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United model for low-cycle, high-cycle and giga-cycle fatigue life 

prediction 

N.S. Selyutina 1,2 ú , Yu.V. Petrov 1,2  

1 St. Petersburg State University, St. Petersburg, Russia  

2 Institute for Problems in Mechanical Engineering of the Russian Academy of Science, St. Petersburg, Russia 

ú nina.selutina@gmail.com 

ABSTRACT  

The methods for determining the cyclic strengths of metals under low-cycle and high-cycle fatigue are 

different, since the mechanisms of failure and the extent of the presence or absence of plastic deformation 

differ for each type of fatigue. The aim of this study is to develop united models for both low-cycle and 

high-cycle fatigue life prediction. We propose that the relevant relaxation and damage processes are 

considered and it on different types of metals is tested. In this paper, the cyclic deformation of materials is 

considered using the proposed model with regard to two processes: stress relaxation and damage 

accumulation kinetics. Proposed approach allows us to study the united fatigue curves of materials 

regardless of the chosen type of fatigue (low-cycle fatigue, high-cycle fatigue, giga-cycle fatigue). Fatigue 

life curves under staircase strain loading and symmetrical sinusoidal strain/stress loading are predicted in 

this study. A simple numerical scheme for the model is successfully applied to various materials under 

various types of loading, since the relaxation3kinetic model is phenomenological in nature. 

KEYWORDS  

fatigue strength " metals " inelastic adaptability " fatigue life curve " short-term strength " long-term strength 
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Introduction 

The appearance and propagation of fatigue cracks in materials often cause disasters, and 

to prevent fatigue failure, it is necessary to evaluate fatigue life of materials. The Wöhler 

curve is a graphical representation illustrating the relationship between cyclic stress 

amplitude and the number of cycles to failure (N) for a material that fails as a result of 

mechanical cycling. This curve is critical to understanding the fatigue behaviours of 

materials, especially metals. It helps engineers and materials scientists to develop 

components and structures that can withstand cyclic loads over long periods of time. The 

fatigue life curve usually includes three characteristic zones: low-cycle, high-cycle and 

giga-cycle fatigue (Fig. 1). Past research shows that for low-cycle fatigue, the dominant 

mechanism is associated with plastic deformation and the initiation of various defects, 

including crack-like defects. The stresses are fairly high level in nature, and the 

macroscopic fracture of the material occurs after a relatively small number of cycles. In this 

case, fracture is often accompanied by both the accumulation of plastic deformation and 

the growth of cracks. For high-cycle fatigue, the initiation and cumulative growth of 

damage, including crack-like defects, become more significant. This process occurs at  

http://dx.doi.org/10.18149/MPM.5322025_1
https://orcid.org/0000-0002-6994-8663
https://orcid.org/0000-0003-1887-8092
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Fig. 1. The dependence of cyclic strength on the number of cycles before failure and its conditional sections 

within the following zones: LCF is low-cycle fatigue; HCF is high-cycle fatigue; GCF is giga-cycle fatigue 

 

medium-level stress amplitudes, with a moderate number of cycles occurring until the 

macro-fracture of the material. Both plastic deformation and defect growth contribute to 

failure. In ultra-high-cycle fatigue, visible damage and cracks are usually caused by internal 

defects in the material and surface peculiarities. The stress level is of low amplitude, and 

the rupture of the medium mainly occurs due to the sudden growth of small cracks after a 

large number of cycles. Studies reviewing past work on low-cycle [1,2] and high-cycle [335] 

fatigue highlighted the diversity of existing approaches and the lack of a unified approach 

for calculating fatigue life. 

For each section of the curves of low-cycle, high-cycle and giga-cycle fatigue, various 

models have been formulated, including empirical models [6310], residual stress 

relaxation models [11314] and kinetic equations [15318]. The latter are usually associated 

with predicting the crack propagation process related to the intermediate stage of fatigue 

failure between crack initiation, which is invisible to the observer, and final fracture due to 

the rapid acceleration of crack growth. As noted in [11,12,19], in addition to the processes 

of fatigue failure, there are relaxation processes associated with the accumulation of plastic 

deformation in the material. In this case, models are usually formulated separately, and 

these models take into account the initiation and growth of cracks and other models 

associated with the relaxation processes of plastic deformation. This study proposes 

combining the stress relaxation process and the evolution of damage accumulation to 

predict the complete Wöhler fatigue curve. 

A relaxation model of cyclic deformation has been formulated previously [20,21], 

explicitly taking into account the ongoing relaxation processes in the material by 

introducing a characteristic relaxation time and a stress relaxation function. In previous 

studies, the proposed model was verified to predict the effects of low-cycle deformation. It 

was shown that this model is particularly capable of simultaneously predicting the effects 

of the stabilisation of plastic deformation and the full deformation response of the material 

across the entire cyclic loading regime. In conventional approaches [135], the effect of the 

deformation amplitude on the deformation response of the material is taken into account 
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by the linear movement of the hysteresis curve, in contrast to the proposed model, where 

the deformation response is obtained automatically. 

In this paper, based on the relaxation model of cyclic deformation, a fatigue life 

model of relaxation and damage (FLMRD) is formulated to predict the effects of cyclic 

deformation for a wide range of cycle numbers, ranging from low-cycle to giga-cycle 

fatigue. To verify the Wöhler curve, the model is supplemented with the Kachanov3
Rabotnov damage equation [15,17], which improves the performance of the original model 

beyond the stabilising cycle. Theoretical fatigue dependencies for steels are plotted using 

experimental data derived from the literature as an example. 

 

Fatigue life model of relaxation and damage 

Experiments on low-cycle and high-cycle fatigue show the different dependences of the 

ultimate stress (cyclic strength Ã0) on the cycle number before failure: the so-called 

fatigue life curve. Existing models used in engineering practice for determining the 

fatigue life curve are often empirical in nature [9,10]. In this paper, we propose a fatigue 

life model combining relaxation and damage (FLMRD) that can automatically and 

simultaneously calculate the short-term and long-term strengths of the material. 

To predict the cumulative plastic deformation in a material, we propose using a 

relaxation model modified for a cyclic process [20,21] with an additional fracture condition. 

The purpose of the combined FLMRD model in the proposed work is to explicitly take into 

account the relaxation processes of the force field during cyclic deformation, as well as 

consider the process of damage accumulation. The combined model assumes that there are 

three possible cases of cyclic deformation of the material. In the first case, the material 

undergoes elastic3plastic deformation and there is no stabilisation of plastic deformation, 

since there is a consistent accumulation of plastic deformation cycle after cycle until the 

deformation of the material occurs. In the second case4low-cycle fatigue up to ~ 5·104 cycles4
the material undergoes elastic3plastic deformation until plastic deformation is stabilised 

occurs and the material collapses, accumulating critical damage in the material cycle after 

cycle. In the third case, giga-cycle fatigue, first, the material deforms almost elastically, and 

then deforms after achieving a stabilisation effect, as in the second case. In the proposed 

combined model, elastoplastic deformation is predicted using a relaxation model for cyclic 

deformation [20,21], and the damage accumulation process is predicted using the Kachanov3
Rabotnov-type equation [15,17]. The transition point between the two models is taken to be a 

non-zero initial condition for the damage parameter Ë0, calculated using the relaxation model 

of cyclic deformation when the material reaches the stabilising cycle of plastic deformation 

Nstab. Thus, in the first case, the calculation is carried out using only the relaxation model for 

cyclic deformation [20,21], whereas in the second and third cases, it is carried out using both 

models. Let us consider in more detail the calculation scheme before (N < Nstab) and after 

(N > Nstab) the beginning of the stabilising cycle of plastic deformation. 

 

Relaxation model of plasticity  

In the relaxation model of plastic deformation [22,23], the specimen is deformed to 

·(t) = Ç(t) H(t), where H(t) is the Heaviside function, and Ç(t) is the strain-time function. 

The dimensionless function of relaxation 0 < ³(t) f 1 is introduced: 
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�(þ) = {1,                                        1ÿ + (ý(ý)ÿÿ )ÿ ýýþþ2ÿ  f 1,(1ÿ + (ý(ý)ÿÿ )ÿ ýýþþ2ÿ )21/ÿ , 1ÿ + (ý(ý)ÿÿ )ÿ ýýþþ2ÿ > 1,           (1) 

where Ç is the incubation time, ³ is the sensitivity factor of the material to the load 

amplitude, £(t) = E·(t) is the stress-time function, Ã
y
 is the static yield stress, and t is time. 

The equality ³(t) in Eq. (1) is related to inelastic strain accumulation prior to 

macroscopic yield at t
*
, determined from the condition of equality to one integral 

condition in Eq. (1). A decrease in the relaxation function in the range 0 < ³(t) < 1 

corresponds to the transition of the material to the plastic deformation stage. During 

plastic deformation t g t
*
, the condition is met for ³(t): 1ÿ + (�(þ)ý(ý)ÿÿ )ÿ ýý = 1.þþ2ÿ               (2) 

Equality (2) is retained due to fixing state at the initial yield t = t
*
 The calculation 

scheme for t
*
 is given in [11], and subsequent relaxation of elastic stresses are 

accumulated in the material (0 < ³(t) < 1). We determine the true stresses in the deformed 

specimen at t g t
*
 in the following form: ÿ(þ) = {ýý(þ),                 þ < þ7,ýý(þ)�(þ)12�, þ g þ7.            (3) 

where E is Young9s modulus, and ÿ is the dimensionless scalar parameter (0 f ÿ < 1), 

which describes the degree of material hardening. For ÿ = 0, no hardening occurs. 

Young's modulus is determined from static experiments. We propose that Young's 

modulus is an invariant to loading history. A whole series of monotonic and monotonous 

deformation dependencies is predicted [22,23]. 

 

Relaxation model of cyclic deformation (N < Nstab)  

To predict the cumulative plastic deformation in a material, we propose using a 

relaxation model of plastic deformation [22,23], modified for a cyclic process [20,21]. 

The main essence of the proposed relaxation model of cyclic deformation (CRM) is to 

explicitly take into account the relaxation process in the material. 

The equation of the true stresses of the material using the model in [20,21] for 

the j-th cycle up to N < Nstab is presented in the following form: ÿÿ (ýÿ(þ))|ý<ýýþÿ�;ÿ<ÿ7 = { ÿ (ýÿ(þ)) , þ < þÿÿÿý ,ý(ýÿ(þ) 2 ýÿÿÿý)ý(ýÿ(þ) 2 ýÿÿÿý), þ g þÿÿÿý .        (4) 

where Ã
j
(·j(t)) is the stress time dependence, ·j(t) is the current strain time 

dependence, tj
unl is the unloading time, ·junl is the strain at tj

unl, Nstab is the number of 

stabilising cycles in the material, and t* is the fracture time. The stress3strain 

relationship in true coordinates Ã(·j(t)) at each j cycle is determined using the 

relaxation plasticity model [20,21]. ÿ (ýÿ(þ)) = { ýýÿ(þ), þ < þþÿ ,ý[�ÿ(þ)]12�ýÿ(þ), þ g þþÿ ,            (5) 

with the stress relaxation function on the j-th cycle: 
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�ÿ(þ) = {  
  1, 1ÿ + (ý(ý)ÿÿÿ )ÿ ýýþþ2ÿ f 1,                                        
(1ÿ + (ý(ý)ÿÿÿ )ÿ ýýþþ2ÿ )21/ÿ , 1ÿ + (ý(ý)ÿÿÿ )ÿ ýýþþ2ÿ > 1.          (6) 

As noted in [22,23], the cyclic yield strength is less than the static yield strength; 

therefore, in the calculation scheme, we consider ÿþÿ to be the static yield strength for 

samples subjected to cyclic loads. 

The yield condition at the j-th cycle is determined by the following yield criterion [24]: 1ÿ + (ý(ý)ÿÿÿ )ÿ ýý = 1.þÿÿþÿÿ2ÿ               (7) 

At the (j+1)-th cycle, the static yield strength is determined by the following 

condition: ÿþÿ+1 + ÿþÿ = 2 |ÿÿ (ýÿ(þÿÿÿý))|,             (8) 

where Ãy
0=Ãy. We assume that the time and cycle number are related by the ratio 

t = N/¿, where ¿ is the loading frequency [16]. 

Using the relaxation model of cyclic deformation (CRM) (4)3(7), with explicit 

consideration of the ongoing relaxation processes, makes it possible to predict the 

cumulative plastic strain and volumetric strain energy density in the current cycle. 

When the plastic deformation is stabilised, the model allows us to evaluate the cyclic 

strength of the material as the maximum stress of the material on the hysteresis loop, 

and the corresponding cycle number is Nstab. 

To calculate the fracture moment when a material reaches cyclic strength Ã0, we 

propose to use the condition of equality in the following energy criterion (fracture 

criterion): ÿ(þ) f ÿ7,                (9) 

where W is the volumetric strain energy density, and W is the strain energy density 

under quasi-static loads. The parameter W is defined as the area of the subgraph of 

the resulting deformation response of the material, calculated using the relaxation 

model of cyclic deformation (Eqs. (4)3(7)): ÿÿ = +ÿÿ(ýÿ)ýýÿ.             (10) 

At each cycling step, the change in the cumulative damage parameter is 

calculated through the cumulative volumetric deformation energy density Wj at  

the j-th cycle of the material: ýÿ = 3 ÿ�ÿ�=1ÿ7 .              (11) 

 

Kinetic damage equation (N > Nstab) 

In order to determine the number of the cycle before the fracture of the material (N*) with 

a steady-stabilising cycle of plastic deformation (N > Nstab), it is necessary to use the 

generalised damage equation [17] of the Kachanov3Rabotnov type [15] with the damage 

parameter 0 f Ë f 1, defined as follows: gýgý = ý(ÿ0)ÿý ý�(12ý)ÿ,             (12) 
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ÿ0 is the given time stress function, a, b and A are constants. At the beginning of the 

stabilisation mode Nstab, damage Ë0 accumulates in the material. The damage parameter 

Ë0 is determined by Ë0 = Wstab/ÿ7, being the ratio of the volumetric strain energy density 

Wstab cumulating in a stable cycle Nstab to the volumetric strain energy density under quasi-

static loads W*. The volumetric strain energy density per cycle is defined as the area of 

the subgraph of the deformation diagram calculated using the relaxation model for cyclic 

deformation. We assume that ÿ0 = const is a constant value, determined, using the 

relaxation model of plasticity in the stabilising cycle, to be the maximum stress of the 

material on the hysteresis loop. 

To solve Eq. (12), a non-zero initial condition Ë0 is assumed, as was the case in the 

article of [25]: ý|ý=ýýþÿ� = ý0,             (13) 

where Ë = 1 at the moment of fracture N = N* and the damage parameter is equal to 1. 

Separating the variables, we integrate Eq. (6) over time from Nstab to N
*
 as follows: ý7 = ýýþÿ�(ÿ0) + 1ýÿ0 (1 2 1ý02) ý(ÿ+1)ý(12�)ý(ÿ2�+2) ,         (14) 

where �(x) is the gamma function, defined at x > 0 as: ý(ý) = + ýý21þ2ýýý>0 .            (15) 

Then, using Eqs. (4)3(15), it is possible to costruct the dependence of the critical 

stress before failure Ã0 on the cycle number N* (or the fatigue S-N dependence). 

 

General purpose of the FLMRD model  

The main benefit of using the FLMRD model is its simultaneous consideration of two 

competing processes of plastic deformation and fracture. Its explicit representation of the 

relaxation function (6) makes it possible to predict the process of plastic deformation. A 

non-zero initial condition for the damage parameter allows us to estimate the history of 

the accumulated level of damage (12) in the material when there is no influence of plastic 

deformation.  

Figure 2(a) shows a united fatigue curve for a hypothetical material in logarithmic 

coordinates under the staircase loading method. By drawing two tangent lines to the 

inclined portion of the fatigue curve, as shown in Fig. 1, it is possible to identify the stages 

of low-cycle fatigue (up to 2·104 cycles), high-cycle fatigue (from 2·104 to 3·107 cycles) 

and ultra-high-cycle fatigue (after 3·107 cycles). These three stages are plotted using the 

FLMRD model with a fixed set of parameters. Figure 2(b) plots the dependence of the 

cycle number at which new plastic deformations do not accumulate, Nstab, on the number 

of cycles before failure, N, for a hypothetical material, for which the united fatigue curve 

is shown in Fig. 2(a). 

Each cyclic strength Ã0 corresponds to a cycle number Nstab. As shown in Fig. 2(a), 

with a decrease in the cyclic strength, the cycle number Nstab decreases, but the number 

of cycles before failure N* increases. At N ~ 4·107 cycles, the material deforms elastically, 

since Nstab = 1. At N < 4·107, the material undergoes elastic3plastic deformation. The 

application of the evolutionary damage equation (7) allows us to "shift" the results on 

cyclic strength and Nstab obtained from the relaxation plasticity model (1)3(6) to the right 

and obtain the final united fatigue curve. In other words, using a combination of methods 
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(a) (b) 
 

Fig. 2. (a) Dependence of the cyclic strength, normalised to the static strength of the hypothetical material, on the 

number of cycles for the hypothetical material. (b) The dependence of the cycle number at which new plastic 

deformations do not accumulate, Nstab, on the number of cycles before failure N for a hypothetical material 

 

and obtain the final united fatigue curve. In other words, using a combination of methods 

to explicitly take into account relaxation processes and the process of damage 

accumulation, it becomes possible to construct united fatigue curve, including a 

continuous inclined section of a united fatigue curve that is important for engineering 

practice.  

 

Prediction of cyclic strength of metals before ~106 cycle 

In this section, the proposed model is used to predict the cyclic strength under low-cycle 

and high-cycle fatigue. Let us assess the performance of the proposed combined model 

with experimental data on soft loading for the two-phase steel DP500 [26], where ÿþ0=350 MPa and Ã* =570 MPa, and X65 steel [27], where ÿþ0=420 MPa and Ã* =620 MPa. 

The cyclic deformation in [26] was carried out based on the sinusoidal tensile load at a 

frequency of 10 Hz under the following conditions: the minimum stress was 0 and the 

average stress was half the maximum stress. Previously, based on the same experimental 

data, it was predicted that plastic deformation would be stabilised [20]. The evaluated 

parameters of the model were obtained as ³ = 1, Ç = 0.67 ms, � = 0.067, a = 1 and b = 1 

for DP500 steel and ³ = 1, Ç = 1 ms, � = 0.05, a = 1 and b = 1 for X65 steel (Table 1). For 

the selected set of parameters of the combined model, we can calculate the dependence 

of the fracture time on the stabilisation time by integrating Eq. (12): ý7 = þýþÿ�(ý7) + 1ýÿ0 (ý0 2 1 2 ýÿý0).          (16) 

Figure 3 and 4 show the theoretical fatigue relationship for DP600 dual-phase steel 

and X65 steel, which is in good agreement with the experimental data. Figure 3 and 4 

show that the combined model can predict the complete dependence of the ultimate 

stress before failure based on the number of cycles, both for low-cycle and high-cycle 
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Fig. 3. A prediction of the united fatigue curve of 

DP500 steel based on the relaxation model of 

irreversible deformation during cyclic 

deformation, and experimental data [26] 

Fig. 4. A prediction of the united fatigue curve of 

X65 steel based on the relaxation model of 

irreversible deformation during cyclic deformation 

and experimental data [27] 

 
Table 1. The parameters of DP500 and X65 steel for the calculation of the fatigue curve 

 ÿ ÿ � W � a b ÿþ0 Ã* 

 3 Ms 3 J 1/(MPa;s) 3 3 MPa MPa 

DP500 

steel 
1 0.67 0.067 2.495 0.01 1 1 350 570 

X65 

steel 
1 1 0.05 2.494 0.01 1 1 420 620 

 

deformation. It is commonly believed that the boundary between low-cycle and high-

cycle fatigue occurs at ~ 5·104 cycles. Within the framework of the combined model, 

there is no need for a clear division of cases into low-cycle and high-cycle fatigue, since 

a united fatigue dependence is predicted for the material. 

Let us consider the possibility of predicting the number of cycles before failure 

depending on the deformation amplitude using 34CrNiMo6 [28331]. The loading mode 

used in [28331] is strain control at the symmetrical cycle. The best agreement with 

experimental data is achieved using the following parameters: E = 209 GPa, ³ = 1, � = 0.23, ÿþ0 = 600 MPa, Ãf = 1180 MPa, � = 14, W0 = 440, a = 1.2 and b = 1.68 (Table 2). 

The proposed model successfully predicts the number of cycles until fatigue failure at 

a given strain amplitude in the low-cycle and high-cycle fatigue ranges (Fig. 5). Note 

that the predicted united fatigue curve is based on experimental data covering a range 

of cycles to failure. 

 
Table 2. The parameters of 34CrNiMo6 steel for the calculation of the fatigue curve 

 ÿ ÿ � W � a b ÿþ0 Ã* 

 3 Ms 3 J 1/(MPa;s) 3 3 MPa MPa 

34CrNiMo6 1 0.23 0.067 440 14 1.2 1.68 600 1180 
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Fig. 5. A prediction of the fatigue curve (Wöhler diagram) of 34CrNiMo6 based on the relaxation model of 

irreversible deformation during cyclic deformation, and experimental data [28331] 

 

Prediction of united fatigue life curve based on FLMRD model 

In this section, we consider the action of the FLMRD model with fatigue life curves, 

introduced in the "Fatigue life model of relaxation and damage" section. Examples of the 

low-cycle, high-cycle and giga-cycle fatigue life prediction for A2017-T4 aluminium alloy, 

7075-T651 aluminium alloy, Ti-6Al-4V titanium alloy are shown in Figs. 639. 

Experimental data for A2017-T4 aluminium alloy [32], 7075 aluminium alloy [33,34],  

Ti-6Al-4V [35,36] and 300M steel [34] have been received in symmetrical 

compression/tension cyclic mode (R = 31). Parameters ³, Ç and � were obtained based on 

the assessment of deformation responses under both quasi-static and cyclic loading, 

presented in the corresponding experimental works [32336]. The remaining parameters 

of the KDE model were selected based on the united fatigue life curves of the 

materials [32336]. The best agreement with experimental data is achieved using the 

parameters, presented in Table 3. Significant differences in the parameters of the KDE 

model W* and A are observed. The theoretical curves in Figs. 639 match both sections of 

the experimental curve well for short-term and long-term strengths within the framework 

of the FLMRD model, without focusing on the type of cyclic strength with a greater or 

lesser amount of plastic deformation. The theoretical unite fatigue curve is plotted up to 

108 for aluminium alloys and up to 109 cycles for Ti-6Al-4V titanium alloy. Calculation of 

the deformation energy from the deformation response made it possible to set the initial 

condition for the kinetic equation of the model and simultaneously calculate both the 

short-term and long-term strength of metals. The presented kinetic-relaxation model can 

be applied to other materials and cyclic loading modes. 
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Table 3. The parameters of materials for the fatigue life prediction based on FLMRD model 

Loading type ³ Ç E � W � a b ÿþ0 Ã* 

 3 ms GPa 3 J (MPa;s)-1 3 3 MPa MPa 

A2017 1 0.5 72 0.13 23 0.1 1.2 2.2 107 440 

Ti-6Al-4V 1 0.3 127 0.15 190 150 1.4 2 170 1100 

AA7075 1 0.5 72 0.15 18 0.3 1.25 2 131 632 

M300 steel 1 0.7 210 0.15 190 40 1.4 2 680 1600 

 

  
Fig. 6. A prediction of the fatigue life curve of 

A2017-T4 aluminium alloy based on FLMRD 

model and experimental data [32] 
 

Fig. 7. A prediction of the fatigue life curve of 

7075-T651 aluminium alloy based on FLMRD 

model and experimental data [33,34] 
 

  
Fig. 8. A prediction of the fatigue curve (Wöhler 

diagram) of Ti-6Al-4V titanium alloy based on the 

relaxation model of irreversible deformation during 

cyclic deformation, and experimental data [35,36] 

Fig. 9. A prediction of the fatigue curve (Wöhler 

diagram) of 300M steel based on the relaxation 

model of irreversible deformation during cyclic 

deformation, and experimental data [34] 

 

Conclusions 

An analysis of two fatigue dependencies was carried out: the short-term and long-term 

strengths of steels and the amplitude of deformations, both depending on the number of 

cycles before failure.  

A predictive FLMRD model was established to estimate the united fatigue curve. 

The united theoretical fatigue curves of steel 45, DP 500 steel, X65 steel, 34CrNiMo6 

steel, A2017-T4 aluminium alloy, 7075 aluminium alloy, Ti-6Al-4V and 300M steel show 

that the developed FLMRD model can serve as a convenient tool for modelling short-

term and long-term strengths.  

The FLMRD model can be used for the calculation of the number of cycles before 

fracture, cyclic strength, irreversible energy deformation (current, at the moment of the 
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completion of plastic deformation and at the moment of final brittle failure), accumulated 

irreversible deformation and the amount of cumulative damage.  

The necessity of simultaneous consideration of the damage accumulation process 

under cyclic loads and the relaxation processes of plastic deformation is highlighted, and 

this can be carried out by considering the characteristic relaxation times of a given 

material.  
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ABSTRACT  

Using molecular dynamics simulations, this study investigates the influence of grain size of nanocrystalline 

titanium on its dissolution intensity in aluminum at various temperatures, compared to the dissolution of 

monocrystalline titanium. It is shown that the grain size in nanocrystalline titanium significantly affects the 

intensity of mutual dissolution of the components. This is explained by the fact that grain boundaries act 

as channels for accelerated diffusion, and as the average grain size decreases, the density of grain 

boundaries increases. In the case of grains on the order of several nanometers, the density of grain 

boundaries and the contribution of grain boundary diffusion are relatively high. For example, at a 

temperature of 800 K, which is significantly below the melting point of aluminum, dissolution in the model 

occurred more intensely for grain sizes smaller than 9 nm than for monocrystalline titanium at 1100 K 2 

this temperature is not only 300 K higher but also corresponds to liquid aluminum. Thus, the 

nanocrystalline structure and high density of grain boundaries in titanium may be one of the reasons, 

alongside the energy stored in defects due to deformation, for the reduction in activation energy for the 

synthesis reaction in the Ti2Al system following mechanical processing of the initial mixture. 
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Introduction 

Intermetallic compounds of the Ti2Al system and their alloys possess a combination of 

properties such as high yield strength at elevated temperatures and good oxidation and 

corrosion resistance, along with relatively low density, making them promising for use as 

high-temperature structural materials, particularly in the aerospace and automotive 

industries [125]. It is known that non-equilibrium processing methods, including 

intensive deformation, mechanical alloying, rapid quenching, etc., allow for the creation 

of various unique non-equilibrium microstructures capable of enhancing the mechanical 

properties of intermetallic alloys [629]. One promising method for producing 

intermetallics, including those in the Ti-Al system, is pre-treatment before the high-

temperature synthesis reaction stage through mechanical processing of the initial metal 

powders, such as by milling in planetary ball mills [10316]. During this mechanochemical 

activation process, so-called mechanocomposites are formed, consisting of a matrix made 

from a more ductile component (in this case, aluminum), within which nanosized particles 

http://dx.doi.org/10.18149/MPM.5322025_2
https://orcid.org/0000-0002-5252-2455
https://orcid.org/0000-0002-8366-4819
https://orcid.org/0000-0001-9940-3915
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of a more brittle component (titanium) are located [15,16]. Mechanical milling of the 

initial powders and the resulting nanocomposites are used, in particular, in the rapidly 

developing field of additive manufacturing [15,17]. This system is characterized by a high 

degree of non-equilibrium due to the high concentration of defects, interfaces, and 

internal stresses. One of the most interesting properties of such non-equilibrium systems 

consisting of nanocomposites is a significantly lower effective activation energy for the 

synthesis reaction compared to conventional powders: the synthesis reaction (ignition) 

begins at a temperature substantially lower than the melting point of aluminum [10216].  

Currently, the question remains open regarding what exactly is the main factor in 

the reduction of ignition temperature in mechanically activated mixtures. Among the 

reasons typically considered are the following: 1) preliminary mixing of components and 

a significant increase in their contact area; 2) accumulation of excess energy due to 

deformation in the form of various structural defects, which can be released as additional 

heat during structural relaxation; 3) a decrease in the melting point of aluminum due to 

the presence of a high concentration of defects or even an amorphous phase; 4) more 

intense mutual diffusion due to the presence of a high density of diffusion channels in 

the form of grain boundaries, predominantly in titanium. 

The first reason mentioned, namely the increase in the contact area of the 

components, is sometimes cited as the main reason for the decrease in the activation 

energy of the synthesis reaction, often in combination with the second one, i.e. the 

accumulation of excess energy in the form of defects, as, for example, in [18,19], where 

molecular dynamics simulation of the deformation of round metal particles, their 

subsequent deformation and the initial stage of mutual diffusion was carried out. 

However, strictly speaking, an increase in only the contact area of the components cannot 

lead to a decrease in the activation energy of the synthesis reaction and, accordingly, the 

ignition temperature. This only leads to an increase in the intensity of dissolution, which, 

in particular, was shown by us in the study of the dissolution of a round titanium particle 

in aluminum [20], as well as in the simulation of mutual diffusion in the case of a flat 

interphase boundary [21]. 

The second mentioned reason is the accumulation of excess energy during 

deformation in the form of non-equilibrium defects in the structure of the components, 

such as grain boundaries, dislocations, disclinations, point defects, and their complexes. 

This cause for the reduction of activation energy for the synthesis reaction is identified 

as a primary factor in works such as [22324]. Indeed, excess or accumulated potential 

energy can be released upon heating due to partial healing of the structure and a 

reduction in defect density. For instance, in [25,26], we demonstrated that during the 

recrystallization of metals with a nanocrystalline structure, characterized by a very high 

density of grain boundaries compared to conventional polycrystals, the release of energy 

and temperature increase can be significant and substantially influence diffusion 

processes. 

Sometimes, another reason for the reduction of ignition temperature in 

mechanically activated powders is considered to be the possible decrease in the melting 

point of nanocrystalline aluminum compared to conventional coarse-grained aluminum. 

It is known that the onset temperature for the high-temperature synthesis reaction in 

systems such as Ti2Al and Ni2Al, in the case of conventional powders, coincides with the 
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melting point of aluminum. Numerous studies, primarily conducted through simulations, 

have indeed shown that nanomaterials exhibit what is known as the "size-dependent 

melting point depression phenomenon", meaning that the melting temperature of 

nanomaterials depends on their effective size: grain size, film thickness, and nanoparticle 

diameter. Regarding materials with a nanocrystalline structure, works [27332] have 

demonstrated through molecular dynamics simulations that melting in these materials is 

not a homogeneous process; it typically begins at free surfaces and grain boundaries.  

A reduction in average grain size led to a decrease in the melting point of nanocrystalline 

Ag [28,29] and Al [30,31]. In [25,26], we also observed a decrease in the melting point for 

Ni nanoparticles with a nanocrystalline structure compared to monocrystalline particles. 

However, in another of our studies [20], dedicated to investigating the dissolution of a 

titanium nanoparticle in aluminum, it was shown that the structural state of titanium has 

a much greater influence on the intensity of mutual diffusion than the structural state of 

aluminum. Therefore, the reason related to a possible decrease in the melting point of 

aluminum does not seem to be primary in the case of reducing the onset temperature for 

the synthesis reaction in powders subjected to mechanical activation. 

The fourth possible reason, which this work addresses, is the formation of a high 

concentration of accelerated diffusion channels in titanium due to intensive deformation, 

manifested as grain boundaries, dislocations, and pores. The role of these additional 

channels (primarily grain boundaries) is seen as one of the main factors, alongside the 

energy accumulated in defects. It is known that diffusion along grain boundaries is orders 

of magnitude more intense than diffusion in the bulk involving conventional point 

defects, and the presence of a high density of grain boundaries can lead to a sufficiently 

high rate of mutual diffusion, comparable to diffusion at the onset temperature of the 

reaction. This work aims to test this hypothesis and is dedicated to investigating, using 

molecular dynamics methods, the influence of grain size of nanocrystalline titanium on 

its dissolution intensity in aluminum at various temperatures compared to the dissolution 

of monocrystalline titanium. 

 

Description of the model 

To describe the interatomic interactions in the Ti2Al system, EAM potentials from [33] 

were used, which were derived based on comparisons with experimental data and ab 

initio calculations for various properties and structures of the metals Ti, Al, and the 

intermetallic compounds Ti3Al and TiAl. These potentials have proven effective in various 

studies and have undergone successful validation across a wide range of mechanical and 

structural-energy properties of Ti-Al alloy systems [33336]. 

The interphase boundary between Ti and Al was created at the center of the 

simulated computational cell along the XY plane, as shown in Fig. 1(a). The number of Ti 

atoms was approximately equal to the number of Al atoms. Periodic boundary conditions 

were applied along all axes. A vacuum layer was created along the Z-axis, parallel to the 

interphase boundary (Fig. 1(a)), allowing the bimetal to freely change volume during the 

simulation of mutual diffusion. When varying the temperature, thermal expansion of the 

metals was taken into account, and the dimensions of the computational cell were 

adjusted accordingly. The dimensions along the X and Y axes were chosen to be 
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multiples, with minimal possible deviation, of the periodicity of both Ti and Al crystal 

lattices. Additionally, the unequal thermal expansion of metals was also considered for 

each specific temperature at which the simulation was conducted. The dimensions of the 

cell along all axes were approximately 20325 nm, and the total number of atoms was 

around 300 thousand. Thus, an NPT canonical ensemble was used in the model. To 

maintain a constant temperature, a Nose-Hoover thermostat was applied. The time 

integration step in the molecular dynamics method was set to 2 fs. 
 

  
(a) (b) 

Fig. 1. Example of a computational cell containing the interface between aluminum and  

nanocrystalline titanium with an average grain size of 8.8 nm: (a) section in the XZ plane;  

(b) section of titanium in the XY plane 

 

In works [20,21], we previously established that the intensity of mutual diffusion at 

the Ti2Al interface is primarily influenced by the structure of titanium: the presence of 

defects, the orientation of the interphase boundary relative to the titanium lattice, etc. 

The structure of aluminum is much more easily transformed and tends to adapt to the 

orientation of the titanium lattice near the interphase boundary [21]. When aluminum has 

a nanocrystalline or amorphous structure, rapid recrystallization or crystallization (in the 

case of an initially amorphous structure) would occur at temperatures close to its melting 

point (which are considered in this work). Therefore, creating a nanocrystalline structure 

not only in titanium but also in aluminum does not make sense. 

The nanocrystalline structure of titanium with initially uniform grain sizes was 

created as follows. In the ideal titanium crystal, prior to the stage of bonding with 

aluminum, the centers of future grains were determined based on the specified average 

grain size. These centers were located in the computational cell at the nodes of a 

superlattice with hexagonal packing in the XY plane, parallel to the interphase boundary 

(Fig. 1(b)). The structure around each center was rotated in space at random angles within 

spheres with a diameter of 0.8 times the specified grain size (the nearest distance 

between centers). With the structure inside the spheres fixed, the remaining structure 

was melted and then subjected to crystallization simulation by holding it for 500 ps at a 

temperature of 1500 K. In the final stage, the structure was cooled to 0 K. The rotation of 

grains when creating their arbitrary orientation in space was performed around two axes 
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by random angles. In this regard, the boundaries were generally of a mixed type and 

mostly high-angle. Boundaries of a special type were not observed in the model. 

To prevent the influence on the results of recrystallization and grain growth during 

the simulation, especially for small grains, the structure at the centers of the grains within 

spheres with a diameter of 0.3 times the average grain size remained fixed throughout 

the simulation. The fixed regions at the centers of the grains are highlighted in dark gray 

in Fig. 1(b). This was done to conduct the study of mutual diffusion under conditions of 

unchanged grain size. 

The average grain size varied from 2.7 to 8.8 nm. In Fig. 1(b), sections of the 

computational cells with grains sized 8.8 nm are shown using a crystal phase visualizer 

based on the Common Neighbor Analysis (CNA) method [37]. Green Ti atoms are those 

whose nearest environment corresponds to the HCP crystal structure, white atoms 

indicate that the crystal lattice is either undefined or corresponds to an amorphous 

structure, and dark gray atoms are those that remained stationary during the simulation. 

The grains in the model had a shape close to that of an icosahedron. In most cases, the 

grain boundaries were of a mixed type. 

After the stage of creating the nanocrystalline titanium structure, the next step was 

to create a layer of aluminum with approximately the same number of atoms as that of 

titanium and to bond it with titanium. Following this, the structure was relaxed once more, 

but at a low starting temperature, with subsequent cooling to a temperature close to 0 K. 

In addition to the interfaces between nanocrystalline titanium and aluminum, the 

boundaries between monocrystalline titanium and aluminum were also considered for 

comparison. Two orientations of the boundary relative to the crystal lattices of Ti (HCP) 

and Al (FCC) were examined: (0001):(111) and (0011):(001). 

 

Results and Discussion 

For a quantitative assessment of mutual diffusion at the interphase boundary, we found 

the use of a traditional diffusion coefficient, derived from real experiments, to be 

inconvenient and fraught with several drawbacks, primarily related to the necessity and 

complexity of isolating only the mutual component of diffusion alongside, for example, 

self-diffusion and other possible atomic movements in the model. In a computer model, 

it is possible to utilize more precise and specific characteristics. In our case, to evaluate 

the dissolution of atoms of one metal in another, a special characteristic was used 2 the 

specific number of dissolved atoms �N/S, where �N is the difference in the number of 

dissolved atoms of the metal in question at the current and initial time points, and S is 

the area of the interphase boundary. An atom of the metal in question was considered 

dissolved if the number of atoms of the other metal in its immediate vicinity exceeded 

50 %. The immediate vicinity was defined as a volume within a radius of 0.37 nm, which 

includes only the first coordination sphere. At the initial stage of mutual diffusion, that 

is, when one of the metals contains a relatively low concentration of the second metal, 

which is considered in the present work, the mutual diffusion coefficient of titanium 

atoms is linearly proportional to the specific number of dissolved atoms. 

Figure 2 shows examples of the dependence of the quantity �N/S on the time of 

computer simulation for cases with average grain sizes in titanium of 3 and 7.4 nm at 
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constant temperatures below and above the melting point of aluminum: 800 K (Fig. 2(a)) 

and 1100 K (Fig. 2(b)). In all cases, as seen in the figures, dissolution initially occurred 

rapidly, then the rate decreased and subsequently remained approximately constant. A 

similar dissolution behavior was observed by other researchers, for example in [38,39], 

as well as by us in [20] during the investigation of the dissolution of titanium 

nanoparticles in aluminum. This behavior is explained by the formation of a diffusion 

zone saturated with atoms of both components during the initial stage. 
 

  
(a) (b) 

Fig. 2. Dependencies of the specific number of dissolved atoms �N/S on the time of computer simulation 

for average grain sizes in titanium of 3 and 7.4 nm at constant temperatures: (a) 800 K, (b) 1100 K 

 

As can be seen from the provided dependencies, titanium diffuses into aluminum 

significantly more intensively than aluminum diffuses into titanium. With increasing 

temperature, and especially after the melting of aluminum (Fig. 2(b)), this difference only 

increases. This is a well-known phenomenon that, in the case of solid-state contact, is 

explained by the relatively lower mobility of atoms in the titanium lattice, primarily due 

to the greater depth of the potential wells in which titanium atoms are located. Upon 

melting aluminum, both self-diffusion in aluminum and the diffusion of titanium atoms 

in liquid aluminum significantly increase, while titanium remains in a crystalline state. 

The graphs presented in Fig. 2 also show that the diffusion of both titanium atoms 

into aluminum and aluminum atoms into titanium occurs significantly more intensively 

for a grain size of 3 nm compared to a grain size of 7.4 nm. This already serves as 

qualitative evidence that grain size, or more precisely, the density of grain boundaries in 

titanium, affects the intensity of mutual diffusion. 

To investigate this issue in more detail, we obtained the dependencies of the 

specific number of dissolved atoms �N/S on temperature after computer simulations 

lasting 300 ps for all considered grain sizes in titanium (Fig. 3). The temperature was 

maintained constant during the simulation, with values ranging from 500 to 1200 K.  

For comparison, similar dependencies were also obtained for the cases of the interphase 

boundary between monocrystalline titanium and aluminum with boundary orientations 

relative to the crystal lattices of Ti and Al (0001):(111) and (0011):(001) (the lower graphs 

in Fig. 3, highlighted in red). 
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Fig. 3. Dependencies of the specific number of dissolved atoms �N/S on temperature after computer 

simulation for 300 ps for various grain sizes in titanium. Solid curves represent the dissolution of titanium 

in aluminum, while dashed curves represent the dissolution of aluminum in titanium 

 

As the temperature increases, the intensity of diffusion also increases, which is 

consistent with the classical Arrhenius equation for diffusion, according to which the 

probability of elementary diffusion events exponentially rises with temperature. 

However, it should be understood that the classical Arrhenius equation is intended to 

describe steady-state diffusion, meaning that the diffusion flux and diffusion coefficient 

remain constant over the time interval considered. In our case, however, the diffusion 

process is more complex: as shown above (Fig. 2), it involves at least two stages 

characterized by different diffusion rates of the components. A third stage is also to be 

expected 2 gradual slowing of diffusion due to the equalization of component 

concentrations in the mixture. 

As seen in Fig. 3, with increasing temperature, the intensity of titanium dissolution 

in aluminum increases faster than that of aluminum in titanium, especially after the 

melting of aluminum. Titanium remained in a solid state throughout the entire 

temperature range considered 2 the mobility of atoms in titanium was significantly lower 

than that of atoms in aluminum. 

After the melting of aluminum (in the model, the melting temperature of aluminum 

was approximately 1015 K), a noticeable jump can be observed in the graphs, which 

became more pronounced with increasing average grain size. The most significant step 

was observed in the case of monocrystalline titanium (the lower graphs in Fig. 3). This 

clearly demonstrates the influence of the aggregate state of aluminum on the diffusion 

rate: in the case of monocrystalline titanium, this influence is decisive; however, in the 

case of a nanocrystalline structure with grain sizes on the order of several nanometers, 

this influence is significantly weaker, and for grain sizes less than approximately 6 nm, it 

is almost negligible. 

