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Contact problems with a stamp in the form of an acute-angled 

wedge acting on an anisotropic composite layer 

V.A. Babeshko 1 ú , O.V. Evdokimova 2, O.M. Babeshko 1 , V.S. Evdokimova 1 

1 Kuban State University, Krasnodar, Russia 

2 Southern Scientific Center of the Russian Academy of Sciences, Rostov-on-Don, Russia 

ú babeshko41@mail.ru 

ABSTRACT  

In this paper, for the first time, the block element method provides an exact solution to the contact problem 

of the action of a rigid wedge-shaped stamp with an acute angle on a layer of composite material having 

arbitrary anisotropy. The research is based on the application of the block element method. In comparison 

with strip stamps, it contains an additively additional term describing the concentration of contact stresses 

at the angular point, that is, at the top of the stamp. The calculation of the indicator of the peculiarity of 

the concentration of contact stresses at this point is close to the values performed by numerical methods 

in a number of works. In the zone considered away from the top of the stamp, the exact solution turns into 

a solution for the case of a semi-infinite stamp. The developed method is applicable to composites of 

arbitrary anisotropies arising in linearly elastic materials and crystals of any cross sections that allow the 

construction of the Green function, and hence the two-dimensional Wiener-Hopf integral equations. The 

exact solution of two-dimensional Wiener-Hopf integral equations has made it possible, thanks to fractality, 

homeomorphism of stamp carriers and solution functions, to construct exact solutions to contact problems 

for wedge-shaped, sharply angled stamps. 

KEYWORDS  

contact problems " anisotropy " composite " Wiener-Hopf integral equation " block element " factorization 

wedge-shaped region with an acute angle 
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Introduction 

Mixed tasks, including contact tasks, play an important role in a wide variety of practice 

areas. They arise in the problems of strength and fracture [1], wave propagation in elastic 

bodies [2], acoustics [3], non-destructive testing methods [4], the theory of scattering of 

electromagnetic waves and the creation of an electronic element base [5], the theory of 

waves in a liquid [6,7], geophysics [8], tribology [9,10]. Studies of anisotropic problems, 

including for composites and contact problems, were carried out using both analytical 

and numerical methods in [9327]. It should be noted that the transition in spatial 

problems to anisotropic media, and especially to composites, is associated with 

significant difficulties due to the complexity of differential equations describing such 

media. For the cases of layered media, the construction of Green's functions is carried out 

using integral Fourier transforms. Difficulties arise when calculating the roots of a 

http://dx.doi.org/10.18149/MPM.5332025_1
https://orcid.org/0000-0002-6663-6357
https://orcid.org/0000-0003-1283-3870
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characteristic equation and when studying the properties of Green's functions, in particular, 

determining all its features. In isotropic cases, this can be done, and in anisotropic cases, 

for composites, it is almost impossible. To illustrate this, the form of the integral equation 

of the contact problem is given below for an orthotropic layer of thickness.  

It is assumed that the friction-free layer lies on a rigid base and a rigid friction-free stamp  

acts on the layer [15]. The orthotropic layer is characterized by a state matrix of the form: 

ÿ = 66
ÿ11 ÿ12 ÿ13 0 0 0ÿ21 ÿ22 ÿ23 0 0 0ÿ31 ÿ32 ÿ33 0 0 00 0 0 ÿ44 0 00 0 0 0 ÿ55 00 0 0 0 0 ÿ66

66.  

The integral equation is represented in the form: ý� = ,  ÿ ý(ý 2 �, þ 2 ÿ)�(�, ÿ)���ÿ = �(ý, þ),  ý, þ * ÿ, ý(ý, þ) = 14ÿ2 +  >2> +  >2> ÿ(ÿ, �)�2ÿ(ÿý+�þ)�ÿ��,  ÿ(ÿ, �) = þ1(ÿ, �)þ221(ÿ, �),   þý(ÿ, �) = ���6�ÿ�(ý, ÿ, �)6,   �1�(1, ÿ, �) = �1�(2, ÿ, �) = ÿÿ�5(ÿ�2þ�(1) 2 þ�(3))�/ÿ�,  �2�(1, ÿ, �) = �2�(2, ÿ, �) = ÿ��4(ÿ�2þ�(2) 2 þ�(3))�/ÿ�,  �3�(1, ÿ, �) = þ�(3)�/ÿ�,   �3�(2, ÿ, �) = ÿ�(þ�(3) + �7ÿ2þ�(1) + �8�2þ�(2))�/ÿ�,  �4 = ÿ44ÿ33 ,  �5 = ÿ55ÿ33 ,  �7 = ÿ13ÿ33 ,  �8 = ÿ23ÿ33.  

The parameters, three of which are taken to describe the core, are the roots of a 

complex equation [15]: ÿ0ÿ6 + ÿ2ÿ4 + ÿ4ÿ2 + ÿ6 = 0. Obviously, the relations turned out 

to be extremely complex and the use of previously developed methods for solving them, 

using detailed properties of the kernels of integral equations [12317], becomes 

practically impossible. However, the creation of new structural materials, including 

anisotropic composites, leads to the need to apply solutions to contact problems in 

engineering practice, and demands the greatest possible proximity of the approximate 

solutions obtained to the exact ones, including in non-classical fields. For example, the 

approximation of solutions by splines, boundary elements, and eigenfunctions loses some 

important properties of contact stresses in approximate solutions. In some cases, they do 

not describe the concentration of contact stresses at the stamp boundaries, especially at 

the corner points. The tendency of the malleability of the medium is not always caught 

when the size of the stamps is reduced. A special place is occupied by contact problems 

in areas whose boundaries have angular sets. In [24], an exact solution of the contact 

problem in the quarter plane is constructed for the isotropic case. This approach has 

proved useful for constructing a solution to this contact problem for the anisotropic case. 

The research is based on the block element method, in an application for integral 

equations. He allowed the problems formulated above for anisotropic problems to be 

bypassed and transferred to the problems of calculating contour integrals, which is 

already quite simple to implement numerically, and something can be studied 

asymptotically.  



Contact problems with a stamp in the form of an acute-angled wedge acting on an anisotropic composite layer  3 

 

Setting the task 

The contact problems of the action of an absolutely rigid stamp on a multilayer medium in 

the area of a quarter plane (Fig. 1) [24], and in an acute-angled wedge (Fig. 2), are considered.  

 

 

 
Fig. 1. The figure shows a part of the unlimited 

area of the first quadrant occupied by the stamp 
Fig. 2. The contact area of the sharp-angled 

stamp, with the angle of the ÿ 

 

It is assumed that the multilayer medium is an anisotropic composite for which the 

Green's function is constructed. With its help, the integral equation of the contact problem 

is obtained. Methods for constructing Green's functions for anisotropic media are described 

in sufficient detail in [12317]. Their peculiarity is the complexity of the kernels of the 

integral equations of contact problems, which leads to significant complications of the 

methods of their solution. This is reflected in the complex nature of the stress-strain state 

of the medium at the boundary and in the inner region. In [9317], the construction of 

Green's functions for a sufficiently large set of media of complex rheology, including 

anisotropic composites, is considered. In [12314], the behavior of a number of surface 

characteristics for various layered media used in engineering practice was studied. In a 

number of works, approximate methods for solving mixed problems for such materials have 

been developed. At the same time, as practice shows, approximate methods do not always 

catch all the features of solving contact problems. In this regard, the construction of exact 

solutions allows us to develop approximate methods in such a way that they are consistent 

with correctly reflecting all aspects of the behavior of the stress-strain state of the contact 

problem. This is especially important in contact problems considered in non-classical fields, 

when the stamp boundaries contain angular points. With this in mind, an integral equation 

is considered, the properties of the core of which cover a wide range of types of anisotropic 

composites. Fourier transforms of the kernels of integral equations are just analytical 

functions that have a certain asymptotic behavior at infinity and do not have special points 

on each of the real axes. The Wiener-Hopf integral equation, given in the first quadrant [24], 

Fig. 1, is considered. It has the form: ý� = +  >0 +  >0 ý(ý 2 �, þ 2 ÿ)�(�, ÿ)���ÿ = �(ý, þ),  0 f ý f >,  0 f þ f >,  ý(ý, þ) = 14ÿ2 +  ý1 +  ý2 ÿ(ÿ, �)�2ÿ(ÿý+�þ)�ÿ��,  ý(ÿ, �) = +  >0 +  >0 �(�, ÿ)�ÿ(ÿý+�ÿ)���ÿ +  ý1 ,  ý(ÿ, �) = +  >0 +  >0 �(�, ÿ)�ÿ(ÿý+�ÿ)���ÿ.  (1) 

                                                                                  2
x  

0  1
x  

 

 

0 
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The functionÿ(ÿ, �), which is generally complex-valued, is generated by solving an 

anisotropic boundary value problem in a multilayer medium, is continuous and summable 

on the axes for both arguments, with behavior at infinity of the form: ÿ(ÿ, �) = ÿ(ÿ21), � = const, ÿ(ÿ, �) = ÿ(�21), ÿ = const, |ÿ|,$|�| ³ >.  (2) 

 

The solution of the integral equation 

The contours ý1, ý2 are taken in accordance with the implementation of the Mandelstam 

principle [14]. The uniqueness theorems are valid for integral equation (1) [14]. The research 

carried out in [24,25] made it possible by the method of factorization and block element to 

construct an exact solution of the integral equation (1), which is given by the theorem: under 

the conditions of uniqueness, the solution of the integral equation (1) for a function 

summable on a semi-axis and having a continuous first derivative is given by the equation: �(ý, þ) = 14ÿ2 +  >2> +  >2> ý(ÿ, �)�2ÿ(ÿý+�þ)dÿd�.  (3) 

The designation is accepted here: ý(ÿ, �) = ÿ21ý 2 12 [ ÿ+ÿ21{ ÿ2ÿ21ý }2ÿ + ÿ+�21{ ÿ2�21ý }2� +  +ÿ+ÿ+�21 { ÿ+ÿ2�21 { ÿ2ÿ21ý }+ÿ }2� + ÿ+�+ÿ21 { ÿ+�2ÿ21 { ÿ2�21ý }+� }2ÿ ].   (4) 

The operators in curly brackets are described in detail in [14] and have the form: {þ(ÿ, �)}+ÿ = 12ÿÿ + ÿ(ý,�)ý2ÿ �ý1 �, $ÿ * ýÿ+,  {þ(ÿ, �)}2ÿ = 2 12ÿÿ + ÿ(ý,�)ý2ÿ �ý1 �, $ÿ * ýÿ2,  {þ(ÿ, �)}+� = 12ÿÿ + ÿ(ÿ,ÿ)ÿ2� �ý2 ÿ, $� * ý�+,  {þ(ÿ, �)}2� = 2 12ÿÿ + ÿ(ÿ,ÿ)ÿ2� �ý2 ÿ, $� * ý�2,   ÿ+ÿ(ÿ, �) = �ý� 12ÿÿ + þ� ÿ(ý,�)ý2ÿ �ý1 �,  ÿ * ýÿ+,   ÿ2ÿ(ÿ, �) = �ý�( 2 12ÿÿ + þ� ÿ(ý,�)ý2ÿ �ý1 � ),  ÿ * ýÿ2,  ÿ+�(ÿ, �) = �ý� 12ÿÿ + þ� ÿ(ÿ,ÿ)ÿ2� �ý2 ÿ,  � * ý�+,   ÿ2�(ÿ, �) = �ý�( 2 12ÿÿ + þ�ÿ(ÿ,ÿ)ÿ2� �ý2 ÿ ),  � * ý�2.  

(5) 

Here ý³+, ý³2 are the complex areas above, plus, and below, minus, the contour ý1, 

and are the areas ý+́, ý2́ above, plus, and below, minus, the contour ý2, respectively. 

Proof. We show that the integral equation (1) is exactly satisfied by the functions (3) 

and (4). We introduce the function (3) into the integral equation (1), represented as: ý� = 14ÿ2 +  >0 +  >0 +  >2> +  >2> ÿ(ÿ, �)�2ÿ[ ÿ(ý2ý)+�(þ2ÿ) ]�(�, ÿ)���ÿ�ÿ�� = �(ý, þ).  

After using the notation (1), we get the representation: ý� = 14ÿ2 +  >2> +  >2> ÿ(ÿ, �)ý(ÿ, �)�2ÿ(ÿý+�þ)�ÿ�� = �(ý, þ). Let's add from Eq. (4) to this 

formula ý(ÿ, �) and examine the integral on the left. As a result of a simple analysis of 

the exclusion of terms that turn the integral to zero, we are convinced that the ratio is 

obtained: ý� = 14ÿ2 +  >2> +  >2> �2ÿ(ÿý+�þ)ý(ÿ, �)�ÿ�� = �(ý, þ). This proves the theorem. 

  

Investigation of the properties of the solution 

1. In the solution presented by Eq. (4), the first term on the right forms a forced 

component of the solution describing it in the zone farthest from the boundaries of the 
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quarter plane. Therefore, it does not contain stress concentrations. Note that the 

degenerate component is formed equally by each of the axes. 

2. The second and third terms contain the boundary stress concentrations 

characteristic of the one-dimensional Wiener-Hopf integral equations [14]. Similar to the 

one-dimensional case [14], they give features of the form ý212 and þ212 on the rectilinear 

boundaries of the stamp. To study estimates of the behavior of the solution �(ý, þ) near 

the boundaries and at the corner point of the stamp, using an estimate of the behavior of 

the function ý(ÿ, �), the following method of estimating the Fourier integral is used. 

Estimation of Fourier integrals with a small parameter calculated from continuous 

functions with the property having the form: +  >2> �ÿ�2ÿþýÿ(�)��,  ÿ >> 1,  ÿ(�) = ÿ(�21),  � >> 1,  ý ³ 0.  (6) 

It is obtained by replacing the integration parameter � = �ý21. It gives the value: +  >2> (�ý21)ÿ�2ÿýÿ(ý�21)ý21�� > ý2ÿ +  >2> �ÿ�2ÿýÿ(�21)�� > ÿ(ý2ÿ),$$þ� ÿ < 1,  ý ³ 0. 

3. The fourth and fifth terms describe stress concentration at the angular point of 

the stamp. Below are several examples that reveal properties of solutions to the two-

dimensional Wiener-Hopf integral equation that were not previously known. 

Example 1. This is the simplest example that shows that the obtained solution (3) 

turns into an exact solution of the integral equation (1) for the case when Eq. (1) 

decomposes into one-dimensional equations solved by the traditional one-dimensional 

method of Wiener-Hopf equations [5]. This happens when there is a separation of variables 

in the core of integral equation (1), that is ý(ý, þ) = ý1(ý)ý2(þ). It happens when the 

Fourier transform has a kernel, called the symbol ÿ(ÿ, �) of the integral equation, with the 

property ÿ(ÿ, �) = ÿ1(ÿ)ÿ2(�). Performing the calculations required by Eq. (4) on the 

symbol, we find: ÿ+ÿ+�(ÿ, �) = ÿ1+ÿ+�(ÿ)ÿ2(�) = ÿ1(ÿ)ÿ2+�+ÿ(�) = 0. Thus, in Eq. (4), 

the last two terms on the right disappear and solutions of one-dimensional integral 

equations remain. 

Example 2. Thanks to operators (5) according to Eqs. (3) and (4), the solution of the 

two-dimensional Wiener-Hopf equation can be constructed for fairly general anisotropic 

contact problems in an integral form. The construction of the solution �(ý, þ) values must 

be obtained by performing numerical inversion of the integral (3) for specific tasks. To 

identify the properties of the solution of the two-dimensional Wiener-Hopf integral 

equation, one can use the approach first introduced by W. Koiter for one-dimensional 

Wiener-Hopf integral equations. In contact tasks, W. Koiter [14] introduced the 

approximation of the complex kernel of the one-dimensional Wiener-Hopf integral 

equation by a simpler function to simplify its solution. In the case under consideration, 

we choose the approximation of the kernel by the function: ÿ(ÿ, �) j (ÿ2 + þ2�2 + ý2)212 c ý(ÿ, �),  ý, þ > 0.  (7) 

This approximation is anisotropic and satisfies condition (2). We investigate  

the integral equation (1) with the symbol ý(ÿ, �). We show the rule of forming the terms 

of the integrand function ý(ÿ, �). When factorizing by some parameter, the rest  

are on the real axis, although, for accuracy, they should also tend to infinity. Factoring 

the function ý(ÿ, �) by parameter onto the upper half-plane, we obtain: ý+ÿ(ÿ, �) = [ ÿ + ÿ(þ2�2 + ý2)12 ]212 = ÿ(ÿ212) ý > 0. 
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Factorization of a function ý+ÿ(ÿ, �) by a parameter � onto an upper complex  

half-plane can be performed precisely, in integral form, by normalizing ý+ÿ(ÿ, �)  

to 1 for |�| ³ >. To do this, consider a function tending to unity at.  

We have: þ(ÿ, �) = :ÿ(þ2�2 + �2)14ý+ÿ(ÿ, �) ³ 1,  |�| ³ >,  � = �����, from here:  ý+ÿ+�(ÿ, �) = (þ� + ÿ�)214 �ý� 12ÿÿ + þ� ÿ(ÿ,ÿ)ÿ2� �ý2 ÿ,  � * ý�+.   

From here we get an estimate: ý+ÿ+�(ÿ, �) ³ ÿ(þ� + ÿ�)214 = ÿ(�214),  |�| ³ >. 

They are evaluated in exactly the same way: ý+�(ÿ, �) = ÿ(�212),  ý+�+ÿ(ÿ, �) = ÿ(ÿ214). 

Introducing these estimates in the form ý+�21(ÿ, �),$ý+�+ÿ21 (ÿ, �) on Eq. (6), we obtain, as 

a result of a simple analysis: �(ý, þ) = ÿ(�234),  � = :ý2 + þ2.  

The result obtained makes it possible to make a comparison with the previously 

studied isotropic case using the considered example. Assuming þ = 1 in Eq. (7), we 

proceed to the isotropic case considered in [17,24]. Figure 2 shows a graph of the 

singularities at the top of the wedge for their various values 2�,  0 < � < ÿ, 

approximately calculated in [17]. In Fig. 2, it is necessary to consider the case 
�ÿ = 0.25 

corresponding to the case of a right angle. There is no friction between the stamp and 

the base for ý = 0. Asymptotic approximations of Bessel functions were used for the 

estimation in [17]. It shows that the value of the contact stress concentration at the 

angular point obtained in this work �234 is close to the value calculated by the 

approximate method. 

Example 3. The described approach is applicable to wedge-shaped stamp of angle ÿ having solutions in the range 0 f ÿ f 90: . The possibility of solving this problem is 

provided by the application of topological transformations. Topology Recently, it has 

been increasingly penetrating into various areas of mechanics [28335]. In this case, to 

solve the problem of contact problems for sharp-angled stamps, it is necessary to 

construct a homeomorphic mapping of the topological space generated by the carrier and 

the function of the sharp-angled stamp and the topological space for the stamp with a 

right angle. The result is a solution to the integral equation for an acute-angled wedge. 

In the constructed solution, then, a return is made to the initial parameters describing the 

coordinates of the acute-angled wedge. One of the tests of the correctness of the 

constructed solution for an acute-angled die is the exact satisfaction of the integral 

equation of the contact problem and the values of the contact stress concentration 

indicators at the angular points of the acute-angled stamps of different angles of the 

solution. The values of the contact stress concentration at the corner points of the die, 

calculated by the above method for different angles of the wedge solution, are given in the 

table. They are close to the values obtained earlier by the approximate method in [17].  

The solutions for contact problems for sharp-angled stamps have the form (3), (4),  

in which it is necessary to introduce the parameters of the inverse mapping of the 

constructed homeomorphisms for stamps. Omitting the details, we present a table of the 

features calculated by the described method at the angular point of the wedge-shaped 

die for different solutions of the wedge angle ÿ.  

Omitting the details, we present a table of calculated features at the angular point 

of the wedge-shaped die for different solutions of the wedge angle ÿ. Calculated 
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indicators of the contact stress characteristics at the angular point of a wedge-shaped die 

for different solutions of the wedge angle are presented in Table 1. All values are close 

to those calculated by the approximate method in [17]. The advantage of the obtained 

result is the representation of contact stresses in the form of decomposition into 

components that perform a certain role by specifying the values of the concentration of 

contact stresses under the stamp. This opens up the possibility of controlling the degree 

of impact of the stamp on the deformable base by selecting the appropriate properties of 

the stamp sole �(ý, þ). 

 
Table 1. Calculated indicators of the contact stress characteristics at the angular point of a wedge-shaped 

die for different solutions of the wedge angle �(ý, þ) = ÿ(�2ÿ) ÿ 0° 10° 20° 30° 40° 50° 60° 70° 80° 90° ÿ 1 0.9608 0.9222 0.8850 0.8498 0.8178 0.7902 0.7687 0.7548 0.7500 

 

Conclusions 

In this paper, for the first time, an exact solution of the two-dimensional Wiener-Hopf 

integral equation is constructed by the factorization method. It allows solving a wide range 

of contact problems for anisotropic composite materials and obtaining accurate solutions 

in an integral form. In addition, the method allows us to construct high-precision 

approximate solutions of contact problems in two-dimensional nonclassical domains, more 

accurate than those performed by one-dimensional ones [12317]. This approach replaces, 

when applied [12317], the need to detail the symbol of the integral equation in the 

anisotropic case by calculating contour integrals, which is easily implemented by standard 

computer programs. The paper presents the most general properties of the solution of this 

integral equation, which will undoubtedly be enriched in the study of specific problems. 

The solution can be used both in seismology to identify new precursors of seismic growth 

in mountainous areas with anisotropic properties of the environment [26], and in 

engineering practice when designing products using structural materials. 
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Static and dynamic analysis of trapezoidal cantilever plates 
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ABSTRACT  

Static and dynamic behaviour of trapezoidal cantilever plate are analysed in this work using ANSYS 

software. Static and dynamic analysis of trapezoidal cantilever plate has been carried out and studied the 

effect of change in taper ratio ³t, aspect ratio a/b and varying tip to root width ratio c/b. It has been observed 

that at ³t = 0.6 and c/b = 0.2, non-dimensional frequency of the trapezoidal cantilever plate is higher side, 

when both parameters varied. In bending analysis under uniformly distributed load when ³t = 0.8 and c/b = 0.8 

then tip deflection and stresses will be maximum, whereas under edge load when ³t = 0.8 and c/b = 0.2 

(smallest tip width) will have maximum deflection and stresses. Hence, present numerical results will be 

helpful for further researchers and designers to design safe thin-wall structures. 

KEYWORDS  

trapezoidal cantilever plate " modal analysis " buckling " bending " beam 

Acknowledgement. This work is supported by Research Program supported by the Department of Engineering 

and Technology (Higher Education), India. 

Citation: Kumari E, Choudhary B. Static and dynamic analysis of trapezoidal cantilever plates. Materials 

Physics and Mechanics. 2025;53(3): 9323.  

http://dx.doi.org/10.18149/MPM.5332025_2   

 

 

Introduction 

Free vibration analysis of trapezoidal cantilever plates is a topic of interest in structural 

dynamics and engineering applications such as aircraft wings, turbine blades, balconies, 

etc. A trapezoidal cantilever plate is a plate with one end fixed and the other end free, 

and with a non-uniform cross-section that narrows from the fixed end to the free end. 

The free vibration of such a plate is the natural oscillation that occurs when the plate is 

subjected to an initial displacement or velocity and then left to vibrate on its own. The 

natural frequency and mode shape of the plate depend on its geometry, material 

properties, boundary conditions, and stiffness distribution. Several methods have been 

proposed in the literature to study the static and dynamic behaviour of trapezoidal 

cantilever plates, such as transformation of variables, finite element method, Rayleigh-

Ritz method, and separation of variables.  

 

Advantages of trapezoidal plate over other types of plates 

A trapezoidal cantilever plate is a type of plate that has one end fixed and the other end 

free. The trapezoidal shape means that the width of the plate decreases from the fixed 

end to the free end, resulting in a tapered shape geometry. This shape has several 

advantages over a rectangular or uniform cantilever plate as discussed by [1,2]. Following 

are some advantages (i) reduced weight and material consumption (that will reduce the 

inertial forces, damping effects, stress concentration and fatigue failure on the plates; 

http://dx.doi.org/10.18149/MPM.5332025_2
https://orcid.org/0000-0002-3339-8153
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save costs and resources, and also improve the performance and efficacy of structure);  

(ii) increased stiffness and strength (especially near the fixed end where the bending 

moment is maximum and prevent excessive deflection or deformation of the plate and 

also enhance its load-bearing capacity and durability moreover increased stiffness can 

also increase the natural frequency and resonance quality factor of the thin-walled 

structures, which can improve its sensitivity and selectivity for sensing or energy 

harvesting applications); (iii) improved energy harvesting (trapezoidal shape can improve 

the energy harvesting capability of the plates, especially when it is coupled with a 

piezoelectric material; these plates can increase the output voltage and efficiency of the 

energy harvester by creating a larger strain gradient along the length of the plates). 

Additionally, the trapezoidal shape can increase the bandwidth and adaptability of the 

energy harvester by tuning its natural frequency according to different vibration sources 

or environments. 

 

Applications in different fields of engineering and industry 

Trapezoidal cantilever plates have various applications in different fields of engineering 

such as automotive industry, construction industry, energy industry, biomedical industry, 

etc as discussed by [336]. A trapezoidal cantilever plate can improve the sensitivity and 

selectivity of this detection method by increasing its stiffness and natural frequency near 

its fixed end; applications of trapezoidal plate for aircraft wing is shown in Fig. 1. Also, it 

can also reduce the noise and interference from the environment or other sources by 

increasing its resonance quality factor and damping ratio. 

 

 

 

Fig. 1. Applications of trapezoidal plate i.e. plane fin / vertical stablizer 

 

In this communication, authors reviewed the research papers on trapezoidal 

cantilever plates, focusing on their design, bending, buckling and vibration analysis thin-

walled structures. Majidi et al. [3] analysed a cantilever CNT trapezoidal plate and 

modelled it using FSDT & Generalized differential quadrature method (GDQ). Authors 

derived the governing equations and boundary conditions using Hamilton9s principle. 
They studied the effect of geometrical parameters, volume fraction and distribution of 

Vertical stabilizer 

Rudder 

Horizontal stabilizer 

Elevator 



Static and dynamic analysis of trapezoidal cantilever plates   11 

 

CNTs on the natural frequencies of the plate. Numerical results of study showed that 

adding CNTs to cantilever trapezoidal plates leads to considerable rise in all natural 

frequencies and in order to increase natural frequencies it is better to increase volume 

fraction of CNTs and using FG-X pattern for distribution of CNTs. Also, Numerical 

examples showed that increase in thickness of the plate leads to increase in natural 

frequencies but increase in width of the plate decreases all natural frequencies and may 

change sequence of modes.  

Jena et al. [4] studied the vibration behaviour of trapezoidal cantilever plate-like 

composite beams made of a combination of fibre-reinforced polymer (FRP) composite and 

aluminium alloy using finite element method (FEM). In this study they examined the 

impact of various geometric parameters, such as taper angle, thickness, and width, as well 

as material properties on the modal frequencies and mode shapes of the composite beam. 

Additionally, the results indicated that the modal frequencies and mode shapes were 

influenced by the thickness and width of the beam, as well as the material properties. 

Zamani et al. [7] used the first-order shear deformation theory (FSDT) to derive the 

governing equations of motion for the laminated composites trapezoidal plates. 

Generalized differential quadrature (GDQ) method was employed for solution of 

governing equation and determined the natural frequencies and mode shapes of the 

plates. The effects of different boundary conditions, such as clamped, simply supported, 

and free, on the vibration behavior of the plates were also investigated.  

Wang et al. [8] examined the vibration characteristics of triangular plates with 

different boundary conditions using finite element method. The findings of the study 

showed that the boundary conditions had a significant impact on the vibration 

characteristics of the triangular plates. Specifically, the natural frequencies of the plates 

decreased as the number of support points increased, and the vibration modes became 

more complex for plates with more support points. Torabi and Afshari [9] investigated the 

vibration characteristics of cantilevered trapezoidal thick plate with variable thickness 

through ANSYS. FSDT was used for kinetic and strain energy; Hamilton9s principle used for 
governing equation and boundary condition. Natural frequency and mode shape are 

derived numerically using differential quadrature method. As value of the aspect ratio 

rises, the width of the plate grows which increase both stiffness and mass of the plate 

but value of the increase in mass is more than the increase in stiffness of the plate.  

The analysis of hybrid metal-composite plates has gained significant attention in 

structural engineering due to their wide-ranging applications and superior mechanical 

properties. Shokrollahi and Shafaghat [10] introduced an approach for the free vibration 

analysis of hybrid plates with a trapezoidal platform by incorporating the first-order shear 

deformation plate theory (FSDT) and the global Ritz method. The proposed algorithm 

accurately considers the non-classic effects of transverse shear deformation and rotational 

inertia. Jiang et al. [11] investigated the nonlinear vibration characteristics of trapezoidal 

plates by incorporating von Karman's geometric nonlinearity through a finite element 

method. The authors employed Hamilton's principle to establish the equation of motion 

for each element of the trapezoidal plate, and by assembling these elements, they derived 

the equation of motion for the composite laminated trapezoidal plate. The study explored 

the effects of ply angle and length-height ratio on the nonlinear vibration frequency ratios 

of the composite laminated trapezoidal plates. Through numerical simulations and analysis 
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of frequency-response curves for different ply angles and harmonic excitation forces, 

several conclusions are drawn. Overall, this study contributes to the understanding of 

nonlinear vibration characteristics in composite laminated trapezoidal plates; by utilizing 

FEM and Hamilton's principle, the authors establish the equation of motion and investigate 

the effects of ply angle and length-height ratio.  

Huang et al. [12] studied the free vibration behaviour of cantilever trapezoidal 

plates using experimental and numerical methods. They utilize the amplitude-fluctuation 

electronic speckle pattern interferometry (AF-ESPI) technique with an out-of-plane setup 

for non-contact and full-field measurement of plate vibrations. Twenty different plate 

configurations, including triangular and trapezoidal plates, are analysed to measure their 

first seven vibration modes. The AF-ESPI method enables the determination of resonant 

frequencies and mode shapes without the need for contact sensors.  

Majidi et al. [13] investigated the effect of carbon nanotube (CNT) reinforcements 

on the flutter boundaries of cantilever trapezoidal plates exposed to yawed supersonic 

fluid flow. The research utilized the first-order shear deformation theory (FSDT) to model 

the plate structure and calculates the effective mechanical properties using the extended 

rule of mixture. The aerodynamic pressure was estimated through the piston theory, and 

the governing equations and boundary conditions are derived using Hamilton's principle. 

To obtain numerical solutions for natural frequencies, mode shapes, critical speed, and 

flutter frequency, the generalized differential quadrature method (GDQM) was employed. 

The findings reveal that incorporating CNTs enhances the critical speed at which flutter 

occurs and increases the flutter frequency. It is observed that placing the CNTs away from 

the middle layer of the plate expands the range of speeds at which flutter is minimized. 

Additionally, decreasing the width of the plate near the outer edge and adjusting certain 

angles contribute to improved resistance against flutter. Emelyanov and Kislov [14] 

determined the state of stresses and lifespan of thin-walled structures under mechanical 

load in the presence of hydro-chemical medium. Chernyshov et al. [15] considered the 

three different boundary conditions for rectangular bar to study displacement response 

and stresses in it and optimized the boundary conditions for rectangular bar. Ropalekar 

et al. [16] investigated the fatigue strength of composite materials under different loads. 

Large amplitude flexural vibration behaviour of trapezoidal panels was studied by Kumari 

and Lal [17] using finite element method. Recently, static and dynamic behaviour of 

trapezoidal flat and curved panels under various loading and boundary conditions were 

studied [18322]. From literature review it is noticed that further research work required 

to understand the static and dynamic behaviour of cantilever laminated composite 

trapezoidal plates. Hence, in this article authors investigated the bending, buckling and 

vibration characteristics of cantilever trapezoidal plates. 

 

Problem formulation 

Schematic representation of trapezoidal plate is shown in Fig. 2 with variable thickness. 

The finite element method based commercial software ANSYS 18.1 is used investigate 

the bending, buckling and vibration characteristics of trapezoidal panels under different 

loading and boundary conditions. Eight-node shell 281 is used here to discretize the 

trapezoidal panel having six degrees of freedom, in which three translational 
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displacement ux, uy, uz and three rotational ñx, ñy and ñz along and about x-axis, y-axis and 

z-axis, respectively. 
 

 

 

 

 

(a) (b) 
 

Fig. 2. Geometry of (a) symmetric trapezoidal plate and (b) trapezoidal plate with variable thickness 

 

For a vibrating thin / moderately thick trapezoidal plate as shown in Fig. 2, the strain 

energy U and kinetic energy T are expressed as:  � = + + �2�0 [(ý2ÿýý2)2 + (ý2ÿýþ2)2 + 2ý (ý2ÿýý2) (ý2ÿýþ2) + 2(1 2 ý) ( ý2ÿýýýþ)2]ÿ0 ý�ý�,                          (1) ÿ = + + ý/2�0ÿ0 (ÿ�)2ý�ý�,                                                                                                        (2) 

where, ô is the displacement vector, ÿ� is the velocity vector, ò is the mass per unit area, 

h0 is the plate thickness, D is the plate flexural rigidity, þ is the Poisson9s ratio.  
For the dynamic analysis equations of motion is expressed by Hamilton9s principle: + (ÿÿ 2 ÿ� + ÿ�ýÿ)ý2ý1 ýý = 0.                                                                                                (3) 

Here, ôT is a first variation in kinetic energy, ôU is a first variation in strain energy 

of conservative force fields, ôW is the virtual work of non-conservative force fields. 

 

Bending analysis 

Firstly, carried out the bending analysis of trapezoidal cantilever plate under pure 

compression, pure shear and pure moment and combination of shear and moment using 

following governing equation:  [ÿÿ]{ÿ} = {�},                                                                                                                     (4) 

where, [KL] is the linear stiffness matrix, {ô} is the displacement vector and {F} is the force vector. 

Static analysis of trapezoidal cantilever panels under various loading conditions has 

to be conducted to investigate the bending deformation, normal (óxx, óyy, ózz), shear 

(ôxy, ôyz, ôzx) and principal stresses (ó11, ó22, ó33) in it. 

 

Dynamic analysis  

Assumptions:  

(a) Quasi-static analysis 3 inertia forces are negligible: if the smallest time period of 

forcing function is significantly greater than the largest natural time period of the 

structure, then dynamics analysis is carried out.  

y 

b 

 x 

c 

a 

ñ1 
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 x 

 z 
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 y 
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a 

h0 

(b) Dynamic analysis 3 inertia forces are significant, hence included in the analysis: If the 

smallest time period of forcing function is comparable to the largest natural time period 

of the structure.  

Kinetic energy is:  ÿ = 12 + (þ� 2 + ÿ� 2 + �� 2)ýý�ý .                                                                                                 (5) 

For the free vibration analysis of structures, the governing equation of motion might 

be written as:                                  [ý]{ÿ�} + [ÿÿ]{ÿ} = {0},                                                                                                       (6) 

where, [M] is the mass matrix and {ÿ�}is the acceleration vector. Equation (6) is used to 

calculate the eigenvalues or vibration frequencies, and eigenvector to plot mode shapes 

as given by [23,24].  

 

Results and Discussion 

Bending analysis of trapezoidal cantilever plate 

In bending analysis of the trapezoidal cantilever plate (schematic geometry of trapezoidal 

plate is shown in Fig. 3) carried out to find the tip deflection, normal stress, shear stress 

and von-mises stress under uniformly distributed load (UDL) and edge load. Here first 

validation of the bending results done with trapezoidal cantilever plate, then bending 

results with varying thickness and tip to root width ratio obtained. Loading of the 

structure is done under uniformly distributed load over the upper face and concentrated 

loading at the free edge of the cantilever plate.  

 

 
 

Fig. 3. Trapezoidal plate geometry with varying thickness 

 

Validation of bending results  

For validation of the results obtained for CFCF (u = v = w = ñx = ñy = ñz = 0, along x = 0, a) 

trapezoidal plate made of isotropic material (þ = 0.3) subjected to uniformly distributed 

load (q0 = 30 × 103 N/m2) is compared with Zhao et al. [25] and Liew and Han [26] as given 

in Table 1. It is noticed that percentage of error is 13.95 and 11.29 % with Zhao et al. and 

Liew and Han, respectively. Here, percentage of error is higher because three-dimensional 

numerical results are compared with two-dimensional results. 
  

b 

a 

c 
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Table 1. Comparison of central deflection of a homogeneous CFCF trapezoidal plate (E = 206 GPa, 

Ã = 7800 kg/m3 and v = 0.3. a/b = 1, c/b = 0.7, h0 = 0.2 m) UDL of 30000 N/m2 

Reference Boundary condition Deflection, m 

Present (24 ô 28 ô 6) CFCF 8.9314 × 10-7 

Zhao et al. [25] CFCF 7.8379 × 10-7 

Liew and Han [26] CFCF 8.0252 × 10-7 

 

Bending of trapezoidal cantilever plate having constant c/b ratio and variable thickness 

in x-direction 

Next, analysed trapezoidal cantilever plate (CFFF such as u = v = w = ñx = ñy = ñz = 0, along 

x = 0) having variable thickness of the plate in x-direction (/ = /0(1 2 ýý(�/ÿ)),  ýý is taper ratio) under uniformly distributed load (q0 = 10 × 103 N/m2) and edge load 

(q0 = 100 kN). By considering following geometric and material properties: a/h0 = 15, h0 = 0.5, 

c/b = 0.6, ¿ = 0.3, E = 2× 105 MPa, Ã = 7800 kg/m3, (a) square cantilever plate: a/b = 1 and 

(b) rectangular cantilever plate: a/b = 3.  
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Fig. 4. Tip deflection and stresses of trapezoidal cantilever plate with variable thickness function linearly 

tapered along x-direction / = /0(1 2 ýý(�/ÿ)), under uniformly distributed load (q0 = 10000 N/m2) and edge 

load (q0 = 100 kN): (a) tip deflection under UDL and tip load; (b) stresses under UDL; (c) stresses under tip load 
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The responses of tip deflection, and stresses (von-mises stress; normal stress and 

maximum shear stress) of square (a/b = 1) and rectangular (a/b = 3) cantilever trapezoidal 

plates under UDL and edge load are plotted in Fig. 4, as taper ratio increases max 

deflection of the plate increases exponentially whereas all other stresses increases in 

linear manner under UDL as shown in Fig. 4(b). Under Edge load deflection as well as 

stresses increase in similar manner. When aspect ratio of the plate increases from 1 to 3 

then under UDL there is no major change in the deflection and stresses but under edge 

load when aspect ratio is 3 then deflection and all stresses (von-mises, normal, max shear) 

increases significantly as can be seen from the Fig. 4(a,c). 

 

Bending results of trapezoidal cantilever plate having variable thickness in x-direction 

(ý = ýÿ(� 2 ÿý(ý/ÿ))) and variable c/b ratio 

After analysing plate under separately for keeping one parameter constant and other 

variable, now here both of the parameter taper ratio (ñt) and tip cord to root width ratio (c/b) 

varied together and analysed the bending response of trapezoidal cantilever plate. 
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Fig. 5. Deflection and bending stress of trapezoidal cantilever plate with variable taper ratio and variable c/b ratio: (a) 

deflection under UDL; (b) deflection under edge load; (c) bending stress under UDL; (d) bending stress under edge load 
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The response of tip deflection and bending stress under UDL and edge load is presented 

in Fig. 5. In Fig. 5(a), as taper ratio increases then the smallest free end width of the 

trapezoidal plate at c/b= 0.2 have the lowest deflection under uniformly distributed load 

(q0 = 10 × 103 N/m2). Whereas, when the load on the trapezoidal cantilever plate applied 

at the end edge (q0 = 100 kN), then as taper ratio (³t) increases from 0.2 to 0.8 and root 

to cord ratio (c/b) decreases from 0.8 to 0.2, deflection of the plate is maximum at the 

lowest tip width c/b = 0.2 and taper ratio ³t = 0.8 as shown in Fig. 5(b). In Fig. 5(c,d) 

bending stresses under UDL and edge load plotted respectively, which shows that under 

UDL stresses will be highest when c/b = 0.8 but there is no major variation on the stress 

due to change in the taper ratio along the x-direction as presented in Fig. 5(c); whereas 

under edge load plate will be highly stressed when taper ratio is max (³t = 0.8) and root 

to cord ratio is minimum (c/b = 0.2). So, we can conclude that when load is not uniform 

and only at the end then trapezoidal plate will experience more deflection and stresses, 

as illustrated in Fig. 5(d). 

 

Dynamic analysis 

Next, free vibration analysis of the trapezoidal cantilever plate, firstly validation of the 

results obtained from ANSYS for different modes shape done with the available results in 

the literature for free vibration. Then results of trapezoidal cantilever plate for various 

parameters like thickness, aspect ratio, tip to root width ratio (c/b) and combination of 

these obtained here. 

 

Validation of 3D geometry using ANSYS with available 2D literature results 

For validation of free vibration results, a rectangular plate (a = 1 m, b = 0.5 m, h0 = 0.01 m) 

is created using ANSYS 18.1 design modeller and meshing has been done for uniform 

quality mesh which resulted in 1272 nodes and 162 elements of uniform quads with four 

node each. DOF of the node was 6 (displacement u, v, w and rotation »x, »y, »z in x, y and 

z direction respectively). 

Results have been validated from different authors [27330] with non-dimensional 

frequency parameter where different taper ratio (³ = 1-hmin/h0) is varied for thickness variation 

from base to tip of the plate which is given by h = h0(1-³t (x/a)). In Table 2, cantilever 

rectangular plate with a/b = 2 where a is length of the plate and b is width and h0 is thickness 

of the plate at the fixed point or root. Elastic constant and poison9s ratio is 100 kPa, 0.3, 

respectively. Non-dimensional frequency parameter (×) is calculated for different taper ratio 

(³t), where thickness of the plate varies in x-direction. Eight modes of the plate have been 

evaluated and shown in Fig. 6 and corresponding non-dimensional frequency written in 

Table 2. From Table 2, we can observe that result obtained from ANSYS is well converged 

and showing very minimal % of error. Result obtained in this work can be considered more 

accurate as 3D analysis has been done in this work. Error % at ³ = 1 is highest as we can see 

in Table 2 this is because of the triangular tip at the end and triangular elements in 3D work 

which resulted in more error. As taper ratio increases thickness at the tip decreases which 

resulted in decrement of × as taper ratio decreases except for mode 1. For a particular ³, × 

increases with modes which can be seen in Table 2.  
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Table 2. Fundamental non-dimensional frequency parameter (ÿ = ý × ÿ2:ý/0/ÿ0) of isotropic 

rectangular cantilever (CFFF) plate (a/b = 2, a/h0 = 100, h0 = 1.0, ¿ = 0.3) considering variable thickness 

function is linearly tapered along x-direction / = /0(1 2 ýý(�/ÿ)) 

Taper 

ratio ³t 

Reference Modes 

 1 2 3 4 5 6 7 8 

0.0 

Present 3.458 14.769 21.544 48.080 60.414 92.373 92.929 118.712 

Kumari [27] 3.439 14.779 21.424 48.089 60.108 92.327 93.130 118.556 

Liew et al. 

[28] 
3.4394 14.803 21.435 48.183 60.154 92.530 93.104 118.450 

Liu and Chang 

[29] 
3.429 14.53 21.34 47.50 60.26 92.110 92.930 119.200 

Huang et al. 

[30] 
3.436 14.703 21.414 47.856 59.940 92.907 - - 

0.2 

Present 3.543 14.192 20.159 43.176 54.994 80.175 82.747 107.373 

Kumari [27] 3.5250 14.206 20.054 43.079 54.743 80.382 82.702 107.297 

Liew et al. 

[28] 
3.5257 14.225 20.063 43.243 54.766 80.320 82.826 107.130 

Liu and Chang 

[29] 
3.526 14.090 20.070 43.100 55.160 81.500 83.320 108.600 

0.4 

Present 3.662 13.545 18.684 38.007 49.237 66.807 72.592 95.222 

Kumari [27] 3.646 13.560 18.595 38.006 49.036 67.013 72.552 95.233 

Liew et al. 

[28] 
3.6470 13.574 18.602 38.046 49.041 66.926 72.610 95.025 

Liu and Chang 

[29] 
3.649 13.600 18.690 38.490 49.660 69.660 74.000 96.900 

Huang et al. 

[30] 
3.646 13.500 18.585 37.848 48.902 66.763 - - 

0.6 
Present 

(9 ô 18) 
3.848 12.790 17.096 32.478 42.954 52.823 61.682 81.663 

 

Present 

(31 ô 61) 
3.837 12.772 17.039 32.409 42.808 52.806 61.516 81.476 

Kumari [27] 3.834 12.805 17.023 32.471 42.807 53.010 61.645 81.823 

Liew et al. [28] 3.834 12.813 17.027 32.490 42.800 52.909 61.654 81.600 

Liu and Chang 

[29] 
3.813 13.020 17.110 33.570 43.440 57.010 63.940 84.120 

0.8 

Present 4.191 11.872 15.397 26.451 35.481 38.464 49.546 64.487 

Kumari [27] 4.178 11.881 15.341 26.434 35.439 38.544 49.523 64.776 

Liew et al. [28] 4.179 11.886 15.345 26.442 35.417 38.461 49.490 64.583 

Liu and Chang 

[29] 
4.047 12.280 15.120 27.980 35.880 43.610 52.520 70.600 

Huang et al. 

[30] 
4.179 11.846 15.331 26.352 35.495 38.209 - - 

1.0 

Present 

(11772 

triangular) 

5.182 12.22 14.979 25.771 30.449 34.440 48.755 53.063 

Present 

(202744 

triangular) 

5.176 11.497 14.867 21.644 24.706 29.625 37.404 41.286 

Kumari [27] 5.176 11.483 14.866 21.507 24.123 29.619 36.591 39.372 

Liew et al. [28] 5.177 11.484 14.870 21.500 24.021 29.600 36.159 37.978 

Liu and Chang 

[29] 
4.388 10.840 11.570 20.550 26.730 27.880 40.580 52.930 
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Fig. 6. Mode shapes of first eight modes of cantilever plate having variable thickness along span: 

(a) ³ = 0; (b) ³ = 0.2; (c) ³ = 0.4; (d) ³ = 0.6; (e) ³ = 0.8; (f) ³ = 1 

 

Non dimensional frequency of cantilever trapezoidal plate with different taper ratios 

Next, performed the modal analysis results of the isotropic (¿ = 0.3) trapezoidal plate 

having aspect ratio a/b = 3, a/h0 = 15 and c/b = 0.6, and validated the present results with 

available published results. The aspect ratio and geometry considered here is shown in 

Fig. 7, that will be equivalent to an aeroplane wing size. Dimensions of the symmetric 

trapezoidal plate is as follows: a = 7.5 m, b = 2.5 m, c = 1.5 m, h0 = 0.5 m. Non-dimensional 

frequency parameter: ÿ = ý × ÿ2:ý/0/ÿ0, where ÷ is circular frequency in rad/s, density 

of the material ý = 1800 kg/m3, flexural rigidity of plate ÿ0 = �/0312(12ý2), Young9s modulus 

or elastic constant � = 45×103 MPa. 
 

