
 
 

ISSN 1605-2730 

E-ISSN 1605-8119 
 

 

 

 

 

MATERIALS PHYSICS  

AND MECHANICS 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Vol. 53, No. 1, 2025 
 
 
 
 
 
 



 
 

MATERIALS PHYSICS AND MECHANICS 

 
 

Principal Editors: 

Alexander Belyaev  

Institute for Problems in Mechanical Engineering   

of the Russian Academy of Science (RAS), Russia 

 

Andrei Rudskoi 

Peter the Great St. Petersburg Polytechnic University, Russia  

Founder and Honorary Editor: Ilya Ovid'ko (1961-2017) 

Institute for Problems in Mechanical Engineering   

of the Russian Academy of Sciences (RAS), Russia 

 

Associate Editor: 

Anna Kolesnikova 

Institute for Problems in Mechanical Engineering   

of the Russian Academy of Sciences (RAS), Russia 

Artem Semenov 

Peter the Great St. Petersburg Polytechnic University, Russia 

 

Editorial Board: 

E.C. Aifantis 

Aristotle University of Thessaloniki, Greece 

T.G. Langdon 

University of Southampton, U.K. 

K.E. Aifantis 

University of Florida, USA 

V.P. Matveenko 

Institute of Continuous Media Mechanics (RAS), Russia 

U. Balachandran 

Argonne National Laboratory, USA 

A.I. Melker 

Peter the Great St. Petersburg Polytechnic University, Russia 

A. Bellosi 

Research Institute for Ceramics Technology, Italy 

Yu.I. Meshcheryakov 

Institute for Problems in Mechanical Engineering (RAS), Russia 

S.V. Bobylev 

Institute for Problems in Mechanical Engineering (RAS), Russia 

R.R. Mulyukov 

Institute for Metals Superplasticity Problems (RAS), Russia 

A.I. Borovkov 

Peter the Great St.Petersburg Polytechnic University, Russia 

Yu.V. Petrov 

St. Petersburg State University, Russia 

G.-M. Chow 

National University of Singapore, Singapore 

N.M. Pugno 

Politecnico di Torino, Italy 

Yu. Estrin 

Monash University, Australia 

B.B. Rath 

Naval Research Laboratory, USA 

A.B. Freidin 

Institute for Problems in Mechanical Engineering (RAS), Russia 

A.E. Romanov 

Ioffe Institute (RAS), Russia 

I.G. Goryacheva 

Institute of Problems of Mechanics (RAS), Russia 

A.M. Sastry 

University of Michigan, Ann Arbor, USA 

D. Hui 

University of New Orleans, USA 

B.A. Schrefler 

University of Padua, Italy 

G. Kiriakidis 

IESL/FORTH, Greece 

N.V. Skiba 

Institute for Problems in Mechanical Engineering (RAS), Russia 

D.M. Klimov 

Institute of Problems of Mechanics (RAS), Russia 

A.G. Sheinerman 

Institute for Problems in Mechanical Engineering (RAS), Russia 

G.E. Kodzhaspirov 

Peter the Great St. Petersburg Polytechnic University, Russia 

R.Z. Valiev 

Ufa State Aviation Technical University, Russia 

S.A. Kukushkin 

Institute for Problems in Mechanical Engineering (RAS), Russia 

K. Zhou 

Nanyang Technological University, Singapore 

  

  

 

"Materials Physics and Mechanics" Editorial Office:  

Phone: +7(812)552 77 78, ext. 224 E-mail: mpmjournal@spbstu.ru Web-site: http://www.mpm.spbstu.ru  

 

 

International scientific journal "Materials Physics and Mechanics" is published by Peter the Great St. Petersburg Polytechnic University in 

collaboration with Institute for Problems for Mechanical Engineering in the Russian Academy of Sciences in both hard copy and electronic versions.  

The journal provides an international medium for the publication of reviews and original research papers written in English and focused on the 

following topics: 

¶ Mechanics of composite and nanostructured materials. 

¶ Physics of strength and plasticity of composite and nanostructured materials. 

¶ Mechanics of deformation and fracture processes in conventional materials (solids). 

¶ Physics of strength and plasticity of conventional materials (solids). 

¶ Physics and mechanics of defects in composite, nanostructured, and conventional materials. 

¶ Mechanics and physics of materials in coupled fields. 

Owner organizations: Peter the Great St. Petersburg Polytechnic University; Institute of Problems of Mechanical Engineering RAS. 

 

Materials Physics and Mechanics is indexed in Chemical Abstracts, Cambridge Scientific Abstracts, 

Web of Science Emerging Sources Citation Index (ESCI) and Elsevier Bibliographic Databases (in particular, SCOPUS). 

 

© 2025, Peter the Great St. Petersburg Polytechnic University 

© 2025, Institute for Problems in Mechanical Engineering RAS  
 

http://www.ipme.ru/e-journals/MPM/index.html
http://www.ipme.ru/index.html
http://www.ipme.ru/index.html
http://www.ipme.ru/index.html
http://www.ipme.ru/index.html
http://nano.materials.drexel.edu/


 
 
 

 
 
 

ƓƌƜƇƔƏƑƇ Ə ƛƏƎƏƑƇ ƓƇƙƌƗƏƇƒƕƉ 

 

Materials Physics and Mechanics 

 

 

 

 

 

 

 

 

 

ƙƵƳ 53, ƴƵƳƬƷ 1, 2025 ƪƵƫ 

 

 

 

 
 

 

 

 

 

ƚƾƷƬƫƯƹƬƲƯ: 
ƛƊƇƕƚ Ɖƕ «ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯư ƶƵƲƯƹƬƼƴƯƾƬƸƱƯư ƺƴƯƩƬƷƸƯƹƬƹ ƖƬƹƷƧ ƉƬƲƯƱƵƪƵ» 

ƛƊƈƚƔ «ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƵƸƸƯưƸƱƵư ƧƱƧƫƬƳƯƯ ƴƧƺƱ» 

  



ƗƬƫƧƱƽƯƵƴƴƧǆ ƱƵƲƲƬƪƯǆ ƭƺƷƴƧƲƧ 

 

ƊƲƧƩƴǂư ƷƬƫƧƱƹƵƷ 
ƫ.ƹ.ƴ., ƧƱƧƫƬƳƯƱ ƗƇƔ Ƈ.Ə. ƗƺƫƸƱƵư 

ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯư ƶƵƲƯƹƬƼƴƯƾƬƸƱƯư ƺƴƯƩƬƷƸƯƹƬƹ ƖƬƹƷƧ ƉƬƲƯƱƵƪƵ 

 

ƊƲƧƩƴǂư ƴƧƺƾƴǂư ƷƬƫƧƱƹƵƷ 
ƫ.ƻ.-Ƴ.ƴ., ƾƲ.-ƱƵƷƷ. ƗƇƔ Ƈ.Ƒ. ƈƬƲǆƬƩ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƵƸƸƯưƸƱƵư ƧƱƧƫƬƳƯƯ ƴƧƺƱ (ƗƇƔ) 
 

ƕƸƴƵƩƧƹƬƲǃ Ư ƶƵƾƬƹƴǂư ƷƬƫƧƱƹƵƷ 
ƫ.ƻ.-Ƴ.ƴ. Ə.Ƈ. ƕƩƯƫǃƱƵ (1961-2017) 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƵƸƸƯưƸƱƵư ƧƱƧƫƬƳƯƯ ƴƧƺƱ (ƗƇƔ) 
 

ƕƹƩƬƹƸƹƩƬƴƴǂƬ ƷƬƫƧƱƹƵƷǂ 

ƫ.ƻ.-Ƴ.ƴ. Ƈ.ƒ. ƑƵƲƬƸƴƯƱƵƩƧ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ  
ƗƵƸƸƯưƸƱƵư ƧƱƧƫƬƳƯƯ ƴƧƺƱ (ƗƇƔ) 

ƫ.ƻ.-Ƴ.ƴ. Ƈ.Ƙ. ƘƬƳƬƴƵƩ 

ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯư ƶƵƲƯƹƬƼƴƯƾƬƸƱƯư ƺƴƯƩƬƷƸƯƹƬƹ  
ƖƬƹƷƧ ƉƬƲƯƱƵƪƵ 

 

ƓƬƭƫƺƴƧƷƵƫƴƧǆ ƷƬƫƧƱƽƯƵƴƴƧǆ ƱƵƲƲƬƪƯǆ:  
 

ƫ.ƻ.-Ƴ.ƴ. Ƙ.Ɖ. ƈƵƨǂƲƬƩ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƇƔ, ƗƵƸƸƯǆ 

Prof., Dr. E.C. Aifantis 

Aristotle University of Thessaloniki, Greece 

Ʊ.ƹ.ƴ., ƶƷƵƻ. Ƈ.Ə. ƈƵƷƵƩƱƵƩ 

ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯư ƶƵƲƯƹƬƼƴƯƾƬƸƱƯư ƺƴ-ƹ ƖƬƹƷƧ ƉƬƲƯƱƵƪƵ, ƗƵƸƸƯǆ 

Dr. K.E. Aifantis 

University of Florida, USA 

ƫ.ƻ.-Ƴ.ƴ., ƶƷƵƻ. Ɨ.Ǝ. ƉƧƲƯƬƩ 

ƚƻƯƳƸƱƯư ƪƵƸƺƫƧƷƸƹƩƬƴƴǂư ƹƬƼƴƯƾƬƸƱƯư ƺƴƯƩƬƷƸƯƹƬƹ, ƗƵƸƸƯǆ 

Dr. U. Balachandran 

Argonne National Laboratory, USA 

ƫ.ƻ.-Ƴ.ƴ., ƧƱƧƫƬƳƯƱ ƗƇƔ Ə.Ɗ. ƊƵƷǆƾƬƩƧ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƬƼƧƴƯƱƯ ƗƇƔ, ƗƵƸƸƯǆ 

Dr. A. Bellosi 

Research Institute for Ceramics Technology, Italy 

ƫ.ƻ.-Ƴ.ƴ., ƧƱƧƫƬƳƯƱ ƗƇƔ Ƌ.Ɠ. ƑƲƯƳƵƩ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƬƼƧƴƯƱƯ ƗƇƔ, ƗƵƸƸƯǆ 

Prof., Dr. G.-M. Chow 

National University of Singapore, Singapore 

ƫ.ƹ.ƴ., ƶƷƵƻ. Ɗ.ƌ. ƑƵƫƭƧƸƶƯƷƵƩ 

ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯư ƶƵƲƯƹƬƼƴƯƾƬƸƱƯư ƺƴ-ƹ ƖƬƹƷƧ ƉƬƲƯƱƵƪƵ, ƗƵƸƸƯǆ 

Prof., Dr. Yu. Estrin 

Monash University, Australia 

ƫ.ƻ.-Ƴ.ƴ., ƶƷƵƻ. Ƙ.Ƈ. ƑƺƱƺƿƱƯƴ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƇƔ, ƗƵƸƸƯǆ 

Prof., Dr. D. Hui 

University of New Orleans, USA 

ƫ.ƻ.-Ƴ.ƴ., ƧƱƧƫƬƳƯƱ ƗƇƔ Ɖ.Ɩ. ƓƧƹƩƬƬƴƱƵ 

ƏƴƸƹƯƹƺƹ ƳƬƼƧƴƯƱƯ ƸƶƲƵƿƴǂƼ ƸƷƬƫ ƗƇƔ, ƗƵƸƸƯǆ 

Prof., Dr. G. Kiriakidis 

IESL/FORTH, Greece 

ƫ.ƻ.-Ƴ.ƴ., ƶƷƵƻ. Ƈ.Ə. ƓƬƲǃƱƬƷ 

ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯư ƶƵƲƯƹƬƼƴƯƾƬƸƱƯư ƺƴ-ƹ ƖƬƹƷƧ ƉƬƲƯƱƵƪƵ, ƗƵƸƸƯǆ 

Prof., Dr. T.G. Langdon 

University of Southampton, UK 

ƫ.ƻ.-Ƴ.ƴ., ƶƷƵƻ. ƥ.Ə. ƓƬǀƬƷǆƱƵƩ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƇƔ, ƗƵƸƸƯǆ 

Prof., Dr. N.M. Pugno 

Politecnico di Torino, Italy 

ƫ.ƻ.-Ƴ.ƴ., ƾƲ.-ƱƵƷƷ. ƗƇƔ Ɨ.Ɨ. ƓƺƲǅƱƵƩ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƸƩƬƷƼƶƲƧƸƹƯƾƴƵƸƹƯ ƳƬƹƧƲƲƵƩ ƗƇƔ, ƗƵƸƸƯǆ 

Dr. B.B. Rath 

Naval Research Laboratory, USA 

ƫ.ƻ.-Ƴ.ƴ., ƾƲ.-ƱƵƷƷ. ƗƇƔ ƥ.Ɖ. ƖƬƹƷƵƩ 

ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯư ƪƵƸƺƫƧƷƸƹƩƬƴƴǂư ƺƴƯƩƬƷƸƯƹƬƹ, ƗƵƸƸƯǆ 

Prof., Dr. A.M. Sastry 

University of Michigan, Ann Arbor, USA 

ƫ.ƻ.-Ƴ.ƴ., ƶƷƵƻ. Ƈ.ƌ. ƗƵƳƧƴƵƩ 

ƛƯƮƯƱƵ-ƹƬƼƴƯƾƬƸƱƯư ƯƴƸƹƯƹƺƹ ƯƳ. Ƈ.ƛ. ƏƵƻƻƬ ƗƇƔ, ƗƵƸƸƯǆ 

Prof., Dr. B.A. Schrefler 

University of Padua, Italy 

ƫ.ƻ.-Ƴ.ƴ. Ɣ.Ɖ. ƘƱƯƨƧ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƇƔ, ƗƵƸƸƯǆ 

Prof., Dr. K. Zhou 

Nanyang Technological University, Singapore 

ƫ.ƻ.-Ƴ.ƴ., ƶƷƵƻ. Ƈ.ƈ. ƛƷƬưƫƯƴ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƇƔ, ƗƵƸƸƯǆ 
 

ƫ.ƻ.-Ƴ.ƴ. Ƈ.Ɗ. ƟƬưƴƬƷƳƧƴ 

ƏƴƸƹƯƹƺƹ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƇƔ, ƗƵƸƸƯǆ 
 

 

ƙƬƲ.: +7(812)552 77 78, ƫƵƨ. 224 E-mail: mpmjournal@spbstu.ru Web-site: http://www.mpm.spbstu.ru 

 

ƙƬƳƧƹƯƱƧ ƭƺƷƴƧƲƧ 

ƓƬƭƫƺƴƧƷƵƫƴǂư ƴƧƺƾƴǂư ƭƺƷƴƧƲ "Materials Physics and Mechanics" ƯƮƫƧƬƹƸǆ ƘƧƴƱƹ-ƖƬƹƬƷƨƺƷƪƸƱƯƳ ƶƵƲƯƹƬƼƴƯƾƬƸƱƯƳ ƺƴƯƩƬƷƸƯƹƬƹƵƳ 
ƖƬƹƷƧ ƉƬƲƯƱƵƪƵ Ʃ ƸƵƹƷƺƫƴƯƾƬƸƹƩƬ Ƹ ƏƴƸƹƯƹƺƹƵƳ ƶƷƵƨƲƬƳ ƳƧƿƯƴƵƩƬƫƬƴƯǆ ƗƵƸƸƯưƸƱƵư ƧƱƧƫƬƳƯƯ ƴƧƺƱ Ʃ ƶƬƾƧƹƴƵƳ ƩƯƫƬ Ư ǄƲƬƱƹƷƵƴƴƵư 
ƻƵƷƳƬ. ƍƺƷƴƧƲ ƶƺƨƲƯƱƺƬƹ ƵƨƮƵƷƴǂƬ Ư ƵƷƯƪƯƴƧƲǃƴǂƬ ƴƧƺƾƴǂƬ ƸƹƧƹǃƯ ƴƧ ƧƴƪƲƯưƸƱƵƳ ǆƮǂƱƬ ƶƵ ƸƲƬƫƺǅǀƯƳ ƹƬƳƧƹƯƱƧƳ:  
¶ ƓƬƼƧƴƯƱƧ ƱƵƳƶƵƮƯƽƯƵƴƴǂƼ Ư ƴƧƴƵƸƹƷƺƱƹƺƷƯƷƵƩƧƴƴǂƼ ƳƧƹƬƷƯƧƲƵƩ. 
¶ ƛƯƮƯƱƧ ƶƷƵƾƴƵƸƹƯ Ư ƶƲƧƸƹƯƾƴƵƸƹƯ ƱƵƳƶƵƮƯƽƯƵƴƴǂƼ Ư ƴƧƴƵƸƹƷƺƱƹƺƷƯƷƵƩƧƴƴǂƼ ƳƧƹƬƷƯƧƲƵƩ. 
¶ ƓƬƼƧƴƯƱƧ ƶƷƵƽƬƸƸƵƩ ƫƬƻƵƷƳƧƽƯƯ Ư ƷƧƮƷƺƿƬƴƯǆ Ʃ ƹƷƧƫƯƽƯƵƴƴǂƼ ƳƧƹƬƷƯƧƲƧƼ (ƹƩƬƷƫǂƼ ƹƬƲƧƼ). 
¶ ƛƯƮƯƱƧ ƶƷƵƾƴƵƸƹƯ Ư ƶƲƧƸƹƯƾƴƵƸƹƯ ƹƷƧƫƯƽƯƵƴƴǂƼ ƳƧƹƬƷƯƧƲƵƩ (ƹƩƬƷƫǂƼ ƹƬƲ). 
¶ ƛƯƮƯƱƧ Ư ƳƬƼƧƴƯƱƧ ƫƬƻƬƱƹƵƩ Ʃ ƱƵƳƶƵƮƯƽƯƵƴƴǂƼ, ƴƧƴƵƸƹƷƺƱƹƺƷƯƷƵƩƧƴƴǂƼ Ư ƹƷƧƫƯƽƯƵƴƴǂƼ ƳƧƹƬƷƯƧƲƧƼ. 
¶ ƓƬƼƧƴƯƱƧ Ư ƻƯƮƯƱƧ ƳƧƹƬƷƯƧƲƵƩ Ʃ ƸƩǆƮƧƴƴǂƼ ƶƵƲǆƼ. 
ƗƬƫƱƵƲƲƬƪƯǆ ƶƷƯƴƯƳƧƬƹ ƸƹƧƹǃƯ, ƱƵƹƵƷǂƬ ƴƯƪƫƬ ƷƧƴƬƬ ƴƬ ƵƶƺƨƲƯƱƵƩƧƴǂ Ư ƴƬ ƴƧƶƷƧƩƲƬƴǂ ƫƲǆ ƵƶƺƨƲƯƱƵƩƧƴƯǆ Ʃ ƫƷƺƪƯƬ ƴƧƺƾƴǂƬ ƯƮƫƧƴƯǆ. 
ƉƸƬ ƶƷƬƫƸƹƧƩƲǆƬƳǂƬ Ʃ ƷƬƫƧƱƽƯǅ ƭƺƷƴƧƲƧ "ƓƬƼƧƴƯƱƧ Ư ƻƯƮƯƱƧ ƳƧƹƬƷƯƧƲƵƩ" ƸƹƧƹǃƯ ƷƬƽƬƴƮƯƷƺǅƹƸǆ. ƘƹƧƹǃƯ ƳƵƪƺƹ ƵƹƶƷƧƩƲǆƹǃƸǆ ƧƩƹƵƷƧƳ ƴƧ 
ƫƵƷƧƨƵƹƱƺ. ƔƬ ƶƷƯƴǆƹǂƬ Ʊ ƵƶƺƨƲƯƱƵƩƧƴƯǅ ƸƹƧƹǃƯ ƧƩƹƵƷƧƳ ƴƬ ƩƵƮƩƷƧǀƧǅƹƸǆ. 
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ABSTRACT  

The current work focuses on developing a model to examine wave analysis in non-local swelling porous 

thermoelastic medium under fractional order strain.  After converting the governing equations into two-

dimensional and utilizing the dimensionless quantities for further simplification the Helmholtz 

decomposition theorem has been used to decompose the system into longitudinal and transverse 

components. The frequency dispersion relation is derived by assuming the plane wave solution in two-

dimensional case for the given problem. It is found that there exist two dilatational waves, a thermal wave 

and two transversal waves travelling at distinct velocities. The amplitude ratios for the reflected waves are 

obtained with the aid of impedance boundary restrictions. The obtained amplitude ratios are used to obtain 

the energy ratios of different reflected waves. Influence of fractional order parameter on distinct types of 

wave speeds is illustrated graphically and it is observed that increase in fractional order parameter 

diminishes the magnitude of all existing waves except longitudinal wave in solid. Also impacts of swelling 

pores and fractional order on the attained energy ratios are displayed graphically versus angle of incidence. 

It is verified that during reflection phenomena, the sum of energy ratio is equal to unity at each angle of 

incidence and there is no dissipation on the boundary surface. Swelling porosity decrease the impact of 

energy ratios of reflected longitudinal wave and thermal wave for all values of fractional order parameter. 

Some unique cases are also presented. The results find application in geophysics, civil engineering and 

structure related issues. 
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Introduction 

As wave phenomena have numerous applications in the field of geophysics, civil 

engineering, oil exploration, slurry, and agriculture scientists and researchers have long 

been very interested in studying wave phenomena in porous media. The model of wave 

circulation in fluid-saturated porous solids and the identification of the presence of lower 

and higher frequency ranges were initially presented by Biot [1,2]. Eringen [3] 

acknowledged the utility of mixture theory in the area of expanding porous elastic media. 

He used a combination of elastic solid, viscous liquid, and gas in his work and focused on 

http://dx.doi.org/10.18149/MPM.5312025_1
https://orcid.org/0000-0002-1572-2108
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things like soil swelling, wood, paper, and fiber drying, among other things. Subsequently, 

other researchers have made contributions to the topic of porous elastic media swelling. 

The amplitude ratios resulting from plane wave reflection and transmission at the border 

of thermoelastic swelling porous media were determined by Kumar et al. [4]. 

Margin and Royston [5] being the first to propose the fractional order strain model 

that can both predict mechanical deformation of Hookean solid and Newtonian fluid by 

using zero-order and one-order derivative. More significantly fractional order parameter 

of fractional order strain model can be chosen freely within the range 0ɝ1 according to 

the necessity of practical application. In recent year one can find that the concept of 

fractional order strain has been successfully used in thermomechanical analysis of elastic 

and dipolar material systems [6ɝ10]. Moreover, global dependency and non-local 

property of the fractional derivative is one of the main reason for its increasing popularity.  

The concept of non-linearity using fractional differential operator in thermoelastic 

models opens up a new perspective on the study of thermoelastic deformation in solid 

mechanics. A significant contribution in the theory of thermoelasticity with non-locality 

can be found in [11ɝ15]. Vlase et al. [16] determined the properties of eigen values for 

transverse and torsional vibrations in a mechanical system having two identical beams. 

Sharma et al. [17] examined basic theorems and plane wave in thermoelastic diffusion 

using multiphase lag model with temperature dependence. Relaxed Saint-Venant 

principle for thermoelastic micropolar diffusion is given by Marin et al. [18]. 

The reflection of plane waves in thermodiffusive elastic half-space with voids was 

investigated by [19]. Wave propagating in a micropolar thermoelastic medium with two 

temperatures and layers of half-spaces surrounded by an inviscid liquid was investigated 

by Sharma et al. [20]. In micropolar elastic materials, plane wave reflection and 

transmission were investigated by Sharma et al. [21,22]. The Rayleigh wave propagation 

in incompressible anisotropic half spaces with impedance boundary conditions was 

studied by Vinh and Hue [23]. Kumar and Sharma [24] developed uniqueness, reciprocity 

theorems, and variational principle in piezothermoelastic medium having fractional order 

derivative. Sharma and Khator [25,26] looked at a few issues related to the production of 

electricity from renewable sources. In a modified Green-Lindsay theory, Kumar et al. [27] 

investigated the effect of impedance factors on wave propagation in a micropolar 

thermoelastic medium. According to Singh and Kaur [28], when micropolar parameters 

grow, so does the influence of impedance parameters. Amin et al. [29] used fractional 

relaxation operators and studied the response of laser irradiation in viscoelastic thin film 

of metal. Kaushal et al. [30] studied the impact of stiffness and void when waves 

propagate through non-free surface and free surface. 