It should be noted that the authors of the potential for Al obtained a melting 

temperature value of 1042 K [40]. However, this value was found in [40] for 
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computational cells that contained no defects, including surfaces. In [32], we 

demonstrated that in the presence of grain boundaries or free surfaces, melting occurs 

heterogeneously and begins at these locations, resulting in a lower melting temperature 

in the model compared to that calculated by the authors of the potential for a defect-free 

crystal. For example, it was shown in [32] that the melting temperature depends on the 

crystallographic orientation of the surface. The following values were obtained for 

aluminum in [32]: (110) 3 990 K, (100) 3 1004 K, (111) 3 1016 K. 

In [21], we previously demonstrated that the orientation of the interphase boundary 

relative to the titanium lattice (and to a significantly lesser extent, relative to the 

aluminum lattice) affects the intensity of mutual diffusion. For the orientations 

considered in this work, diffusion is more intense for the orientation (0011):(001) and less 

intense for the orientation (0001):(111), as clearly seen in the graphs in Fig. 3 (lower 

graphs). This is explained by the density of atoms in the near-surface layer of titanium, 

specifically by the difference in depths of the potential wells in which they are located. 

Different energies are required to detach them from the plane and draw them into the 

aluminum phase for different orientations.   

The main conclusion that can be drawn from the graphs in Fig. 3 is the critical 

influence of grain size in titanium on the intensity of mutual dissolution of the 

components. Indeed, as seen in Fig. 3, as the average grain size decreases, and 

consequently the density of grain boundaries in titanium increases, the specific number 

of dissolved atoms �N/S significantly increases. This is particularly evident when 

comparing the values of �N/S obtained for monocrystalline titanium (the lower red graphs 

in Fig. 3) and for the nanocrystalline structure (the upper graphs). It is well known that 

grain boundaries act as channels for accelerated diffusion, with diffusion along grain 

boundaries occurring orders of magnitude faster than in the bulk of the grains [41]. As 

the average grain size decreases, the density of grain boundaries increases. In our case, 

with grains only a few nanometers in size, the density of grain boundaries and the 

contribution of grain boundary diffusion are relatively very high. 

For clarity, to demonstrate that a sufficiently high density of grain boundaries in 

titanium can significantly reduce the activation energy of the synthesis reaction, Fig. 4 

presents the dependencies of �N/S on the average grain size d in titanium. Three pairs of 

graphs are shown for the dissolution of titanium and aluminum: at temperatures of 800 

and 1100 K. For comparison, the values of �N/S for the case of monocrystalline titanium 

with the initial orientation of the interphase boundary (0011):(001) at 1100 K are 

indicated by dashed lines (at this temperature, aluminum is liquid, so its initial orientation 

is irrelevant). In the case of the (0011) orientation, dissolution occurs faster than with the 

(0001) boundary orientation; therefore, the first option was chosen for comparison. 

As the average grain size d decreases, the specific number of dissolved atoms �N/S 

for both titanium and aluminum increases, which clearly illustrates the influence of grain 

boundary density in titanium on the intensity of mutual diffusion. Figure 4 also clearly 

shows that even at a temperature of 800 K, which is significantly below the melting point 

of aluminum, dissolution is more intense for grain sizes less than 9 nm than for the case 

of monocrystalline titanium at 1100 K. This latter temperature is not only 300 K higher 

but also corresponds to aluminum that is already in a liquid state. 
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Fig. 4. Dependencies of the specific number of dissolved atoms �N/S on the average grain size d  

in titanium during simulation for 300 ps at temperatures of 800 K and 1100 K. For comparison, the values 

of �N/S for the case of monocrystalline titanium with the initial orientation of the interphase boundary 

(0011):(001) at 1100 K are also shown as dashed lines 

 

To demonstrate that the grain boundaries in the model indeed served as channels 

for facilitated diffusion for both aluminum atoms diffusing into the titanium phase and 

titanium atoms migrating more intensively into aluminum from the grain boundaries, 

Fig. 5 presents an example of the distribution of titanium atoms (Fig. 5(a)) and aluminum 

atoms (Fig. 5(b)) in a layer of the other metal near the interphase boundary. These images 

were obtained for an average grain size of 7.4 nm and after 500 ps of simulation at a 

temperature of 900 K, which is below the melting point of aluminum. 

 

  
(a) (b) 

 

Fig. 5. Distributions of titanium (a) and aluminum atoms (b) in a layer of the other metal near the 

interphase boundary after simulation at a temperature of 900 K for 500 ps. Average grain size is 7.4 nm. 

Atoms of the second metal, into which the atoms have diffused, are not shown. The positions of the grain 

boundaries in titanium are indicated by wide blue lines 
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In the figures, especially in the case of aluminum diffusion into titanium (Fig. 5(b)), 

it is clearly visible that diffusion predominantly occurs along the grain boundaries (the 

positions of the boundaries are indicated by wide blue lines in the images). The intensity 

of diffusion along different boundaries, as can be observed, varied. This is evidently 

related to the characteristics of the boundaries that affect diffusion permeability, 

particularly their energy and specific free volume [41]. 

In the case of titanium atoms diffusing into the aluminum phase (Fig. 5(a)), a greater 

blurring is observed compared to the diffusion of aluminum atoms into titanium. This is 

apparently related to the relatively "looser" structure of aluminum and the comparatively 

greater mobility of titanium atoms in aluminum than vice versa. 

Thus, based on the results obtained in this study, as well as on the findings of our 

previous works [20,21,25] and works of other authors [22224], we can conclude that 

among the four potential factors mentioned in the introduction that may influence the 

reduction of the activation energy of the synthesis reaction in the Ti2Al system after 

mechanical treatment of the initial mixture, two factors make the primary contribution: 

the energy stored in defects and the high density of grain boundaries in titanium. In the 

first case, as a result of structural transformations, part of the energy stored in defects 

created during intense deformation is released upon heating and "healing" of the 

structure. This additional energy reduces the amount of energy required to initiate the 

synthesis reaction. In the second case, grain boundaries in titanium serve as channels for 

accelerated or facilitated diffusion. As their density increases, the intensity of mutual 

diffusion also increases proportionally, while the activation energy for diffusion and, 

consequently, the activation energy for the synthesis reaction also decrease. 

 

Conclusions 

Using molecular dynamics simulations, this study investigates the influence of grain size 

of nanocrystalline titanium on its dissolution intensity in aluminum at various 

temperatures, compared to the dissolution of monocrystalline titanium.  

In the modeling of mutual diffusion, it was shown that, regardless of the grain size in 

titanium, the diffusion process involved two stages. Initially, the dissolution of the 

components occurred intensely, then the dissolution rate decreased and subsequently 

remained approximately constant. This pattern of dissolution is explained by the formation 

of a diffusion zone saturated with atoms of both components during the first stage. A third 

stage is also to be expected, which lies beyond the time frame of the model 2 gradual 

slowing of diffusion due to the equalization of component concentrations in the mixture.  

In our work, it has been shown that the grain size in nanocrystalline titanium 

significantly affects the intensity of mutual dissolution of the components. This is 

explained by the fact that grain boundaries act as channels for accelerated diffusion, with 

diffusion along grain boundaries occurring orders of magnitude faster than in the bulk of 

the grains. As the average grain size decreases, the density of grain boundaries increases. 

In the case of grains on the order of several nanometers, the density of grain boundaries 

and the contribution of grain boundary diffusion are relatively very high. For example, at 

a temperature of 800 K, which is significantly below the melting point of aluminum, 

dissolution in the model was more intense for grain sizes less than 9 nm than for the case 
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of monocrystalline titanium at 1100 K, which is not only 300 K higher but also 

corresponds to aluminum that is already in a liquid state. 

Thus, the nanocrystalline structure and high density of grain boundaries in titanium 

may be one of the reasons, alongside the energy stored in defects due to deformation, 

for the reduction in activation energy for the synthesis reaction in the Ti2Al system 

following mechanical processing of the initial mixture. 
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ABSTRACT  

In this study, the electromagnetically cast Al-0.5 wt. % Fe alloy was used as a core material for the copper-

clad aluminium wire with the copper grade M2 outer sleeve. The choice of core material decreased the risk 

of premature copper-clad aluminium wire failure due to higher, compared to pure Al, mechanical strength 

and thermal stability. The mechanical bonding of the bimetallic wire was conducted via joint cold drawing. 

The produced copper-clad aluminium wire with the 37 % copper fraction in the cross-section  

is characterized by good adhesion of the Al and Cu layers. No intermetallic particles were observed on  

the Al-Cu interface in neither hard-drawn nor annealed state. Hard-drawn copper-clad aluminium wire is 

characterized by high mechanical strength and electrical conductivity while possessing an acceptable level 

of ductility. Subsequent to cold drawing annealing at 300 °C for 1h led to decrease of yield strength and 

ultimate tensile strength, as well as to increase in ductility and electrical conductivity. However, in both 

hard-drawn and annealed states copper-clad aluminium wire is characterized by the properties that lay 

within and even exceed the values recommended by international standards. Evaluation of the copper-clad 

aluminium wire ultimate tensile strength according to the rule of mixtures showed the importance of 

surface preparation on all the stages of the wire production. 
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Introduction 

Copper and its alloys are mainly used as a material for the electrical conductors 3 wires, 

cables, busbars etc. due to their high electrical conductivity [1,2]. Since copper and its 

alloys are relatively expensive material, and its use is limited for economic reasons, the 

search for more affordable and available alternatives to copper is an urgent task for the 

modern electrical industry. Conventionally, aluminum and its alloys are the materials of 

choice for copper substitution due to the relatively low density and low cost. Since 

modern metallurgy and materials science have effectively reached the limits of further 

http://dx.doi.org/10.18149/MPM.5322025_3
https://orcid.org/0000-0002-8616-0042
https://orcid.org/0000-0002-3340-3880
https://orcid.org/0009-0007-1272-3993
https://orcid.org/0000-0001-9950-0336


26 A.E. Medvedev, O.O. Zhukova, A.F. Shaikhulova, E.B. Medvedev, M.M. Motkov, M.Yu. Murashkin 

improving the properties of metals and alloys, it is nearly impossible to replace copper 

and copper materials with other metals and alloys, at least within reasonable prices. 

Instead of pushing the limits of single materials, such as metals and alloys, another 

approach can be taken. Two different metals or alloys can be physically bonded into one 

hybrid material [335]. The variety of materials that this hybrid product may consist of, 

along with the number of ways of joining them together, provides a wide range of metallic 

composites [4]. Competently picked materials can supply the combination of desired 

properties (such as high ductility, high mechanical strength, electrical conductivity etc.) 

without inheriting undesirable properties (brittleness, low corrosion resistance, low 

mechanical strength etc.). Since two-component composite already gives a lot of 

potential with the reaching of desired properties, simultaneously providing challenges of 

technological nature, usually multi-metal composite only consists of two metals/alloys, 

on rare occasion 3 of three or more [6,7]. Thus, the most balanced in terms of profits and 

complexity are bimetallic materials 3 a composite material consisting of two different 

metals or their alloys [4,8310]. 

In the electrical industry the most common type of bimetallic conductor is a copper-

clad aluminium wire (CCAW) 3 a composite with an aluminum core and a copper sleeve. 

Basically, the CCAW is a copper wire, in which the core part of it is substituted with 

aluminium. Since mechanical properties (especially bending resistance) are mostly 

determined by the outer part of cylindrical rods and wires, from the mechanical point of 

view CCAW is virtually a full-copper wire. In case of low-frequency currents the electrical 

conductivity of CCAW is calculated by the rule of mixture [11,12], but in case of high-

frequency currents the electrical current will run along the surface of the conductor. So, 

in certain applications CCAW will have all the advantages of a full-copper wire, while also 

having lower density, weight and cost. Thus, CCAW are mostly used in high-frequency 

applications 3 audio equipment, high-frequency electrical conductors, and high-precision 

equipment etc. [13,14]. 

There are different ways of producing CCAW, although the most simple and 

widespread is the mechanical cladding, or joint cold drawing, in which copper tape is 

wound onto aluminum wire, followed by drawing [15]. In some cases, use of combined 

casting and subsequent drawing/rolling [16,17] is preferable. 

The production of bimetallic materials has complications of the technological 

nature. The most notable effect of the joint cold drawing is the severe drop in the ductility 

of the CCAW 3 ductility of less than 1 % in hard-drawn state is considered acceptable 

according to the international standards [18,19]. The most straightforward way of 

increasing the CCAW ductility is post-deformation annealing aimed at ant recovery and, 

sometimes, recrystallization of the aluminium and copper layers [20,21]. Since copper has 

a notably higher melting point compared to aluminium, thus it requires an annealing 

temperature of at least 300 °C to initiate recovery, preferably higher [22]. Annealing of 

the CCAW at this temperature leads to the following complications: (i) severe softening 

of the aluminium core and (ii) initiation and growth of Al-Cu intermetallic on the Al-Cu 

interface. 

Softening of the aluminium core leads to the overall decrease of the CCAW 

mechanical strength with the risk of falling out of recommended by the standards 

interval. While not being the major issue (since mechanical properties of the CCAW are 
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mostly determined by the properties of the Cu layer), this still could affect the 

performance of the composite wire. 

The initiation and growth of intermetallic AlxCuy particles on the Al-Cu interface 

possesses higher risks for the CCAW performance [23]. These particles can form even at 

room temperature, but temperature increase significantly accelerates these processes. 

Intermetallic AlxCuy particles are brittle in nature and may severely decrease the ductility 

of the CCAW. Thus, annealing, aimed at ductility increase, may result in opposite result. 

The issue of the intermetallic particles9 presence is even more prominent in CCAW 
produced via hot deformation or using the liquid phase. 

Softening of the aluminium core (and increase of the difference in mechanical 

strength of the Al and Cu layers) may be avoided by introducing thermally stable 

aluminium alloys. Conventionally, technically pure aluminium is used as a core material 

for the CCAW, since core material is usually not expected to demonstrate any performance 

except for the low density and low cost [24]. Using aluminium alloys, especially thermally 

stable high-strength aluminium alloys may improve the properties of the CCAW. Alloys of 

Al-Zr [25], Al-RE (rare earth) [26], Al-Mg-Si [27] systems usually fall into this category, 

but their price is rather high, and in case of high completion this could be the resulting 

factor. Recently studied Al-Fe alloys, besides being highly common and inexpensive, also 

demonstrated the tendency to sustain their mechanical properties at elevated 

temperatures [28330]. Thus, using Al-Fe alloys instead of technically pure aluminium 

may improve the CCAW performance during the annealing without significant increase in 

cost [31333]. 

The issue of the intermetallic particles9 presence on the Al-Cu interface can be 

avoided by choosing the correct temperature and duration of the annealing. Previously it 

was demonstrated that the temperature interval of 250 °C to 350 °C and duration interval 

of 30 to 90 min is enough to notably increase the ductility of the CCAW without causing 

the undesired intermetallic initiation and growth [20,34]. 

In this study, a potential method of obtaining the bimetallic wire with a copper 

sleeve and a core made of an aluminum alloy was demonstrated. The core material used 

was a conductive heat-resistant Al-0.5 wt. % Fe alloy, obtained by casting in 

electromagnetic crystallizer, due to its increased mechanical characteristics and heat 

resistance [35,36]. Wires made of such an alloy are characterized by increased strength 

and thermal stability, while maintaining a relatively high level of electrical conductivity. 

The presence in the composition of a small amount of accessible material 3 iron 3 

ensures the low cost of this alloy [37]. In previous study the CCAW with a similar core, 

made of Al-0.5Fe alloy, was produced via copper electrodeposition [38,39]. This method, 

while having some advantages, demonstrated its overall ineffectiveness in terms of 

reaching the desired level of properties. In this study another approach was taken 3 

mechanical bonding of the Al and Cu alloys by cold deformation [9,10]. 

 

Material and Methods 

The bimetallic wires were fabricated by co-extrusion. Initial rods with a diameter of 

11 mm and a length of more than 2 m made from Al-0.5 wt. % Fe alloy were 

manufactured by continuous casting into an electromagnetic crystallizer (EMC) [36].  
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The aluminium wire rod was then cold drawn (%D) to diameter of 7 mm and put into 

hollow tube made of copper grade M2 alloy with the inner diameter of 8 mm and outer 

diameter of 10 mm. The chemical composition of the alloys is presented in Table 1. 

Before inserting the aluminium rod into copper tube, the contact surfaces were 

mechanically cleaned and degreased. The formed billet was then drawn to 3 mm 

diameter on a laboratory drawing machine with a reduction of ~ 90 % in 10 passes. 

 
Table 1. Chemical composition of the initial materials 

Alloy Cu Al Fe £ Zn, Si, etc 

Al-0.5Fe f 0.04 99.37 min 0.51 f 0.13 

Cu grade M2 99.87 min f 0.05 f 0.05 f 0.03 

 

Macrostructure studies were performed on an Olympus Q15OR optical microscope. 

Scanning electron microscopy (SEM) was performed on a Tescan MIRA microscope. 

Annealing was performed in an atmosphere furnace Nabertherm B180 at 300 °C for 1 h. 

Annealing temperature and time were chosen based on the results of study [3]. Samples 

upon annealing were cooled into water to remove the dross from the surface. The 

electrical resistivity of the studied material was measured in accordance with the IEC 

60468:1974 standard [40]. Straightened samples of at least 1 m long part were taken. 

Microhardness (HV) was measured using the Vickers method on a Buehler MicroMet 5101 

device under a load of 1 N and a holding time under load of 10 s. At least 10 points were 

made for each composite wire constituent to ensure minimal measuring error. 

Microhardness was measured on a cross-section of the samples, prior used for the SEM. 

To obtain statistically reliable results, tensile tests were carried out on three 

samples for each state on a universal tensile testing machine Instron 5982 at room 

temperature and at a speed of 100 mm/min in accordance with government standard 

GoSt No. 10446-80 "Wires. Tensile testing methods". Based on the test results, the values 

of the yield strength (Ã0.2), ultimate tensile strength (ÃUTS) and elongation to failure (·) 

were determined. 

 

Results and Discussion 

Choice of the core material 

The produced CCAW consists of two notably different materials, with different levels of 

mechanical strength and ductility. In order to ensure the uniformity and repeatability of the 

mechanical and functional properties in CCAW it is important to diminish the 

aforementioned differences. One of the ways to do that is to use aluminium alloys with the 

level of mechanical strength, as close to that of copper as possible. Since CCAW is also a 

subject for the annealing at relatively high (for the aluminium) temperature (300 °C) it is 

also important that the chosen aluminium alloy is characterized by thermal stability. 

Both these requirements are met by Al-0.5Fe alloy, cast into electromagnetic mold 

(Al-0.5Fe EMC). High crystallization rate along with constant stirring provide structural 

features that in turn ensure increased mechanical strength and thermal stability. 

Table 2 contains the results of microhardness tests conducted at the core material 

and sleeve material of the samples studied after cold drawing and after subsequent 
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annealing at 300 °C for 1 h. The samples designation goes as follows: CCAW MC (copper-

clad aluminium wire, mechanical cladding) and CCAW-A MC (copper-clad aluminium wire, 

mechanical cladding, annealed). Table also contains microhardness data for the aluminium 

alloy with the similar to Al-0.5Fe chemical composition but produced by continuous casting 

and rolling (Al-0.5Fe CCR). Samples of the Al-0.5Fe CCR were cold-drawn to the same 

deformation value as Al-0.5Fe EMC alloy and were subjected to the identical heat 

treatment. Also, for comparison reasons, the microhardness of the Al-0.4 wt. % Zr alloy is 

presented, as was used in the similar study [38]. 

 
Table 2. CCAW MC and CCAW-A MC microhardness data 

 Microhardness, HV 

Alloy Hard-drawn state Annealed state 

Cu grade M2 (sleeve) 135 ± 2 130 ± 2 

Core material 

Al-0.5Fe EMC 56 ± 2 45 ± 1 

Al-0.5Fe CCR 57 ± 2 34 ± 1 

Al-Zr CCR 53 ± 3 53 ± 2 

 

Microhardness of the copper layer is seemingly unaffected by the annealing 3 the 

temperature is too low to initiate notable recovery process. The Al-0.5Fe EMC alloy 

undergoes recovery, resulting in the drop of the microhardness from 56 to 45 HV. Samples 

of the Al-0.5Fe CCR alloy, while having the same level of microhardness in the cold-drawn 

state (57 HV), demonstrate lower level of microhardness after annealing (34 HV), thus lower 

thermal stability. Interestingly, Al-Zr alloy is also unaffected by the annealing. However, 

Al-Zr alloy is more expensive and requires more complex technological treatment, in order 

to achieve such properties. 

While the difference in microhardness of copper and aluminium alloys in CCAW is 

very significant, it is possible to reduce it both in hard-drawn and annealed states by 

choosing the right chemical composition and casting conditions of the aluminium alloy. 

Thus, Al-0.5Fe EMC is a reasonable alternative to similar alloys, produced by the 

conventional methods, at the same time being cheaper alternative to another Al-based 

thermally stable alloys. 

 

CCAW structural assessment 

Figure 1 shows the results of the optical metallography of CCAW MC and CCAW-A MC 

samples. According to it the adjacent copper to aluminium appears to be full along the 

interface (Fig. 1(a)). The Cu-Al interface has small voids about 4 µm width and 10 µm in 
length (Fig. 1(b)). These voids are formed due to incomplete deformation of the aluminium 

core surface, that was not polished or prepared in any way specifically after cold drawing. 

Nevertheless, the number of these voids is small, and they are placed within the interface 

discontinuously. 

Annealing at 300 °C for 1 h seemingly doesn9t affect the thickness of the copper layer 
(Fig. 1(c)), as was the case in CCAW obtained by electrodeposition [39]. Copper layer has 

notable change in thickness in the lower half of the sample studied, but it is most probably 
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Fig. 1. Optical metallography of the cross section of a CCAW MC (a,b) and CCAW-A MC (c,d). The images 

show the aluminum core (grey) and copper sleeve (orange) 

 

caused by the uneven surface of the initial Al alloy rod. This suggestion is supported by the 

smooth and even outer surface of the Cu sleeve. Cu-Al interface in the annealed state 

demonstrates changes 3 the voids, presented in the initial sample, were not observed. 

The thickness of the copper layer is 308 ± 20 µm in CCAW MC sample and 
313 ± 22 µm in CCAW-A MC, which corresponds to 36.2 ± 6 % and 37.6 ± 7 % fraction of 

the cross-section, respectively (Table 3). The thickness of the copper layer is unaffected 

by the annealing, no visible evidence of the interdiffusion is presented. The difference in 

Al layer thickness before and after annealing is minor and most likely caused by the 

fluctuations of the initial Al-Fe rod diameter, considering the measurements of it were 

taken from two different samples. 
 

Table 3. Changes in the Cu layer thickness during the annealing 

State 
Layer thickness, µm Fraction in the cross-section, % 

Al Cu Al Cu 

CCAW MC 1123 ± 20 308 ± 20 63.8 ± 6.0 36.2 ± 6.0 

CCAW-A MC 1177 ± 22 313 ± 22 62.4 ± 7.0 37.6 ± 7.0 

 

Figure 2 shows the cross-section of the CCAW MC and CCAW-A MC samples. 

Aluminium and copper have a significantly different atomic number so the contrast of 

these elements in the SEM pictures (especially in backscattered electrons mode) is clearly 

seen. The Al-Cu interface is continuous, not containing any visible defects. The 

interdiffusion layers in Al-Cu interfaces have distinct contrasts from both Al and Cu [41], 

which is not observed in the presented samples, so no Al-Cu interdiffusion evidence was 

found. 
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Figure 2(a) shows the interface in CCAW MC sample. The element contrast is clearly 

distinct, no other than Al or Cu phase particles are observed. The interface in CCAW-A MC 

sample is wider and contains gaps with the width of up to 10 µm (Fig. 2(b)). The 

smoothened surface of the Al-Cu interface (Fig. 2(b)), most likely, is due to the heating of 

the air, remaining in the "pocket" between the copper and aluminum alloy at the Al-Cu. 

As a result, existing voids could have arisen or developed, initially formed due to 

incomplete contact between the copper and aluminum layers. In any case, the effect 

described is local in nature, since these "pockets" or discontinuities have a discrete 

distribution along contact between the layers. 

 

 
 

Fig. 2. Microstructure of the CCAW MC (a) and CCAW-A MC (b), cross-section, SEM. The images show the 

aluminum core (dark gray) and copper outer sleeve (bright gray). White arrows indicate the intermetallic 

AlxFey particles within the Al-Fe alloy 

 

Figure 3 presents the results of the EDXS analysis of the CCAW MC and CCAW-A MC 

samples. Line scan across the Cu-Al interface shows no increase of the Al and Cu signals 

overlap after annealing, once again proving the absence of the Cu-Al interdiffusion. 

 

 
 

Fig. 3. EDXS results for CCAW MC (a) and CCAW-A MC (b), cross-section, SEM. The direction of line 

scanning is from left to right 
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CCAW physical and mechanical properties 

Table 4 shows the properties of Al-0.5Fe alloy wire samples without copper cladding 3 

aluminium wire (AW), and with cladding (CCAW MC, CCAW-A MC states). The initial EMC 

Al-0.5Fe alloy is relatively soft (ÃUTS of 90 MPa) alloy, with high value of elongation to 

failure (32.5 %) and level of electrical conductivity (57.8 % IACS) close to that of pure 

aluminium (62.0 % IACS) [22]. Cold drawing of the initial AW rod reduces the elongation to 

failure sixfold, increases the ultimate tensile strength twofold and seemingly has no effect 

on the electrical conductivity. 

 
Table 4. Physical and mechanical properties of Al-Fe and CCA wires 

State 
Electrical properties Mechanical properties 

÷, MS/m IACS, % Ã0.2, MPa ÃUTS, MPa, ·, % 

Al-0.5Fe as-cast [43] 29.83 ± 0.1 57.8 ± 0.5 35 ± 3 90 ± 7 32.5 ± 3.4 

Al-0.5Fe hard-drawn (AW) [43] 29.54 ± 0.1 58.4 ± 0.4 170 ± 12 204 ± 14 5.3 ± 0.2 

CCAW MC 34.72 ± 1.1 67.2 ± 0.4 260 ± 11 316 ± 16 2.1 ± 0.3 

CCAW-A MC 35.12 ± 0.9 68.0 ± 0.4 197 ± 8 225 ± 9 8.0 ± 0.7 

Al-10%Cu hard-drawn [18,19] 3 62.9 % min 3 110 3 205 1 % min 

Al-10%Cu annealed [18,19] 3 62.9 % min 3 135 3 170 5 3 15 % min 

Al-15%Cu hard-drawn [18,19] 3 64.4 % min 3 110 3 205 1 % min 

Al-15%Cu annealed [18,19] 3 64.4 % min 3 135 3 170 5 3 15 % min 

CCAW ED [39] 29.68 ± 0.9 57.5 ± 0.5 185 ±6 187 ± 7 1.5 ± 0.1 

CCAW-A ED [39] 31.43 ± 0.8 60.9 ± 0.3 135 ± 5 184 ± 6 4.3 ± 0.6 

 

The CCAW MC wire with the same 3 mm diameter as AW has both exceeding ultimate 

strength (316 MPa) and electrical conductivity (67.2 % IACS). Unfortunately, the elongation 

to failure of CCAW MC is 2.1 %, which is borderline insufficient for the commercial use [42]. 

As was mentioned in the introduction, the low ductility of copper-clad aluminium wires is 

improved by annealing. Annealed at 300 °C for 1 h CCAW MC sample demonstrates 

increased elongation to failure (8.1 %) and electrical conductivity (68.0 % IACS) as well as 

decreased, but still high for annealed aluminium alloy level of ultimate tensile strength of 

225 MPa. 

CCAW MC and CCAW-A MC samples notably exceed the commercially available 

copper-clad samples in terms of mechanical and physical strength in both cold-worked and 

annealed states (Table 4). It is important to note, however, that the maximum amount of 

copper in commercial samples is 15 %, while in the samples studied this value is about 

35337 %. Increased amount of copper contributes to high strength and high electrical 

conductivity in CCAW MC and CCAW-A MC samples. 

Table 4 also contains the results of similar tests for the copper-clad Al-Fe wire, 

obtained by the electrodeposition method (CCAW ED and CCAW-A ED samples, 

respectively) [39]. Electrical conductivity and mechanical properties are higher for the 

CCAW MC samples in both deformed and annealed states. Partially this could be attributed 

to the higher fraction of the copper (there is an average 8 % of copper in CCAW ED samples), 

and partially to the presence of Ni interlayer in CCAW ED samples. 
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The engineering stress-strain curves of the CCAW MC and CCAW-A MC samples, as 

well as CCAW ED and CCAW-A ED samples, are presented in Fig. 4. While the curve for 

the AW has regular for Al-0.5Fe alloy shape, the curves for the CCAW MC and CCAW-A MC 

are two-staged having sudden drop of strength with subsequent partial recovery and 

eventual failure. This drop corresponds to the failure of aluminium alloy core, that 

fractured first. The rest of the curve corresponds to the failure of the copper sleeve. 

Similar behavior was demonstrated by CCAW ED and CCAW-A ED samples, although the 

drop is not so strongly expressed, and the overall fracture of the sample has a more 

uniform character. Despite having a two-stage stress-strain curve, the CCAW MC and 

CCAW-A MC samples have uniform plastic deformation stage up until the copper sleeve 

fracture occurs. 
 

 

Fig. 4. Engineering stress-strain curves for aluminum wire (1) [43]; copper-clad via electrodeposition 

aluminum wire in the initial (2) and annealed (3) states [39]; mechanically copper-clad aluminum wire in 

the hard-drawn (4) and annealed (5) states 

 

Compared to the ED samples, MC samples have significantly higher ductility and 

ultimate tensile strength for both deformed and annealed states. The character of the 

two-stage fracture also different 3 ED samples have smoothed transition between stages, 

while transition on MC samples, especially in the annealed state, has more abrupt 

character. 

 

CCAW fracture analysis 

The cross-sections of CCAW MC and CCAW-A MC after tensile tests are presented in Fig. 5. 

CCAW MC and CCAW-A MC samples demonstrate the non-simultaneous fracture of the 

aluminium alloy core and copper sleeve. The relative narrowing of the aluminium alloy 

core in CCAW-A MC sample is higher than that of CCAW MC (Fig. 5), correlating to the higher 

elongation to failure values of this sample (Table 4). 

Figure 6 demonstrates the central part of the aluminium alloy core fracture surface 

in CCAW MC (Fig. 6(a,b)) and CCAW-A MC (Fig. 6(c,d)). Both samples demonstrate a dimpled 

character of the fracture surface, with dimples being larger in CCAW-A MC sample, which 

correlates with the four times elongation to failure increase during the annealing. 



34 A.E. Medvedev, O.O. Zhukova, A.F. Shaikhulova, E.B. Medvedev, M.M. Motkov, M.Yu. Murashkin 

 
 

Fig. 5. Results of fractographic analysis of CCAW MC (a) and CCAW-A MC (b) samples, SEM 

 

 
 

Fig. 6. Results of fractographic analysis of Al-0.5Fe alloy wire core of samples: 

(a,b) CCAW MC, (c,d) CCAW-A MC, SEM 
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Fig. 7. Results of fractographic analysis of copper sleeve samples: (a,b) CCAW MC, (c,d) CCAW-A MC, SEM. 

Orange dotted lines outline the borders of the fracture surface 

 

Figure 7 demonstrates the fracture surface of the copper sleeve in CCAW MC 

(Fig. 7(a,b)) and CCAW-A MC (Fig. 7(c,d)). The fracture has similar character in both states 

and could be considered semi-brittle, since it has both dimples, typical for the ductile 

fracture, and so-called <river patterns=, typical for the brittle fracture [44]. Annealing at 

300 °C for 1 h has seemingly no effect on the character of the copper sleeve fracture. 

 

Discussion 

The stress-strain curves analysis (Fig. 4), as well as fracture analysis of the CCAW 

demonstrated the complex nature of the fracturing behavior. CCAW doesn9t behave like a 
single metal or alloy, and the prediction of the mechanical properties is further complicated 

by difference in mechanical properties of the constituents, presence of the interface of the 

core and the sleeve and potential presence of intermetallic particles, oxides and transition 

layers on it. In the absence of the factors contributing to the premature failure of the 

bimetallic sample the tensile strength can be evaluated quite accurately. 

Generally, tensile strength of the bimetallic metal-metal hybrid materials can be 

calculated using the rule of mixture with high precision. The rule of mixtures (ROM) [11] is 

expressed by: ÿc = ÿ1 × ý1 + ÿ2 × ý2,              (1) 

where Ãc is the ultimate tensile strength (ÃUTS) of the composite; Ã1 (V2) and Ã2 (V2) are the 

ÃUTS and volume fractions of the constituents, respectively. Using the data from Table 2 in 

Eq. (1), Table 5 can be formed. 
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Table 5. Experimental and calculated values of ÃUTS for CCAW 

State Material 
ÃUTS, MPa 

Experimental Calculated (ROM) 

Hard-drawn 

Al-0.5Fe core 215 ± 10 3 

Grade M2 Cu sleeve 470 ± 22 3 

CCAW 316 ± 16 307 

Annealed 

Al-0.5Fe core 176 ± 8 3 

Grade M2 Cu sleeve 451 ± 28 3 

CCAW 225 ± 9 279 

 

The calculations of ÃUTS presented in Table 5 are made with the assumption that the 

bimetallic wire is ideal, has no voids or embrittling particles on the constituent9s interface. 
In the hard-drawn state calculated ÃUTS is equal to the experimental one, down to the 

error value, proving relevancy of the ROM implementation concept. Despite the presence 

of the voids on the Cu-Al interface (Fig. 1(b), Fig. 2(a)), the absence of the coarse third-

phase particles allows to predict the ultimate tensile strength level of the hard-drawn 

CCAW with high accuracy. 

In the CCAW-A sample, however, the difference in experimental and calculated ÃUTS is 

relatively high (50 MPa) up to a degree when it cannot be considered as a measuring or 

calculation error. The evaluated ÃUTS in the CCAW-A sample is higher, representing the 

occurrence of the factors, responsible for the premature failure of the bimetallic wire. 

Researchers also point out that ROM is very sensitive to the interface [3]. The annealing 

could affect the surface of the Cu layer, although this effect could be neglected since 

annealing temperature of 300 °C is not high enough to cause any significant changes 

(Fig. 1). Most probable cause of the ÃUTS difference is the formation of particles, or the 

growth of the existed ones, on the Cu-Al interface. On Fig. 1(d) the presence of certain 

formations between Cu and Al layers is clearly visible. As for the nature of these formations, 

two suggestions can be made. First, these are aluminium oxide particles, formed or grown 

during the annealing. The annealing was performed in the atmospheric oven, and the 

interface voids, clearly observed in hard-drawn wire (Fig. 1(b)), could form channels 

transferring oxygen into the gap between Cu and Al. These interface formations can also 

be, judging by their smooth appearance, melted Cu-Al particles. Similar effect was observed 

in [3]. In this study, the melted particles were also observed on the Cu-Al interface in 

bimetallic strips after annealing, although at notably higher temperatures (350 °C and 

higher). The SEM and EDXS data, however, testify against this suggestion, since no 

irregularities were found on the Cu-Al interface, making the oxide presence suggestion the 

most probable one. 

 

Conclusions 

This paper presents the results of the production of the copper-clad aluminium wire 

(CCAW) in both hard-drawn and annealed states. The core of the bimetallic wire consists 

of the electromagnetically cast thermally stable Al-0.5 wt. % Fe alloy, and the sleeve is 

made of grade M2 copper alloy. The following conclusions were drawn: 

1. For the first time samples of a bimetallic wire based on electromagnetically cast Al-0.5 wt. % 

Fe alloy wire with grade M2 copper were obtained by cold co-extrusion. The fraction of copper 
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in the cross-section is about 37 %, no visible defects or intermetallic particles are observed 

at the Al-Cu interface. The production method resulted in a strong mechanical bond 

between aluminium and copper layers both in hard-drawn and annealed states. 

2. The ultimate tensile strength (316 MPa), electrical conductivity (67.2 % IACS) and 

ductility (2.1 %) of produced CCAW notably exceeds those of commercially produced 

CCAW with the core made of technically pure aluminium. Annealing of the CCAW at 

300 °C for 1 hour led to an increase in electrical conductivity to 68.0 % IACS and ductility 

to 8.0 %, while maintaining high level of ultimate tensile strength (225 MPa). 

3. Produced CCAW, both in hard-drawn and annealed states, satisfies and exceeds the 

requirements for the CCAW according to ASTM B566. <Standard Specification for Copper-
Clad Aluminium Wire, 2002= and SJ/T 11223-2000. <Copper-clad aluminum wire, 2000= 
commercial standards for CCAW. 

4. It was demonstrated that implementation of different Al-based alloys as a core material 

for the CCAW has potential to not only improve the physical and mechanical properties of 

these products, but also potentially their functional properties, widening the area of their 

application. The thermal stability of the electromagnetically cast Al-0.5 Fe alloy, 

diminishing the difference in core9s and sleeve9s strength of the CCAW, contributed to the 
high mechanical properties and overall performance of the annealed CCAW. 

5. The calculated with the rule of mixtures level of ultimate tensile strength is in good 

accordance with the experimental results for hard-drawn CCAW and higher for the 

annealed CCAW, signifying the occurrence of the processes on the Cu-Al, leading to a 

decrease in UTS of the annealed wire. Improved surface quality control on all stages of 

CCAW production is a mean of improving the mechanical properties of the product. 
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ABSTRACT  

The aim of the research presented in the paper was the establishment of the regularities of change of 
electromagnetic radiation reflection (S11) and transmission (S21) characteristics values in the frequency 
range 2.0 3 17.0 GHz of carbon fiber fabric fixed in the polyurethane mastic based matrices depending on 
these matrixes composition. Such research is urgent due to the following reasons: (1) carbon fiber materials 
are characterized low stability of S11 and S21 characteristics due to their hydroscopicity; (2) to increase 
stability of S11 and S21 characteristics and strength of carbon fiber materials it9s necessary to perform their 
additional processing (for example, to fix them in matrices or substrates). It9s demonstrated in the paper 
that values of S11 characteristics in the frequency range 2.0 3 17.0 GHz of carbon fiber fabric fixed in the 
matrix from polyurethane without fillers are from 30.1 till 33.5 dB. S11 characteristic values in the frequency 
range 2.0 3 17.0 GHz of carbon fiber fabric fixed in the matrix from polyurethane with aluminum oxide, 
titanium oxide and zinc oxide fillers are from 30.1 till 311.0 dB, from 30.1 till 33.0 dB, from 30.1 
till 35.0 dB respectively. S21 characteristic values in the frequency range 2.0 3 17.0  Hz of the listed 
materials are from 320.0 till 340.0 dB. The studied materials are suitable for use for making special boxes 
for storing equipment sensitive to microwave interference. 
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Introduction 

Carbon fiber materials are currently widely used for the manufacture of microwave 
absorbers [1310]. This is due to the following advantages of these materials [11]:  
1. high electrical conductivity, due to which microwave absorbers based on these 
materials are characterized by high efficiency; 
2. the possibility of providing the required electrical conductivity values for these 
materials by changing the percentage of carbon fibers in their composition (due to the 
indicated advantage, the required operating frequency range, as well as the S11 and S21 
characteristics values can be provided for electromagnetic radiation absorbers based 
on the indicated materials); 
3. flexibility, due to which products of complex shape (special clothing, covers for 
electronic devices, modules for cladding the walls of shielded rooms) can be 
manufactured from the microwave absorbers based on the indicated materials;  
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4. high corrosion resistance compared to metals with comparable values of specific 
electrical conductivity. 

The indicated absorbers are used to solve the following problems [12317]: 
protection of electronic devices from electromagnetic interference, protection of humans 
from electromagnetic radiation; ensuring the security of information processed using 
computing equipment. Since the introduction of 5G technologies, the urgency of solving 
the first and the second of the indicated problems has increased significantly [18322]. 
However, microwave absorbers based on carbon fiber materials are characterized by such 
disadvantage as instability of the values of S11 and S21 characteristics values, due to the 
fact that: 
1. carbon fibers are weakly fixed in the volume of the indicated materials and, as a result 
of mechanical action (bending, stretching, etc.), can change their mutual arrangement; 
2. carbon fibers are hygroscopic. 

To exclude the indicated disadvantage of the microwave absorbers based on carbon 
fiber materials it9s necessary to perform their additional processing by fixing them in the 
matrices or substrates. The aim of the presented study was to establish the patterns of 
change of S11 and S21 characteristics values of carbon fiber fabric depending on the 
composition of the matrix in which they are fixed. To achieve the stated aim, the 
following tasks were solved: 
1. selection and justification of the material for forming the matrix in which it is advisable 
to fix carbon fiber fabric; 
2. selection and justification of the types of fillers to be added to the selected material 
for forming the matrix; 
3. making of experimental samples using the selected matrix and fillers; 
4. measurement and analysis of S11 and S21 characteristics values in the frequency range 
of 2.0317.0 GHz of the manufactured experimental samples; 
5 development of recommendations for the practical application of the studied materials. 

 

Material and Methods 

Polyurethane mastic was chosen as the material for forming the matrix in which it is 
advisable to fix carbon fiber fabric. The choice of such a material is due to the following 
advantages: 
1. flexibility, which, together with the flexibility of carbon fiber fabric, allows for 
providing a similar property for microwave absorbers based on such components; 
2. availability and low cost (the cost of the selected material in the volume required to 
form 1.033.0 mm thick matrices for the manufacture of 1.0 m2 of microwave absorbers 
based on carbon fiber fabric is 10.0330.0 times lower than the cost of 1.0 m2 of such fiber 
material); 
3. controlled viscosity (the viscosity of the selected material is reduced by adding a petroleum 
solvent to it [23], which improves the adhesive properties of the matrix formed on the basis 
of such material, and also reduces the time required to include fillers in it [24326]). 

Finely dispersed materials characterized by dielectric properties were chosen as 
fillers for addition to the polyurethane mastic. This choice is due to the fact that by adding 
these materials to the composition of microwave absorbers containing conductive 
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components, it is possible to reduce their wave resistance, and, as a consequence, reduce 
their S11 characteristics values and increase electromagnetic radiation absorption 
characteristics values [27,28]. The following finely dispersed materials characterized by 
dielectric properties were chosen for addition to the polyurethane mastic: aluminum 
oxide, titanium dioxide; zinc oxide.  