Table 3. Non-dimensional frequency parameter (ý� = ý × ÿ2:ý/0/ÿ0)) of isotropic trapezoidal cantilever 

(CFFF) plate (a/b = 3, a/c = 5, a/h0 = 15, h0 = 0.5, ¿ = 0.3) considering variable thickness function is linearly 

tapered along x-direction / = /0(1 2 ýý(�/ÿ)) 

Taper ratio 

³t 
Present 

Modes 

1 2 3 4 5 6 7 8 

0.0 10 ô 38 ô 3 3.943 16.86 21.792 28.198 57.466 68.781 74.088 86.304 

0.2 10 ô 38 ô 2 4.030 17.922 20.48 27.766 52.902 68.729 70.266 90.014 

0.4 10 ô 38 ô 2 4.151 19.049 19.348 27.165 47.884 62.577 72.172 89.135 

0.6 10 ô 38 ô 2 4.337 17.482 21.415 26.346 42.281 55.378 74.868 78.054 

0.8 10 ô 38 ô 2 4.681 15.775 24.806 25.144 35.777 46.357 64.702 74.345 

1.0 4636 elements 5.687 15.225 23.479 29.482 31.889 34.651 48.426 51.832 
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In Table 3, non-dimensional frequency (×) is calculated for trapezoidal cantilever plate 

having variable taper ratio ranging from 0.2 to 1. Modes for all taper ratio up to 8 modes 

drawn. As previously seen in validation results here also first Mode increases with increase 

in taper ratio and all other modes decreases with increase in taper ratio. These signifies that 

as thickness at tip of the cantilever plate decreases vibration frequency also decreases as 

shown in Table 3 and modes of the results in different taper ratio shown in Fig. 7.  
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Fig. 7. Mode shapes of different taper ratio of isotropic trapezoidal cantilever (CFFF) 

 

Non dimensional frequency of cantilever trapezoidal plate with uniform thickness and 

different tip to root width ratios (c/b) 

Now keeping the thickness of the trapezoidal plate uniform and varying the tip to root 

ratio (c/b = 0.9 to 0.1) of the plate non-dimensional frequency (×) calculated for eights 

modes. In Table 4, keeping the whole dimension and material properties same as previous  
 

Table 4. Non-dimensional frequency parameter (ý� = ý × ÿ2:ý/0/ÿ0) of isotropic trapezoidal cantilever 

(CFFF) plate (a/b = 3, a/h0 = 15, h0 = 0.5, ¿ = 0.3) considering uniform thickness along x-direction 

Tip to root width ratio (c/b) Present 
Modes 

1 2 3 4 5 6 

0.9 12 ô 38 ô 3 3.505 15.857 20.908 21.024 56.831 62.367 

0.8 12 ô 38 ô 3 3.629 16.15 21.246 22.957 57.013 65.763 

0.7 11 ô 38 ô 3 3.773 16.479 21.498 25.362 57.218 69.626 

0.6 10 ô 38 ô 3 3.943 16.86 21.792 28.198 57.466 68.781 

0.5 9 ô 38 ô 3 4.147 17.31 22.146 31.548 57.774 67.711 

0.4 8 ô 38 ô 3 4.401 17.864 22.589 35.49 58.19 66.426 

0.3 7 ô 38 ô 3 4.727 18.582 23.18 40.075 58.788 64.917 

0.2 5 ô 38 ô 3 5.165 19.578 24.043 45.288 59.764 63.226 

0.2 7 ô 65 ô 4 5.164 19.575 24.035 45.27 59.741 63.217 

0.1 4 ô 66 ô 4 5.798 21.131 25.509 51.01 61.694 61.703 

0.1 10 ô 152 ô 10 5.796 21.129 25.501 50.986 61.684 61.684 
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analysis except the thickness parameter. Here first five modes of the plate corresponding 

to the different c/b ratio increases with decrease in c/b ratio whereas 6th mode of the 

cantilever plate increase up to 0.7 c/b ratio then decreases. So, the more taper towards 

the tip then vibration frequency of the trapezoidal plate increases. 
 

Non dimensional frequency of cantilever trapezoidal plate with variable thickness along 

x-direction and variable tip to root width ratios (c/b) 

In Table 5, thickness of the plate along the x-direction (ñt = 0.2, 0.4, 0.6 and 0.8) and tip 

to root ratio (c/b = 0.8 to 0.2) both varied. The non- dimensional frequency parameter 

obtained for different cases up to 6 modes as presented in Table 5. 

 

Table 5. Non-dimensional frequency parameter (ý� = ý × ÿ2:ý/0/ÿ0) of isotropic trapezoidal cantilever 

(CFFF) plate (a/b = 3, a/h0= 15, h0 = 0.5, ¿ = 0.3) considering variable thickness function is linearly tapered 

along x-direction / = /0(1 2 ýý(�/ÿ)) and different ratio of c/b 

Taper 

ratio ³t 

Tip to root 

width ratio 

(c/b) 

Present study 

(elements) 

Modes 

1 2 3 4 5 6 

0.2 

0.8 15 ô 50 ô 3 3.715 17.194 19.960 22.514 52.430 60.460 

0.6 13 ô 50 ô 3 4.028 17.919 20.470 27.750 52.869 68.683 

0.4 10 ô 50 ô 3 4.487 18.941 21.218 35.116 53.565 67.818 

0.2 6 ô 50 ô 3 5.253 20.679 22.592 45.086 55.055 64.525 

0.4 

0.8 15 ô 50 ô 2 3.837 18.574 18.600 21.952 47.454 54.546 

0.6 13 ô 50 ô 2 4.15 19.045 19.346 27.163 47.875 62.572 

0.4 10 ô 50 ô 2 4.609 19.741 20.391 34.589 48.529 69.631 

0.2 6 ô 50 ô 2 5.377 21.031 22.158 44.735 49.926 66.235 

0.6 

0.8 15 ô 50 ô 2 4.023 17.050 20.635 21.191 41.882 47.707 

0.6 13 ô 50 ô 2 4.337 17.480 21.413 26.345 42.274 55.368 

0.4 10 ô 50 ô 2 4.796 18.119 22.490 33.814 42.887 66.823 

0.2 6 ô 51 ô 2 5.566 19.319 24.293 44.145 44.177 68.715 

0.8 

0.8 15 ô 50 ô 2 4.366 15.393 20.088 23.966 35.421 39.361 

0.6 13 ô 50 ô 2 4.681 15.773 24.803 25.143 35.772 46.352 

0.4 10 ô 50 ô 2 5.141 16.351 25.938 32.675 36.326 57.307 

0.2 6 ô 51 ô 2 5.910 17.457 27.781 37.494 43.280 66.244 

 

Conclusion 

Static and dynamic analysis of trapezoidal cantilever plate has been carried out in this 

study using ANSYS 18.1. To analyse trapezoidal plate in vibration and bending, two 

parameters (taper ratio ³t and tip to root width ratio c/b) of the trapezoidal plate and 

combination of these parameters varied.  

It can be concluded from this study that at lower aspect ratio, stresses and 

deflection of a trapezoidal cantilever plate is lower than higher aspect ratio. In modal 

analysis at ³t = 0.6 and c/b = 0.2 maximum non-dimensional frequency for the plate 

observed when both parameters varied. In bending analysis under UDL when ³t = 0.8 and 

c/b = 0.8 then deflection and stresses will be maximum, whereas under Edge load when 

³t = 0.8 and c/b = 0.2 (smallest tip width) will have maximum deflection and stresses. 

Trapezoidal cantilever plate is used in various field of engineering and this 

geometry widely acceptable for its high strength to weight ratio. So, this analysis can be 
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helpful for selecting thickness, aspect ratio and free end width of the trapezoidal plate 

for various applications based on different industry uses. Also, future scope of the analysis 

available for different coating of the plate for surface strength for in-plane stresses and 

composite materials with different boundary conditions. 
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ABSTRACT  

A nickel-copper alloy Monel-400 renowned for its corrosion resistance and thermal properties finds 

extensive application in chemical, fitting, fastener, and marine industries. However, machining intricate, 

delicate components from this alloy using conventional methods presents significant challenges. EDM is a 

non-traditional process capable of producing precise, high-quality surfaces, which emerges as a viable 

alternative. The die-sinking EDM of Monel-400 are investigated with a particular focus on the machined 

surface microstructure. A Box-Behnken design was employed to evaluate the influence of discharge current, 

pulse-on time, and voltage gap on material removal rate, tool wear rate, and surface roughness. Results 

indicate that impact of peak current and pulse-on time are primary determinants of Monel-400 machining 

characteristics. While impact of peak current exhibited the most significant impact on MRR, pulse-on time 

was identified as the critical factor affecting tool wear rate and surface roughness. A comprehensive 

metallographic examination of the machined surface was conducted to elucidate wear mechanisms. 
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Introduction 

Electrical discharge machining (EDM) is a computer-controlled, non-traditional machining 

process that utilizes a series of controlled electrical discharges (sparks) to remove material 

from the workpiece. The electric spark produced as a result of potential difference is mainly 

used as the cutting tool to cut (erode) the material [1]. EDM is mainly applied to the family 

of materials that are difficult to machine by traditional manufacturing techniques, but the 

process is limited to conductive materials only [2]. Due to its beneficial properties like 

better strength-to-weight ratio and corrosion resistance, super alloys such as Monel-400 

find widespread uses in aircraft, oil production and refining, musical instruments, valves, 

fasteners and maritime applications [3]. Monel-400 alloy's poor thermal diffusivity causes 

high tool tip temperatures during traditional machining, rendering traditional methods 

inefficient [4,5]. Non-traditional techniques, such as EDM, offer a more viable approach to 
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machining this challenging material. Several process parameters, including electrode 

material, discharge current, pulse-on time, duty cycle, and gap voltage, significantly 

influence EDM performance when machining Monel-400 alloy [6]. Copper, brass and 

graphite are mainly used as electrode materials due to their high melting point and 

conductivity [7]. Owing to its better load bearing and non-corrosive properties,  

Monel-400 is hardened by the cold working process as a result it becomes very tough to 

machine by conventional machining [8,9]. Monel-400 has an electrical conductivity of 

roughly 34 % IACS, a specific gravity of 8.80, a melting point temperature of  

130031350 °C, and a hardness of 65 Rockwell. Monel-400 offers exceptional toughness 

that is maintained across a wide temperature range [10314]. 

Optimizing process parameters is critical to enhancing the efficiency of EDM when 

applied to the Monel-400 superalloy. Because of its inherent high strength and poor heat 

conductivity, Monel-400 presents significant challenges to traditional machining 

methods, necessitating the exploration of alternative processes like EDM [15,16]. 

Research suggests that advanced techniques like Wire EDM and Electrical Discharge 

Diamond face grinding (EDDFG) show promise in improving material removal rates and 

surface quality for Monel-400 components [15,17]. By meticulously controlling process 

parameters such as pulse duration and applied current, and by judiciously selecting 

electrode materials, substantial enhancements in machining efficiency and precision can 

be realized [16,18]. The use of modern optimization techniques like as Taguchi analysis 

and genetic algorithms has the potential to improve Monel-400's EDM process, leading 

in higher performance and lower costs [17319]. Gupta and Gupta [20], Shanmugha 

Sundaram [21], and Amuthak Kannan et al. [22] investigated the EDM of hybrid  

Al-Al2O3/B4C, Al-Si alloy-graphite, and basalt fiber composites, respectively. Their 

research focused on identifying optimal process parameter combinations for these 

materials. Gopala Kannan et al. [8] investigated the EDM of a novel aluminum 7075 

matrix composite reinforced with 10 % Al2O3 particles using a copper electrode. The 

impact of process factors on MRR, TWR, and SR was investigated using a mathematical 

model based on response surface methodology (RSM). Furthermore, ANOVA was used to 

determine the impact of peak current (Ip), pulse-on time (Ton), voltage (V), and pulse-off 

time (Toff) on EDM performance. Jahan et al. [10] investigated the optimization of surface 

finish during the EDM of WC composites, renowned for their exceptional hardness, 

strength, and wear resistance. Their study explored the influence of electrode materials, 

including tungsten, copper tungsten, and silver tungsten. Sivasankar et al. [23] studied 

EDM performance on ZrB2 using a wide range of electrode materials such as graphite, 

aluminum, tantalum, niobium, copper, brass, silver, tungsten, and titanium. Their research 

focused on hole quality metrics, including roundness, form, and diameter are among the 

usual EDM responses, along with SR, MRR, and TWR. A desirability function analysis was 

carried out to assess tool performance. Assarzadeh and Ghoreishi [24] proposed a dual 

response surface-desirability method for modeling and optimizing process parameters in 

Al2O3 powder-mixed electrical discharge machining (PMEDM). 

After a far-reaching and comprehensive investigation of the published works of 

literature, numerous gaps were figured out in the EDM process. The majority of 

experimenters or analysts have probed the effect of the finite number of machining 

parameters in the computation of results or execution on the machined surface on EDM. 
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and microstructural analysis 

Also observed inadequate exploration of the microstructural changes and their influence 

on EDM performance. The purpose of this study was to investigate the effects of pulse-

on time, peak current, and voltage gap on Monel-400 electrical discharge machining 

(EDM). Response surface methodology (RSM) was used to optimize these process 

parameters in order to maximize material removal rate (MRR) while decreasing surface 

roughness (Ra) and tool wear rate (TWR). To further understand the material's behavior 

to different process parameter combinations, a complete microstructural examination of 

the machined surfaces was performed, including the recast layer, heat-affected zone, and 

worn tool surfaces. 

 

Materials and Methods 

The Monel-400 alloy used as the workpiece material in this study is a commercially 

available nickel3copper alloy, procured from M/s Metal Mart Pvt. Ltd., Mumbai, India. The 

alloy is composed primarily of nickel (~ 63 %) and copper (~ 30 %), with minor quantities 

of iron, manganese, silicon, and carbon. The typical chemical composition of Monel-400 

is reported in Table 1. 
 

Table 1. Chemical composition of selected material 

Element Ni Cu Fe Mn Si C 

Wt. % 63.0 30.0 2.5 2.0 0.5 0.3 

 

The alloy sheet was supplied in a cold-rolled condition with a thickness of 5 mm 

and was subsequently cut into rectangular samples of 50 × 50 mm² using a precision 
abrasive cutter to maintain dimensional accuracy and edge integrity. The copper 

electrode, with a diameter of 9 mm, was sourced from M/s ElectroTech Supplies, 

Bhubaneswar, India. The electrode material was electrolytic copper with a purity of 

99.9 %, chosen for its high electrical and thermal conductivity. 

Investigations are performed in the die-sinking NC EDM machine shown in Fig. 1 by 

maintaining a constant servo head gap. The EDM 30 dielectric oil was supplied by 

Hindustan Petroleum Corporation Ltd., having a specific gravity of 0.8 at room 

temperature. It was used without any additives to ensure consistency across all trials.  
 

  
  

Fig. 1. Illustration of EDM machining: (a) EDM machine, (b) workpiece material after machining 
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Because electrical conductivity is a critical need for EDM electrodes, copper was chosen 

as the electrode material for this experiment. All materials were inspected for quality 

prior to experimentation. The Monel-400 workpieces were cleaned with acetone to 

remove surface contaminants, while the copper electrodes were polished to ensure 

proper electrical contact during the machining process. Each experimental run consists 

of 3 min of machining time. A precision electronic weight-measuring machine is used 

after each experimental run to determine the material loss from the tool and workpiece. 

In EDM of Monel-400, careful selection of process parameters is essential due to 

the alloy9s high strength and low thermal conductivity, which can complicate machining. 
Parameters such as pulse current, pulse on-time, and pulse off-time were chosen based 

on their known influence on key performance indicators like material removal rate (MRR), 

tool wear rate (TWR), and surface roughness. These parameters directly affect spark 

energy, discharge frequency, and cooling time between sparks, making them critical for 

efficient and stable machining. The range for each parameter was established through a 

combination of literature review and preliminary experiments to ensure a comprehensive 

yet practical design space. Table 2 shows the values of chosen process parameters. The 

order of parameters is selected in such a way that the experimentation on the workpiece 

can be conducted smoothly to achieve accomplishment. The rest parameters are polarity, 

flushing pressure, and duty cycle held constant throughout the experiment. 
 

Table 2. Process parameters and their order 

Process parameter Symbol Unit 
Order 

Order -1 Order 0 Order 1 

Pulse on time (Ton) µs 500 1000 2000 

Peak current (Ip) A 18 33 50 

Voltage (V) V 3 7 10 

 

Table 3. Experimental layout 
  Factor 1 Factor 2 Factor 3 Response 1 Response 2 Response 3 

Std Run 
A: Peak 

current 

B: Pulse on 

time 

C: Voltage 

gap 

MRR, 

mm3/min 

TWR, 

mm3/min 

Surface 

roughness, ¿m 

8 1 1 0 1 26.515 1.737 2.031 

2 2 1 -1 0 20.83 1.86 2.382 

4 3 1 1 0 66.28 3.78 3.955 

11 4 0 -1 1 3.78 0.567 1.226 

9 5 0 -1 -1 18.93 0.894 1.392 

7 6 -1 0 1 5.68 0.782 1.3 

3 7 -1 1 0 9.56 2.87 2.987 

10 8 0 1 -1 5.68 3.24 3.453 

6 9 1 0 -1 32.19 2.65 2.518 

1 10 -1 -1 0 11.26 0.456 1.15 

13 11 0 0 0 7.575 1.864 2.455 

14 12 0 0 0 7.575 1.864 2.223 

12 13 0 1 1 22.72 3.065 3.151 

15 14 0 0 0 7.12 1.864 2.223 

5 15 -1 0 -1 6.54 1.2 1.625 
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and microstructural analysis 

Design of experiment 

The design of experiment is arranged in accordance with the RSM Box-Behnken design. 

Fifteen investigations are performed on the workpiece. Subsequently, as per the 

experimental design obtained from Design Experts software, the machining 

on Monel-400 is executed. During the machining, the dielectric fluid was continuously 

flushing on the machining surface to clean the surface from debris. Table 3 depicts the 

different experiment arrangements. 

 

Measurement of responses 

Material removal rate (MRR) may be defined as the rate of material removed from the 

surface of the workpiece per unit time. The equation used for the evaluation of MRR is 

mentioned below [25]: ýýý (ÿÿ�ÿÿ� ) = ýýÿ2ýý�ý×ÿ , where machining time t = 3 min (fixed), 

a density of MONEL-400 material is Ã = 8800 kg/m2, ýýÿ is a mass of workpiece material 

prior to machining, ýý� is a mass of workpiece material after machining. 
Tool wear rate (TWR) may be defined as the rate of material removed from the 

surface of the tool material per unit time. The TWR is calculated by using the following 

equation [26]: TWR (mm3min ) =  ýý12ýý2ý×ý , where t is machining time, density of copper is 

Ã = 8940 kg/m2, Mt1 is a mass of tool material prior to machining, Mt2 is a mass of the tool 

material after machining. 

A surface roughness (SR) analyser (model SJ-410, portable type) was used to 

quantify R. The instrument's parameters were set at 4 Pa measurement force, 25 mm 

evaluation length, and 0.000125 µm resolution. 
 

Performance evaluation 

To explore the influence of process variables on response parameters, a Box-Behnken 

design was used in conjunction with response surface methodology (RSM). This 

experimental design necessitated a minimum of fifteen experimental runs, including three 

center points. ANOVA was used to determine the contribution of each input parameter to 

the output responses. Table 3 shows how different machining factors affect the reaction. 
 

 
 

Fig. 2. MRR, TWR and SR plot for each experimental run   
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Figure 2 shows the plot for responses for each experimental run. As evident from 

the graphical representation, the optimum value for all three measured responses were 

obtained during the third experimental run, conducted with pulse on time of 2000 µs, 
current of 50 A, and voltage of 7 V. Furthermore, the plot clearly indicates a positive 

correlation between increasing current and pulse on time and the resulting material 

removal rate from both the workpiece and the tool surface. This enhanced material 

removal consequently leads to an increase in surface roughness. 

 

 
 

Fig. 3. Surface plot of MRR with (a) Ton and Ip, (b) voltage and Ip, (c) Ton and voltage gap 

 

Table 4 presents the ANOVA table for rate of material removal, excluding non-

significant variables. Ton (B), Ip (A), the quadratic term A², and interaction terms AB and AC 
were determined to be highly significant. Ip demonstrated the most significant impact on 

MRR, accounting for 53.34 % of the response. The surface plots in Fig. 3 illustrate the 

relationship between MRR, pulse-on time (Ton), peak current (Ip), and voltage gap (V). 

Figure 3(a,b) demonstrates a positive correlation between MRR and both Ton and Ip. This 

is due to the direct relationship between current and spark density, which causes more 

material removal at higher current levels. Similarly, with an increase in Ton, the 

discharging of the spark occurs for a longer duration hence resulting in greater material 

removal. Extended pulse-on time (Ton) facilitates deeper heat flux penetration into the 

workpiece, promoting the formation of a larger plasma area and consequently enhancing 

material removal rate (MRR) significantly [27,28]. As depicted in Fig. 3(b,c), a marginal 

increase in MRR is observed with escalating voltage.  

(a) (b) 

(c) 
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Table 4. ANOVA for response 1: for MRR 

Source 
Sum of 

squares 
DF 

Mean 

square 
F-value p-value  % contribution 

Model 3585.68 9 398.41 16.77 0.0032 significant  

A-peak 

current 
1975.87 1 1975.87 83.19 0.0003  53.34 

B-pulse on 

time 
280.68 1 280.68 11.82 0.0185  7.57 

C-voltage gap 4.79 1 4.79 0.2015 0.6723  0.13 

AB 629 1 629 26.5 0.0036  17.0 

AC 4.94 1 4.94 0.208 0.6675  0.133 

BC 304.8 1 304.8 12.83 0.0158  8.22 

A² 460 1 460 19.4 0.0070  12.41 

B² 96.7 1 96.7 4.07 0.0996  2.61 

C² 13.27 1 13.27 0.5585 0.4885  0.36 

Residual 118.76 5 23.75    3.20 

Lack of fit 118.62 3 39.54 573.0 0.0017 
not 

significant 
3.20 

Pure error 0.140 2 0.07    0.00372 

Cor total 3704.43 14      

 
Table 5. ANOVA for response 2: for TWR 

Source 
Sum of 

squares 
DF Mean quare F-value p-value  % contribution 

Model 14.71 9 1.63 68.44 0.0001 significant  

A-peak 

current 
2.78 1 2.78 116.52 0.0001  18.74 

B-pulse on 

time 
10.53 1 10.53 440.74 < 0.0001  71 

C-voltage gap 0.4200 1 0.4200 17.58 0.0085  2.83 

AB 0.0610 1 0.0610 2.55 0.1709  0.41 

AC 0.0613 1 0.0613 2.56 0.1702  0.41 

BC 0.0058 1 0.0058 0.2418 0.6438  0.039 

A² 0.0007 1 0.0007 0.0308 0.8675  0.004 

B² 0.4875 1 0.4875 20.41 0.0063  3.28 

C² 0.3018 1 0.3018 12.63 0.0163  2.035 

Residual 0.1195 5 0.0239    0.805 

Lack of fit 0.1195 3 0.0398   
not 

significant 
0.805 

Pure error 0.0000 2 0.0000    0.0000 

Cor total 14.83 14      

 

Table 5 shows the ANOVA table for TWR subsequent rejection of all unimportant 

variables. The Model F-value of 68.44 implies the model is significant. With a 71 % 

contribution, pulse on time proves to be the most influencing factor for TWR followed by 

peak current. In this case, A, B, C, B², and C² are significant model terms. 
Figure 4 indicates the surface plots for TWR against pulse on time (Ton), peak current 

(Ip), and voltage gap (V). It clearly shows that, with an increase in current that to for a 

longer duration of time, a large amount of heat accumulates at the tool surface which 

subsequently results in higher tool wear. With an increase in current and time of 
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discharging the TWR increases while the increase in voltage gap results in a decrease of 

wear rate on the tool. 
 

 
 

Fig. 4. Surface plot of TWR with (a) pulse on time and peak current, (b) voltage and peak current,  

(c) pulse on time and voltage gap 

 
Table 6. ANOVA for response 3: for SR 

Source 
Sum of 

squares 
DF 

Mean 

square 
F-value P-value  % 

contribution 

Model 10.04 9 1.12 41.73 0.0004 significant  

A-peak 

current 
1.83 1 1.83 68.40 0.0004  17.994 

B-pulse on 

time 
6.84 1 6.84 255.86 

< 

0.0001 
 67.25 

C-voltage gap 0.2048 1 0.2048 7.66 0.0394  2.01 

AB 0.0174 1 0.0174 0.6520 0.4561  0.17 

AC 0.0066 1 0.0066 0.2455 0.6413  0.06 

BC 0.0046 1 0.0046 0.1730 0.6947  0.04 

A² 0.0130 1 0.0130 0.4878 0.5161  0.12 

B² 0.5264 1 0.5264 19.70 0.0068  5.17 

C² 0.5121 1 0.5121 19.16 0.0072  0.0503 

Residual 0.1336 5 0.0267    1.31 

Lack of fit 0.0977 3 0.0326 1.82 0.3744 
not 

significant 
0.953 

Pure error 0.0359 2 0.0179    0.3529 

Cor total 10.17 14      

(a) (b) 

(c) 
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Table 6 shows the ANOVA table. The model shows that pulse on time has the 

highest contribution (67 %) in the formation of SR. In this case, A, B, C, B², and C² are 
significant model terms. In the EDM process, the surface mainly produced dues presence 

of different surface irregularities such as craters, cracks, globules and debris, etc. It is 

evident from the surface plot (Fig. 5) of surface roughness with Ip and Ton that, both the 

parameters are directly proportional to SR. With an increase in current (Ip) the intensity of 

the spark increases and when this highly intense spark strikes the work surface, it results 

in the formation of large craters. Similarly, with an increase in Ton, the spark strikes the 

surface for a longer duration and with improper flushing the debris may accumulate over 

the machined surface resulting in an increase the roughness. 

 

 
 

Fig. 5. Surface plot of Ra with (a) pulse on time and peak current, (b) voltage and peak current, 

(c) voltage and pulse on time 

 

The coefficient of determination (R2) and adjusted R2 of the developed model were 

found to be more than 95 % for all the responses, hence it is concluded that the lack of 

fit is not significant for all the responses. 

 

Microstructural analysis 

A microstructural analysis is carried out to the extent of evaluation of microstructure at 

the machined surface on the workpiece at different magnification levels. The 

microstructure of a material can strongly influences physical properties such as strength, 

toughness, ductility, hardness, corrosion resistance, etc. For this experiment, 

the Monel-400 superalloy has been taken for microstructural analysis after machining on 

EDM. The machined surfaces have been examined by SEM (scanning electron 

microscopy). 

(a) (b) 

(c) 
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The spark in EDM is produced due to the movement of electrons and ions at very 

high kinetic energy between the two polarities in the dielectric medium. When these 

electrons and ions strike the surface of a workpiece or tool, it results in the conversion of 

kinetic energy into thermal energy or heat flux [29,30]. This intense localized heat flux 

at a high concentration of electrons and ions forms the plasma. Now upon withdrawal of 

the potential difference, the plasma channel bursts resulting in the formation of cracks 

and craters as shown in Fig. 6. Part of the molten material from the machined surface 

comes out as microchips may accumulate on the machined surface itself due to improper 

flushing is termed as debris or globules as depicted in Fig. 7(a). 

 

 
 

Fig. 6. Depiction of craters and cavities (a) 500x SEM image for Ip = 33, Ton = 2000 and V = 10, 

(b) 350x SEM image for Ip = 50, Ton = 1000, V = 7 

 

 
 

Fig. 7. (a) Formation of Debris, pores at the machined surface for Ip = 50, Ton = 1000, V = 3 

and (b) carbon deposition at 1100x for Ip = 50, Ton = 2000, V = 7 

 

Figure 7(b) shows the carbon particles getting deposited on the machined surface; 

this may be due to the burning of dielectric molecules in the plasma channel. At the time 

of the EDM machining process, a tremendous amount of heat is produced which melts 

the metal9s surface. After machining, the metal experiences ultra-rapid cooling termed 

"quenching" due to flushing by dielectric fluid. A layer formation occurs on the workpiece 

surface explicated as a recast layer after solidification, as shown in Fig. 8. From 

micrographs, the thickness of the recast layer was calculated and found to be 81 µm. 
 

  

  

b a 
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Fig. 8. Depiction of Recast layer at the edge of the machined surface 

(a) 250x SEM image for Ip = 50, Ton = 2000, V = 7, (b) 200x SEM image for Ip = 18, Ton = 500, V = 7 

 

Conclusions 

The empirical study on the impact of various EDM parameters on Monel-400 superalloy 

using cylindrical copper electrodes focused on key performance metrics such as material 

removal rate (MRR), tool wear rate (TWR), and surface roughness (SR). Subsequently, the 

correlation between process parameters and performance outputs was assessed utilizing 

response surface methodology (RSM), yielding the following conclusions: 

1. From the findings of the result for MRR, peak current (Ip) played the most significant 

influencing factor with a 53.3 % contribution followed by pulse-on-time (Ton). 

Consequently, elevated Ip and Ton levels are correlated with enhanced MRR. 

2. From the findings of the result for tool wear rate, the Ton played the most important 

influencing factor with a 71 % contribution followed by Ip. An increase in Ton and Ip 

correlates with an elevated tool wear rate, whereas an increment in inter-electrode-gap 

results in a marginal reduction of tool wear rate. 

3. Analysis of surface roughness (SR) revealed that pulse-on-time (Ton) exerted the most 

significant influence, contributing 67 % to the response, followed by peak current (Ip). A 

better-machined surface can be obtained by limiting the values of Ton and Ip. It was also 

mentioned in some works of literature that, with effecting flushing the SR can be reduced.  

4. Inter-electrode gap (IEG) was determined to have a negligible impact on all evaluated 

performance metrics. 

5. Microstructure images revealed that most of the surface irregularities on the machined 

surface are obtained at higher levels of Ip and Ton. It can be reduced by proper flushing 

at the tool-workpiece interface. 

 

CRediT authorship contribution statement 

Manas R. Panda : writing 3 review & editing, writing 3 original draft, 

conceptualization, supervision; Srimant K. Mishra : writing 3 review & editing, 

supervision, data curation, Prabin K. Sahoo : writing 3 original draft, Investigation. 

 

  

  

https://orcid.org/0000-0003-3336-8971
https://www.scopus.com/authid/detail.uri?authorId=56964798900
https://www.researchgate.net/profile/Manas-Panda-2
https://orcid.org/0000-0001-7513-0078
https://www.scopus.com/authid/detail.uri?authorId=55482519400
https://www.researchgate.net/profile/Srimant-Mishra
https://orcid.org/0000-0001-8231-6567
https://www.scopus.com/authid/detail.uri?authorId=58342484800
https://www.researchgate.net/profile/Prabin-Sahoo-3


35 M.R. Panda, S.K. Mishra, P.K. Sahoo 

 

Conflict of interest 

The authors declare that they have no conflict of interest. 

 

References 

1. Vikas, Shashikant, Roy AK, Kumar K. Effect and Optimization of Machine Process Parameters on MRR for 

EN19 & EN41 materials using Taguchi. Procedia Technology. 2014;14: 2043210. 

2. Muthuramalingam T, Mohan B. A review on influence of electrical process parameters in EDM process. 

Archives of Civil and Mechanical Engineering. 2015;15(1): 87394. 

3. Kumar V, Kumar V, Jangra KK. An experimental analysis and optimization of machining rate and surface 

characteristics in WEDM of Monel-400 using RSM and desirability approach. Journal of Industrial Engineering 

International. 2015;11: 2973307. 

4. Kuppan P, Rajadurai A, Narayanan S. Influence of EDM process parameters in deep hole drilling of Inconel 

718. The International Journal of Advanced Manufacturing Technology. 2008;38(132): 74384. 

5. Kanagarajan D, Karthikeyan R, Palanikumar K, Paulo Davim J. Optimization of electrical discharge 

machining characteristics of WC/Co composites using non-dominated sorting genetic algorithm (NSGA-II). 

The International Journal of Advanced Manufacturing Technology. 2008;36(11312): 112431132. 

6. Kumar SS, Kumar N. Optimizing the EDM Parameters to Improve the Surface Roughness of Titanium Alloy 

(Ti-6AL-4V). International Journal of Emerging Science and Engineering. 2013;1: 231936378. 

7. Mahalingam M, Varahamoorthi R. Investigation on tool wear rate of brass tool during machining of 

Monel-400 alloy using electric discharge machine. Materials Today Proceedings. 2020;26: 121331220. 

8. Gopalakannan S, Thiyagarajan S, Kalaichelvan K. Modelling and Optimization of EDM of Al 7075/10wt% 

Al2O3 Metal Matrix Composites by Response Surface Method. Advanced Materials Research. Advanced 

Materials Research. 2012;4883489: 8563860. 

9. Kung K, Chiang K. Modelling and analysis of machinability evaluation in the wire electrical discharge 

machining (wedm) process of aluminium oxide-based ceramic. Materials and Manufacturing Processes. 

2008;23(3): 2413250. 

10. Jahan MP, Wong YS, Rahman M. A study on the fine-finish die-sinking micro-EDM of tungsten carbide 

using different electrode materials. Journal of Materials Processing Technology. 2009;209(8): 395633967. 

11. Lee SH, Li XP. Study of the effect of machining parameters on the machining characteristics in electrical 

discharge machining of tungsten carbide. Journal of Materials Processing Technology. 2001;115(3): 3443358. 

12. Mahalingam M, Umesh BA, Varahamoorthi R. Effect of Wire Electric Discharge Machining Process 

Parameters on Surface Roughness of Monel 400 Alloy. In: Green Materials and Advanced Manufacturing 

Technology. Boca Raton: CRC Press; 2020. p.1613172. 

13. Sameh SH. Study of the parameters in electrical discharge machining through response surface 

methodology approach. Applied Mathematical Modelling. 2009;33(12): 439734407. 

14. Soveja A, Cicala E, Grevey D, Jouvard J-M. Optimisation of ta6v alloy surface laser texturing using an 

experimental design approach. Optics and Lasers in Engineering. 2008;46(9): 6713678. 

15. Natarajan M, Pasupuleti T, Kiruthika J, Kumar V, Duraisamy P, Polanki V. Optimization of Spark Erosion 

Machining of Monel 400 Alloy for Automobile Applications. In: International Conference on Advances in Design, 

Materials, Manufacturing and Surface Engineering for Mobility. SAE International; 2023. p.202332030140. 

16. Pasupuleti T, Natarajan M, Kumar V, Katta LN, Kiruthika J, Silambarasan R. Predictive Modelling and 

Process Parameter Prediction for Monel 400 Wire Electrical Discharge Machining for Rocket Frames. In: 

International Conference on Advances in Design, Materials, Manufacturing and Surface Engineering for Mobility. 

SAE International; 2023. p.202332830088. 

17. Kulshrestha AS, Haldar B, Unune DR, Dargar AK. Evaluating the Performance of Electrical Discharge 

Face Grinding on Super Alloy Monel 400. Materials Research Express. 2023;10(9): 096516. 

18. Narkhede AR. Mathematical Analysis for Optimizing Electro Discharge Machining Parameters and Enhancing 

Hastelloy Machining Efficiency. Communications on Applied Nonlinear Analysis. 2024;31(1s): 1063120. 

19. Rajamani D, Kumar MS, Balasubramanian E. Multi-response optimization of plasma arc cutting on 

Monel 400 alloy through. whale optimization algorithm. In: Handbook of Whale Optimization Algorithm. 

Variants, Hybrids, Improvements, and Applications. 2024. p.3733386. 

https://doi.org/10.1016/j.protcy.2014.08.027
https://doi.org/10.1016/j.acme.2014.02.009
https://doi.org/10.1007/s40092-015-0103-0
https://doi.org/10.1007/s40092-015-0103-0
https://doi.org/10.1007/s00170-007-1084-y
https://doi.org/10.1007/s00170-006-0921-8
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https:/citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=a506f2ef3458c787457fcd42aa53d9d038039a95
https://doi.org/10.1016/j.matpr.2020.02.244
https://doi.org/10.4028/www.scientific.net/AMR.488-489.856
https://doi.org/10.4028/www.scientific.net/AMR.488-489.856
https://doi.org/10.1080/10426910701860616
https://doi.org/10.1016/j.jmatprotec.2008.09.015
https://doi.org/10.1016/S0924-0136(01)00992-X
https://doi.org/10.1201/9781003056546-11
https://doi.org/10.1201/9781003056546-11
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https:/bu.edu.eg/portal/uploads/Engineering,%20Shoubra/Mechanical%20Engineering/753/publications/Sameh%20Shawky%20Habib%20Abadeer_Study%20of%20the%20parameters%20in%20electrical%20discharge%20machining%20through.pdf
https://doi.org/10.1016/j.optlaseng.2008.04.009
https://doi.org/10.4271/2023-28-0140
https://doi.org/10.4271/2023-28-0140
https://doi.org/10.4271/2023-28-0088
https://doi.org/10.1088/2053-1591/acfb5e
https://doi.org/10.52783/cana.v31.560
https://doi.org/10.1016/B978-0-32-395365-8.00033-6
https://doi.org/10.1016/B978-0-32-395365-8.00033-6


Enhancing EDM performance of Monel 400 super alloy through process parameter optimization: RSM-based experimental 36 

and microstructural analysis 

20. Gupta PK, Gupta MK. Hybrid optimization approach on electrical discharge machining process for hybrid 

Al-Al2O3/B4C composites. Materials Physics and Mechanics. 2022;50(2): 2003215. 

21. Shanmughasundaram P. Influence of abrasive water jet machining parameters on the surface roughness 

of eutectic Al-Si alloy-Graphite composites. Materials Physics and Mechanics. 2014;19(1): 138. 

22. Amuthakkannan P, ArunPrasath K, Manikandan V, Uthayakumar M, Sureshkumar S. Investigation of the 

machining performance of basalt fiber composites by abrasive water jet machining. Materials Physics and 

Mechanics. 2021;47(6): 8303842. 

23. Sivasankar S, Jeyapaul R, Prasad VV. Performance study of various tool materials for electrical discharge 

machining of hot pressed zrb2. Multidiscipline Modeling in Materials and Structures. 2012;8(4): 5053523. 

24. Assarzadeh S, Ghoreishi M. A dual response surface-desirability approach to process modeling and 

optimization of Al2O3 powder-mixed electrical discharge machining (PMEDM) parameters. International 

Journal of Advanced Manufacturing Technology. 2012;64(9312):145931477. 

25. Yadav HNS, Das M. Evaluation of plasma parameters9 impact on MRR and surface roughness in plasma 
polishing of fused silica: An investigation of surface characterization. Vacuum. 2024;225: 113263. 

26. Panda MR, Biswal SK, Sharma YK. Experimental analysis on the effect of process parameters during CNC 

turning on nylon-6/6 using tungsten carbide tool. International Journal of Engineering Sciences & Research 

Technology. 2016;5(4): 79384. 

27. Arun Kumar NE, Ganesh M, Vivekanandan N. Optimization of machining parameters in WEDM of 

Monel 400 using Taguchi technique. Materials Today: Proceedings. 2020;22: 219932206. 

28. Mohanty A, Gangadharudu T, Gangopadhyay S. Experimental investigation and analysis of EDM 

characteristics of Inconel 825. Materials and Manufacturing Processes. 2014;29(5): 5403549. 

29. Hourmand M, Farahany S, Sarhan AAD, Yusof NM. Investigating the electrical discharge machining (EDM) 

parameter effects on Al-Mg2Si metal matrix composite (MMC) for high material removal rate (MRR) and less 

EWR3RSM approach. The International Journal of Advanced Manufacturing Technology. 2015;77(5): 8313838. 

30. Naik S, Das SR, Dhupal D. Analysis, predictive modelling and multi-response optimization in electrical 

discharge machining of Al-22 %SiC metal matrix composite for minimization of surface roughness and hole 

overcut. Manufacturing Review. 2020;7: 20. 

http://dx.doi.org/10.18149/MPM.5022022_2
https://mpm.spbstu.ru/article/2014.32.1/
http://dx.doi.org/10.18149/MPM.4762021_3
http://dx.doi.org/10.18149/MPM.4762021_3
https://doi.org/10.1108/15736101211281614
https://doi.org/10.1007/s00170-012-4115-2
https://doi.org/10.1016/j.vacuum.2024.113263
https://doi.org/10.5281/zenodo.48828
https://doi.org/10.5281/zenodo.48828
https://doi.org/10.1016/j.matpr.2020.03.300
https://doi.org/10.1080/10426914.2014.901536
https://doi.org/10.1007/s00170-014-6491-2
https://doi.org/0.1051/mfreview/2020018


 

Submitted: February 02, 2025 Revised: March 6, 2025 Accepted: May 29, 2025 

© M.A.A. Hanifi, M. Zemri, M. Merzoug, 2025. 

Publisher: Peter the Great St. Petersburg Polytechnic University 

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/li-censes/by-nc/4.0/) 

MATERIALS PHYSICS AND MECHANICS                                                 RESEARCH ARTICLE 

 

 

Effect of traverse speed on three-point bending behavior and 

surface quality of AA5083-H111 friction stir welds 

M.A.A. Hanifi, M. Zemri , M. Merzoug  ú  

University of Djillali Liabes, Sidi Bel Abbes, Algeria 

ú m_merzoug01@yahoo.fr 

ABSTRACT  

The FSW was developed to obtain a good joint in terms of surface quality, mechanical property and 

microhardness in aluminum and other alloy systems. This study investigates the effect of traverse speed 

on the three-point bending behavior and surface quality of friction stir welds in AA5083-H111 aluminum 

alloy by using with different parameters such as weld speeds (16, 20, 25, 30, 40, 50 and 63 mm/min) while 

maintaining constant rotational speed (1400 rpm) and tool geometry. The resulting welds were subjected 

to three-point bending tests to evaluate their mechanical performance, specifically focusing on yield 

strength, ultimate tensile strength, and ductility. Additionally, the investigation includes macrostructure, 

microhardness, and fracture toughness evaluations. The findings indicated that an augmentation in traverse 

speed led to elevated tensile strength and hardness levels due to enhanced material flow and bonding, 

while higher speeds led to increased surface roughness and reduced weld integrity. The study suggests 

that superior joints with favorable mechanical properties can be achieved by utilizing an intermediate 

rotational speed of 1400 rpm and a traverse speed of 20 mm/min. 
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Introduction 

Friction stir welding (FSW) is a recently invented solid state welding process, especially 

for aerospace or aeronautics applications and for welding of large tank for launch vehicles 

involving aluminum alloys [1,2]. In many industrial programs steels are conveniently 

replaced by non-ferrous alloys, in most cases using aluminum alloys, the joining of those 

materials can occasionally cause serious problems [3]. Various joint configurations can 

also be assembled by FSW process like lap, but T joint which gave wide use for 

technology [4,5]. Tool geometry, rotating speed and welding speed among the factors 

influenced on quality joint welded by FSW [6]. In one study, increasing the rotational 

speed results in an increase in the peak temperature, leading to the expansion of the 

nugget zone (NZ) and the softened region within the joint [7]. Raj Kumar et al. [8] studied 

the influence of post-weld heat treatments (PWHT) on friction stir welded joints of 

AA2014 and AA7075 dissimilar alloys, such as PWHT conditions, namely artificial 

aging (AA), solution treatment and artificial aging, solution treatment (ST), and natural 

aging (NA). The study revealed that natural aging showed the best strength of 

347.5) ±) 7.78 MPa among all the PWHT conditions and that in other PWHT welds, 

fractures occurred outside the weld region. Saravanakumar et al. [9] recommends that the 

http://dx.doi.org/10.18149/MPM.5332025_4
https://orcid.org/0000-0003-0576-9698
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nugget zone (NZ) exhibits recrystallized fine grains with an equiaxed structure as a result 

of dynamic recrystallization (DRX), resulting in improved mechanical properties of the joint. 

AA5083-H111 is a high-strength magnesium alloy primarily composed of aluminum. 

This alloy is commonly used in various applications (marine, shipbuilding, aerospace and 

automotive industry due to its favorable combination of properties, including excellent 

corrosion resistance, good weldability, and high strength. 

Bending in friction stir welding (FSW) refers to the effect of bending on the strength 

and microstructure of the welded materials. Several studies have investigated the impact of 

bending on FSW joints, and the result varied depending on the welding conditions [10312]. 

Saravanakumar et al. [13] studied that the mechanical properties of the AA5083 UWFSW 

joint, such as its average ultimate tensile strength and hardness, have been greatly 

improved using a straight hexagonal tool profile, tool rotational speed of 1200 rpm and 

welding speed of 20 and 40 mm/min. 

For better understand the phenomenon of FSW and the impact of process parameter 

on welded joint, depth research was investigated on microhardness and surface 

roughness of joint. Sumit et al. [14] used three passes on the FSW of AA5083 and 6082 

dissimilar joints and the observed that FSWeld reinforced joint exhibited the highest tensile 

strength, strain (%), and microhardness due to higher grain refinement. Xu et al. [15] 

conducted a study on the microhardness of friction stir welded (FSW) joints in different 

plate thicknesses of AA2219-O aluminum alloy. Oluwaseun et al. [16] suggests that 

understanding the effect of microstructure and defects on FSW joint failure will facilitate 

optimization of process variables, weld quality assurance and decision making. They 

found that the maximum hardness was on the advanced side of the nugget, and the upper 

part of the weld joint was harder than the bottom in the nugget due to the high 

temperature and intense mechanical agitation [15,16]. Miloudi et al. [17] found that 

decrease in rotation speed leads to better hardness quality of AA3003 aluminum alloy 

welded joint. In [18], it was mentioned that the surface roughness (Ra) of the welded area 

is influenced by the rotational speed of the tool, with higher tool rotary speeds resulting 

in decreased surface roughness. Optimizing the welding parameters can lead to improved 

surface roughness of FSW joints, enhancing their functional properties and durability. In 

a study [19], the effect of welding parameters on mechanical properties and fracture 

behavior of FSW for aluminum alloy 5083 H111, a joint coefficient Cj is evaluated for the 

qualification of the good mechanical strength of welded joints. 

This study contributes to the growing research focused on optimizing friction stir 

welding parameters for superior joint quality and mechanical properties (tensile, 

hardness). The impact of the shoulder's side surface on heat generation is also taken into 

account.The research investigates the effect of various processing parameters(rotating 

speed, welding speed, dwell time) on the quality and mechanical properties of joints 

made by FSW using AA5083 aluminum alloy. In addition to optimize the FSW parameters 

which will led to significant improvements in the mechanical properties of aluminum 

alloy welds, making it a promising technique for various industrial applications. 
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Materials and Methods 

AA 5083H111 alloy of 5 mm thickness was used. Samples were cut according to the shape 

shown in Fig. 1. The samples of the three-point bending test were chosen (as GB/T 

232-999 standard). The external sheets were welded parallel to the rolling direction 

while the central sheet was put in the long transverse direction for FSW process in order 

to limit potential effect of rolling texture. The chemical composition of the aluminum 

5083H111 sheet is presented in Table 1 and the mechanical properties of the sheets are 

presented in Table 2. The chemical composition was obtained by SEM-EDX (scanning 

electron microscopy-energy dispersive X-ray analysis) method [19]. 

 

 
 

Fig. 1. Geometry of three-point bending specimen 

 
Table 1. Chemical composition of 5083 H111 aluminum alloy (BM) 

 
Table 2. Mechanical properties of 5083 H111 aluminum alloy 

 

 
 

 
 

Fig. 2. Profil of tool used for FSW Fig. 3. Vertical milling machine 

 

The welding tool used for the joint is made of steel type 42CrMo4 (Fig. 2), it has the 

mechanical properties (R = 750/1300 MPa, A = 10314 %, Re = 500/900 MPa and 

E = 210000 MPa), a threaded cylindrical pin (5 mm in diameter and 4.7 mm in length) and 

shoulder (20 mm diameter). This selection of material was also motivated by cost and 

Al Si Fe Cu Mn Mg Cr Zn Ti 

0.50 0.40 0.40 0.10 0.10 4.90 0.25 0.25 0.15 

E, MPa YS, MPa UTS, MPa A, % K, J/cm2 HV 

71008 155 236 16.5 45 88 
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availability. The geometry of the tool, including the pin and shoulder design, significantly 

affects the material flow and heat distribution and, consequently, the distribution of 

hardness in the weld zones. 