Ezzat and Lewis [31] used fractional thermos viscoelasticity to study head induced 

mechanical response in human skin tissue. Amin et al. [32] constructed 

thermoviscoelastic metal film with fractional relaxation operators and studied the 

microscale response using laser pulse heat flux with non-Gaussian form. Ezzat and 

Muhiameed [33] studied the response of non-local size dependent piezoelectric materials 

in thermoviscoelastic theory. Ezzat [34,35] used state space approach to develop non-

local thermo-viscoelastic model and studied the response of piezoelectric materials with 

fractional dual phase heat transfer. Yadav et al. [36] investigation on nonlocal porous 

thermo-micropolar diffusive medium revealed that both diffusion and porous properties 
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have no effect on transversal waves. When Kumar [37] examined the effect of fractional 

derivative on wave propagation using Eringen's non-local approach, he discovered that 

group speed decreased as elastic medium values increased. 

Abouelregal et al. [38] studied the impact of non-local Moore Gibson Thompson on 

thermoelastic material under the model of memory dependent derivatives. 

Abouelregal et al. [39] used Eringenɠs non-local thermoelastic theory and studied 

changes in heat transfer in thermoelastic materials under initial stress. Alsaeed [40] used 

Atangana Baleanu fractional derivative and analysed magneto thermoelastic response in 

unbounded porous body in context of dual phase lag model. Abouelregal et al. [41] used 

fractional model for one dimensional non-local elasticity theory and studied the transfer 

of heat flow through nanomaterials. Non-local parameters enhances the amplitude ratios 

when longitudinal and thermal waves are incident in generalized thermoelastic medium 

with two temperature and impedance parameters [42]. Ezzat and Bary [43] used memory 

dependent derivative to investigate the problem of wave characteristics in thermoelectric 

viscoelastic solid. Yadav [44] investigated how the magneto-thermo-microstretch half 

space having an impedance boundary's diffusion parameter and fractional order 

parameter affected the reflection coefficients of plane waves. Elhagary [45] investigated 

the impact of fractional derivative on thermoelastic diffusive half-space using the integral 

transform technique. Alruwaili et al. [46] used new form of fractal form of Green-Naghdi 

theory and developed a mathematical model of thermoelectric MHD theory. Kumar et 

al. [47] studied the reflection of waves through swelling porous thermoelastic half space 

having boundary under dual phase lag model. 

The purpose of this work is to examine wave analysis in nonlocal swelling porous 

thermoelastic medium and found that there exist three longitudinal waves namely Ps, Pf, 

T waves and two transverse waves SVS, and SVF waves. Impedance boundary restrictions 

are used to obtain the amplitude ratios and energy ratios of various reflected waves. 

Numerical calculations and graphical representation are also used to examine the effect 

of variation in fractional order strain and swelling porosity in energy ratios. 

 

Methods 

Basic Equations 

In swelling porous thermoelastic medium basic equations in absence of body force is 

given as [3]: ‘ ρ † Ὀ ό ȟ ‗ ‘ ρ † Ὀ ό ȟ „ ρ † Ὀ ό ȟ ‚ ό ό  ‎ ‌ ᶯὝ ” ρ ‚ ᶯ ό  , (1) ‘ ρ † Ὀ ό ȟ ‗ ‘ ρ † Ὀ ό ȟ „ ρ † Ὀ ό ȟ  „ ρ † Ὀ ό ȟ ‚ ό ό ‎ ‌ ᶯὝ ” ρ ‚ ᶯ ό , 
(2) ρ † Ὀ ᶯȢ ό ‌ ρ † Ὀ ᶯȢ ό ‌ ‌ Ὕ ᶻ ᶯ Ὕ π, (3) ὸ ‌ Ὕ „ ρ † Ὀ ό ȟ ‗ ρ † Ὀ ό ȟ ‏ ‘ ρ † Ὀ ό ȟ ό ȟ ), (4) ὸ ‌ Ὕ „ ρ † Ὀ ό ȟ „ ρ † Ὀ ᶯȢ ό ‗ ρ † Ὀ ό ȟ ‘‏ ό ȟ ό ȟ ), 
(5) 



4 S. Sharma, D. Batra, R. Kumar 

where s is a solid, f is a fluid, ό , ό  are the displacement components of a solid and a 

liquid, respectively, ” , ”  are the densities in a solid and a liquid respectively, ‗ȟ ‘ȟ  ‗ ȟ‘ ȟ „ ȟ  „ ȟ ‚  are the constitutive constants, ‌ ȟ  ‒ ȟ  ‌ ȟ ‌  are the material constants, ‚ , ‚  are the non-local parameters, r is an order of fractional strain, T is a temperature 

and ὑᶻ is a thermal conductivity, ὸ ȟ ὸ  are the partial stress tensors. 

 

Problem Statement and Simplification 

We have considered an isotropic, homogeneous swelling porous thermoelastic half-

space. The origin of the rectangular cartesian co-ordinate system ὼ ȟ ὼ ȟ ὼ  is taken at 

boundary ὼ π with ὼ  ɝ axis is pointing normally into medium (Fig. 1). The ὼ  ɝ axis 

is an intersection of the planeɠs wavefront and the plane surface. We confine our study to 

plane strain problem parallel to ὼ ὼ  plane. For two-dimensional problem, we take: ό ό ȟ πȟ ό ; k = s, f. (6) 

Define dimensionless quantities as:  ὼ ‫ᶻὧ ὼ ȟ ό ” ‫ᶻὧ‌ Ὕ ό ȟ ὸ ὸ‌ Ὕ ȟ Ὕ ὝὝ ȟ ‚ ‫ᶻὧ ‚ ȟ ὸ ‫ᶻὸȟ ‫ †  ‫‫ᶻȟ ‫ᶻ † ȟ ‚ ᶻ ‚ ȟ † ‫ᶻ † ȟ ᾀ ȟ ᾀ ᶻ ᾀ ȟ ‫ᶻ ᶻ ȟ ὧ , 

(7) 

where m = 1, 2; k = s, f; i, j = 1, 2, 3; l = 1, 2, 3, 4.  

Using Helmholtz decomposition, displacement components ό ὼ ȟ ὼ ȟ ὸ , ό ὼ ȟ ὼ ȟ ὸ  are related to potentials ‰ and ‪ as: ό ȟ ό .  (8) 

Equations (1)ɝ(3) with the help of Eqs. (6)ɝ(8) becomes: ὖᶯ ὥ ρ ‚ ᶯ ‰ ὥ ὖᶯ ὥ ‰ ὥ Ὕ πȟ    (9) ‏ ὖᶯ ὥ ρ ‚ ᶯ ‪ ὥ ‪ πȟ  (10) Ὤ ὖᶯ Ὤ ‰ ὖ ᶯ Ὤ ὖᶯ Ὤ Ὤ ρ ‚ ᶯ ‰ Ὤ Ὕ π,  (11) Ὤ ‪ ‏ ὖᶯ Ὤ Ὤ ρ ‚ ᶯ ‪ π,  (12) ὦ ὖᶯ ‰ ὦ ὖᶯ ‰ ‰ ᶯ Ὕ πȟ  (13) 

where ‏ ȟ  ὥ ȟ  ὥ ᶻ ȟ  ὥ ȟ  ὥ ρ † ȟ  †  ȟ  ‍ ‌ Ὕ ‒ ȟ  ‏ ȟ Ὤ ᶻ ȟ Ὤ ᶻ ȟ Ὤ ᶻ ȟ ‍ ‌ Ὕ ‒ ȟ  Ὤ ᶻ ȟ Ὤ ᶻ ȟ † ȟ ὦ ȟ ὦ ȟ ᶯ ȟ  ὖ ρ † Ὥ‫ .  

Considering the motion to be time harmonic we assume:  ‰ ȟ ‰ ȟ Ὕȟ ‪ ȟ ‪ ‰ ȟ ‰ ȟ Ὕȟ ‪ ȟ ‪ Ὡ ,        (14) 

where — is the angle of inclination; k is a wave number. 
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Fig. 1. Geometry of the problem depicting incident and reflected waves in swelling porous thermoelastic 

half-space 

 

Making use of Eq. (14) in Eqs. (9)ɝ(13), we obtain ὃὺ ὄὺ ὅὺ Ὀ π,                     (15) ὃ ὺ ὄ ὺ ὅ π,                     (16) 

where ὺ Ὥ ρȟ ςȟ σ  are the roots of Eq. (15) correspond to velocity of Ps-wave, Pf-wave and 

T-wave whereas ὺ Ὦ τȟ υ  are the roots of Eq. (16) giving velocity of SVS-wave and SVF-

wave: ὃ † † † † ȟ ὄ ὖ † Ὠ † ὖὥ † Ὠ † Ὠ † ȟ Ὀ ὖ Ὠ ὖὥ Ὠ ȟ  ὅ ὖ Ὠ Ὠ † ὖὥ Ὠ Ὠ † Ὠ † , ὃ † † † † ȟ ὄ † † † † ȟ  ὅ † † ȟ ὖ ὖ ‚ ‫ ȟ † ȟ † ȟ † ρ † ȟ  †  ȟ † ȟ  † ὖ Ὥ‫ Ὤ Ὤ ‚ ‫ ȟ † Ὤ † ȟ † ὦ ‫ ὖȟ  † ὦ ‫ ὖȟ   Ὠ † † † ȟ  Ὠ † † Ὥ‫ȟ Ὠ ὖὬ † Ὥ‫ † † ȟ Ὠ ὖὬ Ὥ‫ȟ † Ὤ † ȟ   Ὠ † † † † ȟ Ὠ ὖὬ † † † ȟ † ‏ ὖ ρȟ † ‚ † ȟ † ὖ‏ Ὥ‫ Ὤ ‚ ‫ . 

Making use of Eqs. (6)ɝ(8) in Eqs. (4)ɝ(5) we obtain: ὸ ρ † Ὀ ὥ ὥ ς‏ ȟ  (17) ὸ ‏ ρ † Ὀ ς ,  (18) ὸ ρ † Ὀ ὥ Ὡ ὩςὩ ‫ᶻ † Ὕ,  

(19) 

ὸ Ὡ ‫ᶻ ρ † Ὀ ς ,  (20) 

where † ȟ Ὡ ȟ Ὡ ᶻ ȟ Ὡ Ȣ 
  

—  

ὼ  

ὼ π ὃ  
ὃ  

ὃ  

ὄ  

ὄ  

O 

—  

 —  —  —  

  

—  
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Boundary conditions 

Relevant boundary conditions at surface ὼ π are: 

(i) ὸ ‫ᾀ ό πȟ (ii) ὸ ‫ᾀ ό πȟ (iii) ὸ ‫ᾀ ό πȟ  
(21) 

(iv) ὸ ‫ᾀ ό π, (v) ὑᶻ ‫ᾀ Ὕ πȟ 
where ᾀ ȟ ᾀ ȟ ᾀ ȟ ᾀ  are impedance parameters having dimension ; ᾀ  is impedance 

parameter having dimension . 

We assume the values of ‰ ȟ ‰ ȟ Ὕȟ ‪ ȟ ‪ as: ‰ ὃ Ὡ ὃ Ὡ ȟ  (22) ‰ В ‌ ὃ Ὡ ὃ Ὡ ȟ  (23) Ὕ В ‍ ὃ Ὡ ὃ Ὡ ȟ  (24) ‪ В ὄ Ὡ ὄ Ὡ ȟ  (25) ‪ В ‎ ὄ Ὡ ὄ Ὡ ,  (26) 

where ‌ , ‍ , ‎ , (i=1,2,3; j=3,4). 

Here ὃ Ὥ ρȟ ςȟ σ  denote amplitude of incident Ps-wave, Pf-wave and T-wave ὃ Ὥ ρȟ ςȟ σ  correspond to reflected Ps-wave, Pf-wave and T-wave; ὄ Ὦ σȟ τ  

correspond to amplitude of incident SVS-wave and SVF-wave and ὄ Ὦ σȟ τ  associate 

to reflected SVS-wave and SVF-wave. 

Snellɠs Law is represented as  (i=1, 2, 3, 4, 5), where Ὧ ὺ Ὧ ὺ  Ὧ ὺ Ὧ ὺ Ὧ ὺ ‫Ȣ Using Eqs. (8), (17)ɝ(20) in boundary conditions (21) we 

obtain the following relation coefficients (or amplitude ratios): В ὥ ὤ Ὣ , (p, j = 1, 2, 3, 4, 5),                              (27) 

where ὥ ὖ ‌ ὥ ὥ ς‏ ρ ίὭὲ — ᾀ ρ ίὭὲ — , Ὣ  ὖ ‌ ὥ ὥ ς‏ ὧέί — ὺ ᾀ Ὥὧέί— , ὥ ὖ ς‏ ίὭὲ— ρ ίὭὲ — Ὥᾀ ὺ ίὭὲ— , ὥ ὖ ς‏ ίὭὲ— ρ ίὭὲ — Ὥᾀ ὺ ίὭὲ— , ὥ ὖ‏ ίὭὲ — ρ ίὭὲ — Ὥᾀ ρ ίὭὲ — , Ὣ ὖ ς‏ ίὭὲ— ὧέί— Ὥᾀ ὺ ίὭὲ— , ὥ ὖ ὥ Ὡ ‌ ὭὯ ὺ ‌ Ὡ ςὩ ‫ᶻ ρ ίὭὲ —
Ὥ‌ ᾀ ρ ίὭὲ — ,  Ὣ  ὖ ὥ Ὡ ‌ ὭὯ ὺ ‌ Ὡ ςὩ ‫ᶻὧέί — ὺ ᾀ ‌ Ὥὧέί— , ὥ ὭὯ ‎ ςὖὩ ‫ᶻὺ ίὭὲ— ρ ίὭὲ — Ὥᾀ ‎ ὺ ίὭὲ— , 
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ὥ ὭὯ ‌ ςὖὩ ‫ᶻὺ ίὭὲ— ρ ίὭὲ — Ὥ ᾀ ‌ ίὭὲ— , Ὣ ὭὯ ‌ ςὖὩ ‫ᶻὺ ίὭὲ— ὧέί— Ὥὺ ᾀ ‌ ίὭὲ— , ὥ ὖὩ ‫ᶻ ὭὯ ‎ ὺ ίὭὲ — ρ ίὭὲ — ὭὯ ‎ Ὥᾀ ‎ ρ ίὭὲ — , ὥ Ὥὑᶻ ρ ίὭὲ — ᾀ , Ὣ Ὥὑᶻ ὧέί— ᾀ ὺ , ὥ ὥ π, 

where ὤ  (I = 1, 2, 3) and ὤ  Ὦ τȟ υ  are the amplitude ratios of reflected Ps, 

Pf, T and SVS, SVF waves respectively for an incident Ps wave. 

Similarly, amplitude ratios of reflected waves can be calculated for the incident Pf 

or T or SVS or SVF waves. 

 

Energy ratios of reflected waves 

In this section the partition of energy among different reflected waves is calculated. 

Following Achenbach [48], the rate at which the energy is transmitted per unit surface 

area per unit time is expressed as: ὖ В ᴘ ὸ ό ȟ В ᴘ ὸ ό ȟ .           (28) 

The average reflected wave energy at ὼ π is given by: ȿὉ ȿ ȟ         (29) 

Ὁ  ᶻ
,        (30) 

where, ὶ ‌ ὖ ὥ Ὡ ‌ ὭὯ ‌ ὺ Ὡ ςὭὩ ‫ᶻὯ ‌ , (I = 1, 2, 3; j = 4, 5). 

 

Numerical results and Discussion 

In order to demonstrate the impact of impedance parameter at various values of fractional 

order differential parameters on energy ratios of reflected Ps, Pf, T, SVS and SVF waves 

the following data is taken [47] (Table 1). 

 
Table 1. Various values of fractional order differential parameters on energy ratios of reflected Ps, Pf, T, 

SVS and SVF waves 

Symbol Value Symbol Value ‗, N/m2 6.0Ͻρπ  ‌ , N/m2 K 0.152Ͻ ρπ  ‘, N/m2 9.0Ͻ ρπ   ‌ , N/m2 K 0.015Ͻ ρπ  ‗ , Ns/m2 1.002Ͻ ρπ  ὑᶻ, N/sK 0.498Ͻ ρπ  ‘ , Ns/m2 8.88Ͻ ρπ  T, K 298 „ , N/m2 8.9Ͻ ρπ  ” ȟ  Ns2/m4 2.65Ͻ ρπ  „ , N/m2 8.91Ͻ ρπ  ” ȟ  Ns2/m4 9.90Ͻ ρπ  ‚ , Ns/m4 4.950Ͻ ρπ  †, sec 0.002 ‌ , N/m2 K2 0.03831Ͻ ρπ  ‒ , N/m2 2.15Ͻ ρπ  
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Equations (29), (30) are solved numerically using the above numerical data and for 

the non-local parameters ‚   = 11, and ‚  = 4.25, as well as the impedance parameters 

z1 = 0.01, z2 = 0.02, z3 = 0.03, z4 = 0.04, z5 = 0.05. 

 

Impact of fractional order strain on phase velocity 

The impact of fractional order strain on dilatational and transversal waves are shown with 

the help of Figs. 2ɝ6. 
 

 
 

Fig. 2. Variation of longitudinal phase velocity V1 w.r.t angular frequency 
 

 
 

Fig. 3. Variation of longitudinal phase velocity V2 w.r.t. angular frequency 

 

Fig. 4. Variation of longitudinal phase velocity V3 w.r.t. angular frequency 
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Fig. 5. Variation of transversal phase velocity V4 w.r.t. angular frequency 

 

 

Fig. 6. Variation of transversal phase velocity V5 w.r.t. angular frequency 

 

Figures 2ɝ4 shows the variation in longitudinal phase velocity w.r.t. angular 

frequency due to variation in fractional order strain. Figure 2 depicts that phase velocity 

V1 increases with angular frequency. As values of fractional order strain is raised phase 

velocity V1 also increase. From Fig. 3, it is prominent that phase velocity V2 initially 

oscillates and then increase with higher values of frequency. When r = 0.25 velocity V2 is 

greater than the velocity attained for r = 0 and 0.025 but for higher values of frequency 

opposite trend is noticed in their behavior. Impact of fractional order strain on variation 

of phase velocity V3 is presented in Fig. 4. It is observed that tendency of phase velocity 

V3 decrease with angular frequency and became dispersion less. Velocity V3 decrease with 

higher values of fractional order strain. It is also observed that values of phase velocities 

for r = 0 and r = 0.025 are close to each other in entire region. 

Figures 5 and 6 shows the variance in transversal velocity V4 and V5 w.r.t. angular 

frequency due to change in fractional order stain. From Fig. 5 it is noticed that values of 

velocity V4 decrease with angular frequency. Initially V4 for r = 0 much higher than the 

values acquired for r = 0.25 and 0.025 but its values seems to converge for for higher 

values of frequency. It is also detected that initially phase velocity decrease with higher 

values of fractional order strain but later they adverse behavior is depicted in their 

manner with respect to fractional order strain. 

Variation of velocity V5 with change in fractional order strain is demonstrated with 

the help of Fig. 6. It is observed that contrary to V4 transverse velocity V5 increase with 

frequency but decrease with higher values of r. It is also noticed that though trend of 
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velocity V5 for for higher values of r remain same but its values are close to each other 

for r = 0 and 0.025. 

 

Energy ratios 

The energy ratios for the reflected Ps-wave, Pf-wave, T-wave, SVS-wave, and SVF-wave 

are obtained and graphically presented in Figs. 7ɝ11. 

The energy ratios |Ep| (p = 1, ... , 5) of these waves are plotted with respect to angle of 

incidence for three different values of the fractional strain parameter: r = 0, 0.025, and 0.25. 
 

 
Fig. 7. Variation in energy ratios of reflected waves E for incidence of Ps wave 

in comparison of angle of incidence — at distinct values of r: (a) E1, (b) E2, (c) E3, (d) E4, (e) E5  
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The energy ratios of reflected waves when the Ps wave is incident are shown in Fig. 7. 

|E1| is found to change little with incidence angle. Also, the values of |E1| at r = 0 is greater 

than the values attained at r = 0.025 but less than the values acquired at r = 0.25. The energy 

ratio |E2| first rises with the angle of incidence before fluctuating somewhat in its values. As 

similar to Fig. 2, the values of |E2| obtained at r = 0 remain between the values obtained  

for r = 0.025 and r = 0.25. Higher values of r result in higher values of |E3| for reflected T wave 

values. At — φςЈ for r = 0, r = 0.025, and r = 0.25, there is a rise in the values of |E3|, and 

subsequently there is a fall with angle of incidence. Energy ratio values |E4| and |E5| exhibit 

oscillating behavior. Both |E4| and |E5| obtain the least value at — φςЈ and maximum value 

at — σπЈ. Values of |E5| are close to each other for r = 0.025, and r = 0.25. In comparison to 

other values of r, the values found for |E4| and |E5| at r = 0 continue to be the least. 

 

 
Fig. 8. Variation in energy ratios of reflected waves for incidence of Pf wave in comparison of angle of 

incidence at distinct values of r: (a) E1, (b) E2, (c) E3, (d) E4, (e) E5 
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The fluctuation in energy ratios caused by Pf wave incidence is depicted 

in Fig. 8. The energy ratio, |E1|, decreases in ρЈ — υπЈ, then rises to reach its maximum 

value at — φςЈ before beginning to decline at higher values of —. Additionally, it is noted 

that when fractional strain increases in order, |E1| values drop. The values of the energy 

ratio |E2| remain roughly close to one, as seen in Fig. 8(b). It slowly increases at first, then 

decreases, and then starts to increase again. The values of |E2| drop as fractional order 

strain increases, while the values of |E3| grow as fractional order strain increases. The 

values found for |E4| and |E5| at r = 0 continue to be the least and maximum at r = 0.025. 

Also, |E4| acquires a sudden rise in values at — φςЈ for all values of r. |E5| also increase 

at — φςЈ for r = 0 and 0.25 but when r = 0.025 it becomes least for the same value of —. 

 
Fig. 9. Variation in energy ratios of reflected waves for incidence of T wave 

in comparison of angle of incidence at distinct values of r: (a) E1, (b) E2, (c) E3, (d) E4, (e) E5 
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The energy ratios of reflected waves as a result of T wave incidence are shown in 

Fig. 9. It is observed that as the values of fractions order strain grow, |E1|, |E3| and |E4| 

decrease. In the case of r = 0, the energy ratio |E2| decreases initially and then increases, 

while for r = 0.025, it oscillates across the whole range and reaches values that are greater 

than those obtained for r = 0 and 0.25, with the exception of — φςЈ. |E3| attains highest 

value at — φςЈ when r = 0 and 0.25 but least value for r = 0.025. |E4| attains a peak in 

its values when — σπЈ for all values of fractional order strain. The values of |E5| exhibit 

oscillatory behavior, acquiring the lowest values at r = 0.25 when compared to other 

values of r. 
 

 
Fig. 10. Variation in energy ratios of reflected waves for incidence of SVS wave 

in comparison of angle of incidence at distinct values of r: (a) E1, (b) E2, (c) E3, (d) E4, (e) E5 

(a) 

— 

9н 

(b) 

(c) (d) 

(e) 

— — 

— — 

9м 

9о 9п 

9р 



14 S. Sharma, D. Batra, R. Kumar 

 
Fig. 11. Variation in energy ratios of reflected waves for incidence of SVF wave 

in comparison of angle of incidence at distinct values of r: (a) E1, (b) E2, (c) E3, (d) E4, (e) E5 

 

The energy ratio changes of reflected waves when SVS wave is incident is shown in 

Fig. 10. It is seen that |E1| exhibits oscillatory behavior, and its values increase with r. |E2| 

oscillates with angle of incidence and attains maximum values at — φςЈ for all values of r. 

Also values of |E2| are maximum at r = 0. The values of |E3| and |E5| at r = 0 is higher than 

those obtained at r = 0.025, but they are still lower than the values obtained at r = 0.25. At — φςЈ, |E4| attains smallest value for r = 0, but highest values for r = 0.025 and 0.25. 
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The energy ratios when the SVF wave is incident are exhibited in Fig. 11. It is 

detected that reflected wave energy ratios exhibit oscillatory behaviour. At r = 0.25, the 

energy ratios |E1| and |E2| reach their minimum value and for r = 0.025 it acquires 

maximum value. While |E4| decreases as fractional strain values rise, |E3| values rise with 

greater values of r. For r = 0.025, the values of |E5| stay at their lowest at r = 0.25. |E2| and 

|E4| continue to be larger at r = 0 and smaller at r = 0.025. 

 

Impact of swelling porosity on energy ratios 

In order to depict the influence of swelling porosity on energy ratios, after substituting „ ‚ ‎ ‘  ‗ „ ‌ ” ‒ π in basic Eqs. (1)ɝ(3), we get 

corresponding results for without swelling porous (WSP) elastic materials. In Figs. 12ɝ14 

energy ratios for swelling porous (SP) and WSP materials are obtained when Ps wave is 

incident. Here solid black line represents the graphs for swelling porous materials (SP) and 

the graphs in red line shows the results acquired for without swelling porous materials (WSP). 

