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Accelerated degradation by mechanical load of HIT solar cells 

encapsulated in flexible plastic 

A.V. Bobyl 1 , R.V. Davydov 2 , O.I. Konkov 1 , A.V. Kochergin 3 , 

D.A. Malevsky 1 , S.E. Nikitin 1   

1 Ioffe Institute, St. Petersburg, Russia  

2 Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia  

3 STC Thin Film Technologies in Power Engineering, St. Petersburg, Russia 

 davydovroman@outlook.com 

ABSTRACT  

The degradation of plastic-encapsulated silicon HIT solar cells (156 × 156 mm2) with Ag and Cu metallization  was 

studied under mechanical load with a soft rod with a radius of 25 mm (Ball-on-Ring) up to a maximum 400 kPa. 

Local 2D photo- and electroluminescence, as well as measurements of dark and light current-voltage 

characteristics were used. Three phases were detected: (1) an increase in power by 2 – 4 % due to a decrease in 

leakage currents with pressures up to 125 kPa, (2) accumulation of deformations completed by the avalanche-

like formation of a volumetric defect in the substrate with a radius of up to 10 µm with a drop in power by 3 – 5 %, 

(3) formation of a system of cracks with a width of < 1 µm, with an increase in their total length during under 
maximum mechanical load to 4000 ÷ 4100 mm and a decrease in of solar cell power to 12 ÷ 16 %. 

KEYWORDS  

accelerated degradation • mechanical  load • avalanche-like • crack • photoluminescence • electroluminescence 

Citation: Bobyl AV, Davydov RV, Konkov OI, Kochergin AV, Malevsky DA, Nikitin SE. Accelerated degradation by 

mechanical load of HIT solar cells encapsulated in flexible plastic. Materials Physics and Mechanics. 2024;52(4): 1–8.  
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Introduction 

An important area of long-term forecasting of silicon solar cell (SC) technology 

development is to increase their service life. In the next 10 years, according to M. Fischer, 

Annual report ITRPV for PV 2023, 40-year module technical lifetimes are expected. When 

studying the SC degradation, we will consider the following circumstances: 

1. The importance of accelerated testing of materials and various devices is noted [1].  

In particular, 7-day bench tests can accelerate the rate of degradation by 30 times 

compared to their climatic tests [1]. There is a so-called scientific direction Service Life 

Prediction (SLP) [2], aimed at developing new test methods for testing with an applied 

engineering (commercial) task to guarantee the quality of products (goods), in particular, 

solar modules [3]. 

2. According to [4], as SLP parameters become more stringent, studies can be divided into 

two groups: training and testing samples, which are prototypes of standard industrial 

standards (GOST) [5] and more detailed specialized test methods [6], respectively. 

3. Among more than 50 existing SC degradation mechanisms [7], 14 % of failures occur 

under mechanical load and about 35 % with thermal cyclic deformations, i.e. in total, this 

http://dx.doi.org/10.18149/MPM.5242024_
https://orcid.org/0000-0002-0185-7925
https://orcid.org/0000-0003-1958-4221
https://orcid.org/0000-0002-2223-1067
https://orcid.org/0009-0005-6670-8508
https://orcid.org/0000-0002-9337-4137
https://orcid.org/0009-0008-4607-8133
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is almost half of the SC failures due to the mechanical damage of substrate and contact 

system. 

4. Cracking processes are usually studied using a Ring-on-Ring bending test [8], 3 or 4 

point bending tests [9]. 

5. Flexible silicon SC were chosen for following reasons: 

5.1. They are the most widespread in the long term [7]. 

5.2. The market for flexible SC is expected to increase to 25 % of all SC [10]. 

5.3. For more effective research, it is necessary to conduct them at large deflections, as 

well as in the presence of SC mechanically strong protection. 

Thus, standard and accelerated strength studies of SC degradation are an important 

stage in substantiating the reliability of their long-term forecasts. The methods must 

reproduce the actual operation of the solar energy system. 

 

Materials and Methods 

To obtain silicon HIT-type SC, (100) wafers (156 × 156 mm2) of Cz-silicon produced by 

LONGi were used with an oxygen concentration of 8⋅1017 cm–3, carbon ~ 5⋅1016 cm–3, and 

a dislocation density of 500 cm–2. The SС technology included: cleaning, pyramidal 
texturing, PECVD deposition of amorphous silicon, conductive electrodes (indium tin 

oxide) and the formation of Ag or Cu fingers by screen printing or electrochemical 

deposition, respectively [11,12]. Double-sided lamination was used with CVF film based 

on polyolefins (DNS company), thickness ~ 600 μm and the formation of layers of 
polyethylene terephthalate (PET), thickness ~ 350 ÷ 400 μm (Fig. 1). 
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Fig. 1. Cross-section structure of HIT-

type silicon SC and protective layers 

Fig. 2. Power dependences of two SC on the 

bending pressure PB. The point of an avalanche-like 

drop in the power of SC with Ag fingers is marked 

 

The dimensions of the laminated SC with protective layers were 

~ 220 × 220 × 2.2 mm3. They were placed in the corners on 4 supports with a soft layer 

thickness of 1.5 cm and an area of 2 × 2 cm2, with a diagonal 180 mm distance between 

the supports. The test design followed a combination of the previously used Ball-on-Ring 

and Ring-on-Ring methods [8,11]. Static axial load in the range PB = 0 ÷ 400 kPa was 

applied at the geometric center to the plate through ∆t = 200 h to maximum PBM and  

tM = 3325 h. SC power degradation were measured on HalmcetisPV-Moduletest3 

equipment at AM 1,5 (Fig. 2). 
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Results 

EL and PL measurements  

The SC were monitored at room temperature by 2D photo- and electroluminescence  

(PL and EL). When studying EL, external direct displacement was used. PL studies were 

carried out on the LumiSolarCell System (Fig. 3), and EL on the MBJ SolarModule EL-

quickline 4.0 (Fig. 4). 

 

     
 

Fig. 3. (a) PL image after the occurrence of an avalanche at PB = 125 kPa in sample with Ag fingers;  

(b) accumulation of cracks up to PB =125 kPa in the Cu sample by fingers; (c) accumulation of cracks in 

the Cu sample by fingers at PBM = 400 kPa. The red disk is the pressure area 
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Fig. 4. Intensities EL, reduced to initial values, on the bending pressure PB.  

The point of an avalanche-like drop in EL intensity of SC with Ag fingers is marked 

 

Comparing Fig. 2 and 3 it can be seen that on the sample with Ag fingers 3 phases 

were detected: 

1. increase in power with pressures up to 125 kPa; 

2. the increase power in this sample will end with an avalanche-like appearance of a 

volumetric substrate defect with a radius of up to 10 μm; 
3. formation of a system of cracks appearance with a width < 1 μm, and an increase in 
their total length at PBM up to 4000 mm, and a decrease in power. On Cu finger sample, 

even at small PB values, cracks appear with an increase in its total length to a slightly 

larger value of 4100 mm. 

(a) (b) (c) 



4     A.V. Bobyl, R.V. Davydov, O.I. Konkov, A.V. Kochergin, D.A. Malevsky, S.E. Nikitin 

From Fig. 2 and 4 can be seen that for both samples their powers and EL intensities 

converge at large PB, which indicates a common mechanism of SC degradation - the 

occurrence of cracks in the substrate. 

 

Current-voltage characteristics measurements  

According to [13], to describe degradation processes under conditions of significant 

changes in the current-voltage characteristics (CVC), a single-diode electrical model with 

series RS and parallel RSH resistances can be used. The first value will be associated with 

the degradation of the contact grid, and the second with parasitic leakage currents 

through the volume of the SC. It is obvious that measurements are necessary in both the 

light and dark states of SC due to significant differences in their nonlinearity. Programs 

for calculating dark CVC [14] and light CVC [15] have been developed using Python.  

In particular, dark CVCs are described by the implicit equation: 𝐼 = 𝐼0 {𝑒𝑥𝑝 (𝑞(𝑉−𝑅𝑆𝐼)𝑘𝑇 ) − 1} + 𝑉−𝑅𝑆𝐼𝑅𝑆𝐻 . (1) 

Measurements of load and dark CVC were carried out before and after exposure to 

mechanical loads. The calculation results of CVC measurements are shown in Table 1. 

 
Table 1. Power PW (W), its changes ∆PW (%), fill factor FF (%), RS (ohm) and RSH (ohm) SC with Ag and Cu 

fingers for load and dark CVC. PB (kPa) values are indicated 

Finger 

metals, 

pressure 

PW FF ∆PW 

Load CVC Dark CVC 

Rs RSH Rs RSH 

Ag 

PB=0 4.88 73.6 0,0 0.0182 0.82 0.313 10600 

PB=100 5.04 
76.36 

72.34 

+3.40 

-0.40 
0.0177 

1.13 

0.73 
0.327 

12600 

156 

PB=PBM 4.09 67.1 -16.1 0.0227 0.53 0.420 29.25 

Сu 

PB=0 4.74 74.0 0.0 0.0184 0.87 0.316 52.46 

PB=100 4.68 73.6 -1.24 0.0174 0.80 0.320 66.09 

PB=PBM 4.18 69.4 -12.0 0.0211 0.60 0.320 57.96 

 

Discussion 

A discussion of the experimental results on the type and dependence of the number of 

cracks on pressure is carried out in the following sequence. 

 

SC with Ag fingers at PB < 125 kPa  

There is an improvement in its efficiency by 3.49 %. The positive effects of heterogeneity 

of impurities in semiconductors are known from the work on Si p-n junctions by 

Goetzberger and Shockley [16] and solar silicon by Kvedera [17]. Improvements in 

parameters under bending loads [18], in the presence of radiation effects on GaAs [19] 

and Si [20], during current forming of PERC [21] and light-induced other [22,23] solar 

cells are also known. The ambiguity of the short-term improvement of the latter in [24] 

is associated with the presence of a starting "infant" stage of operation, in particular at 

this stage there is a rapid significant drop in power up to 5 % [7].  
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SC with Ag Fingers at PB ~ 125 kPa 

The appearance of a large dendrite-like [7] or cross-like [25] crack system can be 

explained by the presence of elastic energy accumulation stag and its avalanche-like 

release. A volumetric substrate defect with a radius of up to 10 μm is formed with a 4 % 

power drop. Only the mechanism of internal avalanche corrosion is possible [26] due to 

two reasons: 1) under our experiment conditions, the so-called Sustained-load cracking 

or delayed fracture (pressure is applied and a significant delay with its subsequent 

increase) [27,28], 2) experimental temperatures are much lower than Si brittle-to-ductile 

transition temperatures (~ 550 °C) [29]. This mechanism was also previously observed 

during the embrittlement of metals with hydrogen [27], in brittle solids [30], and in Si at 

high temperatures [31]. 

 

SC with Cu fingers at PB  from 0 to PBM , SC with Ag fingers at PB > 125 kPa and up to PBM 

As can be seen from Fig. 3(c), two areas can be distinguished: near the pressure 

application contour and at its periphery. Usually, images of curved and rounded cracks 

are observed [7,32], and much less often cases are observed with a change in the angle 

of their growth by 90° [33], which is associated with the anisotropy of the potential at 

the end of the crack [34]. The presence of this anisotropy is probably important for the 

formation of the small rectangular shapes that we observed, but for the large rounded 

squares, a more likely reason is the corresponding symmetry of the strain 

distribution [35]. In general, the length of the cracks and the nature of their growth as 

the pressure increases are fully consistent with the Sustained-load cracking and brittle 

fracture of metals methods described and consisting of 3 stages [36,37]: the occurrence 

of cracks, their growth and destruction of the sample. At the same time, for SC, the 

presence of a large number of cracks and a power drop of up to 10 % for several solar 

cells in a module is considered quite acceptable in conditions of mass industrial 

production [38–40]. 

 

Conclusion 

The usefulness and reliability of the results of studies of SC degradation mechanisms is 

largely determined by their methodology and its proximity to real operating conditions. 

The following circumstances are important: 

1. carrying out accelerated degradation in accordance with the concept of Service Life 

Prediction (SLP) [3]; 

2. testing in a wide range of external influences; 

3. conducting strength tests because in total, this is almost half of the SC failures due to 

the mechanical damage of substrate and contact system; 

4. for more effective research is necessary to conduct them on flexible SC. 

The following results were obtained: 

1. Three phases of power changes were detected: (i) an increase in SC power by 2–4 % at 

low pressure, (ii) accumulation of deformations completed by the avalanche-like 

substrate damage with a drop in power by 3–5 %, (iii) formation of crack system with an 
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increase in their total length at PBM to 4000 ÷ 4100 mm and a decrease in of SC power to 

12 ÷ 16 %. 

2. The ambiguity of the short-term SC power improvement is associated with the 

presence of a starting "infant" effect. 

3. The appearance of a large dendrite-like or cross-like crack system can be explained by 

the presence of elastic energy accumulation stage and its avalanche-like release. 

4. For both SC samples with Ag and Cu fingers their powers and EL intensities converge 

at large PB, which indicates a common mechanism of SC degradation - the occurrence of 

cracks in the substrate. 

5. The factor for accelerating degradation (AD) by ML using developed method can be 

calculated within the range AD = 25 ÷ 50. 

6. Combined Ball-on-Ring and Ring-on-Ring scheme made it possible to carry out 

accelerated degradation of solar cells parameters by 12 ÷ 16 % in 140 days, close to 

corresponding degradation values over 10–20 years of their operation in natural (field) 

conditions. 

7. The use of local 2D photo- and electroluminescence methods, measurements of dark 

and light (load) current-voltage characteristics make it possible to fully describe the 

degradation processes of both the SC electric contact grid and the volume of the active 

photovoltaic part of the SC. 
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ABSTRACT 

The technological route to manufacture a resistive-type MEMS gas sensor for low analyte concentration 

detection is proposed and the main characteristics of the device are demonstrated. MEMS consists of a silicon 

substrate with nickel interdigital electrodes acting as a microheater, on top of which a thin (100 nm) gas-

sensitive layer of nickel oxide (NiO) is deposited. The silicon substrate is etched from the back side of the 

device to achieve a membrane of about 50 microns. The operating temperature of the sensitive layer in 

measurement mode is 130–205 °C. The proposed device shows the effect of introducing hydrogen sulfide in 

a gas mixture from 1 to 100 ppm on the conductivity of the sensing layer. 
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Introduction 

Microelectromechanical systems (MEMS) are used in applications ranging from 

gyroscopes and accelerometers to air pollution detection systems [1–5]. At the same 

time, high-performance gas sensors with high sensitivity, selectivity, and low response 

time to small changes in gas concentration are still needed to improve reliability. 

Compact and MEMS sensors with low power consumption are one of the options for 

solving this problem. 

The main difficulty in the application of MEMS as high-performance gas sensors of 

resistive type is the selection of the material of the gas-sensitive element, which can be 

thin films of metal oxides, metal-organic composites, nanocomposites and other 

materials [4–7]. The development of new topologies of microsystems and the search for 

the best materials for the sensitive layer is the actual task. At the same time, the choice 

of material for the sensitive layer of the gas sensor is based on the gas to be detected, 

thus, the study of sensitivity to different gases of different elements and compounds is 

also extremely important [8–10]. 
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Hydrogen sulfide is a neurotoxic gas that causes poisoning if the content of the 

compound exceeds 50 ppm. The maximum permissible, or low, concentrations are less 

than 7 ppm for the work area and 0.008 ppm for the residential area. For measuring in 

the range of operating area concentrations of 1–1000 ppm, electrochemical sensors are 

used. They have low response rate, low resolution, and a bulky design, as well as low 

energy efficiency (only a few watts). Other methods of studying the concentration of gases 

in the mixture, such as mass spectrometry, chromatography and optical methods, are not 

suitable for conditions of continuous air quality monitoring, as they require special 

sample preparation and do not allow full automation of the process without the use of 

highly qualified personnel. 

In turn among MEMS devices for detection of hydrogen sulfide the sensors based 

on tin oxide, tantalum oxide with various doping were used. It is shown that the presence 

of metal inclusions (zinc, copper, nickel, indium) increases the sensitivity and selectivity 

to this gas due to the formation of sulfides of these metals on the surface. The application 

of these sensors is limited by the long recovery time (it takes several hours for desorption) 

and/or degradation of the active layer [11]. The presence of oxidation centers on a 

sensitive layer is also important in detection of hydrogen sulfide. The presence of such 

centers is associated with both the crystallinity of a film, and the roughness of its surface. 

One of the options for the material of the sensing element is nickel oxide. For films 

of nickel oxide, which acts as an active center for the addition of hydrogen sulfide, the 

possibility of achieving greater surface roughness was shown in the study of 

electrochromic properties [12]. In addition, the p-type conductivity of nickel oxide 

suggests a decrease in the conductivity of the material through the adsorption of 

hydrogen sulfide on its surface [13]. 

Thus, the purpose of this work was to create a MEMS gas sensor of resistive type 

with a thin-film sensing element of nickel oxide, suitable for detection in a gas mixture 

with a concentration of hydrogen sulfide from 1 to 100 ppm. 

 

Methodology of manufacturing MEMS gas sensor 

Functional diagram and design of the sensitive element 

For manufacturing the laboratory prototype of the sensitive element (SE) of the MEMS 

hydrogen sulfide gas sensor, the classical functional scheme of resistive gas sensors [5] 

was chosen. It contains a heating element and a sensitive layer based on a semiconductor 

film that changes its conductivity by interaction with analyte molecules during adsorption 

and desorption of gas from the surface of the active layer [11]. 

The SE is made of monocrystalline silicon with a thickness of 0.4 mm and a size of 

10 × 10 mm in the horizontal plane. In the central part, the silicon is thinned to a 

membrane with a thickness of about 50 μm to reduce power consumption and increase 

the SE performance (Fig. 1(b)). On the membrane, there are a heater and two interdigital 

electrodes separated by an insulating dielectric and made by thin-film technology from 

metal having an ohmic contact to the semiconductor layer of nickel oxide (Fig. 1(a)). For 

p-type NiO, nickel and gold, which have a high work function, can act as contacts. The 

heater is designed in the form of a meander, whose paths between the protrusions of the 

interdigital electrodes, and is covered with a protective dielectric from above, unlike the 
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protrusions of the electrodes [14]. The length of the protrusions of the interdigital 

electrodes is 2 mm, the distance between the protrusions is 300 μm, and the width of the 

heater track is 100 μm. The sensitive layer (NiO) is located on the membrane above all 

the elements and is in electrical contact only with the protrusions of the electrodes acting 

as a measuring element. With this configuration of the SE, the entire surface of the 

sensitive layer is open for interaction with the molecules of the analyzed gas, and the 

maximum heating is carried out directly between the protrusions of the measuring 

electrodes [15]. 

 

 
 

Fig. 1. Schematic diagram of the SE chip: (a) top view: chip size 10 × 10 × 0.4 mm; (b) side view (not to scale) 

 

The performance, sensitivity, and selectivity of such a SE to the analyzed gas depend 

on the thickness and crystal structure of the NiO layer [15], regulated by the modes of its 

vacuum deposition and subsequent high-temperature annealing, as well as on the 

temperature mode of the SE operation, set by the heater [16,17]. 

The technological route presented in Fig. 2 was chosen for the fabrication of SE 

laboratory models. The presented route is universal, as it is suitable for the use of various 

gas-sensitive materials, such as nickel, titanium, molybdenum, tin oxides and others 

[8,9,18–20] with the use of metallization system based on noble metals and a plasma 

method of membrane formation. In addition, a nickel metallization system can be used 

to create an electrical contact to the gas-sensitive layer, and alkaline etching of silicon 

in potassium hydroxide solutions can be used to form a silicon membrane with low heat 

capacity.  

(a) 

(b) 
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Manufacturing MEMS hydrogen sulfide gas sensor 

To precisely position the elements during the technological process, special marks were 

created on the plates for subsequent precise alignment of the elements located on the 

front (top) side of the plate and the back (bottom) side of the plate (Fig. 2). A ~ 100 nm 

thick SiO2 oxide layer, grown by thermal oxidation for four hours at 950 °C, was coated 
with a positive photoresist, followed by double-sided photolithography. This was 

followed by etching the oxide in a standard SiO2 buffer etchant for 1 min and 5 μm mark 
burial by wet etching of the silicon in 25 % tetramethylammonium hydroxide (TMAH) 

solution for 10 min at 70 °C. This was followed by cleaning aggregates from the surface 

and repeated thermal oxidation of the silicon for 4 h at 950 °C. 
 

 
 

Fig. 2. Technological route to manufacture MEMS gas sensor 

 

At the second stage (Fig. 2), the topology of the metallization layer was formed, 

including heating elements, measuring interdigital electrodes, contact pads and 

connecting paths. Vacuum DC-magnetron sputtering of pure nickel with a thickness of 

100 nm was used to apply the metal coating. Next, the topology was formed on the metal 

layer using direct photolithography. The type of photomasks used is shown in Fig. 3. 

Nickel etching was carried out in 30 % nitric acid solution. 
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Fig. 3. Topology of used photomasks 

 

To insulate the heater, a SiO2 dielectric film with a thickness of 300 nm was 

deposited on the surface of the heating element. This operation was performed using the 

lift-off photolithography method exposed to PM2 “windows in dielectric” mask. The SiO2 

layer was deposited by vacuum reactive DC-magnetron sputtering of a pure silicon target 

in an oxygen and argon atmosphere (1:1) at a pressure of 2 mTorr and a discharge power 

of 150 W at a rate of 2 nm/min. The photoresist was removed in a boiling solution of 

dimethylformamide and monoethanolamine (1:1), resulting in the formation of contact 

windows in the deposited dielectric film above the measuring electrodes and microwire 

bonding pads. To ensure guaranteed heater insulation, the procedure with the application 

of the insulating layer was performed twice. In addition, to improve the contact pads 

located at the edges of the chip, a repeated nickel metallization procedure using the lift-

off photolithography and vacuum magnetron sputtering of metal. 

The penultimate step of the technological route was the etching of the silicon 

membrane. The topology of the mask was formed using the PM4 "mask for membrane" 

(Fig. 3). The choice of a specific method of membrane fabrication, as well as modes of 

silicon etching and chemical reagents used, was made in accordance with the chemical 

resistance of the elements on the front surface. 

 

 
 

 

Fig. 4. (a) SEM and (b) AFM images of nickel oxide layer with the thickness of 120 nm 

PM0 

alignment 

marks 

PM1 – metallization PM2 – windows  

in dielectric 

PM3 – contact  

pads 

PM4 –membrane 

etching mask 

(b) (a) 
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Deposition of the gas-sensitive NiO layer on the central area of the chips was 

performed through an overlay mask made of a silicon plate with laser-cut square holes 

(Fig. 2). Vacuum reactive DC-magnetron sputtering of a nickel target with a diameter of 

100 mm [21] and a thickness of 1 mm in an atmosphere consisting of 30 % oxygen and 

70% argon (O2 flow rate of 6 sccm, Ar flow rate of 14 sccm) [22] was used for the deposition. 

The operating pressure during sputtering was 3 mTorr, the discharge power was about 

100 W (0.3 A, 340 V), and the distance from the target to the chip substrate holder was 

20 cm. The NiO deposition rate was 2 nm/min. The thickness of the deposited coating 

varied from 30 to 120 nm, and the thin film morphology is shown in Fig. 4 [6,14,15]. 

To increase the proportion of the crystal phase in the deposited NiO films, annealing 

was performed at 300–550 °C [23–26]. The annealing temperature was limited to 400 °C, 
since at higher temperatures significant degradation of the metallization system 

occurred. 

 

Results and discussion 

To study the gas sensitivity of the MEMS SEs, they were placed for mounting in metallized 

ceramic boards (Fig. 5(a)), which have low thermal conductivity to reduce overall power 

consumption. The use of such layouts for mounting contacts allowed to protect the metal 

contacts of SE, as the most vulnerable to the effects of hydrogen sulfide, and to provide 

flip-chip mounting of SE. The chip in the case is shown in Fig. 5(b). 

 

 
 

Fig. 5. Polycor boards, MEMS sensor before (a) and after (b) mounting 

 

Measuring the main electrical parameters of the MEMS sensor 

Before determining the sensitivity to the presence of hydrogen sulfide of known 

concentration, the basic electrical parameters of the laboratory MEMS sensor prototypes 

were measured, such as the resistance of the heater and gas-sensitive layer at different 

temperatures. 

During the measurements, each chip with the MEMS sensor was subjected to slow 

heating and cooling. During this time, the resistance values of the nickel heater and the 

NiO sensitive layer between the measuring interdigital electrodes were measured. The 

chips both with and without annealing were used for the measurements. Figure 6 shows 

the characteristic temperature dependences of the resistances for five SEs with nickel 

oxide layer with a thickness of 120 nm, differing in high-temperature annealing modes. 

Subsequently, the parameters of the obtained calibration curves allowed estimating 

the temperature of the sensor’s operating zone by extrapolating the obtained 
dependencies to the entire temperature range. 

(a) (b) 
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(а) (b) 

 
 

(c) (d) 

 
(e) 

Fig. 6. Temperature dependences of the resistance of the heater and the gas-sensitive layer of NiO 

without annealing (a), with vacuum annealing (residual pressure 10–6 Pa) (b,c) and annealing in air (d,e) 

 

Effect of annealing temperature on the electrical parameters of the active layer 

All annealed SE samples are characterized by a linear temperature dependence of the 

measured resistance (conductivity) in semi-logarithmic coordinates (Fig. 7(b)), which 

indicates the formation of a high-quality polycrystalline layer of semiconductor NiO and 

the ohmic nature of the metal contacts burned into it [15,17]. For the SE without 

annealing, this dependence is nonlinear, which may indicate either an amorphous state 

of the gas-sensitive layer or poor quality of the contacts [27]. 
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(а) (b) 

Fig. 7. Temperature dependences of the conductivity of the gas-sensitive layer of the SE in semi-

logarithmic coordinates before (a) and after (b) annealing of NiO 

 

The absolute value of the resistance of the nickel heater decreases with increasing 

annealing temperature in each series of experiments, in the range from 850 to 500 ohms, 

and its temperature coefficient of resistance is almost constant in the studied 

temperature range [28]. 

  
(а) (b) 

 
(c) 

Fig. 8. Change in the resistance of the NiO gas-sensitive layer over time (min) when the heater is switched on and 

off at different voltages on the heater: (a) heating/cooling time of the sensor when applying voltage to the heater 

from 10 to 15 V (power < 1 W); (b) heating/cooling time of the sensor when applying voltage to the heater from 

16 to 24 V (power > 1 W); (c) derivative of the heater resistance when applying voltage in pulse mode 
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Sensor response time 

Figure 8 shows the experimental time characteristics of one of the laboratory models of 

the SE at different values of voltage supplied to the heater. These dependencies are 

characterized by two time intervals both on the heating curve and on the cooling curve 

– a rapid change [22,29] in the temperature of NiO at the initial moment of the response 

time (t90) of several seconds and slow thermal stabilization of the SE within several 

minutes after switching on or off the supply voltage. 

 

Power consumption parameters for different operating temperatures 

The power consumption of the formed SE was from 0.5 to 1.5 W (Fig. 9) in the operating 

temperature range. During the study, it was found that despite the presence of the 

membrane, during heating, the sample case is strongly heated. In order to reduce the 

heating, it was proposed to use additional "legs" for thermal decoupling of the sample. 

The "legs" were metal pins on the back surface of the case, which were supposed to 

improve heat dissipation. However, the presence of "legs" did not give the expected 

results. The reason for this may be the strong influence of convective heating of the case 

due to the large area of the heater and the small gap in the case. 

 

 
Fig. 9. Experimental dependences of the heater temperature on the power supply for different installation 

conditions in the case (with and without "legs") 

 

Study of the sensitivity of a gas sensor to hydrogen sulfide 

For p-type semiconductors, interaction with gases by the reduction mechanism leads to 

a decrease in resistance, which is caused by an increase in the number of holes in the 

valence band due to a decrease in the number of electrons as a result of chemical sorption 

of gas on the surface. The reverse mechanism is observed with the oxidation mechanism. 

This changes the geometric size of the space charge region and other parameters of the 

semiconductor film related to its conductivity. This is demonstrated schematically in 

Fig. 10. In the case of the nickel oxide film, an increase in the resistance of the active 

layer is expected with increasing temperature when interacting with hydrogen sulfide. 
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Fig. 10. Gas detection mechanism and transient resistance changes of n-type (a,c) and p-type (b,d) 

chemoresistive gas sensors 

 

The tests of the manufactured MEMS sensor elements were carried out using a 

measuring stand consisting of a chamber, a gas distribution system for hydrogen sulfide 

(with a maximum hydrogen sulfide concentration in the chamber of 100 ppm), a reference 

hydrogen sulfide sensor "ATOM MIRAX", and the corresponding electronic equipment for 

signal recording. Resistance measurements were carried out using a resistive divider 

circuit [30] based on precise calibration resistances (Fig. 11). 

 

 
Fig. 11. Scheme of measuring system: Rt is thermistor; Rh is heater, Rcal are current measuring resistors 

 

The SE was tested at heater operating temperatures from 130 to 205 °C to exclude 
the influence of changes in the registered signal from the flow rate. In the measurements, 

the gas flow rate was maintained constant using two GMFCs; the total flow was 3.6 l/h. 

Figure 12 shows an example of the dependences of hydrogen sulfide influence on the 

sensor resistance in comparison with the reference hydrogen sulfide sensor for different 

gas supply ratios at the operating temperature, and also indicates the heater temperature 

drift during measurements at 130, 170, 205 °C. The formed SE allowed to detect from  
1 to 100 ppm of hydrogen sulfide. 
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(c) 

Fig. 12. Dependencies of the influence of hydrogen sulfide on the resistance of the sensor in comparison 

with the reference sensor for different gas supply ratios (as a percentage of the total volume of gases in 

the mixture), at different operating temperatures: (a) 130 °C, (b) 170 °C, (c) 205 °C 



20               I.M. Komarevtsev, A.S. Kondrateva, A.N. Kazakin, Ya.B. Enns, I.A. Lazdin, P.A. Karaseov, U.D. Akulshin 

Figure 12 shows that the nickel oxide-based gas sensor manufactured using the 

proposed MEMS technology allows detecting hydrogen sulfide in the range from  

1 to 100 ppm. The most effective operating temperature for detecting hydrogen sulfide 

is 205 °C (Table 1). The operating power of the sensor is 1.45 W. Moreover, the built-in 

microheater provides a simultaneous heating function without the need for any external 

heating device. However, a systematic study requires consideration of the selectivity of 

the sensor when gases other than hydrogen sulfide are also present in the air. 

 
Table 1. Sensor parameters at different operating temperatures 

Operating temperature of 

the sensor, °С 

Response to hydrogen 

sulfide, sec 
Power, W 

Recorded concentrations, 

ppm 

130 – 1.05 – 

170 30 1.30 15–100 

205 10 1.45 1–100 

 

Conclusion 

The article proposes and tests a technology for manufacturing MEMS hydrogen sulfide 

sensors with a sensitive layer of nickel oxide. The sensitive layer of nickel oxide (NiO) 

showed sensitivity to hydrogen sulfide from 1 to 100 ppm, for annealed films at a 

temperature of 300 to 400 °C, the optimal operating temperature was 205 °C. The 
presence of a silicon membrane made it possible to reduce energy consumption to several 

watts, due to a decrease in the heat capacity of the chip while maintaining the size and 

design of the heater. The MEMS sensor showed a thermal stabilization time of about a 

minute, under the condition of a sharp primary heating of about 1 sec. 

This resistive-type MEMS sensor with a self-heating thin NiO film is suitable for 

energy-efficient gas sensor applications but requires testing for selectivity. 
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ABSTRACT  

The structural, electronic, magnetic and thermodynamics properties of the NdFeSi intermetallic compound 

are studied using the full potential linearized augmented plane wave plus local orbital method, which is 

based on the theoretical framework of the density functional theory. We calculated the structural 

properties, in terms of the lattice constant, bulk modulus, first derivative of bulk modulus, and minimum 

volume. We calculated the electronic properties by considering the band structure, as well as the total and 

partial density of states. Electronic properties are confirmation that the NdFeSi intermetallic compound 

exhibits a metallic nature due to Nd-f state. The magnetic properties correlate with the magnetic moment. 

We determined that this compound's magnetic moment is 7.02610 µB. We investigated thermal behavior 

in terms of the Grüneisen parameter γ, the bulk modulus B0, the Debye temperature θD, and the entropy S 

with different temperatures and pressure ranges. All these results indicate that the NdFeSi compound is 

used in spintronic applications. 
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Introduction 

Researchers have been exploring the unique and exciting properties of rare-earth 

intermetallic compounds, which include a high melting point, good temperature ductility, 

high strength, hardness, low specific weight, corrosion resistance, various temperature 

mechanical properties, and the use of electronic and magnetic properties [1]. Compounds 

such as the RETX eSolid-state physics contains compounds such as the RETX equal-

atomic ratio stoichiometry arrangement and approximately 2,000 combinations [2], types 

of crystal structures in crystallography [3]. Researcher-led exploration exercises and 

further development in this field are ongoing. This has improved human society. The 

study of RETX-type materials has explored electronic, magnetic, and thermodynamic 

behavior, and these materials show different kinds of industrial applications. It has much 

potential in multiple sectors, such as aviation, automobiles, spintronics, electrical, and 

http://dx.doi.org/10.18149/MPM.5242024_3
https://orcid.org/0000-0002-8867-6595
https://orcid.org/0000-0003-3372-3718


24                                                                            A. Kumar, R. Kumar, R. Kumar, A. Kumar, V.K. Nautiyal, N. Iram 

electronics industries [4,5]. Rare-earth intermetallic compounds have a magnetic nature 

because they contain incompletely filled 4-f electron orbitals. When the temperature rises 

above room temperature, they show a ferromagnetic core with high spin polarization [5]. 

Previous publications demonstrated that the magnetic nature of NdFeSi, GdFeSi, TbFeSi, 

and LaFeSi materials, as well as REFeSi (RE=Nd, Gd, and Tb), exhibits a ferromagnetic 

nature at Curie temperature Tc = 25 K for NdFeSi, 135 K for GdFeSi, and 125 K for TbFeSi, 

while LaFeSi exhibits a paramagnet nature [6]. All elements of the lanthanide’s series 
have paired and unpaired electrons in their inner 4-f orbits. There are 4-f uncompleted 

subshells in the electronic configuration of Nd ([Xe] 4f⁴ 6s²) due to the uncompleted 4-f 

electron orbitals. RETX rare-earth intermetallic compounds show a magnetic nature due 

to the uncompleted 4-f electron orbital’s 

In this research paper, we have examined the electronic, magnetic, and thermal 

behaviours of the NdFeSi compound using the density functional theory (DFT), which 

relies on fundamental concepts such as the Kohn-Sham (KS) equation and the self-

consistent field (SCF) [7,8]. We conducted structural, electronic, and magnetic 

calculations using the WIEN-2K software [9], and we also utilized this software to 

investigate the thermal behaviour. However, this was only feasible when we interfaced 

WIEN-2K with GIBBS2 software. GIBSS2 software is based on the Debye model [10]. The 

NdFeSi compound has a CeFeSi-type tetragonal crystal structure, and the space group is 

p4/nmm [11,12]. We looked at the crystal structure, energy E - volume V curves, bulk 

modulus B0, and a derivative of bulk modulus B0'. We studied the electronic behaviour 

using band diagrams and the total and partial density of state (TDOS and PDOS, 

respectively). We also looked at the thermal behaviour using the Gruneisen parameter γ, 
the bulk modulus B0, the Debye temperature (θD), and the entropy (S). We studied this 

over a wide range of temperatures and pressures.  

 

Method of calculations 

In this paper, a computational approach was used. We studied the NdFeSi material's 

electronic, magnetic, and thermodynamic properties using the FPLAPW+LO method and the 

general gradient approximation (GGA) based on DFT [13–15]. We used the Birch-Murnaghan 

equation (EOS) to find the structural properties of the NdFeSi material [16]. We selected 

a cutoff energy of 6.0 Ry and three k-mess points under the high-symmetry Brillouin zone 

for the SCF calculation. ne. In this process, we choose a charge of approximately 

0.0001 ec for crystal convergence. The muffin tin sphere radius (RMT) is the small atomic 

electron cloud sphere radius in a unit cell. RMT plays an important role in the calculation 

of physical properties. If we need more plane waves, then we require a large RMT. Many 

plane waves contribute significantly to the calculation's accuracy. However, if we heavily 

rely on RMT, the surface charge will leak. Given that no center charge should be present, 

its value must be minimal. Its value should be meager, as there is no core charge leaking 

from its surface. If the charge leaks, the RMT's value fluctuates, either increasing or 

decreasing. This on the core surface, there is no charge leakage. We keep the RMT value 

low to allow for the retention of more plane waves. In our calculation, we have taken 

RMT 2.50 a.u. for Nd and 2.00 a.u. for Fe and Si. For our SCF calculations, we have chosen 

lattice parameters a0 = b0 = 4.031 Å and c0 = 6.828 Å for NdFeSi (CeFeSi type tetragonal 
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crystal structure) shown in Table 1. We found the Fermi energies to be 0.64630 electron 

volts (Table 2). We investigated the magnetic properties of the material using GGA and 

DFT. We used GIBBS2 software for the material's thermal behaviour. It’s based on the 
Debye model.  

 
Table 1. Crystallography data of NdFeSi compound such as space group, lattice parameter and atomic position  

Compound Space group 
Lattice 

parameter, Å 
Nd Fe Si 

NdFeSi p4/nmm (129) 
a0=b0=4.031 

c0=6.828 
(0.25, 0.25, 0.67) (0.75, 0.25, 0) (0.25, 0.25, 0.20) 

 
Table 2. Lattice parameters (a0, c0), bulk modulus B0, the derivative of bulk modulus 𝐵0′ , minimum energy Emin , 

the volume of unit cell V0, and the Fermi energy EF at 0 K for NdFeSi compound 

S.N. Parameter Symbols Value 
Experimental 

data 

1 Lattice parameters, Å 
a0=b0 4.069 4.031 [18] 

c0 6.918 6.828 [18] 

2 The bulk modulus of material, GPa B0 103.7584  

3 derivative of bulk modulus of material, GPa 𝐵0′  4.3393   

4 The energy at equilibrium condition, Ryd Emin -44771.811751  

5 Unit cell volume at equilibrium condition, a.u.3 V0   749.9931  

6 Fermi energy, eV EF 0.64630  

 

Results and Discussion 

Structural properties  

VESTA software was used to generate the unit cell structure (Fig. 1) of the NdFeSi 

material [17]. The NdFeSi compound shows a CeFeSi-type tetragonal crystal structure. 

Birch-Murnaghan equations (EOS) have helped determine structural properties in terms of  

E-V curve, B0, and B0’. Table 2 displays the determined values of the structural parameter 

for the NdFeSi compound. The determined estimations of the lattice constant show 

remarkable concurrence with experimental values [18–26]. B0 is an essential parameter  

 

  
Fig. 1. Unit cell crystal structure of NdFeSi 

compound used VESTA software 
Fig. 2. Variation of total energy with unit cell volume of 

NdFeSi compound 



26                                                                            A. Kumar, R. Kumar, R. Kumar, A. Kumar, V.K. Nautiyal, N. Iram 

of materials in material science and a measure of the material's resistance to 

compression. The degree of resistance value also increases when B0 is increased, as 

shown in Table 2. The literature does not contain any experimental B0 values. As a result, 

our measured results are considered predicted; we can use them in future research work. 

The material's E-V curve, as depicted in Fig. 2, provides information about the structural 

stability curves. Such curves offer NdFeSi compound stability. 
 

Electronic and magnetic properties 

Now we are discussing the electronic properties of the NdFeSi compound in terms of band 

structure, TDOS, and PDOS. We have determined the electronic band diagrams of the 

NdFesi compound along with spin up and spin down the channel in high symmetry Brillouin 

zone direction using GGA approximation. In the electronic band diagrams, Fig. 3(a,b) for the 

NdFeSi compound displays the Fermi level at the origin. In-band graphs, most of the bands 

lie from -9.5 to 0 eV for the spin-up channel below the Fermi level shown in Fig. 3(a). 

Similarly, most of the bands lie from -9.0 to 0 eV for the spin-down channel below the 

Fermi level shown in Fig. 3(b). From Fig. 3(a,b) in the band diagram, we see that the valance 

and conduction bands overlap among themselves. Therefore, the NdFeSi compound 

exhibits a metallic character. This result primarily accounts for the unfailing of the Nd-4f 

([Xe] 4f46s2) electronic shell. The result is clear, our combination has a metallic nature.  

We are discussing TDOS and PDOS of the NdFeSi compound shown in Fig. 4.  

In Fig. 4(a), we can see there are three sharp peaks in the valence and conduction bands. 

 

  
Fig. 3. Electronic band structures of (a) NdFeSi for spin up and (b) NdFeSi for spin down (Dn)  

using GGA approach 

 

Spin UP                                                        (a) Spin Dn                                                        (b) 
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Fig. 4. Density of states(DOS) along with spin up and spin down of (a) NdFeSi-total DOS,  

(b) Nd-total DOS and Fe- total DOS, (c) Si-total DOS, (d) Nd-s partial DOS, and Nd-p partial DOS,  

(e) Nd-d partial DOS and Nd-f partial DOS, (f) Fe-d partial DOS and Fe-f partial DOS,  

(g) Nd-f partial DOS and Si-d partial DOS, (h) Si-s partial DOS and Si-p partial DOS 

 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
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The first peaks in the valance band correspond approximately to -7.1 eV for the spin-down 

channel below the Fermi levels, and another two peaks correspond approximately  

to -7.1 and -0.62 eV for the spin-up channel below the Fermi level. Similarly, in the 

conduction band, the first peaks approximately belong to 0.63 eV for the spin-up channel 

above the Fermi level, and another two peaks approximately belong to 1.87 and 2.5 eV  

for the spin-down channel above the Fermi level.  

The sharp peak between -0.62 and 0.63 eV is responsible for the Nd-f electronic 

shell (Fig. 4(e)), with a minor role for the Fe-d electronic shell (Fig. 4(f)). The sharp peak 

of -7.1 eV is responsible for the Si-S electronic shell (Fig. 4(h)), with a minor role for the 

Nd-p electronic shell (Fig. 4(d)). The sharp peaks of ~ 1.87 and ~ 2.5 eV is responsible for 

the Nd-f electronic shell (Fig. 4(e)). They can observe the different curves of TDOS and 

PDOS due to the electronic Nd-4f shell for the NdFeSi compound. EF is shown in Table 1. 

The TDOS and PDOS for the NdFeSi component demonstrate their metallic nature. 

Table 3 displays the calculated magnetic moments of the NdFeSi compound, as well as 

the magnetic moments of the interstitial region and individual atoms (Fe, Si). The 

individual moment of Nd3+ dominates the total magnetic moment of the NdFeSi 

compound. The Nd-4f electronic shell is responsible for the magnetic moment. 

 
Table 3. Magnetic properties (µB) in of NdFeSi compound 

 Spin magnetic moments µB 

Interstitial region of magnetic moment 1.23229 

Magnetic moment of Nd 3.40766 

Magnetic moment of Fe -0.51018 

Magnetic moment of Si -0.00057 

Total Magnetic moment of NdFeSi 7.02610 

 

Thermodynamic behavior  

We are discussing thermal behaviour at a wide temperature and pressure, which gives us 

valuable information about the material. We determined the thermal behaviour by 

combining the GIBBS2 software with the WIEN2k software, which uses the Debye model. 

When the atoms of a crystal vibrate, it changes some of its thermodynamic properties 

inside the crystal, which also changes some of the thermodynamic parameters of the 

materials that we have observed. We looked at how heat behaves in terms of the 

Grüneisen parameter (γ), the bulk modulus (B0), the Debye temperature (θD), and the 

entropy (S) at a range of temperatures and pressures. We used wide temperature  

(0–300 K) and pressure ranges (0–50 GPa) in the present research work to calculate all 

thermal parameters for NdFeSi. In a thermal system, entropy (S) is defined as energy and 

matter dispersal. This is also defined as the calculation of disorder for a system on a 

microscopic level. It is based on the compound NdFeSi temperature- and pressure-

dependent parameters, as shown in Figs. 5(a) and 5(e), respectively. In Fig. 5(a), the 

vibration energy decreases as the temperature increases, causing the value of S to also 

decrease. The entropy (S) is mainly responsible for the vibrations in the atoms, resulting 

in the internal energy of the atomic orbital also increasing. Figure 5(e) illustrates the 

influence of pressure on entropy (S). When pressure rises, the material's entropy (S) 
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Fig. 5. (a) Variation in temperature Vs entropy S, (b) variation in temperature Vs the Grüneisen parameter γ,  
(c) variation in temperature Vs the Debye temperature θD, (d) variation in temperature Vs the bulk modulus B, 

and (e) variation in pressure Vs entropy S, (f) variation in pressure Vs the Grüneisen parameter γ, (g) variation in 

pressure Vs the Debye temperature θD, (h) variation in pressure Vs the bulk modulus B, for NdFeSi 

 

decreases at a slow rate. Therefore, the volume of the unit cell decreases, and the internal 

energy of the material increases, resulting in reduced entropy (S). The effect of different 

temperatures on the Grüneisen parameter (γ) is shown in Fig. 5(b). The Grüneisen parameter 
is a function of the crystal lattice; it's defined as anharmonicity. Figure 5(b) indicates that the 

value of γ was found to be nonzero at T = 0 K, but when the temperature increases, the value 

of γ also increases. This shows that the anharmonicity of crystal lattices rises with 

(g) 
(h) 

(e) 
(f) 

(d) 
(c) 

(a) (b) 
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temperature. Figure 5(f) illustrates the effect of different pressures on γ. It has been found to 

decrease the value of γ when pressure is increased. As you can see in Fig. 5(c,g), the NdFeSi 

changes its Debye temperature (θD) at different temperature ranges (0–300 K) and 

pressure ranges (0–50 GPa). At T = 0 K, the value of θD is found at ~ 366.25 K. It is seen 

in Fig. 5. Figure 5(c) demonstrates that an increase in temperature leads to a decrease in 

the value. We are discussing thermal behaviour at a wide temperature and pressure, 

which gives us valuable information about the material. We determined the thermal 

behaviour by combining the GIBBS2 software with the WIEN2k software, which uses the 

Debye model. When the atoms of a crystal vibrate, it changes some of its thermodynamic 

properties inside the crystal, which also changes some of the thermodynamic parameters 

of the materials that we have observed. We looked at how heat behaves in terms of the 

Grüneisen parameter (γ), the bulk modulus (B0), the Debye temperature (θD), and the 

entropy (S) at a range of temperatures and pressures. We have used wide temperature 

ranges (0–300 K) and pressure ranges (0–50 GPa) in our present research work to 

calculate all thermal parameters for NdFeSi. In a thermal system, entropy (S) is defined 

as energy and matter dispersal. This is also defined as the calculation of disorder for a 

system on a microscopic level. It is based on the compound NdFeSi's temperature- and 

pressure-dependent parameters, as shown in Fig. 5(a,e). In Fig. 5(a), the vibration energy 

decreases as the temperature increases, causing the value of S to also decrease. The 

entropy (S) is mainly responsible for the vibrations in the atoms, resulting in the internal 

energy of the atomic orbital also increasing. Figure 5(e) illustrates the influence of 

pressure on entropy (S). When pressure rises, the material's entropy (S) decreases at a 

slow rate. Therefore, the volume of the unit cell decreases, and the internal energy of the 

material increases, resulting in reduced entropy (S). The effect of different temperatures 

on the Grüneisen parameter (γ) is shown in Fig. 5(b). γ is a function of the crystal lattice; 

it's defined as anharmonicity. Figure 5(b) indicates that the value of γ was found to be 

nonzero at T = 0 K, but when the temperature increases, the value of γ also increases. 

This shows that the anharmonicity of crystal lattices rises with temperature. Figure 5(f) 

illustrates the effect of different pressures on γ. It has been found to decrease the value 

of γ when pressure is increased. As you can see in Fig. 5(c,g), the NdFeSi compound 

changes its Debye temperature (θD) at different temperature ranges (0–300 K) and 

pressure ranges (0–50 GPa). At T = 0 K, the value of θD is found at ~ 366.25 K. It is seen 

in Fig. 5. Figure 5(c) illustrates that an increase in temperature results in a decrease in 

the value of θD. decreases to ~ 50 K, and then the value of θD gradually decreases with 

the increase in temperature. However, when T exceeds 50 K, the temperature rapidly 

decreases the value of θD. The temperature decreases to approximately 50 K, after which 

the value of θD gradually decreases with an increase in temperature. However, when T 

exceeds 50 K, the temperature rapidly decreases the value of θD. 

Figure 5(g) illustrates the pressure's impact on the θD. In Table 3, we find the value 

of θD at 366 to 368 K at P = 0 with various temperature ranges (0–300 K). As a result, the 

value of θD also increases gradually with the increase in pressure. Another part of the 

NdFeSi compound's thermal behaviour is shown in Fig. 5(d,h), which show the bulk 

modulus (B0) at different temperatures (0–300 K) and pressures (0–50 GPa). The value of 

B0 offers details about the material, how it affects the degree of resistance (DOR) of 

materials, and how hard or soft the material is. At this point, when the compound 
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temperature increases, the degree of resistance decreases, and the compound becomes 

more flexible as the temperature rises. Figure 5(d) illustrates that an increase in 

temperature leads to a decrease in the value of B0 for the NdFeSi compound, resulting in 

a change in its unit cells. At T = 0 K, the value of B0 is found at ~ 40 GPa, but after  

T = 40 K, the value of B0 decreases rapidly for the NdFeSi compound. Analysis of these 

results reveals that the B0 changes with temperature, solely due to changes in the crystal's 

unit cell. Figure 5(h) illustrates the pressure's impact on the B0. Table 3 finds the value of 

B0 at approximately 96 to 98 GPa at P = 0, across various temperature ranges (0–300 K). 

As a result, the value of B0 also increases gradually with the increase in pressure. As a 

result, the value of B0 also increases slowly with the increase in pressure. The degree of 

resistance then rises, and our compound becomes inflexible (hard). 

 

Conclusions 

We have calculated the structural, electronic, magnetic, and thermal properties of the 

NdFeSi compound using the DFT method and the FPAPW+LO technique, with the 

assistance of WIEN2K software. We have investigated the structural and electronic 

properties of the NdFeSi material, obtaining information on the lattice constant, bulk 

modulus, a derivative of bulk modulus, band diagrams, and the total and partial density 

of states (TDOS and PDOS), respectively. In terms of electronic properties, our compound 

has a metallic nature because of the Nd-4f electronic shell. Similarly, the magnetic 

behaviour of the NdFeSi compound shows that the magnetic personality due to the Nd-

4f electronic shell is responsible for its magnetic nature. A lot of different temperatures 

and pressures (0–50 GPa) were used to study the thermal behaviour of different materials. 