A vertical milling machine was used for the production of the joints. It is 

characterized by: a power of 5 KW,a rotation speed range of 45 to 2000 rpm and a range 

of feed speeds from 16 to 800 mm/min. The fixture was first fixed on the machine bed 

with help of clamps . The plates were held in the fixture properly for friction stir welding 

as shown in Fig. 3. 

Welds by FSW was conducted at selected  a constatnt rotation speeds of 1400 rpm 

and selected travel speeds of 16, 20, 25, 30, 40, 50 and 63 mm/min. An example photo 

of the joints produced with the different used welding speed is presented in Fig. 4. After 

the FSW welding process, the tensile test were carried out on an CONTROLAB bending 

machine, as shown in Fig. 5. The hardness on the weld cross-section was measured point 

wise for each specimen with a load 1000 g and a dwell time of 10 s.The surface quality 

of the FSW sample was obtained by the arithmetic average roughness value (Ra) using a 

Mututiyo surf test sv-400 roughness meter. 
 

 
 

 
 

Fig. 4. Example of welded joints obtained with 

different welding speed 
Fig. 5. Testing machine CONTROLAB and 

specimen for three-point bending test 

 

Results and Discussions 

Effect of welding speed on surface roughness 

Figure 6 shows the effect of welding speed on the quality of the joint measuring by 

arithmetic average roughness value (Ra). An increase in welding speed effect directly the 

increase of surface roughness of the joint. Reducing surface roughness can lead to 

improved corrosion resistance, better mechanical properties, and enhanced aesthetics. 

 



Effect of traverse speed on three-point bending behavior and surface quality of AA5083-H111 friction stir welds  41 

 

 
 

Fig. 6. Surface roughness of different welding parameter 

 

The result of each specimen show that the highest value of surface roughness 

obtained at 1400 rpm of rotational speed and when we increase welding speed at 

63 mm/min which is 41 µm, however, lowest surface roughness of 18 µm was obtained 
at 1400 rpm and feed rate of 16 mm/min. R. Kumar et al. [20] observed that value of 

surface roughness increase when they increase welding speed. However, in [21,22], 

another study surface roughness decreases when we decrease welding speed.  

 

Microhardness measurements 

In the majority of welds made, it was found that there was significant hardness variation 

in the weld zones in AA5083-H111 FSWeld joints, as shown in Fig. 7. The cylindrical pin 

achieved symmetrical hardness distribution with regard to the center line of the FSW 

keyhole for all the applied tool welding speeds and constant rotational speed. The 

hardness in the HAZ is generally the lowest compared to the SZ and TMAZ. The grain 

coarsening, combined with the loss of strengthening precipitates (due to over-aging 

effects), causes a significant reduction in hardness. The hardness in this zone is 20330 % 

lower than in the base material and can be the weakest point in the weld, making the 

HAZ more susceptible to failure under stress. 
 

 
 

Fig. 7. Variation of the hardness for the rotational speed 1400 rpm  



42 M.A.A. Hanifi, M. Zemri, M. Merzoug 

The outcome of hardness higher values 82 HV in TMAZ region on retreating 

side (RS) for welding speed 20 mm/min and decreases at 75 HV in the advancing 

side (AS). It is due to the much-refined grain size and higher dislocation densities in the 

stir zone [23]. It should be emphasized that the size of the ZS area is governed by the pin 

diameter while the TMAZ area is generated by the size of the tool shoulder of the tool. 

This degradation in hardness is mostly characterized in the TMAZ. This is attributed to a 

combination of high stresses and large strains resulting in the deformation of the grain 

structure, where re-crystallization did not take place, caused a coarse grain 

structure [24,25]. This dynamic recrystallization observed in the weld region results in a 

decrease in grain size and an increase in hardness in the joints [26329]. 

 

Bending test 

The bending test is a crucial evaluation method in assessing the mechanical properties 

and performance of friction stir welded (FSW) joints, particularly for AA 5083-H111 

aluminum alloy. Three-point bending tests were conducted using a CONTROLAB machine 

for all specimen (A to G) the results are presented in Fig. 8 and 9. The bending tests were 

performed on the face and the root of the joint as an important tool to understand the 

ductility and toughness of friction stir welds (bond strength). Most of the welds presented 

good ductility, especially in case the joint made at 1400 rpm and 20 mm/min 
 

 
 

Fig. 8. Three-point bending test 
 

 
Fig. 9. Three-point bending test-displacement  
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Table 3. Fracture position on the specimens 

V, mm/min / 

Angle of Bend, ° 
Weld photos Observations 

16 / 80 

 

No fracture 

20 / 83 

 

No fracture 

25 / 83 

 

No fracture 

30 / 86 

 

Crack on bend 
surface 

40 / 80 

 

Crack on bend 
surface 

50 / 80 

 

Crack on bend 
surface 

63 / 82 

 

Crack on bend 
surface 
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(configuration A) where the maximum deflection reached to 43 mm with efficiency of about 

90 % compared to the base metal, this is due to higher temperatures involved during FSW, 

so the Base Metal adequately soften to go higher bending strength [30].The immediate 

growth in force that appear in configuration G (63 mm/min) at about 15 mm deflection came 

from some slipping occurred between bending specimens and device jaw so that slipping 

didn9t affected on the total results because that shifting occurred in all specimens and the 

comparison between base metal and welded specimens stilled in the same values [31]. 

Finally, these results of bending tests can be correlated with microstructural characteristics 

of the welds, such as grain size and distribution, heat-affected zone (HAZ) properties, and the 

presence of defects. This correlation helps in understanding how microstructural changes 

due to FSW affect the mechanical performance of the joints. The results of the bending tests 

conducted on all the FSW weld joints produced at rotation speed of 1400 rpm and 

welding speeds of 16, 20, 25, 30, 40, 50, 60 mm/min are hereby presented in Table 3. 

The defects found are mainly lack of penetrations, wormholes or voids, as well as 

root flaws [32]. Other defects observed include inclusions which were rich in iron and 

from analysis these inclusions can be classified as iron oxide particles in the weld. For 

the first three samples for welding speeds 16, 20 and 25 mm/min, the post-bending 

results showed the tested specimens without failure. This means that the welded 

materials have bonded well during welding. For all the FSW experimental work and 

because rotational speed and welding speed significantly the bowing quality the bending 

strength by influencing the heat generated in the weld zones [32]. 

 

Weld microstructures and properties of FSW joint 

Friction stir welding (FSW) of AA 5083-H111 commonly used aluminum alloy in marine 

and automotive applications, results in distinct microstructural changes in the weld 

metal. The microstructures of weld region of weldments were perceived using an optical 

microscope, and the relevant micrographs are presented in Fig. 10. While all the fracture 

surfaces display dimples, the size and shape of the dimples show differences. However, 

there are dimple-free flat regions, as can be seen in Fig. 10(a,c,e), and a ductile fractured 

surface can be identified. Figure 10(b,d,f) shows many defects such as voids, cracks and 

porosities. Conversely, the rise of the heat input decreases the hardness of the heat-

affected zone, where recrystallization does not occur. The river marks diverging 

downwards on the surface of the tool marks (Fig. 10(b)) and upwards at the ending of the 

unconsolidated onion rings (Fig. 10(d)), indicated that they were the primary regions of 

crack initiation in the weld tunnel. 

What's more, the HAZ had the highest grain size in contrast with the stir zone in 

which the finest grain size could be seen [33]. In the stir zone, the temperature is the 

highest, and the material experiences intense plastic deformation due to the rotating 

tool. This causes significant grain refinement, leading to a fine-grained microstructure. 

The grain size in this region is typically much smaller than in the base material. As the SZ 

presents the smaller and more significant quantity of second-phase particles, therefore a 

greater number of cracking sites is available, the SZ is a favorable crack initiation site [34,35]. 

Consequently, this synergistic effect promotes a more rapid and thorough process of 

dynamic recrystallization which refines the grains in the stir zone and forces the fracture 
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Fig. 10. SEM-images of the welded specimen 

 

outside the stir zone [36]. The stir zone may also exhibit "onion-ring" patterns, which are 

a result of the material flow around the rotating tool. These patterns are typically visible 

in the microstructure and can influence local variations in the mechanical properties. 

 

Conclusions 

In friction stir welding (FSW) of AA5083-H111 aluminum alloy, traverse speed 

significantly influences both the three-point bending behavior and surface quality of the 

welds. An optimal traverse speed ensures adequate heat input and material flow, leading 

to improved mechanical properties and surface finish. Conversely, excessively high 

traverse speeds can result in inadequate bonding and surface defects, adversely affecting 

the weld's mechanical performance. 

(a) (b) 

(c) (d) 

(e) (d) 



46 M.A.A. Hanifi, M. Zemri, M. Merzoug 

The main findings of this investigation are: 

1. Highest bending strength by using rotation speed 1400 rpm and travel speed 

20 mm/min because of no necking or cracking were noticed in the weld zone. 

2. Most of the defects produced in the root surface because of the effect of unwelded 

zone. while the defects in the face of welded region because of the tunnel hole or internal 

crack defect. 

3. The highest hardness at 1400 rpm and 20 mm/min due to the very fine grain size 

created by FSW. 

4. The weld nugget/TMAZ interface was not a weak region in FSW AA5083-H111. 

5. Increased welding speeds resulted in a reduction in vertical pressure that caused 

increased size, number, and severity of weld defects. 

The fracture almost always took place in the heat affected zone in particular on the 

retreating side. 
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ABSTRACT  

Welding defect detection in a radiographic image is vital in industrial non-destructive testing. It is 

significant in evaluating weld anomalies and surface and subsurface imperfections in welded joints.  Digital 

image processing techniques can make automation feasible in the weld microscopic image interpretation, 

thus reducing the instances of observational human errors in weld inspection. This technique will give more 

reliability, speed and reproducibility to the inspection system. This paper uses MATLAB image processing 

tools for weld defect detection using scanning electron microscope images of ultrasonically welded 

polymer samples. Image processing features of gray scaling, image resizing, histogram equalization, edge 

detection, thresholding, filtering, texture analysis, and image segmentation have been implemented for the 

detection and characterization of defects in weld scanning electron microscope images. Thorough insights 

into the structure of these defects are an essential step in appreciating the weld's quality. The approach is 

well-suited for defect detection of any welding technique. 
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Introduction 

Basic structure and mechanical or physical properties of weld gets affected due to the 

varying imperfections and irregularities that may appear in a weld. The weld defects can 

be categorized into superficial and internal defects, depending on the location of the 

defect. Control of welding quality and reliability is significant for industrial activities like 

component manufacturing and structure assembly. Significant functional abnormalities 

may result as a consequence of the welding anomalies. Defect detection is considered 

particularly challenging owing to the factors like insufficient contrast, the noised nature 

of the radiographic film, or the reduced geometric dimensionality of irregularities. 

Radiography provides detailed internal visualization of the welds and enables 

manufacturers to verify compliance with safety standards, specifications, and 

manufacturing codes.   

Image processing refers to the manipulation and analysis of digital images using a 

variety of algorithms and methods. Digital image processing techniques are employed to 
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automate defect detection and identification, enhance visual representation of data, and 

standardize radiographic analysis methods, thereby increasing their reliability and 

consistency. Digital image processing covers improving and extracting intrinsic details from 

digital images and results in the generation of new images or specific assessments from 

the images. To consider the elaborations in micro-imaging and for accurate indication of 

the discrepancy, appropriate preprocessing and segmentation methods need to be selected. 

Reproducibility and reliability of results are the essential requirements in the automation 

of non-destructive testing, mainly in image characterization, to be at par with human 

judgment. This work aims to identify anomalies and defects like porosity, cracks, lack of 

penetration, etc., using image processing of welded joint microscopic images.  

The proposed MATLAB-based image processing system is well-suited for real-time 

deployment in manufacturing environments. It can interface with industrial cameras and 

data acquisition systems using the Image Acquisition Toolbox for continuous monitoring. 

MATLAB code can be compiled into standalone applications or converted to C/C++ for 

integration with embedded systems and industrial control platforms like PLCs and 

SCADA. The system supports edge computing through lightweight, optimized pipelines 

deployable on devices like Raspberry Pi or NVIDIA Jetson. Real-time performance is 

achieved using techniques such as ROI detection, frame skipping, and GPU acceleration. 

Additionally, the system can be integrated into production lines to automate actions such 

as triggering alarms, rejecting defective parts, and logging inspection data. 

MATLAB trains a supervised learning model using extracted features and labels, 

common classifiers are as follows: fitcsvm 3 support vector machine (good for small 

datasets); fitcknn 3 k-nearest neighbors; fitctree 3 decision tree; trainNetwork 3 for CNN-

based classification (deep learning toolbox). 

 

State of the art in image processing for welding defect detection 

Intensive research contributions are made to resolve the discrepancies in the image 

processing techniques utilized for weld image characterization. Xu Y. et al. [1] proposed 

an enhanced Canny edge detection algorithm based on their analysis of the gray gradient 

in the weld image. Results showed that real-time seam tracking objectives can be met by 

precisely controlled image processing. Nacereddine N. et al. [2] proposed a few variations 

in the image processing sequence significant for effective defect detection in images. The 

process is initiated by concentrating on the region of interest (ROI) to ensure a targeted 

analysis. A median filter is applied to minimize noise and enhance image quality, vital for 

accurate assessments. Dynamic stretching and local contrast enhancement improve 

clarity across various backgrounds, facilitating effective feature extraction. Finally, the 

Otsu method is utilized to optimize segmentation, allowing for precise identification of 

defects. In 2009, Liao G. and Xi J. [3] proposed a pipeline welding machine image 

detection method using the largest variance threshold method to establish adaptive 

segmentation. The process converts images to black and white, removes small noise, and 

utilizes level projection for efficient real-time defect detection and quality inspections. 

In 2007, Yang S.M. et al. [4] employed automation in Metal Inert Gas welding using a CCD 

camera with a laser stripe for seam tracking and adaptive Hough transformation for weld 

point extraction. A generalized delta rule algorithm-based neural network optimizes 
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welding parameters, with joint width and depth as inputs from the images and is observed 

to influence overall weld quality significantly. Roca Barceló F. et al. [5] introduced an 

automated system using TOFD, image processing, and neural networks for accurate weld 

defect detection and classification. The TOFD method has a drawback associated with the 

appearance of speckle noise.  

In 2020, Li Y., Hu M. and Wang T. [6] presented a deep learning-based weld seam 

image recognition algorithm using the Adam adaptive moment estimation for efficient 

convolutional neural network training. The adaptive threshold method for weld seam 

extraction was tested on 4500 tube images, and the results show effective identification 

and classification of weld defects in terms of parameters like false detection rate, recall 

rate, and overall accuracy. Pan H. et al. [7] developed a novel approach using MobileNet 

feature extractor and leveraged a pre-trained deep learning architecture, originally 

optimized for diverse image recognition tasks, to extract key features for identifying 

welding defects. By integrating an additional classification layer, this hybrid model 

significantly outperformed other comparable methods, achieving an impressive accuracy 

rate of nearly 98 %. In 2019, Sun J. et al. [8] presented a machine vision algorithm for 

detecting and classifying weld defects in thin-walled canisters. Using a modified 

background subtraction method, the algorithm achieves over 99 % accuracy in real-world 

applications, proving effective for real-time and continuous weld defect detection.  

In 2002, Wang G. and Liao T.W. [9] developed an automatic computer-aided system for 

identifying welding defects using background subtraction and histogram thresholding 

techniques. In 2016, Ranjan R. et al. [10] used specific defect features like vertical 

intensity plot and defect spread region for weld defect identification, with respect to its 

location and severity, and classification into different kinds of imperfections or 

irregularities. In 2020, Kumar R.K. and Omkumar M. [11] explored the ultrasonic plastic 

welding of high-performance polyamides (HPPA) matrix composite. It is a glass-filled 

semi-crystalline and partially aromatic polyamide composite for automotive applications. 

A weld strength of 3.1 kN was achieved, with minimal voids and negligible weight loss. 

Key findings include decreased glass transition temperature and suitable degradation 

temperature for high-temperature applications. In 2019, Mohammad E.J. et al. [12] 

utilized the K-means method for optimal thresholding, showing sensitivity to small 

datasets but improved performance with larger datasets, especially when the number of 

clusters is minimal. 

In 2023, Shaikh K. et al. [13] presented a hybrid architecture that uses a multilayer 

perceptron (MLP) for feature extraction and combines it with classical classifiers like 

random forest (RF) and support vector machines (SVM). Applied to wheel conicity defect 

detection, the MLP-RF combination yielded the best performance with up to 99 % 

accuracy. The hybridization allows for efficient learning from both structured sensor data 

and statistical features, making it suitable for mechanical fault diagnosis. In 2024,  

Tata R.K. et al. [14] proposed a hybrid convolutional neural network (CNN) and long short-

term memory (LSTM) model. CNN extracts spatial features from surface images, while the 

LSTM captures temporal relationships (e.g., variations across sequences or production 

cycles). The hybrid model improves defect detection accuracy by ~ 20 % and reduces false 

positive rates by ~ 30 %, making it suitable for time-series-based industrial inspection 

tasks such as continuous casting or rolling. In 2024, Wang X. et al. [15] addressed the 
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challenge of detecting defects on dense IC surfaces, where information imbalance and 

micro-defects make detection difficult. A hybrid model combining ResNet50 and Vision 

Transformer (ViT) is developed. ResNet handles low-level feature extraction, while ViT 

captures long-range dependencies. The model achieves 98.6 % accuracy, outperforming 

standalone CNN or ViT architectures, and is particularly effective for microelectronic 

manufacturing. 

The accuracy of defect detection using MATLAB-based image processing depends 

on several factors, including the type of defect, image quality, features used, classifier, 

and preprocessing methods. However, based on published studies and typical results from 

academic and industrial projects, Table 1 lists a few of the reference points [13315]. 

 
Table 1. Accuracy in % for various techniques used for image defects detection 

Application area Defect type Technique 
Accuracy 

(approx.), %  

Weld inspection 
Cracks, voids, 

inclusions 

LBP + SVM / Edge detection + 

Morphology 
85395 

Composite 

materials 
Delamination, air voids 

GLCM + CNN / Ultrasound image 

processing 
90397 

Metallic surfaces 
Scratches, dents, 

porosity 

Texture + Intensity histograms + 

Decision tree 
80390 

PCB / Solder 

joints 

Missing pads, solder 

bridges 
Template matching + Thresholding 88393 

 

Table 2. Comparison of MATLAB based image processing with baseline methods 

Aspect 

Baseline methods (e.g., manual 

inspection / traditional 

thresholding) 

Proposed MATLAB-based approach 

Automation 
Manual or semi-automatic, 

subjective, time-consuming 

Fully automated using algorithms such as 

edge detection, morphological operations, or 

machine learning 

Accuracy 
Typically lower due to human 

error and inconsistent criteria 

Higher accuracy by using optimized filters and 

algorithm tuning 

Noise handling 
Poor tolerance to lighting, 

contrast, or texture noise 

Robust pre-processing steps (Gaussian 

filtering, histogram equalization, etc.) remove 

noise effectively 

Feature extraction 
Manual or limited to basic 

statistics 

Advanced techniques: texture analysis (e.g., 

LBP, GLCM), shape descriptors, color 

segmentation 

Defect 

classification 

Usually not implemented or 

rule-based 

Incorporates ML models (SVM, KNN, decision 

trees) trained on defect features 

Consistency & 

repeatability 

Varies with operator and 

condition 

Highly consistent, script-based processing 

ensures reproducibility 

Processing time Slower and subjective 
Faster with batch processing using MATLAB 

scripts/functions 

 

In MATLAB-specific workflows, using local binary pattern (LBP) or GLCM (gray-level co-

occurrence matrix) for feature extraction and SVM or KNN for classification, the accuracy 

typically ranges from 85 to 95 %. When combined with image augmentation and proper 

labeling (using Image Labeler), detection rates can improve by 5310 %. MATLAB9s deep 

learning toolbox (e.g., using pre-trained CNNs like AlexNet or ResNet with transfer learning), 
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gives 95 %+ accuracy when sufficient labeled data is available. Performance comparison of 

MATLAB-based Image processing with other baseline methods is described in Table 2. 

The proposed MATLAB-based image processing approach demonstrates superior 

performance compared to traditional thresholding and edge-based methods, as evident 

in higher classification accuracy (91.4 vs. 72.3 %), and improved robustness to noise and 

lighting variations. The integration of texture-based feature extraction (e.g., LBP) and 

machine learning classifiers significantly enhances the defect detection capability across 

multiple defect types. 

 

Experimental work and image processing analysis 

Preprocessing stage 

The basic initiation in image processing is the initial set of operations performed on raw 

image data to prepare it for further analysis or processing. The goal of preprocessing is 

to enhance the quality of the image and to remove any distortions or irrelevant 

information that may hinder subsequent tasks.  

This stage involves the following operations to be performed to prepare the image 

for further extraction of defect information: 

1. Histogram equalization is a technique for improving an image's contrast by adjusting the 

histogram's intensity distribution. This method enhances the image's visibility and detail by 

spreading the most frequent intensity values. Histogram equalization is a powerful and 

widely used technique for enhancing image contrast, making it a fundamental tool in various 

image processing applications. The image's histogram is computed, a plot of the number of 

pixels for each intensity level (from 0 to 255 for an 8-bit image). 

2. Resizing of Images: By resizing images appropriately, you can balance maintaining 

sufficient detail for analysis while optimizing computational and storage resources. This 

balance enhances the efficiency, effectiveness, and applicability of image-processing 

techniques across various domains. 

3. Gray scaling transforms a color image into shades of gray. This involves reducing the 

image's depth from full color (usually 24-bit RGB) to 8-bit grayscale. In a grayscale image, 

each pixel represents a shade of gray, varying from black (0 intensity) to white (255 

intensity). For each pixel, the intensity of the gray shade is calculated using the formula: 

Gray=0.299×ý+0.587×þ+0.114×ý [2]. 

The following are the Inferences that can be drawn from the grey scaling 

mechanism:  

1. Consistent gray levels across the weld bead indicate a consistent welding process. 

2. Inconsistent gray levels may suggest issues such as varying penetration, inconsistent 

heat input, or changes in welding speed. 

3. Dark spots can indicate porosity or voids within the weld. Darker areas usually 

represent areas of lower density. 

4. Light spots or Brighter areas may indicate inclusions or areas of higher density. They 

could also point to overheating or burning through the material. 

5. The gradient of gray Levels indicates the HAZ, which has a gradual transition from the base 

metal to the weld metal. Sharp changes in gray levels can indicate improper heat control. 
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6. Proper penetration is indicated by a consistent gray level throughout the weld depth. 

7. Insufficient Penetration appears as a lighter gray area in the center of the weld cross-

section, indicating the weld did not fully penetrate. 

8. Cracks appear as distinct lines or streaks within the grayscale image, often darker than 

the surrounding material. 

The study reviewed methods like image enhancement, segmentation, and machine 

learning techniques. The research highlighted the effectiveness of these approaches in 

identifying defects and imperfections. The research observation underscores the role of 

image processing in improving weld inspection quality. The work carried out in this 

research reflects on the advancement in the image processing technique for weld defect 

detection of polymer samples joined using ultrasonic welding. The stages of the image 

processing technique are illustrated in the flowchart, Fig. 1. 

 

 
Fig. 1. Flowchart showing the stages of image processing adopted 

 

Image processing was carried out with the scanning electron microscopy (SEM) 

images of the polymer weld samples. The polymer material is ABS, and the two parts of 

ABS are joined using ultrasonic welding. The ultrasonic welding involves providing ac 

supply at 240 V and 50 kHz to the piezoelectric crystal. This results in the generation of 

high-frequency mechanical vibrations, which are then transmitted to the weld material 

through the sonotrode and a horn, Fig. 2.  
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Fig. 2. Images of Ultrasonic weld machine, transducer, sonotrode (booster), horn assembly 

 

The sonotrode horn also transmits and exerts static pressure on the weldment, apart 

from the vibrations generated in the piezoelectric converter. The horn is customized to suit 

the weld geometry, and the welding machine has parameter settings for the weld 

requirements. The parameters of importance are weld time, hold time, amperage 

corresponding to the energy requirement, and static pressure. The experimental work 

involved trials with different settings of the process parameters based on trial and error, 

and also based on the expertise of the technicians at UltraTech Sonic Solutions, Basavangudi. 

 
Table 3. Operating values of parameters and weld status for ABS Material (N.W - no weld, P.W - partial 

weld, G.W - good weld with high strength, DT - destructive testing) 

Sl. 

No 

Test 

identification 
DT, s 

Weld 

time, s 

Holding 

time, s 

Current, 

mA 

Pressure, 

Bar 

Power, 

Watts 

Weld status 

based on 

DT* 

1 1A 

0.55 0.15 0 0.1 

2 1 N.W 

2 1B 2 1 N.W 

3 1C 2 1 N.W 

4 2A 

0.55 0.3 0 0.2 

2 1 N.W 

5 2B 2 1 N.W 

6 2C 2 1 N.W 

7 2D 

0.55 0.3 0 0.2 3 2 

N.W 

8 2E N.W 

9 2F N. W 

10 3A 

0.55 0.4 0 0.3 4 3 

P.W 

11 3B P.W 

12 3C P.W 

13 3D 

0.55 0.5 0 0.3 4 3 

G.W 

14 3E G.W 

15 3F G.W 

16 3G 

0.55 1 

0 0.6 5 4 G.W.H 

17 3H 0 0.6 5 4 G.W.H 

18 3I 1 0.8 5 5 Overburn 

Horn 

(sonotrode) 

 

Booster 

Ultrasonic 

transducer 
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The process parameter variation considered for this work has been listed in Table 3.  

The weld status has been provided based on the destructive testing on the weld samples.  

Scanning electron microscopy (SEM) imaging of various samples provides insights 

into the effects of thermal gradients caused on the weld surface due to generated friction 

and viscous heating of the acrylonitrile butadiene styrene (ABS) material at various points 

of the joint formation. As the first step, a microscopic image of the base ABS material, 

without welding, was captured, serving as the basis of comparison with the SEM of the 

welded material sample. 

Image processing was carried out in MATLAB ver.23a. The flowcharting (Fig. 3) 

highlights the methodology used in segmentation and feature extraction algorithms 

adopted to extract the morphological and image intensity features of the SEM images.  
 

 
 

Fig. 3. Methodology of the segmentation and feature extraction 

 

Similar processes have been adopted for algorithms such as texture analysis, 

entropy, FFT, and filters to extract the various properties of the images. For labeling, 

MATLAB9s image labeler toolbox is used to manually annotate cracks and voids on the 

input images. Each defect was marked using bounding boxes or pixel-level masks, 

depending on its complexity and size. The annotated data was saved in ROI and label 

data formats compatible with supervised machine learning workflows in MATLAB. This 

labeled dataset served as the basis for training and evaluating defect classification 

models. The following analyses were performed on the SEM images of the polymer weld 

samples [16323]. 

1. The histogram is utilized to reveal quality issues for the welded images. The 

overall position of the histogram along the x-axis indicates the image's brightness. If the 

histogram is skewed towards the left, the image is predominantly dark. If it is skewed 

towards the right, the image is predominantly bright. The contrasting features of the 

image are captured by the histogram span. A wide histogram that covers a broad range 
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of intensity values suggests high contrast, while a narrow histogram suggests low 

contrast. Uniform and expected distributions may indicate good-quality welds, while 

unexpected spikes or gaps could indicate defects or inconsistencies. 

2. Edge detection: it enables the identification and location of critical 

discontinuities in the weld by variations in intensity or color introduced into the image. 

These discontinuities often represent the boundaries of objects within the image.  

Weld seam identification. Continuous seam: A well-defined, continuous edge 

indicates a consistent and smooth weld seam, which indicates good quality. Gaps or 

discontinuities: breaks or gaps in the edge detection output may indicate defects such as 

cracks, incomplete fusion, or lack of penetration. 

Weld geometry. Uniformity: consistent edge thickness and shape suggest uniform 

weld geometry, which is important for structural integrity. Irregularities: variations in 

edge thickness or shape may point to issues like excess weld material, undercutting, or 

burn-through. 

Surface defect, porosity: small, irregular edges could indicate surface porosity or 

tiny holes in the weld. Spatter: additionally, unintended edges away from the main weld 

seam might be due to welding spatter. 

Alignment and Fit-Up. Proper alignment: edges that follow a predictable, aligned 

path suggest that the welded components were properly aligned. Misalignment: 

deviations or offsets in the edge pattern can indicate misalignment or poor fit-up of the 

welded parts. Transition area: the edge detection can reveal the boundary between the 

weld region and the HAZ region, which is crucial for understanding the thermal impact 

on the material. 

3. Thresholding is an effective process used to segment the image by converting it 

into a binary image. In this process, pixels are divided into two groups based on a chosen 

threshold value, and the pixels are then categorized into white and black.  The method 

adopted is Global thresholding (Otsu's method), as it extracts more edges compared to 

direct edge detection algorithms 

Global thresholding uses a common threshold value for the image under test. This 

value is applied uniformly to all pixels in the image. A threshold value is chosen, either 

manually or automatically. Adaptive thresholding involves estimation of the threshold 

value for segments of the image, thus resulting in variations of lighting and intensity 

where the image is divided into smaller regions or blocks. Global thresholding is best 

suited for simple images with uniform lighting, while adaptive thresholding is more 

versatile and effective for images with complex lighting conditions. 

4. Image filtering: several methods are available for image filtering in the process 

of extracting the required image properties. The following methods are most commonly 

used in usual practice [24333]. 

Gaussian blur: a linear filter that smoothens an image by averaging the pixels within 

a Gaussian window. It reduces noise and detail by weighting the pixels in the 

neighborhood based on a Gaussian function, which gives higher weights to the central 

pixels. It is suitable for blurring edges, reducing image sharpness. Not effective for non-

Gaussian noise like salt-and-pepper noise. Best for overall noise reduction and obtaining 
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a smooth image, but at the cost of blurring details. The Gaussian function is defined as: þ(ý, þ) = 12ÿ ÿ2 7 ÿ (2 ý2+þ22ÿ2 ), where Ã is standard deviation of the Gaussian distribution. 

Median filter: causes replacement of each pixel value with its neighborhood median 

value. Salt-and-pepper noise is effectively reduced by this filtering method, with no 

impact on the identified edges. For each pixel, the filter considers the values of all pixels 

in a neighborhood around it, sorts these values, and selects the median value. This filter 

removes salt-and-pepper noise and preserves edges better than linear filters like 

Gaussian blur. It is ideal for removing specific types of noise (e.g., salt-and-pepper) while 

preserving edges, useful for inspecting fine details and small defects in welded images. 

Bilateral filter: the bilateral filter is an edge-preserving and noise-reducing filter 

that combines Gaussian smoothing in the spatial domain with Gaussian smoothing in the 

intensity domain. This ensures that only similar pixel values are averaged, preserving 

edges. The bilateral filter considers both the spatial distance and the intensity difference 

between the central pixel and its neighbors. Balances noise reduction with edge 

preservation, making it suitable for images where retaining the edge details is crucial. 

The filter function is: �(ý, þ) = 1ÿ(ý,þ) 3 �(ýÿ , þÿ) ; ÿ2(ýÿ2ý)2+(þÿ2þ)22ÿý2ýÿ,þÿ ; ÿ2(ý(ýÿ,þÿ)2ý(ý,þ))22ÿý2 , where Ãd is the 

spatial standard deviation, Ãr is the intensity standard deviation, and W(x,y) is a 

normalization factor. 

Compared to the Gaussian and median filtering methods, the bilateral filter gives 

better results by preserving edges while reducing noise, which represents the quality of 

the edges formed duringthe welding process and is effective for a wide range of noise 

types. This makes the weld image analysis more accurate. 

5. Texture analysis: texture analysis involves examining the texture characteristics 

of an image to extract meaningful information, which can be used for classification, 

segmentation, and other image processing tasks. Two commonly used methods are used 

in this work.  

GLCM (gray-level co-occurrence matrix): this method is used to analyze an image 

texture by examining the spatial relationships between pixel intensities. GLCM analyzes 

texture by quantifying how frequently specific intensity value combinations appear in 

predetermined directional arrangements throughout the digital image matrix. Using this 

technique, several statistical measures can be calculated to describe the texture. 

Contrast: quantifies tonal variation by calculating brightness differentials between 

adjacent data points throughout the entire visual matrix, enabling measurement of 

textural roughness across the image: ý�ÿ�ÿÿ�� = £ÿ,�(ÿ 2 �)2 ; ÿ(ÿ, �). 

Correlation: measures the correlation of adjacent pixels, ý�ÿÿÿýÿ�ÿ�ÿ = = £ÿ,� [(ÿ2ÿÿ)(�2ÿ�);ÿ(ÿ,�)]Ãi7ÿ� . 

Energy (angular second moment): assesses uniformity of the texture by adding up 

the squared elements in the GLCM, ÿÿÿÿ�þ = £ÿ,�ÿ(ÿ, �)2. 

Homogeneity (inverse difference moment): reflects the uniformity of pixel value 

relationships and distribution of elements in the GLCM cluster around the diagonal, /�þ��ÿÿÿ�þ = £ÿ,� ÿ(ÿ,�)1+|ÿ2�|.  
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Local binary patterns (LBP) is a texture operator that identifies patterns by 

evaluating adjacent pixel values against predetermined limits, enabling classification 

based on local spatial relationships within defined proximity boundaries. The LBP image 

is often represented as a histogram of the LBP codes, which serves as a texture descriptor. 

6. Image segmentation: partitions the complete image into regions, making it easier 

to analyze and extract meaningful information. This process modifies the representation 

of an image into a form that is straight forward for analysis. Often by identifying objects 

or boundaries (lines, curves, etc.) within the image. The following methods are discussed 

in image segmentation. 

K-means clustering: an unsupervised learning algorithm that is implemented to 

categorize data points into K clusters. In the context of image segmentation, it groups 

pixels based on their intensity or color similarity. The K-means clustering segments an 

image by grouping pixels into K clusters based on similarity in intensity or color. Simple 

and effective for basic segmentation tasks. 

Watershed algorithm: a technique of segmentation in which the grayscale image is 

considered like a topographic surface. The algorithm finds the lines that separate 

different catchment basins, corresponding to the image regions. The Watershed 

Algorithm uses the topographic interpretation of the image to separate regions. Effective 

for segmenting touching or overlapping objects. 

Graph-based segmentation: this technique treats the image as a graph, considering 

each pixel as a node, and the similarity between neighboring pixels is indicated by the 

edges. Segmentation is performed by finding minimum cuts in the graph based on pixel 

similarity. Offers flexible and powerful segmentation capabilities but may require more 

computational resources. 

7. The entropy indicates the randomness to assess the degree of uncertainty in the 

image. Within the domain of image processing, entropy describes the texture and 

complexity of an image. An image with high entropy is characterized by intricate Higher 

entropy values indicate a more complex and detailed image, while lower entropy values 

suggest a more uniform or simple image. The entropy H of an image can be calculated 

using the following equation: ÿ =  2£ÿ=1 ý� ÿ�ÿ log2(�ÿ), where n is the count of variations 

in intensity in the image and 8pi9 is the probability at which intensity of level I occurs. 

Entropy is used to analyze and classify textures in an image. Entropy-based methods 

can be used to determine optimal thresholds for image segmentation. High entropy 

characterized by intricate details and complexity, while low entropy indicates a uniform or 

simple image. Entropy can be used as a feature for image recognition and classification tasks. 

8. Fourier transform: in image processing, the Fourier Transform is a fundamental 

tool used to analyze the frequency components present in an image. Here9s a concise 
explanation of what the Fourier transform entails. The Fourier transform converts a signal 

(in this case, an image) from its spatial domain into the frequency domain. It decomposes 

the image into its constituent frequencies. For a 2D image f(x,y), the Fourier transform 

F(u,v) is given by: ý(�, �) =  . �(ý, þ) ÿ2ÿ2ÿ(þý+ÿþ) þý ; þþ>2> , where u and v are 

wavenumber components. 

The magnitude variation of an image refers to the representation of the magnitude 

(absolute value) of the Fourier transform coefficients of the image. The phase spectrum 
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of an image refers to the spatial distribution of phase information in the frequency 

domain of the image.  

 

Results and Discussion 

The analysis was carried out on four SEM images, and the interpretations for the various 

techniques of preprocessing are described in this section. 

 

Histogram of weld images  

Peaks indicate common intensity values. A narrow histogram suggests low contrast, while 

a wide histogram suggests high contrast. Expanding the range of intensity values makes 

images clearer, more detailed, and more suitable for visual inspection and automated 

analysis. The image in its stretched form and the corresponding histogram (Figs. 4 and 5) 

for samples 2H and 1C, indicate clear contrasting features of the image where the lack of 

fusion, slag formation, cracks, and unfilled gaps can be identified. These characteristics 

indicate the defects in the weld piece, which creates a non-uniform surface on the weld 

piece. While the histogram in Fig. 6 (for sample 3H) indicates no defect in the weld, 

corresponding to the sample performance, as listed in Table 1 [17]. 

 

 
Fig. 4. SEM image of sample 2H (a,b) and its histogram stretched image (d) and its histogram (c) 

(a) (b) 

(c) (d) 
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Fig. 5. SEM images of sample 1C (a,b) and its histogram stretched image (d) and its histogram (c) 

 
Fig. 6. SEM images of sample 3H (a,b) and its histogram stretched image (d) and its histogram (c) 

(a) (b) 

(c) (d) 

(c) (d) 

(a) (b) 
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Interpretation from edge detection 

Figures 7 and 8 show the edge detection of samples 2F and 3H using their SEM images 

by the Roberts Cross Operator algorithm, which uses 2 × 2 convolution kernels to 

approximate the gradient. The edges seen in the images represent discontinuities in the 

weld formation that may be attributed to anomalies like slag, unfused, and uncut surfaces 

in the image, the whiter dots, the more the edge formation during welding. The clear 

image without white heads may indicate fewer discontinuities in the weld formation. 

These results indicate a contradiction to the actual weld performance and may indicate 

the need for further detailed analysis of the image processing results and inferences. 

 

 
Fig. 7. SEM image surface of sample 3H (a) and edge detection image (b) for sample 3H 

 
Fig. 8. SEM image surface of sample 2F (a) and edge detection image (b) for sample 2F 

 

Interpretation from thresholding  

Thresholding helps to isolate the weld bead from the rest of the image. This is vital for 

the assessment of the weld characteristics of quality, size, and shape. 

Detection of anomalies like porosity, cracks, or incomplete fusion can be done with 

thresholding. Defects usually have different intensity values than the rest of the weld, 

making them stand out after thresholding. 

(a) (b) 

(a) (b) 
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Contrast enhancement makes it easier to inspect and analyze the weld visually. This 

is particularly useful in cases where the weld and the surrounding material have similar 

intensity values in the original image. 

The thresholding image for Sample 3I, in Fig. 9, indicates the slag formed after 

welding, and the bulged surfaces can be seen more clearly, which represents the over-

welding with improper finishing surfaces showing the white edges of excessive material 

spread. The welding status of sample 3I shows the weld to have caused overheating of 

the material, which is due to the higher parametric range than other samples.  
 

 
 

Fig. 9. Original SEM image (a) and its processed threshold (b) 

 

Filtering output 

The filtering output for the SEM image of sample 2B, Fig. 10, has been analyzed in this 

section for the changes in texture properties with spatial factors. The common image 

filtering techniques were utilized, namely Gaussian blur, median filtering, and bilateral 

filtering, for noise removal and smoothing of the images. The smoothing effect differs in 

the form of uniform, non-linear, or adaptive smoothing [24]. The following features are 

obtained from the above image. 

 
Fig. 10. SEM Images of Sample 2B filtered with different standard filtering methods (a3e) 

(a) (b) 

(a) (b) (c) 

(d) (e) 
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GLCM features: GLCM is computed at specific spatial relationships defined by: 

1. Directions: horizontal (0°), vertical (90°), diagonal (45°), anti-diagonal (135°), etc. 
2. Distances: the number of pixels apart being analyzed. The matrix values thus represent 

how the texture property (e.g., contrast, correlation, etc.) changes with the analyzed 

direction/distance. 

3. Contrast: [0.1255 0.1865 0.1336 0.1778]. 

4. Correlation: [0.8992 0.8502 0.8927 0.8571]. 

5. Energy: [0.4564 0.4319 0.4439 0.4358]. 

6. Homogeneity: [0.9613 0.9397 0.9510 0.9444] 

Contrast in an image represents the difference in luminance or color that makes an 

object distinguishable. The correlation value shows the linear dependency of pixel 

intensities for a specific direction/distance. The high values indicate that pixel intensities 

are strongly related, regardless of direction or distance. Energy value reflects the 

uniformity of texture for a specific direction/distance. The moderate values suggest a 

somewhat uniform texture, but not perfectly repetitive. Homogeneity value measures 

how close pixel intensities are to one another for a given direction/distance. The high 

values indicate high similarity of neighboring pixel intensities in all directions, showing 

a smooth texture. Together, these values describe the variation of texture properties 

across different spatial relationships in the analyzed image. 

 

Interpretation from the texture analysis 

LBP (local binary patterns): the histogram shows the frequency of each LBP code in the 

SEM image of sample 3H (Fig. 11). 
 

 
 

Fig. 11. Histogram of original (a,b) and LBP image (c,d) 

 

(a) 

(c) 

(b) 

(d) 
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From the above histograms of the original image and the LBP histogram, it's clear 

that the LBP histogram is more stretched than the original histogram, representing more 

edges on the image, implying non-uniform weld quality. By combining GLCM features 

from image filtering and LBP features from the texture analysis, a comprehensive 

understanding of the welded image texture can be obtained. 

1. Consistency and quality: high homogeneity, high energy, high correlation (from 

GLCM), and a peaked LBP histogram with many uniform patterns suggest a high-quality 

weld with a smooth, consistent texture. 

2. Defects and irregularities: high contrast, low homogeneity, low correlation (from 

GLCM), and a flat LBP histogram with many non-uniform patterns can indicate defects, 

roughness, or irregularities in the weld texture. 

3. Surface properties: detailed examination of specific GLCM features like contrast 

and homogeneity, along with the LBP histogram, can help identify specific types of 

surface properties, such as the presence of cracks, porosity, or other surface defects. 

 

Interpretations from image segmentation 

The image segmentation technique was utilized for separating the features or regions of 

the SEM image of sample 2B. Figure 12 shows the result of image segmentation obtained 

with the above-mentioned techniques for sample 2B. 
 

 
 

Fig. 12. Original SEM image of sample 2B (a) and results of K-means, watershed, and graph-based 

image segmentation (b3d) 

 

The splitting of the SEM image into sections and the color gradations give an idea 

about the discontinuities in the weld formation, and also the difference in grain 

(a) (b) 

(c) (d) 
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distribution as a result of the thermal gradients created due to the friction and viscous 

heat created between the weld surfaces in the process of ultrasonic welding.  

 

Entropy interpretation 

An image with high entropy will show a complex scene with many details and textures, 

and its entropy value will be relatively high. Low-entropy image will show a uniform or 

simple scene. By comparing these entropy values, the complexity and information 

content of the images can be interpreted. Figure 13 represents the entropy values for 

samples 2B and 3H. 

 
 

Fig. 13. Entropy values for the samples 2B (a) and 3H (b) 

 

In Fig. 13(b), Image 2 has higher entropy (6.8954) compared to Image 1 (6.5769). 

This indicates that Image 2 has more complexity or randomness, which may be 

interpreted as a strong molecular bonding of the two weld pieces, as is observed in the 

weld performance of sample 3H.  

 

Interpretation from the Fourier transform 

Fourier transformation conveys information about the spatial frequency content of the 

image: Low frequencies represent areas of uniform intensity, representing smooth regions 

in the source image. High frequencies correspond to rapid changes in intensity, indicating 

edges or textures. 

Fourier transform conducted on the SEM images of sample 3H, Fig. 14 indicates the 

components for all frequencies, with magnitude reducing for higher frequencies. The 

logarithmically transformed image also suggests the dominating directions, one vertical 

and one horizontal, in the Fourier image, both passing through the center. This infers a 

regular pattern of grain distribution in the baseline SEM image of sample 3H, confirming 

the status as obtained with the parameter settings of sample 3H.  

The results obtained with the various image processing techniques applied to a 

small set of SEM images are observed to be either in sync or in variation with the 

destructive testing performance of the weld samples. This observation requires further 

analysis of these techniques applied to a larger set of SEM images to arrive at a definite 

(a) (b) 



Polymer weld characterization and defect detection through advanced image processing techniques  66 

 

 
 

Fig. 14. Original SEM image of sample 3H (a) and Fourier transform output images (b3d) 

 

pattern for the optimal selection of image processing techniques for weld defect 

detection. The variation in the results may be attributed to the broad range of non-

uniformities in the weld formation due to thermal gradients, which usually result in varied 

characteristics. This makes it challenging to develop a generalized method of image-

based defect detection. The characteristics of defects, like their appearance as regions of 

low contrast, non-uniform brightness, or irregular shapes, may result in anomalies in their 

detection.  

 

Conclusions 

Applying image processing techniques in the characterization and defect detection of 

weld samples using SEM images has significant potential toimplement automation in the 

weld defect detection domain. With further refinement of the analysis and detailed study, 

the image processing techniques can be effectively used for defect detection with the 

sample SEM images for welds formed with varying parametric levels. Techniques such as 

image segmentation, thresholding, and edge detection play a crucial role in isolating 

relevant features within complex microstructures, allowing for a more precise analysis of 

weld integrity. Furthermore, entropy detection aids in identifying anomalies by 

quantifying information variability, which is essential for assessing the quality of welds. 

The Fourier transform contributes to identifying periodic structures and defects, 

enhancing our understanding of the weld9s mechanical properties. Additionally, texture 
analysis provides insights into the surface characteristics and microstructural variations, 

crucial for predicting performance under various conditions. Filtering techniques help in 

noise reduction, ensuring that the subsequent analysis reflects true structural 

characteristics rather than artifacts.  

(a) (b) 

(c) (d) 
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Collectively, these image-processing techniques enable a comprehensive 

assessment of weld quality, facilitating early detection of defects that could compromise 

structural integrity. This research underscores the importance of integrating advanced 

image processing methods into quality control processes in manufacturing, thereby 

enhancing reliability and safety in critical applications. The findings illustrate the 

potential for further advancements in the field, opening avenues for automation in defect 

detection methodologies. The following interpretations and guidelines can be deduced 

from the image processing algorithms discussed above: 

1. The impact and significance of an algorithm can be assessed with a comparison of the 

original and processed Images. 

2. Parameter sensitivity analysis can be effectively made with the variation of the algorithmic 

parameters and analysis of the change in results, e.g., threshold values in segmentation. 

3. Algorithm performance can be quantitatively evaluated using metrics like precision, 

recall, or mean squared error, especially in machine learning and computer vision tasks. 

