob uspeshnom opyte gomoepitaksii sloyev β-Ga2O3 na sobstvennykh podlozhkakh. Pisma v ZhTF. 

2024;50(7): 43–46. (In Russian) 

 

About Author 

Vladislav A. Spiridonov   
Researcher (ITMO University, St. Petersburg, Russia) 

 

Dmitrii I. Panov   
Candidate of Physical and Mathematical Sciences 

Senior Researcher (ITMO University, St. Petersburg, Russia) 

 

Andrey Yu. Ivanov   
Junior Researcher (ITMO University, St. Petersburg, Russia) 

 

Dmitrii A. Bauman   
Candidate of Physical and Mathematical Sciences 

Associate Professor (ITMO University, St. Petersburg, Russia) 

 

Alexey E. Romanov   
Doctor of Physical and Mathematical Sciences 

Leading Professor (ITMO University, St. Petersburg, Russia) 

https://doi.org/10.1116/6.0002644
https://doi.org/10.1016/j.jallcom.2022.164590
https://doi.org/10.1063/1.3642962
https://doi.org/10.1088/1361-6463/abb432
https://doi.org/10.1016/j.apsusc.2021.151651
https://doi.org/10.1002/pssa.202100335
https://doi.org/10.1016/j.jcrysgro.2014.07.021
https://doi.org/10.1016/j.jcrysgro.2014.07.021
https://doi.org/10.1007/s10853-021-06027-5
https://doi.org/10.1063/5.0053325
https://doi.org/10.6028%2Fjres.067A.003
https://doi.org/10.6028%2Fjres.067A.003
http://dx.doi.org/10.1038/srep40160
http://journals.ioffe.ru/articles/57470
https://orcid.org/0000-0001-5751-8597
https://www.scopus.com/authid/detail.uri?authorId=57210747840
https://orcid.org/0000-0001-8715-9505
https://www.scopus.com/authid/detail.uri?authorId=57208226091
https://orcid.org/0000-0003-0737-9079
https://www.scopus.com/authid/detail.uri?authorId=58333833500
https://orcid.org/0000-0002-5762-5920
https://www.scopus.com/authid/detail.uri?authorId=57197463758
https://orcid.org/0000-0003-3738-408X
https://www.scopus.com/authid/detail.uri?authorId=7202768874


 

Submitted: April 5, 2024 Revised: June 4, 2024 Accepted: July 30, 2024 

© G.M. Poletaev, Y.Y. Gafner, S.L. Gafner, I.V. Zorya, Y.V. Bebikhov, A.S. Semenov., 2024. 

Publisher: Peter the Great St. Petersburg Polytechnic University  

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

MATERIALS PHYSICS AND MECHANICS                                                  RESEACH ARTICLE 

 

 

Influence of aluminum shell on the process of devitrification of 
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ABSTRACT  

Using molecular dynamics modeling, a study of the amorphous nanoparticle devitrification process of titanium 

during heating at a rate of 5∙1011 K/s in vacuum conditions and with the presence of aluminum shell was 

conducted. It was shown that the presence of an aluminum shell leads to a significant increase in the nanoparticle 

devitrification temperature of titanium ‒ for the considered particle sizes (with diameter from 1.75 to 11 nm) 

the difference was approximately 200 K. In addition, it was discovered that in vacuum conditions, crystalline 

embryos are primarily formed near the surface of the particle, while in the presence of an aluminum shell, they 

are formed, on the contrary, first in the volume of the particle. Thus, according to the results of molecular 

dynamics modeling, a decrease in the size of titanium particles and the presence of an aluminum shell increase 

the temperature range for the existence of the amorphous phase of titanium. 
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Introduction 

In the last few decades, metallic nanoparticles have garnered substantial interest due to 

their distinctive physical, chemical, and optical attributes, which stem from a high 

percentage of free surface as well as quantum-mechanical and topological effects [1]. 

Besides crystalline metallic nanoparticles, there is currently a surge in interest for 

particles with an amorphous structure [2‒5]. Amorphous particles contain atoms that are 

in a non-equilibrium state and possess a greater Gibbs free energy compared to atoms in 

a crystal. These particles exhibit a unique electronic structure, which makes them a 

promising candidate, particularly in the field of catalysis [6‒8]. Furthermore, amorphous 

metals, also known as metallic glasses, boast an unusual combination of magnetic and 

mechanical properties, characterized by high strength, plasticity, and toughness [9,10]. 
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In the exploration of techniques for creating and manipulating metallic 

nanoparticles, significant emphasis is placed on regulating the phase state, dimensions, 

and morphology of the particles, as these factors play a crucial role in determining their 

beneficial characteristics [11‒14]. Consequently, investigations into the stability of phase 

states, the mechanisms governing phase transitions in nanoparticles, and the variables 

impacting the kinetics of these transitions and the temperature at which they occur are 

gaining heightened significance. 

Presently, it is established that the melting temperature of nanoparticles tends to 

decrease as their size diminishes, a phenomenon attributed to the increasing ratio of 

surface area to volume. This trend has been substantiated through experimental studies 

[15‒17] and computer modeling [18‒21]. Additionally, computer simulations have 

demonstrated that the crystallization temperature during cooling from the melt is 

contingent upon the size and shape of the particles, which is directly related to the ratio 

of surface area to volume. This temperature decreases as the proportion of surface area 

to volume increases [19‒22]. 

Furthermore, the mechanism and kinetics of the devitrification process in 

nanoparticles, which involves the loss of their amorphous state due to crystallization during 

heating, remain largely unexplored. The objective of this research is to investigate the 

devitrification process of amorphous titanium nanoparticles at the atomic level, utilizing 

molecular dynamics modeling in both vacuum conditions and within an aluminum shell. 

The additional consideration of the influence of the aluminum shell is related to the 

solution of the problem of reducing the temperature of initiation of the high-temperature 

synthesis reaction in the Ti-Al system in mixtures subjected to preliminary 

mechanochemical activation [23–25]. During mechanochemical activation, so-called 

mechanocomposites are formed, which represent a matrix of a more plastic component (in 

this case aluminum), in which nanoscale particles of a more brittle component of the 

mixture (titanium) are located [24,25]. Such a system is characterized by a high degree of 

non-equilibrium due to a high concentration of defects and even the presence of an 

amorphous phase, which is formed as a result of intense deformation. It is noted that the 

beginning of the burning reaction in such a non-equilibrium system begins at temperatures 

significantly lower than the melting temperature of aluminum [24,25]. 

One of the advantages of computer modeling is the ability to study the influence of 

one of the factors (presence of high density of grain boundaries, dislocations, internal 

stresses, amorphous state) on the process being studied. In [26,27], it was shown that the 

amorphous state of aluminum leads to a lower degree of intensification of mutual 

diffusion than the amorphous state of titanium. However, with increasing temperature, 

devitrification of the amorphous phase of titanium can obviously occur and its effect on 

ignition will be minimal. At the same time, the presence of the Ti-Al interface can affect 

the devitrification temperature and increase the temperature range of existence of the 

amorphous phase. The above issue, in addition to the study of amorphous nanoparticles 

of titanium in a vacuum, is also considered in this work. 
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Description of the model 

To model the interatomic interactions within the Ti-Al system, EAM potentials from [28] 

were employed, which were derived through comparisons with experimental data and ab 

initio calculations for various properties and structures of metals Ti, Al, and 

intermetallides Ti3Al and TiAl. These potentials have demonstrated their efficacy in 

various studies and have been successfully validated for a broad spectrum of mechanical 

and structural-energetic properties of Ti-Al alloys [26–31]. In particular, the potentials 

used by us show good agreement with experimental data on the melting temperature of 

Ti and Al: in molecular dynamics modeling, they turned out to be equal to 1995 and 

990 K, respectively (reference values: 1943 and 933 K). 

In the initial stage, a titanium particle was created by excising a sphere of the 

required size from an ideal crystal. The particle sizes considered ranged from 1.75 to 

11 nm. For particles with a diameter below 1.75 nm, pinpointing the onset of 

crystallization proved challenging, while for particles with a diameter exceeding 11 nm, 

the impact of the free surface was already relatively small. Free space was simulated 

around the particle, that is, free boundary conditions and the NPT canonical ensemble 

were used. Temperature regulation was achieved using a Nose-Hoover thermostat. The 

time step for integration in the molecular dynamics method was set to 1 fs. 

To simulate the aluminum layer around the titanium particle, a shell was created 

that contained approximately the same number of atoms as the particle. Initially, the 

shell was also cut out of an aluminum crystal. The thickness of the shell was sufficient, 

and further increasing it did not affect the results. 

 

  
(a) (b) 

Fig. 1. Amorphous titanium nanoparticles with a diameter of 9 nm in vacuum (a) and in an aluminum 

shell (b). Particle cross-sections are shown 

 

To produce the amorphous structure of the particles, ultra-fast cooling (with a 

cooling rate of approximately 1016‒1017 K/s) was implemented, following the melting of 

the particles via heating to 3000 K. At such a rapid cooling rate, homogeneous 

crystallization is unable to occur, resulting in the formation of an amorphous structure. 

The quality of the amorphous structure was assessed using radial distribution diagrams 
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of atoms and the average energy of atoms within the nanoparticle (with further details 

provided in the subsequent section). Furthermore, the destruction of the crystalline 

structure of the particles, as well as their crystallization, were typically discernible both 

visually and through the use of a crystalline phase visualizer. Examples of slices of 

amorphous titanium particles with a diameter of 9 nm in a vacuum and in an aluminum 

shell are shown in Fig. 1. 

For particles of each size, heating was simulated at a constant rate of 5∙1011 K/s. In 

similar tasks using molecular dynamics simulation, the rate of temperature change is 

usually set from 1011 to 1013 K/s [19‒22]. In [20‒22], it was shown that temperature 

change rates of 5·1012 K/s are already sufficient for homogeneous crystallization to occur. 

However, the lower the speed, the more accurately the temperature of the phase 

transition onset can be determined. On the other hand, the longer the computer 

experiment, the higher the mutual diffusion at the Ti-Al interface, which also affects the 

accuracy of determining the sintering temperature. According to our previous works 

[20,21], the speed in the range of 5∙1011‒1012 K/s turned out to be optimal in this case. 

Simulation of devitrification was carried out with gradual heating from 700 to 1300 K 

for titanium particles without a shell and from 800 to 1400 K in the case of the presence 

of a shell. In both cases, the simulation duration was 1.2 ns.  

 

Results and Discussion 

The average potential energy of titanium atoms was chosen as the main characteristic of 

the nanoparticle structure state. Figure 2 shows the dependencies of the average energy 

of titanium atoms on temperature for particles with diameters of 7 and 9 nm in vacuum 

and in an aluminum shell. Dotted lines also show the dependencies for a monocrystalline 

particle. 

 

  
(a) (b) 

Fig. 2. Dependences of the average potential energy of Ti atoms on temperature during heating at a rate 

of 5∙1011 K/s of an amorphous Ti particle in vacuum and in an aluminum shell: (a) with a diameter of  

7 nm; (b) with a diameter of 9 nm. The dotted line shows the dependence for a single-crystal particle.  

Td – devitrification temperature of an amorphous particle in vacuum, T’d – in an aluminum shell 

 

The sharp drops in the average energy of atoms on the graphs correspond to the 

phase transition ‒ devitrification of amorphous particles during heating. As is known, 

phase transitions of melting-crystallization do not occur instantly, the crystal-liquid front 
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moves at a finite speed, which depends on temperature and usually amounts to several 

tens of meters per second [32,33]. In connection with this, the temperature of melting 

was determined by the moment of the onset of the phase transition (shown by arrows on 

the graph).  

For particles in vacuum (lower graphs in Fig. 2), devitrification began at a 

temperature of approximately 940 K for a 7 nm diameter particle and 930 K for a 9 nm 

diameter particle. These values are higher than experimental ones: according to [34], for 

alloys with a high titanium content this temperature is about 700 – 800 K. However, it is 

known that in the molecular dynamics model a relatively long process of nucleation of 

crystallization centers is required and the beginning of this process is “delayed” at gradual 
change in temperature, and the higher the rate of temperature change, the higher the 

“delay” [20‒22]. In addition, the potential used has some error in describing the 

devitrification process, which also affects the determination of the transition 

temperature. 

After devitrification and crystallization of the entire particle in vacuum, the average 

energy of the atoms almost coincided with the energy of the single-crystalline particle. 

The considered rate of temperature increase was low enough to form a minimum density 

of defects during crystallization. If grain boundaries were formed, then, as a rule, they 

were low-energy ‒ with a high density of coinciding nodes, often twins. 

The graphs showing the change in average energy of titanium atoms for particles 

in an aluminum shell are located above in Fig. 2. This is because some titanium atoms 

diffused into the aluminum, and the potential energy of these atoms is higher than in the 

particle's bulk. The greater slope of the dependencies compared to those for particles in 

vacuum is also explained by diffusion. During the devitrification process of titanium 

particles in an aluminum shell, the decrease in the average energy of titanium atoms is 

significantly smaller compared to particles in vacuum, again due to the contribution of 

diffused titanium atoms in aluminum. After crystallization, the energy growth with 

increasing temperature became less intense, and the slopes of the dependencies 

decreased. This is explained by the reduction in the intensity of mutual diffusion in the 

crystalline state of titanium. 

The presence of an aluminum shell, as shown in Fig. 2, significantly affects the 

devitrification temperature – it begins at a much higher temperature: approximately 1180 

and 1130 K for particles with diameters of 7 and 9 nm, respectively. 

To quantify the impact of the free surface of nanoparticles on their melting 

temperature, a mathematical formula is frequently employed, which assumes that the 

variation in the phase transition temperature is directly proportional to the ratio of the 

surface area to the volume of the particle. In the case of a spherical particle, this change 

should be proportional to N-1/3 or d-1, where N represents the number of atoms in the 

particle, and d is its diameter. For the devitrification temperature, we adopted the same 

assumption, incorporating a correction δ to account for the finite thickness of the surface 

layer of the particle or the diffusion zone in the case of an aluminum shell [20,21,31]: 𝑇𝑑(𝑑) = 𝑇𝑑0 − 𝐴𝑑−𝛿                                                                                                                (1) 
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Here 𝑇𝑑 and 𝑇𝑑0 are the devitrification temperatures of the particle and bulk 

material; A is a parameter responsible for the degree of influence of the particle surface 

on its devitrification. 

To construct approximation curves for the devitrification temperature of titanium 

nanoparticles in vacuum and in an aluminum shell, we utilized Eq. (1) and plotted them 

as dashed lines in Fig. 3. The markers in the figure represent the values derived from our 

model, which align quite well with the approximation curves. This agreement provides 

compelling evidence for the dominant influence of the interface, whether it be the free 

surface or the interphase boundary, in the devitrification process of nanoparticles. Values 

for Eq. (1) for titanium particles in vacuum: 𝑇𝑑0 = 850 K, 𝐴𝑑  = −600 K∙nm, δ = 0.4 nm; in an 

aluminum shell: 𝑇𝑑0 = 980 K, 𝐴𝑑 = −970 K∙nm, δ = 1.4 nm. 

   

 
Fig. 3. The devitrification temperature of a titanium particle in a vacuum and in an aluminum shell 

depending on its diameter. Markers – model results, dotted lines – approximation 

 

As can be seen, the influence of the aluminum shell on the devitrification 

temperature of titanium particles is quite significant – in the case of its presence, the 

devitrification temperature is approximately 200 K higher than for particles in vacuum. 

When considering the diffusion zone and the blurring of the particle boundary, the value 

of δ increased by 1 nm, which roughly corresponds to the picture observed during 

modeling. 

The value of A in Eq. (1) – the parameter responsible for the degree of influence of 

the particle boundary on the change in devitrification temperature compared to a massive 

sample – turned out to be negative. This means that if the melting temperature of 

nanoparticles decreases with a decrease in particle size, the devitrification temperature, 

on the contrary, increases. This can be explained as follows. The potential wells in which 

atoms are located on the surface or near defects are less deep and wider, blurred, due to 

less regular arrangement of neighboring atoms, thermal vibrations, and diffusion. 

Therefore, the presence of defects and interfaces reduces the probability of the 

nucleation of crystallization centers. However, on the other hand, the formation of these 

centers requires a certain mobility of atoms, that is, self-diffusion, which is more intense 

near the surface. This is well seen in Fig. 4, where the crystallization mechanism during 

devitrification was studied using a crystal phase visualizer. This visualizer determines the 

belonging of each atom to a certain crystalline structure based on the analysis of the 
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arrangement of neighboring atoms. In this case, a Ti atom was considered to belong to 

the hcp or fcc lattice if more than 75 % of its nearest neighbors (in this case, the number 

of nearest neighbors for atoms on the surface is approximately two times less than in the 

volume) were located close to the nodes of an ideal hcp or fcc crystal (accounting for 

thermal expansion) within a specified tolerance of 25 % from the radius of the first 

coordination sphere. Ti atoms that did not meet these conditions were considered to 

belong to an amorphous structure. It should be noted that the values of 75 and 25% were 

variable. 

 

  
(a) (b) 

Fig. 4. Atomic structure of a slice of a titanium particle with a diameter of 9 nm at different moments of 

the devitrification process: (a) at the moment of formation of crystallization centers when the 

temperature reaches 890 K; (b) after the completion of crystallization. Green color highlights atoms with 

a nearest environment corresponding to a crystalline structure, gray – amorphous 

 

As can be seen in Fig. 4, the formation of a crystalline structure occurs during 

devitrification from the surface, which is explained by a relatively larger contribution of 

self-diffusion near the surface in this case. After crystallization in the volume of the 

particle, as shown in the example, three grains were formed, separated by grain 

boundaries with relatively low energy (high density of coinciding nodes). 