The cost of the listed materials in the volume required to form 1.0 3 3.0 mm thick 
matrices for the production of 1.0 m2 of microwave absorbers based on carbon fiber fabric 
is lower than the cost of polyurethane mastic for forming such matrices in the specified 
volume. The particle size of the listed materials is 0.1 3 1.0 ¿m. It has been 
experimentally established that the optimal volume ratio of the mixture of polyurethane 
mastic and aluminum oxide, titanium dioxide or zinc oxide is 70.0 : 30.0 %. Using the 
selected materials, experimental samples were made for the study. Table 1 presents the 
characteristics of these samples. 

 
Table 1. The characteristics of the made samples for the study 

Sample The composition of matrix used for the sample preparing 

Sample 1 3 

Sample 2 Polyurethane mastic 

Sample 3 Polyurethane mastic (70.0 vol. %), aluminum oxide (30.0 vol. %) 

Sample 4 Polyurethane mastic (70.0 vol. %), titanium oxide (30.0 vol. %) 
Sample 5 Polyurethane mastic (70.0 vol. %), zinc oxide (30.0 vol. %) 

 
Sample 1 was a carbon fiber fabric fragment, the length and width of which were 

not less than the length and width of the antenna aperture included in the setup for 
measuring S11 and S21 characteristics values in the frequency range 2.0 3 17.0 GHz. 
Samples 235 were made in the following way: 
1. cutting off a fragment from a roll of carbon fiber fabric with use of scissors. The length 
and width of the fragment were not less than the length and width of the antenna 
aperture included in the setup for measuring S11 and S21 characteristics values in the 
frequency range 2.0 3 17.0 GHz; 
2. during the manufacture of sample 2, uniform mechanical application of a 2.0 ± 1.0 mm 
thick layer of polyurethane mastic to both surfaces of the fragment cut as a result 
of implementing stage 1 with use of spatula; 
3. during the manufacture of samples 335: 
3.1. uniform mechanical application of a 2.0 ± 1.0 mm thick layer of polyurethane mastic 
to one surface of the fragment cut off on the stage 1 with use of spatula; 
3.2. preparation of a mixture of polyurethane mastic and finely dispersed aluminum oxide 
(when making sample 3), titanium dioxide (when making sample 4), zinc oxide (when 
making sample 5), taking into account that the volume ratio of the components in such 
mixture should be 70.0 : 30.0 %. The building mixer was used in course of the mixture 
preparation; 
3.3. uniform mechanical application of a 2.0 ± 1.0 mm thick layer of the mixture prepared 
on the stage 3.2 to the second surface of the fragment cut off on the stage 1 with use of 
spatula. 

Optic microscopy image of the surface fragment of the carbon fiber fabric used for 
the sample making is presented on Fig. 1. The carbon material used for the samples 
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making is characterized by the following properties: density is 200.0 g/m2; weave type is 
twill; equal strength (has the same number of threads in the warp and weft). 70.0 :  30.0 % 
volume ratio of the components of the mixture preparing in stage 3.2 is optimal one. This 
is because that increasing of the aluminum oxide, titanium dioxide or zinc oxide content 
in the mixture leads to the decreasing of the mechanical straight of the layers formed on 
the base of it and applied in the stage 3.3. Decreasing of the aluminum oxide, titanium 
dioxide or zinc oxide content in the mixture leads to the increasing of the wave resistance 
of the layers formed on the base of it and applied in the stage 3.3. 
 

 
 

Fig. 1. Optic microscopy image of the surface fragment of the carbon fiber fabric used for the samples 
making 

 
2.0 ± 1.0 mm thickness of layer of the mixture prepared on the stage 3.2 is the 

optimal one. This is because such thickness is minimum possible one which could be 
applied on the surface of the carbon fiber fabric. The increasing of this thickness leads to 
the increasing the mass of such fabric and worsens its performance properties. There 
were made 5 units of every sample. The measurements of S11 and S21 characteristics 
values in the frequency range 2.0 3 17.0 GHz were carried out with use of setup included: 
panoramic meter of transmission and reflection coefficients SNA 0.01318; two horn 
antennas P6-23M with aperture size 351.0 × 265.0 mm. 

The measurements of the indicated values were carried out in accordance with 
method described in [29]. The relative error module of measurements of S11 and S21 
characteristics values using the panoramic meter of transmission and reflection 
coefficients SNA 0.01318 doesn9t exceed 10.0 %. 

 

Results and Discussion 

S11 characteristics in the frequency range 2.0317.0 GHz of samples 135 are presented on 
Fig. 2. As it seen on Fig. 2, S11 characteristic values in the frequency range 2.0317.0 GHz 
of the sample 1 vary from 30.1 till 33.0 dB, of the samples 235 3 from 30.1 till 36.0 dB, 
from 30.1 till 311.0 dB, from 30.1 till 33.0 dB, from 30.1 till 35.0 dB respectively. 
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Fig. 2. S11 characteristic in the frequency range 2.0317.0 GHz of samples 1 (a), 
and 235 (b, curves 134 respectively) 
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Fig. 3. The scheme of interaction of electromagnetic waves with the samples: 1 3 matrix; 2 3 carbon fiber 
fabric; Ein 3 incident waves; Er1 3 the waves reflected from the surface of matrix part covering carbon fiber 
fabric outer surface (surface oriented to the electromagnetic waves source); Erout 3 the waves reflected from 

the boundary between surface of matrix part covering carbon fiber fabric outer surface and carbon fiber 
fabric outer surface and passed through this part of matrix back to the electromagnetic waves source;  

Ep1 3 the waves passed through the matrix part covering carbon fiber fabric outer surface; Er12 3 the waves 
reflected from the boundary between surface of matrix part covering carbon fiber fabric outer surface 

and carbon fiber fabric outer surface; Ep2 3 the waves passed through the carbon fiber fabric;  
Er23 3 the waves reflected from the boundary between surface of matrix part covering carbon fiber fabric 

inner surface and carbon fiber fabric inner surface; Ep2 3 the waves passed through the matrix part covering 
carbon fiber fabric inner surface; Eout 3 the waves passed through the sample 

 

S11 characteristics in the frequency range 2.0 3 17.0 GHz of the samples 2, 3 and 5 
have resonant points. These points are 15.0, 11.0 and 11.5 GHz respectively. These points 
are the result of antiphase interaction on the listed frequencies of electromagnetic waves 
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reflected from the matrix surface and electromagnetic waves reflected from the carbon 
fiber fabric surface [30]. The scheme of such interaction is presented on Fig. 3.  

It was established, the studied samples are characterized by the similar S21 
characteristic in the frequency range 2.0317.0 GHz. These characteristics are presented on 
Fig. 4. As it seen from Fig. 4, S21 characteristic values in the frequency range 
2.0 3 17.0 GHz of the studied samples vary from 320.0 till 340.0 dB. Thus, fixing of the 
carbon fiber fabric in the polyurethane mastic based matrices doesn9t impact on it S21 
characteristic values in the frequency range 2.0 3 17.0 GHz. This is because the carbon 
fibers provide significantly greater losses of electromagnetic radiation energy in the 
indicated frequency range compared with the polyurethane mastic and finely dispersed 
aluminum oxide, titanium dioxide and zinc oxide [31,32]. 

 

 
Fig. 4. S21 characteristic in the frequency range 2.0317.0 GHz of samples 135 

 

Conclusions 

Thus, it9s possible to reduce on 0.5 3 3.0 dB S11 characteristic values in the frequency 
range 2.0 3 17.0 GHz of carbon fiber fabric by fixing it in the polyurethane mastic-based 
matrix. If add to this matrix filler in the form of finely dispersed aluminum oxide or zinc 
oxide it9s possible to increase on 0.535.0 dB the indicated reduction. In general, S11 
characteristic values of the carbon fiber fabric are reduced after it fixing in the 
polyurethane mastic due to reducing of the wave resistance of this fabric surface. S21 
characteristic values in the frequency range 2.0 3 17.0 GHz carbon fiber fabric vary from  
320.0 till 340.0 dB and don9t depend significantly form the content of matrix where it9s 
fixed. The studied materials are suitable for use for making special boxes for storing 
equipment sensitive to microwave interferences. 
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ABSTRACT  

The conductive and mechanical properties of polymer composites based on styrene-butadiene rubber with 

different concentrations of graphene as a filler are studied. Based on the dependence of the resistivity of 

composites on the graphene content, the range of its values corresponding to the hopping conductivity 

mechanism was determined. For composites of compositions from this range, the sensitivity of the 

resistance to the degree of uniaxial stretching, as well as mechanical properties were investigated. The 

values of the gauge factor were determined, and it was found that with an increase in graphene content in 

the composite, its value first increases and then decreases. It is found that even under minimal stresses in 

composites, along with elastic deformations, plastic deformations also develop, and the proportion of the 

latter increases with the filler concentration. As a result, complete mechanical relaxation of the composites 

does not occur after the applied stress is removed. 
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Introduction 

In recent years, there has been a significant increase in the number of studies devoted to 

polymer conductive composite materials with graphene-based fillers, as well as other 

structures in which graphene is used as one of the materials [137]. This is due to the 

unique physical and chemical characteristics of graphene-containing materials and the 

prospects for their application in various fields of science and technology. Polymer 

nanocomposite films represent a promising basis for developing sensor devices for use 

as elements of wearable electronics [8310]. These materials are characterized by unique 

structural and mechanical properties, which makes it possible to achieve such important 

characteristics of composites from a practical point of view as lightness, flexibility, wear 

resistance and corrosion resistance, as well as the ability to form products in various 

configurations. Devices based on polymer nanocomposites are distinguished by their 

miniature size, making them nearly invisible to users when worn continuously.  

The development and application of new sensor materials contribute to progress in 

various fields such as medicine [11314], the sports industry [15], professional activities 

in hazardous conditions where health monitoring is necessary [16], as well as in game 

design and fashion [17]. In addition, polymer nanocomposites are actively used as 

triboelectric generators [18].  
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One of the promising areas for the use of flexible conductive polymer composites 

is their use for the creation of strain sensors [19,20], for which a conductive filler is 

introduced into the polymer matrix. The conductive network formed by the filler particles 

(e.g., metallic micro- or nanoparticles) is partially destroyed during deformation, which 

leads to an increase in the resistance of the composite. However, traditional composites 

based on metallic fillers have low flexibility and elasticity, as well as sensitivity to 

stretching in a very limited range [21]. In this sense, polymer composites with carbon-

based fillers exhibit better characteristics, which is why composites based on various 

polymers with fillers such as graphite [22], graphene [23] or carbon nanotubes [24] have 

been actively studied in recent years. However, the properties of the resulting composites 

with these fillers depend significantly on the synthesis method, the type of polymer 

matrix and filler, as well as the filler content, which initiates further research. It should 

be noted that graphene is an excellent choice as a filler material for such composites due 

to its conductivity, thermal conductivity, and mechanical properties [25]. 

This study presents an experimental investigation of the conductive and mechanical 

properties of flexible polymer composites based on styrene-butadiene rubber (SBR) as 

the matrix and graphene as the filler. The aim of the study was to determine the 

dependence of the strain sensitivity of the obtained composites, their elongation under 

uniaxial static tension, ultimate strength and relaxation properties on the graphene 

content. 

 

Materials and Methods 

Styrene-butadiene rubber (SBR) from Sigma-Aldrich was used as the non-conductive 

polymer matrix, and powdered graphene was used as the filler. 

The process of forming the composite film involved the preliminary dispersion of 

the graphene powder in the CCl¤ solvent using magnetic stirring in a sealed flask to 
prevent the solvent from evaporating and air from entering the system. SBR granules 

were then added to the obtained dispersion in an amount of 5.9 wt. % relative to the mass 

of the solvent, after which mixing was continued until the polymer was completely 

dissolved. The resulting solution was poured into a PTFE mold and dried in an exhaust 

system for 1 h until the solvent was completely removed. 

Samples with graphene content ranging from 13 to 33 wt. % relative to the total 

composite mass were synthesized. The resistivity Ã of the obtained films was measured 

using the Van der Pauw method. To determine the Ã dependence on the degree of 

mechanical stretching, the samples were fixed in a measurement cell with a movable 

part, and electrical contacts were connected to them. After this, step-by-step stretching 

was carried out by registering the resistivity values at each stage. 

The mechanical properties of the composite films were analyzed using the same 

setup without connecting electrical contacts. The strength and relaxation properties were 

studied by repeatedly stretching the samples in 10 mm steps. At the end of each cycle, 

the sample was held in a stretched state for 5 sec, after which the load was removed, and 

after 25 sec the residual length of the sample was measured. The relaxation time was 

determined by stretching the sample to 400 % of its initial length and then recording the 

change in length every 20 sec until the relaxation process was complete.  
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Results and Discussion 

To analyze the change in the conductive properties of the composites under deformation, 

it is necessary to take into account the percolation threshold for the conductive filler 

particles introduced into the dielectric polymer matrix. The main parameter that 

determines the properties of the resulting composite is the degree of particle overlap [26]. 

At high particle concentrations, a continuous conductive cluster is formed, where the 

particles directly contact with each other. As the particle concentration decreases, their 

arrangement becomes sparser, and the conduction mechanism changes to a hopping 

form. With a further decrease in the particle concentration, taking into account their 

average size, the probability of such "jumps" significantly reduced resulting in a sharp 

decrease in the conductivity of the composite to nearly zero levels. It is the samples with 

filler concentrations at which hopping conductivity is realized that are the most 

promising for use as active elements in sensor devices. The probability of "jumping" (and, 

consequently, the conductivity value) depends exponentially on the distance between the 

conductive particles, which makes such composites the most sensitive to stretching. 

Thus, to obtain samples with high sensitivity to deformation, it was necessary to 

determine the range of graphene concentrations corresponding to the hopping 

conduction mechanism. Figure 1 shows the dependence of the resistivity of the 

investigated samples at room temperature on the filler mass fraction. From the data 

presented it is evident that at graphene concentrations below 33 wt. % a sharp increase 

in the resistivity of the samples is observed. This indicates the destruction of the 

continuous conductive cluster and the transition to hopping conductivity. For this reason, 

samples with graphene concentrations of 30, 24, and 16 % were selected for further 

measurements. 
 

  
  

Fig. 1. The dependence of the resistivity of 

composites at T = 300 K on the graphene content 

Fig. 2. Changes in the resistivity of composites 

under their stretching 

 

For the three composites of the above compositions, Fig. 2 shows the dependence 

of the resistivity, normalized to its value in the absence of applied stress, Ã0, on the 

relative elongation of the sample under the influence of uniaxial stress, �L/L0ç100%, 

where L0 is the initial length of the sample, �L is the change in its length under stretching. 

For the composites of each composition, the data are provided for the stress ranges in 

which they exhibit conductivity. 
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As expected, an increase in graphene concentration leads to an expansion of the 

applied stress range in which the composite retains its resistivity. A noticeable change in 

the resistivity of the composite at the minimum graphene concentration (16 %) occurred at 

a stretch of 12 %, while at its maximum concentration (30 %), it occurred at a stretch of 

24330 %. At the same time, the composite with the highest graphene content among those 

studied has lower sensitivity to stretching: to noticeably change the resistivity, it had to be 

stretched over a significantly greater length. This effect of filler concentration on stretch 

sensitivity can be explained by the fact that stretching increases the distance between 

particles, which, from the perspective of conductivity values, is equivalent to a decrease in 

the filler concentration. Additionally, as noted by the authors of [27], strong stretching of 

graphene-containing composites leads to a change in the dimensionality of the filler 

particles (transition from a three-dimensional to a two-dimensional case), which should 

lead to an increase in the values of the percolation threshold and, consequently, to a 

decrease in the effect of stretching on the resistivity value. 

For composites of different compositions, the values of the gauge factor were 

calculated using the equation: 

GF = (�Ãmax/Ã0)/(�Lmax/L0),              (1) 

where �Ãmax and �Lmax are the maximum changes in resistivity and length, respectively. This 

coefficient characterizes the sensitivity of the resistivity of composites to stretching and 

can be used to compare data obtained for different composites [28333]. As the filler 

concentration increases, the gauge factor first rises and then decreases. For the sample 

with 16 % graphene content, the gauge factor is GF = 534.7, for the sample with 24 % 

content 3 GF = 2661, and for the sample with 30% content 3 GF = 340.4. This can be 

explained by the fact that increasing the filler concentration leads to two different effects. 

The first of these is due to the fact that the range of stress in which the composite retains 

its conductive properties increases (see Fig. 2), which should lead to a decrease in the GF 

value. The opposite effect on the GF value is caused by the decrease in the resistivity of the 

composite in the absence of stress that occurs with an increase in the graphene 

concentration (see Fig. 1). 

To initially estimate the mechanical properties of the synthesized composites, an 

assessment of their tensile strength, an analysis of the nature of the deformations 

developing in them under uniaxial static tension, and a study of their relaxation properties 

were carried out. The samples were repeatedly stretched with a successive increase in their 

extension in 10 mm increments until they failed. After each stretching step, the sample 

length L was measured 25 sec after the stress was removed. The obtained results are 

presented in Fig. 3 as the dependence of the ratio of the sample length L to its initial length 

L0 on its relative elongation under stretching. 

As seen from the presented data, the tensile strength decreases with an increase in 

filler content and is 565, 542, and 401 % for composites with graphene contents of 16, 24, 

and 30 %, respectively. Additionally, it is evident that none of the synthesized composite 

samples retain their initial length even under minimal applied stress, which indicates the 

occurrence the irreversible plastic deformations in them, along with elastic ones. The slope 

of the dependences shown in Fig. 3 increases consistently with increasing filler 

concentration, which suggests an increase in the proportion of irreversible deformations, i.e., 

the occurrence of the effect of their accumulation under repeated stretching of the sample. 
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Fig. 3. The dependence of relative elongation  

of composite samples after stress removal  

on the degree of their stretching 

Fig. 4. The dependence of the relative change  

in the length of composites after stress  

removal on time 
 

The results of the study of the relaxation properties of the synthesized composites 

after stress of 400 % are presented in Fig. 4. Composites of all studied compositions do 

not return to their original length even 233 min after the stress is removed. This can be 

due to the formation of jams of flat filler particles inside the polymer matrices during 

stretching [34336]. The sample with 30 % graphene content practically does not relax at 

all, and the sample with 16 % graphene content relaxes, but rather weakly. The composite 

with 24 % graphene content demonstrates the best relaxation properties, both in terms 

of time and degree of relaxation. Thus, a filler concentration of 24 % is close to the critical 

point for the studied composites, above which the improvement of the mechanical 

properties is replaced by their deterioration. It should be noted that this result indirectly 

corresponds to the data obtained in [37] when analyzing the properties of composites 

based on polyvinyl acetate with graphene filler. The authors of [37] studied samples in a 

lower range of graphene concentration range than in our study (below its possible critical 

value), but found that a consistent increase in the graphene content in composites 

initially leads to a significant improvement in their mechanical properties, but then this 

improvement slows down. 

Thus, the graphene content of 24 % is optimal for the studied SBR-based polymer 

composites, as it corresponds to both the maximum strain sensitivity and the best 

relaxation properties. 

 

Conclusions 

In this study, we investigated the electrical and mechanical properties of polymer 

composites based on styrene-butadiene rubber with variable content of graphene as a 

conductive filler. It was found that increasing the graphene concentration in the SBR 

matrix leads to an increase in the range of value of applied uniaxial stress in which the 

composite slightly changes its resistivity. A gradual increase in graphene concentration 

first leads to an increase in the sensitivity of composite resistivity to stretching, and then 

to a decrease. At the same time, the tensile strength of the composites decreases slightly, 

and repeated uniaxial stretching leads to the accumulation of plastic deformations 

preventing complete relaxation of the samples after deformation. 
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The maximum change in the resistivity under deformation was observed in the 

composite with a graphene concentration of 24 %, for which the value of the gauge factor 

reaches GF = 2661. This graphene concentration also corresponds to the best relaxation 

properties. The obtained data indicate the potential of using the synthesized composites 

for the development of sensor devices for flexible wearable electronics. 
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ABSTRACT  

The post-annealing duration dependence of structural and optical properties of polycrystalline ³-Ga2O3 thin films 

fabricated on sapphire (Al2O3) substrate via the spray pyrolysis method are presented. Extending the annealing 

time for fixed temperature 900 °C from 1 to 2 h improves crystallinity of the films, as evidenced by an increase 

in the average grain size approximately from 8 to 14 nm, a reduction in the full width at half maximum  

of the 2�02 ³-Ga2O3 diffraction peak from 0.43 to 0.29°. However, extending the post-annealing duration  

to 3 h induces excessive grain coarsening into island-like crystalline domains. These findings demonstrate 

that for the chosen experimental conditions, a 2-hour annealing at 900 °C represents an optimum  

for achieving relatively smooth and solid ³-Ga2O3 films while balancing crystallinity and film homogeneity. 
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Introduction 

Gallium oxide (Ga2O3), particularly its thermodynamically stable monoclinic ³-phase, 

emerged as a promising ultra-wide bandgap semiconductor for next-generation power 

electronics and deep-ultraviolet (UV) optoelectronic devices [1]. With a bandgap of 

~ 4.9eV, ³-Ga2O3 exhibits exceptional properties, including a high breakdown electric 

field (8 MV/cm), Baliga9s figure of merit (BFOM = ý ; ÿ ; ýý3, where · is relative dielectric 

constant, ¿ is electron mobility and Ec is critical electric field) (3444), and thermal stability 

up to its melting point (~1795 °C) [234]. These characteristics position Ga2O3 as a superior 

alternative to the conventional semiconductors like SiC and GaN in high-voltage, high-
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temperature applications such as solar-blind photodetectors, Schottky diodes, and 

MOSFETs [1,2]. However, the performance of ³-Ga2O3 thin films is critically dependent on 

their crystallinity, stoichiometry, and defect density, which are strongly influenced by 

synthesis methods and post-processing. 

Thin-film fabrication techniques for ³-Ga2O3 include molecular beam epitaxy 

(MBE) [5], pulsed laser deposition (PLD) [6], chemical vapor deposition (CVD) [7], 

metalorganic vapor-phase epitaxy (MOVPE) [8], halide vapor phase epitaxy (HVPE) [9], 

and radio frequency magnetron sputtering (RFMS) [10,11]. While these methods yield 

high-quality epitaxial layers, they suffer from limitations such as high equipment costs, 

complex vacuum requirements, and limited scalability. In contrast, sol-gel 

methods [12,13] like spray pyrolysis [14,15] offer cost-effective, scalable alternatives. The 

sol-gel technique excels in molecular-level homogeneity and precise doping control, 

enabling uniform incorporation of dopants such as Al [16] or Sn [17] to tailor optical and 

electrical properties. Spray pyrolysis, on the other hand, combines simplicity with 

industrial scalability, allowing large-area deposition at atmospheric pressure. 

Post-annealing is a critical step in optimizing the structural and functional 

properties of solution-processed Ga2O3 films [18,19]. Thermal treatment facilitates the 

decomposition of organic residues, enhances crystallinity by promoting phase transitions, 

and mitigates defects such as oxygen vacancies [20,21]. This work investigates the effects 

of post-annealing duration on the properties of ³-Ga2O3 thin films fabricated via spray 

pyrolysis method on sapphire substrate. By correlating annealing time with structural 

evolution, surface morphology, and optoelectronic performance, we aim to establish 

optimal processing parameters for high-performance devices.  

 

Materials and Methods 

³-Ga2O3 thin films were synthesized on (0001)-oriented sapphire (Al2O3) substrate via a 

particular variant of sol-gel technique, namely, spray pyrolysis method. The precursor 

solution was formulated using gallium nitrate hydrate [Ga(NO3)3;8H2O, 99.9 %, Lankhit] 

dissolved in 2-methoxyethanol [C3H8O2, 99.5 %, Leap Chem], serving as the solvent. 

Monoethanolamine (MEA) [C2H7NO, 99.5 %, Vekton] was introduced as a stabilizer to 

ensure solution homogeneity and prevent premature precipitation. The molar 

concentrations of both gallium nitrate and 2-methoxyethanol were maintained at 

0.25 mol/L, with a 3:1 molar ratio of gallium nitrate to MEA. The mixture was 

magnetically stirred at 60 °C for 1 h to achieve a pale yellow, transparent and stable sol. 

Prior to deposition, the (0001) sapphire substrate underwent ultrasonic cleaning in 

sequential baths of isopropanol and deionized water (10 min each) to remove organic 

contaminants and particulate matter.   

The spray pyrolysis setup for Ga2O3 thin film fabrication has been described in detail 

in our previous work [14]. Figure 1 illustrates the preparation workflow. The sol was 

sprayed onto substrates mounted on a heating stage maintained at 140 °C. Following 

solvent evaporation, the samples were transferred to a preheated muffle furnace and  

pre-annealed at 500 °C for 10 min under ambient air atmosphere. This deposition- 

pre-annealing cycle was repeated 30 times to achieve the desired film thickness. 

After fabrication, the samples were subjected to post-annealing in the same muffle furnace  
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Fig. 1. The workflow of Ga2O3 films fabricated by spray pyrolysis 

 

at 900 °C (this temperature corresponds to experimental results published in [21,22]) in 

air with varying durations of 1, 2, and 3 h. 

The crystal structure of the samples was characterized using a Rigaku Ultima IV  

X-ray diffractometer (XRD) with Cu-K³ radiation (» = 0.15418 nm). XRD patterns were 

acquired in the 2» angular range of 25 to 70° at a scanning rate of 0.5°/min. 

The average crystallite size, representing the coherent scattering domain, was 

determined through Halder-Wagner analysis [23,24] of the XRD data using the following 

relation: (ý7þ7)2 = 1þ × ( ý7þ72) + ([2)2,                                                                                                                             (1) 

where ý7 = ýý�ýÿÿ , ý7 = 2ýÿÿÿÿ , ý  denotes the experimental FWHM (in radians), 

» = 0.15418)nm (Cu-K³ radiation wavelength), · quantifies the micro-strain within 

crystallites, t corresponds to the average crystallite size. 

The surface morphology of the films was characterized using a TESCAN Mira 3 

scanning electron microscope (SEM). For quantitative surface roughness analysis, a Veeco 

Dimension 3100 atomic force microscope (AFM) was employed to measure the root-

mean-square (RMS) roughness and map nanoscale topographic features. 

The optical properties of the ³-Ga2O3 thin films were investigated through 

transmittance spectroscopy and Tauc plot analysis [25]. Optical transmission spectra were 

acquired in the 2003850 nm wavelength range using a PerkinElmer Lambda 950 UV-Vis-

NIR spectrophotometer, with (0001)-oriented sapphire substrates serving as optical 

windows. Film thickness was determined via cross-sectional SEM imaging. The optical 

bandgap (Eg) was calculated using the Tauc relation [25]: (ñ/�)2 = ý(/� 2 ýý),                                                                                                                 (2) 

where ³ is the absorption coefficient, h¿ represents photon energy, and A is  

a proportionality constant. 

The influence of post-annealing temperature on surface morphology and 

optoelectronic properties was systematically evaluated through comparative analysis of 

structural and optical data. 

 

Results and Discussion 

Figure 2 shows the XRD spectra of ³-Ga2O3 films post-annealed at 900 °C for 1, 2, and 3 h. 

Four significant reflection peaks are observed at 30.2, 31.6, 59.3, and 64.7°, corresponding 

to the (400), (2�02), (6�03), and (7�12) crystallographic planes of crystallites in ³-Ga2O3 

polycrystalline film, respectively. With the increase of post-annealing duration, the 

intensity of the 2�02 peak is significantly enhanced and its FWHM decreases, while the 

other main peaks do not change significantly. This selective enhancement of the 
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contribution of (2�02) orientation can be attributed to the synergistic effect between 

substrate-induced epitaxial orientation and thermally activated grain reorganization. The 

(0001) surface of sapphire substrate has a hexagonal close-packed structure and has a 

template effect, which is conducive to the growth of ³-Ga2O3 grains along a specific 

crystallographic direction. The (2�02) facet of ³-Ga2O3 may show good lattice matching 

with the substrate, thus minimizing the interface energy and promoting the preferred 

orientation during post-annealing. 
 

 
 

Fig. 2. XRD patterns of ³-Ga2O3 thin films post-annealed at 900 °C for durations of 1, 2, and 3 h (a), 

detailed patterns (b), compared with ICDD reference data (PDF 00-041-1103) 

 

Table 1 summarizes the analysis of diffraction peaks for ³-Ga2O3 thin films post-

annealed at 900 °C for 1, 2, and 3 h. Initially, increasing the annealing duration from  

1 to 2 h resulted in a reduction of the full width at half maximum (FWHM) for 2�02 peak 

from 0.43 to 0.29°, accompanied by an increase in average crystallite size from 8.15 to 

14.06 nm. This behavior is consistent with enhanced crystallinity and grain coarsening, 

aligning with classical Ostwald ripening [26], where smaller grains dissolve to supply larger 

ones, thereby reducing lattice defects and micro-strains. However, extending the annealing 

time to 3 h further reduces the full width at half maximum (FWHM) to 0.13°, while 

decreasing the average crystallite size to 11.44 nm. This behavior of the average grain size 

contradicts the traditional mechanism of nucleation during film crystallization from the 

amorphous state. Similar effects were observed in other studies [21,27]. In part, this 

behavior of the grain size can be explained by processes similar to sintering, when 

additional formation of small grains occurs in the pores between large grains. This can lead 

to a decrease in the average grain size at a certain stage. Another reason may be the 

diffusion of aluminum from the substrate, which is observed at temperatures of  

90031000 °C [27,28]. Due to diffusion, a double solid solution (AlxGa1-x)2O3 can form in the 

region close to the substrate, which can also lead to a decrease in the average grain 

size [29]. However, these hypotheses require verification and confirmation by independent 

experiments, as well as the dependence of the grain size on the annealing time. 

Figure 3 shows top-view SEM images of ³-Ga2O3 films post-annealed at 900 °C  

for 1, 2, and 3 h, showing the evolution of the film surface morphology and grain 

structure under different heat treatment durations. For the sample post-annealed for 1 h 

(Fig. 3(a)), the film surface is relatively smooth and uniform, and the grains are small and 

(a) (b) 
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Table 1. Diffraction peak analysis of ³-Ga2O3 films with post-annealing temperature of 900 °% and time of 

1, 2, and 3 h 

Duration, h FWHM of ý�ÿý peak, Ú Average crystallite size, nm 

1 

2 

3 

0.43 

0.29 

0.13 

8.15 

14.06 

11.44 

 

loosely distributed. This indicates that the grain growth is limited in the initial stage 

of post-annealing because the thermal energy is insufficient for significant atomic 

diffusion. When the time is extended to 2 h (Fig. 3(b)), the grain density and uniformity 

are significantly improved, and directional texture appears on the surface. This texture 

may be aligned with the crystal plane orientations, reflecting the enhancement of atomic 

mobility and stress relaxation during long post-annealing. For the sample post-annealed 

for 3 h (Fig. 3(c)), the grain clusters are significantly coarsened to form irregularly sized 

crystal islands, and the directional texture disappears, which is the result of the combined 

effects of competitive grain growth mechanisms or local strain redistribution. 

 

 
 

Fig. 3. SEM top-view images of ³-Ga2O3 films post-annealed at 900 °C for (a) 1, (b) 2, (c) 3 h 

 

Side-view SEM images of ³-Ga2O3 films post-annealed at 900 °C for 1, 2, and 3 h 

are shown in Fig. 4. The thickness of all samples is from 1 to 1.1 ¿m, demonstrating that 
the annealing time has little effect on the film thickness. For the sample post-annealed 

for 1 h (Fig. 4(a)), the film exhibits a relatively discontinuous layered structure. The grain 

boundaries are not resolved and the interface between the film and the substrate is 

slightly rough, indicating incomplete crystallization and limited atomic mobility in the 

initial stage of post-annealing. This is because the oxygen vacancy compensation effect 

is stronger than grain growth in a shorter post-annealing time, and insufficient stored 

thermal energy will limit the complete densification of the film. When the post-annealing 

time is increased to 2 h (Fig. 4(b)), a more uniform and continuous film cross section 

structure is observed, accompanied by neatly arranged columnar grains, indicating that 

atomic diffusion and micro-stress relaxation are enhanced. For the 3 h post-annealed 

sample (Fig. 4(c)), the columnar grains evolved into larger irregularly shaped domains. 

This overgrowth and partial structural degradation indicate that the grain growth 

mechanism shifted from controlled grain growth to competitive crystallization, and 

excessive thermal exposure led to local micro-strain accumulation. 

(a)  (b)  (c)  1h 3h 2h 
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Fig. 4. SEM side-view images of ³-Ga2O3 films post-annealed at 900# for (a) 1, (b) 2, (c) 3 h 

 

The two-dimensional AFM images (1 × 1 ¿m2) of ³-Ga2O3 films with different post-

annealing durations were analyzed using AFM. As shown in Fig. 5, the surface of the film 

post-annealed for 1 h is smooth and uniform, with sparse grain distribution and the RMS 

roughness of 0.94 nm. When the post-annealing duration is extended to 2 h, a significant 

increase in grain density and size is observed, and the closely packed grains coalesce into 

a continuous and dense film structure. RMS roughness corresponding to this 

morphological transformation increases to 1.87 nm. This result is consistent with the 

increase in the average grain size (see Table 1). Further extending the post-annealing 

duration to 3 h will form heterogeneous crystal islands of various sizes, and the RMS 

roughness increases significantly to 2.54 nm. This change is due to thermally driven 

atomic reorganization. Initially, extending the post-annealing duration is beneficial for 

the migration of gallium and oxygen atoms to energetically favorable lattice positions, 

thereby enhancing the densification and crystallinity of the film [30]. However, over-

annealing will destroy this balance. This process leads to non-uniform grain growth and 

competitive crystallization, which increases surface roughness, size differences, and 

spatial inhomogeneity of grain distribution. Therefore, prolonged thermal exposure can 

compromise the homogeneity of the structure. 

Figure 6 shows the transmittance and estimated band gap of ³-Ga2O3 films post-

annealed at 900 °C for 1, 2, and 3 h. The transmittance of the samples is about 90 % in the 

3003850 nm range and has sharp absorption band edges near 250 nm. As the post-annealing 
 

 
 

Fig. 5. AFM images of ³-Ga2O3 films post-annealed at 900 °C for (a) 1, (b) 2, (c) 3 h  

(a)  (b)  (c)  1h 2h 3h 

1h 
 

2h  3h 
 

RMS=0.94 nm 

 
RMS=1.87 nm 

 

RMS=2.54 nm 

 

(a)  (b)  (c)  
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time increases, the measured optical band gap values are 4.98, 4.93, and 4.95 eV. The 

change in the band gap width may be associated with the corresponding changes in the 

micro-stresses in the film, discussed above. Concurrently, the extended post-annealing 

duration can facilitate diffusion-driven incorporation of Al3+ ions from the (0001) Al2O3 

substrate into Ga3+ lattice positions within the ³-Ga2O3 lattice sites. This may lead to the 

formation of a double solid solution of (AlGa)2O3 in the near-substrate region, the band 

gap width of which is larger than that of gallium oxide, proportional to the aluminum 

content [31]. However, the observed variations in the band gap width are too small to 

confidently draw conclusions about any noticeable trend. 

 

 
 

Fig. 6. (a) Optical transmission spectra and (b) bandgap estimation of ³-Ga2O3 films post-annealed at 

900 °C for 1, 2, 3 h 

 

Conclusions 

In this study we have systematically investigated the structural evolution and optic 

properties of spray-pyrolyzed ³-Ga2O3 thin films as function of post-annealing duration 

(133 h at 900 °C). Increasing the post-annealing duration from 1 to 2 h enhances 

crystallinity, as evidenced by the growth of the average grain size from 8.15 to 14.06 nm, 

a reduction in the FWHM of the 2�02 peak from 0.43 to 0.29°, and an increase in the RMS 

surface roughness from 0.94 to 1.87 nm. Concurrently, stress relaxation mediated by 

grain boundary migration narrows the optical bandgap from 4.98 to 4.93 eV. However, 

extending the post-annealing duration to 3 h further reduces the FWHM of the 2�02 peak 

to 0.13°, while decreasing the average grain size to 11.44 nm and elevating the RMS 

surface roughness to 2.54 nm. This suggests that prolonged post-annealing triggers 

competitive grain growth, leading to heterogeneous coarsening into island-like 

crystalline domains.  

The obtained results underscore that moderate post-annealing duration (2 h) 

optimizes crystallinity, whereas excessive thermal exposure compromises structural 

homogeneity. This study establishes that under the chosen experimental conditions,  

a 2-hour post-annealing at 900 °C represents an optimum for obtaining relatively smooth 

and solid ³-Ga2O3 thin films. These findings advance the development of cost-effective, 

(a) (b) 
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scalable Ga2O3-based technologies, effectively bridging the gap between laboratory-scale 

synthesis and industrial applications. 
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ABSTRACT  

Present study involves a new mathematical formulation of modified couple stress thermoelastic diffusion 

under multi-phase-lags model in rotating frame of reference. The governing equations for multi-phase-lags 

model in rotating frame of reference are obtained with the aid of modified Fourier9s and Fick9s laws and 
used to explore the energy, uniqueness, reciprocity theorems and variational criterion. Instantaneous 

concentrated body forces, heat and chemical potential sources along with moving heat and chemical 

potential sources are taken to illustrate the applications of the reciprocity theorem for a specific case.  

It has been observed that results obtained are dominated by the physical field. Some well-known results 

are also explored as special cases. The multi-phase-lags and rotation in modified couple stress material 

makes it more realistic as all the field quantities depend upon information from surrounding at a particular 

point. Physical views presented in this article may be useful for the design (composition, arrangement, 

device, etc.) new material, geophysics and other scientific domains. Also, the study has tremendous 

applications in material science, geomechanics, soil dynamics and electronic industry. 
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Introduction 

Over the last four decennary, the generalized theories of thermoelasticity has been 

established to remove the paradox of uncoupled and coupled theories. Lord and 

Shulman [1] (LS) proposed generalized thermoelastic model comprising one relaxation 

time whereas Green and Lindsay [2] (GL) rectified the LS model by involving another 

relaxation time to the respective equations and developed the new thermoelasticity 

theory. This modification allows that GL model to be dependent only on the strain-

acceleration relation. To analyze the flow of heat without energy dissipation, Green and 

Naghdi [3] imported thermal displacement gradient to the humanistic Fourier law. 

Plethora of investigations based on the generalized theories of thermoelasticity have 

been considered in the work of Hetnarski and Ignaczak [4]. 

Phase lag with heat flow was first introduced by Tzou [5], who generalized it in the 

Cattaneo-Vernotte [6,7] (CV) formulation. The single-phase-lag heat transfer hypothesis 

is the term used most frequently to describe this idea. The dual-phase-lag (DPL) heat 

transfer theory was established by Tzou [8,9] be accumulating the temperature gradient 

http://dx.doi.org/10.18149/MPM.5322025_7
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and heat flux with two-phase-lag time constants. Roychoudhari [10] introduced a new 

model which being the extension of DPL theory and named as three-phase-lag 

thermoelastic model which involves Fourier9s law of heat conduction being replaced by 
an approximation to an alteration to the Fourier9s law with the consideration of three 
distinct phase lags for the heat flux vector, the temperature gradient and the thermal 

displacement gradient. Comprehensive work on thermal conductivity and phase lags has 

been given in book by Tzou [11]. 

In [12315], Nowacki explored the thermoelastic diffusion model which is based on 

humanistic thermoelasticity theory. The thermoelastic diffusion theory with one 

relaxation time and two relaxation times have been proposed by Sherief et al. [16] and 

Kumar and Kansal [17], respectively. 

A modified elasticity theory, such as couple stress theory, has been developed 

because classical theories of continuum mechanics are inadequate to describe the 

mechanical nature of micro/nano structures. Couple stress theory being an extended 

elasticity theory which in extension to the classical force per unit area, also involve the 

impact of couple per unit area on material volume. As shear stress no more requires to 

be conjugated in order to retain rational equilibrium, this permits for the probability of 

the asymmetric stress tensor. One of the non-classical theories as classical couple stress 

theory was developed by Mindlin and Tiersten [18], Toupin [19] and Koiter [20]. This 

theory involves extension to the two traditional Lame9s constants for isotropic elastic 
material, the governing equation for isotropic materials also involves higher order 

material length scale characteristics. Modified couple stress (MCS) theory was formulated 

from couple stress theory by Yang et al. [21] depicted that couple stress tensor is 

symmetric, and strain energy is quadratic function of strain and symmetric curvatures 

MCS theory include single material length scale parameter contrary to two classical 

substantial constants. In micro/nanosystems, the theory has been broadly applied to 

examine the vibration, bending, and buckling of structures including beams, plates, and 

shells. Various investigators have predicted theoretically the size-dependent behavior of 

microstructures by using the MCS theory. Also, it has been documented by analyzing 

theoretical and experimental researches by Park and Geo [22]. Aouadi [23] presented 

reciprocity and uniqueness in anisotropic thermoelastic diffusion materials. Kumar, 

Kothari and Mukhopadhyay [24] proved a convolutional type variational criterion and 

reciprocity theorem based on the isotropic thermoelastic diffusion model. Kumar and 

Gupta [25,26] presented uniqueness reciprocity theorem and wave phenomena in 

thermoelastic diffusion with fractional derivative and also in different theories of 

thermoelasticity. Sarkar and Mukhopadhyay [27] presented energy and uniqueness 

theorem along with the variational criterion in thermoelastic model with three-phase-

lags and memory dependent derivatives (MDD). 

El-Karamany and Ezzat [28] established the uniqueness and reciprocal theorems for 

a linear anisotropic and inhomogeneous thermoelastic centro-symmetric solid in the 

frame of two-temperature Green3Naghdi theories. El-Karamany and Ezzat [29] 

investigated the uniqueness and reciprocal theorems without deploy of Laplace 

Transforms for the DPL thermoelasticity theory. Bala [30] explored basics theorems 

(uniqueness, continuous dependence and reciprocity) in relaxed micromorohic 

thermoelastic material. Al-Lehaibi [31] examined the variational criterion in two 
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temperature thermoelastic material without energy dissipation. In [32], Paul and 

Mukhopadhyay  presented a novel mathematical model on generalized thermoelastic 

diffusion theory and presented uniqueness, reciprocity and variational criterion in 

thermoelastic diffusion model. 