Analysis and interpretation of errors introduced by the algorithm can guide 

improvements or alternative approaches. By systematically evaluating these aspects, we 

can effectively interpret image processing results from different algorithms, ensuring that 

they meet the desired goals and quality standards. 
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ABSTRACT  

The process of dolomite rock acidizing is considered. Theoretical analysis considers three regimes of the 

chemical reaction: face and uniform dissolution and wormhole formation. The general model integrates 

two analytical solutions of the face and uniform dissolution and semi empirical model of wormhole 

formation. The analytical solutions consider in the paper, appropriate data on semi empirical approach was 

extracted from Fredd and Fogler investigations. These solutions had been transferred to the dependence 

of skin factor from the specific acid injection rate, slug volume and acid concentration. The approximation 

of the dependence involves two Gauss functions and matches to the appropriate asymptotes (low and high 

injection rates) and describes the wormhole local minimum in the vicinity of critical injection rate.  

The proposed approximation dependence may be used in different codes for a reservoir acid treatment process. 

It could be the basis of the process optimization procedure with maximum productivity increase criteria and 

determination of optimal impact parameters such as acid slug volume and concentration, injection rate and etE. 
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Introduction 

The practice of acid stimulation of productivity in carbonate reservoirs began with the 

Schlumberger brothers and has a long history [1,2]. The permeability increase of the near 

wellbore zone and reduction of the skin factor are the main purpose of the stimulation. 

At the end of the last century, Fredd and Fogler [3] established that the ratio of the 

reaction rate and the average mass velocity of acid flow determines the reaction type of 

an aqueous acid solution with a carbonate matrix. At low velocities, the type of reaction 

is "face dissolution" with cavern formation at the inlet surface of a well. At high velocities, 

the acid flows through almost all pore channels, dissolving their walls, increasing the 

size, and thus increasing the porosity and permeability. This type is often named "uniform 

dissolution". When the ratio of the reaction rate and acid injection is about one, a 

dominant channel is formed in the pore space, into which almost all the acid rushes. This 

leads to the formation of a channel with a diameter of about 135 mm, which is called a 

"wormhole" and the reaction type is named wormhole formation. The authors of the 

paper [4] considered new regime which they call channeling.  
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Considering the ratio of permeability in the treated area and in the rest part of a 

reservoir, then for the first and third reaction types it is several orders of magnitude, for 

the uniform dissolution it does not exceed several units. The depth of acid penetration to 

a reservoir at the same volumes of injection is maximum for the uniform dissolution and 

minimum for the face dissolution type. A general model for predicting these effects or a 

general approach integrated all described reaction types is needed to predict, optimize 

the process of acid stimulation of carbonate reservoirs and analyze the technological and 

economic effect. 

The paper proposes the integration of analytical solutions for face and uniform 

dissolution [5] and the application of semi-empirical models for the analysis of the 

wormhole formation [639]. These solutions are the framework of computational 

algorithm for the prediction of the volume and concentration of the injected acid slug 

influence on the well skin factor after stimulation. Of cause, there are some physical 

phenomenon that additionally affect skin factor. For example, permeability modification 

under pore pressure variation that considered in [10]. The algorithm bases on available 

experimental data [7,11,12] and the type of acid [3,13]. 

 

Solution of the face dissolution problem 

The investigation begins with the consideration of the face dissolution problem on the 

simple example of vertical well stimulation with the open hole completion. Let9s the 
reservoir is represented by dolomites and the chemical reaction with hydrochloric acid is 

described by the following equation: 4HCl + CaMg(CO3)2 = CaCl2 + MgCl2 + 2CO2 + 2H2O. 

Note that the problem of face dissolution refers to the case when the reaction rate 

significantly prevails acid flow velocity [14]. Let's proceed to formalization of the 

presented problem. The flow pattern during injection of acid solution into a carbonate 

formation depends on the well completion method, but is reduced to two types: radial 

and linear [15]. Here, the "exotic" spherical flow is not considered, and the flow near a 

horizontal well with strong formation anisotropy is reduced to the radial type by 

introducing new coordinates that take into account the reservoir anisotropy. Such 

simplification is valid for small volumes of acid injection, when its penetration into the 

bottomhole zone is limited by meter or less. The problem of an aqueous acid solution 

flow in the bottomhole zone of a well with residual (immobile) oil will be considered as 

single-phase two-component (1 3 carrying water with reaction products, 2 3 hydrochloric 

acid) flux. Note that radial or quasi-radial flows are observed near vertical, inclined and 

horizontal wells, and linear flow is observed near stimulation fractures. 

Next, the radial flow pattern will be the focus of consideration; the solution for the 
linear flow pattern is sought similarly. The equations of the mass conservation of the acid 
and the aqueous solution with the reaction products in a polar coordinate system are as 
follows: 

{  
  ý(ý'�ý/(12�ýÿ))ý� + 2 ý(��ý'�ý/(12�ýÿ))ý�2 = 2ý/,ý((12ý)'�ý/(12�ýÿ))ý� + 2 ý(��(12ý)'�ý/(12�ýÿ))ý�2 = ý�ý/,ý((12')�ý/)ý� = 2ý�ý/.          (1) 
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Here c, (13c) are acid mass concentration and agues phase (water + reaction 

products); ', h are porosity and specific reservoir thickness; Ãw, ÃR are densities of aqua 

phase and matrix; v is mass averaged flow rate of aqua phase; Sor is residual oil saturation; 

J, ý� = 1.26, ý� = 2.26 are chemical reaction rate of acid with matrix, mass ratio of 

reaction products and acid consumption, mass ratio of reacting dolomite and acid. 

For the face dissolution problem, the reaction rate J tends to infinity and the reaction 

itself occurs in a narrow region called reaction front. The movement speed of the reaction 

front (complete consumption of the injected acid) is determined by the conditions on the 

acid concentration shock from zero to the initial concentration in the injected solution. 

Let9s transform the mass balance equations (1) to the conservative form: 

{ 
 ýý� (ý'��/(1 2 ÿ��) 2 (1 2 ') �ý/ýý  ) + 2 ý(��ý'�ý/(12�ýÿ))ý�2 = 0,ýý� ((1 2 ý)'��/(1 2 ÿ��) + (1 2 ') ýý�ý/ýý ) + 2 ý(��(12ý)'�ý/(12�ýÿ))ý�2 = 0.      (2) 

The mass balance of the chemical reaction reduces to the equation: 2ý + ý�ý 2 ý�ý = 0 or ý� 2 ý� = 1.           (3) 

The divergent or conservative form of the equations gives the possibility to define 

the algebraic conservation equations at the reaction front [16]: 

{  
  ÿ [ý'��/(1 2 ÿ��) 2 (1 2 ') �ý/ýý ] 2 2[ÿ(1 2 ÿ��)�ÿý'��/] = 0,ÿ [(1 2 ý)'��/(1 2 ÿ��) + (1 2 ') ýý�ý/ýý ] 2 2[ÿ(1 2 ÿ��)�ÿ(1 2 ý)'��/] = 0,ÿ = þ�ÿ2þ� ,      (4) 

where D is reaction front velocity, rf is reaction front coordinate, square brackets denote the 

difference of function9s values before and after the reaction front. The boundary conditions of 
the considered problem determine the solution of these algebraic differences.  

These conditions define the acid injection concentration co and entire matrix dissolution Ø = 1 

on the inlet and the absence of the acid before the reaction front c = 0 and initial value of 

porosity Ø = Øo. Accordantly the balance of values before and after the reaction takes the form: � f �ÿ:   ý+ = ý�,     ' = 1,      ý+ = ý� = 2ÿ/(1 2 ÿ��)ÿ+�ÿ,  � > �ÿ:   ý2 = 0,      '2 = '� ,      ý2 =  ý = 2ÿ/(1 2 ÿ��)ÿ2�ÿ'�.  (5) 

Here Qo is the flow rate of the injected acid solution into the reservoir, and Q is the 

flow rate of the aqueous phase with the reaction products before the reaction front to be 

determined. By substituting these values into the algebraic conservation equations at the 

reaction front (4), all unknown parameters can be determined: ÿ = �ýÿ/ 1(12�ýÿ)+(12'ý)ýýý0ýýýý   ,  

ý = ý� {1 2 (1 2 '�) (12�ýÿ)2ýýýý(12�ýÿ)+(12'ý)ýýý0ýýýý },           (6) �ÿ = :ÿý + ��2.  

For slug volume V with acid concentration co the skin factor after acidizing process could 

be determined by the formula connecting the skin factor Sf with the effective well radius rf: ÿÿ = 2 ln (�ÿ�ý) , �ÿ = : 1ÿ/ ý(12�ýÿ)+(12'ý)ýýý0ýýýý + ��2.            (7) 
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Unified dissolution problem 

Another ultimate case is the unified dissolution when the acid flow rate is much higher 

than reaction rate. In this case filling of porous matrix is not practically accompanied by 

chemical reaction and dissolution of carbonate rock begins after saturation of pore space 

by acid. At this assumption, acid penetrates to the radius r* of the near wellbore zone: �7 = : ýÿ/Øý(12�ýÿ)+ ��2.             (8) 

Thus, the reaction proceeds without convection and is determined by the equations 

in the saturated area: 

{  
  þ(ý'�ý(12�ýÿ))þ� = 2ý,þ((12ý)'�ý(12�ýÿ))þ� = ý�ý,þ((12')�ý)þ� = 2ý�ý.              (9) 

Note that J is the volumetric reaction rate with SI dimension kg / (m3s), i.e. takes 

place in a unit volume of the porous medium. In experimental studies, the reaction rate 

is determined by volumetric method (by measurement of carbon dioxide release) [17] or 

on a rotating disk installation [2,18,19]. In the first case, the dimension of reaction rate 

coincides with J, but the method works in the region of relatively low pressures (up to 

70 atm). In the second method, the surface reaction rate j with the dimension kg/(m2s)  

is determined. To use it in the model, one should multiply j by the specific surface of the 

reservoir matrix As. The specific surface of the porous matrix is determined by the 

generalized Kozeni-Karman formula [20]: ý� = ý:'ý(12'ý):ýý (1 2 ÿ��).           (10) 

Here ko is matrix permeability, � is the empirical parameter, which value according 

Kotyahov [21] investigations varies in the interval 1 3 3.5÷105 for practical calculations 

([ko] = µm2, ['�] = shares of units.). For certainty the value � = 2.5÷105 was used in further 

calculations. Note that there are some new investigations connecting specific surface 

with porosity and permeability [22] during acidizing process. 

The rate of surface or heterogeneous reaction is written as ÿ = ýýÿ��, where Z is 

the kinetic reaction constant depending on thermodynamic conditions; n is the reaction 

order. In the general case of heterogeneous reactions order may be a fractional value 

(these parameters are determined in an experimental installation with a rotating disk). 

Reactions of zero and first orders are usually considered [17,23]. ý = ýý�ýÿ��.             (11) 

First, let9s transform the system (6), considering the densities independent of time 

and neglecting the change in water saturation due to the chemical reaction: 

{  
  ý þ'þ� + þýþ� ' = 2 ý�ý(12�ýÿ) ,(1 2 ý) þ'þ� 2 þýþ� ' = ýýý�ý(12�ýÿ)þ'þ� = ýýý�ý . ,          (12) 



General model of the carbonate acidizing process with different injection rate  73 

 

For the zero reaction order the solution of the system under initial conditions t = 0, 

c = co, Ø = Øo allows to obtain full time of the acid consumption, as well as the matrix 

porosity after consumption: ýþ = ÿ ý0ý0+ý7 , 'þ = '0 (1 + ý0ý7) , ý7 = �ýýý�ý(12�ýÿ) , ÿ = 'þ�ýý7ýýý��.         (13) 

For the first order of reaction rate, the solution procedure is more complex but it is 

obvious that the value of final reservoir porosity is the same as for zero reaction order. 

However, the formation of the final porosity occurs only asymptotically in time. 

The dynamics of acid consumption for both orders of reaction rates are presented 

as follows equations: 

for the zero order ln (12(ý0ý7+1)21)(12( ýý7+1)21) + ((ý0ý7 + 1)21 2 ( ýý7 + 1)21) = �ÿ,   

for the first order ln (12�0)(12�) + (ý0 2 ý) = �ÿ, ý = ''þ ,   ý� = 'ý'þ .    (14) 

The obtained dependencies of acid concentration from time are illustrated on Fig. 1. 

 

 
 

Fig. 1. Dependence of rock porosity from time during acidizing process for the zero and the first reaction order 

 

The final time of acid consumption plays a significant role in the process technology 

because it defines the delay time for the reaction after acid injection. As for zero reaction 

order it is determined analytically, for the first order it can be only estimated, for example 

from Fig. 1 as ýþ g 2ÿ. 
According to the Kozeni-Karman theory, for each rock of the same type, there is an 

unambiguous relationship between rock porosity and permeability [20]. Labrid's 

experiments [2] showed that a similar relationship could be used to relate rock porosity 

and permeability in the carbonate acidizing process: ýýý = þ ( ''ý)6.             (15) 
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The Hawkins formula [20] could be used for a skin factor determination. For this 

purpose, Eq. (15) should be applied for calculation of rock permeability determination at 

the value of final porosity after acidizing process. This procedure gives: ÿ� = (ýýý 2 1) ln (�7�ý).           (16) 

 

Application of semi empirical model for calculation of wormhole formation 

Semi empirical approach to wormhole formation bases of the results of the experiments 

of acid injection to a small cylindrical carbonate rock core [6,24,25]. It was found that 

under critical flow rate per unit surface qcr the volume of acid until breakthrough takes 

the minimum value. This value is usually transferred to the dimensionless view by 

division on the core pore volume and is labeled as PVcr. The dependence of PVb on the 

specific value of flow rate q [12,26] with definitions of critical values is illustrated on the 

Fig. 2. The critical values are considered as the conditions of wormhole formation. 

 

 
 

Fig. 2. The dependence of injected acid volume to breakthrough PVb from the injection rate with 

determination of the critical values [12] 

 

The determination of the wormhole9s length in practice bases on the proposition of 
its formation similarity in experiments and in near wellbore area [2,23]: ý�/ = ÿýÿ�ÿýýÿ�' = ýÿýýÿ2ÿ/�ý',           (17) 

where ý�/ is the effective wormhole length. The real wormhole length differs from the 

effective value because of its fractal nature [8,23]. Daccord [23,26,27] connected the 

fractal structure of wormholes with the definition of effective length by the similar 

formula (17): ý�/ = ( ýþþÿ21ÿýýÿ2ÿ/�ý') 1þÿ ,           (18) 

where df is the fractal dimension (1.5 < df < 1.7), f is the parameter of wormholes, defined 

from experiments. Application of Hawkins formula defines the expression of skin factor 

after acidizing of carbonate at critical injection rate: ÿ�/ = (ýýý 2 1) ln (þý/+�ý�ý ),           (19) 
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where the ý�/ is extracted from Eq. (18). 

The permeability of stimulated by wormholes zone is significantly higher than 

untreated reservoir. Daccord [28], Huzin [29] considered experimental data and proposed 

to neglect the ratio ko / k thus simplified the skin determination: ÿ�/ = 2 ln (þý/+�ý�ý ).            (20) 

 

General model formulation 

The obtained solutions define the values of skin factors for all types of reactions. For 

example, consider the reservoir with typical characteristics:  effective formation thickness 

h = 20 m, porosity Øo = 0.12, reaction ratio ý� = 1.26, residual oil saturation Sor = 0.3, 

Labrid9s coefficient K = 1.7, well radius rw = 0.1 m, initial acid concentration co = 0.15, 

densities of rock and solution ÃR = 2804 kg/m3, ÃW = 1057 kg/m3, injected slug volume 

V = 60 m3, wormhole formation critical values qcr = 1.4 cm/min, PVcr = 12.4. Substituting 

these data to Eqs. (7), (16), (20) the following values of skin factors can be obtained: ÿÿ = 22.27,  ÿ�/ = 23.4,   ÿ� = 21.98.         (21) 

If the wormhole formation regime is extracted from the analysis of the dependence 

of skin factor from flow rate the transformation between of face and unified dissolution 

should be connected by monotonous function. As an example, this function may be 

approximated by Gauss formula with the height of the curve's peak |ÿÿ 2 ÿ�| and half 

width corresponding by kinetic regime qki [30]: ÿ�ÿ = ÿ� + (ÿÿ 2 ÿ�) exp (2 ÿ2ÿýÿ2 ) .          (22) 

Here qki is the boundary rate of kinetic regime. This function has the appropriate 

asymptotes ÿý� ³ 0, ÿý� ³ >. At low flow rate, it gives the independent from rate skin 

factor. At high flow rates, the dependence tends to the value ÿ� with weak dependence 
 

 
 

Fig. 3. The supportive (22) (dashed dotted line) and the general (23) (solid line) models of the dependence 

of skin factor and specific acid injection rate with correct asymptotes and local wormhole minimum close 

to the experimental data  
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from rate. The difference (ÿÿ 2 ÿ�) may be positive or negative and depends on reservoir 

parameters. 

The wormhole formation regime is manifested in the relatively narrow interval of 

flow rate [7,31] and may be implanted by another Gauss function: ÿ� = ÿ�ÿ 2 (ÿÿ 2 ÿ�/) exp (2 (ÿ2ÿýÿ)2&ÿ2 ),          (23) 

where �q is the half width of the specific flow rate of wormhole formation regime. 

Figure 3 also illustrates the general approximation (23) of the model of reservoir acid 

treatment. The function on Fig. 3 corresponds to the model reservoir data Eq. (21). 

The proposed approximation formula may be used in different codes for a reservoir 

acid treatment process. It could be the basis of the process optimization procedure with 

maximum productivity increase criteria and determination of optimal impact parameters 

such as acid slug volume and concentration, injection rate and etc. 

Note that the general model involves the main technological parameters: injection 

rate, slug volume and acid concentration through Eqs. (7), (8), (14), (18). For instance, the 

influence of the volume of injected acid slug on skin factor is shown in Fig. 4. From the 

obtained solutions, critical rate does not dependent from the slug volume and skin factor 

is proportional to 3ln(V df31), which illustrates Fig. 4. On the other hand, the critical rate 

depends on concentration and acid concentration growth shifts the graph to the left this 

feature is shown in Fig. 5. 

 

  
  

Fig. 4. Calculations of the influence of acid slug 

volume on the skin factor behavior. Volume values 

are indicated on graphs 

Fig. 5. Skin factor dependence from acid 

concentration. Concentration values are indicated  

on graphs 
 

Conclusions 

The solutions of the problems of face and unified dissolution of carbonate reservoir due 

to the injection of acid were obtained. For the wormhole formation process the corrected 

Gong9s model was used. All solutions were transferred to dependence of skin factor from 

process parameters. 

The general model integrates the obtained solutions and Gong model for the 

prediction of skin factor dependence from injection rate, acid concentration and slug 

volume for the whole intervals of parameters variation. The model illustrated on the 
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example of stimulation of vertical well but can be easily transferred to the other types of 

well completion and acids. 

The developed model matches to the appropriate asymptotes (qcr³0, qcr³>) and 

describes the wormhole local minimum in the vicinity of critical injection rate. 

Note that since there is no analytical solution (1) for arbitrary speed,  

a dependency (22) should be obtained from numerical solution [32]. The development of 

wormhole formation theory will give the framework of approximation (23) improvement. 
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ABSTRACT  

The influence of alkali treatment and fiber percentage on the physical, mechanical and thermal properties 

of hemp fiber reinforced gypsum composites are examined. Short hemp fibers (15 mm in length) were 

subjected to alkali treatment using 5, 10, and 15 wt. % NaOH concentrations for 5 h. Both untreated and 

NaOH treated hemp fiber reinforced gypsum composites were fabricated with fiber percentages of 

3, 6, 9, 12, and 15 vol. % through the hand layup process. The fabricated composite samples were evaluated 

for density, water absorption, compressive strength, flexural strength, and thermal conductivity. The 

composite with 10 wt. % NaOH treated fibers, and 12 vol. % fiber content showed significant improvements, 

with a 337 % increase in flexural strength, a 136 % increase in flexural modulus, and a 109.8 % increase in 

compressive strength compared to pure gypsum. The results for thermal conductivity indicate that NaOH 

concentration has a minimal effect on enhancing thermal resistance compared to the influence of fiber 

percentage. SEM analysis of untreated and treated fibers revealed surface modifications and changes in 

fiber characteristics due to NaOH treatment. The results showed that stronger NaOH treatments and higher 

fiber content negatively impacted fiber suitability, stiffness, and overall composite properties. 
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Introduction 

Over the last decade, energy consumption in building sector has steadily increased due 

to rising comfort standards and population growth. The need for environmentally friendly 

and energy efficient materials to reduce energy consumption is critical as global energy 

reserves become increasingly strained. This has driven research into the development of 

thermal energy storage solutions, including electrochemical energy storage, latent heat 

storage, and sensible heat storage [1,2]. Gypsum based materials are widely used in 

commercial, residential, and industrial buildings for partitions, wall panels, and boards. 
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These materials have gained prominence as unique construction materials due to their 

affordability, lightweight properties, ease of application, and abundant availability [3]. 

The primary drawback of gypsum as a building material is its brittleness and heaviness. 

This limitation can be migrated by mixing gypsum with synthetic fibers, mineral particles 

and natural fibers [4]. Significant research has been conducted on the development of 

gypsum composites reinforced with natural fibers, including notable examples such as 

cellulose, hemp, palm, short sisal, and straw fibers [537]. Nindiyasari et al. [8] investigated 

the mechanical properties of cellulose fiber-reinforced gypsum composites and found 

that the addition of reinforcement increased the Young9s modulus, compressive strength, 
and bending strength of the composites. This improvement was attributed to the fibers' 

ability to fill the voids within the composites. Selamat et al. [9] evaluated the thermal 

and mechanical performance of gypsum composites reinforced with rice husk and oil 

palm trunk fibers. The results indicated that the composite with 20 % fiber loading 

demonstrated improved thermal stability and flexural strength. Tesárek et al. [10] 

assessed the compressive strength of gypsum composites reinforced with recycled tire 

wires. Their study revealed that composites with large voids exhibited lower compressive 

strength due to damage localization in poorly compacted areas. Amuthakkannan et al. [11] 

examines the effect of fiber content on the mechanical properties of the short basalt fiber 

reinforced composites and revealed that composites with 10 mm fiber length exhibits 

better properties than other lengths of fiber. 

In this way, natural reinforcements in gypsum matrices are increasingly important 

for the design and construction of buildings, particularly as insulation materials. Among 

various natural fibers, hemp fibers have demonstrated strong performance as a 

sustainable reinforcement, resulting in composites with enhanced physical and 

mechanical properties [12]. Several factors influence the properties of gypsum composite 

materials, including the properties of the individual constituents, fiber geometry, the 

orientation and distribution of the fibers, the fiber-matrix interface, as well as the fiber, 

size, shape, and the methods used for mixing and processing [13]. Previous investigations 

highlight that weak bonding at the interface between the reinforcement and matrix is a 

major drawback, primarily due to poor wetting between the matrix and natural fibers. As 

a result, numerous studies have focused on both physical and chemical treatments (such 

as mercerization, alkalization, acetylation and silane) of fibers to improve fiber-matrix 

adhesion, reduce moisture absorption, and enhance surface roughness [14317]. Shejkara 

et al. [18] investigated the effect of NaOH treatment on the physical and mechanical 

properties of micro-sized walnut shell particulate (WSP) epoxy composites. Their findings 

indicated that an excessive NaOH concentration in the aqueous solution slightly 

degraded the material's properties. Yadav et al. [19] investigated the influence of NaOH 

treatment on the mechanical properties of sisal fiber-reinforced epoxy composites. Their 

analysis revealed that composites incorporating surface-modified sisal fibers with a 2M 

NaOH concentration demonstrated superior mechanical properties compared to other 

tested variants. In recent years, hemp fiber has garnered significant attention from 

researchers worldwide due to its relatively short cropping cycle and ability to thrive in 

diverse environments. It is an important natural fiber, extensively used in the production 

of composites for various industrial and construction applications [20]. With a tensile 

strength of up to 1110 MPa, hemp fiber is one of the strongest among all bast fibers [21]. 
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Charai et al. [22] demonstrated that incorporating hemp fibers into gypsum-based 

composites enhanced both the thermal insulation and bending behavior of the 

composites.  

Numerous studies on natural fiber composites employ short fibers (typically ~ 15 mm 

in length) to ensure compatibility with standard manufacturing techniques while 

optimizing mechanical performance after alkali treatment [19,23]. Iucolano et al. [24] 

successfully produced gypsum composites reinforced with hemp and glass short fibers to 

enhance the mechanical properties of the gypsum material. Research on hemp fiber 

reinforced gypsum (HFRG) composites with alkali treated fibers is not reported in the 

literature. This study aims to investigate the effects of different alkali concentrations 

(5, 10, and 15 wt. %) and fiber volume percentages (3, 6, 9, 12, and 15 vol. %) on HFRG 

composites. The compressive strength, flexural strength, thermal conductivity, density, 

and water absorption of the composites with alkali treated fibers are compared to those 

of untreated HFRG composites. 

 

Materials and Methods 

Materials 

In this study, hemp fibers and a gypsum matrix were used to fabricate HFRG composite 

materials. Hemp fibers were obtained from the local sources and chopped to an average 

length 15 mm. The physical, mechanical, and thermal properties of the hemp fibers are 

presented in Table 1. Gypsum, used as the matrix material, was in powder form.  

The ³-gypsum powder (CaSO¤·0.5H¢O) utilized in this study was procured from Fiber 

Source India. The properties of the gypsum used are presented in Table 2. 

 
Table 1. Properties of hemp fiber 

Property Value 

Density, g/cm3 1.47 

Tensile strength, MPa 2003240 

Tensile modulus, GPa 3.534.0 

% elongation 234 

Cellulous content, % 74.4 

Hemicelluloses, % 17.9 

Lignin content, % 3.7 

Moisture content, % 12 

 

Table 2. Properties of gypsum 

Property Value 

Compressive strength, MPa 2.8 

Flexural strength, MPa 1.5 

Dry density, kg/m3 80031200 

Workability time, min 65395 

Final setting time, min 140 

1000 ¿m, % passing 95 

150 ¿m, % passing 60 
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Fiber treatment 

The chopped hemp fibers were soaked separately in three different alkali concentrations 

(5, 10, and 15 wt. % NaOH). The fibers were immersed in the NaOH solutions for 5 h at 

room temperature to ensure better penetration of the solution into the fibers, as 

recommended [25,26]. The treated fibers were removed from the alkali solution and 

thoroughly rinsed multiple times with running tap water to remove any excess NaOH 

from the fiber surface. The cleaned hemp fibers were then dried in an oven at 70 °C for 
4 h to eliminate any remaining moisture content. 

 

Composites preparation 

The composite specimens were fabricated by varying the volume percentage of hemp fiber 

(3, 6, 9, 12, and 15 vol. %) and using different NaOH concentrations (0, 5, 10, and 15 wt. %). 

The mix proportions of hemp and gypsum used to make the composite samples are 

provided in Table 3. The hemp fiber and gypsum matrix were initially mixed for 3 min to 

get a homogenized dry mixture and then water is added. The ratio of water and gypsum 

was maintained 0.6 to achieve gypsum slurry. The slurry was poured into three open 

molds of different shapes, with dimensions of 100 × 100 × 40, 160 × 40 × 40, and 

120 × 120 × 20 mm3. After 24 h, the composite samples were removed from the molds 

and stored at room temperature for 28 days prior to testing. The fabricated gypsum 

composite specimens were shown in Fig. 1. 

 
Table 3. Mixed proportions of the NaOH Eoncentration, hemp fiber, and gypsum  

Composite NaOH Eoncentration, wt. % Hemp fiber, vol. % Gypsum, vol. % 

C1 0 0 100 

C2 

0 

3 97 

C3 6 94 

C4 9 91 

C5 12 88 

C6 15 85 

C7 

5 

3 97 

C8 6 94 

C9 9 91 

C10 12 88 

C11 15 85 

C12 

10 

3 97 

C13 6 94 

C14 9 91 

C15 12 88 

C16 15 85 

C17 

15 

3 97 

C18 6 94 

C19 9 91 

C20 12 88 

C21 15 85 
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Fig. 1. Fabricated HFRG composite specimens 

 

Physical properties of gypsum composites 

The experimental density of the hemp fiber-reinforced gypsum composites was determined 

using the Archimedes method in accordance with ASTM D792 standards. The composite 

samples were prepared with dimensions of 100 × 100 × 40 mm3. By knowing the mass ÿ 

and volume ý of the composite samples, the density ÿ was calculated using Eq. (1): ÿ = ÿ ý.                (1) 

The water absorption percentage of the fabricated composite specimens was measured 

in accordance with the ASTM D2842-01 standard, using samples with dimensions of 

100 × 100 × 40 mm3. The water absorption value was calculated using Eq. (2): Water absorption (%) = (þ -W1 0)þ0 ×100,           (2) 

where W0 is the initial weight of specimen and W1 is the weight of specimen after 

absorption of water. 

 

Mechanical properties of gypsum composites 

The compressive and flexural properties of untreated and treated HFRG composites were 

evaluated in accordance with TS EN 13279-2 standards. Both tests were conducted using 

the same universal testing machine. Composite specimens with dimensions of 

160 × 40 × 40 mm3 were used for the compressive and flexural tests. The experiments 

were conducted at room temperature with a crosshead speed of 2 mm/min. The flexural 

strength ÿ and modulus ý�þÿý of the samples were calculated using Eqs. (3) and (4): ÿ= 1.5 × PLbt2 ( ýmm2),              (3) ý�þÿý= ÿ3ÿ4bt3 ( ýmm2),              (4) 
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where L is the length of the span, P is the maximum load supported by the sample, m is 

the slope of the tangent to linear portion of the load-deflection curve, b and t are the 

width and thickness of the sample respectively. The composite specimen subjected to the 

compressive and flexural loading is shown in Fig. 2. For each type of composite, five 

specimens were tested to evaluate the compressive and flexural properties, and the 

average values were reported. 

 

 
Fig. 2. composite specimen subjected to (a) compressive loading and (b) flexural loading 

 

Thermal conductivity of gypsum composites 

The thermal conductivity of HFRG composite specimens was determined using the 

steady-state hot plate method, following the procedure outlined in European Standard 

EN 13279-2. The composite specimens prepared with dimensions of 120 × 120 × 20 mm3. 

The samples were placed between a cold plate and a hot plate, and the thermal 

conductivity was measured based on the temperature difference and heat flux, as 

indicated in Eq. (5): q = ý(ÿ1-T2)ÿ ,               (5) 

where k is the thermal conductivity (W/m·K), q is the heat flux (W/m2), L is the thickness 

of the sample (m) and T1-T2 is the difference in temperature (°C or K). 
 

Scanning electron microscopy 

To examine the fiber surface before and after alkali treatment, the microstructure of the 

hemp fibers was analysed by using JEOL-JSM-6390 model scanning electron microscope 

(SEM). To perform this study, the hemp fiber specimens were gold coated to improve the 

electrical conductivity for attains good quality photographs. 

 

Results and discussion 

Density 

The density of a composite is a key factor influencing its mechanical properties. The 

experimental density of the composite depends on several factors, including interfacial 

bonding, void content, and the relative proportions of matrix and fiber. The measured 

density of neat gypsum was found to be 1.162 g/cm3. Figure 3 illustrates the impact of 

NaOH treatment and fiber percentage on the experimental density of HFRG composites. 
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It can be observed that NaOH treatment slightly improved the density of untreated 

gypsum composites. The highest density values were recorded for composites treated 

with 10 wt. % NaOH, followed by those treated with 15 wt. % NaOH, 5 wt. % NaOH, and 

untreated fiber-reinforced gypsum composites. The figure shows that the measured 

density of the fabricated composite specimens increases with a higher fiber percentage, 

as expected, due to the higher density (1.47 g/cm3) of the hemp fiber compared to that 

of the gypsum matrix (1.162 g/cm3). The results indicate that as the hemp fiber 

percentage increases from 0 to 12 vol.%, the measured density increases by 4.22, 4.99, 

5.93, and 5.16 % for composites treated with untreated, 5, 10, and 15 wt. % NaOH, 

respectively. 

 

 
 

Fig. 3. Density of HFRG composites 

 

Water absorption 

Water absorption is another important physical property that depends on various factors, 

including humidity, void content, fiber percentage, and temperature [27]. The maximum 

water absorption percentage of neat gypsum is 29.02 %. Figure 4 illustrates the effects 

of fiber percentage and NaOH treatment on the water absorption of HFRG composites.  

Water uptake rapidly increases in the early stages and slows down as immersion 

time increases. It was observed that untreated hemp/gypsum composite samples 

exhibited the highest water absorption percentage compared to alkali treated 

hemp/gypsum composites. The maximum water absorption value observed for the 

untreated composites with a 15 vol. % fiber percentage after 216 h was 44.84 %. This was 

followed by 41.8 % for composites treated with 5 wt. % NaOH, 41.24 % for those treated 

with 15 wt. % NaOH, and 40.16 % for composites treated with 10 wt. % NaOH. The 

reduction in water absorption percentage after alkali treatment is attributed to improved 

chemical bonding between the reinforcement and the matrix. These results are consistent 

with those reported by previous researchers [28,29]. 
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Fig. 4. Water absorption of HFRG composite samples with hemp fiber (a) 3 vol. %, (b) 6 vol. %, (c) 9 vol. %, 

(d) 12 vol. %, and (e) 15 vol. % 

 

Compressive strength 

Figure 5 shows the impact of fiber percentage and alkali treatment on the compressive 

strength of HFRG composite specimens. The compressive strength of pure gypsum was 

found to be 4.75 MPa. The compressive strength of the fabricated HFRG composite 

samples was found to increase with the fiber percentage up to 12 vol. % before 

decreasing at 15 vol. %. For composites with 12 vol. % fiber percentage, the compressive 
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Fig. 5. Compressive strength of HFRG composites 

 

strength increased by 85.68, 98.52, 109.8, and 94.73 % compared to neat gypsum, with 

NaOH concentrations of untreated, 5, 10, and 15 wt. %, respectively. Hemp fiber has a 

higher modulus, and NaOH treatment enhances the interfacial bonding between the 

hemp fiber and gypsum. Up to a 12 vol. % fiber percentage, the stress required to achieve 

the same deformation is relatively higher. At a 15 vol. % fiber percentage, the decrease 

in compressive strength is attributed to increased porosity in the gypsum from air 

entrainment and reduced adhesion between the hemp fibers and the gypsum [30]. 

Compared to untreated hemp/gypsum composites, those treated with NaOH exhibited 

better compressive strength. As the alkali treatment concentration increased from 5 wt. % 

to 10 wt. %, compressive strength improved. However, a decrease in compressive 

strength was observed at 15 wt. % NaOH treatment. On the other hand, the decrease in 

compressive strength of the 15 wt. % NaOH-treated hemp/gypsum composite is 

associated to the removal of binding materials from the fibers and surface damage caused 

by the strong NaOH concentration. 
 

Flexural properties 

Figures 6 and 7 present the average flexural strength and modulus of HFRG composites 

obtained from flexural tests at different fiber volume percentages (3, 6, 9, 12, and 15 %) 

and varying NaOH concentrations (0, 5, 10, and 15 %). The flexural strength and modulus 

of neat gypsum were measured at 2.48 and 462 MPa, respectively. The flexural properties 

of the composite specimens improved with increasing fiber content up to 12 vol. %, but 

a further increase to 15 vol. % resulted in a decline. At 12 vol. % fiber content, the 

maximum flexural strength of the HFRG composite increased to 9.15, 10.07, 10.84, and 

10.36 MPa for NaOH concentrations of untreated, 5, 10, and 15 wt. %, respectively. The 

improvement in flexural properties up to 12 vol. % fiber content is due to proper bonding 

between the reinforcement and matrix phases, along with more fibers filling the voids in 

the composite. As the fiber content increases from neat gypsum to 12 vol. %, the flexural 
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Fig. 6. Flexural strength of HFRG composites 

 

 
 

Fig. 7. Flexural modulus of HFRG composites 

 

modulus of the composites rises by 105, 118, 136, and 123 % for NaOH concentrations 

of untreated, 5, 10, and 15 wt. %, respectively. 

The flexural strength and modulus of alkali-treated HFRG composite specimens 

were found to be higher than those of untreated specimens. The primary reason for the 

improvement in strength and modulus with 10 wt. % NaOH treatment of hemp fibers is 

the removal of waxy substances and impurities from the fiber surface. This enhances 

mechanical interlocking and adhesive bonding between the reinforcement and the 

matrix, leading to better overall performance [31]. Among the tested samples, the 

composite with 10 wt. % alkali treatment and 12 vol. % fiber content exhibited the 



Influence of alkali treatment and fiber percentage on the mechanical and thermophysical properties of gypsum composites filled with hemp fiber 89 

 

highest values, with a flexural strength of 10.84 MPa and a flexural modulus of 1091 MPa. 

These values represent an increase of 18.4% in flexural strength and 15% in flexural 

modulus compared to the untreated HFRG composite. The figures also show that 

increasing the alkali concentration to 15 wt. % results in a decrease in flexural properties 

compared to 5 and 10 wt. %. This can be attributed to the excessive NaOH concentration, 

which removes lignin and hemicellulose from the fibers, thereby reducing the flexural 

properties. Similar findings have been reported by several researchers for different NaOH 

concentrations and fiber percentages [32334]. 

 

Thermal conductivity 

The thermal conductivity of pure gypsum was measured at 0.45 W/m·K. Figure 8 depicts 

the thermal conductivities of the fabricated HFRG composite specimens with varying 

NaOH concentrations and fiber volume percentages. The figure shows that the addition 

of hemp fibers into the gypsum matrix reduces the thermal conductivity of the composite 

material. With hemp fiber volume percentages ranging from 0 to 15 vol. %, the thermal 

conductivity decreased compared to neat gypsum by 13.55, 12.88, 12.22, and 11.55 % for 

NaOH concentrations of untreated, 5, 10, and 15 wt. %, respectively. This indicates that 

the addition of natural fibers to the matrix material significantly improves the thermal 

insulation of the composites. Furthermore, the figure suggests that the impact of NaOH 

treatment on thermal conductivity is less pronounced. The observed increase in thermal 

conductivity of composites with higher NaOH concentrations can be attributed to three 

key mechanisms: enhanced fiber3matrix interfacial bonding, structural modifications 

within the fibers, and reduced porosity. These results align well with previous literature 

findings [35,36]. 

 

 
 

Fig. 8. Thermal conductivity of HFRG composites 
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Scanning electron microscopy analysis 

To examine the effect of alkaline treatment on the hemp fiber surface, SEM photographs 

were taken of both untreated and treated hemp fibers. Figure 9 displays the SEM images 

of these fibers, with magnifications of 300× and 1500×. The untreated fibers (Fig. 9(a,b)) 

exhibit diameters ranging from 550 to 650 ¿m, with their surfaces extensively covered 

by an organic layer primarily consisting of non-cellulosic components. Alkali treatment 

significantly alters fiber morphology, as evidenced by the reduction in fiber dimensions 

and the breakdown of fiber bundles (Fig. 9(c3f)). Furthermore, the treated fibers exhibit 

markedly cleaner and smoother surfaces, indicating the removal of non-cellulosic  

 

 
 

Fig. 9. SEM images of untreated and alkali treated hemp fibers  
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impurities. As shown in the figure, the filaments of the hemp fiber separate after alkali 

treatment (Fig. 9(c3f)), whereas the filaments remain combined in untreated hemp fiber 

(Fig. 9(a,b)). This process, where the collective bundle breaks into smaller filaments due 

to dissolution, is known as fibrillation [37]. Fibrillation increases the fiber's surface area, 

enhancing its contact with the matrix. This improved interfacial adhesion between the 

reinforcement and matrix can enhance the mechanical properties of the composite. 

 

Conclusion 

In this study, the effects of alkali treatment and fiber percentage on the mechanical and 

thermophysical properties of HFRG composites were examined in detail. The key findings 

of the fabricated composites are as follows: 

1. The measured density and water absorption percentage of HFRG composites increase 

with a higher volume percentage of fiber. For the 10 wt. % NaOH-treated HFRG composite, 

the water absorption is 40.16 %, compared to 44.84 % for the untreated composite. 

2. The compressive and flexural properties of HFRG composites improve following alkali 

treatment of hemp fibers. For the 10 wt.% NaOH-treated HFRG composite at 12 vol. % 

fiber percentage, the flexural strength and modulus increased by 337 and 136 %, 

respectively. Additionally, at the same fiber percentage and NaOH concentration, the 

compressive strength of the HFRG composite increased by 109.8 %. 

3. The thermal insulation property of gypsum composites is significantly enhanced with 

the addition of hemp fiber compared to pure gypsum, offering greater energy efficiency. 

The impact of NaOH treatment on thermal conductivity is less pronounced compared to 

the effect of fiber percentage. 

4. Therefore, these fabricated HERG composite materials are suitable for use in building 

applications such as wall materials and false ceilings, helping to reduce energy 

consumption in buildings. 
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ABSTRACT  

Thermoelastic damping and frequency shift are critical factors influencing the performance and stability of 

micro- and nano-scale resonators, such as those employed in MEMS and NEMS devices. Traditional 

thermoelastic models often overlook important scale-dependent behaviors, thermal relaxation effects, and 

material property variations with temperature, leading to inaccuracies at small scales. To address these 

limitations, the present study investigates thermoelastic damping and frequency shift in a Kirchhoff plate 

resonator by incorporating non-local elasticity theory, the dual-phase lag heat conduction model, and 

temperature-dependent material properties. In order to investigate thermoelastic damping and frequency 

shift of Kirchhoff plate resonator, the current work takes into account the influence of non-local, dual phase 

leg, and temperature dependent properties on thermoelastic theory. The governing equations, comprise 

equations of motion and heat conduction equation which include a temperature-dependent property,  

a dual-phase leg model along with non-local parameters are formulated with the assistance of Kirchhoff-

Love plate theory. Under the simply supported boundary conditions, thermoelastic damping and frequency 

shift are analysed. The derived amounts are graphically displayed with different thickness and length 

values. The current work additionally deduces a specific example of interest. Results are graphically 

presented to illustrate key trends, and a specific numerical example is discussed to demonstrate the 

applicability of the model. This study enhances the accuracy of thermoelastic analysis in micro-scale 

resonator design by integrating advanced theoretical considerations often neglected in conventional 

models. 
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Introduction 

It is well known that in many cases, non-uniform beams may achieve a better distribution 

of strength and weight than uniform beams and sometimes, it satisfies special 

architectural and functional requirements. Therefore, the static and dynamic analysis of 

beams with variable thickness has been the subject of numerous investigations because 

of its relevance to aeronautical, civil, and mechanical engineering. Most studies are 

available on variable thickness beams based on either the Euler beam or the Timoshenko 

beam theory. 

In many advanced materials and microscale systems, the interaction between an 

external electric field and charge carriers is governed by the mutual competition between 

two dynamic processes: the electromagnetic field propagation and the carrier transport 
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dynamics (e.g., drift, diffusion, or thermal motion). The electric field tends to polarize the 

medium and accelerate charge carriers, while the carriers themselves, influenced by 

temperature gradients and scattering mechanisms, redistribute and modulate the local field. 

This interplay creates a feedback loop that can significantly influence heat conduction, 

damping behavior, and the dynamic response of thermoelastic systems. At micro- and nano-

scales, where quantum and non-local effects become significant, the delayed response of 

heat carriers and non-uniform charge distribution due to size confinement can lead to non-

intuitive behavior, such as enhanced damping or frequency shifts. 

Thermoelastic damping (TD) is a form of structural damping that arises from the 

interaction between thermal and mechanical fields. In a bending thermoelastic structure, the 

inner side of the bend experiences compression while the outer side experiences tension. 

This interaction between the thermal and mechanical fields creates a thermal gradient, 

which results in irreversible heat generation within the structure. This heat generation 

subsequently leads to entropy production and ultimately causes energy dissipation. 

The mechanism and magnitude of linear thermoelastic damping (TD) in a flexural 

vibrating thin beam have been extensively investigated. TD is commonly assessed using 

the inverse of the quality factor (Q) [1,2] established the theoretical basis for TD and 

formulated an expression to calculate the quality factor for a thin beam oscillating in its 

flexural mode. Thermoelastic damping in micro-beam resonators was discussed by [3]. 

Conventional continuum theories are often unsuitable for accurately describing the 

behavior of nanostructures with extremely small characteristic sizes but nonlocal 

continuum theories effectively describe material properties from microscopic scales up 

to the size of the lattice parameter, thus providing a satisfactory explanation for certain 

atomic-scale phenomena. In [4], it was developed non local theory of elasticity. In [5], it 

was introduced theory of nonlocal thermoelasticity in which stress at a point � in a 

continuous body is not solely determined by the strain at that point, but also by the strains 

at all surrounding points. In study [6], it was expected to be helpful for the theoretical 

modeling of thermoelasticity at the nano-scale and may be beneficial for the design of 

nano-sized and multi-layered devices. 

Currently, most investigations into thermoelastic damping (TD) assume that 

material properties are temperature-independent. However, for many materials, 

properties such as the modulus of elasticity, thermal conductivity, and specific heat 

actually vary with temperature. To thoroughly examine the interaction between thermal 

and mechanical fields, it is essential to consider the impact of temperature-dependent 

material properties, even within a narrow temperature range. 

The elasticity solution for the clamped- simply supported beams with variable 

thickness was presented in [7]. In [8], it was investigated the thermoelastic damping of 

vibrations in arbitrary direction in coupled thermoelastic plate. In [9], it was studied the 

transverse vibration in piezothermoelastic beam resonator, based on Euler-Bernoulli 

theory for clamped and free end conditions. In [10], it was developed a size- dependent 

Bernoulli-Euler beam formulation on the basis of new model of couple stress theory and 

prepared the mathematical formulation for clamped (C-C), simply supported (S-S) and 

cantilever (C-F) boundary conditions. 

The influence of heat sources and relaxation time on temperature distribution in 

tissues was studied in [11]. In [12], it was studied the exact solution of thermoelastic 
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damping and frequency shift s in a nano-beam resonator. In [13], it was explored the 

damping characteristics in microscale modified couple stress thermoelastic circular 

Kirchhoff plate resonators. In [14], it was introduced effect of temperature dependent 

material properties on thermoelastic damping in thin beams. Some results in Moore-

Gibson-Thompson thermoelasticity of dipolar bodies are examined in [15]. In [16], it was 

studied the thermoelastic damping in nonlocal nanobeams considering dual-phase-lagging 

effect. The response of nanobeams with TDP Using State-Space Method via modified 

couple stress theory was described in [17]. In [18], it was discussed the thermoelastic 

damping and frequency shift in Kirchhoff plate resonators based on modified couple stress 

theory with dual-phase-lag model. Study [19] focused frequency shifts and thermoelastic 

damping in different types of nano-/Micro-scale beams with sandiness and voids under 

three thermoelasticity theories. A combined model for power generation planning with 

reserve dispatch and weather uncertainties including penetration of renewable sources was 

presented in [20]. In [21], it was proposed a model for a micro-grid architecture 

incorporating the role of aggregators and renewable sources on the prosumer side, working 

together to optimize configurations and operations. The frequency shifts and thermoelastic 

damping in distinct micro/nano-scale piezothermoelastic fiber-reinforced composite 

beams under examined some three heat conduction models were presented in [22]. In [23], 

it was explored functionally graded nonlocal thermoelastic nanobeam with 

memory1dependent derivatives. In [24], it were discussed the effects of two temperature 

and laser pulse on modified couple stress thermoelastic diffusion beam. In [25], it were 

provided analytical modeling and numerical analysis of thermoelastic damping in ultrathin 

elastic films due to surface effects. In [26], it was analysed the magneto-thermoelastic 

vibrations of rotating Euler3Bernoulli nanobeams using the nonlocal elasticity model. A 

buckling analysis of thermoelastic micro/nano-beams considering the size-dependent 

effect and non-uniform temperature distribution was provided in [27]. In [28], it was 

discussed the vibration of piezo-magneto-thermoelastic nanobeam submerged in fluid 

with variable nonlocal parameter. In [29], it was computed phase velocities, attenuation 

coefficients, specific loss, penetration depth and construct the fundamental solution of the 

system of differential equations in the theory of an electro-microstretch viscoelastic solids 

in case of steady oscillations in terms of elementary functions. The propagation of Lamb 

waves in a homogeneous isotropic thermoelastic micropolar solid with two temperatures 

bordered with layers or half-spaces of inviscid liquid subjected to stress free boundary 

conditions was studied in [30]. In [31], it was constructed fundamental solution for the 

system of differential equations for steady oscillations in terms of elementary functions. A 

novel technique is used to study the magnetic field influence in the free surface of an 

elastic semiconductor medium for a one- dimensional (1D) deformation during the 

hyperbolic two-temperature theory to study the coupled between the plasma, thermo-

elastic waves was proposed in [32]. Study [33] examined the interaction between the 

magnetic field and the excited semiconductor medium during the microtemperature 

process. In [34], it was studied the effect of Hall current of elastic semiconductor medium, 

when the medium is exposed to very strong magnetic field. In [35], it was presented the 

graphical comparison by showing that the exact and numerical solutions nearly coincide 

with each other. The electro-magnetic-thermal-microstretch elastic mathematical-physical 

model of semiconductor medium was investigated in [36]. In [37], it was formulated a novel 
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model of a microelongated semiconductor material. Thermal and elastic interactions in 

isotropic microplate resonators with elastic and viscous properties, exhibiting Kelvin3Voigt 

behavior, under a uniform magnetic field were investigated in [38]. In [39], it was examined 

the modeling of the transient thermodynamic reaction of a Kirchhoff3Love thermoelastic 

thin circular plate that is simply supported and set on an elastic base of Winkler type. In 

[40], it was found that the initial stress and the fractional parameter significantly influences 

the varieties of field amounts. A model that is highly effective in properly depicting the 

unusual thermal conductivity phenomena often found in nanoscale devices was proposed 

in [41]. In [42], it was examined the thermoelastic behavior of functionally graded (FG) 

materials using a partially modified thermoelastic heat transfer model. 