In the case of having an aluminum shell, the devitrification mechanism changed 

drastically (Fig. 5) – crystallization nuclei were formed not near the boundary but, 

typically, within the core of the titanium particle. Here, the factor of high mobility near 

the boundary disappears, and the formation of relatively deeper and narrower potential 

wells in the core of the particle takes precedence. Additionally, aluminum atoms, along 

with the presence of a diffusion zone, lead to the blurring of potential wells and a 

decrease in the likelihood of crystallization nuclei appearing near the interfacial 

boundary. 

As for the aluminum shell, it was in an amorphous state throughout the entire 

heating simulation. When the starting bimetallic particles were created, it suddenly 

melted and cooled along with the Ti core (Fig. 1(b)). The devitrification of the Ti core 

upon subsequent heating occurred at a temperature above the melting point of 

aluminum. 
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(a) (b) 
Fig. 5. Atomic structure of a slice of a titanium particle with a diameter of 9 nm in an aluminum shell at 

different moments of the devitrification process: (a) at the moment of formation of crystallization centers 

when the temperature reaches 1120 K; (b) after the completion of crystallization 

 

The obtained result, i.e., the increase in the temperature range of the amorphous 

phase of metal nanoparticles in the shell of another metal, can likely be qualitatively 

extended to other binary systems. Moreover, a more significant influence of the shell on 

the increase in the devitrification temperature is probably expected with a greater 

difference in the radii of atoms of the two metals. 

 

Conclusions 

The molecular dynamics method was used to study the devitrification process of titanium 

nanoparticles in vacuum and in an aluminum shell during heating at a rate of 5·1011 K/s. 

The investigation revealed that the devitrification temperature, in comparison to a 

massive sample, exhibits an inverse proportionality to the particle diameter, with a 

correction that accounts for the finite width of the surface layer or diffusion zone in the 

case of an aluminum shell. As the particle size diminishes, leading to an increased 

proportion of atoms in close proximity to the boundary, the devitrification temperature 

rises. The presence of an aluminum shell significantly increases the devitrification 

temperature of titanium nanoparticles – for the considered particle sizes, the difference 

was about 200 K. Thus, reducing the size of titanium particles and the presence of an 

aluminum shell increase the temperature range of the existence of the amorphous phase 

of titanium. The mechanisms of crystalline phase formation in particles in vacuum and in 

an aluminum shell differ significantly: in the first case, crystalline nuclei are formed near 

the surface, while in the second, on the contrary, in the volume of the particle. 
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ABSTRACT  

The body force method is used to perform stress analysis around two circular holes with equal and different sizes 

in an infinite plate subjected to uni-axial loading. The elasticity solution for a point force in an infinite plate is 

used as the fundamental solution. Traction free boundary conditions are satisfied at the midpoint of segments. 

Stress concentration factors obtained by body force method are compared with the results available in the 

literature. It is noted, accurate results are obtained with small number of segments of the discontinuity. The body 

force method is simple, yet robust method useful in performing stress analysis of bodies with discontinuities. 
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Introduction 

In many structural applications, multiple holes are used to achieve required functionality. 

In applications where multiple holes exist, interaction of holes and its effect on stress 

concentration factor becomes important consideration to a design engineer. In this 

regard, interaction of two circular holes (Fig. 1) has attracted attention of many 

researchers. Ling [1] employed bipolar coordinates, taking advantage of double symmetry 

solved the problem of two equal circular holes with all around tension, longitudinal 

tension and transverse tension cases. Davies [2] obtained approximate solutions to the 

problem of two unequal circular holes employing complex variable technique. The 

method employed is restricted because of collocation on one of the boundaries. Haddon 

[3] obtained closed form solution in series form, using complex variable technique for the 

case of two unequal circular holes. Stress concentration factor (SCF) was computed for 

the case of angle α (angle between line connecting centers of the holes and the far field 

uniform tension) equal to 0°, 90° and 45°. Salerno [4] employed complex variable 

technique, Schwartz Alternating Method with successive approximations to obtain stress 

distribution around two unequal circular holes under equal biaxial stresses. Miyata [5] 

investigated stresses around two circular holes in an infinite plate subjected to biaxial 

tension using complex variable method with method of successive approximations. 

Miyata presented numerical results for uniaxial longitudinal tension and transverse 

http://dx.doi.org/10.18149/MPM.5232024_
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tension. In a finite plate, Erickson [6] used 2D photoelasticity and obtained the optimum 

size and locations of multiple ancillary holes near central hole. Iwaki [7] used bipolar 

coordinates and obtained explicit solution for stresses around two unequal circular holes 

subjected to far-field uniform tension, uniform internal pressure and uniform shearing 

stresses along a hole. Horii [8] used method of pseudotractions and obtained SCF around 

(a) two circular holes (b) three circular holes in a row (c) infinite row of equal circular 

holes in an infinite plate under uniaxial longitudinal tension and transverse tension. This 

method was also used to obtain stress intensity factor (SIF) in the case of (a) two cracks 

and (b) infinite rows collinear/parallel cracks. Duan [9] used integral equation technique 

to study (a) hole to edge dislocation interaction (b) hole to hole interaction (c) hole to 

free boundary interaction. Chiang [10] obtained SCF around two unequal circular holes 

using a numerical method which resembles the method of fundamental solutions for 

longitudinal tension and transverse tension cases. To study the interaction between 

existing major holes (three holes) and the "defense" hole system (addition of two, four 

smaller holes) in a plate under uniaxial tension, Meguid [11] conducted analytical, finite 

element analysis and photoelastic tests. For the problem of two circular holes in plane 

stress and uniform internal pressure inside the holes, Hoang [12] derived explicit 

expression for the stress distribution near holes. Ukadgaonker [13] investigated SCF 

around two unequal circular holes in an infinite plate under longitudinal tension and 

transverse tension cases using Schwarz Alternating Method. Kuo [14] studied degenerate 

scale problem of the infinite plane containing two equal circular holes. Zeng [15] 

obtained optimal shape of two closely spaced holes under biaxial loading using 

differential-evolution algorithm to compute coefficients of mapping function. Mohan [16] 

performed stress analysis of rectangular plates with two symmetrical circular holes under 

uniaxial tension for two material types (PLA, PLA/15%carbon) and compared results from 

experiments and finite element method. Gandilyan [17] solved the problem of two equal 

holes in a plane subjected to biaxial tension using bipolar coordinates and series 

expansion taking into account the effects of surface elasticity. Patel [18] obtained 

expression for tangential stress concentration factor around an elliptical hole in a large 

rectangular plate subjected to linearly varying in-plane loading on two opposite edges. 

Yang [19] designed 5 crack models and studied the propensity of forming the hook 

pattern. Simulations were carried out for the two borehole case employing the 5 models 

using the T-stress at the crack tip and the incremental crack growth method is adopted 

to simulate the crack propagation paths. Ma [20] proposed solution to elastoplastic 

problem of an infinite medium containing two equal circular holes. The preconditions 

followed are the two plastic regions formed are disconnected with each other, and each 

plastic region can completely surround each hole. The influences of the separation 

distance between the two holes and the loads on the plastic regions were analyzed. 

Maksymovych [21] studied stress concentration at closely placed holes in wing bearing 

area of anisotropic plate. Asymptotic formula for stresses near holes was employed, 

implementation of the approach was carried out using Boundary Integral equation 

method and method of least squares. 
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Fig. 1. Two circular holes in an infinite plate under uniaxial tension 

 

The body force method has been used in the present work to examine the 

interaction of two circular holes in isotropic infinite plate under uni-axial tension. Ratio 

of diameters (𝒃 𝒂⁄ ) is varied from 1 to 10, ratio of distance between holes to diameter a, 

(𝒅 𝒂⁄ ) is varied from 0.4 to 10 and angle (𝜶) between the line joining two centers and 

direction of uniaxial tension is varied from 0° to 90°. In the next section description of 
body force method is provided. In the "Body force method applied to two circular holes" 

section, application of body force method is discussed. In the "Numerical results and 

Discussion" section, numerical results along with plots, discussion and comparison with 

data from literature are presented followed by concluding remarks in the "Conclusions" 

section. 

 

Body force method 

Nisitani [22–24] originally proposed the body force method (BFM) which is a boundary 

integral type approach helpful in performing stress analysis. Detailed account of BFM can 

be found in [25]. In using BFM, actual discontinuity (for e.g. circular hole) present in an 

infinite plate is visualized as an imaginary condition, i.e. infinite plate with a hole is 

treated as a plate without hole. The hole is visualized as an imaginary curve divided into 

M number of segments forming its boundary. In order to achieve traction free boundary 

condition at the boundary of the imaginary curve, at the midpoints of segments on its 

periphery, body force densities (𝜌𝑥𝑖 , 𝜌𝑦𝑖) are applied. Influence coefficients are computed 

from the equations of stress field in an infinite plate due to a point force and the boundary 

conditions of traction free at the midpoint of each segment are applied and body force 

densities are obtained. At each given point in the plate, stress produced is computed by 

a linear combination of the body force densities. 

The stresses at location (𝑥, 𝑦) in an infinite plate, due to concentrated point force 𝑿 and 𝒀 acting at (𝜉, 𝜂) are as follows. 𝜎𝑥𝑋 = −𝐹 𝑙 {(3 + 𝜈)𝑙2 + (1 − 𝜈)𝑚2 } 𝑋, (1) 𝜎𝑦𝑋 = 𝐹 𝑙 {(1 − 𝜈)𝑙2 − (1 + 3𝜈)𝑚2 } 𝑋, (2) 𝜏𝑥𝑦𝑋 = −𝐹 𝑚 {(3 + 𝜈)𝑙2 + (1 − 𝜈)𝑚2 } 𝑋, (3) 

and 𝜎𝑥𝑌 = −𝐹 𝑚 {(1 + 3𝜈)𝑙2 − (1 − 𝜈)𝑚2 } 𝑌, (4) 
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 𝜎𝑦𝑌 = −𝐹 𝑚 {(1 − 𝜈)𝑙2 + (3 + 𝜈)𝑚2 } 𝑌, (5) 𝜏𝑥𝑦𝑌 = −𝐹 𝑙 {(1 − 𝜈)𝑙2 + (3 + 𝜈)𝑚2 } 𝑌, (6) 

where  𝑙 = 𝑥−𝜉𝑦 , (7) 𝑚 = 𝑦−𝜂𝑦 , (8) 𝐹 = 14𝜋𝑦(𝑙2+𝑚2)2. (9) 

The effect of point force 𝑿 or 𝒀 applied at (𝜉, 𝜂) are computed from stress fields and 

these form the influence coefficients. As the relations −𝑑𝜉 = 𝑎 sin 𝜃 𝑑𝜃 and  𝑑𝜂 = 𝑏 cos 𝜃 𝑑𝜃 prevail along the ellipse (𝜉 = 𝑎 cos 𝜃 , 𝜂 = 𝑏 sin 𝜃), the coefficients can 

be expressed as: 𝜎𝑥𝑀𝑋𝑁 = ∫ 𝜎𝑥𝑋(𝜉, 𝜂, 𝑥, 𝑦) 𝑏 cos 𝜃 𝑑𝜃 𝑎𝑡 𝑋 = 1𝑁 ,                                                                       (10) 𝜎𝑦𝑀𝑋𝑁 = ∫ 𝜎𝑦𝑋(𝜉, 𝜂, 𝑥, 𝑦) 𝑏 cos 𝜃 𝑑𝜃 𝑎𝑡 𝑋 = 1𝑁 ,                                                                       (11) 𝜏𝑥𝑦𝑀𝑋𝑁 = ∫ 𝜏𝑥𝑦𝑋 (𝜉, 𝜂, 𝑥, 𝑦) 𝑏 cos 𝜃 𝑑𝜃 𝑎𝑡 𝑋 = 1𝑁 ,                                                                     (12) 

and 𝜎𝑥𝑀𝑌𝑁 = ∫ 𝜎𝑥𝑌(𝜉, 𝜂, 𝑥, 𝑦) 𝑎 sin 𝜃 𝑑𝜃 𝑎𝑡 𝑌 = 1𝑁 ,                                                                        (13) 𝜎𝑦𝑀𝑌𝑁 = ∫ 𝜎𝑦𝑌(𝜉, 𝜂, 𝑥, 𝑦) 𝑎 sin 𝜃 𝑑𝜃 𝑎𝑡 𝑌 = 1𝑁 ,                                                                        (14) 𝜏𝑥𝑦𝑀𝑌𝑁 = ∫ 𝜏𝑥𝑦𝑌 (𝜉, 𝜂, 𝑥, 𝑦) 𝑎 sin 𝜃 𝑑𝜃 𝑎𝑡 𝑌 = 1𝑁 ,                                                                      (15) 

where ∫  𝑁  represents integration of the N-th interval. 

The Influence Coefficients 𝜎𝑥𝑀𝑋𝑁, 𝜎𝑥𝑀𝑌𝑁, 𝜎𝑦𝑀𝑋𝑁, 𝜎𝑦𝑀𝑌𝑁, 𝜏𝑥𝑦𝑀𝑋𝑁 , 𝜏𝑥𝑦𝑀𝑌𝑁  are the stresses at the 

mid-point of the M-th interval due to a body force on the N-th interval having unit body 

force densities  (𝜌𝑥 = 1 or 𝜌𝑦 = 1). 

Applying the boundary conditions which result in stress-free midpoints for each 

interval lead to: ∑ 𝜌𝑥𝑁(𝜎𝑥𝑀𝑋𝑁 cos 𝜑𝑀 + 𝜏𝑥𝑦𝑀𝑋𝑁 sin 𝜑𝑀)𝑀𝑀𝑁=1 + ∑ 𝜌𝑦𝑁(𝜎𝑥𝑀𝑌𝑁 cos 𝜑𝑀 + 𝜏𝑥𝑦𝑀𝑌𝑁 sin 𝜑𝑀)𝑀𝑀𝑁=1 = −𝜎0 cos 𝜑𝑀 ,                      (16) ∑ 𝜌𝑥𝑁(𝜏𝑥𝑦𝑀𝑋𝑁 cos 𝜑𝑀 + 𝜎𝑦𝑀𝑋𝑁 sin 𝜑𝑀)𝑀𝑀𝑁=1 + ∑ 𝜌𝑦𝑁(𝜏𝑥𝑦𝑀𝑌𝑁 cos 𝜑𝑀 + 𝜎𝑦𝑀𝑌𝑁 sin 𝜑𝑀)𝑀𝑀𝑁=1 = 0,                             (17) 

where 𝜌𝑥𝑁, 𝜌𝑦𝑁 represent body force densities acting on the N-th interval along x and y 

direction respectively, 𝜎0 stress at infinity along x-direction and 𝜑𝑀 represents the angle 

between the x-axis and the ellipse’s normal at the midpoint of the M-th interval:  𝜑𝑀 = tan−1 (𝑎𝑏 tan 𝜃𝑀). Equations (16) and (17) results in 2𝑀 linear equations in 2𝑀 

unknowns 𝜌𝑥𝑁, 𝜌𝑦𝑁. 

A set of linear equations result from Eqs. (16) and (17) in matrix form is 𝑨𝒙 = 𝒃, 

where 𝑨 is a square matrix (size 2𝑀 × 2𝑀) known as influence coefficient matrix (ICM) 

due to terms inside the brackets, 𝒙 is body force density column vector and column vector 𝒃 is the right hand side of Eqs. (16) and (17) representing traction due to applied uni-axial 

far field load. 