Recently, some efforts have been done to modify the humanistic Fourier9s law of 
heat conduction by considering time derivative of higher order by Abouelregal [33335]. 

The refined multi-phase-lag (RPL) model finds many advantages in various problems. 

Zenkour [36338] presented a distinct form of the RPL model to concern with 

thermoelastic replies of many various composite materials. Ezzat and Fayik [39] 

constructed thermoelastic diffusion with fractional order derivatives and proved 

uniqueness, reciprocity theorems and variational criterion. Kumar and Sharma [40] 

analysed presented some theorems in piezo-thermoelastic with mass diffusion. Sharma et 

al. [41] investigated basic theorems and plane waves in the context of thermoelastic 

diffusion using a multi-phase-lag model with temperature dependence. 

Due to the fact that various large body like earth, moon and other planet have an 

angular velocity as well as earth itself act like a huge magnet, it is convincing to explore 

the fundamental basic theorems in modified couple stress thermoelastic diffusion 

medium rotating with angular velocity. Roy Choudhuri [42] examined the plane harmonic 

waves in an unbounded isotropic electromagnetic thermoelastic medium when the entire 

medium rotates with a uniform angular velocity. Kumar and Devi [43] presented the effect 

of hall current and rotation in modified couple stress generalized thermoelastic half-

space due to ramp-type heating. 

Ezzat [44] investigated fundamental solution in generalized magneto-thermoelasticity 

with two relaxation times for perfect conductor cylindrical region. Ezzat and Youssef [45] 

established Stokes9 first problem for an electro-conducting micropolar fluid with 

thermoelectric properties. Sharma et al. [46] established the plane waves and 

fundamental solution in an electro microstretch of elastic solids. Ezzat et al. [47] 

examined the equations of generalized thermo-viscoelasticity for an isotropic medium 

with variable thermal conductivity and fractional-order heat transfer. Sharma and 

Khator [48,49] examined some problems of power generation due to renewable sources 

and also explored micro-grid planning in the renewable inclusive prosumer market. 

Panja et al. [50] investigated a thermoelastic model with higher order time derivatives 

for a crack in a rotating solid. Bibi et al. [51] established the propagation and refection of 

thermoelastic wave in a rotating nonlocal fractional order porous medium under Hall 

current influence. El-Sapa et al. [52] investigated the influence of rotation and viscosity 

on generalized conformable fractional micropolar thermoelasticity with two 

temperatures. 

In this work, MCS thermoelastic diffusion with multi-phase-lags model along with 

rotating frame of reference has been presented. This model has been applied to explore 

fundamental energy theorems, uniqueness and reciprocity and variational criterion. These 

theorems are impacted by the various physical field variables forming the model. 

Applications of reciprocity theorem for body forces, heat sources and chemical potential 

sources are taken for specific case. Some unique cases are deduced and compared with 

the well-established results. 
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Governing equations 

Consider the domain � of three dimensional space (=3) which is bounded by the 

piecewise smooth surface ý in modified couple stress thermoelastic diffusion under 

multi-phase-lag model in rotating frame of reference. Let ý = (ý1, ý2, ý3) be position of 

state variables and time variable � * �� × [0, >), where, �� = � * ý. 
Then the preliminary equations by following Kumar and Kansal [17], Zenkour [36] 

given as: 

1. stress-strain-temperature-chemical potential relation:  �ÿ� = 2�þÿ� 2 ÿþ�ÿ�ÿ��,� + �ÿ�(ÿ0þ�� 2 �1� 2 �2ÿ);                (1) 

2. equation of motion: �ÿ�,� + ýýÿ = ý�� ÿ +ý(ý × (ý × ÿ))ÿ + ý(2ý × ÿ� )ÿ;                 (2) 

3. displacement-strain relation: þÿ� = 12 (�ÿ,� + ��,ÿ);                      (3) 

4. energy equation:  2ÿÿ,ÿ + � = ý�0��;                     (4) 

5. modified Fourier law: (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) ÿÿ = 2þ (1 + 3  ý0�=1 ÿÿ��! ý�ý��) �,ÿ;                 (5) 

6. entropy-strain-temperature-chemical potential relation: ý�0�� = þ1�0�� + �1�0þ��� + ý�0ÿ� ;                    (6) 

7. mass concentration law:  2�ÿ,ÿ + ý0 = ÿ�;                       (7) 

8. equation of chemical potential: (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) �ÿ = 2� (1 + 3  ý0�=1 ÿÿ��! ý�ý��) ÿ,ÿ;                  (8) 

9. mass concentration-chemical potential-strain-temperature relation: ÿ = ÿÿ + �2þ�� + ý�,                     (9) 

where ÿ0 = ÿ 2 ý22� , �1 = �1 + ÿ� �2 , �2 = ý2� , d=
ÿ�, ÿ = 1� , þ1=

ýÿýÿ0 + ÿ2� .           (10) 

Here, the medium is rotating with angular velocity ý = ÿ��, where ��  is the unit 

vector along the axis of rotation and the equations of the motion (2) include two 

additional terms namely: 

1. the centripetal acceleration ý × (ý × ÿ) due to time-varying motion; 

2. the Coriolis acceleration 2ý × ÿ� . 
In the Eqs. (1)3(10), ÿ and µ are Lame9s constants, Ã is the density,  ÿ is couple stress 

parameter, ÿ� is the specific heat at the constant strain, ÿÿ are the components of heat 

flux vector q, ýÿ, �ÿ being the components of body force per unit mass and the components 

of the displacement vector u respectively,  ÿÿ� is symmetric curvature, þ, �, ÿ and � 

related the thermal conductivity, entropy per unit mass , chemical potential and thermal 

diffusitivity coefficient respectively, �ÿ�( = ��ÿ), þÿ�( = þ�ÿ) ( i, j = 1, 2, 3) being the component 

of the stress tensor and the component of the strain tensor respectively, þ�ÿ� is alternate 

tensor, �( = ÷-�0), where �, ÷ and �0 concern to temperature increment, the absolute 

temperature of medium and the reference temperature of the body respectively chosen 

such that, |� �0d | << 1, �1=(3ÿ+2µ)ÿ�, �2=(3ÿ+2µ)ÿ� , where ÿ� , ÿ� correspond to the 
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coefficient of thermal linear expansion and diffusion expansion coefficient respectively; �ÿ� is Kronecker9s symbols, Q and ý0 are source of heat and source of chemical potential 

respectively, a is coefficient which describes measure of thermoelastic diffusion, b is 

coefficient of mass diffusion, thermal relaxation times with ÿÿ and ÿÿ g 0 and diffusion 

relaxation times with ÿ� and  ÿÿ g 0, �0 is constant taking the values 0 or 1, dot( �) 

denotes time differentiation; �0 and �0 are finite positive integers. 

 

Energy theorem 

Statement 

Conservation of energy for every time and every region � of (=3) is of the profile [27]: ��� (þ7 + � + ÿ7 + �7 + ý + �ÿý� ý ) = ÿ17[+ ��,ÿÿÿýý ý 2 + �,ÿ�,ÿý� ý ] + ÿ27[+ ÿÿ,ÿÿÿýý ý 22 + ÿ,ÿÿ,ÿý� ý ]  + Ã+ ýÿ�ÿý� + + /ÿ�ÿýý ý ý + 1ÿ0 + ��ý� ý + + ý0ÿý� 2 ý  2 Ã + (ý × (ý × ÿ))ÿ�� ÿ ý ý� 2 ý + (2ý × ÿ� )ÿ ý �� ÿý�, 

(11) 

where þ7, �, ÿ7 and �7 indicates the kinetic energy, the isothermal strain energy, heat 

potential and mass (diffusion) potential respectively and: ÿ17 = ÿÿÿ7ÿ0ÿÿ7  , ÿ27 = �ÿÿ7ÿÿ7 , ÿÿ7 = (�0 + 3  þ0�=1 ÿÿ��! ý�ý��), ÿÿ7 = (1 + 3  ý0�=1 ÿÿ��! ý�ý��), ÿ�7 = (�0 + 3  þ0�=1 ÿÿ��! ý�ý��), ÿÿ7 = (1 + 3  ý0�=1 ÿÿ��! ý�ý��).      
(12) 

 

Proof 

Let the Eqs. (1) and (12) required with the subsequent boundary restrictions: �ÿ�ÿ� = /ÿ(ý, �), �(ý, �) = �(ý, �), ÿ(ý, �) = ÿ(ý, �), ý * ý, t > 0,      (13) 

where /ÿ(ý, �) is component of surface traction, Ë(ý, �) is chemical potential and �(ý, �) 

is heating of the surface to the temperature,  ÿ� is the outward unit normal of(ý. 

Multiplying Eq. (2) by �� ÿ and integrating over region V, yields: + (�ÿ�,� + ýýÿ)�� ÿý� = + ý�� ÿ ý �� ÿý� ý  + + ý(ý × (ý × ÿ))ÿ�� ÿ ý ý� + + ý(2ý × ÿ� )ÿ ý �� ÿý�.                (14) 

In light of the relation �ÿ�,��� ÿ = (�ÿ��� ÿ),� 2 �ÿ��� ÿ,� and Gauss9s divergence theorem, 
Eq. (14) with the aid of Eq. (3) reduces to: + ýýÿ�� ÿý� ý + + /ÿ�� ÿ ý ýý = + ý�� ÿ�� ÿ ý ý� + + ý(ý × (ý × ÿ))ÿ�� ÿ ý ý� +  + + ý(2ý × ÿ� )ÿ ý �� ÿý� + + �ÿ� ý þ�ÿ�ý�. 

(15) 

Incorporating Eqs. (1) and (15), yields: ý + ýÿ�� ÿý� 
ý + + /ÿ�� ÿ 

ý ýý = ý + �� ÿ�� ÿ 
ý ý� + ý + (ý × (ý × ÿ))ÿ�� ÿ 

ý ý� + +ý + (2ý × ÿ� )ÿ ý �� ÿý� + + [2�þÿ� 2 ÿþ�ÿ�ÿ��,� + �ÿ�(ÿ0þ�� 2 �1� 2 �2ÿ)] ý þ�ÿ�ý�. 
(16) 

Introducing the following functions is isothermal strain energy: � = � +  ý þÿ�þÿ�ý�+
ÿ02 +  ý þ��þ��ý�,           (17) þ7 = ý2 + �� ÿ�� ÿ ý ý�.             (18) 

Equation (16) with the aid of Eqs. (17) and (18) reduces: ý + ýÿ�� ÿý� 
ý + + /ÿ�� ÿ 

ý ýý = ýý� � + ýý� þ7 + ý + (ý × (ý × ÿ))ÿ�� ÿ 
ý ý� + +ý + (2ý × ÿ� )ÿ ý �� ÿý� 2 + �1�þ���ý� 2 +   ý �2ÿ ý þ���ý�, 

(19) 
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where + þ�ÿ�ÿ��,� ý þ�ÿ�ý� = 0, as þ�ÿ� = þ��ÿ and þÿ�� = 2þÿ��, 
12 (+ þ�ÿ�ÿ��,� ý þ�ÿ�ý� ++ + þ��ÿÿ��,� ý þ��ÿý�) = 0, + �� ÿ�� ÿ ý ý� = 12 ��� (+ �� ÿ�� ÿ ý ý�). 

In Eq. (19), the first two integrals on left hand sides encloses the explanation of 

motion (the body force ýÿ, surface traction �ÿ) whereas the last two integrals of right-hand 

sides of Eq. (19) encloses the explanation such as heat source and mass diffusion source 

with heating of the body. 

Equation (5) with the aid of Eqs. (4) and (6) can be written as: (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) (þ1�0�� + �1�0þ��� + ý�0ÿ� 2 �) = þ (1 + 3  ý0�=1 ÿÿ��! ý�ý��) �,ÿÿ .     (20) 

Multiplying Eq. (20) with T and integrating over the region V, we get: ÿÿ7[+ þ1�0�� �ý� ý + + �1�0þ����ý� ý +  + ý�0ÿ� �ý� ý 2 + ��ý�] ý = þ ÿÿ7 + �,ÿÿ�ý� ý ,     (21) 

where ÿÿ7 = (�0 + 3  þ0�=1 ÿÿ��! ý�ý��), ÿÿ7 = (1 + 3  ý0�=1 ÿÿ��! ý�ý��).         (22) 

In light of the relation �  �,ÿÿ = (� �,ÿ ),ÿ 2 �,ÿ �,ÿ  and dividing by �0, Eq. (21) can be 

written as: ÿÿ7 [þ1 + �� �ý� ý + �1 + þ����ý� ý +  ý + ÿ� �ý� ý 2 1ÿ0  + ��ý� ý ] = ÿÿ0 ÿÿ7 + ( ý (�  �,ÿ ),ÿ 2 �,ÿ �,ÿ )ý�.   (23) 

Using divergence theorem in Eq. (23), yields: ÿÿ7 [þ1 + �� �ý� ý + �1 + þ����ý� ý +  ý + ÿ� �ý� ý 2 1ÿ0  + ��ý� ý ] = ÿÿ0 ÿÿ7 + �  �,ÿ ÿÿýý ý 22 ÿÿ0 ÿÿ7 + �,ÿ �,ÿ ý� ý .  
(24) 

Introducing the following function: ÿ7 = �12 + �2ý� ý .             (25) 

Equation (24) with the help of Eq. (25) takes the form: ÿÿ7 [�ÿ7�� + �1 + þ����ý� ý +  ý + ÿ� �ý� ý 2 1ÿ0  + ��ý� ý ] = ÿÿ0 ÿÿ7 + � �,ÿ ÿÿýý 2 ÿÿ0 ÿÿ7 + �,ÿ �,ÿ ý� ý ý .    (26) 

Incorporating Eqs. (7) and (8) in Eq. (9) determine: (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) (ÿÿ� + �2þ��� + ý�� 2 ý0) = � (1 + 3  ý0�=1 ÿÿ��! ý�ý��) ÿ,ÿÿ.     (27) 

Multiplying Eq. (27) by ÿ and integrating over the region �, we obtain: ÿ�7[ÿ + ÿ� ÿý� ý + �2 + ÿ ý þ���ý� + ý + �� ÿý� ý 2 + ý0ÿý� ý ] = �ÿÿ7 + ÿ,ÿÿÿý� ý ,      (28) 

where ÿ�7 = (�0 + 3  þ0�=1 ÿÿ��! ý�ý��); ÿÿ7 = (1 + 3  ý0�=1 ÿÿ��! ý�ý��).          (29) 

In light of the relation ÿÿ,ÿÿ = (ÿ ÿ,ÿ ),ÿ 2 ÿ,ÿ ÿ,ÿ  and applying divergence theorem in 

Eq. (28) can be written as: ÿ�7[ÿ + ÿ� ÿý� ý + �2 + ÿ ý þ���ý� + ý + �� ÿý� ý 2 + ý0ÿý� ý ] =  �ÿÿ7 + ÿ ÿ,ÿ ÿÿýý 2 ý  2�ÿÿ7 + ÿ,ÿ ÿ,ÿ ý� ý .  
 (30) 

Introducing the following function: �7 = �2 + ÿ2ý� ý .              (31) 

With the aid of Eq. (31), Eq. (30) can be written as: ÿ�7[
�ý7�� + �2 + ÿ ý þ���ý� + ý + �� ÿý� ý 2 + ý0ÿý� ý ] =  �ÿÿ7 + ÿ ÿ,ÿ ÿÿýý 2  �ÿÿ7 + ÿ,ÿ ÿ,ÿ ý� ý ý .    (32) 

Equation (19) with the aid of Eqs. (26) and (32) can be written as Eq. (11). 
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Uniqueness theorem 

Theorem 

Consider the domain � of three-dimensional space (=3) which is bounded by the piecewise 

smooth surface ý in linear modified couple stress isotropic thermoelastic diffusion under 

multi-phase-lag model in rotating frame of reference. There is only one solution of 

functions: u  ÿ (ý, �), T(ý, �), P(ý, �) of class C   (�) (m g  2) and t  ÿ� (ý, �),e  ÿ� (ý, �) of class 

C   (�) ,for ý * � + ý possessing coordinates ý = (ý1, ý2, ý3) at t g 0 that satisfy Eqs. (1)3(9) 

contingent to the border restrictions: 

u  ÿ (ý, �)=U  ÿ (ý, �), T(ý, �)=Ç(ý, �), P(ý, �)=Ë(ý, �), ý * A, t > 0,        (33) 

and the initial conditions at t= 0: 

u  ÿ (ý, 0)= u (ý) 0ÿ , T(ý, 0)=�0(ý), P(ý, 0)=ÿ0(ý), for ý * V,        (34) ýý�ÿ(ý,0)ý�ý = �0ÿ(�)(ý), ý = 1, 2, 3, & , max{�0, �0}, for ý * V,        (35) ýýÿ(ý,0)ý�ý = �0(�)(ý), ý = 1, 2, 3, & , max{�0, �0}, for ý * V,        (36) ýýÿ(ý,0)ý�ý = ÿ0(�)(ý), ý = 1, 2, 3, & , max{�0, �0}, for ý * V,        (37) 

where � (ý) 0ÿ , �0ÿ(�)(ý), �0(ý), �0(�)(ý), ÿ0(ý)  and ÿ0(�)(ý) are known functions. 

Let the Laplace transformation of all field variables exists, and physical parameters 

fulfill the disparities: ÿ0 > 0, � > 0, ý > 0, þ > 0, ÿ� > 0, �  0 > 0, � > 0, ý > 0, ÿ > 0,ÿÿ > 0, ÿÿ > 0, ÿÿ > 0, ÿ� > 0. 

 

Solution 

Let �ÿ(1)
,�(1),ÿ(1),& and �ÿ(2)

,�(2),ÿ(2),&are two set of solution of Eqs. (1)3(9) with 

homogeneous border and initial restrictions. Let us take: ý0 = {�ÿ=�ÿ(1) 2 �ÿ(2), � = �   (1) 2 �   (2) , ÿ = ÿ   (1) 2 ÿ   (2) }.        (38) 

The set ý0 satisfy the governing Eqs. (1)3(9) without body force, heat source and 

mass diffusion source and also functions �ÿ,   � and   ÿ fulfill the homogeneous border and 

initial restrictions: �  ÿ (ý, �) = 0, �(ý, �) = 0, ÿ(ý, �) = 0, ý *  A, � > 0,           (39) �  ÿ (ý, 0) = 0, �(ý, 0) = 0, ÿ(ý, 0) = 0, for ý * �,          (40) ýý�ÿ(ý,0)ý�ý = 0, ý = 1, 2, 3, & , max{�0, �0}, for ý * �,         (41) ýýÿ(ý,0)ý�ý = 0, ý = 1, 2, 3, & , max {�0, �0}, for ý * �,         (42) ýýÿ(ý,0)ý�ý = 0, ý = 1, 2, 3, & , max {�0, �0}, for ý * �.         (43) 

Let the Laplace transform be defined as: ÿ(ý, s) = ÿ(ÿ(ý, �))=+  >0 ÿ(ý, �)þ2��ý�; s > 0.          (44) 

Applying the Laplace transform on Eqs. (1)3(9), (39) and (40) after removing the body 

forces, thermal source and chemical potential source and omitting the bar for further 

simplification yield: �ÿ�( = 2�þÿ� 2 ÿþ�ÿ�ÿ��,� + �ÿ�(ÿ0þ�� 2 �1� 2 �2ÿ),          (45) �ÿ�(,� = ý�2�ÿ,               (46) þÿ� = 12 (�ÿ,� + ��,ÿ),              (47) 



71 S. Sharma, S. Devi, R. Kumar 

 2ÿÿ,ÿ = ý�0��,              (48) (�0 + 3  þ0�=1 ÿÿ��! ��) ÿÿ = 2þ (1 + 3  ý0�=1 ÿÿ��! ��) �,ÿ,          (49) ý�0�� = þ1�0�� + �1�0�þ�� + ý�0�ÿ,           (50) 2�ÿ,ÿ = �ÿ,               (51) (�0 + 3  þ0�=1 ÿÿ��! ��) �ÿ = 2� (1 + 3  ý0�=1 ÿÿ��! ��) ÿ,ÿ,          (52) ÿ = ÿÿ + �2þ�� + ý�,             (53) �ÿ(ý, �) = 0, �(ý, �) = 0, ÿ(ý, �) = 0, ý * ý,         (54) �  ÿ (ý, 0) = 0, �(ý, 0) = 0, ÿ(ý, 0) = 0, ý * �.           (55) 

Consider the integral: +  ý �ÿ�þÿ�ý� = +  ý �ÿ��ÿ,�ý� = +  ý (�ÿ��ÿ),�ý� 2 +  ý �ÿ�,��ÿý�.         (56) 

With the help of divergence theorem and owing to Eq. (54), yield: +  ý (�ÿ��ÿ),�ý� = +  ý �ÿ�ÿ�ÿ�ýý = 0.            (57) 

Equation (56) with the aid of Eq. (57) takes form: +  ý �ÿ�þÿ�ý� + +  ý �ÿ�,��ÿý� = 0.            (58) 

Equation (58) with the aid of Eqs. (45) and (46) can be expressed in the form: +  ý [2�þÿ� 2 ÿþ�ÿ�ÿ��,� + �ÿ�(ÿ0þ�� 2 �1� 2 �2ÿ)]þÿ�ý� + +  ý ý�2�ÿ2ý� = 0.       (59) 

To determine, �1 +  ý �þ��ý�, following Biot [53], let us introduce a vector function ýÿ connected with entropy through relation: ÿÿ = �0ý �  ÿ ,  ý� = 2ýÿ,ÿ.             (60) 

Invoking Eq. (60) in Eqs. (49) and (50) respectively and assuming that  ýÿ(ý, 0) = ý� ÿ(ý, 0) = 0, 

we get respectively: (�0 + 3  þ0�=1 ÿÿ��! ��) ��0ýÿ = 2þ (1 + 3  ý0�=1 ÿÿ��! ��) �,ÿ,          (61) 2�0�ýÿ,ÿ = þ1�0�� + �1�0�þ�� + ý�0�ÿ.           (62) 

Multiply both sides of Eq. (61) by  ýÿ and integrating over the region � of body, yields: +  ý (�0 + 3  þ0�=1 ÿÿ��! ��) ��0ýÿ2ý� = 2þ +  ý (1 + 3  ý0�=1 ÿÿ��! ��) �,ÿýÿý�.       (63) 

With the help of divergence theorem and owing to Eq. (54), Eq. (63) can be written as: +  ý (�0 + 3  þ0�=1 ÿÿ��! ��) ��0ýÿ2ý� = þ +  ý (1 + 3  ý0�=1 ÿÿ��! ��) �ýÿ,ÿý�.        (64) 

Incorporating Eq. (62) in Eq. (64), gives: 2�1 + �þ��ý� = ý 1ÿ(1+3  ý0�=1 ÿÿ��! ��) +  ý (�0 + 3  þ0�=1 ÿÿ��! ��) ��0ýÿ2ý� + +  ý þ1�2ý� + +  ý ÿý�ý�.       (65) 

To determine �2 + ÿþ��ý� ý , let us introduce the vector function �ÿ defined as: �ÿ = ��  ÿ  , ÿ = 2�ÿ,ÿ.                         (66) 

Substituting the value of �ÿ and ÿ from Eq. (66) in Eqs. (52) and (53) respectively and 

assuming that �ÿ(ý, 0)= �� ÿ(ý, 0) = 0, we obtain respectively: (�0 + 3  þ0�=1 ÿÿ��! ��) ��,ÿ = 2� (1 + 3  ý0�=1 ÿÿ��! ��) ÿ,ÿ,          (67) 2�ÿ,ÿ = ÿÿ + �2þ�� + ý�.             (68) 

Multiplying both sides of Eq. (67) by �ÿ and integrating over the region of the body, 

we obtain: +  ý (�0 + 3  þ0�=1 ÿÿ��! ��) ��ÿ2ý� = 2� +  ý (1 + 3  ý0�=1 ÿÿ��! ��) ÿ,ÿ�ÿý�.        (69) 

With the help of divergence theorem and owing to Eq. (54), Eq. (69) can be written as: +  ý (�0 + 3  þ0�=1 ÿÿ��! ��) ��ÿ2ý� =D+  ý (1 + 3  ý0�=1 ÿÿ��! ��) ÿ�ÿ,ÿý�.        (70) 
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Using Eq. (68) in Eq. (70), yields: 2�2 + ÿþ��ý� = ý 1�(1+3  ý0�=1 ÿÿ��! ��) +  ý (�0 + 3  þ0�=1 ÿÿ��! ��) ��ÿ2ý� + +  ý ÿÿ2ý� + +  ý ÿý�ý�.            (71) 

Using the value of �1 +  ý �þ��ý� from Eq. (65) and  �2 +  ý ÿþ��ý� from Eq. (71) in 

Eq. (59), we get: +  ý 2�þÿ�þÿ�ý�++  ý ÿ0þ��þ��ý� + +  ý ý�2�ÿ2ý� + 1ÿ(1+3  ý0�=1 ÿÿ��! ��) +  ý (�0 ++ 3  þ0�=1 ÿÿ��! ��) ��0ýÿ2ý� + +  ý þ1�2ý� + 1�(1+3  ý0�=1 ÿÿ��! ��) +  ý (�0 + 3  þ0�=1 ÿÿ��! ��) ��ÿ2ý� ++ +  ý ÿÿ2ý� + 2 +  ý ÿý�ý� = 0, 

(72) 

where + þ�ÿ�ÿ��,� ý þÿ�ý� = 0. As product of alternative tensor (þÿ��) with second order 

tensor (þÿ�) is always equal to zero. 

It is evident that + ( ý þ1�2 + ÿÿ2 + 2ÿý�)ý� appearing in Eq. (72) is always positive 

because of new thermodynamics law [12]: 0 < ý2 < þ1ÿ.                 (73) 

Therefore Eq. (72) vanishes at � = 0, owing to the homogeneous initial conditions, 

and it must be always non-positive for � > 0. 

Since material parameters are positive and the integrand function in Eq. (72) is a sum 

of squares, thus we conclude that: �ÿ = � = þÿ� = �ÿ� = ÿ = 0.            (74) 

That is the Laplace transforms of the difference function (38) are zeros and according 

to Learch9s theorem [54], the inverse Laplace transform of each is unique, consequently: �ÿ(1) = �ÿ(2), �(1) = �(2), ÿ(1) = ÿ(2) .           (75) 

Hence, uniqueness theorem is proved owing to initial and boundary restrictions. 

 

Reciprocity theorem 

Let us take a modified couple stress thermoelastic diffusion under multi-phase-lags in 

rotating frame of reference body occupying the region V and bounded by surface A. We 

consider the stress �ÿ� and the strains þÿ� are continuous having the first derivatives 

whereas the displacement �ÿ, temperature � and chemical potential ÿ are continuous 

holding continuous derivatives up to the second order, for ý * � +A, � > 0. 

Incorporating Eq. (2) in Eq. (1), yields: [2�þÿ� 2 ÿþ�ÿ�ÿ��,� + �ÿ�(ÿ0þ�� 2 �1� 2 �2ÿ)],� + ýýÿ = ý�� ÿ + ý(ý × (ý × ÿ))ÿ ++ ý(2ý × ÿ� )ÿ .   (76) 

Equation (4) with the aid of Eqs. (5) and (6) take form: (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) (þ1�0�� + �1�0þ��� + ý�0ÿ� 2 �) = þ (1 + 3  ý0�=1 ÿÿ��! ý�ý��) �,ÿÿ.      (77) 

Equation (7) with the aid of Eqs. (8) and (9) take form: (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) (ÿÿ� + �2þ��� + ý�� 2 ý0) =D(1 + 3  ý0�=1 ÿÿ��! ý�ý��) ÿ,ÿÿ.       (78) 

We assume that the system of Eqs. (76)3(78) is assist with the boundary condition 

given by Eq. (13) and homogeneous initial conditions (40)3(43). 

To procure dynamic reciprocity relationship for MCMRR owing to the action of body 

forces (ýÿ(ý, �), together with boundary condition (13), the homogeneous initial condition 
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(40)3(43) surface traction /ÿ(ý, �), chemical potential ÿ(ý, �) and heating of the surface 

to the temperature �(ý, �). 
Exploring Laplace transform defined by Eq. (44) on Eqs. (2), (76)3(78) and (13): �ÿ�,� + ýýÿ = ý�2�ÿ + ý(ý × (ý × ÿ))ÿ + ý(2ý × �ÿ)ÿ, (79) [2�þÿ� 2 ÿþ�ÿ�ÿ��,� + �ÿ�(ÿ0þ�� 2 �1� 2 �2ÿ)],� + ýýÿ = ý�2�ÿ + ý(ý × (ý × ÿ))ÿ ++ý(2ý × �ÿ)ÿ ,  (80) (�0 + 3  þ0�=1 ÿÿ��! ��) (þ1�0�� + �1�0�þ�� + ý�0�ÿ 2 �) = þ (1 + 3  ý0�=1 ÿÿ��! ��) �,ÿÿ,  (81) (�0 + 3  þ0�=1 ÿÿ��! ��) (ÿ�ÿ + �2�þ�� + ý�� 2 ý0) =D(1 + 3  ý0�=1 ÿÿ��! ��) ÿ,ÿÿ ,   (82) �ÿ�ÿ� = /ÿ(ý, �), �(ý, �) = �(ý, �), ÿ(ý, �) = ÿ(ý, �), ý * ý .   (83) 

We know examine two problems where applied body force, surface temperature and 

chemical potential are specified separately. Let the variable appear in these two problems 

be characterized by superscript in parentheses. Thus, we take the first problem �ÿ(1)
, þÿ�(1)

, �ÿ�(1)
, �(1), ÿ(1), �ÿ(1),& whereas for the second problem �ÿ(2)

, þÿ�(2)
, �ÿ�(2)

, �(2), ÿ(2), �ÿ(2)
,... . 

Each set of variables satisfies the system of Eqs. (55) and (79)3(83). 

Let us consider the integral: +  ý �ÿ�(1)þÿ�(2)ý� = +  ý �ÿ�(1)�ÿ,�(2)ý� = +  ý �ÿ�(1)�ÿ(2)ýý 2 +  ý �ÿ�,�(1)�ÿ(2)ý�.       (84) 

Using divergence theorem, symmetry of �ÿ�  and incorporating Eqs. (79) and (83) in 

Eq. (84), determine: +  ý �ÿ�(1)þÿ�(2)ý� = +  ý /ÿ(1)�ÿ(2)ýý 2 ý +  ý �2�ÿ(1)�ÿ(2)ý� + ý +  ý ýÿ(1)�ÿ(2)ý� 2  2ý + [(ý × (ý × ÿ))ÿ(1) + (2ý × �ÿ)ÿ(1) ]�ÿ(2)ý�  ý . 
(85) 

An analogous to Eq. (85), the integral +  ý �ÿ�(2)þÿ�(1)ý� can be written as: +  ý �ÿ�(2)þÿ�(1)ý� = +  ý /ÿ(2)�ÿ(1)ýý 2 ý +  ý �2�ÿ(2)�ÿ(1)ý� + ý +  ý ýÿ(2)�ÿ(1)ý� 2  2ý + [(ý × (ý × ÿ))ÿ(2) + (2ý × �ÿ)ÿ(2) ]�ÿ(1)ý�  ý .  
(86) 

Subtracting Eqs. (85) and (86), we get: +  ý (�ÿ�(1)þÿ�(2) 2 �ÿ�(2)þÿ�(1)) ý� = +  ý (/ÿ(1)�ÿ(2) 2 /ÿ(2)�ÿ(1)) ýý + ý +  ý (ýÿ(1)�ÿ(2) 22ýÿ(2)�ÿ(1)) ý� 2 Ã + [(ý × (ý × ÿ))ÿ(1)�ÿ(2) 2 ý (ý × (ý × ÿ))ÿ(2)�ÿ(1)]ý� 2   2ý + [(2ý × �ÿ)ÿ(1)�ÿ(2) ý 2 (2ý × �ÿ)ÿ(2)�ÿ(1)]ý�.   

(87) 

Now multiplying Eq. (45) by e  ÿ�(2)
 and e  ÿ�(1)

 for the first and second problem 

respectively, subtracting and integrating over the region V, gives: +  ý (�ÿ�(1)þÿ�(2) 2 �ÿ�(2)þÿ�(1)) ý�=+  ý [�1(�(2)þ(1) 2 �(1)þ(2)) 2 �2(ÿ(1)þ(2) 2 ÿ(2)þ(1))]ý�,               (88) 

where  þÿ��ÿ� = þ�� = þ. 

Using Eq. (87) in Eq. (88), yields: +  ý (/ÿ(1)�ÿ(2) 2 /ÿ(2)�ÿ(1)) ýý + ý +  ý (ýÿ(1)�ÿ(2) 2 ýÿ(2)�ÿ(1)) ý� 2  2Ã + [(ý × (ý × ÿ))ÿ(1)�ÿ(2) 2 ý (ý × (ý × ÿ))ÿ(2)�ÿ(1)]ý� 2 ý + [(2ý × �ÿ)ÿ(1)�ÿ(2) 2 ý2(2ý × �ÿ)ÿ(2)�ÿ(1)] d� = +  ý [�1(�(2)þ(1) 2 �(1)þ(2)) 2 �2(ÿ(1)þ(2) 2 ÿ(2)þ(1))]ý�.  

(89) 

To derive second part, multiplying (81) by �   (2) and �   (1) for the first and second 

problem respectively, subtract and integrate over the region �: (�0 + 3  þ0�=1 ÿÿ��! ��)[�1��0 +  ý (þ (1)�(2) 2 þ (2)�(1))ý� +ý�0� +  ý (ÿ(1)�(2) 2 ÿ(2)�(1))ý� 2 2 + (�(1)�(2) 2 �(2)�(1))ý�] ý = þ (1 + 3  ý0�=1 ÿÿ��! ��) +  ý (�,ÿÿ(1)�(2) 2 �,ÿÿ(2)�(1)) ý�.   
(90) 
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Using divergence theorem and with the aid of Eq. (83), Eq. (90) takes the form: (�0 + 3  þ0�=1 ÿÿ��! ��)[�1��0 +  ý (þ (1)�(2) 2 þ (2)�(1))+ý� ý�0� +  ý (ÿ(1)�(2) 2 ÿ(2)�(1))ý� 2  2 + (�(1)�(2) 2 �(2)�(1))ý� ý ] = þ (1 + 3  ý0�=1 ÿÿ��! ��) +  ý (�,ÿ(1)�(2) 2 �,ÿ(2)�(1))ýý.   
(91) 

Equation (91) established the second part of the reciprocity theorem which involves 

the thermal causes of the motion �: heating of the surface ý. To derive third part, multiply 

Eq. (82) by ÿ(2) and ÿ(1) to the first and second problem respectively, then integrate over 

the volume �. (�0 + 3  þ0�=1 ÿÿ��! ��)[�2s+  ý (þ(1)ÿ(2) 2 þ(2)ÿ(1))ý� + ý� +  ý (�(1)ÿ(2) 2 �(2)ÿ(1))ý� 2 2 + (ý0(1)ÿ(2) 2 ý0(2)ÿ(1)) ý� ý ] = (1 + 3  ý0�=1 ÿÿ��! ��) +  ý (ÿ,ÿÿ(1)ÿ(2) 2 ÿ,ÿÿ(2)ÿ(1)) ý�. 
(92) 

Using divergence theorem and with the aid of Eq. (83), Eq. (92) takes form: (�0 + 3  þ0�=1 ÿÿ��! ��)[�2� +  ý (þ(1)ÿ(2) 2 þ(2)ÿ(1))ý� + �ý +  ý (�(1)ÿ(2) 2 �(2)ÿ(1))ý� 2 2 + (ý0(1)ÿ(2) 2 ý0(2)ÿ(1)) ý� ý ] = � (1 + 3  ý0�=1 ÿÿ��! ��) +  ý (ÿ,ÿ(1)ÿ(2) 2 ÿ,ÿ(2)ÿ(1)) ýý. 
(93) 

Equation (93) constitutes the third part of reciprocity theorem with containing the 

chemical potential causes of motion. Using the integral +  ý (þ(1)�(2) 2 þ(2)�(1))ý�  from 

Eq. (91) and +  ý (þ(1)ÿ(2) 2 þ(2)ÿ(1))ý� from Eq. (93) in Eq. (89), we obtain: þ (1 + 3  ý0�=1 ÿÿ��! ��) �2 +  ý (�,ÿ(1)�(2) 2 �,ÿ(2)�(1))ýý +�0�1� (1 + + 3  ý0�=1 ÿÿ��! ��) × × +  ý (ÿ,ÿ(1)ÿ(2) 2 ÿ,ÿ(2)ÿ(1)) ýý 2 �1��0�2 +  ý (/ÿ(1)�ÿ(2) 2 /ÿ(2)�ÿ(1)) ýý 22ý��0�1�2 +  ý (ýÿ(1)�ÿ(2) 2 ýÿ(2)�ÿ(1)) ý� + ý��0�1�2 × + [(ý × (ý × ÿ))ÿ(1)�ÿ(2) 2 ý2 (ý × (ý × ÿ))ÿ(2)�ÿ(1)]ý�ý��0�1�2 + [(2ý × �ÿ)ÿ(1)�ÿ(2) 2 (2ý × �ÿ)ÿ(2)�ÿ(1)] ý� + ý+ �1�2 + (�(1)�(2) 2 �(2)�(1))ý� ý + �0�1�2 + (ý0(1)ÿ(2) 2 2ý0(2)ÿ(1)) ý� = ý  0, 

(94) 

where, (�0 + 3  þ0�=1 ÿÿ��! ��)=�1, (�0 + 3  þ0�=1 ÿÿ��! ��) = �2. Equation (94) represents the 

reciprocity theorem (general form) in the transformed domain. 

For the implementation of the inverse Laplace transform on Eqs. (89), (91), (93) and 

(94), we shall use the following convolution theorem and symbolic notations:  ÿ21{ý(�)þ(�)} = +  �0 ÿ(� 2 ÿ)�(ÿ)ýÿ=+  �0 �(� 2 ÿ)ÿ(ÿ)ýÿ,         (95) �1(ÿ(ý, ÿ)) = (�0ÿ(ý, ÿ) + 3  þ0�=1 ÿÿ��! ý�ÿ(ý,ÿ)ýÿ� ),          (96) �2(ÿ(ý, ÿ)) = (�0ÿ(ý, ÿ) + 3  þ0�=1 ÿÿ��! ý�ÿ(ý,ÿ)ýÿ� ),          (97) �3(ÿ(ý, ÿ)) = (�0 + 3  þ0�=1 ÿÿ��! ý�ýÿ�) (�0ÿ(ý, ÿ) + 3  þ0�=1 ÿÿ��! ý�ÿ(ý,ÿ)ýÿ� ).        (98) 

Thus, we get the first, second, third and general forms of the reciprocity theorem in 

the resulting form: +  ý +  �0 /ÿ(1)(ý, � 2 ÿ)�ÿ(2)(ý, ÿ)ýÿýý + ý +  ý +  �0 ýÿ(1)(ý, � 2 ÿ)�ÿ(2)(ý, ÿ)ýÿý� ++�1 +  ý +  �0 �(1)(ý, � 2 ÿ)þ(2)(ý, ÿ)ýÿý� + �2 +  ý +  �0 ÿ(1)(ý, � 2 ÿ)þ(2)(ý, ÿ)ýÿý� 22ý +  ý +  �0 (ý × (ý × ÿ))ÿ(1)(ý, � 2 ÿ)�ÿ(2)(ý, ÿ)ýÿý� 2  2ý +  ý +  �0 (2ý × ýýÿ ÿ)ÿ(1) (ý, � 2 ÿ)�ÿ(2)(ý, ÿ)ýÿý� = �2112, 

(99) 

þ +  ý +  �0 �,ÿ(1)(ý, � 2 ÿ)�(2)(ý, ÿ)ýÿýý +  +þ 3 ÿÿ��!ý0�=1 +  ý +  �0 �,ÿ(1)(ý, � 2 ÿ) ý�ýÿ � �(2)(ý, ÿ)ýÿýý 2  2�1�0 +  ý +  �0 þ(1)(ý, � 2 ÿ) ýýÿ ý1 (�(2)(ý, ÿ)) ýÿý� 2 ý�0 +  ý +  �0 ÿ(1)(ý, � 2 ÿ) ×  

(100) 
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 × ýýÿ ý1 (�(2)(ý, ÿ)) ýÿý� + +  ý +  �0 �(1)(ý, � 2 ÿ)ý1 (�(2)(ý, ÿ)) ýÿý� = �2112,  � +  ý +  �0 ÿ,ÿ(1)(ý, � 2 ÿ)ÿ(2)(ý, ÿ)ýÿýý +  +� 3 ÿÿ��!ý0�=1 +  ý +  �0 ÿ,ÿ(1)(ý, � 2 ÿ) ý�ýÿ � ÿ(2)(ý, ÿ)ýÿýý 2  2�2 +  ý +  �0 þ(1)(ý, � 2 ÿ) ýýÿ ý2 (ÿ(2)(ý, ÿ)) ýÿý� 2  2ý +  ý +  �0 �(1)(ý, � 2 ÿ) × ýýÿ ý2 (ÿ(2)(ý, ÿ)) ýÿý�  + +  ý +  �0 ý0(1)(ý, � 2 ÿ)ý2 (ÿ(2)(ý, ÿ)) ýÿý� = �2112,  

(101) 

þ +  ý +  �0 �,ÿ(1)(ý, � 2 ÿ)ý2 (�(2)(ý, ÿ)) ýÿýý +  +þ 3 ÿÿ��!ý0�=1 +   ý +  �0 �,ÿ(1)(ý, � 2 ÿ) ý�ýÿ � ý2 (�(2)(ý, ÿ)) ýÿýý +  +��0 +  ý +  �
0 ÿ,ÿ(1)(ý, � 2 ÿ)ý1 (ÿ(2)(ý, ÿ)) ýÿýý + 

+�0� 3 ÿÿ��!ý0
�=1 + ý +  �

0 ÿ,ÿ(1)(ý, � 2 ÿ) ���ÿ � ý1 (ÿ(2)(ý, ÿ)) ýÿýý 2 2ý�0 +  ý +  �0 ýÿ(1)(ý, � 2 ÿ) ýýÿ ý3 (�ÿ(2)(ý, ÿ)) ýÿý� 2  2�0 +  ý +  �0 /ÿ(1)(ý, � 2 ÿ) × ýýÿ ý3 (�ÿ(2)(ý, ÿ)) ýÿýý +  +ý�0 +  ý +  �0 (ý × (ý × ÿ))ÿ(1)(ý, � 2 ÿ) ýýÿ ý3 (�ÿ(2)(ý, ÿ)) ýÿý� +  +ý�0 +  ý +  �0 (2ý × ýýÿ ÿ)ÿ(1) (ý, � 2 ÿ) ýýÿ ý3 (�ÿ(2)(ý, ÿ)) ýÿý� +  + +   ý +  �0 � (1)(ý, � 2 ÿ)ý3 (�(2)(ý, ÿ)) ýÿý� +  +�0 +   ý +  �0 ý0(1)(ý, � 2 ÿ)ý3 (ÿ(2)(ý, ÿ)) ýÿý� = �2112. 