The Grüneisen parameter (γ), the bulk modulus (B0), the Debye temperature (θD), and the 

entropy (S) were investigated. We have discussed the bulk modulus (B0). As a result, when 

the temperature of the material increases, the material's softness also increases, but 

when the pressure of the material increases, the material's hardness also increases. In the 

case of Debye temperature (θD), pressure is more effective than temperature. As a result, 

the material's energy density increases, consuming a large amount of energy within a 

small space, leading to a decrease in the material's entropy (S). 
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ABSTRACT  

Crude oil often mixes with water to form water-in-oil emulsions as a result of factors such as high shear at 

the production wellhead and surfactants that are naturally present in crude oil. The present study is aimed 

at determining the conditions leading to electrocoalescence of water droplets in the flow of the emulsion. 

An important part of this preliminary work concerns the creation of an experimental cell and installation 

designed to study the massive coalescence of droplets in a shear flow of an emulsion under the action of 

an applied inhomogeneous alternating electric field. The flow of the emulsion through the cell is created 

by a syringe pump. We determine the effect of exposure by the volume of the separated phases of the 

emulsion in the drainage tank. Further research will be related to the study of various emulsions with 

varying concentration and flow rate and possibly the frequency of the applied field. The research results 

will be useful for creating devices for electrocoalescence in the flow. 
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Introduction 

Refining crude oil often requires the extraction of large amounts of water. Crude oil often 

mixes with water to form water-in-crude emulsions as a result of factors such as high shear 

at the production wellhead and surfactants that are naturally present in crude oil [1,2]. These 

emulsions are undesirable and required emulsification to remove dispersed water and 

associated inorganic salts in accordance with manufacturing and shipping specifications. In 

addition, demulsifying these crude oil emulsions reduces corrosion and catalyst poisoning 

and invariably maximizes the overall profitability of crude oil recovery. Recently, there has 

been a growing research interest in developing effective solutions to the problems associated 

with the transportation and processing of crude oil emulsions, as well as restrictions on the 

discharge of produced water [3,4]. There are various methods for the separation of emulsions 

[5–7]. Moreover, a more efficient demulsification process can be achieved through the use 

of synergistic effects by combining one or more of these methods. The undisputed favorite 

among them is the electric method. This method includes both exposure to direct current, 

alternating (LF, RF, MW) field [8–10]. Electrical methods can be used at any stage of emulsion 

separation. However, it is advisable to use these methods immediately before or during 

centrifugation because it obtains the greatest efficiency. Most of the work is aimed at 

studying electrocoalescence at low frequencies. In electrocoalescence, an electric field is 
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applied to a dispersion of conductive water droplets in a poorly conductive oil to force the 

droplets to coalesce in the direction of the field [11]. As a rule, the behavior of coalescence 

can be described in three stages: the droplets approach each other, the film thinning / drying 

process, and film rupture, leading to the coalescence of droplets-droplets. However, there 

are other mechanisms, such as the formation of droplet chains, dipole – dipole coalescence, 

electrophoresis, dielectrophoresis and random collisions. The type of electric field, such as 

alternating, direct and pulsed direct current, plays a significant role depending on the design 

and setup of the system. Other factors, such as the average droplet size and the residence 

time of the liquid mixture under the influence of the electric field, stand out due to the 

efficiency of coalescence [12]. One of these is the conductivity of the water phase. Dielectric 

parameters are important characteristics, which depend both on the content of the dispersed 

phase and on the parameters of the electromagnetic field [2,13]. Experiments have been 

reported using silicone oils, vegetable oils and hydrocarbons in a droplet fixer that allows 

the use of low viscosity oils [14,15]. Another factor is the nature and concentration of 

surfactants at the drop-oil interface [16,17]. It was found that the time of electrocoalescence 

decreases with increasing interfacial tension. This study shows that increasing the interfacial 

tension gradient will shorten the coalescence time, which is important for improving the 

mixing efficiency of the droplets [18,19]. The influence of oil viscosity and energy 

consumption on the rate of coalescence was also investigated [20,21]. In this case, the 

viscosity of the dispersed system depends on both temperature and the content of the 

dispersed phase [22,23]. Much attention is paid to the numerical modeling of 

electrocoalescence using molecular dynamics (MD) modeling [24]. The results showed that 

the merging of droplets depended on the strength of the electric field [25]. The deformation 

of a water drop in a dielectric oil phase in the presence of external pulsating electric fields 

is numerically analyzed by the finite element method [26]. Proprietary software Comsol 

Multiphysics is used for modeling. 

 

Materials and Methods 

Emulsion preparation 

An emulsion consisting of water microdroplets suspended in tetradecane was chosen as 

the object of the study (Fig. 1). Deionized water, purified by the Milli-Q Advantage A10 

system (EMD Millipore), was emulsified in tetradecane C (Reachim) using a stirrer.  

 

 
Fig. 1. Emulsion microstructure 

 
100 µm 
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To stabilize the emulsion, a nonionic surfactant, sorbitanmonooleate (SPAN 80, Sigma-

Aldrich), at a weight concentration of 0.5 % was previously dissolved in tetradecane. 

Using digital image processing in the ImageJ program, the diameters and the 

number of droplets were obtained and a graph of the probability density of the droplet 

size distribution was plotted. The data were fitted with a log normal distribution, from 

which an average droplet size of 9 µm was determined. 
 

Experimental setup 

For the research, a laboratory setup (Fig. 2) was assembled based on an Olympus IX71 

optical microscope, with an integrated high-speed camera Photron FASTCAM SA5. The 

experimental cell is installed on the table of an optical microscope. An Agilent 33522A 

signal generator is used to generate an electric field in the cell, followed by amplification 

through a Tabor Electronics 9100 high-voltage low-frequency amplifier. 

 

  
 

Fig. 2. Laboratory setup diagram: 1 - microscope; 2 - camera; 3 - signal generator; 4 - amplifier;  

5 - experimental cell 

 

The cell for electrocoalescence was placed on the stage of an optical microscope. 

The cell is a sandwich of two glasses between which a Teflon gasket 100 µm thick was 
installed in which a channel was cut. Glass with an electrically conductive layer of indium 

tin oxide ITO (Indium TinOxide) was used as the lower substrate, on the surface of which 

sawtooth electrodes with a distance of 200 µm between the tops were etched by the 

photolithography method. An alternating bipolar voltage was applied to the electrode 

system from a 33522A arbitrary waveform generator (Agilent Technologies), amplified 

with a Tabor 9100 amplifier (Tabor Electronics Ltd.). 

 

Experimental cell 

The main part of the laboratory setup is an experimental cell, which is a sandwich of two 

glasses with a Teflon gasket 100 µm thick between them. A channel 1 mm wide and  

10 mm long is cut into the Teflon gasket. Holes were made on the upper substrate for 

the movement of the liquid under study. Electrically conductive glass with an indium-tin 

oxide layer (ITO glass) was used as the lower substrate, on the surface of which a 

sawtooth microelectrode system was etched using the photolithography technique. For 

this, a negative photoresist (Allresist AR-N 4400-50) was applied to the glass using a 
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centrifuge for smooth distribution of the substance (Spin 150) at 1000 rpm for 120 sec. 

After that, the photoresist layer was dried in an oven (WiseStir MSH - 20D) at 90 °C for 

90 min under a laminar flow cabinet. Next, the stage of exposure under ultraviolet light 

was performed through a film mask, which was made by the method of photo output. 

Thereafter, the glass substrate was heated in an oven at 100 °C for 10 min to re-cure. 

After the steps described above, the non-exposed areas of the photoresist were washed 

off. The next stage of manufacturing involves etching an electrically conductive layer not 

protected by a photoresist; for this, a 10 % aqueous solution of hydrochloric acid was 

prepared, where a glass substrate with a previously applied thin layer of zinc was placed. 

Then, after etching the electrically conductive layer, the areas of the exposed photoresist 

were removed using methylpyrrolidone. After that, the required configuration of 

microelectrodes was obtained on the glass surface. To protect the electrodes, a protective 

layer of electrically insulating acrylic varnish (PLASTIK-71) was applied to the glass 

surface. To connect the microelectrodes to the amplifier output, a place was left, and then 

elastic conductive tape was glued. After that, the cell was assembled by gluing the glasses 

together using epoxy glue. 

The measuring cell is a flat channel of rectangular cross-section without geometric 

features (Fig. 3). Electrodynamically, the complexity of the design is due to the presence 

of specially shaped electrodes on the inner wall of the channel. The electrodes are 

located in a local area at the entrance to the channel to monitor electrocoalescence. 

When the emulsion flows through the channel, firstly it enters the area of action of the 

electric field, then continues to flow through the channel without features. 

 

 
 

Fig. 3. Schematic of manufacturing the lower substrate of the experimental cell (left) and a system of 

electrodes with an interelectrode distance of 200 µm (right) 

 

Results 

The emulsion (1 ml) was pumped through the cell, where it was exposed to an 

inhomogeneous alternating electric field with a frequency of 500 kHz and a voltage of 

300 V for all tests. At the exit, as mentioned earlier, the emulsion was collected in a tared 

drainage container. After passing the emulsion through the cell, we obtained separate 

phases of water and oil. Photographs of this process at various volumetric flow rates  

(1, 8 and 16 ml / h), which correspond to speeds 10, 80, 160 µm/s obtained with a high-

speed camera are shown in Figs. 4–6. The survey was carried out in the area where the 
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electrodes were applied. The vertical line shown in Figs. 4–6 indicates the boundary of 

areas with electrodes (left part) and without electrodes (right part). 

 

 
 

Fig. 4. The effect of an electric field on a water-in-oil emulsion at a volumetric flow rate  

of 1 ml/h (speed 10 µm/s). There are no electrodes to the left of the green dividing line, and an area with 

electrodes to the right 

 

 
 

Fig. 5. The effect of an electric field on a water-in-oil emulsion at a volumetric flow rate  

of 8 ml/h (speed 80 µm/s). There are no electrodes to the left of the green dividing line, and an area with 
electrodes to the right 

 

 
 

Fig. 6. The effect of an electric field on a water-in-oil emulsion at a volumetric flow rate  

of 16 ml/h (speed 160 µm/s). There are no electrodes to the left of the green dividing line, and an area 
with electrodes to the right 

 

100 µm 

100 µm 

100 µm 
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As you can see in Fig. 4. the emulsion moves from left to right, and upon reaching 

the electrode zone, water droplets begin to coalesce, falling out into the free phase. In 

the case of a flow rate of 2 ml/h, small droplets are combined into large droplets of the 

order of 200–300 µm. 

Increasing the flow rate up to 8 and 16 ml/h (Figs. 5 and 6), the process is identical, 

but the coalescence of drops is worse due to the high speed of the drops, and in the 

electrode region, large drops are strongly deformed, and these drops are pulled out and 

broken into secondary drops. This is the reason for the low rate of separated water at a 

flow of 16 ml/h. 

Based on the test results, the dependence of the separated water on the volumetric 

flow rate of the emulsion liquid through the cell was built. After passing through the cell, 

the liquid was drained into the drainage chamber and settled for 24 hours.  

The dependence is built on the basis of assessing the levels of liquids in the drainage 

chambers after settling during the day. 

Figure 7 shows the dependence of the water separation on the liquid flow rate 

through the cell. At a volume flow of 1 ml/h, 30 % of water was separated, at 2 ml/h – 

25 %, at 4 ml/h – 18 %, at 8 ml/h – 8 % and at 16 ml/h - less than 3 %. With an increase 

in the volumetric flow rate of the liquid, the drops do not have time to fully combine with 

each other, as in the case of 1 ml/h. 

 

 
 

Fig. 7. Water separation from the emulsion vs volumetric flow rate 

 

Conclusions 

Based on the experiments results, we can say that this method of emulsion separation is 

applicable. The electric field acts on the water droplets, which leads to their coalescence 

in the interelectrode space. Water droplets, passing through the cell, combine and thereby 

increase in size, which leads to the separation of the emulsion into its constituent phases. 

The difference in the amount of water remaining is that as the volumetric flow rate 

increases, the flow rate increases, which leads to high shear flow. In this case, the drops 

are strongly deformed, and the connection may not occur. The formation of secondary 
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droplets was also observed due to the strong deformation of large droplets, which 

consisted in stretching along the flow and disintegrating into several small droplets.  

We assume that this method is appropriate because it does not require a lot of time, the 

use of special chemical demulsifiers, and at the exit from the cell, you can immediately 

get separate phases from each other. The use of this method in combination with 

centrifugation and the use of chemicals will increase the efficiency of emulsion 

separation by more than 90 %. However, the value of the indicator will greatly depend 

on the composition of the original emulsion and requires research in each specific case. 

Unfortunately, in the experiment, the concentration of emulsion droplets was not 

controlled, this imposes restrictions on the study of a couple of droplets or single 

droplets, even though we present photographs of the exposure process obtained using a 

microscope. 
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ABSTRACT 

Laser surface modification is an advanced technique utilized for the creation of robust coatings on substrates 

by melting and fusing pre-placed or blown powder materials. In some instances, multiple coatings are applied 

to achieve intricate geometries. This method serves the purpose of enhancing substrate surface properties 

and rectifying surface imperfections. Over the past three decades, laser surface modification has garnered 

significant attention due to its capacity to process a wide range of materials, because of its high energy density 

and rapid cooling capabilities. Researchers have extensively explored scientific aspects, including the clad-

substrate inter-face, microstructure, chemical composition, mechanical properties, and tribological 

characteristics of deposited materials, as well as their practical applications. This article primarily focuses on 

the application of laser surface modification to various substrates using suitable cladding materials. 

Furthermore, it delves into the survey of modification parameters, such as microstructural refinement, 

mechanical attributes, and tribological performance, as investigated by previous scholars. Additionally, this 

article presents the findings of past research endeavors and offers insights into potential avenues for future 

investigations within the realm of laser surface modification. 

KEYWORDS  

surface modification • laser cladding • microstructure • microhardness • tribological properties 

Citation: Ranjan R, Das AK. Surface modification by laser cladding: state-of-the-art and future prospects. 

Materials Physics and Mechanics. 2024;52(4): 41–51.  

http://dx.doi.org/10.18149/MPM.5242024_5 

 

 

Introduction 

Many components of machines used in mining, mineral processing, manufacturing, 

agriculture, and many other industries need to improve their surface performance under 

corrosion, wear, fracture, and oxidation environments, which is unable to be satisfied 

through traditional methods of surfacing and coatings [1]. Due to the effects of corrosion, 

mechanical components often experience premature degradation and fracture before 

reaching their intended operational lifespan [2,3]. The wear process contributes 

significantly to the surface deterioration of these components, leading to increased 

downtime and elevated production expenses. Various types of wear, such as abrasion, 

impact, and corrosion, are responsible for this phenomenon. This problem is commonly 

encountered in the context of agricultural implements, mining machinery, and 

earthmoving equipment when operating on abrasive surfaces [4]. Tool steels, for 

example, are widely used in practically all industries to manufacture molds, dies, and 

other components that are subjected to exceptionally high loads [5]. These tool steels 

must have good wear resistance, whether they are used for cold or hot operations. 
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Likewise, machinery within the chemical and petroleum sectors grapples with corrosion 

issues. Consequently, laser cladding emerges as a prime method for improving surface 

attributes. Laser cladding, an adept surface modification technique, proves invaluable in 

extending the operational lifespan of both weathered machine components and fresh 

ones, all while maintaining economical feasibility. To cultivate favorable tribological 

characteristics, these cladding methods are employed to amalgamate bulk materials with 

the substrate. In the course of this surface modification procedure, a more durable, wear-

resistant material is incorporated, thereby bolstering the longevity of the component or 

rectifying deteriorated surfaces [6,7]. 

 

 
Fig. 1. Laser cladding process by powder injection 

 

Laser cladding is a technique characterized by the fusion of a dissimilar material 

onto a substrate using a focused laser beam. This process involves selectively melting 

only a minimal layer of the substrate to establish metallurgical bonding, thereby 

preserving the inherent properties of the coating material [8,9]. Figure 1 illustrates the 

process, where a high-intensity laser beam interacts with a metallic specimen while 

powdered material is introduced over the molten pool. Upon solidification, this procedure 

results in the formation of a distinct layer referred to as the "clad". This technique uses a 

concentrated high-powered laser to melt the substrate's thin surface as well as the clad 

materials while simultaneously producing a new layer of material with specified qualities 

following solidification. It can produce a 0.3–5.0 mm thick coating onto a substrate, which 

is joined by a strong fusion bond [10,11]. Some time multi layers of coating are deposited 

to get complex shape geometry. The clad materials are added onto the substrate 

employing laser fusion of pre-placed powder or blown powders. To achieve varied 

qualities, a wide range of powder materials or powder combinations can be efficiently 

deposited onto the substrates. The deposited layer's microstructure is often exceedingly 

fine, resulting in excellent metallurgical characteristics. It is possible to attain excellent 

results, such as enhanced microstructure, mechanical and tribological properties, by 

selecting suitable clad materials and optimized process parameters [12]. Laser cladding 

has gained a lot of attention in extensive research over the past three decades because 
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the fast cooling rates and high-density energy make this technique suited for processing 

a variety of materials [13]. 

In this paper, we present the numerous research investigations conducted on the 

subject of laser cladding. The paper provides an overview of cladding processes involving 

diverse substrates and clad materials, highlighting distinct output parameters. 

Additionally, it synthesizes research outcomes from previous studies, particularly in the 

realms of microstructural analysis, hardness assessment, and wear resistance. The 

comprehensive compilation of earlier research findings is presented in Table 1 for 

reference. Subsequently, the essential facets of each delineated domain are expounded 

upon in subsequent subsections. The paper culminates with a discussion of conclusions 

drawn from the gathered insights and offers perspectives on future directions in the field 

of laser cladding. 

 
Table 1. A Summary of studies on laser cladding (LC) technology 

Authors 

(year) 

[Ref.] 

Substrate 

material 

Clad 

materials 
Investigations 

Variable 

processing 

parameters 

Research findings 

Qian etal. 

(1997) 

[14] 

AISI 1020 
Colmonoy 

88 nickel 

Microstructure, 

dilution, hardness, 

microstructures 

Powder feed 

rate, 

translation 

speed 

Optimal cladding parameters are revealed to 

increase hardness and improve the microstructure of 

the coating. 

Haemers 

etal. 

(2000) 

[15] 

AISI 316L Colmonoy 5 
Microstructure, 

dilution 
 

Microstructural analysis of the coating showed the 

formation of the dendritic and eutectic 

interdendritic phases. 

Sha etal. 

(2001) 

[16] 

K02600 

steel 

S42000 

stainless 

steel 

Microstructure, 

wear, 

microhardness 

 
In comparison to SAW cladding, Laser cladding 

increased the hardness of coating about twice. 

Yao etal. 

(2006) 

[17] 

Medium 

carbon 

steel 

CNTs 

Microstructure, 

microhardness, 

wear 

Beam travel 

speeds, laser 

power 

Resistance to wear of the cladding is increased by 

three times that of the untreated substrate. 

Baldridge 

et al. 

(2013) 

[18] 

Inconel 600 Inconel 690 
Microstructure, 

microhardness 

Laser power, 

scanning 

speed, beam 

overlap, 

powder feed 

rate 

Results revealed an admirable metallurgical bond 

between the substrate and the clad layer with min 

porosity & minute surface contamination. Higher 

laser power may produce the best cladding quality 

with the least amount of porosity and surface 

imperfections. Suggested optimizing Inconel 690 

powder chemistry for future research. 

Tanigawa 

et al. 

(2015) 

[19] 

304 

stainless 

steel 

Ni–Cr–Si–B 

Surface 

roughness, 

hardness 

Overlap ratio 
The hardness and roughness of the coating layer 

inversely depended on the overlap ratio. 

Das et al. 

(2016) 

[20] 

Ti–6Al–4V 
Rare earth 

oxide (Y2O3) 

Microstructure, 

microhardness, 

wear 

Laser power, 

scanning speed 

The addition of Y2O3 improved the coating's micro-

hardness and wear resistance. 

Murzakov 

etal. 

(2016) 

[21] 

C5140 steel TaC and WC 
Microstructure, 

wear 
 

The cladding's microstructure and mechanical 

properties improved as a result of the research. 

When compared to the substrate, wear resistance is 

increased by 2–6 times. 

Stanciu 

etal. 

(2016) 

[22] 

AISI 5140 
NiCrBSi, 

Inconel 718 
Hardness, wear  

Concerning the substrate, the cladding layers' wear 

coefficient and hardness increased. 

Alam 

etal. 

(2017) 

[23] 

AISI 1018 

420 

martensitic 

stainless 

steel 

Microstructure, 

residual stresses, 

microhardness 

Laser speed, 

power, powder 

feed rate 

The rise in laser power and speed led to an 

augmentation in both hardness and residual stress 

levels. 

Liu etal. 

(2017) 

[24] 

Forged 300 

M steel 

AerMet100 

steel 

Microstructure, 

hardness, tensile 

properties 

 

Results revealed a superb clad-to-substrate 

metallurgical bond with enhanced mechanical 

properties. 
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Riquelme 

et al. 

(2017) 

[25] 

AA6082 

aluminum 
Al/SiCp 

Microstructure, 

mechanical 

properties 

 
The cladding had better mechanical qualities than 

the substrate, according to the findings. 

Lei et al. 

(2018) 

[26] 

1Cr13 

stainless 

steel 

Carbon 

fibers 

reinforced 

nickel 

Microstructure, 

microhardness, 

wear, corrosion 

Laser scanning 

speed 

Higher laser scanning speeds increase the coatings' 

wear and corrosion resistance. 

Chen et 

al. (2019) 

[27] 

IN718 

Multi-walled 

carbon 

nanotubes 

(MWCNT) 

Microstructure  

The enhancement of graphene structure within 

GNSs and CNRs led to an intensified adverse effect 

on element segregation and the formation of Laves 

phase in the IN718 superalloy. 

He et al. 

(2019) 

[28] 

Ti-6Al-4V TiC, CNT 

Microstructure, 

microhardness, 

wear 

 

According to the findings, the coating had a higher 

microhardness, a lower friction coefficient, and a 

much higher wear resistance than the substrate. 

Sibisi et 

al. (2019) 

[29] 

Ti-6Al-4V CpTi/SiAlON 
Microstructure, 

microhardness 
 

Enhancement in microstructural and hardness 

properties as compared to the substrate. 

Zhao et 

al. (2019) 

[30] 

H13 

mild steel 

Cobalt-

based alloy 

Microstructure, 

microhardness, 

wear 

resistance 

 

Compared Laser cladding with plasma cladding and 

revealed superior wear resistance and 

microhardness of the laser cladding. 

Hulka et 

al. (2020) 

[31] 

S235JR 

steel 

WC-

Co/NiCrBSi(T

i) 

Microstructure, 

corrosion 

resistance 

Laser power, 

Ti-contents 

The results demonstrated an excellent clad-to-

substrate metallurgical bonding with fine 

microstructure, enhanced microhardness, and reduced 

Fe penetration from the substrate to the clad. 

Spranger 

et al. 

(2020) 

[32] 

Tool steel 

X38CrMoV5 
TiB2 

Microstructure, 

hardness 
 

A significant increase in hardness with the 

implantation of TiB2 particles was found. 

Wang et 

al. (2020) 

[33] 

5CrNiMo 

steel 

TiMoB2, 

Ti,MoC, 

Fe7Cr7C3 

with Y2O3 

Microstructure, 

wear 
Y2O3 contents 

The mechanical properties of the cladding were 

enhanced by adding Y2O3 and got optimum values 

with Y2O3 content of 2 wt. %. 

Zhu et al. 

(2020) 

[34] 

Inconel 625 
NiCrAlY/Ag2

O/Ta2O5 

Microstructure, 

microhardness, 

Friction, wear 

performance 

 

Revealed 1.5 times lower coefficient of friction and 

2 times lower wear rate of coating as compared to 

the substrate. 

Chen et 

al. (2020) 

[35] 

IN718 Ni-CNTs 

Microstructure, 

tensile, wear 

properties 

 
The findings revealed effective improvement in the 

tensile and wear quality of the clad. 

Li et al. 

(2020) 

[36] 

A36 mild 

steel 

MSS with 

FeeNb 

powder 

Microhardness, 

Tensile propt., 

Corrosion res. 

 
Found remarkable enhancement in mechanical 

properties of the coating. 

Li et al. 

(2020) 

[37] 

TA1 

titanium 

Deloro22-

Si3N4-B4C 

Microstructure, 

toughness 
 

The result exhibited dense microstructure and 

enhanced the toughness as compared to the 

substrate. 

Luo et al. 

(2020) 

[38] 

1045 steel Fe-Al 

Microstructure, 

compositions, 

tribological 

properties 

 
The coating achieved a low frictional coefficient and 

low rate of wear. 

Ma et al. 

(2020) 

[39] 

316 

stainless 

steel 

C4 coating 
Microstructure, 

corrosion 
 

Because of oxide film formation on the surface due 

to the C4 coating, there was an increase in corrosion 

resistance in sulfuric acid solution. 

Mohamm

ed et al. 

(2020) 

[40] 

Mild steel 

(ASTM A36) 
WT-6 

Dilution ratio, 

hardness 

Laser power, 

scanning 

speed, wire 

feed rate 

Experimentally found optimal process parameters as 

laser power = 3.7–3.9 kW, feed rate = 75 mm/s, and 

scanning speed = 6 mm/s. 

Savrai et 

al. (2020) 

[41] 

Low carbon 

steel 
CoNiCrW 

Microstructure, 

phase 

composition, 

microhardness, 

micromechanical 

properties 

 
Findings revealed remarkable enhancement in the 

mechanical properties of the coating. 
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Xiang et 

al. (2020) 

[42] 

Ti 

CoNiTi  

medium 

entropy 

alloy 

Microstructure, 

hardness 
 

Results revealed a superb metallurgical bond 

between CoNiTi MEA and Ti-substrate. Hardness 

measurements of the clad were found ~5 times 

advanced than the substrate. 

Xiao et 

al. (2020) 

[43] 

Q235 steel Nb10 alloy 

Microstructure, 

microhardness, 

wear 

resistance 

 

An outstanding metallurgical coating, characterized 

by its uniformity and absence of cracks, was 

achieved, resulting in enhanced mechanical 

characteristics. 

Zhang et 

al. (2020) 

[44] 

A3 steel 
Ni-Cu/WC-

12Co 

Microstructure, 

microhardness, 

wear, corrosion 

resistance 

WC-12Co 

contents 

Microhardness directly depended on WC-12Co 

content. Optimal wear resistance was found at WC-

12Co content of 20 wt.%. 

Zhang et 

al. (2020) 

[45] 

Ti6Al4V 

Graphene 

reinforced 

Ti6Al4V 

Microstructure  
When Ti6Al4V was cladding by Graphene/Ti6Al4V, 

feathery TiC was produced. 

Zhao  

et al. 

(2020) 

[46] 

No. 45 

steel 

TiC/B4C/Ni2

04-based 

Microstructure, 

microhardness 
 

Results revealed microhardness and coefficient of 

friction were 3.23 and 0.281 times respectively of the 

initial Ni204 cladding when coated by 30 % TiC. On the 

other hand, microhardness and coefficient of friction 

were 4.38 and 0.752 times respectively of the previous 

layer when coated by 30 % B4C and 5 % TiC. 

Zhou  

et al. 

(2020) 

[47] 

S355 steel 

Cr-&  Mo-

Reinforced 

FeSiB 

Microstructure, 

CoF, corrosive-

wear 

 

The result showed excellent resistance to corrosive 

wear of FeSiBCr coating among the three coatings 

namely, coating of FeSiB, coating of FeSiBCr, and 

coating of FeSiBCrMo. This revealed that wear 

resistance is mainly affected by the phase 

distribution. 

Hu et al. 

(2021) 

[48] 

5Cr5MoSiV1 

steel 

Ni3Ta-TaC 

reinforced 

Ni-based 

Microstructure, 

wear 
 

The wear characteristics of Ni-Ta cladding and Ni-

TaC cladding were found to be 2 and 4-times 

greater than the substrate, respectively. 

Li et al. 

(2021) 

[49] 

Nickel-alu

minum 

bronze 

TaC/Co-

based 

Microstructure, 

microhardness, 

wear, 

electrochemical 

corrosion 

 

When compared to the substrate, the coating 

demonstrated a 6.2-fold increase in microhardness, 

a 0.303-fold drop in frictional coefficient, and  

a 0.4-fold drop in wear rate. 

Liu  

et al. 

(2021) 

[50] 

AISI 304 
AlCoCrFeNiS

ix 

Microstructure, 

microhardness, 

wear 

Si - contents 

The microhardness of the coating was significantly 

enhanced. Increased Si concentration also lowered 

the coating's frictional coefficient and wear rate. 

Tian  

et al. 

(2021) 

[51] 

2Cr13 steel 
Inconel 625/ 

WC 

Microstructure, 

microhardness, 

corrosion 

resistance 

WC-contents Optimal corrosion resistance was found at 10 wt. % WC. 

Yuan  

et al. 

(2021) 

[52] 

AISI 1045 Ni45 

Microstructure, 

microhardness, 

wear, corrosion 

resistance 

 Results revealed better mechanical properties at 

higher-speed lasers. 

Li et al. 

(2021) 

[53] 

5083 

aluminum 

AlxCrFeCoNi

Cu 
Hardness, wear Al-contents 

The hardness and the wear resistance directly 

depended on Al-contents. 

Bartkows

ki et al. 

(2021) 

[54] 

Low carbon 

steel 
Fe/WC 

Macroscopic 

observation, 

microstructure, 

microhardness 

Laser power, 

powder feed 

rate 

The optimal coating was produced based on 

microhardness and corrosion resistance  

at 12.50 g/min powder feeding rate. 

Liu et al. 

(2021) 

[55] 

15CrMn 

steel 

CoCrFeMnTi

0.2 

Microstructure, 

microhardness, 

wear 

 

The coating was enhanced in terms of wear 

resistance and microhardness. When compared to 

the substrate, the microhardness was raised by 

around 3.5 times. 

Riquelme 

et al. 

(2021) 

[56] 

ZE41 

Magnesium 

Alloy 

Al/SiC 

Wear behavior, 

corrosion 

resistance 

 

Result revealed enhancement in wear properties of 

the coating concerning the substrate. Also, it was 

concluded that wear resistance and corrosion 

property are improved by adding Si or Ti. 

Li et al. 

(2022) 

[57] 

40CrNiMo 

Steel 

AlCoCrFeNi-

xTiC 

Microstructure, 

wear resistance 
TiC- contents 

The in-situ generation of TiC particles significantly 

enhances hardness and wear resistance. 
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Ding et 

al. (2023) 

[58] 

U71Mn  rail 

316L 

stainlessstee

l  

Grain size, 

Microhardness 

Scanspeeds, 

laserpower 

Grain size increases with laser power but decreases 

with scan speed, while hardness increases with both 

power and speed. 

Zhang et 

al. (2024)  

[59] 

SS304 NbC 

Microhardness, 

frictioncoefficient, 

corrosionresistanc

e 

Composition of 

coating (A-NbC 

and I-NbC) 

The experimental results could serve as a technical 

guide for enhancing the performance of laser-

cladded iron-based composite coatings. 

Zhang 

et al. 

(2024) 

[60] 

Ti6Al4V FeCrAlMoSix 

Micro-hardness, 

microstructure, 

wear resistance 

Si- contents 
Laser cladding enhances microhardness, decreases wear 

loss, and reduces the coefficient of friction (COF). 

 

Substrates and clad alloys materials 

Substrates 

Steel serves as the predominant choice for substrate materials in the fabrication of clad 

components. The selection of substrates hinges on specific application demands, 

encompassing factors like elevated temperature resilience and resistance to corrosive 

and abrasive wear. Among the varied options are: (i) stainless steels, (ii) diverse grades of 

carbon steels, spanning high, medium, and low carbon content, (iii) high-speed steels,  

(iv) Inconel, (v) titanium alloys, (vi) manganese alloys, (vii) low nickel-chrome steels,  

(viii) cast iron, including both grey and white cast iron varieties. 

 

Clad Alloys 

Surface enhancement through cladding improves the characteristics of a component's 

exterior while leaving its internal properties unchanged. This technique is employed on 

surfaces vulnerable to deterioration, oxidation, and corrosion. Among the frequently 

utilized clad alloys, iron-based, titanium-based, cobalt-based, and nickel-based alloys 

stand out. The applications span a wide spectrum, encompassing tasks such as crushing 

rocks and manufacturing control valves to minimize metal-to-metal wear. In situations 

marked by elevated temperatures and corrosive environments, cobalt and nickel-based 

clad alloys find common usage. 

 

Microstructural characterization 

The composition of both the cladding material and the substrate plays a significant role 

in shaping the microstructural characteristics of the coating. Additionally, laser cladding 

parameters exert influence over these microstructural attributes. Microstructural analysis 

involves the examination of grain size and shape, the composition of the cladding 

material, and the orientation of grain structures in the heat-affected zone (HAZ), all of 

which are crucial for assessing their impact on tribological and mechanical properties. 

Traditional metallographic methods have traditionally been employed to characterize the 

microstructure of these coatings. However, there are various advanced tools available for 

evaluating the microstructure and composition of different phases within the resulting 

coating. These tools encompass techniques such as EPMA (electron probe microanalyzer), 

FESEM (field emission scanning electron microscope) equipped with EDS (energy-

dispersive X-ray spectroscopy), TEM (transmission electron microscope), among others. 

Abrasive sheets were used to polish the samples to a near-mirror finish, followed by 
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diamond polishing. The microstructure was then found out by etching them with either 

vilella or nital solution under the optical microscope (OM). Much of the research is 

centered on inquiries into microstructural aspects. Some recent research concentrated on 

carbon nano-tubes coatings. Chen et al. [35] studied the link between IN718 substrate 

and Nickel-coated carbon nanotubes (Ni-CNTs) coating and found they were bonded 

effectively. The findings revealed that IN718/NiO- 5CNTs composite alloys' tensile and 

wear characteristics can be significantly enhanced. Hu et al. [48] studied Ni3Ta-TaC 

reinforced Ni-based cladding on the substrate 5Cr5MoSiV1 steel. They found Ni-Ta and 

Ni-TaC claddings have two and four-times the wear resistance of 5Cr5MoSiV1 steel, 

respectively. Li et al. [36] examined TA1 titanium cladding by Deloro22-Si3N4-B4C and the 

result exhibited dense microstructure and enhanced the toughness as compared to the 

substrate. Liu et al. [37] studied the effect of Si content on the tribological behavior of 

the cladding and found frictional coefficient and wear rate of the coating were reduced 

with an increase in Si content. Bartkowski et al. [54] produced Fe/WC cladding on low 

carbon steel. They got an optimal coating based on microhardness and corrosion 

resistance at 12.50 g/min powder feeding rate. The study-specific investigations column 

in Table 1 provides a breakdown of research findings derived from microstructural 

analyses. 

 

Mechanical characterization 

The analysis of altered surface mechanical properties was conducted by evaluating micro-

hardness measurements and assessing tribological behavior. 

 

Microhardness analysis 

The term "hardness" denotes the material's resistance to undergoing plastic deformation 

due to processes like indentation, scratching, or friction. To quantify microhardness, a 

Vickers indenter was employed, utilizing a microhardness tester. It is noteworthy that 

approximately 70 % of the collective body of research pertaining to laser cladding 

techniques centers on investigating the hardness characteristics of the coating. Among 

the 43 referenced works, 30 of them specifically delve into the examination of cladding 

hardness behavior. The particulars of these studies predicated on hardness can be found 

in Table 1, within the designated "investigations" section for their respective research 

endeavors. Li et al. [37] studied cladding on the titanium alloy and concluded that 

because of the dense grain strengthening effects of CeO2 coating, wear-resistance and 

microhardness were greatly enhanced. Mohammed et al. [40] investigated the three 

parameters, scanning speed, laser power, and wire feed rate, which have an influence on 

the mechanical properties of mild steel (ASTM A36) cladding. Xiang et al. [42] examined 

cladding of titanium using CoNiTi medium entropy alloy. Results revealed a superb 

metallurgical bond between CoNiTi MEA and Ti-substrate. Hardness measurements of the 

coating were discovered to have hardness 5 times that of the substrate. Li et al. [49] 

researched 5083 aluminum substrate and AlxCrFeCoNiCu clad. The results showed the 

hardness increases with an increase of Al-contents. 
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Tribological properties analysis 

When two solid surfaces interact through sliding or rolling in solid-state contact, they 

undergo a process known as material degradation, which is often referred to as surface 

wear. This phenomenon is a prevalent issue across numerous industrial sectors. Wear 

encompasses various factors, such as oxidation, abrasion, erosion, impact, corrosion, or a 

combination thereof. The pin-on-disk tribometer stands out as the primary and highly 

efficient instrument for conducting tests related to the tribological properties of 

materials. Wang et al. [33] studied the influence of rare earth oxide on the wear quality 

of Fe-based ceramics produced in situ and found an optimum value of Y2O3 content to 

enhance the wear properties of the cladding. Zhu et al. [34] successfully formed coating 

over Inconel 625 substrate and demonstrated that 1.5 times lower coefficient of friction 

and 2 times lower wear rate of coating as compared to the substrate. Hu et al. [48] showed 

the wear characteristics of Ni-Ta cladding and Ni-TaC cladding on IN718 substrate and 

found enhancement in the wear resistance by 2-times and 4-times respectively. Riquelme 

et al. [25] studied experimentally and revealed an admirable metallurgical bond between 

Al/SiC metal matrix composite and ZE41 magnesium alloy substrate with improvement 

in wear properties. Also, it was concluded that wear resistance and corrosion properties 

are improved by adding Si or Ti. The details of the studies are presented in Table 1. 

 

Conclusions and future perspectives 

From a comprehensive review of various research papers on laser cladding techniques, 

several significant observations and recommendations for future research emerge: 

1. Laser cladding is the most suitable technique to produce an excellent metallurgical 

bond between the substrate and clad of thickness 50 µm to 2 mm with low dilution and 

defect-free coatings. 

2. It can be applied to an extensive range of substrates to develop a high-quality coating. 

3. It has been found that Co-based, Ni-based, WC-based, Fe-based alloys, high entropy 

alloy, and many other alloys can be excellently metallurgical bounded with different 

substrates by laser cladding technique. 

4. Laser cladding's effectiveness mostly depends on the laser parameters (wavelength, 

power), process parameters (scan speed, feed rate, assist inert gas type and pressure), 

clad materials and their powder size, and substrate materials.  

5. Researchers have mostly focused on studying characteristics like microhardness, wear 

resistance, and microstructure; relatively few research have examined how well coatings 

function in connection to oxidation and erosion-corrosion behavior. 

6. In-depth research efforts are essential to gain the complex physical and chemical 

interactions that take place between the substrate and the materials utilized in laser 

cladding processes. 

7. Not enough focus has been placed on optimizing the laser cladding technique's 

parameters. Because of this, researchers should work more diligently to optimize these 

parameters through the use of AI-driven modeling and optimization techniques. 
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Ultrasonic layer-by-layer treatment of PN85Y15 coating  

as a way to increase wear resistance of friction pair with bronze 
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ABSTRACT  

Tribotechnical tests on wear resistance of friction pairs "coating PN85Y15 - bronze BrB2", at loads of 100 

and 300 N, sample rotation speed of 300 rpm, with lubricant Lukoil Luxe 5W40 have been carried out. It is 

shown that the plasma coating applied to steel 45 together with layer-by-layer ultrasonic treatment (UST) 

with the power of 200 W, in comparison with the coating with UST with the power of 400 W and without 

UST, had a higher adhesion to the base metal and sufficient porosity, which working with lubricant provided 

the crankshaft with increased lubricity, formation of favourable compressive residual stresses, formation in 

the coating of a two-component structure of large (~40 μm) granules and small (~1–7 μm) superhard 
intermetallic particles of phases Fe2Al5, which filled surface imperfections and reduced the coating 

roughness by 2 times, reduced the friction coefficient by 2 times, weight wear by 12 times and contact 

temperature by an average of 5 °C. 
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Introduction 

The main operational characteristic of internal combustion engines (ICE) is the wear 

resistance of crankshafts, because as a result of changes in the size, shape and mutual 

arrangement of parts due to shaft wear, the initial clearance between friction pairs is 

broken, which leads to the rupture of the lubricating layer, pressure drop in the system, 

as well as the appearance of knocking, overheating and de-strengthening of the material 

of parts in the engine [1–5]. 

At present, the most widespread application for manufacturing and restoration of 

crankshafts are wear-resistant iron-based coatings applied by plasma spraying. Such 

coatings have increased hardness, brittleness and reduced thermal conductivity due to 

oxide inclusions and pores. Plasma spraying units Plasma coatings are characterised by a 

flaky, layered structure with high heterogeneity of physical and mechanical properties 

due to the developed surface of joints between particles and the increased content of 

oxide inclusions [6–10]. Plasma spraying units do not require significant initial 
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investments, and easily converted to the production of powders from a variety of 

materials [11].  

To eliminate the mentioned drawbacks the authors in the previous work in the 

friction pair "coating - cast iron" [12–14] applied simultaneously with plasma spraying 

of PN85Y15 powder particles, layer-by-layer ultrasonic treatment (UST) with 200 and 

400 W power.  

During the operation of crankshafts, the main defect leading to the loss of their 

serviceability is the wear of main and connecting rod journals paired with a piston 

bronze ring (liner) working with lubricant [15–31].   

Therefore, the purpose of this work was to increase the wear resistance of friction 

pair "plasma coating - bronze", due to layer-by-layer ultrasonic treatment combined 

with plasma spraying of ferromagnetic powder PN85Y15.   

 

Materials and Methods 

Tribotechnical tests with synthetic grease Lukoil Luxe 5W40 were carried out on the 

friction machine SMTS-2 (Fig. 1), according to the scheme "Roller - Roller" with the 

rotation frequency of the lower roller 300 rpm, with the load on the fixed upper roller 

100 and 300 N, test time 2 hours.  

 

 
Fig. 1. External view of friction machine SMC-2 

 

The following characteristics of the "coating - bronze" tribocouple were determined: 

torque and a friction coefficient, weight wear, contact temperature and surface roughness 

of the specimens before and after the test. In order to achieve measurement accuracy, 

each test was carried out three times. 

The lower rotating roller (Fig. 2(a)) was made of antifriction beryllium bronze of BrB2 

grade (97-98 % Cu and 2 % Be, up to 0.5 % Ni). The upper, fixed rollers were fitted with 

inserts (Fig. 2(b)) cut from blanks (Fig. 2(c)) of 45 steel and coated with plasma sprayed 

PN85Y15 (84%Ni, 15%Al, 0.2%Fe) nickel-based powder (84%Ni, 15%Al, 0.2%Fe) (Fig. 2d)) 

without UST and with simultaneous 200 and 400 W layer-by-layer UST. 

A portable profilometer - Mahr Surf PS-1 profilograph was used to assess surface 

roughness. Metallographic studies were carried out using a μVizo-MET reflected light 
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microimager. The phase composition of the coatings was studied with the help of X-ray 

structure analyser, and residual stresses were measured with the help of resistive electro-

contact method of non-destructive testing on the SITON-TEST device. Micro-X-ray 

spectral analysis (study of the concentration distribution of elements in the coating) was 

performed on a Camebax micro analyser equipped with an INCA ENERGY 350 energy 

dispersive spectrometer at a probe electron energy of 15 keV.  

 

  
(a) (b) 

 
 

(c) (d) 

Fig. 2. The images of specimens: (a) lower roller made of bronze BrB2; (b) upper roller with coated 

steel 45 insert; coated billet (c,d) for cutting out inserts and testing on the SMC-2 friction machine 

 

Results and Discussion 

Metallographic and micro-X-ray spectral studies of the coating structure 

As can be seen from Fig. 3(a,b), a loose and adhesion-unstable coating without UST with 

a thickness of  116 μm made of large molten particles of 28–100 μm was formed. The 

plasma PN85Y15 powder coating applied together with a 200 W layer-by-layer UST 

(Fig. 3(c,d)) with a thickness of  82 μm had good adhesion to the base metal (steel 45) 

and was formed from two types of particles, probably with different temperature interval 

of their formation: large particles of 25–70 μm and small particles of 1–7 μm, which 

filled uneven areas.  

With increasing the power of layer-by-layer UST up to 400 W, only large molten 

particles of 18–40 μm size were observed, which formed a coating of different 
thicknesses on average  46 μm (Fig. 3(e,f), having good adhesion to the base metal. 

Figure 4 shows the results of micro-X-ray spectral study of the distribution of 

chemical elements (Ni, Al, Fe) before and after ultrasonic treatment (UST) with 200 W 

power in coatings deposited on steel 45 samples by plasma spraying of PN85Y15 powder. 

As can be seen from Fig. 4(a), if PN85Y15 powder particles are sputtered without UST a 

loose and adhesionally unstable coating with a thickness of  120 μm is formed. Iron from 

Сoating 
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steel 45 and nickel and aluminium from the coating mutually diffuse towards each other 

to form a transition layer (Fig. 4(b)), which could be responsible for the adhesion strength 

of the coating. As can be seen from Fig. 4(b), at a distance from the surface of  100 μm, 
there is a sharp decrease in the content of all elements in the coating, which could lead 

to a drop in strength and the formation of a boundary crack.  

 

 
(а) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Fig. 3. Metallographic images of the surface of PN85Y15 coatings of samples from steel 45 (a,c,d,e)  

and their cross sections (b,f) (without UST (a,b) and with UST power 400 W (e,f), 200 W (c,d)) 

 

Figure 4(c) shows a ferromagnetic powder coating obtained using a 200 W UST. In 

the border zone, at a distance from the surface  60 μm (Fig. 4(d)), in the coating there 

was a sharp decrease in the content of Ni, Al and simultaneous transition from steel 45 

elements Fe and Cr, which provided the coating with good adhesion to the base metal. 

A characteristic feature of ultrasound is that, unlike thermal energy, acoustic energy 

affects plasma chemical reactions of liquid chemical elements, activates physical and 

chemical processes and is absorbed by the boundaries of grains, particles and the 

boundaries of the transition layer between the coating and the substrate.  

It can be assumed that during magnetisation of coatings made of ferromagnetic 

materials (e.g., nickel, iron) magnetic moments of domains acquire preferential 

orientation in the direction of the external magnetic field and the coating material 



Ultrasonic layer-by-layer treatment of PN85Y15 coating as a way to increase wear resistance of friction pair with bronze  56 

deforms (expands or contracts) even before solidification (crystallisation). Probably, 

magnetostrictive deformation of liquid phase particles reduces the crystallisation 

temperature and promotes the formation of ultrafine and superhard particles of Fe2Al5 

phases with the size of 1–7 μm after layer-by-layer UST with 200 W power. 

 

 

 

(a) (b) 

 

 

(c) (d) 

 
Fig. 4. Metallographic images of the surface of PN85Y15 coatings of steel 45 samples (a,c) and 

concentration distribution of elements (b,d) in the coating without UST (a,b) and with 200 W UST (c,d) 

 

According to the Fe-Al equilibrium diagram [32], at the eutectic temperature of 

654 °C, the solubility of iron in aluminium is negligible (0.03 at. %), while the solubility 

of aluminum in iron is 600 times higher and amounts to about 32 %.   

As shown in Fig. 4(d), after layer-by-layer UST with 200 W, unlike the coating 

without UST, iron from steel 45 and aluminium from the coating mutually diffuse towards 

each other to form a transition layer in which aluminium dissolves into iron to form 

ultrafine particles Fe2Al5 (71 at. % Al).  
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At room temperature, the particles of intermetallic phase Fe2Al5 have a high 

hardness of 11.5 GPa. The appearance of such particles in the surface layer may explain 

the high wear resistance of the coating after layer-by-layer UST with 200 W power. 

It should be noted that after layer-by-layer UST with 200 W power, in the transition 

layer of the coating, in which aluminium dissolves in iron and particles Fe2Al5 are formed, 

chromium with a maximum concentration of 16.35 % diffuses there from steel 45 

(Fig. 4(d)), which should potentially increase the corrosion resistance of such a coating. 

 

X-ray diffraction studies of phases and internal stresses of coatings 

The results of the X-ray diffraction study of the phase composition of the coatings 

deposited on steel 45 samples by plasma spraying of PN85Y15 powder, without UST and 

with 200 W UST, are substituted in Table 1.  

In the coating treated with UST power of 200 W, in comparison with the coating 

without UST treatment, in addition to large particles of nickel-based compounds 

Ni3Al [11,33], small particles of the second phase Fe2 Al5 were detected (Fig. 3(c,d), 

Table 1). At the same time, diffraction lines of Ni3 Al compounds on the basis of nickel 

were significantly broadened, which indicated the appearance of significant internal 

stresses in the coating. 

 
Table 1. X-ray diffraction studies of phases and internal stresses of coatings 

Coating grade 
Spray coating 

mode with UST 

Phase 

composition of 

the coating 

At a distance from the surface h, μm 

20 120 220 320 420 520 

Residual stress values, MPa 

PN85Y15 Without UST Ni3 Al - 18 + 13 + 14 + 18 + 20 + 22 

PN85Y15 UST 200 W Ni3 Al, Fe2Al5 - 118 - 72 - 70 - 62 - 50 - 48 

 

As shown by the results of residual stress measurement using the SITON-TEST 

device, favourable compressive stresses appeared in the coating treated with a 200 W 

UST (Table 1). This could contribute not only to the surface hardening but also to the 

adhesion strength and wear resistance of the coating. 

 

Tribotechnical studies of coatings 

Figures 5 and 6 show the results of time variation of the coefficient of friction (Ktr) during 

a wear test of friction pair "coating PN85Y15 - bronze BrB2" at the 100 and 300 N loads: 

before and after layer-by-layer UST of 200 and 400 W. It can be seen that the coefficient 

of friction of the friction pair "coating with UST-200 - bronze" decreased by 2 times (from 

0.6 to 0.3) at a 100 N load in comparison with the coating without UST. 

Figures 7 and 8 show the results of temperature variation in time during testing of 

friction pair "PN85Y15 coating - BrB2 bronze": before and after layer-by-layer UST with 

200 and 400 W power at 100 and 300 N loads. 

During the 100 and 300 N load tests, the coatings obtained by a 200 W layer-by-

layer UST had a lower mean operating temperature in comparison with coatings without 

UST: 7 ºC (67.7 and 60.7) and 6.3 ºC (77.3 and 71.0), respectively. 
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Fig. 5. Variation of friction coefficient during 2-

hour test "PN85Y15 coating - BrB2 bronze" at a 

load of 100 N 

Fig. 6. Variation of friction coefficient during 2-

hour test of friction pair "PN85Y15 coating - 

bronze BrB2" at a load of 300 N 
 

 
 

Fig. 7. Temperature change during a 2-hour 

test of the friction pair "PN85Y15 coating - 

BrB2 bronze" at a load of 100 N 

Fig. 8: Temperature change during a 2-hour test 

of the friction pair "PN85Y15 coating - BrB2 

bronze" at a load of 300 N 

 
 

  
Fig. 9. Mass wear of the PN85Y15 coating after 

testing at a load of 100 N: before and after 200 W 

and 400 W layer-by-layer USTs 

Fig. 10. Mass wear of PN85Y15 coating after 

tests at 300 N load: before and after layer-by-

layer UST of 200 W and 400 W power 
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Table 2 shows the mass wear results of the PN85Y15 coating after a 2-hour 100 

and 300 N load tests before and after 200 and 400 W layer-by-layer UST. 