The linear combination of the influence coefficients and body force densities at 

arbitrary point 𝑄(𝑥, 𝑦) in an infinite plate is employed to calculate the stresses at 𝑄(𝑥, 𝑦). 𝜎𝑥 = ∑ (𝜌𝑥𝑁𝜎𝑥𝑃𝑋𝑁 + 𝜌𝑦𝑁𝜎𝑥𝑃𝑌𝑁)𝑀𝑀𝑁=1 + 𝜎0,                                                                                    (18) 𝜎𝑦 = ∑ (𝜌𝑥𝑁𝜎𝑦𝑃𝑋𝑁 + 𝜌𝑦𝑁𝜎𝑦𝑃𝑌𝑁)𝑀𝑀𝑁=1 ,                                                                                            (19) 𝜏𝑥𝑦 = ∑ (𝜌𝑥𝑁𝜏𝑥𝑦𝑃𝑋𝑁 + 𝜌𝑦𝑁𝜏𝑥𝑦𝑃𝑌𝑁 )𝑀𝑀𝑁=1 .                                                                                          (20) 

Radial, hoop and shear stresses are computed using appropriate stress 

transformation. 
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Body force method applied to two circular holes 

Two circular holes are divided into 4 segments, at the midpoint of each segments, body 

force densities (𝜌𝑥𝑖 , 𝜌𝑦𝑖) are applied. This arrangement is shown in Fig. 2. Influence 

coefficient matrix (ICM) takes the following form: 𝐴 =  [𝐴11 𝐴12𝐴22 𝐴22],                                                                                                                     (21) 

where 𝐴11 is the ICM (obtained from Eqs. (16) and (17) of circular hole C1 due to body 

force densities ((𝜌𝑥1, 𝜌𝑦1) to  (𝜌𝑥4, 𝜌𝑦4)) applied on the segments of circular hole C1. 𝐴12 is 

the ICM (obtained from Eqs. (16) and (17)) of circular hole C1 due to body force densities    

((𝜌𝑥5, 𝜌𝑦5) to  (𝜌𝑥8, 𝜌𝑦8)) applied on the segments of circular hole C2. 𝐴21 is the ICM 

(obtained from Eqs. (16) and (17)) of circular hole C2 due to body force densities ((𝜌𝑥1, 𝜌𝑦1) 

to (𝜌𝑥4, 𝜌𝑦4)) applied on the segments of circular hole C1. 𝐴22 is the ICM (obtained from 

Eqs. (16) and (17)) of circular hole C2 due to body force densities ((𝜌𝑥5, 𝜌𝑦5) to (𝜌𝑥8, 𝜌𝑦8)) 

applied on the segments of circular hole C2. The body force density vector and traction 

vector on each segment due to applied uni-axial load takes the following form: 𝒙𝑇 = [𝜌𝑥1 𝜌𝑦1    𝜌𝑥2 𝜌𝑦2    𝜌𝑥3 𝜌𝑦3    𝜌𝑥4 𝜌𝑦4    𝜌𝑥5 𝜌𝑦5    𝜌𝑥6 𝜌𝑦6    𝜌𝑥7 𝜌𝑦7    𝜌𝑥8 𝜌𝑦8]                 (22) 𝒃𝑇 = [−𝜎0 cos 𝜑1 0 −𝜎0 cos 𝜑2 0 −𝜎0 cos 𝜑3 0 −𝜎0 cos 𝜑4 0                       −𝜎0 cos 𝜑5 0 −𝜎0 cos 𝜑6 0 −𝜎0 cos 𝜑7 0 −𝜎0 cos 𝜑8 0]                                             (23)                        

 

 
 

Fig. 2. An infinite plate under uni-axial tension with body force densities (𝜌𝑥𝑖 , 𝜌𝑦𝑖) applied at the mid-

points of 4 segments of the two circular holes 

 

Location of circular hole C1 is fixed with center at (0,0) and radius 𝑎 = 1 is held 

constant, circular hole C2 with center at (𝑥𝑐2 , 𝑦𝑐2) and radius 𝑏 is varied. Values of radius 𝑏 are varied from 1 to 10. Center to center distance 𝑙 is related to radii of circular holes 

using the relation 𝑙 = 𝑎 + 𝑑 + 𝑏. The values of 𝑙 are chosen such that the ratio 𝑑 𝑎⁄  varies 

from 0.4 to 10. Angle 𝛼 is varied from 0° to 90°. Both circular holes (C1, C2) are divided 

into 4 segments. 
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Numerical results and Discussion 

A geometric configuration is first chosen (values of a, b, d, 𝛼, 𝜎𝑜), Cartesian stresses are 

then computed (using Eqs. (18)–(20)) in the vicinity of the circular holes. Using stress 

transformation relationships, radial, hoop and shear stresses are computed. Hoop stress 

is extrapolated on the boundaries of the holes. Maximum value of hoop stress (occurring 

on the boundary of either of the holes) is identified and stress concentration factor (SCF) 

is computed. Figure 3 shows hoop stress variation along the boundary of holes (C1, C2) for 

configuration a = 1 mm, 𝜎𝑜 = 1 MPa and 𝛼 = 45°. Hoop stress varies in sinusoidal form 

on the hole boundary. SCF is computed for various values of b, d, 𝛼 with uni-axial far field 

stress 𝜎𝑜 = 1 MPa and plots drawn are shown in Figs. 4–9.  

 

 
 

Fig. 3. Hoop stress variation on the hole boundary (C1, C2) for angle α = 45° 
 

Figure 4 shows plots of variation of SCF with angle 𝛼. These plots are generated at 

fixed values of ratio 𝑏 𝑎⁄  and the individual curves correspond to a particular value of the 

ratio 𝑑 𝑎⁄  as shown in the legend. The value of SCF remains well below 2.65 when two 

circular holes are equal in diameter, located farthest away from each other irrespective 

of the angle 𝛼. The value of SCF remains close to 3.0 when 𝑏 ≥ 2𝑎 and angle 𝛼 does not 

exceeds 30°. Maximum value of SCF shifts from 78° to 90° with increase in ratio 𝑏 𝑎⁄  and 

shortest hole distance.  
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Fig. 4. Stress concentration factor variation with angle α for fixed b 𝑎⁄ . The ratio d 𝑎⁄  varies from 0.4 to 10 

 

 
Fig. 5. Stress concentration factor variation with angle α for fixed d 𝑎⁄ . The ratio b 𝑎⁄  varies from 1 to 10 
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Fig. 6. Stress concentration factor variation with b 𝑎⁄  for fixed angle α. Ratio d 𝑎⁄  varies from 0.4 to 10 

 

 
Fig. 7. Stress concentration factor variation with b 𝑎⁄  for fixed d 𝑎⁄ . Angle α varies from 0° to 90° 
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Fig. 8. Stress concentration factor variation with d 𝑎⁄  for fixed angle 𝛼. The ratio b 𝑎⁄  varies from 1 to 10 

 

 
Fig. 9. Stress concentration factor variation with d 𝑎⁄  for fixed b 𝑎⁄ . Angle α varies from 0° to 90° 
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Figure 5 shows plots of variation of SCF with angle 𝛼. These plots are generated at 

fixed values of ratio 𝑑 𝑎⁄  and the individual curves correspond to a particular value of the 

ratio 𝑏 𝑎⁄  as shown in the legend. With value of angle 𝛼 from 35° to 55°, SCF increases 
monotonically for shorter center distances.  

Figure 6 shows plots of variation of SCF with ratio 𝑏 𝑎⁄ . These plots are generated 

at fixed values of angle 𝛼 and the individual curves correspond to a particular value of 

the ratio 𝑑 𝑎⁄  as shown in the legend. With value of angle 𝛼 ≥ 55°, SCF increases 

monotonically for shorter center distances.  

Figure 7 shows plots of variation of SCF with ratio 𝑏 𝑎⁄ . These plots are generated 

at fixed values of ratio 𝑑 𝑎⁄  and the individual curves correspond to a particular value of 

angle 𝛼 as shown in the legend. The value of SCF remains below 3 for 𝑏 ≤ 6𝑎 irrespective 

of the angle 𝛼. 

Figure 8 shows plots of variation of SCF with ratio 𝑑 𝑎⁄ . These plots are generated 

at fixed values of angle 𝛼 and the individual curves correspond to a particular value of 

the ratio 𝑏 𝑎⁄  as shown in the legend. The lower three subplots confirm “With value of 
angle 𝛼 ≥ 55°, SCF increases monotonically for shorter center distances”.  

Figure 9 shows plots of variation of SCF with ratio 𝑑 𝑎⁄ . These plots are generated 

at fixed values of ratio 𝑏 𝑎⁄  and the individual curves correspond to a particular value of 

angle 𝛼 as shown in the legend. SCF remains close to 3 for the ratio 𝑑 𝑎⁄  closer to 10.   

From these graphs, we can note maximum value of SCF decreases with decrease in 

angle 𝛼, increase in ratio 𝑑 𝑎⁄ , decrease in ratio 𝑏 𝑎⁄ . Minimum value of SCF increases with 

increase in angle 𝛼, decrease in ratio 𝑑 𝑎⁄ , increase in ratio 𝑏 𝑎⁄ . The lowest values of SCF 

occur (2.515) at angle 𝛼 = 0°, ratio 𝑏 𝑎⁄ = 1 and 𝑑 𝑎⁄ = 0.4. The highest values of SCF 

occur (7.61) at angle 𝛼 = 89°, ratio 𝑏 𝑎⁄ = 10 and 𝑑 𝑎⁄ = 0.4. 

 
Table 1. Stress сoncentration factor with angle ∝ = 0° 𝒃 𝒂⁄  𝒅 𝒂⁄  VGU [13] Chiang [10] BFM FEM 

1 1 2.658 2.625 

2.623 [1] 

2.650 [3] 

2.602 2.682 

1 2 2.787 2.703 

2.703 [1] 

2.715 [3] 

2.675 2.752 

1 3 2.864 2.772 2.746 2.813 

1 4 2.907 2.825 

2.825 [1] 

2.827 [3] 

2.798 2.863 

2 1 2.556 2.924 2.991 2.961 

3 1 2.404 2.982 3.019 3.021 

4 1 2.255 2.993 3.001 3.035 

 

In order to validate the results obtained from BFM, SCF values available in the 

literature and results of the finite element analysis (FEM) has been included in the 

Tables 1 and 2. Table 1 shows SCF values from [1,3,10,13] with BFM and FEM for angle 𝛼 = 0°. Computed SCF value from BFM are closer to values from [1,3,10]. SCF values from 
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[13] are lower than other estimation for 𝑏 > 𝑎. Table 2 shows SCF values from [1,3,10,13] 

with BFM and FEM for angle 𝛼 = 90°. Computed SCF value from BFM are closer to values 

from [1,3,10]. SCF values from [13] are lower than other estimation for 𝑏 > 𝑎. 

 
Table 2. Stress Concentration factor with angle ∝ = 90° 𝒃 𝒂⁄  𝒅 𝒂⁄  VGU [13] Chiang [10] BFM FEM 

1 1 3.97 3.264 

3.264 [1] 

3.264 [3] 

3.242 3.316 

1 2 3.481 3.066 

3.066 [1] 

3.066 [3] 

3.092 3.108 

1 3 - 3.034 3.042 3.076 

1 4 3.182 3.02 

3.020 [1] 

3.020 [3] 

3.017 3.062 

2 1 3.966 4.051 3.912 4.112 

3 1 3.611 4.854 4.620 4.899 

4 1 3.618 5.537 5.204 5.583 

 

Conclusions 

Body Force Method is used to compute SCF around two circular holes in an infinite plate 

subjected to uniaxial loading along x-direction. The values of SCF obtained by using BFM 

closely match with the values of SCF available in the literature. BFM is simple, yet robust 

method useful in performing stress analysis of bodies with discontinuities. Accurate 

results are obtained with small number of segments of the discontinuity. 

Maximum stress concentration factor is 7.61 which occurs when angle 𝜶 = 𝟖𝟗°, 
ratio of hole diameters 𝒃 𝒂⁄ = 𝟏𝟎 and ratio of distance between holes to diameter  𝒅 𝒂⁄ = 𝟎. 𝟒. It is found that maximum value of stress concentration factor decreases with 

decrease in angle 𝛼, decrease in ratio of hole diameters 𝒃 𝒂⁄ , increase in ratio of distance 

between holes to diameter 𝒅 𝒂⁄ . 

Minimum stress concentration factor is 2.515 which occurs when angle 𝜶 = 𝟎°, ratio 

of hole diameters 𝒃 𝒂⁄ = 𝟏 and ratio of distance between holes to diameter 𝒅 𝒂⁄ = 𝟎. 𝟒. 

It is found that minimum value of stress concentration factor increases with increase in 

angle 𝛼, increase in ratio of hole diameters 𝒃 𝒂⁄ , decrease in ratio of distance between 

holes to diameter 𝒅 𝒂⁄ . The value of SCF can be maintained ≤ 3 if angle 𝛼 ≤ 30° and 𝑏 ≥ 2𝑎.  
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ABSTRACT  

In this study, within the context of the structural-temporal approach, the dynamic effects of the strength 

characteristics of rocks arising due to hydrostatic pressure are analysed. The key idea of the proposed approach 

is the introduction of the incubation time parameter for describing material fracture processes, which is 

interpreted as the main measure of material response. Theoretical velocity dependencies of the fracture 

toughness for marble and granite, subjected to different values of external hydrostatic pressure, as well as for 

dry and wet sandstones, are predicted based on the proposed approach. The calculated incubation times for 

marble and granite are allowed to establish a linear function between incubation time and hydrostatic pressure. 

The obtained values of incubation times are compared according to the velocity dependencies of the fracture 

toughness and the velocity dependencies of the strength of rocks differing in external hydrostatic pressure or 

moisture level. It is shown that the incubation time depending on the external hydrostatic pressure or on the 

moisture of rocks is similarly changed. 

KEYWORDS  

dynamic fracture toughness • hydrostatic pressure • structural-temporal approach • fracture incubation time 

loading rate  
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Introduction 

The strength characteristics of rocks with a change of moisture content depending on the 

static or dynamic deformation mode are increased or are decreased. Dry and wet rocks 

were tested in different ranges of strain rates on a split Hopkinson–Kolsky bar tests: 

limestone (102–103 s–1) [1], sandstone (101–102 s–1) [2], tuff (100–101 s–1) [3,4], granite 

(100–101 s–1) [3,5]. Dynamic experiments on rocks [1–5], showed, that the dynamic and 

static strength of dry rock is greater than wet rock. A comparison of the strength of granite 

[5] under static loads and high-speed deformation of 𝜀̇ ~ 102 s–1 revealed that the highest 

dynamic strength of wet granite and the highest static strength of dry granite (Fig. 1) 

were observed. A significant increase in the tensile strength of wet rock under dynamic 

loading in comparison with the static loading is explained by the presence of hydrostatic 
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https://orcid.org/0000-0002-6994-8663
https://orcid.org/0000-0002-8252-9404
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pressure (confining pressure) in water-saturated samples, which has a different effect on 

static strength and dynamic strength at high strain rates. Under static loading conditions, 

the effect of hydrostatic pressure of the contained liquid in wet rocks reduces their 

strength characteristics in comparison with dry rocks. The static fracture toughness of the 

limestone [6,7], the granite [7,8], the marble [7], the sandstone [9,10] by the external 

hydrostatic pressure of the liquid in the rock was increased. The hydrostatic pressure 

effect on dynamic strength characteristics of rock was also considered in works [11–14]. 

In this paper, the mechanism of the influence of hydrostatic pressure on the strength 

characteristics of rocks under high-speed deformation is studied in detail. 

 

 
 

Fig. 1. Speed dependencies of fracture stress of granite [3,5] with different saturation ratio (Sr), predicted 

on the basis of the structural-temporal approach in study [15] 

 

In [16–19], the competition effects of the rate dependences of the concrete strength 

with different levels of water saturation were observed. In [20], the hydrostatic pressure 

effect was considered in the context of the incubation time criterion. Using this criterion, 

the rate dependences of strength in [20] were predicted and calculated rate sensitivity 

parameters, called the characteristic relaxation times, were compared. The advantage of 

the incubation time criterion compared to other dynamic approaches [21–25] is the use 

of parameters that are invariant to the applied loading rate. It was found that the greater 

the incubation time for saturated concrete, the greater the dynamic strength in terms of 

critical stress. A significant (in several times) increase of incubation time values for 

saturated concrete samples is revealed. 

In the paper, the rate dependences of the fracture toughness of rocks with different 

external hydrostatic pressure and water saturation levels are studied based on the 

structural-time approach [26–29]. A pattern has been revealed between hydrostatic 

pressure and incubation time. 
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Incubation time criterion of fracture 

General formulation 

Let us consider the fracture criterion proposed in [26–29] which is used to describe the 

brittle fracture of materials. The general form of the incubation time criterion is as 

follows: 1𝜏 ∫ (𝐹(𝑡′)𝐹𝑐 )𝛼 ⅆ𝑡′𝑡
𝑡−𝜏 ≤ 1, (1) 

where τ is the incubation time associated with the dynamics of the relaxation process 

prior to fracture, F(t) is the intensity of the local force field that causes fracture of the 

medium, and Fc is the static limit of the local force field. The fracture time t* corresponds 

to the condition for achieving equality in inequality (1), i.e., when the left side of 

inequality (1) becomes equal to 1. The parameter α characterizes the sensitivity to the 

intensity of the force field causing fracture. 

Fracture criterion (1) implies the existence of the incubation period, preceding a 

macroscopic break of the material. In this case, an incubation process is an essential 

factor of the fracture process and takes place both in cases of quasi-static and fast impact 

loads. Due to the presence of the fracture incubation period, some specific effects do 

happen under dynamic loading. Among those effects is a well-known strain-rate 

dependency of strength. As one of the simplest interpretations of the fracture incubation 

time, let us consider an example of fracture caused by a slow (𝑡∗ >> 𝜏) linearly growing 

fracture toughness 𝐾(𝑡) = 𝐾̇ 𝑡 𝐻(𝑡), where 𝐾̇  = const and 𝐻(𝑡) is the Heaviside step 

function. Substituting 𝐹(𝑡) = 𝐾(𝑡) into (1) we can calculate the time to fracture  𝑡∗ = 𝜎𝑐/𝜎̇ + 0.5𝜏 and a value of the critical stress intensity factor at the moment of 

fracture 𝐾∗ = 𝐾(𝑡∗) = 𝐾𝑐 + 0.5 𝜎̇ 𝜏, where 𝐾с = 𝐹𝑐 is the tabulated value of the material 

static fracture toughness. In the case of very slow stress growth (𝐾̇ 𝜏)/𝐾𝑐 << 1,  

the ultimate stress does not differ much from the static strength 𝜎∗ ≈ 𝐾с. The obtained 

expressions show that according to (1) the material remains intact at the moment when 

the static strength limit is achieved 𝑡𝑐 = 𝐾𝑐/𝐾̇. It is crucial that before the onset of the 

macroscopic rupture of the material, preparatory processes having a characteristic 

temporal period 𝜏 evolve in the material structure (Fig. 2). 

 

 
 

Fig. 2. Temporal dependence of stress for slow linear loading 
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The main feature of the approach is the introduction of the incubation time as a 

property of the material. This property is due to the preparatory relaxation processes of 

the evolution of microdefects in the material structure associated with microcracking. 

The key role of τ in the interpretation of the fracture process at different external loading 

rates is described in detail in [27,28]. 

The structural-temporal approach (1) can be used for both problems of crack 

propagation and problems of fracture of initially undamaged media that do not a priori 

contain macrocracks or sharp notches. 

 

Modes I fracture toughness in a wide range of the loading rate 

Using the structural-temporal approach, we derive the fracture condition for a three-point 

bending experiment (Fig. 3), to construct the strain rate dependences of the mode I 

fracture toughness. According to [30], the relationship between the dynamic force applied 

to the specimen and the mode I fracture toughness in three-point bending tests is linear: 𝐾𝐼(𝑡) = 𝑌𝐼(𝛽) 𝑃(𝑡)√𝜋𝑎𝐼2𝑅𝐵 , (2) 

where P(t) is time dependence of loading force in the specimen, Y(β) is the dimensionless 

geometric factor, determined in the case of three-point bending test in the study [11] as 𝑌(𝛽) = 0.4670 + 3.9094𝛽 − 8.7634𝛽2 + 16.845𝛽3, β = aΙ/R, s is the distance between 

two supporting pins, R is the specimen radius, аΙ is the notch length, B is the specimen 

thickness. Taking into account Eq. (2), criterion (1) is rewritten in the following form: 𝑌𝐼 √𝜋𝑎𝐼2𝑅𝐵 1𝜏𝐼 ∫ 𝑃(𝑠) ⅆ𝑠𝑡𝑡−𝜏𝐼 ≤ 𝐾𝐼𝐶 , (3) 

where KIC is the static mode I fracture toughness, τI is the fracture incubation time under 

the mode I fracture toughness limit condition. 