 
Fig. 12. Impact of swelling porosity on energy ratios when fractional order strain r = 0:  

(a) E1, (b) E2, (c) E3, (d) E4, (e) E5 
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Figure 12 shows the energy ratios for SP and WSP w.r.t. angle of incidence when 

value of r = 0. Figure 12(a) demonstrates that energy ratio |E1| in both SP and WSP medium 

are close to one with less variation in values when Ps wave is incident, but its values in 

SP medium are less than those obtain for WSP medium for entire range. Energy ratio |E3| 

is of oscillatory behavior in both SP and WSP medium as shown in Fig. 12(c). Here also 

values of WSP medium dominates the values acquired for SP medium. Figure 12(d) 

depicts that |E4| keeps oscillating with angle of incidence for both the medium. In contrary 

to |E1| and |E3|, here values in SP medium are higher than those obtain for WSP medium. 

Figure 13 demonstrate the comparison between the energy ratios attained for SP and 

WSP medium when value of r = 0.025. Here again values of WSP for |E1| and |E3| are greater 

than the results obtained for SP materials as observed in the case for r = 0. Value of |E1| 

is approximately one for both SP and WSP medium whereas |E3| is of oscillatory 
 

 
Fig. 13. Impact of swelling porosity on energy ratios when fractional order strain r = 0.025:  

(a) E1, (b) E2, (c) E3, (d) E4, (e) E5  

9м 9н 

9о 9п 

9р 

(a) (b) 

(c) (d) 

(e) 

— — 

— — 

— 



Fractional strain analysis on reflection of plane waves at an impedance boundary of non-local swelling porous thermoelastic medium  17 

 

behavior. Figure 12(d) represents that energy ratio |E4| oscillates and obtains least value 

at — φςЈ. Here, values in SP medium are higher than those obtained for WSP medium. 

It clearly shows the impact of swelling porosity of the materials. 

When value of r is raised to 0.25 energy ratios obtained in SP and WSP medium are 

represented in Fig. 14. Figure 14(a,c) shows that here also WSP medium dominates the 

values obtained for SP medium as observed in case when r = 0 and r = 0.025. Figure 14(d) 

depicts that trend of |E4| for SP and WSP medium is same with small difference in their 

values. It is also noticed that the values of energy ratios |E4| obtained for WSP medium 

are higher than the SP medium which is contrary to the case when r = 0 and 0.025. 

 

 
 

Fig. 14. Impact of swelling porosity on energy ratios when fractional order strain r = 0.25:  

(a) E1, (b) E2, (c) E3, (d) E4, (e) E5 
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Conclusions 

Plane wave propagation in nonlocal swelling porous thermoelastic under fractional order 

strain is scrutinized. It has been observed that there exist five plane waves consisting of 

three set of coupled longitudinal waves and two set of coupled transverse waves 

propagating with distinct speeds. The reflection phenomena of these waves at the 

impedance boundary have been examined. The expressions giving reflection coefficients 

and energy ratios at the stipulated boundary have been presented. The impact of 

fractional order strain and swelling porosity on energy ratios are obtained numerically 

and illustrated graphically. From the analysis of the illustrations, we derive the following 

conclusion: the energy ratios depend on the angle of incidence as well as the properties 

of the medium. The nature of dependence is distinct for distinct reflected waves. 

Theoretical as well as numerical results show that the energy ratios of various reflected 

waves are affected by fractional order strain and swelling porous parameters. Effect of 

nonlocal parameters is quite pertinent on the energy ratios. Phase velocity decrease with 

higher values of fractional order strain but Ps and SVS behaves in opposite manner. Phase 

velocity of thermal wave T and SVS wave decrease whereas velocity of Ps, Pf and SVF wave 

increase with angular frequency. All existing waves in stipulated medium are dominated 

by fractional order parameter. Energy ratios of reflected T, SVS and SVF wave are smallest 

for lower values of fractional order parameter when Ps and Pf wave is incident. Fractional 

order strain parameters decrease the energy ratios when T wave is encountered. Energy 

ratio of reflected Ps wave increase with fractional order strain in case of incident SVS 

wave, whereas energy ratio of reflected T wave decrease when SVF wave is incident. When 

longitudinal waves are incident — φςЈ behaves like a critical angle. Swelling porosity 

decrease the magnitude of energy ratios of Ps and T wave for all values of fractional order 

parameter except for SVS wave. In WSP medium energy ratio of reflected Ps and T wave 

dominates the values obtained for SP medium on contrary to that energy ratios of 

reflected SVS wave are higher in SP medium. Increase in fractional order results in 

dominance of WSP over SP medium. The numerical result depict that the sum of modules 

values of energy ratio is approximately unity at each angle of incidence. This shows that 

there is no dissipation of energy during reflection phenomena and hence prove the law 

of conservation of energy. 

 

Application 

The results proffered in this work will prove to be helpful for researchers working with 

material science and physicists as well as those working on the expansion of a swelling 

porous thermoelasticity theories. The nonlocal and fractional order strain theory of 

thermoelasticity has dignified applications or usages in fracture mechanics, nuclear 

reactors and nano-mechanics. Moreover, the nonlocal swelling porous thermoelastic 

under fractional order strain is more realistic than the swelling porous thermoelasticity. 

Wave propagation is a powerful technique to detect minerals and fluid inside the earth. 

The problem explored in a stipulated model engages in a significant role in various 

engineering fields for example civil engineering, petroleum engineering and nuclear 

waste management.   
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ABSTRACT  

The propagation of Rayleigh surface waves in an isotropic thermoelastic solid half-space is the focus of the 

current study, which takes into account the compact form of six distinct thermoelasticity theories. An 

isothermal boundary surface in the absence of tangential and normal stress is used to solve the problem. 

A dispersion equation with irrational terms is obtained after creating a mathematical model. This equation 

needs to be transformed into a rational polynomial equation in order to use the algebraic method to find 

exact complex roots. The roots are filters for in-homogenous wave propagation that decays with depth. 

Then these roots are used to compute the numerically characteristic properties of the Rayleigh wave, which 

include phase velocity, attenuation coefficient, and polarisation of particles. The results are presented 

graphically for particular cases of thermoelasticity by using the physical data of copper metal. 
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Introduction 

Both natural and artificial materials are rated according to how they react to wave 

propagation parameters including wave polarization (particle oscillations) and travel time 

spans (or phase velocities). Among other things, specific heat, thermal expansion, and 

thermal conductivity all have an impact on these quantifiable values. The relationship 

between an elastic material temperature and the distribution of strain and stress, as well 

as the reciprocal impact of induced deformation on temperature distribution, are all 

examined by thermoelasticity theory. Applications for wave propagation phenomena are 

widely used in seismology, oil exploration, mineral and geophysical exploration. 

Thermoelasticity plane wave propagation has numerous applications in diverse 

engineering domains. When researching many facets of an earthquake, the surface waves 

are a great resource. 

Biot [1] established the coupled theory of thermoelasticity using hyperbolic-

parabolic field equations. Lord and Shulman (L-S) [2] and Green and Lindsay(G-L) [3] 

extended the coupled theory and called as generalised thermoelasticity. Green and 

Naghdi (G-N) [4] created a thermoelasticity theory lacking of energy dissipation. These 

theories [2ɝ4] admit a finite heat-propagation speed, then the difference from coupled 

theory is created. Hetnarski and Ignaczak [5] and Ignaczak and Ostoja-Starzewski [6] 
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https://orcid.org/0000-0003-4455-8690
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examined these illustrative generalised thermoelasticity theories. Tzou [7] worked on the 

two-phase- lag model. Roy-Choudhuri [8] studied the three-phase lag model. Numerous 

scholars have looked into wave propagation problems associated with coupled or 

generalised thermoelasticity [9ɝ15]. 

The surface waves that travel along an elastic solid medium's free surface were 

examined by Rayleigh [16]. These Rayleigh waves are employed to observe the 

mechanical and structural characteristics of any material since they may travel over the 

surface, penetrate thick solid materials to a depth of one wavelength, and exhibit 

extremely sensitive behaviour to surface flaws. In thermoelasticity, the Rayleigh-type 

surface waves are thought to be useful in a variety of engineering domains and emerging 

technologies. There have been numerous reported uses of the Rayleigh wave in 

thermoelasticity theory up to this point. Some of them are as follows: Sinha and 

Sinha [17] examined the impact of modulating the Rayleigh wave velocity on altering the 

temperature environment. Sharma [18] investigated the characteristics of Rayleigh waves 

by employing the functional iteration approach to solve a difficult transcendental 

problem. Tomita and Shindo [19] analysed how Rayleigh waves propagate in a fully 

conducting elastic half-space in response to magnetic fields. Chadwick and Windle [20] 

examined the consequences of Rayleigh wave propagation along insulated and 

isothermal boundaries. 

Dawn and Chakraborty [21] studied about the Green and Lindsay hypothesis in 

relation to the Rayleigh wave investigation in thermoelastic media. Chadwick and 

Windle [20] presented the work on the properties of the Rayleigh wave by considering two 

different boundary conditions. Ahmed [22] examined how temperature stress affected 

Rayleigh wave propagation in a granular media. Sharma et al. [23] analysed how thermal 

relaxation and rotation affected the Rayleigh surface waves in piezothermoelastic half-

space. Abd-alla [24] studied the surface wave in a generalised thermoelastic medium in the 

relaxation of the thermal time effect. Mahmoud [25] investigated the effect of magnetic 

field, rotation, relaxation times, gravity field, and initial stress on Rayleigh wave velocity in 

the space of a granular medium. Noguchi et al. [26] examined the use of Rayleigh waves 

by taking into account how long-period ground motion is affected by earthquakes.  

Bucur et al. [27] examined the ways in which thermal fields in a linear thermoelastic 

material with voids can dampen Rayleigh waves and harmonic waves. Zhao et al. [28]  

An analytical approach to the seismic response of composite-lined tunnels under 

Rayleigh waves in elastic ground. Xinxin et al. [29] studied seismic Rayleigh wave 

imaging for oil exploration using genetic-damped least squares joint inversion and multi-

channel surface wave analysis. Singh and Verma [30] examined many theories of 

thermoelasticity to study the Rayleigh wave's propagation in thermoelastic solid half-

space. Kumar et al. [31] examined the L-S theory under the influence of the initial stress, 

magnetic field, two temperatures, and diffusion in order to study the fundamental 

equation of thermoelasticity. Kumar and Gupta [32] examined Rayleigh waves in a mass-

diffusing, generalised thermoelastic media. Kumar et al. [33] examined the microrotation, 

tangential component of displacement, and normal boundary conditions for the shear, 

normal, and shear couple tractions at the surfaces, respectively.  

Haque and Biswas [34] investigated the wave propagation using an algebraic 

differential equations Eigen value. Determine the attenuation coefficient and phase 
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velocity, then compare the graphs for void and non-void space. Saeed et al. [35] examined 

the propagation of Rayleigh waves in a temperature-dependent semi-conductor 

thermoelastic material. Singh and Kashyap [36] the propagation of micro polar 

thermoelastic material with time delay under memory-dependent derivatives has been 

investigated. 

The current paper is structured as follows: in the "Basic equations" section, we 

address the compact version of the heat conduction equation of the six theories of 

thermoelasticity after first providing the basic equations employed in the study. The 

problem is formulated in the "Formulation of problem" section by utilising the 

displacement vector in the form of a potential function. Using potential functions, 

determine the longitudinal and transversal wave velocities in the "Solution of problem" 

section. In the "Boundary surface conditions" section, the secular dispersion equation is 

created using boundary conditions in order to discover complex filtered roots, which are 

used to determine the phase velocity, attenuation coefficient, and particle path, among 

other characteristics of the Rayleigh wave. In the "Path of particle" section, the phase 

velocity, attenuation coefficient, and path of six peculiar examples are presented 

graphically. 

 

Basic equations 

A compact form of the equations for thermoelasticity theories in the absence of external 

heat sources is as follows, in accordance with Kumar and Gupta [37]. 

The temperature-stress-strain relationship: „ ς‘Ὡ ‗Ὡ ‏ ‏ ‍ ρ † ὝȢ      (1) 

Relation between strain and displacement: Ὡ Ὡ ‬ό Ⱦ‬ὼ ‬ό Ⱦ‬ὼ ȾςȢ      (2) 

The equations of motion: ‗ ‘ ό ȟ ‘ό ȟ ‍ ρ † Ὕȟ ”ό Ȣ       (3) 

Modified Fourierɠs law: ὑ ǋ άᶻ ὸ ὸ Ὕȟ ή Ȣ         (4) 

Energy equation: ”Ὕ Ὓ ή ȟ Ȣ            (5) 

Entropy-strain-temperature relation:  ”ὅ ά † ὸ ὸ Ὕ Ὕ ‍ ά ά † ὸ ὸ Ὡ ”Ὕ ὛȢ   (6) 

The heat conduction equation:  ὑ ǋ άᶻ ὸ ὸ Ὕȟ ” ὅ ά † ὸ ὸ Ὕ   Ὕ ‍ ά ‬‬ὸ ά † ‬‬ὸ ὸ ‬‬ὸ ὸ ‬‬ὸ Ὡ Ȣ    (7) 

In Eqs. (1)ɝ(7), constants and parameters are used as following: ‗, ‘ are the lameɠs 
constants, ” is a mass density, ὅ a the specific heat at the constant strain, Ὡ  are an 

dilatation, ή are the heat flux components, ό  are the displacement components, „  are 

the stress tensor components, Ὓ is an entropy per unit mass, ὑ  is the thermal 

conductivity, Ὕ is an increment in temperature, Ὕ — Ὕ , where Ὕ  is a reference 

temperature and — is an absolute temperature with condition satisfied as ȿὝȾὝ ȿ ρ, ‍ σ‗ ς‘ ‌ ȟ ‌  is the coefficient of thermal linear expansion, † ȟ † ȟ † ȟ † ȟ †  are 

relaxation times in thermal with condition † † π, phase lags of heat flux, 

temperature gradient and thermal displacement gradient respectively, where άᶻȟ ά ȟ ά ȟ ὸ ȟ ὸ ȟ ὸ ȟ ὸ ȟ † ȟ † ȟ are parameters.  
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Rayleigh surface wave propagation through an isotropic medium with 

thermoelasticity. The following values of the parameters in Eqs. (3) and (7) are used to 

study the various theories: 

1. Coupled theory (C-T) condition of thermoelasticity is obtained when: άᶻ  m ρȟ ά ὸ ὸ ὸ ὸ † † πȟ                                       (8) 

2. The thermoelasticity theory known as Lord-Shulman (L-S) is derived when: άᶻ ά ά ρȟ ὸ ὸ ὸ ὸ † πȟ                                        (9) 

3. In thermoelasticity, the Green- Lindsay (G-L) theory is derived when: άᶻ ά ρȟ ά ὸ ὸ ὸ ὸ πȟ                  (10) 

4. The thermoelasticity theory known as Green-Nagdhi (Type-III) or G-N is derived from:  άᶻ πȟ m † ὸ ρȟ m ὸ ὸ ὸ † πȟ                                               (11) 

put in (7) results into equation: ὑ άᶻ Ὕȟ ”ὅ Ὕ ‍Ὕ Ὡ Ȣ                              (12)
 Here άᶻ is a constant having a dimension 1/sec, Ὕ ,‮

 
and άᶻὑ ὑ ᶻ is a 

constant characteristic of the theory. Equation (12) become:  ὑ ᶻὝȟ ὑ ȟ‮ ”ὅ Ὕ ‍Ὕ Ὡ ȟ                              (13) 

Subcase: when ὑ π in Eq. (13), Green- Nagdhi (Type-II) theory is obtained. 

5. The thermoelasticity two-phase-lag theory is derived when: άᶻ ρȟ m ά ρȟ † ὸ ὸ πȟ ὸ † ȟ ὸ ȟ † † ȟ                         (14) 

6. The thermoelasticity three-phase-lag theory is derived when: ά  † ρȟ m † πȟ ὸ † ȟ ὸ ρ άᶻ† ȟ ὸ † ȟ ὸ Ȣ                         (15)
 

 

Formulation of problem 

To solve the problem related to two-dimensional space, consider the displacement 

vector ό ό ȟ πȟ ό  in medium. The dimensionless quantities listed below are defined 

as: Ὕ ǋ ‍Ὕ”ὧ ȟ ὼ ǋ ȟ όǋ ‫ᶻὼὅ ȟ ‫ᶻόὅ ȟ ᶯ ‬‬ὼ ȟ Ὥ ρȟ σȟ † ǋ ȟ † ǋ † ȟ † ‫ᶻ ȟ ὸ ǋ ‫ᶻὸȟ † ǋ ȟ † ǋ ȟ † ǋ † ȟ † ȟ † ‫ᶻ ȟ                                          (16) „ ǋ ȟ ‫ᶻ
ǋ ȟ ‏ ȟ ὅ ȟ ὅ Ȣ  

The displacement components in form of potential function ‰ ȟ ‰ ȟ ‰  can be 

written as: ό ȟ ό ȟ Ὥ ρȟ ς.                                     (17) 

In Eqs. (3) and (7) with the help of (16), after suppressing the primes, apply the 

Eq. (17) we obtain: ​ • ρ † Ὕ πȟ                            (18) ​ • πȟ                              (19) άᶻ ὸ ὸ ​ Ὕ                                                                                            (20) 

= ά † ὸ ὸ Ὕ ά ά † ὸ ὸ ​ •Ȣ 
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Solution of problem 

We assume, for propagation of harmonic wave in consider plane as: ‰ȟ ‰ ȟ Ὕ ὼ ȟ ὼ ȟ ὸ ‰ȟ ‰ ȟ Ὕ Ὡ Ȣ                   (21) 

Substitute Eq. (21) in Eqs. (18) and (20) and then simplified, we get: ὣ ​ ὣ ​ ὣ •ȇ π                               (22) 

where ὣ Ὑ ȟ ὣ Ὑ ‫ Ὑ Ὑ Ὑ ȟ ὣ ‫ Ὑ ȟ Ὑ ρ ―†‫ ȟ Ὑ άᶻ ―ὸ ‫ ὸ ‫ ȟ   Ὑ ―ά ‫ † ‫ ―ὸ ‫ ὸ ‫ ȟ  Ὑ ‍ Ὕ” ὅ ὅ ―ά ‫ † ά ‫ ―ὸ ‫ ὸ ‫ Ȣ 
General solution ‰ can be written as:  ‰ ‰ ‰ ȟ                                 (23) 

where the potential •ȇ ȟ •ȇ  are solutions of equation given by:  ​ •ȇ πȟ Ὥ ρȟ ς                    (24) 

where ὠ ȟ ὠ ȟ are the velocities of longitudinal waves (ὖand Ὓὠ wave), are the roots of 

equation:   Ὑ ὠ Ὑ ‫ ὠ Ὑ ‫ πȢ                    (25) 

Equation (19) can be solved for the transverse wave velocity ὠ  .using Eq. (21) ‏

The result is provided by: ​ •ȇ πȟ                       (26) 

By using Eqs. (7), (21), (23) and (24) we obtain: •ȟ Ὕ В ρȟ ὲ • ȟ                     (27) 

where ὲ ȟ Ὧ ρȟ ς. 

The displacement potentials • ȟ • ȟ •  for the propagation of harmonic wave with 

exponential decay in a plane is given as: • ὃ Ὡ ȟ Ὧ ρȟ ςȟ σ,                                       (28) 

where apparent phase velocity used as ὧ, ή ρȟ ή ρ ȟ ή ρȢ 
 

Boundary surface conditions 

For the isothermal and stress-free surface ὼ πȡ 
(a) vanish normal and tangential stress component: „ πȟ                       (29) „ πȟ                       (30) 

(b) isothermal boundary surface: Ὕ πȟ                        (31) 

Equation (28) is used in Eqs. (29)ɝ(31) with the aid of Eqs. (1), (2), (17), and (27) to 

get the following system of three homogeneous equations: В ὧ ὃ πȟ                      (32) 

where ὧ ‫   ς ‍ ȟ  ὧ ςή ȟ  ὧ ὲ ȟ ὧ ‫   ς ‍ ȟὧ ςή ȟ ὧ ὲ ȟ ὧ ς ȟ  ὧ ή ρȟ  ὧ πȢ 
The homogeneous system of equations has a non-trivial solution when the 

determinant of the coefficients of the equations in Eq. (32) disappears: 
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 ς Ὤ ς   Ὤ – ς   Ὤ τ ή –ή ή ,                 (33) 

where – ȟ Ὤ ȟ   ȟ Ὥ ρȟ ςȢ 
Since some of the terms in Eq. (32) are irrational, an algebraic approach cannot be 

used to solve it. This equation can be solved by eliminating radicals using two squares 

and manipulation, when applied to the given equation, yields an algebraic equation of 

degree seven that may be written as: В ὧ Ὤ πȟ                      (34) 

where ὧ ρπςτ– Ὠ –‐ ȟ  ὧ σςὥ ὥ Ὠ ς– ὥ ὦ Ὣ ȟ  ὧ ςυφ Ὠ – Ὣ τὨ  ɂ ρπςτ– ‐ ς‐ ȟ  ὧ ψὥ σὫ τὥὦ ψὨ ȟ  ὧ ρςψ ς–ὥ ὥ ὦ Ὠ ς– Ὣ  ρπςτ– ς‐ ‐ ȟ ὧ ψὥ ὥ ὦ ȟ ὧ ρφ Ὣ ψὥ ὥ ὦ Ὠ ς– τ–ὥ ρπςτ– ‐ ȟ ὧ ὥ ȟ ὥ   –  ȟ ὦ ρ –ȟ Ὠ ὥὦ ‐ – ‐ ȟ Ὣ ὥ ὦ τὨȟ ‐ ‐ ‐ ȟ  ‐ ‐ ‐ ȟ ‐ ȟ Ὥ ρȟ ςȢ  
Seven complex roots are obtained from an algebraic Eq. (34) some of which are 

added after radicals are eliminated from Eq. (33). When the initial dispersion equation is 

not satisfied, these roots are recognised and distinguished in Eq. (33). The remaining roots 

that satisfy Eq. (33) are taken into consideration for the wave field decay as the increases 

of ὼ  in the medium. These roots of the Rayleigh wave Eqs. (33) and (34) describing the 

existence and propagation in the isothermal plane boundary of a thermoelastic material 

are satisfied. The coefficient ὧ  depend upon therefore, the phase velocity ὠ calculated ‫ 

from a root of Eq. (34) is also a function of This implies the dispersive behaviour of .‫ 

Rayleigh wave on isothermal surface in thermoelastic medium. The complex value of  ὧ 

shows that waves are attenuated and positive imaginary part of vertical slowness ή Ⱦὧ ȟ Ὥ ρȟ ςȟ σ indicates decay of wave with depth in region ὼ π.  

Following [38], the phase velocity ὠ and attenuation coefficient ὗ  can be 

calculated as: ὠ ȿ ȿЍ ,                      (35) ὗ ȾȾ .                     (36) 

Path of surface particles: • ὃ Ẵ Ὡ ȟ Ὥ ρȟ ςȟ σ,                   (37) 

where ὃ Ⱦὃ ȟ Ὥ ρȟ ςȟ σ are solution of Eq. (30) and Ὧ ‫Ⱦὧ is the complex 

number, Ẵ ρȟ Ẵ –ȟ Ẵ ς –ή ή Ⱦ ή ρ Ȣ 
By using Eq. (37) in Eqs. (17) and (23), we get: ό ȟ ό ȿὟ ȿὩ ȟ ȿὡ ȿὩ Ὡ ,                  (38) Ὗὡ ― Ẵ Ὡ Ẵ Ὡ Ẵ ή Ὡ

Ẵ ή Ὡ Ẵ ή Ὡ Ẵ Ὡ Ὧὃ Ὡ ,     (39) 

where ‏ ρ ― ὧ Ⱦὧ ή ȟ Ὥ ρȟ ςȟ σ, R is used for real part and I is used for 

imaginary part of complex quantity, ὑ is wave number. 

By using Eqs. (37) and (27), we get: Ὕ ȿὝ ȿὩ Ὡ ȟ                     (40) Ὕ ὃ ὲ Ẵ Ὡ ὲ Ẵ Ὡ Ȣ                   (41) 

On the boundary surface ὼ π Eq. (38) by considering the real part we get: 
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 Ὗ ȿὟ ȿ ὧέί ὥὶὫ Ὗ   Ὡὡ ȿὡ ȿ ίὭὲ ὥὶὫ ὡ   Ὡ ,         (42) 

where   ὑ ὼ ‫ὸ parameter varies in πȢς“  to show the path traced. By using Eq. (28) 

in parametric form traces elliptical path. 