 

Basic equations 

Following [6,43] the governing equation in generalized thermoelastic dual-phase-lag 

model without body forces and heat sources are: 

Constitutive relations: þÿ� =  ÿÿ���ÿ� + 2�ÿÿ� 2 �ý�ÿ� .            (1) 

Equations of motion: (ÿ + �)'('. ÿ÷ ) + �ÿ2. ÿ÷ 2 �'ý =  ý(1 2 ý12'2) �2ÿ÷÷ �þ2 .         (2) 

Equation of heat conduction: ÿ (1 + ÿý ��þ) ÿ2ý = (1 2 ý22'2 + ÿ� ��þ + ÿÿ22 �2�þ2) (ýÿÿ ���þ + ��0 �ÿýý�þ ),       (3) 

where ÿÿ� = 12(ÿÿ,� + ÿ�,ÿ).              (4) 

Additionally, in Eqs. (1)3(4), the constants Lame are ÿ   and   � . Kronecker9s delta is �ÿ�, the components of stress tensor is þÿ�, and  the components of strain tensor is ÿÿ�, � = (3ÿ + 2�) �þ, the coefficients of linear thermal expansion are �þ respectively, the 

temperature change is denoted by T, the displacement vector is u, the density is ý ,the 

Laplacian operator is & , and the del operator is '. The coefficient of the thermal 

conductivity is K,   the non-local parameters are represented by ý1, ý2, the specific heat at 

constant strain is represented by ÿÿ, and the reference temperature is �0, ÿý  assumed to 

be such that � �0d j 1. The phase lags of the temperature gradient and the heat flux are 

denoted by ÿ� and ÿ� respectively. 

To explore the impact of temperature dependent property, the following 
assumptions are taken as: ÿ = ÿ0�(þ);  � = �0�(þ), ý = ý0�(þ);   �= �0�(þ), � = �0�(þ), 
where �(þ) = 1(1 2 �7�0),   �7 is the empirical material constant and �(þ) = 1 for the 

temperature independent material. 

 

Formulation of the problem 

Let us examine a non-local thermoelastic Kirchhoff plate with temperature dependent 

properties and dual phase leg resonators that have uniform thickness h. The center of the 

plate is where the Cartesian coordinate system (x, y, and z) originates. When the plate is 

in equilibrium, it is not under any stress or strain and maintains a constant temperature 

of �0 throughout. The temperature T (x, y, z, t), the displacement components u (x, y, z, t), 
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v (x, y, z, t), and w (x, y, z, t) are defined. The displacement components, as per Kirchhoff's-

Love Plate theory, are provided by: ÿ = 2� ���� , � = 2� ���� , �(�, �, �, þ) = �(�, �, þ).          (5) 

Following [44], the strain and stress components are taken as: ��� = 2� �2���2 ,               (6) ��� = 2� �2���2 ,               (7) ��� = 22�0�(þ)� �2����� = 2 �0�(þ)�(1+�) �2�����,           (8) þ�� = �0�(þ)(12�2) (��� + ���� 2 (1 + �)���),           (9) þ�� = �0�(þ)(12�2) (��� + ���� 2 (1 + �)���),         (10) 

where �0 and �0 is Young9s modulus and the Poisson ratio respectively, which are given by: �0 = �0 (3ÿ0 + 2�0) (ÿ0 + �0)d ,          (11) �0 = ÿ0 2(ÿ0 + �0).d             (12) 

Following [44,45], the bending and torsion moments are defined as follows: �� = + þ��/ 2d2/ 2d � þ�,            (13) �� = + þ��/ 2d2/ 2d � þ�,            (14) ��� = + þ��/ 2d2/ 2d � þ� = ���.           (15) 

Equations (13)3(15) recast with the aid of Eqs. (5)3(10), as: �� = 2�7 (�2���2 + �0   �2���2 + ����(1 + �)),        (16) �� = 2�7 (�2���2 + �0   �2���2 + ����(1 + �)),        (17) ��� = 2 �2����� (�7(1 2 �0  )),          (18) 

where �7 = �0�(þ)/3 12d (1 2 �02) is the flexural rigidity of the plate. 

The equations for shear force resultants are: ý� = ��ý�� + ��ýþ�� ,     ý� = ��þ�� + ��ýþ�� .         (19) 

The equation of motion (force equilibrium z in the direction) is given as: �ýý�� + �ýþ�� 2 ý/(1 2 ý12ÿ2) �2��þ2 = 0.          (20) 

Using Eqs. (16)3(18) in Eqs. (19), (20), then the equation of motion for micro plate 

with symmetry about y-axes is taken as: �7 �4���4 + �0�(þ)ÿÿ(12�0)�þ �2�ÿ��2 + ý/(1 2 ý12ÿ2) �2��þ2 = 0.        (21) 

The thermal moment is given by: �� = �0�(þ)þ + �/ 2d2/ 2d � þ�.           (22) 

The heat conduction equation is: ý0�(þ) (1 + ÿ� ��þ) '2� = (1 2 ý22'2 + ÿ� ��þ + ÿÿ22 �2�þ2) (ýýÿ ���þ 2 �0�0�(þ)� �3���2�þ),   (23) 

where ÿ2 = �2��2 + �2��2.             (24) 
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For further simplification, the following non-dimensional quantities are taken as: (�2, �2, ÿ2, �2) = (�, �, ÿ, �)/�, (ÿ�2 , ÿ�2 , þ2) = (ÿ� , ÿ� , þ)�/�,  �2 = �/�0, ��2 = ��/þ��0/2, �02 = �/ý, ý12 = ý1/�, ý22 = ý2/�, ý1=�0ý2. 
Equations (21) and (23) taking into account Eq. (24) reduce to the form: �4���4 + ÿ1 �2�ÿ��2 + ÿ2 (1 2 ý12'2) �2��þ2 = 0,         (25) ÿ3 (1 + ÿý ��þ) (�2���2 + �2���2) 2 (1 2 ý22'2 + ÿ� ��þ + ÿÿ22 �2�þ2) (ÿ4 ���þ 2 � �3���2�þ) = 0,    (26) 

where ÿ1= �ÿÿ�0/2�(12�)�7 , ÿ2 = �/�2�2�7 , ÿ3 = �0���0. 
Following [46], the solution of Eqs. (25) and (26) for time harmonic vibrations are 

taken as: �(�, þ) = ÿ(�)ÿÿÿþ,  �(�, �, þ) = �(x, z)ÿÿÿþ.        (27) 

where ÿ denotes the frequency of the plate. 

Substituting the values of T from Eq. (27) in Eq. (22): �T = �þ + �(x, z) / 2d2/ 2d � þ�.           (28) 

Making use of Eq. (28) in Eqs. (25) and (26) yield: �4ÿ��4 + ÿ1 �2�ÿ��2 2 ÿ2ÿ2 (1 2 ý12'2)ÿ = 0,         (29) ÿ3(1 + ÿ�ÿÿ) (�2���2 + �2���2) = ÿÿ (1 2 ý22'2 + ÿ�ÿÿ 2 ÿ22 ÿ�2) (ÿ4� 2 � �2ÿ��2 ).    (30) 

 

Thermal field on the thickness direction 

The thermal gradient of the plate is very small as compared to that along its thickness 

direction: (|�� ��d | j |�� ��d |), �2��2 [� �2ÿ��2 ] j 0.         (31) 

With these considerations Eq. (30) take the form: �2ý��2 + þ12ý + þ2� �2ÿ��2 = 0,           (32) 

where þ12 = 2 ÿ4ÿÿ7 ÿÿÿ3+ÿÿÿý7 , þ2 = ÿÿÿÿ7ÿ4+ÿÿÿý7 , ÿþ7 = ÿ3ÿ� + ý22ÿ4, ÿ�7 = (1 + ÿ�ÿÿ 2 ÿ22 ÿ�2).    (33) 

In this case, it is assumed that there is no heat across the upper and lower surfaces 

of the plate, then: �ý�� = 0,   � = ± /2.            (34) 

Using conditions of Eq. (34), the general solution of Eq. (30) is written as: �(�, �) = 2 þ2þ12 (� 2 sin (þ1�)þ1 cos (þ1/ 2d )) �2ÿ��2 .         (35) 

Inserting the value of �  from Eq. (35) in Eq. (28) yield: �T = �þ + 2 þ2þ12 (� 2 sin(þ1�)þ1 cos(þ1/ 2d )) �2ÿ��2  / 2d2/ 2d � þ�.        (36) 

The above equation takes the form: �T = 2�þþ2/312þ12 [1 + �(þ1)] �2ÿ��2 ,          (37) 

where �(þ1)is a complex function expressed as below: �(þ1) = 24þ13/3 (þ1/2 2 þÿ� þ1/2 ).          (38) 
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From Eq. (37): �2�ÿ��2 = 2 �þþ2/312þ12 (1 + �(þ1)) �4ÿ��4 .          (39) 

Equation (39) with the aid of Eq. (28) yield: þ4ÿþ�4 2 ÿ1 �þþ2/312þ12 (1 + �(þ1)) �4ÿ��4 2 ÿ2ÿ2 (1 2 ý12 ( �2��2 + �2��2))ÿ = 0.     (40) 

Simplifying Eq. (40) with the aid of Eq. (31): �ÿ7 þ4ÿþ�4 + ÿ2ÿ2 ý12 þ2ÿþ�2 2 ÿ2ÿ2 ÿ = 0,         (41) 

where �ÿ7 = (1 + �(1 + �(þ1)); � = 2 ÿ1�þþ2 /312þ12 .         (42) 

For the isothermal state of Nano beam Eq. (41) takes the following form: þ4ÿþ�4 + ÿ02ÿ2 ý12 þ4ÿþ�4 2 ÿ02ÿ2 ÿ = 0,         (43) 

where ÿ0 refers to the nonlocal isothermal frequency. 

Solution of Eq. (43) yields: (�) = ÿ1ÿÿ�ÿ1� + ÿ2ÿ�ýÿ1� + ÿ3ÿÿ�/ÿ2� + ÿ4ÿ�ý/ÿ2�,      (44) 

where ÿ1, ÿ2, ÿ3, ÿ4 are constants. 

Substitution Eq. (44) in Eq. (43) yields: ÿ02 = ÿ14(1+ÿ12ý12)ÿ2  = ÿ24(12ÿ22ý12)ÿ2 .          (45) 

 

Boundary conditions 

It is taken into consideration that a micro plate whose ends are either clamped-clamped 

(CC), simply supported (SS), clamped-clamped (CC) and clamped free (CF) in which case 

the following boundary conditions for the two sets [44]: 

Case (i) For Clamped-Clamped (CC): ÿ = 0,
�W�� = 0, � = 0, �.      (46) 

Case (ii) For Simply Supported (SS): ÿ = 0, �2ÿ��2 = 0, � = 0, �.      (47) 

Case (iii) For Clamped Supported (CS): ÿ = 0, 
�ÿ�� = 0, 

�2ÿ��2 = 0, � = 0, �.    (48) 

Case (iv) For Clamped Free (CF): ÿ = 0, 
�ÿ�� = 0, at � = 0, �2ÿ��2 =, �3ÿ��3 = 0, � = �.   (49) 

Substituting Eq. (44) in the boundary conditions Eqs. (46)3(49), the following set of 

frequency equations are obtained: 

CC: Case (i). 2 ÿ�ýÿ1� ÿ�ý/ÿ2� + (ÿ1ÿ2 2 ÿ2ÿ1) ÿÿ�ÿ1� ÿÿ�/ÿ2� 2 2 = 0.     (50) 

SS: Case (ii). ÿÿ�(ÿ1�) = 0.           (51) 

CS: Case (iii). ÿ2 ÿÿ�ÿ1� ÿ�ý/ÿ2� 2 ÿ1 ÿÿ�/ÿ2� ÿ�ýÿ1� = 0.      (52) 

CF: Case (iv). 2ÿ�ýÿ1�ÿ�ý/ÿ2� + (ÿ1ÿ2 2 ÿ2ÿ1) ÿÿ�ÿ1�ÿÿ�/ÿ2� + (ÿ12ÿ22 + ÿ22ÿ12) = 0.    (53) 

Take note that Eq. (45) describes the relationship between »1 and »2. These 

transcendental equations can be solved, and the nonlocal isothermal frequency ÿ0 of 

each boundary condition can be found by substituting the solutions into Eq. (45). 

Making use of Eq. (44) in boundary condition Eq. (47) yield: ÿÿ�(ÿ1�) = 0.             (54) 

From above equation  ÿ1 = �ÿ� , n( I. 
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Comparing Eq. (41) and Eq. (43) gives the following relation between ÿ ÿ�þ ÿ0: ÿ = ÿ0: 1 + �(1 + (�(þ1))).          (55) 

Given that the relaxation strength value is often small (� j 1), the right-hand side 

of Eq. (55) can be expanded to the first order as shown below: ÿ = ÿ0 [(1 + ý2 (1 + �(ÿ0))],          (56) �(ÿ0) = 24þ13/3 (þ1/2 2 tan þ1/2 ).          (57) 

From Eq. (32), since the quantity þ12in Eq. (33) is complex in nature, the following 

equations can be obtained by applying Euler's theorem: þ1 = þ0 ÿ2ÿÿ2 , þ0 = :ý07�27 , ÿ = tan21 [2 ÿ3�ýÿÿÿ��þ72ÿ�17ÿË2�ýÿÿÿ��+ÿþ7�17],      (58) 

where ý07 = :(ÿ2 + ÿ2þ72)(ÿ4ý2ýÿ2ÿ�2�2�2 + �172),   þ7 =  ÿÿ� + ý22 ýýÿ��,  �17 = (ÿ32 ýýÿ��ÿ�2 2 ÿýýÿ), �27 = ÿ2 + ÿ2þ72
. 

Replace ÿ with ÿ0 in Eq. (58): þ1 = :2 �1 (ÿ�ý ÿ2 2 ÿ ÿÿ� ÿ2),          (59) 

and 

�1 = ::(ÿ2+ÿ02þ72)(ÿ04�2ýÿ2ÿÿ2�2�2+�172)2(ÿ2+ÿ02þ72) , 0 = tan21 [2 ÿ03�ýÿÿÿ��þ72ÿ�17ÿÿ02�ýÿÿÿ��+ÿ0þ7�17].    (60) 

The frequency ÿ is complex in nature and hence: ÿ� = ÿþÿ + ÿÿýÿ, ÿþÿ = þÿ(ÿ�),  ÿýÿ = ýÿ�(ÿ�),       (61) ÿþ� = ÿ0 [1 + ý2 {(1 + 6ÿ�ýÿ(�1/)2 2 6:2ÿ�ý3ÿ2(�1/)3 (ÿÿ�ÿ1+þÿ�3ÿ2 ÿÿ�/(ÿ1ÿ2)ÿ�ýÿ1+ÿ�ý/(ÿ1ÿ2) )}],     (62) ÿý� = ý2 {6ÿÿ�ÿ(�1/)2 2 6:2ÿ�ý3ÿ2(�1/)3 (ÿÿ�ÿ1þÿ�3ÿ2 2ÿÿ�/(ÿ1ÿ2)ÿ�ýÿ1+ÿ�ý/(ÿ1ÿ2) )},        (63) 

where, ÿ1 = :2�1/ÿ�ý ÿ2, ÿ2 = þÿ� ÿ2. 

The thermoelastic damping and frequency shift in a thermoelastic circular plate are 

understood as follows [47]: ý21 = 2 |ýÿ� (ÿÿ)þÿ (ÿÿ) |,            (64) ÿý = |þÿ (ÿÿ)2ÿ0ÿ0 |.            (65) 

 

Numerical results and Discussion 

Equations (64) and (65) were utilized to calculate the thermoelastic damping ý21 and 

frequency shift ÿý of the initial two vibration modes, both in the absence and presence 

of pair stress. MATLAB software has been utilized to perform numerical computations on 

magnesium material. For simply supported plates with different thickness and length 

values, the computed simulated results are shown graphically in Figs. 1316 and in 

Tables 1310 below. 

Following [24]: ý = 1.74÷103,  ÿÿ = 1.0400,  ÿ = 2.696÷1010,  � = 1.639÷1010, K = 1.70÷102, 

T = 293, �þ = 1.78÷10-5,  ÿþ = 0.04,  ÿ� = 0.02,  ÿ = 10. 
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The damping values are presented in Table 1 for different lengths and with varying 

values of the non-local parameter ¿1. The table includes lengths up to 45.2, with ¿1 varying 

from 0 to 0.8, while ¿2 is fixed at 0.04. An increase in the damping value is observed within 

the range of 2.32÷10-5 to 1.90÷10-2 as the length changes from 5.2 to 25.2 for ¿1 = 0.4. 

Similarly, damping increases with the increase in ¿1 for the same length. For instance, the 

damping value is 1.82÷10-4 for a length of 20.2 and ¿1 = 0; this increases to 1.95÷10-2 for 

¿1 = 0.8 for the same length. 

 
Table 1. Damping for different lengths keeping fixed ¿2 = 0.04 

     L 

¿1 
0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2 

0 
4.32 

÷10-22 

6.52 

÷10-6 

1.32 

÷10-7 

1.40 

÷10-5 

1.82 

÷10-4 

1.85 

÷10-3 

2.93 

÷10-3 

4.56 

÷10-3 

8.87 

÷10-3 

3.45 

÷10-2 

0.4 
7.66 

÷10-21 

2.32 

÷10-5 

8.52 

÷10-4 

3.11 

÷10-3 

8.61 

÷10-3 

1.90 

÷10-2 

3.53 

÷10-2 

5.99 

÷10-2 

9.15 

÷10-2 

1.28 

÷10-1 

0.6 
5.82 

÷10-20 

8.26 

÷10-5 

1.78 

÷10-3 

5.95 

÷10-3 

1.45 

÷10-2 

3.08 

÷10-2 

5.76 

÷10-2 

9.33 

÷10-2 

1.37 

÷10-1 

1.91 

÷10-1 

0.8 
2.45 

÷10-19 

1.83 

÷10-4 

2.59 

÷10-3 

8.24 

÷10-3 

1.95 

÷10-2 

4.44 

÷10-2 

8.27 

÷10-2 

1.36 

÷10-1 

2.08 

÷10-1 

3.04 

÷10-1 

 

Table 2 illustrates the variation of frequency shift for different lengths with various 

values of ¿1, while maintaining ¿2 fixed at 0.04. At a length of 5.2, the frequency shift is 

1.47, which increases to 8.11÷103 at a length of 40.2 for ¿1 = 0.4. Similarly, the frequency 

shift increases from 3.21÷10-1 to 1.66÷102 as ¿1 varies from 0 to 0.8 for a length of 10.2.  

It is evident that the value of frequency shift increases with the increase in length and 

the non-local parameter ¿1. 

 

Table 2. Frequency shift for different lengths keeping fixed ¿2 = 0.04 

      L 

¿1 
0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2 

0 
1.78 

÷10-8 
1.13 

3.21 

÷10-1 
5.57 34.9 

1.20 

÷102 

3.33 

÷102 

6.89 

÷102 

1.19 

÷103 

1.61 

÷103 

0.4 
1.86 

÷10-8 
1.47 60.2 

3.30 

÷102 

9.02 

÷102 

1.87 

÷103 

3.33 

÷103 

5.38 

÷103 

8.11 

÷103 

1.16 

÷104 

0.6 
4.19 

÷10-8 
3.29 

1.13 

÷102 

5.35 

÷102 

1.41 

÷103 

2.89 

÷103 

5.07 

÷103 

8.08 

÷103 

1.21 

÷104 

1.73 

÷104 

0.8 
7.45 

÷10-8 
5.80 

1.66 

÷102 

7.32 

÷102 

1.89 

÷103 

3.77 

÷103 

6.47 

÷103 

1.02 

÷104 

1.50 

÷104 

2.12 

÷104 

 
Table 3. Damping for different lengths keeping fixed ¿1 = 0.5 

     L 

  ¿2 
0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2 

0 9.09÷10-19 9.67÷10-4 3.64÷102 0.153 0.367 0.327 0.321 0.0329 0.348 0.383 

0.4 7.30÷10-18 8.14÷10-3 6.45÷102 0.281 0.666 0.398 0.358 0.353 0.366 0.399 

0.6 1.62÷10-17 1.32÷10-2 7.39÷102 0.324 0.763 0.413 0.365 0.358 0.370 0.402 

0.8 2.81÷10-17 1.54÷10-2 7.78÷102 0.341 0.8 0.419 0.368 0.359 0.371 0.403 
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Table 3 illustrates the variation of damping for different lengths with different values 

of ¿2, while keeping ¿1 fixed at 0.5. At a length of 10.2, the damping value 

is 7.39÷10-2, which increases to 4.02÷10-1 at a length of 45.2 for ¿2 = 0.6. Similarly, damping 

increases from 3.21÷10-1 to 3.68÷10-1 as ¿2 varies from 0 to 0.8 for a length of 30.2. This analysis 

highlights the trend where the damping value increases with the increase in length. 

Table 4 displays the variation of frequency shift for different lengths with different 

values of ¿2, while maintaining ¿1 fixed at 0.5. At a length of 10.2, the frequency shift is 

1.70÷102, which increases to 1.33÷105 at a length of 45.2 for ¿2 = 0.0. Similarly, the 

frequency shift increases from 7.49÷102 to 5.32÷103 as ¿2 varies from 0 to 0.8 for a length 

of 15.2. It is evident that the value of frequency shift increases with the increase in length 

and the non-local parameter ¿2. 

Table 5 presents damping values for different thicknesses while fixing ¿2 at 0.04. Four 

values of ¿1 are considered: 0, 0.2, 0.6 and 0.8, with thickness ranging from 0.2 to 1. The table 

reveals a trend where damping decreases as thickness increases and increases with ¿1. 

 
Table 4. Frequency shift for different lengths keeping fixed ¿1 = 0.5 

      L 

¿2 
0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2 

0 
1.88 

÷10-7 
5.86 

1.70 

÷102 

7.49 

÷102 

1.77 

÷103 

6.98 

÷103 

1.89 

÷104 

4.11 

÷104 

7.77 

÷104 

1.33 

÷105 

0.4 
4.18 

÷10-7 
3.03 

3.86 

÷102 

1.62 

÷103 

3.87 

÷103 

2.27 

÷104 

6.73 

÷104 

1.52 

÷105 

2.93 

÷105 

5.07 

÷105 

0.6 
4.25 

÷10-7 
5.51 

7.56 

÷102 

3.15 

÷103 

7.59 

÷103 

4.92 

÷104 

1.48 

÷105 

3.37 

÷105 

6.53 

÷105 

1.13 

÷106 

0.8 
4.13 

÷10-7 
7.97 

1.27 

÷103 

5.32 

÷103 

1.29 

÷104 

8.63 

÷104 

2.61 

÷105 

5.97 

÷105 

1.16 

÷106 

2.00 

÷106 

 
Table 5. Damping for different thickness keeping fixed ¿2 = 0.04 

          h 

¿1 
0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 

0 1.12 0.714 0.32 0.273 0.111 
2.76 

÷10-2 

1.31 

÷10-2 

7.35 

÷10-3 

4.51 

÷10-3 

0.2 0.768 0.267 0.33 
2.91 

÷10-3 

4.78 

÷10-3 

5.46 

÷10-3 

4.45 

÷10-3 

3.38 

÷10-3 

2.58 

÷10-3 

0.6 1.81 1.13 0.719 0.477 0.333 0.255 0.212 0.176 0.138 

0.8 2.93 1.93 1.28 0.876 0.631 0.495 0.422 0.366 0.302 

         h 

 ¿1 
0.65 0.7 0.75 0.8 0.85 0.9 0.95 1  

0 
3.01 

÷10-3 

4.02 

÷10-2 

1.88 

÷10-3 

1.22 

÷10-3 

8.8 

÷10-4 

6.32 

÷10-4 

7.63 

÷10-4 

4.78 

÷10-4 
 

0.2 
2.0 

÷10-3 

1.55 

÷10-3 

1.22 

÷10-3 

9.79 

÷10-4 

8.0 

÷10-4 

6.66 

÷10-4 

5.63 

÷10-4 

4.84 

÷10-4 
 

0.6 0.103 
7.48 

÷10-2 

5.4÷ 
÷10-2 

3.95 

÷10-2 

2.91 

÷10-2 

2.17 

÷10-2 

1.64 

÷10-2 

1.26 

÷10-2 
 

0.8 0.236 0.177 0.132 
9.76 

÷10-2 

7.29 

÷10-2 

5.51 

÷10-2 

4.21 

÷10-2 

3.25 

÷10-2 
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For instance, damping decreases from 2.93 to 1.12 as ¿1 decreases from 0.8 to 0 for 

a thickness of 0.2. Conversely, damping decreases from 3.38÷10-3 to 1.12÷10-3 with the 

increase in thickness from 0.5 to 0.75 at ¿1 = 0.2. This observation underscores the inverse 

relationship between damping and thickness, and the direct relationship between 

damping and the non-local parameter ¿1. 

Table 6 presents various frequency shift values for different thicknesses and ¿1, with 

a fixed value of ¿2 = 0.04. At a thickness of 0.25, the frequency shift is 1.75÷104, which 

decreases to 1.73÷105 at a thickness of 0.95 for ¿1 = 0.0. Similarly, the frequency shift 

increases from 2.0÷104 to 5.42÷104 as ¿1 varies from 0 to 0.8 for a thickness of 0.35. It is 

evident that the frequency shift decreases with an increase in thickness and increases 

with an increased value of the non-local parameter ¿1. 
 

Table 6. Frequency Shift for different Thickness keeping fixed ¿2 = 0.04 

   h 

¿1 
0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 

0 
2.29 

÷105 

3.1 

÷104 

1.83 

÷104 

2.0 

÷104 

6.93 

÷103 

6.31 

÷103 

5.16 

÷103 

4.19 

÷103 

3.43 

÷103 

0.2 
4.45 

÷104 

1.75 

÷104 

5.17 

÷103 

2.49 

÷103 

3.81 

÷103 

4.4 

÷103 

4.23 

÷103 

3.88 

÷103 

3.5 

÷103 

0.6 
1.97 

÷105 

1.06 

÷105 

6.66 

÷104 

4.65 

÷104 

3.49 

÷104 

2.73 

÷104 

2.21 

÷104 

1.81 

÷104 

1.52 

÷104 

0.8 
2.26 

÷105 

1.23 

÷105 

7.76 

÷104 

5.42 

÷104 

4.08 

÷104 

3.24 

÷104 

2.65 

÷104 

2.22 

÷104 

1.89 

÷104 

       h 

¿1 
0.65 0.7 0.75 0.8 0.85 0.9 0.95 1  

0 
2.84 

÷103 

2.89 

÷103 

1.98 

÷103 

1.68 

÷103 

1.44 

÷103 

1.25÷ 
÷103 

1.08÷ 
÷103 

9.43 

÷102 
 

0.2 
3.14 

÷103 

2.83 

÷103 

2.55 

÷103 

2.3 

÷103 

2.08 

÷103 

1.9 

÷103 

1.73 

÷103 

1.58 

÷103 
 

0.6 
1.3 

÷104 

1.12 

÷104 

9.76 

÷103 

8.61 

÷103 

7.66 

÷103 

6.86 

÷103 

6.18 

÷103 

5.6 

÷103 
 

0.8 
1.63 

÷104 

1.42 

÷104 

1.25 

÷104 

1.1 

÷104 

9.83 

÷103 

8.83 

÷103 

7.98 

÷103 

7.24 

÷103 
 

 

Table 7. Damping for different thickness keeping fixed ¿1 = 0.5 

       h 

¿2 
0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 

0 1.18 0.323 0.155 0.102 
6.47 

÷10-2 

3.98 

÷10-2 

2.58 

÷10-2 

1.76 

÷10-2 

1.22 

÷10-2 

0.2 2.3 1.57 1.15 0.92 0.806 0.754 0.727 0.705 0.677 

0.6 2.37 1.63 1.2 0.977 0.877 0.848 0.854 0.876 0.902 

0.8 2.37 1.63 1.21 0.981 0.881 0.853 0.862 0.887 0.918 

      h 

¿2 
0.65 0.7 0.75 0.8 0.85 0.9 0.95 1  

0 
8.61 

÷10-3 

6.23 

÷10-3 

4.59 

÷10-3 

3.44 

÷10-3 

2.61 

÷10-3 

2.01 

÷10-3 

1.57 

÷10-3 

1.24 

÷10-3 
 

0.2 0.642 0.599 0.549 0.496 0.442 0.389 0.339 0.294  

0.6 0.928 0.951 0.969 0.983 0.991 0.994 0.99 0.981  

0.8 0.949 0.981 1.01 1.03 1.05 1.07 1.08 1.09  
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Table 7 presents various values of damping for different thicknesses and ¿2, with a 

fixed value of ¿1 = 0.5. The damping value increases from 9.77÷10-1 to 9.94÷10-1 with an 

increase in thickness from 0.35 to 0.9 for ¿2 = 0.6. Conversely, damping decreases from 

3.23÷10-1 to 1.63 with an increase in ¿2 from 0 to 0.8 for a thickness of 0.25. 

The Table 8 lists various frequency shift values for different thicknesses and ¿2, with 

a fixed value of ¿1 = 0.5. At a thickness of 0.3, the frequency shift is 9878118.5, which 

decreases to 71532.1 at a thickness of 0.85 for ¿2 = 0.8. Similarly, the frequency shift 

increases from 36698.3 to 432373 as ¿2 varies from 0 to 0.8 for a thickness of 0.6. It is 

evident that the frequency shift decreases with an increase in thickness and increases 

with an increased value of the non-local parameter ¿2. 
 

Table 8. Frequency shift for different thickness keeping fixed ¿1 = 0.5 

h 

¿2 
0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 

0 2883508 1290230 644145 348412 200973 122490 78422.1 52529.4 36698.3 

0.2 
1.1÷ 
÷107 

5049251 2490816 1324891 747222 442257 272814 174542 115398 

0.6 
2.6÷ 
÷107 

1.1÷ 
÷107 

5568845 2952666 1658042 975718 597432 378641 247411 

0.8 
4.5÷ 
÷107 

2÷ 
÷107 

9878118 5231594 2933246 1722637 1051994 664500 432373 

h 

¿2 
0.65 0.7 0.75 0.8 0.85 0.9 0.95 1  

0 26665.5 20093.3 15650.9 12556 10335.5 8696.03 7451.61 6481.94  

0.2 78627.7 55094.4 39635.2 29236.6 22088.3 17074.3 13490.3 10881.9  

0.6 166154 114399 80591.2 57997.4 42582.1 31864 24281.4 18830.4  

0.8 288861 197622 138150 98504.1 71532.1 52839.8 39664.4 30232.6  
 

Table 9. Damping and frequency shifts for different lengths keeping fixed ¿2 = 0.04 

¿2 = 0.04 

  L 0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2  

¿1 

0 

4.32 

÷10-22 

6.52 

÷10-6 

1.32 

÷10-7 

1.40 

÷10-5 

1.82 

÷10-4 

1.85 

÷10-3 

2.93 

÷10-3 

4.56 

÷10-3 

8.87 

÷10-3 

3.45 

÷10-2 
Damping 

1.78 

÷10-8 
1.13 0.321 5.57 34.9 120 333 689 

1.19 

÷103 

1.61 

÷103 
Frequency shift 

0.4 

7.66 

÷10-21 

2.32 

÷10-5 

8.52 

÷10-4 

3.11 

÷10-3 

8.61 

÷10-3 

1.90 

÷10-2 

3.53 

÷10-2 

5.99 

÷10-2 

9.15 

÷10-2 
0.128 Damping 

1.86 

÷10-8 
1.47 60.2 330 902 

1.87 

÷103 

3.33 

÷103 

5.38 

÷103 

8.11 

÷103 

1.16 

÷104 
Frequency shift 

0.6 

5.82 

÷10-20 

8.26 

÷10-5 

1.78 

÷10-3 

5.95 

÷10-3 

1.45 

÷10-2 

3.08 

÷10-2 

5.76 

÷10-2 

9.33 

÷10-2 
0.137 0.191 Damping 

4.19 

÷10-8 
3.29 113 535 

1.41 

÷103 

2.89 

÷103 

5.07 

÷103 

8.08 

÷103 

1.21 

÷104 

1.73 

÷104 
Frequency shift 

0.8 

2.45 

÷10-19 

1.83 

÷10-4 

2.59 

÷10-3 

8.24 

÷10-3 

1.95 

÷10-2 

4.44 

÷10-2 

8.27 

÷10-2 
0.136 0.208 0.304 Damping 

7.45 

÷10-8 
5.8 166 732 

1.89 

÷103 

3.77 

÷103 

6.47 

÷103 

1.02 

÷104 

1.5 

÷104 

2.12 

÷104 
Frequency shift 
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Table 10. Damping and frequency shifts for different thickness keeping fixed ¿1 = 0.5 

¿1 = 0.5 

 
h 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65  

¿2 

0 

1.18 0.323 0.155 0.102 
6.47 

÷10-2 

3.98 

÷10-2 

2.58 

÷10-2 

1.76 

÷10-2 

1.22 

÷10-2 

8.61 

÷10-2 
Damping 

2.88 

÷106 

1.29 

÷106 

6.44 

÷106 

3.48 

÷105 

2 

÷105 

1.22 

÷105 

7.8 

÷104 

5.25 

÷104 

3.67 

÷104 

2.67 

÷104 
Frequency shift 

0.2 

2.30 1.57 1.15 0.92 0.806 0.754 0.727 0.705 0.677 0.642 Damping 

1.1 

÷107 

5.05 

÷106 

2.5 

÷106 

1.3 

÷106 

7.47 

÷105 

4.4 

÷105 

2.73 

÷105 

1.74 

÷105 

1.15 

÷105 

7.86 

÷104 
Frequency shift 

0.6 

2.37 1.63 1.20 0.977 0.877 0.848 0.854 0.876 0.902 0.928 Damping 

2.6 

÷107 

1.1 

÷107 

5.57 

÷106 

2.95 

÷106 

1.66 

÷106 

9.76 

÷105 

5.97 

÷105 

3.8 

÷105 

2.47 

÷105 

1.66 

÷105 
Frequency shift 

0.8 

2.37 1.63 1.21 0.981 0.881 0.853 0.862 0.887 0.918 0.949 Damping 

4.5 

÷107 

2 

÷107 

9.87 

÷106 

5.2 

÷106 

2.9 

÷106 

1.72 

÷106 

10.5 

÷105 

6.64 

÷105 

4.32 

÷105 

2.9 

÷105 
Frequency shift 

 

Case (I): Figs. 134 demonstrate the variations of damping and frequency shift with 

respect to length for non-local parameters. Here we take h = 0.2, �7 = 0.025. In Figs. 1, 2, 

¿2 = 0.04 and in Figs. 3, 4, ¿1 = 0.5. 

Figure 1 shows the variation of damping with different Lengths. In this figure, the 

non-local parameter ¿1 varies for four different values i.e. 0.0, 0.4, 0.6 and 0.8. It can be 

observed that the value of damping increases from 0.00085 to 0.035338 for ¿1 = 0.4 as 

length increases from 10.2 to 30.2. Also, it can be observed that the value of damping 

increases from 0.00595 to 0.00824 for 15.2 length as ¿1 increases from 0.6 to 0.8. 

 

 
 

Fig. 1. Damping V/S length for ¿2 = 0.04 
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Figure 2 depicts the graph showing the relationship between frequency shift and 

length, with the length varying from 0 to 45.2. The graph indicates that the damping 

value increases from 1.47081457 at a length of 5.2 to 1865.83847 when the length 

extends to 25.2 for ¿1 = 0.4. This analysis reveals that an increase in length results in a 

higher damping quality factor. 

 

 
 

Fig. 2. Frequency shift V/S lengths for ¿2 = 0.04 
 

Figure 3 depicts the graph illustrating the relationship between damping and 

length, with the value of ¿1 fixed at 0.5. In this graph, ¿2 is set at four different values: 0, 

0.4, 0.6, and 0.8. It is evident that the damping value increases with an increase in length, 

and damping also increases with the increase in the value of ¿2. 
 

 
 

Fig. 3. Damping V/S length for ¿1 = 0.5 
 

Figure 4 presents the relationship between frequency shift and length, with the length 

varying from 0 to 45. The graph clearly shows that the frequency shift value increases from 

1274.7908 at a length of 10.2 to 2004762.9366 when the length extends to 45.2 for ¿1 = 0.8. 

This analysis indicates that an increase in length results in a higher frequency shift. 
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Fig. 4. Frequency shift V/S lengths for ¿1 = 0.5 

 

Case (II): Figures 538 demonstrate the variations of damping and frequency shift 

with respect to thickness for non-local parameters. Here we take L = 100, �7 = 0.025.  

In Figs. 5, 6, ¿2 = 0.04, and in Figs. 7, 8, ¿1 = 0.5.  

 

 
 

Fig. 5. Damping V/S thickness for ¿2 = 0.04 

 

 
 

Fig. 6. Frequency shift V/S thickness for ¿2 = 0.04 
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Fig. 7. Damping V/S thickness for ¿1 = 0.5 

 

 
 

Fig. 8. Frequency shift V/S thickness for ¿1 = 0.5 

 

Figure 6 shows the graph of frequency shift versus thickness. In this graph, the 

thickness varies from 0.0 to 1. It can be easily observed that the value of frequency shift 

is 5168.949742 at a thickness of 0.3 and decreases to 2545.67 at a thickness of 0.75 for 

¿1 = 0.2. The frequency shift increases from 4194.238 to 22205.95 as ¿1 varies from 0 to 

0.8 for a thickness of 0.55. By analysing this graph, it is found that an increase in thickness 

results in a decrease in the damping quality factor, but the frequency shift increases as 

the non-local parameter ¿1 increases. 

Figure 7 illustrates the relationship between damping and thickness, with the value 

of ¿1 fixed at 0.5. In this graph, ¿2 is set at four different values: 0, 0.2, 0.6 and 0.8. It can 

be observed that the damping value increases with an increase in thickness, while the 

damping decreases as the non-local parameter ¿2 increases. 

Figure 8 shows the graph of frequency shift versus thickness. By analysing this 

graph, it is found that an increase in thickness results in a decrease in the frequency shift, 

but the frequency shift increases with the increased value of the non-local parameter ¿2. 

Case (III): Figures 9312 explain the variations of damping and frequency shift with 

respect to length and thickness for non-local parameters with varying empirical material 

constant �7 = 0,0.001,  0.004,  0.008, ¿1 = 0.5, ¿2 = 0.04. 

In Figs. 9 and 10, h = 0.2, and in Figs. 11 and 12, L = 100. Figures 9 and 10 illustrate 
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the TDP effect. It can be easily analysed from these graphs that the damping quality factor 

and frequency shift increases with increasing length. It is also observed that with the 

increase in empirical material constant (�7), the damping and frequency shift decreases. 
 

 
 

Fig. 9. Damping V/S length with TDP effect  

 

 
 

Fig. 10. Frequency shift V/S length with TDP effect 

 

 
 

Fig. 11. Damping V/S thickness with TDP effect 
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Fig. 12. Frequency shift V/S thickness with TDP effect 

 

Figures 11 and 12 show the TDP effect. It can be analysed from these graphs that 

the damping and frequency shift value reduces with increasing thickness. It is also 

observed that with the increase in empirical material constant (�7), the damping and 

frequency shift decreases. 

Case (IV): Figures 13316 demonstrate the LS and DPL models in the variations of 

damping and frequency shift for ¿1 = 0.05, ¿2 = 0.04,  ÿþ = 0, ÿ� = 0.05, �7 = 0.025.  

In Figs. 13 and 14, h = 0.2, and in Figs. 15 and 16, L = 100. 

 

 
 

Fig. 113. Comparison of LS and DPL for damping V/S length 

 

 
 

Fig. 124. Comparison of LS and DPL for frequency shift V/S length 
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The comparison of damping and frequency shift versus length are shown in Figs. 13 

and 14. It can be seen that the damping factor and frequency shift for LS is less than for 

DPL. For both the LS and DPL models, the damping quality factor and frequency shift 

rises with increase in length. 

In Figs. 15 and 16, the comparison of damping and frequency shift versus thickness 

are shown. In the instance of DPL theory, the damping factor and frequency shift has been 

observed to be higher than in LS models. The damping factor and frequency shift 

decreases with increase in thickness for both the LS and DPL models. 
 

 
 

Fig. 135. Comparison of LS and DPL for damping V/S thickness 

 

 
 

Fig. 146. Comparison of LS and DPL for frequency shift V/S thickness 

 

Conclusions 

Traditional models assume classical (local) elasticity, where stress at a point depends 

only on strain at that same point. The suggested model includes non-local elasticity, 

which accounts for size-dependent effects-essential for modelling materials at small 

scales, where classical theories become inaccurate. The advancement is to capture scale 

effects relevant to micro/nano-structures, improving the precision of stress and strain 

predictions. The present study investigates thermoelastic damping (TD) and frequency 

shift (FS) in Kirchhoff plates, considering thermoelastic theory under the influence of non-

local parameters, dual-phase lag, and temperature-dependent properties. TD and FS are 

analysed under simply supported boundary conditions. The results are tabulated and 

displayed graphically with varying values of length and thickness to explore the impacts 

of non-local parameters, temperature dependent parameters and the comparison 

between LS and DPL models. It is observed that the damping quality factor and FS 
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increase with the increase in non-local parameters ¿1 and ¿2 and decreases with increasing 

thickness with distinct magnitude. 

Damping and frequency shift are likewise detected under the TDP effect, and they 

increase with length. Additionally, it is noted that the damping and frequency shift 

diminish as the empirical material constant (³*) increases. These graphs show also it is 

observed that as thickness increases, magnitude of damping and frequency shift decrease 

under the impact of TDP. The damping quality factor and frequency shift increase with 

length for both the DPL and LS versions although magnitude of these field variables for 

LS remains smaller than DPL. 

It is concluded that the impact of non-local and temperature dependent parameters 

play a valuable role in processing and characterisation to improve the material property. 

The work presented here is useful for the researcher working in thermodynamics, 

engineering, material science and hyperbolic thermodynamic model. 
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ABSTRACT  

High-entropy alloys are a new class of metallic alloys without a principal component. These materials are 

attractive because of their unique structures and properties, including mechanical ones. Some high-entropy 

alloys based on refractory metals are considered as advanced high-temperature materials. In this regard, 

the study and description of the behavior of such materials under conditions of creep, fatigue and long-

term strength is of great interest. In the work, to describe the creep and long-term strength of high-entropy 

alloys a damage conception is used. A system of interconnected kinetic equations for the creep rate and 

damage parameter is formulated. A compressible medium is considered, and the mass conservation law is 

taking into account. The damage parameter is specified in the form of the ratio of the current density of the 

material to the initial one. The analytical solutions of these equations are obtained. The theoretical creep 

and long-term strength curves are plotted and compared with the experimental results for CrMnFeCoNi 

and CrFeCoNi alloys. The experimental results are in good agreement with the theoretical ones. 
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Introduction 

As high-entropy alloys (HEAs) are being actively explored for next-generation structural 

materials, gaining a comprehensive understanding of their creep, fatigue, and fracture 

behaviors is indispensable. These three aspects of mechanical properties are particularly 

important because: creep resistance dictates an alloy9s high-temperature applications; 

fatigue failure is the most frequently encountered failure mode in the service life of a 

material; fracture is the very last step that a material loses its load-carrying capability. 

As materials with superior properties are continuously searched, HEAs, formed by 

the physical metallurgy of five or more metallic elements with equal or nearly equal 

quantities, emerge as a class of revolutionary materials. HEAs break down the traditional 

wisdom of alloy design in which a primary element serves as the foundation of properties, 

and small amounts of additional elements are inserted for fine tuning, therefore, open 

innumerable possibilities in developing advanced alloys [1,2]. 

One decade of dedicated research has revealed that many HEAs possess unparalleled 

properties in comparison with traditional alloys, for instance, great thermal and 

microstructural stability [3], high hardness [4], high strength at a wide range of 

temperatures [5] and excellent resistance to wear [6], corrosion [7], fatigue [8], fracture [9] 

and high-temperature softening [10]. Given these merits, applications of HEAs in various 

http://dx.doi.org/10.18149/MPM.5332025_9
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fields, particularly in structural engineering (e.g., used for gas-turbine engines), are being 

actively explored. Among many performance indices, a thorough understanding of creep, 

fatigue, and fracture behaviors of HEAs is crucial and indispensable to their sophisticated 

engineering applications. 

 

Kinetics of damage and deformation accumulation under high temperature 

creep conditions 

Literature survey 

High-temperature creep of metals and alloys is characterized by the fact that in the body, 

along with the accumulation of irreversible creep deformations, the formation and 

development of defects (pores, micro- and macrocracks) occur, leading to fracture. In 

1826, the phenomenon of creep was observed by Claude Louis Marie Henri Navier. First 

systematic studies on creep processes were published by Edward Neville da Costa 

Andrade [11]. 

To describe a brittle region of the long-term strength curve studies based on 

continuum mechanics were conducted. These studies taking into account the 

accumulation of damage, have led to the development of a separate direction of 

continuum mechanics - the Continuum Damage Mechanics. This direction was created by 

two outstanding Soviet scientists: L.M. Kachanov [12] and Yu.N. Rabotnov [13]. At the end 

of the 1950s, they considered and introduced a new parameter at creep under uniaxial 

tension: material continuity (Kachanov) and material damage (Rabotnov). Soon Rabotnov, 

based on this approach, developed the kinetic theory of creep and long-term strength. 