 

 
 

Fig. 3. Three-point bending test configuration for a notched semi-circular specimen 

 

Here we use the experimental data on three-point bending of semicircular 

specimens of sandstone [31] and granite [11], where the time dependence of the applied 

force P(t) changes linearly: 𝑃(𝑡) = 𝑃̇𝑡𝐻(𝑡), (4) 

where 𝑃̇ ̇is the force growth rate, and H(t) is the Heaviside function. 

For linear loading (4) we plot the rate dependence of the mode I fracture toughness. 

Considering that the condition of equality (3) determines the time to fracture in the 
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specimen, we can calculate the dependence of the moment of fracture on the mode I 

fracture toughness rate 𝐾̇𝐼 (𝐾̇𝐼=𝑌𝐼(𝛽) 𝑃̇(𝑡)√𝜋𝑎𝐼2𝑅𝐵 ): 

𝑡∗(𝐾̇𝐼) = {𝐾𝐼𝑐𝐾̇𝐼 + 𝜏𝐼2 ,   𝑡∗ > 𝜏𝐼 ,√2𝐾𝐼𝑐𝜏𝐼𝐾̇𝐼 ,   𝑡∗ ≤ 𝜏𝐼 , (5) 

and substitute the resulting dependence into the dynamic mode I fracture toughness 

KID = KI (t*): 𝐾𝐼𝑑(𝐾̇𝐼) = {𝐾𝐼𝑐 + 12 𝐾̇𝐼𝜏𝐼 ,   𝑡∗ > 𝜏𝐼 ,√2𝛫𝛪𝑐𝜏𝐼𝐾̇𝐼 ,     𝑡∗ ≤ 𝜏𝐼 . (6) 

To construct theoretical dependences (6), it is necessary to determine the 

incubation time, which is estimated from experimental data by the least squares. 

 

Modes II fracture toughness in a wide range of the loading rate  

On the basis of the structural-temporal approach we lead out the fracture condition for 

the dynamic short core in compression test [32–34] (Fig. 4), proceeded on the split 

Hopkinson pressure bar tests, to plot the strain rate dependences of the mode II fracture 

toughness. The relationship between the dynamic force applied to the specimen and the 

dynamic short core in compression test [12] is linear: 𝐾𝐼𝐼(𝑡) = 𝑌𝐼𝐼(𝛾) 𝑃(𝑡)√𝜋𝑎𝐼𝐼𝐷𝐶 , (7) 

where YII(γ) is dimensionless geometric factor, γ = C/H, C is the distance between two 

notches, H is the specimen height, D is the specimen diameter, аII is the notch length. 

Taking into account expression (7), criterion (1) is rewritten in the following form: 𝑌𝐼𝛪 √𝜋𝑎𝐼𝐼𝐷𝐶 1𝜏𝐼𝐼 ∫ 𝑃(𝑠) ⅆ𝑠𝑡𝑡−𝜏𝐼𝐼 ≤ 𝐾𝐼𝐼𝐶 , (8) 

where KIIC is the static mode II fracture toughness, τII is the fracture incubation time under 

the mode II fracture toughness limit condition. 

 

 
 

Fig. 4. Scheme of the dynamic short core in compression test [29] for a notched cylindrical specimen 

 

Here we use the experimental data on dynamic short core in compression test of 

notched cylindrical specimens of marble [32], where the time dependence of the applied 

force P(t) changes linearly. 
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Similarly to the previous section, substituting Eq. (4) to the equality condition Eq. (8) 

we determine the dependence of the fracture moment on the rate of the mode II fracture 

toughness 𝐾̇𝐼𝐼=𝑌𝐼𝐼(𝛾) 𝑃̇(𝑡)√𝜋𝑎𝐼𝐼𝐷𝐶 . Therefore, the dependence of the dynamic mode II fracture 

toughness KIID = KII (t*) on fracture toughness rate  𝐾̇𝐼𝐼 is given as: 𝐾𝐼𝐼𝑑(𝐾̇𝐼𝐼) = {𝐾𝐼𝐼𝑐 + 12 𝐾̇𝐼𝐼𝜏𝐼𝐼 , 𝑡∗ > 𝜏𝐼𝐼 ,√2𝛫𝛪𝐼𝑐𝜏𝐼𝐼𝐾̇𝐼𝐼,     𝑡∗ ≤ 𝜏𝐼𝐼 . (9) 

 

Dependence of dynamic fracture toughness on loading rate 

The effect of water saturation 

Let us apply the criterion (3) for calculation of rate dependences of mode I fracture 

toughness based on experimental data of sandstone [31], obtained as a result of a static 

and dynamic tests in three-point bending tests with following parameters: aI = 5 mm,  

B = 20 mm, R = 25 mm. In [31], values of quasi-static toughness KIc = 0.51 MPa·m 1/2 for dry 

sandstone with a density ρ = 2374.7 kg/m3 and KIс = 0.29 MPa·m 1/2 for wet sandstone with 

a density ρ = 2457.8 kg/m3 were presented. 

Using the least squares method to the experimental data under consideration [27] 

according to the numerical scheme (6), estimate of the incubation time for wet 

τI = 0.196 ms and dry sandstone τI = 0.155 ms. Figure 5 shows the theoretical 

dependences of the fracture stress on the strain rate and experimental data [31] for dry 

and wet sandstone. Plotted theoretical dependences for dry and saturated sandstone in 

Fig. 5 have a good correspondence with an experimental data [31]. The dynamic and 

static fracture toughness of dry sandstone in the considered range of loading rate  

10–100 GPa·m1/2/s are greater than wet sandstone (Fig. 5), and the incubation time of 

wet sandstone is longer than dry sandstone. The data given in Fig. 5 indicates the fracture 

toughness and incubation time of wet samples approaching that of dry samples. 

 

 
 

Fig. 5. The water saturation effect of sandstone on the theoretical and experimental dependencies of the 

fracture toughness rate based on the proposed model (6), respectively, and experimental data [28] 
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The opposite effect of hydrostatic pressure under static and dynamic loading is 

discussed in Fig. 1. The incubation time of the wet granite 21 μs (for dry granite 11.8 μs [15]) 

is the biggest. The reason for the decreasing static fracture toughness is the presence of 

additional hydrostatic fluid pressure in the voids (pores, cracks, caverns) of wet sandstone 

samples in comparison with dry sandstone samples. The hydrostatic pressure of liquid in 

voids under dynamic loads has the opposite effect on the fracture toughness of rock: the 

presence of liquid in voids leads to “compression” of microdefects and microcracks in the 
structure of the material, which slows down relaxation processes. In terms of the 

structural-temporal approach, this means that the incubation time of rocks with a high 

moisture content is greatest. In [20], using the example of rate dependences of the 

strength of dry and wet granite, predicted based on the structural-time approach for 

strength (1). The hydrostatic pressure effects are opposite at low (acceleration of 

relaxation processes) and high (deceleration of relaxation processes) strain rates. Despite 

the higher values of the dynamic fracture toughness of the dry sandstone in the 

considered range of loading rates of 10–100 GPa·m1/2/s, the incubation time of wet 

sandstone (as well as wet granite) is slightly longer. 

 

 
 

Fig. 6. Dependence of incubation time on rock density, present in results this paper for sandstone (KI,𝐾̇𝐼) 
and papers [15,20] for limestone (σcomp,𝜀̇), sandstone (σcomp,𝜀̇), (σtens,𝜀̇) and granite (σtens,𝜎̇). References to 

experimental data used for calculations: limestone (σcomp,𝜀̇) – [1], sandstone (σcomp,𝜀̇) – [32], sandstone 

(σtens,𝜎̇) – [2], sandstone (KI,𝐾̇𝐼) (black diamonds) – [31], granite (σtens,𝜎̇) – [3,5] 

 

The incubation time values increase with rock density, as shown in [20]. Since 

water-saturated rocks have a higher density in comparison with dry rocks, they have the 

greatest strength under dynamic conditions. Let us plot the dependence of the incubation 

time on the density of the rock based on the results obtained and compare it with the 

results of studies [15,20]. Figure 6 shows the dependence of incubation time on density 

for limestone, sandstone, granite based on the results of the presented paper and papers 

[15,20]. The calculated incubation times for wet and dry sandstone (this section), obtained 

from the rate dependences of the mode I fracture toughness, are a continuation of the 



115  N.S. Selyutina, L.A. Igusheva, Y.V. Petrov 

 

linear dependence for the incubation times of sandstones. The higher the moisture 

content of the material, the greater the density and incubation time of the rock. As noted 

above, the main factor in the greater strength characteristics (strength, fracture 

toughness) at high strain rates for wet rock compared to dry rock is hydrostatic pressure, 

and not the density of the material. 

 

Effect of external hydrostatic pressure 

Based on the incubation time criterion (1), we consider the influence of external 

hydrostatic pressure on the rate dependences of the fracture toughness of rocks and their 

incubation times. Experimental data [11,12] are used to verify the criterion. In [11], the 

results of dynamic tests for three-point bending of the Laurentian granite, tests at various 

hydrostatic pressures 0, 5, 10, 15, and 20 MPa were discussed. In [11], values of quasi-

static toughness KIc = 1.5 MPa·m1/2 for granite with a density at zero hydrostatic pressure 

ρ0 = 2630 kg/m3 and other parameter of tests aI = 5 mm, B = 25 mm, R = 25 mm, were 

presented. In [12], the dynamic fracture of marbles tested according to the scheme of 

dynamic short core in compression test [32–34] with five external hydrostatic pressures 

0, 5, 10, 15, and 20 MPa, was examined. In [12], values of quasi-static toughness 

KIc = 1.5 MPa·m1/2 for granite with a density at zero hydrostatic pressure ρ0 = 2630 kg/m3 

and other parameter of tests aI = 5 mm, B = 25 mm, R = 25 mm, k = 0.74 MN/m were 

presented. 

 
Table 1. Estimated incubation times of Laurentian granite for different values of hydrostatic pressures [11] 
and densities 

Hydrostatic pressure, MPa ρ, kg/m3 (Eq. (12)) τ, μs 

0 2630 100 

5 2632.6 145 

10 2635 190 

15 2637.5 235 

20 2640 295 

 

Table 2. Estimated incubation times of marble for different values of hydrostatic pressures [12] and 

densities 

Hydrostatic pressure, MPa ρ, kg/m3 (Eq. (12)) τ, μs 

0 2850 25.6 

5 2850.2 26.7 

10 2850.4 31.3 

15 2850.6 33.1 

20 2850.8 33.3 

 

In terms of the structural-temporal approach, it is assumed that the incubation time 

of the rock for each hydrostatic pressure is different. In terms of the structural-temporal 

approach, it is assumed that the incubation time of the rock for each hydrostatic pressure 

is different. Based on the experimental results obtained in [11,12] on the study of the 

dynamic fracture of Laurentian granite at various hydrostatic pressures, theoretical 

calculations of the rate dependences of the dynamic fracture toughness on the loading 

rate using the time criterion (1) are carried out. Tables 1 and 2 show the incubation times 

estimated by applying criterion (1) to the experimental data of granite [11] and 
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marble [12]. The plotted theoretical dependences of mode I fracture toughness on 

loading rate for granite in comparison with experimental data [11] are shown in Fig. 7. 

The constructed theoretical dependences of mode II fracture toughness on loading rate 

for marble in comparison with experimental data [12] are presented in Fig. 8. A good 

agreement between the experimental results and the calculations are observed. 

 

 
 

Fig. 7. Dependence of mode I fracture toughness on rate fracture toughness at different hydrostatic 

pressures, predicted by the incubation time criterion of fracture based on experimental data of granite [11] 

 

 
 

Fig. 8. Dependences of mode II fracture toughness on rate fracture toughness at different hydrostatic 

pressures, predicted by the incubation time criterion of fracture based on experimental data of marble [12] 

 

The results show that the dynamic fracture toughness of mode I and mode II under 

hydrostatic pressure increases with loading rate. This is due to the influence of 

hydrostatic pressure, when, under the influence of a high strain rate, microcracks do not 

have time to propagate and microcracks in rocks close, which leads to an increase in 

dynamic fracture toughness. 



117  N.S. Selyutina, L.A. Igusheva, Y.V. Petrov 

 

Let us study the dependence of incubation time on rock density, expressing the 

density in terms of hydrostatic pressure. Fractional variation θ, associated with the action 

of hydrostatic pressure, is defined from the following expression: 𝜃 = (1−2𝜈)𝛦 3𝑝, (10) 

where ν is the Poisson's ratio, E is the Young's modulus. According to the law of 

conservation of mass: 𝜌0𝑉0 = 𝜌1𝑉0(1 + 𝜃), (11) 

where ρ0 is the density of rock without the action of hydrostatic pressure, ρ1 is the density 

of rock with the action of hydrostatic pressure. 

Tables 1 and 2 show the calculated values of rock density according to Eq. (11) at 

different hydrostatic pressures. Changes in rock density relative to the initial density at 

zero hydrostatic pressure were 0.4 % for granite and 0.02 % for marble. The observed 

trend of increasing incubation time is more related to hydrostatic pressure than rock 

density. Thus, an increase of the incubation time and the dynamic fracture toughness at 

high strain rates of wet rock compared to dry rock is hydrostatic pressure, and not a 

significant change in density (Fig. 6). Thus, an increase of the incubation time and the 

dynamic fracture toughness at high strain rates of wet rock compared to dry rock is related 

with the hydrostatic pressure, and not a significant change in density (Fig. 6). 

Thus, the increase of the incubation time with rock moisture is directly related to 

hydrostatic pressure. This will make it possible: to explain the effect of water saturation 

(the previous section), to compare rocks with different static and dynamic strength 

characteristics and to select the optimal material with the level of water saturation for 

the selected deformation mode. 

 

Fracture incubation time under hydrostatic pressure effect 

Incubation time as a parameter of the speed sensitivity of a material is a significant 

characteristic when valuation of the dynamic strength characteristics of rocks. As 

hydrostatic pressure increases, the incubation time for destruction increases. Based on 

the results of the previous section, we will analyze the incubation time from hydrostatic 

pressure. Let us assume that there is a linear dependence of the incubation time on 

hydrostatic pressure, given by Eq. (12): 𝜏 = 𝜏0 + 𝑘 ∗ 𝑝, (12) 

where τ0 is the value of incubation time in the absence of external hydrostatic pressure 

(0 MPa), i.e. τ0 = 100 μs for granite and τ0 = 25.6 μs for marble, k is the constant 
proportionality factor, p is the hydrostatic pressure. Figure 9 shows the calculated values 

of incubation time for granite and marble corresponding to external hydrostatic pressure 

and the calculated linear dependencies with the estimated parameter k = 9 μs/МPa for 

granite and k = 0.44 μs/МPa for marble. Plotted linear dependencies according to Eq. (12) 

have good agreement with the incubation times. 
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Fig. 9. Dependence of incubation time on hydrostatic pressure. References to experimental data used for 

calculations: granite (KI, 𝐾̇𝐼) (red triangles) – [11], marble (KII, 𝐾̇𝐼𝐼) – [12] 

 

It supports the hypothesis that the difference in incubation times between rocks 

with different degrees of water saturation is caused by different levels of hydrostatic 

pressure resulting from rapid impact. Hydrostatic fluid pressure slows down the 

incubation process of micro-cracking, therefore, the characteristic relaxation time 

increases. 

 

Conclusions 

The rate dependences of fracture toughness according to mode Ι for sandstone and 

granite and according to mode II for marble were predicted based on the incubation time 

criterion. Theoretical dependencies of dry and saturated sandstones were plotted. The 

highest value of incubation time, characterizing the speed sensitivity of the material, was 

observed for saturated sandstone. The trend of increasing incubation time with the 

addition of water in rock samples depending on density was discussed in comparison with 

other estimated incubation times calculated from different rate dependences of strength. 

On the basis of the proposed approach, the influence of hydrostatic pressure on the 

rate dependences of the fracture toughness of granite and marble was studied. Incubation 

time has been shown to increase with hydrostatic pressure and water saturation level. 

The linear dependence of incubation time on hydrostatic pressure was proposed. A 

relationship between hydrostatic pressure and saturation level for granite and marble 

was discussed. The dependences of incubation time on hydrostatic pressure were plotted. 