 

Special Cases 

Case 1: In order to derive the secular equation for the thermoelasticity coupled theory. 

Substitute άᶻ ά ρȟ ά ὸ ὸ ὸ ὸ † † πȟ into Eq. (25). 

For   πȟ – π Rayleigh wave propagation in an elastic medium is represented by 

Eq. (33) when reduced to equation ς Ὤ τή ή . In line with Ewing et al. [39].  

Case 2: In order to derive the secular equation for the thermoelasticity L-S theory with one 

relaxation of times. Substitute άᶻ ά ά ρȟ ὸ ὸ ὸ ὸ † πȟ into Eq. (25). 

Case 3: In order to derive the secular equation for the thermoelasticity G-L theory with two 

relaxations of times. Substitute άᶻ ά ρȟ ά ὸ ὸ ὸ ὸ πȟ into Eq. (25). 

Case 4: In order to derive the secular equation for the thermoelasticity G-N (Type-III) 

theory. Substitute άᶻ πȟ ά † ὸ ρȟ ά ὸ ὸ ὸ † πȟ into Eq. (25). 

Case 5: In order to derive the secular equation for the thermoelasticity two-phase -lag theory. 

Put άᶻ ρȟ ά ά ρȟ † ὸ ὸ πȟ ὸ † ȟ ὸ † Ⱦςȟ † † ȟ into Eq. (25). 

Case 6: In order to derive the secular equation for the thermoelasticity three-phase -lag theory. 

Put ά  † ρȟ ά  † πȟ ὸ † ȟ ὸ ρ άᶻ† ȟ ὸ † ȟ ὸ † Ⱦςȟ into Eq. (25). 

 

Numerical results and Discussion 

Findings of phase velocity, attenuation coefficients  

Phase velocity and attenuation coefficient for various theories of thermoelasticity are 

compared using MATLAB software, adopting frequencies ranging from 0.1 to 59.1 Hz. 

Now we find numerical results for copper material [38] the required data is given by: ὑ τππ 7Í ȟ ‗ χχȢφ '0Áȟ ‘ σψȢφ '0Áȟ ‌ ρȢχψ ρπ + ȟ  ὅ σψσ * +Ç Ⱦ+ȟ ” ψωςπ ËÇȾÍ ȟ Ὕ σρψ +Ȣ  
The relaxation time is given by: † πȢρ Óȟ † πȢφ Óȟ † πȢς Óȟ † πȢυ Óȟ  † πȢτ Óȟ άᶻ πȢσψχρπ ÓÅÃ Ȣ   

Tables 1 and 2 display the program's output for comparing various thermoelasticity 

theories with respect to frequency. The phase velocity and attenuation coefficient change 

with respect to frequency for various thermoelasticity theories are depicted in Fig. 1. The 

following thermoelasticity theories are represented in Fig. 1: coupled theory (CɝT), Lord 

- Shulman theory (L-S), green - Lindsay theory (G-L), green - Naghdi theory (G-N), two-

phase- lag theory (DPL), and three-phase-lag theory (TPL). Solid blue line, red dashed 

line, green dash line with asterisk, red dash line with circle, dark green only asterisk, and 

sky blue with plus sign, respectively. The phase velocity of the G-L theory increases 

smoothly in the range π ‫ υȢρ, then starts decreasing with an increase in frequency 

and becomes stationary for ‫ υυȢρ. The phase velocity of the three-phase-lag theory 

increases smoothly in the range π ‫ χȢρ, then starts decreasing with an increase in 

frequency and becomes stationary for ‫ υυȢρ.  
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Table 1. Phase velocity (V) value with respect to frequency in the context of various thermoelasticity theories 

Frequency ⱷ C-T  ( V )   L-S ( V ) G-L ( V ) G-N  ( V ) DPL ( V )   TPL  ( V ) 
0.1 0.4582 0.4581 0.457 0.4295 0.458 0.4295 

1.1 0.4197 0.4216 0.4334 0.4257 0.4258 0.4249 

2.1 0.4345 0.4374 0.4993 0.4793 0.4524 0.4955 

3.1 0.4469 0.4506 0.4938 0.4776 0.4867 0.5028 

4.1 0.4559 0.4603 0.4996 0.4816 0.4929 0.5098 

5.1 0.4624 0.4675 0.5006 0.4848 0.4983 0.5154 

6.1 0.4672 0.4729 0.4246 0.4873 0.5027 0.5205 

7.1 0.471 0.4771 0.368 0.4894 0.5066 0.5252 

8.1 0.474 0.4805 0.3244 0.4912 0.5101 0.4763 

9.1 0.4764 0.4832 0.2899 0.4927 0.5133 0.4622 

10.1 0.4784 0.4855 0.262 0.4941 0.5165 0.4427 

11.1 0.48 0.4875 0.2389 0.4953 0.5195 0.4168 

12.1 0.4814 0.4892 0.2195 0.4964 0.5225 0.3849 

13.1 0.4826 0.4906 0.203 0.4975 0.5255 0.3495 

14.1 0.4837 0.492 0.1887 0.4986 0.5285 0.3136 

15.1 0.4846 0.4932 0.1764 0.4996 0.5314 0.2795 

16.1 0.4854 0.4942 0.1655 0.5006 0.5343 0.2489 

17.1 0.4861 0.4952 0.1559 0.5015 0.5372 0.2221 

18.1 0.4868 0.4961 0.1474 0.5025 0.5401 0.1989 

19.1 0.4874 0.497 0.1397 0.7187 0.5429 0.179 

20.1 0.4879 0.4978 0.1328 0.6973 0.5458 0.1618 

21.1 0.4884 0.4985 0.1265 0.6774 0.5485 0.1469 

22.1 0.4888 0.4992 0.1208 0.6591 0.5513 0.134 

23.1 0.4892 0.4999 0.1156 0.642 0.554 0.1226 

24.1 0.4895 0.5006 0.1108 0.626 0.5567 0.1127 

25.1 0.4899 0.5012 0.1064 0.611 0.5594 0.1039 

26.1 0.4902 0.5018 0.1024 0.597 0.562 0.0961 

27.1 0.4905 0.5023 0.0986 0.5838 0.7117 0.0891 

28.1 0.4907 0.5029 0.0951 0.5713 0.6566 0.0829 

29.1 0.491 0.5034 0.0918 0.5595 0.6128 0.0773 

30.1 0.4912 0.504 0.0888 0.5484 0.5768 0.0722 

31.1 0.4914 0.5045 0.086 0.5378 0.5462 0.0676 

32.1 0.4916 0.505 0.0833 0.5278 0.5192 0.0635 

33.1 0.4918 0.5054 0.0808 0.5182 0.4951 0.0597 

34.1 0.492 0.5059 0.0784 0.5091 0.4732 0.0563 

35.1 0.4922 0.5064 0.0762 0.5004 0.4531 0.0531 

36.1 0.4923 0.5069 0.0741 0.4921 0.4345 0.0502 

37.1 0.4925 0.5073 0.0721 0.4841 0.4172 0.0475 

38.1 0.4926 0.5078 0.0702 0.4765 0.4011 0.0451 

39.1 1.1044 0.5082 0.0684 0.4692 0.386 0.0428 

40.1 1.0913 0.5086 0.0667 0.4621 0.3719 0.0407 

41.1 1.0788 0.5091 0.0651 0.4554 0.3586 0.0387 

42.1 1.0666 0.5095 0.0635 0.4489 0.346 0.0369 

43.1 1.0548 0.5099 0.062 0.4427 0.3342 0.0352 

44.1 1.0434 0.5103 0.0606 0.4366 0.323 0.0336 

45.1 1.0324 0.5107 0.0593 0.4308 0.3124 0.0321 

46.1 1.0217 0.5112 0.058 0.4252 0.3024 0.0308 

47.1 1.0113 0.5116 0.0568 0.4198 0.2929 0.0295 

48.1 1.0012 0.512 0.0556 0.4146 0.2838 0.0283 

49.1 0.9915 0.5124 0.0545 0.4095 0.2752 0.0271 

50.1 0.9819 0.5128 0.0534 0.4046 0.267 0.026 

51.1 0.9727 0.5132 0.0523 0.3998 0.2592 0.025 

52.1 0.9637 0.5136 0.0513 0.3952 0.2518 0.0241 

53.1 0.955 0.514 0.0504 0.3908 0.2447 0.0232 

54.1 0.9465 0.5144 0.0494 0.3864 0.238 0.0223 

55.1 0.9382 0.5148 0.0485 0.3822 0.2315 0.0215 

56.1 0.9301 0.5152 0.0477 0.3781 0.2253 0.0208 

57.1 0.9222 0.5156 0.0468 0.3742 0.2194 0.02 

58.1 0.9145 0.516 0.046 0.3703 0.2137 0.0194 

59.1 0.907 0.5164 0.0453 0.3665 0.2083 0.0187 
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Table 2. The value of the attenuation coefficient with respect to frequency compared to various 

thermoelasticity theories 

Frequency ⱷ ╠  (C-T)  ╠   (L-S) ╠  (G-L) ╠  (G-N) ╠  (DPL) ╠  (TPL) 
0.1 -0.1429 -0.1417 -0.1407 -0.0156 -0.1405 -0.0149 

1.1 -0.0539 -0.0517 0.1649 0.0255 -0.0231 0.0645 

2.1 -0.0381 -0.039 0.0145 0.0212 0.0281 -0.0588 

3.1 -0.0395 -0.0433 5.0642 -0.0341 -0.0484 -0.0872 

4.1 -0.0421 -0.0494 8.0095 -0.0483 -0.0881 -0.1053 

5.1 -0.0439 -0.055 11.1732 -0.0545 -0.1108 -0.114 

6.1 -0.0449 -0.0597 17.5495 -0.0578 -0.1263 -0.115 

7.1 -0.0453 -0.0636 13.8256 -0.0599 -0.1377 -0.1103 

8.1 -0.0453 -0.0668 15.7837 -0.0612 -0.1464 0.2941 

9.1 -0.045 -0.0695 10.5055 -0.0623 -0.1531 0.3214 

10.1 -0.0446 -0.0717 9.6341 -0.0632 -0.1583 0.3488 

11.1 -0.0441 -0.0736 9.0037 -0.064 -0.1623 0.3678 

12.1 -0.0435 -0.0752 8.5273 -0.0648 -0.1653 0.3691 

13.1 -0.0429 -0.0766 8.155 -0.0656 -0.1675 0.3502 

14.1 -0.0423 -0.0779 7.8562 -0.0663 -0.1689 0.3187 

15.1 -0.0418 -0.0791 7.6113 -0.0671 -0.1696 0.2848 

16.1 -0.0412 -0.0802 7.407 -0.0678 -0.1698 0.2546 

17.1 -0.0406 -0.0812 7.234 -0.0685 -0.1694 0.2298 

18.1 -0.0401 -0.0822 7.0858 -0.0692 -0.1685 0.2099 

19.1 -0.0396 -0.0832 6.9573 -2.4806 -0.1671 0.1937 

20.1 -0.0391 -0.0841 6.8449 -2.47 -0.1654 0.1803 

21.1 -0.0387 -0.085 6.7457 -2.4602 -0.1633 0.1691 

22.1 -0.0382 -0.0858 6.6576 -2.451 -0.1609 0.1595 

23.1 -0.0378 -0.0867 6.5788 -2.4423 -0.1582 0.1511 

24.1 -0.0374 -0.0875 6.508 -2.4341 -0.1553 0.1438 

25.1 -0.0371 -0.0883 6.4439 -2.4263 -11.522 0.1372 

26.1 -0.0367 -0.0892 6.3857 -2.4188 -72.149 0.1313 

27.1 -0.0364 -0.09 6.3326 -2.4116 -258.48 0.126 

28.1 -0.0361 -0.0908 6.2839 -2.4046 --205.6 0.1211 

29.1 -0.0357 -0.0916 6.2392 -2.3979 -207.43 0.1166 

30.1 -0.0355 -0.0924 6.1979 -2.3914 -195.45 0.1125 

31.1 -0.0352 -0.0932 6.1597 -2.3851 -292.40 0.1087 

32.1 -0.0349 -0.094 6.1243 -2.3789 -259.12 0.1051 

33.1 -0.0347 -0.0948 6.0913 -2.3729 -84.051 0.1018 

34.1 -0.0344 -0.0956 6.0606 -2.3671 -55.813 0.0987 

35.1 -0.0342 -0.0964 6.0318 -2.3614 -20.767 0.0958 

36.1 -0.034 -0.0972 6.0048 -2.3558 -27.437 0.0931 

37.1 -0.0338 -0.098 5.9795 -2.3503 -25.124 0.0905 

38.1 -0.0336 -0.0988 5.9557 -2.3449 -23.459 0.0881 

39.1 -0.7987 -0.0995 5.9333 -2.3396 -22.232 0.0858 

40.1 -0.7979 -0.1003 5.9121 -2.3344 -21.312 0.0836 

41.1 -0.7971 -0.1011 5.8921 -2.3293 -20.617 0.0815 

42.1 -0.7963 -0.1019 5.8732 -2.3243 -20.091 0.0796 

43.1 -0.7956 -0.1027 5.8552 -2.3194 -19.694 0.0777 

44.1 -0.7949 -0.1035 5.8381 -2.3146 -19.400 0.0759 

45.1 -0.7943 -0.1043 5.8219 -2.3098 -19.187 0.0742 

46.1 -0.7937 -0.105 5.8064 -2.3051 -19.040 0.0726 

47.1 -0.7931 -0.1058 5.7917 -2.3005 -18.94 0.071 

48.1 -0.7926 -0.1066 5.7777 -2.2959 -18.901 0.0695 

49.1 -0.7921 -0.1074 5.7642 -2.2914 -18.892 0.0681 

50.1 -0.7916 -0.1081 5.7514 -2.287 -18.915 0.0667 

51.1 -0.7911 -0.1089 5.7391 -2.2826 -18.967 0.0654 

52.1 -0.7907 -0.1097 5.7274 -2.2784 -19.042 0.0642 

53.1 -0.7903 -0.1104 5.7161 -2.2741 -19.138 0.0629 

54.1 -0.7899 -0.1112 5.7052 -2.2699 -19.253 0.0618 

55.1 -0.7895 -0.112 5.6948 -2.2658 -19.383 0.0606 

56.1 -0.7891 -0.1127 5.6848 -2.2617 -19.528 0.0595 

57.1 -0.7888 -0.1135 5.6752 -2.2577 -19.685 0.0585 

58.1 -0.7884 -0.1142 5.666 -2.2538 -19.853 0.0575 

59.1 -0.7881 -0.115 5.657 -2.2499 -20.031 0.0565 
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Fig. 1. Variation of phase velocities ὠ (m/s) and attenuations (ὗ ) with frequency for different (Hz) ‫ 

theories of thermoelasticity 

 

From Fig. 1(a), the two-phase-lag theory, which increases smoothly and attains 

maximum value at ‫ ςχȢρ, and after that phase, velocity starts deceasing and attains 

minimum value at ‫ υωȢρ. For the G-N theory, the value of ὠ increases smoothly in the 

range π ‫ ρυȢρand attains a sharp edge at ‫ ρωȢρ. After this, it starts deceasing, 

constantly attaining the minimum value of phase velocity but higher than the two-phase-

lag model velocity. 

The L-S theory, depicts almost constant behaviour because there is very little change 

in phase velocity with an increase in values of frequency in the range π ‫ φπ.  

The couple theory of thermoelasticity shows constant behaviour with very little 

difference in the value of phase velocity for frequency in the range π ‫ σψȢρ. After 

it, the constant increase in value ὠ in the range σψȢρ ‫ τψȢρ then decreases. Overall, 

phase velocity near 0.4 is attained by all theories of thermoelasticity ‫ πȢρ, with the 

maximum value ὠ attained by coupled theory and the minimum value ὠ attained by 

three-phase-lag theory ‫ σπȢρ. The values of  ὠ  are very close to each other for the 

coupled L-S, G-N, and two-phase lag theories of thermoelasticity. 

It depicts that in Fig. 1(b), the value of attenuation is near zero and attains negative 

values in the coupled and L-S theories. In the case of the three-phase lag theory, the 

value of attenuation attains a positive value near zero. In the case of the G-L theory, the 

value ὗ  increases in the range πȢρ ‫ ψȢρ and then starts to decrease with an 

increase in the value of frequency. In the case of the G-N theory, the value of attenuation 

decreases as the value of frequency increases. 

Two-phase-lag theory attains a minimum value of ὗ  at ‫ σρȢρ. This is the 

lowest value attained in comparison to other theories. In this case, a large fluctuation is 

observed. The maximum value of attenuation is attained ‫ ψȢρ by the G-L theory of 

thermoelasticity. Two-phase theory attains a minimum value of attenuation coefficient   

with respect to other theories. The majority of values attained by all the theories are near 

to zero, either positive or negative, within the range πȢρ ‫ υωȢρ.  
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Fig. 2. Particle motion variation Ὗȟ ὡ  with depth ὑ ὼ πȟ ρυȟ τυ for couple theory of thermoelasticity 

 

 
Fig. 3. Particle motion variation Ὗȟ ὡ  with depth ὑ ὼ πȟ ρυȟ τυ for L-S theory of thermoelasticity 
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Fig. 4. Particle motion variation Ὗȟ ὡ  with depth ὑ ὼ πȟ ρυȟ τυ for G-L theory of thermoelasticity 

 

          
Fig. 5. Particle motion variation Ὗȟ ὡ  with depth ὑ ὼ πȟ ρυȟ τυ for G-N theory of thermoelasticity 
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Fig. 6. Particle motion variation Ὗȟ ὡ  with depth ὑ ὼ πȟ  ρυȟ  τυ for two-phase -lag theory of thermoelasticity 

 

 
Fig. 7. Particle motion variation Ὗȟ ὡ  with depth ὑ ὼ πȟ ρυȟ τυ for three phase lag theory of 

thermoelasticity  
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Path of particle 

All the special cases discussed in the form of different theories of thermoelasticity are 

presented graphically by using the output of MATLAB software in Figs. 2ɝ7. The 

polarisation of particle motion in two-dimensional space is represented by Ὗȟ ὡ . 

Physical data of copper material used with frequency ‫ ς“ and parameter   varies 

in πȢς “Ȣ Different depths vary as follows: ὑ ὼ πȟ ρυȟ τυ. The coefficient of thermal 

linear expansion varies as follows: ‌ ρȢχπ ρπ ȟ ρȢχρ ρπ ȟ ρȢχσ ρπ + . 

For one fixed value of depth, we present three figures for three different Coefficient of 

thermal linear expansion in such a way 9 figures obtained for three different depths in 

Figs. 2ɝ7. Computed for coupled theory, L-S theory, G-L theory, G-N theory, two-phase-

lag model, and three-phase-lag model of thermoelasticity. 

In Fig. 2, it is observed that in the coupled theory of thermoelasticity, the motion of 

particles for the polarisation of the Rayleigh wave traces an elliptic path and tilt between 

the axes. Firstly, it shrinks and then expands into an elliptic shape with an increase in 

depth. In Fig. 3, it is depicted that in the case of the L-S theory of thermoelasticity, the 

motion of particles attains almost the same shape and size for two different values of 

depth and finally expands as they go deeper. As coupled theory is extended by L-S and 

G-L to generalise the theory of thermoelasticity, there is very little difference between 

these theories theoretically and numerically for the considered depth and coefficient of 

thermal linear expansion.  

From Fig. 4, it is depicted that, using the G-L theory, the path of particle motion is 

tilted with an elliptic shape and becomes broad as we go deeper into the medium. In 

Fig. 5, elliptic path is covered by the particle during process of polarisation with tilt in 

opposite direction at depth ὑ ὼ π and ὑ ὼ τυ.  

In Fig. 6, the effect of the two-phase-lag theory at the depth ὑ ὼ π of the elliptic 

path is obtained between the axes. But as you go deeper, the shape obtained is opposite 

to the earlier and broad, then finally shrinks at the depth ὑ ὼ τυ. In Fig. 7, it is 

observed that in the case of the three-phase-lag theory, the path of the particle is tilted 

between the axes. As they start going deep, the path of the particle remains the same but 

opposite in direction, and at the last motion, the particle is such that they obtain a broad 

elliptic shape. 

 

Conclusion 

The present work examines the coupled, L-S, G-L, G-N, two-phase-lag, and three-phase-

lag theories of thermoelasticity under Rayleigh wave propagation in an isotropic 

homogenous medium using the compact form of the heat conduction equation. The 

dispersion equation for isothermal surfaces has irrational terms in it. We rationalise this 

equation to get a polynomial equation. Roots that meet both equations are filtered by 

examining the decay qualities of those roots in depth. The dispersive nature and 

inhomogeneous nature of Rayleigh waves are verified. Comparing different theories is 

important while researching the Rayleigh wave's distinctive characteristics. 
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The isothermal surface increases the speed of the Ryleigh wave. To compare various 

thermoelasticity theories, the phase velocity, attenuation coefficients, and particle 

motion path are computed numerically and graphically shown. It is observed that the 

phase velocity attains its maximum value in the case of coupled theory and its minimum 

value in the case of the three-phase lag theory. L-S theory shows constant behaviour as 

frequency increases. For couples, L-S, G-N, and two-phase-lag theories, the values of 

attenuation coefficient are very close, due to which curves are overlapping. The maximum 

value is attained by the G-L model, and the minimum value is attained by the two-phase-

lag model. The effect of different theories is significant for the particle motion of the 

Rayleigh wave and shows an elliptic path for different depths and the coefficient of 

thermal linear expansion. In the G-L theory of thermoelasticity, amplitude increases as 

we go deeper into the medium. One of the surface waves that is highly useful for 

researching numerous aspects of an earthquake is the Rayleigh wave. 
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ABSTRACT  

Using the discrete element method coordinates of elementary acoustic emission sources (breaking bonds) 

were calculated as a function of time for materials of different degrees of heterogeneity under mechanical 

loading. The time dependences of multifractal dimension spectra D(q) for these sources were calculated 

using the ɢsandboxɣ algorithm. The time behavior of spectra width w and box counting fractal dimension 
D0 was studied. A narrowing of the multifractal dimension spectra was discovered (fractal self-organization 

of acoustic emission) before the destruction of materials and its subsequent expansion after the formation 

of a main crack. The influence of physical properties of the polycrystalline grain boundaries on the strength 

and ductility of materials has been revealed. 
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Introduction 

The discrete element method (DEM) has recently been widely used to study the nature of 

solids fracture [1ɝ11]. Its advantage over traditional continuum methods for calculating 

mechanical properties, such as finite element method (FEM) [12ɝ14] is that it naturally 

takes into account discontinuities in materials. The material is specified by a set of 

particles of various shapes that simulate polycrystalline grains and bonds between these 

particles at the points of their contacts (BPM is a bonded particle model) [15]. We used 

spherical particles.  

The advantage of the DEM method for calculating multifractal characteristics is that 

the coordinates of all broken bonds are known with great accuracy, which makes it 

possible to calculate spatial fractal characteristics directly based on these coordinates. In 

all laboratory acoustic emission (AE) experiments and field observations of seismic 

events, only a small part of the acoustic signals is recorded, and the coordinates of the 

signal sources are calculated from the spatial location of the sensors receiving these 

signals. When using the DEM method, such a procedure is not necessary. 

Though there are many papers concerning DEM, we found none devoted to the 

analysis of the change in multifractal spectra in the fracture process of materials. 

Meanwhile, these investigations seem to be very important since multifractal self-

organization can serve as a precursor of materials destruction in the fracture process  

[16ɝ19]. Moreover, there are significant reasons to believe that fractal self-organization 

http://dx.doi.org/10.18149/MPM.5312025_3
https://orcid.org/0000-0002-9211-6144
https://orcid.org/0000-0001-6328-0917
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is a common feature of disasters of various nature [17ɝ23]. The presence of the same 

peculiarities in very different systems suggests that these peculiarities are not connected 

with the details of the system elements interaction but rather with the character of these 

elements collectivization. That is why the present study appears to be actual and 

noteworthy. Calculations using the discrete element method were carried out using the 

freely available MUSEN software package [24]. 

 

Computer simulation 

Though the experimental scheme considered in this paper is similar to that described in [25], 

the quantities analyzed in the current study and discussed further are quite different from 

those in [25]. In that paper we analyzed stresses and acoustical signal distributions, while 

the present paper is devoted to the analysis of multifractal features of acoustic emission (AE) 

sources. Cylindrical samples with a diameter of 10 mm and a height of 20 mm were modeled. 