 
Table 2. Mass wear of the coating after testing at 100 and 300 N load  

Coating grade 
Spray coating mode with 

UST 

Load 100 N Load 300 N 

Wear, mg Wear, mg 

PN85Y15 Without UST 542.67 605.67 

PN85Y15 UST 200 W 44.67 66.5 

PN85Y15 UST 400 W 104.67 116.67 

 

At the 100 and 300 N load tests, the coatings obtained by plasma spraying of 

PN85Y15 powder combined with 200 W layer-by-layer UST had less wear in comparison 

with the coating without UST by more than 12 times (542.67 and 44.67 and more than  

9 times (605.67 and 66.67), respectively. 

 

Profilometric studies of the coating structure 

The optical microscopy results completely coincides with the profilometric studies of the 

structure of the coating surfaces (see Table 3). 

 
Table 3. Roughness parameters of PN85Y15 coatings paired with bronze after the 100 and 300 N load 

tests: before and after layer-by-layer UST with 200 and 400 W power 

Spray coating mode with 

UST 

Load 100 N  Load 300 N 

Ra Rz Rq Ra Rz Rq 

Without UST 7.402 37.423 9.214 7.078 32.828 8.695 

UST 200 W 3.182 18.331 4.082 4.203 22.260 5.231 

UST 400 W 3.931 29.375 4.960 4.119 21.435 5.200 

 
Table 4. Roughness parameters of coatings characterising wear resistance and sprayed before and after 

USTs of 200 W and 400 W (RРK is a parameter characterising the height of protrusions that wear quickly 

during the first run-in period; RK is the depth of surface profile irregularities defining the profile base, 

bearing area as the outer layers wear; RVK is the average depth of profile depressions that determine the 

lubricity of the surface; RPK+RK are the sum of parameters characterising wearability of working surfaces of 

the product, e.g. crankshaft journals) 

Coating grade 
Spray coating mode 

with UST 
Rpk Rk Rvk Rpk+Rk 

PN85Y15 Without UST 48 35 17 83 

PN85Y15 UST 200 W 40 55 5 95 

PN85Y15 UST 400 W 46 46 8 92 

 

Roughness parameters of powder coating sprayed with layer-by-layer UST of 200 W 

power are an arithmetic mean profile deviation Ra, height of profile irregularities at ten 

points Rz, mean square deviation of profile Rq decreased by 2 times in comparison with 

coating without UST. The roughness parameters characterising the wear resistance of the 

powder coating sprayed with layer-by-layer UST of 200 W power (Rpk, Rk, Rvk) were also 

improved. These parameters were obtained from the construction of the surface reference 

curve (Abbott curve), which characterises the percentage of material content by 

roughness layer height within the maximum (Rmax) and minimum height (Rmin) of 
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microroughnesses. Four parameters characterising the wear process were determined 

from the Abbott curve (Table 4). 

As can be seen Fig. 11, the coatings obtained by plasma spraying of PN85Y15 

powder combined with layer-by-layer UST with a power of 200 W, had a better complex 

of parameters characterising the wear process in comparison with the coating without 

UST (Table 4).  

 

 
Fig. 11. Values of surface roughness parameters Rpk, Rk, Rvk characterising wear resistance of PN85Y15 

coatings in the surface layer 

 

Based on the obtained results, it can be concluded that the coatings obtained by 

plasma spraying of ferromagnetic powder combined with layer-by-layer UST had higher 

adhesion to the base metal in comparison with the coating without UST, and sufficient 

porosity, which provided the crankshaft with increased lubricity if working with lubricant. 

In addition, the coatings obtained by layer-by-layer UST with 200 W power formed 

a two-component structure of large ( 40 μm) and small ( 1–7 μm)of granules, which 

filled the surface imperfections and provided the crankshaft not only with increased 

lubricity, but also with adhesive strength. 

 

Conclusions 

Based on the results obtained, it can be concluded that the coatings obtained by plasma 

spraying of PN85Y15 ferromagnetic powder combined with layer-by-layer UST of 200 W, 

compared to the coating without UST, possessed: 

1. higher adhesion to the base metal and sufficient porosity which, when working with 

the lubricant, will provide the crankshaft with increased lubricity; 

2. two-component structure of granules - large (~ 40 μm) and small (~1–7 μm), which 

filled surface imperfections and reduced coating roughness by 2 times; 

3. structural-phase transformations with the formation of ultrafine superhard 

intermetallic particles of Fe2Al5; 

4. formation of favourable compressive residual stresses; 

5. improvement of tribotechnical properties of friction pair "coating - bronze": reduction 

of wear in 12 and 9 times, at load 100 and 300 N, respectively; reduction of friction 

coefficient in 2 times and contact temperature on average by 5 ºС. 

Thus, based on the results obtained, it can be concluded that plasma spraying of 

PN85Y15 powder with layer-by-layer UST with a power of 200 W leads to an increase in 
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the wear resistance of surfaces in comparison with coating without UST. Such coating is 

recommended for spraying on worn main and connecting rod journals of crankshafts of 

internal combustion engines of automobiles. 
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ABSTRACT  

A study of friction and wear of polyoxymethylene-polyoxymethylene and polytetrafluoroethylene-

polytetrafluoroethylene pairs with simultaneous registration of the level of heating caused by friction has been 

carried out. The data obtained were analyzed both by using the energetic wear versus friction power plots and 

by using the solutions of finite element simulations of the thermal problem in the realistic friction geometry of 

the thrust bearing type used in the experiments. The solutions provide estimates of heating in vacuum and 

atmosphere. The calculated heating levels in vacuum suggest that triboinduced scissions of polyoxymethylene 

macromolecules registered by means of mass-spectrometry in polyoxymethylene-polyoxymethylene pair are 

initiated at temperatures below the temperatures of the onset of pure thermal decomposition of this polymer 

and its melting. Correlation between the presence of triboinduced scissions of macromolecules upon friction 

force transition, the registered exponential growth of wear upon increase of friction power in polyoxymethylene-

polyoxymethylene pair and the absence of these phenomena in other pairs studied suggests that triboinduced 

scissions of macromolecules is governing mechanism controlling overall wear of the polymers studied. The 

approach was also shown to be informative in comparison of the wear of these polymers against steel and of the 

wear of pure polyoxymethylene and its composite with C60 fullerene. 
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Introduction 

The wear process of polymers and their composites is an important practical problem [1–3]. 

Its experimental study consists of measurements of the main interrelated parameters: 

friction force (Ffr), normal load (Fn) or nominal pressure (P = Fn/S, where S is a nominal 

contact area), relative sliding speed of rubbing bodies (V) and the value of sample mass 

loss (Δm). Important parameter in wear studies is a proportionality coefficient, usually 

called "energetic wear", between Δm and the total work spent by friction forces during 

the experiment I = Δm/A (𝐴 = ∫ 𝐹fr𝐿0 ⋅ dx, where x is the current path length, L is the total 

friction path length). In the case of polymer materials, the role of heating is significant, 

due to the strong dependence of their properties on temperature. Therefore, the account 

of the triboinduced heating of the samples (ΔT) is needed in relation to the above 

parameters. Our previous works [4,5] have shown that I measured in polyoxymethylene 

(POM)-POM symmetric pair exponentially increases with increasing parameter P·V. This 

http://dx.doi.org/10.18149/MPM.5242024_7
https://orcid.org/0000-0002-7458-3953
https://orcid.org/0000-0002-8259-2606
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parameter is found in the analytical solution of diffusion equations describing heating 

level at the interface between two semi-infinite bodies in perfect contact (see, e.g. [6]): 𝛥𝑇 = 2⋅𝐽𝜆 ⋅ √𝑘⋅𝑡𝜋 ,              (1) 

where J is the energy flow into one of the contacting bodies, 𝑘 = 𝜆𝜌∙𝐶𝑣 is the thermal 

diffusivity coefficient, λ is the thermal conductivity coefficient, ρ is the density, Cv is the 

specific heat capacity, t is time. 

In [4,5] we used this equation to qualitatively judge on the trends in heating level 

at the interface. However, the conditions necessary to obtain the analytical solution (1) 

are the time-independent magnitude of the heat source during friction (specific friction 

power): W = Ffr·V/S = μ·Fn·V/S = μ·P·V = const (μ is the coefficient of proportionality of the 

one-term Amonton-Coulomb law: Ffr = μ·Fn, usually called the friction coefficient) and the 

constancy of the thermal properties of the bodies (k = const). Note, the value of W is thus 

equal to P·V  parameter with an accuracy to multiplier μ. The distribution of friction power 

in counter body (1) and (2) is described by: J1 = W·kd, J2 = W·(1 - kd), where J1 and J2 are flows 

into the bodies (1) and (2), respectively [6], kd  is the heat distribution coefficient. In real 

dynamic friction experiments, Ffr and k (see e.g. [7]) depend on sliding time at a 

constant Fn. Equation (1) also does not take into account heat removal by convection and 

radiation and thus cannot be used for long-term friction. Convection heat loss is obviously 

significant during friction under atmospheric conditions and is negligible in vacuum 

conditions. Note also that the measurements of the temperature directly at the interface 

is a complex experimental problem. In this regard, for real experimental conditions where 

the bodies of specific finite sizes and material properties are used, it is necessary to 

develop computational approaches that take into account the factors discussed above. 

Recently, the analysis of thermal problems in friction were actively carried out by using 

numerical methods [8–16], including the finite element method (FEM). Many studies 

address the solution of the inverse thermal problems in friction with at least partial 

account of experimental parameters (see [11] and references therein), however the 

relation of tribogenerated heating to polymer wear has not been sufficiently explored in 

recent works, though the problem was formulated in earlier studies [17].  

Our studies suggest [4,5] that the scissions of macromolecules are a reason of 

friction force transitions from low to high level in POM-POM pair and determine the wear 

of the polymer. Quantitative analysis of the interrelations between transformations of 

macromolecules and macroscopic wear as well as understanding of the nature of these 

interrelations require quantitative estimates of triboinduced heating of the friction 

interface in the real experimental geometry. The purpose of our work is, therefore, to 

adapt FEM analysis to the real experimental friction geometry we are using (thrust 

bearing) in order to account for heat generation at friction interface and its removal by 

convection in the analysis of wear of model polymer-polymer friction pairs in atmosphere 

and vacuum conditions. The attempt is done to apply the results of simulations to the 

interpretation of experimental data on wear of symmetrical friction pairs 

polytetrafluoroethylene (PTFE)-PTFE and POM-POM. A qualitative comparison of these 

data with the data obtained in the case of friction of these polymers against steel was also 

carried out. An analysis of these issues for such friction pairs has not been found in the 
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literature, despite the ongoing theoretical and practical interest in this problem [18–23]. 

The study is important, among other things, because the friction of polymer against 

polymer is also realized in the case of friction of polymers against inorganic surfaces, e.g. 

metals, due to the formation of polymer transfer layers on their surface. 

 

Materials and Methods 

To determine Ffr and Δm under atmospheric conditions, a friction machine of our own 

design was used. The machine realizes friction in thrust sliding bearing geometry [4]. 

Figure 1 is a drawing of the unit that implements friction. It consists of a steel rod (1), 

located in the motor gearbox, driven by three-phase motor. A hollow cylinder-

counterbody made of polymer (2) is tightly installed into the top face of the rod. A flat 

polymer or steel plate counterbody (3) fixed at steel table holder surface (4) is loaded 

onto the top of the hollow cylinder by normal load. The table with the plate is fixed on 

the top of the gyroscopically adjusted rod (5), which rotates freely in zirconium oxide 

rolling bearings (6). The rotation of the table (4) and rod (5) caused by the friction of the 

hollow cylinder, loaded onto flat plate-counterbody and rotating around its axis, is 

restrained by a rigid thin steel rod (not shown). One end of this thin rod is fixed at the 

outer radius of the table (7), and the other on a strain gauge beam (not shown). 

 

 
 

Fig. 1. General view of the friction unit implementing friction. Rotating steel rod (1), hollow cylinder 

counterbody (2), plate counterbody (3), steel table holder (4), rotating steel rod (5), zirconium oxide 

bearings (6), screw-holder (7) of the thin rod (see text) connecting the table-holder and the strain gauge 

beam thus constraining rod (5) from rotation, electrical and heat-insulating paper layer (8) 

 

The force measured by the strain gauge beam is proportional to the torque created 

by friction [4]. This enables calculation of the friction force Ffr from the given radius of 

the outer side of the table-holder, inner and outer radii of the friction generated ring at 

the plate counterbody (with an accuracy of 0.1 mm the latter radii corresponded to the 

radii r1 and r2 of the hollow cylinder [4]). The table holder is covered with an electrical 

and thermal insulating layer of paper of around 0.5 mm thickness (8), located between 
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the plate (3) and the table (4). Due to its low thermal conductivity, the presence of this 

insulating layer increases sensitivity of the measurements of small absolute values of 

temperature. The flat plate is fixed to the holder table by using screws. The compression 

force of the tightening screws was not quantitatively measured in different experiments 

(this is typical for majority of the works in tribological practice). This may lead to 

deviations of, e.g., the thermal diffusivity of the paper layer from the value used in the 

calculations (Table 1).  

 
Table 1. Material properties used in calculations 

 POM PTFE Steel 20 Paper 

ρ, kg/m3 1410.00 2200.00 7900.00 500.00 

Cv, J/kgK 1470.00 1500.00 420.00 1340.00 

λ, W/(m·K) 0.31 0.1670.300 45.00 0.04 

, m2/sec 1.49∙10-7 9.95∙10-7 1.35∙10-5 
6.00 (± 2.00) 10-8  

(see text) 

Tg
*, K 182.00 [24] 

160.00 [24] 

140.00  400.00 [25] 
  

Tm
**, K 442.00 600.00 1790.00  

σo
***, MPa 140.00 50.00 1000.00  

* glass transition temperature 
** melting temperature 
*** Brinell hardness 

 

The counterbodies are hollow cylinders with a height of 18 mm, external (r1) and 

internal (r2) radii of 4.5 and 3 mm and plates with a thickness of ~ 1–2 mm and lateral 

dimensions of ~ 15 × 20 mm. They were cut from industrial PTFE (PKP, 

PolimerkhimpromTM), POM (POM-H TiconaTM) and grade 20 steel (GOST 1050-88) material. 

POM-fullerene C60 composites were prepared by introducing a saturated solution of C60 

in toluene into the polymer melt with constant mechanical stirring of the mixture for 

several minutes at a temperature of ~ 200 °C. Fullerene C60 powder with a concentration 

of C60 > 99 wt. % was used (Fullerene Technologies company). After mechanical mixing of 

the components, the melt was cast onto glass substrate, subjected to compression 

between two glass plates under a pressure of ~ 5 MPa and non-isothermally cooled to 

room temperature. The degree of dispersion of fullerene in the composite was not 

controlled at this stage of research. It can be noted that the resulting composites had a 

darker, light ochre color compared to the white color of the original POM. The fullerene 

concentration in the composite was ~ 0.5 mass. %. 

The contact surfaces of the samples were grinded to a roughness of Ra ~ 0.5 µm, 
determined with a TR-200 profilometer. Before rubbing, the samples were washed with 

warm distilled water and dried. Friction started at room temperatures (Tamb)  

at atmospheric humidity ~ 50 %. The mass loss m of the samples as a result of friction 

was determined using Kern 770 analytical balances as the difference in the mass of the 

sample (both the hollow cylinder and the plate were weighed) before and after friction. 

Before weighing, the samples were carefully wiped with a clean, dry calico cloth to 

remove wear particles. The presence of the particles was controlled by using an optical 

microscope. The accuracy of determining the mass of samples is 0.1 mg. Experiments 

v
C

k


=


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were carried out in the range of loads Fn up to 150 N (contact pressure up to ~ 4 MPa, for 

the nominal contact area S = π∙(r1
2-r2

2) and sliding speeds up to 0.11 m/s. The temperature 

during friction was measured with a chromel-alumel thermocouple. The tip of the 

thermocouple is tightly clamped between a flat, stationary plate counterbody and an 

insulating paper layer located at the surface of sample holder table. The distance between 

the friction interface and the measuring point used in the calculations is thus estimated 

as the thickness of the plate counterbody in the given experiment. The accuracy of lateral 

position of the thermocouple tip is estimated at the level of ~ 1 mm. The values of 

material properties [23,24] used in FEM simulations are given in Table 1. Experiments in 

vacuum conditions of mass-spectrometer were earlier performed by using the friction unit 

of the same geometry and properties. Experiments in mass-spectrometer are discussed 

elsewhere [4] in more detail. 

 

Results and Discussion 

Statistics of Δm values was collected in experiments carried out in atmosphere for sliding 

speed V range of 0.021  0.1 m/sec (calculation based on the average radius of a hollow 

cylinder 0.5·(r1+r2)) and P values in the range of 0.39  3.6 MPa. Comparable statistics of 

around 20 measurements was collected for all pairs. Figure 2(a) shows the experimental 

points corresponding to all experiments performed, presented in double logarithmic 

coordinates ΔmA (A is the total work of friction in the given experiment). Hollow circles 

show the results obtained for the PTFE-PTFE pair, gray circles - for the POM-POM pair. 

Data for steel-PTFE and steel-POM pairs are shown as solid and hollow squares, 

respectively. It can be seen that when the experimental parameters change in the same 

range of P and V values, the data for the POM-POM pair have an order of magnitude 

greater scatter compared to the PTFE-PTFE, steel-PTFE and steel-POM pairs. For PTFE-

PTFE, steel-PTFE and steel-POM pairs, the dependences of Δm on A are quite satisfactorily 

fit by linear functions (straight lines 1,2,3).  In the case of the POM-POM pair, the scatter 

of data does not allow us to identify a general linear dependence for all combinations of 

P and V. Note, however, that for fixed P and V, the dependences of Δm on A in the POM-

POM pair has much smaller scatter, similar to that recorded in the PTFE-PTFE pair, and 

can also be described by similar linear relationships which are not shown in the figure for 

view convenience of the data. They shift upwards upon growth of W. These observations 

make it reasonable to plot the value of the proportionality coefficient between these 

values (I = Δm/A) versus the value of the friction power W. These plots (Fig. 2(b)) show 

that for the POM-POM pair the value of I increases exponentially upon the growth of the 

value of W. For POM-POM pair friction coefficient is ~ 0.35 for the data shown in Fig. 2. 

This level of μ is detected after friction force transition Fmin
fr→Fmax

fr  in POM-POM pair (see 

below in Fig. 4(a) and other examples in [4,5]). Before Fmin
fr→Fmax

fr transition in POM-POM 

pair the value of μ is ~ 0.1, close to that for other pairs studied. In these pairs no transition 

of friction force was detected in our dynamical friction force measurements. The mass 

loss of the samples at the level of friction force corresponding to μ ~ 0.1 in POM-POM 

pair is below sensitivity level of analytical balances ( 0.1 mg). The increase in the value 

of I with increasing W for the pairs PTFE-PTFE, steel-PTFE and steel-POM is not obvious.  
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Fig. 2. (a) Dependences of Δm on the friction work (A) for experiments carried out for all combinations of 

P and V. Gray solid circles: POM-POM friction pair. Open red circles: PTFE-PTFE pair (line 1), solid blue 

squares: steel-PTFE pair (line 2), solid green squares – steel-POM pair (line 3). Double logarithmic 

coordinates are used; (b) dependences of the magnitude of coefficient Δm/A on the magnitude of  

W for friction pairs PTFE-PTFE (box 1, open red circles), steel-PTFE (box 2, solid blue squares), steel-POM 

(box 3, solid green squares), POM-POM (gray solid circles around line 4). Crosses: data from experiments 

with the POM-POM-C60 pair. Solid red rhombs: POM-POM friction pairs in a vacuum. The ordinate axis is 

logarithmic. For symmetric POM-POM and POM-POM-C60 pairs the mean values of Δm of cylinder and 

plate counter bodies are plotted; (c) dependences of the mass loss of the stationary plate (Δmplate) versus 

the mass loss of the cylinder (Δmcyl). Gray solid circles: POM-POM pair. Open red circles: PTFE-PTFE pair. 

Solid red rhombs – friction experiments with POM-POM pairs in a vacuum. Double logarithmic 

coordinates are used 

 

The average I values for these pairs were, respectively, 0.99  0.02 g/MJ (PTFE-PTFE), 

9  0.7 g/MJ (steel-PTFE), and 0.03  0.005 g/MJ (steel-POM). 

Crosses in Fig. 2(b) show the measurements carried out at different W for the POM-C60 

composite upon friction against POM. It can be seen that, within the range of 

experimental scatter, the difference between the values of I of pure POM and POM-C60 

composite is difficult to distinguish. It can be assumed that the similar wear values of the 

composite and pure POM are due to the strong aggregation of fullerene in the matrix as 

a consequence of the method of mixing the components we used. Further efforts are 

underway to deal with the problem. 

Figure 2(c) shows the dependences of the mass loss of the stationary plate (Δmplate) 

versus mass loss of the cylinder (Δmcyl) for the described experiments. The straight line in 

Fig. 2 shows the dependence for equal values of mass loss of the counterbodies: 

Δmplate = Δmcyl. It is seen that for the PTFE-PTFE pair, the experimental points (hollow 

circles) are located near this dependence. This implies even wear of plate and cylinder in 
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this pair. In the case of POM-POM pair, the experimental points obtained for 

W ˂ 0.03 MW/m2 are also located around this dependence, thus indicating even wear of 

the plate and the cylinder at low friction powers. However, for W > 0.03 MW/m2 (points 

highlighted by the box in Fig 2(c)), the measurements show strong increase in wear of 

the POM cylinder compared to wear of POM plate. Similar results were obtained in the 

case of POM-POM friction in vacuum (solid red rhombs highlighted by the box in Fig. 

2(c)). Note here that for these vacuum experiments with POM-POM pair (solid red rhombs 

in Fig. 2(b)), the values of I are located above the characteristic exponential dependence 

of I versus W for the POM-POM friction pair under atmospheric conditions (line 4). This 

suggests higher heating at friction interface due to the absence of heat removal by 

convection in vacuum. For other pairs the I  W dependences in P∙V range accessible in 

our vacuum friction machine (P∙V up to ~ 0.15 MPa·m·sec-1) were comparable in vacuum 

and in atmosphere. Recall, the value of W is equal to more widely used in practice P·V 

parameter with an accuracy to multiplier equal to friction coefficient μ. 

The experimental data described above qualitatively suggest that growth of W and 

hereto related increase in heating in the POM-POM pair result in transition from even 

wear of the cylinder and the plate to increased wear of the cylinder compared to the 

plate. This effect is not observed in the PTFE-PTFE pair in the range of W studied. This 

suggests that tribogenerated heating does not result in uneven wear in this pair and does 

in POM-POM pair. The small and comparable scatter of the Δm  A dependences for the 

steel-POM and steel-PTFE pairs may also indicate a negligible effect of heating on wear 

in these friction pairs. 

As shown in [4,5], the mechanism of POM wear in the thermodynamically 

compatible POM-POM pair is reasonably interpreted by triboinduced scissions of POM 

macromolecules in a shear field. By using mass-spectrometry it was shown [4] that the 

scissions initiate Fmin
fr → Fmax

fr transition in POM-POM pair. For PTFE-PTFE, steel-PTFE and 

steel-POM and other POM-polymer pairs studied in [4], neither friction force transitions 

nor macromolecular volatile products of scission are recorded at comparable initial W 

levels. This is in good accord with the absence of changes in I upon growth of W level in 

PTFE-PTFE pairs, steel-PTFE and steel-POM pairs (see above discussion of Fig. 2(b)).  

The exponential dependence of I on W in the POM-POM pair measured after Fmin
fr → Fmax

fr 

transition covers the range of I in all three other pairs studied (highlighted by boxes in 

Fig. 2(b)). The effects described above make a more detailed quantitative analysis of 

tribogenerated temperatures at the friction interface important and is considered below. 

 

Simulation method and Discussion 

To calculate tribo-induced heating (ΔT), preliminary modeling of the friction geometry of 

the friction unit (Fig. 1) used in the work has been carried out. The main part of the unit, 

which realizes friction per se in the geometry of the thrust bearing, is shown in Fig. 3(a).  

Simplifications made to construct the model shown in Fig. 3(a) were justified by the 

following factors. In real friction geometry, zirconium oxide ball bearings (6 in Fig. 1), 

located in a lining of the same material, do not move when friction experiments are 

performed and have very low thermal conductivity. The area of their contact with the 

bearing lining is also vanishingly small compared to the contact areas of other objects in 
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the model. In this regard, they were not used in the calculation geometry used. 

Calculations also show that the increase of the size of steel rods (1,5 in Fig. 1) above that 

used in simulations described below led to negligible (at the level of 1 K) changes in the 

resulting temperature dependencies. Account of small machine parts of the real drawing 

(Fig. 1) resulted in negligible changes to these dependencies and were not modeled. 

Mathematically, heating processes can be described by solutions of non-stationary 

diffusion equation of the form [26]: 𝜕𝑇𝜕𝑡 − 𝑘 ⋅ 𝛻2𝑇 = 0,              (2) 

with given boundary and initial conditions. The equation assumes infinite heat 

propagation velocity and serves as first approximation for more realistic models [27]. To 

analyze the thermal problem, we developed calculation programs in the Comsol 

Multiphysics6.2TM software package for numerical calculations using FEM [28,29] based on 

Galerkin type methods [30]. Its use greatly simplifies the analysis of three-dimensional 

temperature distributions in contacting bodies and the time dependences of ΔT. To 

analyze the thermal problem in the geometry discussed above, the Heat Transfer in Solids 

simulation block was used, which implements the solution of Eq. (2) using FEM, in 

combination with the non-stationary simulation block Time Dependent Study. Geometric 

regions were meshed into a grid of tetrahedrons with their size decreasing near the 

interface by using the procedure of creating boundary layers. The boundary conditions 

associated with heat transfer by convection were specified at all surfaces of the objects 

constituting the geometry except their ends. Note, heat fluxes by radiation constituted a 

small fraction of the total flux, therefore this heat removal channel was not directly taken 

into account in the calculations. However, it is implicitly included in the total heat 

removal, taken into account by the effective convective heat removal coefficient (see 

below). 

FEM calculations using realistic experimental geometry were preliminary compared 

to analytical solutions of model thermal problems. For a one-dimensional diffusion 

equation for two semi-infinite bodies in perfect planar contact, with a time-independent 

energy flow J at the interface (𝐽 = −𝜆‧ 𝜕𝑇(0,𝑡)𝜕𝑧 ), the analytical solution for the temperature 

distribution in the direction perpendicular to the interface has the form [6]: 𝛥𝑇 = 2⋅𝐽𝜆 ⋅ 𝑓(𝑞) · √𝑘⋅𝑡𝜋 ,             (3) 

where 𝑓(𝑞) = 𝑒−𝑞2 − 2 ⋅ 𝑞2 ⋅ ∫ 𝑑𝜂 ⋅ 𝑒−𝜂2⋅𝑞2∞1 , 𝑞 = 𝑧√4⋅𝑘⋅𝑡,  z is the coordinate in the direction 

perpendicular to the interface, J is the heat flow into one of the contacting bodies. This 

ideal geometry obviously does not account for convective and radiative fluxes.  

In Fig. 3(b), curve 1 shows the calculation obtained by using FEM for the case of contact 

between the flat top ends of two identical solid cylinders (their full length is the same as 

the length of the full realistic geometry, radius 10 mm, that is maximum radius in real 

geometry) made of POM without account for heat removal by convection. Calculation 

parameters used are mean value of Ffr from friction force dependence in Fig. 4(a) (27 N), 

heat distribution coefficient kd = 0.5 and time of friction 900 sec. This simplifies 

comparison with experimental data analysis of symmetric pairs. This profile reflects  
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Fig. 3. (a) Side view of the geometry of the friction unit used in FEM simulations. Steel rod (1), hollow 

cylinder made of PTFE or POM (2), plate counterbody made of POM, PTFE or steel (3), steel table-holder 

(4), located on a freely rotating steel rod (5), paper insulating layer (6). Radii of cylinder rod (1) and table 

table holder (4) used in calculations are: ro = 10 mm. Size of the hollow cylinder (2): height 18 mm, outer 

(r1) and inner (r2) radii: 4.5 and 3 mm, thickness of the counterbody plate 1 mm, thickness of the insulating 

layer 0.5 mm. The depth of insertion of the hollow cylinder into the rod is 5 mm. The length of the rod (1) 

and cylinder (5) used in the calculations was chosen to be equal to 70 mm; (b) temperature distribution 

profiles along the z axis shown in fragment (a). 1 is the profile obtained by using FEM without a heat 

removal for a model of two identical solid POM cylinders with a radius ro = 10 mm in contact of their flat 

top ends. The open rhombs around curve 1 show the analytical solution obtained using Eq. (3) (Ffr = 27 N, 

t = 900 sec in both calculations, see text). Profiles 2–7 were obtained for real geometry given by  

the fragment (a) along dashed curve located at the center of the edge of the hollow cylinder (see text). 

Profiles 2 (blue), 3 (green) – all machine parts have POM material properties, h = 0 Watt/(m2·K)),  
3 – h = 8 Watt/(m2·K), respectively. Profiles 4 (blue),5 (green) – machine parts have material properties of 

real friction unit, friction pair POM-POM, h = 0 Watt/(m2·K) and h = 8 Watt/(m2·K), respectively. Profiles 6, 

7 the same for friction pair POM (cylinder)-steel (plate), h = 0 Watt/(m2·K), h = 8 Watt/(m2·K), respectively. 

Arrows a, b, c show the interfaces between the cylinder and the plate, between the plate and the 

insulating layer, between the insulating layer and the steel table-holder, respectively 

 

the temperature distribution in the center of the solid cylinders along z axis (Fig. 3(a)). 

Points in Fig. 3(b) show the solutions obtained by using Eq. (3). It can be seen that the 

analytical solutions agree with the results of FEM simulations with high accuracy. Near 

the ends of the cylinders, that is, at a considerable distance from the friction interface, 

slight deviations from analytical solutions are observed (not shown). 

The temperature distributions along the radius of a solid cylinder obtained in FEM 

simulations were also analyzed. Boundary conditions at the surfaces of objects caused by 

heat removal by convection are described by relation: λ (dT/dn)n=o = -h·(Tn=0-Tamb)n=o, where 

n is the value of the corresponding coordinate, and the origin of coordinates is associated 

with the boundary, h is the heat removal coefficient [27]. They were compared to the 

analytical solution for the temperature profile along the radius of the cylinder of infinite 

length cooled by convective heat removal from external surfaces characterized by heat 

removal coefficient h (the solution of the diffusion equation by the method of separation 

of variables is described, e.g., in [27]): 𝜃 = 𝜃𝑜 ⋅ ∑ 2⋅𝐽1(𝜇𝑛)[𝐽𝑜(𝜇𝑛)2+𝐽1(𝜇𝑛)2]∞𝑛=1 ⋅ 𝐽𝑜(𝜇𝑛 ⋅ 𝑟𝑟𝑜) ⋅ 𝑒𝑥𝑝( − 𝜇𝑛2 ⋅ 𝑘⋅𝑡𝑟𝑜2 ),        (4) 



72  A.O. Pozdnyakov, E.B. Sedakova 

where t is time,  = T(t,r)-Tamb and o = Tinit-Tamb are the current and initial temperatures 

relative to the ambient temperature Tamb, respectively, T(t=0,r) = Tinit is the condition of the 

same temperature over the entire cylinder prior to cooling, Jo and J1 are Bessel functions of 

the zero and first order, respectively, μn are parameters determined graphically by solutions 

of the equation   
𝐽𝑜(𝜇)𝐽1(𝜇) = 𝜇𝐵𝑖, 𝐵𝑖 = ℎ·𝑟𝑜𝜆  (Biot number), ro is the radius of the cylinder, r is the 

distance from its center along the radius. In this case, the dome-shaped profiles (not shown) 

of the ΔT distribution along the radius of the cylinder with the maximum ΔT in its center 

calculated by using FEM coincided with the analytical solutions (Eq. (4) with four series 

number was used) with the same high accuracy as in the example of ΔT profiles along the 

cylinder axis discussed above. The mesh parameters of the geometry used in the above 

model FEM calculations were applied in the calculations of the real geometry (Fig. 3(a)) 

used for fitting the experimental ΔT dependences reported below. 

 

   
Fig. 4. (a) Example of synchronous measurements of friction force (open green rhombs 1 with an arrow in 

the direction of the right axis) and temperature (open green rhombs 2) for a POM-POM friction pair. Curve 1 

shows the approximation of the experimentally measured dependence Ffr(t) used in FEM calculations. 

Curve 2 shows the FEM calculation of heating at the measurement point for h = 8, red curve 3  

for h = 0 Watt/(m2·K), blue curve 4 for h = 16 Watt/(m2·K). Friction conditions: V = 0.021 m/sec, Fn = 72 N.  

The signal recording step used is ~ 0.5 sec. The thickness of the counterbody plate is ~ 0.5 mm;  

(b) FEM prediction of the level of heating at the friction interface on the side of hollow cylinder (Fig. 3(b))  

for the same experiment as that used in the fragment (a). Red curve 1: h = 0 Watt/(m2·K), green curve 2:  

h = 8 Watt/(m2·K) (curve 2), blue curve 3: h = 16 Watt/(m2·K). Curves in area 4 are curves 2,3,4 from the 

fragment (a); (c) example of synchronous measurements of friction force (open green rhombs 1) and 

temperature (open green rhombs 2) for a PTFE-PTFE friction pair. Green curve 3: FEM prediction of heating 

level at the friction interface on the hollow cylinder side (Fig. 3(b)) for h = 8 Watt/(m2·K), red curve 4: 

h = 0 Watt/(m2·K), blue curve 5: h = 16 Watt/(m2·K). Curves 6 and 7: simulated heating level at the 

measurement point for h = 8 Watt/(m2·K) and h = 16 Watt/(m2·K), respectively. Friction conditions: 

V = 0.11 m/sec, Fn = 72 N. Counterbody plate thickness ~ 1.5 mm 
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Curves 2–7 in Fig. 3(b) show the calculated ΔT profiles along the cylinder axis for a 

real friction unit. In this case, shown are profiles along a line located at the center of the 

edge of the hollow cylinder at radius r = (r1+r2)/2 parallel to the axis z. The calculation for 

Ffr(t) dependence for POM-POM pair presented in Fig. 4(a,b) for time of friction of 900 sec 

is used for illustration. Arrows a, b, c in Fig. 3(b) indicate locations of friction interface, 

the interface between the plate-counter body and the insulating layer, the interface 

between the layer and the surface of steel sample holder, respectively. The initial 

condition in the calculations was chosen to be constant temperature of all objects in the 

model, equal to the ambient temperature (Tamb, in the calculations it is set as the initial 

temperature prior to onset of friction). The boundary conditions in the calculations were 

the function of the power of the plane heat source at the friction interface (W(t) = Ffr(t)·V/S) 

determined from the experimentally measured dependence Ffr(t) and the heat removal by 

convection from the outer surfaces of contacting bodies except the ends of the steel rods. 

The characteristic features of the profiles are typical for all other calculations. In general 

terms, they reveal lower level of heating for the real geometry even for h=0 Watt/(m2·K) 
(curves 2,4,6) compared to ideal geometry consisting of 2 solid POM cylinders (curve 1). 

This is due to the presence of steel mechanical parts with high thermal conductivity (rods 

and plate holder, Fig. 1) in real geometry. This shows that the use of Eq. (1) strongly 

overestimates calculated temperatures of our real geometry at large friction times and 

can be used only for qualitative estimates even in the case of absence of convection. As 

a reference, profiles 2 and 3 present the calculation of real geometry where all parts of 

the friction unit have material properties of POM. In real geometry containing steel 

machine parts in the friction unit (rotating and fixed steel rods, Fig. 1) the profiles have 

the shape of curves 4,5 for h = 0 Watt/(m2·K) and h = 8 Watt/(m2·K). In the case of the 
same real geometry where plate counterbody has material properties of steel, the profile 

is more uniform across the thickness of the steel plate counterbody (curves 6,7). The 

calculations discussed below were carried out for measurement point located at a 

distance equal to the thickness of the plate, that is at the location of chromel-alumel 

thermocouple tip firmly clamped between the plate and the surface of the steel table 

holder covered with insulating layer. Note, in the context of thermal problem considered, 

the role of insulating layer is to increase the ΔT level within the plate, thus increasing the 

magnitude of the measured level of absolute temperature. In the calculations of 

symmetric friction pairs, we used the equal distribution of W in upper (1) and lower (2) 

counterbodies, that is for heat distribution coefficient kd = 0.5 (J1 = J2 = W/2) consistent with 

Sharron formula valid for semi-infinite bodies [31]. This is a reasonable approximation 

for our calculations of symmetrical friction pair, e.g. POM-POM characterized by nonlinear 

dependence of I on W (Fig. 2(b)).  

In the context of this study another important observation from Fig. 3(b) is the 

higher temperature level on the side of polymer cylinder compared to that on plate side 

in our geometry. This difference appears and increases with increasing time of friction. 

This effect is mainly determined by the difference in the lengths of the polymer cylinder 

and plate (~ 20 times) in contact with steel rods-holders (Fig. 1). It can also be seen that 

account of heat removal by convection (h = 8 Watt/(m2·K)) leads to a decrease in heating 
levels. They are easily visually discerned Fig. 3(b)) in profiles for different pairs in the area 

of the plate and less visually discerned in the area of cylinder. The higher level of heating 
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near the interface on the side of hollow cylinder is in good agreement with the increase 

of its wear discussed in previous section for high W levels in the POM-POM pair (Fig. 2(c)). 

The similarity in cylinder and plate wear at low W in POM-POM pair seems to indicate 

that in this range of W in the POM-POM pair, wear is weakly dependent on the level of 

heating at the interface. Recall that the absence of the wear growth of the cylinder in the 

PTFE-PTFE pair (Fig. 2(c)) also indicates negligible effect of heating on PTFE wear in the 

entire range of W used in this study. 

Figure 4 shows examples of heating calculations of two typical temperature 

measurements in real thrust bearing geometry for the POM-POM (Fig. 4(a,b)) and PTFE-

PTFE (Fig. 4(c)) pairs. In these experiments the normal load was the same, the sliding 

speed velocity V is 5 times higher in the case of PTFE-PTFE pair. Many additional 

examples of the behavior of friction force exhibiting typical Fmin
fr → Fmax

fr transitions 

(horizontal arrows in Fig. 4(a)) in POM-POM pair [4,5]. At lower W compared to the one 

shown in Fig 4(a) the Fmin
fr→Fmax

fr the path length for transition in POM-POM required to 

occur increases. For the pairs PTFE-PTFE (Fig. 4(c)), PTFE-steel and POM-steel, no 

transition is observed in the range of W studied. In these pairs the experimentally 

measured temperature dependences for these pairs were similar at given W. Note here 

that it would also be a case in POM-POM pair if this pair would not exhibit Fmin
fr→Fmax

fr 

transitions. The simulations of the experimental dependences for asymmetric PTFE-steel 

and POM-steel pairs meet the complexities of formulation of the thermal model e.g. 

discussed below in the text in terms of heat distribution coefficient and are not 

considered in this paper. 

In Fig. 4(a), curve 1 shows a nonlinear approximation (polynomials with an order 

close to 7 were used) of the experimentally determined Ffr(t) (open rhombs) time 

dependence at constant V. In calculation of W(t)=Ffr(t)·V/S required for FEM simulations as 

a boundary condition, we used average sliding speed at the center of the contact edge 

V = π·(r1+r2)·υ (υ[Hz] is a rotation frequency of the hollow cylinder). S was put equal  

to nominal contact area S = π·(r1
2-r2

2). It can be seen that the shape of the experimentally 

measured temperature dependence ΔT(t) (open rhombs around curve 2) is best fit by 

simulated temperature dependence (curve 2) obtained for the measurement point 

(~ 0.5 mm from the friction zone) using a heat removal coefficient value of 8 Watt/(m2·K)  
for all objects of the experimental geometry (Fig. 3(a)). This value is close to mean value 

(h = 8.48 Watt/(m2·K)) obtained in [23] by calculations of convection problem under 

assumption of laminar air flow for PTFE samples of the similar shapes and dimensions 

used in our work as well as in the same friction geometry. It can be also noted that the 

calculation of cooling after the friction is ceased (the case of cooling the friction joint as 

a whole unperturbed by friction) best fits the experimental curves also for  

h = 8 Watt/(m2·K). The dependence of the calculated temperature at the measurement point 

for h = 0 Watt/(m2·K) and h = 16 Watt/(m2·K) are shown by curves 3 and 4 (Fig. 4(a)), 

respectively. The value h = 0 Watt/(m2·K) describes the vacuum conditions with an accuracy 

to heat removal by radiation. More smooth fitting curves, characterized by reduction in 

absolute temperature values not exceeding 1 K, can be obtained by twice increase in the 

lengths of the steel rods 1, 5 (Fig. 3(a)) in the geometry simulated. However, in this work 

we did not set the task to fully optimize the experimental parameters. This requires 

complicated study of inverse thermal problem (see, e.g. [11] and references therein). Note 
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here that Fig. 4(a) shows that the temperature increment at the measurement point during 

friction in vacuum (h = 0 Watt/(m2·K), curve 3) compared to the case of friction in 

atmospheric conditions (h = 8 and 16 Watt/(m2·K), curves 2,4) is ~ 5–10 K. 

The calculations help in quantifying the possible reasons of changes in the 

experimentally measured heating level at the measurement point for given h. Reference 

test calculations have shown that the change in the absolute value of ΔT, calculated at 

the measurement point (located at a distance from the friction interface equal to the 

thickness of the plate), can reach ~ 10 K when its coordinate changes along the plane of 

the plate from the center of the hollow cylinder to its edge. Changes in this value related 

to a possible change in the thermal diffusivity of the insulating paper layer under the 

plate counterbody upon its mechanical tightening to the table holder by using screws 

(see discussion in the previous section and Table 1), can also reach ~ 10 K. Increase in 

the accuracy of measurements would increase the accuracy of calculations of temperature 

at the measurement point. This can obviously be achieved also by using a more accurate 

approximations of the experimental dependences Ffr(t), more advanced methods of 

positioning of the thermocouple, account of its inertia [11,14] and, probably, precision in 

the size of the samples. However, certain differences in the thermal diffusivity of paper 

insulating layer as a consequence of not yet measured degree of tightening of the screws 

required for firm fixation of the plate counterbody in each experiment alter the calculated 

value of maximum ΔT at the friction interface by a value not exceeding one Kelvin.  

An additional increase in the accuracy of calculations and fitting procedure can be 

further achieved by taking into account the dependence of the sliding speed on the radius 

of the cylinder and the edge effects in contact pressure. The use of smaller time steps in 

recording temporal evolution of the measured Ffr and ΔT is also promising. For example, 

in a more realistic case of plastic contact of the asperities of rough surfaces, the area of 

real contact (Ao) can be estimated from the relation: Ao/S≈P/σo [6] (plasticity limit in 

compression or Brinell hardness, σo, see Table 1). In our experiments P reaches ∼ 4 MPa, 

i.e. the actual contact area can be a few percent of the nominal one. The friction time of 

roughness tips of size D ∼ 1 µm before leaving the contact is D/V ∼ 10−4 s. Using relation 

J =0.5·μ·σo·V ([6] and references therein), the sufficiently precisive at this short time range, 

from Eq. (1) we obtain upper estimate of the calculated ΔT of a single flash on a roughness 

in vacuum at the level strongly below 1 K. The small magnitude of temperature flashes 

and small heat penetration depths of these flashes into the subsurface layers of around 

several micrometers [6,32] suggest that they would introduce small high-frequency 

contribution to our calculation of heating performed by taking into account the nominal 

contact area. Oscillatory heating behavior (Fig. 4(a)) observed for the POM-POM pair with 

a characteristic oscillation time around tens of seconds accords well with the behavior of 

Ffr and reflects more smooth processes of tribo-induced structural changes at the 

interface. Analysis of the complete pattern and accuracy of temperature measurements, 

including account of wear debris particles, is out of range of this paper. These questions 

are the subject of ongoing research, in particular with acoustic emission methods since 

in POM-POM pair the clearly detected noise in acoustic region is detected. It is absent in 

other pairs studied. This study requires analysis of elastic waves generation which are 

expected to be in complicated relation to heat flow in the case of mutual sliding of wavy 

surfaces [33,34]. 
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Curves 1–3 in Fig. 4(b) show the predictive calculation of the temperature versus 

time dependences at the friction interface on the side of the cylinder (see explanation to 

profiles in Fig. 3) for h = 0 Watt/(m2·K), h = 8 Watt/(m2·K) and h = 16 Watt/(m2·K). For 
convenience of comparison, the curves located around experimental points in Fig. 4(b) 

are the curves 2–4 from Fig. 4(a). From Fig. 4(b) it is seen that the temperature at the 

interface in vacuum becomes approximately 120 K higher than that in air conditions 

(h = 8 Watt/(m2·K)) upon friction. This reasonably explains the increase in energetic wear 
during friction in vacuum (red solid rhombs, Fig. 2(b)) compared to friction in atmospheric 

conditions (gray circles, Fig. 2(b)) at the similar levels of W. Sharp increase in ΔT occurs 

upon friction force transition Fmin
fr → Fmax

fr (horizontal arrows in Fig. 4(a)). As is shown in 

our works [4,5] the transition is accompanied by formation of the tribodecomposition 

products of POM macromolecules. Note that the amount of tribodecomposition products 

formed grows with initial level of W [4]. Our suggested mechanism of the formation of 

tribodecomposition products at these low temperatures is interpenetration of the POM 

macromolecules across friction interface [4,5], their orientation and scission. Calculations 

of ΔT in real geometry for various Ffr(t) measurements performed at various W (e.g. from 

data obtained in the vacuum of mass-spectrometer given in  [4,5]) show that all the 

transitions of the friction force Fmin
fr→Fmax

fr  in the POM-POM pair are initiated at 

temperatures at the interface not exceeding ~ 50 °C both in atmosphere and vacuum 

conditions. The formation of decomposition products and the simultaneous increase in the 

friction force in the POM-POM pair at these temperatures excludes both melting of 

polyoxymethylene (Tm ~ 170 °C [25]) and the lowest, the less intense, pure thermal 

decomposition stage of this polymer observed in the thermal decomposition spectra of friction 

transferred submicron layers of POM at temperatures above 110 °C [4]. Note here that this 

stage is not yet firmly attributed to the decomposition of intact POM since, due to difficulty of 

dissolution of POM, thin layers of this polymer could be formed [4] at the substrate only by 

rubbing POM sample against it. The main stages of thermal decomposition undoubtedly 

related to decomposition of intact POM start to appear above 200 °C. 

The P and V conditions of the experiment in Fig. 4(b) provide estimate of  

the W value of ~ 0.015 MWatt/m2 after Fmin
fr→Fmax

fr transition (μ ~ 0.35) in POM-POM pair 

(initial W before transition ~ 0.005 MWatt/m2), at which the temperature at the interface 

in air conditions can reach around 170oC, that is the melting temperature of POM. Note 

that Fmin
fr→Fmax

fr transition is also observed for much lower levels of initial W [5]. In the 

imaginary experiment in vacuum (h = 0 Watt/(m2·K)) for the same Ffr(t) dependence 

(Fig. 4(b)), the temperature at interface would attain ~ 300 °C (curve 1). Heating 

calculations for various experimental Ffr(t) dependences obtained in vacuum of ~ 10-6 Torr 

for the POM-POM pair (see, e.g., [4,5]) predict heating strongly above 300 °C after the 

transitions Fmin
fr→Fmax

fr. These temperatures correspond to the temperatures of almost 

complete thermal decomposition of thin submicron layers of POM (see the thermal 

decomposition spectra of friction generated submicron thickness POM layers in [4]). This 

implies very strong growth of the mass-spectral lines of the thermal decomposition 

products of POM. However, the simultaneously recorded [4,5] intensity of the formation 

of POM decomposition products (oxymethylene and trioxane), expected to increase 

sharply at these high temperatures, on the contrary, reaches saturation and practically 

does not change with increasing friction time at these high predicted temperatures. The 
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ratio of oxymethylene and trioxane in the spectra also does not change, though in the 

case of pure thermal mechanism of POM decomposition, increase in the contribution of 

the intensity of oxymethylene would be expected, since oxymethylene is the only product 

of POM mass-spectrum upon pure thermal decomposition [4] at the same sensitivity of 

the registration channel of mass-spectrometer. It can be assumed that the absence of 

strong increase in the intensity of decomposition products in POM-POM pair in vacuum 

upon long friction time after Fmin
fr→Fmax

fr transition might indicate specific and not yet 

understood behavior of the friction interface at melting point which can alter its thermal 

characteristics. This might be accounted for in further development of the simplified 

thermal model we use by considering heat effects associated, e.g., with formation of 

active macroradicals in air and vacuum as well as other concomitant phenomena.  

In asymmetric friction pairs (e.g. polymer-steel) described above in the previous 

section in terms of I-W plots, the distribution of tribogenerated energy into contacting 

bodies can be described by a heat distribution coefficient kd  not equal to 0.5 used in our 

calculations of symmetric pairs POM-POM and PTFE-PTFE. The calculation shows that 

change in the value of kd by ~ 5 % can lead to a change in the heating level at the interface 

by ~ 10 K. This issue can become important in the study of heterogeneous friction pairs 

where the macromolecular scissions and the related change in wear observed in POM-

POM pair would be found. Note additionally, in the case of asymmetric pairs the polymer 

transfer layer may continuously change the heat transfer coefficient (e.g. for steel-PTFE 

pair the qualitative estimate of Sharron formula gives high kd value of ~ 0.9 [23]) towards 

the kd ~ 0.5 value for symmetric pair. This requires additional modifications of the model 

not yet considered in the current work. In this regard note, that in the work [5] we 

presented the data on friction and wear of POM against polyetheretherketone (PEEK). 

PEEK has thermal properties close to those of POM. Thus, kd in this pair is expected to be 

close to 0.5. Nonetheless, the effects we observed in [5] for POM-PEEK pair are similar to 

those we observe in this work in the case of polymers sliding against steel, i.e. stable 

behaviour of friction force, absence of the Fmin
fr→Fmax

fr transitions characteristic for POM-

POM pair, absence of the dependence of I on W and absence of the decomposition 

products of both POM and PEEK. This additionally implies that friction force transitions 

and the related wear behavior are rather dependent on the molecular mechanisms 

initiating scission of macromolecules and are dependent on the nature of the polymers 

in contact. 

The calculated maximum heating temperatures in PTFE-PTFE pair in air conditions 

for typical value of μ ~ 0.1 are strongly lower than in POM-POM pair at the same initial 

(before Fmin
fr→Fmax

fr transition in POM-POM pair) level of W. This is due to around three times 

higher μ in POM-POM pair after Fmin
fr→Fmax

fr transition. E.g., for initial levels of W  

of ~ 0.03 MW/m2, calculated heating temperatures at the interface during friction under 

atmospheric conditions exceed values of ΔT ~ 400 K for POM-POM pair (not shown) 

compared to ~ 200–300 K in PTFE-PTFE pair (Fig. 4(c)). Heating at the level of ΔT ~ 400 K 

already corresponds to temperatures of intense thermal decomposition of POM 

macromolecules [4], but are somewhat lower than similar temperatures for PTFE  

(see analysis of the thermal decomposition spectra of a number of depolymerizing 

polymers in [35]). The absence of friction force transitions in PTFE-PTFE, steel-POM, and 

steel-PTFE pairs and the absence of thermal decomposition products of these polymers 
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during friction of these pairs in vacuum measured in [4,5] may indicate that wear of these 

pairs in vacuum at the levels of W used in these works (up to ~ 0.005 MW/m2) is not a 

consequence of tribo-induced ruptures of macromolecules or of their pure thermal 

decomposition and have, thus, pronounced mechanical nature.  