(102) 

Here �2112 indicates the same expression on left hand side except that the 

superscripts (1) and (2) interchanged. Hence the reciprocity theorem is proved. 

 

Variational criterion 

The criterion of virtual work with variations of displacement for deformable elastic body 

with thermal and chemical potential is given as +  ý ý(ýÿ 2 �� ÿ + (ý × (ý × ÿ))ÿ + (2ý × ÿ� )ÿ)��ÿý� + +  ý /ÿ��ÿýý = +  ý �ÿ���ÿ,�ý�.   (103) 

In Eq. (103) left hand side corresponds to virtual work of body forces ýÿ, inertial 

forces ý�� ÿ , surface force /ÿ=��ÿÿÿ although the right hand side corresponds to the virtual 

work of internal forces. We denote by ÿÿ the outward unit normal of ý. 

Equation (103) with the aid of symmetry of stress tensor and the definition of strain 

tensor can be written in another form as: substitute the value of �ÿ�  from Eq. (1) in Eq. (103): +  ý ý (ýÿ 2 �� ÿ + (ý × (ý × ÿ))ÿ + (2ý × ÿ� )ÿ) ��ÿý� + + ý ÿ��ÿýý = �� 2 2 + ÿþ�ÿ�ÿ��,���ÿ,�ý� ý 2 �1 +  ý T�þ��ý� 2 �2 +  ý ÿ�þ��ý�,   
(104) 

� = � +  ý þÿ�þÿ�ý� + ÿ02 +  ý þ��þ��ý�,   (105) 

where W is strain density function.  

Taking into consideration (60) and introducing heat source term �1 such that 

Q=�0��1. Then, the Eqs. (4) and (5) with the aid of (6) reduce to: �ýÿ,ÿ = 2þ1�� 2 �1�þ�� 2 ý�ÿ + ��1,         (106) 
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ÿ0ÿ ýÿ + �,ÿ = 0,             (107) 

where ýÿ = (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) ý� ÿ + ÿÿ0 3  ý0�=1 ÿÿ��! ý�ý�� �,ÿ.        (108) 

Multiplying the Eq. (107) by �ýÿ and integrating over the volume �, yields: + (ÿ0ÿ ýÿ + �,ÿ ý ) �ýÿý� = 0 .           (109) 

Equation (109) with the aid of the relation �,ÿ��ÿ = (���ÿ),ÿ 2 ���ÿ,ÿ and Gauss9s 
divergence theorem can be written as: + ��ýÿÿÿýý ý 2 + ��ýÿ,ÿý� ý + ÿ0ÿ + ýÿ�ýÿý� = 0 ý .        (110) 

Using value of �ýÿ,ÿ in Eq. (110), we obtain: + ��ýÿÿÿýý + ý �ÿ1 + �1 + ��þ��ý� + ý ý + ��ÿý� 2 + ���1ý� ý ý + ��1 = 0,    (111) 

where �ÿ1 = þ1 + ���ý� ý , ��1 =  ÿ0ÿ + ýÿ�ýÿý� ý . 

Taking into consideration (66) and introducing chemical potential source term �2 such that ý0 = �� 2. Then, Eqs. (7) and (8) with the aid of Eq. (9) reduce to: ��ÿ,ÿ = 2ÿ�ÿ 2 �2�þ�� 2 ý�� + ��2,         (112) ýÿ� + ÿ,ÿ = 0,             (113) 

where ýÿ = (�0 + 3  þ0�=1 ÿÿ��! ý�ý��) ��ÿ + � 3  ý0�=1 ÿÿ��! ý�ý�� ÿ,ÿ  
Multiplying the Eq. (113) by ��ÿ and integrating over the volume �, yields: + ( ý ýÿ� + ÿ,ÿ) ��ÿý� = 0.           (114) 

Equation (114) with the aid of the relation ÿ,ÿ��ÿ = (ÿ��ÿ),ÿ 2 ÿ��ÿ,ÿ and Gauss9s 
divergence theorem can be written as: +   ý ýÿ� ��ÿý�++ ÿ��ÿÿÿýý 2 ý + ÿ��ÿ,ÿý� = 0 ý .        (115) 

Using value of ��ÿ,ÿ from Eq. (112) in Eq. (115): ��2 +  ·ÿ2 + + ÿ��ÿÿÿýý + + �2ÿ�þ��ý� + ý + ÿý��ý� 2 ý + ÿ��2ý� = 0 ý ý .    (116) 

where �2 = 1� + ýÿ  ý ��ÿý�, �ÿ2 = + ÿÿ�ÿý� ý . 

Equation (104) with the aid of Eq. (111), and Eq. (116) can be written as: �(� + �1 +ÿ1 + �2 + ÿ2 + ý + ÿ�ý� ý )=+  ý ý (ýÿ 2 �� ÿ + (ý × (ý × ÿ))ÿ ++(2ýÿ� )ÿ) ��ÿý� + +  ý ÿ��ÿýý + + ÿþ�ÿ�ÿ��,���ÿ,�ý� 2 ý + ��ýÿÿÿýý ý 2 + ÿ��ÿÿÿýý ý ++ + ���1ý� ý + + ÿ��2ý� ý .  

(117) 

Equation (117) represents variational principle for thermoelastic diffusion body 

under multi-phase-lags. In Eq. (117), right hand side interpreted as the work done by the 

body force, surface traction, inertia forces, heating of the surface, heat source and mass 

diffusion source with the virtual deformation, whereas left hand side explores the 

variation of the sum of the dissipation function, heat potential, chemical potential and 

the work of deformation. 

 

Applications 

Consider an infinite isotropic thermoelastic medium in absence of rotation and couple 

stress parameters in which the surface integrals are removed in Eq. (94), the body forces, 

heat sources and chemical potential sources are acting in bounded region only. 

Also considering ÿ� ={ýÿ(�)(ý, �), /ÿ(�)(ý, �), �ÿ(�)(ý, �), �(�)(ý, �), � (�)(ý, �), ÿ(�)(ý, �), ý0(�)(ý, �)} 

and thus, we get relation: 
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 �ý�0 +  ý (ýÿ(1)�ÿ(2) 2 ýÿ(2)�ÿ(1)) ý� 2 + (�(1)�(2) 2 �(2)�(1))ý� 2 ý   2�0 + (ý0(1)ÿ(2) 2 ý0(2)ÿ(1)) ý� = 0 ý .    
(118) 

For implementation of the inverse Laplace transform defined by Eq. (44) in (118), 

determine: ý�0 +  ý +  �0 ýÿ(1)(ý, � 2 ÿ) ýýÿ �ÿ(2)(ý, ÿ)ýÿý� 2 +   ý +  �0 � (1)(ý, � 2 ÿ)�(2)(ý, ÿ)ýÿ 22�0 +   ý +  �0 ý0(1)(ý, � 2 ÿ)ÿ(2)(ý, ÿ)ýÿý� = �2112. 
(119) 

Here �2112 demonstrates the similar expression on left hand side barring the 

superscripts (1) and (2) can be reciprocated. 

Assuming the point �1 and �2, the instantaneous concentrated body forces ýÿ(1)
 and ýÿ(2)

acting in the direction of ý�-axis and ý�-axis, respectively. Thus, we obtain: ÿ1 ={ýÿ(1), 0, 0, 0, 0, 0, 0}, ÿ2 ={ýÿ(2), 0, 0, 0, 0, 0, 0}, ýÿ(1) = �(ý 2 �1)�ÿ��(�),  ýÿ(2) = �(ý 2 �2)�ÿ��(�), �ÿ(1) c �ÿ(1)(ý, �1, �), �ÿ(2) c �ÿ(2)(ý, �2, �). 
(120) 

Incorporating Eq. (120) in (119), yield: �� �(1)
(�2, �1, �) = ���(2)

(�1, �2, �).          (121) 

It means that the velocity of the displacement ��(2)
 at the point �1 due to the action 

of instantaneous concentrated forces acting at point �2 in the direction ý�-axis is equal 

to the velocity of the displacement ��(1)
 at the point �2 produced by the action of a 

concentrated forces acting at the point �1 in the direction of the ý�-axis. 

Presuming the point �1 and �2, there act instantaneous concentrated heat 

sources �(1) and �(2). Thus, we obtain: ÿ1 ={0,0, 0, 0,  �(1), 0, 0}, ÿ2 ={0,0, 0, 0, �(2), 0, 0}, �(1) = �(ý 2 �1)�(�), �(2) = �(ý 2 �2)�(�), �(1) c �(1)(ý, �1, �), �(2) c �(2)(ý, �2, �).   
(122) 

Incorporating Eq. (122) in (119), yield: �(1)(�2, �1, �) = �(2)(�1, �2, �).          (123) 

It is concluded that the temperature �(2) at the point �1 due to the action of heat 

sources at point �2 is equal to the temperature �(1) at the point �2 produced by the action 

of heat sources atthe point �1. 

Considering the point �1 and �2, there act instantaneous concentrated chemical 

potential sources  ý0(1)
 and ý0(2)

. Thus, we obtain: ÿ1 ={0,0, 0, 0, 0, 0, ý0(1)}, ÿ2 ={0,0, 0, 0, 0, 0, ý0(2)}, ý0(1) = �(ý 2 �1)�(�), ý0(2) = �(ý 2 �2)�(�), ÿ(1) c ÿ(1)(ý, �1, �), ÿ(2) c ÿ(2)(ý, �2, �).   
(124) 

Incorporating Eq. (124) in (119), yield: ÿ(1)(�2, �1, �) = ÿ(2)(�1, �2, �).          (125) 

Thus, the chemical potential ÿ(2) at the point �1 due to the action of chemical 

potential sources at point �2 is equal to the chemical potential ÿ(1) at the point �2 

produced by the action of chemical potential sources at the point �1. 

Taking the point �1 and �2, there act instantaneous concentrated body forces ýÿ(1)
 

acts in the direction ý�-axis and heat sources �(2), respectively. Thus, we obtain: ÿ1 ={ýÿ(1), 0, 0, 0, 0, 0, 0}, ÿ2 ={0,0, 0, 0, �(2), 0, 0}, ýÿ(1) = �(ý 2 �1)�ÿ��(�), �(2) = �(ý 2 �2)�(�), ýÿ(2) = 0; �(1) = 0, �ÿ(1) c �ÿ(1)(ý, �1, �), �(2) c �(2)(ý, �2, �). 
(126) 
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Incorporating Eq. (126) in (119), yield: �(1)(�2, �1, �) = 2ý�0���(2)
(�1, �2, �),          (127) 

where �(1)(�2, �1, �) is the temperature at �2 due to ýÿ(1)
 acting at �1 in the direction  ý�-axis and ���(2)

(�1, �2, �)  is the velocity of particle at �1 due to �(2) located at �2. 

Imaging the point �1 and �2, there act instantaneous concentrated body forces ýÿ(1)
 

acts in the direction ý�-axis and chemical potential sources ý0(2)
, respectively. Thus, we 

obtain: ÿ1 ={ýÿ(1), 0, 0, 0, 0, 0, 0}, ÿ2 ={0,0, 0, 0, 0, 0, ý0(2)}, ýÿ(1) = �(ý 2 �1)�ÿ��(�),  ý0(2) = �(ý 2 �2)�(�), ýÿ(2) = 0, ý0(1) = 0,  �ÿ(1) c �ÿ(1)(ý, �1, �), ÿ(2) c ÿ(2)(ý, �2, �). 
(128) 

Incorporating Eq. (128) in (119), yield: ÿ(1)(�2, �1, �) = 2ý���(2)
(�1, �2, �),          (129) 

where ÿ(1)(�2, �1, �) is the chemical potential at �2 due to ýÿ(1)
 acting at �1 in the 

direction  ý�-axis and ���(2)
(�1, �2, �) is the velocity of particle at �1 due to ý0(2)

 located at �2. 

Considering the point �1 and �2, there act instantaneous concentrated heat sources  �(1) and instantaneous chemical potential ý0(2)
. Thus, we get: ÿ1 ={0,0, 0, 0,  �(1), 0, 0}; ÿ2 ={0,0, 0, 0, 0, 0, ý0(2)}; �(1) = �(ý 2 �1) �(�); ý0(2) = �(ý 2  �2) �(�); ÿ(1) c ÿ(1)(ý, �1, �); �(2) c �(2)(ý, �2, �); �(2) = ý0(1) = 0. 

(130) 

Incorporating Eq. (130) in (119), yield: �0ÿ(1)(�2, �1, �) = �(2)(�1, �2, �).          (131) 

It is concluded that the temperature �(2) at the point �1 due to the action of 

chemical sources at point �2 is equal to the chemical potential ÿ(1) at the point �2 

produced by the action of heat sources at the point �1. 
Consider heat source �(1) moving with uniform speed v in an infinite 

thermoviscoelastic medium in the direction ý3 and an instantaneous concentrated heat 

source �(2) located at �2, thus we have: ÿ1 ={0,0, 0, 0, �(1), 0, 0}, ÿ2 ={0,0, 0, 0, �(2), 0, 0}, �(1) = �(ý1)�(ý2)�(ý3 2 ��), �(2) = �(ý 2 �2)�(�), �(1) c �(1)(ý, �), �(2) c �(2)(ý, �2, �).   
(132) 

Incorporating Eq. (132) in (119), yield: �(1)(�2, �) = + �(2)(Û, �2 , � 2 ÿ)ýÿ�0 ,          (133) 

where Û = (0,0, ��) also the temperature field �(1)due to the moving heat source �(1) in 

the terms of the temperature �(2) due to the instantaneous concentrated heat source �(2). 
To evaluate the velocity field due to moving heat source �(1) and the instantaneous 

concentrated body force ýÿ(2)
acting at point �2 in the direction of ý�-axis, consider: ÿ1 ={0,0, 0, 0, �(1), 0, 0}, ÿ2 ={ýÿ(2), 0, 0, 0, 0, 0, 0}, �(1) = �(ý1)�(ý2)�(ý3 2 ��), ýÿ(2) = �(ý 2 �2)�ÿ��(�), �(2) = ýÿ(1)

=0; �ÿ(1) c �ÿ(1)(ý, �), �(2) c �(2)(ý, �2, �),  (134) ���(2)
(�2, �) = 2 1ýÿ0 + �(�)�0 (Û, �2 , � 2 ÿ)ýÿ,   (135) 

where �(�)(ý, �2 , �)  is the temperature at the point ý due to the instantaneous 

concentrated body force ýÿ(2)
 acting at point �2 in the direction of the ý� axis. 

Consider chemical potential source ý0(1)
 moving with uniform speed � in an infinite 

thermoviscoelastic medium in the direction ý3 and an instantaneous concentrated 

chemical potential source ý0(2)
 located at �2, thus we have: ÿ1 ={0,0, 0, 0, 0, 0, ý0(1)}, ÿ2 ={0,0, 0, 0, 0, 0, ý0(2)}, ý0(1) = �(ý1)�(ý2)�(ý3 2 ��), (136) 
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 ý0(2) = �(ý 2 �2)�(�), ÿ(1) c ÿ(1)(ý, �), ÿ(2) c ÿ(2)(ý, �2, �).   

Incorporating Eq. (136) in (119), yield: ÿ(1)(�2, �) = + ÿ(2)(Û, �2 , � 2 ÿ)ýÿ�0 ,          (137) 

where Û = (0,0, ��) also the chemical potential field ÿ(1) due to the moving chemical 

potential source ý0(1)
 in the terms of the chemical potential ÿ(2) due to the instantaneous 

concentrated chemical potential source ý0(2)
. 

To evaluate the velocity field due to moving chemical potential source ý0(1)
 and the 

instantaneous concentrated body force ýÿ(2)
 acting at point �2 in the direction of ý�-axis, consider: ÿ1 ={0,0, 0, 0, 0, 0, ý0(1)}, ÿ2 ={ýÿ(2), 0, 0, 0, 0, 0, 0},  ý0(1) = �(ý1)�(ý2)�(ý3 2 ��), ýÿ(2) = �(ý 2 �2)�ÿ��(�), ý0(2) = ýÿ(1)

=0, �ÿ(1) c �ÿ(1)(ý, �), ÿ(2) c ÿ(2)(ý, �2, �), 
(138) ���(2)

(�2, �) = 2 1ý + ÿ(�)�0 (Û, �2 , � 2 ÿ)ýÿ,   (139) 

where ÿ(�)(ý, �2 , �) is the chemical potential at the point ý due to the instantaneous 

concentrated body force ýÿ(2)
 acting at point �2 in the direction of the ý� axis. 

 

Unique cases 

1.1. In absence of rotation impact in Eqs. (11), (72), (102) and (117), we determine the 

equivalent results for modified couple stress thermoelastic diffusion under multi-phase-

lags model. 

1.2. Taking �0 = 1, ÿÿ = ÿÿ = ÿ� = ÿÿ = 0, ÿ = 0 and independent of rotation impact in 

Eqs. (11), (72), (102) and (117) yields the corresponding results for coupled thermoelastic 

diffusion model and these results are similar as obtained by Kumar and Gupta [25] as a 

special case. 

1.3. Taking �0 = 1, ÿÿ = 0, ÿÿ = 0, �0 = 1, ÿ = 0 and independent of rotation impact in 

Eqs. (11), (72), (102) and (117) determine the resulting expressions for coupled 

thermoelastic diffusion under L-S model, these results are similar as obtained by Ezzat 

and Fayik [39] in a special case. 

1.4. Letting �0 = 1, �0 = 1, �0 = 1, ÿ = 0 and independent of rotation impact determine 

the resulting results for coupled thermoelastic diffusion with single-phase-lag model. 

1.5. If �0 = 1,�0 = 2, �0 = 1, ÿ = 0 and independent of rotation impact in 

Eqs. (11), (72), (102) and (117) yields the corresponding results for thermoelastic 

diffusion with dual-phase-lag model, these results are similar as obtain by Kumar and 

Gupta [25]. 

1.6. In the absence of diffusion parameter, couple stress parameter and independent of 

rotation impact, Eqs. (11), (72), (102) and (117) yields the results for thermoelastic with 

dual-phase-lag model, these results are similar as obtained by Kumar and Gupta [26] as 

a special case. 

 

Conclusions 

In this paper, a new establishment of modified couple stress thermoelastic diffusion 

under multi-phase-lags model in rotating frame of reference has been conferred. The 

fundamental theorems alike energy, uniqueness and reciprocity along with the 

variational criterion have been established in the simulated model. Laplace transform is 
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used to prove uniqueness theorem and reciprocity theorem. With the guide of energy 

theorem, we can examine the motion of the system under different sources (mechanical 

force, thermal source and mass-diffusion source). As an application of reciprocity 

theorem, instantaneous concentrated body forces, heat forces and chemical potential 

sources along with moving heat source, chemical potential sources are taken.  Uniqueness 

theorem is important in establishing the existence and properties of mathematical 

objects. With the help of reciprocity theorem, different methods of integrating differential 

equation of thermoelasticity using the Green function can be analyzed. The variational 

criterion leads in deriving the differential equation of various systems like membranes 

and cells easy aspect and also prepares it possible to infer distinct approximation 

techniques for the solution of various problems (statics and dynamics). Although the 

problem is theoretical, but it helps for further investigation to examine wave phenomena 

and variational problems in the assume model. The results obtained in particular case of 

the model are verified from the well-known results. The proposed model is unique in its 

form and physical meaning is apparent. It is convenient and provides more approaches to 

estimate how a material behaves in the real world. It is concluded that all the field 

quantities are sufficiently restricted to thermal and couple stress parameters. We observe 

that phase-lag and rotation have significant effect on the all the field studied and the 

results supporting the definition of the classification of thermal conductivity of the 

material. It is concluded that modified couple stress and thermoelastic diffusion fields 

play valuable role in processing and characterization to improve material properties. The 

results obtained in this study should be useful for research working in thermodynamic 

engineering, material science and hyperbolic thermoelastic models. The mathematical 

model proposed in this work is a powerful, indispensable tool for studying various 

problems, scientific research, product, process development and manufacturing. 
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ABSTRACT  

An unsteady numerical investigation of fluid-structure interaction in forced magnetohydrodynamic 
convection of a ferrofluid within a downward step configuration, aiming to analyze its influence on flow 
dynamics and heat transfer mechanisms is presented. The research explicitly incorporates the deformation 
of an elastic top wall under the combined effects of hydrodynamic, magnetic, and thermal forces. This 
approach enhances the understanding of the interplay between wall deformation and forced convection 
under dynamic magnetic fields, an aspect rarely addressed in existing literature. The study examines the 
impact of key physical parameters, including the Reynolds number (100 f Re f 200), Hartmann number 
(0 f Ha f 50), Cauchy number (10{w f Ca f 10{³), magnetic field inclination angle (0°f÷f60°), and 
nanoparticle volume fraction (0 % f Ç f 8 %) on flow structure, heat transfer, and wall deformation. The 
numerical modeling is based on the arbitrary Lagrangian-Eulerian formulation, solving the coupled Navier-
Stokes, energy, and structural displacement equations using the finite element method. The results reveal 
that increasing the Reynolds number enhances thermal agitation and vortex formation, leading to improved 
heat transfer, while a decrease in the Cauchy number amplifies these effects. Conversely, a higher Hartmann 
number strengthens Lorentz forces, suppressing flow motion and stabilizing the thermal boundary layer. 
Furthermore, the inclination angle of the magnetic field significantly influences wall deformation, altering 
the interaction between the ferrofluid and the elastic boundary. 
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Introduction 

Convective heat transfer of fluids influenced by magnetic fields and nanoparticles has 
become an increasingly significant research area within the scientific community. The 
advent of nanofluids fluids containing nanometer-sized particles suspended in a base 
fluid has further heightened interest in this field due to their unique thermophysical 
properties. These nanofluids interact complexly with electromagnetic forces, making 
them a crucial subject of study for understanding the mechanisms governing fluid 
behavior under such conditions. 

Researchers are actively exploring the wide range of potential benefits that this 
technology offers across various domains. For instance, in electronics, nanofluids 
subjected to magnetic fields are employed to cool electronic components, thereby 
enhancing both their performance and longevity. In the medical field, this technology 
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facilitates more effective and less invasive targeting and treatment of cancerous tumors. 
Furthermore, in industrial processes, particularly in heating, ventilation, and air 
conditioning (HVAC) systems, nanofluids improve energy efficiency, resulting in reduced 
costs and a smaller environmental footprint for buildings. Precise temperature control 
enabled by nanofluids also holds promise for more efficient manufacturing processes and 
higher-quality products. 

Recent studies have placed increasing emphasis on the effects of magnetic fields 
on nanofluids, unveiling new possibilities for enhancing the performance of heat transfer 
systems in sectors such as microelectronics, cooling systems, industrial processes, and 
energy and biomedical technologies. These advancements have the potential to 
revolutionize thermal management in electronic devices, optimize manufacturing 
processes, and drive the development of innovative medical technologies. 

In [1], it was studied forced convective flow within a backward step containing a 
fixed-diameter rotary cylinder using the ferrofluid Fe3O4-H2O in the presence of an 
external magnetic field. Their findings demonstrated that while the average Nusselt 
number decreases as the Hartmann number increases, the nanoparticle concentration and 
the magnetic field's inclination led to an increase in the average Nusselt number.  
In [2], it was examined the effects of step height on flow and heat transfer properties, 
finding that both the average Nusselt number and the skin friction coefficient increase 
with step height. Several other studies have investigated the effects of nanoparticles on 
heat transfer in a backward-facing step configuration [336]. These studies consistently 
found that the volume fraction of nanoparticles increases along with the average Nusselt 
number. In [7], authors used the step length of the backward-facing step as a control 
parameter in their numerical study and revealed that an increase in step length leads to 
a higher Nusselt number. In [8], the impact of the ferrofluid Fe3O4-H2O was examined on 
a backward-facing step in the presence of an inclined magnetic field using a forced 
convective current. They found that when the cylinder rotates counterclockwise, the rate 
of heat transfer increases. Additionally, it was studied forced convection ferrofluid flow 
in a backward-facing step with a pinched cylinder, discovering that adding a fin to the 
cylinder significantly enhances heat transfer [9]. In [10], it was identified that an 
oscillating fin mounted on a backward-facing step is the most effective method, as it 
results in a high average Nusselt number and low-pressure drop. In [11], it was 
investigated the impact of a baffle on flow and heat transfer distributions in a rectangular 
duct near a backward-facing step through numerical simulations. Their findings indicate 
that variations in the Reynolds number and aspect ratio influence heat transfer 
characteristics and fluid flow properties during separation and reattachment. The 
influence of the Reynolds number on heat transfer characteristics, showing a significant 
impact on heat transfer during flow over a backward-facing step, was numerically 
examined [12]. In [13], a numerical analysis was conducted to investigate the impact of 
the Reynolds number on the flow characteristics over a BFS. The findings showed that 
Reynolds number variation affects the diameters of recirculation districts. In [14], it was 
studied the impact of a baffle mounted on the upper wall of a conduit based on laminar 
and turbulent mixed convection. The results indicate that baffle height, position, and 
distance all have a significant impact on the properties of heat transfer and fluid flow. 
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Numerical studies have extensively explored the effects of adding nanoparticles to a 
base fluid on heat transfer performance. Research by [15319] demonstrated that the 
incorporation of nanoparticles increases the average Nusselt number, enhances mass 
transfer, and improves flow characteristics as the volume fraction of nanoparticles rises [20]. 
Experiments were conducted comparing two nanofluids, CuO-EG and MgO-EG, and it was 
found that the CuO-EG nanofluid exhibited a higher heat transfer rate than the MgO-EG 
nanofluid. Similarly, through numerical simulations of mixed convection in laminar 
nanofluids, revealed that both the shape and type of nanoparticles significantly influence 
flow properties, with nanofluids generally providing superior heat transfer compared to 
water alone [21]. In [22], it was investigated the magnetohydrodynamic (MHD) boundary 
layer flow of three types of nanofluids, focusing on heat and mass transfer in porous media. 
More recently, it was examined the impact of magnetic nanoparticles on the 
thermophysical properties of nanofluids and forced convective heat transfer, concluding 
that increasing the magnetic field (MF) and nanoparticle (NP) concentrations leads to a 
corresponding increase in the Nusselt number of the nanofluids [23]. 

Several studies have examined the fluid flow characteristics and heat transfer 
quality in systems involving a rotating cylinder. In [24326], it was found that high 
Reynolds number values significantly increase the average Nusselt number, and that flow 
instability positively impacts forced convection heat transfer, particularly on the 
cylinder's surface. Further, it was investigated ferrofluid flow-induced convection over a 
descending step using a spinning finned cylinder [27]. Their study revealed that the 
rotation of the finned cylinder enhanced heat transfer by 177.33 % compared to a cylinder 
without a fin. 

Additionally, the influence of external magnetic fields on thermal transfer control and 
quality in systems with an inclined and rotated cylinder has been extensively studied by 
[28330]. These studies concluded that an inclined magnetic field effectively eliminates 
recirculation zones, and that a higher Reynolds number further enhances heat transfer. 

Numerous studies have investigated the impact of nanofluids on thermal and 
hydrodynamic properties in enclosures using magneto-hydrodynamic (MHD) forced 
convection. Research by [31335] has shown that the temperature gradient increases with 
the Hartmann number, and the Nusselt number's growth is influenced by domain velocity 
and permeability. These studies also found that magnetic forces improve conduction, and 
the inclusion of nanofluids enhances overall heat transfer. Additionally, it was observed 
that the lowest wall of the cavity is sensitive to the elastic wall, while the top wall shows 
an increase in temperature gradient with the Hartmann number. 

Further investigations into the forced convection of non-Newtonian nanofluids in 
wavy channels [36,37] revealed that the addition of nanoparticles and an increase in the 
Reynolds number significantly enhance heat transfer in such channels. In [38], it was 
studied magnetohydrodynamic mixed convection in a 3D lid-driven enclosure containing a 
Cu-water nanofluid, while in [39] it was focused on steady MHD mixed convective cooling 
in a vented, porous cavity with an intense elliptical inward cylinder containing 
MWCNT/CMC nanofluid. Their results demonstrated that Nusselt numbers increase with 
Richardson number and porosity ratio, although the Hartmann number tends to dominate 
at lower levels of fluidity within the cavity. Finally, it was investigated transient mixed 
convection in a vented square container with heated walls and a flexible baffle, finding 
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that the enhanced average Nusselt number is most prominent in cavities with flexible 
baffles [40]. The effect of a flexible fin on unsteady natural convection of a Bingham fluid 
in a laterally heated square cavity is analyzed in [41]. The results indicate that heat transfer 
reaches its peak at Ra = 10u when Bn = 0, while an increasing Bingham number gradually 
suppresses convection, ultimately leading to a conduction-dominated regime at Bn = 20. In 
contrast, the modulus of elasticity of the fin has a negligible impact on heat transfer. 

In the present study, the coupling effects of forced magnetic field convection and 
elastic membrane deformation in a descending ferrofluid conduit. This work analyzed 
various levels of Reynolds number, elasticity, Hartmann number, and magnetic field tilt 
angle and nanoparticle volume fraction. 

 

Modeling approach 

A two-dimensional unsteady numerical study has been carried out to examine the flow 
of a nanofluid subjected to forced convection in the presence of an external magnetic 
field. This study focuses on a one-step backward-facing configuration with an elastic top 
wall incorporating a non-rotating cylinder. Figure 1 illustrates the physical configuration 
and associated boundary conditions. The length of the rearward-facing step is denoted 
H, and the height of the horizontal duct is 2H. The cylinder has a radius of D = H, with a 
central position at (4H, H). At the entrance to the duct, the velocity is ÿ = ÿ0 and � = 0. At 
the outlet of the pipe, all the gradients of the variables in the x direction are zero. The 
associated temperatures are ÿc for the low temperature of the ferrofluid and Th for the 
high temperature of the bottom wall. The Prandtl number of the base fluid is maintained 
at 6.2, and the constant thermophysical properties of H2O and Fe3O4 are listed in Table 1. 
 

 
 

Fig. 1. Physical model 
 

Table 1. Thermo-physical properties of Water and Iron Oxide 

Thermophysical 

properties 
Ã, kg/m3 Cp, J/kg;K) k, W/m;K ò, 1/K Ã, 1/';m 

Water 997.1 4,179 0.613 21÷1025 0.05 

Fe3O4 5,200 670 6 1.18÷1025 25,000 

 

Hence, the thermophysical properties were considered independent of temperature. 
Employing the assumptions revealed earlier and using the Arbitrary Lagrangian-Eulerian 
(ALE) method, the equations modelling the hydrodynamic and thermal characteristics of 
the problem are presented as follows [8,41].  

Flexible wall
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The energy equation for the fluid: 
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For elastic structure domain, the equations of the motion of flexible fins can be 
written as: 
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The energy equation for the flexible fin: 
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The Neo-Hookean solid model is applied to express the stress tensor of Eqs. (5) and (6). 
The tensor Ã is given by: 
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The boundary conditions pertinent to the external walls and the interface of the 
flexible upper wall can be formulated as follows: 
1. the inlet: ÿ = ÿ0, ý = 0, cT T= ; 

2. the downstream bottom wall: ÿ = 0, ý = 0, ÿ = ÿ/; 

3. the outlet: 
ýþýÿ = ýÿýÿ = 0; 

4. other walls are adiabatic and the velocity is no-slip: ÿ = ý = 0 and ýÿ/ýÿ = 0; 
5. the adiabatic cylinder: ýÿ/ýÿ = 0;  
6. the cylinder velocity components: ÿ = ý = 0. 

The dimensionless form equations: ÿ = ýÿ , $� = þÿ , $ÿ = ÿ2ÿýÿ/2ÿý , $ÿÿ = �ÿýÿ , $Ha =ý0ÿ:ÿÿÿÿÿÿ,  $Re =ÿþ��ÿ , $ÿ = ýýÿ2 ,$ÿ7 = ÿý ,$ ÿ = ýÿÿÿþ� 2 , $� = þþ� , $� = ÿþ� . 
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The governing dimensionless equations are hence. Mass balance: 
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Momentum balance: 
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The energy equation for the fluid: 
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Structural displacement of the flexible fin: 
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The energy equation for the fin: 
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Nusselt number: 
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The average Nusselt number: 
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Thermo-physical properties of ferrofluid are presented below. 
Density:  
(1 )nf f pò ö ò öò= 2 + .            (20) 

Thermal diffusivity: 
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Specific heat: 
( ) (1 )( ) ( )p nf p f p pc c cò ö ò ö ò= 2 + .          (23) 

Thermal expansion coefficient: 
( ) (1 )( ) ( )nf f pòò ö òò ö òò= 2 + .          (24) 
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Thermal conductivity: 
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Dynamic viscosity: 
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Dimensionless Boundary conditions: 
1. the inlet: � = �0, � = 0; ÿ = 0;  
2. the downstream bottom wall: � = 0, � = 0, ÿ = 1;  
3. the outlet: ý�/ýÿ = ý�/ý� = 0, ýÿ/ýÿ = 0;  
4. Other walls are adiabatic and the velocity is no-slip: � = � = ýÿ/ýÿ = 0;  
5. the adiabatic cylinder: ýÿ/ýÿ = 0;  
6. the cylinder velocity components: � = � = 0. 
 

Numerical solution method: Grid independency test and Validation 

Numerical solution method 

Numerical methods are utilized to tackle the governing equations and boundary conditions 
for unsteady Forced convection of a magneto-elastic interactions in a downward conduit 
using ferrofluid. The equations are first reformulated for simplicity, then solved using the 
Galerkin Method of Weighted Residuals, a variant of the Finite Element Method (FEM). The 
fluid-structure interface, including the dynamic motion of the flexible wall, is captured 
using the Arbitrary Lagrangian-Eulerian (ALE) method. The computational domain is finely 
discretized into non-uniform triangular elements, ensuring precise flow field 
representation. To address the nonlinear momentum equations, a Newton iteration 
algorithm is applied. 

 
Grid independency test 

To validate that the results obtained are not influenced by the size of the mesh used, a 
mesh independence test was carried out. This test consists of analysing the evolution of 
the average Nusselt number as a function of dimensionless time on the hot wall for 
different levels of mesh refinement. The parameters used are Re = 150; Ha = 25, Ca = 10-4, 
÷  = 0° and Ç = 5 %. The results are shown in Table 2, where it can be seen that variations 
in the average Nusselt number as a function of time become negligible from a mesh size 
greater than 80283. Consequently, this mesh size (Fig. 2) was chosen to present the results 
in the rest of the study. 

 
Table 2. Grid independence test at Re = 150; Ha = 25, Ca = 10-4, ÷  = 0° and Ç = 5 % 

Elements Number 19846 27721 42512 80283 136134 

Time 2640 s 4830 s 7167 s 14820 s 17635 s 

Nuavg 4.680953 4.669642 4.667470 4.667216 4.667101 
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Fig. 2. The physical configuration with the best mesh size 

 
Validation 

To further validate the calculation code used in this study, we compared our results with 
the numerical data reported by [8] for the case of forced convection over a downward step, 
with Re set at 100 and Pr at 5. Figure 3 illustrates this comparison, demonstrating good 
agreement between the two sets of results. Further validation was conducted by comparing 
the mean Nusselt number as a function of the Hartmann number (Ha) reported by [8] with 
the results obtained in the present work. 
 
 Present work Hussain and Ahmed (2019) [8] 

Ha = 0 
  

Ha = 100 
  

 

Fig. 3. Comparing the results of the present study and reported by [8] 
 

 
 

Fig. 4. Comparing the results of the present study and Nusselt number reported by [8] 
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As shown in Fig. 4, excellent agreement is observed between the present study and 
the previously reported data. These comparisons bolster the accuracy and reliability of the 
calculation code used in this research, demonstrating its effectiveness in simulating and 
predicting the complex interactions and phenomena within the system. The alignment 
between the results reinforces confidence in the underlying mathematical models and 
numerical methods employed in the code. 

 

Results and Discussion 

This section delves into the analysis of how changing key control parameters, specifically 
the dimensionless Reynolds 100 f Re f 200, Hartmann 0 f Ha f 50, and Cauchy10-

7 f Ca f 10-3 numbers, nanoparticles concentration 0 % f Ç f 8 %, magnetic field 
inclination 0° f ÷ f 60°, affects various aspects. We explore how these parameters shape 
flow characteristics, like streamlines, and thermal fields, as indicated by isotherm contours. 
Moreover, we meticulously investigate the consequences of these parameter shifts on 
overall heat transfer performance and structural deformation. This examination involves 
scrutinizing curves that chart the progression of both the mean Nusselt number, local 
Nusselt number and the displacement field. 
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Fig. 5. Development of isotherms with time for Re = 150, Ha = 0, ÷  = 0° at Ç = 5 % 
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Fig. 6. Development of streamlines with time for Re = 150, Ha = 0, ÷  = 0° and Ç = 5 % 
 

Figures 5 and 6 illustrate the variation of isotherms and streamlines as a function of 
time for distinct values of the Cauchy number, with Re set at 150, Ha = 0, ÷ = 0°, Ç = 5% and 
Pr at 6.2. During the initial phases (beginning from Ç = 0 to 2), the analysis of isotherms 
unveiled an initial deformation of the elastic top wall, a phenomenon that exhibits a 
proportional decrease in response to the reduction in the Cauchy number. Concurrently, 
the streamlines indicated a notable acceleration of flow at the channel entrance, followed 
by a gradual attenuation as the Cauchy number diminished. These observations can be 
attributed to variations in viscosity and temperature distribution induced by changes in the 
Cauchy number. In the subsequent time interval (extending from Ç = 4 to 11), a substantial 
increase in the perturbation of the thermal boundary layer was observed. This disturbance 
exhibited an amplifying trend in tandem with the decrease in the Cauchy number, resulting 
in enhanced wall stiffening. Simultaneously, an increase in the deformation of the upper 
wall was recorded, presenting an inverse proportional relationship with the Cauchy 
number. These observations collectively suggest a significant correlation between fluid 
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thermodynamics, wall deformation, and the Cauchy number, underscoring the importance 
of Multiphysics interactions in this experimental setup. During this same period, the 
streamlines revealed an increasing formation of vortices downstream of the channel, 
specifically behind the cylinder. This rise in vortex occurrence appears intrinsically linked 
to the decrease in the Cauchy number, emphasizing the major influence of this parameter 
on flow dynamics. In the subsequent time range (commencing from Ç = 13 to 16), a 
significant intensification was observed in both vortex formation and thermal boundary 
layer perturbation. Notably, a distinct deviation of the elastic upper wall was detected 
specifically for Cauchy Ca = 10-3. This deviation can be attributed to complex forces 
resulting from magnetohydrodynamic interactions and thermal variations induced by the 
magnetic field and the Cauchy number. Finally, from Ç = 17 onwards, stability emerged in 
both the isotherms and streamlines, suggesting that the system has reached a state of 
equilibrium or is converging towards a steady-state. These comprehensive observations 
highlight the richness of physical phenomena involving fluid-thermal-magnetic 
interactions and emphasize the need for a profound understanding of the parameters for a 
complete interpretation of the system's dynamic behavior. 

Figures 7 and 8 show the isotherms and streamline contours for various Reynolds and 
Cauchy numbers, with Ha = 0, Pr = 10, Ç = 5 % and ÷ = 0°. As shown in the figures, an 
increase in the Reynolds number leads to significant agitation within the thermal boundary 
layer, along with a rise in the number of vortices. Conversely, a decrease in the Cauchy 
number results in increased disturbance in the thermal boundary layer and a corresponding 
increase in vortex formation. The relationship between the Reynolds number and the 
dominance of velocity-related inertial forces over viscous forces is apparent. This 
dominance leads to faster flow and, consequently, enhanced heat transfer rates. 
Furthermore, the intensification of vortices with increasing Reynolds number contributes 
to the augmentation of forced convection within the thermal boundary layer. 
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Fig. 7. Effect of Reynolds number Re with different values of Cauchy number one isotherms 
with Ha = 0, Pr = 6.2, Ç = 5 % and ÷  = 0° 
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Fig. 8. Effect of Reynolds number Re with different values of Cauchy number one Streamlines 
with Ha = 0, Pr = 6.2, Ç = 5 % and ÷  = 0° 

 
Figure 9 illustrates the variation of the average Nusselt number as a function of Ha 

for different values of Reynolds number and Cauchy number, with Pr = 6.2, Ç = 5 % and 
÷ = 0°. It should be noted that increasing the Reynolds number has a favorable impact on 
improving the average Nusselt number, as does decreasing the Cauchy number. The 
increase in Reynolds number results in an intensification of the inertial forces associated 
with velocity, leading to an acceleration of fluid motion. Consequently, it can be concluded 
that, as the Reynolds number increases, heat transfer improves, manifested by an increase 
in the Nusselt number. 

 

(a) (b) (c) 

   

Fig. 9. Effect of Reynolds number Re with different values of Cauchy number one 
average Nusselt number with Pr = 6.2, Ç = 5 % and ÷  = 0°: (a) Re = 100; (b) Re = 150, (c) Re = 200 

 
Figure 10 presents the variation of local Nusselt number with Reynolds number along 

the hot wall for ÷ = 0°, Ç = 5 %, Ca = 10-4 and Ha = 25. By observing the graphs, it is noted 
that the increase in Reynolds number leads to an increase in the local Nusselt number. The 
distribution of the local Nusselt number is maximum near the area between X = 3 and X = 5, 
close to the adiabatic cylinder. Moving away from this area, that is, towards X = 5 and 
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beyond, the Nusselt number starts to gradually decrease towards the outlet. This 
distribution is due to the increase in Reynolds number, and thus the inertial forces relative 
to the viscous forces favor convection phenomena, which are particularly intense in this 
region where the temperature gradients are most significant. This results in an increase in 
the local Nusselt number, especially near the adiabatic cylinder. 