Analysis of the incubation time depending on hydrostatic pressure and the level of 

water saturation showed that the hydrostatic pressure effects are opposite at low 

(acceleration of relaxation processes) and high (deceleration of relaxation processes) 

strain rates. The obtained estimates of incubation times can be used to determine the 

optimal strength properties of rocks, depending on the selected loading mode and the 

level of water saturation.  
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ABSTRACT  

The waste materials such as fly ash, construction demolition waste, and plastic waste are generated in tremendous 

quantities and are dumped haphazardly thereby causing irreparable damage to the environment. Proper utilization 

of these wastes particularly in the construction sector will protect the environment from their harmful effects and 

will prove to be economical through the preservation of precious natural resources. This paper presents an 

investigation on the utilization of lime, fly ash, and construction demolition waste individually and in combination 

with each other for the stabilization of poor soil. The utilization of plastic waste along with soil-fly ash-construction 

demolition waste-lime composite was further investigated. The samples for unconfined compressive strength and 

split tensile strength were compacted at optimum moisture content to maximum dry density, which was obtained 

from standard Proctor compaction tests. The samples were tested after 7 days, 28 days, and 56 days of curing 

periods. The results reveal that the addition of admixtures increases the unconfined compressive strength and split 

tensile strength, and the optimum mixes were selected based on 7 days of unconfined compressive strength. The 

increase in strength with the addition of admixtures depends on the type of admixture used and the formation of 

new minerals, which can be observed from XRD graphs. The soaked California bearing ratio tests were conducted 

on the optimum mixes and soil-fly ash-C&D waste-lime mix was selected as the best sub-grade material compared 

to other material combinations based upon economic and environmental considerations. 
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Introduction 

The production of waste materials is increasing day by day, resulting in the requirement 

of a large area for disposal, which is a costly affair. The utilization of waste materials in 

improving the properties of soil is one of the effective methods of disposal. The waste 

materials used in this study are fly ash, construction demolition (C&D) waste, and plastic 

waste. Fly ash is a waste material produced by thermal power plants. Though the use of 

fly ash is growing continuously, much attention is needed to utilize more and more 

quantity of fly ash. Rapid infrastructure development leads to an increase in the 

generation of C&D waste in large quantities, the disposal of which is causing 

environmental and economic problems. Most of C&D waste remains unutilized hence, 

using this waste in improving the properties of the soil will be useful both from an 

economical and eco-friendly point of view. Plastic waste is produced in different ways 
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such as shopping bags, polypropylene of plastic sacks, polypropylene of carpets, and 

plastic bottles. Although, the reuse and recycling of plastic waste are getting attention 

day by day, even then only a small percentage of the total volume of plastic waste 

produced is being utilized and a larger amount of it is placed in disposal sites or storage. 

The construction of disposal sites and/or landfills will be a costly process, hence, disposal 

of plastic by using it in soil stabilization is one of the viable options.  Soil stabilization is 

the process of improving the engineering and index properties of poor soils. Numerous 

research studies have been conducted in the past to stabilize expansive soils by using 

various materials and admixtures [1–4]. Though lime is not a waste material and is costly 

but can be utilized in soil stabilization because it leads to early and high strength gain. 

Thus, fly ash, C&D waste, plastic waste, and lime are chosen as stabilizing materials for 

improving the properties of soil. 

Some research has been done on the utilization of these materials in soil 

stabilization. Adding the fly ash to the soil improves the engineering properties i.e. 

unconfined compressive strength (UCS) and California bearing ratio (CBR) of soil and is 

cost-effective material [5–8]. The uniaxial compression indirect (splitting) tension and 

flexure strength were also found to be enhanced with the addition of fly ash [5]. There is 

a decrease in the maximum dry density (MDD) and an increase in the value of optimum 

moisture content (OMC) on adding fly ash to soil [6,7]. The various properties of soil such 

as plasticity index, free swell, activity, swelling pressure, swell potential, etc. are found 

to be decreased with the addition of fly ash or fly ash-lime content [8]. 

Many researchers explained the consequences of lime on the engineering 

properties of soil, some among them are: The characteristics such as swell potential, 

liquid limit, plastic limit, free swell, cohesion, compaction characteristics, and modulus 

of elasticity are affected by the addition of lime to soil [9–14]. There is an improvement 

in the value of OMC, CBR value, and UCS of the mix due to the addition of lime to soils 

[9,11,12,14]. This is attributed to the formation of cementing minerals such as calcium 

aluminate hydrate (CAH), calcite, and mullite which are identified by X-ray diffraction 

(XRD) [10,12,13]. Initially, with the increase in lime content up to 5 %, there is an increase 

in the plastic limit and a decrease in the liquid limit, but beyond 5 % lime content, the 

Atterberg limits show negligible variations. Further, there is a decrease in the swell 

potential up to certain lime content, after which it accelerates its value beyond 9 and 5 % 

addition of lime for coarse-grained soils and fine-grained soils respectively. The 

unconfined compressive strength (UCS) of the composite mix increases up to a certain 

lime content [13].  

Construction demolition waste refers to the waste generated during the demolition 

of structures. A lot of research in the past have been conducted in past on the utilization 

of recycled aggregates from concrete waste in soil stabilization and as sub-base and base 

course material in pavements [15–25]. Many researchers concluded that for unpaved 

rural roads, natural aggregates can be replaced by recycled aggregates obtained from 

C&D waste [19,22]. Soils blended with fine crushed concrete cubes and cement showed 

considerable improvement in UCS value, split tensile strength (STS), and CBR value as 

shown in [20]. 

The plastic waste when added to soil increases the peak strength, ultimate strength; 

energy absorption capacity, and UCS value [26,27]. Sub-grade characteristics of soil are 
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improved with the addition of plastic waste because of an increase in CBR value [28–30]. 

The addition of plastic waste increases deviator stress and changes the behavior from brittle 

to ductile and the penetration resistance increases with plastic waste as shown in [30]. 

When fly ash and lime are added in combination to poor soils, OMC, UCS, and CBR 

values are found to be increased whereas MDD value and the free swell were observed to be 

decreased which was resulted due to the flocculation and cation exchange reaction [31–33]. 

The use of fly ash for agricultural purposes has been studied and the existence of 

harmful trace elements such as Pb, Cd, Ni, etc. has been shown [34]. Further, class F fly 

ash alone pollutes the groundwater thereby damaging the environment but if class F fly 

ash is used with lime, the release of harmful metals can be prevented as shown in [35]. 

The addition of plastic waste to the soil-fly ash-lime mix increases the UCS value, split 

tensile strength, and overall toughness [36–40]. The addition of plastic waste or fiber 

increases the CBR value and changes the failure behavior from brittle to ductile [41–47]. 

Thus, the soil-fly ash-lime-plastic waste mix can be effectively utilized in geotechnical and 

pavement applications. 

The primary objective of this paper is to reveal how waste materials such as fly ash, 

C&D waste, plastic waste, and lime can be used in refining the properties of soil and to 

investigate the strength characteristics of various material combinations such as clay-fly 

ash, clay-C&D waste, clay-lime, clay-fly ash-lime, clay-C&D waste-lime, clay-fly ash-C&D 

waste, clay-fly ash-C&D waste-lime, clay-fly ash-C&D waste-lime-plastic waste mixtures 

for obtaining the optimum composite in soil stabilization. Further, the use of fly ash with 

lime can prevent the release of harmful trace elements present in it thus minimizing the 

negative impact on the environment. 

 

Experimental study 

The soil (S) used in the current study was brought from a construction site near Hamirpur, 

Himachal Pradesh (India). The fly ash (FA) was collected from Ropar thermal power plant 

and construction demolition (C&D) waste was acquired from the floor finish layer of local 

construction. The standard specification [45] for quicklime and hydrated lime was 

followed for use of lime in soil stabilization. 

 

 
Fig. 1. Gradation curves of soil, fly ash and C&D waste    
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The plastic waste used in the present investigation was obtained from wasted 

online shopping bags, which were cut into pieces 12 mm in length and 6 mm in width. 

The average thickness of the plastic bags was 70 µm. The particle size curves of soil, fly 
ash, and construction demolition waste is shown in Fig. 1 [48–50]. Based on the Indian 

soil classification system as per [51], the soil was classified as clay with high plasticity, 

CH. The composition of fly ash lies in the range of the class F category. The gradation 

curve of C&D waste reveals that most of the particles are in the fine sand range. The 

properties of soil, fly ash and C&D waste are shown in Tables 1–3 respectively.   

 
Table 1. Properties of soil 

Properties Value 

Natural water content, wn, % 22.0 

Specific gravity G [52] 2.573 

Liquid limit wL, % 51.0 

Plastic limit wp, % 23.0 

Plasticity index (PI), % 28.0 

Soil classification CH 

Maximum dry density ρd, KN/m3 17.5 

Optimum moisture content, % 16.0 

Percent finer than 2 µm, % 32 

Coefficient of permeability, cm/s [53] 3.337 × 10-8 

Unconfined compressive strength after 7 days, KN/m2 355.05 

Differential free swell, % [54] 16.52 

Soaked California bearing ratio, % 1.612 

 
Table 2. Properties of fly ash 

Chemical composition and index properties Value 

Silica (SiO2), % 59.50 

Alumina (Al2O3), % 27.10 

Iron oxide (Fe2O3), % 7.36 

Calcium oxide (CaO), % 2.30 

Magnesium oxide (MgO), % 0.64 

Sulphur trioxide (SO3), % 0.85 

Loss of ignition, % 2.25 

Specific gravity, G [52] 1.966 

Liquid limit, wL (%) 39.5 

Coefficient of uniformity, Cu 4.909 

Coefficient of curvature, Cc 0.930 

Indian standard soil classification MI 

Optimum moisture content, % 27.4 

Maximum dry density ρd, KN/m3) 12.24 

Coefficient of permeability, cm/s [53] 6.6 × 10-5 

Soaked California bearing ratio, % 4.45 
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Table 3. Properties of construction demolition waste 

Properties  Value 

Specific gravity, G [52] 2.57 

Coefficient of uniformity Cu 1.781 

Coefficient of curvature Cc 0.877 

Soil classification SP 

Optimum moisture content, % 12.4 

Maximum dry density, ρd, KN/m3 16.75 

Coefficient of permeability, cm/s [53] 4.26 × 10-4 

Soaked California bearing ratio, % 17.07 

 

Various tests were performed to classify the best optimum mix and best optimum 

arrangement for the stabilization of clayey soil. Firstly, the standard Proctor compaction 

tests were conducted on soil-fly ash mixes, soil-lime mixes, soil-C&D waste mixes, soil-

fly ash-lime mixes, soil-C&D waste-lime mixes, soil-fly ash-C&D waste mixes, soil-fly 

ash-C&D waste-lime mixes and soil-fly ash-C&D waste-lime-plastic waste mixes as per 

standard [55]. The results of the compaction tests detailing MDD and OMC are shown in 

Table 4. Based on the results, it can be concluded that the optimum mixes cannot be 

obtained from compaction characteristics.  
 

Table 4. Compaction characteristics of different mixes 

Mix proportions 
Maximum dry 

density, KN/m3 

Optimum moisture 

content, % 

S :: 100 17.50 16.00 

S:FA:: 92:8 16.98 16.70 

S:FA :: 88:12 16.92 16.80 

S:FA :: 84:16 16.90 17.10 

S:L :: 97:3 16.85 18.00 

S:L :: 96:4 16.68 19.00 

S:L :: 95:5 16.41 19.50 

S:C&D :: 88:12 17.32 15.10 

S:C&D :: 78:22 17.22 14.95 

S:C&D :: 76:24 17.20 14.90 

S:FA:L :: 85.8:11.7:2.5 15.90 20.00 

S:FA:L :: 84.92:11.58: 3.5 15.82 20.40 

S:FA:L :: 84.04:11.46:4.5 15.81 20.90 

S:C&D:L :: 77.62:21.89:0.49 17.04 17.00 

S: C&D:L :: 77.42:21.836:0.744 16.86 17.60 

S: C&D:L :: 77.23:21.78:0.99 16.78 19.00 

S: FA:C&D :: 66:17:17 16.61 17.00 

S: FA:C&D :: 65:17:18 16.63 16.80 

S: FA:C&D :: 64:18:18 16.62 17.50 

S: FA:C&D:L:: 64.36:16.83:17.82: 0.99 16.26 19.00 

S:FA:C&D: L :: 63.73:16.67:17.64:1.96 15.96 19.40 

S:FA:C&D: L :: 63.12:16.5:17.47:2.91 15.80 19.80 

S: FA:C&D:L:PW :: 64.25:16.79:17.78:0.98:0.2 15.96 18.60 

S:FA:C&D:L:PW :: 64.11:16.76:17.75:0.98:0.4 16.08 18.60 

S:FA:C&D:L: PW :: 63.97:16.73:17.72:0.98:0.6 16.03 18.60 
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To demonstrate the effect of C&D waste on the liquid limit of soil, tests were piloted 

on soil alone and on soil C&D waste mixes, as per [56]. The results of the liquid limit test 

are shown in Fig. 2, which designates that the liquid limit falls down with the increase in 

the content of C&D waste.  As the percentage of C&D waste approaches 30 %, the 

lowering rate in liquid limit also falls down, which indicates that the optimum mix should 

contain between 20-30 % of C&D waste. As the liquid limit is one of the important 

parameters in selecting the sub-grade material, it can be established from liquid limit 

tests that adding C&D waste to soil can improve the performance of soil as pavement 

sub-grade material.  

 

 
Fig. 2. Influence of addition of construction demolition waste on liquid limit of soil 

 

The unconfined compressive strength tests were performed on numerous mix 

proportions to obtain the optimum composite mixes.  The compaction of samples having 

a size of 38 mm diameter and 76 mm height was done to MDD in a standard mold at 

OMC. In order to avoid excess moisture loss, samples were kept in desiccators for 7, 28, 

and 56 days curing periods, and UCS tests were performed on these samples as per 

standard [57]. Two samples were prepared for every mix combination for each curing 

period and an average of two is presented as the UCS value. The optimum mix was chosen 

for that mix proportion which yielded the highest UCS value. 

The split tensile strength tests were conducted as per [58] in split mold on samples 

of 50 mm diameter and 25 mm height prepared in a standard mold at OMC compacted to 

MDD. The average value of the strength of two samples for each curing period is the split 

tensile strength of the sample.  

The CBR tests were conducted on the optimum mixes obtained from unconfined 

compressive strength for each combination. The sample for conducting the CBR tests was 

prepared according to [59]. The surcharge was placed on the sample and soaking of the 

sample was done for a period of 4 days. The sample was removed from the water after 4 

days prior to 15 minutes before conducting the test. The testing was conducted in a CBR 

testing machine and the CBR value (load/standard load) was a maximum of two values 

obtained for 2.5 and 5 mm penetrations. 
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Results and Discussion 

Unconfined compressive strength. Influence of adding lime, fly ash and C&D waste 

individually on UCS of soil  

The curves of unconfined compressive strength (UCS) versus the curing period (Fig. 3) 

reveal that the addition of different contents of admixtures such as fly ash, lime, and C&D 

waste increase the UCS value of the clay. The maximum increment in UCS value is 

observed upon the addition of optimum content (4 %) of lime, which is attributed to the 

chemical reaction among soil and lime particles.  

 

 
 

Fig. 3. Influence of addition of additives on UCS of soil with curing period 

 

With the curing time, an increase in UCS value is noticed irrespective of the additive 

and additive content. The 7 days unconfined compressive strength is more on the addition 

of lime followed by C&D waste and fly ash. The strength increment is more for 4 % lime 

compared to 3 and 5 % lime content. The optimum content of lime may be taken as 4 % 

since a higher content of lime leads to the existence of free lime which tends to decrease 

the strength. Similarly, the strength of 78 % soil + 22 % C&D waste is more compared to 

76 % soil + 24 % C&D waste and 88 % soil + 12 % C&D waste. The optimum content of 

C&D waste may be taken as 22 % at which the contents of compounds present in it are 

sufficient to complete the reaction and form new compounds like calciobetafite. There is 

no appreciable enhancement in the UCS value of soil-fly ash composite for fly ash content 

of more than 12 %. Hence, based on the above results, the optimum content of lime, fly 

ash, and C&D waste for stabilization of soil may be taken as 4, 12, and 22 % respectively. 

The strength gains up to 28 days curing period is more for soil-lime admixture followed 

by soil-fly ash admixture and soil-C&D waste admixture which indicates that the 

pozzolanic reaction between soil and fly ash and soil-C&D waste is relatively slow. The 

28-day UCS value of 78 % soil + 22 % C&D waste is nearly the equivalent as that of 92 % 
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soil + 8 % fly ash which indicates that C&D waste is an effective stabilization material. 

Initially, there is less increase in the UCS value of soil on the addition of optimum C&D 

waste content (up to 28 days) but increases after 56 days and is comparable with the 

strength value obtained upon the addition of optimum lime content. This is mainly 

attributed to the slow pozzolanic reaction among soil and C&D waste particles. The UCS 

value of soil admixed with fly ash content (16 %) increases with the curing period and is 

comparable with that achieved upon adding the optimum lime content after 56 days 

curing period. Though strength is higher for 16 % fly ash content than that for 12% 

content its maximum dry density is less and hence 12 % fly ash content may be taken as 

the optimum. This increment in strength value on adding fly ash is attributed to the 

pozzolanic reaction among the particles of soil and admixtures. Thus, it can be observed 

that when the optimum content of the admixtures – lime or C&D waste or fly ash is 

added; the unconfined compressive strength achieved is comparable after 56 day curing 

period.  

The X-ray diffraction (XRD) pattern of soil (Fig. 4(a)) reveals the existence of 

montmorillonite, quartz, and muscovite. The presence of montmorillonite indicates that 

the clay is very sensitive when it comes in contact with water and has high swelling 

properties. 

The cause of improvement in the UCS value of soil on adding lime is due to the 

formation of new compounds like calcite, which was observed in the X-ray diffraction 

pattern presented in Fig. 4(b). The further increase in the UCS value of soil on adding fly 

ash is attributed to the formation of new compounds like mullite observed in the X-ray 

diffraction pattern Fig. 4(c). 

On adding C&D waste to the soil, the formation of new compounds like 

calciobetafite was observed in the X-ray diffraction pattern presented in Fig. 4(d), which 

lead to an increase in the value of unconfined strength. 

The difference between the 56 days of unconfined compressive strengths of the 

optimum soil-lime, soil-fly ash, and soil-C&D waste mixes is negligible. This indicates 

that all three additives are good stabilizers when long-term strength is a governing 

criterion. However, since lime is a costly material, it should be used only when short-term 

strength is the governing criterion. Fly ash is a waste material affecting the environment 

adversely but utilized for various purposes already in enormous quantities. The 

stabilization of soil requires less quantity (12 %) of fly ash compared with C&D waste, 

making it as the second-best alternative. The generation of C&D waste is increasing 

tremendously, whereas its utilization for construction purposes is very less presently. 