The use of higher initial W values requires more advanced technical means of 

friction realization in vacuum. It is to note, with this regard, that the example of friction 

force measurements with PTFE-PTFE pair (W ~ 0.02 MW/m2) in atmosphere conditions 

shown in Fig. 4(c) corresponds to V value five times higher than those used up to now in 

our vacuum measurements [4,5]. It is seen from the figure, that, similar to the case of 

POM-POM pair discussed above, the experimentally measured temperature dependence 

at measurement point is best fit by using simulated curve for experimentally measured 

Ffr(t) and for h = 8 Watt/(m2·K) (Fig. 4(c), curve 2). The simulations with other values of h 

are described in figure captions. As is seen, at this high sliding velocity, FEM calculations 

for h = 0 Watt/(m2·K) predict that heating of PTFE-PTFE interface in vacuum would attain 

~ 600 °C (curve 4, Fig. 4(c)), that is, the temperatures of intense thermal decomposition 

of PTFE [35]. This would imply the formation of large quantities of PTFE monomer: 

tetrafluoroethylene. Experimental verification of this prediction awaits further 

experimental research. 

 

Conсlusions 
1. In order to quantify experimentally measured friction generated temperatures and 

predict the temperatures at the friction interface from the measured friction force 

dependences, finite elements simulations in realistic thrust bearing geometry used in the 

study have been developed with account for atmospheric and vacuum conditions via heat 

convection coefficients.  

2. The simulation approach is shown to give significant improvements in the accuracy of 

the temperature calculations compared to analytical solutions. The approach provides 

the estimate of the heating level required to initiate triboinduced scissions of POM 

macromolecules observed via the mass-spectrometric registration of the triboinduced 

volatile products, differing from those registered upon pure thermal decomposition of 

POM. This level is estimated to be below the temperatures of melting and intense thermal 

decomposition of POM, thus supporting triboinduced nature of bond scissions. The 

absence of the increase of the decomposition products formation in the friction regimes 

at simulated heating level corresponding to the intense thermal decomposition of POM 

above melting point of this polymer suggests that the mechanism of pure thermal 

decomposition of macromolecules cannot explain the wear behavior in POM-POM pair 

and requires the presence of triboinduced scissions of macromolecules formed at the 

early stages of friction upon friction force transition from low to high level.  

3. The simulations are in good accord with the exponential dependence of energetic wear 

on the level of friction force power observed in the case of friction of POM-POM and 

absence of changes of energetic wear with friction power in other pairs studied. The 

energetic wear of polymer-polymer and polymer-steel pairs not accompanied by scissions 

of macromolecules and friction force transitions (PTFE-PTFE, POM-steel, PTFE-steel) is 

shown to be independent on the level friction power and on the triboinduced heating. The 
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energetic wear in these pairs was obtained to be:  I ~ 1 g/MJ (PTFE-PTFE), ~ 10 g/MJ (steel-

PTFE) and I ~ 0.03 g/MJ (steel-POM). In the POM-POM pair before friction force transition, 

associated with macromolecular bond scissions, the wear of POM was below sensitivity of 

the balances used. It might be thus suggested that I before friction force transition in POM-

POM pair also does not depend on friction power and might be estimated to not exceed 

the level of the lowest value registered in the study of ~ 0.03 g/MJ.  

4. The approach developed provides new strategies and instruments for the research of 

practically important problem of friction and wear of polymers and their composites. For 

example, the approach has been shown to be informative in comparing wear of POM and 

its composite with fullerene. 
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ABSTRACT  

Magnesium alloys are considered a promising material for the production of biodegradable implants. 

However, their widespread adoption is hindered by their low strength and high corrosion rate. Deformation 

can enhance the strength characteristics; however, due to the limited number of slip planes in magnesium 

alloys, choosing the deformation processing regime for them is a non-trivial task. This study presents the 

results of research aimed at determining the influence of processing modes by high-pressure torsion on 

the transformation mechanisms of the structure and mechanical characteristics of the Mg-8.6Zn-1.2Zr alloy. 

It is shown that at room temperature, predominantly a twinning structure is formed, with microhardness 

values reaching 1200 MPa. However, it is demonstrated that such a structure leads to significant 

embrittlement of the Mg-8.6Zn-1.2Zr alloy. Deformation at a temperature of 250 °C leads to the formation 
of recrystallized grains with a size of 3–4 μm. After 5 revolutions of high-pressure torsion, the 

microhardness is 820 MPa, and the tensile strength is 335 MPa, with an elongation of 13 %. 
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Introduction 

Magnesium is characterized by low density while exhibiting outstanding mechanical 

properties such as high ductility and specific strength. Therefore, magnesium alloys have 

received significant attention as lightweight structural materials. However, some 

magnesium alloys possess properties such as biocompatibility and an elastic modulus 

close to that of human bone tissue, making them suitable for medical implant materials 

[1–3]. Magnesium and its alloys are biodegradable, allowing for the production of 

temporary implants and thus reducing the number of surgical interventions, avoiding the 

need for repeat surgery procedures, and reducing the traumatic effect [4,5]. It is worth 

noting that magnesium is non-toxic and hypoallergenic, being essential for human 

metabolism and naturally present in bone tissues [4,6]. The Young's modulus of 

magnesium alloys, being close to the modulus of bone under loading, helps to reduce the 

effect of stress differences occurring in the "bone-implant" system [7]. To ensure 

adequate bone tissue restoration, a magnesium alloy implant must possess a certain 

corrosion rate and high levels of mechanical properties. This requirement is formulated 
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based on the fact that a certain amount of time is needed for the complete fusion of bone 

fragments, during which the implant dissolves, leading to a corresponding decrease in 

the overall strength of the structure. Naturally, there is a gradual "transfer" of load from 

the implant to the bone. This aspect underscores the necessity of obtaining an implant 

with a specified dissolution rate and certain strength characteristics [5,6]. 

One of the effective methods for improving the comprehensive mechanical 

properties of metallic materials is deformation processing with the refinement of 

structural components down to an ultrafine-grained (UFG) state, enhancing their size 

uniformity. However, magnesium and its alloys poorly undergo deformation processing 

at room temperature due to their hexagonal close-packed (HCP) lattice, which limits the 

number of active slip systems [8]. Thus, the application of approaches to enhance the 

mechanical properties of magnesium alloys based on plastic deformation requires careful 

selection of processing regimes and the use of combined treatments, including heat 

treatment and pre-deformation [9,10]. 

Of particular interest is the application of thermo-mechanical processing based on 

severe plastic deformation (SPD), which is one of the most effective methods used to form 

UFG structures in metals today. Among the possible SPD methods, some of the main ones 

are equal-channel angular pressing (ECAP) and high-pressure torsion (HPT) [11–13]. 

Magnesium and its alloy processing by ECAP are carried out at relatively high temperatures, 

which helps avoid segmentation and cracking caused by low ductility at room temperature. 

However, during processing at high temperatures, one of the main structure transformation 

processes is recrystallization [14,15]. HPT processing has its advantages and 

disadvantages; however, from a scientific point of view, it allows processing under "critical" 

conditions for the material, thereby determining the real range of thermo-mechanical 

processing regimes available for the investigated material. For example, HPT for 

magnesium alloys allows avoiding undesirable cracking even at room temperature, due to 

high hydrostatic pressure [16]. Also, compared to ECAP, HPT has the advantage of forming 

a structure with smaller grain size and makes it possible to analyze structural and phase 

transformations under extreme conditions for the material [16–18]. The structure 

transformation processes of pure magnesium during HPT are discussed in the literature 

[19,20], however, regarding the Mg-Zn-Zr alloy system, there are not many studies [21–
24], and this work is aimed at expanding the knowledge about changes in the structure and 

properties of the Mg-Zn-Zr alloy under high pressures. The Mg-Zn-Zr system is interesting 

because already in the annealed state, the samples have a tensile strength close to 300 

MPa [25]. The alloying elements Zn and Zr are non-toxic and can lead to additional 

strengthening and refinement of the structure [26,27]. Based on the above, the aim of this 

study is to establish the influence of the high-pressure torsion (HPT) process on the 

structure and properties of the biodegradable magnesium alloy in the Mg-Zn-Zr system. 

 

Materials and Methods 

The research material selected for the study is the biodegradable magnesium alloy  

Mg-8.6Zn-1.2Zr (grade MA14). Based on preliminary studies and literature data [28,29], 

the initial structural condition obtained through prolonged annealing process at a 

temperature of 430 ± 10°C for 24 hours in a Snol 8.2/1000 furnace has been adopted. 
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As stated above, high-pressure torsion (HPT) was chosen as the investigated 

method. The specimens were in the form of disks with a thickness of 2 mm and a diameter 

of 10 mm. HPT was conducted at a pressure of 6 GPa on flat anvils, at temperatures of  

20 and 250 °C. Samples were obtained after 1 and 5 rotations of torsion, at a constant 
angular velocity of 1 rpm. 

Structural analysis was performed using a Carl Zeiss Axio Observer A1m optical 

microscope. The linear density of twins was calculated using the equation [30]:  

ρ=N/L,       (1) 

where N is the number of twins occurring within the segment, and L is the length of the 

segment. 

X-ray structural analysis was conducted using a Bruker D8 Advance diffractometer 

with CuKα radiation, with continuous sample rotation (20 degrees/min) and step scanning 

(step size 0.02°, exposure time 1 s) in the angular range of 2Θ = 30°–90°. To evaluate 
dislocations, an approach based on modified Williamson-Hall and Warren-Averbach 

methods as described in references [31,32] was implemented. 

Microhardness was measured using a Micromet 5101 microhardness tester. A 

diamond indenter in the form of a tetrahedral pyramid with a square base under a load 

of 100 g was lowered onto the ground and held for 10 seconds. The measurements were 

carried out along the diagonal of the sample. 

Tensile mechanical tests were conducted on "miniature" specimens (see Fig. 1), cut 

using an electroerosion machine ARТA 120 in such a way that the working part fell within 

the middle radius region of the sample (see Fig. 1). The length of the working part was 

4 mm, thickness was 0.8 mm, and width was 0.6 mm. The tests were performed at a 

deformation rate of 0.24 mm/min at room temperature. 

 

 
 

Fig. 1. Drawing of a "small" tension specimen and scheme of cutting a "small" tension specimen 
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Results and Discussion 

The initial state is characterized by a structure of a mixed nature (see Fig. 2). Large grains 

of 30 ± 10 μm and clusters of recrystallized grains along the boundaries of the strips with 

an average size of 4 ± 2 μm are observed. 

 

 
 

Fig. 2. The structure of the initial state of the Mg-8.6Zn-1.2Zr alloy 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

Fig. 3. The structure of Mg-8.6Zn-1.2Zr alloy specimens after high-pressure torsion (HPT) deformation: 

1 rotation at 20 °C (a), 5 rotations at 20 °C (b), 1 rotation at 250 °C (c), and 5 rotations at 250 °C (d) 
 

The analysis of the structure after HPT deformation indicates that at room 

temperature, one of the main mechanisms of structure transformation is twinning (see 

Fig. 3(a,b)). The calculation of twin linear density shows that after 1 rotation, the twin 
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density is 0.14 μm-1, and after 5 rotations, the twin density decreases by 3 times to 

0.05 μm-1. The average twin thickness after 1 rotation is 2.6 ± 1.3 μm, and after 

5 rotations, it is 2.1 ± 1.1 μm. The structure is highly twinned, and grain boundaries are 

poorly distinguishable; however, in the work [21], the formation of recrystallized grains 

with a size of ~1 μm and larger grains containing twins in their body is noted. It is worth 

noting that in the mentioned work, the applied pressure was only 2 GPa, which is three 

times less than in this study. 

A temperature of 250 °C is considered high for magnesium alloys, so a large number 
of recrystallized grains are observed in the samples after HPT at this temperature (see 

Fig. 3(c,d)). After 1 rotation, the average size of recrystallized grains is 4.0 ± 1.3 μm, and 

larger grains containing twins in their body are also observed. After 5 rotations, twins are 

hardly observed, and the average size of recrystallized grains remains almost unchanged 

at 3.0 ± 1.4 μm. 

 

 
Fig. 4. X-ray diffraction patterns of the Mg-8.6Zn-1.2Zr alloy in the initial state and after high-pressure 

torsion 

 

The conducted phase X-ray structural analysis indicates the presence of 0.3 % by 

weight of the MgZn2 phase in the initial state (Fig. 4). Deformation by high-pressure 

torsion (HPT), regardless of the regime, leads to an increase in the content of this phase 

to 1.2–1.3 % by weight, indicating the decomposition of the solid solution during 

deformation. Analysis of the diffraction patterns allowed to establish a substantial 

refinement of the structure, as evidenced by the data on the coherent scattering region 

(CSR) (Table 1). The main refinement occurs during the first rotation, and no significant 

changes are observed with an increase in the number of rotations up to 5. Moreover, 

deformation at room temperature results in more substantial refinement compared to 

deformation at 250°C. CSR reduces approximately 7 times to 38 ± 4 nm after 1 rotation 

and reaches 32 ± 3 nm after 5 rotations. Deformation at a higher temperature leads to a 
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3-fold reduction in CSR to 81 ± 6 nm after 1 rotation, and this value remains unchanged 

after 5 rotations. The magnitude of microstrains in the samples subjected to HPT at 

250 °C is three times smaller than in the samples after HPT at room temperature. 
Analysis of dislocation density allowed establishing that during high-pressure 

torsion (HPT) at room temperature, the density increases by ~ 2 times, reaching values of 

6.7 × 1014 m-2 after 5 rotations. This density value is 1.5 times lower than at 250 °C. The 
main increase in the number of dislocations for both conditions occurs after 1 rotation. 

HPT for 5 rotations at 250°C leads to an increase in defect density to 9.9 × 1014 m-2. 

 
Table 1. X-ray diffraction analysis results 

State 
Lattice parameter, nm 

CSR*, nm Microstrain Dislocation density, 1014 m-2 
a c 

Initial 0.3202 0.5200 257±14 0.1271±0.0014 3.5 

HPT 20 °C 1 rev. 0.3200 0.5197 38±4 0.5394±0.0079 6.1 

HPT 20 °C 5 rev. 0.3203 0.5200 32±3 0.5472±0.0066 6.7 

HPT 250 °C 1 rev. 0.3203 0.5200 81±6 0.1703±0.0054 9.7 

HPT 250 °C 1 rev. 0.3203 0.5200 78±5 0.1781±0.0060 9.9 

 

The investigation of microhardness (Fig. 5) revealed that the main strengthening 

occurs after 1 rotation of high-pressure torsion (HPT) both at room temperature and at an 

elevated temperature of 250 °C. At room temperature, the microhardness reaches 
approximately 1220 ± 60 MPa, and its distribution across the sample diameter is shown 

in Fig. 4. After 5 rotations, no changes in microhardness are observed. HPT at 250 °C leads 
to an increase in microhardness after 1 rotation to the level of 780 ± 50 MPa, and after 

5 rotations, no significant change in microhardness (820 ± 50 MPa) is observed. It should 

be noted that for the magnesium alloy, there is no heterogeneity in the distribution of 

microhardness across the sample diameter, as also noted in the study [21]. 

 

 
 

Fig. 5. The microhardness of the Mg-8.6Zn-1.2Zr alloy in the initial state and after high-pressure torsion 



Structure and strength of Mg-Zn-Zr alloy subjected to high pressure torsion  87 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 

Fig. 6. The images of the fractures at magnifications of ×100 and ×4000 of the Mg-8.6Zn-1.2Zr alloy 

after high-pressure torsion (HPT) at temperatures of 20 °C for 1 (a,b) and 5 (c,d) rotations,  
and 250 °C for 1 (e,f) and 5 (g,h) rotations 
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Tensile tests indicate that effective strengthening occurs during hot deformation. 

The high-pressure torsion (HPT) regime at 250 °C for 5 rotations substantially increases 
both the tensile strength (335 ± 8 MPa) and the yield strength (275 ± 5 MPa) in  

the Mg-8.6Zn-1.2Zr alloy (Table 2). One rotation of HPT at 250 °C leads to an increase in 
tensile strength to 305 ± 7 MPa, however, the yield strength remains at the initial level 

of 185 ± 5 MPa. Deformation with 1 and 5 rotations of HPT at room temperature does not 

result in strengthening of the Mg-8.6Zn-1.2Zr magnesium alloy. The plasticity of the 

samples after HPT at 250 °C is explained by the presence of recrystallized grains. 
 

Table 2. Mechanical properties 

State UTS, MPa YTS, MPa Elongation, % 

Initial 270±5 180±5 15±1 

HPT 20 °C N=1 285±5 - <2% 

HPT 20 °C N=5 290±5 - <2% 

HPT 250 °C N=1 305±7 185±5 15±1 

HPT 250 °C N=5 335±8 275±5 13±1 

  

To further understand the reasons behind such mechanical behavior, a fractographic 

analysis of the fractures was conducted (Fig. 6). At high magnification, it is observed that 

the fractures of the samples after room temperature high-pressure torsion (HPT) have a 

cellular relief. The fracture occurs by shear, which is typical for cast magnesium 

materials [33]. Fracture usually initiates from the surface. Twins act as barriers to 

dislocation propagation, leading to deformation localization and crack propagation in a 

shear-limited mode. Therefore, the obtained data on the ultimate tensile strength cannot 

be considered as final values. 

In the case of the condition after hot HPT with recrystallized grains, a ductile 

fracture appearance is observed. Despite fracture initiation from the surface, deformation 

localization does not occur. In the central part of the samples after 1 and 5 rotations, 

elongated pits aligned with the fracture direction are observed. The average size of the 

pits is 1.3 ± 0.5 μm and 1.1 ± 0.4 μm for 1 and 5 rotations, respectively, indicating a 

similar fracture behavior for both conditions. A dimple region is observed on the opposite 

side of the fracture initiation. Such a characteristic fracture appearance has been observed 

multiple times in magnesium samples after deformation processing [34].  

 

Conclusions 

1. Deformation of the Mg-8.6Zn-1.2Zr alloy by High-Pressure Torsion at room 

temperature results predominantly in a twin structure. The main strengthening occurs 

after 1 rotation. In this state, the average twin thickness is 2.6 ± 1.3 μm, and the linear 
density is 0.15 μm-1. The state exhibits high microhardness at the level of 1200 MPa, and 

the specimens demonstrate brittleness, as evidenced by mechanical tests and 

fractographic studies. After 5 rotations, there is a decrease in the twin linear density to 

0.05 μm-1, while the twin thickness is 2.1 ± 1.1 μm. Significant changes in mechanical 
properties and fracture characteristics during tensile testing relative to specimens after 

1 rotation are not observed for this state. 
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2. High-Pressure Torsion at 250 °C leads to the formation of predominantly recrystallized 
structure. After 1 rotation, the average grain size is 4.0 ± 1.3 μm. This state is characterized 
by an average microhardness across the diameter of 780 MPa, increased strength of 305 ± 7 

MPa, and ductility of 15 %. For this state, a ductile fracture mode is observed during tensile 

testing. After 5 rotations at 250 °C, recrystallized grains with a size of 3.0 ± 1.4 μm are 
observed in the structure. The state is characterized by an average microhardness of 

820 MPa, high strength of 335 ± 8 MPa, yield strength of 275 ± 5 MPa, and ductility of 13 %. 

3. During high-pressure torsion of the Mg-8.6Zn-1.2Zr alloy, an active process of 

deformation-induced decomposition of the supersaturated solid solution occurs. 

Regardless of the deformation temperature and the number of rotations, there is an 

increase in the proportion of the MgZn2 phase from 0.3 to 1.2–1.3 wt. %. 
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The effect of martensite stabilization in titanium nickelide after 

various methods of pre-deformation: simulation with a single set 

of constants 
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ABSTRACT  

Design of shape memory alloy sensors and actuators requires taking into account the martensite stabilization 

effect, which consists in a shift upward of the reverse martensitic transformation temperatures after preliminary 

deformation. In this work it is assumed that this effect is due to damage in martensite domain boundaries during 

pre-straining. This idea is accounted for in a microstructural model by introducing a variable for boundaries 

damage and formulating evolution equations. The reverse transformation temperature shift is described with 

one set of constants for three pre-straining modes: deformation of a specimen in the martensitic state, cooling 

under a constant stress, and deformation in the austenitic state inducing martensite by stress. For Ti50Ni50 and 

Ti49Ni51 (at. %), the model matches experimental data well for the first two modes and qualitatively for the 

third. 
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Introduction 

Shape memory alloys (SMA) are widely used in industry and medicine due to their ability 

to recover the initial shape during the reverse martensitic transformation (MT) at heating 

after deformation in the low-temperature phase (martensite). For such applications as 

thermomechanical actuators or thermal sensors it is in many cases important to know at 

what temperatures will the shape recovery occur.  

The characteristic temperatures As and Af, at which the reverse MT in the 

undeformed material begins and ends, are material constants. However, experiments 

show that if the material acquired a deformation in the martensitic phase it can retain 

structure of martensite when heated to temperatures above As in the undeformed 

material. This phenomenon is known as the martensite stabilization effect (MSE). It can 

be either beneficial or undesirable depending on the application of the SMA. The 

magnitude of the shift of 𝐴𝑠 depends on the degree of prior deformation.  
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The effect of martensite stabilization in titanium nickelide has been studied since 

1991 [1]. It was observed after various pre-deformation treatment (cold rolling, 

stretching, and shear in the martensitic state, stress-induced MT, cooling under stress 

from austenite) for mono- and polycrystals of SMA [2–16]. Different hypotheses about 

the causes of MSE were proposed in [2–16]. S.A. Kustov et al. [11,12] proposed two 

mechanisms of MSE: one – mechanical stabilization due to pinning martensite 

boundaries and the second – chemical stabilization due to atomic reordering. In these 

works mechanical stabilization is related to aging. Thus, time independent MSE is due 

only to the chemical stabilization. S.P. Belyaev et al. [16] put forward a hypothesis that 

the main cause of MSE is the damage to intermartensitic boundaries, which hinders the 

reverse transition and therefore shifts its temperatures upward. This hypothesis was used 

in [17] for modeling MSE after pre-deformation by stretching in the martensitic state. A 

new variable ζ, responsible for the degree of intermartensitic boundary damage, was 

introduced. It was assumed that ζ increases with the degree of martensite orientation. 

The evolution equations proposed in that work for ζ were used to model MSE caused by 

pre-deformation of Ti50Ni50 alloy specimens in the martensitic state up to various values 

of strain. The obtained dependences for the shift in the onset temperatures of the reverse 

MT were in good agreement with the experiment. In the present work, the formulae for 

calculating the evolution of boundaries damage parameter ζ were adjusted and 

supplemented to model the MSE caused by other methods of pre-straining. 

 

Microstructural model of SMA 

Modeling the functional-mechanical properties is an essential and convenient tool for 

studying phase transformations, phase stability, and thermomechanical behavior of SMAs. 

The microstructural model described in [17–20] accounts for reversible phase 

deformation, microplastic deformation (plastic accommodation of martensite), and the 

evolution of deformation defects. The internal variables of this model are (1) volume 

fractions of martensite orientation variants obtained by equivalent but differently 

oriented Bain’s deformations; (2) microplastic deformations associated with these 
variants; (3) densities of oriented and scattered deformation defects. For describing the 

material structure, a hierarchy of regions is established: a representative volume consists 

of grains differing in the orientation of crystallographic axes, and each grain contains 

austenite and martensite variants. Reuss' hypothesis is accepted: the macroscopic strain 

described by the small strain tensor ε is calculated as the average value of the grain 

strains 𝜀𝑔𝑟. For crystals, this strain can be divided into the sum of elastic 𝜀e, thermal 𝜀T, 

phase 𝜀Ph, microplastic 𝜀mp, and plastic 𝜀𝑝 components: 𝜀 = ∑ 𝑓𝑖𝜀gr(𝜔𝑖)𝑖 , 𝜀gr = 𝜀e + 𝜀T + 𝜀Ph + 𝜀mp + 𝜀𝑝,                                                           (1) 

where i are the crystallographic orientation axes, fi are the volume fractions of grains 

with orientation i, and the sum is taken over all grain orientations (argument i is further 

omitted). According to the Reuss' hypothesis, the mixture rule is also applied to the phase 

deformations within each grain: 𝜀gr = (1 − ФM)𝜀A + 1𝑁 ∑ Ф𝑛𝜀M𝑛𝑁
𝑛=1 , ФM = 1𝑁 ∑ Ф𝑛𝑁

𝑛=1 ,                                                         (2) 
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where 𝜀A and 𝜀M𝑛 are the strains of the austenite and the n-th martensite variant, 𝑁 is 

the number of Bain deformation orientation variants, ФM is the total volume fraction of 

martensite in the grain, and Ф𝑛is the normalized fraction of the n-th martensite variant 

(so that its volume fraction relative to the grain volume is n/N). The phase strain of an 

individual martensite variant is the Bain’s deformation Dn that implements the lattice 

transformation. Since the fraction of the n-th variant is n/N, 𝜀Ph = 1𝑁 ∑ Ф𝑛𝐷𝑛𝑁
𝑛=1 .                                                                                                                                (3) 

Microplastic deformations are plastic deformations caused by phase deformation 

incompatibility. They accommodate martensite and reduce the elastic energy of 

interphase stresses. A simplified calculation of microplastic deformations is based on the 

idea that the growth of each Bain martensite variant initiates a combination of shears 

creating a deformation proportional to the deviator of phase deformation. Thus, we can 

apply an equation similar to Eq. (3): 𝜀mp = 1𝑁 ∑ 𝜅𝜀𝑛p𝑑𝑒𝑣𝐷𝑛𝑁
𝑛=1 ,                                                                                                                       (4) 

where internal variables 𝜀𝑛p serve as "measures" of microplastic deformations, 𝑑𝑒𝑣𝐷𝑛  

is the deviator of the tensor Dn, and 𝜅 is a material constant. The equations for Ф𝑛 and 𝜀𝑛p 

are formulated in terms of generalized thermodynamic forces – derivatives of the Gibbs 

potential 𝐺 with respect to these variables. For a grain, 𝐺 = (1 − ФM)𝐺A + 1𝑁 ∑ Ф𝑛𝑁𝑛=1 𝐺M𝑛 + 𝐺mix,                                                                                (5) 

where 𝐺A and 𝐺M𝑛 are eigen potentials of austenite and the n-th martensite variant, 

without accounting for their interaction, and 𝐺mix is the "mixing potential", equal to the 

elastic energy of interphase stresses. In Eq. (5), the eigen potentials are: 𝐺𝑎 = 𝐺0𝑎 − 𝑆0𝑎(𝑇 − 𝑇0) − 𝑐𝜎𝑎(𝑇 − 𝑇0)22𝑇0 − 𝜀𝑖𝑗0𝑇𝑎(𝑇)𝜎𝑖𝑗 − 12 𝐷𝑖𝑗𝑘𝑙𝑎 𝜎𝑖𝑗𝜎𝑘𝑙  (𝑎 = 𝐴, 𝑀𝑛),              (6) 

where the upper index 𝑎 = 𝐴 denotes austenite and 𝑎 = M𝑛 – n-th martensite variant; 𝐺0𝑎 and 𝑆0𝑎 are Gibbs potential and entropy at the reference stress  = 0 and temperature 

T=T0 (at which 𝐺0A = 𝐺0M𝑛); 𝜀𝑖𝑗0𝑇𝑎(𝑇) are strains of the phases at =0 ; 𝑐𝜎𝑎 are specific heat 

capacities at  = 0 and 𝐷𝑖𝑗𝑘𝑙𝑎  are elastic compliances. For 𝑇0, the estimate from [21] is 

accepted: 𝑇0  = 𝑀𝑠+𝐴𝑓2  (hereinafter 𝑀𝑠, 𝑀𝑓, 𝐴𝑠, 𝐴𝑓 are the characteristic transformation 

temperatures). Calculation of the 𝐺mix potential is a very difficult task. As a simplest 

estimate, a quadratic form is used similar to that in the model developed by E. Patoor 

et al. [22,23]. It takes into account that this energy increases with an increase in the 

volume fractions of martensite Ф𝑛 and decreases due to oriented deformation defects 𝑏𝑛, 

the appearance and movement of which provides plastic accommodation of martensite 

– plastic deformations 𝜀𝑛𝑝: 𝐺𝑛𝑚𝑖𝑥 = 𝜇2 ∑ 𝐴𝑚𝑛(Ф𝑚 − 𝑏𝑚)(Ф𝑛 − 𝑏𝑛)𝑁𝑚,𝑛=1 ,                                                                               (7) 

where the matrix (𝐴𝑚𝑛) describes the self-action and interaction of martensite variants. 

In the TiNi alloy, the primary self-accommodation of martensite is achieved by grouping 

variants into correspondent variants pairs (CVP) [24–26]. A decrease of Gmix energy due to 
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the formation of CVP is accounted by the proper negative components in the matrix (𝐴𝑚𝑛). 

The form of this matrix is taken from [17]. From Eqs. (6) and (7) we find the force causing 

the growth of the n-th variant of martensite: 𝐹𝑛(𝑇, 𝜎, 𝛷) = −𝑁 𝜕𝐺𝜕Φ𝑛 ≈ 𝑞0𝑇0 (𝑇 − 𝑇0) + 𝜎𝑖𝑗: 𝐷𝑖𝑗𝑛 − 𝜇 ∑ 𝐴𝑚𝑛𝑁
𝑚=1 (Φ𝑚 − 𝑏𝑚).                           (8) 

The existence of the hysteresis of the martensite volume fraction dependences on 

temperature is accounted by introducing a dissipative force Ffr, which counteracts the 

movement of the interface, so that the transformation condition has the form: 𝐹𝑛 = ±𝐹fr
 ,                (9) 

where the force Fn is determined by Eq. (8), the plus sign corresponds to the direct 

transformation, and the minus sign – to the reverse. The value of 𝐹fr is expressed in terms 

of the transformation characteristics: 𝐹fr = 𝑞0(𝑀𝑠– 𝑇0)/𝑇0. The variations laws for the 

variables bn and ε𝑛p are derived from the condition of microplastic flow: |𝐹𝑛𝑝 − 𝐹𝑛𝜌| = 𝐹𝑦, (𝐹𝑛𝑝 − 𝐹𝑛𝜌)𝑑𝐹𝑛 > 0,                                                                                      (10) 

where 𝐹𝑛𝑝
 is the generalized force conjugate to the variables bn: 𝐹𝑛𝑝 = −𝑁 𝜕𝐺𝜕𝑏𝑛 = 𝜇 ∑ 𝐴𝑚𝑛(Ф𝑚 − 𝑏𝑚)𝑁

𝑚=1 ,                                                                                       (11)  𝐹𝑦 and 𝐹𝑛𝜌
 are forces describing isotropic and kinematic hardening. The microplastic flow 

condition (10) is similar to the classical plastic flow condition for a uniaxial stress state: 

generalized forces 𝐹𝑛𝑝
, 𝐹𝑦 and 𝐹𝑛𝜌

 play the role of stress, flow stress and internal (eigen) 

stress (or back stress), respectively. Microplastic flow generates deformation defects, 

which in this model are divided into two groups: scattered defects 𝑓 and oriented defects 𝑏𝑛. The evolution equations for them are proposed in the form: 

 𝑏𝑛̇ = 𝑘𝑏 (𝜀𝑛̇mp − |𝑏𝑛|𝛽∗ 𝜀𝑛̇mp𝐻(𝑏𝑛𝜀𝑛̇mp)),   𝑓̇ = ∑ |ε̇𝑚mp|𝑁
𝑚=1 ,                                                           (12) 

where 𝑘𝑏, 𝛽∗ are material constants, H is the Heaviside function. Further we assume that 

scattered defects create isotropic hardening, and reversible ones – kinematic hardening. 

This is accounted for by the so-called closing equations – relations between the defect 

density 𝑓 and force 𝐹𝑦, as well as between 𝑏𝑛 and force 𝐹𝑛𝜌
. In this model, they are 

selected in the simplest form: 𝐹𝑦 = 𝑎𝑦𝑓, 𝐹𝑛𝜌 = 𝑎𝜌𝑏𝑛,                                                                                                               (13)  
where 𝑎𝑦 and  𝑎𝜌 are material constants. From conditions (9) and (10) and Eqs. (8) and 

(11)–(13) the evolutionary equations follow, allowing to calculate the increments of the 

internal variables n, ε𝑛mp
, bn, fn for given increments of stress and temperature and then 

using Eqs. (1)–(4) to find the reversible and irreversible macroscopic strains. 

 

Calculation of damage to intermartensitic boundaries 

In this paper, the description of the MSE, as well as in [17], is based on the idea of 

calculating the damage of the intermartensitic boundaries and its effect on the dissipative 

force Ffr. Observations of the structure of the boundaries [16] show that they are damaged 

during growth of martensitic plates on the late stages of MT, as well as by the growth of 

some plates at the expense of others during the reorientation of martensite occurring at 
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the deformation of samples in the martensitic state. Accordingly, in this model, the 

equations for the evolution of the damaged boundaries are proposed: 𝑑𝜁 = 𝑘1 (Ф𝑀 − Ф𝑐𝑟𝑖𝑡)𝐻(Ф𝑀 − Ф𝑐𝑟𝑖𝑡)(1 − Ф𝑐𝑟𝑖𝑡)(1 + 𝑘3𝜁2) 𝑑𝑟̃𝐻(𝑑𝑟̃),                                                                         (14) 𝑑𝜁 = 𝜁1 − 𝜁Ф𝑀(1 + 𝑘3𝜁2) 𝑑Ф𝑀𝐻(𝑑Ф𝑀),                                                                                                (15) 𝑑𝜁 = 0,                                                                                                                                                    (16) 𝜁1 = 𝑘2 (Ф𝑀 − Ф𝑐𝑟𝑖𝑡)𝐻(Ф𝑀 − Ф𝑐𝑟𝑖𝑡)(1 − Ф𝑐𝑟𝑖𝑡) 𝑟̃.                                                                                         (17) 

Equation (14) is responsible for the change in damage during reorientation of 

martensite, (15) and (17) – during forward MT, (16) – during reverse MT; 𝑘1, 𝑘2, 𝑘3, Ф𝑐𝑟𝑖𝑡 
are the constants of the material, of which 𝑘1 is responsible for the rate of damage growth 

during reorientation, 𝑘2 – during forward MT, 𝑘3 is responsible for the rate of saturation 

of the damage; Ф𝑐𝑟𝑖𝑡 is the martensite volume fraction, at which damage growth begins 

during the direct MT.  

The variable  r̃ = r /M, where 𝑟 = 12(𝑁−1) ∑ |Ф𝑛 − Ф𝑀|𝑁𝑛=1 , characterizes the degree 

of orientation of martensite: r̃ = 0 for completely chaotic martensite and r̃ = 1 for 

completely monodomenized martensite. The main hypothesis is that the dissipative force 

of resistance to the movement of damaged boundaries increases with the increase in their 

damage. Thus, the dissipative force Ffr in the MT condition (9) must be replaced by 𝐹𝑀𝑆𝐸𝑓𝑟
, 

which depends on the boundaries damage. In this work, the equation for the force 𝐹𝑀𝑆𝐸𝑓𝑟
 

is proposed in the form: 𝐹MSEfr = 𝐹fr(1 + ζ𝑘), where Ffr is the force of resistance to the 

movement of undamaged boundaries, 𝑘 is the constant of the material, taking into 

account the nonlinearity of the effect of damage on the friction force and, accordingly, 

on the shift of the characteristic temperatures of the reverse MT. 

 

Simulation of experiments studying the martensite stabilization effect 

For comparison with experimental data, the following calculations were carried out, in 

which the preliminary strain is produced in three different ways: (1) deformation in the 

martensitic state due to the reorientation of martensite; (2) cooling under constant stress 

with accumulation of the strain due to direct MT; (3) deformation in the austenitic state 

at a temperature, at which martensite is induced by stresses. 

The calculated dependences of strain on temperature are shown in Fig. 1. 

Comparison with the observed shift of the reverse MT start temperature As was carried 

out for Ti50Ni50 and Ti49Ni51 alloys experimentally studied in [16]. The following values of 

constants were used. For Ti50Ni50 alloy: characteristic temperatures are 𝑀𝑠 = 57  ℃, 𝑀𝑓 = 64 ℃, 𝐴𝑠 = 82 ℃, 𝐴𝑓 = 89 ℃, the latent heat of transformation is 𝑞0 = −110 𝑀𝐽/𝑚3, constants for MSE are 𝑘1 = 5.6, 𝑘2 = 6.0, 𝑘3 = 0.75, Ф𝑐𝑟𝑖𝑡 = 0.5, 𝑘 =  1.8. For Ti49Ni51 

alloy: characteristic temperatures are 𝑀𝑠 = −20 ℃, , 𝑀𝑓 = −33  ℃, 𝐴𝑠 = −7 ℃,  𝐴𝑓 = 3 ℃, the latent heat of transformation is 𝑞0 = −150 𝑀𝐽/𝑚3, constants for MSE are 𝑘1 = 6.0, 𝑘2 = 14.5, 𝑘3 = 12.0, Ф𝑐𝑟𝑖𝑡 = 0.5, 𝑘 =  10. 

The temperatures of phase transformations were taken from the study [16], and the 

other constants were determined on the basis of the data presented in the same work. 
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(a) (b) (c) 

Fig. 1. Dependences of strain on temperature at: preliminary deformation, heating to a completely 

austenitic state and a subsequent thermal cycle (cooling – heating) showing the effect of the reversible 

(two-way) shape memory. The preliminary strain is produced by: (a) deformation in the martensitic state; 

(b) cooling under stress; (c) deformation in the austenitic state producing stress-induced martensite 
 

  

(a) (d) 

  
(b) (e) 

  

(c) (f) 

Fig. 2. Dependences of the shift of the reverse MT start temperature 𝛥𝐴𝑠 = 𝐴𝑠1 − 𝐴𝑠0  

on the magnitude of the pre-strain for alloys Ti50Ni50 ((a) I method, (b) II method, (c) III method)  

and Ti49Ni51 ((d) I method, (e) II method, (f) III method)  
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Figure 2(a–c) shows the dependences of the shift of the reverse MT start 

temperature As for Ti50Ni50 alloy on the residual deformation u, produced respectively by 

the first, second and third methods. The experimental values are taken from [16]. From 

Fig. 2(a,b) one can see that for the first and second methods of pre-straining, for which 

the constants were calibrated, the simulation gives results that are in good agreement 

with the experiment. For the third method of pre-straining (Fig. 2(c)) the calculation also 

shows good agreement with the experiment, except for large degrees of pre-strain (above 

8 %). The results of similar calculations for Ti49Ni51 alloy are shown in Fig. 2(d–f). It should 

be noted that the simulation satisfactorily describes the increase in As for all three 

methods of pre-straining, despite the significant difference between the As(u) 

dependences for Ti49Ni51 and Ti50Ni50 alloys. In particular, in the first method of pre-

straining for both alloys As increases monotonously with u tending to saturation, 

however, for Ti50Ni50 alloy the As(u) dependence is convex (Fig. 2(a)), and for Ti49Ni51 alloy 

it has a point of inflexion (Fig. 2(d)). The selection of constant values makes it possible to 

describe the MSE in both of these alloys. A significant discrepancy between the calculated 

and experimental values of As is observed only for Ti49Ni51 alloy with the third method of 

pre-straining for low values of u, less than 3 % (Fig. 2(f)). 

 

Conclusion 

A hypothesis that the damage of the intermartensitic boundaries during preliminary 

deformation influences the dissipative force opposing the reverse martensitic 

transformation can explain the martensite stabilization effect – shift upward of the 

reverse transformation start temperature As. Equations proposed in this paper for 

calculating the evolution of the boundaries damage make it possible to achieve a 

satisfactory, and are good description of the martensite stabilization effect appearing 

after three different methods of pre-straining. Microstructural modeling of the functional 

and mechanical properties of shape memory alloys Ti50Ni50 and Ti49Ni51, performed with 

an account of the martensite stabilization effect, allow obtaining dependences of the As 

temperature on the magnitude of the preliminary strain. These dependences are in a good 

quantitative agreement with experimental data in the cases if the pre-strain is produced 

by deformation of a specimen in the martensitic state or cooling it under a load, and in a 

good qualitative correspondence in the case of inducing martensite by stress.  
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ABSTRACT  

Bioplastics reinforced with natural fibers are gaining attention for their potential in various emerging eco-

friendly applications, resulting in new materials with exceptional mechanical and thermal properties. This 

study examines PHA biopolymer plastic as a polymer matrix for natural fibers, specifically date palm, 

coconut, and sisal. It focuses on calculating shear damage at the fiber-matrix interface for the 

biocomposites date palm/PHAs, coconut/PHAs, and sisal/PHAs. The results show that under mechanical 

stresses (σ = 40, 45, 50, and 55 MPa), damage levels increase due to the accumulation of stresses, with 

sisal/PHAs exhibiting more severe degradation at the interface compared to date palm/PHAs and 

coconut/PHAs. These findings highlight the significant role of natural fibers in enhancing the mechanical 

properties of composite materials. 
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Introduction 

Nowadays, the exploration of composite and biocomposite polymers has captivated 

researchers and manufacturers alike, motivating an in-depth investigation into this 

dynamic field [1–4]. The focal point of this pursuit extends beyond the enhancement of 

existing properties, aiming to innovate and introduce novel materials tailored for a 

diverse range of contemporary applications [5,6]. Composite materials, constructed by 

arranging various components such as fibers (synthetic or natural), matrices (thermoset 

or thermoplastic), and fillers, undergo a transformative process, resulting in the creation 

of materials with enhanced mechanical, thermal, and physicochemical properties [7,8]. 
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These materials often exhibit superior strength [9], durability [10], and resistance to 

environmental factors compared to their individual constituents [11]. The emergence of 

biocomposite polymers, where natural fibers or fillers are incorporated into a polymer 

matrix, underscores a deliberate move towards sustainability and eco-friendliness in 

material design [12,13]. These materials find widespread application in diverse sectors, 

including biomedical, telecommunications, construction, aeronautics, and beyond [14–16]. 

In the biomedical field, the biocompatible nature of these polymers makes them 

invaluable for the development of implants, drug delivery systems, and other medical 

devices [17,18]. In telecommunications, their lightweight and durable properties make 

them ideal for components in electronic devices and sensing components [19,20]. 

Moreover, these materials play a pivotal role in eco-conscious building practices, offering 

sustainable alternatives for construction materials [21–23]. In aeronautics, where 

lightweight yet robust materials are essential, composite and biocomposite polymers 

have become integral to aircraft design, contributing to fuel efficiency and environmental 

sustainability [24–26]. In the pivotal area of food packaging, these materials are 

increasingly recognized for their eco-friendly nature and tailored properties, presenting 

a sustainable choice that aligns with environmental consciousness [27,28]. This 

expansive influence underscores the pivotal role of these materials in shaping a greener 

and more technologically advanced future across diverse industries. In the scope of this 

study, our attention is directed towards a meticulous investigation into the 

polyhydroxyalkanoates (PHA) biopolymer plastic as polymer matrix for natural fiber 

namely date palm, coconut, and sisal. The principal objective is to attain a thorough 

understanding of how the distinct reinforcing fibers impact the behavior of the PHA 

biopolymer matrix. In recent literature, several works have been dedicated to 

investigating the properties of PHA, positioning it as a leading candidate for emerging 

applications. The authors in [29] have conducted an extensive examination of the latest 

progress in PHA bioproduction, covering a spectrum from native to diversified cell 

factories. The exploration encompasses discussions on recovery and purification 

techniques, and the evaluation of the current status of industrial applications is 

positioned as a crucial milestone for startups. The culmination of the overview involves 

addressing contemporary challenges and outlining future prospects, providing valuable 

insights into a trajectory geared towards diminished carbon emissions and the realization 

of sustainable development goals. In [30], authors have presented an overview of the 

natural weathering behavior exhibited by representative completely biodegradable 

composites. The impacts of natural weathering on these composites closely align with 

those observed in natural fiber composites featuring conventional non-degradable 

matrices. Interestingly, no discernible influence of biodegradation from the biopolymer 

matrices manifested under natural weathering conditions for a minimum of 2 years. 

However, physical and mechanical deteriorations of the composites became evident after 

a few months of exposure, with the severity primarily dependent on the fiber content. In 

essence, the accessibility of the natural fibers and the rate of moisture ingress into the 

bulk matrix emerge as crucial factors governing the stability of biodegradable composites 

during natural weathering. Furthermore, a multitude of recent studies has underscored 

the profound impact of polyhydroxyalkanoates (PHA) biopolymers, shedding light on their 
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fabrication processes and elucidating their influence across various contemporary 

industrial trends [31–34]. 

The present work delves into a comprehensive exploration of the mechanical 

properties of the polyhydroxyalkanoates (PHA) biopolymer, particularly when reinforced 

with natural fibers such as date palm, coconut, and sisal. The overarching goal is to 

develop novel materials boasting enhanced mechanical strength. By scrutinizing the 

distinctive characteristics of each fiber type, the study seeks to unveil their individual 

impacts and collective contributions to the overall attributes of the biocomposite. The 

investigation entails the calculation of shear damage at the fiber-matrix interface for 

three specific biocomposite materials date palm/PHAs, coconut/PHAs, and sisal/PHAs 

employing a genetic operator crossing approach based on the length of each fiber. This 

analysis is conducted under the influence of various applied mechanical stresses. The 

focused examination is intricately designed to provide valuable insights into the dynamic 

interplay between Date Palm, Coconut, Sisal, and the Polyhydroxyalkanoates (PHA) 

biopolymer matrix, thereby enriching our comprehension of the interface behavior in 

biocomposite materials such as bioplastic polymers. 

 

Materials and Methods 

Polyhydroxyalkanoates biopolymer matrix 

Polyhydroxyalkanoates (PHAs) have very varied physicochemical properties depending on 

their chemical composition [35–38]. For example, the mechanical properties and 

crystallinity of the material vary depending on the presence of co-monomers. They can 

be implemented using techniques comparable to phase inversion and are resistant to 

most organic solvents. The PHA is non-toxic, biocompatible, biodegradable 

thermoplastics that can be produced from renewable resources. They have a high degree 

of polymerization, are highly crystalline, optically active and isotactic (stereochemical 

regularity in repeating units), piezoelectric and insoluble in water. These features make 

them highly competitive with polypropylene, the petrochemical derived plastic [39]. 

 

 
Fig. 1. Electron microscopy image of bacteria (Ralstoniaeutropha) containing  polyhydroxyalkanoate 

granules 
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PHAs are a family of linear, biosourced and biodegradable polyesters, with varied 

structures and properties. PHAs are made of hydroxyalkanoate (HA) monomer units with 

different lengths and functionalities. The nomenclature of a monomer unit refers to the 

total number of carbons present and the location of the side chain if there is one. They 

have the particularity of being produced by bacteria. The first bacterial 

polyhydroxyalkanoates (PHAs) were discovered in 1925 by the French scientist Maurice 

Lemoigne [37,39,40]. Indeed, in the presence of a source of carbon, nitrogen and oxygen, 

certain Bacteria have the ability to generate PHA granules to use as an energy reserve. 

Figure 1 highlights in particular by transmission electron microscopy the presence of these 

PHA granules in bacteria of the Ralstoniaeutropha type [37,41]. The properties of PHA 

depend largely on the nature and content of the monomers which it contains [35–38].  

In Table 1, the physical properties of the PHA biopolymer have been illustrated [42–45]. 

 
Table 1. Physical properties of the PHA biopolymer [42–45] 

Matrix Young's modulus, GPa Tensile strength, MPa Elongation at break, % 

PHA 3.0 43.0 5.0 

 

Fibers 

Date palm fibers (DPFs) have very interesting properties that allow them to be exploited 

in different applications such as the production of biochar [46] and the manufacture of 

ropes and baskets [47]. In addition, they are biodegradable and they have a very low 

environmental impact and above all their technical-economic advantages, DPFs are 

widely used in industrial sectors and currently in automation, automobiles, aeronautics 

and construction in order to improve thermal insulation [48,49], The literature showed 

that date palm fibers can have high cellulose purity up to 70 %. The density of date palm 

is between 1.18 and 1.45 gm/cm3 which are comparable to other widely used natural 

fibers. Date palm fibers can be used in automotive applications, in particleboard 

manufacturing and as reinforcement to panels to be used as thermal or sound 

insulation [50]. The major problem is that PDFs are hydrophilic in nature, which generates 

compatibility and interfacial bonding problems due to the hydrophobic nature of their 

matrix. To solve this problem, several physical and chemical treatment methods have 

been considered by many researchers and scientists [51,52]. One of the most effective is 

chemical treatment using the sodium hydroxide process. The principle of this treatment 

is to eliminate the existing amorphous polymers on the surface and to obtain cellulose-

rich fibers which improve the mechanical properties of the pure matrix when used as 

reinforcement [53,54]. 

Coconut fibers. Coconut is the fruit of the coconut palm (Cocosnucifera), one of the 

representatives of the palm family or Arecaceae. The exterior of the fruit is smooth and 

light green or orange in color when the flower is not ripe (young coconut); brown in color 

and covered with a thick layer of brown woody fiber surrounding the mature nut (ripe 

coconut), and composed of a solid spherical shell which protects an edible whitish kernel. 

The coconut palm is found in tropical countries. The coir surrounds and protects the 

coconut, the fruit of the coconut tree. It is extracted manually or mechanically, then 

washed and dried. The fibers measure up to 35 cm in length with a diameter ranging from 

12 to 25 µm. They have a high lignin content which makes them stronger than cotton. 
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They also have good resistance to microbial action and salt water. Traditionally, coconut 

fiber is used to make rope, fishing nets, canvas, carpets, brushes, brooms or mattress 

padding. More recently, geotextiles, made entirely from coir, are used to combat soil 

erosion. We also find insulation in the form of flexible panels and plywood (fibers and 

resins). Coconut fibers are classified as seed or fruit fibers. Coconut fiber is entirely 

biodegradable and transformed into substrate. It is suitable for mulching poor and sandy 

lands, hydroculture, massifs, annuals, flowering plants, trees, shrubs and rose bushes as 

well than the ground cover. These fibers are short and fine. In fact, plant fibers are 

classified into three categories: 1 - Seed or fruit fibers (e.g. cotton, coconut), 2 - Leaf fibers 

(e.g. sisal, abaca, esparto), 3 - Bast fibers or stem fibers (Ex: flax, jute, hemp, ramie) [55]. 