Cylinders were filled with spherical particles of the same or different sizes and packed until 

a porosity of 0.35ɝ0.37 was reached. Particles and bonds between them (grains and grain 

boundaries) were assumed to be made of the materials listed in Table 1. 

Though the parameters used are characteristic of granites, it should be noted that 

"microscopic" values of parameters for the particles and bonds result in different values 

for real material parameters. That is why calibration of the "microscopic" parameters is 

required to compare the values of the mechanical properties of the modeling materials 

with the real ones [15]. As this paper has not had the task to compare numerical values 

of the magnitudes for the modeled and real materials (for example, a strength thereof), 

such parameter calibration was not carried out. 

 
Table 1. Material properties used in the simulation 

# Material ˊ, ËÇ Íϳ  E, '0Á ˄ ˋn, -0Á ˋt, -0Á ʹ, 0Á Ͻ Ó 

1 Quartz 2650 94 0.29 600 600 5E19 

2 Orthoclase 2560 62 0.29 420 420 1E19 

3 Oligoclase 2560 70 0.29 480 480 1E19 

4 Glass 2500 50 0.22 50 50 1E40 

5 Quartz-orthoclase bonds 2500 5.8 0.2 200 200 5E19 

6 Quartz-oligoclase bonds 2500 5.8 0.2 300 300 5E19 

7 Orthoclase-oligoclase bonds 2500 5.8 0.2 100 100 5E19 

Here, ˊ is the density of material, E is Young's modulus, ˄ is Poisson's ratio, ˋn is normal strength, ˋt is shear 

strength, ʹ is dynamic viscosity. 

 

Four types of samples were used: two samples contained particles connected with 

orthoclase bonds. Diameters of these bonds in sample 1 were Ὠ πȢπτ mm and in 

sample 2 Ὠ πȢρ mm. Grains (particles) in these samples had diameters and composition 

shown in Tables 2 (sample 2) and 3 (sample 1). For the sample 1 diameters were normally 

distributed with a mean value of 0.08 mm and a standard deviation of 0.025 mm. The 

diameter of fraction 4 for orthoclase was increased 10 times in order to increase the 

degree of heterogeneity. For the sample 2 diameters are normally distributed, with a 

mean value of 0.3 mm and a standard deviation of 0.1 mm obtained by a random number 

generator with a normal distribution. Sample 1 and sample 2 have 33670 and 48695 

particles, respectively. 
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Sample 3 contained particles with diameters and composition shown in Table 3 (the 

number of particles is 33670). Particle diameters were the same as for sample 1. In this 

sample, bonds of the same material connected particles made from the same material, 

while glass bonds 4 from Table 1 connected particles from different materials. Bond 

diameters in this sample were d ʚ 0.1 mm. 

 
Table 2. Particles diameters and composition for each fraction 

 
Particles diameters for each fraction di, mm 

The relative content of 

each fraction 

Quartz 0.36 0.188 0.52 0.28 0.42 0.0595745 

Orthoclase 0.27 0.28 0.4 0.36 0.26 0.0702128 

Oligoclase 0.16 0.168 0.288 0.24 0.4 0.0702128 

 
Table 3. Particles diameters and composition for each fraction 

 
Particles diameters for each fraction di, mm 

The relative content of 

each fraction 

Quartz 0.09 0.047 0.132 0.079 0.106 0.0595745 

Orthoclase 0.068 0.07 0.096 0.91 0.064 0.0702128 

Oligoclase 0.041 0.042 0.077 0.063 0.098 0.0702128 

 

Sample 4 had the same composition as sample 2. Bonds from the same material 

connected particles from the same material, while low-modulus bonds 5ɝ7 (Table 1) with 

diameters d ʚ 0.6 mm connected particles from different materials. 

For samples 2, 3 and 4, the bond diameters (d) were chosen by the MUSEN program 

bond generator to be equal to the smaller diameter of the pair of connected particles 1 

and 2: Ὠ ÍÉÎ Ὠ ȟ Ὠ  [24]. 

Samples were placed in a virtual press. The lower plate was fixed, and the upper 

one moved down with a constant speed v = 0.02 m/s until the sample was destroyed. 

Thus, uniaxial compression was simulated. Since v = 0.02 m/s and the height of the 

sample is 0.02 m, the axial strain ‐ ὺ Ͻ ὸȾὬ and time are numerically equal. 

A large set of different mechanical parameters was recorded during the deformation 

of the samples. In the present work, these parameters were the lifetimes of broken bonds 

and their space coordinates. Each breaking of the bond is considered in this study to be 

an elementary acoustic emission event.  

The following algorithm has been used in order to calculate the multifractal 

properties of the coordinates of acoustic emission (AE) centers. The entire time series of 

these coordinates (AE signals) was divided into successive samples of 4096 events. The 

time value was assigned to the time of the last sampling event. For each such sample, 

the multifractal dimension spectrum (MDS) was calculated using the "sandbox" algorithm 

[26ɝ28]. According to this method, the generalized fractal dimension Ὀ  is defined as: Ὀ ÌÉÍO Ⱦ ϳ Ͻ , where d is the spatial size of the multifractal set, ὓ ὶ  is 

the number of AE signals emitted inside a sphere of radius r centered at the point of the 

i-th event, q is the scaling moment. Angle brackets indicate statistical averaging over 

randomly selected points. Due to the small size of the sets under study (N = 4096 events), 

all points of the set were taken into account in this work. 
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In practice, the scaling exponents ˍ(q) are first determined by linear regression of ὰὲὛ ὰὲ ὓ ὶ Ⱦὔ , constructed as a function of ÌÎ ὶ Ὠϳ . After that, the 

multifractal dimension spectrum Ὀ † ή ή ρϳ  for qʙ1 has been estimated. A uniform 

sequence of 21 numbers in the range [-5 ɝ +5] was used as the set q. We did not calculate 

the information dimension Ὀ  in this work. Only parameters Ὀ  and ύ Ὀ Ὀ  were 

used (the box counting fractal dimension and spectrum width). 

No special choice for the points near the border of the sample was used. This led to 

boundary effects. However, it is well known that these effects violate the linear 

dependence of the statistical sum logarithm on the logarithm of scale on large scales. 

Therefore, nonlinearity on these scales was simply withdrawn from the regression. 

The typical scaling dependence of ὰὲὛ ὰὲ ὓ ὶ Ⱦὔ , on ÌÎ ὶ  and the 

multifractal dimension spectrum Ὀ † ή ή ρϳ  are shown in Fig. 1. Nonlinear 

regions on small and large scales were omitted during regression. 
 

  
(a) (b) 

 

Fig. 1. Typical scaling dependence of ÌÎὛ ÌÎ ὓ ὶ Ⱦὔ  on ÌÎ ὶ   and the multifractal spectrum Ὀ ή  

 

Main results 

Figure 2 shows the loading diagram (the stress-strain curve), as well as the multifractal 

parameters Ὀ  (box counting fractal dimension) and w (the width of the multifractal 

dimension spectrum MDS) as functions of time for sample 1 with orthoclase bonds. 
 

   
          (a)           (b)          (c) 

Fig. 2. Loading diagram (a) and time dependences of the fractal dimension (b) and the width of the 

multifractal dimension spectrum (c) of sample 1. Strain and time are numerically equal 
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Near time point t ʘ 0.01 s, a source of destruction was formed [24], which 

subsequently evolved until the fracture of the entire sample occurred. Before its 

formation, both the fractal dimension Ὀ  and the spectral width w decreased. Vertical 

straight lines correspond to the maximum of the loading diagram at the time point ὸ ὸ . There are not enough acoustic signals (bond breaking events) in order to 

calculate multifractal parameters in the pre-peak region. 

Figure 3 shows similar dependences for an even more homogeneous sample 2, all 

bonds of which had the same thickness d = 0.1 mm. Vertical straight lines correspond to 

the maximum load on the loading diagram and the moment of failure of the sample when 

this load decreases to zero. Acoustic emission characteristics are given starting from the 

time point of about t ʘ 0.014 s, because up to this point, AE is practically absent. Before 

destruction, a decrease in the w is again observed. It slightly decreases before t ~ tmax and 

sharply decreases just before the fracture time tf (where the stress acting on the loading 

plane of the loading diagram approaches zero). It can be noted that immediately at the 

moment of destruction these parameters increase sharply. After this sampleɠs destruction 
fragments hit the loading plates, so the breakdown continues. The multifractal spectrum 

parameters in this time range have no physical sense.  

 

   
      (a)       (b)         (c) 

 

Fig. 3. Loading diagram (a) and time dependences of the fractal dimension (b) and the width of the 

multifractal dimension spectrum (c) of sample 2. Strain and time are numerically equal 

 

   
          (a)        (b)     (c) 

 

Fig. 4. Loading diagram (a) and time dependences of the fractal dimension (b) and the width of the 

multifractal dimension spectrum (c) of sample 3 
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Figure 4 depicts the multifractal characteristics of sample 3, containing low-

strength glass bonds (#4 Table 1). One should notice that the loading diagram in this case 

becomes nonlinear. In the time interval t ʘ 0.0027ɝ0.007 s, the slope of this diagram 

changes. In this time range, an increase in the number of glass bond breaks is observed. 

Thus, the presence of glass bonds in the sample leads to its "quasi-plasticity" ɝ the 

nonlinear character of the loading diagram caused by the glass bonds breakdown. Rather 

chaotic changes in multifractal characteristics Ὀ  and w occur during this time. When 

most of the glass bonds have broken, the slope of the loading diagram increases again 

while Ὀ  increases, and w decreases. During the sample destruction, there is a sharp 

downward jump in Ὀ  and an increase in w. 

Figure 5 shows the multifractal parameters of sample 4, in which low-modulus 

bonds from Table 1 connected particles of different materials. The loading diagram has 

an almost horizontal section (shelf) for quite a long time (the loading speed was chosen 

in such a way that the deformation value and the time reference were numerically the 

same). During this time, the bonds between particles of the same materials are 

predominantly broken. The value of  Ὀ  in this time range is quite high and does not 

change significantly. The spectrum width w also changes little and is very small in 

magnitude, i.e. the system is practically monofractal. During the destruction, there is a 

sharp decrease in Ὀ  and after it an increase in the spectrum width w. 

 

  
 

    (a) (b)       (c) 
 

Fig. 5. Loading diagram (a) and time dependences of the fractal dimension (b) and the width of the 

multifractal dimension spectrum (c) of sample 4 

 

Discussion 

It is obvious that homogeneous samples 1 and 2 are destroyed in a brittle manner, as it 

follows from Figs. 2 and 3. Moreover, almost from the very beginning of deformation, a 

crack is formed in sample 1, which subsequently evolves [29]. Before its formation, the 

fractal dimension and spectral width w decrease. Sample 2 elastically deforms before 

crack formation, which is reflected in the linear dependence of stress on strain. Before 

the formation of the crack, a decrease in the spectrum width w is also observed. However, 

after the formation of the main crack, an increase in these parameters is seen in both 

samples. Similar dependencies were discovered in the surface profile transformation 

while deforming thin metal foils, for example [16,17]. After the formation of a main crack 

in these experiments, the widths of the multifractal singularity spectra increased, and it 

was hypothesized that this occurred because of stress relaxation caused by the formation 

of a main crack. ƔƬre we confirm this hypothesis, since the stress relaxation is directly 
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observed in the form of a sharp decrease in stress in the loading diagrams after the crack 

formation. The images of cracks discussed here are shown below. 

 

      (a)       (b)    (Ƹ)       (d) 
 

Fig. 6. Paterns of destruction for samples 1 (a), 2 (b), 3 (c) and 4 (d) 

 

In heterogeneous sample 3 the loading diagram is nonlinear in the time range (t1,t2). 

In this time range, mainly low-strength glass bonds are broken. The restoration of the 

elastic modulus at ὸ ὸ  may be explained by the fact that in this time range, the rate of 

destruction of glass bonds significantly decreases while the rate of other bonds type 

breakage is not yet very high (Fig. 7(a)). Thus, the cause of stress relaxation in this case 

is the breakage of the glass bonds. The width of the multifractal dimension spectrum w 

decreases before the sample destruction, whereas the fractal dimension Ὀ  sharply 

decreases only during this destruction. 

 
 

 
 

(a) (b) 
 

Fig. 7. Kinetics of different bonds types: (a) sample 3 with the "glass bonds", (b) sample 4 with low elastic 

modulus bonds 
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The nonlinearity of the loading diagram at ὸ ὸ  for the sample 4 may be explained 

by the fact that in this time range the rate of rupture of high-strength bonds (1ɝ3 from 

Table 1) reaches a maximum. The weaker bonds (5ɝ7) remain mainly intact due to their 

deformation ability because of the low elastic modulus (Fig. 7(b)). Thus, in this case, the 

rupture of high-modulus strong bonds causes the stress relaxation. The fractal dimension Ὀ  experiences a sharp jump, and the spectrum width w sharply increases after the main 

crack formation ὸ ὸ  due to the increased relaxation of mechanical stresses. 

Similar loading diagrams and multifractal characteristics were observed in  

a laboratory research [30] on the fracture process in Westerly granite samples. Defect 

formation was monitored by recording acoustic emission (AE) signals. In these 

experiments, the monofractality of the AE centers was held until the moment of sample 

destruction, and the correlation fractal dimension ╓  decreased before this 

destruction [31]. Loading feedback took place in the laboratory experiments: the loading 

system reduced the external load if the acoustic activity exceeded a specified threshold. 

Thus, the loading system itself simulates stress relaxation. However, unlike a computer 

simulation, this feedback made it possible to significantly extend the time of the fracture 

process. Therefore, the time range of ╓  decrease in the laboratory experiment is 

significantly larger. 

The nonlinearity of the loading diagram before the catastrophic stress decrease in 

heterogeneous samples can be explained in the computer simulations under 

consideration in two ways. The first one is the "quasi-plastic" deformation, the whose role 

of in sample 3 plays the breakage of low-strength glass bonds, and in sample 4 the 

breakage of high-modulus strong bonds. Secondly, in sample 3 this nonlinearity can be 

caused by intergranular fracture, since here the brittle bonds connecting grains of 

different materials are destroyed. While in sample 4 this nonlinearity is associated with 

intragranular fracture, since in this time range bonds connecting grains of the same 

materials are destroyed. In this case, the formation of a macro crack and the final 

destruction of the sample can be explained by intergranular destruction (the destruction 

of grain boundaries). 

The mechanical strength of sample 4 is significantly higher than that of a similar 

sample with glass bonds of the same geometry (700 and 300 MPa), and the fracture 

strains are also significantly higher (0.037 and 0.015). Loading diagram for the glass bond 

sample is given in [25]. Since these samples have the same particle composition and 

differ only in the materials of intergranular bonds, it can be concluded that materials with 

the possibility of intergranular deformation have higher ductility compared to materials 

with rigid grain boundaries. The mechanical strength of materials is also determined by 

the strength of grain boundaries (intergranular bonds connecting particles of different 

materials, taking into account their diameter). The higher the strength of these 

boundaries, the higher the strength of the material as a whole. 

The meaning of the decrease in the fractal dimension before the fracture occurs can 

be explained by the localization of the process with the crack formation at the late stage 

of the fracture process [31]. Breaking bonds start to form the crack, whose fractal 

dimension is close to that of the plane. The macro cracks are usually monofractal; that is 

why the width of the multifractal spectra decreases before crack formation.  
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Conclusion 

Thus, the character of the fracture process changes in time while approaching destruction 

from the more complicated (stochastic, multifractal) to a more simple ɝ monofractal one.  

A decrease in the width of the multifractal dimension spectra before the destruction of 

the material indicates the fractal self-organization of the process. We believe that this 

self-organization is a result of self-organized criticality like dynamics of the system. The 

obtained results could be used in detecting onset of failure of heterogeneous materials. 
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ABSTRACT  

The influence of free surface on melting and crystallization processes in nickel and copper was studied 

using molecular dynamics simulation. It was shown that crystallographic orientation of the surface and, 

accordingly, the energy of atoms on the surface affect the melting onset temperature of the simulated 

metal cell. The melting onset temperatures from the surface are arranged in the following order of increase 

for the considered orientations: (110), (112), (100), (111). When studying the formation of crystalline nuclei 

during gradual cooling from the molten state, it was found that most of the nuclei are formed near the 

surface. The orientation of the crystal structure in the nuclei near the surface in most cases was such that 

the crystalline plane (111) was formed on the surface, which is the most energetically favorable. 
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Introduction 

The unique properties of metallic nanomaterials are largely due to the high volume 

fraction of surfaces and interfaces in them. One of these properties, important from the 

point of view of the operation and manufacturing technology of nanomaterials, is the 

dependence of the melting point on their effective size: grain size, film thickness, 

nanoparticle diameter. The so-called "size-dependent melting point depression 

phenomenon" has been most thoroughly studied for metallic nanoparticles. It is currently 

known that the melting point of round nanoparticles is inversely proportional to their 

diameter, which has been demonstrated both experimentally [1 5] and using molecular 

dynamics simulation [6 10], and also explained in theoretical works, in particular [11 16]. 

As for materials with a nanocrystalline structure, it was shown in [17 22] using 

molecular dynamics simulation that melting in them is not a homogeneous process; it 

usually begins from free surfaces and grain boundaries. A decrease in the average grain 

size in the aforementioned studies (in the range of sizes of about several nanometers) led 

to a decrease in the melting temperature of nanocrystalline Ag [18,19] and Al [20,21].  

In [10,23], we also observed a decrease in the melting temperature for Ni nanoparticles 
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with a nanocrystalline structure compared to single-crystal particles. The crystallographic 

parameters of the surface and interfaces should obviously affect the temperature at which 

melting begins to initiate on them; however, this issue remains open at present. It can be 

assumed that this is affected by the energy of defect formation or, more precisely, the 

difference in the potential energy of atoms in the material from the energy in an ideal 

crystal, since it is precisely by this value that one should expect a decrease in the heat of 

fusion, which, in turn, is proportional to the melting temperature. The most effective 

method for studying this issue at present is computer simulation, namely the molecular 

dynamics method. 

This work is devoted to the study of the influence of the crystallographic orientation 

of the free surface on the melting onset temperature of the modeled metal using the 

molecular dynamics method. Nickel and copper are considered as metals, which, on the 

one hand, have a wide practical application, and, on the other hand, the various properties 

of which are well reproduced in molecular dynamics models. In addition, this work studies 

the influence of the free surface on the crystallization process during gradual cooling 

from the molten state. In [10,24], when studying the crystallization of nickel and copper 

nanoparticles, we noted that the surface affects the probability of formation of crystalline 

nuclei: crystalline nuclei more often appeared near the surface, and as the temperature 

decreased in [10], an increase in the probability of formation of nuclei near the surface 

was noted. Obviously, in this case, there is an effect of two competing factors. On the one 

hand, atoms near the surface are more mobile than in the volume, and structural 

rearrangements, including the formation of crystalline nuclei, occur comparatively faster. 

However, on the other hand, the atoms on the surface are in shallower potential wells, 

and they are less stable and leave these wells more easily due to thermal vibrations, 

which, on the contrary, reduces the probability of forming a stable crystalline nucleus. 

We previously observed the effect of the surface on the formation of crystalline nuclei  

in [10,24] using the example of round metal nanoparticles. In this work, in addition to 

melting, we focused on studying the influence of a flat surface on the crystallization 

process in nickel and copper. 

 

Description of the model 

To describe interatomic interactions in nickel in the molecular dynamics model, the EAM 

potential from [25] was used, and in copper  from [26]. These manybody EAM potentials 

were obtained based on comparison with experimental data and ab initio calculations for 

various properties of the metals under consideration. They reproduce well a wide range 

of their mechanical and structural-energetic properties [25 29], and have proven 

themselves well in various molecular dynamics studies, including the processes of 

melting, crystallization and self-diffusion in the melt [10,23,24,27,30]. 

The study was carried out using the software package for molecular dynamics 

calculations MDR [31]. The computational cells had the shape of a parallelepiped with the 

dimensions of approximately 28.2 × 11.3 × 18.3 nm3 for nickel and 29.1 × 11.7 × 19.1 nm3 

for copper and contained about 380,000 atoms (Fig. 1). The boundary conditions along 

one axis were free (a free surface was modeled  the right and left edges of the 

computational cell in Fig. 1), and there were periodic conditions along the other two axes. 
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Four crystallographic surface orientations were considered: (100), (110), (111), and (112). 

Apart from the surface, the simulated fcc crystals of nickel and copper did not contain 

any defects. The NPT canonical ensemble in combination with the Nosé-Hoover 

thermostat was used in the model [30,32]. The time integration step in the molecular 

dynamics method was equal to 2 fs. 

 

  
(a) (b) 

 

Fig. 1. Melting of the nickel computational cell from the (110) surface: (a) temperature 1770 K, time 30 ps;  

(b) temperature 1770 K, time 170 ps. Blue atoms represent the FCC crystal, while gray atoms represent 

the amorphous phase 

 

Figure 1 shows an example of the movement of the melting front from the (110) 

surface in nickel using a crystalline phase visualizer based on the CNA (Common Neighbor 

Analysis) method [33], which clearly illustrates that melting starts from the surface. For 

different surface orientations, the destruction of the crystal structure on the surface and 

the beginning of the melting front movement occurred at different temperature values. 

To determine the melting temperature of the computational cell, the gradual heating 

method was used with the plotting of the average potential energy of the atom as a 

function of temperature, which is often used in similar problems [6 10,23,24,34]. In this 

case, the rate of temperature change is usually set from 1011 to 1013 K/s. According to our 

previous works [10,23], the rate of 1012 K/s turned out to be optimal for our research.  

In the model, the temperature was increased linearly by a corresponding increase in the 

moduli of the atomic velocities after a certain time step (5 ps in this case). 

 

Results and Discussion 

With a gradual increase in the temperature of the computational cell, upon reaching a 

certain value, the crystalline structure on the surface was destroyed (Fig. 1). Then the 

crystal-liquid front moved from the surface to the center of the computational cell at a 

speed of about several tens of meters per second, which, however, depended on the 

temperature and increased with its increase [35,36]. The influence of the orientation of 

the crystal-liquid front in the crystal on its speed and dependence on temperature was 

considered in [37 41], where it was noted, in particular, that the highest speed of the 

front movement is observed at the orientation (100) compared to the orientations (110) 

and (111). 

Figure 2 shows the dependences of the average potential energy of an atom on 

temperature for the computational cells of nickel and copper with gradual heating. With 
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increasing temperature, the average energy of an atom for the same phase increases 

almost linearly due to an increase in atomic oscillation and thermal expansion. A sharp 

increase in the average energy of an atom on the graphs corresponds to a phase 

transition, i.e. melting. In this case, melting of the computational cell did not occur 

instantly, as was already mentioned above  the front propagated from the surface to the 

center of the cell with a finite velocity. Therefore, we determined the melting temperature 

based on the moment of the phase transition onset, which, in turn, was determined by 

the intersection of the approximation lines before and after the onset of melting. The 

speed of the front increased with increasing temperature, due to which the slope of the 

part on the graphs corresponding to the movement of the melting front is steeper at a 

higher temperature. Having reached a liquid state in the entire computational cell, the 

average energy of an atom again grew linearly with increasing temperature. 

 

  
(a) (b) 

 

Fig. 2. Dependences of the average potential energy of an atom on temperature during heating for 

different surface orientations: (a) nickel; (b) copper 

 

In Fig. 2, it is clearly seen that the orientation of the surface does influence the 

melting temperature of the computational cell. Moreover, this influence is quite strong 

in our case: the temperature at which melting began from the (111) surface was 6.5 % 

higher for nickel and 5.6 % higher for copper than the melting onset temperature from 

the (110) surface. It should be emphasized that the model is an idealized version, in which 

it is possible to single out one influencing factor and discard the others. The melting 

onset temperatures are arranged in the following order in ascending order: (110), (112), 

(100), (111). For nickel these are 1735, 1740, 1778, and 1847 K, respectively (Fig. 2(a)), 

for copper: 1381, 1393, 1417 and 1459 K (Fig. 2(b)). 

Melting from the surface begins due to the comparatively easier destruction of the 

crystal structure on it, due to the fact that the atoms on the surface are in shallower 

potential wells compared to a pure crystal and it is easier for the atoms to leave them as 

a result of thermal vibrations. After the destruction of the structure on the surface, the 

formed front does not stand still (no static two-phase state was observed), it begins to 

move from the surface into the crystal volume. The atoms near the crystal-liquid front on 

the side of the crystal phase are also in comparatively shallower potential wells than in 

the crystal volume, due to the more disordered arrangement of the atoms on the side of 
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the melt. In addition, the melt has more intense self-diffusion and more free volume 

compared to the crystal, which is also the reason for the easier destruction of the crystal 

near the crystal-liquid front than inside the crystal volume, and the reason for the front 

movement. 