 

 
 

Fig. 10. Effect of Reynolds number on local Nusselt number along the heated wall 
for ÷  = 0°, Ha = 25, Ca = 10-4 and Ç = 5 % 
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Fig. 11. Effect of Hartmann number Ha with different values of angle of magnetic field inclination one 
isotherms at Re = 150, Ç = 5 %, Ca = 10-4 and Pr = 6.2 
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Fig. 12. Effect of Hartmann number Ha with different values of angle of magnetic field inclination one 
Streamlines at Re = 150, Ç = 5 %, Ca = 10-4 and Pr = 6.2  

X

N
u

4 6 8 10 12 14

4

6

8

10

12

Re = 100

Re = 150

Re = 200

ý ý



96 H. Derraz, M. Bouzit, A. Bencherif 

 

Figures 11 and 12 illustrate the effect of varying the angle of magnetic field 
inclination on the configuration of isotherms and streamlines for different values of 
Hartmann number at Re = 150, Ç = 5 %, Ca = 10-4 and Pr = 6.2. As mentioned previously, 
an increase in the Hartmann number leads to a reinforcement of the Lorentz forces, 
resulting in a slowing down of the fluid motion and increased thermal boundary layer 
stabilisation near the heated bottom wall. 

Concerning the angle of inclination of the magnetic field, variations in this angle 
had a significant effect on the increase in deformation of the elastic upper wall, with a 
maximum deformation noted for ÷ = 60° and Ha = 50. For the isotherms, an increase in 
the thickness of the thermal boundary layer is observed as the angle of inclination 
increases. Regarding the streamlines, an acceleration of the flow at channel entry is noted 
as the ³ number increases. 

These behaviours can be explained by the positive impact of the inclination of the 
magnetic field on the enhancement of forced convection, leading to a gain in heat 
transfer rate and an overall improvement in the process. 

Figure 13 illustrates the impact of varying the angle of magnetic field inclination 
on the average Nusselt number as a function of the Hartmann number, under specific 
conditions Re set at 150, Ca at 10-4, Pr at 10, and at Ç = 5 %. Upon analyzing the average 
Nusselt curves, a progressive improvement in this parameter is evident as the angle of 
inclination increases, signifying an enhancement in heat transfer efficiency. This 
improvement can be attributed to the favorable influence of the inclination angle on the 
promotion of convective heat transfer within the fluid domain. The inclined magnetic 
field disrupts stagnant fluid regions, enhancing the overall heat transfer process and 
resulting in the observed increase in the average Nusselt number. 

 

 
 

Fig. 13. Effect of Hartmann number Ha with different values of angle of magnetic field inclination one 
average Nusselt number for Re = 150, Ha = 25, Ca = 10-4 and Ç = 5 % 

 

Figure 14 illustrates the impact of a growing magnetic field (reflected by the 
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boundary layer. A more stable thermal boundary layer is less conducive to intense heat 
exchanges, hence the decrease in the local Nusselt number. 

Figure 15 shows the evolution of the local thermal transfer coefficient (Nusselt 
number) along the hot wall for a flow characterized by a Reynolds number of 150 and a 
Hartmann number of 25, depending on the inclination of the magnetic field. We observe 
an increasing trend in the local Nusselt number as the inclination angle of the magnetic 
field increases. This increase can be explained by the fact that a greater inclination of the 
magnetic field intensifies the Lorentz forces induced in the fluid, stimulating fluid 
movements and enhancing heat exchanges at the wall. 

 

  
Fig. 14. Effect of Hartmann number on local 

Nusselt number along the heated wall 
for Re = 150, Ha = 25, Ca = 10-4 and Ç = 5 % 

Fig. 15. Effect of magnetic field inclination on 
local Nusselt number along the heated wall 
for Re = 150, Ha = 25, Ca = 10-4 and Ç = 5 % 

 

Figures 16 and 17 demonstrate the influence of varying the concentration of 
nanoparticles of Fe3O4 on the flow configuration as a function of the Hartmann number, 
for given parameters such as Re = 150, Ca = 10-4, Pr = 6.2 and ÷ = 0°. The observation 
shows that the variation in the Hartmann number has a significant influence on the 
configuration of the isotherms and streamlines compared with the variation in the 
concentration of the ferrofluid. 
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Fig. 16. Effect of nanoparticles concentration Ç with different values of Hartmann number 
at Re = 150, Ca = 10-4, Pr = 6.2 and ÷  = 0°  
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Fig. 17. Effect of nanoparticles concentration Ç with different values of Hartmann number 
at Re = 150, Ca = 10-4, Pr = 6.2 and ÷  = 0° 

 
 

  
Fig. 18. Effect of ferrofluid concentrations  

on average Nusselt number along the heated wall 
for Re = 150, Ha = 25, Ca = 10-4 and ÷  = 0° 

Fig. 19. Effect of ferrofluid concentrations  
on local Nusselt number along the heated wall 

for Re = 150, Ha = 25, Ca = 10-4 and ÷  = 0° 
 

Figure 18 shows the variation of the average Nusselt number as a function of 
Hartmann number for different ferrofluid concentrations, with defined parameters such 
as Re = 150, Ca = 10-4, Pr = 6.2, and ÷ = 0°. Examining the average Nusselt curves, it is 
observed that increasing the ferrofluid concentration has a positive effect on the 
improvement of the average Nusselt number. This can be attributed to the increase in 
conductive heat transfer, because incorporating nanoparticles into a base fluid increases 
the thermal conductivity of the fluid, leading to an improvement in heat transfer 
compared to the pure fluid. 

Figure 19 displays the evolution of the local thermal transfer coefficient along the 
hot wall for a flow characterized by a Reynolds number of 150, ÷ =0°, Ca = 10-4 and a 
Hartmann number of 25, depending on the nanoparticle concentration. A positive 
correlation is observed between the nanoparticle concentration and the local Nusselt 

Ha

N
u
a
v
g

0 20 40

4

4.5

5

5.5

6

6.5

7

7.5

8

8.5

ú = 0%
ú = 1%
ú = 3%
ú = 5%
ú = 8%

ý ý

X

N
u

4 6 8 10 12

4

5

6

7

8

9

ú = 0%
ú = 1%
ú = 3%
ú = 5%
ú = 8%

ý ý



Modelling forced convection and magneto-elastic interactions in a downward conduit using ferrofluid  99 
 

 

number. Increasing the nanoparticle concentration enhances the fluid's effective thermal 
conductivity, resulting in an increased local thermal transfer coefficient. 

Figure 20 shows the variation in elastic top wall deformation as a function of 
Cauchy number, for different Reynolds number values at Ha = 0, Ç = 5 %, ÷ = 0° and 
Pr = 6.2. The observations reveal an inverse relationship between the deformation of the 
elastic top wall and the two parameters considered. An increase in Reynolds number is 
associated with an increase in deformation, suggesting enhanced forced convection and 
flow acceleration. On the other hand, a decrease in Cauchy number leads to a reduction 
in deformation, which can be attributed to the increase in wall resistance to deformation 
resulting from the decrease in this parameter. 

Figure 21 shows the impact of varying the Hartmann number (Ha) on the 
deformation of the elastic top wall, for different values of the Cauchy number at Re = 150, 
÷ =0°, Ç = 5 % and Pr = 6.2. It should be noted that the rise in magnetic force, reflected 
by the increase in Ha number, exerts a favorable influence on the increase in deformation. 
Corresponding to previous observations, the reduction in the Cauchy number indicates a 
strengthening of the wall's resistance to deformation, resulting in a reduction in said 
deformation. 

 

  
Fig. 20. Variation in elastic top wall  

deformation as a function of Cauchy number,  
for different Reynolds number  

at Ha = 0, Ç = 5 %, ÷  = 0° and Pr = 10 

Fig. 21. Variation in elastic top wall deformation 
as a function of Cauchy number, 
for different Hartmann number  

at Re = 150, ÷  = 0°, Ç = 5 % 
 

 
 

Fig. 22. Variation of elastic top wall deformation as a function of magnetic field inclination angle for 
various values of Hartmann number at Re = 150, Ç = 8 %, Ca = 10-4 and Pr = 6.2 
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Figure 22 shows the variation in elastic top wall deformation as a function of 
magnetic field inclination angle, for various values of Hartmann number (Ha), with 
defined parameters such as Re = 150, Ç = 8 %, Ca = 10-4 and Pr = 6.2. It should be noted 
that increasing Ha and ÷ parameters influence elastic wall deformation positively. 
Specifically, maximum deformation is observed at an angle of inclination of 60 % degrees 
and a Hartmann number of 50. 

 

Conclusions 

We have conducted a numerical investigation of forced convective laminar flow over a 
two-dimensional downward step, involving an elastic upper wall interacting with a 
stationary cylinder of fixed diameter. To unravel this complex phenomenon, we employed 
the Galerkin finite element method, enhanced by a multigrid technique, and explored a 
wide range of parameters. Our findings, when compared to previous studies, provide 
novel insights into these fluid-structure interactions. 

An increase in the Reynolds number and a decrease in the Cauchy number intensify 
vortex formation and disrupt the thermal boundary layer, thereby enhancing forced 
convective heat transfer. An increase in the Hartmann number decelerates the flow and 
stabilizes the thermal boundary layer, while a magnetic field inclination angle of 60° 
intensifies the deformation of the elastic wall and improves forced convective heat transfer. 

Increasing the magnetic field inclination angle and the concentration of 
nanoparticles enhances heat transfer, as evidenced by an increase in the average Nusselt 
number, promoting convection and fluid thermal conductivity. 

A decrease in the local Nusselt number is attributed to the intensification of Lorentz 
forces, which inhibit fluid flow and stabilize the thermal boundary layer, whereas an 
increase in the magnetic field inclination and nanoparticle concentration stimulates fluid 
motion and improves heat transfer. 
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Appendix A. Nomenclature 

 

B0 Magnetic field strength, Tesla Greek symbols 

Ds dimensionless displacement 
vector 

ÿ nanoparticle concentration 

H heat transfer coefficient, 
W/m2 K 

ÿ thermal diffusivity, m2/s 

Ha Hartmann number, ý0ÿ:ÿÿÿÿÿÿ � expansion coefficient, 1/K 

K thermal conductivity, W/m K � inclination angle of magnetic 
field 

H inlet step height, m ý dimensionless temperature, ÿ2ÿýÿ/2ÿý 
n normal coordinate � kinematic viscosity, m2/s 

Nu Local Nusselt number ÿ density of the fluid, kg/m3 
Nuavg averaged Nusselt number ÿ7 the solid stress tensor 

p pressure, Pa ÿ dynamic viscosity, N s/m2 
P non-dimensional pressure ý dimensionless time 
Pr Prandtl number, 

�ÿýÿ Subscripts 

Re Reynolds number, 
ÿþ��ÿ  c cold 

T temperature, K h hot 
cp thermal specific heat, J/Kg K avg average 

Ca Cauchy number  nf nanofluid 
u, v x3y velocity components, m/s f fluid 
U, V dimensionless velocity 

components 
s solid 

x, y Cartesian coordinates, m   
X, Y dimensionless coordinates   

t time   ÿ� average velocity, m s21   
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ABSTRACT  

A calculation and experimental analysis of tribotechnical properties of a pair of materials diamond-bearing 

mineral ceramics 3 ceramics in a wide range of loads are shown. The molecular-mechanical theory of friction 

was used for the analysis. It also accepted a linear-elastic nature of microroughness contact after running in 

in a steady-state mode. A criterion that determines the change in deformation behavior is the load which 

creates an average elastic pressure on a contact spot equal to material microstrength. Using both theoretical 

and experimental approaches, we determined the critical nominal pressure and friction coefficient depending 

on physical and mechanical constants of materials and friction surface profile parameters. 
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Introduction 

One of the directions for creating innovative tribounits is using ceramic elements as parts 

involved in direct friction contact. In addition to high tribotechnical properties of ceramics, 

there are unique temperature, anticorrosion, and electrical characteristics. Ceramic 

composite materials with high-strength, wear-resistant properties of the matrix 

supplemented by abrasive or antifriction fillers9 characteristics are especially promising [1,2].  

Graphite, molybdenum disulfide or polymeric materials are typically used as fillers with 

low shear resistance for composite materials of friction units that operate under conditions 

of lubricant deficiency. Recent scientific studies pay special attention to another allotropic 

form of graphite - diamond as an antifriction component of a ceramic matrix [337].  

Most authors emphasize the complexity of forming oxide mineral ceramic diamond-

containing materials. This is due to the sensitivity of diamond to oxidation at relatively 

high temperatures. However, the controlled degree of diamond graphitization during 

composite preparation and friction process leads to a synergetic effect of creating a highly 

solid and wear-resistant tribo-surface with a given gradient of friction properties [3,5]. 

During the research, we obtained a mineral ceramic material, which is a matrix of 

aluminum oxides of ³-, ³-, and ³-modifications with incorporated dispersed diamond 

grains [8,9]. We have developed a technology which assumes that the first stage of 

material production involves sintering of a dispersed aluminum and diamond billet. Then 

billet9s surface layer is modified by microplasma electrolytic oxidation. The formed part 
combines physical and mechanical properties of an aluminum matrix, i.e. the base and 

http://dx.doi.org/10.18149/MPM.5322025_9
https://orcid.org/0000-0003-4054-5550
https://orcid.org/0000-0003-4133-3541
https://orcid.org/0000-0001-5670-1250
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tribotechnical properties of a ceramic hardened layer with partially graphitized dispersed 

diamonds. Preliminary results show that when a ceramic base is alloyed with diamonds 

with a grit < 20/14, mineral ceramic material has good antifriction properties while 

lubricant is in short supply or even absent [8].  

Some results show that the obtained diamond-bearing mineral ceramic material 

(DBMC) has consistently low values of triboparameters in a sufficiently large pressure 

range. However, the wear intensity increases sharply with further increase of contact 

pressure. We obtained similar conclusions for composite coatings hardened with 

synthetic diamonds and electrocorundum [10] and diamond-like coatings [11]. We can 

assume that certain loads cause a change in the wear type of such materials. If we 

establish the rational load area for mineral ceramic materials of dry friction units, the 

trouble-free period of tribounit operation might be significantly extended.  

A lot of research has analyzed wear of ceramic materials [12315]. The most widely 

accepted theoretical models are based on linear elastic fracture mechanics and Weibull 

statistics [12,13,16,17]. The nature of wear of ceramic diamond-bearing materials has 

been studied to a much lesser extent [18321]. This is due to the innovativeness of the 

technologies for obtaining diamond mineral ceramics; the friction characteristics of the 

composite material are determined by the emergent nature of its constituent structural 

components. The results presented in [18] show the linear-elastic nature of wear of 

diamond-bearing ceramic tools. They also show the adequacy and correctness of the 

fatigue failure and wear mechanisms for the working layer of such materials. Elastic 

interaction is the most typical mechanism, even in calculating diamond-abrasion 

parameters [18,21]. Depending on matrix and counter-surface material properties, we 

propose applying mathematical models for elastic, brittle or elastic-plastic contact, as 

well as using criteria for transition from one interaction type to another. The analysis of 

the tribosurface morphology of mineral-ceramic material (ceramic control sample) after 

tests did not reveal plastic deformation in a steady-state mode and in the subcritical 

loading area [8,22]. We can assume that the elastic behavior of material deformation 

during friction is replaced by its brittle destruction while diamond grains are 

simultaneously removed with a part of the surrounding ceramic matrix. 

In case of brittle fracture materials (including diamond-bearing composite materials 

with ceramic matrix), critical stress is bending strength, microhardness, microstrength, 

etc. [12,18,23,24]. For composite materials, it is necessary to consider the influence of 

the dimensional effect of discrete components on micromechanical properties. In [23],  

it is shown the validity of applying strength characteristics obtained by indentation using 

a microhardness tester to describe the properties of materials with particle discreteness 

from 250 to 400 ¿m. It also notes how informative the microstrength index for evaluating 

a brittle fracture area. 

Earlier in [22], we proposed a model of elastic contact interaction between surfaces 

of mineral ceramics and ceramics. However, we have not yet investigated deformation 

processes in the case of brittle fracture. It is also necessary to conduct additional 

tribotechnical tests to confirm the validity of the selected models and assumptions made. 

The purpose of the present work is to evaluate tribocontact properties in a wide range of 

loads based on the model of contact interaction between a pair of materials: diamond-

bearing mineral ceramics and ceramics.  
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Problem statement 

The molecular-mechanical theory of friction was used for calculating the friction 

parameters [25327]. The model should take into account the physical and mechanical 

properties of materials diamond-bearing mineral ceramics 3 ceramics, their 

microgeometry and loading conditions. Let us assume that the microroughness contact 

after running-in in the steady-state mode has linear-elastic nature. At critical overloading, 

brittle fracture of mineral ceramic material prevails.  

We take a load that creates an average elastic pressure on the contact spot as a 

criterion determining the change in deformation behavior. The average elastic pressure 

on the contact spot is equal to the material microstrength Ã [23]. Microstrength 

corresponds to the stress required to form a brittle fracture unit area. 

 

 
 

Fig. 1. Contact of a rough half-space made of a ceramic matrix with distributed diamond grains 

 

We consider the contact interaction between a rough half-space made of a ceramic 

matrix with distributed diamond grains with volume density Ç and a rough half-space of 

a control sample (Fig. 1). The size of diamond grains correlates with matrix 

microroughnesses. This fact allows modeling the composite material surface as spherical 

segments of the same radius R [25,28]. Let us introduce the concepts of an equivalent 

surface and a bearing curve. Due to the thickness of the diamond-bearing ceramic layer, 

we can ignore the substrate material influence and use Hertz's formulas [29] to determine 

single microroughness contact characteristics. We assume that the mutual influence of 

microroughnesses is negligible [25,26]. 

 

Solution method 

The load in the contact zone consists of normal forces perceived by matrix irregularities 

and protruding diamond grains: ý = ÿ + ýÿ 4>(ÿÿ)ÿ0 ÿ,(ý)ýý + (1 2 ÿ) + ýÿ E>(ÿÿ)ÿ0 ÿ,(ý)ýý,  ÿ(ý) = ýÿ�ýÿ2ýýýýý ý�21,  (1) 

where ýÿ 4>(ÿÿ) and ýÿ E>(ÿÿ) are the load acting on a diamond grain and matrix 

microroughness, respectively, ÿ(ý) is a protrusion distribution function that shows the 

number of protrusions with tops located above the level ý, �,  ýp, ým are roughness 

parameters of the interacting surfaces [25,28], ýÿ is a nominal contact area.  
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We consider that ÿÿ = ÿ 2 ý and apply Hertz formulas to determine the 

characteristics of elastic contact of unit spherical irregularities. Thus, we obtain an 

equation for calculating the nominal pressure in the elastic contact area: þÿG = ýýÿ = ýÿ�(�21)ÿý+0.5ÿ31.5ýýýý ( ÿýa + (12ÿ)ýc ),  (2) 

where ÿ3 is a coefficient that characterizes the bearing curve [28],   ýa = 12ÿa2ýa + 12ÿý2ýk   and ýc = 12ÿc2ýc + 12ÿk2ýk  are the elastic constants of a diamond3counter sample and a bond3

counter sample contact, respectively; ýa, ýE, ýý are the elastic moduli of diamond, matrix 

and counter sample materials, ÿÿ, ÿý , ÿý are Poisson's coefficients of diamond, ceramic 

matrix (bond) and counter sample materials. We express the elastic convergence of the 

contacting surfaces from Eq. (2): ÿG = ýý [ 1.5Ãþÿýÿým¿(¿21)ÿ3 ( ýýp)0.5] 1ý+0.5,  (3) 

where ýÿ = ( ý4ýýÇýý+(12Ç)ýa) is an equivalent elastic constant. 

According to Hertz's relations, the load on a unit microroughness at pressure equal 

to the microstrength is the following: ýÿ = ÿÿýÿÿ. Then, we extend the solution to the 

multiple contact of rough surfaces and conduct an analysis similar to the above one in 

order to find a critical nominal pressure value as a convergence function: þ4E = ýÿþÿÿEþ2ýýþ . 
Therefore, for the critical convergence we obtain the following: ÿý = ýý ( 2þ4Eýÿþÿ)1 þd

.   (4) 

After equating the proximity of the contacting surfaces for an elastic (3) and brittle (4) 

contact, we obtain the following: þ4E = (ýÿ�ÿ2 )2�+1 × [ 1.5ÿýÿýÿ�(�21)ÿ3 ( ýýý)0.5]2ÿ.  (5) 

Equation (5) allows calculating critical nominal pressure depending on physical and 

mechanical constants of materials and friction surface profile parameters.  

The change in the deformation type implies a change in tribocontact friction 

characteristics. We estimate the friction coefficient and force based on I.V. Kragelsky9s 
molecular-mechanical theory of friction [25]. We also use the relations obtained above. 

Let us represent the rough surface friction force þfr as following: þfr = ÿ0ýÿ + �ý + ÿE + ýÿ :ÿÿý�ÿ0 ýÿý,  (6) 

where ýÿ is an actual contact area, ÿ0 and  � is shear resistance of the molecular bond 

when there is no normal load and the molecular bond hardening coefficient. Since plastic 

deformation is not significant in frictional wear of brittle and high-strength materials, we 

assume ÿE =  0.19ÿ7, ÿ7 = 0.02 as a hysteresis loss coefficient [26]. Assuming that + ýÿ :ÿÿý�ÿ0 ýÿý = 10.75ýÿ + ÿÿ2�ÿ0 ýÿý for the friction force at elastic contact we obtain the 

following: þfr G = ÿ0ýÿýÿ2 (ÿGýý)þ + �ý + 0.19ÿ7 ýÿýÿÿGþ+1ÿýýýþ(þ+1)ýÿ.  (7) 
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For the subcritical pressure in a tribounit at þ > þ4E, we find the friction force as 

following: þfr E = ÿ0ýÿýÿ2 ( ÿEýý)þ + �ý + 0.19ÿ7 ýÿýÿþ(þ21)ÿÿ2ÿEþ+0.5ÿ32ý0.5ýýþ .  (8) 

In practice, it is convenient to obtain calculation relations for estimating friction 

coefficients in a wide range of loads. In addition, Eqs. (7) and (8) are convergence 

functions, therefore calculations are complicated. Using the definition ÿfr = þfrý , as well as 

Eqs. (3) and (4) we obtain the following for friction coefficients: ÿ G = ÿ0:ýÿ (ÿÿýÿ) 2þ2ý+12& þ2ý+1þÿ 12ý+1 + � + 0.19ÿ7 ýÿ& þ2ý+1· þ+1ý+0.50.75(þ+1) (þÿýÿÿ ) 12ý+1
,  (9) 

ÿ E = ÿ0
þÿ + � + 0.19ÿ7 1,5:&ÿþ ( 2þÿýÿÿþ) 12ý

,  (10) 

where &= ýýý , ÿ = 1.5�(�21)ÿ3. 

 

Analysis of modeling results 

According to the technology [8], we obtained composite material samples from aluminum 

powder and synthetic diamonds of �%6 grade with grit 20/14, 14/10. The volume density 

of diamonds Ç was 25 and 12.5 %, which corresponds to 100 and 50 % of diamond 

concentration K (100 % diamond concentration in material is the diamond powder value 

4.39 carats in 1 cm3). We compared the results with D16 alloy samples, which have the 

surface modified by microarc oxidation (MAO), until obtaining a ceramic-like coating.  

We carried out tribotechnical tests on the MT-2 friction machine [6]. We used finger-

ring friction scheme and the following materials of control samples: ceramics BaO-SiO2-

AI2O3. The tests were carried out under conditions of dry friction and with water. The 

linear sliding velocity was 0.75 m/s. 

We determined the coefficients ÿ0 and  �  according to the methodology and using 

the equipment proposed in the patent [30]. Evaluation of microgeometry parameters of 

friction surfaces involved using standard methods of profilometry GOST 19300-86 [21], 

microstructure analysis involved using a metallographic microscope. We evaluated 

microstrength using a PMT-3 microhardness tester with a Vickers pyramid indenter. 
 

  

 

Fig. 2. Diamond-bearing  

material sample 

 

Fig. 3. Surface microstructure of diamond-bearing 

material (d = 20/14, K = 100 %) 
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The typical appearance of their diamond-bearing material sample after testing is 

shown in Fig. 2. The tribo-surface is smoothed to gloss, there are no scratches and 

displayed crumble. Figure 3 shows the sample surface microstructure before testing: dark 

grains of graphitized diamond are distributed in the volume of an aluminum oxide matrix. 

  

(a) (b) 

Fig. 4. Critical pressure estimation: by wear intensity (4), by a friction coefficient (b) under boundary friction 

conditions. 1 3 DBMC: d = 20/14, K = 100; 2 3 DBMC: d = 14/10, K = 100; 3 3 DBMC: d = 20/14, K = 50; 4 3 MAO D16 

 

The test results (Figs. 4 and 5) confirm the nonlinear behavior of triboparameter 

change depending on pressure in the friction zone: regardless of friction conditions it 

is possible to identify a characteristic inflection point that corresponds to a change in 

the deformation type of friction surfaces. Table 1 shows the critical pressure obtained 

experimentally and calculated by Eq. (5).  

  

(a) (b) 

Fig. 5. Dry friction coefficient estimation: experimental results (a); comparing experimental results and 

calculations by Eqs. (9) and (10) (b). 1 3 DBMC: d = 20/14, K = 100; 2 3 DBMC: d = 14/10, K = 100;  

3 3 DBMC: d = 20/14, K = 50; 4 3 MAO D16; 5 3 calculation by Eq. (9); 6 3 calculation by Eq. (10) 

 

Table 1. Tribotechnical properties of tested materials 

No Friction pair material 
Micro strength 

(Ã), GPa 

Microhardness 

(HV), GPa 

Critical pressure, MPa 

Test results 
Calculation 

by Eq. (5) 

1 DBMC d = 20/14, � = 100 1.78 6.71 6.4 5.71 

2 DBMC d = 14/10, � = 100 1.96 6.62 6.2 5.65 

3 DBMC d = 20/14, � = 50 2.25 5.83 7.5 6.47 

4 MAO D16 2.68 16.48 11.0 10.16 
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Critical pressures calculated by Eq. (5) within up to 15 % coincide with the values 

obtained experimentally, however there is a tendency of understating theoretical values. 

We can assume that at the calculated values of þ4E the cracking process just starts to 

form; it becomes significant at higher pressures, at þE = 1.1 ø 1.5 þ4E. As diamond grit 

increases, the right coefficient in Eq. (5) increases too, but microstrength decreases, which 

reduces the effect of grit change. The increase in diamond concentration decreases 

material microstrength. This is due to the growth of internal stress concentrators and the 

decrease in the volume of matrix bonding material. The diamond concentration included 

in ýÿ operator significantly affects the tribocontact elastic properties if friction counter-

surface material is close to ceramic matrix and diamond material in mechanical 

properties, as in our case. We can state that increasing diamond concentration reduces 

critical pressure. 

According to the experimental results, the friction coefficient of a pair of materials 

diamond-bearing ceramics 3 ceramics during elastic deformation depends weakly on 

pressure (Fig. 4). The analysis of Eq. (9) shows that the pressure influence in the first and 

the last summand should compensate each other. Usually, it happens to metals and 

polymers. In our case, materials with high elasticity moduli are in contact, therefore 

pressure influence is more significant according to theoretical calculations. Experimental 

results and calculation by Eq. (9) showed that the friction coefficient does not change 

significantly with decreasing diamond grit. Diamond concentration affects the friction 

coefficient through the operator ýÿ . Moreover, the coefficients ÿ0 and � change 

significantly with increasing diamond concentration (especially in dry friction conditions) 

due to the increase of free graphite in the friction zone. In general, when diamond 

concentration increases, the friction coefficient decreases. 

When the contact pressure is above the critical one, the friction coefficient increases 

with increasing load (Eq. (10), Fig. 4). The molecular component of the friction coefficient 

(Eq. (10)) does not depend on pressure; the mechanical component increases to the 

degree 
12�, where � û 1.5 ø 3. Therefore, surface roughness (and grit indirectly) affects the 

friction coefficient increase rate. Diamond grit and concentration affect the brittle friction 

coefficient indirectly through material microstrength. 

The rate of dependence curves ÿ on load for dry and boundary friction is very similar. 

The shift along the vertical axis is due to the change of coefficients ÿ0,  � and ÿ7 
depending on the type of lubricant and contact pressure. The friction coefficient for 

diamond-bearing ceramics with d = 20/14, Ç = 10, K = 100 during dry friction and in water 

differ by ten folds. Considering the fact that the theoretical evaluation of tribotechnical 

test results is sensitive to experimental conditions, it is difficult to expect high accuracy. 

An example of calculation by Eqs. (9) and (10) is shown in Fig. 5(b). Mathematical curves 

describe the behavior of friction coefficient change with increasing contact pressure 

adequately. Friction coefficient dependence behavior and the critical pressure value, 

which were obtained theoretically and experimentally, correlate with the data obtained 

by the authors [10] for gas-thermal coatings hardened with synthetic diamonds and 

electrocorundum. 

We can note good antifriction properties of diamond-bearing material in 

comparison with the basic ceramic coating without diamonds, which was obtained 
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through modification of aluminum by micro-arc oxidation. DBMC friction coefficient is 

lower than the one for oxidized coating by 1.4 ø 9.3 times at boundary friction and by 

1.6 ø 4 times at dry friction. Graphite, which was formed during diamond oxidation, is not 

removed from the friction zone. It fills the pores of the ceramic matrix, reduces the shear 

resistance of material surface layers. 

 

Conclusions 

Theoretical and experimental studies detected the influence of load in a tribocontact 

zone on the change in the contact interaction type, wear nature and friction coefficient 

of antifriction diamond-bearing mineral ceramics. We showed the validity of the classical 

approach to describing frictional properties of triboconjugation involved diamond-

bearing mineral ceramics and ceramics in a wide range of loads.  

It is confirmed that microstrength can be a criterion that determines the change of 

deformation nature at the contact spot for ceramic composite materials. The 

microstrength decreases with increasing diamond grit and concentration. The critical 

pressure depends on microgeometry parameters, mechanical properties of friction pair 

materials, diamond grit and concentration.  

We have established theoretically and experimentally the influence of 

microparameters of interacting half-spaces on the friction coefficient in the case of elastic 

deformation and brittle fracture. The friction coefficient decreases when pressure 

increases in the elastic region and increases in the subcritical region. The rate of curves 

of friction coefficient dependence on load for dry and boundary friction is similar but 

differs by an order of magnitude.  

Diamond-bearing ceramic material has satisfactory antifriction properties when 

there is no lubrication. The friction coefficient of diamond-bearing material is 1.6 ø 4 

times lower than the one for oxidized coating without diamonds at dry friction. A ceramic 

matrix structure enables diamond grain retention and distribution of solid-lubricating 

graphite films in the friction zone. The obtained regularities allow optimizing the 

composition of diamond-bearing mineral ceramics and choosing a range of loading 

modes for operation of tribounits from this class materials. 
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ABSTRACT  

A method of calculating plastic deformation during bending a rotating circular beam is presented. Rotating 

blank loading is examined in the two cases: plastic deformation occurs over the thickness of the blank and 

plastic deformation is absent in the blank. When the pipe being bent rotates, the symmetry with respect to 

the force plane is broken. The nature of bending deformation of a rotating blank differs from that of a fixed 

one. Since the beam axis is not a plane but a space curve, there is a lateral displacement and deviation of 

the deflection from the force plane. 
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Introduction 

The methods used for bending circular blanks, such as bending by rotational pulling, 

compression, pressure, and rolling, must provide the product of high quality. The commonly 

used methods of bending beams on rollers ensure their bending in one plane. Bending 

occurs due to compressive stresses above the neutral axis and due to tensile stresses below 

it. The basic theory of plastic deformation of sheets and shells developed by A.A. Ilyushin, 

N.N. Malinin, R. Hill, etc. does not apply to the bending of rotating circular blanks as their 

bending belongs to the problems that are more complex. The lack of analytical solutions 

to these problems hinders the creation of engineering methods to calculate the deformed 

bending of rotating blanks, which negatively affects the quality of technological processes 

of pipe bending production. In addition, there is no information on theoretical and 

experimental research on the issue in the literature. Though S. Clifford, K. Pan, K.A. Stelson, 

W.C. Whang as well as V.S. Yusupov, R.L. Shatalov [135] et al. published their findings on 

displacement and deformation fields of plastic bending of a pipe under the action of 

torque or transverse force, their solutions cannot serve as a theoretical basis for pipe 

bending processes due to the simplified blank loading scheme. 

PAO TMK (Pipe Metallurgical Co., OJSC), Seversky Pipe Plant, Taganrog 

Metallurgical Works, SMS Meer, Danieli, and Multistand Pipe Mill use the tools for 

alignment and bending where circular blanks move non-rotating through a cage that 

follows a closed trajectory. The problem of fixed pipe deformation has been well studied. 

The rotation of a pipe being deformed during bending is not believed to affect its 

deformation significantly.  

http://dx.doi.org/10.18149/MPM.5322025_10
https://orcid.org/0000-0002-1098-4096
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The novelty of this research lies in the determination of the direction of maximum 

deflection during the elastic-plastic bending of rotating circular beams. The purpose and 

objectives of the research are to develop methods of calculating deformations and 

stresses during this process, with rotation during bending taken into account. The purpose 

is achieved by solving differential equations for bending under concentrated loads. The 

research also aims to determine the functional dependence of the deflection direction on 

the bending moment value. 

 

Object of research 

This research examines the elastic-plastic deformation of circular beams that undergo 

small deformations and rotations. It does not take into account the curvature of beam 

sections, tangential stresses, or the effects of hardening as well as the Bauschinger effect. 

The example of a thin-walled pipe in Fig. 1 shows the difference in bending 

deformation between fixed and rotating beams. A pipe with radius ÿ and wall thickness / is bent by force ÿ in the middle of the ý-long span. If force ÿ is directed along 

the z-axis (opposite to the axis), then the y-axis is the neutral one, and the bending 

deformation in section A'A at angle ý to the y-axis is equal to ý = �22(�)ÿsiný, where �22 
is the second derivative of deflection �(�) which coincides with the direction of z-axis, 

i.e. with the direction of ÿ. 
 

 
                        (a)         (b) 
 

Fig. 1. Bending deformation: (a) a fixed beam; (b) a rotating beam 

 

The bending moment for the diagram shown in Fig. 1 (for 0f � f 0.5ý) is ý� = 0.5ÿ�, 

and the moment of the z-axis is zero (since there are no forces in the direction of the y-axis). 

We used an approximate expression for curvature here, assuming that the first derivative 

is |�2(�)| << 1  [638]. Plastic deformation begins in sections B and B' and as we approach 

the section x = 0.5ý there are two zones of plastic deformation: those of compression ABC 

and tension A'B'C' where the stresses are ÿ =  2ÿþ and ÿ =  +ÿþ (where ÿþ is the yield 

point). In zones C'A and A'C, elastic deformation occurs, and it is equal to ÿ = ý · ý (where ý is the elastic modulus). 

 

Exploratory procedure 

The resisting moment about the �-axis for fixed pipes in elastic-plastic deformation is 

equal to ý� = 0.5 ÿ� =+ ÿÿ2/sinýþý2ÿ0 , the moment about the z-axis is ý� = 0. For some ý1 
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characterizing the position of point A and A' ÿ = ý�22ÿsiný =  ±ÿþ, and for |ý| < ý1 

deformations are elastic, and it are plastic for ý1 < ý < ÿ 2 ý and ÿ 2 ý1 < ý < 2ÿ 2 ý1. 

If the load acts in the xz-plane, Fig. 1(a), then for a fixed beam, the plastic zones 

ABC and A'B'C' are symmetrical with respect to the z-axis. When the pipe rotates and is 

under constant loads (the direction of rotation is shown in Fig. 1(b)), plastic deformations 

are possible only along arcs AB and A'B', and after reaching the maximum (at point B) and 

the minimum (at point B') deformations, unloading occurs in sections BC and B'C'. 

However, if plastic deformations occur only under load along AB and A'B', then the 

bending moment is Mz b 0, since the plastic zones are not symmetrical with respect to the 

z-axis. This contradicts the statement of the problem, since external loads act only in the 

xz-plane [9311]. For a rotating pipe, the condition Mz = 0 can be fulfilled only if bending 

occurs not in the xz-plane, but in the xz'-plane, i.e. the deflection direction is parallel to 

the z'-axis (Fig. 1(b)) and forms the angle ³ with the z-axis. Then the maximum 

deformation is achieved at point C, the minimum one is at C' and unloading begins at 

these points. The neutral axis is also rotated by an angle ³ with respect to the y-axis. 

Denoting the variable angle by Ç, we define the bending stresses: ÿ = ÿþ  

for 
ÿ2 2 ý < ý f ÿ2 + ý (in ABC); ÿ = ÿþ 2 ý�22ÿ[1 2 sin(ý 2 ý)] for 

ÿ2 + ý < ý f 32 ÿ 2 ý (in the 

zone CA'); ÿ = 2ÿþ for 
32 ÿ 2 ý < ý f 32 ÿ + ý (in the zone A'B'C');  ÿ = 2ÿþ + ý�22ÿ[1 + sin(ý 2 ý)] for 
32 ÿ + ý < ý f 0, and for 0 < ý f ÿ2 2 ý (in the zone C'A). 

For ý = ÿ2 2 ý the stresses are ÿþ = 2ÿþ + ý�22ÿ [1 + sin (ÿ2 2 2ý)] or  2ÿÿýÿ = �22(1 + cos 2ý). Therefore, we get:  �22ýÿ = 1/ cos2 ý, ÿ = ÿÿýýÿ .  (1) 

The bending moment of the y-axis is ý�(�) = + ÿ(ý)2ÿ0 ÿ2/ sin ý þý. With the 

calculations taken into account (1), we obtain a nonlinear bending equation: ý�(�) = ÿÿþÿ2/ÿ(ý),   ÿ(ý) = ÿ22ý+sin 2ýÿ cos ý .   (2) 

For a pipe of length l loaded with concentrated force P (Fig. 1), the moment is ý�(�) = 0.5ÿ�. Denoting þ = ÿý4ÿÿÿÿ2/, we obtain in the zone of elastic-plastic deformation 

(�1 = 0.5ýþ ): 2þ�ý = ÿ(ý)  for �1 < � f 0.5ý, (3) 

and in the elastic zone: �22(�) = 2ÿþ�ý2   for  0 f � f �1.  (4) 

If m f 1.0, then the deformations are elastic and ³ = 0.  

Since it follows from Eq. (1) that tg ý = (�22ýÿ 2 1)0.5
, then substituting ³ by �22 into 

Eq. (2), we obtain, instead of Eq. (3), the following equation: � = ýþ21ý (�22ýÿ ), ý (�22ýÿ ) = 1ÿ :�22ýÿ [ÿ + 2: ÿ�22ý (1 2 ÿ�22ý) 2 2 arctg :�22ýÿ 2 1],  (5) 

where Ç is a differentiable function of �22. The greater is the load, the wider is the angle 

between the directions of force and deflection. As the load approaches it maximum, this 

angle tends to 90°. The value of �2(�) in a parametric form in t function is: 
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� = ýý(�)2þ , �1 < � f 0.5ý,  �2(�) = ÿ1 + ÿ2þ + ��1 þýþ� þ�,  ÿ(�) = ÿ2 + ÿ1� + ÿý4þ2 + þý(�)þ��1 [+ ��1 þýþ� þ�] þ�, 

(6) 

where C1 and C2 are the constants of integration. 

The parameter t is then substituted into the function Ç instead of the value  �22ýÿ . The 

choice of the value t = 1 as the lower limit in the integrals of Eq. (6) corresponds to the 

boundary of the elastic-plastic and elastic zones (
�22ýÿ = 1.0 when x = x1). In the elastic 

zone, the solution of linear equation (4) under the condition w = 0 for x = 0 has the form:  �(�) = ÿ3� + 13ÿþ�3ý2 , 0 f � f �1. (7) 

Based on the variability �(�) and �2(�) as well as �2 = 0 for x = 0.5l we define the 

constants ÿ1 = 2 ÿ2þ + ��ÿ1 þý(�)þ� þ�, ÿ2 = 2 ÿý12þ2 , ÿ3 = ÿ1 2 ÿ4þ, where tm is the largest value 

of parameter t for x = 0.5l. 

According to the first of Eqs. (6), we obtain Ç(tm) = m. Substituting constants into 

Eqs. (6) and integrating the double integral in parts, taking into account Ç(tm) = m, we 

define the maximum deflection �þ for x = 0.5l: �þ = ÿý12þ2 [1 + 3 + ��ÿ1 ý(�) þý(�)þ� þ�], ý(�) = :� + 2ÿ :� 2 1� 2 2:�ÿ arctg :� 2 1. 
(8) 

By replacing variable t with �(t), where � is a parameter similar to ³ and equal to � = arctg(� 2 1)12, we obtain �þ = ÿý12þ2 {1 + 3ÿ2 + 1cos5 �ýÿ0 [(ÿ 2 2�)2 + sin2 �] sin � þ�}, where 

³m is the maximum value of angle ³ when x = 0.5l. 

Having calculated the integral, we can define the maximum deflection as  �þ  =  ÿý12þ2  [14 + 3(ÿ22ýÿ)24ÿ3 cos ýÿ + 3ÿ2 (ÿ 2 2ýþ) (tg ýþ + 13 tg3 ýþ 2 5ÿ2 tg2 ýþ 2 16ÿ2 ln cos ýþ)], where 

value ³m is defined from the following equation: ÿ(ýþ) = ÿ 2 2ýþ + sin 2ýÿÿ cos ýÿ = þ,  (9) 

where the parameter ³m is equal to the maximum angle between the directions of force 

and deflection (in the middle of the beam length). 

Curves ³m(m) obtained by the numerical solution of Eq. (9) are shown in Fig. 2. With 

increasing m, parameter ³m increases and, when m approaches the limit value m0 = 1.275, 

parameter ³m = 90°, i.e., the direction of deflection when plastic deformation spreads over 

the entire section, deviates more and more from the direction of an external force and 

approaches the direction that makes up a right angle with the force. 