Sisal fibers. Sisal is a resistant plant in hot and arid climates, often unsuitable for 

other cultures. It only flowers once times, just before dying. Like all agaves, sisal forms a 

rosette of thick leaves that ends in a sharp point and has spiny edges. These leaves, 

although full of water, are very rigid thanks to the numerous fibers they contain. Fibers 

located inside the leaves lengthwise, are more abundant towards the surface. Defibration 

is carried out just after harvest. The pulp is scraped by hand or mechanically, releasing 

the fibers. They are several long tens of centimeters, thick and solid. A drying step is 

necessary before gathering the fibers ready for braiding of the plant. Sisal fiber is 

traditionally used to make ropes like that used, before plastic replaced it, to tighten straw 

bales. Traditional sisal clothing is found in China and Laos. These fibers also serve as 

flexible reinforcements to reinforce plaster or for composite materials. Sisal is 

increasingly used in high value-added finished products and for various other uses; it is 

the constant and superior quality of this sisal which allows its use in more profitable 

finished products. These product categories particularly plaster reinforcement in the 

construction sector and pulp production; have experienced constant growth for several 

years. The long fibers which are part of the hard fibers are generally used for the 

manufacture of baling twines, tying twines, ropes, maritime twines and polishing fabrics. 

Short fibers are used for the production of carpets and construction panels. Sisal fibers 

are also used in the paper industry to improve the performance of filter paper made from 

wood cellulose pulp. [55–58]. 

The different physical properties of fibers used in genetic modeling have been 

illustrated in Table 2. 

 
Table 2. Physical properties of different fibers used in genetic modeling 

Fiber Density, g/cm3 Deformation, % Tensile strength, MPa Young's modulus, GPa 

Sisal [59–62] 1.50 5.12 228.00 9.40 

Coconut [63,64] 1.17 13.70 107.00 5.00 

Date palm [64] 1.08 17.40 290.00 5.25 

 

Weibull formalism 

The findings in our investigation were obtained using a genetic simulation primarily 

rooted in the Weibull formalism. This approach was adopted to assess the damage at the 

interface of the three materials, incorporating genetic operators like selection, crossing, 

and mutation. The Weibull formula (Eq. (1)), as outlined in [64–68], is employed to 

characterize the damage to the matrix under uniform stress conditions. 
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 𝑫𝒎 = 𝟏 − 𝒆𝒙𝒑⁡ {− 𝑽𝒆𝒇𝒇𝑽𝟎 ( 𝝈𝒇𝝈𝟎)𝒎},             (1) 

where 𝝈𝒇 represents an applied stress, 𝑽𝒆𝒇𝒇⁡denotes the matrix volume, 𝒎⁡𝐚𝐧𝐝⁡𝝈𝟎  are 

the Weibull parameters, 𝑽𝟎 signifies the initial volume of the matrix. 

The fiber is regarded as an element within an assembly of links, each having its 

distinct breaking strength. Fracture frequency arises when the weakest link in the 

assembly experiences a break. The failure of a fiber along its entire length is primarily 

influenced by repetitions. This rupture can be characterized by a law analogous to that of 

the matrix, as described in [65,69,70]. 𝑫𝒇 = 𝟏 − 𝒆𝒙𝒑⁡ {−𝑨𝒇 ∗ 𝑳𝒆𝒒𝒖𝒊 ∗ ( 𝝈𝒎𝒂𝒙𝒇𝝈𝒐𝒇 )𝒎𝒇},           (2) 

where 𝝈𝒎𝒂𝒙𝒇
 represents the maximum stress applied to the fiber, 𝝈𝟎𝒇 is an initial stress 

applied to the fiber, 𝒎𝒇 are Weibull parameters, 𝑨𝒇 =⁡π*a², 𝑳𝒆𝒒𝒖𝒊 is the length of the fiber 

at equilibrium. 

 

Fiber-matrix interface damage 

The interface or interphase exhibits distinct properties compared to the constituents, 

specifically concerning mechanical properties. Despite these differences, it holds a crucial 

role in facilitating the transfer of forces between the matrix and the fiber. The quality of 

the interface is, therefore, a determining factor in shaping the ultimate performance of 

composites, as emphasized in references [71,72]. For this reason, the mechanical 

characterization of this pivotal area is imperative. The characterization of the interface 

involves determining its mechanical properties based on the materials used for the fiber 

and matrix. Additionally, it may be contingent on any modifications such as treatments 

that the materials undergo, including chemical formulations of the matrix, surface 

treatments of fibers, aging, etc. [71]. The composite test pieces undergo various types of 

testing, exemplified by the tensile test conducted at a specified angle relative to the fiber 

direction, the interlaminar shear test on a short further, and the three or four-point 

bending test. Additionally, monofilament test pieces are subjected to a range of tests, 

including the release test pull-out or micro-drop, the fragmentation test, and the 

indentation test, among others [71]. In our numerical simulation, we employed Eq. (3) 

derived from the pull-out heaving test. This test involves raising a fiber, either partially 

or entirely immersed in a micro test tube, by applying a pulling force [71,73]. The average 

shear stress τapp at the interface is determined by: 𝝉𝒂𝒑𝒑 = 𝑭𝒎𝒂𝒙𝟐𝝅𝒓𝒍𝒆,               (3) 

where 𝑭𝒎𝒂𝒙 is the maximum force measured;𝒓 :average radius of the fiber; 𝒍𝒆 is the length 

of the fiber inserted into the matrix (length of the interface). 

 

Results and Discussion 

The composite materials with fiber reinforcements have optimized mechanical and 

physical properties, which depend not only on those of their constituents, their 

architecture but also on the bond between fiber and matrix. The quality of this 

fiber/matrix interface, which plays a primordial role in the mechanical resistance of 

composite materials, depends on several factors that can be identified using different 
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tests carried out at the microscopic scale. Most of the experimental techniques described 

the fiber-matrix interface are often expensive and require significant preparation and 

implementation time, and that the geometry of plant fibers is highly variable. There are 

often surface defects [71]. For this reason, we have proposed and developed a simple 

numerical method based on genetic algorithms to characterize the mechanical properties 

of the fiber-matrix interface shear damage. The current study involved the computation 

of shear damage at the fiber-matrix interface for three distinct biocomposite materials: 

date palm/PHAs, coconut/PHAs, and sisal/PHAs, employing the genetic operator crossing 

approach. The damage to the fiber and matrix was calculated using Eqs. (1) and (2), 

respectively. The material-specific values presented in Tables 1 and 2 were applied in the 

computation of the objective function. Subsequently, the interface shear damage was 

determined based on the length of each fiber for the studied materials, subjected to 

various applied mechanical stresses (σ = 40, 45, 50, 55 MPa). 

As per Cox's model [74], the transfer of load leads to the generation of interfacial 

shear stresses, reaching maximum amplitude at the ends of the fiber and exhibiting very 

small values in the middle. Cox observed that these stresses display symmetry at the 

midpoint of the fiber. To aid in this analysis, he presented the two tensile and shear 

stresses, as illustrated in Fig. 2. This figure served to rationalize our selection of specific 

points utilized in our genetic modeling, namely (-L, -L/2, 0, L/2, L). 

 
Fig. 2. Cox model; stress profiles in the fiber (σf ) and at the interface (τi) [74] 

 

Figures 3–5 visually represent the damage at the interface for the three distinct 

biocomposite materials. In particular, Fig. 3 depicts the initiation of shear damage at the 

interface (denoted as "D") for the date palm/PHAs biocomposite material. The damage 

initiates at a threshold of 0.089 when σ = 45 MPa and progressively increases to a 

maximum value of 0.165 at σ = 55 MPa. Furthermore, Fig. 2 illustrates the symmetry of 

weak damage in the middle of the fiber and strong damage at the ends of the fiber, as 

depicted by the black and green colors in Fig. 3. From the results, it can be inferred that 

an elevation in mechanical stress corresponds to an increase in the degree of damage. In 

the case of this material, the degradation of the interface is relatively modest.  
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Fig. 3. Interface shear damage of date palm/PHAs biocomposite material:  

(a) σ = 40 MPa, (b) σ = 45 MPa, (c) σ = 50 MPa, (d) σ = 55 MPa     

 

  

  

Fig. 4. Interface shear damage of coconut/PHAs biocomposite material:  

(a) σ = 40 MPa, (b) σ = 45 MPa, (c) σ = 50 MPa, (d) σ = 55 MPa     

(a) 

(a) 

(b) 

(b) 

(c) (d) 

(c) (d) 



Interface shear damage of novel biocomposite materials based on polyhydroxyalkanoates biopolymer matrix  108 

  

 
 

Fig. 5. Interface shear damage of sisal/PHAs biocomposite material:  

(a) σ = 40 MPa, (b) σ = 45 MPa, (c) σ = 50 MPa, (d) σ = 55 MPa     

 

Figure 4 illustrates the extent of damage at the interface of the coconut/PHAs 

biocomposite material. The graph shows the initiation of shear damage at the interface, 

denoted as "D," at a value of 0.112 for a mechanical stress of σ = 45 MPa, escalating to a 

peak value of 0.2 at σ = 55 MPa. Similar to the preceding material, a symmetric pattern 

of weak damage in the middle and strong damage at the ends of the fiber is discernible 

for the coconut/PHAs biocomposite material. This is represented by distinct colors, black 

and blue, in Fig. 4. The elevation in damage level in the coconut/PHAs biocomposite 

material suggests that mechanical stresses concentrate at the interface, leading to a more 

pronounced degradation of the interface compared to the date palm/PHAs biocomposite 

material. 

Figure 5 illustrates that the damage at the interface, labeled as "D," in the 

Sisal/PHAs biocomposite material commences at a value of 0.181 under a stress of 

45 MPa and rises to a peak value of 0.389 when subjected to a stress of 55 MPa. 

Furthermore, the symmetry of the damage level is relatively low in the central region and 

significantly higher towards the ends of the fiber, as indicated by the contrasting colors 

of black and red in Fig. 5. The results suggest that the escalation in damage level is 

attributed to the accumulation of mechanical stresses, resulting in more severe 

degradation at the interface of the sisal/PHAs biocomposite material compared to the 

date palm/PHAs and coconut/PHAs biocomposite materials. 

  

(a) (b) 

(c) (d) 
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The aforementioned findings align with recent studies conducted by [50,75–78], 

which consistently affirm that the inclusion of natural fibers, especially date palm fiber, 

significantly enhances interfacial adhesion in composite materials. These studies 

highlight that natural fibers contribute substantially to the improved mechanical 

properties of composite materials, gradually supplanting synthetic fibers due to their 

specific strength, rigidity, lightness, and cost-effectiveness. Natural fiber-reinforced 

composites emerge as green, biodegradable, and sustainable materials, finding 

applications across various industries such as automotive, marine, aerospace, 

construction, wind energy, and consumer goods. 

 

Conclusions 

This study places a focused lens on the realm of bioplastics, particularly 

polyhydroxyalkanoates (PHA) reinforced with natural fibers (date palm, coconut, and 

sisal). The evaluation of shear damage at the fiber-matrix interface, facilitated through a 

genetic operator crossing approach based on the length of each fiber, sheds light on the 

pivotal role of mechanical stresses in influencing interface degradation. Findings indicate 

that varying mechanical stresses (σ = 40, 45, 50, and 55 MPa) correlate with an escalation 

in damage levels, underscoring the cumulative impact of these stresses. Noteworthy is 

the distinct behavior observed in the Sisal/PHAs biocomposite material, revealing more 

pronounced degradation compared to its counterparts. This observation accentuates the 

intricate interplay between natural fibers and the PHA biopolymer matrix. Importantly, 

these outcomes align with recent studies conducted by the authors in [50,75–78] 

highlighting the broader transition toward eco-friendly materials, emphasizing the 

substantial contribution of bioplastics reinforced with natural fibers in elevating 

mechanical properties. 

In practical terms, the enhanced mechanical properties of these biocomposites 

make them suitable for a variety of eco-friendly applications. For example, packaging 

solutions, in lightweight automotive components, in durable construction materials. The 

specific degradation behavior of sisal/PHAs could also be advantageous in applications 

requiring controlled material breakdown, such as in agricultural or disposable products. 

Future research should aim to optimize the fiber-matrix interface to reduce the 

degradation observed, especially in sisal/PHAs composites. Additionally, exploring other 

natural fibers or hybrid fiber combinations could enhance the performance of these 

bioplastics. Additionally, a key direction for future work involves incorporating advanced 

learning techniques, such as machine learning algorithms, to accurately model and 

predict the behavior of these biocomposites under various environmental conditions. 
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ABSTRACT 

A generalization for the physically nonlinear Maxwell-type constitutive equation is proposed with two 

material functions for non-aging rheonomic materials, which have been studied analytically in previous 

articles to elucidate its properties and application. To extend the set of basic rheological phenomena that it 

simulates, we propose to add the third strain component expressed as the Boltzmann-Volterra linear integral 

operator governed by an arbitrary creep function. To generalize and conveniently tune the constitutive 

relation, to fit it to various materials and various lists of phenomena (test data), we introduce a weighting 

factor (i.e. nonlinearity factor) into the equation. This allows us to crossbreed primary physically nonlinear 

Maxwell-type model with the linear viscoelasticity equation in an arbitrary proportion, to construct a hybrid 

model and to regulate prominence of different phenomena described by the two constitutive equations we 

crossbred. General expression for stress-strain curves at constant stress rate and for the creep and recovery 

curves families obtained using the proposed hybrid constitutive equation are derived and analyzed. The basic 

properties of the stress-strain curves and the creep-recovery curves are studied assuming  three material 

functions are arbitrary. They are also compared to the properties obtained using primary Maxwell-type model 

and linear viscoelasticity theory. New properties are found that allow the hybrid model to tune the form of 

the stress-strain curves and the creep-recovery curves and to simulate additional effects observed in constant 

stress rate tests and creep-recovery tests of various materials at different stress rates and stress levels. 
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Introduction 

The problem of reliable modeling of thermomechanical behavior and fracture of materials 

and structures, the issues of construction or selection of adequate constitutive equations 

(CEs) for viscoelastoplastic materials (out of dozens and hundreds proposed in the 

literature), analysis of their properties and the scope of application, sphere of influence 

of material functions (MFs) and phenomenological limitations on them, development of 

identification and certification techniques, still remain relevant in mechanics, materials 
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science and the practice of engineering calculations. For a reasonable choice of the CE, 

determination of its possibilities and the scope of application, for competent processing 

of experimental data and identification of MFs and parameters of the chosen CE it is 

necessary to study analytically general properties of loading and unloading curves, 

relaxation curves, creep curves under stepwise loading programs generated by the CE 

with arbitrary MFs [1–10]. It is also necessary to investigate the influence of loading 

parameters and characteristics of MFs, to identify the necessary conditions (indicators) of 

applicability of the CE to the modeled material. 

In the series of papers [4–10] (and others) such an analysis was performed for a 

physically nonlinear CE: 𝜀(𝑡) = 𝐸−1𝐹(𝜎(𝑡)) + 𝜂−1 ∫ 𝑉(𝜎(𝜏))𝑑𝜏𝑡0 , or 𝜀̇ = 𝐸−1[𝐹′(𝜎)𝜎̇ + 𝜏𝑟−1𝑉(𝜎)], 𝑡 > 0, (1) 

connecting (in one-dimensional case) the strain 𝜀(𝑡) with the history of stress changes 𝜎(𝜏), 𝜏 ∈ [0; 𝑡], in isothermal deformation processes of stable rheonomic materials (stress 

and time are assume to be dimensionless). The CE (1) includes two increasing MFs 𝐹(𝑥), 𝑉(𝑥), 𝑥 ∈ (𝜔−, 𝜔+) (their constraints are given in the next section) and two constants: 𝐸, 𝜂 > 0. The elastic modulus 𝐸 and the viscosity coefficient 𝜂 are explicitly extracted 

from the MF to account for the effect of temperature in the form 𝐸 = 𝐸(𝑇), 𝜂 = 𝜂(𝑇) [5]. 

The CE (1) is based on the decomposition of the total strain into the sum of elastic and 

viscoplastic components: 𝜀 = 𝜀𝑒 + 𝜀𝑣, 𝜀𝑒 = 𝐹(𝜎)/𝐸, 𝜀𝑣̇ = 𝑉(𝜎)/𝜂. 

It is aimed at describing a set of effects typical of non-aging materials with heredity 

and plasticity, high rate sensitivity and, possibly, tension-compression asymmetry.  

The CE (1) combines relative simplicity and wide scope of applicability: it generalizes a 

number of classical models (due to the arbitrariness of MFs 𝐹(𝑥) and 𝑉(𝑥)) and describes 

a very wide range of rheological effects typical of many rheonomic materials exhibiting 

viscoelastic and plastic properties [4–10]. 

The CE (1) generalizes (includes) the classical power-law models of viscous flow 

and creep (see the surveys and the references on these topics in works [4,5,8]), the 

Herschel–Bulkley and Shvedov–Bingham rheological models, and the special case of the 

Sokolovsky–Malvern model. In the case of 𝐹(𝑥) ≡ 0, 𝑉(𝑥) = 𝑥|𝑥|𝑛−1, 𝑛 > 1, the CE (1) 

gives the power law of flow (Norton–Bailey model), the most popular (due to its 

simplicity) in the theory of creep, viscoplasticity, hydrodynamics of non-Newtonian fluids 

and the rheology of polymers [11–41]. It has been used to model the dependence of 

steady-state creep rate on stress [11–19,24,25,29], power-law fluid flows (in particular, 

those associated with oil production) [20–24], superplastic flow of materials [32–40], 

and the motion of avalanches and mudflows [41]. Setting 𝐹(𝑥) = 𝑥 and 𝑉(𝑥) = 𝑥|𝑥|𝑛−1, 

we obtain a model with linear elasticity and power-law viscosity, which has been used in 

a number of works to describe the creep curves, to model superplasticity and to solve 

specific problems [8–10,13,34,42–45]. In [46,47], the CE, related to the CE (1), was used 

as the basis for a nonlinear model for describing the shear strain of thixotropic 

viscoelastic fluids, which takes into account the influence of the kinetics of formation and 

destruction of intermolecular bonds and associates of macromolecules on viscosity and 

shear modulus and the influence of the deformation process to this kinetics. The general 

tensor formulation of nonlinear Maxwell-type CEs for (severe strain of) viscoelastic 

media, related to the CE (1), the description of kinematics, thermodynamic aspects and 
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methods of specifying the CRs were studied in [48–53]. Those papers focused on 

describing the behavior of fluids and discussed experiments and effects inherent in fluids 

(polymer melts and solutions, etc.). However, they did not consider creep, relaxation and 

stress-strain curves generated by the CE, did not ask many questions specific to 

mechanics of deformable solids, and did not analyze the corresponding 

phenomenological constraints on the MFs and parameters of the CE (1) and methods for 

their identification. The CE (1) with arbitrary MFs 𝐹(𝑥) and 𝑉(𝑥) has not been 

systematically investigated and validated before the works [4–10]. 

Thus, the CE (1) generalizes several commonly used models and describes a wide 

range of rheological effects (see the next section and [4–10] for more details). However, 

along with many advantages, it has some features that limit its scope of applicability. 

Thus, the CE (1) is not capable of describing some effects observed during the 

deformation of many materials. For example, in [7,8] the following was proved: 

1. the CE (1) models only creep at a constant rate (steady-state creep, characteristic of 

many ductile metals, polymers in a viscous-flow state and materials in a state of 

superplasticity) and is not capable of describing the stages of transient and accelerated 

creep, as well as limited creep, characteristic, for example, of many polymers; 

2. the CE (1) does not describe recovery after complete unloading ("reverse creep", "elastic 

aftereffect"), i.e. the process of gradual relaxation of the accumulated strain reaching a 

certain constant level at large values of time, as it is observed in tests of many materials 

(for example, for cross-linked polymers and for bone tissue, reverse creep curves tend to 

the asymptote 𝜀 = 0). The CE (1) describes only the instantaneous recovery of the elastic 

part of strain. The "highly elastic" component of strain, which ensures gradual decrease, 

is completely absent in model (1); 

3. under cyclic loading beyond the elastic limit, the CE (1) always gives ratcheting at a 

constant rate: “unlimited” increase in plastic strain without stabilization and adaptability, 

cyclic weakening. 

Due to the abundance of advantages and possibilities of the CE (1), as well as the 

presence of several disadvantages, it is advisable to generalize the CE in such a way as 

to preserve the advantages, but eliminate the noted disadvantages and expand the range 

of rheological effects described by it and its scope of applicability. This is precisely the 

main purpose of this article (see the next sections). 

The most important types of uniaxial tests, which make it possible to capture and 

examine various aspects of material behavior, to detect signs of nonlinearity in its 

behavior and to gather sufficiently rich information for the selection and identification of 

the CE, are the tests on loading (shear, tension, compression) at a constant rate 𝜎(𝑡) = 𝑏𝑡 

and on creep at a constant stress and recovery after unloading (reverse creep)  

[4,7,11–17,54–56] for different stress levels and durations of the loading stage 𝜎̄, 𝑇 > 0, 

i.e. study of the response 𝜀(𝑡; 𝜎̄, 𝑇) of a material (specimen) to a rectangular stress pulse: 𝜎(𝑡; 𝜎̄, 𝑇) = 𝜎̄[ℎ( 𝑡) − ℎ( 𝑡 − 𝑇)], 𝑡 > 0,   (2) 

where ℎ( 𝑡) is the Heaviside function, instantaneous unloading and endurance at the 𝜎(𝑡) = 0, 𝑡 > 𝑇. 

Another objective of this article is to derive equations for the curves family and 

creep-recovery curves generated by the new CE (4) with three arbitrary MFs under loadings 

in the form (2). We also aim to study the influence of loading parameters and 
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characteristics of all MFs, in particular, to identify new qualitative properties (effects), 

which make it possible to describe a more general CE (4) in comparison with the CE (1). 

In the future, the properties found will be used to develop methods for identifying  

the CE (4) and searching for its applicability indicators using experimental creep and 

recovery curves of materials, as was done for the CE (1) in [4–10,56]. 

 

On restrictions on MFs of the CE (1) and its scope of applicability 

The MF 𝐹 defines in the CE (1) the elastic strain 𝜀𝑒(𝜎). The minimum primary constraints 

on it are: 𝐹(𝑥), 𝑥 ∈ (𝜔−, 𝜔+) is a continuous (strictly) increasing function with a piecewise 

continuous derivative, such that 𝐹(0) = 0. These conditions ensure that the signs of 

stress and elastic strain 𝜀𝑒(𝜎) coincide and that the condition 𝜀𝑒(0) = 0 is met. From  

the strictly increasing 𝐹(𝑥) it follows that 𝜀𝑒(|𝜎|) and the energy of elastic strain increase 

with increasing |𝜎| and the existence of the inverse to 𝐹 function 𝑓. The viscosity function 𝑉(𝑥)/𝜂 in the CE (1) controls the viscoplastic properties: it governs the material memory, 

the rate of dissipation, relaxation rate, creep and plastic strain accumulation rate,  

the sensitivity of stress (in particular, the instantaneous modulus and flow stress) to the 

strain rate, and the long-term strength [4–10]. The minimum constraints on it are: 𝑉(𝑥) 

is a continuous (non-strictly) increasing function on the interval (𝜔−, 𝜔+), such that  𝑉(0) = 0. These constraints on the MF provide, in particular, an increase in strain-stress 

curves and creep curves, a decrease in relaxation and long-term strength curves, a 

description of the complex of rheological effects typical of viscoelastoplastic materials 

(see below), and the thermodynamic consistency of the CR, i.e., the positivity of the stress 

work 𝜎(𝜏) in an arbitrary deformation process and the non-negativity and increasing of 

dissipation 𝑊[𝑡, 𝜎(𝜏)]: 𝑊̇(𝑡) = 𝜎(𝑡)𝑉(𝜎(𝑡))/𝜂 > 0. If 𝜔+ and 𝜔− are finite, they can be 

interpreted as tensile strength at tension and compression (as material parameters). 

Mathematical properties of the operator (1), literature reviews and related to (1) models 

used in the theory of creep, superplasticity and polymer mechanics, taking into account 

the effect of temperature and generalization of the CE (1) to the triaxial stress state are 

given in [4–10]. 

In [4–10] and others, were analytically studied the equations of the basic quasi-

static curves families generated by the CE (1) with arbitrary MFs 𝐹(𝑥) and 𝑉(𝑥): relaxation 

and creep curves with arbitrary initial loading to a given level stage, creep under stepwise 

loading, long-term strength, stress-strain curves at constant and piecewise constant 

strain or loading rates, under cyclic loading. The general properties of these curves were 

studied depending on the characteristics of MFs and parameters of loading programs: 

intervals of monotonicity and convexity, inflection points, responses to discontinuities in 

the input process (jumps and breaks), asymptotics and two-sided estimates of theoretical 

curves, the nature of the convergence of their families to limit curves at the tendency of 

the parameters of loading programs (strain or loading rate, duration of the initial stage 

of loading, etc.) to zero and infinity, conditions for memory decay, the effect of 

permutation of loading stages on asymptotics and residual strain, etc. As a result of 

comparing the discovered properties of the theoretical curves with typical qualitative 

properties of test curves for a wide class of viscoelastoplastic materials (with a target list 

of mechanical effects), the necessary additional constraints on MFs were derived to 
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ensure adequate modeling of the main rheological effects, and theoretical and 

experimental applicability indicators of the CE (1) were identified, as well as those effects 

that it fundamentally cannot describe at any MFs. 

A systematic study of the CE (1), carried out in a series of works [4–10] and others, 

showed that it can be used to describe a set of basic rheological effects typical of 

viscoelastoplastic materials with memory, high sensitivity to loading rate, and, possibly, 

tension-compression asymmetry. They are characterized by the following features of 

mechanical behavior: 

1. increasing loading curves at a constant rate, which can be either convex upward or may 

have an inflection point; 

2. positive rate sensitivity; 

3. monotonous decrease and convexity of the unloading curve or the presence of a 

maximum point or inflection point on it (depending on the rate and level of loading), 

4. lack of recovery (strain relaxation) after a stress pulse exceeding the elastic limit and 

complete unloading; 

5. significant influence of the duration and rate of loading on the magnitude of plastic 

strain; 

6. pronounced stage of flow at constant stress in stress-strain curves with constant rate 

and (increasing) dependence of the flow stress on rate; 

7. "unlimited" increase in plastic strain under cyclic loading beyond the elastic limit 

(ratcheting without stabilization and adaptability, cyclic weakening); 

8. creep at a constant rate; 

9. stress relaxation to zero or non-zero value; 

10. increase in compliance and rate sensitivity, an increase in the dissipation rate, 

relaxation rate, creep and ratcheting rates with increasing temperature. 

Such materials (in certain deformation modes) include, for example, many polymers, 

their melts and solutions, solid fuels, asphalt concrete, high-modulus polyethylene yarns, 

geofabrics and geogrids, ice and frozen soils, titanium and aluminum alloys, carbon and 

ceramic materials at high temperatures, etc. 

The analysis of the properties of theoretical curves generated by the CE (1) [4–10] 

showed that two main cases should be distinguish, in which the CE (1) (or the modeled 

material) behaves differently. In the first case, |𝑉(𝑥)| > 0 for all 𝑥 ≠ 0, 2) 𝑉(𝑥) ≡ 0 at a 

certain interval 𝑍: = [𝜎−, 𝜎+] ⊂ (𝜔−, 𝜔+), 𝜎− ≤ 0, 𝜎+ ≥ 0, 𝜎+ ≠ 𝜎− (by definition, 𝜎− and 𝜎+ are the lower and upper bounds of the set of zeros of the MF 𝑉(𝑥)). In the second case, 

as long as 𝜎(𝑡) ∈ 𝑍, the CE models the elastic behavior of the material: the dissipation is 

small and there is no hysteresis loop on the loading-unloading curve, the relaxation and 

creep are absent, the stress-strain curve does not depend on the loading (or strain) rate 

at 𝜀 ∈ [𝜀−, 𝜀+], where 𝜀±: = 𝐹(𝜎±)/𝐸). Thus, 𝜎− and 𝜎+ play the role of elastic limits (and 

creep thresholds) of the material under compression and tension. At 𝜎 > 𝜎+ (or 𝜎 < 𝜎−) 

the dissipation is significant and viscoplastic properties also begin to appear.  

For example, in [10], the elastic limit equal to one tenth of the tensile strength was found 

from the testing data of a complex polyester yarn and the methods of identification of 

the CE (1), developed in [8], were tested. 

 

The use of a MF of the second kind, i.e. with 𝜎+ > 0, is very convenient for taking 
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into account the features of the manifestation of nonlinear viscoelastoplastic properties 

in testing data of a particular material, namely, for connecting the nonlinear 

viscoplasticity model (1) to the linear viscoplasticity CE (3) and surgical adjustment of this 

connection. Due to the material parameters 𝜎+ and w it is possible to add to the CE (3) 

the nonlinear viscoplasticity, starting from any stress 𝜎 ≥ 𝜎+ > 0 and in any proportion. 

 

Generalization of the CE (1) by crossbreeding with the linear viscoelasticity CE 

A natural way to generalize the CE (1) in such a way as to preserve its advantages, but 

eliminate the noted disadvantages and expand the range of rheological effects described 

by it and its scope of applicability, is to add to the CE (1) a third strain component – 

viscoelastic, highly elastic strain, i.e, to sequentially attach to the nonlinear Maxwell-type 

model a linear viscoelastic element (a parallel connection is also promising, but will entail 

a distortion of the good properties already presented in the CE (1)): 𝜀 = 𝜀𝑒 + 𝜀𝑣 + 𝜀𝑣𝑒. This 

viscoelastic element can be chosen differently: a Scott-Blair fractal element can be added, 

Voigt or Kelvin models, etc. But it seems most reasonable to maximize the 

communication in this direction, i.e., to add a term governed not by two or three 

parameters, but expressed in general form by the linear Boltzmann-Volterra integral 

operator with an arbitrary creep function (CF): 𝜀(𝑡) = ∫ 𝛱(𝑡 − 𝜏)𝑡0 𝑑𝜎(𝜏), 𝜎(𝑡) = ∫ 𝑅(𝑡 − 𝜏)𝑡0 𝑑𝜀(𝜏), 𝑡 ≥ 0.  (3) 

If, of course, it is possible to analyze in sufficient depth the properties of such a 

complex CE, depending on three arbitrary MFs, and to learn how to adjust these 

properties in order to describe typical material testing data. For generality and 

convenience of model control, its adjustment to different materials and lists of modeled 

effects, we introduce a weighting factor 𝑤 ∈ [0; 1] (nonlinearity factor), which allows us 

to “mix” the CE (1) and the linear viscoelasticity operator (3) (and the effects modeled by 

them) in any proportions: 𝜀(𝑡) = 𝑤𝐸−1𝐹(𝜎(𝑡)) + 𝑤𝜂−1 ∫ 𝑉(𝜎(𝜏))𝑑𝜏𝑡0 + (1 − 𝑤) ∫ 𝛱(𝑡 − 𝜏)𝑡0 𝑑𝜎(𝜏), 𝑡 > 0. (4) 

Thus, the new CE (4) is a hybrid (and simultaneous generalization) of the nonlinear 

CE (1) and the linear viscoelasticity CE (3) (at 𝑤 = 0, the nonlinearity is switched off and 

the linear viscoelasticity CE is obtained, and at 𝑤 = 1 the CE (1) is obtained). It is the 

parameter w that allows us to adjust the contributions of the CE (1) and the CE (3) and 

thus to adjust the severity of the effects they model. 

Further, we assume minimal constraints on the CF 𝛱(𝑡),𝑡 > 0, in the CE (4), inherited 

from the viscoelasticity CE (3) [1]: it is positive, differentiable, increasing and convex 

upward by (0; ∞). For example, the following CF: 𝛱 = 𝐴𝑡𝑢, 𝑢 ∈ (0; 1), 𝐴 > 0,     (5) 

defines the so-called “fractal” element of "fractional" models with the fractional 

differentiation operator. It has the property 𝛱(0) = 0, which characterizes irregular 

viscoelastic models (the corresponding relaxation function has a singularity at 𝑡 = 0: 𝑅(𝑡) = 𝐵𝑡−𝑢) [54]. The following CFs family: 𝛱(𝑡) = 𝛼𝑡 + 𝛽 − 𝛾𝑒−𝜆𝑡, 𝜆 > 0, α,β ≥ 0, 𝛾 ∈ [0, 𝛽],  (6) 

generates at 𝛾 ∈ (0; 𝛽), α,β > 0 all four regular structural models of four elements (they 

are equivalent), and at 𝛼 = 0 it generates two regular models of three elements (Kelvin 

and Poynting–Thomson models). Since 𝛱(0) = 𝛽 − 𝛾, then the CF (6) generates irregular 



Hybrid of a nonlinear Maxwell-type viscoelastoplastic model with the linear viscoelasticity constitutive equation  120 

and properties of crossbreed creep and stress-strain curves 

models when 𝛾 = 𝛽: at λβ = 0 it is the Newtonian fluid, at 𝛼 = 0 it is the Voigt model, at 𝛼 > 0 it generates both singular models of three elements. At 𝛾 = 0 (6) it gives the linear 

Maxwell-type model. These CFs will be used to illustrate the properties of the creep and 

recovery curves generated by the CE (4). The case 𝛾 < 0 in (6) violates the constraint 𝛱̈(𝑡) ≤ 0, which entails an increase in the recovery curve (15) (a contradiction with 

experimental data). 

The generalization of the CE (4) to the triaxial stress state in the case of isotropic 

media can be carried out according to the same standard scheme as the generalization of 

the CE (1), based on the postulate about the absence of cross-influence of the spherical 

and deviatoric parts of the stress and strain tensors 𝝈(𝑡) and 𝜺(𝑡) to each other  

(i.e., independence of volumetric strain from tangential stresses, and shear strains from 

average stress) and the postulate about the proportionality of deviators 𝒔 = 𝝈 − 𝜎0𝑰,  𝒆 = 𝜺 − 𝜀0𝑰 [9]: 𝜀𝑖𝑗(𝑡) = 32 𝜀(𝑡)𝜎(𝑡)−1𝑠𝑖𝑗(𝑡) + 13 𝜃(𝑡)𝛿𝑖𝑗, 𝜀(𝑡) = 𝑴𝜎 = 𝐸−1𝐹(𝜎(𝑡)) + 𝜂−1 ∫ 𝑉(𝜎(𝜏))𝑑𝜏𝑡0 ,   (7) 𝜃(𝑡) = 𝑴0𝜎0 = 𝐸0−1𝐹0(𝜎0(𝑡)) + 𝜂0−1 ∫ 𝑉0(𝜎0(𝜏))𝑑𝜏𝑡0 , 

where 𝜎0(𝑡) = 𝜎𝑖𝑖(𝑡)/3, 3ε0 = 𝜃(𝑡) = 𝜀𝑖𝑖(𝑡), 𝜎(𝑡) = (32 𝑠𝑖𝑗𝑠𝑖𝑗)0.5, 𝜀(𝑡) = (23 𝑒𝑖𝑗𝑒𝑖𝑗)0.5 are the 

average stress, volumetric strain and the intensity of stresses and strains. This CE 

expresses 𝜺(𝑡) through the history of 𝝈(𝑡) and is governed by two pairs of MFs 𝐹(𝑥), 𝑉(𝑥) 

and 𝐹0(𝑥), 𝑉0(𝑥), whose constraints are described in the previous section, and the 

parameters 𝐸,  η, 𝐸0,  𝜂0 > 0. The CE (7) can be crossbred according to the described 

scheme with the general linear viscoelasticity CE for isotropic media: 𝜀𝑖𝑗(𝑡) = 𝑒𝑖𝑗 + 𝜀0𝛿𝑖𝑗, 𝑒𝑖𝑗(𝑡) = 32 𝜫𝑠𝑖𝑗(𝑡), 𝜃 = 𝜫𝟎𝜎0, (8) 𝜫𝑦 = ∫ 𝛱(𝑡 − 𝜏)𝑡0 𝑑𝑦(𝜏), 𝜫𝟎𝑦 = ∫ 𝛱0(𝑡 − 𝜏)𝑡0 𝑑𝑦(𝜏), 𝑡 > 0, (9) 

with two arbitrary MFs 𝛱(𝑡) and 𝛱0(𝑡) (functions of shear and volumetric creep), i.e., 

consider the CE expressing 𝜺(𝑡) through the history of 𝝈(𝑡) as follows: 𝜀𝑖𝑗(𝑡) = 𝑒𝑖𝑗(𝑡) + 13 𝜃(𝑡)𝛿𝑖𝑗, 𝑒𝑖𝑗 = 32 𝑤 𝑴𝜎𝜎(𝑡) 𝑠𝑖𝑗(𝑡) + 32 (1 − 𝑤)𝜫𝑠𝑖𝑗(𝑡),    (10) 𝜃 = 𝑤𝑴0𝜎0 + (1 − 𝑤)𝜫𝟎𝜎0 

The CE (10), like the CEs (7) and (8), describes the processes of isothermal 

deformation of non-aging isotropic viscoelastic media by connecting the histories of 

changes in the components of the deviators 𝒔, 𝒆 and the first invariants 𝜎0(𝑡) and 𝜀0(𝑡) 

of the stress tensors 𝝈(𝑡) and small strains 𝜺(𝑡) at an arbitrary point of the body.  

The CE (10) contains six MFs: three governing the change in shape (F, V, 𝛱) and three 

governing the volumetric strain (or only one or two in the case of simplifications 

associated, for example, with the postulation of an elastic or linearly viscoelastic relation 

between the volumetric strain and the average stress). 

A systematic study of the three-dimensional CE (10) and the study of the 

possibilities for modeling triaxial effects (in particular, the scenarios for changes in time 

of the transverse strain coefficient under creep and other types of loading, the influence 

of volumetric strain and hydrostatic pressure on the tension-compression curve [9,56]) – 

these are the topics of subsequent articles. The analysis should begin with the one-
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dimensional operator (4). In the case of uniaxial (“pure”) shear, when only the components 𝜎12 = 𝜎21 of the stress tensor are nonzero, there will be 𝜎0(𝑡) ≡ 0, 𝒔(𝑡) = 𝝈(𝑡), and from 

the CE (10) it follows, that 𝜃(𝑡) ≡ 0, 𝒆(𝑡) = 𝜺(𝑡), only the components 𝜀12 = 𝜀21 are 

nonzero and they are connected to 𝜎12(𝑡) by an operator in the form (4). Therefore,  

all statements proved below about the creep and strain curves generated by the uniaxial  

CE (4) are automatically transferred to the CE (10) in the case of shear, as well as in the 

case of hydrostatic loading without shape change: for the volumetric creep curves 𝜃(𝑡, 𝜎̄0) 

and loading curves 𝜎0(𝜃, 𝑏) families all properties are preserved when the triple of MFs 

F, V, 𝛱 are replaced by the MFs 𝐹0, 𝑉0, 𝛱0. 

 

Creep curves generated by the CE (1) and the CE (4) 
At the stress 𝝈(𝒕) = 𝝈̄ 𝒉( 𝒕), 𝑡 > 0, the CE (1) generates the creep curves family: 𝜀(𝑡, 𝜎̄) = 𝑟(𝜎̄)𝑡 + 𝑐𝐹(𝜎̄), or 𝜀(𝑡, 𝜎̄) = 𝑐[𝑉(𝜎̄)𝜏𝑟−1𝑡 + 𝐹(𝜎̄)] (11) 

where 𝑐 = 𝐸−1, 𝑟(𝜎̄) = 𝜂−1𝑉(𝜎̄) = 𝑐𝜏𝑟−1𝑉(𝜎̄), 𝜏𝑟: = 𝜂/𝐸 is the relaxation time of the 

linear Maxwell-type model with 𝑉(𝑥) = 𝐹(𝑥) = 𝑥 (𝜏𝑟 is convenient to use for 

dimensionless time). 

If 𝑉(𝑥) ≡ 0 on a certain segment [𝜎−, 𝜎+], 𝜎− < 0, 𝜎+ > 0, then at 𝜎 ∈ [𝜎−, 𝜎+]  
the CE (1) models (nonlinearly) the elastic behavior of the material and at 𝜎̄ ∈ [𝜎−, 𝜎+]  
the creep is absent (the elastic limits for compression and tension coincide with the creep 

thresholds). 

If 𝑉(𝜎̄) ≠ 0, then all creep curves are linear in time at 𝑡 > 0, i.e., for any MFs, the 

CE (1) models only creep at a constant rate (as does the linear Maxwell-type model),  

the rate |𝑟(𝜎̄)| increases with the increase of |𝜎̄|. Since 𝑉(𝜎̄) > 0 at 𝜎̄ > 0 and increases, 

the creep curve (11) increases along 𝑡 (at 𝜎̄ > 0) and along 𝜎̄, which is observed in tests 

of stable materials. 

A pronounced stage of creep at a constant rate is characteristic of many plastic 

metals, polymers in a viscous-flow state, and materials in a state of superplasticity. The 

creep curves of polymers have a stage of steady-state creep only at sufficiently high 

temperatures, when the polymer is in a viscous-flow state. The CE (1) is not capable of 

describing the stages of transient and accelerated creep, as well as limited creep, 

characteristic, for example, of many polymers. 

For example, Fig. 1(a) shows the creep and recovery curves of 110×2Z50 complex 
polyester yarn under tension according to program (2), carried out in 2019 by O.N. 

Stolyarov and A.V. Khokhlov at the Peter the Great St. Petersburg Polytechnic University 

(on the Instron 5965 universal measuring complex). The basic characteristics of the yarn 

were measured beforehand. Linear density of the yarn θ = 220 tex, specific density of the 

yarn material  = 1360 kg/m3, elastic modulus 15.3 ± 1.1 GPa, breaking force  𝑁∗ = 150 ± 5 N (tensile strength 𝜎∗ = 960 ± 35 MPa, relative strength of the yarn is  

0.7 N/tex), relative elongation at break is 11 ± 0.75 % (based on the results of ten tests 

to break with a crosshead rate of 50 mm/min). Figure 1(a) shows creep and recovery 

curves of yarn specimens (the length of the working part of the specimen is 100 mm)  

for different stress levels: the curve i corresponds to the stress 𝜎̄ = 𝜎̄𝑖 = 𝑖𝜎∗/10 (from  

10 to 50 % of the tensile strength). The ideal program (2) was implemented as follows: 

"instantaneous" loading (more precisely, very fast: within 1–3 sec, at a rate of 
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1500 N/min) of the specimen to a given stress level 𝜎̄, holding for a time 𝑡∗ = 4𝑡̃,  𝑡̃ = 3600 sec (1 hour), "instantaneous" unloading and subsequent holding at (almost) zero 

stress (2 N) for a time of 2𝑡̃ to analyze the recovery process. 

 

 

  
(a) (b) 

Fig. 1. Test creep and recovery curves at different tensile loads for a polyester yarn (a) and polyamide-6 (b) 

 

The data of these tests the CE (1) approximates well except for the initial segments 

of the creep curve and the recovery stage. However, the data from tests of polyamide-6 

under tension (Fig. 1(b)) the CE (1) cannot describe for the reasons mentioned above 

(creep at an unstable rate, pronounced reverse creep). S.B. Sapozhnikov at the South Ural 

State University (in August 2022) carried out these (preliminary) tests according to the 

following program. Rapid loading up to 𝜎̄ = 𝜎̄𝑖 = 10; 20; 25; 30 MPa, observation of creep 

at constant stress for 4 hours (curves 1–4), "instant" unloading and observation of 

recovery at (almost) zero stress for 4 hours. To select the stress levels, preliminary tests 

to failure were carried out at different loading rates and the conditional tensile strength 

of polyamide-6 was found in the range of loading rates from 0.5 to 50 MPa/min and  𝜎∗ = 60 ± 5 MPa (true stress at the break 𝜎∗ = 80 ± 10 MPa, relative elongation at break 

is from 20 to 50%). For polyamides and similar materials, the proposed CE (4) is useful. 

Since the response of the linear CE (3) to the loading program 𝝈(𝒕) = 𝝈̄ 𝒉( 𝒕), has 

the form 𝜀(𝑡, 𝜎̄) = 𝜎̄𝛱(𝑡), then the CE (4) generates the creep curves family: 𝜀(𝑡, 𝜎̄) = 𝑤𝑟(𝜎̄)𝑡 + 𝑤𝑐𝐹(𝜎̄) + (1 − 𝑤)𝜎̄𝛱(𝑡)  . (12) 

Since 𝑤 ∈ [0; 1], then the creep curves family (12) increases along 𝜎̄, which 

coincides with the typical properties of creep curves of structurally stable materials.  

At 𝜎̄ > 0 the additional term (1 − 𝑤)𝜎̄𝛱(𝑡) increases along 𝑡 and is convex upward (since 𝛱(𝑡) is increasing and convex upward). Therefore, the creep curve (12) increases along 𝑡 

and is convex upward at 𝑡 > 0, as in linear viscoelasticity, but no longer depends linearly 

on the stress level 𝜎̄ (since the first two terms do not have this property). At 𝑤 > 0.5  

the influence of the first term on the creep rate and the accumulation of irreversible 

(residual) strain is significant, and it is possible to make the creep curve as close as desired 

to the straight-line creep curve (11) by increasing w. On the contrary, at 𝑤 → 0 it is 

possible to make the relative contribution of terms nonlinear along σ ̄ as small as desired 

and give the creep curves family any shapes characteristic of linear viscoelasticity.  

The convexity of the creep curve (12) means that the CE (4), like the linear viscoelasticity 

CR, is not capable of describing accelerated creep (the third stage of creep). 
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(a) (b) 

Fig. 2. Creep curves for four stress levels 𝜎̄ = 0.1; 0.2; 0.3; 0.4 (curves 1–4), generated by several models 

of the form (4) with 𝐹(𝑥) = 𝑥, 𝑉(𝑥) = 𝑥|𝑥|, 𝐸 = 50, 𝜂 = 50 and three different weighting factors 

 𝑤 = 0; 0.5; 1 (red, black, and light blue curves): (a) three models with the creep function (5) with 𝑢 = 1/3, 𝐴 = 0.03; (b) three models with the creep function (6), 𝛼 = 0, 𝛽 = 0.07, 𝛾 = 0.05, 𝜆 = 0.25 

 

Figure 2(a) shows the creep curves of the three CE (4) with 𝐹(𝑥) = 𝑥, 𝑉(𝑥) = 𝑥|𝑥|, 𝐸 = 50, 𝜂 = 50 (then 𝜏𝑟 = 1), 𝛱 = 𝐴𝑡𝑢, 𝑢 = 1/3, 𝐴 = 0.03 with three different weighting 

factors 𝑤 = 0; 0.5; 1 (red, black, and light blue curves) for four stress levels  𝜎̄ = 0.1; 0.2; 0.3; 0.4 (curves 1–4). Dimensionless time is plotted along the abscissa axis: 

the considered qualitative properties of the curves do not depend on its scaling, 𝜎̄ and E 

are dimensionless by dividing by one tenth the quasi-static tensile strength at a standard 

rate. Since 𝛱(0) = 0, the initial value of the creep curve 𝜀(0) = 𝑤𝑐𝐹(𝜎̄). 

Figure 2(b) shows the creep curves of the three CE (4) with the same MFs 𝐹(𝑥) = 𝑥, 𝑉(𝑥) = 𝑥|𝑥|, 𝐸 = 50, 𝜂 = 50 (𝜏𝑟 = 1) and three weighting factors 𝑤 = 0; 0.5; 1 (red, black, 

and light blue curves) for the same 𝜎̄ = 0.1; 0.2; 0.3; 0.4 (curves 1–4), but with a different 

CF: in the form (6) with 𝛼 = 0, 𝛽 = 0.07, 𝛾 = 0.05, 𝜆 = 0.25. That is, to modify the CE (1) 

with the same MFs, the Kelvin model with retardation time 1/𝜆 = 4 = 4𝜏𝑟 and relaxation 

time (𝛽 − 𝛾)/(βλ) = 8/7 was used. Its CF is limited, 𝛱(∞) = 𝛽, the creep curves of this 

model (red lines) tend at 𝑡 → ∞ to asymptotes 𝜀 = 𝜎̄𝛽. This example clearly shows how 

significantly the creep curves of the CE (4) differ from the creep curves of the CE (1) due 

to the introduction of an additional strain component (and the MF 𝛱, that governs it). 

Obviously, changing the “hybridization” parameter 𝑤 ∈ [0; 1] provides a wide range of 

possibilities to adjust the shape of the creep curves of the CE (4) (Fig. 2(b) shows in blue 

the creep curves 3´,4´, generated by the CR (4) with the same MFs, but with 𝑤 = 0.1). 
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Creep and recovery curves 

The creep and recovery curves, generated by the CE (1), are its responses to a rectangular 

stress pulse (2) with parameters 𝑇 > 0, 𝜎̄ > 𝜎+ ≥ 0. Substituting Eq. (2) into Eq. (1) gives 

the equation for the creep and recovery curves family: 𝜀(𝑡; 𝜎̄, 𝑇) = 𝑟(𝜎̄)𝑡 + 𝑐𝐹(𝜎̄) at 𝑡 < 𝑇, 𝜀(𝑡; 𝜎̄, 𝑇) = 𝑝(𝜎̄, 𝑇) at 𝑡 > 𝑇,     (13) 𝑟(𝜎̄) = 𝜂−1𝑉(𝜎̄), 𝑝(𝜎̄, 𝑇) = 𝜂−1𝑉(𝜎̄)𝑇 = 𝑐𝜏𝑟−1𝑉(𝜎̄)𝑇.       (14) 

The strain jump at the point 𝑡 = 𝑇 is equal to −𝑐𝐹(𝜎̄), 𝑐 = 𝐸−1, at 𝑡 > 𝑇 the strain 

becomes constant and equal to the creep strain 𝑝(𝜎̄, 𝑇) accumulated over time T.  

At complete unloading, only the elastic strain 𝜀(+0) = 𝑐𝐹(𝜎̄) disappears, and the entire 

accumulated creep strain turns out to be irreversible, plastic. This is precisely the 

behavior that many metals (and other materials) exhibit at sufficiently high temperatures. 

Thus, the CE (1) does not describe "reverse creep", i.e., the process of gradual relaxation 

of the accumulated strain to some constant level at large values of time, as is observed 

in tests of many materials. The CE (1) describes only the instantaneous recovery (the 

limiting, idealized case) of elastic strain. The "highly elastic" component of strain, which 

ensures gradual decrease, is completely absent in model (1). The residual strain 𝑝(𝜎̄, 𝑇) 

is proportional to the duration of the loading stage T, depends only on the MF V (as does 

the creep rate 𝑟(𝜎̄)) and increases with increasing 𝜎̄. 

Due to (13), the trace left by a finite stress pulse (2) is never erased, i.e., the memory 

of model (1) is not fading, but is "permanent". The inability to describe materials with 

fading memory is a disadvantage of the CE (1), which narrows the range of modeled 

materials and processes. 

However, this indicates that the CE (1) may be capable of describing not only 

viscoelasticity, but also viscoplasticity. This hypothesis is confirmed by the presence of 

horizontal asymptotes in the stress-strain curves generated by the CE (1) at a constant 

strain rate, horizontal asymptotes, i.e., flow segments at constant stress (without 

subsequent strengthening), as is observed in materials in a state of superplasticity [32-40] 

(they are characterized by creep at a constant rate and the absence of recovery after 

unloading). 