To confirm all of the above, we constructed distributions of the average atomic 

energy depending on the distance from the surface for the crystalline state at a 

temperature of 300 K and at the moment of melting front movement (Fig. 3). In the 

second case, the crystalline structure was first destroyed from the surface and the front 

movement began, then the same temperature was set for all orientations (1770 K for 

nickel and 1380 K for copper) and the front movement was modeled to the same distance 

from the surface. This was done in order to then superimpose the energy distributions for 

different surface orientations under otherwise equal conditions. The distribution was 

constructed by calculating the average potential energy of an atom in layers 0.2 nm wide 

when moving with a step of 0.1 nm along the direction perpendicular to the surface. 

 

  
(a) (b) 

 

Fig. 3. Distributions of the average potential energy of an atom depending on the distance from the 

surface for the crystalline state at a temperature of 300 K and at the moment of movement of the melting 

front: (a) nickel; (b) copper 

 

As can be seen, in the case of a crystalline state, the orientation of the surface 

significantly affects the average energy of an atom on the surface. Moreover, the average 

potential energy of an atom on the surface decreases in the same order among the 

considered orientations in which the melting onset temperature increases: (110), (112), 

(100), (111). The orientation of the surface affects the temperature at which the 

destruction of the crystalline structure begins, but further movement of the front, as was 

said above, depends on the temperature and the difference in energies in the crystalline 

and liquid phases. The front velocity, as noted in [37 41], depends on the orientation of 

the front relative to the crystal, but the distributions of the average atomic energy turned 

out to be identical for all considered orientations. In [41], it was suggested that the 

difference in the front velocity from the orientation in the crystal at the same temperature 

is due to different depths of the potential wells at the boundary of the forming crystal. 

Apparently, when calculating the average energy of all atoms in a layer (in our case the 
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layers were 0.2 nm thick), the orientation affects the range of values, but the average 

value itself is the same. 

From the distributions shown in Fig. 3, one can estimate the width of the crystal-

liquid front for the temperatures under consideration: approximately 0.8 nm for nickel at 

a temperature of 1770 K and 0.7 nm for copper at a temperature of 1380 K. 

In addition to studying the influence of the surface on melting, this work also 

studied the influence of the surface on the process of initial formation of stable crystalline 

nuclei. As was already mentioned in the introduction, in this case there is an effect of two 

competing factors. On the one hand, self-diffusion on the surface and near it is higher 

than in the bulk of the material, i.e. all structural rearrangements near the surface should 

occur faster. However, on the other hand, the atoms on the surface are in shallower 

potential wells, due to which the position of such atoms is less stable than in the bulk, 

they more easily leave potential wells due to thermal vibrations, which, on the contrary, 

reduces the probability of formation of a stable crystalline nucleus. 

In [10,24], when studying the crystallization of metal nanoparticles, we noted that 

crystallization most often begins from a free surface. In this paper, the formation of stable 

crystalline nuclei at the initial stage was studied using a rectangular computational cell 

with flat surfaces (Fig. 4). The computational cells for nickel and copper were the same 

as in the case of melting simulation, i.e., the boundary conditions along one axis were set 

as free, and along the other two, as periodic. First, the metal was melted by holding at a 

temperature above the melting point for a time sufficient to melt the entire volume of 

the computational cell. After this, gradual cooling was simulated. The forming crystalline 

nuclei were studied using a crystalline phase visualizer. 

 

  
(a) (b) 

 

Fig. 4. Formation of crystalline nuclei during cooling of the melt at a rate of 1012 K/s: (a) nickel; (b) copper 

 

Figure 4 shows examples of crystal nuclei formed during cooling of the melt in 

nickel (Fig. 4(a)) and copper (Fig. 4(b)). As can be seen, a significant portion of the nuclei 

are indeed formed near the surface, but no clear dominance of the surface factor was 

observed: nuclei also arose far from the surface. It should be noted that the orientation 

in the nuclei near the surface was, as a rule, such that a crystal plane (111) was formed 

on the surface, which, as shown above, is the most energetically favorable. 

For a more detailed study, distributions of the fraction of the crystalline structure in 

the computational cell were constructed. For nickel and copper, four different 

experiments were carried out, and the resulting distributions were superimposed on each 

other (Fig. 5). The distributions were constructed by calculating the fraction of atoms 
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whose environment corresponded to the crystalline structure (mainly fcc, rarely hcp) in 

layers 0.2 nm wide when moving with a step of 0.1 nm along the direction perpendicular 

to the surface. 
 

  
(a) (b) 

 

Fig. 5. Distribution of the fraction of the crystalline phase depending on the distance from the surface 

during the initial formation of stable crystalline nuclei: (a) nickel; (b) copper 

 

As can be seen in Fig. 5, the fractions of the crystalline phase near the surface (on 

the left and right in the distributions) are indeed noticeably larger than in the volume of 

the computational cell. This was especially pronounced for copper (Fig. 5(b)). It can also 

be noted that the peaks of the distributions often do not coincide with the edge of the 

surface, but are located at some distance from it. This indicates that the centers of such 

nuclei are located at some distance from it, but, at the same time, their growth is due to 

the influence of the surface.  

The two factors influencing the probability of crystalline nuclei formation and 

competing with each other, discussed above, more intense self-diffusion and relatively 

shallow potential wells, seem to make different contributions depending on the 

temperature. It can be assumed that at lower temperatures, for example, during the 

crystallization of metallic glasses, the so-called devitrification, an even more pronounced 

influence of the surface on the formation of the crystalline phase can be observed. 

 

Conclusions 

Using molecular dynamics simulation, the influence of the free surface on the processes 

of melting and crystallization in nickel and copper was studied. In the case of melting, 

the influence of the crystallographic orientation of the surface on the melting onset 

temperature of the simulated metal is considered. In the case of crystallization, the 

influence of the surface on the probability of the formation of stable crystalline nuclei 

during gradual cooling from the molten state was studied. 

It is shown that with gradual heating, melting begins from the surface due to the 

comparatively easier destruction of the crystal structure on it, due to the fact that the 

atoms on the surface are in shallower potential wells compared to a pure crystal and it is 

easier for them to leave them as a result of thermal vibrations. In this case, the energy of 

surface atoms and the crystallographic orientation of the surface affect the melting onset 
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temperature: the lower the energy of surface atoms, the higher the melting onset 

temperature. For nickel and copper, the melting onset temperatures are arranged in the 

following order of increase for the orientations considered: (110), (112), (100), (111).   

When studying the formation of crystalline nuclei during gradual cooling from the 

molten state, it was found that most of the nuclei were formed near the surface. The 

orientation in the nuclei near the surface was, as a rule, such that the crystalline plane 

(111) was formed on the surface, which is the most energetically favorable. 
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ABSTRACT  

The martensitic transformation and the defect density variation were studied during 500 thermal cycles of 

the Ti40.7Hf9.5Ni49.8-xCux shape memory alloys with various copper concentration (x = 1, 5 or 10 at. %). It was 

found that regardless the Cu content, the transformation temperatures decreased on thermal cycling. An 

increase in the Cu concentration led to alloys hardening but it did not improve thermal cycling stability. 

The variation in the defect density on thermal cycling did not correlate with the yield limit for dislocation 

slip measured in samples before cycling. The variation in the defect density variation did not correlate with 

the variation in the transformation temperatures on thermal cycling. This showed that the variation in 

defect density was not the only reason for the variation in the transformation temperatures on thermal 

cycling of cast Ti-Hf-Ni-Cu alloys. 
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Introduction 

NiTi-based shape memory alloys are the smart materials which are widely used in various 

technological branches. One of the most frequent applications is the actuators of repeat 

action which are applicable for car, aircraft, space and other industries [1ɝ3]. The repeat 

action actuators usually consist of the pre-deformed shape memory alloy element which 

is connected to the elastic counter-body. On heating through the temperature range of 

the reverse martensitic transformation, the shape memory effect occurs and the strain 

recovers in the shape memory element. This leads to the deformation of the counter-body 

and the recovery stress appears in the system. On cooling through the temperature range 

of the forward martensitic transformation, the counter-body deforms the shape memory 

element, its strain increases, while the recovery stress decreases. On next heating, the 

described procedure repeats so, the recoverable strain and stress variation take place on 

thermal cycling [2,3]. For the actuators, the thermal cycling stability is the key factor 
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because the device must demonstrate the stable stress and strain variation in the same 

temperature range during the life-time period [4]. 

The NiTi-based shape memory alloys are the best candidates for the actuators 

because they demonstrate the best combination of the functional and operating 

properties such as high recovery strain and stress, high strength and corrosion 

resistance [5]. However, their thermal cycling stability is weak so, the recovery stress and 

strain as well as the temperatures of the strain and stress variation significantly change 

on thermal cycling [6ɝ19]. Moreover, the plastic strain accumulates during thermal 

cycling that changes the geometrical sizes of the shape memory element and affects the 

recovery strain and stress [7,9,11,14]. The reason for the plastic strain accumulation is a 

high local stress appears on a growth of the martensite plate on cooling that leads to the 

local dislocation slip and increases the dislocation density [12,13,16ɝ18]. One believes, 

that this is the reason for a weak thermal cycling stability of the martensitic 

transformation, that reveals as a decrease in the transformation temperatures of the 

forward and reverse transformations [12,13,16,18]. Thus, the alloy hardening, such as 

preliminary deformation, the precipitate hardening and a decrease in grain size is usually 

used to improve the thermal cycling stability of the martensitic transformation on thermal 

cycling of NiTi-based alloys [19ɝ21]. 

The solid solution hardening is also used to improve the thermal cycling stability. 

Usually, the NiTi-based alloys are doped by third element, such, as Hf, Zr, Fe, Cu elements, 

which dissolve in the NiTi solid solution that increases the yield limit for dislocation slip. 

Last time, the quaternary Ti-Hf-Ni-Cu shape memory alloys were developed [22ɝ27].  

In [24,25], it was shown that the thermal cycling stability of the martensitic 

transformations in the cast Ti-Hf-Ni-Cu alloy with a 5 at. % of Hf and Cu atoms was better 

than in binary NiTi. In [27], it was found, that thin ribbons of Ti-Hf-Ni-Cu alloys with 

9.5 at. % of Hf and various Cu content (Ti40.7Hf9.5Ni44.8Cu5 and Ti40.7Hf9.5Ni39.8Cu10) 

demonstrated the prefect thermal cycling stability of the B2 ᴾ B19ɠ transformation. The 
temperatures of the martensitic transformation were constant during 50 thermal cycles 

that had never been found for binary NiTi alloy. One may assume that perfect stability is 

caused by the solid solution hardening induced by the presence of the Hf and Cu atoms, 

which act as substitutional defects. On the other hand, the perfect thermal cycling 

stability may be attributed to a small grain size because thin ribbons had an average grain 

size of 800 nm in [27]. The aim of the present paper was to study the variation in the 

martensitic transformation and defect density variation on thermal cycling of cast 

Ti40.7Hf9.5Ni48.8Cu1, Ti40.7Hf9.5Ni44.8Cu5 and Ti40.7Hf9.5Ni39.8Cu10 alloys. This allows one to clarify 

the influence of the Cu concentration in cast Ti40.7Hf9.5Ni49.8-xCux alloys on the alloy 

hardening and thermal cycling stability. 

 

Materials and Methods 

The Ti40.7Hf9.5Ni49.8-xCux alloys (x = 1, 5 or 10 at. %) were produced in a vacuum arc furnace 

under an argon atmosphere purified by a Ti getter. The chemical composition of the alloy 

is correspond to the composition of the casting charge. High-purity single metals 

(99.9 wt. %) were used as raw materials. Each ingot with a mass of 20 g and a diameter 
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of 20 mm were turned over and remelted five times to obtain a homogeneous 

composition. For convenience, the alloys were labeled as Cu-1, Cu-5, Cu-10. 

The structure was studied by X-ray diffraction (XRD) analysis at room temperature 

(Rigaku MiniFlex, CuKa radiation, ʻ-2ʻ mode). The martensitic transformations were 

studied by differential scanning calorimetry (Mettler Toledo 822e) on cooling and heating 

in a temperature range from 200 to ɝ100 °C with a rate of 10 ºC/min. The resistivity  

(in the regime of the direct current) was measured by 4-probes technique on cooling and 

heating in the same temperature range using the self-made stand including two nano-

voltmeters and one source of direct current. The samples for DSC study with a size of 

3 × 3 × 1 mm3 and samples for resistivity measurement with a size of 20 × 1 × 0.3 mm3 

were cut by electro-discharge machine from ingots. 

The samples were subjected to 500 thermal cycles and the resistivity vs temperature 

curves were measured in the 1st, 10th, 20th, 30th, 40th, 50th, 75th, 100th, 200th, 300th, 400th 

and 500th cycles. Between these cycles, samples were thermal cycled by holding in the 

furnace at 200 ºC for 40 s and holding in liquid nitrogen for 40 s. 

To study whether the Cu content leads to alloy hardening, the samples were 

subjected to tension at a temperature of Af + 50 ºC (in the austenite state) before thermal 

cycling. Dog-bone samples with a size of gauge area of 7 × 1 × 0.8 mm3 were cut by 

discharge machine from ingots, installed to the inter-grips which were fixed in the 

standard grips of the testing machine (Lloyd 30k Plus, Shimadzu 50kN-AG) equipped with 

a thermal chamber. The sample was heated to chosen temperature, hold for 40 min for 

homogenization of the temperature in the samples and grips and deformed by tension up 

to fracture. The stress was measured by standard cell, the strain was detected by video 

extensometer as the variation in distance between two white stripes drawn on the black 

sample surface. 

 

Results and Discussion 

Figure 1 shows the XRD patterns obtained at room temperature. The diffraction peaks of 

the B19ɠ martensite phase can be observed, hence all alloys underwent the B2 ­ B19ɠ 
transformation on cooling to room temperature. Among the reflexes of main phase, weak 

reflexes of the Ti2Ni-type precipitates were found. 

 

 
 

Fig. 1. XRD patterns of the Cu-1, Cu-5 and Cu-10 samples measured at room temperature 
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Figure 2 shows the calorimetric and resistivity curves found on the first cooling and 

heating of the Ti40,7Hf9,5Ni49,8-xCux alloys. It is seen that in all samples, a peak of the heat 

release was found on cooling and a peak of heat absorption was observed on heating due 

to the B2 ª B19ɠ transformation. In Cu-10 sample, the Mf temperature was less than room 

temperature that was why the austenite reflexes were observed on the XRD pattern 

(Fig. 1). The resistivity curves showed the anomalous behavior on cooling and heating: 

the resistivity increased on cooling due to the forward B2 ­ B19ɠ transformation; and it 
decreased on heating during the reverse B19ɠ ­ B2 transformation. It is seen that the 

temperatures of the anomalous on the r (T) curves were the same as the temperatures of 

the peak on the calorimetric curves. Thus, using the r (T) curves, one may determine the 

transformation temperatures as well as the absolute value of the resistivity which reflects 

the defect density. 

 

  
(a) (b) 

  

 
(c) 

 

Fig. 2. The calorimetric (red) and resistivity (black) curves found on the first cooling and heating of the 

cast Cu-1 (a), Cu-5 (b) and Cu-10 (c) alloys. Dash line shows the room temperature 

 

Figure 3 shows the r (T) curves found in the 1st, 10th, 100th and 500th thermal cycles 

in the samples with various Cu content. It is seen that the r (T) curves shifts on thermal 

cycling in different manner depending on Cu content. In Cu-1 alloy, an increase in thermal 

cycle number (N) from 1st to 100th shifted the r (T) curves to high resistivity value and low 

temperatures. Further increase in cycle number to 500th cycle shifted the r (T) curve to 

low resistivity (Fig. 3(a)). In Cu-5 and Cu-10 alloy, the r (T) curves shifted to high 

resistivity value and low temperatures during 500 thermal cycles. However, it is seen that 

in Cu-5 alloy, the r (T) curves measured in the 100th and 500th cycles were close to each 

other (Fig. 3(b)), hence the thermal cycling from the 100 to 500 cycles had a small effect  
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(a) (b) 

  

 
(c) 

 

Fig. 3. The resistivity vs temperature curves measured for Cu-1 (a), Cu-5 (b) and Cu-10 (c) alloys  

in the 1st, 10th, 100th and 500th thermal cycle 

 

on the defect density in this alloy. In Cu-10 alloy, thermal cycling from 100 to 500 cycles 

considerable shifted the r (T) curve to high resistivity and low temperatures (Fig. 3(c)). 

Using the r (T) curves, the transformation temperatures were determined as 

intersection of tangent lines and their dependences on the thermal cycle number are 

given in Fig. 4. First of all, contrary to the results found for ribbons in [27], the cast alloys 

with the same chemical composition did not demonstrate the stability of the martensitic 

transformation temperatures on thermal cycling. In Cu-1 and Cu-5 alloys (Fig. 4(a,b)), the 

transformation temperatures decreased during the first 100ɝ200 cycles and then slightly 

increased (the exception was found in Cu-5 alloy, where the Af temperature and the Mf 

temperature were constant at N > 200). For instance, in Cu-1 alloy, the Ms temperature 

was equal to 113 ºC in the 1st cycle to 90 ºC in the 100th cycle and 92 ºC in the 500th cycle. 

At the same time, the As temperature was equal to 136 ºC in the 1st cycle, 102 ºC in the 

200th cycle and 106 ºC in the 500th cycle. In Cu-5 alloy, the Ms temperature was equal to 

79 ºC in the 1st cycle, 52 ºC in the 100th cycle and 55 ºC in the 500th cycle. The As 

temperature was equal to 71 ºC in the 1st cycle, 48 ºC in the 200th and 51 ºC in the 500th 

cycles. In Cu-10 alloy, the transformation temperatures decreased during 500 cycles 

without saturation (Fig. 4(c)). So, during 500 cycles, the Ms temperature dropped from  

48 to 35 ºC, whereas the As temperature decreased from 37 to 20 ºC. Thus, it is seen that 

the different temperatures changes on thermal cycling in different ways and it is hardly  

affected by  the Cu concentration. So, Cu-10 alloy showed the minimum variation 
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(a) (b) 

  

 
(c) 

 

Fig. 4. The variation in transformation temperatures on thermal cycling of the Cu-1 (a), Cu-5 (b) 

and Cu-10 (c) alloys 

 

in Ms temperature compared to the Cu-1 and Cu-5 samples, while the variation in the As 

temperature in Cu-10 and Cu-5 alloys were comparable and less than in Cu-1 alloy. 

The resistivity values (rA and rM) were measured in a pure austenite state at the TA 

temperature and pure martensite state at the TM temperatures as shown by dash line in 

Fig. 3. As the absolute resistivity value depends on the defect density, hence the variation 

in the rA and rM values on thermal cycling shows the variation in defect density. The rA(N) 

and rM(N) curves for all samples are shown in Fig. 5. In Cu-1 sample, both the rA and rM 

values rapidly increase during first 10 cycles. The resistivity hardly changes from the 10th 

to the 100th cycle in the martensite state or from 10th to 200th cycle in the austenite state. 

At N > 100 (200) cycles, the resistivity decreases (Fig. 5(a)). The larger the Cu content in 

the alloy, the more cycles is taken for rapid increase in the resistivity. It occurs within 

30 cycles in Cu-5 sample (Fig. 5(b)), and 80 cycles in Cu-10 sample (Fig. 5(c)). 

To study the influence of the Cu content on the limit for dislocation slip, the samples 

were subjected to tension in the austenite state (at T = Af + 50 ºC) up to failure (Fig. 6) 

and the yield limit for dislocation slip was measured as s0.2 value. This value was equal 

to 480 MPa for Cu-1 alloy, 580 MPa for Cu-5 alloy and 730 MPa for Cu-10 alloy. According 

to SEM study which was not included in this paper, the volume fraction of precipitates 

did not change on a rise in the Cu concentration, hence an increase in s0.2 value on a rise 

in Cu content was caused by solid solution hardening. 

 



Thermal cycling stability of the martensitic transformation in Ti40.7Hf9.5Ni49.8-xCux (x = 1, 5 or 10 at. %) cast alloys  63 
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(c) 

 

Fig. 5. The variation in the rA and rM values on thermal cycling of the Cu-1 (a), Cu-5 (b) 

and Cu-10 (c) alloys 

 

 
 

Fig. 6. Engineering stress vs strain curves of the Cu-1, Cu-5 and Cu-10 samples measured in the austenite 

state at T = Af + 50 ºC 

 

The results of this study showed that the cast Ti40.7Hf9.5Ni49.8-xCux alloys (x = 5 or 

10 at. %) did not demonstrate the stability of the martensitic transformation contrary to 

the ribbons with the same composition which showed the perfect stability in [27]. One 

may assume that the main reason for different thermal cycling stability in cast and ribbon 

samples was the grain size which was 0.8 mm in ribbons and 130ɝ150 mm in cast samples. 

The larger the grain size, the less the dislocation yield limit according to Hall-Petch law 

and the more intensive dislocation density variation on thermal cycling.  

According to [18,28,29], an increase in dislocation density gives an additional term 

to the elastic energy which is included in the thermodynamic balance for the forward 
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martensitic transformation: ῳὋ ᴼ Ὁ Ὁ ᴼ Ὁ , where DGA­M is the increment in 

Gibbs energy during transformation, Ed is a dissipative energy which is responsible for 

hysteresis, Eel
A­M is an elastic energy stored during transformation, Eel

d is an elastic energy 

associated with the defect density [28]. If the defect density increases on thermal cycling, 

hence the Eel
d term increases and the larger increment in Gibbs energy must be provided 

to overcome the sum of dissipative and elastic energy and to start the martensitic 

transformation. This may be realized by overcooling that is why the start temperature of 

the martensitic transformation decreases on a rise in the defect density during thermal 

cycling. 

One may assume that the dislocation density variation must depend on the yield 

limit for the dislocation slip (s0.2). It is obvious that in the alloys with a high s0.2 value, the 

variation in the defect density must be less than in the alloys with a low s0.2 value. Table 1 

shows that an increase in the Cu concentration in the Ti40.7Hf9.5Ni49.8-xCux alloys increases 

the yield limit for dislocation slip from 480 MPa in Cu-1 alloy to 730 MPa in Cu-10 alloy. 

So, one may expect that the variation in the defect density and the variation in the 

transformation temperatures must be the smallest in the Cu-10 sample and the largest 

in the Cu-1 alloy. 

 
Table 1. Yield limit for dislocation slip, increment in the transformation temperatures, increment in rM and 

rA values during 500 cycles in Ti40.7Hf9.5Ni49.8-xCux alloys 

 Cu-1 Cu-5 Cu-10 

s0.2, MPa 480 580 730 

DrM
500, mWÖcm 5.5 12.9 9 

DrA
500, mWÖcm 4.6 4 4.9 

DMs
500, ºC -21 -24 -13 

DMf
500, ºC -18 -21 -21 

DAs
500, ºC -30 -20 -17 

DAf
500, ºC -37 -40 -19 

 

Table 1 shows that the variation in resistivity measured in the martensite state was 

larger than in the austenite state in all alloys. This may be due to the resistivity variation 

in the austenite state depends on the variation in density of dislocation and point detect, 

while the resistivity in the martensite is additionally affected by the martensite twin 

structure which also changes on thermal cycling [30]. 

The resistivity increment measured in the austenite state during 500 thermal cycles 

was comparable for all alloys. The minimum value was 4 mWÖcm in Cu-5 sample, while 

the maximum value of 4.9 mWÖcm was measured in Cu-10 alloy (Table 1). At the same 

time, the error in resistivity value was equal to 1.1 mWÖcm (measured as the error for 

indirect measurement taking into account the errors in the length, current and voltage 

measurements). This means that the variation in the defect density in the austenite state 

is the same for all alloys and it does not depend on the yield limit for dislocation slip. 

In the martensite state, the maximum increment in the resistivity is found in Cu-5 

sample which has the medium value of the yield limit for dislocation slip, while the 

minimum increment in the resistivity is observed in Cu-1 sample with the smallest yield 

limit for dislocation slip. Hence, there is no correlation between the alloy hardening and 

the variation in defect density measured in the martensite state. Thus, the results of the 
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study show that the variation in the defect density on thermal cycling does not depend 

on the yield limit for dislocation slip measured in the alloys before thermal cycling. One 

may assume that the s0.2 value also changes on thermal cycling that affects the variation 

in the defect density. 