Hence, the utilization of large quantities (22 % as compared to 12 % fly ash) of C&D waste 

in soil stabilization will solve the problem of its disposal. Thus, C&D waste can also be 

selected as a good stabilizer comparable to other materials, taking into account its 

strength as well as economical and environmental considerations.  
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(a) 

 

(b) 

 

(c) 

 

(d) 

 
Fig. 4. XRD graph of soil (a), soil + lime (b), soil + fly ash (c), soil + C&D waste (d) 
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Influence of addition of fly ash and lime on UCS of soil 

UCS tests were carried out on the optimum mixes soil-fly ash mix (obtained from UCS 

tests) with adding different percentages of lime obtained on the basis of unconfined 

compressive strength of soil-fly ash mixes and the curves between UCS value and curing 

period (Fig. 5) reveal the influence of lime on UCS value of soil-fly ash mix. The addition 

of lime increases the UCS of the mix, but the increase is less.  
 

 
Fig. 5. UCS of soil, soil-fly ash mix, and soil-fly ash-lime mixes with curing period 

 

The UCS value is more in the case of 84.04% soil + 11.46% fly ash + 4.5% lime, 

hence, this mix may be chosen as the optimum stabilized mix. The increase in strength is 

mainly because of the reduced rate of reaction among lime and soil-fly ash mix, since 

most of the pozzolanic reaction occurred with fly ash. A little increase in the UCS value 

of soil + fly ash mix on adding lime may be attributed to the presence of new compounds 

like calcite, as observed in the X-ray diffraction pattern presented in Fig. 6. 
 

 
Fig. 6. XRD patterns of soil + fly ash + lime 
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Influence of addition of C&D waste and lime on UCS of soil 

The optimum soil-C&D waste mix obtained based on the UCS test results was further 

stabilized by adding lime. The deviation of UCS value of soil-C&D waste mix with curing 

period corresponding to 0.49, 0.744, and 0.99 % lime contents is shown in Fig. 7, which 

indicates that 0.49 % lime content gives the maximum unconfined compressive strength 

value. Hence, 0.49 % lime content may be chosen as the optimum content for the 

stabilization of the soil-C&D waste mix. However, the addition of lime to the soil-C&D 

waste mix does not yield much increase in strength and lime may be added only if early 

strength is required. The little increase in strength is attributed to the reduced rate of 

reaction among lime and soil-C&D waste mix because the pozzolanic reaction already 

occurred with C&D waste. The addition of lime to the soil-C&D waste mix is a better 

option compared to soil-fly ash mix, which requires more lime content. 

 

 
Fig. 7. UCS of soil, soil-C&D waste mix and soil-C&D waste-lime mixes with curing period 

 

The X-ray diffraction pattern presented in Fig. 8 shows the presence of a small 

quantity of calcite, which causes less increase in unconfined compressive strength of soil 

+ fly ash mixture on adding lime. 
 

 
Fig. 8. XRD patterns of soil + C&D waste + lime 
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Influence of addition of fly ash and C&D waste on UCS of soil 

The graph amongst UCS value and curing period presented in (Fig. 9) describes the 

influence of mixing of two waste materials fly ash and C&D waste. Adding both the 

materials fly ash and C&D waste together to the soil increases the unconfined 

compressive strength, which is more as compared to adding fly ash and C&D waste 

individually. The 7 days unconfined compressive strength is more for soil-C&D waste mix 

in comparison to soil-fly ash-C&D waste mix whereas 28 and 56 days UCS value is more 

for optimum soil-fly ash-C&D waste mix compared to soil-fly ash mix and soil-C&D waste 

mix and is mainly attributed to the higher pozzolanic reaction occurring among soil, fly 

ash and C&D waste. The UCS value of 65 % soil + 17 % fly ash + 18 % C&D waste is more 

compared to 64% soil + 18% fly ash + 18% C&D waste mix and 66% soil + 17% fly ash + 

17 % C&D waste, and, therefore, 65 % soil + 17 % fly ash + 18 % C&D waste mix is 

finalized as an optimum mix to be used for soil stabilization. The stabilization of soil 

using both fly ash and C&D waste is an eco-friendly option because the dumping problem 

of both materials can be solved and the amount of fly ash (17 %) required in this mix is 

more than that of the amount of fly ash (12 %) required in soil stabilization using fly ash 

alone. Upon comparison of unconfined compressive strengths of optimum mixes of soil-

fly ash-lime, soil-C&D waste-lime, and soil-fly ash-C&D waste (Figs. 5,7,9), it may be 

observed that the strength achieved after 56 days curing period is nearly the same. The 

quantity of the admixtures used in the above combinations is 12 % fly ash + 4.5 % lime, 

21.89 % C&D waste + 0.49 % lime, and 17 % fly ash + 18 % C&D waste respectively. This 

indicates that the optimum combination of soil-fly ash-C&D waste mix involves the 

utilization of 35 % of waste materials without the addition of lime (which is costly). Thus, 

the soil-fly ash-C&D waste mix is economical and helps in minimizing the adverse effects 

of the waste materials on the environment besides giving a solution to dumping problems 

of waste materials. 

 

 
Fig. 9. Variation in UCS of soil and soil-fly ash-C&D waste mixes with curing period 
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The addition of waste materials such as fly ash and C&D waste to soil results in the 

formation of new compounds like mullite as observed in the X-ray diffraction pattern 

(Fig. 10), which increases the UCS value of soil.   

 

 
Fig. 10. XRD patterns of soil + fly ash + CDW 

 

Influence of addition of fly ash, C&D waste and lime on UCS of soil 

The lime was added to the optimum soil-fly ash-C&D waste mix in percentages of 0.99, 

1.96, and 2.91 to explore its influence on UCS value. The curves between UCS value and 

curing period (Fig. 11) indicate that the unconfined compressive strength does not change 

appreciably up to 0.99 % lime content, but there is a reduction in strength for higher lime 

content (1.96 and 2.91 %). Thus, the addition of lime hardly shows any increase in 

strength with, however, 0.99 % lime content may be considered the optimum for the 

stabilization of soil-fly ash-C&D waste mix. The reduction in UCS value on the addition 

of lime occurs because of the presence of unreacted lime which creates a loose structure 

and causes sudden failure of the specimen as can be observed from the sudden drop in 

the unconfined compressive stress – axial strain curve shown in Fig. 12.   

 

 
Fig. 11. Variation in UCS of soil, soil-fly ash-C&D waste mix and soil-fly ash-C&D waste-lime mixes with 

curing period 
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Fig. 12. Stress-strain curves of soil, soil-fly ash-C&D waste mix, soil-fly ash-C&D waste lime mix and soil-

fly ash-C&D waste-lime-plastic waste mix 

 

The lesser enhancement in UCS value can be accredited to the presence of minerals 

like calcite (Fig. 13) as observed from the X-ray diffraction pattern of soil + fly ash + C&D 

waste + lime. 

 

 
Fig. 13. X-Ray Diffraction patterns of soil + fly ash + C&D waste + lime 

 

Influence of addition of fly ash, C&D waste, lime and plastic waste on UCS of soil 

The effect of the addition of plastic waste to soil-fly ash-C&D waste-lime mix on UCS 

value and curing period is shown in Fig. 14. The addition of plastic waste (PW) decreases 

the UCS value of the mix. The rate of decrease is less in the case of the addition of 0.4 % 

plastic waste, followed by 0.6 and 0.2 % plastic waste contents. Hence, 0.4 % plastic 

waste content may be chosen as the optimum content for soil stabilization. The decrease 

in the UCS is due to the reduction in MDD, which may be due to a little loosening of the 
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mix with the addition of plastic waste. The curves of unconfined compressive strength 

versus the curing period for soil-fly ash-C&D waste-lime-plastic waste mixes reveal that 

there is a linear increase in strength with the curing period. Further, the addition of plastic 

waste changes the material behavior from brittle to ductile, as can be observed from the 

unconfined compressive stress–axial strain curves (Fig. 12). A similar trend indicating the 

change in stress-strain behavior from brittle to ductile upon the addition of fiber has been 

reported in [45]. 

 

 
Fig. 14. Variation in UCS of soil, soil- fly ash-C&D waste mix, soil-fly ash-C&D waste-lime mix and soil-fly 

ash-C&D waste-lime-plastic waste mixes with curing period 

 

Thus, based on the unconfined compressive strength values, it can be established 

that C&D waste is a better stabilizer in comparison to fly ash and lime when added 

individually to the soil. When two admixtures are added together to the soil, the best 

material combination is soil-fly ash-C&D waste followed by soil-C&D waste-lime and 

soil-fly ash-lime. The addition of lime to the soil-fly ash-C&D waste mix causes hardly 

any increment in UCS value. The addition of plastic waste to soil-fly ash-C&D waste-lime 

mix though reduces the unconfined compressive strength but deviates the composition 

of the mixture from brittle to ductile. 

 

Split tensile strength 

As per [60], the design of pavement is achieved on the basis of UCS and CBR values of 

the subgrade. Further, the tensile stresses are generated in the pavement due to 

variations in temperature and vehicle movement. In order to make the pavement free 

from tension cracks, the split tensile strength of sub-grade material should be known and 

should be included in the design of pavements as per [60]; this is the reason for including 

split tensile strength tests in present research work.    
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Influence of addition of lime, fly ash and C&D waste individually on STS of soil  

The split tensile strength tests were performed on soil and various soil additives after a 

curing period of 7, 28, and 56 days. The influence of lime, fly ash, and C&D waste on the 

STS of soil at various curing periods is shown in Fig. 15. The curves reveal that STS 

increases with the curing period and the addition of different additives. The addition of 

lime increases STS value more due to the chemical reaction between the soil and lime 

particles, which is further followed by C&D waste and fly ash. The increase in strength 

on adding fly ash and C&D waste is due to the pozzolanic reaction between the particles 

of soil and admixtures. The split tensile strength increases with the curing period, 

irrespective of the type of additive and additive content. Based on the results, the strength 

of the soil-C&D waste mix is comparable with that of the soil-lime mix, and hence C&D 

waste is an effective stabilizing material. 

 

Fig. 15. Effect of addition of additives on STS of 

soil with curing period 
Fig. 16. STS of soil, soil-fly ash mix and soil-fly 

ash-lime mixes with curing period 

 

Influence of addition of fly ash and lime on STS of soil 

Lime is added in percentages of 2.5, 3.5, and 4.5 %, respectively on the optimum soil-fly 

ash mix and STS tests were performed on these mixes. The influence of adding lime on 

the split tensile strength of the soil-fly ash mix is presented in Fig. 16. The split tensile 

strength of soil-fly ash-lime mix increases with an increase in lime content and curing 

period. This increase is attributed to the chemical reaction between lime and soil-fly ash 

particles. The split tensile strength is more on adding 4.5 % lime content, hence, 4.5 % 

lime content may be taken as the optimum value. Although the split tensile strength 

increases significantly, however, lime is a costly material.  
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Influence of addition of C&D waste and lime on STS of soil 

The split tensile strength tests were conducted on optimum soil-C&D waste mix 

stabilized with 0.49%, 0.744%, and 0.99% lime contents. The split tensile strength results 

are plotted as split tensile strength (STS) versus the curing period (Fig. 17) showing the 

consequence of the addition of lime to the soil-C&D waste mix. Figure 17 reveals that 

there is hardly any enhancement in STS of soil-C&D waste mix with the addition of 0.49 % 

lime content, whereas higher lime content reduces the split tensile strength of the mix. 

The improvement in strength with the addition of lime is very limited, hence, it is better 

to avoid adding lime to the soil-C&D waste mix.  

 

Fig. 17. STS of soil, soil-C&D waste mix and soil-

C&D waste-lime mixes with curing period 
Fig. 18. Variation in STS of soil and soil-fly ash-

C&D waste mixes with curing period 

 

Influence of addition of fly ash and C&D waste on STS of soil 

The plot of the split tensile strength (STS) versus curing period (Fig. 18) shows the effect 

of the addition of two pozzolanic materials viz; fly ash and C&D waste to poor soil. The 

split tensile strength of the soil-fly ash-C&D waste mix is nearly the same as that of the 

soil-fly ash mix, but is less than that of the soil-C&D waste mix. The reduction in strength 

of soil-fly ash-C&D waste mixes compared to the soil-C&D waste mix is due to their less 

maximum dry density. The maximum split tensile strength is observed for 65% soil + 17% 

fly ash + 18% C&D waste mix compared to that of 64% soil + 18% fly ash + 18% C&D 

waste and 66% soil + 17% fly ash + 17% C&D waste mixes. There is no appreciable 

variation in split tensile strength of soil + fly ash mix on adding C&D waste, rather it is 

somewhat less for some combinations. However, more quantity of waste materials (34%-

36% fly ash + C&D waste compared with 12% fly ash only) can be utilized, thus reducing 

detrimental effects on the environment.  
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Influence of addition of fly ash, C&D waste and lime on STS of soil 

The effect of the addition of 0.99, 1.96, and 2.91 % lime content on the STS value of 

optimum soil-fly ash-C&D waste mix is shown in Fig. 19, which reveals that higher STS 

is observed for 0.99 % lime content and addition of more lime decreases the split tensile 

strength drastically which may be due to free the occurrence of unreacted lime. The 

increase in strength with the addition of lime is very, and it being a costly material should 

be used only when it is important from other design considerations. 

 

Fig. 19. Variation in STS of soil, soil-fly ash-C&D 

waste mix and soil-fly ash-C&D waste-lime 

mixes with curing period 

Fig. 20. Variation in STS of soil, soil-fly ash-C&D 

waste mix, soil-fly ash-C&D waste-lime mix and 

soil-fly ash-C&D waste-lime-plastic waste mixes 

with curing period 

 

Effect of addition of fly ash, C&D waste, lime and plastic waste on STS of soil 

Plastic waste is added to the soil-fly ash-C&D waste-lime mix in percentages of 0.2, 0.4, 

and 0.6 to study its effect on split tensile strength of the mix. The STS versus curing 

period plot (Fig. 20) illustrates the effect of the addition of plastic waste to soil-fly ash-

C&D waste mix. The slight increase in strength is pronounced by the addition of 0.4 % 

plastic waste content and is more as compared to 0.6 % plastic waste and 0.2 % plastic 

waste. Thus, 0.4 % plastic waste can be selected as the optimum content for the 

stabilization of soil-fly ash-C&D waste-lime mix. The reason for the enhancement in STS 

value may be due to increase in interfacial friction, which may be due to the effective 

contact area between plastic and the mixed material. Further, the reduction in the split 

tensile strength beyond 0.4 % plastic waste may be because plastic-to-plastic interaction 

dominates the plastic-to-particle interaction, making it the weakest failure plane to fail, 

which is in agreement with the results reported in [45]. 

It is observed on the basis of the above results that UCS value and STS value 

increase with curing time. The 360 days STS value is necessary for the design of pavement 

for high-intensity traffic. The correlation suggested between qt360days and qt28days  [7], which 
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 𝑞𝑡28𝑑𝑎𝑦𝑠𝑞𝑡360𝑑𝑎𝑦𝑠 = 0.60.          ......................                                                                  (1) 

From the above equation, we can find out the 360 days split tensile strength of the 

mix, which can be used in the design of pavements. For the optimum soil-fly ash-C&D 

waste-lime-plastic waste mix, the 360 days split tensile strength is: qt360days = qt28days/0.6 = 

= 960.9 / 0.6 = 1601.5 KN/m2 = 1.6015 MPa, which is more than the required strength.   

 

California bearing ratio 

On the basis of optimum mixes obtained from UCS tests, the soaked CBR tests were piloted. 

The effect of the addition of various admixtures on the soaked CBR value of soil is shown 

in Fig. 21. The soaked CBR value of soil is 1.6% which with the addition of optimum content 

(12 %) of fly ash increases to 3.2 %. The soaked CBR value of 96 % soil + 4% lime is 12.7 % 

which is 8 times that of the CBR value of soil. The addition of 22 % C&D waste increases 

the soaked CBR value to 4.4% which is two and half times that of soil.  

 

 
Fig. 21. Variation of soaked CBR values on addition of different admixtures 

 

The soaked CBR value is 7.7 for 84.04 % soil + 11.46 % fly ash + 4.5 % lime, which 

can be used as a sub-grade material for pavement as per [60]. The soaked CBR value of 

77.62 % soil + 21.89 % C&D waste + 0.49 % lime is 8.2 which is higher than the value of 

CBR obtained for the soil-fly ash-lime mix. The addition of fly ash and C&D waste 

together increases the soaked CBR value to 3.9 % which is very less compared to soil-fly 

ash-lime mix and soil-C&D waste-lime mix. The soaked CBR value of 64.36 % soil + 

16.83 % fly ash + 17.82 % C&D waste + 0.99 % lime is 11.8 which is very close to that of 

96 % soil + 4 % lime. The soaked CBR value of 64.11 % soil + 16.76 % fly ash + 17.75 % 

C&D waste + 0.98 % lime + 0.4 % plastic waste is 11.9, which is nearly the same as that 

of the soil-fly ash-C&D waste-lime mix. The above results reveal that the soil alone has 

a very low CBR value, and it requires stabilization using different additives. When 

stabilized by using two pozzolanic materials i.e. fly ash and C&D waste individually or in 

combination with each other, the CBR value increases, but the increase is not sufficient 
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to make it suitable for use as a sub-grade material in road pavement (CBR > 6 is generally 

required). The increase in CBR value is not appreciable due to the absence of a binder in 

the mixes, as reported in [45]. The CBR value increases appreciably when lime is added 

to soil + fly ash and soil + C&D waste mixes making it suitable as a sub-grade material. 