The MF 𝐹 does not affect the creep rate, its jumps and plastic strain 𝑝(𝜎̄, 𝑡∗), and 𝑉 

does not affect instant strain jumps. This allows to determine the MFs 𝛾𝑉(𝑥) and 𝐹(𝑥)/𝐸 

separately based on the material creep and recovery curves [7]. 

The response of the linear CE (3) to a rectangular stress pulse (2) has the form: 𝜀(𝑡) = 𝜎̄𝑆(𝑡; 𝑇), 𝑆(𝑡; 𝑇): = 𝛱(𝑡) ℎ( 𝑡) − 𝛱(𝑡 − 𝑇) ℎ( 𝑡 − 𝑇), 𝑡 > 0. 

At the point 𝑡 = 𝑇 the creep and recovery curve 𝜀(𝑡) has a jump −𝜎̄𝛱(0), and 𝜀̇(𝑡) 

has a jump −𝜎̄𝛱̇(0). In the interval 𝑡 > 𝑇 the equation of creep and recovery curves has 

the following form: 𝜀(𝑡; 𝜎̄, 𝑇) = 𝜎̄𝑆(𝑡; 𝑇), 𝑆(𝑡; 𝑇) = 𝛱(𝑡) − 𝛱(𝑡 − 𝑇), 𝑡 > 𝑇. (15) 

From the (non-strict) requirement that the recovery curve (15) decreases (with any T) 

it follows that 𝛱̇(𝑡) does not increase [54]. Therefore, a constraint should be imposed on 

the CF in the CE (1): 𝛱(𝑡) has no downward convexity segments. Since 𝛱̇(𝑡) decreases on 

the ray 𝑡 > 0 and 𝛱̇(𝑡) > 0, there exists a limit 𝑣: = 𝛱̇(∞) ≥ 0. Since the function (15) is 

decreasing and positive (bounded from below), it has at 𝑡 → ∞ a limit 𝜀∞ ≥ 0, and  𝜀∞ = 𝜎̄𝑆(∞, 𝑇). It is easy to prove that 𝑆(∞, 𝑇) = 𝑣𝑇 [54], i.e., in the case of 𝑣 > 0 after 
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complete unloading (infinitely long), the residual strain 𝜀∞ = 𝜎̄𝑣𝑇 remains. This means 

that at 𝑣 > 0, the memory of the integral operator 𝜫, defining the CE (3), does not fade. 

It can be proven that 𝑣 > 0 for all regular structural models with even number of 

elements and all singular models with odd number of elements. If the CF is bounded (as 

for all regular structural models of an even number of elements), then 𝑣 = 0 and 𝜀∞ = 0. 

It can also be 𝑣 = 0 for an unbounded CF, for example, for a power-law CF 𝛱 = 𝐴𝑡𝑢,  𝑢 ∈ (0; 1),𝐴 > 0. For models (6) 𝑣 = 𝛼 and 𝑆(𝑡; 𝑇) = 𝛼𝑇 + 𝜇𝑒−𝜆𝑡, 𝜇 = 𝛾(𝑒𝜆𝑇 − 1);  

in particular, 𝑣 > 0 at 𝛼 > 0 (for the Maxwell-type model and its sequential connection 

with the Voigt model); for the Maxwell-type model and Newtonian fluid 𝛾 = 0 and  𝜀(𝑡) = 𝜎̄𝛼𝑇 ≡ const at 𝑡 > 𝑇, i.e. there is no recovery at all. For the Voigt (singular two-

element model) and Kelvin (regular three-element model) models 𝛼 = 0, and therefore 

the creep and recovery curve (15) has the form 𝜀(𝑡) = 𝜎̄𝜇𝑒−𝜆𝑡, and 𝜀∞ = 0. 

The creep and recovery curve of the CE (4) is obtained by combining the responses 

(13) and (15) of the CE (1) and the linear CE (3) to the stress pulse (2): at 𝑡 < 𝑇 𝜀(𝑡; 𝜎̄, 𝑇) 

is given by equation (12), and at 𝑡 > 𝑇: 𝜀(𝑡; 𝜎̄, 𝑇) = 𝑤𝑝(𝜎̄, 𝑇) + (1 − 𝑤)𝜎̄𝑆(𝑡; 𝑇), 𝑆(𝑡; 𝑇) = 𝛱(𝑡) − 𝛱(𝑡 − 𝑇), 𝑡 > 𝑇. (16) 

Obviously, both terms (16) increase in absolute value with increasing |𝜎̄|, and |𝜀(𝑡; 𝜎̄, 𝑇)| increases along |𝜎̄| and decreases along t at 𝑡 > 𝑇 (since 𝑆(𝑡; 𝑇) decreases). These 

properties reflect typical qualitative properties of creep and recovery curves of structurally 

stable materials, i.e., the CE (4) adequately describes the recovery effect, in contrast to the 

CE (1). At 𝑡 → ∞ there is a limit (residual strain, horizontal asymptote for (16)): 𝜀∞(𝜎̄, 𝑇) = 𝑤𝑝(𝜎̄, 𝑇) + (1 − 𝑤)𝜎̄𝑣𝑇 = 𝑤𝜂−1𝑉(𝜎̄)𝑇 + (1 − 𝑤)𝜎̄𝑣𝑇, 𝑣: = 𝛱̇(∞) ≥ 0.  (17) 

It is proportional to the duration of the loading stage T (this is one of the applicability 

indicators of the CE (4)), does not depend on the MF F and increases with increasing 𝜎̄. If 

the CF is chosen so that 𝑣 = 0, then the residual strain (16) can be made as small as 

desired by decreasing the parameter w, and thus “remove” the residual strain given by 

the CE (1), if the CE is adjusted to the testing data of a specific material requires this. 

At the point 𝑡 = 𝑇 the creep and recovery curve (12), (16) has a jump  −𝑤𝑐𝐹(𝜎̄) − (1 − 𝑤)𝛱(0)𝜎̄. It is equal in absolute value to the jump 𝜀(0+; 𝜎̄, 𝑇) = = 𝑤𝑐𝐹(𝜎̄) + (1 − 𝑤)𝛱(0)𝜎̄ at the point 𝑡 = 0. The equality of these jumps is another 

applicability indicator of the CE (4): this property is not always satisfied in material tests. If 𝛱(0) = 0 (such linear models are called irregular, they have many specific properties [54]; 

these include, in particular, the Voigt model, the fractal element and all their successive 

connections), then the creep and recovery curve (15) is continuous at the point 𝑡 = 𝑇, and 

the jump of the creep and recovery curve (12), (16) is equal to −𝑤𝑐𝐹(𝜎̄) and it can be 

made as small as desired by decreasing w. 

Figure 3(a) shows the creep and recovery curves of three CE (4) with 𝐹(𝑥) = 𝑥, 𝑉(𝑥) = 𝑥|𝑥|, 𝐸 = 50, 𝜂 = 50 (then 𝜏𝑟 = 1), the CF (5) with 𝑢 = 1/3, 𝐴 = 0.03 and three 

weighting factors 𝑤 = 0; 0.5; 1 (red, black and light blue curves) for loadings (2) with 𝑇 = 10 and three stresses 𝜎̄ = 0.1; 0.2; 0.3 (curves 1–3). Since 𝛱(0) = 0, the creep and 

recovery curves of the (linear) CE with с 𝑤 = 0 are continuous at the point 𝑡 = 𝑇 and the 

jump of any creep and recovery curve of the model with 𝑤 = 0.5 (black curves) is half the 

jump of the creep and recovery curve of the model with 𝑤 = 1 (i.e. model (1)) for the 

same 𝜎̄. Since 𝑣 = 𝛱̇(∞) = 0, for all creep and recovery curves the (linear) CE with  𝑤 = 0, 𝜀∞(𝜎̄, 𝑇) = 0, i.e. they converge at 𝑡 → ∞ to a common asymptote 𝜀 = 0. 
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Therefore, the residual strain 𝜀∞(𝜎̄, 𝑇) of the model with 𝑤 = 0.5 is two times smaller 

than that of the model (1) (the asymptotes of curves 1–3 are shown as dash-dotted 

straight lines), and the recovery is slow (in comparison, for example, with Fig. 3(b)). This 

example clearly shows how significantly different the creep and recovery curves of the 

CE (4) are from the creep and recovery curves of the CE (1) due to the introduction of an 

additional strain component (and the MF 𝛱, that controls it). 
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(a) (b) 

Fig. 3. Creep and recovery curves for three stress levels 𝜎̄ = 0.1; 0.2; 0.3 (curves 1–3) generated by several 

models of the form (4) with 𝐹(𝑥) = 𝑥, 𝑉(𝑥) = 𝑥|𝑥|, 𝐸 = 50, 𝜂 = 50 and three different weighting factors 𝑤 = 0; 0.5; 1 (red, black, and light blue curves): (a) three models with the creep function (5) with 𝑢 = 1/3, 𝐴 = 0.03; (b) three models with the creep function (6) with 𝛼 = 0, 𝛽 = 0.07, 𝛾 = 0.05, 𝜆 = 0.25 

 

Figure 3(b) shows the creep and recovery curves of three CR (4) with the same MFs 𝐹(𝑥) = 𝑥, 𝑉(𝑥) = 𝑥|𝑥|, 𝐸 = 50, 𝜂 = 50 (𝜏𝑟 = 1) with three different weighting factors 𝑤 = 0; 0.5; 1 (red, black and light blue curves) for loadings (2) with 𝑇 = 10 and three 

stress levels 𝜎̄ = 0.1; 0.2; 0.3 (curves 1–3), but with a different CF: in the form (6) with 𝛼 = 0, 𝛽 = 0.07, 𝛾 = 0.05, 𝜆 = 0.25. That is, to modify the CE (1) with the same MFs, the 

Kelvin model with retardation time 1/𝜆 = 4 = 4𝜏𝑟 is used; its CF is limited, 𝛱(∞) = 𝛽, 𝛱(0) = 𝛽 − 𝛾, 𝑆(𝑡; 𝑇) = 𝛾(𝑒𝜆𝑇 − 1)𝑒−𝜆𝑡 and the creep and recovery curves of this model 

(red lines) have jumps 𝛱(0)𝜎̄ = (𝛽 − 𝛾)𝜎̄ at the points 𝑡 = 0 and 𝑡 = 𝑇, and at 𝑡 → ∞ they 

tend to common asymptote 𝜀 = 0 (for any material parameters and any 𝜎̄, since  𝜀∞ = 𝜎̄𝑣𝑇 = 0) with a rate 𝑒−𝜆𝑡 (much faster than the model in Fig. 3(a)). 

It should be noted that the results of this section allow us to derive the equation of 

creep curves of the CE (4) under arbitrary stepwise loading (with any number of stress 

stages) by analogy with those obtained in articles [4,7,54]. 

 

General properties of stress-strain curves generated by the linear 

viscoelasticity CE 

The loading 𝜎(𝑡) = 𝑏𝑡 at a constant rate 𝑏 > 0 (for definiteness, we consider the case 

 𝑏 > 0), the linear CE (3) maps into following strain: 𝜀(𝑡, 𝑏) = 𝑏𝑄(𝑡) = 𝑏𝑡𝛩(𝑡), 𝑄(𝑡) = ∫ 𝛱(𝜏)𝑡0 𝑑𝜏, 𝛩(𝑡) = 𝑡−1𝑄(𝑡), 𝑡 > 0. 
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Excluding the parameter t gives the loading curves generated by the CE (3) under 

loading 𝜎(𝑡) = 𝑏𝑡: 𝜀(σ,𝑏) = 𝑏𝑄(σ/𝑏) = Θ(σ/𝑏)𝜎, 𝜎 ≥ 0.    (18) 

The properties of averaging 𝛩(𝑡) are similar to the properties of the CF [55, 56]: 𝛩(𝑡) is an increasing smooth function at 𝑡 > 0, 𝛱(𝑡)/2 < 𝛩(𝑡) < 𝛱(𝑡/2) < 𝛱(𝑡) (since 𝛱(𝑡) is increasing and convex upward), 𝛩(0+) = 𝛱(0), 𝛩(∞) = 𝛱(∞), 𝛩̇(0+) =𝛱̇(0+)/2, and 𝑄 has the following properties: 𝑄(0) = 0, 𝑄(∞) = ∞, 𝑄̇(𝑡) = 𝛱(𝑡) > 0, 𝑄̈(𝑡) = 𝛱̇(𝑡) > 0, 𝑄(𝑡) = 𝛱̈(𝑡) ≤ 0 и 0.5(𝛱(𝑡) + 𝛱(0)) < 𝑄(𝑡)/𝑡 < 𝛱(𝑡/2) < 𝛱(𝑡), 𝑡 > 0. 

To obtain the equations of loading curves (18) in the form 𝜎 = 𝜎(ε,𝑏), it is necessary to 

introduce into consideration the function 𝑃(𝑥), 𝑥 > 0 inverse to the increasing function Q: 𝜎(ε,𝑏) = 𝑏𝑃(ε/𝑏), ε,𝑏 > 0.           (19) 

From the positivity and increase of the CF, it follows that P is an increasing upward 

convex function, 𝑃(0) = 0, 𝑃(∞) = ∞, 𝑃′(0+) = 1/𝛱(0) (in particular, 𝑃′(0+) = ∞,  

if 𝛱(0) = 0), 𝑃′(∞) = 1/𝛱(∞), the function 𝑃(𝑥)/𝑥 is decreasing and 𝑃(𝑥)/𝑥 > 𝑃′(𝑥)  

at 𝑥 > 0 [3]. From the constraints 𝛱̇ > 0 and 𝛱̈ ≤ 0 on the CF and the properties of the 

functions Q and P, the following general properties of the loading curves (19) follow. 

The tangent and secant moduli of the stress-strain curves (19) are: 𝜎𝜀′(ε,𝑏) = 1/𝜀𝜎′ (𝜎, 𝑏) = 1/𝛱(𝜎/𝑏) and 𝜎/𝜀 = 1/𝛩(𝜎/𝑏) (since the uniaxial CE (3) 

coincides with the linear viscoelasticity CE for the components of the deviators of the 

stress and strain tensors, they can be considered shear moduli, although similar 

properties can be derived for loading curves in tension or compression [56]). Since 𝜀𝜎′ (𝜎, 𝑏) > 0 and 𝜎𝜀′ > 0, any loading curve (18) increases along 𝜎, and the loading curve 𝜎 = 𝜎(𝜀, 𝑏) increases along 𝜀 at any 𝑏. Since the CF increases, 𝜀𝜎′ (𝜎, 𝑏) increases along σ 

and decreases along 𝑏, and 𝜎𝜀′(𝜀, 𝑏) decreases along ε and increases along 𝑏. Therefore, 

for any 𝑏 > 0 the loading curves (18) are convex downward, and the loading curves in the 

form (19) are convex upward on the semi-axis 𝜀 > 0. The upward convexity of the loading 

curve up to the beginning of fracture or to the yield point is characteristic of many 

polymers, asphalt concretes, metals and alloys [11,18,19,24,27,28,32–34]. 

The stress-strain curves family (18) decreases along 𝑏, since 𝛩̇(𝑡) > 0 and 𝛩(𝜎/𝑏) 

decreases along 𝑏, and the loading curves family in the form (19) increases along 𝑏 (the 

higher the rate, the higher lies the loading curve 𝜎 = 𝜎(𝜀, 𝑏)), i.e. the CE (3) models only 

positive rate sensitivity. 

The stress-strain curve (18) depends on b, but the instantaneous modulus (shear modulus 

G or volumetric modulus K) does not depend on the loading rate: 𝐺: = 𝜎𝜀′(0, 𝑏) = 𝛱(0)−1  

(for models with 𝛱(0) = 0 it will be 𝐺 = ∞). At 𝜀 → ∞ the tangent and secant moduli 

tend to the common limit 𝐺∞ = 𝑅(∞) = 1/𝛱(∞) ≥ 0 (if the CF is limited, then 𝐺∞ > 0;  

if the CF is not limited, then 𝐺∞ = 0). Thus, the long-term modulus 𝐺∞ also does not 

depend on the loading rate. 

Any stress-strain curve (18) lies "above" (along the ε axis) the straight line  𝜀 = 𝛱(0)𝜎, since 𝛩(𝑡) > 𝛩(0+) = 𝛱(0), and all the stress-strain curves in the form 𝜎(𝜀, 𝑏) lie below (along the σ axis) this straight line. More precisely, in the case of  𝛱(0) ≠ 0 (for regular models), two-sided estimates are valid for all loading curves (18) and (19): 𝛱(0)𝜎 < 𝜀(σ;𝑏) < Π(∞)𝜎, 𝐺∞𝜀 < 𝜎(𝜀, 𝑏) < 𝐺𝜀.      (20) 

At 𝑏 → +∞ the stress-strain curves family 𝜀(σ;𝑏) of any regular model converges from above 

(and the family 𝜎(𝜀, 𝑏) from below) to the straight line 𝜀 = 𝜎/𝐺 uniformly on any segment of 
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and properties of crossbreed creep and stress-strain curves 

the σ axis [55]: 𝑠𝑢𝑝[0,𝜔]|𝜀 − σ/𝐺| = 𝑠𝑢𝑝[0,𝜔]𝜎|𝛩(σ/𝑏) − Π(0)| = 𝜔|𝛩(ω/𝑏) − Π(0)| → 0, since 𝛩̇(𝑡) > 0 and 𝛩(0+) = 𝛱(0). Therefore, the straight line 𝜎 = 𝐺𝜀 is the instant loading 

curve of the CE (3) in the case of 𝛱(0) ≠ 0. The stress-strain curves family at a constant 

strain rate also converges to it [55]. If 𝛱(0) = 0 (as in the CF (5)), then 𝐺 = ∞, the tangent 

to any loading curve (18) at zero is horizontal, and the tangent to the loading curve in the 

form (19) is vertical, and the loading curves  family (18) uniformly converges at 𝑏 → +∞ 

to the straight line 𝜀 = 0. 

At 𝑏 → 0 the stress-strain curves family (18) always converges (from above) to the 

straight line 𝜎 = 𝐺∞𝜀 (equilibrium loading curve) uniformly on any segment of the semi-

axis 𝜀 > 0. This is also true in the case of unbounded or singular relaxation functions. 

The stress-strain curve (18) has an asymptote at 𝜎 → ∞ only when the CF is limited 

and the integral 𝑌: = ∫ [𝛱(∞) − 𝛱(𝜏)]+∞0 𝑑𝜏 converges (obviously, 𝑌 > 0) [55], its 

equation: 𝜀 = 𝛱(∞)𝜎 − 𝑏𝑌, or 𝜎 = 𝐺∞(𝜀 + 𝑌𝑏). All the stress-strain curves 𝜎(𝜀, 𝑏) tend to 

an asymptote from below. Its angular coefficient is equal to the long-term modulus 𝐺∞ 

and does not depend on b. The question of the existence of asymptotes for the stress-

strain curves is not purely abstract, since reaching an asymptote (straightening of stress-

strain curves, "linear hardening" mode) can occur in the operating range of strains and 

stresses. 

For example, for models (6) 𝑄 = 0.5𝛼𝑡2 + 𝛽𝑡 − γλ−1(1 − 𝑒−𝜆𝑡), and the stress-strain 

curves family (18) has the following form: 𝜀(𝜎, 𝑏) = 0.5𝛼𝑏−1𝜎2 + βσ − γλ−1𝑏(1 − 𝑒−𝜆𝜎/𝑏), 𝜎 > 0.       (21) 

The instantaneous modulus 𝐺 = 1/(𝛽 − 𝛾); for models with 𝛾 = 𝛽 (singular)  𝐺 = ∞. If 𝛼 = 0, i.e, for Voigt (with 𝛾 = 𝛽) and Kelvin (𝛾 ∈ (0; 𝛽)) models, then  𝛱(∞) = 𝛽 < ∞, 𝑌 = 𝛾/𝜆, 𝐺∞ = 1/𝛽, and each loading curve has an asymptote  𝜎 = 𝛽−1(𝜀 + γλ−1𝑏) at 𝜀 → ∞. If 𝛼 > 0, then 𝛱(∞) = ∞ and the loading curve (21) have 

no asymptotes. For the Maxwell-type model (the CF (6) with 𝛾 = 0, α,β > 0) 𝐺 = 1/𝛽, 𝐺∞ = 0 and the loading curves family converges at 𝑏 → 0 to the function 𝜎 = 0. 

Figure 4(a) shows the stress-strain curves (21) of the Kelvin model (the CF (6) with 𝛼 = 0) at 𝜆 = 0.1, 𝛽 = 1, 𝛾 = 0.9 (then 𝛱(0) = 𝛽 − 𝛾, 𝐺 = 1/(𝛽 − 𝛾) = 10, 𝐺∞ = 1/𝛽 = 1, 

retardation time 𝜏 = 1/𝜆 = 10, relaxation time 𝜏𝑟 = (1 − γ/β)𝜏 = 0.1𝜏) for the rates 

 𝑏 = 0.001; 0.01; 0.1; 1 (black loading curves 1–4). Each loading curve 𝜎(𝜀, 𝑏) at 𝜀 → ∞ has 

an asymptote 𝜎 = 𝐺∞(𝜀 + γτ𝑏). The dash-dotted red straight lines 0 and ∞ are the 

instantaneous and equilibrium stress-strain curves 𝜎 = 𝐺𝜀 and 𝜎 = 𝐺∞𝜀, appearing in 

estimate (20); the family of loading curves of Kelvin model with any value of 𝜆 converges 

to them at 𝑏 → ∞ and 𝑏 → 0. For comparison, the stress-strain curves (21) of the Voigt 

model with 𝛾 = 𝛽 = 1, the same 𝜆 = 0.1 and retardation time 𝜏 = 10 (blue dashed loading 

curves 1˝–4˝) are given. For it, 𝛱(0) = 0 (and the model is singular, since the relaxation 

function contains the term ηδ(𝑡) with the delta-function), 𝐺 = ∞, 𝐺∞ = 1/𝛽 = 1, the 

equilibrium loading curve 𝜎 = 𝐺∞𝜀 coincides with the straight line 0, at 𝑏 → ∞ the family 𝜀(σ,𝑏) converges to 𝜀 = 0, and the loading curves 𝜎(ε,𝑏) converge to the vertical semi-

axis (i.e. the instantaneous loading curve does not exist). Each stress-strain curve at  𝜀 → ∞ has an asymptote 𝜎 = 𝐺∞𝜀 + 𝜏𝑏, parallel to the equilibrium loading curve 0. The 

light blue curves 1´–4´ are the loading curves (21) of the Maxwell-type model (i.e., the 

model with the CF (6) with 𝛾 = 0) with 𝛼 = 1, 𝛽 = 1 for the same rates. Like Voigt model 
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it depends on two material parameters, but is regular: 𝛱(0) = 𝛽, 𝐺 = 1/𝛽 = 1,  𝛱(∞) = ∞, 𝐺∞ = 0, relaxation time 𝜏𝑟 = β/𝛼 = 1. The stress-strain curves of the 

Maxwell-type model have no asymptotes. At 𝑏 → 0 and 𝑏 → ∞ the loading curves family 𝜎(ε,𝑏) converges to the straight lines 𝜎 = 0 and 𝜎 = 𝐺𝜀 (the straight line 0). The light 

blue dashed curves 2´–4´ are the stress-strain curves of Maxwell-type model with the 

same instantaneous modulus 𝐺 = 10, as the stress-strain curves 1–4 of the Kelvin model, 

i.e., the Maxwell-type model with 𝛽 = 0.1, 𝛼 = 1. Therefore, its instantaneous loading 

curve coincides with the curve ∞. The curve 1˝´ is the loading curve of the fractal 

model (5) with 𝑢 = 0.3 for 𝑏 = 0.1, i.e., exactly the stress-strain curve 3 from Fig. 4(b). 
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Fig. 4. (а) Stress-strain curves (21) generated by the classic Kelvin-Voigt, Maxwell and standard linear 

solid models (blue, light blue, and black curves) at four stress rates 𝑏 = 0.001; 0.01; 0.1; 1 (curves 1–4,  

1´– 4´, 1´´–4´´); (b) stress-strain curves (22) generated by three models of the form (5) with 𝑢 = 0.3; 0.9; 0.1 

(black, light blue, and blue curves) at stress rates 𝑏 = 0.001; 0.01; 0.1; 1 (curves 1–4, 1´–4´, 1´´–4´´) 
 

Let us consider the loading curves of a fractal element, i.e., the model with a power-

law CF (5) (it corresponds to an unlimited unbounded relaxation function 𝑅(𝑡) = 𝐴−1𝐶(𝑢)𝑡−𝑢, 𝐶(𝑢) = (𝑢𝜋)−1 𝑠𝑖𝑛 𝑢 𝜋 [55]). For the CF (5) 𝛱(0) = 0 (the model is 

irregular), 𝛱(∞) = ∞, 𝛩 = 𝐴(𝑢 + 1)−1𝑡𝑢, and the equation of loading curves (18) has the 

following form: 𝜀(σ,𝑏) = 𝐴(𝑢 + 1)−1𝜎(σ/𝑏)𝑢, or 𝜎(ε,𝑏) = [(𝑢 + 1)𝐴−1𝑏−1𝜀]1/(𝑢+1)𝑏.     (22) 𝐺 = ∞, 𝐺∞ = 0, at 𝜀 → ∞ the loading curves have no asymptote. At 𝑏 → 0 the 

loading curves family 𝜎(ε,𝑏) converges to the function 𝜎 = 0, and at 𝑏 → ∞ the family 𝜀(σ,𝑏) converges to 𝜀 = 0, i.e., the loading curves 𝜎(ε,𝑏) converge to the semi-axis, the 

segment in the estimate (20) turns into the first quadrant. 

Figure 4(b) shows the curves (22) of three models of the form (5) with 𝐴 = 0.3 and 𝑢 = 0.3; 0.9; 0.1 (black, light blue and blue dashed curves) for loading rates 
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and properties of crossbreed creep and stress-strain curves 𝑏 = 0.001; 0.01; 0.1; 1 (loading curves 1–4, 1´–4´, 1˝–4˝). An additional curve 0 is for  𝑏 = 0.0001. As u increases, the tangent modulus in the vicinity of zero increases, and the 

loading curves (22) become increasingly higher. At small u, the model becomes much less 

sensitive to rate: the curves straighten and come closer (loading curves 1˝–4˝), the fan 

opening angle quickly decreases, and at 𝑢 → 0 it contracts into a straight line 𝜎 = 𝐴−1𝜀 

(red dash-dotted line). 

 

Properties of stress-strain curves with constant rate generated by the CE (1) 

The loading 𝜎(𝑡) = 𝑏𝑡 at a constant rate 𝑏 > 0 CE (1) maps into the strain: 𝜀(𝑡; 𝑏) == 𝐸−1𝐹(𝑏𝑡) + 𝜂−1 ∫ 𝑉(𝑏𝜏)dτ𝑡0 = 𝐸−1[𝐹(𝑏𝑡) + (𝜏𝑟𝑏)−1𝐼(𝑏𝑡)],    𝐼(𝑠): = ∫ 𝑉(𝑥)𝑑𝑥𝑠0 , 𝜏𝑟: = 𝜂/𝐸. 

Excluding the time 𝑡 = 𝜎/𝑏, we obtain the stress-strain curves equation: 𝜀(𝜎, 𝑏) = 𝐸−1[𝐹(𝜎) + (𝜏𝑟𝑏)−1𝐼(𝜎)], 𝑏, 𝜎 > 0.     (23) 

If 𝜎+ > 0 (i.e., 𝑉(𝑥) ≡ 0 at 𝑥 ∈ [0; 𝜎+]), then at 𝜎 < 𝜎+ 𝐼(𝜎) ≡ 0, and therefore the 

stress-strain curve (23) has the form 𝜀(𝜎, 𝑏) = 𝐹(𝜎)/𝐸, i.e., the CE describes the behavior 

of a nonlinearly elastic material and the stress-strain curve does not depend on the 

loading rate at 𝜎 < 𝜎+. If 𝜎 > 𝜎+ (in particular, in the case of 𝜎+ = 0), then 𝑉(𝑥) > 0 and 𝐼(𝜎) > 0, and therefore the stress-strain curve depends on the rate b: the loading curves 

family (23) decreases along b at 𝜎 > 𝜎+, and the loading curves family in the inverse form 𝜎 = 𝜎(𝜀, 𝑏) increases along b at 𝜀 ≥ 𝜀+, where 𝜀+: = 𝐹(𝜎+)/𝐸 (the higher the loading rate, 

the higher lies the stress-strain curve 𝜎 = 𝜎(𝜀, 𝑏)). For the strain (23), the estimate from 

below 𝜀(𝜎, 𝑏) ≥ 𝐸−1𝐹(𝜎) at 𝑏, 𝜎 > 0 is valid (if 𝜎 > 𝜎+, then the inequality is strict), and 

therefore for loading curves in the form 𝜎(𝜀, 𝑏) for all 𝑏, 𝜀 > 0 the estimate from above 𝜎(𝜀, 𝑏) ≤ 𝑓(𝐸𝜀) is true, where 𝑓 = 𝐹−1 is the inverse function of F. At 𝜀 > 𝜀+ this estimate 

can be refined: 𝜎+ < 𝜎(𝜀, 𝑏) < 𝑓(𝐸𝜀), 𝜀 > 𝜀+           (24) 

(in the case of 𝜎+ = 0 it is true for all 𝜀 > 0, and in the case of 𝜎+ > 0 𝜎(𝜀, 𝑏) = 𝑓(𝐸𝜀) at 𝜀 ≤ 𝜀+). 

The MF 𝐼(𝑠) increases and is convex downward at 𝜎 > 𝜎+, since 𝐼″(𝑠) = 𝑉′(𝑠) > 0. 

Therefore, all loading curves (23) increase along σ and the loading curves 𝜎 = 𝜎(𝜀, 𝑏) 

increase along 𝜀, and if 𝐹″(𝑥) ≥ 0, then 𝜀″(𝜎) > 0, the loading curves (23) are convex 

downward, and the loading curves 𝜎 = 𝜎(𝜀) are convex upward for any b. 

As a result of analyzing the implicit representation of the loading curves (23) under 

the above mentioned minimum constraints on the two MF in [8], other basic properties 

of the loading curves 𝜎 = 𝜎(𝜀, 𝑏), 𝑏 > 0 were found. Many properties of the loading 

curves of the nonlinear CE (1) are similar to the properties of the loading curves of the 

linear integral viscoelasticity CE. In particular, the CE (1) is also unable to describe the 

negative rate sensitivity [57–60] and the behavior of materials for which the dependence 

of the instantaneous modulus on the loading rate or strain has been reliably established: 

polymers at sufficiently high temperatures, copper, tin, aluminum, titanium alloys in the 

superplasticity regime, etc. [8,32–40,61–64]. Polymers in the glassy state and many other 

materials do not exhibit rate sensitivity at sufficiently small strains. This effect can be 

described only by replacing the instantaneous modulus with a secant modulus or one 

averaged in the vicinity of zero. These properties are the inapplicability indicators of the 
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CE (1), along with its inability to model creep at a variable rate, fading memory, recovery 

after unloading, the Mullins effect, and adaptability under soft asymmetrical cyclic 

loading [4–10]. But, in contrast to the loading curves of the linear CE, which are always 

convex upward, the loading curves of the CE (1) can (if 𝐹″(𝑥) < 0) have inflection points 

and convexity downward on a certain interval 𝜀 < 𝜀̃(𝑏), (at sufficiently small strain, as in 

many elastomers, foams, and biological tissues: ligaments, tendons, vessels [18,65–69]). 

There are several other features of the loading curves of the CE (1) in comparison 

with the loading curves of the linear CE: 

1. the dependence of the loading curve of the CE (1) on the loading rate b is monotonic, 

but nonlinear and can be different under tension and compression; 

2. the tangent modulus of the loading curves 𝜕𝜎/𝜕𝜀 = 𝐸[𝐹′(𝜎) + (𝜏𝑟𝑏)−1𝑉(𝜎)]−1 

depends on the rate (increases along b), but instantaneous moduli in tension and 

compression 𝐸± = 𝐸/𝐹′(0±) (limit values of the tangent modulus of the loading curves 

at 𝜀 → 0 ± 0) do not depend on the rate b and the MF V, and can be different; 

3. the instantaneous and equilibrium loading curves of the CE (1) (the limits of the loading 

curves family 𝜎(𝜀, 𝑏) at 𝑏 → 0 + and at 𝑏 → ∞) are no longer necessarily rectilinear: at 𝑏 → ∞ the loading curves family 𝜎(𝜀, 𝑏) converges on the ray 𝜀 ≥ 0 to the curve 𝜎 =𝑓(𝐸𝜀), 𝑓 = 𝐹−1 (curve ∞ in Fig. 5) uniformly on any segment of the axis 𝜀. And at 𝑏 → 0 + 

the loading curves family 𝜎(𝜀, 𝑏) converges to the constant 𝜎 = 𝜎+ on the ray 𝜀 ≥ 𝜀+ 

(curve 0 in Fig. 5), where 𝜀+: = 𝐹(𝜎+)/𝐸. And at 𝜀 ∈ [0; 𝜀+] it converges to the function 𝜎 = 𝑓(𝐸𝜀). The equilibrium loading curve of the CE (1) has a different form in the cases 

of 𝜎+ = 0 or 𝜎+ > 0: if 𝜎+ = 0, the loading curves family 𝜎(𝜀, 𝑏) converges at 𝑏 → 0 + to 

the straight line 𝜎 ≡ 0 on the entire ray 𝜀 ≥ 0, and if 𝜎+ > 0, it converges to the diagram 

of an ideal elastoplastic material with a yield stress 𝜎𝑦 = 𝜎+ and an initial segment of 

elastic strain 𝜎 = 𝑓(𝐸𝜀), 𝜀 ∈ [0; 𝜀+] [8]. Setting 𝜎+ > 0 and 𝑉(𝑥) ≡ 0 at 𝑥 ∈ [0, 𝜎+] 
ensures that the initial segments of all loading curves 𝜎(𝜀, 𝑏) at 𝜀 ∈ [0; 𝜀+] (i.e., at  𝜎 ≤ 𝜎+) coincide with the curve 𝜎 = 𝑓(𝐸𝜀) (Fig. 5). 

All discovered general properties of tensile loading curves are also inherent in 

compression loading curves, i.e., at 𝑏 < 0 (and 𝜎 < 0): you just need to replace the signs 

of all inequalities with their inverses and upward convexity with downward convexity, 𝑏 → 0 + with 𝑏 → 0 −, 𝜎+ ≥ 0 with 𝜎− ≤ 0, 𝜀+ ≥ 0 with 𝜀− = 𝐸−1𝐹(𝜎−) ≤ 0, the segment [0; 𝜀+] with [𝜀−; 0], [0, 𝜎+] with [𝜎−; 0]. The parameter 𝜎− ≤ 0 (the lower bound of the set 

of zeros, the MF 𝑉(𝑥)) has the same physical meaning in compression as 𝜎+ in tension. 

Figure 5 shows the loading curves 𝜎(𝜀, 𝑏) of the model with 𝜎+ > 0 and the MF 𝑉(𝑥) ≡ 0 at 𝑥 ∈ [𝜎−, 𝜎+]: 𝑉 = 𝐴+(𝑥 − 𝜎+)𝑛 at 𝑥 > 𝜎+, 𝑉 = −𝐴−|𝑥 − 𝜎−|𝑚 at 𝑥 < 𝜎−;    (25) 𝐹(𝑥) = 𝑥 + 𝑞𝑉(𝑥), 𝑥 > 0, 𝐴+, 𝐴− > 0, 𝑚, 𝑛 ≥ 1, 𝑞 ≥ 0 (for any 𝑞 ≥ 0 the constraints 𝐹′(𝑥) > 0 and 𝐹(0) = 0 

are satisfied, since they are satisfied for 𝑉). At 𝜎 ∈ [𝜎−, 𝜎+] this model describes a linearly 

elastic material, and at 𝜎 ∉ [𝜎−, 𝜎+] rheonic properties and tension-compression 

asymmetry appear (if 𝜎− ≠ −𝜎+ or 𝐴− ≠ 𝐴+ or 𝑚 ≠ 𝑛). The loading curve (23) has the 

following form: 𝜀 = 𝐸−1𝜎 at 𝜎 ∈ [0, 𝜎+], 𝜀 = 𝐸−1[𝜎 + 𝑞𝐴+(𝜎 − 𝜎+)𝑛 + 𝐴+(𝑛 + 1)−1(𝜎 −−𝜎+)𝑛+1(𝜏𝑟𝑏)−1], 𝜎 > 𝜎+. 
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Figure 5 shows the loading curves of this model with 𝑞 = 5, 𝜎+ = 0.1, 𝑛 = 2,  𝐴+ = 1, 𝜂 = 10, 𝐸 = 10, 𝜏𝑟 = 1 for 𝑏 = 10𝑖−7, 𝑖 = 1, . . . ,6 (curves 1–6). All loading curves 

have a common straight segment 𝜎 = 𝐸𝜀, 𝜀 ≤ 𝜀+, 𝜀+ = 𝜎+/𝐸, independent of rate. At 𝜎 >𝜎+ the loading curves depend on the rate and shift upward as b increases. At 𝑏 → 0 𝜎(𝜀, 𝑏) →𝜎+ for any 𝜀 ≥ 𝜀+, i.e., the loading curves family 𝜎(𝜀, 𝑏) converges to the loading curves of 

an ideal elastoplastic material with a yield stress 𝜎𝑦 = 𝜎+ (𝜎 = 𝜎+ is the straight line 0).  

The dashed curve ∞ is the limited loading curve at 𝑏 → ∞ (since 𝑞 > 0, the instantaneous 

loading curve is not rectilinear at 𝜎 > 𝜎+). For comparison, the dash-dotted line shows the 

limiting loading curves at 𝑏 → ∞ and 𝑏 → 0 for 𝜎+ = 0.05 (see the estimate (24)). 
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Fig. 5. Different forms of stress-strain curves 𝜎(𝜀, 𝑏), generated by the constitutive equation (1): (а) curves 𝜎(𝜀, 𝑏) generated by the model (25) with 𝜎+ > 0 at stress rates 𝑏 = 10𝑖−7, 𝑖 = 1, . . . ,6 (curves 1–6) and 

limit curves at 𝑏 → 0 + or 𝑏 → ∞; (dashed lines); (b) stress-strain curves generated by the model (1) with 𝜎+ = 0, 𝜏𝑟 = 1, 𝐹 = 𝑥1/2 and 𝑉 = 𝑥 at stress rates 𝑏 = 1 ⋅ 10−𝑖; 2 ⋅ 10−𝑖; 3 ⋅ 10−𝑖 , 𝑖 = 4; 3; 2; 1 

 

For the power-law MFs 𝐹 = 𝑥𝑚, 𝑉 = 𝑥𝑛 we have 𝐼(𝑠) = (𝑛 + 1)−1𝑠 𝑛+1, and the 

loading curve (23) takes the form: 𝜀(𝜎, 𝑏) = 𝐸−1𝜎 𝑚 + (𝛾𝑏)−1(𝑛 + 1)−1𝜎 𝑛+1. 

In the case of 𝑛 > 𝑚 − 1 ≥ 0, 𝐹″(𝑥) ≥ 0 and 𝑉(𝑥) increases, therefore all loading 

curves 𝜎(𝜀, 𝑏) with 𝑏 > 0 are convex upward on the semi-axis 𝜀 > 0. At 𝑚 < 1 this is not 

the case: the loading curves have an inflection point and a segment of convexity 

downwards in the vicinity of zero (see [8] and Fig. 5(b)). Figure 5(b) shows the loading 

curves 𝜎(𝜀, 𝑏) of the model with 𝐹 = 𝑥𝑚, 𝑉 = 𝑥𝑛, 𝑚 = 0.5, 𝑛 = 1, 𝜂 = 𝐸 = 10, 𝜏𝑟 = 1 for 

different rates: 𝑏 = 1 ⋅ 10−𝑖; 2 ⋅ 10−𝑖; 3 ⋅ 10−𝑖, 𝑖 = 4; 3; 2; 1 (the loading curves 𝑏 = 1 ⋅10−𝑖 are marked with arrows). The dashed loading curves are the limit curves 𝜎 = 𝑓(𝐸𝜀), 𝑓 = 𝑦1/𝑚, at 𝑏 → ∞ (instantaneous loading curves) and 𝜎 = 0 at 𝑏 → 0 (equilibrium 

loading curve). The dash-dotted curve is the geometric locus of inflection points (𝜀̃(𝑏), 𝜎̃(𝑏)) of the loading curves with different 𝑏 > 0; the set {(𝜀̃(𝑏), 𝜎̃(𝑏))|𝑏 > 0} does 
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not depend on 𝜂 and 𝜏𝑟, since 𝜎̃ and 𝜀̃ з depend only on the parameter 𝜏𝑟𝑏 [8], and 𝜂 s 

included only in it. 

 

Properties of the loading curves with constant rates generated by the CE (4) 

The stress-strain curve of the CE (4) is obtained by combining the responses of the CE (1) 

and the linear CE (3) to the loading 𝜎 = 𝑏𝑡, 𝑏 > 0: 𝜀(𝜎, 𝑏) = 𝑤𝐸−1[𝐹(𝜎) + (𝜏𝑟𝑏)−1𝐼(𝜎)] + (1 − 𝑤)𝛩(𝜎/𝑏)𝜎, 𝑏, 𝜎 > 0,    (26) 

where 𝐼(𝑠) and 𝛩(𝑡) are defined in (23) and (18). The equation (26) specifies the stress-

strain curves family 𝜎 = 𝜎(𝜀, 𝑏) of the CE (4) in implicit (inverse) form. The strain (26) 

increases along 𝜎 and decreases along b at σ,𝑏 > 0, and the stress-strain curves family 𝜎 = 𝜎(𝜀, 𝑏) increases along 𝜀 and b. The derivative 𝜕𝜀/𝜕𝜎 = 𝑤𝐸−1[𝐹′(𝜎) +(𝜏𝑟𝑏)−1𝑉(𝜎)] + (1 − 𝑤)𝛱(𝜎/𝑏) is positive and decreasing along b at any 𝜎 > 0 (since the 

CF increases), and at 𝜎 = 0 does not depend on b and the MF V: 𝜕𝜀/𝜕𝜎|𝜎=0 =𝑤𝐸−1𝐹′(0) + (1 − 𝑤)𝛱(0) (and can be equal to 0 or ∞, if 𝐹′(0) = 0 or 𝐹′(0) = ∞). It is 

obvious that 𝜀(0, 𝑏) = 0, and adding the previously proven estimates from below for 

terms (27) (in particular, 𝛩(𝑡) > 𝛩(0) = 𝛱(0) [55]), we obtain at any 𝑏, 𝜎 > 0 the 

following estimate: 𝜀(𝜎, 𝑏) > 𝐸−1𝛷(𝜎), 𝑏, 𝜎 > 0, 𝛷(𝜎) = 𝑤𝐹(𝜎) + 𝐸(1 − 𝑤)𝛱(0)𝜎.   (27) 

(the inequality is strict even at 𝜎 < 𝜎+ in contrast to the inequality for the loading curves 

of the CE (1)). Since 𝛷(𝜎) is an increasing function (and 𝛷(0) = 0), then there is an inverse 

function 𝜑, 𝜑(0) = 0, and for all loading curves in the form 𝜎(𝜀, 𝑏) the estimate from 

above is valid: 𝜎(𝜀, 𝑏) < 𝜑(𝐸𝜀) at 𝑏, 𝜀 > 0 (it does not depend on the MF V). In the case 

of the model with 𝐹(𝑥) = 𝑥 it has the form 𝜎(𝜀, 𝑏) ≤ [𝑤 + 𝐸(1 − 𝑤)𝛱(0)]−1𝐸𝜀, and in 

the case of the model with 𝛱(0) = 0 (as does the CF (5), for example) it has the form 𝜎(𝜀, 𝑏) ≤ 𝑓(𝐸𝑤−1𝜀), where 𝑓 = 𝐹−1. 

The stress-strain curves (26) inherit the general properties of the stress-strain curves 𝜀(𝜎, 𝑏), generated by the CE (1) or the CE (3), but they lose some (because the properties 

of the stress-strain curves of the crossbred CEs are different) and acquire new ones. For 

arbitrary MFs F, V, П, subject only to the minimal constraints of one of previous section, 

and any 𝑤 ∈ (0; 1), the following statements are true. 

1. The stress-strain curves family (26) increases along 𝜎 and decreases along b at σ,𝑏 >0, and the loading curves family in the form 𝜎 = 𝜎(𝜀, 𝑏) increases along 𝜀 and b, and the 

estimate 𝜎(𝜀, 𝑏) < 𝜑(𝐸𝜀) is true at 𝑏, 𝜀 > 0. 

2. If 𝐹″(𝑥) ≥ 0, then 𝜀″(𝜎) > 0, the stress-strain curves (26) are convex downward, and 

the loading curves 𝜎 = 𝜎(𝜀) are convex upward for any b, and if 𝐹″(𝑥) < 0, then the 

loading curves 𝜎(𝜀, 𝑏) of the CE (4) can have points of inflection and convexity downward 

on a certain interval 𝜀 < 𝜀̃(𝑏), as well as the stress-strain curves of the CE (1) (in contrast 

from the CE (3)). 

3. The tangent modulus of stress-strain curves 𝜎(𝜀, 𝑏) 𝜕𝜎/𝜕𝜀 = [𝑤𝐸−1(𝐹′(𝜎) ++(𝜏𝑟𝑏)−1𝑉(𝜎)) + (1 − 𝑤)𝛱(𝜎/𝑏)]−1 increases along b at any 𝜀 > 0 (i.e., 𝜎 > 0). 

4. Instantaneous modulus of stress-strain curves 𝜎(𝜀, 𝑏) (limit of the tangent modulus at 𝜀 → 0 +) 𝐺 = [𝑤𝐸−1𝐹′(0) + (1 − 𝑤)𝛱(0)]−1 does not depend on the rate 𝑏 and MF 𝑉 

(and can be equal to 0 or ∞). 
5. At 𝑏 → ∞ 𝛩(𝜎/𝑏) → 𝛩(0+) = 𝛱(0) the stress-strain curves family (26) also converges 
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to the function 𝐸−1𝛷(𝜎) on the ray 𝜎 ≥ 0 (see (27)). Therefore the loading curves family 

in the form 𝜎(𝜀, 𝑏) converges at 𝑏 → ∞ to the inverse function 𝜑(𝐸𝜀) on the semi-axes 𝜀 ≥ 0, i.e., the curve 𝜎 = 𝜑(𝐸𝜀) is the instantaneous loading curve of the CE (4) (it does 

not depend on the MF V, in particular, on the material parameter 𝜎+, and on the CF 𝛱(𝑡), 

because in the definition of 𝛷(𝜎) only the initial value 𝛱(0) is included). It is easy to 

check that the convergence is uniform on any segment of the ε axis. 

6. If 𝛱(0) = 0, then 𝛷(𝜎) = 𝑤𝐹(𝜎), 𝜑(𝜀) = 𝑓(𝜀/𝑤) and the instantaneous stress-strain 

curve has the form 𝜎 = 𝑓(𝐸𝑤−1𝜀), i.e., is obtained from the loading curves of the CE (1) 

by tension along the ε axis with a coefficient w. In contrast to the linear CE (3), it does 

not degenerate into a vertical straight line 𝜀 = 0, if 𝛱(0) = 0. That is adding the CE (1) 

with any weighting factor 𝑤 > 0 (arbitrarily small) to the singular linear model produces 

its regularization. This can also be seen from the formula for the instantaneous modulus 

G, which no longer goes to infinity in the case of 𝛱(0) = 0 (provided that 𝐹′(0) ≠ 0). 

7. If 𝜎+ = 0, then for any 𝜎 > 0 from (26) follows 𝜀(𝜎, 𝑏) → ∞ at 𝑏 → 0 +, and the stress-

strain curves family 𝜎 = 𝜎(𝜀, 𝑏) converges at 𝑏 → 0 + (and 𝜀 = const) to the function 𝜎 ≡ 0 on the entire ray 𝜀 ≥ 0. The first is obvious (since 𝐼(𝜎) > 0 at 𝜎 > 0, and 𝑏−1 → ∞), 

and to prove the second we need to fix 𝜀 = 𝜀̄ = const in (26) and go to the limit 𝑏 → 0 +: 

assuming that 𝜎(𝜀, 𝑏) → 𝜎∗, 𝜎∗ > 0, we obtain that the first term in (26) has a finite limit 𝑤𝐸−1𝐹(𝜎∗), the third term has a limit (1 − 𝑤)𝛩(∞)𝜎∗ = (1 − 𝑤)𝛱(∞)𝜎∗, which can be 

finite at 𝛱(∞) < ∞, and the second term is 𝑤𝐸−1(𝜏𝑟𝑏)−1𝐼(𝜎∗) → ∞, and therefore the 

entire sum tends to infinity, which contradicts the finiteness of the left side of (26). 

Therefore, the assumption 𝜎∗ > 0 is untrue and 𝜎∗ = 0 for any 𝜀 ≥ 0. For models with 𝜎+ > 0 the equilibrium diagram may differ from 𝜎 ≡ 0. 

8. If 𝜎+ > 0 in the MF of the CE (4), then 𝐼(𝜎) ≡ 0 at 𝜎 ≤ 𝜎+, and therefore the stress-

strain curve (26) has the following form: 𝜀(𝜎, 𝑏) = 𝑤𝐸−1𝐹(𝜎) + (1 − 𝑤)𝛩(𝜎/𝑏)𝜎, 𝜎 ≤ 𝜎+, 𝑏 > 0, (28) 

that is, in contrast with the CE (1) (case 𝑤 = 1) the stress-strain curve depends on the rate 

at 𝜎 ≤ 𝜎+ (Fig. 6(а)) also. Since 𝛱(0) < 𝛩(𝑡) < 𝛱(∞) [55], then at 𝛱(∞) < ∞(т.е. 𝐺∞ > 0) 

the two-sided estimate is true: 𝐸−1𝛷(𝜎) < 𝜀(𝜎, 𝑏) < 𝐸−1𝛷∞(𝜎), 𝜎 ≤ 𝜎+, 𝑏 > 0,  𝛷∞(𝜎) = 𝑤𝐹(𝜎) + 𝐸(1 − 𝑤)𝛱(∞)𝜎. Since 𝛷(𝜎) and 𝛷∞(𝜎) are the increasing functions, 

then applying to the inequalities the inverse functions 𝜑 = 𝛷 −1 and 𝜑∞ = 𝛷∞−1 (𝜑(0) = 0 

and 𝜑∞(0) = 0, because 𝛷(0) = 0, 𝛷∞(0) = 0), we obtain an estimate for the loading 

curves (29) in the form 𝜎 = 𝜎(𝜀, 𝑏): 𝜑∞(𝐸𝜀) < 𝜎(𝜀, 𝑏) < 𝜑(𝐸𝜀) at 𝜀 ≤ 𝜀+̄(𝑏), 𝑏 > 0, where 𝜀+̄(𝑏) = 𝜀(𝜎+, 𝑏) = 𝑤𝐸−1𝐹(𝜎+) + (1 − 𝑤)𝛩(𝜎+/𝑏)𝜎+ (the strain value corresponding to 

the stress 𝜎 = 𝜎+ now depends on the loading rate in contrast to the value 𝜀+ = 𝐹(𝜎+)/𝐸 

in the CE (1)). The function 𝜀+̄(𝑏) decreases monotonically (since 𝛩(𝑡) increases) and 𝜀+̄(𝑏) → 𝜀̂ at 𝑏 → 0 + (fig. 6а), where: 𝜀̂ = 𝜀(𝜎+, ∞) = 𝑤𝐸−1𝐹(𝜎+) + (1 − 𝑤)𝛱(∞)𝜎+ = 𝐸−1𝛷∞(𝜎+).   (29) 

9. For models with 𝜎+ > 0 and 𝛱(∞) < ∞ (Fig. 6(а)) the loading curves family (28)  

at 𝑏 → 0 + has a limit 𝐸−1𝛷∞(𝜎) at all 𝜎 ≤ 𝜎+ (since 𝛩(∞) = 𝛱(∞)[55]), 𝜀̂ < ∞ and the 

stress-strain curves family 𝜎(𝜀, 𝑏), 𝜀 ≤ 𝜀+̄(𝑏), converges to the function 𝜎 = 𝜑∞(𝐸𝜀),  𝜀 ∈ [0; 𝜀̂], i.e., the equilibrium stress-strain curve increases. 