To find the relation between the defect density variation and the transformation 

temperature variation, the increments in the resistivity and temperatures were analysed. 

One may assume that if the most of the alloy is in the austenite state at the Ms and Af 

temperatures, hence these temperatures must depend on the defect density in the 

austenite state. Contrary, the As and Mf temperatures at which most of the alloy is in the 

martensite state must be affected by the defect density in the martensite state. Table 1 

shows that the variation in defect density in the austenite state is the same in all alloys 

however, the variations in the Ms and Af temperatures in Cu-1 and Cu-5 alloys are 

approximately 1.8 times larger than in Cu-10 sample. In the martensite state, the 

minimum resistivity variation is found in Cu-1 alloy and the maximum value is observed 

in Cu5 alloy. At the same time, the Mf temperature is approximately the same in all alloys, 

while the variation in As temperature in Cu-5 and Cu-10 alloys is in 1.5 times less than in 

Cu-1 alloy. Thus, the results of the paper clearly show that the variation in the 

transformation temperatures on thermal cycling has no relation with the variation in the 

defect density.  

The comparison of the transformation temperature increments and the yield limit 

for dislocation slip shows that there is no ratio between these parameters. So, as it was 

mentioned above, the increment of the Mf temperature was the same in Cu-1 and Cu-10 

alloy, while the difference in yield limit for dislocation slip was 1.5 times. The Af 

increment in Cu-1 and Cu-5 alloys was the same, whereas the yield limit for dislocation 

slip in Cu-5 alloy was 100 MPa higher than in Cu-1 alloy. 

Thus, the results of the study show that the defect density variation and the 

transformation temperatures change independently on thermal cycling and their 

variation does not depend on the yield limit for dislocation slip measured in the sample 

before thermal cycling. First, this means that the defect density variation is not the only 

reason for the variation in the transformation temperatures on thermal cycling in the 

NiTi-based alloys. Other reasons must be found that affect the thermal cycling stability 

of the martensitic transformations in NiTi-based alloys. The other main result is that the 

yield limit for dislocation slip measured in the sample before thermal cycling does not 

reflect the stability of the transformation temperatures. Hence, the chosen of the NiTi-

based alloy with a high dislocation yield limit for application does not guarantee the high 

thermal cycling stability of the functional properties.  

 

Conclusions 

Thermal cycling stability of the martensitic transformations was studied in cast 

Ti40.7Hf9.5Ni49.8-xCux alloys with various Cu concentrations. The analysis of the variation in 

the transformation temperatures, defect density and the yield limit for dislocation slip 

was carried out. The obtained results may be summarized as follows: 

1. The variation in transformation temperatures on thermal cycling are different for the 

Ti40.7Hf9.5Ni49.8-xCux alloys with various Cu concentration. If Cu concentration in the 
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Ti40.7Hf9.5Ni49.8-xCux alloy is equal to 1 or 5 at. %, transformation temperatures decrease 

during 100ɝ200 cycles and then slightly increase. If Cu concentration is equal to 10 at. %, 

transformation temperatures decreased during 500 cycles without saturation. At the same 

time, the absolute increment in the transformation temperature hardly depended on the 

Cu concentration. 

2. An increase in the Cu concentration leads to alloy hardening that increases the yield 

limit for dislocation slip in the austenite phase more than 1.5 times. However, it hardly 

affects the thermal cycling stability in cast Ti40.7Hf9.5Ni49.8-xCux alloys 

3. The variation in the defect density on thermal cycling does not correlate with the yield 

limit for dislocation slip measured in samples before cycling. The defect density variation 

measured in the austenite state is comparable in all alloys. The maximum defect density 

variation in the martensite state is found in the Cu-5 alloy with the medium yield limit 

for dislocation slip. The minimum defect density variation is observed in Cu-1 alloy with 

the smallest dislocation yield limit. 

4. The change in the defect density does not correlate with the variation in the 

transformation temperatures on thermal cycling. This shows that the variation in defect 

density is not the only reason for the weak cycling stability of the martensitic 

transformation temperatures on thermal cycling of the NiTi-based alloys. 
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ABSTRACT  

During the high-temperature synthesis of carbide reinforced Al matrix composites, as a result of a chemical 

reaction between carbide particles and a metal matrix, aluminum carbide is formed, which embrittles the 

system. To eliminate the negative effect of aluminum carbide in the material, the dispersed phase of TiC 

was pre-metallized with a thin Ni layer. Our work also evaluates the effect of Ni-plated particles of TiC and 

aluminum nickelide, formed as a result of the chemical reaction of Ni with molten Al, on the hardening of 

the Al matrix composite. The mechanisms of hardening of the aluminum matrix composites with a 

dispersed phase of micro- and nanometer size are proposed. The analysis of the contributions of the above 

mechanisms to the hardening of the TiC reinforced Al composite considered in this article, shows that the 

main contribution to the hardening due to the low bulk concentration of reinforcing particles is provided 

by the dispersion hardening Orowan-Ashby mechanism and the dislocation mechanism caused by a thermal 

expansion coefficients mismatch between the matrix and reinforcing particles. 
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Introduction 

It has been repeatedly noted that the main technological problems in the synthesis of 

composites containing ceramic particles and carbon additives are: the distribution of the 

reinforcing phase in the bulk composite; the strength of its adhesion to the matrix; 

chemical and structural stability of the reinforcing phase in the composite [1ɝ5]. These 

tasks are solved by us first of all at the stage of the composite powder preparation. 

During the high-temperature synthesis of carbide reinforced Al matrix composites, 

undesired aluminum carbide is formed, as a result of reaction between carbide particles 

and a metal matrix. Formed carbide embrittles the system and significantly reduces the 

plasticity of composites [6ɝ8].  

http://dx.doi.org/10.18149/MPM.5312025_6
https://orcid.org/0000-0003-2603-2812
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To minimize the negative impact, we introduced TiC into the Al matrix in the form 

of core-shell particles. The Ni shell minimizes the possibility of chemical bonding 

between C and Al and improves the particle wettability in the Al melt [9ɝ12]. In this 

paper, we evaluate the effect of the Ni shell on the hardening of metal composites 

reinforced with core-shell particles, and experimental results are compared with the 

theoretical assessment. 

There are many factors contributing to the experimentally observed hardening of 

metal matrix composites by solid particles with higher rigidity than the matrix material. 

The hardening depends, in particular, on the physical and mechanical properties of the 

reinforcing particles, their shape, concentration, and distribution over the matrix, as well 

as the presence of a bond at the particle-matrix interface. 

When reinforcing the matrix with micro- or nanoparticles, the strength increase 

cannot be explained by known continuous models: the mixture rule, the Halpin-Tsai, 

Hashin-Shtrikman, Mura and other models [13]. The hardening mechanisms based on the 

involvement of dislocation models make it possible not only to explain qualitatively, but 

also to predict an increase in the strength properties of a metal matrix composite. 

The improvement in the strength characteristics of reinforced materials, compared 

with pure Al, is due to the structural inhomogeneities that create additional resistance to 

the movement of dislocations. The main reason for the hardening is the creation of 

obstacles to the dislocations movement in the main lattice. 

The observed hardening of composites with a metal matrix is the combination of 

several possible mechanisms [11ɝ24]: 

1. due to the efficient load transfer between the matrix and the reinforcing elements; 

2. due to the elastic modules mismatch of the matrix materials and the inclusion; 

3. due to the grain grinding of the matrix (Hall-Petch law); 

4. Orowan hardening caused by the dispersed phase; 

5. due to internal thermal stresses caused by a mismatch in the thermal expansion 

coefficients between the matrix and the carbide particles; 

6. hardening caused by the appearance of an interfacial layer between the reinforcing 

particle and the matrix. 

Which of these mechanisms are implemented in each specific case is determined by 

both the geometry, size and concentration of particles, and the conditions for introducing 

reinforcing particles into the matrix. The analysis of the contributions of the above 

mechanisms to the hardening of the TiC reinforced Al composite considered in this article, 

shows that the main contribution to the hardening due to the low bulk concentration of 

reinforcing particles is provided by the dispersion hardening Orowan-Ashby mechanism 

and the dislocation mechanism caused by a thermal expansion coefficients mismatch 

between the matrix and reinforcing particles. 

 

Materials and Methods 

Production of a bulk composite based on Al reinforced with nano-TiC 

The of Al samples were cast on an induction vacuum compression casting machine  

UVLKɝ30A (SparkɝDon LTD, Russia), equipped with an autonomous water cooling module 

MAVOɝ3. During the casting, we used tablets of material, consisting of dispersed Al matrix 
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and a reinforcing TiC phase. Composite tablets were obtained by mixing Al matrix particles 

with a reinforcing phase in dry mixing mode at room temperature, followed by pressing. Al 

was mixed with a dispersed reinforcing phase in ratios 99:1, 99:3, 95:5 wt. %. 

Aluminum ASP-50 with a size of 50ɝ80 µm was used as a matrix. As a reinforcing 
phase, core-shell TiC/Ni particles with a diameter of 20 µm and 200 nm were 

synthesized [14ɝ28]. The difference in the method of Ni plating of TiC particles was to 

increase the thickness of the Ni coating on TiC surface by increasing the deposition cycles 

number to 3 [12]. 

The samples were melted in a vacuum melting mode with a pressure of less than 

250 mbar under constant inert gas flow (argon). The flow of Ar throughout the entire 

melting and casting process provides minimized oxidation of the melt and its gas 

saturation. The minimum weight of the workpiece was chosen at 3.2 g. The casting 

temperature for Al raw materials was selected experimentally as 700 ºC. Plates were 
made from the obtained samples on a spark-cutting machine to evaluate mechanical 

properties. 

 

Characterization 

The phase composition of the samples was monitored using XRD analysis on a Bruker 

"D2 Phaser" powder diffractometer. The surface defects of the samples were examined by 

optical microscopy. The structure of the composite material and elemental composition 

were studied using a scanning electron microscope Zeiss Merlin. 

 

Mechanical tests, conducting tests for uniaxial tension 

After a comprehensive study, samples were cut from the plates for uniaxial loading tests. 

Uniaxial stretching was performed on a Shimadzu AGɝ50kNX testing machine at room 

temperature, the deformation rate was 5Ā10-4 s-1. The deformation of the samples was 

controlled by a TRViewX 55S video extensometer. Bending tests were carried out in 

accordance with GOST 14019ɝ80 "Metals and alloys. Methods of testing for bending". 

 

Results and Discussion 

To study the effect of the dispersed TiC phase with Ni nanostructures on the mechanical 

properties of an Al matrix composite, samples of the reinforcing phase with a core-shell 

structure were obtained after 3 cycles of Ni deposition. It should be borne in mind that 

the carbide phase is used for reinforcing an Al matrix composite at Al melting 

temperatures. So, for better TiC particles shielding from the Al matrix, the Ni shell must 

be thicker. 

The morphology of the reinforcing phase particles and the surface of bulk sample 

obtained by casting was studied by a scanning electron microscopy (SEM) (Figs. 1 and 2). 

Figure 1 shows a micrograph of a 20 µm TiC particle with Ni. A mixed type of Ni coating 
growth is observed. On the TiC surface, both Ni shell coating (Fig. 1(a)) and Ni 

agglomerates (Fig. 1(b)) form. Elemental analysis of the modified particles shows the 

presence of Ti, C and Ni. The carbon content is due to carbon tape that was used as a 

substrate for the samples analysis (Fig. 1(c)).   
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Fig. 1. Micrograph of TiC particles with Ni on the surface: (a) a section of the Ni shell on the TiC surface, 

(b) a TiC particle with Ni on the surface, (c) the elemental composition of the TiC surface 

 

Figure 2 shows a micrograph of the composite sample surface with 5 % added 

reinforcing phase. The sample is nonporous. For a detailed study of the samples surfaces, 

the elemental composition at several surface points was evaluated simultaneously with 

microscopy. It can be seen from the microphotographs that the elemental sample 

composition corresponds to the expected one and consists of Al, Ti, C and Ni. 

 

 
 

Fig. 2. Micrograph of a section of a composite Al sample with a 5 wt. % TiC/Ni 

 

When obtaining bulk materials, the high temperature promotes the chemical 

reaction between carbide particles and the Al matrix, and undesired aluminum carbide 

can be obtained, which embrittles the system and reduces the strength characteristics 

and significantly reduces the plasticity of composites. XRD studies of samples using of a 

TiC-reinforced Al matrix composite with a Ni shell showed the absence of an aluminum 

carbide phase. The Al3Ni phase was detected instead (Fig. 3) that, in opposite, leads to 

additional hardening [29,30].   
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Fig. 3. Diffractogram of a bulk AlɝTiC/Ni sample 

 

The mechanical properties of Al matrix composites have been studied by uniaxial 

stretching. Mechanical tests were carried out at room temperature at the deformation 

rate 5·10-4 s-1. From the samples obtained, double-sided blades with a working part size 

of 6 × 2 mm2 were made on the ART 123 PRO electroerosion machine of NPK DeltaɝTest 

LLC. The ends of the blades were examined using a side-illuminated Micmed-6 

microscope in order to control the samples integrity. All Al matrix composite samples 

obtained by injection molding show increased strength properties when tested for 

uniaxial tension (Fig. 4).  

 

 
 

Fig. 4. Mechanical characteristics of Al matrix composites. Blue bars indicate the strength of the samples, 

red bars indicate the relative elongation of the samples 

 

Al-based composites strengthened by Ni-plated TiC particles of both micron and 

nanometer sizes demonstrate higher strength characteristics compared with pure Al. This 

strength improvement is due to structural inhomogeneities that create additional 
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resistance to the dislocations movement. The increased effect of this mechanism can be 

observed during the transition from micron reinforcement particles to nanoscale ones. 

Note that when cooling an Al composite reinforced with Ni-plated TiC particles from 

600 to 20 ºC, the reinforcing particles are in compression conditions, and the matrix 
material near the interface is under strong stretching conditions, which has a strong effect 

on the crack resistance of the composite and on plastic deformation. When the mixture 

melts, an aluminum nickelide layer forms at the TiC particles boundary. Upon cooling, 

microcracks arise in this layer, which cause a decrease in the plastic deformation area [27]. 

 

Mechanisms of hardening of Al matrix composite 

Dispersion hardening mechanism 

The presence of small-scale reinforcing particles in the metal matrix creates additional 

resistance to the dislocations movement through the matrix along its sliding planes. When 

colliding with a particle, moving dislocations first bend and then form a dislocation loop. 

This leads to an increase in the stress required for further dislocation movement, which 

increases the yield strength. The interaction between stress fields created by the looping 

of dislocations makes it difficult to further bend dislocations around particles. Therefore, a 

higher voltage is required to facilitate the dislocations movement, thereby increasing the 

composite strength. 

Dispersion hardening by particles can be quantified using the OrowanɝAshby 

equation [17ɝ21]: Ў„ Ȣ  ÌÎ ,             (1) ‗ Ὠ ρ ,              (2) 

where ‗  is the average distance between the particles, Ὃ   ÉÓ the shear modulus of the 

matrix material, for aluminum Ὃ ςυȢτ Ͻ ρπ  -0Áȟ ὦ πȢςψφ Ͻ ρπ  -0Á ÉÓ the Burgers 

vector, Ὠ  ÉÓ a diameter of the reinforcing particle, ὠ  ÉÓ  a volumetric concentration of 

reinforcing particles. 

 

The mechanism of deformation hardening caused by the discrepancy between the linear 

expansion coefficients of matrix materials and reinforcing particles 

The strength increase of a metal matrix composite can be explained by matrix 

strengthening by creating a high dislocations density. While producing a metal matrix 

composite, thermal mismatch deformations are induced during cooling in the immediate 

vicinity of reinforcing particles due to the linear expansion coefficients difference 

between the matrix and the reinforcement. These mismatch thermal deformations 

change the internal stress state at the matrix-particle interface. To reduce the thermal 

effect and remove residual thermal stresses at the interface, the dislocations density near 

the interface of the particle matrix increases, which reduces the stored energy. As a result, 

the matrix undergoes deformation hardening near the interface and its strength 

increases. This hardening is quantified using the following equations [21ɝ23]: Ў„ ὓ‍Ὃ ὦ ” ,             (3) 
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where ”  ÉÓ the dislocations density generated by the linear expansion coefficients 

mismatch, M is the Taylor coefficient M ʘ 1, ‍ is a geometric constant, ‍ ʘ 1.25 for Al,  

A is a geometric constant (4 for equiaxed particles and 12 for extended ones), Ŷʰ is the 

linear expansion coefficients difference between reinforcing particle and matrix materials, 

ŶT is the difference between the synthesis temperature (in our case, the Al melting point) 

and room temperature. 

These two mechanisms are used to evaluate the Al matrix hardening by TiC particles 

with a 20 µm diameter, TiC particles with a 20 µm diameter with a deposited 50 nm Ni 

layer and TiC particles with a diameter of 200 nm with a deposited 50 nm Ni layer. 

 

Modeling of hardening by TiC and TiC/Ni particles 

In the injection molding metal matrix composite obtaining approach, a reinforced with 

carbide particles, after cooling from the Al melting point to room temperature in the 

vicinity of the reinforcing particle-matrix boundary, the dislocation density increases 

significantly due to a linear expansion coefficients mismatch Eq. (4), which results in the 

composite hardening. 

The main contribution to the hardening of a metal matrix composite reinforced with 

20 µm TiC particles is provided by the dislocation hardening mechanism 
(ŶˋCTE  4.5 MPa); the dispersion mechanism contribution is insignificant. When 20 µm 
TiC particles with a deposited 50 nm Ni layer, interact with molten Al, aluminum nickelide 

particles are formed, diffusing into molten Al. This assumption is confirmed by the 

diffractogram of a bulk composite Al ɝ TiC/Ni (Fig. 3). 

After cooling to room temperature, Ni3Al forms an additional reinforcing phase 

along with TiC, which, despite its low concentration, makes a significant contribution to 

the metal composite hardening. At 1 wt. % of TiC/Ni, hardening due to Ni3Al particles at 

their concentration of less than 0.01 vol. % TiC ~ 8.5 MPa, and at 5 wt. % of TiC/Ni, 

hardening due to Ni3Al particles at their volume concentration in an Al matrix of less than 

0.03 % Ў„   ρψȢυ -0Á. 

 
Table 1. Composition of aluminum matrix based composites 

Matrix 
Reinforcing 

phase 

Reinforcing 

phase, % 

ˋV, MPa 

exp. 

ˋV, MPa 

calc. 

Increment ˋV, 

% 

Relative 

elongation 

Cast Al 

99.9% 
-Cast Al  50 ɝ ɝ 35 

Cast Al 

95.5% 

20 µm 

TiC 5 wt. % 
5 58 54. +15 8 

Cast Al 

99.0% 

20 µm 

TiC/Ni 1 wt. % 
1 60.1 60.5 +20 14 

Cast Al 

95.5% 

20 µm 

TiC/Ni 5 wt. % 
5 71.2 80.3 +42 10 

Cast Al 

95.5% 

TiC/Ni 

(d ʚ 250 nm) 
5 wt. % 

5 78.3 88.2 +47 22 
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Considering that the hardening by carbide and aluminum nickelide particles are 

independent, the total hardening is determined by their sum [4]: Ў„ Ў„ Ў„ . 

At 1 wt. % of TiC/Ni, the total hardening is Ŷˋ ʘ 10.5 MPa, at 5 wt. % of TiC/Ni Ў„ σπȢτ -0Á. The theoretical hardening model correlates with the experimental results 

(Table 1). 

When reinforced with 200 nm TiC particles coated with a 50 nm Ni layer, the Ni3Al 

layer formed on the carbide particle surface does not diffuse into molten Al. These 

particles with a diameter of 250 nm are barriers to the dislocations movement, generating 

the metal composite hardening. Taking into account the mechanical properties of 

aluminum nickelide, this composite particle can be considered as homogeneous, 

attributing to it the Ni3Al properties.  

Estimating dispersion hardening Eq. (1) and dislocation hardening Eq. (3), we obtain Ў„ ρσȢφ -0Á and Ў„ ςτȢφ -0ÁȢ The total hardening due to these two 

mechanisms Ў„ Ў„ Ў„ σψȢς -0Á corresponds to the experimental 

hardening (Table 1). 

 

Conclusions 

In conclusion, the use of core-shell TiC particles with a Ni shell in the production of Al 

matrix composites not only minimizes the possibility of chemical bonding between C and 

Al and improves the particle wettability in the Al melt, but also increases strength 

properties. 

When reinforcing an Al matrix with micro-sized TiC particles with a nanoscale Ni 

layer at 3 vol. %, a strength increase of > 40 % is observed. 

The analysis shows that for small concentrations of reinforcing carbide particles 

with a Ni shell on their surface, the main hardening mechanism involves the dislocation 

hardening caused by thermal expansion coefficients mismatch between the matrix and 

the carbide particles, and the dispersion mechanism. 
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ABSTRACT  

Owing to inter-phase orientation relationship, EBSD analysis of martensitic or bainitic steel enables 

reconstruction of prior grains. Thus, assessment of the treatment conditions remains possible even if the 

chemical etching cannot properly reveal the parent structure. However, such an approach is hardly 

applicable to the industrial modes of multi-pass rolling. Unlike a single thickness reduction, small strains 

per pass followed by a kind of annealing in inter-pass pauses cause specific mechanisms of austenite 

recrystallization so that the latter becomes difficult to be assessed in morphological terms. At the same 

time, the textural analysis enables estimation of the parent state using whether the texture of reconstructed 

austenite or the measured transformation texture. When tested on low carbon bainitic steel, both methods 

lead to close estimates of the parent texture and thus support each other. 
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Introduction 

According to orientation relationships (OR) pronounced in martensitic and bainitic steels 

[1ɝ3], the transformation texture measured at room temperature is indicative of the 

proportion between deformation and recrystallization components in the parent texture. 

Thus, the hot rolling effect on austenite states before the direct quenching keeps 

detectable regardless of the prior grain morphology. Such an advantage is very important 

for low carbon steels where a chemical etching to image prior grains is rather laborious 

and not always efficient. However, the considered textural method originally based on X-

ray diffraction (XRD) data [4,5] did not attract due regard because of some limitations 

considered in our previous article [6]. Instead, to assess a shape of prior grains, the latter 

are commonly reconstructed from EBSD data [7ɝ14] with allowance for a certain OR. 

Avoiding the reconstruction of austenite grains, use of EBSD data to assess the 

parent texture rather than structure greatly simplifies computations while averaging out 

local measurement errors [6]. Besides, it allows to get rid of the above-mentioned 

shortcomings inherent in XRD technique. These advantages particularly gain in 
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significance in the general case where deformed and recrystallized austenite fractions 

can turn out comparable so that the grain morphology is hard to quantify. Apart from 

these reasons, a principal limitation of the morphological estimate appears in the multi-

pass modes of industrial hot rolling. In this case, a combination of concurrent 

recrystallization mechanisms during the sequence of strains followed by a kind of 

annealing in pauses between them notably weakens the effect of rolling conditions on 

grain shapes [15ɝ19]. Regardless of related explanations [16,18] remaining a subject of 

dispute, the considered regularity in itself supports the alternative textural approach to 

parent states of steel. 

Following [5], to evaluate specific contributions to the transformation texture 

appearing from deformation and recrystallization components of the parent texture, we 

will make use of the virtual Bain relationship [20] since various actual ORs generally 

spread around it. With orientations expressed by Euler angles (˒1, ʊ and ˒2), Figure 1 

illustrates the above-mentioned orientation transformations by respective ODF sections 

at ˒2 = 45°. Unlike a strong influence of presumed OR on the grain reconstruction [7ɝ10], 

such an implicit allowance for variations of real OR will not notably affect assessments 

of the parent orientation statistics. Moreover, determination of any presumably precise 

OR is not realistic because the result depends on an analyzed EBSD area and can vary 

even within prior grains [21,22]. This ambiguity particularly aggravates at deformed 

grains owing to the orientation inhomogeneity in their substructures [23]. In this case the 

reconstruction has to rely on some intuitive compromise between the locality of OR and 

its significance suggesting a large enough analyzed domain. 

 

 
 

Fig. 1. Sections of ODF at ˒2 = 45° illustrating the transformation of main texture components according 

to the Bain OR for (a) deformed and (b) recrystallized states of hot rolled austenite. 