However, for soil + C&D waste mix, the lime content required is only 0.49 % which is 

much less compared to that required for 4.5 % for soil + fly ash mix. Also, the CBR value 

for soil + C&D waste mix is higher than that of soil + fly ash mix and a larger quantity of 

C&D waste (21.89% compared to 12 % fly ash) is used for stabilization. Also, the class F 

fly ash (used in this research work) may contain harmful trace elements such as Pb, Cd, 

Ni, etc. as shown in [34]. Thus, the use of class F fly ash alone may pollute the 

groundwater and cause adverse effects on the environment but when class F fly ash is 

used with lime, the release of metals is prevented as reported in [35] due to its alkaline 

nature (pH of lime = 12); thus, preventing detrimental effects to health and environment. 

The CBR value of the soil-fly ash-C&D waste-lime mix is very close to the soil-lime mix 

thus, based on the results soil-fly ash-C&D waste-lime mix is best to mix compared to 

the soil-lime mix because the amount of lime required in the soil-fly ash-C&D waste-

lime mix is less and also the waste materials such as fly ash and C&D waste which pose 

difficulty in their disposal can also be utilized in this mix. On adding plastic waste to soil-

fly ash-C&D waste-lime mix, there is a negligible effect of CBR value, but it can be used 

along with the mix because it improved the tensile strength of the composite and its 

disposal problem can also be solved. 

 

Pavement design 

The effect of the addition of admixtures on pavement design can be explained in terms 

of the pavement thickness required. The design of pavement is achieved by considering 

traffic of 10 million standard axles and as per [60]. The effect of stabilization of soil with 

various admixtures is observed on the thickness of the pavement. It was observed from 

Fig. 22 that pavement thickness decreases with stabilization. The decrease in pavement 

thickness is more in the case of soil stabilized with 4 % lime.  

 

 
Fig. 22. Effect of addition of admixtures on pavement thickness 
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Similar pavement thickness can be observed for clay stabilized using fly ash, C&D 

waste & 0.99% lime content which is a cost-effective as well as eco-friendly mix since 

the disposal problem of fly ash and C&D waste can be solved. The effect of the addition 

of plastic waste on S+FA+C&D+L has a negligible effect on pavement thickness, but it 

increases the tension-carrying capacity of the sub-grade making it free from cracks. Thus, 

for sub-grade material, a combination of the soil-fly ash-C&D waste-lime-plastic waste 

mix can be effectively used. 

 

Conclusions 

Various tests were conducted in the laboratory to gain knowledge about the influence of 

the addition of fly ash, lime, C&D waste, and plastic waste on the clay and the following 

important conclusions were made: 

1. A decrease in the value of maximum dry density is observed on the addition of various 

additives to the soil. 

2. The unconfined compressive strength of the mix increases on adding various additives 

individually and in combination with each other, and it increases with curing period. 

3. There is a little reduction in value of unconfined strength on adding plastic waste to 

soil mix. 

4. With the curing period, the split tensile strength increases and also increases by adding 

different additives alone and in combination to each another.  

5. The optimum mix is selected based on 7 days of unconfined compressive strength and 

split tensile strength of the mixes. 

6. Considering the California bearing ratio, economy, and environment; the soil-fly ash-

C&D waste-lime mix is selected as the optimum mix to be used as a sub-grade material. 

When the disposal of plastic is a problem, soil-fly ash-C&D waste-lime-plastic waste can 

be selected as sub-grade material. 

7. When there is option of choosing fly ash or C&D waste, C&D waste can be selected as 

stabilizer for soil because it does not contain any harmful trace elements whereas fly ash 

contains harmful trace elements which are dangerous to the environment. 

8. The use of fly ash alone may pollute the groundwater, whereas use of lime along with 

fly ash prevents the release of harmful metals from fly ash making it eco-friendly. 

The results of the present study are applicable to improving the behaviour of poor 

clay soil ensuring the load-bearing capacity and quality of soil in preparation for road 

construction projects. 
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ABSTRACT  

In this paper a model of the process of hydrogen diffusion over the crystal structure in solids is presented. A 

defect-free and defective structure are considered. This study is relevant for the process of hydrogen 

embrittlement, which can lead to premature destruction of the material. A hypothesis about the creation of a 

surface layer upon pre-charging a sample with hydrogen is considered, which is necessary for further study of 

the hydrogen desorption process. The effect of the surface layer on the extraction curves is studied, and the 

simulated extraction curves are compared with the experimental ones. The results obtained make it possible to 

better understand the interaction of hydrogen atoms with the structure of a solid. 
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Introduction 

In the process of hydrogen sorption in the material, changes in the crystal structure in 

solids are possible. As a consequence, such effect can negatively affect the strength 

properties of the material. One of the most dangerous effects is hydrogen embrittlement 

of the material. This effect can lead to premature destruction of the material. To study 

the effects, the method of thermal desorption mass spectroscopy (TDS) is used [1–5]. The 

TDS method makes it possible to determine the binding energy of hydrogen in the crystal 

lattice in solids and crystal lattice defects [6,7]. This method is based on pre-charging the 

sample with hydrogen and further desorption of hydrogen from the sample when it is 

being heated. The flux of desorbed hydrogen is recorded by sensors, and extraction curves 

are plotted. The pre-charging of the sample with hydrogen and, as a consequence, 

hydrogen distribution over the sample is of great importance in obtaining the extraction 

curves. Under laboratory conditions, various methods of pre-charging a sample with 

hydrogen are used, such as: in gaseous hydrogen [8], in electrolyte solutions when a 

potential difference is applied [9–11] and in saline solutions [12,13]. 

When studying the process of hydrogen desorption, it is usually assumed that after 

charging the sample with hydrogen, the hydrogen concentration is uniformly distributed 

over the sample. Therefore, the distribution of hydrogen over the sample is often not 

studied in experimental papers, and sometimes the concentration after charging is not 

even measured [14–17]. However, it was experimentally observed that during laboratory 

saturation, hydrogen is not distributed uniformly [18,19], but instead forms a surface 

http://dx.doi.org/10.18149/MPM.5232024_13
https://orcid.org/0000-0002-1199-1028
https://orcid.org/0000-0003-4001-6536
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layer, beyond which it almost does not penetrate [13,20]. This hypothesis is to be 

investigated. 

The diffusion process is described by taking into account defects in the crystal 

lattice, which can affect the hydrogen diffusion process; these defects are called traps, 

[21–24]. The most popular traps model of hydrogen transport was proposed by Mac Nabb 

and Foster [25] and Oriani [26]. The models describe the capture of hydrogen in traps. 

The description of the process is based on Fick's first and second laws.  

Oriani introduced a “phenomenological” diffusion coefficient, which in this paper 
will be called "effective diffusion coefficient" to considerate the effect of hydrogen 

trapping. Further on, on the assumption of local equilibrium between the concentration 

of hydrogen atoms in the crystal lattice of the sample and in the traps, Oriani derived an 

equation for describing the process of hydrogen diffusion with allowance for traps. 

Oriani's work investigated the effect of a single trap on the diffusion process. Fisher [14] 

generalized relations for several traps. 

In the present paper to describe the diffusion process, we rely on the Oriani 

hypothesis of local equilibrium and calculate the effective diffusion coefficient for several 

traps following Fisher's equations. Fischer carried out simulations at a constant 

temperature of the sample in his work. In the present paper, the effect of thermal 

conductivity is taken into account when the sample is placed in a heated chamber. 

The purpose of this article is to derive equations for the diffusion process taking 

into account traps, to show the effect of the presence of a boundary layer on extraction 

curves, and to argue for the hypothesis of the presence of a boundary layer. 

 

Analytical description of the diffusion process in a defect-free structure 

Consider a soled with a defect-free crystal lattice. Below is Fick's first law for the diffusion 

of hydrogen atoms in a defect-free lattice:  𝑗 = −𝐷𝐿 𝑔𝑟𝑎𝑑(𝑐𝐿),  (1) 

where 𝐷𝐿 is the diffusion coefficient of hydrogen in a defect-free lattice, 𝑐𝐿  is the 

concentration of hydrogen atoms at a given point, 𝑗 is the hydrogen flux.  

According to Arrhenius's law, the diffusion coefficient 𝐷𝐿 can be represented as follows: 𝐷𝐿 = 𝐷0 exp (− 𝑈𝐿𝑘𝑇), (2) 

where 𝐷0 is the diffusion constant, 𝑈𝐿 is the binding energy of hydrogen atoms with the 

crystal lattice, 𝑘 is the Boltzmann coefficient, 𝑇 is the absolute temperature.  

For a homogeneous body structure, 𝐷0 and 𝑈𝐿 are constant for the whole body, 

therefore the diffusion coefficient 𝐷𝐿 depends only on the temperature at the considered 

point of the body. 

According to Fick's second law:  Δс = 1𝐷𝐿  ∂с∂t . (3) 

Equation (3) establishes the relationship between the spatial and temporal changes 

in the concentration of hydrogen. Equation (3) is rewritten in the form of a difference 

scheme, then the finite element method with specified boundary conditions makes it 

possible to simulate the process of hydrogen diffusion. Further, according to Fick's first 
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law, it is possible to find the dependence of the hydrogen flux from the sample on time, 

that is, the extraction curves that are compared with the experimental ones. 

 

Analytical description of the diffusion process in a defect structure 

Almost any solid has defects at the molecular level, which can create obstacles for the 

diffusion of hydrogen atoms. These defects are called traps. The traps are divided into 

sorts that correspond to a certain binding energy with hydrogen atoms. Dislocation cores 

can serve as an example of a trap. For this sort of trap, hydrogen diffusion will proceed 

along the dislocation lines. 

We consider m sorts of traps. Each sort of trap can be a new hydrogen diffusion 

channel with a corresponding diffusion coefficient. As a special case, the diffusion 

coefficient for some kind of traps can be zero. This means that hydrogen atoms do not 

move through traps of this sort. They can get out of the trap, move along the crystal 

lattice of the body and fall into the trap at another point in the body. 

Since a new sort of traps can be represented as an additional diffusion channel, we 

rewrite Fick's first law (1) taking into account the influence of traps: 𝑗 = −𝐷𝐿 𝑔𝑟𝑎𝑑(𝑐𝐿) −∑𝐷𝑇𝑘 𝑔𝑟𝑎𝑑(𝑐𝑇𝑘)𝑚
𝑘=1 ,  

(4) 

where 𝑗 is the total diffusion flux of hydrogen atoms, 𝐷𝑇𝑘 is the diffusion coefficient of 

hydrogen in traps of sort 𝑘, 𝑐𝑇𝑘 is the concentration of hydrogen in a trap of sort 𝑘. 

A closed system is considered. We introduce the following parameters: 𝑁𝐿 is 

possible number of moles of hydrogen in the positions of defect-free crystal lattice of the 

body; 𝑁𝑇𝑘 (𝑘 =  1, . . . , m) is the number of moles of positions of traps of sort 𝑘 in the 

sample; 𝑦𝐿 is the amount of hydrogen distributed in the lattice; 𝑦𝑇𝑘 is the amount of 

hydrogen distributed in the trap of sort 𝑘. 

Suppose that when a mole of hydrogen atoms is captured, the total energy of the system 

decreases by the value ∆𝐸𝑘. Then the total Gibbs energy of the system can be written as: 𝐺 = 𝐺0 + 𝑅𝑇([𝑦𝐿 ln 𝑦𝐿  + (1 − 𝑦𝐿) ln(1 − 𝑦𝐿)]𝑁𝐿  
+∑ {[𝑦𝑇𝑘 ln  𝑦𝑇𝑘 + (1 − 𝑦𝑇𝑘) ln(1 − 𝑦𝑇𝑘)]𝑁𝑇𝑘 − ∆𝐸𝑘𝑅𝑇 𝑦𝑇𝑘𝑁𝑇𝑘}𝑚
𝑘=1 ), (5) 

where 𝑅 is the gas constant, 𝑇 is the absolute temperature. 

The parameter ∆𝐸𝑘 can be written as a difference between the binding energies of 

hydrogen in a crystal lattice and a trap of sort k: ∆𝐸𝑘 = 𝑈𝑘 − 𝑈𝐿 . (6) 

According to the law of conservation of mass in a closed system: 𝑁𝐿 𝑦𝐿 +∑𝑁𝑇𝑘𝑦𝑇𝑘𝑚
𝑘=1 = const .  

(7) 

The Oriani hypothesis about the local equilibrium between the concentration of 

hydrogen atoms in the crystal lattice of the body and in the traps corresponds to the 

minimum of function (5) with respect to the variables 𝑦𝐿 and 𝑦𝑇𝑘, taking into account 
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relation (7). We will use the Lagrange multiplier method and find the minimum of 

function (8): 𝐹 = 𝐺 + 𝜆(𝑁𝐿𝑦𝐿 +∑𝑁𝑇𝑘𝑦𝑇𝑘𝑚
𝑘=1 − const),  

(8) 

where λ is the Lagrange multiplier. 

The minimum of function (8) corresponds to the following system: 

{  
  ∂𝐹∂𝑦L = 𝑅𝑇[ln 𝑦𝐿 − ln(1 − 𝑦𝐿)]𝑁𝐿 + 𝜆𝑁𝐿 = 0,                                                                   ∂F∂yTk = 𝑅𝑇[ln 𝑦𝑇𝑘 − ln(1 − 𝑦𝑇𝑘)]𝑁𝑇𝑘 − ∆𝐸𝑘𝑁𝑇𝑘 + 𝜆𝑁𝑇𝑘 = 0, (𝑘 = 1,… ,𝑚). (9) 

System (9) can be reduced to the following expression: 𝑦𝐿(1 − 𝑦𝑇𝑘)𝑦𝑇𝑘(1 − 𝑦𝐿) = exp (−∆𝐸𝑘𝑅𝑇 ) = 𝐾𝑘,  

(10) 

where 𝐾𝑘 is the equilibrium constant. 

We express 𝑦𝑇𝑘 from Eq. (10): 𝑦𝑇𝑘 = 𝑦𝐿𝐾𝑘 + 𝑦𝐿(1 − 𝐾𝑘) , (𝑘 = 1,… ,𝑚). (11) 

We introduce the variables 𝑉𝑇𝑘 and 𝑉𝐿 are volumes corresponding to one mole of 

hydrogen in traps of sort 𝑘 and in the lattice, respectively. 

Then the concentration of hydrogen in the lattice can be written as: 𝑐𝐿 = 𝑦𝐿𝑉𝐿  . (12) 

The concentration of hydrogen in traps of sort 𝑘, taking into account Eq. (11), can 

be represented as: 𝑐𝑇𝑘 = 𝑦𝑇𝑘𝑉𝑇𝑘 = 𝑦𝐿𝑉𝑇𝑘 1𝐾𝐾 + 𝑦𝐿(1 − 𝐾𝑘) . (13) 

Using Eq. (12), we get: 𝑐𝑇𝑘 = 𝑉𝐿𝑉𝑇𝑘 1(𝐾𝑘 + 𝑉𝐿𝑐𝐿(1 − 𝐾𝑘)) 𝑐𝐿 .  

(14) 

Then the total concentration of hydrogen can be written: 𝑐 = 𝑐𝐿 +∑𝑐𝑇𝑘𝑚
𝑘=1 = 𝑦𝐿𝑉𝐿 +∑ 𝑦𝐿𝑉𝑇𝑘 1𝐾𝐾 + 𝑦𝐿(1 − 𝐾𝑘) 𝑚

𝑘=1= (1 +∑ 𝑉𝐿𝑉𝑇𝑘 1𝐾𝐾 + 𝑉𝐿𝑐𝐿(1 − 𝐾𝑘) 𝑚
𝑘=1 ) 𝑐𝐿 . 

 

 

(15) 

The parameters 𝑉𝐿 , 𝑉𝑇𝑘, 𝐷𝐿 , 𝐷𝑇𝑘,   (𝑘 = 1,… ,𝑚) are considered constant over the 

sample volume. 

Let's return to Eq. (4) and write down the gradient: 𝑗(𝑥, 𝑡) = −(𝐷𝐿 𝑑𝑐𝐿𝑑𝑐 |x,t +∑𝐷𝑇𝑘  𝑑𝑐𝐿𝑑𝑐 |x,t 𝑑𝑐𝑇𝑘𝑑𝑐𝐿 |x,t 𝑚
𝑘=1 )grad(𝑐) = −𝐷̂grad(𝑐),  

(16) 

where 𝐷̂ = (𝐷𝐿 +∑𝐷𝑇𝑘 𝑑𝑐𝑇𝑘𝑑𝑐𝐿 |x,t 𝑚
𝑘=1 ) 𝑑𝑐𝐿𝑑𝑐 |x,t.  

(17) 



Research of hydrogen diffusion in a material with various types of traps   149 

 

The parameter 𝐷̂ will be called the effective diffusion coefficient. This parameter 

shows the effect of hydrogen diffusion along the crystal lattice and traps. 

The derivatives on the right side of Eq. (17) are calculated for a given spatial position 

and a given time. The derivative 
𝑑𝑐𝐿𝑑𝑐  follows from Eq. (15): 𝑑𝑐𝐿𝑑𝑐 = [1 +∑ 𝑉𝐿𝑉𝑇𝑘 𝐾𝑘(𝐾𝑘 + 𝑉𝐿𝑐𝐿(1 − 𝐾𝑘))2 𝑚

𝑘=1 ]−1. (18) 

The expression for the derivative 
𝑑𝑐𝑇𝑘𝑑𝑐𝐿  follows from Eq. (14) as: 𝑑𝑐𝑇𝑘𝑑𝑐𝐿 = 𝑉𝐿𝑉𝑇𝑘 𝐾𝑘(𝐾𝑘 + 𝑉𝐿𝑐𝐿(1 − 𝐾𝑘))2 . (19) 

Then Fick's second law corresponds to Eq. (16) in the form: Δс = 1𝐷̂  ∂с∂t . (20) 

Thus, Eqs. (17) – (19) allow us to find the dependence 𝐷̂(𝑐𝐿). To find the dependence 𝐷̂(𝑐), it is necessary to solve the nonlinear Eq. (15) and express 𝑐𝐿 in terms of 𝑐. 
As a result, we obtain the dependence 𝐷̂(𝑐)  and by representing Eq. (20) in the form 

of a difference scheme and writing the boundary conditions, we are able to simulate the 

process of hydrogen diffusion using finite element methods, taking into account different 

sorts of traps.  