Figure 3 shows the change in the value 
�ÿÿý = �° (curve 1) and its projections on the 

z-axis (curve 2) and the y-axis (curve 3). The component of deflection in the direction of 

force P (along the z-axis) is not seen to increase with the onset of plastic deformation and 

the force increase, but to decrease. At m =1.16, the parameter ³m = 45° and the deflection 

projections on the z- and y-axes are equal. In elastic deformation, when the stresses are 

completely specified by deformations, rotation does not affect the beam bending. 

However, in elastic-plastic deformation, when the stresses depend on the loading history, 

the beam rotation significantly changes the bending process and leads to the lateral 

displacement and deviation of the deflection from the force plane [5,9,12]. Since angle ³ 
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Fig. 2. Curve ³m(m) obtained  

by numerical solution of Eq. (9), (curve 1) 

 

Fig. 3. Graphs of the value 
�ÿÿý = �° (curve 1)  

and its projections on the z-axis (curve 2) 

and the y-axis (curve 3) 

 

depends on the bending moment and the x coordinate, the beam axis is not flat, but a 

space curve. 

 

Results and Discussion 

The problem is considered for the case where the bending moment vector rotates around 

the pipe axis, and the deflection direction rotates at the same speed, with a phase shift of 

angle ³. 

To estimate the range of bending parameters, we can neglect tangential torsional 

stresses ÿ. If we assume that for each revolution of the pipe, the work equal to 4ÿþ2 (�22ýÿ21) /ý 

contributes to plastic deformation of a unit volume, and the entire volume of the pipe  

with length (l 3 2x1) undergoes plastic deformation, then we obtain an upper bound  

of the plastic work as follows ý = 8ÿÿ2ý ÿÿý/ (1 2 1þ) (�22ýÿ 2 1) = 4ÿÿÿ2/. Therefore, we have  ÿÿÿ = 2ÿÿ (1 2 1þ) (�22ýÿ 2 1). Assuming the maximum value of m0 = 1.275, we find that  ÿÿF = 0.137ÿ (�22ýÿ 2 1) = 0.137ÿ �g2 ýþ. 

Assuming that the condition 
ÇÃÿ < 0.05 must be met, then, if x = 0.5l, it is sufficient 

that  �22ý < 0.362 2 ÿ, tg ýþ < (0.362ÿ )0.5
. For example, for Ãm = 240 MPa, E = 2;105 MPa,  ýÿ = 10, a = 1.2;102, tg ýþ < 5.5, ýþ < 79.5°, i.e., the formulas are applicable for large values of ýþ 

[11,13316]. Note that the influence of tangential stresses on a pipe can be approximately 

accounted for by substituting ÿ1 = (ÿþ2 2 3ÿ2)0.5 into the equations instead of Ãm. 

For other loading schemes, Eq. (2) is solved for x, and Eqs. (6) and (7), Ç(tm) = m is true 

if the corresponding Ç(t) function is defined. For example, for a cantilevered pipe of length 

l, loaded with force P we have ý(�) = 2 [þ 2 :� 2 2ÿ :1 2 1� 2 2ÿ arctg :� 2 1],  þ = ÿýÿÿÿÿ2/.  

For a pipe supported on two points, loaded with a uniform distributed load of intensity p, 

we have, for þ = �ý28ÿÿÿÿ2/: ý(�) = þ + {þ [þ 2 :� 2 2ÿ :1 2 1� 2 2ÿ arctg :� 2 1]}12
. 
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Many problems that are important for practical applications lead to the equations 

similar to Eq. (2), which, with a complex dependence on the variable �22, are solved with 

respect to the variable x in a form similar to Eq. (3). Equations (6) then determine the 

solution for known values m and Ç(t), showing the advantage of the parametric method to 

solve problems of elastic-plastic bending [17322].  

The deformation of a free pipe is discussed above. If the deflection plane is fixed  

in the xz-plane, ý = 0 can be ensured by using rigid, smooth rulers that hold the beam  

along its entire length to prevent lateral displacement. In this case,  ý�(�) = ÿÿÿ2/(2ÿ22ý1+�ÿÿ 2ý1)1+ý�� ý1 , ý�(�) = 4ÿÿþÿ2/ (1 2 ÿ�22ý) , ý1 = ÿÿýýý�(2ÿ 2 1). 
The rulers apply pressure to the pipe, creating this value Mz(x). As force P increases, 

moment My reaches its maximum at the angle of ý1 = 57°, m0 = 1.075. After that, it decreases, 

while the moment Mz continues to increase. Therefore, the maximum load limit is not defined 

by m0 = 1.275, as it would be with a free beam, but by m0 = 1.075, which is 18 % less. 

Let9s consider the bending of thick-walled circular beams with outer and inner radii 

r and r1. There can be two cases (Fig. 4): in the first one, plastic deformation does not 

penetrate the entire thickness of the beam and deformations are elastic for Ã f Ã0, 

Fig. 4(a). In this case, stresses are ÿ = ý�22�sin(ý 2 ý). Bending occurs on the z'-axis, and 

the neutral axis y' has zero deformation. Plastic zones ABC and A'B'C' are shown shaded 

in Fig. 4. The equation of the line AC has the form �1 = 2ÿÿ[�22ý[1+sin(ý2ý)]], and the equation 

of the line A'C' is �2 = 2ÿÿ[�22ý[12sin(ý2ý)]]. For ý = ÿ2 + ý (point C) and ý = 3ÿ2 + ý (point C') �1 = �2 = �0 = �ÿ;  � = ÿ�22ý. 
 

 
Fig. 4. Bending schemes of thick-walled circular beams with external and internal radii r and r1: 

(a) plastic deformation does not penetrate the entire thickness of the beam; 

(b) plastic deformation penetrates the entire thickness of the beam 

 

The scheme shown in Fig. 4(a), can be used for Ã0 g r1 or u g 2u1, �1 = 0.5ÿÿ1 . Unloading 

happens in zones BCA'C' and B'C'CA. The bending moments about the y- and z-axes are equal 

to ý�(�) = , ÿ(�, ý) �2 sin ý þ�þý;   ý�(�) = , ÿ(�, ý) �2 cos ý þ�þý, where integrals are 

calculated over the entire contour of the section. According to the calculations, we obtain: ý�(�) = ÿþÿ3[ÿ1(�) sin ý + ÿ2(�) cos ý],  ý�(�) = ÿþÿ3[ÿ3(�) sin ý + ÿ4(�) cos ý],  (10) ÿ1(�) = ÿ4(�) = 43 2 2� + 23 �3,   ÿ2(�) = 2ÿ3(�) = ÿ8� + 14� arcsin(2� 2 1) 2 4ÿ�14� + :�(1 2 �) (95 2 12� 2 415 � 2 815 �2). 
(11) 
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If ý�(�) = 0, then tg ý = ÿ1(�)ÿ2(�); excluding value ³ from Eq. (10), we obtain the bending 

equation: ýÿ(�)ÿÿÿ3 = :ÿ12(�) + ÿ22(�). (12) 

For a beam loaded with concentrated force P, Eq. (6) can be applied by taking 

function Ç(t) as: ý(�) = ý:ÿ12 (1�) + ÿ22 (1�),  ý = 4[ÿ(1216�14)], (13) 

and constant þ = ÿý[ÿÿÿÿ3(1216�14)]. In the special case, when u1 = 0 we have a solid circular 

shaft. 

The linear equation (4) works in the elastic zone. The maximum deflection is defined by 

Eq. (8), into which function Ç(t) should be substituted according to Eq. (13). If �þ = 1�ÿ < 2�1, 

then the scheme shown in Fig. 4(b), takes place, i.e. plastic deformation will spread along 

the entire section of the beam. Plastic deformation occurs in shaded areas ABCD and 

A'B'C'D', and unloading occurs in zones BCD'A' and B'C'DA. According to the calculations 

similar to Eqs. (10), we obtain: ý�(�) = ÿþÿ3[ÿ5(�) sin ý + ÿ6(�) cos ý],  ý�(�) = ÿþÿ3[ÿ7(�) sin ý + ÿ8(�) cos ý],   ÿ5(�) = ÿ8(�) = 43 2 2� + 8��12 2 323 �13,   ÿ6(�) = 2ÿ7(�) = ÿ8� + 14� arcsin(2� 2 1) 2 4�14� arcsin ( ��1 2 1) 2 2ÿ�14 +  +:�(1 2 �) (95 2 12� 2 415 � 2 815 �2) + : ��1 (2 2 ��1) (4 �14� 2 365 �13 + 815 ��12).  

(14) 

For u = u1 from Eqs. (11) and (14) we have f1(u1) = f5(u1), f2(u1) = f6(u1). In the special 

case, if Mz = 0, then tg ý = ÿ5(�)ÿ6(�). In Eqs. (8), instead of Ç(t) for 0 f u f 2u1, we substitute: ý1(�) = ý [ÿ52 (1�) + ÿ62 (1�)]0.5
.  (15) 

When considering the bending of a beam in the elastic zone for 0 f x f x1, we have 

Eq. (4), then for x1 < x f x2 there will be a zone of elastic-plastic deformation in which there 

is an elastic core in the beam section (Fig. 4(a)) and Eq. (11) �2 = 0.5ýý( 1ÿ1)þ   is valid. 

For x2 < x f 0.5l there is a zone of elastic-plastic deformation where the plastic flow 

spreads over the entire thickness (Fig. 4(b)) and Eq. (14) is valid. Solving the bending 

equations, we find the maximum deflection: �þ = ÿý12þ2 [1 + 3 + ÿ2�11 ý(�) þý(�)þ� þ� + 3 + ÿ�ÿ2�1 ý1(�) þý1(�)þ� þ�],  �1 = 1�1,   (16) 

where value tm is defined by equation Ç1(tm) = m. The equations obtained should be applied 

if 0 f um < 2u1; in the case of 2u1 f um f 1.0, the equation Ç(tm) = m and Eq. (8) are valid, 

where Ç(t) is defined by Eq. (13). 

Based on numerical calculations performed with these equations, values ³m(m) and 

w°(m) shown in Fig. 2 (curve 2) and Fig. 5 [16321,23330] were determined. Note that the 

dependencies wm(m) are satisfactorily defined by equation �þ = 112 ÿý [ þ021þ02þ]13
, where the 

limiting moment is þ0 = 16(128�13)3ÿ(1216�14). 
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Fig. 5. Graphs of values ³m(m), w°(m) 

 

The experimental study was performed in bending copper and aluminum pipes with 

radius 0.6 and 1.0 cm and thickness 0.1 and 0.2 cm. The installation was mounted on a 

lathe. The pipes were rotated with a lathe chuck, and the force was applied by a clip with 

gaskets that reduce the crumpling of the hollow blank through a lathe caliper with an 

elastic dynamometer. Deflection angle ³m was determined by the deflection components. 

The experimental points are shown in Figs. 2 and 3. For 1.0 f m f 1.20, the 

experimental data are in satisfactory agreement with the calculated ones; the discrepancies 

do not exceed 20 % for both angle ³m and deflection value. For m > 1.20, the discrepancy 

between the calculated and experimental values increases. 

In all cases when rotating pipes are bent and plastic deformation happens, lateral 

displacement occurs. When bearing capacity is lost and deformation decreases, the 

deflection of pipes occurs not in the direction of force action, as for fixed beams, but at 

angle 90° to the force action line. 

 

Conclusions 

1. The elastic-plastic deformation of rotating circular blanks differs from that of fixed 

pipes significantly. In this case, the direction of maximum deflection does not coincide 

with the direction of the bending force. 

2. Graphs and analytical dependences of deflection on load with respect to bending force 

are given. It is shown that the deflection of a rotating blank (pipe) can exceed that of a 

stationary one by 20325 %. As the maximum load approaches, deflection occurs at an 

angle of ~ 90° to the force direction.  

3. At the stage of unloading, or deformation reduction, it is necessary to carry out 

symmetrical tension-compression cycles, which ensures the quality of straightening. 

4. The design of proper machine tools must take into account the movement of the blank. 
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ABSTRACT  

This study investigates the effects of friction stir processing on the mechanical and damping properties of 

Al-6061 aluminum alloy, reinforced with boron carbide (B4C) nanoparticles. A CNC milling machine was 

used to conduct friction stir processing, varying key processing parameters such as rotational speed, feed 

rate, and the number of passes. The mechanical properties analyzed include ultimate tensile strength, yield 

strength, natural frequency, and damping ratio. An advanced machine learning approach was implemented 

using a long short-term memory model optimized with the sine cosine algorithm to predict the processed 

material9s attributes. The experimental findings demonstrate that friction stir processing significantly 

enhances damping characteristics due to grain refinement, with the highest damping efficiency observed 

at 1400 rpm. Higher rotational speeds resulted in a notable increase in yield strength, attributed to finer 

grain structures. The introduction of B4C nanoparticles further improved damping properties. Additionally, 

the study found that an increased number of friction stir processing passes decreased shear modulus and 

natural frequency while increasing the loss factor and damping ratio. The developed machine learning 

model achieved high predictive accuracy, with R² values of 0.981 for the ultimate tensile strength, 0.991 

for YS, 0.973 for natural frequency, and 0.995 for damping ratio. The special relativity search-optimized 

long short-term memory model outperformed other approaches, attaining R² values ranging from 0.961 to 
0.998 during training and 0.919 to 0.992 during testing. These findings highlight the effectiveness of 

friction stir processing in enhancing material properties and the superior predictive capability of machine 

learning models in capturing the effects of processing parameters. 
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Introduction 

Friction stir processing (FSP) is a material processing technology that operates without 

melting and is based on the principles of friction stir welding (FSW) [1]. It is utilized to 

modify the microstructure and properties of materials, specifically metals and alloys.  

In the FSP procedure, a specially designed rotating tool is introduced into the material 
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and maneuverer along the designated trajectory [2]. The rotating tool generates heat via 

friction, resulting in the material softening without beyond its melting point. As the 

instrument advances, it mechanically stirs the substance, resulting in the disintegration 

and redistribution of the microstructure [3]. Upon completion of the stirring process, the 

material is allowed to cool and undergo recrystallization, resulting in a more refined 

microstructure with improved mechanical properties. Friction stir processing (FSP) is a 

commonly employed method for objectives including grain structure refinement, alloy 

component homogenization, microstructural modification, surface enhancement, and 

defect rectification in castings and welds [4]. The method is versatile and can be used to 

a wide range of metallic materials, including aluminum, magnesium, titanium, steel, and 

their alloys. FSP offers numerous advantages over traditional processing techniques, 

including reduced operating temperatures, minimized distortion, and improved 

mechanical properties [5].  

Friction stir processing (FSP) significantly improves specific mechanical properties 

of materials [6]. FSP does this by enhancing the microstructure of materials, resulting in 

a more uniform grain distribution and a reduction in grain size [7]. This refinement 

frequently enhances the material's tensile strength, becoming it more resilient and less 

susceptible to deformation. Similar to tensile strength, FSP improves the yield strength 

of materials by refining the grain structure and promoting a more uniform distribution of 

alloying elements [8]. As a result, the material demonstrates enhanced resistance to 

deformation and can endure greater levels of stress prior to yielding. FSP can alter the 

microstructure and texture of materials, hence affecting their intrinsic frequency. Friction 

stir processing (FSP) enhances the natural frequency of materials by refining the grain 

structure and introducing compressive residual stresses, hence increasing their 

applicability for applications requiring high vibration resistance [9]. FSP may improve the 

damping characteristics of materials by generating fine, equiaxed grains and promoting 

a more uniform distribution of alloying elements. Microstructural refinement enhances 

the material's ability to absorb mechanical energy, resulting in an increased damping 

ratio and improved vibration-damping properties [10]. Friction stir processing (FSP) offers 

a versatile and cost-effective approach to improving the mechanical properties of 

materials, rendering it applicable across several sectors. The capacity to manufacture 

lightweight, robust components with enhanced durability and performance makes it an 

attractive option for industries that emphasize material properties [11]. The 

improvements make FSP-processed materials highly desirable for various applications, 

including aerospace, automotive, marine, and structural engineering [12]. Traditional 

mathematical modeling techniques and machine learning (ML) present both advantages 

and limitations in accurately simulating friction stir processing (FSP) [13]. The finite 

element method (FEM) is commonly utilized for simulating FSP. The procedure involves 

dividing the substance into small components and employing mathematical formulas to 

analyze each component [14]. The finite element method (FEM) can deliver accurate 

estimates regarding temperature distribution, material flow, and residual stresses during 

friction stir processing (FSP) [15]. Nonetheless, the finite element method (FEM) requires 

simplifications and assumptions, potentially leading to an inadequate depiction of the 

complex physical processes occurring during the finite element analysis. Analytical 

models, such as heat conduction and flow models, provide more straightforward 
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mathematical representations of FSP [16]. These models exhibit remarkable efficiency 

regarding computational resources and can swiftly provide estimations of essential 

process parameters. Nonetheless, analytical models may simplify the physics of FSP and 

may not adequately capture all the complexities of the process. Machine learning (ML) 

techniques extract complex patterns and relationships from data and can be trained to 

predict several aspects of FSP, including temperature distribution, material flow, and 

microstructure evolution. This technique can successfully capture non-linear correlations 

and complex interactions among process components, perhaps resulting in greater 

accuracy than traditional models. Nonetheless, these models require significant amounts 

of data for training and may overfit the training data if not sufficiently regularized [17]. 

Machine learning methods can achieve more accuracy than conventional mathematical 

modeling techniques, especially when addressing complex, non-linear interactions. 

Machine learning techniques typically require a significant amount of data for training, 

while conventional modeling approaches tend to prioritize theoretical equations and 

assumptions [18]. Traditional modeling methodologies are frequently more intelligible 

because of their dependence on physical equations and principles [19]. Conversely, 

machine learning models are often perceived as opaque, creating difficulties in 

comprehending the underlying relationships. Machine learning optimization can 

significantly reduce processing costs relative to traditional optimization techniques [20]. 

Machine learning models can learn from current data and effectively ascertain optimal 

parameter values, hence obviating the necessity for expensive simulations or 

experiments. Upon completion of training, machine learning models may be seamlessly 

transferred to new datasets or FSP applications with minimal further work [21]. This 

facilitates the effective fine-tuning of FSP parameters for diverse materials, geometries, 

or processing conditions. Machine learning algorithms can autonomously identify and 

ascertain significant attributes and correlations within the data, hence reducing the 

necessity for manual feature engineering. This is particularly beneficial for FSP, as the 

relationships between process parameters and output variables can be complex and 

difficult to delineate using traditional methods [22]. 

This work employed aluminium alloy 6061 (Al-6061) as the matrix material in 

metal matrix composites (MMCs), with boron carbide (B4C) acting as the reinforcement. 

Al-6061/boron carbide MMCs exhibit a combination of lightweight, remarkable strength, 

and wear resistance, making them suitable for various applications across multiple 

industries [23]. The Al-6061/boron carbide metal matrix composites possess the 

capability to improve mechanical properties such as strength, stiffness, wear resistance, 

and corrosion resistance [24]. The characteristics of boron carbide reinforcement particles 

can be tailored according to their volume percent and dimensions, leading to a lower 

density in comparison to steel [25]. This renders them ideal for lightweight applications. 

Advanced machine learning techniques provide a novel approach for forecasting optimal 

processing parameters in friction stir processing (FSP) of Al-6061 alloy augmented with 

boron carbide nanoparticles [26]. Our objective is to employ machine learning to 

efficiently optimize the FSP parameters to enhance the mechanical properties and 

performance of the composite material [27]. This innovative method offers a data-driven 

strategy to enhance the efficiency and effectiveness of the FSP process, yielding superior 

Al-6061/boron carbide nanocomposites tailored for high-performance applications [28]. 
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The mechanical properties and dynamic features of the materials were evaluated under 

different processing circumstances. The research employed cutting-edge machine 

learning methods to predict the sample's attributes. This approach enhances a 

comprehensive model of a long short-term memory (LSTME) with the application of a 

sine cosine algorithm (SRS) technique. The created model was assessed in a performance 

evaluation with three other machine-learning methods. 

 

Materials and Method 

Matrix and Reinforcement 

A sheet of aluminum alloy consisting of Al-6061 and having a thickness of 4 mm served 

as the foundation of the construction. For the purpose of reinforcing, the B4C nanoparticle 

was utilized. The results of the chemical analysis that was carried out on the FSP tool and 

the aluminum alloy with the use of a spectroscopic analyzer are shown in Table 1.  
 

Table 1. Composition of Al-6061 alloy 

Elements Si Mg Cu Fe Mn Cr Al 

Wt. % 0.510 0.797 0.219 0.257 0.043 0.157 98.000 

 

According to the results of the transmission electron microscopy (TEM) study, the 

reinforcing particles displayed a distinguished degree of purity, with a measurement of 

99.9 %. Furthermore, the average size of these particles was determined to be 

16 ± 5.6 nm, as seen in Fig. 1. 
 

 
 

Fig. 1. (a) B4C powder in typical form and (b) TEM Analysis of B4C nanoparticles 

 

Processing method 

In order to change the microstructure and characteristics of a material, a solid-state 

joining technique known as friction stir processing (FSP) is utilized. This process makes 

use of frictional heat and mechanical deformation [29]. In order to form longitudinal 

grooves in which reinforcing particles will be included, an aluminum sheet is given the 

preparation necessary for milling. During the FSP process, a tool that has a taper square 

shape is chosen. With the tool that was chosen, the CNC milling machine is prepared for 

use. It is then that the tool comes into touch with the aluminum sheet that has been 
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prepared. As it moves down the sheet, the tool creates grooves that run in a longitudinal 

direction. The tool rotates at a variety of rates during this operation, including 900, 1150, 

1400, and 1650 revolutions per minute, and it travels at a variety of traverse speeds, 

including 10, 15, and 20 mm/min throughout the procedure [30]. 

 

 
 

Fig. 2. (a) FSP processing and (b) tool dimensioning 

 

After the FSP technique has been completed, the samples are subjected to grinding 

using silicon carbide paper that has grit sizes ranging from 220 to 2500. This is done in 

order to remove any surface flaws that may now exist. A water wash is subsequently 

performed on the ground samples in order to remove any abrasive residue or metal 

particles that may have been present. We use a solution that consists of three milliliters 

of hydrofluoric acid with a concentration of fifty percent, eight milliliters of a solution of 

nitric acid, and seventy milliliters of filtered water as the solvent. This solution is used to 

etch the samples. For the purpose of revealing both the microstructure and the 

macrostructure of the materials that have been treated, this etching method is carried 

out at room temperature. Until the required degree of surface quality is attained, the 

etched samples are examined in great detail in order to investigate the microstructure 

and macrostructure of the materials that have been treated. Etching is used to clean 

samples before they are then subjected to analysis. 

In order to determine the magnitude of the treated region, we extracted dog bone-

shaped samples from the central portion of the treated zone and sliced them into flat 

pieces. According to the criteria established by ASTM, these samples were sliced. To carry 

out the tensile testing, a universal testing machine (UTM) with a maximum load capacity 

of one hundred kilonewtons was deployed. Specific dimensions were required for the 

samples in accordance with the standards of ASTM B557: The width is 13 mm, the 

thickness of the sheet is 6 mm, the gauge length is 50 mm, the parallel length is 100 mm, 

the grab section length is 70 mm, and the shoulder radius is 5 mm. Through an 

examination of the composite surface's free vibration, the scientists were also able to 

determine the natural frequency and damping factor of the surface materials. The authors 

decided to connect accelerometers to the cut samples and monitor the vibration response 

of the material in order to gain a better understanding of how the material deteriorates 

over time.  
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Fig. 3. 3050 Pulse analyzer to evaluate free impact vibration 

 

A pulse data analyzer (3050 K&B vibration analyzer, Denmark) and an impact 

hammer (8206 K&B vibration analyzer, Denmark) were utilized in order to accomplish 

this task. The free vibration experiment was carried out five times as part of the procedure 

to guarantee the accuracy of the findings. The frequency response function (FRF), 

damping ratio, and fundamental frequencies of the material were all estimated via a 

modal analysis application known as I Scope. 

 

Special Relativity Search Modeling Approach 

One of the innovative approaches to modeling is known as the special relativity search 

(SRS) technique. SRS provides a fresh viewpoint on the optimization of machine learning 

models, and it is influenced by ideas from theoretical physics, in particular special relativity. 

 

 
 

Fig. 4. Systematic view of LSTME network  

 

The concept of relativistic transformations is the fundamental idea behind SRS.  

In this kind of transformation, variables are dynamically altered according to the relative 

significance they hold and the contribution they make to the overall performance of the 

model. SRS takes into consideration the inherent linkages and dependencies among 

variables, which is analogous to the relativistic effects that are observed in high-speed 
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motion. This is in contrast to typical optimization approaches, which handle variables in 

a uniform manner. The following are important elements that make up the SRS. 

The variable transformation: variables undergo a transformation that is comparable 

to the relativistic effects, in which their values are modified according to the relevance 

of the variables in relation to other variables and the overall purpose of the model. 

 

 
Fig. 5. Special relativity search-based LSTME network model 

 

The concept of dynamic scaling is analogous to the concept of time dilation in 

special relativity. It is possible for variables to undergo dynamic scaling dependent on 

the relative significance of the variables. To guarantee that the model remains balanced 

while giving essential variables a larger weightage, this ensures that the model meets 

the requirements. 

Velocity-based optimization: special relativistic systems (SRS) use velocity-based 

optimization approaches to iteratively tune variable transformations. These techniques 

are inspired by the idea of velocity in special relativity. The model is able to dynamically 

adapt to changing data dynamics and optimization goals as a result of this. 

Not only does SRS take into account the spatial correlations between variables, but 

it also takes into account the temporal dynamics of those variables. Because of this, the 

model is able to recognize complex patterns and relationships across time, which greatly 

improves its ability to make accurate predictions. 

Nonlinear transformations: SRS makes use of nonlinear transformations in order to 

capture both complicated relationships and interactions among variables. This helps to 

improve the expressiveness of the model as well as its ability to accurately predict future 

outcomes. 
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Results and Discussions 

Dynamic characteristics 

The results of the research investigation, which are presented in Figs. 638, unequivocally 

demonstrate that there is a direct connection between the FSP Parameters and the 

damping ratio. However, the capacity to reduce vibrations may be enhanced at a specific 

ideal rotational velocity. This is something that can be done.  
 

 
 

Fig. 6. Damping capacity of the samples at a traverse speed of 10 mm/min 
 

 
 

Fig. 7. Sample9s damping ratio at 15 mm/min traverse speed 
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Fig. 8. Damping capacity of the samples at a traverse speed of 20 mm/min 

 

According to the technical point of view, the rotational speed was set at 900 

revolutions per minute, which resulted in the highest degree of damping capabilities 

being attained in all of the testing scenarios. One may have a better understanding of the 

events by examining the link that exists between the rate of thermal energy creation and 

the rotational velocity. The microstructure becomes more uniform and finely distributed 

as a result of the breakdown of the constituent grains of the material, which is induced 

by the excessive heat. There is an improvement in its capacity to absorb and reduce 

vibrations as a result of the increased density of its streamlined shape.  

Based on the statistical study, it was determined that the damping capacity did not 

change regardless of the pace of travel. Specifically, this can be related with two primary 

variables: There is a possibility that the experiment's travel speed range was too limited 

to find any obvious change in damping capacity. This is something that may be considered 

at first appearance.  

There is a possibility that the oscillations in damping capacity numbers are 

responsible for concealing the actual impact of transit speed. By incorporating boron 

carbide nanoparticles into the metal matrix, the vibration dampening capabilities of the 

material were significantly improved. In order to achieve this improvement, it was 

established that the concentration of nanoparticles in the matrix was the most important 

parameter. As the ratio of nanoparticles was raised, there was a corresponding rise in the 

improvement of damping capacity that was observed. 

When the number of passes is increased, the natural frequency of the samples 

decreases in proportion to the increase. Repetitive agitation of the instrument results in 

the breakdown of material particles, which in turn leads to a reduction in stiffness and 

the subsequent production of this phenomena. However, increasing the number of passes 

results in samples that have a higher damping ratio. This is the opposite of what you 
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would expect. As a result of the agitating action, the grain structure is improved, which 

in turn increases the presence of flaws and improves the grain's ability to collect and 

absorb vibrations. In a similar vein, the sample loss factor will increase in proportion to 

the growing number of different passes. Because of the presence of a grain structure that 

is more accurate, there has been an increase in the amount of frictional losses recorded. 

During vibration, the amount of energy that is transformed into heat is quantified by the 

loss factor, which is the opposite of the energy conversion factor. Increasing the number 

of passes also results in a decrease in the retained modulus of the samples. There is a 

high probability that the reason is the deterioration of the grain structure, which leads to 

a decreasing elasticity. Increasing the number of passes results in a loss modulus trend 

that is comparable to the one we saw in the samples. The main justification for this 

occurrence is supplied by the loss modulus, which quantifies the energy dissipation that 

happens during vibration; materials with finer grain patterns show higher levels of 

frictional losses. This is the core rationale for this occurrence. 

 
Table 2. Significant Process Parameters of FSP Process 

Rotational 

speed, rpm 

Number of 

passes 

Transverse 

speed, mm/min 

Damping 

ratio (·) 
Loss  

factor 

Shear  

modulus, MPa 

1650 3 20 2.98 0.058 26.12 

900 3 15 3.57 0.072 25.91 

 

The differences in the dynamic properties of the samples at different RPMs are 

summarized in Table 2, which gives a short summary of the subject matter. The natural 

frequency of each specimen decreases as the revolutions per minute (RPM) rises. This 

occurs as a result of the increased heat generated by the greater spinning speed, which 

leads to the grain structure being more disorganized and the material becoming less rigid. 

In spite of the fact that the samples indicate a decrease in stiffness, the damping ratio 

demonstrates an increase as the RPMs climb. The reason for this is because the grain 

structure has been polished much further, which makes it possible for imperfections to 

absorb and attenuate vibrations more effectively. Increasing the rotational speed also 

results in a rise in the loss factor, which is a measurement of the amount of energy that 

is lost during vibration. At faster speeds, the grain structure becomes finer, which results 

in larger frictional losses. This is the reason why this is the case. The shear modulus of 

the samples falls as the revolutions per minute (RPM) increases. The frequent agitation 

of the tool is responsible for this phenomenon. This agitation causes the particles of the 

material to break down, which ultimately leads to a reduction in the material's flexibility. 

The loss modulus of the sample, which is a measure of the amount of energy that is lost 

during vibration, likewise increases as the speed at which the sample is spinning 

increases. When rotational velocities are raised, a finer grain structure is formed, which 

results in increased frictional losses. This is the reason why this circumstance occurs. A 

direct association exists between the rise in the complex moduli of the samples and the 

increase in rotational speed. This correlation also exists between the two variables. The 

complex modulus is a mathematical representation of the overall stiffness and damping 

qualities of the material. Shear modulus of the samples decreases as the revolutions per 

minute (RPM) increases. The rationale for this is because increasing the RPMs makes it 



AI-driven modeling and prediction of mechanical properties of additively manufactured Al-6061/B4C composite   133 

 

more difficult to shear the grain structure that is smaller, which ultimately results in a 

reduction in the shear strength. The results of this study demonstrate that the dynamic 

characteristics of the samples are altered when the rotational speed of the samples 

increases during the processing phase. 

The results of the study indicate that there is a clear connection between the rate 

of rotation and a number of dynamic properties of the specimens. As the revolutions per 

minute (RPM) increases, the natural frequency and shear modulus drop. This is because 

the increase in dampening ratio and loss factor was observed to be the reason for the 

decline. According to the findings of the study, friction stir processing has the potential 

to significantly improve the damping capabilities of materials by producing a grain 

structure composition that is more refined. This more finely structured grain structure 

makes it possible to inject a greater number of faults into the material, which in turn 

helps the material to more effectively catch and absorb vibrations. As an additional point 

of interest, the findings provide light on the connection that exists between the speed at 

which an object is moving and its capacity to dampen vibrations. The dampening effect 

is also enhanced by traverse speed, which is similar to the impact of rotational speed. 

The greater thermal energy that is created during the process assists in dissolving 

granules, which in turn reduces the stiffness of the encapsulated particles. Additionally, 

the creation of a finer grain structure at greater traversal speeds increases the presence 

of defects in the material, which in turn enhances the material's capacity to catch and 

absorb vibrations. 

 

Mechanical properties 

The grain structure is refined using the friction stir surface processing, which has a major 

impact on the mechanical properties of the materials through its use. A highly prominent 

average grain size of around 142 ¿m is observed in the earliest stages of the Al-6061 

base alloy, which exhibits an aspect ratio of approximately 32.3 % within the initial 

stages. As a result of three rounds of FSP, the average grain size falls to 12.92 ¿m, while 
the aspect ratio increases to 91.8 %.  

 

 
 

Fig. 9. Optical microscope (a) Al-6061 alloy and (b) Al-6061/B4C FSP-ed composite 

 

The microstructure picture shown in Fig. 9 illustrates that a reduction in grain size 

is a strong indicator that the grain structure has been successfully refined by FSP. The 
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results of the investigation suggest that there is a connection between the mechanical 

characteristics and the rotating speed of the instrument.  
 

 
 

Fig. 10. Tensile strength of the specimens at different RPM (a) 900 RPM, (b) 1150 RPM,  

(c) 1650 RPM and (d) 1400 RPM  
 

 
 

Fig. 11. Yield strength of the specimens at different RPM 
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It has been observed that the rotating speeds have a beneficial impact on the 

ultimate tensile strength (UTS) and yield strength (YS) of the samples, which ultimately 

results in the increase of these properties (Figs. 10 and 11). There is a clear correlation 

between the higher speeds, which creates more heat, and the disintegration of grains, 

which is a direct result of the stronger material. The more finely organized microstructure 

that results from higher rotational velocities is responsible for the increased yield 

strength of the material. Additionally, the material's capacity to tolerate deformation is 

enhanced, which leads to an increase in the material's yield strength. Increasing the 

number of FSP passes results in a drop in both the yield and ultimate tensile strengths 

(UTS and UTS, respectively). As a result of the frequent agitation of the instrument, the 

grains gradually get fragmented, which ultimately compromises the structural integrity 

of the material. In a similar vein, decreasing the feed rate causes a slower dissipation of 

heat, which in turn leads to a drop in mechanical properties as a result of less grain 

disintegration. 

 

Predicted results 

In order to make predictions about the characteristics of the processed data, this research 

endeavor makes use of four different machine-learning models. The UTS, YS, natural 

frequency, and damping ratio are all included in the models respectively (Fig. 12315).  

In contrast to the subsequent three models, which combine LSTME with optimization 

strategies, the first model is an independent LSTME. The LSTME-FHO, the LSMTE-SRS, 

and the LSTME-DMOA are some of the optimization strategies that are discussed in this 

article. Both the training and testing of the models are carried out with the use of 

empirical data.  

The remaining thirty percent of the data is reserved for testing, while seventy 

percent of the data is given up to training. In order to evaluate the effectiveness of each 

model, three different indicators of accuracy are utilized. The root mean square error 

(RMSE), the coefficient of determination (R2), and the mean absolute error (MAE) are the 

metrics that are utilized in this study. 
 

 
Fig. 12. Training process of experimental and predicted data 
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Fig. 13. Testing process of experimental and predicted data 

 

 
Fig. 14. Training processing error of experimental and predicted data 

 

 
Fig. 15. Testing processing error of experimental and predicted data 



AI-driven modeling and prediction of mechanical properties of additively manufactured Al-6061/B4C composite   137 

 

According to the findings, there is a significant connection between the data that 

was obtained through experimentation and the data that was projected. When compared 

to the performance of all of the other models that were used, the LSTME-SRS model 

demonstrated higher performance, with the LSTME-DMOA and LSTME-FHO models 

following closely behind a close second. Throughout the entirety of the training and 

testing stages, the independent LSTME model demonstrates the least level of agreement 

with the experimental data.  

A further demonstration of the agreement is provided by the absolute error research, 

which demonstrates that the LSTME-SRS consistently has the lowest error across all 

features. This demonstrates that it has a stronger predictive potential. The absolute errors 

that are exhibited by LSTME-DMOA and LSTME-FHO are relatively low when compared 

to the errors that are created by LSTME-SRS and the solo LSTME model. 
 

 

 
 

Fig. 16. QQ plots during training and testing of data 

 

Considering the extraordinary capacity of the LSTME-SRS algorithm to generate the 

least amount of absolute error, it is clear that the algorithm is highly effective in 

accurately predicting a wide variety of characteristics of the processed data. In terms of 

prediction accuracy, our findings indicate that LSTME-SRS performs better than other 

models, which suggests that it is able to successfully anticipate the characteristics of 

processed data. When LSTME-DMOA and LSTME-FHO are compared to LSTME-SRS in the 

QQ graphs shown in Fig. 16, there is a stronger link between the anticipated data and the 

actual data.  
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The statement is made in respect to the other two ideas that have been proposed. 

In comparison to the other models that were examined, the single LSTME model 

demonstrates the least amount of connection with the available experimental data. The 

close connection or proximity of the yellow outcomes to the diagonal lines is evidence 

that the predictions produced by LSTME-SRS are accurate. This proximity can be observed 

in the yellow results. The projected data that was created by the independent LSTME 

model, which is represented by a light blue color, on the other hand, displays a higher 

distance from the diagonal lines. The fact that this gap exists is more evidence that 

LSTME-SRS performs better than LSTME, LSTME-FHO, and LSTME-DMOA in terms of 

performance in terms of accuracy. In order to evaluate the correctness of the models, a 

number of performance metrics were utilized. These metrics included R2, MAE, and RMSE 

measures.  
 

Table 3. Machine-learning model and performance measures 

Properties Models 
Training data Testing data 

R2 RMSE MAE R2 RMSE MAE 

Ultimate 

tensile 

strength, MPa 

LSTME-SRS 0.969 12.446 9.735 0.916 22.820 19.373 

LSTME-FHO 0.903 16.867 1.399 0.708 65.429 30.877 

LSTME-DMOA 0.899 17.088 14.439 0.889 49.553 41.315 

LSTME 0.792 40.970 34.291 0.725 81.095 68.701 

Yield strength, 

MPa 

LSTME-SRS 0.971 10.878 8.539 0.958 19.681 17.526 

LSTME-FHO 0.907 15.444 12.581 0.760 40.988 33.503 

LSTME-DMOA 0.948 15.137 12.636 0.939 24.136 21.052 

LSTME 0.886 30.813 25.397 0.865 55.295 44.406 

Natural 

frequency, Hz 

LSTME-SRS 0.982 2.817 2.232 0.957 2.697 2.475 

LSTME-FHO 0.969 5.785 4.478 0.714 4.715 3.824 

LSTME-DMOA 0.928 5.610 4.435 0.849 5.875 4.900 

LSTME 0.671 6.707 5.260 0.544 5.866 4.984 

Damping ratio 

(·) 

LSTME-SRS 0.997 0.173 0.139 0.990 0.259 0.228 

LSTME-FHO 0.993 0.376 0.309 0.827 0.461 0.407 

LSTME-DMOA 1.004 0.389 0.318 0.982 0.592 0.501 

LSTME 0.750 0.691 0.567 0.728 0.632 0.536 

 

To make things easier for you, the findings are presented in a condensed version in 

Table 3. The prediction efficacy of diverse LSTM-based models for ultimate tensile 

strength (UTS), yield strength (YS), natural frequency, and damping ratio (·) is assessed 

utilizing statistical measures including R² (coefficient of determination), RMSE (root mean 

square error), and MAE (mean absolute error). A superior R² value denotes enhanced 

predictive accuracy, and diminished RMSE and MAE values imply decreased prediction 

mistakes. The LSTME-SRS model routinely surpasses others in all attributes, exhibiting 

exceptional predictive performance. For UTS, LSTME-SRS attains the maximum accuracy, 

evidenced by R² of 0.969 in training and 0.916 in testing, alongside the lowest RMSE 
(12.446 and 22.820 MPa) and MAE (9.735 and 19.373 MPa). The LSTME-FHO and LSTME-

DMOA models exhibit modest accuracy, however the standard LSTME model has worse 

performance, achieving R² of just 0.725 during testing and considerably elevated error 
values. Likewise, for yield strength, LSTME-SRS demonstrates enhanced accuracy with R² 
of 0.971 during training and 0.958 during testing, resulting in minimum RMSE (10.878 
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and 19.681 MPa) and MAE (8.539 and 17.526 MPa). The foundational LSTME model is the 

least successful, exhibiting R² of 0.865 and elevated error metrics. The LSTME-SRS model 

yields optimal predictions for Natural Frequency, achieving R² of 0.982 during training 
and 0.957 during testing, while exhibiting minimal RMSE and MAE values. Conversely, 

the base LSTME model demonstrates the worst performance, achieving a testing R² of 
just 0.544. Ultimately, for the damping ratio (·), LSTME-SRS achieves exceptional 

accuracy with R² of 0.997 during training and 0.990 during testing, accompanied by 

negligible RMSE (0.173 and 0.259) and MAE (0.139 and 0.228), establishing it as the most 

dependable model. The LSTME-DMOA and LSTME-FHO models exhibit satisfactory 

performance; however, the standard LSTME model is the least successful, demonstrating 

R² of just 0.728 during testing, accompanied by considerably greater error rates. The 
results underscore the exceptional predictive capability of LSTME-SRS, establishing it as 

the most efficacious model for predicting material properties, hence providing enhanced 

accuracy and dependability in forecasting mechanical and vibrational characteristics. 

 

Conclusions 

The study utilized a CNC milling machine to perform FSP on Al-6061 aluminum alloy, 

incorporating boron carbide nanoparticles as reinforcements. The primary objective was 

to examine the influence of key processing parameters4feed rate, number of passes, and 

rotational speed4on the mechanical properties of the processed samples. Specifically, 

the study focused on UTS, YS, natural frequency, and damping ratio. To enhance 

predictive accuracy, an advanced machine learning approach was employed using LSTME 

model optimized with SRS. The following conclusions were mentioned follows: 

1. Friction stir processing significantly improves the damping properties of Al-6061 alloy by 

refining the grain structure, with maximum damping efficiency observed at 1400 rpm. 

2. Increasing rotational and traverse speeds enhances both mechanical properties and 

damping performance, while additional FSP passes improve the damping ratio but reduce 

the shear modulus and natural frequency. 