10. For models with 𝜎+ > 0 and 𝛱(∞) = ∞ (Fig. 6(b)) 𝜀(𝜎, 𝑏) → ∞, 𝜀̂ = ∞ and the stress-

strain curves family 𝜎(𝜀, 𝑏) converges to the function 𝜎 ≡ 0 at all 𝜀 ≥ 0, i.e. the 

equilibrium stress-strain curve is the same as in the case of 𝜎+ = 0. 
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11. For models with 𝜎+ > 0 and 𝛱(∞) < ∞ the equilibrium curve at 𝜎 > 𝜎+, i.e., at 𝜀 > 𝜀̂, 
coincide with the straight line 𝜎 = 𝜎+ (and at 𝜀 ∈ [0; 𝜀̂] has a form 𝜎 = 𝜑∞(𝐸𝜀), as proven 

above). The proof is similar to the proof of property 7: the assumption 𝜎∗ > 𝜎+ leads to a 

contradiction, and therefore 𝜎∗ = 𝜎+ (only then 𝐼(𝜎∗) = 0, the second term in the limit of 

the right side of (26) vanishes, and it has a finite limit, since this is true for the third term 

due to the condition 𝛱(∞) < ∞). 

Figure 6(a) shows the stress-strain curves of three CE (4) with the same material 

parameters and MFs (25) as in Fig. 5(a) (𝜎+ = 0.1, 𝐸 = 10, 𝜏𝑟 = 1), and the CFs in the form (6) 

with the same parameters as in Fig. 4(а) (𝜆 = 0.1, 𝛽 = 1, 𝛾 = 0.9, 𝐺 = 10, 𝐺∞ = 1, 

retardation time 𝜏 = 1/𝜆 = 10, relaxation time 𝜏̃𝑟 = 1), with three different weighting 

factors 𝑤 = 1; 0.5; 0 (light blue, black and blue curves) for six rates 𝑏 = 10𝑖−6, 𝑖 = 1, . . . ,6 

(curves 1–6). The light blue stress-strain curves 1´–5´ (for 𝑤 = 1) coincide with the stress-

strain curves of the CE (1) in Fig. 5(a) (they have a common straight segment OA, 

independent of the rate: 𝜎 = 𝐸𝜀, 𝜀 ≤ 𝜀+, 𝜀+ = 𝜎+/𝐸), the blue stress-strain curves 3˝–6˝ 

(for 𝑤 = 0 and 𝑏 = 0.001;0.01; 0.1;1) coincide with the loading curves of the linear Kelvin 

model in Fig. 4(a) (stress-strain curves 1˝, 2˝ at lower rates merge with the equilibrium 

loading curve 0˝), dash-dotted blue straight lines 0˝ and ∞˝ are the limit stress-strain 

curves at 𝑏 → 0 and 𝑏 → ∞ from the estimate (20), the dashed red curves 0´ and ∞´ – are 

the limit stress-strain curves for CE (1) (the same as in fig. 5a), the dash-dotted red curve 

∞ is the limit stress-strain curve 𝜎 = 𝜑(𝐸𝜀), 𝜀 ≥ 0, of the CE (4) at 𝑏 → ∞. At 𝑏 → 0 𝜎(𝜀, 𝑏) → 𝜎+ for any 𝜀 ≥ 𝜀̂, in our example 𝛱(∞) < ∞, 0 < 𝐺∞ < 𝐸 and 𝜀̂ = 0.055; for 

models with 𝐺∞ > 𝜎+/𝜀+ = 𝐸𝜎+/𝐹(𝜎+) it will be 𝜀̂ < 𝜀+). On the segment [0;ε̂] the stress-

strain curves family of the CE (4) 𝜎(𝜀, 𝑏) converges at 𝑏 → 0 to the linear function (since 

the MF F is linear and 𝛱(∞) < ∞), the graph of which is the segment OB, 𝐵(𝜀̂, 𝜎+). 
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Fig. 6. Stress-strain curves 𝜎(𝜀, 𝑏) generated by the constitutive equation (4) with the same material 

functions (25) as in the Fig. 5(a) for three different weighting factors 𝑤 = 0; 0.5; 1 (light blue, black, and 

blue curves) at stress rates 𝑏 = 10𝑖−6, 𝑖 = 1, . . . ,7 (curves 1–7): (а) crossbreed of the model (1) and the 

standard linear solid model (6) (with the same material parameters as in the Fig. 4(a)); (b) crossbreed of 

the model (1) and the fractional model (5) with 𝑢 = 0.3, 𝐴 = 0.3 
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Figure 6(b) shows the stress-strain curves of three CE (4) with the same material 

parameters and MFs (25) as in Fig. 5(a) (𝜎+ = 0.1, 𝐸 = 10, 𝜏𝑟 = 1), but with power-law 

CFs (5) with 𝑢 = 0.3, 𝐴 = 0.3, with three different weighting factors 𝑤 = 1; 0.5; 0 (light 

blue, black and blue curves) for seven rates 𝑏 = 10𝑖−6, 𝑖 = 1, . . . ,7 (curves 1´–5´, 1–7,  

1˝–7˝). The light blue stress-strain curves 1´–5´ (for 𝑤 = 1) coincide with the stress-strain 

curves of the CE (1) in Figs. 5(a) and 6(a) (they have a common straight segment OA, 

independent of the rate: 𝜎 = 𝐸𝜀), the dashed red curves 0´ and ∞´ are the limit loading 

curves at 𝑏 → 0 and 𝑏 → ∞ (the same as in Fig. 6(а)). The blue stress-strain curves 2˝–6˝ 

(for 𝑤 = 0 and𝑏 = 0.0001; 0.001; 0.01; 0.1; 1) coincide with stress-strain curves 0–4 of 

the linear fractal model (5) in Fig. 4(b); it is irregular, 𝛱(0) = 0, 𝐺 = ∞, 𝛱(∞) = ∞, 𝐺∞ = 0, at 𝑏 → 0 its stress-strain curves family (22) 𝜎(ε,𝑏) converges to the function  𝜎 ≡ 0, as at 𝑏 → ∞ the family 𝜀(σ,𝑏) converges to 𝜀 = 0, i.e., the stress-strain curves 𝜎(ε,𝑏) converge to the vertical semi-axis. For this reason, at 𝑏 → 0 the stress-strain curves 

family of the CE (4) with 𝑤 ∈ (0; 1) (see the black loading curves 1-7) converges to the 

function 𝜎 = 0 on the entire semi-axis 𝜀 ≥ 0 (property 10), and at 𝑏 → ∞ converges to 

the function 𝜎 = 𝜑(𝐸𝜀) = 𝑓(𝐸𝑤−1𝜀), 𝜀 ≥ 0, 𝑓 = 𝐹−1 (the dash-dotted red curve ∞), since 

according to (27) 𝛷(𝜎) = 𝑤𝐹(𝜎). 

If the value of 𝑤 − 1 is sufficiently small, then the contribution of the last term to 

the strain (26) is negligible, the properties of the loading curves (26) coincide with the 

properties of the stress-strain curves (23) of the CE (1) with the exception of two 

qualitative differences: 

1. for models with 𝜎+ > 0 at any 𝑤 ≠ 1 the stress-strain curve (26) depends on the 

loading rate even in the range 𝜎 ∈ [0; 𝜎+] (see (28)), in which 𝑉(𝑥) ≡ 0 and 𝐼(𝜎) ≡ 0, 

although this dependence is weakly expressed if the material parameter w is close to one; 

2. the equilibrium stress-strain curve for 𝑤 ≠ 1 can differ qualitatively from the limiting case 𝑤 = 1 (Fig. 6(b)) and has a different form in the cases 𝜎+ = 0 or 𝜎+ > 0, and in the latter 

case the key role is played by the limited or unbounded nature of the CF 𝛱(𝑡) (see properties 

of loading curves 7-11): for the models with 𝜎+ = 0 or with 𝜎+ > 0 and 𝛱(∞) = ∞  

(Fig. 6(b)), the equilibrium curve has a form 𝜎 ≡ 0 on the entire ray 𝜀 ≥ 0, and for the 

models with 𝜎+ > 0 and 𝛱(∞) < ∞ (Fig. 6(а)) the value (29) is finite and the equilibrium 

curve is non-zero: 𝜎 = 𝜑∞(𝐸𝜀) at 𝜀 ∈ [0; 𝜀̂] and 𝜎 = 𝜎+ at 𝜀 > 𝜀̂. 
 

Conclusion 

The paper formulates a generalization (4), (10) of the physically nonlinear CE of Maxwell-

type viscoelastoplasticity (1), (7) with four MFs (two MFs in the uniaxial case (4)), the 

general properties, the arsenal of possibilities, and the scope of applicability of which 

have been studied earlier in a series of articles by the author [4–10]. In order to generalize 

the CE (1), (7), preserving its advantages, but eliminating the detected disadvantages that 

reduce its applicability, and to expand the range of rheological effects it describes, it is 

proposed to add a third (viscoelastic) strain component to the CE (1), (7), a term expressed 

by the linear integral Boltzmann–Volterra operator (3), (8) with arbitrary CF. For 

generality and convenience of model control, for its adjustment for different materials 

and lists of simulated effects, in addition to the three MFs, a weighting factor 𝑤 ∈ [0; 1] 
(degree of nonlinearity) is introduced into the CE (4), which allows “mixing” the nonlinear 
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CE (1), (7) and the linear viscoelasticity operator (3), (8) in arbitrary proportions and 

regulate the severity of different sets of effects modeled by them. Thus, the CE (4), (10) is 

a hybrid (and simultaneous generalization) of the CE (1), (7) and the linear viscoelasticity 

CE (3), (8) (at 𝑤 = 0 nonlinearity is switched off, and the linear viscoelasticity CE is 

obtained, and at 𝑤 = 1 the nonlinear CE (1) is obtained). The proposed CE allows not only 

to expand the scope of applicability of the CE (1), (7), but also to connect the nonlinear 

viscoplasticity model (1), (7) to the linear viscoelasticity CE (3), (8), and to surgically adjust 

this connection depending on the characteristics of the testing data of a particular 

material: thanks to the choice of two material parameters 𝜎+ and w, nonlinear 

viscoplasticity can be added, starting from any stress 𝜎 ≥ 𝜎+ > 0 and in any proportion. 

The equations for the creep and recovery curves families and constant-rate loading 

curves generated by the proposed CE (4) with three arbitrary MFs are derived, their 

general properties and the influence of loading parameters and characteristics of all MFs 

on them are analytically studied and compared with the properties of the creep and 

stress-strain curves of crossbred CEs (1) and (3). In particular, new qualitative properties 

(effects) are identified that make it possible to describe the more general CE (4) in 

comparison with the original CE (1). It is verified that the generalization eliminates a 

number of disadvantages of the CE (1), but retains its valuable qualities (4–8). For 

example: 

1. the CE (4) makes it possible to describe not only creep at a constant rate, as the CE (1), 

but also creep at a variable rate, as well as limited creep, characteristic, for example, of 

many polymers; 

2. the CE (4) describes the recovery after complete unloading ("reverse creep") with  

a gradual yielding of strain to a certain constant level at large values of times; 

3. the possibilities for describing the various properties of the stress-strain curves 

families, in particular the forms of equilibrium and instantaneous loading curves, are 

significantly expanded; 

4. adding the CE (1) with any weighting factor 𝑤 > 0 (arbitrarily small) to any singular 

linear model of the form (3), (8) produces its regularization (in particular, the 

instantaneous modulus no longer goes to infinity in the case of 𝛱(0) = 0, and such a 

model appears with an instantaneous loading curve instead of a limiting vertical straight 

line at 𝑏 → ∞ [55,56]). 

Thus, the performed primary analysis showed that the proposed more general CE 

(4), (7) provides many opportunities for describing the various properties of stress-strain 

curves and creep and recovery curves of materials (for adjusting their shape and tuning 

them to testing data). It also allows expanding significantly the range of described 

rheological effects and the range of applicability of the Maxwell-type 

viscoelastoplasticity relation and deserves further research and application in modeling. 

In the following papers, the properties found will be used to develop methods for 

identifying the CE (4), (7) from the loading and creep curves and recovery curve of 

materials, as was done for the CE (1), (7) in [5,7–10,56]. 

 

  



Hybrid of a nonlinear Maxwell-type viscoelastoplastic model with the linear viscoelasticity constitutive equation  138 

and properties of crossbreed creep and stress-strain curves 

References 

1. Khokhlov AV. Two-sided estimates for the relaxation function of the linear theory of heredity via the relaxation 

curves during the ramp-deformation and the methodology of identification. Mechanics of Solids. 2018; 53(3): 307–328.  

2. Khokhlov AV. Analysis of properties of ramp stress relaxation curves produced by the Rabotnov non-

linear hereditary theory. Mechanics of Composite Materials. 2018;54(4): 473–486. 

3. Khokhlov AV. Properties of the Set of Strain Diagrams Produced by Rabotnov Nonlinear Equation for 

Rheonomous Materials. Mechanics of Solids. 2019;54(3): 384–399.  

4. Khokhlov AV. Long-term strength curves generated by the nonlinear Maxwell-type model for 

viscoelastoplastic materials and the linear damage rule under step loading. Journal of Samara State Technical 

University, Ser. Physical and Mathematical Sciences. 2016;20(3): 524–543.  

5. Khokhlov AV. The nonlinear Maxwell-type model for viscoelastoplastic materials: Simulation of 

temperature influence on creep, relaxation and strain-stress curves. The Journal of Samara State Technical 

University, Ser. Physical and Mathematical Sciences. 2017;21(1): 160–179. [In Russian]  

6. Khokhlov AV. A Nonlinear Maxwell-Type Model for Rheonomic Materials: Stability under Symmetric 

Cyclic Loadings. Moscow University Mechanics Bulletin. 2018;73(2): 39–42.  

7. Khokhlov AV. Applicability Indicators and Identification Techniques for a Nonlinear Maxwell-Type Elasto-

Viscoplastic Model using Multi-Step Creep Curves. Herald of the Bauman Moscow State Technical University. 

Series Natural Sciences. 2018(6): 92–112. [In Russian]  

8. Khokhlov АV. Applicability indicators and identification techniques for a nonlinear Maxwell–type 

elastoviscoplastic model using loading–unloading curves. Mechanics of Composite Materials. 2019;55(2): 195–210.  

9. Khokhlov AV. Possibility to Describe the Alternating and Non-monotonic Time Dependence of Poisson’s Ratio during 
Creep Using a Nonlinear Maxwell-Type Viscoelastoplasticity Model. Russian Metallurgy (Metally). 2019;10: 956–963.  

10. Khokhlov AV, Shaporev AV, Stolyarov ON. Loading-unloading-recovery curves for polyester yarns and identification 

of the nonlinear Maxwell-type viscoelastoplastic model. Mechanics of Composite Materials. 2023;59(1): 129–146.  

11. Rabotnov YuN. Creep Problems in Structural Members. Moscow: Nauka; 1966. [In Russian]  

12. Bugakov II. Creep of polymer materials. Мoscow: Nauka; 1973. [In Russian]  

13. Malinin NN. Creep design of engineering structures. Moscow: Mashinostroenie Publ.; 1981. [In Russian]  

14. Gokhfel’d DA, Sadakov OS. Plasticity and creep in structural elements under repeated loading. Moscow: 

Mashinostroenie Publ.; 1984. [In Russian] 

15. Nikitenko AF. Creep and long-term strength of metallic materials. Novosibirsk: NGASU; 1997. [In Russian] 

16. Betten J. Creep Mechanics. Berlin: Springer; 2008.  

17. Lokoshchenko АМ. Creep and long-term strength of metals. Moscow: Fizmatlit Publ.; 2016. [In Russian] 

18. Lakes RS. Viscoelastic Materials. Cambridge: Cambridge Univ. Press; 2009.  

19. Bergstrom JS. Mechanics of Solid Polymers. Theory and Computational Modeling. Elsevier; 2015.  

20. Vinogradov GV, Malkin AYa. Polymer rheology. Moscow: Khimiya Publ.; 1977. [In Russian] 

21. Larson RG. Constitutive Equations for Polymer Melts and Solutions. Butterworth: Boston; 1988.  

22. Gupta RK. Polymer and composite rheology. NY: Marcel Dekker; 2000.  

23. Malkin AY, Isayev AI. Rheology: Conceptions, methods, applications. 2-nd Ed. Toronto: ChemTec Publishing; 2012.  

24. Brinson HF, Brinson LC. Polymer Engineering Science and Viscoelasticity. Springer; 2008.  

25. Kalinnikov AE, Vakhrushev AV. Creep of materials of different tensile and compressive strengths under 

variable loads. Mechanics of Composite Materials. 1982;18(3): 267–272. 

26. Fatemi A, Yang L. Cumulative fatigue damage and life prediction theories: A survey of the state of the 

art for homogeneous materials. International Journal of Fatigue. 1998;20(1): 9–34. 

27. Launay A, Maitournam MH, Marco Y, Raoult I, Szmytka F. Cyclic behaviour of short glass fibre reinforced polyamide: 

Experimental study and constitutive equations. International Journal of Plasticity. 2011;27(8): 1267–1293. 

28. Darabi MK, Al-Rub RKА, Masad EA, Huang CW, Little DN. A modified viscoplastic model to predict the 
permanent deformation of asphaltic materials under cyclic-compression loading at high temperatures. 

International Journal of Plasticity. 2012;35: 100–134. 

29. Takagi H, Dao M, Fujiwara M. Prediction of the Constitutive Equation for Uniaxial Creep of a Power-Law Material 

through Instrumented Microindentation. Testing and Modeling. Materials Transactions. 2014;55(2): 275–284. 

30. Chinh NQ, Szommer P. Mathematical description of indentation creep and its application for the 

determination of strain rate sensitivity. Materials Science & Engineering A. 2014;611: 333–336. 

https://doi.org/10.3103/S0025654418070105
https://doi.org/10.1007/s11029-018-9757-1
https://doi.org/10.3103/S002565441902002X
https://doi.org/10.14498/vsgtu1512
https://doi.org/10.14498/vsgtu1512
https://doi.org/10.14498/vsgtu1524
https://doi.org/10.14498/vsgtu1524
https://doi.org/10.3103/S0027133018020036
https://doi.org/10.18698/1812-3368-2018-6-92-112
https://doi.org/10.18698/1812-3368-2018-6-92-112
https://doi.org/10.1007/s11029-019-09809-w
https://doi.org/10.1134/S0036029519100136
https://doi.org/10.1007/s11029-023-10086-x
https://doi.org/10.1007/BF00604302
https://doi.org/10.1016/S0142-1123(97)00081-9
https://doi.org/10.1016/j.ijplas.2011.02.005
https://doi.org/10.1016/j.ijplas.2012.03.001
https://doi.org/10.2320/matertrans.M2013370
https://doi.org/10.1016/j.msea.2014.06.011


139  A.V. Khokhlov 

 

31. Petukhov DS, Keller IE. Dual plane problems for creeping flows of power-low incompressible medium. The Journal 

of Samara State Technical University, Ser. Physical and Mathematical Sciences. 2016;20(3): 496–507. [In Russian] 

32. Kaibishev ОА. Superplasticity of industrial alloys. Мoscow: Metallurgiya Publ.; 1984. [In Russian] 

33. Nieh TG, Wadsworth J, Sherby OD. Superplasticity in metals and ceramics. Cambridge Univ. Press; 1997.  

34. Padmanabhan KA, Vasin RA, Enikeev FU. Superplastic Flow: Phenomenology and Mechanics. Berlin: Springer; 2001. 

35. Segal VM, Beyerlein I.J, Tome CN, Chuvil’deev VN, Kopylov VI. Fundamentals and Engineering of Severe 

Plastic Deformation. NY: Nova Science Pub. Inc.; 2010.  

36. Zhilayev AP, Pshenichnyuk AI. Superplasticity and grain boundaries in ultrafine-grained materials. 

Cambridge: Cambridge Intern. Sci. Publ.; 2010.  

37. Cao Y. Determination of the creep exponent of a power-law creep solid using indentation tests. 

Mechanics of Time-Dependent Materials. 2007;11: 159–172.  

38. Megahed M, Ponter ARS, Morrison C.J. An experimental and theoretical investigation into the creep properties 

of a simple structure of 316 stainless steel. International Journal of Mechanical Sciences. 1984;26(3): 149–164. 

39. Enikeev FU. Experimental evaluation of speed sensitivity of superplastic material in strongly non-

uniform deflected mode. Industrial Laboratory. Diagnostics of Materials. 2007;73(10): 44–50. [In Russian] 

40. Mochugovskiy AG, Mosleh AO, Kotov AD, Khokhlov AV, Kaplanskaya LY, Mikhaylovskaya AV. 

Microstructure Evolution, Constitutive Modelling, and Superplastic Forming of Experimental 6XXX-Type 

Alloys Processed with Different Thermomechanical Treatments. Materials. 2023;16(1): 445.  

41. Eglit ME, Yakubenko AE, Zayko JS. Mathematical Modeling of Slope Flows of Non-Newtonian Media. 

Proceedings of the Steklov Institute of Mathematics. 2018;300: 219–229. 

42. Radchenko VP, Shapievskii DV. Mathematical creep model for micro-nonhomogeneous non-linear 

elastic material. Prikladnaya mekhanica I tekhnicheskaya fizika. 2008;49(3): 157–163. [In Russian] 

43. Naumenko K, Altenbach H, Gorash Y. Creep Analysis with a Stress Range Dependent Constitutive Model. 

Archive of Applied Mechanics. 2009;79: 619–630. 

44. Lu LY, Lin GL, Shih MH. An experimental study on a generalized Maxwell model for nonlinear 

viscoelastic dampers used in seismic isolation. Engineering Structures. 2012;34(1): 111–123. 

45. Monsia MD. A Simplified Nonlinear Generalized Maxwell Model for Predicting the Time Dependent 

Behavior of Viscoelastic Materials. World Journal of Mechanics. 2011;1: 158–167.  

46. Stolin AM, Khokhlov AV. Nonlinear model of shear flow of thixotropic viscoelastoplastic continua taking into 

account the evolution of the structure and its analysis. Moscow University Mechanics Bulletin. 2022;77(5): 127–135.  

47. Khokhlov AV, Gulin VV. Analysis of the nonlinear Maxwell-type constitutive equation for shear flow of tixotropic viscoelastic 

media accounting for interaction of deformation process and structure evolution. Phisical Mesomechanics. 2023;26(6): 621–642.  

48. Gorodtsov VA, Leonov AI. On the kinematics, nonequilibrium thermodynamics, and rheological relationships 

in the nonlinear theory of viscoelasticity. Journal of Applied Mathematics and Mechanics. 1968;32(1): 62–84.  

49. Leonov AI, Lipkina ECh, Paskhin ED, Prokunin AN. Theoretical and experimental investigations of 

shearing in elastic polymer liquids. Rheologica Acta. 1976;15(7/8): 411–426. 

50. Pal’mov VA. Rheological models in the nonlinear mechanics of deformable bodies. Uspekhi mekhaniki. 

1980;3(3): 75–115. [In Russian] 

51. Prokunin AN. On the non-linear Maxwell-type defining equations for describing the motions of polymer 

liquids. Journal of Applied Mathematics and Mechanics. 1984;48(6): 699–706.  

52. Leonov AI, Prokunin AN. Non-linear Phenomena in Flows of Viscoelastic Polymer Fluids. London: Chapman and Hall; 1994.  

53. Leonov AI. Constitutive equations for viscoelastic liquids: Formulation, analysis and comparison with 

data. Rheology Series. 1999;8: 519–575.  

54. Khokhlov AV. Analysis of creep curves produced by the linear viscoelasticity theory under cyclic stepwise loadings. 

The Journal of Samara State Technical University, Ser. Physical and Mathematical Sciences. 2017;21(2): 326–361. [In Russian]  

55. Khokhlov AV. Specific features of stress-strain curves at constant stress rate or strain rate yielding from 

linear viscoelasticity. Problems of Strength and Plasticity. 2015;77(2): 139–154. [In Russian]  

56. Khokhlov AV. Analysis of the bulk creep influence on stress-strain curves under tensile loadings at 

constant rates and on Poisson’s ratio evolution based on the linear viscoelasticity theory. The Journal of 

Samara State Technical University, Ser. Physical and Mathematical Sciences. 2019;23(4): 671–704. [In Russian]  

57. Krishtal MM. Instability and mesoscopic inhomogeneity of plastic deformation (analytical review). Part 

I. Phenomenology of the sharp yield point and jerky flow. Phisical Mesomechanics. 2004;7(5–6): 5–26. 

58. Rudskoi AM, Rudaev YaI. Mechanics of dynamic superplasticity of aluminum alloys. St. Petersburg: Nauka; 2009. [In Russian]  

https://doi.org/10.1007/s11043-007-9033-6
https://doi.org/10.1016/0020-7403(84)90050-X
https://doi.org/10.3390/ma16010445
https://doi.org/10.1134/S0081543818010194
https://doi.org/10.1007/s00419-008-0287-5
https://doi.org/10.1016/j.engstruct.2011.09.012
https://doi.org/10.4236/wjm.2011.13021
https://doi.org/10.3103/S0027133022050065
https://doi.org/10.1134/S1029959923060036
https://doi.org/10.1016/0021-8928(68)90148-2
https://doi.org/10.1007/BF01574496
https://doi.org/10.1016/0021-8928(84)90037-6
https://doi.org/10.1007/978-94-011-1258-1
https://doi.org/10.1016/S0169-3107(99)%2080040-9
https://doi.org/10.14498/vsgtu1533
https://doi.org/10.32326/1814-9146-2015-77-2-139-154
https://doi.org/10.14498/vsgtu1710
https://doi.org/10.14498/vsgtu1710


Hybrid of a nonlinear Maxwell-type viscoelastoplastic model with the linear viscoelasticity constitutive equation  140 

and properties of crossbreed creep and stress-strain curves 

59. Yu D, Chen X, Yu W, Chen G. Thermo-viscoplastic modeling incorporating dynamic strain aging effect on 

the uniaxial behavior of Z2CND18.12N stainless steel. International Journal of Plasticity. 2012;37: 119–139. 

60. Trusov PV, Chechulina ЕА. Serrated yielding: physical mechanisms, experimental dates, macro-

phenomenological models. PNRPU Mechanics Bulletin. 2014;(3): 186–232. [In Russian] 

61. Lin YC, Chen XM. A critical review of experimental results and constitutive descriptions for metals and 

alloys in hot working. Materials and Design. 2011;32(4): 1733–1759. 

62. McClung AJW, Ruggles-Wrenn MB. The rate (time)-dependent mechanical behavior of the PMR-15 

thermoset polymer at elevated temperature. Polymer Testing. 2008;27(7): 908–914. 

63. Kastner M, Obst M, Brummund J, Thielsch K, Ulbricht V. Inelastic material behavior of polymers – Experimental 

characterization, formulation and implementation of a material model. Mechanics of Materials. 2012;52: 40–57. 

64. Yun KS, Park JB, Jung GD, Youn SK. Viscoelastic constitutive modelling of solid propellant with damage. 

International Journal of Solids and Structures. 2016;80: 118–127. 

65. Fung YC. Biomechanics. Mechanical Properties of Living Tissues. New York: Springer; 1993.  

66. Diani J, Fayolle B, Gilormini P. A review on the Mullins effect. European Polymer Journal. 2009;45(3): 601–612. 

67. Zhu Y, Kang G, Yu C, Poh LH. Logarithmic rate based elasto-viscoplastic cyclic constitutive model for 

soft biological tissues. Journal of Mechanical Behavior of Biomedical Materials. 2016;61: 397–409. 

68. Qi H, Boyce M. Stress-strain behavior of thermoplastic polyurethanes. Mechanics of Materials. 2005;37(8): 817–839. 

69. Drozdov AD, Dusunceli N. Unusual mechanical response of carbon black-filled thermoplastic 

elastomers. Mechanics of Materials. 2014;69(1): 116–131. 

 

 

About the Author 

Andrew V. Khokhlov   
Ph. D. in Technical Sciences 

Senior Researcher (Institute of Mechanics, Lomonosov Moscow State University, Moscow, Russia)  

Associate Professor (Department of Composites Mechanics, Faculty of Mechanics and Mathematics, Lomonosov 

Moscow State University, Moscow, Russia)  

Leading Researcher (Laboratory "Polymer composites for the North", North-Eastern Federal University, Yakutsk, Russia) 

 

https://doi.org/10.15593/perm.mech/2014.3.10
https://doi.org/10.1016/j.matdes.2010.11.048
https://doi.org/10.1016/j.polymertesting.2008.07.007
https://doi.org/10.1016/j.mechmat.2012.04.011
https://doi.org/10.1016/j.ijsolstr.2015.10.028
https://doi.org/10.1016/j.eurpolymj.2008.11.017
https://doi.org/10.1016/j.jmbbm.2016.03.014
https://doi.org/10.1016/j.mechmat.2004.08.001
https://doi.org/10.1016/j.mechmat.2013.09.019
https://orcid.org/0000-0002-9212-2579
https://www.scopus.com/authid/detail.uri?authorId=57083535100


 

Submitted: November 24, 2023 Revised: May 21, 2024 Accepted: August 28, 2024 

© E. Ouadah, N. Hamdadou, 2024. 

Publisher: Peter the Great St. Petersburg Polytechnic University  

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

MATERIALS PHYSICS AND MECHANICS                                                RESEARCH  ARTICLE 

 

Synthesis of WO2.72:Fe thin films via ammonium tungstate 

precursor by spray pyrolysis technique and annealing 

E. Ouadah,  N. Hamdadou ,  

Laboratoire de Micro et de Nanophysique, Ecole Nationale Polytechnique d'Oran, Oran, Algérie 

 nasreddine.hamdadou@enp-oran.dz 

ABSTRACT  

In this study, WO2.72:Fe thin films have been prepared on glass substrates heated to a fixed temperature of 

350 °C by the spray pyrolysis technique, from an aqueous ammonium tungstate solution (NH4)10H2(W2O7)6 

with a concentration of 0.005 M. The dopant concentrations were 1, 3 and 5 %. After deposition, the thin 

films were annealed at 550 °C for 4 h. The characterization results revealed that Fe doping has a significant 
effect on the morphology of thin films depending on its concentration. In addition, it promotes crystallites 

growth and improves the surface quality. GIXRD analysis has shown that the thin films obtained after the 

annealing are polycrystalline in nature, the structure of the WO2.72 films was monoclinic, with space groups 

P2/m (10). The growth direction was variable depending on the doping concentration. It was noticed that 

the peaks positions, the preferential grain orientation and the structural parameters are affected by the 

doping concentrations, which had no effect on the phase type of the obtained films. The WO2.72 films have 

interesting optical properties; high transmittance in the visible range of 75 % as well as high absorption in 

the ultra-violet range from 1.4 to 0.2 a.u. Moreover, the films exhibit both direct and indirect electronic 

transitions, which are red-shifted due to Fe-doping.   
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Introduction 

WOx tungsten oxides are n-type wide band gap semiconductor (2.5–3.6 eV), and can easily 

be produced as thin films with high optical transparency in the visible range. These 

materials allow us to use its in many applications such as: solar energy conversion, 

semiconductor gas sensors, photocatalysis, electrochemical screens and field emission 

devices FED [1,2]. Among the different phases of tungsten oxides, non-stoichiometric 

tungsten oxides WO3-x, x < 3 are important due to oxygen vacancy defects [3,4]. 

Particularly in recent years, the nanomaterials of WO2.72 have attracted the attention of 

several works because they have excellent properties for nanotechnology 

applications [5]. In addition, WO2.72 with monoclinic structure is the poorest in oxygen 

among non-stoichiometric tungsten oxide materials [6]. They have presented various 

morphologies like nanospheres, nanowires, nanofibers and sea urchin-shaped 

nanostructures [6]. Several preparation techniques have been used to prepare WO2.72 thin 

films, including thermal evaporation of tungsten oxide [7], solvothermal techniques [8], 

physical vapor deposition PVD, sol-gel process, the electrochemical technique and 

chemical vapor deposition CVD [9], spray pyrolysis technique [10]. Several works have 

been carried out on the nanorods and the nanowires of WO2.72 [11,12].  

http://dx.doi.org/10.18149/MPM.5242024_12
https://orcid.org/0009-0008-9049-6199
https://orcid.org/0000-0003-1880-6881
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In this work, we have used the reactive chemical spraying technique in liquid phase 

(spray pyrolysis) for the preparation of WO2.72 thin films, because it’s simple, economical 
with a high growth rate and even the injection of dopants is without any difficulty. The 

obtained thin films have been annealed at 550 °C for 4 hours. To improve the physical 
and chemical properties of the WO2.72 thin films, several dopants have been used such as 

Ti, Fe [13,14], Al [15], Mo [16], Ce and La [17,18]. We have chosen the Fe element as a 

dopant with doping concentrations 1, 3 and 5 %, because it has an important role in 

reducing the band gap of WO2.72. 

 

Experimental details 

Thin films preparation 

WO2.72 thin films were deposited on glass substrates of dimensions 26 × 10 × 1 mm at 

constant temperature of 350 °C by spray-pyrolysis using a HOLMARC brand. The glass 

substrates were cleaned previously in an ultrasonic bath with acetone and ethanol three 

times for 5 min; then, with deionized water to remove traces of microscopic impurities.  

The precursor solution of 0.005 M was prepared from ammonium tungstate 

(NH4)10H2(W2O7)6 dissolved in 100 ml of deionized water. After that, the solution was 

sprayed using a syringe-attached sprayer. The air-directed spray stream has been used as 

a carrier gas. The substrate-nozzle distance and the spraying rate were 12 cm and 

200 μl/min, respectively, with an air pressure of 1.5 bar. The deposition time was 8 min.  

The Fe dopant concentration was 1, 3 and 5 at. %. After cooling to room 

temperature, the films were annealed at 550 °C for 4 hours using a MAGMA THERM 
programmable tubular oven, with a heating rate of 10 °C/min. The purpose of this 

annealing is to improve the densification and crystallization. Table 1 depicts the 

deposition parameters of the films. 

 
Table 1. Deposition parameters of WO2.72:Fe thin films 

Parameter Value 

Substrate Glass 

Substrate temperature, °C 350 

Precursor volume, ml 20 

Solvent Deionized water 

Dopant Fe 

Spray rate, μl/min 200 

Nozzle-substrate distance, cm 12 

Spray duration, min 8 

Annealing temperature, °C 550 

Annealing duration, h 4  

 

Thin films characterization 

The films thickness was measured using a Bruker Dektak XT profilometer, which also 

gives the roughness parameters of the surface. The data processing was carried-out by 

Vision 64 software. The structural properties were obtained by grazing incidence X-ray 

diffraction (GIXRD) using an INEL Equinox 3000 diffractometer operating in the range of 

0–120° with a filtered Cu-Kα radiation (λ = 1.54056 Å). The data processing was 
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performed by Match 3 software. The optical transmittance and absorbance spectra were 

carried out at room temperature by a dual beam UV–Visible spectrophotometer Specord 

210 Plus in the wavelength range of 300–1100 nm. 

 

Results and Discussion 

Film thickness and profile analysis 

The surface profilometry is a non-destructive technique and allows studying the film 

profile. Several parameters are reliable to the surface roughness. Table 2 shows the primary 

profile Pp, the total profile Pt and the thickness e of WO2.72:Fe films annealed at 550 °C for 
4 h. It is observed that the surface primary and total profiles decrease with Fe-doping. 

 
Table 2. Thickness, primary profile and total profile of WO2.72:Fe thin films after annealing at 550 °C for 4 h 

 

Table 3. Surface profile parameters of WO2.72:Fe films after annealing at 550 °C for 4 h 

Parameter 
Doping concentration, % 

1 3 5 

Pq, Å 2710.87 2747.67 759.65 

Psk 5.074 2.29 4.856 

Pku 40.52 7.397 27.362 

Pz, Å 31275.04 13866.13 6214.45 

Pv, Å 3166.71 1462.19 589.65 

 

Furthermore, the other parameters such as the root mean square deviation of the 

assessed profile Pq, the skewness of the assessed profile Psk, the kurtosis of the assessed 

profile Pku, are gathered in Table 3. These parameters are often used to get insights on the 

surface quality. The assessed profile is characterized by three parameters, its maximum 

height Pz, its maximum profile peak height Pp, and its maximum profile valley depth Pv: 

{  
  
  𝑃𝑞 = [1𝑙 ∫  𝑙0 𝑍2(𝑥)𝑑𝑥]1/2𝑃sk = 1(𝑃𝑞𝑖)3 

[1𝑙 ∫  𝑙0 𝑍3(𝑥)𝑑𝑥]𝑃ku = 1(𝑃𝑞𝑖)4 
[1𝑙 ∫  𝑙0 𝑍4(𝑥)𝑑𝑥]𝑃𝑍 = 𝑃𝑃 + 𝑃𝑉𝑃𝑣 = 1

CN
∑  𝐶𝑁𝑖=1 𝑃𝑣𝑖 }  

  
   .                                                                                        (1) 

Figure 1 shows the variation of the surface profile parameters with Fe-doping 

concentration. It is observed that the parameters Pq, Pz, Pp and Pv decrease with increasing 

of the dopant concentration. Hence, Fe-doping improves the surface quality. It is evident 

that thermal treatment at higher temperatures promotes the growth of the crystallites 

and enhances the roughness of the surface. 

Parameter 
Doping concentration, % 

1 3 5 

e, nm 352 396 245 

PP, Å 28108 12403 5624 

Pt, Å 31275 13866 6214 



144  E. Ouadah, N. Hamdadou 

 
Fig. 1. Same surface profile parameters of  WO2.72:Fe thin films as a function of doping concentration 

 

GIXRD analysis 

Grazing incidence X-ray diffraction (GIXRD) technique was used to determine the 

structure, crystallographic growth directions, lattice parameters, and average grains size. 

Before annealing, the thin films are amorphous (Fig. 2(a)). Figure 2(b) shows the GIXRD 

patterns of WO2.72:Fe films after annealing at 550 °C for 4 hours. 

 
Fig. 2. GIXRD diagrams of WO2.72:Fe films with different doping concentrations; before (a)  

and after (b) annealing at 550 °C for 4 hours 

 

The thin films are of polycrystalline nature, all peaks appearing are attributed to 

WO2.72 of monoclinic structure, identified using the ICDD card N°36-0101. No. Fe 

diffraction peak or other phases, is detected which indicates that the thin films are well 

crystallized. Table 4 indicates the Bragg angles θ, the relative intensities of the diffraction 

peaks and the Miller indices (hkl) for different doping concentrations. All the spectra of 

WO2.72:Fe thin films represent the same peaks of the planes (103), (602), (504), (402), (413) and (412) which are considerably lower and wider peaks, but the most intense peak 

was attributed to the orientations (203), (010) and (004), with doping concentrations 

1, 3 and 5 %, respectively. Usually, the sharp diffraction peaks require the lowest 

formation energy. In addition, with an increase in the doping concentration 1, 3 and 5 %, 

the grains preferential orientation changes from (203), (010) and (004), respectively, 
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indicating a change in the growth mechanism of these thin films, from a direction parallel 

to the surface of the substrate (010) to a perpendicular direction (004). The peak at 

orientation (010) is attributed to WO2.72 of monoclinic structure as reported in previous 

works [19], the diffraction angles corresponding to this orientation with doping 

concentrations at 1, 3 and 5 % were 23.49°, 23.37° and 23.34°, respectively. These results 

show slight shifts of this diffraction peak towards lower angles. This suggests that the 

crystal structure is modified during Fe doping due to the very similar ion radius of Fe and 

W ions [20]. In addition, the incorporation of Fe doesn’t change the phase type of WO2.72 

and no new peak has appeared, indicating the Fe homogeneous incorporation into the 

lattice of WO2.72 [20]. 

 
Table 4. The peak positions, the relative intensities and the Miller indices of WO2.72:Fe thin films for different 

doping concentrations 

1 % 3 % 5 % 
(hkl) 

2θ, deg. I, % 2θ, deg. I, % 2θ, deg. I, % 

23.49 77 23.37 100 23.34 86 (010) 

24.12 17 24.08 47 24.03 80 (103) 

27.67 100 27.44 48 27.42 69 (203) 

28.29 77 28.36 82 28.19 100 (004) 

28.99 82 28.87 74 28.79 73 (602) 
29.58 30 29.55 49 29.46 68 (504) 
30.61 13 30.67 47 30.46 66 (402) 

32.59 86 32.76 75 32.82 65 (413) 
38.86 21 38.79 46 38.72 65 (412) 

 

The lattice parameters have been deduced using the relations below: { 1𝑑ℎ𝑘𝑙2 = 1𝑐𝑜𝑠2𝛽 (ℎ2𝑎2 + 𝑘2 𝑠𝑖𝑛2 𝛽𝑏2 + 𝑙2𝑐2 − 2hk 𝑐𝑜𝑠𝛽𝑎𝑏 )𝑑ℎ𝑘𝑙 = 𝜆2 𝑠𝑖𝑛 𝜃 },                                       (2) 

where dhkl is the inter-reticular distance.  

The FWHM (Full Width at Half Maximum) of the peaks were calculated by Warren relation: (𝐹𝑊𝐻𝑀)2 = 𝐵2 − 𝑏2,              (3) 

where B is the observed widening, which is given directly by the data processing software 

of the diffractometer and b is instrumental broadening which is equal to 0.08° in our case. 
The average grain size D was determined using Scherrer formula [21]: 𝐷 = 0.9 𝜆𝐹𝑊𝐻𝑀.𝑐𝑜𝑠 𝜃 ,                (4) 

where λ is the X-rays wavelength. Table 5 indicates the lattice parameters a, b, c and β, 

the full width at half maximum FWHM of the most intense peak, the average grain size D, 

the unit cell volume V, the lattice strain Ɛ and the dislocation density δ. 

The FWHM of the most intense peaks decreased with the increase in the dopant 

level up to about 3 % at first, which implies an increase in the grain size and improved 

crystal quality (Table 5). Tungsten typically exists in the +6 (W+6) oxidation state. When 

iron, which can be in the +2 (Fe+2) or +3 (Fe+3) oxidation state, is introduced, a charge 

imbalance occurs, resulting in electrostatic instability. To restore this balance within the 

crystal structure, oxygen atoms may be released, creating oxygen vacancies. The charge 

difference between tungsten and iron ions provides the energy needed for these 
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vacancies to form. These vacancies serve as low-energy active sites, around which atoms 

can cluster to form larger and more uniform crystalline grains. Thus, increasing the 

number of oxygen vacancies can enhance the size and regularity of the crystalline 

grains [22], which is considered very beneficial for gas detection application. In addition, 

the presence of oxygen vacancies would generally give the material better 

conductivity [23]. On the other hand, beyond 3 %, there is an increase in the FWHM of the 

peaks, which is reflected by deterioration in the crystal quality and a reduction in the 

grain size, or this leads to a significant increase in the specific surface area of grain 

boundaries [16]. In addition, the change in the grain size depends on the change in the 

density of the nucleation centers, created just at the time of thin film growth. The greater 

the density of the nucleation centers, the smaller the grain size and vice versa. 
 

Table 5. Structural parameters values of WO2.72:Fe thin films after annealing at 550 °C for 4 h: the lattice 

parameters a, b, c and β, FWHM is the full width at half maximum of the most intense peak, D is the grain 

size, V is the unit cell volume, Ɛ is the lattice strain, δ is the dislocation density 

Fe-doping, 

% 

Lattice parameter FWHM, 

deg. 
D, nm V, Å3  

Ɛ, 

× 10-3 

δ, 

lines/μm2 a, Å b, Å c, Å β, ° 

1 19.8952 3.7830 14.4234 119.06 0.23962 33.92 424.9 1.02 869.1 

3 18.6829 3.8018 14.0615 116.58 0.17943 45.31 428.3 0.76 487.1 

5 18.7784 3.8068 14.2880 117.69 0.23904 34.00 456.9 1.02 865.0 

 

It can be seen in Table 5 that the lattice parameters are varied with increasing Fe 

concentration. This variation may be attributed to the incorporation of Fe3+ ions into the 

system of WO2.72:Fe because the Fe3+ ion can perform the same coordination as that of W6+. 

The dislocation density δ of the film defines the length of the dislocation lines per 

crystal volume unit. This parameter was calculated using the following relation: 𝛿 = 1𝐷2 ,                      (5) 

where D is the average grain size evaluated from the XRD data. The cell deformation 

varies proportionally with the stress, which is the resultant of the internal forces in 

matter. The strain Ɛ in the studied films was evaluated using the following equation: 𝜀 = 𝐹𝑊𝐻𝑀𝑐𝑜𝑠 𝜃4 .                    (6) 

Table 5 shows the results of stain variation and dislocation density of thin films of 

WO2.72:Fe for different doping concentrations. Strain and dislocation density decrease with 

increasing dopant concentration from 1 to 3 %, then increase for the dopant concentration 

from 3 to 5 %, these results agree well with the variation observed in the grain size. The 

smaller dislocation density values for the doped thin films indicate the homogeneous 

nucleation growth in the formation of WO2.72 thin films, the reduction of the lattice 

imperfections concentration and the formation of thin films with high crystallinity. 

Consequently, these observations confirmed that the increase in the grain size is linked to 

the reduction in deformation and therefore to the reduction in the dislocation density in 

these films. Moreover, when iron is incorporated into the thin films of WO2.72, it can 

substitute for tungsten atoms in the crystal lattice. This substitution leads to the formation 

of new equilibrium sites within the lattice, which helps reorganize the network to achieve 

greater stability. So, iron doping can also contribute to the redistribution of stresses arising 

from tungsten defects, thereby reducing distortions [24,25]. 



Synthesis of WO2.72:Fe thin films via ammonium tungstate precursor by spray pyrolysis technique and annealing  147 

 

Optical analysis 

The spectrophotometry measurements were performed at room temperature. With the 

increase in the wavelength, Fig. 3(a) shows a strong decrease in absorption in the 

ultraviolet from 1.4 to 0.2 a.u. and an average decrease in the visible range from 0.2 to 

0.1 a.u. There is no absorption band in the visible region. It can be seen that the prepared 

thin films had a much higher absorption capacity in the ultraviolet region than in the 

visible region, which should behave as a UV protective material, which is in good 

agreement with the result reported by Morankar PJ et al. [16], and similar results were 

also found for the tungsten bronze compounds of CsxWO3 and KxWO3 [26]. On the other 

hand, the thin films of WO2.72:Fe doped at 1 % have the lowest absorbance in the visible 

region, on the other hand, the highest absorbance was observed for those doped at 5 %. 

 
Fig. 3. Absorbance (a) and transmittance spectra (b) of WO2.72:Fe thin films  

 

The transmittance of a thin film is influenced by factors such as surface roughness, 

scattering of grain boundaries, optical inhomogeneity, etc. From Fig. 3(b), we can notice 

that, the WO2.72:Fe thin films  having a higher transmittance in the visible range, on the 

other hand, in the ultraviolet range it is weaker. That is why we can say that the WO2.72:Fe 

thin films have an optical selectivity, because it reaches different optical transmittance 

for the visible region and the ultraviolet region, of which the WO2.72 thin films give an 

interesting optical characteristic, thus, it can transmit most of the Vis light and mask 

almost all of the UV light [27], and similar results have been found in the UV-Vis domain 

for the WO2.72 bulk [11,12], KxWO3+x/2 [26] and the tungsten bronze compounds of CsxWO3 

and KxWO3 [26]. As a consequence, the WO2.72:Fe thin films can be used as sun filters in 

the UV-Vis range. In addition, the transmittance of thin films doped at 1 % reaches the 

greatest value 75 % in the visible domain and decreases to 68 and 67 % with the increase 

in doping concentration from 3 to 5 % respectively, this decrease can be attributed to the 

propagation losses at the grain’s boundaries and oxygen vacancies. When introducing 
iron (Fe) as a dopant into WO2.72 material, it leads to the formation of "impurity energy 

levels" or "defect levels" within the original energy bandgap of the material. When light 

with appropriate energy strikes this material, it is absorbed more effectively due to the 

transfer of this required energy to the newly formed energy levels. This enhances the 

absorption of light in certain energy ranges and reduces the optical transmittance in the 

visible region [28].   
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The absorption coefficient α was calculated from the transmission data using the equation: 𝛼 = 1𝑒 𝑙𝑛( 100𝑇 ),               (7) 

where e represents the thickness (cm) and T is the optical transmittance (%).  

Figure 4 shows the variation of the optical absorption coefficient of WO2.72:Fe thin 

films. The optical absorption coefficient values reached ~ 0.64 104, ~ 0.81 104 and 

~ 2.32 104 cm-1 for the doping concentrations 1, 3 and 5 % respectively. In other words, 

they increase proportionally with the doping concentration. This confirms that doping 

has an effect on the optical absorption coefficient. 

 
Fig. 4. Variation of the optical absorption coefficient of WO2.72:Fe thin films 

 

To determine the band gap energy, we have used Tauc formula, which is given as follow [29]: 𝛼ℎ𝜐 = 𝐴(ℎ𝜐 − 𝐸𝑔)𝑛,                      (8) 

where A is a constant, h is the Planck constant, ν is the frequency of the incident light. 

The constant n = 1/2 in the case of a direct optical transition and n = 2 in the case of an 

indirect optical transition. Eg is deduced from the plot (αhν)2 = f(hν) by linear extrapolation 

to the abscissa axis.  

Figures 5(a) and 5(b) show the plots for direct and indirect allowed optical 

transitions in the thin films, respectively. 