Parent and transformed components are represented by empty and filled circles, respectively 

 

To quantify austenite states formed in multi-pass hot rolling, measured textural 

parameters should be compared with reference values corresponding to certain 

recrystallization degrees as confirmed by independent methods. In the present work both 

the completely deformed and recrystallized states of austenite will be prepared by single 

passes of hot rolling in a medium carbon martensitic steel where specific shapes of prior 

grains are easy to reveal by etching. Despite a different chemical composition of this 

material, it admits the method calibration as far as the Bain relationship approximates 
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both its OR and that of the considered bainitic steel. Anyway, this difference is 

insignificant relative to those of model FCC alloys [4,24,25] used to mimic the parent 

phase of hot rolled martensitic or bainitic steel. 

Since the proposed treatment of EBSD data suggests a simple alternative to the 

currently popular grain reconstruction, we will compare respective assessments of the 

parent austenite states. The comparison is possible as far as shapes of prior grains are 

restored together with their orientations [7ɝ11] and resulting statistics of them 

represents the parent texture. The latter mostly averages out local errors sensitive to the 

presumed OR and hence can implicitly verify use of the Bain relationship that provides a 

virtual center for various experimental OR. 

 

Materials and Methods 

To analyze influence of multi-pass hot rolling modes on the austenite state of low carbon 

bainitic steel (wt. %: 0.08C, 0.21Si, 0.34Mn, 2.6[Ni+Cu], 0.59[Cr+Mo], 0.038[V+Nb]), its slabs 

of 250 mm thickness reheated to 1200 ºC, were rolled at gradually diminishing temperatures 

to the thickness of 18 mm before the direct quenching in a sprinkler installation. Keeping 

these conditions, the rolling modes still could vary in strains and temperatures at the finish 

stage. Limiting consideration to its last five passes, we will compare modes B1 and  

B2 providing there average thickness reductions per pass of 16 and 14 % at average 

temperatures of 913 and 977 °C, respectively. According to previous experiments [6],  

B1 results in a stronger work hardening of austenite that elevates the transformation start 

temperature and hence provides softer bainite unlike the more lath-like bainite of B2. 

Additionally, in order to obtain a bainitic state with a weakened rolling texture, a sample of 

B2 was reheated to 950 ºC and quenched in water. Therefore, the initial texture has been 
dissipated by way of a-g-a transformation. This mode has been marked as B3. 

As noted in the introduction and further confirmed in this paper, effects of the multi-

pass rolling, hard to analyze in terms of the grain morphology, still are perceptible by the 

material texture. The latter in turn satisfactorily complies with grain shapes after a single 

rolling pass [4,26] so that revealed parent structures enable the calibration of textural 

parameters. To make use of this expedient, we will consider medium carbon martensitic 

steel (wt. %: 0.35C, 0.3Si, 1.8[Ni+Mn], 0.75[Cr+Mo], 0.04[V+Nb], 0.003B) since its prior 

grains are easy to image by etching in Marshallɠs reagent [27] at room temperature. 

Samples of this reference material reheated to 1150 ºC have been hot rolled by single passes 

to a thickness reduction of 35 % at temperatures 900 and 1100 °C. According to [26],  

the whole parent phase of this steel proves to be deformed or fully recrystallized at the 

lower or the higher rolling temperature, respectively. 

Sections of the samples prepared by usual metallographic procedures were then 

subjected to electrolytic polishing in perchloric acid-ethanol solution at 0 ºC. Using SEM 
Lyra 3-XM at an accelerating voltage of 20 kV, EBSD orientation data are collected by 

Channel 5 software at various scanning steps. Textures of martensitic and bainitic steels 

were composed over areas of 2.25 and 3 mm2, respectively, with a step of about 1 µm. 

Then, the step was refined to 0.1 or 0.5 µm for the bainitic and martensitic steel, 

respectively, in order to reconstruct prior grains. Treatment of the orientation data, 
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including the reconstruction of austenite texture and structure, was conducted using 

MTEX toolbox [12] for MatLab.  

 

Results and Discussion 

Martensitic steel hot rolled by single pass 

Revealed by the chemical etching on martensitic steel, structures of its parent austenite 

after single passes of hot rolling at different temperatures are shown in Fig. 2(a,b). The 

distinction between deformed and recrystallized prior grains is apparent here owing to their 

flattened and equiaxed shapes, respectively. Results of the grain reconstruction from EBSD 

represented in Fig. 2(c,d) satisfactorily comply with the images in Fig. 2(a,b). Moreover, a 

recrystallized state indicated in Fig. 2(b) by the grain shape is additionally justified in 

Fig. 2(d) by the orientation uniformity, that is, by the absence of substructure within 

reconstructed grains. 
 

 
 

Fig. 2. Deformed (a,c) and recrystallized (b,d) parent structures of martensitic steel hot rolled by a single 

pass: image of prior grains revealed by chemical etching (a,b) and respective orientation (IPF) maps 

reconstructed from EBSD data (c,d). Coloring of boundaries on the orientation maps: low angle ɝ gray; 

random high angle ɝ black; twin ɝ white 
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Figure 3 shows the (110) pole figures obtained for two structural states of the 

martensitic steel (the transformation textures) and the (111) pole figures computed for the 

reconstructed austenite. Note that, as long as {110} planes of a phase are approximately 

parallel to the {111} of g phase in accordance with the inter-phase OR [1], close correlation 

between the (110) pole figures for the martensite texture and the (111) pole figures for the 

prior austenite texture exists [4]. 

 

 
 

Fig. 3. Pole figures for measured transformation textures of martensitic steel (a,b) and its reconstructed 

parent textures (c,d). Figures (a,c) and (b,d) correspond to the deformed (M1) and recrystallized (M2) states 

of parent austenite, respectively 

 

More detailed and unambiguous representation of texture is given by the 

orientation distribution function (ODF) [28]. Figure 4 represents ODF sections (˒2 = 45°) 

for the considered textures. In the deformed state, Fig. 4(c), austenite texture have strong 

Cu and Brass components (see Fig. 1), whereas the texture of recrystallized state, Fig. 4(d), 

is significantly dissipated and contain Cube component. Therefore, the textures confirm 

our above conclusions made on the basis of structure appearance. 

To sum up this subsection, after the hot rolling by the single pass both the shapes 

of prior grains (whether revealed by etching or reconstructed from EBSD data) and the 

related textures of steel lead to similar assessments of the parent austenite states, 
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Fig. 4. Sections of ODF at ˒2 = 45° for the measured transformation textures of martensitic steel (a,b) 

and its reconstructed parent textures (c,d). Figures (a,c) and (b,d) correspond to the deformed 

and recrystallized states of parent austenite, respectively 

 

namely, the first is deformed while the second is completely recrystallized. These two 

states are further used to calibrate textural data on bainitic steel. 

 

Bainitic steel hot rolled by industrial multi-pass mode 

Figure 5 shows the structure of prior austenite reconstructed in the cases termed B1, B2 and 

B3. The latter case (Fig. 5(c)) is not in dispute since here we have austenite grains created 

during reverse a to g transformation. The structures presented in Fig. 5(a,b), however, are 

rather difficult to interpret. Actually, in the case of mode B1 one can see highly distorted 

grain boundaries as well as a misoriented substructure inside grains. At the same time, the 

flattening of grains that one might expect in the deformed state, is not observed. For the 

mode B2, the austenite grains are less distorted that seems to indicate a greater contribution 

of recrystallization. However, this contribution is difficult to assess quantitatively. 

The pole figures obtained on bainitic steel (Fig. 6) demonstrate that the industrial 

hot rolling modes mostly lead to the rolling texture, stronger in B1 and weaker in B2. In 

the case of B3, where the texture is very weak, the subtle signs of the rolling texture,  
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Fig. 5. Prior austenite grains reconstructed from EBSD data on bainitic steel subjected to regimens (a) B1, 

(b) B2 and (c) B3. Coloring of boundaries on the orientation maps: low angle ɝ gray; random high angle ɝ 

black; twin ɝ white 

 

 
 

Fig. 6. Pole figures for measured transformation textures of bainitic steel (a,b,c) and its reconstructed 

parent textures (d,e,f). Figures (a,d), (b,e) and (c,f) correspond, respectively to the regimens B1, B2 and B3 

 

which remain visible after a-g-a transformation, are due to a "texture memory" peculiar 

to bainitic steels [29]. 

Consider now the ODF sections (Fig. 7). For B1, the intensities of transformed Cu and 

Brass components in Fig. 7(a) are close to those for the not-recrystallized austenite1 of 

the martensitic steel (see Fig. 4(a)) that indicate a deformed state of austenite in this case. 

The reconstructed texture confirms this suggestion in view of the strong Cu and Brass 

components. At the same time, a Cube component also takes place in Fig. 7(d). Though  

 

 
1 The intensities of main texture components are even stronger than in the case of martensite, apparently 

because of the larger accumulated strain during hot rolling [6]. 
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Fig. 7. Sections of ODF at ˒2 = 45° for the measured transformation textures of bainitic steel (a,b,c) and 

its reconstructed parent textures (d,e,f). Figures (a,d), (b,e) and (c,f) correspond, respectively, to the 

regimens B1, B2 and B3 

 

very weak, it indicates, together with the morphological features of austenite grains 

(Fig. 5(a)), an occurrence of certain recrystallization. The conservation of pronounced 

rolling texture in the samples of bainitic steel allows us to assume that those 

recrystallization is associated mostly with local migration of grain boundaries, similar to 

what happens during continuous recrystallization [30]. A deformation texture is known 

to mostly retain during such a structural transformation, while a strengthening of Cube 

component may be caused by a preferential growth of Cube-oriented regions [31]. 

For B2, the texture components related to the rolling are considerably weaker than 

for B1, both in the transformation and parent textures, while the Cube component is 

stronger. This confirms an increased contribution of recrystallization to the austenite 

structure formation during this mode of hot rolling. 

Therefore, it turned out that, in the case of multi-pass rolling of bainitic steel, the 

textural analysis enables to assess structural state of parent austenite more 

unambiguously than the reconstruction of austenite grains. Moreover, not only the 

reconstructed austenite texture but even the transformation texture gives this possibility. 

With regard of this finding, a simple scalar parameter is suggested and verified in the 

next section for quantification of those assessment. 

 

Quantification of austenite states in textural terms 

To introduce a single scalar [26] indicative of the whole texture, we will allow only for two 

components of the latter, which are unambiguous and most strong. Specifically, at the 

deformed state of parent austenite (Fig. 1(a)) they are Brass and Copper components, 

whereas in the respective transformation texture the transformed Copper and the right 
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lower constituent of transformed Brass should be considered. Accumulation of rolling 

strains is then expressed by textural parameter  

t=0.5(p1+p2)/rɝ1,              (1) 

where p1 and p2 are probability densities averaged within 15° deviations from virtual centers 
of the two considered components and r is probability density in case of the random 

orientation distribution [32]. Note that austenite recrystallization, if any, is also reflected 

by t insofar far as probabilities of all texture components sum to unity. Derived from 

measured transformation textures and statistics of the reconstructed prior grain 

orientations, the considered parameters are listed in Table 1 with subscripts a and g, 
respectively. In turn, states B1ɝB3 of bainite follow the gradual texture weakening in 

accordance with strain degree stored in austenite before its transformation. 

 

Table 1. Characteristics of austenite states as derived from the transformation (a) and parent (g) textures of steel 

Parent 

state 

Textural parameter Recrystallization degree, % 

ta tg Ra Rg 

M1 3.7 3.8 0* 0* 

M2 0.7 -0.1 100* 100* 

B1 4.0 3.6 0 5 

B2 2.5 2.0 40 46 

B3 1.6 1.6 ɝ ɝ 

*Calibration according to the grain morphology 

 

Let the completely deformed and recrystallized austenite states appear at t ʛ td and 

t ʚ tr, respectively, where reference ta and tg are found by metallographic methods. Then, 

using a kind of the lever rule as proposed in [26], the recrystallization degree is roughly 

evaluated by:  Ὑ ρȟ    ὸ ὸπȟ    ὸ ὸ  ὸ ὸ Ⱦ ὸ ὸ ȟ ὸ ὸ ὸ .           (2) 

To discriminate between transformation (measured) and parent (reconstructed) 

textures in what follows, corresponding estimates of t and R will have appropriate 

subscripts. As to td and tr, they are determined in previously considered special states M1 

and M2, respectively. Concerning mode B3, values Ra = 70 % and Rg = 57 % formally 

calculated according to Eq. (2) have not been placed in Table 1, since a true 

recrystallization did not occur in this case. According to the listed results, the two compared 

methods satisfactorily correspond to each other. Thus, plausible assessments of the parent 

state are possible without the reconstruction of prior grains. Obviously, rapidly developing 

methods of reconstruction remain in demand since morphology of the austenite structure 

undoubtedly affects the kinetics of transformation during subsequent cooling. In this 

regard, a simplified approach based on the Bain relationship finds one more application as 

the tool to verify grain reconstruction algorithms in textural terms. 

 

Conclusions 

Characterization of parent austenite in the samples of bainitic steel treated by multi-pass 

hot rolling has been performed using EBSD analysis of bainite as well as EBSD-based 
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reconstruction of parent austenite. The reconstruction of austenite structure has showed 

that considerable recrystallization proceeded during last passes of the rolling. However, 

this is not a usual "discontinuous" recrystallization [31], which includes nucleation of new 

grains and their growth at the expense of neighboring deformed grains. Judging from 

both textural and structural analysis, the observed mode of recrystallization is mostly 

reduced to the local migration of boundaries, similar to the continuous recrystallization 

of heavily deformed metals.  

In spite of apparent occurrence of recrystallization, it is difficult to assess its degree 

in multi-passed hot rolling from the reconstructed austenite structure. At the same time, 

such an assessment can be made based on the crystallographic texture. To do this, we 

have introduced a scalar parameter dependent on the intensity of main texture 

components. To calibrate this textural parameter, a martensitic steel in two conditions 

has been used; in the first condition the parent austenite was deformed while in the 

second it was completely recrystallized. Such an analysis can be performed based on the 

transformation texture or the reconstructed austenite texture, and these two methods 

were shown to agree satisfactorily. Thus, assessment of the parent austenite state is 

possible even without the reconstruction of prior grains. 
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ABSTRACT 

The evolution of the structure of aluminum alloy 2219 ingot during equal channel angular pressing (ECAP)  

to a cumulative strain of e = 12 at 475 °C (~0.8Tm) was studied. It was found that the structural changes during 

hot ECAP were determined by the action of two main structural processes. In the early stages of ECAP (e = 1ɝ3),  

the alignment of the initial grains in the pressing direction was mainly accompanied by the formation of a 

dynamically equilibrated subgrain structure. However, upon reaching a critical strain (e ʘ 3ɝ4), grain 

fragmentation by deformation/microshear bands started with a subsequent gradual increase in the number 

of bands and their misorientation, leading to grain refinement. As a result, a heterogeneous bimodal grain 

structure was formed after e = 12, consisting of about 50 % new grains of about 10 µm size and residual 

fragments of the initial grains containing subgrains. It was concluded that grain refinement during hot ECAP 

occurred by the mechanism of continuous dynamic recrystallization. 
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Introduction 

The problem of obtaining bulk ultrafine-grained (UFG) materials (grain size less than 

1 µm) is of considerable interest to researchers working in the field of materials science 

and solid state physics [1ɝ5]. This is due to the range of high physical and mechanical 

properties that can be achieved, allowing such materials to be widely used in practical 

applications [2,3]. In order to form a UFG structure in bulk billets, severe plastic 

deformation (SPD) methods, such as equal channel angular pressing (ECAP) [1ɝ5], 

accumulative roll bonding [1,2,5], multidirectional isothermal forging [1ɝ3,5], etc. are 

often used. In addition, these methods can also be considered as an effective "scientific 

tool" for obtaining knowledge about the structural changes that occur during large strain 

deformations [1,4,5]. 

At present, both the characteristics of the above-mentioned SPD methods and the 

properties of the UFG-structured semi-finished products obtained by such methods have 

been quite well studied [1ɝ35]. In particular, a large number of studies have been devoted 

http://dx.doi.org/10.18149/MPM.5312025_8
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90  O.S. Sitdikov 

to the analysis of changes in the structure of aluminum alloys, which are typical materials 

with high stacking fault energy. It has been shown in [4,6,8,12ɝ21,24,26,31] that in these 

alloys SPD can cause fragmentation of the initial grains with the formation of dislocation 

boundaries with medium angular misorientation (Q º 5ɝ15°), which are the boundaries 
of deformation bands. With increasing strain, the number and misorientation of these 

boundaries increase, leading to the formation of new ultrafine grains surrounded mainly 

by high-angle boundaries (Q ʛ 15°) at relatively high strains. It has been concluded that 

the formation of new grains in this case is due to the occurrence of continuous dynamic 

recrystallization (cDRX) [11,12,15,16,21,26]. 

However, detailed studies of the microstructure evolution during SPD in aluminum 

and its alloys have usually been limited to the temperature range from 20 to 250ɝ300 °C 
(T ¢ 0.6Tm), i.e. they have been performed under conditions of so-called cold or warm 

deformation [1,4,6ɝ8,10ɝ24,27,28,31]. At the same time, they were carried out much less 

frequently under conditions of hot deformation at higher temperatures (T º 0.7ɝ0.8Tm). 

This can be explained both by the technical difficulties of implementing SPD schemes 

under isothermal conditions at high temperatures (e.g. in the ECAP process) and by the 

decrease in practical interest in materials where the size of the resulting grains no longer 

belonged to the UFG range. Accordingly, the use of SPD schemes at such high 

temperatures has generally been recommended only for processing hard-to-deform 

and/or brittle materials. As a result, there remains a significant gap in the understanding 

of the nature and characteristics of structure formation at large strains and high 

temperatures [35]. 

For example, it has been shown in [11,26] that the same grain refinement 

mechanism associated with grain fragmentation due to deformation banding can occur 

at different temperatures during both warm and hot deformation. In the case of Al-Mg 

alloys with transition metals (such as Al 1570) [26], this mechanism led to the formation 

of new grain structures with similar angular characteristics regardless of processing 

temperature. In a number of cases, grain refinement accelerated with increasing 

temperature, particularly in high-strength complex-alloyed alloys of the 7XXX series 

[12,18]. In other materials, however, an increase in temperature may suppress grain 

refinement or alter the dominant mechanisms of structure formation, such as in Al, Al-Cu 

alloys, and some steels [6,9,10,13,16,19,23,29,30,32]. Therewith, possible variants of 

material behavior during hot deformation were the transition from fragmentation-related 

cDRX to either geometric-type dynamic recrystallization or discontinuous dynamic 

recrystallization [13,25,27,29,30]. It has also been suggested that in the high-temperature 

region, the process of grain refinement due to the development of deformation bands 

may be replaced by the evolution of more homogeneous deformation-induced subgrain 

structures associated with the progressive rotation of individual subgrains and their 

transformation into new grains. Thus, the question of the mechanisms and patterns of 

new grain formation during hot deformation remains open (and covered by rather 

insufficient information in the literature). 

The objective of this work was to analyze the microstructural changes during ECAP 

of the aluminum alloy 2219 at 475 °C (about 0.8Tm). Previous studies [15,16,33] have 

shown that ECAP at temperatures of 250ɝ475 °C leads to the formation of new grains 
after high strains (e = 10ɝ12). However, the evolution of the microstructure has been 
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studied in detail mainly during warm deformation at 250 °C [15], while the features of 

the structural changes at the highest temperature (475 °C) have been insufficiently 

investigated and only partially presented in previous publications [16,33]. In the present 

work, additional studies of the microstructure at this temperature as a function of strain 

were carried out in order to identify the main mechanisms and factors influencing grain 

refinement during hot working of the aluminum alloy. 

 

Materials and methods 

Commercial aluminum alloy AA2219 with the following chemical composition Al-6.4Cu-

0.3Mn-0.18Cr-0.19Zr-0.06Fe (wt. %) was produced by the semi-continuous casting 

method. The alloy was homogenized at a temperature of 530 °C for 6 h, followed by 

cooling in a furnace to obtain an equilibrium phase composition. 

The workpieces for ECAP, in the form of rods 20 mm in diameter and 100 mm in 

length were cut parallel to the ingot axis. ECAP was performed under isothermal conditions 

at a temperature of 475 °C using a die with an L-shaped channel configuration with internal 

and external angles of j = 90° and y = 0°, respectively. This configuration provided a true 
equivalent strain e of approximately 1 per pass [6]. The workpieces were deformed to e = 12 

using the route A (i.e., without rotation between passes). The deformation was performed 

in a hydraulic press with a ram speed of 6 mm/s. According to [36], this resulted in an 

average effective strain rate of 3 s-1. To fix the formed microstructure, the pressed parts 

were cooled in water after each pass and then heated for 45 min before the next pass. 

The average time interval between the start of deformation in each pass and the 

immersion of the workpiece in water after pressing was about 1.5 min. Some additional 

time for the workpiece in the die was due to the typical features of the ECAP process, 

where the workpiece after pressing is pushed out of the channel by the next workpiece 

inserted into the die. The structure of the workpieces subjected to ECAP was analyzed in 

a longitudinal section parallel to the pressing direction (PD). 

Metallographic analysis was carried out using optical microscopy (OM) after etching 

the samples in Kellerɠs standard reagent. For scanning electron microscopy (SEM) with 

electron backscatter diffraction (EBSD) analysis, the samples were electropolished in a 

solution of 80 % C2H5OH, 12 %, 2n-butoxyethanol, 8 % HClO4 at room temperature. EBSD 

analysis was performed using Hitachi S-4300H and TESCAN MIRA3 LMH field emission 

scanning electron microscopes equipped with OIM Analysisʎ and HKL Channel 5 software, 

respectively [37,38]. The investigated areas were scanned with a step size of 1.5 µm. In the 

EBSD maps of the reconstructed structures, different colors corresponded to different 

crystallographic orientations according to the standard green (110) / red (100) / blue (111) 

triangle, and intercrystallite boundaries with low (2 ʚ ʻ < 5°), medium (5 ʚ ʻ < 15°) and 
high (ʻ ² 15°) angular misorientations were marked with thin white, thin dark gray and 

thick black lines, respectively. Boundaries with misorientations less than 2° were not 
considered. Distributions of misorientations of deformation-induced (sub)grain 

boundaries were obtained from the EBSD data both for the entire scanned area and for 

selected areas (using the standard "structure cropping" and/or "subset selection" options 

of the EBSD software [37,38]), as described in more detail below. The average grain size 

in the formed fine-grained regions was estimated using the line-intercept method. The 
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width of the deformation bands (the average distance between the nearest band 
boundaries) was measured perpendicular to the direction of their preferred orientation. 
The volume fraction of fine grains Vfg was determined by the point-counting method. Thin 
foils for transmission electron microscopy (TEM) were obtained by electropolishing at a 
temperature of -�����r�&�� �L�Q�� �D�� �V�R�O�X�W�L�R�Q�� �R�I�� ���� % HNO3 and 70 % CH3OH using a TenuPol-5 
double-jet polisher and examined with a JEOL 2000EX TEM microscope. 
 

Results and Discussion 

Initial structure 

After homogenization, the alloy matrix was represented by equiaxed grains with 
diameters ranging from 100 to 400 �wm (Fig. 1(a)). Several types of second phases were 
identified in the structure [39�� 41]: T-phase dispersoids (Al20Cu2Mn3) in the form of plates 
up to 200 nm long, as well as spherical precipitates of Al7Cr and Al3Zr with sizes of 80 
and 20 nm, respectively (Fig. 1(b)). Larger precipitates of the main strengthening phase 
�4 (Al2Cu) were also observed, uniformly distributed within the grains and in the boundary 
regions (Fig. 1). It is known that precipitates of the Al3Zr phase can be both coherent and 
incoherent with the matrix after homogenization [40]. According to the analysis in [39], 
almost 90 % of the Al3Zr dispersoids in the studied alloy were incoherent. 
 

 
 

Fig. 1. Initial structure of alloy 2219 after homogenization: (a) OM; (b) TEM 

 
Structure formed during ECAP 

A typical alloy structure formed during ECAP is shown in Figs. 2 and 3. At e �\ 4, pressing 
along route A mainly resulted in a change in the shape of the initial grains, which were 
elongated in the pressing direction (PD) according to simple shear [4,5] (Fig. 2(a)). As a 
result, after e = 4 (Fig. 2(b)), a non-uniform microstructure was observed in the material, 
containing large elongated grains in the interior of which a well-developed substructure 
was formed, as judged by the etching patterns. In some areas, these grains acquired wavy 
boundaries (see for example the upper part of Fig. 2(b)) and were sometimes replaced by 
chains of smaller and more equiaxed crystallites, as can be seen in the attached higher 
magnification image in the lower left corner of Fig. 2(b). 

With a further increase in the number of passes (e = 4�� 12), the character of the 
microstructural evolution changed significantly (Fig. 3). Namely, new fine grains began  
 