3. The incorporation of boron carbide nanoparticles further improves damping 

capabilities, contributing to better material performance. 

4. Higher rotational speeds generate increased thermal energy, promoting grain breakdown 

and finer grain structures, which enhance yield strength and overall material toughness. 

5. The SRS-optimized LSTME model demonstrated high predictive accuracy, achieving R² 
values of 0.981 for UTS, 0.991 for YS, 0.973 for natural frequency, and 0.995 for damping 

ratio, outperforming other machine learning models. 
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ABSTRACT 

The electrochemical crystallization of nickel/graphene oxide composite electrochemical coatings was 

researched by the chronovoltamperometry method. The microstructure of the composite electrochemical 

coatings was studied by scanning electron microscopy and X-ray diffraction analysis. The microhardness 

and corrosion rate of nickel/graphene oxide composite electrochemical coatings obtained at different 

cathode current densities were measured. It was revealed that in the presence of a dispersed phase of 

multilayer graphene oxide, the rate of the cathode process increases. Based on scanning electron 

microscopy and X-ray diffraction data, it was found that the dispersed phase affects the crystal structure of 

the nickel matrix. In the presence of graphene oxide, the nickel deposit is formed uniform and fine-grained. 

It was found that the microhardness of the nickel/graphene oxide composite electrochemical coatings 

increases ~ 1.20 times compared with pure nickel. This is a consequence of the formation of fine crystalline 

deposits with long grain boundaries, which prevents the movement of dislocations and plastic deformation 

of the crystal lattice. Tests in 3.5% NaCl showed that the inclusion of graphene oxide particles in the 

composition of electrolytic nickel deposits leads to a decrease in their corrosion rate by 1.3531.60 times. 

This effect is due to the fact that graphene oxide particles ensure a uniform distribution of corrosion 

currents over the coating surface, and in the structure of composite electrochemical coatings, the dispersed 

phase forms compounds that are more corrosion resistant than the metal matrix. 
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Introduction 

Electrochemical deposition of coatings based on nickel and its alloys is one of the most 

effective methods for surface modification of steel products to protect them against wear 

and corrosion [1]. Significant improvement in the characteristics of electrolytic nickel can 

be achieved through its co-deposition with various dispersed particles. Electrochemical 

deposits modified with a dispersed phase are called composite electrochemical coatings 

(CECs). In particular, nickel-based CECs, due to their excellent adhesion, high hardness 

and abrasion resistance, find applications in mechanical engineering, chemical and 

oil/gas industries, medical equipment etc. [234]. 

The performance characteristics of composite coatings are largely determined by 

the dispersed phase. Among the wide variety of dispersed materials, carbon derivatives 

have attracted considerable attention from researchers. Specifically, nickel CECs modified 

with carbon nanotubes [537], fullerenes [8,9], nanodiamonds [10,11], graphene and its 

oxide [12316] have been obtained. The latter occupies a special place among carbon 
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compounds. Graphene is a two-dimensional material with a high specific surface area. Its 

interaction with strong mineral acids leads to the formation of graphene oxide (GO). In 

the structure of GO, carbon atoms are bonded to oxide functional groups (carbonyl, 

carboxyl, epoxy etc.), which make it hydrophilic and enable the formation of stable 

aqueous dispersions. These compounds are inert in many aggressive environments, 

making them suitable for corrosion protection [17319]. Additionally, the high physical 

and mechanical properties of GO are of particular interest [20]. 

The aim of the present work is to obtain, under stationary electrolysis conditions 

(galvanostatic mode), composite coatings based on nickel modified with multilayer GO, 

and to study their structure, physical and mechanical and corrosion properties. 

 

Materials and Methods 

The Ni-GO composite coatings were deposited on a steel substrate (Steel 45) from a 

sulfate-chloride electrolyte (Table 1) with constant stirring using a magnetic stirrer. Pure 

nickel electrochemical deposits were obtained from a similar solution without the GO 

dispersed phase. The coating thickness was 20 ¿m. Preliminary preparation of the 

electrode surface prior to coating deposition included mechanical polishing with micron-

grade sandpaper, anodic treatment in 48 % H3PO4 at a current density of 50 A/dm²  
for 5 sec and rinsing with distilled water. 

 

Table 1. Electrolyte composition and electrochemical deposition parameters 

No. Electrolyte composition Concentration, g/l Deposition parameters 

1 

2 

3 

4 

NiSO4·7H2O 

NiCl2·6H2O 

CH3COONa 

graphene oxide 

220 

40 

30 

10 

Temperature T = 45 °% 

Cathode current density ik = 7, 8, 9, 10 �/dm2 

 

Multilayer GO was synthesized through electrochemical oxidation of natural 

graphite powder GB/T 3518-95 (China) in galvanostatic mode. A detailed description of 

the synthesis method and the structure of the formed GO is provided in [21]. Phase 

composition studies were conducted using an ARL X'TRA device (Thermo Scientific, 

Ecublens, Switzerland) with Cu K³ radiation (» = 0.15412 nm). The surface morphology of 

nickel coatings was examined using an ASPEX Explorer scanning electron microscope 

(ASPEX, Framingham, MA, USA). Electrochemical measurements were performed using a 

P-30J potentiostat (Elins LLC, Russia). Potentials were set relative to a saturated 

silver/chloride reference electrode and recalculated according to the hydrogen scale. 

The Vickers microhardness (HV) of the deposits was measured using a PMT-3 

instrument (LOMO JSC, Russia) by static indentation of a diamond pyramid under a 100 g 

load. HV values were calculated based on seven parallel tests, with a measurement error 

of 3 %. The surface roughness parameter (Ra) of nickel coatings was determined using a 

TR 220 profilograph-profilometer (TIME GROUP Inc., China). The average roughness value 

was calculated from five parallel measurements. To evaluate the corrosion rate of nickel 

coatings, studies were conducted in a 3.5 % NaCl solution. 
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Results and Discussion 

During electrochemical co-deposition with metals, dispersed phase particles influence 

the kinetics of electrode (cathodic) processes. As chronovoltamperometry results show 

(Fig. 1), nickel electrodeposition in the presence of GO exhibits a potential shift toward 

more positive values compared to pure nickel. Consequently, the cathodic reduction rate 

increases for Ni-GO CECs. Morphological analysis of GO revealed [21] that this compound 

has an ordered layered structure with individual layer thickness below 0.1 ¿m.  

The Brunauer3Emmett3Teller method determined GO's specific surface area as 

46.78 m²/g [21]. The developed surface of GO may adsorb cations from the solution, 

leading to positive charging of dispersed phase particles. Therefore, GO transfer to the 

cathode occurs not only through convection, but also via electrophoretic forces [14316]. 
 

 
Fig. 1. Potentiodynamic polarization curves of electrochemical deposition of nickel (1) and CEC Ni-GO (2) 

(potential sweep rate Vp = 8 mV/s) 

 

 
 

Fig. 2. XRD pattern of nickel and Ni-GO CEC obtained at a current density of ik = 10 A/dm2 
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X-ray diffraction analysis (XRD) of the obtained coatings revealed changes in 

nickel's crystal structure under GO influence. X-ray diffraction peaks at 44.5° and 52.2° 
(Fig. 2) correspond to nickel's (111) and (200) crystal planes, respectively [11]. According 

to the X-ray diffraction, the main orientation for nickel crystals is the (200) direction. 

While peak intensities at 52.2° remain unchanged for nickel without dispersed phase and 
Ni-GO CECs, GO presence increases the 44.5° peak intensity, indicating enhanced crystal 

growth along the (111) plane. Clearly, the dispersed phase affects the nickel matrix's 

crystalline structure. GO layers may serve as nucleation sites for metal deposits, 

restricting grain growth and making them more compact. 

Scanning electron microscopy (SEM) analysis of nickel coatings' surface morphology 

demonstrated GO's structural influence. Electrolytic nickel without dispersed phase 

(Fig. 3(a)) shows disordered, coarse-grained structure approaching X-ray amorphous 

state. With GO present, ordered, fine-grained and uniform nickel deposits form (Fig. 3(b)). 

SEM analysis of the composite coatings confirmed carbon presence, proving GO 

incorporation into the nickel matrix. 

 

  
(a) (b) 

 

Fig. 3. SEM images of the nickel surface (a) and the Ni-GO composite coating (b) obtained at a cathode 

current density of ik = 10 A/dm2. Magnification x10000 

 

Grain size calculations based on XPA data (Fig. 2) at the intensity of the crystal 

lattice (111) using Scherrer's equation [22]: ý = 0.9ÿÿ �ýý ý, where » is the wave length and 

equals 0.15412 nm, b is the peak width at half maximum, » is the diffraction angle.  

The calculations revealed grain size reduction from 69.0 nm (nickel without dispersed 

phase) to 21.5 nm (Ni-GO CEC), i.e., over threefold decrease. 

 
Table 2. Parameter Ra values, ¿m of surface roughness of nickel-based coatings 

Cathode current density ik, 

�/dm2 

Roughness parameter Ra, µm 

Nickel Ni-GO 

7 1.395 0.673 

8 1.017 0.420 

9 0.771 0.401 

10 0.596 0.369 
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To characterize the electrolytic nickel deposits condition, its surface roughness was 

measured, i.e., arithmetic mean of absolute values of profile deviations within the base 

length (Ra). The Ra parameter values decrease for composite coatings across studied 

current densities compared with pure nickel (Table 2). Evidently, GO particles promote 

uniform metal deposit distribution across the cathode surface without causing 

agglomeration in the nickel matrix volume. 

The reduction in grain size of nickel deposits and the associated change in surface 

morphology should affect their physical and mechanical properties. The GO layers within 

the coating volume act as vacancy sites and inhibit metal grain growth. This process leads 

to an increased nucleation rate. The crystallites become finer, and the extended grain 

boundaries impede dislocation movement and plastic deformation of the crystal 

lattice [11]. Notably, GO possesses high mechanical properties. When an external load is 

applied to the composite coating, the GO layers absorb part of the load through shear 

stress transfer. Dislocation motion in the nickel matrix is constrained by the GO particle 

layers, resulting in deformation resistance and increased lattice distortion energy [23,24]. 

These factors enhance microhardness from 193832459 MPa (nickel without dispersed 

phase) to 220033076 MPa (Ni-GO CEC), i.e., by ~ 20 % (Table 3). The microhardness of 

the Steel 45 substrate was 894 MPa. 

 
Table 3. Microhardness values HV100 of nickel-based coatings 

Cathode current density ik, �/dm2 
Microhardness HV100, MPa 

Nickel Ni-GO 

7 1938 2200 

8 2150 2520 

9 2350 2938 

10 2459 3076 

 

Another critical operational property of composite coatings is corrosion resistance. 

The corrosion rate (CR) of nickel deposits was determined by mass loss after 24-hour 

immersion in 3.5 % NaCl (weighing before/after testing) using the following equation 

[25,26]: ÿý = ÿÿýþÿ, where K is the constant (8.76;104), W is the mass loss (g), A is the 

coating area (1 cm2), t is the testing time (h) and D is the nickel density, which equals 

8.9 g/sm3. Corrosion tests in 3.5 % NaCl revealed a decrease in corrosion rate from  

0.32830.656 mm/year (nickel without dispersed phase) to 0.20530.492 mm/year (Ni-GO CEC), 

i.e., ~40% reduction (Table 4). The Steel 45 substrate exhibited a corrosion rate of 

0.881 mm/year. 
 

Table 4. Corrosion rate of nickel-based coatings 

Cathode current density ik, �/dm2 
Corrosion rate, mm/year 

Nickel Ni-GO 

7 0.656 0.492 

8 0.574 0.410 

9 0.451 0.328 

10 0.328 0.205 
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The primary factors governing corrosion behavior of the electrolytic nickel deposits are its 

composition and structure. Nickel9s electrochemical corrosion susceptibility depends on 
crystallographic orientation, which determines surface free energy per unit area [25]. The ordered 

fine-crystalline structure of CECs (Fig. 3(b)), unlike nickel without dispersed phase (Fig. 3(a)), 

promotes uniform corrosion current distribution [27,28]. Dispersed phase agglomeration in the 

metal matrix worsens corrosion properties by forming microgalvanic elements [29]. Thus, GO 

inclusions are uniformly distributed throughout the coating volume and surface. Moreover, GO9s 
stability and impermeability elongates the diffusion path for aggressive media [30], preventing 

nickel ion penetration through GO particle cross-sections. It is worth noting that the dispersed 

phase enhances corrosion resistance only if it forms compounds more stable than the metal 

matrix at phase boundaries or throughout the whole volume. Otherwise, corrosion won9t 
stop, bypassing the particles (with possible minor rate reduction). Such stable compounds 

evidently form in the studied Ni-GO CEC structure. All the factors listed above improve the 

corrosion resistance of Ni-GO CECs compared to pure nickel deposits. 

 

Conclusions 

The conducted studies allow to conclude that in the galvanostatic electrolysis mode from a 

sulfate-chloride nickel-plating electrolyte containing a dispersion of multilayer GO, 

composite coatings are formed. The incorporation of the GO phase into the matrix of 

electrolytic nickel deposits leads to changes in their surface microtopography and a reduction 

in grain size from 69 to 21.5 nm. GO contributes to the improvement of physical and 

mechanical and corrosion properties of the studied CECs. Modification of the electrochemical 

coating with dispersed particles results in an increase of microhardness from 193832459   

to 220033076 MPa, as well as a decrease in corrosion rate from 0.32830.656 mm/year 

for nickel without dispersed phase to 0.20530.492 mm/year for Ni-GO CECs. 
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ABSTRACT  

The effect of the magnetron discharge power in the range from 2.2 to 8.2 kW on the deposition rate of 

chrome coatings obtained by spraying an uncooled and cooled planar extended target is studied. The 

coatings were applied to 12Cr18Ni10Ti stainless steel samples with temperature control using a chromel-

copel thermocouple. It is shown that the deposition rate of coatings for an uncooled chrome target 

increases non-linearly with an increase in power of more than 6.5 kW, and at a power of 8.2 kW reaches 

45 µm/h, which is more than 2 times higher than for a cooled target. The results obtained indicate the 

prospects of using such extended magnetron systems to solve a number of applied problems in the energy 

sector, in particular, the formation of thermal barrier coatings on the domestic gas turbine blades. 
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Introduction 

Coatings of chromium and its compounds are widely used in industry. A chromium layer 

can be applied to provide corrosion protection or to increase surface hardness and wear 

resistance. The widely used galvanic chromium plating (electroplating) processes now 

face several restrictions due to the recognition of hexavalent chromium as a carcinogen 

in the 1990s. As a result, many countries have actively begun to develop and implement 

alternative chromium plating processes, among which physical vapor deposition (PVD) 

methods were the most widespread. However, all PVD processes developed to date still 

fall short of electroplating in three key criteria: productivity, cost and the ability to process 

large and elongated products. While recent years have seen the emergence of 

technological setups capable of handling products of varying dimensions [1,2], the 

challenge of improving PVD process efficiency remains unresolved. 

One of the most widely used PVD processes is magnetron sputtering of a target by 

inert gas ions at reduced pressure. The devices implementing this process are called 

magnetron sputtering systems (MSS) [335].  
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Today, MSS are employed for depositing thin films and protective coatings in many 

industries due to their undeniable advantages: drop-free atomic flow, compatibility with 

any conductive materials and semiconductors and relative ease of scaling for large and 

elongated products [638]. The drawbacks of MSS include low deposition rates, target 

material utilization coefficient not exceeding 30 ÷ 40 % and a low percentage of 

ionization of sputtered atoms. The vast majority of industrial MSS use cooled ("cold") 

targets, where cooling is primarily necessary to prevent overheating of the magnetic 

system [9,10] rather than the processed products. In magnetron sputtering processes for 

coating formation in engineering applications, such as depositing erosion-resistant 

coatings on steam turbine blades or heat-resistant coatings on gas turbine blades, the 

temperature of the products can reach 400 °C or higher. For such tasks, cooled targets 
are not strictly necessary. Target heating occurs mainly due to the kinetic energy 

transferred to the target by accelerated ions generated in the magnetron discharge 

plasma burning region, leading to sublimation of material from the target surface. 

Sublimation significantly increases the deposition rate. The target material must have 

sufficient sublimation rates at its heating temperature, which is determined by the Hertz-

Knudsen equation [11] (e.g., chromium or titanium). The target mounting design should 

minimize heat transfer to the magnetron9s cooled parts, for example, by using thermal 
insulation gaskets. This positively affects the growing film9s structure and enhances the 
productivity and cost-efficiency of the coating process. 

Recently, several studies [12328] have been published on uncooled chromium 

target sputtering, but these are research-oriented, as they used small planar round 

targets. In contrast, engineering applications require elongated planar targets 

comparable in size to the products. Elongated target sputtering (circa over 500 mm) 

presents technical challenges, particularly in ensuring uniform heating along the target9s 
length, since the sublimation rate is a power function of temperature. 

This study investigates the effect of discharge power on the deposition rate of 

chromium coatings formed by magnetron sputtering of an elongated uncooled target for 

industrial protective coating applications. 

 

Materials and Methods 

The coatings were formed using a vacuum system developed at National Research 

University "Moscow Power Engineering Institute" [29,30], equipped with four elongated 

magnetrons arranged in opposing pairs ("face-to-face") at a distance of 300 mm. The 

magnetic fields of the magnetrons were synchronized to form a closed magnetic field in 

the space between them. 

Thanks to the specialized planetary mechanism of the system's carousel, various 

processing and coating deposition modes could be implemented. In particular, it was 

possible to perform ion cleaning (etching) of samples using one pair of magnetrons while 

depositing coatings with the other pair, which was utilized in the present study. 

Coating deposition was performed using a planar elongated magnetron with both 

cooled and uncooled targets made of chromium (99.9 %). The target dimensions were 

710 × 65 × 6 mm3, with the uncooled target assembled from separate plates. A key feature 
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of the uncooled target's cathode assembly was its attachment to the magnetron through 

a thermal insulation gasket, ensuring low heat transfer and consequent target heating. 

Coatings were deposited on polished 12Cr18Ni10Ti stainless steel samples 

measuring 30 × 40 × 1 mm3. During the technological process, samples were mounted on 

a rotating fixture positioned in front of the magnetron. The target-to-fixture rotation axis 

distance was 150 mm. Experiments were conducted in high-purity argon atmosphere, 

with argon supplied to the vacuum chamber using an RRG-10 gas flow controller. 

Target temperature was measured during the experiment using a chromel-alumel 

thermocouple with its tip installed at the target's side edge, allowing placement near the 

magnetron discharge zone. Sample temperature was monitored with a chromel-copel 

thermocouple with sample potential. 

The coating process involved chamber preheating and high-vacuum pumping to 

5 × 10{³ Pa using a diffusion pump. Argon was supplied to the chamber with 15.3 NL/h 

(normal liters per hour) consumption during all experiments. Ion cleaning of sample 

surfaces was carried out in glow discharge with magnetron discharge support on cooled 

targets for 10 min across all power ranges. During cleaning the heating of uncooled 

targets was carried out. Temperature measurements showed the uncooled target reached 

steady-state conditions within 10 min across the entire applied power range from 2.2 to 

10 kW. The sample fixture was then moved to the uncooled target's deposition zone and 

after that the coating was deposited. During coating, samples rotated directly in front of 

the target. For cooled target experiments, samples remained stationary and after cleaning 

the coating was deposited. Coating deposition time was 20 min for all experiments with 

-100 V bias voltage applied to samples. During transfer between cleaning and deposition 

zones for uncooled targets, samples temporarily assumed floating potential. Coating 

thickness was measured with Calotest Compact measuring device using ball cratering in 

accordance with ISO 1071-2, with deposition rates calculated from thickness data. For 

some experiments, metallographic microsections were manufactured, which were 

examined using a TESCAN MIRA 3 LMU scanning electron microscope. 

 

Results and Discussion 

Figure 1 shows photographs of (a) an uncooled chromium target with an installed 

thermocouple in its lower part, (b) magnetron discharge on the surface of the uncooled 

target in argon plasma, (c) glow of the uncooled target immediately after turning off the 

magnetron discharge. Figure 1(b,c) demonstrates that target heating is uniform along its 

entire length. Table 1 presents the measured coating thickness and growth rate, as well 

as target and sample temperatures for the uncooled target. 

Figure 2 shows the dependence of target temperature (curve 1) and sample 

temperature (curve 2) on discharge power in the range from 2.2 to 8.2 kW. Target 

temperature measurements were taken during brief turning offs of the discharge to avoid 

electromagnetic interference with the thermocouple.  

Target temperature is a critical technological parameter that allows monitoring the 

onset of target material sublimation. The obtained dependencies of power influence on 

temperature (Fig. 2) and deposition rate (Fig. 3) are necessary for correlating target 



152  G.V. Kachalin, K.S. Medvedev, A.B. Tkhabisimov, D.I. Iliukhin 

temperature values with the beginning of its sublimation process, characterized by 

nonlinear growth in deposition rate. 

Sample temperature is determined by the balance of power fluxes reaching its 

surface 3 the flow of sputtered atoms, crystallization heat, radiation from the heated 

target surface 3 and radiation from the sample surface [30]. The dependence of sample 

temperature on magnetron discharge power allows selecting a coating deposition mode 

that prevents changes in the sample9s (product9s) microstructure. Figure 3 shows the 

dependencies of chromium coating deposition rates obtained from the data in Table 1. 
 

   
(4)   (b)    (c) 

 

Fig. 1. Uncooled chromium target: (a) the thermocouple place of installation; (b) magnetron discharge in 

argon plasma; (c) the view immediately after turning off the discharge 

 

Table 1. Coating thickness and growth rate and target and sample temperatures 

Power, 

kW 

Cooled target Uncooled target 

Coating 

thickness, ¿m 

Coating growth 

rate, ¿m/hour 

Coating 

thickness, ¿m 

Coating growth 

rate, ¿m/hour 

Target 

temperature, °% 

Sample 

temperature, °% 

2.2 1.74 5.22 1.76 5.3 679 335 

3.2 2.6 7.8 3.2 9.6 876 374 

4.1 3.2 9.6 4.3 12.9 993 400 

5 4.0 12.0 5.0 15.0 1060 431 

5.9 4.6 13.8 6.0 18.0 1114 446 

6.5 5.0 15.0 6.6 19.8 1123 480 

7.3 5.8 17.4 8.2 24.6 1158 498 

8.2 6.5 19.5 15.0 45.0 1176 543 
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Fig. 2. Dependences of the temperature of the uncooled target (1) and sample (2) on the magnetron 

discharge power 

 

 
 

Fig. 3. Dependences of chromium coating growth rates on the magnetron discharge power for uncooled 

(1) and cooled (2) targets 

 

Figure 3 demonstrates that at powers exceeding 6.5 kW, a nonlinear increase in 

coating growth rate is observed, caused by the addition of atoms evaporated from the 

target surface to the flow of sputtered atoms. At 8.2 kW power, the growth rate more than 

doubles, indicating equal flows of sputtered and evaporated chromium atoms from the 

target surface. Similar results were obtained for a magnetron with a small round uncooled 

target [17,31]. 

The obtained results demonstrate that increasing target temperature can 

significantly enhance chromium coating growth rates, which has substantial economic 

importance for industrial applications. Moreover, the sublimation process of target atoms 
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generally occurs from the entire heated target surface, which can improve target 

utilization efficiency. 

Figure 4 shows that coatings in both cases (sputtering from cooled and uncooled 

targets) have dense columnar structures without visible pores or defects. However, in the 

case of the uncooled target (Fig. 4(b)), the chromium coating structure is finer-grained, 

with column widths ranging from 0.2 to 1.2 µm, while sputtering from a cooled target 

(Fig. 4(a)) produces columns up to 3 µm wide. 

 

  
(4)      (b) 

 

Fig. 4. Transverse sections of chromium coatings obtained by sputtering from a cooled (a) and uncooled 

(b) targets at a power range of 7.3 kW 

 

Although the differences in coating structure may be insignificant in this particular 

case, they will inevitably affect coating properties. Furthermore, it should be expected 

that increasing coating growth rate through sublimation may reduce mechanical 

properties while increasing porosity and structural defects, due to the significant 

difference in energy between sputtered and evaporated atoms. 

In [32], we investigated characteristics of chromium coatings obtained from an 

elongated uncooled target, which showed high adhesion and low roughness at high 

growth rates. However, we believe that optimal coating formation parameters will need 

to be determined for each specific application. 

 

Conclusions 

As a result of a series of experiments on chromium coating formation using elongated 

cooled and uncooled targets, it was established that when increasing the magnetron 

discharge power above 6.5 kW (which in our experimental conditions corresponds to an 

uncooled target temperature exceeding 1100 °C), a significant nonlinear increase in 
coating growth rate is observed. 

At a magnetron discharge power of 8.2 kW, the growth rate of chromium coatings 

from an uncooled target more than doubles compared to the growth rate from a cooled 

target. This growth rate enhancement is associated with material sublimation from the 

target surface. 
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The results of this study were obtained for the first time and demonstrate the 

promising potential of using magnetrons with uncooled elongated targets to improve the 

efficiency and competitiveness of modern magnetron sputtering systems for industrial-

scale protective coating formation. 
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ABSTRACT 

Gradient energy-absorbing nature-inspired cellular metamaterial with high energy-absorbing properties has 

been developed, made from polyamide-12 using selective laser sintering technology. It is shown that the 

gradient structure provides the effect of "pseudo-plastic failure" due to layer-by-layer deformation of the 

metamaterial with a significant increase in the energy absorption value, which was 1.88 MJ/m3 for the plastic 

series, and 1.45 MJ/m3 for the brittle series. 
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Introduction 

Materials with repeating cells of varying shapes and sizes are one of the types of modern 

metamaterials [1]. Currently, cellular materials find extensive applications across 

multiple scientific and technical domains: mechanical engineering (energy absorbers, 

thermal and acoustic insulation substrates [2]), medicine (implants and prostheses), 

chemical industry (functional reactor and catalyst bases) etc. In nature, cellular materials 

exist as bionic structures 3 honeycomb formations of highly organized insects (bees, 

wasps, hornets), lipid bilayer membranes, marine coral formations, beetle exoskeletons, 

mammalian bones etc. However, most such structures are either doubly periodic 

(exhibiting structural periodicity along two directions), like honeycombs, or spatially 

stochastic (irregular) 3 e.g., polymer and metal foams. 

The works of Academician V.Ya. Shevchenko9s team [339] have demonstrated that 

to enhance physical and mechanical properties of cellular materials in technical 

applications, triply periodic minimal surfaces (TPMS) show particular promise. TPMS are 

https://www.rscf.ru/project/20-73-10171
http://dx.doi.org/10.18149/MPM.5322025_14
https://orcid.org/0000-0002-2249-350X
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regular triply periodic structures (periodic along three directions) with zero mean 

curvature. A surface is considered minimal, when its mean curvature equals zero at any 

point [10]. It was the German mathematician Karl Schwarz who introduced the TPMS 

geometry based on mathematical calculations in 1865 [11]. Due to its isotropic cellular 

structure, large specific surface area, smoothness and controlled geometric parameters 

(due to the change in the parameters of the mathematical equation describing their 

geometry), TPMS-based materials offer promising solutions for various physical 

applications [12315]. 

It is known that TPMS-based materials efficiently dissipate various energy types, 

including mechanical energy [16], and serve as structural materials due to their high 

specific strength and high isotropy of physical properties [17,18]. It is worth noting that 

materials with a similar structure are also found in nature 3 in cuticular structures in 

butterfly wing scales [19], chloroplast membranes [20], armadillo armor [21], fish 

scales [22] 3 qualifying TPMS as nature-inspired structures. 

However, their structural complexity long hindered manufacturing TPMS-based 

materials [23]. Widespread research and practical implementation only became feasible 

with additive manufacturing (AM) rapid development. Today, AM is a pivotal tool for 

developing novel promising materials and products for high-tech industries [24]. 3D 

printing significantly expands production capabilities and is integral to "digital materials 

science" concept [25]. AM enable creating complex geometries unattainable via 

traditional subtractive methods of manufacturing [26], particularly TPMS-based cellular 

materials. Nevertheless, despite active research and popularization, precise methods and 

approaches to design and prediction of mechanical and other physical properties of 

TPMS-based cellular materials and similar ones remain underdeveloped due to their 

topological complexity. 

This study aims to develop a gradient cellular material with high energy-absorption 

capacity and controlled deformation mechanisms. Gradient materials here denote 

macroporous structures with directional mechanical property variations via geometric 

modulation. The work comprehensively investigates the physical and mechanical 

properties of a gradient cellular material with Schwarz Primitive (Schwarz P) geometry, 

comparing results with similar non-gradient macroporous structures. 

 

Materials and Methods 

Manufacturing technology 

For the research purposes, 3D models of specimens with Schwarz P surface geometry 

were developed, described by an implicit function with a varying unit cell size parameter 

t [16] according to the equation: ÿ ; cos(x) +  b ; cos(y) +  c ; cos(z) =  ý.            (1) 

where a, b, c are the numerical coefficients in the equation; t is a geometric parameter 

(indicator). 

The isosurface level parameter t took the following values: -0.9, -0.6, -0.3, 0, 0.3, 

0.6. In this case, the numerical coefficients a, b, c were equal to 1. It should be noted that 

as parameter t increased, the unit cell size in the TPMS structure decreased while 

maintaining equal values along all three directions (Fig. 1). To study the influence of 
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structural heterogeneity on the physical and mechanical properties of the specimens, a 

gradient sample was developed with height-dependent geometric parameter t, where 

t = z/24, with z being the height coordinate. 

Modeling was performed using parametric methods in Rhinoceros 6 software with 

Grasshopper plugin, and the models were saved in STL format for 3D printing. Autodesk 

Netfabb software was used to correct errors in STL files; structure renders are shown in Fig. 1. 
 

 
 

Fig. 1. Renders of the Schwartz P structure with different parameters (geometric indicator t)  

 

The selective laser sintering (SLS) technology was chosen as the 3D printing 

method, implemented on an FORMIGA P100 3D printer by Electro Optical Systems. In this 

method, a laser sinters polymer powder particles layer by layer, fusing them together to 

create the structure [27]. The key advantages of this technology include high printing 

accuracy and absence of support structures [28]. EOS Parameter Editor software was used 

to prepare models for printing. Two series of specimens were printed from polyamide-12 

(PA-12, Ã j 1 g/cm³) with dimensions of 60 × 60 × 60 mm3 (6 × 6 × 6 unit cells) with 

different t parameter values under varying manufacturing conditions (Table 1). 

 
Table 1. 3D printing modes for PA-12 samples 

No. Parameter Mode 1 Mode 2 

1 Layer thickness h, µm 100.0 

2 Table temperature T1, °% 169.5 173.0 

3 Chamber temperature T2, °% 150.0 173.0 

4 Laser power P, W 22.0 

5 Filling distance s, µm 250.0 

6 Laser scanning speed V, m/s 25.0 

7 Energy density E, J/cm3 35.2 

 

To introduce a gradient of physical and mechanical properties into the base structure, 

a gradient was applied along one direction (height) by linking it to the TPMS equation. 

Thus, the equation of the gradient Schwarz P surface, considering Eq. (1), took the form: 
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cos(x) +  cos(y) +  cos(z) =  ý24.              (2) 

It is assumed that the strength of each layer in the gradient structure corresponded 

to the strength of an isotropic specimen with the same t value. The general appearance 

of the gradient cellular structure is shown in Fig. 2. 
 

 
 

Fig. 2. The general appearance of the gradient cellular structure 

 

Testing 

The specimens were subjected to compression testing according to GOST 4651-2014 (ISO 

604:2002)1 standards on a REM-50-A-1-1 tensile testing machine with maximum load 

capacity of 50 kN and loading rate of 5 mm/min. Given that 3D-printed products exhibit 

mechanical property anisotropy, compression strength tests were conducted along the 

specimen's build direction [8]. In addition to TPMS compression tests, tensile tests of 

witness samples were performed in accordance with GOST 11262-2017 (ISO 527-2:2012)2 

at 5 mm/min rate to investigate the material's physical and mechanical properties. 

 

Results and Discussion 

Non-gradient specimens 

The test results yielded stress Ã versus relative strain ̧  curves for series 1 and 2 specimens 

(Figs. 3 and 4). The deformation curves differed significantly: specimens printed at lower 

temperature (series 1, mode 1) exhibited dominant elastic-plastic deformation up to 

¸ j 70 % (Fig. 3(a)), whereas series 2 specimens (Fig. 3(b)) manufactured under mode 2 

failed brittlely at 15320 % strain. 

 
1 Interstate Council for Standardization, Metrology and Certification (ISC). Plastics. Compression test method. 

GOST 4651-2014. 2014. 16 p. 
2 Interstate Council for Standardization, Metrology and Certification (ISC). Plastics 4 Determination of tensile 

properties 4 Part 2: Test conditions for moulding and extrusion plastics, MOD. GOST 11262-2017. 2018. 24 p. 
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Fig. 3. Deformation curves for both series at different t parameter: (a) series 1; (b) series 2 

 

To evaluate physical and mechanical properties of the samples under study, 

compression curves were analyzed and witness samples underwent tensile testing. Stress 

calculation was performed according to the following equation: ÿ = ýÿ ,                 (3) 

where N is the applied load and S is the specimen base area (calculated via outer 

dimensions). 

As shown in Fig. 4, the series 1 specimens demonstrate eight distinct characteristic 

regions. During specimen deformation in region I, stress increases sharply while 

maintaining proportionality law (Hooke's law), therefore this region can be classified as 

elastic deformation zone. At the end of region I, the Hooke's law no longer applies. Six 

subsequent regions (regions II3VII) exhibit elastic-plastic deformation with mutually 

similar patterns 3 regions of cellular structure layers deformation. Region II reaches the 

maximum (ultimate tensile strength) where rapid deformation of the first cellular layer 

occurs. Stress then decreases with continuing deformation accumulation. At the end of 

region II and at the beginning of region III, complete "collapse" of the first cellular layer 

occurs. Regions III3VII qualitatively replicate region II. At the end of region VII and at the 

beginning of region VIII, the sixth (final) cellular layer "collapse". Region VIII is 

characterized by exponential load increase, marking the onset of plastic deformation. 
 

 

Fig. 4. Deformation curves for both series at t = 0: a) series 1; b) series 2 
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The deformation curve characteristics differ for series 2 specimens. Region I 

represents the elastic deformation zone, obeying Hooke9s law as in Series 1. Region II is 

the transitional zone where compressive ultimate tensile strength is achieved. Region III 

shows crack propagation leading to brittle failure of the sample. 

Unlike series 1, series 2 specimens exhibit brittle failure 3 upon reaching ultimate 

strength, they fracture rather than undergoing progressive layer-by-layer deformation. 

Comparing Figs. 5(b) and 5(c) one can observe that series 2 specimens fracture similarly 

to brittle ceramic materials. This behavior is characteristic of brittle materials where 

failure occurs along planes of maximum shear stress, typically oriented at 45° angles [29]. 
 

 
 

Fig. 5. Post-test specimens: (a) t = 0.3, series 1; (b) t = 0.3, series 2; (c) ceramic sample 

 

Plasticity of the materials was assessed via indirect metrics: residual relative 

elongation at rupture · and residual relative contraction (cross-section reduction) Ë at 

rupture [9]. Results are summarized in Table 2. 

 
Table 2. PA-12 mechanical properties under tension 

No. Parameter Series 1 Series 2 

1 Ãmax, MPa 50.0 49.0 

2 ¸(Ãmax), % 12.9 14.6 

3 ¸max, % 13.1 21.1 

4 ·, % 12.9 9.8 

5 Ë, % 9.3 3.0 

6 �, MPa 8.3 9.5 

 

From Table 2, it follows that the change in cross-sectional area Ë and elongation · 

for series 1 specimens printed at lower temperature T are higher than for series 2 

specimens with increased T. This indicates that series 2 specimens exhibit reduced plastic 

properties compared to series 1 under equal conditions and identical printing energy 

density. It is possible that at high sintering temperatures, PA-12 crystallizes, consequently 

making the printed product more brittle [30]. This leads to the conclusion that to achieve 

high energy absorption characteristics, it is necessary to consider the polymer's 

crystallization temperature value, particularly for polyamide, when adjusting printing 

temperature, as it directly affects the final product's properties. 

It is known that energy-absorbing materials should possess high plasticity. 

Maximum energy absorption A of the specimens was evaluated from the obtained 

deformation curves using the equation: ý = + ÿdýý0 .                (4) 
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The test results demonstrate that increasing sintering temperature leads to 

embrittlement and altered deformation behavior of the specimens (Fig. 3). Consequently, 

these specimens are unsuitable for mechanical energy absorption applications. Table 3 

shows that brittle specimens9 energy absorption decreases several-fold compared to the plastic 

series 3 for instance, plastic specimens with t = 0.6 reach energy absorption of 1.13 MJ/m³, 
while brittle specimens under equal conditions show three times lower values. However, 

higher sintering temperatures increase specimens9 strength and Young9s modulus by 1.5 

and 2 times, respectively, which is advantageous for their use as structural components. 

Table 3 further reveals that increasing t parameter enhances the cellular structure9s 
strength. Additionally, these structures exhibit layer-by-layer deformation and failure. 

This suggests that creating a gradient structure with varying t parameter between layers 

would correspondingly increase Ã¸°³ progressively from layer to layer. 
 

Table 3. Mechanical properties of two TPMS specimen series 

t 
�, MJ/m3 Ãmax, MPa �, MPa 

Series 1 Series 2 Series 1 Series 2 Series 1 Series 2 

-0.9 0.87 0.23 1.50 2.11 25.9 23.9 

-0.6 0.77 0.32 1.64 2.83 31.8 51.6 

-0.3 0.95 0.30 1.81 2.59 38.1 50.3 

0.0 1.03 0.32 1.90 2.92 34.8 53.4 

0.3 0.99 0.39 1.94 2.83 35.5 50.2 

0.6 1.13 0.32 2.31 2.87 46.3 52.5 

 

Gradient specimen 

To improve brittle material9s energy absorption, a structure was developed that is capable 
of sequential layer failure through variation of layers9 physical and mechanical properties, 
achieved by implementing geometric gradient via parameter t modulation. This gradient 

geometry may compensate for material brittle properties during deformation. 

Compression tests confirmed that despite inherent brittleness of series 2 specimen, the 

gradient specimen failed layer-by-layer (Fig. 6), progressing from least robust to most 

robust layers. During the testing the specimen demonstrated brittle, but local fracture 3 

inside every layer, which led to the effect of "pseudo-plastic behavior" of the specimen. 
 

 
 

Fig. 6. Sequential layer-by-layer failure of gradient structure (series 2)  
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For comparison, Fig. 7 presents deformation curves of gradient and isotropic (non-

gradient) series 2 specimens with constant t. It is obvious, that the curve characteristics 

vary, resembling plastic material9s deformation curve. Besides, according to the curve 
characteristics, each layer9s strength of gradient structure progressively increases with 
increasing t value, i.e., the material exhibits spring-like behavior until reaching Ã¸°³, 
followed by plastic deformation. These results confirm that parameter t variation 

effectively controls TPMS cellular materials9 operational properties. 
 

 
 

Fig. 7. Deformation curves of cellular structures (series 2, t = -0.9):  

(1) gradient specimen, (2) isotropic specimen 
 

Figure 8 shows ultimate tensile strength Ã¸°³ dependency from the parameter t for 

both series9 gradient specimens. Both series show monotonic ultimate tensile strength 

increase with increasing t, though brittle series maintains higher absolute values, 

consistent with non-gradient structures. 

 

 
 

Fig. 8. Ultimate tensile strength Ã¸°³ dependency from t parameter for gradient specimens:  

(1) series 1; (2) series 2  
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To use these structures as energy absorbers, energy absorption �g calculations were 

carried out for plastic and brittle series, yielding Ag1 = 1.88 MJ/m³ and Ag2 =1.45 MJ/m³, 
respectively. According to the results, gradient structures enhanced energy absorption 

significantly heterogeneity of physical and mechanical properties of the cellular structure 

layers. When comparing the values of A between gradient and isotropic structures, it can 

be noted that for the plastic series (1 series) the increase was j 60%, while for the brittle 

series (2 series) the increase was j 270%. 

 

Conclusion 

Gradient cellular nature-inspired metamaterial samples based on the TPMS "Schwarz 

Primitive" geometry were developed, fabricated from polyamide-12 using selective laser 

sintering (SLS) and investigated. 

The following tasks were completed: 

1. Modeling and manufacturing of a cellular nature-inspired metamaterial with gradient 

structure. 

2. Investigation of mechanical properties of TPMS-based cellular material (Schwarz 

Primitive) with varying parameter t (cell size). 

3. Analysis of mechanical properties of cellular material depending on specimen sintering 

conditions. 

4. Identification of mechanical anisotropy in the gradient structure, mitigating the 

properties of isotropic TPMS (Schwarz Primitive) made from brittle polyamide. 

It was concluded, that increasing t parameter enhances strength and energy 

absorption, while elastic modulus changes nonlinearly. When changing 3D printing 

parameters: chamber temperature (�T1 = +23.0°C) and table temperature (�T2 = +3.5°C) 

during sintering, induce brittleness in plastic specimens, likely due to increased 

crystallinity. Tensile tests revealed reductions in · (33.1%) and Ë (36.3 %). For 

compressed TPMS specimens of two different series with various t values, higher sintering 

temperatures improve mechanical indicators, such as strength and elastic modulus, but 

reduce energy absorption. 

Gradient structures with varying t parameter along height, printed via mode 2 

exhibited a shift in compression failure mechanism: from brittle fracture (t = const) to 

"pseudo-plastic behavior" (t = 30.9...0.6). They also demonstrated simultaneous 

improvements in strength and energy absorption. Therefore, it can be concluded, that 

macrostructural and mechanical property gradient of such specimens effectively 

counteracts the brittleness of isotropic TPMS, regardless of the base material9s plasticity, 

which is crucial for energy-absorbing applications. 

Therefore, it can be said that the study proposes a method for designing 

macroporous structures that combine high strength and Young9s modulus with enhanced 

energy absorption. High mechanical properties are achieved by optimizing 3D printing 

parameters to control polymer crystallization during manufacturing process. Decreasing 

plasticity is compensated by gradient geometry of cellular structure, and energy 

absorption value is higher that that of non-gradient specimens irrespective of polymer 

crystallinity. 
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