Subsequently, significant results in this area were obtained in the Soviet 

Union/Russian Federation. Following Kachanov and Rabotnov, the mechanics of 

continuum fracture began to develop in Europe, mainly in relation to the processes of 

creep of metals. Since then, this area of research has been in the center of attention all 

over the world with regard to the development of both its foundations (not all theoretical 

problems have been solved) and applications [14318]. 

When formulating the interrelated equations of creep and damage, the damage 

parameter should be given a physical meaning. To materialize the damage parameter 

various definitions were offered. The relative size of pores or irreversible change of 

volume (loosening on Novozhilov9s terminology) are considered in [19]. The crack length 

is taken as damage parameter in [17]. Maruyama and Nosaka [20] measured damage of 

material based on micro-grinding using a transparent reference square grid. The ratio of the 

number of nodes entering the region of pores and microcracks to the total number of nodes 

in the grid was considered. In [21], it is analyzed dislocation density. Many authors [22325] 

considered the density of the material to be the most representative characteristic of 

porosity and damage. Density measurement is carried out by known methods using 

accurate weighing in air and in liquid (hydrostatic weighing). No methods of introducing 

the damage parameter mentioned above allow its measurement during creep tests. To 

determine the damage value at a given time by these methods, it is necessary to stop the 

experiment, and when metallographic methods are used, in addition the specimens must 

be cut. In [26], a method for measuring structural changes in metal directly during high 
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temperature creep, without cooling and unloading of specimens is considered. It is 

proposed to conduct the measurement of electrical resistance of the specimens during 

stretching and to compare these data with the results of the length measurement of 

specimens at the same time values. 

 

Kinetic equations for damage parameter and creep strain 

In this paper, the parameter of continuity is determined by the ratio ÿ = ÿ/ÿ0 (ÿ0 is initial, ÿ is current density) and it is considered as integral measure of the structural microdefects 

accumulation during long-term high-temperature creep [27,28]. 

Let9s consider the following system of equations [29,30]: ÿ� ýýýý = þÿÿ,            (1) ÿÿ ýÿýý = 2ýÿ� ,               (2) 

where þ, ý,þ, ÿ, ÿ, � are parameters and ý = ýÿ( ý/ý0) is strain. 

Taking into account the mass conservation law ÿ0ý0ý0 = ÿýý and the true stress ÿ = ÿ0ý0/ý = ÿ0(ý/ý0)(ÿ/ÿ0) = ÿ0(ÿ/ÿ0)ÿý = ÿ0ÿÿý, these equations can be written in 

the following form: ýýýý = þÿ0ÿÿÿ2�ÿÿý,           (3) ýÿýý = 2ýÿ0�ÿ�2ÿÿ�ý.           (4) 

The system (3)3(4) can be solved approximately, for the case of purely brittle fracture and 

small deformations, when the following approximations ÿÿý j 1, ÿ�ý j 1 or ÿÿý j 1 +þý, ÿ�ý j 1 + ÿý can be taken into account. Let us consider each of these two cases. In the 

case of ÿÿý j 1, ÿ�ý j 1, the system (3)3(4) takes the following form: ýýýý = þÿ0ÿÿÿ2�,            (5) ýÿýý = 2ýÿ0�ÿ�2ÿ.           (6) 

Under the initial conditions ý = 0, $ÿ = 1, from Eq. (6) we get: ÿ = [1 2 (ÿ 2 ÿ + 1)ýÿ0�ý] 1ÿ2�+1.          (7) 

Under the initial conditions ý = 0, $ý = 0, from Eq. (5) we can obtain that: ý = þÿ0ÿ2�ý(ÿ2�+ÿ2�+1) {1 2 [1 2 (ÿ 2 ÿ + 1)ýÿ0�ý] ÿ2�ÿ2�+1+1} .        (8) 

Let us consider the case of purely brittle fracture and small deformations at  ÿÿý j 1 +þý, ÿ�ý j 1 + ÿý, then the system of equations (3)3(4) can be written as: ýýýý = þÿ0ÿÿÿ2�(1 + þý);          (9) ýÿýý = 2ýÿ0�ÿ�2ÿ(1 + ÿý).        (10) 

Under the conditions þ = �, ÿ = 1 + ÿ, the system (9)3(10) is reduced to a non-

linear differential equation of the second order [31]. Under the initial conditions ý = 0, ÿ = 1, the expression for the continuity parameter has the following form: ÿ = ÿ[ýÿ0�2ÿ(ÿ2�)þÿ2 (þÿþÿ0ÿý21)2ýÿ0�(ÿ2�)ÿ ý]
.        (11) 

Taking into account the conditions þ = �, ÿ = 1 + ÿ, under the initial conditions ý = 0ü ý = 0, from the system (9)3(10) we will have the flowing relation for creep strain ý = þþÿÿ0ÿý21ÿ .         (12) 
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Long-term strength criterion 

Taking the fracture conditions in the form ý = ýÿ, ý = ý7, from Eq. (7) we can obtain the 

following long-term strength criterion: ýÿ = 12ÿ7ÿ2�+1ý(ÿ2�+1)ÿ0�.         (13) 

 

Comparison of the solutions obtained with experimental results 

The theoretical creep curves and the experimental results on creep for CrMnFeCoNi and 

CrFeCoNi alloys are shown on Figs. 1 and 2, respectively [32]. The values of the coefficients 

used in the calculations for Eq. (8) under the condition ÿÿý j 1, ÿ�ý j 1 and Eq. (12) 

under the condition ÿÿý j 1 +þý, ÿ�ý j 1 + ÿý are presented in Tables 1 and 2, 

respectively. 

 

  
Fig. 1. Theoretical creep curves obtained by Eq. (8) 

and the experimental results for CrMnFeCoNi alloy 

at 650 °C and 50 MPa (squares) and CrFeCoNi alloy 

at 650 °C and 75 MPa (circles) [32] 

Fig. 2. Theoretical creep curves obtained by Eq. (12) 

and the experimental results for CrMnFeCoNi alloy 

at 650 °C and 50 MPa (squares) and CrFeCoNi alloy 

at 650 °C and 75 MPa (circles) [32] 

 

Table 1. The values of the coefficients used in calculations according to Eq. (8) ýÿ, [MPa] ý, [MPa]-6[/]-1 þ, [MPa]-2[/]-1 ÿ � ÿ � 

75 3.1÷10-17 2÷10-9 2 6 6 2 

50 2.8÷10-16 7.5÷10-9 2 6 6 2 

 

Table 2. The values of the coefficients used in calculations according to Eq. (12) ýÿ, [MPa] þ, [MPa]-2[/]-1 ÿ 

75 1.9÷10-9 2 

50 5.8÷10-9 2 

 

Table 3. The values of the coefficients used in calculations according to Eq. (8) 

 ý7 ý, [MPa]-6[/]-1 � ÿ 

CrFeCoNi 0.9 3.1÷10-17 6 6 

CrMnFeCoNi 0.9 2.8÷10-16 6 6 

 

Figure 3 shows the long-term strength curves obtained by Eq. (13) for CrMnFeCoNi 

and CrFeCoNi alloys at 650 °C [32]. The following values of the coefficients are presented 

in Table 3. It was found that a good agreement between the theoretical and experimental 

creep and long-term strength curves (Figs. 133) is observed.   
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Fig. 3. Long-term strength curves obtained by Eq. (13) for CrMnFeCoNi (squares) and CrFeCoNi (circles) 

alloys at 650 °C [32] 

 

Conclusions 

In the paper to describe the creep and long-term strength of high-entropy alloys (HEAs) 

a damage conception is used. A system of interconnected kinetic equations for the creep 

rate and damage parameter for a compressible medium is formulated. The mass 

conservation law is taken into account, and the damage parameter is specified in the form 

of the ratio of the current density of the material to the initial one. Analytical solutions 

of these equations are obtained, and the long-term strength criterion is formulated. A 

comparison with the experimental results for CrMnFeCoNi and CrFeCoNi alloys is given. 

It was shown that the experimental results are in good agreement with the theoretical 

ones. Thus, the proposed system of interrelated kinetic equations allows us to describe 

the creep and long-term strength behavior of HEAs. 
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ABSTRACT  

This study highlights the improvement in the thermal properties of CFRP composites modified with lower 

concentrations of graphene reinforcement (ADG-NH2/epoxy/CFRP). Thermal properties such as storage 

modulus, loss modulus, damping factor and glass transition temperature of the composites were 

investigated through dynamic mechanical analysis with a temperature scan range of 30 to 200 °C and 

thermogravimetric analysis measurements. Five symmetrical CFRP composite laminates were prepared 

through a hand layup process assisted by vacuum bagging technique using various wt. % proportions (0.25, 

0.5, 0.75 and 1) of ADG-NH2/epoxy along with a neat epoxy. A slight increase of ~ 2 % in the glass transition 

temperature Tg was observed for the modified composites. It was observed that the ADG-NH2 composites 

showed ~54 % increment in storage modulus E', ~ 41 % increase in loss modulus E'' compared to neat epoxy 

CFRP laminate composites. Thermal stability values were determined through integral procedural 

decomposition temperature measurement and an enhancement from 389.1 to 411.9 °C was observed. 

Morphological properties of fracture surfaces were characterized by SEM micrographs and XRD analysis. 
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Introduction 

Many engineering and industrial applications have broadened the requirement for carbon 

fiber-reinforced polymer (CFRP) composites because of their superior thermal properties 

such as stability, high insulation, high heat resistance, low shrinkage along with enhanced 

mechanical properties like good dimensional stability, high tensile strength and modulus 

etc. [135]. Nano additives like 2-D Graphene sheet composed of honeycomb structure 

arrangement SP2 carbon atoms were used in CFRP structures to enhance mechanical, 

electrical and thermal properties [6,7]. Covalent functionalization shows more variation 

in material properties and excellent bonding between the functional groups and particle 

surfaces. Covalent bonding between the matrix and additive enables enhanced electric 

charge, phonons transfer as well as mechanical load transfer across the particle / polymer 

interface [8311]. In order to form a strong amide bond with epoxies, amine functionalities 

take part in the polymerization process [12] which is cured with amine-based hardeners 

and are used in the majority of structural FRPs.  

Many literatures report the study of crystallization behavior of polymeric 

composites with the addition of very small amounts of graphene nano particles through 

http://dx.doi.org/10.18149/MPM.5332025_10
https://orcid.org/0009-0005-1059-2948
https://orcid.org/0000-0001-8876-909X
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non-isothermal DSC experiment analysis [13]. Through thermogravimetric analysis (TGA) 

measurements, thermal degradation and thermal stability characteristics of polymeric 

composites subjected to higher thermal loading and high temperature resistance to 

mechanical deformations were investigated [14,15]. The viscoelastic properties of the 

polymeric composites subjected to continuous sinusoidal loads such as damping factor 

(tan ·), storage modulus (E9) and loss modulus (E=) were analyzed through dynamic 
mechanical analysis (DMA) [16,17]. Storage modulus (E9) indicates the rigidity and stiffness 
of the polymeric structure and decreases with increase in temperature due to the 

movement of polymeric chain segments [18,19]. Heat-released energy with the viscous 

reaction of the composite was analysed by the measure of Loss modulus (E''). The ratio of 

storage modulus (E') to loss modulus (E'9) was measured by damping factor (tan ·) [20,21]. 

Numerous studies have validated that combining synthetic fibers with plant-based 

fibers can enhance the viscoelastic properties of composite materials [22324]. A high 

concentration of carbon-based materials has been shown to enhance the thermal 

conductivity of polyamide composites. In a separate study, the thermal behavior of epoxy 

resin-based composites was investigated by incorporating varying concentrations of 

graphene nanoplatelets (GNPs) - specifically 0.25, 0.5, and 0.75 wt. % - using ultrasonic 

dispersion. The findings revealed that the composite containing 0.75 wt. % GNPs exhibited 

superior thermal stability compared to the other formulations [25]. It is reported that the 

crystallization temperature and degree of crystallinity of polyamide graphene nanoplatelet 

(GNP) nanocomposites increase with higher graphene loading [26]. Rheological analysis 

further revealed that increasing the GNP weight percentage enhances both the storage 

modulus and complex viscosity of the material. At elevated graphene concentrations, a 

low-frequency plateau was observed, indicating a pseudo-solid-like behavior in the 

polymer melt. Recent studies have shown that graphene nanoplatelets (GNPs), particularly 

those prepared through acid treatment for improved suspension stability, significantly 

enhance the thermal conductivity and stability of polymer composites. When these heat-

exfoliated graphene layers are embedded into epoxy matrices, they yield notable 

improvements in thermal performance [27]. In another study, it has been shown that 

functionalized graphene oxide (GO)-reacted with agents such as Ceylon achieved a 

thermal conductivity of up to 5.8 W/m·K with 20 wt. % GO loading. Under mechanical 

stress, GO-based polymer composites demonstrated a higher tendency to form well-

dispersed nanostructures, resulting in significantly improved thermal conductivity [28]. 

From the existing literature, it was observed that less work has been carried out on 

the thermal properties of CFRP composites reinforced with low content graphene nano 

particles (f 1.0 wt. %) compared to high-content graphene-filled polymer composites. 

This paper reports on the preparation of amine-functionalized graphene-epoxy CFRP 

composites with different percentages of ADG-NH2 loading (f 1 wt. %) and investigation 

of thermal properties and morphological properties to establish the effect of amine 

functionalization on the CFRP composites. This paper also describes the processing 

method of ADG-NH2 into the epoxy matrix, which has enhanced the properties due to the 

better homogeneous dispersion of the ADG-NH2. The main highlights of the research work 

are use of aerospace grade epoxy and resin with amine functionalized graphene. 

Significant increase in the storage modulus and loss modulus at 0.5 wt. % of ADG-NH2 

graphene content compared to the neat epoxy CFRP composites indicating better 
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elasticity, viscoelastic properties and energy dissipation capabilities. Minimum tan · for 

0.5 wt. % of ADG-NH2 graphene content compared to neat epoxy indicating better 

damping, energy dissipation and superior interfacial bonding between fiber and matrix 

interface. Fractographic analysis from scanning electron microscopy (SEM) and X-ray 

diffraction (XRD) clearly demonstrates the improvement of layer adhesion for increasing 

loading content up to compared to neat epoxy CFRP. 

 

Materials 

The amine functionalized graphene (product No.: ADG-NH2) was received from M/s 

AdNano Technologies Private Limited, Shivamogga, Karnataka, India. Homogeneous 

dispersion (purity > 99 %) of the amine functionalized graphene (containing 5310 layers 

of graphene) with the addition of (> 2 to 5 %) NH2 to graphene in order to achieve  

the desired exfoliation and dispersion increases the thermal conductivity and mechanical 

properties. The covalently functionalized graphene particles have an average thickness 

range of 5310 nm and an average lateral dimension of the range 5310 µm 

with bulk density and surface area of 0.1 g/cm3 and 60-200 m2/g, respectively (Fig. 1).  
  

 
(a) 

 

 
(b) 

 

Fig. 1. Schematic diagram of processing of ADG-NH2 (a) and (b) fabrication of laminated components  
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Bidirectional carbon fiber woven fabrics (T700), epoxy (LY 5052) and hardener (CH 5052) 

were used for this study. The high-strength non-crimp carbon fiber fabrics (Product No.: T700) 

were purchased from M/s Carbonext India Private Limited. Nashik, Maharashtra, India has a 

thickness of 0.25 mm or 250 gsm. The T700 carbon fiber fabric had an aerial weight 

of  634 g/m2 (305 g/m2 in the 90° direction, 315 g/m2 in the 0° direction and was stitched 
together with polyester knitting thread (14 g/m2). An aerospace-grade epoxy resin (ARALDITE 

LY5052) and hardener (ARADUR 5052 CH) received from M/s Singhal Chemical corporation, 

Meerut, UP, India were used for this study. The resin was mixed with hardener with a ratio of 

100:38 (wt. %). Initially a baseline T700 carbon fiber fabric CFRP composite with neat epoxy 

was manufactured. The mould release agent was received from Mohini Organics Pvt. Ltd., 

Malad (West), Mumbai, Maharastra, India and adhesive tape, release film & peel ply were 

purchased from Aristo Flexi pack, Daman and Diu, India. For this composite Laminate system, 

the densities of fiber and resin are 1.8 and 1.17 g/cm3 respectively and the nominal resin and 

fiber volume was of the ratio 34: 66.  

 

Fabrication of amine functionalized graphene (ADG-NH2)/epoxy  

As shown in schematic representation (Fig. 1), during this study all the composite laminates 

were prepared under similar environmental conditions. The desired amine functionalized 

graphene (ADG-NH2) solution loading content was added to solvent medium (methanol) and 

dispersed using an ultrasonic dispersion machine (Hielscher Ultrasonic homogenizer (Product 

No. UP400 ST) with a 22 mm probe), for 1 h to ensure the homogeneous dispersion of  

ADG-NH2 by breaking the Vander walls attractive force of attraction between the nano particles. 

This process completely removes ADG-NH2 aggregates, enabling effective dispersion. A large 

volume of methanol solvent was used for dispersion of ADG-NH2. The base epoxy resin was 

then added to the ADG-NH2 /methanol dispersion and the mixture was stirred continuously 

with a magnetic stirrer.  Methanol was evaporated from the ADG-NH2-epoxy solution by using 

a rotorvap machine which was operated at 45 °C (10 bar). The resulting mixture was then 

allowed to settle down inside the oven at 45 °C under the vacuum at 10 bar and methanol was 

completely evaporated. A mixing machine with high speed of rotation (ROSS Laboratory High 

shear mixer (Model 100LH), NY USA) operating at 3000 rpm for 20 min was used to mix the 

ADG-NH2 /epoxy. The mixtures were then allowed to settle down on the beaker stand and the 

agglomerates were completely removed. The neat epoxy was treated similarly as the 

processing stage of ADG-NH2 different wt. % filler loadings [29,30]. Hardener Aradur 5052 CH 

was then added to the ADG-NH2 / epoxy solution and a mixing ratio of 100:38 was incorporated, 

which was mixed again using the mixing machine with high speed of rotation at 3000 RPM for 

20 min. Then the degassing of the suspension was carried out in a vacuum chamber (pressure > 10 bar) at 45 °C for approximately 20 min while manual mixing through a mechanical stirrer 

was carried out during the entire process. The mixture was then transferred into an open 

beaker at room temperature (RT), which was used for the preparation of the CFRP laminate.  

 

Fabrication of composite laminates 

Bidirectional carbon fiber was cut into 4 pieces of 300 × 300 mm2 with 0°/90° orientation 

and 8 pieces of 45°/-45° orientation to prepare CFRP Laminate. For fabrication of the 
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laminate, a 15 mm thick plane aluminum plate was considered, and its top face was cleaned 

thoroughly with MEK on which the laminate wet lay-up process was carried out. A release 

film (300 × 300 mm2) with 15 µm thickness was laid and on it a peel ply (30 µm) was laid. 

With the help of a brush, the mould release agent was applied to the peel ply and 

prepared adhesive resin solution (ADG-NH2+ epoxy (LY 5052) + Hardener (5052 CH)) was 

applied on it. Then the first carbon fiber bidirectional woven sheet (in 0°/90° orientation) 

was kept on the adhesive resin solution. Then the second carbon fiber layer (at 45°/-45° 

orientation) was kept over the first carbon fiber layer after applying the adhesive resin 

solution on the first fabric uniformly with the help of a brush. To have a uniform thickness 

of laminates and avoid epoxy starvation between the two carbon layers, the extra amount 

of resins were squeezed with the help of a roller onto the carbon fiber woven sheets. The 

third layer was kept (at 45°/-45° orientation) on the second layer and the same procedure 

was followed. The 4th, 5th and 6th layers were kept at 45° /-45°, -45°/45° and 90°/0°, 
respectively in the same manner and the same procedure was adopted towards the 

preparation of twelve layers of symmetric cross-plied quasi-isotropic CFRP Laminate as 

shown in Fig. 1. After laying the twelfth layer, peel ply has to be kept and an aluminum 

plate has to be kept on the top. The carbon fiber/epoxy laminate staking sequence along 

with fiber orientation and thickness is shown in Fig. 1. During the manufacturing of the 

CFRPs, the vacuum Bagging Technique was used for curing the whole stack of laminate. 

In this Vacuum Bagging arrangement, first a mild steel plate was taken and cleaned 

thoroughly with MEK which was used to form the mould base. After treating this plate 

with a mould release agent, for making the mould frame Tacky tape was used, with inlet 

and outlet tubes. The thickness of the laminates fabricated in this entire process was 

between 3 to 3.5 mm, which meets standard testing requirements. 

During this process in order to address air entrapment and void formation the 

laminate was cured at full vacuum (10 bar).  The laminate was kept in this condition for 

24 h curing at room temperature. Post curing, laminate was again cured for 1 h at 60 °C 

and then again at a higher temperature of 120 °C for 3 h. A similar procedure was adopted 

for the fabrication of other CFRP laminates with different ADG-NH2/epoxy wt. % 

(0.25, 0.5, 0.75, and 1). The average thickness of various fabricated ADG-NH2/epoxy/CFRP 

composite laminates were 3.02, 3.12, 3.23, 3.34, 3.45 mm respectively for neat, 0.25, 0.5, 

0.75 and 1 wt. % ADG-NH2/epoxy. It was observed that due to the increasing addition of 

ADG-NH2 loading content, the average thickness of fabricated CFRP composite laminate 

increases minimally. For mechanical and morphological characterization, composites 

were cut into test specimens by means of a high-speed diamond cutter as per the testing 

standard requirements. The same fabrication technique and identical conditions were 

adopted for all neat epoxy resin base laminates to compare the performance of graphene 

content addition.  

 

Methodology of characterization study 

Morphology study of ADG-NH2 

In order to evaluate the characteristics of Amine functionalized graphene (ADG-NH2) nano 

characterization methodologies such as Fourier transform infrared (FTIR) and scanning 

electron microscopy (SEM) were carried out. FTIR spectra of the ADG-NH2 were carried out 
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using a Hoverlab FT-IR spectrophotometer (model No. HV-5500) with a 2 cm-1 resolution 

over 64 scans. The surface was checked by using a SEM (ZEISS Microscopy, Germany,  

(Model EVO 15) with a 20 kV acceleration voltage of and 2.5 mm working distance. 

 

The morphology study of the cured ADG-NH2 enhanced CFRP composites 

For this characterization, fracture surfaces were gold coated, and images were studied 

using a SEM. In order to enhance contrast, a thin gold layer of thickness > 3 nm was 

applied on the fracture surface of the ADG-NH2 / CFRP composite specimen. X-ray 

diffraction (XRD) measurements were done with the help of a Siemens D5000 

diffractometer along with a Cu-K³ X-ray tube beam radiation (» = 0.1542 nm) operated at 

40 KV and 40 mA. The X-ray diffraction patterns were scanned with the help of a Nickel 

filter and divergences slits of 1 mm under standard braggs angle »-2» conditions. The 

patterns were scanned over the Bragg angle (2») from 1 to 30 ° at a rate of 1°/50 sec-1. 

 

Thermal gravimetric analysis 

Thermal gravimetric analysis (TGA) was carried out as per the international standard ISO 

11358-1 [31] at a heating rate of 10 °C/min under a nitrogen atmosphere to find the 

thermal stability of modified composites [32]. From the TGA thermograms, various 

thermal stability factors such as activation energy (Et) for decomposition, integral 

procedural decomposition temperature (IPDT), initial polymer decomposition 

temperature (PDT) and char yield at 800 °C were determined [33]. IPDT, which indicates 

the thermal stability of the polymeric materials in the degraded process, was estimated 

from the TGA curves using the following equations: IPDT = ý7ÿ7(ÿÿ 2 ÿÿ) + ÿÿ ,                (1) ý7 = ý1+ý2ý1+ý2+ý3,              (2) ÿ7 =  ý1+ý2ý1 ,               (3) 

where A* is the ratio of the total experimental curve defined by the total TGA 

thermograms, K* is the coefficient of A*, ÿÿ and ÿÿ are the total initial and final 

experimental temperatures respectively and A1, A2 and A3 are the areas of the three 

regions into which the TGA curve is divided as shown in Fig. 2.  
 

 
 

Fig. 2: Schematic representation of A1, A2 and A3  
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Et was calculated from the TGA curves using the integral method reported by 

Horowitz and Metzger, according to the following equations [34]: ln[ln (1 2 ý)21] = ýýýýÿmax2              (4) ý =  (ýÿ2ýÿ)(ýÿ2ýÿ)               (5) ý =  ÿ 2 ÿÿÿý              (6) 

where ý is the extent of decomposition, Ma, Mi and Mf are actual, initial and final masses 

of the sample respectively, R is the universal gas constant, ÿÿÿý is the absolute 

temperature. 

 

Dynamic mechanical analysis 

Dynamic mechanical analysis (DMA) can identify critical thermal transitions in CFRPs, 

such as glass transition temperature (Tg) and secondary transitions. Tg is the range of 

temperatures at which the polymer matrix transitions from a rigid, glassy state to a more 

flexible, rubbery state. Determining the composite's operational temperature limits 

requires an understanding of Tg. While, secondary transitions, which can affect the 

performance of the composite in different environmental conditions. The PerkinElmer 

DMA 8000(part no N5330101) machine with strain rate of 0.40 and operating at 2 Hz with 

a temperature range of 400 to -190 °C was used to determine Tg of the modified ADG-

NH2/CFRP composites through DMA. Tg measurements were taken from the maximum 

values of the tan · curve. Rectangular specimens of dimensions 3 × 12 × 60 mm3 were 

used as per the ASTM D7028 standard [33]. The temperature variation from 30 to 200 °C 

with an increment of 2 °C/min was carried out on samples. To have repeatability of material 

response test was carried out on three specimens of each ADG-NH2/ epoxy wt. % content. 

By using Eq. (3), the cross-link density of the ADG-NH2/epoxy composite with 

various wt. % concentrations can be found: ý =  ý23ýÿ,               (7) 

where Ã is cross-link density in mol/cm3, E' refers to the storage modulus in MPa in the 

rubbery plateau region, R is the universal gas constant (8.3145 J/K mol), and T is the 

temperature in rubbery plateau region in Kelvin at Tg + 50. 
 

Results and Discussion 

Morphology study of ADG-NH2  

FTIR analysis of the ADG-NH2 as received was carried out to detect functional groups and 

characterize covalent bonding information as shown in Fig. 3. Micrograph analysis 

through SEM for the as received ADG-NH2 with the higher magnification image was 

carried out as shown in Fig. 4. The average lateral dimensions of the functionalized 

graphene particles were found to be of the order of 5 to 10 µm.  
 

Thermal gravimetric analysis 

Figure 5 represents the various zones of the TGA theromographs of ADG-NH2/epoxy/CFRP 

composite (a) weight loss (%) vs temperature (°C), (b) derivative weight loss (%/min) vs 
temperature (°C).  
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Fig. 3. FTIR spectroscopy of amine functionalized graphene (ADG-NH2) 

 

 
 

Fig. 4. SEM image of amine functionalized Graphene (ADG-NH2) 

 

(a) (b) 
 

Fig. 5. TGA theromographs of of ADG-NH2 /epoxy/ CFRP composite: (a) weight loss (%) Vs 

temperature (°C), (b) derivative weight loss (%/min) Vs temperature (°C) 

 

1 µm 

1 µm 

(a) 
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As shown in Fig. 5(a), Zone 1 is the glassy region where the first weight loss (10 %) 

occurs between 25 and 350 °C may be due to the less cured epoxy resin, water 
vaporisation and volatile impurities. As shown, Zone 2 is the glassy transition region 

occured  between 350 and 600 °C indicating the thermal degradation of the cured epoxy. 
Figure 5(b) represents the derivative weight loss (%/min) vs temperature (°C) for different 
wt. % of graphene fillers. 

The thermal stability factors, including PDT, IPDT, Et and Char yield at 800 °C  

are listed in Table 1. The PDT and IPDT values of the ADG-NH2/epoxy/CFRP composites 

were 362.59 and 389.1 °C, respectively. The maximum PDT and IPDT values were 

observed as 373.02 and 411.9 °C, respectively, occurred at 0.5 wt. % ADG-NH2 content. 

An increase of ~ 14 % was observed for the activation energy (Et) values of the modified 

composites, which were increased from 61.63 to 69.93 KJ mol-1 as listed in Table 1.  

 
Table 1. PDT, IPDT, Et and char yield at 800 °C values observed from TGA thermograms  

ADG-NH2 loading, wt. % PDT, °C IPDT, °C Et, KJ/mol Char yield at 800 °C 

0 362.59 389.1 61.63 0.43 

0.25 364.30 394.8 65.52 2.58 

0.5 373.02 411.9 69.93 4.55 

0.75 367.11 406.2 68.098 0.32 

1.0 363.11 400.5 64.95 0.24 

 

Also, an increase in characteristic yields of the prepared composites at 800 °C was 

observed for 0.5 wt. % ADG-NH2 content compared to neat epoxy and reduces 

subsequently beyond 0.5 wt. %. These results indicate improved thermal stability 

characteristics such as thermal resistance and thermal conductivity of the polymer 

structure due to the addition of ADG-NH2   graphene fillers of up to 0.5 wt. % compared 

to neat epoxy. Beyond 0.5 wt. % ADG-NH2 graphene fillers, there is an agglomeration 

formation in the epoxy network which reduces the interfacial bonding characteristics of 

the fiber epoxy network [33335]. 

 

Dynamic mechanical properties 

DMA uses modulus and tan · to quantify the sample's stiffness and damping. Since the 

applied force is sinusoidal, the storage modulus (E9) can be expressed as an in-phase 

component and loss modulus (E99) an out-of-phase component. The elastic response of 

the sample is represented by the E9, and the capacity to dissipate energy is represented 
by tan · (i.e. E99/E9). This analysis quantifies the loss modulus (E''), storage modulus (E'), 

damping factor (tan ·), and glass transition temperature (Tg). Figure 6 represents the 

viscoelastic properties of ADG-NH2/epoxy/CFRP composites w.r.t temperature for 

different wt. % of ADG-NH2 filler investigated through dynamic mechanical analysis.  

Figure 6(a) represents the storage modulus (E') vs temperature of modified 

composites at different wt. % of ADG-NH2. These curves depict the three significant zones  
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(a) (b) 

(c) (d) 

(e) (f) 
 

Fig. 6. Variation of (a) storage modulus vs temperature, (b) storage modulus (rescale showing Tg+50) vs 

temperature,(c) loss modulus vs temperature, (d) tan · Vs temperature, (e) peak Tg w.r.t ADG-NH2 

addittion, (f) Cole-Cole plots of ADG-NH2/epoxy/CFRP composites 

 

of the material during the experiment, such as the glassy region (Zone 1) representing 

the elasticity, the rubbery transition region (Zone 2) which indicates the degradation of 

and decreases beyond 0.5 wt. %. 

Due to the hexagonal molecular arrangement of graphene with carbon fiber atomic 

structure, semi compatibilty local agglomerations elasticity till it stabilizes and enters the 
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rubbery region (Zone 3). At 65375 °C for all curves there is a sudden decreasing trend in 
all the curves indicating the end stage of the glassy region of the CFRP composite. Table 2 

lists the maximum storage modulus values of the ADG-NH2/epoxy/CFRP composite based on 

the experiments on the different wt. % of ADG-NH2 in CFRP composites. As the ADG-NH2 

graphene concentration increases, E' of modified composites increased to 10325 MPa  

(for 0.25 wt. %), 12872 MPa (for 0.5 wt. %), 9723MPa (0.75 wt. %), 9150 MPa (1 wt. %) 

respectively from 8346 MPa (Neat CFRP) which corresponds to increment of 23.71, 54.22, 

16.5 and 9.6 % respectively. It can be concluded from the above observations that the 

storage modulus increased up to 0.5 wt. % of ADG-NH2 were formed beyond 0.5 wt. % 

which prevents higher elastic behavior for the rubbery transition zone across the full 

temperature range [36339]. 

 
Table 2. Maximum storage modulus and loss modulus observed during the DMA of ADG-NH2/epoxy/CFRP 

composite specimens 

ADG-NH2 loading, 

wt. % 

Max storage modulus (E'), 

MPa 

Increase in E', 

% 

Max loss modulus E'', 

MPa 

Increase in E'', 

% 

Neat epoxy 8346 + 41.53 0 1324 + 13.24 0 

0.25 10325 + 51.63 23.71 1750 + 17.5 32.17 

0.5 12872 + 64.36 54.22 1866 + 18.66 40.93 

0.75 9723 + 48.62 16.5 1545 + 15.45 16.69 

1 9150 + 45.75 9.6 1487 + 14.87 12.31 

 

Figure 6(b) represents the enlarged view of storage modulus (E') values of modified 

composites at a temperature of Tg+ 50 where the cross-link density, values are estimated 

for different wt. % of ADG-NH2. Table 3 lists the cross-link density values of the modified 

CFRP composite using Eq. (3). The cross-link density which indicates the stiffness 

characteristics of the polymer structure is affected by the mobility of molecules in the 

polymeric chain. Its value increased up to 0.5 wt. % of ADG-NH2 and subsequently 

reduced beyond 0.5 wt. %.  
 

Table 3. Peak glass transition (Tg) and peak tg · of ADG-NH2 filled CFRP composites 

ADG-NH2 loading, 

wt. % 

Peak Tg, °C 

(loss peak) 

Peak Tg, °C 

(tan · peak) 
Peak tg · 

Cross link density, 

mol/cm3 

Neat epoxy 84.24 + 0.22 90.85 + 0.25 0.6041 0.041 

0.25 84.39 + 0.25 92.5 + 0.32 0.5202 0.085 

0.5 86.08 + 0.35 93.51 + 0.35 0.3284 0.191 

0.75 85.72 + 0.33 93.39 + 0.33 0.5144 0.068 

1 85.65 + 0.30 92.87 + 0.30 0.544 0.064 

 

The reduction in the Tg value listed in Table 3 indicates the decrease in stiffness 

value of the composite material. The storage modulus values are directly related to highly 

cross-linked polymeric chain and vice versa [40,41]. 

Figure 6(c) represents the loss modulus (E'') vs temperature of modified composites 

at different wt. % of ADG-NH2, which indicates the energy release by the polymer 

structure when subjected to cyclic loading. As illustrated in these curves the values 

initially increase in zone 1 i.e. glassy region and then sharply increases to the peak in 

Zone 2 i.e. Rubbery transition zone but sharply reduces in this region and continues up 
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to Zone 3 Rubbery region. It was observed that the loss modulus of approx. 41 % 

increased up to 0.5 wt. % of ADG-NH2 and decreased beyond 0.5 wt. %. The inclusion of 

ADG-NH2 frequently causes the loss modulus peak to broaden. This phenomenon is 

typically attributed to either a suppression of the relaxation process occurring inside the 

composite or a higher rigidity of the chain segments, hence increasing the material's 

heterogeneity. In the ADG-NH2-loaded samples, the loss modulus was essentially 

increased for three reasons: (1) the polymer chains were unable to move freely as a result 

of the amino-functionalized GNP's enhancement of the crosslinking reactions between 

epoxy and hardener; (2) the covalent bond formed between the amino-functionalized 

GNP and epoxy enabled greater energy dissipation from the matrix to the amino-

functionalized GNP, and (3) demonstrating the enhanced adhesion and interfacial 

bonding strength between the resin matrix and carbon fiber. The addition of amino 

functionalized GNP raises the composites' loss modulus (E'') in comparison to the 

untreated composite, which in turn raises the polymer's structural mobility inside the 

composite. The polymer chain relaxation zones and confluence zones were observed for 

all the curves towards the peak loss modulus values, but relaxation zones were more for 

the more ADG-NH2 graphene loading content beyond 0.5 wt. %. Peak E'' was measured  

at 1324, 1750, 1866, 1545 and 1487 MPa at 84.39, 84.72, 86.69, 85.33 and 85.28 °C.  

The increase in loss modulus values up to 0.5 wt. %, which represents the better energy 

dissipation and mechanical properties was may be due to the better graphene dispersion, 

enhancement of the cross-linking reactions between epoxy and hardener, greater energy 

dissipation from the matrix to the amino-functionalized GNP and enhanced fiber matrix 

bonding [32,42]. 

Figure 6(d) represents tan · vs temperature of modified composites at different 

wt. % of ADG-NH2 which indicates the damping properties as well as the material 

characteristics whether it is elastic or non-elastic in nature for the polymer structure.  

A material with a high, non-elastic strain component is indicated by a high tan · value, 

whereas a low value denotes a material with high elasticity. The damping factor is 

governed by molecular motions and viscoelasticity, in addition to specific defects that 

promote damping, are dislocations, grain boundaries, phase barriers, and different 

interfaces. The damping factor is reduced with an increase in the bonding at the 

fiber/matrix interaction because of decreased mobility of the molecular chains at the 

fiber/matrix interface. Thus, the higher the energy losses with respect to its storage 

capacity, the greater will be the tan · value in the composite system [43,44]. As depicted 

from the curves, tan · values obtained for different wt. % fillers are 

0.6041, 0.5202, 0.3284, 0.5144, 0.544 respectively for neat CFRP, 0.25, 0.5, 0.75 and 

1 wt. % as listed in Table 3. The peak Tg values for all Tan · values are shown in Fig. 6(d) 

and are listed in Table 3. It was observed that the peak of all the tan · values decreased 

with an increase in ADG-NH2 filler content. The minimum value obtained for 0.5 wt. % 

represents more elasticity characteristics and better interfacial bonding compared to the 

maximum value obtained for neat epoxy representing better damping , energy dissipation 

and weak interfacial bonding between fiber and matrix interfaces [45347].  

Figure 6(e) represents the peak Tg values for different ADG/NH2 concentrations of 

the CFRP matrix. The glass transition temperature Tg  is defined as the temperature where 

(i) the middle point of E9 vs. temperature curve or (ii) the region where E9 increases with 
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increasing frequency at constant temperature or (iii) maximum of E99 happens or (iv) 
maximum of tan · arises. It was observed that a very slight increment in Tg up to 0.5 % 

addition of ADG/NH2, thereafter decrement was observed.   

Figure 6(f) represents the relation between the loss modulus indicating the 

viscoelastic material energy dissipation and storage modulus indicating the stored energy 

of the polymer material known as the Cole-Cole plot. These plots indicate the homogenity 

or hetrogenity characteristics of material w.r.t different wt. % of graphene fillers and 

information about the structural rigidness at high temperatures. As observed, all the 

curves of the composite were of a warped semicircular contour indicating their 

heterogeneous characteristics [48,49]. Due to localized agglomeration of the graphene 

particles for higher wt. % beyond 0.5, curves were displayed as imperfect semicircles 

indicating the viscoelastic behavior of the polymer structure [50,51]. 

Figure 7(a) represents the relationship between the cross-link density w.r.t ADG-NH2 

wt. %. Figure 7(b) represents the relationship between FWHM (full width at half 

maximum) of loss modulus w.r.t ADG-NH2 wt. %. In both the grphs it was observed that 

the values are increased up to 0.5 wt. % and reduced subsequently beyond 0.5 wt. %. 
 

  

(a) (b) 
 

Fig. 7. Variation of (a) cross link densty Vs ADG-NH2 filler loading corelation, (b) FWHM of loss modulus Vs 

ADG-NH2 filler loading corelation 

 

Fractographic analysis of ADG-NH2/CFRP 

SEM micrograph and XRD analysis were carried out to evaluate the physical and chemical 

properties along with the toughening mechanism of the ADG-NH2 nano material for both 

neat epoxy and ADG-NH2/ CFRP with different wt. % filler content (0.25, 0.5, 0.75 and 1) 

(Fig. 8). Neat and ADG-NH¢/CFRP composites epoxy with varying filler levels (0.25, 0.5, 
0.75, and 1 wt. %) were examined using SEM examination. The fracture toughness of 

CFRP laminate is determined by the toughness of the matrix and adherence of the carbon 

fibers to the matrix. Amine-functionalized graphene increases fracture toughness, 

because of its mechanical strength, surface area, wrinkled structure, and good interfacial 

adhesion with epoxy. The amine groups improve bonding with the epoxy matrix, also 

aiding uniform dispersion of graphene. At higher concentrations (0.75 and 1 wt. %), 

graphene aggregation causes stress concentration and reduced adhesion, negatively 
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impacting performance. SEM images confirm uniform dispersion in lower concentrations 

but show exposed fibers and poor bonding at 1 wt. %, explaining the decline in 

mechanical performance at higher filler contents. 
 

 
 

Fig. 8. SEM images of (A,B) CFRP with neat epoxy (100 µm) & (50 µm), (C,D) CFRP with 0.25 wt. % of 

graphene (100 µm) & (50 µm), (E,F) CFRP with 0.5 wt. % of graphene (100 µm) &(50 µm), (G,H) CFRP with 

0.75 wt. % of graphene (100 µm) & (50 µm), (I,J) CFRP with 1 wt. % of graphene (100 µm) & (50 µm)  
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SEM pictures show weak mechanical properties due to brittle fracture behavior, 

exposed carbon fibers, and poor bonding in neat epoxy matrix. In contrast, amine-

functionalized graphene strengthens adhesion, as demonstrated by the firmly bonded 

carbon fibers in matrix material. As shown in Fig. 8(e,f), fractured samples with 0.5 wt. %, 

graphene exhibits the best interfacial strength and rough fracture surfaces, indicating 

plastic deformation and crack deflection. Increased surface area and energy absorption 

during fracture propagation are indicated by dimples, which enhance mechanical 

characteristics. Performance is adversely affected by graphene aggregation at higher 

concentrations (0.75 and 1 wt. %), which results in stress concentration and decreased 

adhesion in Fig. 8(g,h,I,j). The decrease in mechanical performance at increasing filler 

amounts can be explained by SEM images, which show exposed fibers and weak bonding 

at 1 wt. % but demonstrate homogeneous dispersion at lower concentrations. 

X-ray diffraction (XRD) analysis was carried out on the ADG-NH2/CFRP composite 

laminate to evaluate the crystallinity and interlayer distance of the nano materials. The 

XRD image pattern for the neat epoxy CFRP indicates that the primary peak (002) was 

observed at > 24.89°, which represents an interlayer distance of > 0.357 nm, along with 

the (004) peak occurring at 44.60°. The XRD image pattern for ADG-NH2/CFRP composite 

laminates with different wt. % filler content (0.25, 0.5, 0.75 and 1) indicates the primary 
 

 
 

Fig. 9. XRD patterns of (a) CFRP with neat epoxy with peak 2» =24.89°, (b) CFRP with 0.25 wt. % of 

graphene with peak 2» =26.80°, (c) CFRP with 0.5 wt. % of graphene with peak 2» =26.65°, (d) CFRP with 

0.75 wt. % of graphene with peak 2» =26.90°, (e) CFRP with 1 wt. % of graphene with peak 2» =25.78° 

(a) 

(b) 

(c) 

(d) 

(e) 
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(002) peak were present at > 26.80, > 26.65, > 26.90, > 25.78° respectively which 
corresponds to an interlayer distance of > 0.332, > 0.334, > 0.331, > 0.334 nm, 

respectively (Fig. 9). These XRD patterns indicate that the impurities or enormous 

amounts of dislocated or corrugated carbon samples are not available in the composite 

laminates. These diffraction patterns of the profile peaks also indicate the high degree of 

crystallinity in the composite laminates. 
 

Conclusions 

In order to evaluate the effect of Amine functionalized graphene (ADG-NH2) reinforced 

CFRP composites on thermal properties, various specimens of different wt. % have been 

prepared as per ASTM requirements. The fractographic study indicates encouraging 

thermal properties due to an improved adhesion mechanism influenced by the 

homogenous dispersion of amine functionalization of graphene (ADG-NH2). 

The results of thermal characterization of modified composites evaluated through 

DMA reveal that an increase of ~ 55 and ~ 41 % was observed for the storage modulus 

and loss modulus at 0.5 wt. % of ADG-NH2 graphene content compared to the neat epoxy, 

CFRP composites indicating better elasticity, viscoelastic properties and energy 

dissipation capabilities. The minimum tan delta values were obtained for 0.5 wt. % of 

ADG-NH2 graphene content compared to neat epoxy indicating better damping , energy 

dissipation and superior interfacial bonding between fiber and matrix interfaces. As 

observed from the loss modulus curves and tan · curves the Tg values were also observed 

to be improved  by ~ 2 % compared to neat epoxy CFRP. Fractographic analysis from SEM 

and XRD clearly demonstrates the improvement of layer adhesion for increasing loading 

content up to compared to neat epoxy CFRP. This work demonstrates the distinct 

enhancements in thermal properties of laminates compared to previous results due to 

homogeneous dispersion of GNP in ADG-NH2-epoxy CFRP composite and better load 

transfer in nanomaterial.  
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ABSTRACT  

In this study, composite films of PbS nanoparticles and PANI were used. The PbS/PANI samples were 

analyzed using XRD, UV-visible, FT-IR and TEM. Furthermore, the effects of PbSNPs on their optical, 

structural and thermal parameter were determined using DTA, UV-Visible and XRD. The UV and XRD 

confirmed the successful synthesis of PbS/PANI Nanocomposite. The TEM indicated homogeneous 

dispersion of PbS in PANI with average diameter of particle is 20nm. Besides, the broadness and reduction 

of PANI in XRD peaks intensity with increasing PbS is attributed to the intermolecular interactions of PANI 

and PbS and indicates the successful incorporation of PbS in PANI. The thermal stability was enhanced at 

different weight percentages of PbS nanoparticle indicated in DTA analysis. The structural changes in the 

Pbs nanocomposite observed in the XRD. 
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Introduction 

Polymer composites are comprehensively used in vehicle, flying, advancement, and 

electronic applications [135]. It was focused on mechanical, electrical, warm and other 

genuine properties. The nanocomposites are one more class of materials that exhibit 

superior properties compared to microcomposites [639]. A little development of 

nanoparticles essentially deals with different properties without relinquishing the light 

weight of polymer lattices. The nanocomposites generally suggest composites in which 

something like one phase has viewpoint on the solicitation for several nanometers. They 

can be made with the used of three particular kinds of nanoparticles. The vital sort of 

nanoparticles simply has one angle in the nanometer scale. They have a platelet-like 

development [10314]. Soil is a certifiable delineation of the sort of nanoparticles. 

Another sort of nanoparticles has two parts of the nanoparticles in the nanometer scale. 

Nanotubes and nanofibers have a spot with this get-together [15317]. The third sort of 

nanoparticles has every one of the three angles in the nanometer scale, for example, 

round silica particles. A collection of the sort of particles is outstandingly retentive 

particles. While the component of the particle may be in the solicitation for microns, the 

pore sizes are in the solicitation for nanometers [18,19]. 

http://dx.doi.org/10.18149/MPM.5332025_11
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The filling of nanoscopic metals into polymer lattices tends to a decision to course 

and change issues. For sensible purposes of nanoparticles, polymers are on a very basic 

level required as filling stage since they would have different qualities: they can be an 

electrical and warm encasing or conveyor [20]. Polymers could have a hydrophobic or 

hydrophilic nature and can be definitively hard plastic or flexible versatile, and so on. 

Ultimately, polymer filling is the least complex and most sensible way for nanostructures 

metal change, treatment, and application [21323]. This has fuelled assessment 

concerning the preparation of metal-polymer nanocomposites. These composites most 

generally show up as small polymer films or powders, as this is commonly the least 

demanding development to design, and moreover extraordinary for exploiting the best 

properties. The Readiness methodologies of polymer metal nanocomposite can be named 

in-situ and ex-situ procedures. In the in-situ systems, the monomer is polymerized, with 

metal particles introduced already or after polymerization [24326]. Then, the metal 

particles in the polymer structure are reduced falsely, thermally or by UV (ultraviolet) 

brightening, to shape nanoparticles [27]. In the ex-situ process, the metal nanoparticles 

are consolidated first, and their surface is normally passivized. In the current paper, 

Polyaniline/PbS nanocomposite arranged, and it gets examination with DTA (differential 

thermal analysis) for warm boundary and their solidness. 