 

 
Fig. 5. Direct (a) and indirect (b) optical transitions of WO2.72:Fe thin films 

 

The extrapolation of the linear parts of these curves yields the value of the optical 

band gap (Eg
I is the direct optical band gap, Eg

II is the indirect optical band gap). Table 6 

resumes the obtained values for WO2.72:Fe thin films. The band gap energy in the direct 
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and indirect case of the WO2.72:Fe thin films decreases by increasing the doping 

concentration. This would present a similar result for the nanowires of Ti doped WO2.72 

[30]. The bandgap of WO2.72 is primarily formed by the 2p orbitals of oxygen, which 

constitute the valence band, and the 5d orbitals of tungsten, which constitute the 

conduction band. When iron is introduced, its 3d orbitals, which have energy levels 

situated between the valence and conduction bands, participate. The interaction between 

the 2p orbitals of oxygen, the 5d orbitals of tungsten, and the 3d orbitals of iron leads to 

the formation of new intermediate energy levels. This interaction results in the reduction 

of the effective bandgap [31]. 

 
Table 6. Energy band gaps and Urbach energy of WO2.72:Fe thin films after annealing at 550 °C for 4 h 

Fe-doping, % Eg
I, eV Eg

II, eV Eu, meV 

1 4.03 3.70 0.226 

3 4.02 3.65 0.257 

5 3.93 3.50 0.249 

 

Figure 6(a) shows the Ln α plots of the absorption coefficient as a function of photon 

energy. In this region, called the Urbach region. The following relation gives the 

absorption coefficient: 𝛼 = 𝛼0 𝑒𝑥𝑝( ℎ𝜐𝐸𝑢)               (9) 

 

 
Fig. 6. Urbach energy determination (a) and values (b) of WO2.72:Fe thin films 

 

Therefore: 𝐿 𝑛 𝛼 = 𝐿 𝑛 𝛼0 + ℎ𝜐𝐸𝑢,             (10) 

where α0 is a constant and Eu is the Urbach energy. 

To measure the width of tail states, the Urbach energy Eu was calculated from the 

equation:  𝐸𝑢 = {𝑑(𝐿 𝑛𝛼)𝑑(ℎ𝜐) }−1.            (11) 

The Urbach energy values of WO2.72:Fe thin films annealed at 550 °C for 4 hours are 
gathered in Table 6. Figure 6(b) shows the variation of the Urbach energy with Fe-doping. 

It is observed that Eu increases indicating the widening of the tail’s states. Moreover, Eu is 

sensitive to disorder and the increase of the crystallinity in the films, which is believed to 

explain the variation, observed for the prepared thin films. 
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Conclusion 

The Fe-doped WO2.72 thin films were synthesized on glass substrates by the reactive 

chemical spraying technique in liquid phase (spray-pyrolysis) using ammonium tungstate 

(NH4)10H2(W2O7)6 as a precursor with a concentration 0.005 M. The dopant concentrations 

were 1, 3 and 5 % at. After deposition, the thin films were annealed at 550 °C for 4 h. The 

GIXRD analysis shows that all the samples obtained before the annealing are amorphous; 

on the other hand, the thin films obtained after annealing at 550 °C for 4 h are 

polycrystalline in nature, with a monoclinic structure of WO2.72. The surface profiles are 

reduced by the increase of doping. The thickness of the WO2.72:Fe thin films varies 

between 245 and 396 nm. The average grain size goes from 33.92 to 45.31 nm and 

34.00 nm for Fe doping at 1, 3 and 5 %, respectively. The films obtained have a large 

number of defects such as oxygen vacancies, which are responsible for their high optical 

selectivity in the UV-Vis range. The films have direct and indirect electronic transitions, 

where the energy of the authorized indirect electronic transition is shifted to the red in 

all samples due to doping with Fe. 
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ABSTRACT  

The state of the issue of fire protection from landscape fires is studied and discussed. We set tasks to 

evaluate the recovered samples of two rolled fiberglass systems by modifying them in various ways: 

"fiberglass + refractory foam" and "fiberglass + aluminum foil". The first method involves applying a single 

layer of refractory foam Penosil Premium to the exposed surface of the samples. The second method is to 

modify the exposed surface by wrapping a layer of aluminum foil. The possibility of resisting an impacting 

landscape fire with a certain heat flux density was studied. We described the methods of conducting bench 

tests of a difficult-to-burn material under the influence of a constant heat flow, determine the temperature 

change of fiberglass from the heating time of the samples, the loss of their mass, determine the reliability 

of the empirically obtained data. A method for restoring a protective barrier made of fiberglass after damage 

by a landscape fire is proposed. At the same time, the temperature of the back side of the samples recovered 

using aluminum foil is reduced by half in relation to samples with refractory foam on the surface and is 

173.2 °C (with the application of a single layer of foam 337.1 °C). 
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Introduction 

Fires at buildings and structures protection facilities can occur when dry grassy and other 

vegetation ignites. They lead to serious environmental consequences and the failure of 

expensive equipment [1–7]. Fire is presented as a complex physical and chemical 

process. At the same time, intense heat generation occurs. This is followed by 

catastrophic consequences for humans and the environment. The analysis of fire statistics 

in Russia for 2019 - 2022 is carried out [8]. The data are presented in Table 1. 

In Table 1, in the period from 2019 to 2022, there is a tendency to reduce the 

number of fires in almost every type of facility. Over the past two years, the number of 

fires in open areas and in residential buildings and adjacent buildings has increased by 

8000 cases. Their combined number exceeds 60 % of the total number of fires. The need 

for measures to ensure the protection of buildings is urgent. 

To study this problem in more depth, some available research results are analyzed. 

In order to increase the limits of fire resistance of equipment, a method for reducing the 

impact of heat and convective flows on an object is proposed by Fisher R. et al. [9]. This 

method is based on fencing the protected object with a fire-retardant screen. A coolant 
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medium is created in the structure of the porous materials of this screen. The process of 

transferring combustion products during fires over a large area is considered in [10]. Fires 

in open areas are characterized by a high rate of combustion propagation, where 

aerodynamics play a major role. Currently, the construction of buildings made of wood is 

widely popular [11,12]. Prusakov V. et al. [13] paid attention to the issues of studying the 

fire resistance of structures with a fire-resistant coating based on ultrathin basalt fiber 

for fire-resistant sealing of joints of reinforced concrete structures [13–21]. 

 
Table 1. Fires in Russia at certain facilities in 2019-2022 

The object of the fire 
Number of fires, thousand units. 

2019 2020 2021 2022 

Industrial buildings 3.5 3.4 3.6 1.9 

Warehouse buildings, structures 1.6 1.5 1.5 0.8 

Buildings, structures and premises of trade 

enterprises 
2.8 2.6 2.7 2.4 

Educational buildings 0.3 0.3 0.3 0.3 

The building of Public Health and Social Services 0.3 0.3 0.3 0.3 

Buildings, public service facilities 1.2 1.1 1.2 1.3 

Administrative buildings 0.9 0.9 0.8 1.0 

Buildings, structures and premises for cultural and 

leisure activities of the population and religious 

rituals 

0.4 0.3 0.3 0.3 

Buildings for temporary stay (residence) of people 0.4 0.3 0.3 0.3 

Residential buildings and outbuildings (including 

an apartment building) 
115.4 114.3 114.4 110.7 

Buildings and structures for agricultural purposes 0.7 0.7 0.7 0.6 

Industrial structures and installations 0.9 0.9 0.9 1.2 

Building (structures) under construction (under 

reconstruction) 
17.9 17.1 17.2 15.1 

Unused building (structure) 1.7 1.5 1.2 1.2 

A place of open storage of substances, materials, 

agricultural land and other open areas (including 

garbage), including dry grass (hay, reeds, etc.). 

116.0 146.3 122.5 118.9 

 

In [22], it was proposed to isolate the object of protection from the external 

environment by creating a mesh screen above its surface. A thermal insulation layer is 

formed on the outside of the screen over its entire area. This method is effective only in 

case of fire. The "dome" created in this way is local in nature and is carried out using a 

mobile robot. The engineering and technical solution of the proposed method is very 

complex in its execution and implies significant material resources for implementation. 

The solution described in Fig. 1 is partially similar to [22]. A distinctive feature is 

the ability of the device to transform into separate modules and into a single fire barrier 

for installation directly next to the protected object or through its possible environment. 

This solution is aimed at ensuring the safety of building equipment from the effects of 

landscape fires at the stages of fire prevention, localization and elimination. When a 
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landscape fire is exposed to fiberglass at high temperature, the amount of the protective 

layer of plastic on the surface of the protective cloth decreases. During the operation of 

damaged fiberglass, its destruction may occur due to negative environmental influences. 

The damaged surface must be repaired. A comparative analysis of the two methods of 

such activity allows us to determine the most acceptable option. 

 

 
Fig. 1. Device for preventing the spread of landscape fire: 1 – support frame, 2 – sides of the support 

frame, 3 – base of the support frame, 4 –hooks in the soil, 5 - horizontal supports in the form of plates,  

6 – fire–resistant cloth, 7 - fastening elements of the cloth, 8 – connecting devices, 9 – steel cables,  

10 – additional hooks in the soil [23,24] 

 

The object of the study is damaged refractory fiberglass and the method of its 

restoration. The first method involves applying a single layer of refractory foam Penosil 

Premium to the exposed surface of the samples. The second method is to modify the 

exposed surface by wrapping a layer of aluminum foil. 

The subject of the study is the temperature dynamics of the back side of the studied 

samples of reconstituted fiberglass, depending on the values of the heat flux density. 

The purpose of the work is to study the changes in the basic parameters of fiberglass 

over time under thermal influence. To achieve the goal of the work, it is necessary to 

solve a number of tasks: 

1. to conduct a search for patent and scientific research; 

2. to propose a methodology for conducting bench tests of samples of damaged refractory 

fiberglass separately in the first and second ways; 

3. to determine the pattern of temperature changes on the back of the test samples over 

time of exposure to the exposed surface of different densities of heat fluxes; 

4. obtain equations to describe the dynamics of the process under study and determine 

the reliability of the data based on the results of the study; 

5. to establish the dependence of the heating time on the loss of mass and temperature 

changes on the back of the fiberglass using the Statistica software package. 

 

Research methods 

To determine the effect of heat flow on fiberglass in its various modifications, a number 

of bench tests were carried out using a standardized technique, the scope of which is 

reduced to testing building materials for flammability [25]. For this purpose, samples of 

weakly combustible fiberglass with a square shape with sides of 16.5 × 16.5 mm were 

made. The thickness of all test samples is not more than 0.18 mm. 100 g of fiberglass 
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contains: fiberglass (the basis of the material) – 34 g with the addition of chemical 

compounds (glycerin -15 g, titanium dioxide -13.6 g, kaolin – 19.4 g, epoxy resin – 18 g). 

Tests of each sample were carried out for 10 minutes using an installation for determining 

the flammability of building structures (Fig. 2). 

 
 

Fig. 2. Installation for determining the temperature of the back of the sample: 1 – radiation panel,  

2 – protective plate, 3 – movable platform for the sample, 4 – counterweight, 5 – lever, 6 – test sample, 

7 – microprocessor–controlled two-channel regulator 2 TRM 1, 8 – thermocouple, 9 – fiberglass 

 

The studies of the recovered fiberglass were carried out under the same conditions. 

The heat flow exposure power for the test unit is 39 kW/m2. The indoor air temperature 

is 27.1 °C. To comply with the conditions of the first method, a layer of refractory foam 
was applied using a metal spatula to the exposed surface. The thickness of the layer was 

1.5 mm each. The test sample is shown in Fig. 3(a). According to the second method, the 

samples were recovered using aluminum foil with a layer thickness of no more than 

0.2 mm. A sample for this condition is shown in Fig. 3(b) [24–32]. 

 

 
(a) 

 
(b) 

Fig. 3. Samples of reconstituted weakly combustible fiberglass:  

(a) the first method; (b) the second method 
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Three samples were selected for each of the methods for testing. The temperature 

of the back side of the samples was measured using thermocouples. The determination 

of this parameter is necessary to prevent the spread of a landscape fire through an 

obstacle after it is heated to the ignition temperature of dry vegetation. The test facility 

is calibrated before the start of the research. 

Table 2 shows the results of bench tests of refractory fiberglass in the "fiberglass + 

refractory foam" system. Table 3 shows the results of bench tests of refractory fiberglass 

in the "fiberglass + aluminum foil" system. 

 
Table 2. Bench tests in the "fiberglass + refractory foam" system 

 
Table 3. Bench tests in the "fiberglass + aluminum foil" system 

 

  

Experiment 

number 

Time, 

min 

Fiberglass sample 1 Fiberglass sample 2 Fiberglass sample  3 

Temperature 

of the back 

of the 

sample, °C 

Sample 

mass loss    

Δm, g 

Temperature 

of the back 

of the 

sample, °C 

Sample 

mass 

loss 

Δm, g 

Temperature 

of the back 

of the 

sample, °C 

Sample 

mass 

loss 

Δm, g 

1 1 316.1 2.53 317.2 2.56 315.4 2.54 

2 2 337.1 5.15 333.5 5.15 334.6 5.14 

3 3 331.0 8.15 330.2 8.14 329.9 8.02 

4 4 323.2 11.14 326,1 11.17 327.1 11.01 

5 5 321.9 15.05 324.1 15.1 323.3 14.9 

6 6 326.1 18.59 324.3 18.58 325.4 18.42 

7 7 322.1 21.12 321.8 20.92 323.6 20.99 

8 8 319.3 23.54 317.7 23.3 318.2 23.38 

9 9 324.0 24.78 322.1 24.49 323.7 24.59 

10 10 321.7 25.96 320.2 25.63 321.5 25.76 

Experiment 

number 

Time, 

min 

Fiberglass sample 1 Fiberglass sample 2 Fiberglass sample 3 

Temperature 

of the back of 

the sample, °C 

Sample 

mass loss 

Δm, g 

Temperature 

of the back of 

the sample, °C 

Sample 

mass loss 

Δm, g 

Temperature 

of the back of 

the sample, °C 

Sample 

mass loss 

Δm, g 

1 1 139.5 0.14 138.4 0.13 137.8 0.12 

2 2 163.2 0.29 161.7 0.29 164.5 0.28 

3 3 168.4 0.46 166.2 0.43 166.1 0.44 

4 4 171.2 0.63 170.8 0.59 173.2 0.63 

5 5 171.5 0.83 171.2 0.76 172.7 0.83 

6 6 166.8 1.02 164.7 0.95 163.8 1.02 

7 7 167.6 1.14 165.1 1.13 168.2 1.2 

8 8 166.5 1.25 165.5 1.27 166.1 1.39 

9 9 163.1 1.37 162.8 1.42 164.3 1.56 

10 10 164.3 1.53 161.8 1.56 160.7 1.71 
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Results and Discussion  

Figure 4 shows photographs of fiberglass samples in various modifications after the end 

of high-temperature exposure during bench tests. Figure 4 shows the fiberglass recovered 

by the first and the second methods after repeated high-temperature exposure.  

 

 
(a) 

 
(b) 

Fig. 4. Samples of recovered fiberglass after repeated high–temperature exposure: (a) recovered by the 

first method; (b) recovered by the second method 

 

The results of measuring the temperature of the back side of the fiberglass samples 

recovered by the first method are shown in Fig. 5. After the experimental data were 

approximated, the coefficient of determination (R2 ≤ 1) was calculated. 
 

 
Fig. 5. Dependence of the temperature of the back side of the fiberglass of the samples recovered 

by the first method on the heating time 

 

To describe the dependence of the temperature change of the back side of fiberglass 

and the mass loss of the samples recovered by the first method on the heating time, static 

data processing was performed in Fig. 5 and 6. The data obtained from the results of the 

experiment were processed using the Statistica software package.  
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Fig. 6. Dependence of the mass loss of the samples recovered by the first method on the heating time 

 

Based on the results of processing the empirically obtained data, the equations are 

compiled: 

Т1(τ) = 0.079 τ 3 – 1.590 τ 2 + 9.994 τ + 307.95,                                   (1) 

where Т1(τ) is the temperature of the back side of the fiberglass sample recovered by the 

second method, °C, g, at 0 min ≤ τ ≤ 10 min, τ is the time of exposure to heat flow on this 

sample, min. For the dependence of temperature on the time of high-temperature 

exposure in Fig. 5, the coefficient of determination R2 = 0.972. The approximation error 

of Eq. (1) is no more than 3 %.  

m1(τ) = 2.759 τ + 0.350,                                                      (2) 

where m1(τ) is the mass loss of the fiberglass sample recovered by the second method, g, 

at 0 min ≤ τ ≤ 10 min, τ is the time of exposure to the heat flux on this sample, min. For 

the dependence of the mass loss of the sample on the time of high-temperature exposure, 

the coefficient of determination R2 = 0.979 is shown in Fig. 6. The approximation error of 

Eq. (2) is no more than 3 %.  

 

 
(a) 

 
(b) 

Fig. 7. Samples of reconstituted fiberglass after high-temperature exposure, which lost the greatest mass 

at the end of high-temperature exposure 

 

 

0

5

10

15

20

25

30

1 2 3 4 5 6 7 8 9 1 0

S
A

M
P

L
E

 M
A

S
S

 L
O

S
S

, 
G

TIME, MIN



159  S.V. Fedosov, A.A. Lazarev, A.N. Maltsev, M.V. Toropova, I.A. Bogdanov 

Figure 7 shows photographs of fiberglass samples recovered by the first method.  

The restoration was carried out using refractory foam. The samples lost the greatest mass 

at the end of high-temperature exposure during bench tests. Figure 6(a) shows a 

fiberglass sample 1 recovered with refractory foam after high-temperature exposure. The 

maximum mass loss of this sample was 3.91 g. At the same time, the temperature of the 

back side was 321.9 ° C. Figure 6(b) shows a recovered fiberglass sample 2 after high-

temperature exposure. The mass loss was 3.93 g. The temperature of the thermocouples 

was 324.1 °C. 
A tensile (rupture) test of fiberglass was performed on the R-5 bursting machine 

before and after exposure to a radiant heat flux on the sample. The studied fiberglass has 

almost identical characteristics before and after high-temperature exposure. This 

indicates its ability to resist high temperatures.  

Fiberglass has the following characteristics: the dielectric constant is 1.8 – 4.6, the 

tangent of the dielectric loss angle is 0.004 – 0.0214, the tensile strength at high 

temperature exposure along and across the fibers are 10.8 and 5.8 MPa, respectively, the 

tensile strength after high temperature exposure are 10.5 MPa (along the fibers) and 5.2 

MPa (across the fibers). 

Next, the samples recovered by the second method were examined. The 

temperature was measured from the back of the samples. The data are shown in 

Figs. 8 and 9. Data processing was carried out, the coefficient of determination was 

calculated. 

To describe the dependence of the temperature change of the back side of fiberglass 

and the mass loss of the samples recovered by the second method on the heating time, 

static data processing was carried out in Figs. 8 and 9.. The data obtained from the results 

of the experiment were processed using the Statistica software package. A slight decrease 

in temperature after 5 min in Figs. 6 and 8 is due to the parameters of the installation 

(Fig. 2). This is due to the operation of the regulator and the need to maintain the set 

values of the thermal effect. 

 

  
Fig. 8. Dependence of the temperature of the back 

side of the fiberglass of the samples recovered by 

the second method on the heating time 

Fig. 9. Dependence of the mass loss of the 

samples recovered by the second method on the 

heating time 

 

Based on the results of processing the empirically obtained data, the equations are 

prepared: 

Т2(τ) = 0.243 τ 3 – 4.911 τ 2 + 29.571 τ + 116.55,          (3) 
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where Т2(τ) is the temperature of the back side of the fiberglass sample recovered by the 

second method, °C, g, at 0 min ≤ τ ≤ 10 min, τ is the time of exposure to heat flow on this 

sample, min. For the dependence of temperature on the time of high-temperature 

exposure in Fig. 8, the coefficient of determination R2 = 0.912. The approximation error 

of Eq. (3) is no more than 9 %. 

m2(τ) = 0.167 τ -0.037,                                                      (4) 

where m2(τ) is the mass loss of the fiberglass sample recovered by the second method, g, 

at 0 min ≤ τ ≤ 10 min, τ is the time of exposure to the heat flux on this sample, min. For 

the dependence of the mass loss of the sample on the time of high-temperature exposure 

in Fig. 9, the coefficient of determination R2 = 0.993. The approximation error of Eq. (2) is 

no more than 1 %. 

After comparing the results of the study and their comparative analysis for fiberglass 

samples recovered by two methods, it should be noted the advantages of the second 

method over the first. According to the results of bench tests, the layer of refractory foam 

is significantly destroyed within 10 minutes. This leads to a loss of mass of the sample. 

The restoration of samples using aluminum foil is a fairly effective tool. This application 

significantly reduces the temperature on the back of the sample by half. This method 

makes it possible to increase the fire protection of buildings from landscape fires in case 

of fire of dry grass and shrubs [11–17]. 

 

Conclusion 

The fiberglass protective barrier requires restoration after damage by a landscape fire. An 

experiment was carried out to establish the regularity of the effect of heat flux density 

on fiberglass recovered in various ways. The results of this experiment allowed us to draw 

the following conclusions: 

1. a search for patent and scientific research has been conducted; 

2. a method for conducting bench tests of fiberglass samples restored after damage by a 

landscape fire is proposed; 

3. the dependence of the temperature change of the back side of fiberglass and the mass 

loss for the recovered in each of the two methods is determined; 

4. equations (1)–(4) are obtained to establish with a certain degree of reliability the 

parameters for the use of fiberglass in fire barriers in order to protect against landscape fires; 

5. the advantage of the second method of recovering fiberglass samples over the first 

method has been established. As a result of high-temperature heating for 10 min, the 

layers of refractory foam are significantly destroyed. This leads to a loss of mass of the 

sample. The restoration of samples using aluminum foil is a fairly effective tool. 
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ABSTRACT  

In this paper, the thermal deformation response of a circular plate due to the influence of memory-

dependent derivatives (MDD) is analyzed using a quasi-static approach. The top, bottom, and curved 

surfaces of the plate experience convective boundaries with heat flow on the outer curved radii, and 

additional cross-sectional heating is prescribed on the top and bottom plate surfaces. Integral 

transformation methods are used to solve the memory-dependent heat transfer model. Due to the complex 

nature of the analytical analyses, the Laplace transform is numerically inverted. The rate of change in 

temperature and thermal deflection is dependent on past changes, making it more suitable for studying 

physical problems. Numerical calculations of the obtained thermal results are performed for a copper plate 

and presented graphically. 
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Introduction 

The fractional order theory of thermoelasticity is an integral part of fractional calculus, 

which falls well under the branch of mathematics. Fractional-order thermoelastic 

problems have been a hot topic for mathematicians and researchers in recent decades 

due to their practical application. The results of various investigations based on 

modelling fractional thermoelasticity have been successfully studied and illustrated by 

many renowned researchers [1–10]. 

Wang and Li [11] first proposed the concept of memory-dependent deductions in 

2011, and compared to Caputo derivations, it proves to be more suitable for modelling 

problems based on memory. Since MDD may represent memory-dependent derivatives in 

a variety of physical processes, it has emerged as a new area of fractional calculus that is 

constantly growing. The fractional derivative (FD) mostly reflects local change, even 

though it is stated on an interval. Compared to FD, MDD's physical significance is 

noticeably more apparent. The kernel function reflects the memory-dependent weight, 

and the time delay shows how long the memory effect lasts. For temporal modeling, 

which is helpful in explaining the thermal effect of solid bodies, the memory-related 

derivative is more appropriate, according to the research that is currently available. In the 

domains of thermoelasticity, thermoelectricity, particle physics, vibration mechanics, etc., 

memory-dependent derivatives can serve as a helpful substitute for fractional derivatives. 

Karamany and Ezzat [12] developed a new generalized concept of thermoelasticity with 

http://dx.doi.org/10.18149/MPM.5242024_14
https://orcid.org/0000-0002-6283-1681
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the effect of time delay and applied it to the solution of one-dimensional half-spaces 

with free choice of kernel function. Memory-based differentiation was utilized by Purkait 

et al. [13] to investigate the issue in an infinite space. Sun and Wang [14] recreate the 

MDD heat transfer model and use first-order memory-dependent advance differentiation 

to analyze the one-dimensional heat transmission problem. The temporal thermal stress 

problem associated with a hollow cylinder with underlying surface cracking subjected to 

a temperature shock at its interior was resolved by Xue et al. [15]. Ma and Gao [16] 

investigated the dynamic response of a generalized thermoelastic problem in an infinite 

cylindrical body due to thermal shock and the memory effect. 

Sur et al. [17] investigated the innovative mathematical framework for generalized 

thermoelasticity in the background of memory-related heat transfer. Karamany and 

Ezzat [18] developed fundamental equations for thermoelastic diffusion in various solids. 

Qi et al. [19] investigated nonclassical continuum mechanics in a micro/nano-scale 

system with a memory-based effect. From a mathematical perspective, Verma et al. [20] 

developed the hygrothermoelasticity theory with fractional order theory. 

Othman and Mondal [21] introduced phase-lag models and calculated the 

displacement and stress functions for generalized thermoelasticity. Awwad et al. [22] 

studied the thermoelastic response with temperature-dependent properties for a 

cylindrical hole. Mondal [23] discussed transient phenomena in a rod considering a 

moving heat source with memory response in generalised thermoelasticity. 

Abouelregal et al. [24] successfully investigated MDD's response with time delay by 

constructing a new thermal model and studying its effect graphically. Using the Laplace 

transform, Abouelregal et al. [25] determined the solution for temperature, bending 

moment, and displacement for a thermomechanically rotating size-dependent nanobeam. 

A dynamically bar was the subject of an investigation into the memory phenomenon and 

discussion of thermo-mechanical performance by Abouelregal et al. [26]. To understand 

the memory phenomenon in solid objects under thermoelasticity, Lamba [27] recently 

studied the memory effects of an internal heat source by taking a cylindrical, thick shape 

under the impact of radiation boundaries. Also, some other renowned authors contributed 

their work to the field, as reflected in [28–36]. Lamba and Deshmukh [37] conducted a 

recent analytical and numerical study to examine the impact of time delay on the 

temperature, displacement, and thermal heat transfer stress histories in an infinitely long 

thermoelastic solid circular cylinder. 

Compared to fractional-order derivatives, the concept of MDD proves to be superior 

and suitable for describing the memory effect. This inspired the author to create a 

mathematical model of a solid object to study the thermal effect.  

In the present work, a two-dimensional boundary value problem of a circular plate 

with ranges 0 ≤ 𝑟 ≤ 𝑏; −ℎ ≤ 𝑧 ≤ ℎ is considered to investigate the thermal response due 

to the effects of MDD on the temperature and deflection distribution (the geometry of the 

problem is as shown in Fig. 1). The top, bottom and curved surfaces of the plate are 

subject to convective heat transfer with heat flux on the outer curved boundary, and 

additional cross-sectional heating is prescribed on the top and bottom plate surfaces. The 

integral transform method is used to solve the governing heat equation with memory-

based derivative.  
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Fig. 1. Geometrical shape of the memory-based circular plate 

 

Investigators working on the development and design of the novel structural 

material may find the present work to be helpful as it adds to the collection of knowledge 

in the subject of thermoelasticity. 

 

Modelling of thermoelastic problem 

Heat conduction with MDD 

The new concept of memory-based Cattaneo and Vernotte (CV) modelling is developed 

by introducing first-order MDD as in [28]: 𝑞 + 𝜏𝐷𝜔𝑞 = −𝑘𝛻𝑇.                                                                                                          (1) 

If there is no heat inside the body, the equation of thermal equilibrium is expressed as [31]: 𝛻𝑞 = −𝜌𝑚𝑐𝐸 𝜕𝑇𝜕𝑡                                      (2) 

where 𝜌𝑚 and 𝑐𝐸  are, respectively, mass density and specific heat capacity. 

For an axially symmetric circular plate in cylindrical coordinates with influence of 

memory dependent derivative, the governing equation of heat conduction is obtained by 

transforming Eq. (1) into Eq. (2) as: 𝑘𝛻2𝑇 = 𝜌𝑚𝑐𝐸(1 + 𝜏𝐷𝜔) 𝜕𝑇𝜕𝑡 .                                          (3) 

A list of variables is shown below in without dimensions form for ease of use:  𝑟 ′ = 𝑟(𝑡 ′,𝜏′,𝜔′)𝑟0 = 1𝜌𝑚𝑐𝐸𝑟02 (𝑡, 𝜏, 𝜔),   𝑧 ′ = 𝑧(𝑡 ′,𝜏′,𝜔′)𝑧0 = 1𝜌𝑚𝑐𝐸𝑟02 (𝑡, 𝜏, 𝜔),   𝑇 ′ = 𝑇𝑇0. Using the above 

dimensionless variables, Eq. (3) takes the following form (omitting the prime numbers for 

simplicity): 𝛻2𝑇 = (1 + 𝜏𝐷𝜔) 1𝑘 𝜕𝑇𝜕𝑡 ,                                                                                                        (4) 

where the function's memory dependent derivative is a weighted integral of its common 

integer-order derivative on an interval that slips, which is denoted by [11]: 𝐷𝜔𝑇(𝑡) = 1𝜔 ∫ 𝐾(𝑡 − 𝜉)𝑡𝑡−𝜔 𝜕𝑇(𝜉)𝜕𝜉 𝑑𝜉.                                                                                                               (5) 

For any function 𝑇(𝑡) that is 𝑚 times differentiable with respect to 𝑡, the memory-

dependent derivative of order 𝑚 of 𝑇(𝑡) is: 𝐷𝜔𝑚𝑇(𝑡) = 𝜕𝑚−1𝜕𝑡𝑚−1 𝐷𝜔𝑇(𝑡) = 1𝜔 ∫ 𝐾(𝑡 − 𝜉)𝑡𝑡−𝜔 𝜕𝑚𝑇(𝜉)𝜕𝜉𝑚 𝑑𝜉,                                                                        (6) 

where the time delay 𝜔 and kernel function 𝐾(𝑡 − 𝜉) are arbitrary choices made to reflect 

the actual behaviours of the materials. 
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Kernel functions, in particularly, can be selected as: 𝐾(𝑡 − 𝜉) = 1 − 2𝑙2𝜔 (𝑡 − 𝜉) + 𝑙12𝜔2 (𝑡 − 𝜉)2,                                                                                                  (7) 

where 𝑙1and 𝑙2  are constants. 

The function of the kernel usually falls between 0 and 1. Also 𝜉 ∈ [𝑡 − 𝜔, 𝑡] and |𝐷𝜔𝑇(𝑟, 𝑧, 𝑡)| ≤ |𝜕𝑇(𝑟,𝑧,𝑡)𝜕𝑡 |. 
 

Quasi-static deflection based on thermal moment 

The deflection function's differential formulation is given in [29]. 𝛻4𝑊 = −𝛻2𝑀𝑇𝛺(1−𝑣′),          (8) 

where 𝑀𝑇is the plate's thermal moment, which is stated as:  𝑀𝑇 = 𝑎𝑡𝐸′ ∫ 𝑇(𝑟, 𝑧, 𝑡)𝑧 𝑑𝑧ℎ−ℎ ,    (9) 

where 𝛺 is the disc's rigidity,  𝛺 = 𝐸′ℎ3/12(1 − 𝑣 ′2),      (10) 

where 𝑎𝑡,  𝐸′ and 𝑣′ represents the disc's material linear thermal expansion coefficient, 

the Young's modules, and Poisson's ratio, respectively.  

For an annular disc's edge to be fixed and clamped, one must write: 𝑊(𝑏, 𝑧, 𝑡) = 𝜕𝑊(𝑏,𝑧,𝑡)𝜕𝑟 = 0,             (11) 𝑊(𝑡 = 0) = 0.                                                                                                                                           (12) 

 

Boundary and initial constraints 

The differential form of heat transfer Eq. (4) of a circular plate under the impact of MDD 

is subjected to the following constraints: [𝑇 + 𝑘3 𝜕𝑇𝜕𝑟](𝑟=𝑏) = 𝑄(𝑧)𝛿(𝑡),                                                                             (13) [𝑇 + 𝑘1 𝜕𝑇𝜕𝑧](𝑧=−ℎ) = 𝑒𝑥𝑝(−𝑝𝑡) 𝛿(𝑟 − 𝑟0),                                                                                                (14) [𝑇 + 𝑘2 𝜕𝑇𝜕𝑧](𝑧=ℎ) = 𝑒𝑥𝑝(−𝑝𝑡) 𝛿(𝑟 − 𝑟0),                       (15) 𝑇(𝑟,  𝑧, 𝑡)   =  0, 𝑡 = 0,                                                                                                                                     (16) 

where, 𝑒𝑥𝑝(−𝑝𝑡) 𝛿(𝑟 − 𝑟0) denotes the additional sectional heating applied at the 

bottom and top surfaces of plate and 𝑄(𝑧)𝛿(𝑡) is the heat flux at outer radii. Also, 𝑘1 and 𝑘2 denotes the radiation constants on the plate plane surfaces and 𝑘3on the outer curved 

surface, respectively.  

The problem under examination is mathematically formulated in Eq. (4) through Eq. (16). 

 

Solution of the modeling 

Evaluation of temperature function 

To determine the integral of the heat transfer memory-related differential Eq. (4), first we 

write the formula of the finite Marchi-Fasulo transform and its inverting formula for any 

function 𝐹(𝑟, 𝑧, 𝑡) as [30]. 𝐹(𝑟, 𝛬𝑛, 𝑡) = ∫ 𝐹(𝑟, 𝑧, 𝑡)𝐿𝑛(𝑧)𝑑𝑧ℎ𝑧=−ℎ ,                                                                                                       (17) 
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 𝐹(𝑟, 𝑧, 𝑡) = ∑ 𝐹(𝛬𝑛)𝜆𝑛∞𝑛=1 𝐿𝑛(𝑧),                                                                                                                        (18) 

where  𝐿𝑛(𝑧) = 𝑀𝑛 𝑐𝑜𝑠( 𝛬𝑛𝑧) − 𝑁𝑛 𝑠𝑖𝑛( 𝛬𝑛𝑧),  𝑀𝑛 = 𝛬𝑛(𝛾1 + 𝛾2) 𝑐𝑜𝑠( 𝛬𝑛ℎ) + (𝜂1 − 𝜂2) 𝑠𝑖𝑛( 𝛬𝑛ℎ),  𝑁𝑛 = (𝜂1 + 𝜂2) 𝑐𝑜𝑠( 𝛬𝑛ℎ) + (𝛾2 − 𝛾1)𝛬𝑛 𝑠𝑖𝑛( 𝛬𝑛ℎ),  𝜆𝑛 = ∫ 𝐿𝑛2 (𝑧)𝑑𝑧ℎ𝑧=−ℎ = ℎ[𝑀𝑛2 + 𝑁𝑛2] + 𝑠𝑖𝑛(2𝛬𝑛ℎ)2𝛬𝑛 [𝑀𝑛2 − 𝑁𝑛2],  
where the solutions to the equation below are satisfied by the Eigen values 𝛬𝑛. [𝜂1 𝑠𝑖𝑛( 𝛬ℎ) + 𝛾1𝛬 𝑐𝑜𝑠( 𝛬ℎ)] × [𝛾2𝛬 𝑠𝑖𝑛( 𝛬ℎ) + 𝜂2 𝑐𝑜𝑠( 𝛬ℎ)]= = [−𝜂2 𝑠𝑖𝑛( 𝛬ℎ) + 𝛾2𝛬 𝑐𝑜𝑠( 𝛬ℎ)] × [−𝛾1𝛬 𝑠𝑖𝑛( 𝛬ℎ) + 𝜂1 𝑐𝑜𝑠( 𝛬ℎ)],                                     (19) 

where 𝛾1, 𝛾2, 𝜂1 and 𝜂2 are the constants.   

On utilizing Eq. (17) to Eq. (4) using Eqs. (14) and (15), one obtains: 𝜕2𝑇̄𝜕𝑟2 + 1𝑟  𝜕𝑇̄𝜕𝑟 − 𝛬𝑛2 𝑇̄ + [𝐿𝑛(ℎ)𝑘2 − 𝐿𝑛(−ℎ)𝑘1 ] 𝑒𝑥𝑝(−𝑝𝑡) 𝛿(𝑟 − 𝑟0) = (1 + 𝜏𝐷𝜔) 1𝑘 𝜕𝑇̄𝜕𝑡 ,     (20) 

where 𝑇̄ represents the integral transform of 𝑇. 
With transformed boundaries as: [𝑇̄(𝑟 = 𝑏) + 𝑘3 𝜕𝑇̄(𝑟=𝑏)𝜕𝑟 ] = 𝑄(𝛬𝑛)𝛿(𝑡),  𝑡 > 0,                   (21) 𝑇̄(𝑟, 𝛬𝑛, 𝑡)   =  0,  𝑡 = 0 ,                                                                                                                                (22) 

here 𝑄(𝛬𝑛) = ∫ 𝑄(𝑧)𝐿𝑛(𝑧)𝑑𝑧ℎ𝑧=−ℎ . 

Secondly, we state the finite Hankel transform formula and its inversion for 𝐹̄ which 

satisfies convective boundary conditions [31]: 𝐹̂̄(𝜇𝑚, 𝑛, 𝑡) = ∫ 𝑟𝐹̄(𝑟, 𝑛, 𝑡)𝐾0𝑏0 (𝜇𝑚, 𝑟)𝑑𝑟,                      (23) 𝐹̄(𝑟, 𝑛, 𝑡) = ∑ 𝐹̂̄(𝜇𝑚, 𝑛, 𝑡)𝐾0(𝜇𝑚, 𝑟)∞𝑚=1 ,                (24) 

where 𝐾0(𝜇𝑚, 𝑟) = √2𝑏 𝜇𝑚𝑘3[1+𝑘32𝜇𝑚2 ]12 𝐽0(𝜇𝑚,𝑟)𝐽0(𝜇𝑚,𝑏), here 𝜇𝑚 denotes the root of the below equation:  𝑘3𝜇𝐽0′ (𝜇, 𝑏) + 𝐽0(𝜇, 𝑏) = 0,                 (25) 

where 𝑇̂̄ represents 𝑇̄'s Hankel transform.  

Now, applying the integral method of transformation defined above in Eq. (23) to 

Eq. (20) with transformed boundary conditions (21), one obtains: −(𝜇𝑚2 + 𝛬𝑛2 )𝑇̂̄ + 𝑏𝐾0(𝜇𝑚,𝑏)𝑘3 𝛿(𝑡)𝑄(𝛬𝑛) + [𝐿𝑛(ℎ)𝑘2 − 𝐿𝑛(−ℎ)𝑘1 ] 𝑒𝑥𝑝(−𝑝𝑡) 𝑟0𝑓0(𝜇𝑚, 𝑟0) = (1 + 𝜏𝐷𝜔) 1𝑘 𝜕𝑇̂̄𝜕𝑡 .       (26) 

and transformed initial condition:  𝑇̂̄(𝜇𝑚, 𝛬𝑛, 𝑡)   =  0,  𝑡 = 0.                               (27) 

Next, taking Laplace transformation of Eq. (26) and utilizing transformed initial 

boundary (27), one get: 𝑇̂̄∗(𝜇𝑚,  𝛬𝑛, 𝑠) = 𝑏𝑘𝐾0(𝜇𝑚,𝑏)𝑘3{(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )} 𝑄(𝛬𝑛) + 𝑘𝜓1(ℎ)𝜓2(𝑟0)(𝑠+𝑝){(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )},          (28) 

where [𝐿𝑛(ℎ)𝑘2 − 𝐿𝑛(−ℎ)𝑘1 ] = 𝜓1(ℎ), 𝑟0𝑓0(𝜇𝑚, 𝑟0) = 𝜓2(𝑟0) and 𝐺 = 𝜏𝜔 {(1 − 𝑒−𝑠𝜔) (1 − 2𝑙2𝜔𝑠 ++ 2𝑙12𝜔2𝑠2) − (𝑙12 − 2𝑙2 + 2𝑙12𝜔𝑠) 𝑒−𝑠𝜔}. 

Finally, inverting the integral transforms in Eq. (28) by using inversion formula 

defined in Eqs. (24) and (18), one obtains the expression of temperature distribution in 

Laplace transform domain as below: 𝑇∗ = ∑ ∑ 1𝜆𝑛 𝐾0(𝜇𝑚, 𝑟)∞𝑛=1 𝐿𝑛(𝑧) [ 𝑏𝑘𝐾0(𝜇𝑚,𝑏)𝑘3{(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )} 𝑄(𝛬𝑛) + 𝑘𝜓1(ℎ)𝜓2(𝑟0)(𝑠+𝑝){(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )}]∞𝑚=1 .          (29) 
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Determination of thermal deflection 

Equations (8), (9) and (11) can be rewriting in the Laplace transform domain as: 𝛻4𝑊∗ = −𝛻2𝑀𝑇∗𝛺(1−𝑣′),    (30) 𝑀𝑇∗ = 𝑎𝑡𝐸′ ∫ 𝑇∗(𝑟, 𝑧, 𝑠)𝑧 𝑑𝑧ℎ𝑧=−ℎ ,  (31) 𝑊∗ = 𝜕𝑊∗𝜕𝑟 = 0, at 𝑟 = 𝑏.  (32) 

Equation (31), which incorporates the value of the temperature (29), yields the 

equation for heat based moments in the Laplace transform domain as: 𝑀𝑇∗ = 𝑎𝑡𝐸′ √2𝑏 ∑ ∑ 𝜇𝑚𝑘3[1+𝑘32𝜇𝑚2 ]12 𝐽0(𝜇𝑚,𝑟)𝐽0(𝜇𝑚,𝑏)∞𝑛=1 [ 𝑏𝑘𝐾0(𝜇𝑚,𝑏)𝑘3{(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )}∞𝑚=1 (∫ 𝑄(𝑧)𝐿𝑛(𝑧)𝑑𝑧ℎ𝑧=−ℎ ) ++ 𝑘𝜓1(ℎ)𝜓2(𝑟0)(𝑠+𝑝){(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )}] × ∫ 𝑧𝐿𝑛(𝑧)𝜆𝑛 𝑑𝑧ℎ−ℎ .                                                                             (33) 

Assuming that Eq. (30) has a solution that satisfies condition (32) in the domain of 

the Laplace transform:  𝑊∗(𝑟, 𝑠) = ∑ 𝑐𝑛∗ (𝑠)[2𝑏𝐽0(𝜇𝑚, 𝑟) − 2𝑏𝐽0(𝜇𝑚, 𝑏) + 𝜇𝑚(𝑟2 − 𝑏2)𝐽1(𝜇𝑚, 𝑏)]∞𝑚=1 .                     (34) 

As a result, the condition (32) is satisfied by the solution (34): 𝛻4𝑊∗ = ( 𝜕2𝜕𝑟2 + 1𝑟   𝜕𝜕𝑟)2  ∑ 𝑐𝑛∗ (𝑠)[2𝑏𝐽0(𝜇𝑚, 𝑟) − 2𝑏𝐽0(𝜇𝑚, 𝑏) + 𝜇𝑚(𝑟2 − 𝑏2)𝐽1(𝜇𝑚, 𝑏)]∞𝑚=1 .          (35) 

Using well-known result [1𝑟 𝜕𝜕𝑟 (𝑟 𝜕𝜕𝑟)] 𝐽0(𝜇𝑚𝑟)   =   −𝜇𝑚2  𝐽0(𝜇𝑚𝑟), Eq. (35) can be 

rewritten as: 𝛻4𝑊∗ = ∑ 𝑐𝑛∗ (𝑠)[2𝑏𝜇𝑚4  𝐽0( 𝜇𝑚𝑟) + 2𝜇𝑚𝐽1(𝜇𝑚, 𝑏)]∞𝑚=1                                                                     (36) 

Also,      𝛻2𝑀𝑇∗ = −𝑎𝑡𝐸′ √2𝑏 ∑ ∑ 𝑘3[1+𝑘32𝜇𝑚2 ]12 𝜇𝑚3  𝐽0(𝜇𝑚𝑟)𝐽0(𝜇𝑚,𝑏)∞𝑛=1 [ 𝑏𝑘𝐾0(𝜇𝑚,𝑏)𝑘3{(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )} (∫ 𝑄(𝑧)𝐿𝑛(𝑧)𝑑𝑧ℎ𝑧=−ℎ )∞𝑚=1 + + 𝑘𝜓1(ℎ)𝜓2(𝑟0)(𝑠+𝑝){(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )}] × ∫ 𝑧𝐿𝑛(𝑧)𝜆𝑛 𝑑𝑧ℎ−ℎ                                                                                                         (37) 

Equations (36) and (37) combined with Eq. (30) yield:  𝑐𝑛∗ (𝑠) = 𝑎𝑡𝐸′ √2𝑏𝛺(1 − 𝑣 ′) ∑ ∑ 𝑘3[1 + 𝑘32𝜇𝑚2 ]12 𝜇𝑚3  𝐽0(𝜇𝑚𝑟)𝐽0(𝜇𝑚, 𝑏)[2𝑏𝜇𝑚4  𝐽0( 𝜇𝑚𝑟) + 2𝜇𝑚𝐽1(𝜇𝑚, 𝑏)]∞

𝑛=1
∞

𝑚=1 × 

× [ 𝑏𝑘𝐾0(𝜇𝑚,𝑏)𝑘3{(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )} (∫ 𝑄(𝑧)𝐿𝑛(𝑧)𝑑𝑧ℎ𝑧=−ℎ ) + 𝑘𝜓1(ℎ)𝜓2(𝑟0)(𝑠+𝑝){(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )}] ∫ 𝑧𝐿𝑛(𝑧)𝜆𝑛 𝑑𝑧ℎ−ℎ .          (38) 

Substituting Eq. (38) into Eq. (34), we get: 𝑊∗(𝑟, 𝑠) = 𝑎𝑡𝐸′ √2𝑏𝛺(1−𝑣′) ∑ ∑ 𝑘3𝜇𝑚3  𝐽0(𝜇𝑚𝑟)[2𝑏𝐽0(𝜇𝑚,𝑟)−2𝑏𝐽0(𝜇𝑚,𝑏)+𝜇𝑚(𝑟2−𝑏2)𝐽1(𝜇𝑚,𝑏)][1+𝑘32𝜇𝑚2 ]12𝐽0(𝜇𝑚,𝑏)[2𝑏𝜇𝑚4  𝐽0( 𝜇𝑚𝑟)+2𝜇𝑚𝐽1(𝜇𝑚,𝑏)]∞𝑛=1∞𝑚=1 ×  × [ 𝑏𝑘𝐾0(𝜇𝑚,𝑏)𝑘3{(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )} (∫ 𝑄(𝑧)𝐿𝑛(𝑧)𝑑𝑧ℎ𝑧=−ℎ ) + 𝑘𝜓1(ℎ)𝜓2(𝑟0)(𝑠+𝑝){(1+𝐺)𝑠+𝑘(𝜇𝑚2 +𝛬𝑛2 )}] ∫ 𝑧𝐿𝑛(𝑧)𝜆𝑛 𝑑𝑧.ℎ−ℎ           (39) 

In the Laplace transform domain, the mathematical formula for temperature and 

thermal deflection has thus been found. So, for the purpose of numerical inversion 

algorithm proposed by Brancik [32,33] is adopted. 
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Numerical results 

Dimension 

Let the radius of circular plate varies from 𝑟 = 0  to 𝑟 = 1 m and having thickness ℎ = 0.1 m. 
Fixing 𝑄(𝑧) = 𝑧2 × (𝑧2 − ℎ2)2.  
 

Material properties 

Following material properties of copper metal plate is considered for the purpose of 

numerical computations. 

 
Table 1. Thermo-mechanical properties 𝑘 = 112.34 × 10−6𝑚/𝑠2 𝑣 ′ = 0.35 𝑎𝑡 = 16.5 × 10−6𝐾 𝜇 = 26.67𝐺𝑃𝑎 𝜌 = 8954𝑘𝑔/𝑚3 𝑐𝑝 = 383𝐽/(𝑘𝑔𝐾) 

 

Graphical presentation 

This part is primarily concerned with the time delay's influence on how temperatures are 

distributed and thermal deflection fluctuates in a circular plate. All the plots presented 

below are made considering dimensionless quantities. For the graphical computation, the 

dimensionless thickness of the plate is chosen as 𝑧 = 0.2 and the dimensionless time is 

chosen as 𝑡 = 0.5. Figures 2 and 3 show the graphically plotted temperature and 

deflection flow radially under the influence of the time delay parameter  𝜔 = 0, 0.01, 0.02, 0.03 for thin copper plates. 

 

  
Fig. 2. Temperature distribution  

with impact of time delay 
Fig. 3 Deflection distribution  

with impact of time delay 

 

For various time delay parameters 𝜔 = 0, 0.01, 0.02, 0.03, Fig. 2 shows the 

dimensionless temperature behaviour along radii at 𝑡 = 0.5. At the inner radii, the 

temperature is initially zero, while at the outer radii it is nonzero due to the applied heat 

flux. The maximum temperature distribution is found in the middle of the radial direction, 

which may be due to the effect of additional cross-sectional heating on the bottom and 

top plate surfaces. When the time delay is shortened and 𝐾(𝑡 − 𝜉) = 1, the present heat 

transfer model reduces to the model of Cattaneo and Vernotte (CV). Further observations 

show that the temperature distribution changes smoothly for large values of the time 

delay values, implying that the temperature flow depends on the values of the time delay 

variation. Also, depending on the time delay parameters, the thermal waves vary 
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continuously, uniformly, and strongly. As a result, the time delay factor can be crucial in 

the classification and design of new structural materials. 

Figure 3 shows the deflection function along radii at 𝑡 = 0.5 for different  𝜔 = 0, 0.01, 0.02, 0.03. It is observed that the variation in thermal deflection is zero at the 

internal and external radii, which fulfills the applied boundary condition mathematically 

defined in Eq. (11). Also, the variations in the deflection curve are observed at the 

transition from inner to outer radii, which may be due to the effect of the additional cross-

sectional heating at the top and bottom surfaces of the plate. A smooth and continuous 

variation of the deflection curves is also observed for large time delay parameters. 

Moreover, the curve shows finite wave propagation characteristics compared to the 

diffusive characteristics of the Fourier model.  

It follows that the temperature and deflection behaviour in a circular body is 

considerably affected by the time delay and depends on the past changes, which makes 

this study more suitable for the study of the physical problems associated with the 

development of novel materials. 

 

Conclusions 

The governing equation of the memory-dependent heat transmission equation for a 

circular plate with certain boundary conditions is solved analytically by employing the 

Marchi-Fasulo, Hankel, and Laplace transformations. The effect of the time delay 

parameters on the temperature distribution and thermal deflection (based on thermal 

moment) is successfully investigated. 

The following important findings are highlighted from the graphical investigations: 

1. The change in the past affects the instantaneous rate of temperature change and 

thermal deflection, which is more suitable for the study of physical problems and has 

applications in the real world. 

2. The rate of finite wave propagation can be seen from the change in temperature and 

deflection curves. 

3. For different time delay parameters, a significant difference in the temperature and 

deflection curves is observed. 

4. For large time delays, a uniform distribution of temperature and deflection is observed. 

It can be concluded that temperature and deflection are considerably affected by the time 

delay parameter. 

As a result, the time delay factor plays an important role in both the development 

and categorisation of new structural materials. Moreover, the present work is useful for 

mathematicians and researchers working on the development of fractional and memory 

theory by considering mathematical modelling of various solids. 
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