 

Experiment 

To study the process of hydrogen diffusion, the following experiment was carried out. 

The sample was pre-charged with gaseous hydrogen and then placed in a preheated 

chamber. Then, using sensors, the flux of desorbed hydrogen from the sample surface 

was measured. Thus, we obtained experimental extraction curves showing the 

dependence of the desorbed hydrogen flux on time.  

 

 
Fig. 1. Experimental extraction curve 

 

  



150  V.A. Polyanskiy, E.A. Varshavchik, A.A. Chevrychkina 

Cylindrical billets made of BT16 titanium alloy are considered as samples. The 

radius of the samples under consideration is R = 11 mm, 0 ≤  r ≤ R, and the height is 

11 mm. It was experimentally found that after pre-charging the sample with hydrogen, 

the internal hydrogen content corresponds to 23 ppm. This content corresponds to a 

hydrogen concentration of 179.4 mol/m3. The temperature of the heated chamber, in 

which the sample was placed, was 750 °C. The experimental normalized extraction curve 
is shown in Fig. 1. 

 

Modeling and discussion of the results 

The modeling is qualitatively compared with the experimental extraction curves. The 

crystal lattice parameters are taken as follows: D0 = 3.1081‧10-9 m2/s; UL = 0.1 eV; 

k = 8.62‧10-5 eV/K; T = 750 °C = 1023 K; VL = 4.9‧10-6 m3/mol.  

Then, according to Eq. (2): DL = 10-9 m2/s. Consider a one trap with parameters: 

VT1 = 6‧10-5 m3/mol; ∆E1 = 25 kJ/mol; K1 = 1.6‧10-5. 

Below are the boundary conditions for modeling the process of hydrogen desorption:  𝑡 = 0,    𝑐 =179.4 mol/m3, 𝑡 > 0, 𝑟 = 𝑅;  𝑐 = 0. 

Figure 2 shows the distribution of the initial hydrogen concentration along the 

radial coordinate of a cylindrical sample without taking into account (Fig. 2(a)) and taking 

into account (Fig. 2(b)) the surface layer of hydrogen. 

 

 
(a) 

 
(b) 

Fig.2. The form of the distribution of the initial hydrogen concentration without and taking into 

account the surface layer of hydrogen 

 
 

First, we have investigated the process when the diffusion coefficient over a trap of 

the sort under consideration is zero: DT1 =  0. 

Figure 3 shows how the presence and size of the initial surface layer of hydrogen 

affects the qualitative behavior of the modeled extraction curve. According to Fig. 3, it 

can be concluded that an increase in the surface layer leads to a qualitative convergence 

of the modeled curve and the experimental curve. 

Then we have studied the process when the diffusion coefficient for a trap of the 

sort under consideration is DT1 = 10-13 m2/s. Figure 4 shows how the presence and size of 

the initial surface hydrogen layer affect the qualitative behavior of the modeled 

extraction curve in the case of a nonzero diffusion coefficient in the trap. According to 
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Fig. 4, it can be concluded that with a nonzero coefficient of hydrogen diffusion through 

the traps, an increase in the surface layer also leads to a qualitative convergence of the 

modeled curve and the experimental curve. Convergence occurs at a smaller surface layer 

than at a zero diffusion coefficient over the traps. 

 

Fig. 3. Extraction curves at zero diffusion 

coefficient over traps 
Fig.4. Extraction curves for a nonzero 

diffusion coefficient over traps 

 

It can be concluded that the presence of a boundary layer changes the shape of the 

extraction curve and qualitatively brings it closer to the experimental one. Under the 

assumption of an initial uniform distribution of hydrogen, extraction curves were 

obtained, which, even at a qualitative level, did not agree with experiment. Including the 

nonzero coefficient of hydrogen diffusion through traps into consideration changes the 

shape of the extraction curve, but the presence of a boundary layer again brings the 

simulation closer to experiment. 

 

Conclusions 

In this paper, we considered the hypothesis of the presence of a surface layer when the 

sample is charged with gaseous hydrogen. A hydrogen diffusion model was presented for 

a defect-free body structure and for a body structure with traps. According to the 

described model, the diffusion process was modeled and the effect of the surface layer 

of hydrogen on the extraction curves was investigated. It was shown that the presence of 

a surface layer qualitatively changes the shape of the extraction curve and brings the 

simulated curves closer to the experimental ones. The diffusion coefficient over traps was 

investigated at zero and non-zero values. In both cases, the presence of a surface layer 

brought the simulation closer to experiment. This study is to be carried out for traps of 

other varieties and transfer from a qualitative description to a quantitative one. 
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ABSTRACT  

Experimentally, it was found that when a second metal component is added to the technological backfill during 

thermal diffusion chromium plating or when the inert separating additive of corundum is replaced by minerals-

solid electrolytes, a current appears in the technological backfill directed to the saturable part. The appearance 

of an electric field is due to the emission of electrons (metal components of the filling) and oxygen anions (solid 

oxide electrolytes). It is determined that the emission flux makes a contribution to the saturation process that is 

commensurate with the diffusion flux formed according to Fick's laws. Experiments show an acceleration of 

diffusion processes and an increase in the depth of the diffusion layer of chromium by 2–2.5 times. 
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Introduction 

To protect the surface of parts of pipeline structures from external factors, to give them 

corrosion resistance, high hardness and wear resistance, the technology of thermal 

diffusion chromium plating has been used for many years [1–7]. This technology consists 

in heating parts in a sealed container with filling from a mixture of powders: chromium 

(ferrochromium), corundum and activators NH4Cl, NH4I at a temperature of 900–1000 °C. 
In the process of holding at the heating temperature, the formation of chromium halides 

occurs, their deposition on the surface of the part, decomposition and subsequent 

diffusion of atomic chromium into the metal of the part with the formation of a diffusion 

layer. The layer depth depends on the temperature, the duration of the process, and the 

carbon content in the steel [2,8–16]. 

Attempts to improve the traditional technology of thermal diffusion chromium 

plating consisted mainly in carrying out two or more component saturation with boron, 

vanadium and manganese, molybdenum [1,17–23]. In our work on joint chromium plating 

with tungsten and nickel, it was found that, in addition to increasing hardness, the 

introduction of the second component increases the depth of chromium diffusion on the 

metal surface. Thus, during thermal diffusion chromium plating of steel 35Kh2N3 at a 

temperature of 1000 °C for 24 hours without additional addition to the technological 
mixture, the depth of the diffusion layer was 30 μm [24], with joint saturation with nickel 

under the same conditions – 40 μm [25], with the introduction tungsten powder, the 

chromium diffusion depth was 55 μm [26]. From the point of view of only the 

concentration theory of diffusion, described by Fick's laws, it is impossible to explain the 

increase in the diffusion layer by 1.52 times at constant temperature-time parameters of 

http://dx.doi.org/10.18149/MPM.5232024_14
https://orcid.org/
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the process. At the same time, tungsten is known as an emissive electronics material used 

to make cathodes. The emission of electrons by tungsten occurs regardless of whether 

the tungsten sample is heated by passing current or by heat flows from another source. 

It has been suggested that the acceleration of chromium diffusion may be due to the 

electron flux emitted by the tungsten particles. Since iron and steel are always positive 

electrodes [27], it is obvious that, firstly, the resulting emission flux of negatively charged 

particles must be directed to the saturating part, and secondly, this flux must lead to the 

appearance of an electric current in the saturating mixture. 

In developing the idea of the appearance of an emission current in a saturating 

mixture, it became necessary to determine the possibility of using not only metal 

components as emitter additives, but also oxides, which can play two roles - to be a 

separator for metal particles of the saturating element powder and to create an additional 

thermionic flow that promotes acceleration diffusion. It is known, for example, that solid 

electrolytes of the ZrO2 + 10 % Y2O3 type are most widely used in metallurgy. A distinctive 

feature of these substances is 100 % anionic conductivity O2-. Taking into account this 

feature of solid electrolytes, the possibility of using oxide additives in chemical-thermal 

treatment is considered for the first time. 

The purpose of this work is to determine the electrical characteristics of metal- and 

oxide-containing saturating mixtures and to establish their relationship with the depth 

of the emerging diffusion layer. 

 

Methods 

To measure the current arising in the technological backfill, an installation was designed 

(Fig. 1). The main element of the installation is a cell - a cylindrical corundum crucible with 

a diameter of 30 mm and a height of 80 mm. Two iron wire electrodes 1.4 mm in diameter 

were placed in the crucible. A sample of 35Kh2N3 steel 25 × 10 × 8 mm in size was welded 

to one electrode. The distance between the electrodes in the cell was maintained at 18 mm 

in all experiments. The technological mixture filled the volume with the cell by 80 % and 

was covered with asbestos cardboard. Further, a mixture of silicocalcium was covered with 

a layer of 6-8 mm, then, after a layer of asbestos, graphite powder, which was again covered 

with asbestos. To exclude a short circuit in the layer of corundum with graphite, the 

electrodes were insulated with corundum tubes. The electric circuit current was measured 

in cells with metal and oxide emitters added to saturating mixtures. The compositions of 

the investigated technological fillings are given in Table 1. 

The electrical measuring cells were placed on a pallet, 2 pieces each, and placed in 

a Nabertherm 41/H chamber furnace. To measure the current that occurs during heating 

in the circuit │electrode 1 → saturating mixture → electrode 2│, the electrode leads 

were connected to an APPA-207 digital multimeter. The furnace was heated up to 

1050 °C. The furnace heating program was set in such a way that heating to 500 °C was 

carried out continuously, then every 50 °C a 10-minute exposure was made to measure 

the current in the circuit. The temperature in the furnace was controlled using a platinum 

exemplary thermocouple. 
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Fig. 1. Scheme of the measuring cell for studying the electric field formed during chemical-thermal 

treatment: 1 – cell body; 2 - electrodes; 3 - technological backfill; 4 - asbestos sheet; 5 – silicocalcium 

powder; 6 – graphite powder; 7 - insulating corundum tubes; 8 - digital multimeter 

 
Table 1. Compositions of saturating mixtures 

No.  

of the 

mixture 

Main saturating 

component 

Additive to the saturating 

mixture 

Corundum, 

(powder, 

fraction 

140 μm), 
wt. %  

NH4Cl, 

(powder, 

fraction  

0.5–2.0 mm), 

wt. % 

Chromium, (powder, 

fraction 150 μm), wt. % 
Type of additive Mass. % 

1 50 - - 50 4 

2 40 W (150 мкм) 10 50 4 

3 40 Ni (150 мкм) 10 50 4 

4 45 CaWO4 15 40 4 

5 45 MgO 15 40 4 

6 45 MgO+2CaO·SiO2 5+10 40 4 

7 45 WO3+2CaO·SiO2 5+10 40 4 

8 45 2CaO·SiO2 15 40 4 

9 45 Y2O3 15 40 4 

 

After complete cooling, the samples were removed from the saturating mixture, a 

fragment 10x8x8 mm in size was cut off from each sample to make transverse 

microsections. Then, the transverse sections of the samples were examined using a Jeol 

JSM 6460LV electron microscope equipped with an Oxford Instruments X-ray 

microanalysis (XMS) attachment. By point MRS analysis in the direction from the surface 

to the center of the section of the part, the composition of the diffusion layer was studied, 

and the depth of chromium diffusion was determined. 

 

Results and Discussion 

The results of measuring the magnitude of the thermionic current that occurs in the filling 

with two iron electrodes at 1000 °C between the cells with the addition of metal and 
oxide electron emitters in technological fillings are shown in Fig. 2. It can be seen that 

without the supply of additional electricity from the outside, electric fields appear in the 

cell, due to the composition of the technological mixture and temperature. 
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The magnitude of the emerging thermionic field for both metal and oxide additives 

varies greatly (Fig. 2). In contrast to all other systems under study, CaWO4 emission begins 

at 500 °C and grows dynamically, reaching a maximum of 0.65 mA at 850 °C. For metal 
additives (W, Ni) and most oxide additives, a noticeable emission of charged particles 

begins at temperatures up to 800 °C. The strength of the resulting current when using 

metal additives is 0.14 and 0.21 mA, respectively, for Ni and W. MgO + 2CaO SiO2 and 

2CaO SiO2 can be isolated from oxide additives, providing a thermionic current of 0.05 

and 0.30 mA, respectively. In mixtures with other oxide additives, the current strength 

does not exceed 0.003 mA. 

 

 
 

 

Fig. 2. Values of current strength in backfills  

 

To establish the relationship between the magnitude of the emerging thermionic 

current and the depth of chromium diffusion, transverse sections of the electrode sample 

were studied. 

The results of measuring the diffusion depth of chromium after 1 hour of exposure 

at 1000 °C from the strength of the emission current arising in the backfill are shown in 
Fig. 3. According to the data obtained, with an increase in the values of the emission 

current arising in the backfill, the depth of chromium diffusion also increases. 

In the process of diffusion saturation of parts, refractory metals are a source of 

electrons. Oxides and their compounds are a source of oxygen anions. The mixed flow of 

electrons and oxygen anions is the field involved in the saturation of the surface of the 

parts with metal, which in atomic form moves to the surface of the workpieces. On the 

surface of the parts, the atoms of the diffusing substance move to the surface layer, which 

is described by Fick's 1st law [28,29]: 𝐽𝑘 = −𝐷 𝑑𝑐𝑑𝑥 = ∆𝐺𝑘𝑆∙∆𝜏,                            (1) 

where 𝐽𝑘 is the amount of diffusing substance k that passes per unit of time through a 

section of a unit area located at a right angle to the direction of the diffusion flow, 
kgm2∙sec; 

Temperature, °C 
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u
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 𝑑𝑐𝑑𝑥 is the concentration gradient k; 𝐷 is the diffusion coefficient (m2/sec); ∆𝐺𝑘 is an amount 

of substance, kg; ∆𝜏 is time, sec; S is square, m2. 

 

 
 

Fig. 3. Dependence of the chromium diffusion depth on the thermionic current 

 

Since the minus sign in Fick's first law only indicates the direction of mass transfer, 

the amount of the transferred substance can be determined: ∆𝐺𝑘 = |−𝐷 𝑑𝑐𝑑𝑥| ∙  𝑆 ∙ ∆𝜏.                       (2) 

The calculation of the diffusion coefficient D is presented in [30] and can be 

automated. Thus, all factors of Eq. (1) are definable and the amount of substance 

transferred by the concentration field is calculable. 

It is more difficult to determine the participation of the emission field of oxygen 

anions created by the ceramic material of the technological mixture, and its share in the 

transfer of metal in the process of chemical-thermal treatment. As shown above, the 

strength of the resulting current is determined by the composition of the ceramic part of 

the backfill at a constant weight ratio (55–60 wt. % ceramics; 45–40 wt. % chromium). 

An analysis of the experimental results (Fig. 1) allows us to conclude that a solid powder 

mixture of metal and ceramic phases deposits a chromium layer on the sample surface in 

proportion to the passed electricity. What can be considered an application of Faraday's 

law for powdered electrolytes: 𝐺𝑘 = 𝑧 ∙ 𝑄,               (3) 

where 𝐺𝑘 is a mass of settled substance k, released on the electrode, kg;  

z is an electrochemical equivalent, kg/(A·h); Q is an amount of electricity passed (Q = I τ); 
I is a direct current passing through the phase boundary, A; τ is the duration of the passage 

of current, hour. That is, from Eq. (3): 𝐺𝑘 = 𝑧 ∙ 𝐼 ∙ 𝜏.                         (4) 

The electrochemical equivalent z is the amount of substance that reacted as a result 

of the flow of a unit amount of electricity. The equation for calculating the 

electrochemical equivalent is as follows: 𝑧 = 𝑀𝑛∙𝐹 ,               (5) 
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where M is the molar mass of the reagent; n is the valency of the diffusing substance;  

F is the Faraday number or constant, F = 96486 ≈ 96500 C/mol. 

Using Eqs. (4) and (5) it is possible to determine the final equation for Faraday's law 

in powder electrolytes:  𝐺𝑘 = 𝑀𝑛∙𝐹 ∙ 𝐼 ∙ 𝜏                         (6) 

Thus, taking into account the fact that in one technological process the diffusing 

element is transferred to the surface of samples (parts) in different fields, using Eqs. (2) 

and (6) we can write the general equation for the transfer of matter in the process of 

diffusion metallization: ∑ 𝐺𝑘 = |−𝐷 𝑑𝑐𝑑𝑥 ∙  𝑆 ∙ ∆𝜏| + 𝑀𝑛∙𝐹 ∙ 𝑄 ∙ 𝐼 ∙ 𝜏.                     (7) 

The resulting equation corresponds to the postulates of K. Wagner about the 

independence of the transfer of particles from the conditions [29] from the concentration 

and electric emission fields. 

 

Conclusions 

1. The formation of emission fields due to the release of electrons from metals and 

oxygen anions from amorphous solid electrolytes in technological fillings during thermal 

diffusion chromium plating has been proved; 

2. A quantitative assessment of the participation of electric emission fields and 

concentration fields in saturation processes was carried out; 

3. The possibility of accelerating the process of chromium diffusion during thermal 

diffusion saturation of steel parts by introducing additives-emitters of electrons or O2- 

anions into the saturating mixture has been proved; 

4. It has been determined that the most promising and cost-effective emitter additives 

are oxide additives 2CaO·SiO2, CaWO4, which can partially or completely replace inert 

refractories in the filling. 
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