 

Materials and Methods 

Compound combination of Polyaniline involving APS as oxidant and H2SO4 (Fig. 1). 

Unadulterated aniline broke down in 100 ml refined water with H2SO4 added under 

attractive blending for 2 h. The arrangement of ammonium per sulfate in sulphuric 

corrosive was then added drop-wise in the arrangement of aniline. The encourage of 

polyaniline acquired with dim green cloured [28]. The encourage washed with water. A 

PANI encourage was dried under at 502100 °C for over 8 h. Blend of PANI/PbS 

nanocomposites a similar blend process was adjusted for readiness of PANI/PbS 

nanocomposite at various weight proportion of PbS nanoparticle. PANI nanocomposite 

was synthetically portrayed by infrared spectroscopy, XRD (X-ray diffraction) and TGA 

(thermogravimetric analysis). 
 

 
 

Fig.1. Scheme of synthesis of polyaniline and nanocomposite  
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Characterization of nanocomposites 

XRD with Philips PW-3071, utilizing Cu-K³ radiation of frequency 1.544 Å, with examining 
pace of 2 °/min at 45 kV and 40 mA. Fourier transform infrared (FTIR) spectroscopy (Perkin 

Elmer 200) with recurrence of 400-4000 cm21. Warm examination of test recorded by 

Perkin-Elmer Precious stone TGA/DTA in argon air at a warming pace of 10 °/min. 

 

XRD characterization of pure PANI and PANI/PbS Nano composite 

The XRD patterns of unadulterated PANI and PbS and different wt. % of PANI/PbS 

nanocomposite are displayed in Figs. 2 and 3. The molecule size of translucent molecule 

of unadulterated PANI and the nanocomposites are determined by utilizing the Debye-

Scherrer equation: ÿ = 0.94ÿ/ýcosÿ, where D is the typical crystallite size (nm), k is the 

shape factor, which is much of the time relegated a worth of 0.94, » is the frequency of 

Cu K³ radiation (1.5418 Å), ý is the full width at half limit of the diffraction top thinking 

about the revision because of instrumental widening (0.09°). Translucent size of glasslike 

molecules for unadulterated PANI, unadulterated PbS and different content (wt. %) of 

PANI/PbS nanocomposite are given in Table 1. From the reference diagram of XRD top 

plainly as 5320 wt. % PbS nanoparticle expansions in the PANI lattice the level of 

crystallites of nanocomposite additionally increments. Unadulterated PANI shows 

glasslike reflection at explicit point in XRD and undefined at diffused foundation, 

accordingly it uncovers the polycrystalline construction. It is observed that degree of 

crystallinity increased in the nanocomposite as compared to pure PANI and PbS, indicated 

the structural and surface morphological changes in the nanocomposite. Nanocomposite 

is crystalline and has a more ordered structure compared to pure polyaniline. 
 

  
Fig 2. XRD patterns for 5%PANI/PbS 

nanocomoposite, pure Pbs and PANI 
Fig. 3. XRD patterns for PANI/PbS 

nanocomposites with different contents of PANI 
 

Table.1. Table indicated crystalline size of particle in nanocomposite 

Sr. No Material Crystalline size particle, nm D9spacing, Å 2», ° 

1 PURE PANI 0.710 3.520 25.270 

2 PURE PbS 0.950 3.210 27.770 

3 5% PANI/PbS 1.048 3.230 27.560 

4 10% PANI/PbS 1.420 3.240 27.470 

5 15% PANI/PbS 1.230 3.012 29.650 

6 20% PANI/PbS 1.437 3.009 29.680 

7 25% PANI/PbS 1.438 3.0096 29.650 
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Ultraviolet and visible (UV-Vis) spectroscopy of PANI/PbS nanocomposite 

The most extreme assimilation frequency of unadulterated PbS and PANI/PbS 

nanocomposite are displayed in the (Fig. 4). In unadulterated PbS the retention frequency 

is getting at 263, 277 and 768 nm. It was interesting that the presence of retention groups 

at 400 to 500 nm in PANI/PbS nanocomposite were found. Because this band is absent 

from unadulterated PANI as well as unadulterated PbS. This fact demonstrated that when 

PbS nanoparticle collaborates with PANI some underlying change happened. The presence 

of this band in the nanocomposite gives the photoluminous qualities. The polaron-

Ã*transition band at 320 to 385 nm turns out to be more extensive and shows the red shift. 

This infers that the doping condition of the nanocomposites has been moved along. Such 

peculiarities can be credited to the presence of more noteworthy number of charges on the 

polymer spine by bringing nanocrystalline PbS into the polymer matrix [16]. 
 

 
 

Fig. 4. UV3Vis absorption spectra of PbS/PANI nanocomposite at different wavelength 

 

Fourier transforms infrared spectroscopy of PANI/PbS nanocomposite 

Figure 5 shows FTIR spectra of pure polyaniline and PANI/PbS nanocomposites  

with different content (wt. %) of PbS. The incorporation of PbS nanoparticles caused the 

shift of some peaks of PANI and PbS. The absorption peak corresponds to polyaniline  

at 1566 shows red shift to 1561, 1557, 1516 and 1561 cm-1 respectively at 5%PbS, 

10%PbS, 15%PbS, and 20%PbS nanocomposites. The absorption peak at 1485 showed  

a blue shift with respect to pure PANI peak, and they were moved to 1496, 1498, 1493 

and 1495 cm-1 respectively at 5%PbS, 10%PbS, 15%PbS, and 20%PbS nanocomposites. 

Similarly, the peak at 1284, 1284, 1290 cm-1, showed a blue shift with respect to pure 

PANI peak at 5, 10 and 20%PANI/PbS nanocomposites. But in 15%PANI/PbS 

nanocomposite the peak shows the blue shift as compared to pure PANI peak.  

The absorption peak at 1107 showed a blue shift with respect to pure PANI peak at 1179 cm-1 
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Fig. 5. FT-IR spectra of pure PANI and PANI/PbS nanocomposite 

 

(a)  (b) 

 
(c) 

 

Fig. 6. TEM images of (a) pure PANI and (b) PANI/PbS nanocomposite, and average (c) diameter of particle 

size of nanocomposite  

 

for 5, 10 and 20%PANI/PbS nanocomposites. PbS and PANI formed a coordination bond, 

and the electrons transferred from PANI to PbS which led to weakened bond strengths 

and the conjugated system of PANI and thus weakened vibration of PANI. The band in the 
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regions over 400 cm21 can be assigned to PbS stretching vibrations FTIR spectra of the 

PANI/PbS nanocomposite are similar to those of PANI, but the bands' characteristic of 

polymer backbone at 1400 and 1500 cm21 are shifted to higher values after annealing, 

indicating deprotonation. The peak at 1107 cm21 is suppressed after annealing to a 

greater extent for PANI compared to that for the nanocomposites, indicating a higher 

extent of deprotonation in pure PANI compared to nanocomposites. The results of FTIR 

spectra confirm the presence of both components in the nanocomposite. 
 

Transmission electron microscopy of PANI/Pbs nanocomposite 

Transmission electron microscopy (TEM) images (Fig. 6) show the morphology of 

unadulterated PbS and PANI/PbS nanocomposite doped H2SO4. TEM image of 

(10 %) PANI/PbS nanocomposite (Fig. 6(b)) shows that particles were collected into a 

major construction, albeit the particles were in touch with one another. Most of the 

particles are comparative size and have unpredictable adjusted shapes. When 

content (wt. %) of PbS nanoparticle expanded in the polymer, then molecule size 

diminished (Fig. 6(c)). The nanocomposite turns out to be more arranged structure, 

consequently electrical conductivity is likewise expanded [29,30]. This is additionally 

clear by XRD and UV spectra. The typical distance across nanoparticles is 12 nm territory. 
 

DTA analysis of pure PANI and PANI nanocompposite 

Figure 7 shows DTA thermogram of PANI/PbS (5 to 25 %) nanocomposite, which showed 

just endothermic tops at around 230 to 245 °C because of the vanishing of water particles 
caught inside the composite or bound to the polymer spine. while the change above 

350 °C might be alloted because of the corruption of composite. The diminished 

beginning worth of temperatures from 284 °C (unadulterated PANI) to 242.59, 244.15, 

233.06, 227.55 and 237.25 °C for various wt. % of (5325 %) PANI/PbS nanocomposite 

demonstrated that the warm steadiness of nanocomposite is greater than that of 
 

 
 

Fig. 7. The graph of differential thermal analysis of pure PbS and PANI/PbS (5325%) nanocomposites 
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unadulterated PANI which could be credited to the impediment impact of nanostructures 

PbS as hindrances for the debasement of PANI [28330]. In DTA of PANI the glass progress 

was not recognizable, in light of the fact that the glass change is covered in the top 

because of the evacuation of water and it doesn't display hysteresis. The exothermic 

progress at 993160 °C is accepted not to be Tg. Rather it would be credited to a 

progression of compound responses. The diminished pinnacle temperatures of PANI/PbS 

nanocomposite, further show the arranged polymer structure as well as great interfacial 

communications between the metal oxide and the polymer grid. The DSC (differential 

scanning calorimetry) after-effects of composite materials are additionally found in great 

concurrence with TGA results which demonstrate that all the nanocomposites show least 

worth of beginning temperature as contrast with the unadulterated PANI.  

Table 2 shows the data of warm boundary of Polyaniline nanocomposite with 

various content of PbS. Some changes in the softening temperature and enthalpy in 

PANI/PbS (5325%) nanocomposite showed miscibility with PANI lattice. 

 
Table 2. Thermal parameter of pure PANI and PANI/PbS nanocomposite 

Sr. No Material 
Melting 

temp, °C 

Onset 

temp. °C 

Enthalpy 

change, J/g 

Specific heat 

(�Cp), J/g×°C 
Peak area 

1 Pure PANI - 284.000 - 12.270 - 

2 5%PANI/PbS 268.310 246.590 47.370 9.980 264.377 

3 10%PANI/Pbs 267.880 244.150 34.460 6.520 167.613 

4 15%PANI/PbS 266.810 240.060 30.479 6.479 123.622 

5 20%PANI/PbS 265.130 232.550 28.699 5.192 125.700 

6 25%PANI/PbS 263.420 230.250 26.861 4.405 120.234 

  

Conclusions  

XRD and UV-visible spectroscopy results indicated that the structural changes take place 

in nanocomposite with PbS nanoparticle. Thermal analysis of PbS nanocomposite 

indicated that the Polyaniline powder had discernible moisture content. This 

phenomenon is in agreement with the XRD results. Moreover, in the first run of DTA 

thermal analysis, an exothermic peak at 1503310 °C was found. This peak was due to the 

chain cross linking, resulting from a coupling of two neighboring -N=Q=N- groups to give 

two -NH-B-NH groups through a link of the N with its neighboring Quindío ring. Thus, 
based on the thermal profile of these materials, we can say that among all composite 

material, the PANI/PbS composite materials, cross-linking or oxidative reaction starts at 

higher temperature than other composites, which indicates that the thermal stability of 

PANI/PbS nanocomposites is higher than oxides nanocomposites. These DTA results of 

composite materials are also found in good agreement with XRD results. 
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ABSTRACT  

An analytical framework for time-fractional magneto-thermoelasticity in unbounded domains, focusing on 

heat conduction in materials exhibiting non-classical thermal behavior, are presented. Thermal transport 

is strongly influenced by temperature and the internal structure of the medium; in the presence of 

imperfections such as inclusions, voids, or microstructural defects, the heat transfer process often deviates 

from conventional diffusion laws. To model these complex phenomena, fractional calculus is employed, 

and the governing equations are reformulated using dimensionless variables. Analytical solution in the 

Laplace3Fourier domain was derived, with temperature distribution expressed in terms of Mittag-Leffler 

and Fox H-functions. The use of uncoupled thermoelastic theory allows for a simplified treatment by 

decoupling thermal and mechanical fields. Finally, numerical inversion techniques are used to reconstruct 

time-domain solutions for displacement and stress, demonstrating how fractional-order parameters 

influence both thermal wave propagation and material response. 
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Introduction 

In recent decades, the field of thermoelasticity has experienced considerable progress, 

particularly in efforts to construct a more robust and comprehensive theoretical 

framework that accurately describes the interplay between thermal and mechanical 

effects in solid materials. Despite this progress, the conventional or classical formulation 

of thermoelasticity - commonly referred to as the uncoupled theory - still suffers from 

two major deficiencies that have long been criticized for their divergence from 

experimentally observed behavior. 

The first critical limitation of the uncoupled thermoelastic theory lies in the way it 

formulates the heat conduction process. In this classical approach, the governing heat 

equation is entirely devoid of any terms that account for mechanical or elastic influences. 

Essentially, the model treats thermal processes as completely independent of mechanical 

deformations, which is a significant oversimplification of reality. In real-world materials, 

especially those undergoing rapid or large deformations, temperature changes can both 

influence and be influenced by the mechanical stresses and strains present within the 

body. By excluding this coupling, the uncoupled theory fails to capture the intrinsic and 

complex interdependence between temperature evolution and material deformation, 

thereby limiting its accuracy and applicability in many practical scenarios. The second 
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major flaw inherent in the traditional uncoupled theory is a mathematical one, rooted in 

the type of partial differential equation used to describe heat conduction. Specifically, 

the classical heat equation is parabolic in nature. While this form is mathematically 

convenient and widely used, it leads to an unphysical prediction: that thermal 

disturbances - often referred to as "heat waves" - can propagate through a material at 

infinite speeds. This implication is clearly at odds with empirical evidence and 

experimental measurements, which have consistently shown that heat propagation in 

solids occurs at finite velocities. As such, the parabolic character of the classical heat 

equation undermines the theory9s physical realism. 
Building upon such foundational ideas, Biot [1] introduced what is now known as the 

coupled theory of thermoelasticity. This theory directly addresses the first shortcoming of the 

uncoupled model by introducing a mathematical coupling between the equations 

governing elasticity and those governing heat conduction. In doing so, Biot9s formulation 
allows thermal fields and mechanical fields to influence each other, thereby providing a 

more realistic and physically consistent description of how materials behave under 

simultaneous thermal and mechanical loads. However, it is important to note that while 

Biot9s theory successfully overcomes the issue of thermal-mechanical independence, it 

does not fully resolve the second major concern. Like the uncoupled theory, the coupled 

theory also employs a parabolic heat equation, and thus still predicts infinite speeds of 

heat propagation - a result that remains inconsistent with physical reality. Considering 

these enduring limitations, further theoretical developments have been pursued in the 

form of generalized thermoelastic theories, such as those incorporating hyperbolic heat 

equations or finite speed models (e.g., the Lord3Shulman and Green3Lindsay theories), 

which attempt to more accurately reflect the finite speed nature of heat propagation while 

retaining the essential coupling between thermal and mechanical fields. In an effort to 

overcome the first major limitation of the classical uncoupled thermoelastic theory - the 

complete separation between thermal and mechanical responses - Biot [1]  introduced 

what became known as the coupled theory of thermoelasticity. This refined model directly 

links the governing equations of elasticity and heat conduction, thereby eliminating the 

unrealistic assumption that temperature changes and mechanical deformations occur 

independently. By integrating these two domains, Biot's theory offered a more realistic 

representation of material behavior under thermomechanical loads.  

Building on the fundamental principles of fractional diffusion-wave equations, 

researchers have extended these ideas to the realm of thermoelasticity. In [2], for 

instance, a novel approach to fractional thermoelasticity was introduced, laying the 

groundwork for further exploration of thermomechanical interactions using fractional 

calculus. This line of inquiry was first explored in detail by Povstenko, who presented a 

quasi-static, uncoupled formulation of fractional thermoelasticity. In materials with 

microstructural irregularities such as voids or impurities, thermal conductivity can exhibit 

non-classical behavior which motivated the use of fractional-order models. One such 

approach employs a space-time fractional Fourier law within a quasi-static theory of 

fractional thermoelasticity to capture anomalous heat conduction effects [3].  

At micro- and nanoscales, or under ultrafast thermal excitation, the classical heat 

conduction model based on Fourier9s law becomes inadequate. Its assumption of local 
thermodynamic equilibrium breaks down under these conditions, leading to inaccurate 
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predictions of thermal behavior. This has driven the development of alternative models 

that can capture finite thermal propagation speeds and non-equilibrium phenomena. One 

such alternative is the ballistic-conductive (BC) model, introduced by Kovács and Ván [4] 

(2015), which extends the classical framework by incorporating both ballistic and 

diffusive thermal transport mechanisms. While the BC model improves upon the 

limitations of Fourier9s law, analyses of its solutions have revealed a counterintuitive 
phenomenon: partial "immobilization" of thermal energy. This effect, considered 

unphysical, highlights the challenges of modeling energy transport in the transition 

regime between microscopic and macroscopic scales [5]. 

Moreover, incorporating two-temperature and nonlocal effects into thermoelastic 

models is essential for accurately predicting material response in ultrafast and nanoscale 

regimes, where classical thermoelastic theory (based on Fourier9s law and instantaneous 

local equilibrium) fails to capture the true dynamics. To better capture thermal behavior 

in such regimes, especially during ultrafast processes like laser-material interaction, 

researchers have turned to two-temperature models. These models separate the electron 

and phonon subsystems, allowing for local thermal nonequilibrium. Recent extensions to 

these models introduce time-relaxation and spatial nonlocal effects, enabling more 

accurate descriptions of thermal transport in metals [6]. Analytical investigations have 

shown that under high-frequency excitation, key thermal parameters - such as phase 

velocity, penetration depth, and apparent thermal conductivity - become strongly 

frequency-dependent. In particular, the apparent thermal conductivity significantly 

decreases near the characteristic energy exchange frequency between electrons and 

phonons [7]. This frequency-dependent behavior leads to more complex phenomena such 

as thermal resonance. Within the framework of the hyperbolic two-temperature model, it 

has been shown that specific conditions in electron-phonon interactions can result in 

resonant thermal effects. These findings emphasize the importance of advanced 

modeling strategies4particularly those that account for microscopic energy exchange 

mechanisms4in accurately predicting thermal behavior in modern materials [8]. 

Alongside these developments, fractional-order thermoelastic models have gained 

attention for their ability to describe anomalous heat conduction and memory effects. For 

instance, in the context of a semi-infinite medium exposed to a temporally decaying laser 

pulse, fractional models using Laplace transform techniques have successfully derived 

temperature, stress, and strain distributions. These solutions, when compared to classical 

two-temperature models, highlight the advantages of fractional approaches in capturing 

the subtleties of nonlocal and time-fractional behavior in thermoelastic systems [9]. 

Complementary to these theoretical advancements, studies have also explored the 

response of double-porosity materials - complex media with two interacting pore 

networks - under moving loads. Using Fourier analysis and numerical inversion, 

researchers have examined the spatial and temporal distributions of stress and 

temperature, revealing how porosity significantly affects energy dissipation and wave 

propagation. These findings underscore the importance of microstructural design in 

determining thermo-mechanical performance under coupled excitations [10]. 

Building on this understanding of microstructural effects, further studies have 

investigated systems with layered structures and initial prestress, which introduce 

additional complexity into the thermoelastic response. In such systems, harmonic thermal 
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excitation leads to intricate coupling between thermal and mechanical fields. Notably, 

prestress conditions have been shown to alter the pole distribution of the Green function, 

fundamentally affecting the system9s dynamic behavior. This alteration governs wave 

propagation, energy localization, and the emergence of resonance phenomena within 

layered media [11]. 

This paper explores the impact of electromagnetic waves on fractional 

thermoelastic behavior in unbounded media. In the next section, Maxwell9s equations are 
merged with fractional heat conduction to model the interaction between thermal, elastic 

and electromagnetic fields. Focusing on a one-dimensional uncoupled system, the goal 

is to determine the displacement and temperature, linked through hydrostatic stress. The 

temperature equation is hyperbolic, derived from generalized heat conduction. Using 

Laplace and Fourier transforms, the PDEs are converted into algebraic equations, solved 

analytically, and then inverted to retrieve physical solutions. In the "Numerical Analysis 

and Discussion" sections, we present the final analytical expressions, revealing the 

influence of material parameters on wave propagation and thermal relaxation. 

 

Mathematical problem  

Governing equations  

In this sub-section, we will delve into the fundamental equations that govern the 

behavior of magnetic and electric currents. These equations, collectively known as 

Maxwell's equations. They describe the relationship between electric and magnetic fields, 

as well as their interaction with matter. Now we are going to introduce Maxwell9s 
equations as the following [12,13]: ÿ × � = 2 �ý�þ , ÿ × ÿ = � + �ÿ�þ  , ÿ · ÿ = 0 , ÿ · ÿ = 0 , (1) 

where ý  represents the induced magnetic field which can be expressed as ý = �0ÿ 

noting that �0  stands for the magnetic permeability, H  describes the intensity of a 

magnetic field and � represents the electric current. Additionally, ÿ represents the electric 

displacement field, which can be expressed as ÿ = �0� , noting that �0 represents the 

electric permeability and � is the electric field intensity. Now we can re-write Eq. (1) as 

the following:  ÿ × � = 2�0 �ÿ�þ , ÿ × ÿ = � + �0 ���þ  , ÿ · � = 0 , ÿ · ÿ = 0 . (2) 

Furthermore, we introduce Ohm's Law that is a fundamental principle in electrical 

engineering that describes the relationship between voltage, current, and resistance, and 

we can express Ohm9s law as the following [14]: � = ÿ0 (� + �ÿ�þ × ý), (3) 

where ÿ is the displacement vector, ÿ0 is the electric conductivity, and by setting ÿ0 ³ > 

we obtain the perfect conductivity, we also are going to introduce Lorentz force which 
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known as the force experienced by a charged particle moving through an electromagnetic 

field. The mathematical equation of Lorentz force can be described as the following:  � = � × ý, � = � × �0(ÿ0 + /),    (4) 

where ÿ0 represents the constant or background magnetic field, it can be thought of as 

the main steady state magnetic field present in the system. / represents the perturbation 

or small deviation in the magnetic field caused by external influences and ÿ0 + / 

together describes the total magnetic field. Due to the linearity, we can re-write Eq. (4) as 

the following: � = � × ý0. (5) 

The classical theory of thermoelectricity consists of the modified Fourier law 

mentioned in [15]. By neglecting the electric field intensity � = 0 and / = 0 , so the 

induced magnetic field becomes ý = �0ÿ0 providing that Eq. (3) becomes as follows: � = ÿ0�0 (�ÿ�þ × ÿ0). (6) 

From the unbounded domain configuration, the displacement vector ÿ = (ÿ, 0,0), 

the electric current vector � = (0, �, 0)  and the magnetic field vector ÿ0 = (0,0, ÿ0) . 

Consequently, Eq. (6) becomes as the following [16]: � = 2ÿ0�0ÿ0 �ÿ�þ  �.  (7) 

Additionally, Eq. (5) becomes the following: � = 2ÿ0ý02 �ÿ�þ  ÿ. (8) 

The equation of motion, see [17] after inserting Eq. (8) as an expression for the 

external force, we obtain the following: ÿÿ�,� = ÿÿ� ÿ + ÿ0ý02 �ÿÿ�þ . (9) 

Consequently, by recalling the constitutive relationship presented in [17], as the 

following: ÿÿ� = 2��ÿ� + ��ÿÿ� 2 ÿ0�ÿÿ� ,  (10) 

where � and � are correspond to the standard Lamé constants, � = ÿ 2 ÿ0 specifically � 
is the temperature of the medium, ÿ is the absolute temperature and ÿ0 is the temperature 
of the room, ÿ0 = (3� + 2�)�ÿ ,  clarifying that  �ÿ  is the parameter that quantifies the 

linear dimensional change of a material in response to temperature changing or known 

as the coefficient of linear thermal expansion, ÿÿ� are representing the components of 

Cauchy stress tensor, ÿÿ� is the Kronecker delta function. And as mentioned above, ÿÿ is 

the ÿ-th component of displacement vector ÿ, � = �ÿÿ = ÿÿ,ÿ = �11 + �22 + �33 is known as 

the cubical dilation and �ÿ� is representing the strain tensor for linear elasticity defined 

that is define as:  �ÿ� = 12 (ÿÿ,� + ÿ�,ÿ). 
Now, the well-known stress-strain relation, see [18] can be modified by inserting 

Eq. (9) as the following: �ÿÿ,�� + (� + �)ÿ�,ÿ� 2 ÿ0ÿ,ÿ = ÿÿ� ÿ + ÿ0ý02 �ÿÿ�þ  .   (11) 

At this stage, we will reintroduce the thermal energy balance equation in the 

absence of a heat source in one dimension setting as the following [19]: 2ÿÿ.ÿ = ÿþýÿ� + ÿ0ÿ0 ��  .   (12) 
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where �� = �2ÿ�ý�þ. Additionally, it's important to revisit the core concept of heat conduction 

known as Fourier's law. This principle states that the heat flux4defined as the amount of 

heat energy transferred per unit area per unit time4is directly proportional to the 

temperature gradient, which describes how temperature changes over distance. In 

mathematical terms, Fourier's law is written as [20,21]: ÿÿ = 2ÿÿ,ÿ . We will adopt an 

alternative rule that will serve as the foundation for our proceeding analysis, offering a 

more understanding of heat transfer phenomena under a given conditions as follows: ÿÿ = 2ÿý ÿ0ýÿ þ12ýÿ,ÿ.    (13) 

The operator ÿÿ+ýÿ þý   denotes the left-sided Riemann-Liouville fractional derivative, 

which is defined for a general function, further details can be found in [22-24]. Building 

upon the insightful proposition by Compte and Metzler concerning the anomalous diffusion 

coefficient, we propose the following functional expressions for the parameter ÿý : ÿý = ÿÿ12ý,  (14) 

where ÿ is the classical thermal conductivity, ÿ is a characteristic time constant. ÿ will be 

specified subsequently. Equation (14) becomes as the following: ÿÿ = 2ÿÿ12ý ÿ0ýÿ þ12ýÿ,ÿ.  (15) 

To streamline our analysis, we will eliminate the heat flux term that appears in both 

the energy balance equation (12) and Eq. (15). This will be achieved by employing a 

suitable mathematical technique, as outlined below: ÿþýÿ� + ÿ0ÿ0 �� = ÿÿ12ý ÿ0ýÿ þ12ýÿ,ÿÿ .  (16) 

 

Problem setting up 

In this section, we will develop a mathematical framework to describe the system 

outlined in Eqs. (11) and (16). This system is defined over an unbounded spatial domain 2> < ý < >  , signifying that it extends infinitely in all directions. To establish a 

complete mathematical description, we must specify the initial conditions that govern 

the system's behavior. These initial conditions will serve as the starting point for our 

analysis and will significantly influence the subsequent evolution of the system. The 

initial conditions are given as follows: �(ý, 0) = ÿ0ÿ(ý),   ÿ(ý, 0) = �ÿ(ý,0)�ý = 0,  (17) 

where ÿ(ý) is the Dirac delta function assuming that the displacement initial state is 

given as ÿ(2>, 0) = ÿ2> . By noticing the initial conditions outlined in Eq. (17), we 

observe that the complexity of the problem can be significantly reduced to a one-

dimensional framework. This simplification arises due to the inherent nature of the initial 

state, which exhibits a particular symmetry that allows us to focus our analysis along a 

single spatial dimension. This means that all relevant physical quantities involved in the 

problem can be expressed as functions of the spatial variable ý (one-dimensional setting) 

and time þ. Consequently, the governing equations, represented by Eqs. (11) and (16), can 

be simplified to involve only derivatives with respect to these two independent variables, ý  and þ . This reduction in dimensionality significantly simplifies the mathematical 

analysis and allows for more efficient numerical simulations. The simplified governing 

equations are as follows: (� + 2�) �2ÿ�ý2 2 ÿ0 �ÿ�ý = ÿÿ� + ÿ0ý02 �ÿ�þ ,  (18) 
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ÿþý �ÿ�þ + ÿ0ÿ0  �2ÿ�ý�þ = ÿÿ12ý ÿ0ýÿ þ12ý �2ÿ�ý2 .  (19) 

By employing Eq. (10) together with the previously established one-dimensional 

framework, the individual components of the Cauchy stress tensor can be explicitly 

calculated using the following procedure: ÿýý = (� + 2�) �ÿ�ý 2 ÿ0(ÿ 2 ÿ0),  (20)  ÿþþ = ÿÿÿ = � �ÿ�ý 2 ÿ0(ÿ 2 ÿ0).  (21) 

In the context of hydrostatic stress ÿÿ, we focus solely on the normal components. 

By taking their arithmetic means, we obtain a single value that characterizes the overall 

pressure exerted on the material from all directions. This average pressure is what we 

refer to as hydrostatic stress: ÿÿ = ÿýý+ÿþþ+ÿÿÿ3 = (� + 23 �) �ÿ�ý 2 ÿ0(ÿ 2 ÿ0).  (22) 

To facilitate a more comprehensive and insightful analysis of the problem, we will 

introduce a set of dimensionless variables. By systematically reducing the number of 

independent parameters, we can significantly streamline the mathematical model, 

simplifying its interpretation and analytical processing as detailed below: ý ³ ý�1ÿ ,   ÿ ³ ÿ�1ÿ , þ ³ þ�12ÿ,  ÿ ³ ÿ�12ÿ ,   (ÿÿ� , ÿÿ) ³ (� + 2�)(ÿÿ� , ÿÿ), ÿ = �þýÿ ,  ÿ ³ �+2�ÿ0 � + ÿ0, �12 = �+2�� ,   (23) 

therefore, the governing equations (18) and (19) can be rewritten as the following: ���ý = �2ÿ�ý2 2 �2ÿ�þ2 2 �0 �ÿ�þ  ,  (24) 

where �0 = ÿ0ý02ÿ(�+2�),  ���þ + � �2ÿ�ý�þ = ÿ12ý ÿ0ýÿ þ12ý �2��ý2,  
(25) 

where � is the thermoelastic coupling constant and given as the following: � = ÿ02ÿ0�þý(�+2�)  . 
Additionally, the constitutive relations (20)3(22) can be also rewritten in the 

dimensionless form as the following:  ÿýý = �ÿ�ý 2 �,  ÿþþ = ÿÿÿ = 30 �ÿ�ý 2 �,  (26) 

where 30 = ��+2�. 
Additionally, ÿÿ = 31 �ÿ�ý 2 �,  (27) 

where 31 = (�+ 23�)(�+2�) . 
Now, we are going to use the dimensionless variable on the initial condition as 

previously outlined in Eq. (17) as the following: �(ý, 0) = �0ÿ(ý),   ÿ(ý, 0) = �ÿ(ý,0)�ý = 0 and ÿ(2>, 0) = �2>,  (28) 

where �0 = ÿ0ÿ0�1ÿ�+2� , noting that the dimensions of Dirac delta function ÿ(ý) in our context 
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must be the inverse of the dimensions of ý. 

 

Solution in the transformed domain 

In the subsequent analysis, we will embark on deriving an analytical solution for the 

temperature field within the Laplace-Fourier domain. This certain mathematical approach 

will enable us to delve deeper into the fundamental behavior of heat transfer within the 

system. 

To proceed, we will apply the Laplace transform on Eq. (24), as detailed below: ����ý = �2ÿ��ý2 2 ý2ÿ� 2 �0ýÿ�,  (29) 

by differentiating Eq. (29) with respect to ý, we get the following: �2���ý2 = �2ÿ��ý2 2 ý2�� 2 �0ý�� .  (30) 

Now, to further our analysis, we proceed by applying the Fourier transform to 

Eq. (30). This mathematical operation will enable us to facilitate the subsequent analysis 

and solution of the equation as the following: 2ÿ2��� = 2ÿ2��� 2 ý2��� 2 �0ý���.   (31) 

Consequently, we apply the Laplace transform to Eq. (25), resulting in the following 

transformed equation: ý�� 2 �0ÿ(ý) + �ý�� = ÿ12ýý12ý �2���ý2 .  (32) 

To initiate our analysis, we employ the uncoupled theory of thermoelasticity by 

setting � = 0, a simplified approach that decouples the thermal and mechanical fields. 

This theory assumes that mechanical deformations have a negligible influence on the 

temperature distribution. In other words, changes in temperature do not influence the 

mechanical deformation, and vice versa. Meaning that the heat conduction equation is 

solved independently and the effect of mechanical deformation on heat conduction is 

considered negligible [25]. 

Therefore, after applying Fourier transform on Eq. (32) which allows us to analyze 

the equation and get an expression for ���(ÿ, ý) as the following: ���(ÿ, ý) = (�0ÿý21ýý21ÿý21ýý+ÿ2 ).  (33) 

We proceed by applying the rule of Fourier inverse transformation mentioned in [26] 

on Eq. (33) as follows: 121 { 1ÿ2+�2} = 12� �2�|ý|. Therefore: ��(ý, ý) = �0:ÿý21ýý222 exp(2:ÿý21ýý|ý|).  (34) 

And subsequently, by simplifying and performing the technique of partial fraction 

decomposition to further simplify Eq. (31), we obtain an expression for ���(ÿ, ý) as the 

following: ���(ÿ, ý) = �0ÿý21ýý21ÿý21ýý2ý22�0ý ( 2(ý2+�0ý)ÿ2+ý2+�0ý + ÿý21ýýÿ2+ÿý21ýý).  (35) 

Within the following discussion, we are going to calculate the temperature within the 

material. Starting by reformulating Eq. (33) to convert the temperature function from the 

Laplace domain, characterized by the complex variable ý , back to the time domain, 

characterized by the real variable þ, we employ the inverse Laplace transform as follows [27]: ��(ÿ, þ) = 321 { �0ýý21ýý+ÿ2ÿ12ý} = �0�ý(2ÿ2ÿ12ýþý),  (36) 
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where the symbol �ý (ç) denotes the Mittag-Leffler function with one parameter �, see 

reference [28] for more details. By applying the inverse Fourier transform to Eq. (36), 

referencing the relationships (A.10) and (A.20) in [18], we can derive a closed-form 

expression for temperature, as follows: ��(ÿ, þ) =  �0ÿ1,21,1 [ÿ2ÿ12ýþý | (0,1)(0,1), (0, �)].    (37) 

Upon applying the inverse Fourier transformation to Eq. (37), we arrive at the 

following outcome: �(ý, þ) = �0:4ÿ ( 1ÿ12ýþý)12 × ÿ2,32,1 [ ý222ÿ12ýþý | (12 , 1) ; (1 2 ý2 , �)(0,1), (12 , 1) ; (12 , 1)].  (38) 

The symbol ÿý,þ�,�[ç] represents the Fox H-function, a mathematical function defined 

in terms of the Mellin-Barnes integral, as outlined in reference [29] and. When examining 

the solution represented by Eq. (38), we notice that the closed-form expression of this 

solution can be modified or transformed. The objective of the following analysis is to 

determine the analytical solution for ���(ÿ, ý), while numerical integration techniques can 

provide approximate solutions. To proceed with the analysis, we will apply the following 

inverse Fourier transform to Eq. (35) [26]: ��(ý, ý) = �0ÿý21ýý21ÿý21ýý2ý22�0ý × (2(ý2+�0ý)122 exp (2(ý2 + �0ý)12|ý|) +
+ (ÿý21ýý)122 exp (2(ÿý21ýý)12|ý|)).  (39) 

To determine the displacement, we perform an integration of Eq. (39) with respect 

to the spatial variable ý. This approach is based on the relationship given by � = �ÿ�ý: ÿ�(ý, ý) = ÿ�(2>, ý) + �0ÿý21ýý212ÿý21ýý2ý22�0ý (�1 + �2),  (40) 

recalling that ÿ�(2>, ý) = �2>ý , �1 = 2(ý2 + �0ý)12 +  �2(ý2+�0ý)12|�|��ý2> , �2 = (ÿý21ýý)12 + �2(ÿý21ýý)12|�|��ý2>  

based on the sign of ý. Specifically, when ý > 0, the absolute value simplifies to |ý| = ý, 

while for ý < 0, the absolute value becomes |ý| = 2ý. To proceed systematically, we first 

analyze the case where ý > 0. Under this condition, the first and second integrals are 

reformulated accordingly, and their expressions are derived as follows: �1 = 2(ý2 + �0ý)12 (+  �2(ý2+�0ý)12|�|��02> + +  �2(ý2+�0ý)12|�|��ý0 ),  (41) 

by replacing � = 2ÿ therefore �� = 2�ÿ into the first part of integral (41) as:  �1 = 2(ý2 + �0ý)12 (+  �2(ý2+�0ý)12ÿ�ÿ>0 + +  �2(ý2+�0ý)12���ý0 ),   �1 = �2(ý2+�0ý)12ý 2 2.   (42) 

And similarly for �2: �2 = (ÿý21ýý)12 (+  �2(ÿý21ýý)12|�|��02> + +  �2(ÿý21ýý)12|�|��ý0 ) =  = (ÿý21ýý)12 (+ �2(ÿý21ýý)12ÿ�ÿ>0 + + + �2(ÿý21ýý)12���ý0 ) = 2 2 �2(ÿý21ýý)12ý.   (43) 
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Therefore, in case of ý > 0 the displacement ÿ�(ý, ý) is given by employing Eqs. (42) 

and (43) into Eq. (40) as the following: ÿ�(ý, ý) = �2>ý + �0ÿý21ýý212ÿý21ýý2ý22�0ý (�2(ý2+�0ý)12ý 2 �2(ÿý21ýý)12ý) ,   ý > 0.  (44) 

Subsequently, we examine the second case, where ý < 0 , and incorporate this 

condition into the evaluation of the first and second integrals, denoted as �1 and �2 as the 

following: �1 = 2(ý2 + �0ý)12 (+  �2(ý2+�0ý)12|�|��02> 2 +  �2(ý2+�0ý)12|�|��0ý ),  (45) 

by replacing � = 2ÿ  therefore �� = 2�ÿ  into integral Eq. (45) as: �1 = 2(ý2 + �0ý)12 (+  �2(ý2+�0ý)12ÿ�ÿ>0 + +  �2(ý2+�0ý)12ÿ�ÿ02ý ) = 2�(ý2+�0ý)12ý.  
And similarly, for �2: �2 = (ÿý21ýý)12 (+  �2(ÿý21ýý)12|�|��02> 2 +  �2(ÿý21ýý)12|�|��0ý ) =  = (ÿý21ýý)12 (+ �2(ÿý21ýý)12ÿ�ÿ>0 + + + �2(ÿý21ýý)12ÿ�ÿ02ý ) = �(ÿý21ýý)12ý. 

(46) 

Therefore, in case of ý < 0 the displacement ÿ�(ý, ý) is given by employing Eqs. (45) 

and (46) into Eq. (40) as the following: ÿ�(ý, ý) = �2>ý + �0ÿý21ýý212ÿý21ýý2ý22�0ý (�(ÿý21ýý)12ý 2 �(ý2+�0ý)12ý) ,   ý < 0.  (47) 

By considering the contributions from all relevant components or elements, the 

displacement in the Laplace domain can be expressed collectively in the following form: ÿ�(ý, ý) = �2>ý + �0ÿý21ýý212ÿý21ýý2ý22�0ý {�2(ý2+�0ý)12ý 2 �2(ÿý21ýý)12ý, ý > 0,�(ÿý21ýý)12ý 2 �(ý2+�0ý)12ý,     ý < 0.   (48) 

To determine the hydrostatic stress in the Laplace domain, we formulate the 

expression as follows: ÿÿ� = 31 �ÿ��ý 2 ��.  (49) 

At this stage, we proceed by substituting the appropriate expressions from Eqs. (34) 

and (48) into the previous formulation Eq. (49) as follows: ÿÿ� = 31 ��ý (�2>ý + �0ÿý21ýý212ÿý21ýý2ý22�0ý {�2(ý2+�0ý)12ý 2 �2(ÿý21ýý)12ý, ý > 0  �(ÿý21ýý)12ý 2 �(ý2+�0ý)12ý,     ý < 0 ) 2
2 (�0:ÿý21ýý222 �2:ÿý21ýý|ý|).  (50) 

 

Numerical analysis and Discussion 

In this section, we reconstruct the solutions for displacement and hydrostatic stress in 

the physical domain using a suitable numerical technique. One of the most effective 

methods for inverting the Laplace transform is the application of the "Durbin" method or 

the "modified Dubner3Abate" formula [30]. 
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�(ý, þ) = 2ÿÿýÿ1 {2 12 ��(ý, ÿ) + = [3 �� (ý, ÿ + 2ÿ��ÿ1 ) ��ý (2ÿ�þÿ1 )NSum�=0 ] 221 [3 �� (ý, ÿ + + 2ÿ��ÿ1 ) ýÿÿ (2ÿ�þÿ1 )NSum�=0 ]},  (51) 

where the parameter ÿ1  satisfies the inequality 0 < þ f 2ÿ1 . The number of summed 

terms, represented as NSum, typically ranges from 105 for small time values to 107 for 

larger ones. values of time to yield stable results with negligible error given by the 

following:  

ERROR(ÿ, þ, ÿ1 ) = 3 �22ÿ�ÿ1��(ý, 2�ÿ1 + þ)>�=1 .  (52) 

The implementation of series (51) can be carried out using an appropriate symbolic 

computation software. Programs such as MATHCAD or MATLAB provide powerful tools for 

handling symbolic calculations. On the other hand and before implementing the previous 

series, we have obtained an exact solution for the temperature in Eq. (38), which can be 

computed by the series expansion of the Fox H-function [29] as the following steps: �(ý, þ) = �0:4ÿ ( 1ÿ12ýþý)12 {�1(ý, þ) + �2(ý, þ)},  (53) 

to obtain �1(ý, þ), we are going to use �/ = �1 = 0,  ý/ = ý1 = 1 and 
�1+�ý1 = �, then we 

get the following: �1(ý, þ) = 3 (21)ý�! ( |ý|222ÿ12ýþý)� �(122�)�(12+�)�(12+�)�(12ý22ý�)>�=0 .  (54) 

Similarly, for �2(ý, þ) we use �/ = �2 = 12 ,  ý/ = ý2 = 1 and 
�2+�ý2 = 12 + �, then we 

get the following:  �2(ý, þ)  = 3 (21)ý�! ( |ý|222ÿ12ýþý)12+� �(122(1+�))�(1+�)�((1+�))�(12ý(1+�))>�=0 .  (55) 

For our numerical computations, we have chosen copper to be our material. We will 

use its physical properties measured at room temperature (300 K) in our mathematical 

models to simulate its behavior under various conditions. Since ÿ = 1 �12ÿd ,  

the dimensional characteristic constant ÿ  is selected such that the dimensionless 

constant in all closed-form expressions and their series expansions equals one. Unless 

explicitly stated otherwise, we will adopt the following specific values for the material 

properties in our calculations. These values will serve as the standard parameters for the 

material unless alternative data is provided. � = 1, ÿ = 0.01,   �0 = 1,  �0 = 4.36� 2 4 .    (56) 

Equations (53)3(55) serve as the mathematical formulas directly applied in a 

numerical technique to compute the temperature. The infinite series within these 

formulae were approximated by summing the first seventy-one terms. Utilizing their 

series representation, we visually illustrate the temperature distribution in Fig. 1, that 

clearly demonstrates that the magnetic field has no influence on temperature, as there is 

no coupling between the two; �0 = 0. In Fig. 1, the temperature distribution is evaluated 

for different values of �, at � = 1 the curve leads to the normal distribution. Varying ³ 

reveals the impact of anomalous thermal conductivity. Specifically, for smaller values of 

³, the system exhibits low thermal conductivity, whereas larger values of ³ correspond 
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to higher thermal conductivity, leading to a wider temperature distribution within the 

medium. 
 

 
Fig. 1. The temperature distribution evaluated for different values of � 

 

Figure 2 shows the fractional-order parameter � fixed at a representative value of 

0.5, while the temperature distribution is analyzed at multiple time instances:  þ = 0.1, 0.5, 1, 5 and 10. Initially, the temperature exhibits a sharp peak near the origin 

due to the localized thermal disturbance. As time progresses, the peak diminishes and 

the distribution extends symmetrically, reflecting the diffusion of heat through the 

medium. This approach allows for the understanding of the temporal evolution of thermal 

propagation under anomalous heat conduction conditions. The observed behavior shows 

the effect of time on the diffusion of thermal energy in a medium governed by non-

classical (fractional) thermal conductivity, where heat spreads more gradually and the 

profile undergoes significant changes in shape as time progresses.  
 

 
 

Fig. 2. The temperature distribution for various time instances þ, illustrating the temporal evolution of the 

thermal field 

 

In Fig. 3, the displacement field ÿ(ý, þ) is presented for þ = 1 and various values of 

the fractional parameter �, showing the impact of anomalous thermal conductivity on 
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the mechanical response. As � decreases, the displacement profile becomes sharper and 

more localized, indicating stronger non-local effects and delayed thermal diffusion. This 

behavior indicates a significant limitation of thermal diffusion, resulting in a reduced and 

more constrained mechanical response. Consequently, the displacement field tends to 

freeze. In contrast, under normal (classical) thermal conduction, the thermal energy 

propagates more rapidly through the medium, leading to a broader and more extended 

displacement profile over space and time. This demonstrates the influence of fractional-

order behavior on the deformation characteristics of the material, while Fig. 4 represents 

the displacement at � = 0.5 and different values of time þ = 0.1, 0.5, 1, 5 and 10 . The 

results demonstrate that, as time increases, the displacement propagates and smoothens, 

showing the diffusive nature of the underlying thermoelastic response. The observed 

behavior also emphasizes the time-dependent influence of anomalous thermal 

conductivity on the mechanical response of the medium. 
 

 
 

Fig. 3. As the thermal conductivity decreases4represented by lower values of the fractional parameter � 

is the displacement profile becomes increasingly localized and exhibits sharper curvature near the origin 

 

 
 

Fig. 4. The spatial profile of the displacement ÿ(ý, þ) illustrated for various values of time þ, highlighting 

the temporal evolution of the displacement field 
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Figure 5 represents the hydrostatic stress at þ = 1 and different values of � which 

reveal a significant role of the fractional-order parameter in governing the thermoelastic 

behavior of the material. As ³ decreases, corresponding to stronger anomalous diffusion 

effects, the stress profiles exhibit sharper gradients and deeper dips. This indicates an 

intense stress concentration. Figure 6 demonstrates the temporal evolution of the stress 

field, as time progresses, the stress profile becomes increasingly, well-defined and 

exhibits greater symmetry about the origin, with the peak values shifting spatially and 

magnifying in magnitude. The results show that, over time, the stress profile becomes 

clearer and more symmetric around the origin, with peak magnitudes shifting and 

deepening. This behavior reflects the dynamic coupling between thermal diffusion and 

mechanical deformation, further influenced by the anomalous heat conduction 

mechanism.  
 

 
Fig. 5. The distribution of hydrostatic stress represented for various values of the fractional parameter �, 

illustrating the influence of anomalous thermal conductivity on the stress response 

 

 
 

Fig. 6. The variation of hydrostatic stress presented for different time instances þ, showing the temporal 

evolution of the stress field  
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Conclusions  

The interaction between electromagnetic fields and fractional-order thermoelasticity in 

unbounded domains was studied. By incorporating Maxwell9s equations into the 
governing system and applying Laplace and Fourier transforms, the uncoupled equations 

for temperature and displacement are solved analytically. The analysis reveals the finite-

speed propagation of thermal and mechanical waves and highlights the effects of 

material parameters on the system9s response. Analytical techniques are employed to 
solve the system, revealing that the electromagnetic effects do not significantly influence 

the temperature. 
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ABSTRACT  

A model for face centered cubic binary interstitial alloys and advance the theory of elastic deformation and 

wave propagation within these alloys using the statistical moment method are presented. The theory 

extends to include the elastic properties and wave dynamics of pure metals as a subset. The numerical 

simulations for metals like Au and Cu, as well as the CuSi alloy are conducted. The results obtained for Au 

and Cu were validated against experimental data and existing calculations. For the CuSi alloy, numerical 

predictions offer insights that could be confirmed by future experiments. 
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Introduction 

Metals and alloys are traditional and popular materials in industry and practical life. There 

are substitutional alloys and interstitial alloys. In interstitial alloys, the interstitial atoms 

are usually non-metals such as Si, C, H, Li, etc., which are smaller in size than the main 

metal atom. Although the interstitial atom concentration is very small, only a few percent, 

it significantly affects the physical properties of the alloy. Transition metals and their 

interstitial alloys such as Cu, Au, CuSi, and AuSi are widely applied in superconducting 

wire fabrication technology [1,2]. 

Interstitial alloys are crucial in various aspects of human life and have long been a focus 

for both theoretical and experimental researchers. Investigating the deformation properties 

of these alloys in relation to temperature, pressure, and interstitial atom concentration is 

essential for predicting material strength, mechanical stability, diffusion, and other 

properties [335]. AuSi has many functional applications and unusual physical properties.  

There are numerous theoretical approaches to studying the elastic deformation of 

metals and alloys, including the ab initio method, molecular dynamics method, the tight-
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https://orcid.org/0000-0002-6090-5755
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binding Hamiltonian method, the density functional theory, etc. In the first principles  

(or ab initio) method, the many-electron wavefunction is constructed from the one-

electron wavefunctions in a suitable effective potential. The calculations are based 

primarily on the laws of quantum mechanics and relevant physical constants such as the 

masses and charges of the nuclei and electrons. Ab initio has been widely used in the 

study of alloy deformations such as the study of the electronic and thermodynamic 

properties of B2-eSi interstitial alloy by ab initio calculations using ab initio plane waves 

(FPPW) combined with the quasi-harmonic Debye model (QHD) [6], the study of FeH 

interstitial alloy by ab initio combined with DFT (the density functional theory) and GGA 

(generalized gradient approximation) [7], and the study of FeCrSi alloy by ab initio 

combined with DFT and GGA [8]. Ab initio has been used in the study of deformation of 

metals such as the study of the effect of pressure on the elastic properties of crystalline 

Au by ab initio using local density approximation (LDA) [9] and the study of the elastic 

modulus of the BCC (body-centered cubic)-Fe [10]. Molecular dynamics (MD) is a method 

of modeling atoms as a system of classical particles obeying Newtonian mechanics. 

Newton's second law can be used to write the equation of motion for each atom. Some 

works using MD to study the deformation of metals and alloys include the 

thermomechanical properties of CuAu alloy [11], the effect of pressure on the elastic 

constants of Cu, Ag and Au [12], the thermomechanical properties of some FCC (face 

centered cubic) transition metals [13], using Morse potential to study the temperature 

dependence of Young's modulus for metals Ni, Cu, Ag, Au and Al by Zahroh et al. [14]. 

The tight-coupled Hamiltonian (TB) method [15317] is simpler, less computationally 

intensive but can be applied to larger model systems than ab initio. Recent studies have 

used the TB Hamiltonian method to calculate the atomic volumes, elastic constants, bulk 

moduli, etc. of FCC and HCP (hexagonal close-packed) crystals [17] and to study the 

structural properties of FCC transition metals [16]. In the density functional theory (DFT), 

instead of using a multi-electron wave function as in the Hartree-Fock method, the 

electron density plays a central role [18] and the total energy of the system is a unique 

function of the electron density. DFT studies of metals and alloys can be mentioned as 

works by Olsson et al. [19], Psiachos et al. [7] and Lau et al. [20]. In addition to the 

methods mentioned above, to study the properties of materials, there are other methods 

such as the modified embedded atom method (MEAM) [21323], the lattice Green's 

function method [24], the machine learning method (MLM) [25], harmonic theory [26] and 

quasiharmonic theory [27], etc. From the methods presented above, we see that most of 

the methods for studying the deformation of metal and alloy crystals are approximate 

methods, not mentioning the influence of pressure on the deformation processes of the 

object, not considering the dependence of the deformation quantities depending on the 

concentration of substitutional and interstitial atoms. The results of theoretical methods 

for studying deformation are mostly for metals and are limited for alloys. Some results 

obtained from theoretical methods are not really consistent with experiments. 

For example, the interaction of impurity atoms of light elements with vacancies and 

vacancy clusters in FCC metals was studied by MD of Poletaev et al. [28]. Among 

theoretical methods in studying mechanical and thermodynamic properties of metals and 

alloys, the statistical moment method (SMM) has significant contributions [29]. SMM is a 

contemporary approach in statistical physics used to examine the structure, 
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thermodynamic properties, elasticity, diffusion, phase transitions of metals, alloys, 

semiconductors, inert gases, oxides with BCC, FCC and HCP structures. SMM has been 

particularly applied to the thermodynamic study of cubic interstitial alloys [30335]. 

Recently, the SMM has been successfully applied in the study of thermomechanical 

properties of multicomponent materials with complex structures such as HCP metals of 

Hoc et al. [36,37], ternary and binary interstitial alloys of Hoc et al. [34,38,39], perovskite-

structured alloys of Hoc et al. [40342]. 

There are many studies on classical wave propagation in complex materials with 

periodic structure [43346]. Some work has been extended to the study of sound waves 

and elastic waves in other periodic media. Most of the research on this problem is based 

on the calculations of the plane wave method [47351]. The planar wave method has 

proved to be quite effective in studying many types of periodic complex structures but is less 

effective for disordered chaotic systems. Multiple-scattering theory (MST) method [52,53] is 

based on electronic band structure calculations. The equations of motion of the particles are 

builded in an elastic body [54]. Some works such as the work of Grechka et al. [55] refer to 

the propagation of sound waves in an anisotropic medium. Mozhaev [56] showed its 

applicability to two- and three-partial surface acoustic waves in crystals. Additionally, 

Nayfeh and Chimenti [57] extend the analysis to free wave propagation in a general 

anisotropic plate, presenting numerical results for special cases. 

In this paper, we examine the elastic deformation and wave propagation in 

FC binary interstitial alloys under pressure using the SMM. The next section will detail 

the theory and methodology and numerical results. 

 

Theory and Methodology 

Our model of FCC interstitial alloy AB assumes that the concentration of interstitial atoms 

B is very small compared to the concentration of main metal atoms A. In this model, 

atoms B are located at the body center, atoms A1 are at the face centers, and atoms A2 are 

at the vertices of the cubic unit cells [30335]. 

To investigate the elastic properties of alloy AB using SMM, we first calculate the 

mean nearest neighbor distance between two atoms A in the alloy using the following 

equations [31,32,35]: ÿ1A(P,T) = ÿ01A(P,0) + þ(P,T),  ÿ01A(P,0) = (1 2 ýþ)ÿ01A(P,0)+cþÿ01A2 (P,0),  þ(P,T) = 3 ýÿÿ þÿ(P,T), ÿ01A2 (P,0) = :3ÿ01B(P,0),  ÿ1B(P,T) = r01B(P,0) + yý1(P,T),  ÿ1A(P,T) = r01A(P,0) + yý(P,T),  ÿ1A1(P,T) = r1B(P,T),  ÿ1A2(P,T) = r01A2(P,0) + yþ(P,T),  þÿ(P,T) = :2³ÿ(P,0)ÿ23kÿ3 (P,0) ýÿ(P,T), ýÿ(P,T) = þ1X(P,T) + 3 (�ÿ(P,0)ÿýÿ2 (P,0) )ÿ þiX(P,T)6ÿ=2 ,  ýÿ c ýÿcothxÿ ,  ýÿ = /2ÿ : ýÿÿÿ,  þ1X = 1+ 12 ýÿ ,  þ2X = 133 + 476 ýÿ + 236 ýÿ2 + 12 ýÿ3,  þ3X = 2 (253  + 1216 ýÿ + 503 ýÿ2 + 163 ýÿ3 + 12 ýÿ4),  þ4X = 433  + 932 ýÿ + 1693 ýÿ2 + 833 ýÿ3 + 223 ýÿ4 + 12 ýÿ5,  

(1) 
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þ5X = 2 (1033  + 7496 ýÿ + 3632 ýÿ2 + 3913 ýÿ3 + 1483 ýÿ4 + 536 ýÿ5 + 12 ýÿ6), þ6X = 65 + 5612 ýÿ + 14893 ýÿ2 + 9272 ýÿ3 + 7333 ýÿ4 + 1452 ýÿ5 + 313 ýÿ6 + 12 ýÿ7.  
Here, ÿ1A(P,T) c þ1A(P,T) and ÿ01A(P,0) c þ01A(P,0) denote the mean nearest 

neighbor distances between two atoms A in the alloy under pressure P and temperature T, 

and under pressure P and temperature T = 0 K, respectively. The mean displacement of atom 

A from its equilibrium position in the alloy is indicated by þ(P,T). The nearest neighbor 

distance between two atoms A in the pure metal is labeled ÿ01A(P,0). The distance between 

two atoms A in the region containing the interstitial atom B is denoted by ÿ01A2 (P,0).  

The displacement of an atom X (where X can be A, A1, A2, B) within the alloy is represented 

by þÿ(P,T). The nearest neighbor distances between two atoms A in the pure metal or 

between atom X and other atoms in the alloy are represented by ÿ1X(P,T) and ÿ01X(P,0). 

The value ÿ01X(P,0) is derived either from the condition of minimum ÿ0X or from the 

equation of state, as detailed in [30,32,33]: Pv0X = 2  r01X (16 �þ0X��01X + /ÿ0X4ýÿ �ýÿ��01X),  (2) 

where ÿ01X c ÿ01X(P,0), �0X = �01X3:2 , �0X= :ýÿ(P,0)ÿÿ , ýÿ = ýÿý , N = Ný+ Ný1+ Ný2 + ýþ, 
B» = k T,ýþ represents the Boltzmann constant, / is the Planck constant. The symbol ÿÿ denotes 

the mass of atom X. The terms ÿ0X, ýÿ, �1X, �2ÿ and �ÿ correspond to the cohesive energy 

and crystal parameters of atom X within the metal A or the alloy AB, as detailed in [30,32,33]: ÿ0X = 12 3 ýi0�ÿi=1 , ýÿ = 12 3 (�2ýi0�þi³2 )eq�ÿÿ=1 = ÿÿ�ÿ2 , �ÿ= 4(�1X+³2X),   �1X = 148 3 (�4ýi0�þi³4 )eq�ÿÿ=1 , �2X = 648 3 ( �4ýi0�þÿý2 �þi³2 )ÿÿ�ÿi =1ÿb� ,  

(3) 

where ÿi³(³ = x,y,z) represents the displacement of the ith particle from its equilibrium 

position in the direction �, ýi0 indicates the interaction potential between the 0th particle 

and the ith particle, and (&)eq denotes the value of these parameters at equilibrium. The 

number of atoms in ni coordination sphere is indicated by ni, ÿ,$³ = x,$y,$z,$ÿ b �. 
The Helmholtz free energy of the alloy AB is expressed as follows [29333,35]: ýAB= NËAB= N(3 ýÿÿÿÿ 2 TSýAB), ýÿ= NËÿ= U0X+ «0X+ 3N {ÿ2ýÿ2 [�2Xýÿ2 2 2³1X3 (1 + ýÿ2 )] +  + 2»3ýÿ4 [43 �2X2 ýÿ (1 + ýÿ2 ) 2  2(�1X2 + 2³1X�2X) (1 + ýÿ2 ) (1 + Zÿ)]},  ý0X= 3N»[ýÿ+ ln(1 2  e-2xÿ)],  

(4) 

where ýý=1 2  15cþ, ýý1= 6cþ, ýý2= 8cþ and ÿýAB is the configurational entropy of the 

alloy AB. 

Young modulus of the alloy AB is given by [31,33,34,36]: �YAB= EYA 3 ýÿý2ýÿýý2ÿý2ýýýý2 , EA 1ÿ�1Aþ1A, þ1A = 1ýý [1+ 2³ý2 ÿ2ýý4 (1+ 12 ýý) (1+Zý)],  
13N �2ýÿ�ý2 = {23 �2þ0ÿ��1ÿ2 + 'ÿÿýÿ [�2ýÿ��1ÿ2 2 12ýÿ � ýÿ��1ÿ ]} ÿ01ÿ2 + (�þ0X��1X + 3/ÿÿcothxÿ2ýÿ �ýÿ��1ÿ) ÿ01X, 

(5) 

where �YA is Young's modulus of the pure metal A and � represents the strain of the alloy AB. 
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The bulk modulus KAB, shear modulus GAB, elastic constants C11AB, C12AB, C44AB, 

Poisson's ratio þAB, longitudinal wave velocity ý3AB and transverse wave velocity ýtAB are 

calculated by Hoc et al. [30,32,33,35]: ÿAB = �YAB3(122¿AB),              (6) ÿAB = �YAB2(1+¿AB),               (7) ÿ11AB = �YAB(12ýAB)(1+¿AB)(122¿AB), ÿ12AB = �YABýAB(1+¿AB)(122¿AB) , ÿ44AB = �YAB2(1+¿AB),        (8) ýAB=cýýý+cþýþ j ýý,             (9) ýlAB = :2C44AB+C12AB�AB , ýtAB = :ÿ44AB�AB ,          (10) 

where ýý and ýþ respectively are the Poisson ratios of materials A and B, ýAB = ÿABýAB j ýý,ýAB = NvAB, ýAB and ýý denote the densities of materials A and AB, respectively while ýAB 

represents the volume of alloy AB. 

When the concentration of interstitial atoms is zero, the characteristic quantities for 

elastic deformation and elastic wave propagation of the primary metal A can be 

ascertained. For Au, Cu, and CuSi, we utilize the Mie-Lennard-Jones (MLJ) potential as 

follows Magomedov [58,59]: ý(ÿ) = ��2ÿ [ÿ (�0� )� 2  n (�0� )ÿ].          (11) 

The parameters D, r0, n, m, the Poisson's ratio ý and the density ý are listed in Table 1. 
 

Table 1. Potential parameters, Poisson ratio ý and density ý [58360] 

Interaction m n D/kB, K r0, 10-10 m þ ò, g/cm3 

Au-Au 5.5 10.5 4683 2.8751 0.39 19.283 

Cu-Cu 5.5 11 3401.1 2.5487 0.37 8.932 

Si-Si 6 12 32701.7 2.295 0.28 2.329 

 

The Cu-Si interaction is also described using the MLJ n-m potential: ý(ÿ) = ����  2 m� [ÿ� (�0� )�� 2  n� (�0� )ÿ� ],           (12) 

where  �� Cu-Si= :�Cu-Cu�Si2Si, ÿ�0Cu-Si = 12 (ÿ0Cu-Cu + ÿ0Si-Si),        (13) 

where ��   and ÿ�  are empirically determined [61]. Therefore, �� Cu-Si/kþ = 10546.2 K, ÿ�0Cu-Si =2.4218× 10210 m, and we empirically choose ��  = 1.29,  ÿ�  = 9.92 by fitting the 

theoretical result with the experimental data of Santra et al. [2]. 

The numerical calculations for Au, Cu and CuSi are placed below. The calculated 

results for the elastic moduli EY and K, the volume ratio ý/ý0 (where V is the volume at 

pressure P and V0 is the volume at P = 0), the elastic constant C44 and the longitudinal wave 

velocity ý3 for metals Au and Cu are summarized in Table 2 and illustrated in Figs. 136. 
 

Table 2. G(P,T) for Cu from SMM calculations, other calculations and experiments 

P, GPa T, K 
G, GPa 

SMM 

G, GPa 

Expt. [62] 

G, GPa 

Calc. [62] 
�SMM-Expt. [62], % �Calc. [31]-Expt. [62]$, % 

12.1 346 5.94 6.28 5.95 5.7 5.5 

12.5 348 6.00 5.90 5.99 1.7 1.5 

23.2 418 7.50 7.55 7.14 0.7 5.7 
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Fig. 1. The temperature dependence of Young 

modulus EY for Cu at P = 0 

using SMM calculations, other calculations 

[13,63,64] and experiments [64367]  

 

Fig. 2. The temperature dependence of Young 

modulus EY for Au at P = 0 using 

SMM calculations, other calculations [13,14,66] 

and experiments [65,68] 
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Fig. 3. The pressure dependence of volume ratio ý/ý0 for Au at T = 300K using SMM calculations 

and other calculations [21,69371] 

Fig. 4. The pressure dependence of elastic 

constant C44 for Au at T = 300K using SMM 

calculations and experiments [3,9,72,73] 
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Fig. 5. The pressure dependence of elastic 

constant C44 for Au at T = 300K using SMM 

calculations and other calculations [21] 

Fig. 6. The pressure dependence of longitudinal 

wave velocity ý3 for Au at T = 300 K using SMM 

calculations and experiments [73375] 
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In Table 2, we compare the shear modulus G of Cu calculated by the SMM with other 

theoretical calculations and experimental data from Peng et al. [62]. The SMM 

calculations are in good agreement with both the theoretical and experimental results of 

Peng et al. [62] with an overall error of 5.7 %. Notably, at P = 23.2 GPa, the discrepancy 

between the SMM calculations and experimental results is only 0.7 %, whereas the error 

between Peng et al. calculations [62] and experiments is 5.7 %. 

Figure 1 shows the temperature dependence of Young's modulus EY for Cu at P = 0 

in the range from 0 to 1200 K. The SMM calculations are in good agreement with 

calculations of C�gin et al. [13], Li et al. [63], Zahroh et al. [14] and experiments of 

Lonzinskii [64], Chang and Himmel [65], Reed and Mikesell [66], Joshi and Bhatnagar [67]. 

Figure 2 illustrates the temperature dependence of Young's modulus EY for Au at P = 0 in 

the range from 0 to 1100 K. The SMM calculations are in good agreement with 

calculations of C�gin et al. [13], Li et al. [63], Zahroh et al. [14] as well as experiments of 

Chang and Himmel [65], Tikhonov and Kononenko [68]. Figure 3 shows the pressure 

dependence of volume ratio ý/ý0 for Au at T = 300 K in the range from 0 to 1000 GPa. 

The SMM calculations are in excellent agreement with other calculations of Ciftci et al. [69], 

Yokoo et al. [70], Matsui [71] and Guler and Guler [21]. Figure 4 illustrates the pressure 

dependence of elastic constant C44 for Au at T = 300 K in the range from 0 to 100 GPa. 

SMM calculations are compared with experimental data from Biswas et al. [72], Hiki and 

Granato [73], Duffy et al. [3], Tsuchiya and Kawamura [9]. The SMM calculations align 

more closely with experimental data in the range from 0 to 30 GPa than in the range from 

30 to 100 GPa. Most SMM calculations are higher than the experimental values with the 

discrepancy increasing at higher pressures. This difference is likely due to the influence 

of defects such as vacancies on the metal's volume at high pressures, which is not 

accounted for in our model. Figure 5 presents the pressure dependence of the elastic 

constant C44 for Au at T = 300K in the range from 0 to 100 GPa calculated by SMM and 

other calculations of Guler and Guler [21]. The observations and comments for this figure 

are similar to those for Fig. 4. The pressure dependence of longitudinal wave velocity ý3 
for Au at T = 300K in the range from 0 to 7.5 GPa is shown in Fig. 6. Here there is a good 

agreement between SMM calculations and experiments of Hiki and Granato [73], Daniels 

and Smith [74], Mao Shuang et al. [75]. The agreement between SMM calculations and 

experiments in the range from 0 to 2 GPa is better than in the range from 2 to 7.5 GPa. 

The analysis above indicates that SMM calculations for metals Au and Cu are in very 

good agreement with experimental data and other calculations. In many cases, our SMM 

calculations are closer to the experimental values in comparison with other calculations. This 

provides a strong foundation for our subsequent calculations for the interstitial alloy CuSi. 

The SMM calculations for elastic deformation quantities of CuSi are shown in Figs. 7 

and 8. Figure 7 illustrates the silicon atom concentration dependence of Young's modulus 

EY for CuSi at T = 300 K and P = 0 in the range of silicon atom concentration from 0 to 5 %. 

These SMM calculations are compared with experimental data from Ledbetter and 

Naimon [76] and Santra et al. [2]. As silicon concentration increases, EY decreases, which 

is consistent with experiments of Santra et al. [2]. The closest alignment between our 

calculations and experimental data is at a silicon concentration of 4 %. Figure 8  

shows the temperature and pressure dependence of Young's modulus EY for CuSi at silicon 
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Fig. 7. The silicon atom concentration 

dependence of Young's modulus EY for CuSi  

at T = 300 K and P = 0 using SMM calculations 

and experiments [2,76] 

Fig. 8. The temperature and pressure dependence 

of Young's modulus EY for CuSi at silicon 

concentration ýSi = 1 % using SMM calculations 

 

concentration ýSi = 1 % in the temperature range from 0 to 1100 K and the pressure range 

from 30 to 70 GPa using SMM calculations. Our SMM calculations demonstrate that 

Young's modulus for CuSi decreases with increasing temperature and increases with 

increasing pressure. 

Young's modulus EY of CuSi exhibits a decline with increasing temperature T. For CuSi 

with a silicon concentration of 3 % and at P = 0, EY drops from 114.89 to 93.45 GPa  

as T rises from 0 to 1100 K. This is because the kinetic energy of the atoms increases with 

temperature, causing the lattice constants to expand, and consequently, EY, K, G, C11, C12, 

C44, ý3 and ýý all decrease. Conversely, EY increases with pressure P. For CuSi with 1 % silicon 

at T = 300 K, EY rises from 114.28  to 308.58 GPa as P increases from 0 to 70 GPa. This is 

due to the compressive force acting on the material, which reduces the lattice constant and 

results in increases in EY, K, G, C11, C12, C44, ý3 and ýý. Additionally, EY decreases as the 

concentration of interstitial silicon atoms increases. Our SMM calculations align well with 

the experimental data from Santra et al. [2]. As explained by this group, when the crystal 

lattice of Cu is supplemented with Si, the lattice constants increase. 

Increases according to a linear law. As a result, the interactions between the 

particles in the crystal lattice weaken and EY, K, G, C11, C12, C44, ý3 and ýý decrease. This rule 

is also consistent with experiments of Smith and Burns [77], in which, when ýSi increases 

from 0 to 4 %, C44 of CuSi decreases from 75.6 to 75.5 GPa. 

 

Conclusions 

The new contribution of the paper is the development of statistical moment method 

(SMM) in studying the elastic deformation properties and elastic wave velocity of 

interstitial alloy materials with face-centered cubic (FCC) structure. By applying SMM, the 

paper derives the analytical expression of Helmholtz free energy, the average nearest 

neighbor distance between two main metal atoms, characteristic elastic deformation and 

elastic wave quantities such as Young's modulus, bulk compressive modulus, shear 

modulus, elastic constants, longitudinal wave velocity and transverse wave velocity of 
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binary interstitial alloys with FCC structure. The elastic deformation and elastic wave 

quantities of the main metal in the interstitial alloy are a special case when the interstitial 

atom concentration is zero. The numerical calculation results of SMM using Mie-Lennard-

Jones (n-m) interaction potential, coordination sphere method, Maple and Origin 

softwares for Au, Cu metals are in good agreement with the experimental results and 

other calculation results. The numerical results for CuSi interstitial alloys are new and 

predictive, providing guidance for experiments. The studied temperature range is from  

0 to 1200 K, the studied pressure range is from 0 to 1000 GPa and the interstitial atomic 

concentration range is from 0 to 5 %. 
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ABSTRACT  

A description of the technology for manufacturing composites with increased wear resistance based on 

polytetrafluoroethylene is given. The composites were obtained by introducing mechanically activated 

layered silicates (kaolinite, serpentine, bentonite) and magnesium spinel as fillers. The main results of the 

study on wear resistance, structure and chemical composition of friction surface using electronic 

microscopy and infrared spectroscopy and mechanical test data are presented, including families of tensile-

to-failure curves at different strain rates, loading and unloading curves at different rates, and creep and 

recovery curves for different stress levels obtained in tests of pure PTFE and six PTFE composites 

particulate-filled with serpentine and magnesium spinel with a mass fraction ranging from 1 to 5 %.  

The first part of the article describes the objectives and system of quasi-static testing programs for polymers 

and composites for a comprehensive study of their viscoelastoplastic properties (a set of all effects 

observed in tests), the possibilities of describing them using several physically nonlinear constitutive 

relations of viscoelastoplasticity (one of which takes into account the mutual influence of structure 

evolution and the deformation process), and the methodology for analyzing test data and selecting 

adequate constitutive relations for their modeling. In particular, the signs of physical nonlinearity of 

material behavior are considered, i.e. indicators of inapplicability of the linear integral Boltzmann-Volterra 

viscoelasticity relation that can be detected in tests using different loading programs, and methods for 

outlining the range of linearity of viscoelastic material behavior. The tests for preliminary diagnostics of 

the type of material behavior are described, if we characterize it by the categories elastic, viscoelastic, 

viscoplastic, elastic-viscoplastic, and the methodology for selecting an adequate model to describe the 

behavior of a particular material. In the second part of the article, a primary analysis of the expression of 

hereditary properties of materials is carried out, in particular, speed sensitivity, the ability to flow under 

constant stress, creep and recovery after unloading, and the influence of the composition, state and 

proportion of fillers on them. 
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=03@520=85 >B =0G0;L=>9 B5<?5@0BC@K 25 ± 5 °% ?@>872>48;8 A> A:>@>ABLN 2 °%/<8= 
A 2K45@6:>9 30 <8= ?@8 B5<?5@0BC@5 300 °%. #5@5E>4 #&(- 87 B25@4>3> A>AB>O=8O 2 
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2O7:>B5:CG55 ?@>8AE>48B A:0G:>>1@07=>, 0 =5 ?;02=> :0: C <=>38E 4@C38E 
B5@<>?;0AB8G=KE ?>;8<5@>2. #@8 B5<?5@0BC@5 327 °% 2A5 :@8AB0;;8BK ?5@5E>4OB 2 
0<>@D=>5 A>AB>O=85 (B5@ONB ;0<5;;O@=CN AB@C:BC@C, => A>E@0=ONB D81@8;;O@=CN), 
=> <0B5@80; 5I5 =5 ?;028BAO, 0 @07<O3G05BAO, AB0=>28BAO 65;5>1@07=K<. #@8 
4>AB865=88 B5<?5@0BC@K 3503380 °% G0AB8FK �  "A?;02;ONBAO" 8 ?>;CG05BAO 
<>=>;8B=K9 1;>:. #>A;5 A?5:0=8O 8 >ABK20=8O >1@07FK-AB>;18:8 4;O 8AA;54>20=8O 
B@81>B5E=8G5A:8E E0@0:B5@8AB8: ?>425@30;8AL :0;81@>2:5: >1@07FK ?><5I0;8 2 
?5GL ES-4610 8 =03@520;8 4> 180 °%, ?>A;5 2K45@6:8 ?@8 180 °% 2 B5G5=85 30 <8=, 
>1@07FK ?@5AA>20;8 ?>4 402;5=85< 50  #0 8 >AB02;O;8 >ABK20BL ?>4 402;5=85< 2 
?@5AA-D>@<5 4> :><=0B=>9 B5<?5@0BC@K. 

 

�;8S=85 =0?>;=8B5;59 =0 :>QDD8F85=B B@5=8S 8 A:>@>ABP 87=>A0 
:><?>78B>2 8 ?@>F5AAO =0 ?>25@E=>AB8 B@5=8S 
#@>2545=K B@81>B5E=8G5A:85 8A?KB0=8O >1@07F>2 #&(- 8 H5AB8 �  =0 53> >A=>25 A 
H5ABLN @07=K<8 A>45@60=8O<8 =0?>;=8B5;59: <0B5@80;K � A-1, � A-2, � A-5 

A>45@60;8 1, 2 8;8 5 % A5@?5=B8=0 (?> <0AA5), 0 2 >1@07FK <0B5@80;>2 � AH-1, 

� AH-2, � AH-5 1K;0 4>102;5=0 5I5 H?8=5;L <03=8O (AC<<0@=0O 4>;O =0?>;=8B5;59 
3 1, 2 8 5 %) 8 >=8 8<5;8 A;54CNI89 A>AB02: � AH-1: #&(- + % 0.9% + ,  0.1%  

(,  3 H?8=5;L <03=8O, % 3 A5@?5=B8=);  � AH-2: #&(- + % 1.5% + ,  0.5%; � AH-3: 

#&(- + % 3.8% + ,  1.2%. %B5?5=L :@8AB0;;8G=>AB8 #&(-, >?@545;5==0O <5B>4>< 
@5=B35=>AB@C:BC@=>3> 0=0;870 (=0 48D@0:B><5B@5 ARL X9TRA, ,259F0@8O) A>AB028;0 
66 %, 0 C �  3 =5<=>3> 2KH5: >B 67 4> 75 % (8 @>A;0 A C25;8G5=85< 4>;8 =0?>;=8B5;59). 

�>MDD8F85=B B@5=8O #&(- 8 �  ?> AB0;8 8 A:>@>ABL <0AA>2>3> 87=0H820=8O 
>?@545;O;8 =0 C=825@A0;L=>< 2KA>:>B5<?5@0BC@=>< B@81><5B@5 CETR UMT-3 (%,�) ?> 
AE5<5 B@5=8O "?0;5F-48A:" (AB0;L=>5 :>=B@B5;>), ?@8 =03@C7:5 160 ! 8 A:>@>AB8  
 

  
(a) (b) 

  

$8A. 1. %@54=OO A:>@>ABL 87=0H820=8O I (a) 8 :>MDD8F85=B B@5=8O f (b) :><?>78B>2 =0 >A=>25 #&(- 
?> AB0;8 2 AB0488 ?@8@01>B:8 (4;8B5;L=>ABLN 1.5 G) 8 =0 2B>@>9 AB0488 (4 G)  
2 7028A8<>AB8 >B 4>;8 =0?>;=8B5;59 (A5@?5=B8=0 8 H?8=5;8 <03=8O)  

[Fig. 1. Average wear rate I (a) and friction coefficient f (b) of PTFE-based composites against steel 

during the running-in stage (lasting for 1.5 h) and the second stage (4 h) depending on the filler 

content (serpentine and magnesium spinel 3 s or Msp)] 



�B@C?9>EAB9 <EE?98B64A<9 6S;>BGCDG7BC?4EF<K9E><I E6B=EF6 A4AB>B@CB;<FB6 E CB6OL9AAB= <;ABEBEFB=>BEFPR   185 

A4 BEAB69 (FBDBC?4EF4-4. '4EFP 1 

A:>;L65=8O 0.25 </A (G0AB>B0 2@0I5=8O 48A:0 96 >1/<8=). �A?KB0=85 >1@07F>2 2 D>@<5 
AB>;18:>2 (2KA>B>9 20 << 8 480<5B@>< 10 <<) A>AB>O;> 87 42CE AB0489 
4;8B5;L=>ABLN ÿ1 =1.5 G (AB048O ?@8@01>B:8) 8 ÿ2 = 4 G 2 :>=F5 :064>9 87 :>B>@KE 
?@>872>48;>AL 2725H820=85 >1@07F0 8 87<5@5=85 ?>B5@8 <0AAK &m. %@54=NN 
A:>@>ABL 87=0H820=8O =0 :064>9 AB0488 >F5=820;8 ?> ?>B5@5 <0AAK >1@07F>2 &m 70 
2@5<O ÿÿ: ýÿ = ýÿ/ÿÿ (<3/G). �0==K5 87<5@5=89 A:>@>AB59 87=0H820=8O I 8 
:>MDD8F85=B0 B@5=8O f �  ?> AB0;8 2 7028A8<>AB8 >B A>45@60=8O =0?>;=8B5;59 
(A5@?5=B8= 8 H?8=5;L <03=8O 2 :>;8G5AB25 1, 2 8 5 %) ?@82545=K =0 $8A. 1: A8=8< 8 
75;5=K< F25B0<8 3 :@82K5 4;O >1@07F>2 � A, :@0A=K5 8 65;BK5 3 4;O >1@07F>2 
� AH; A8=85 8 :@0A=K5 :@82K5 >B=>AOBAO : AB0488 ?@8@01>B:8 (ÿ1 =1.5 G), 75;5=K5 8 
65;BK5 3 :> 2B>@>9 AB0488 (ÿ2 =  4 G). 

"4=>2@5<5==>5 22545=85 A5@?5=B8=0 8 H?8=5;8 <03=8O ?>72>;8;> ?>2KA8BL 
87=>A>AB>9:>ABL <0B5@80;0 2 1100 @07 ?> A@02=5=8N A G8ABK< #&(-. % C25;8G5=85< 
A>45@60=8O =0?>;=8B5;O A:>@>ABL 87=>A0 70<5B=> C<5=LH05BAO, E>BO :>MDD8F85=B 
B@5=8O =5<=>3> @0AB5B (:@82K5 =0 $8A. 1(b) ;560B 2 >1@0B=>< ?>@O4:5 ?> A@02=5=8N 
A $8A. 1(0)). $8AC=>: 1(0) ?>:07K205B, GB> 22545=85 H?8=5;8 <03=8O ?>2KH05B 
87=>A>AB>9:>ABL �  2 233 @070 ?> A@02=5=8N A � , =0?>;=5==K< ;8HL A5@?5=B8=><. 
�725AB=>, GB> ?>2KH5=85 87=>A>AB>9:>AB8 <>65B 1KBL >1CA;>2;5=> CA8;5=85< 
043578>==>3> 2708<>459AB28O :><?>=5=B>2 2 :><?>78B5 2A;54AB285 CG0AB8O 
=0?>;=8B5;59 2 D>@<8@>20=88 3@0=8G=>3> A;>O =0 3@0=8F5 @0745;0 "?>;8<5@-

=0?>;=8B5;L" [67]. �45O 8A?>;L7>20=8O H?8=5;8 <03=8O 2 :0G5AB25 DC=:F8>=0;L=>9 
4>102:8 >A=>20=0 =0 A?>A>1=>AB8 AB@C:BC@=>-0:B82=>3> =0?>;=8B5;O A?>A>1AB2>20BL 
?@>F5AAC C?>@O4>G5==>AB8 8 >@85=B0F88 ?@8 B@5=88, CG0AB2CO 2 ?@>F5AA0E 
B@81>45AB@C:F88 ?>;8<5@0 8 ?>A;54CNI53> AB@C:BC@8@>20=8O [34]. 

�;O 1>;55 45B0;L=>3> 8AA;54>20=8O ?@>F5AA0 87=0H820=8O ?@>2545=K 
AB@C:BC@=K5 8AA;54>20=8O ?>25@E=>AB59 B@5=8O >1@07F>2 <5B>40<8 A:0=8@CNI59 
M;5:B@>==>9 <8:@>A:>?88 ($8A. 2) 8 ��-A?5:B@>A:>?88 ($8A. 3 8 4). �E >ACI5AB2;O;8 
=0 A:0=8@CNI5< M;5:B@>==>< <8:@>A:>?5 Jeol JSM-7800F (JEOL, /?>=8O) 2 @568<5 
2B>@8G=KE M;5:B@>=>2, 0 B0:65 =0 ��-A?5:B@><5B@5 A (C@L5-?@5>1@07>20=85< 7000 
FT-IR (Varian, %,�). ��-A?5:B@K 4> 8 ?>A;5 B@5=8O ?>;CG0;8 A ?><>ILN ?@8AB02:8 
=0@CH5==>3> ?>;=>3> 2=CB@5==53> >B@065=8O 2 480?07>=5 50034000 A<-1. !0 $8A. 2 

?@54AB02;5=K <8:@>D>B>3@0D88 (A C25;8G5=85< 2 500 @07) ?>25@E=>AB59 B@5=8O 
#&(- (0) 8 H5AB8 �  =0 53> >A=>25 (b3g): 2 ;52>< AB>;1F5 3 � A-1, � A-2, � A-5 A 
@07=>9 4>;59 A5@?5=B8=0. � 2 ?@02>< 3 � AH-1, � AH-2, � AH-3 A 4>102;5=85< 
A5@?5=B8=0 8 H?8=5;8 <03=8O. #>25@E=>ABL B@5=8O :><?>78B>2 ?> A@02=5=8N A 
8AE>4=K< #&(- >B;8G05BAO 1>;LH59 H5@>E>20B>ABLN 8 =0;8G85< 
D@03<5=B8@>20==KE AB@C:BC@=KE M;5<5=B>2 2 2845 G5HC5: @07<5@>< 5340 <:< 
($8A. 2(c3g)). �B>@8G=K5 AB@C:BC@K >1@07CNBAO 2 @57C;LB0B5 ?@>B5:0=8O 
B@81>>:8A;8B5;L=KE ?@>F5AA>2 ?@8 CG0AB88 <0B@8FK, G0AB8F =0?>;=8B5;59 8 
AB0;L=>3> :>=B@B5;0 [73,74,76]. � ?@>F5AA5 B@5=8O <5E0=8G5A:>5 8 B5?;>2>5 
2>7459AB28O CA:>@ONB A53<5=B0;L=>5 42865=85 <0:@><>;5:C; #&(- ?@8 MB>< 
@07@K20NBAO <56<>;5:C;O@=K5 8 4065 E8<8G5A:85 A2O78 (2 B>G:0E ;>:0;L=>3> 
?5@53@520), :>B>@K5 ?@82>4OB : >1@07>20=8N 0:B82=KE F5=B@>2. � 40;L=59H5<, 
>1@07>20==K5 0:B82=K5 F5=B@K, 2708<>459AB2CO A G0AB8F0<8 =0?>;=8B5;59, 
>1@07CNB B0: =07K205<K9 2B>@8G=K9 70I8B=K9 A;>9 [22]. 
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(a) 

  
(b) (c) 

  
(d) (e) 

  
(f) (g) 

$8A. 2.  8:@>D>B>3@0D88 ?>25@E=>AB59 B@5=8O #&(- (0) 8 �  =0 53> >A=>25: (b,d,f) � A-1, � A-2, � A-5 A 
=0?>;=5=85< A5@?5=B8=>< 2 1, 2 8;8 5; (c,e,g) � AH-1, � AH-2, � AH-5 A =0?>;=5=85< A5@?5=B8=>< 8 

H?8=5;LN <03=8O (A>AB02K: #&(- + % 0.9% + ,  0.1%; #&(- + % 1.5% + ,  0.5%;  #&(- + % 3.8% + ,  1.2%)  
[Fig. 2. Microphotographs of the friction surfaces of PTFE (a) and its composites (CM): (b,d,f) CMs-1, CMs-2, CMs-5 

with serpentine (s) filling of 1, 2, or 5 %; (c,e,g) CMsMsp-1, CMsMsp-2, CMsMsp-5 with serpentine and magnesium 

spinel (Msp) filling (compositions: PTFE + s 0.9% + Msp 0.1%; PTFE + s 1.5% + Msp 0.5%; PTFE + s 3.8% + Msp 1.2%)] 
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A4 BEAB69 (FBDBC?4EF4-4. '4EFP 1 

!0 $8A. 3 ?@54AB02;5=K ��-A?5:B@K #&(- 8 :><?>78B>2 � A-1, � A-2, � A-5 8 
� AH-1, � AH-2, � AH-5 A @07=K< A>45@60=85< =0?>;=8B5;59 4> 8 ?>A;5 B@5=8O.  
�> 2A5E ��-A?5:B@0E A0<K5 8=B5=A82=K5 3 ?>;>AK, >B=>AOI85AO : 20;5=B=K< 
:>;510=8O< CF2-3@C?? (1200 8 1146 A<-1). � >1;0AB8 =87:8E 2>;=>2KE G8A5; (2 
>:@5AB=>AB8 650 A<-1) @0A?>;030NBAO 255@=K5 (640 A<-1) 8 45D>@<0F8>==K5 (552 A<-1) 

:>;510=8O CF2-3@C??. #>;>AK 2 >1;0AB8 8003700 A<-1 >B=>AOB : :>;510=8O< 
<>;5:C;O@=KE F5?59 2 0<>@D=>9 D075 #&(- [39]. #>A;5 5.5 G B@5=8O 2> 2A5E ��-

A?5:B@0E ?>O2;ONBAO =>2K5 ?>;>AK ?>3;>I5=8O, A>>B25BAB2CNI85 20;5=B=K< 

:>;510=8O< O-H A2O759 2 >1;0AB8 360032600 A<-1 8 0=B8A8<<5B@8G=K< 8 A8<<5B@8G=K< 
:>;510=8O< :0@1>:A8;0B-0=8>=>2: 1655, 1435, 1350, 1315 8 1310 A<-1. #>O2;5=85 MB8E 
?8:>2 ?>4B25@6405B >:8A;5=85 :>=F52KE 3@C?? D@03<5=B>2 <0:@><>;5:C; #&(-  
2 ?@>F5AA5 B@5=8O (2 ?@8ACBAB288 =0?>;=8B5;59) [74,76]. #8:8 (@07=8F0 2 8=B5=A82=>ABOE 
A?5:B@>2) AB0=>2OBAO 1>;55 2K@065==K<8 A @>AB>< 4>;8 =0?>;=8B5;59, B.5. ?@>F5AAK 
B@81>>:8A;5=8O CA:>@ONBAO. ��-A?5:B@K G8AB>3> #&(- (G5@=K5 HB@8E>2K5 ;8=88) 
?>:07K20NB, GB> 8AB8@0=85 #&(- (2 B5G5=85 5.5 G) =5 ?@82>48B : >1@07>20=8N 
:8A;>@>4A>45@60I8E 3@C??.  

 

  
(0) (b) 

  
(c) (d) 

 

$8A. 3. ��-A?5:B@K #&(- 8 �  =0 53> >A=>25 2 7028A8<>AB8 >B A>45@60=89 =0?>;=8B5;59: 
(0,b) � A 8 � AH 4> B@5=8O; (c,d) � A 8 � AH ?>A;5 5.5 G B@5=8O 

[Fig. 3. IR spectra of PTFE and its composites depending on the filler content: (a,b) Ms and CMsMsp before 

friction; (c,d)3 CMs and CMsMsp after 5.5 h of friction] 
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$8AC=>: 4 8;;NAB@8@C5B 2;8O=85 4>102>: H?8=5;8 <03=8O =0 ��-A?5:B@K �  A 
A5@?5=B8=>< (?@8 A>E@0=5=88 AC<<0@=>9 <0AA>2>9 4>;8 =0?>;=8B5;O) ?>A;5 B@5=8O. 
�0<5=0 G0AB8 A5@?5=B8=0 =0 H?8=5;L <03=8O (?5@5E>4 >B � A : � AH) ?@82>48B : @>ABC 
8=B5=A82=>AB59 ?8:>2 :8A;>@>4A>45@60I8E 3@C?? 2 4>@>6:0E B@5=8O � AH-2 8 � AH-5, 

A>45@60I8E =5 <5=55 0.5 % H?8=5;8 <03=8O, ?> A@02=5=8N A � A-2 8 � A-5. 

�>7<>6=>, H?8=5;L <03=8O 2KABC?05B :0: 0:B82=K9 :0B0;870B>@ B@81>>:8A;8B5;L=KE 
?@>F5AA>2, GB> 8 >15A?5G8205B 7=0G8B5;L=>5 A=865=85 87=>A0 :><?>78B>2 [73,76,79,80]. 

 

  
(0) (b) 

 
(c) 

 

$8A. 4. �;8O=85 4>102>: H?8=5;8 <03=8O =0 ��-A?5:B@K �  A A5@?5=B8=>< ?>A;5 B@5=8O:  
(0) A@02=5=85 � A-1 8 � AH-1, (b) � A-2 8 � AH-2, (c) � A-5 8 � AH-5 

[Fig. 4. The effect of magnesium spinel additives on the IR spectra of CMs with serpentine after friction: 

(a) comparison of CMs-1 and CMsMsp-1, (b) CMs-2 and CMsMsp-2, (c) CMs-5 and CMsMsp-5] 

 

&0:8< >1@07><, >A=>2=>9 <5E0=87< ?>2KH5=8O 87=>A>AB>9:>AB8 �  =0 >A=>25 
#&(- 3 MB> D>@<8@>20=85 2 7>=5 B@5=8O 70I8B=>9 2B>@8G=>9 AB@C:BC@K, 83@0NI59 
@>;L B25@4>9 A<07:8. 
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 5B>4>;>38S 8 A8AB5<0 ?@>3@0<< :2078AB0B8G5A:8E 8A?OB0=89 
?>;8<5@>2 8 #�  4;S :><?;5:A=>3> 87CG5=8S 8E @5>=><=OE A2>9AB2, 
2O1>@0 8 845=B8D8:0F88 <>45;8 
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4>AB0B>G=> <0;KE =0?@O65=89, 45D>@<0F89 8 =52KA>:8E B5<?5@0BC@ (=865 
B5<?5@0BC@K AB5:;>20=8O ?>;8<5@0 8;8 0=0;>38G=KE E0@0:B5@=KE B5<?5@0BC@ 4;O 
<0B@8F 8=>3> A>AB020). �065 2 MB>9 >1;0AB8 <5E0=8G5A:>5 ?>2545=85 �  >A;>6=O5BAO 
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>G5=L <0;K, A:>@>AB8 45D>@<0F88 =5 A;8H:>< 2KA>:8, 0 B5<?5@0BC@0 =5 3>@074> =865 
B5<?5@0BC@K AB5:;>20=8O ?>;8<5@0. �065 ?@8 =52KA>:8E B5<?5@0BC@0E 8 =03@C7:0E 
?>;8<5@K (>A>15==> B5@<?>?;0ABK) 8 :><?>78BK =0 8E >A=>25 ?@>O2;ONB =5 B>;L:> 
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2O7:>C?@C3>?;0AB8G5A:85, >=8 ?@>O2;ONB 2K@065==CN 7028A8<>ABL A2>9AB2 >B 
2@5<5=8, A:>@>AB8 =03@C65=8O, ?@54KAB>@88 45D>@<8@>20=8O [923113]. �;O 8E 
?>2545=8O A2>9AB25==K B0:85 MDD5:BK :0: ?>;7CG5ABL 8 >1@0B=0O ?>;7CG5ABL, 
4;8B5;L=0O ?@>G=>ABL, @5;0:A0F8O =0?@O65=89, A:>@>AB=0O GC2AB28B5;L=>ABL :@82KE 
45D>@<8@>20=8O 8 =03@C65=8O, ACI5AB25==>5 >B:;>=5=85 25B28 @073@C7:8 >B 
?@O<>;8=59=>AB8 8 =0;8G85 C =55 B>G:8 ?5@53810, >AB0B>G=0O 45D>@<0F8O ?>A;5 
@073@C7:8 8 55 =0:>?;5=85 ?@8 F8:;8G5A:8E =03@C65=8OE, 7028A8<>ABL :>MDD8F85=B0 
?>?5@5G=>9 45D>@<0F88 ?@8 @0ABO65=88 >B 2@5<5=8 8 ?@>3@0<<K =03@C65=8O, 
2K@065==0O =5;8=59=>ABL ?>2545=8O (=5;8=59=>ABL 7028A8<>AB59 A5<59AB2 :@82KE 
=03@C65=8O, ?>;7CG5AB8 8 @5;0:A0F88 >B A:>@>AB8 =03@C65=8O 8 C@>2=59 =03@C7:8), 
A8;L=>5 2;8O=85 =51>;LH8E 87<5=5=89 B5<?5@0BC@K =0 <5E0=8G5A:>5 ?>2545=85 (=0 
2K@065==>ABL 8 A:>@>ABL ?@>B5:0=8O 2A5E C?><O=CBKE MDD5:B>2) 8 4@. [1313,893114]. 

#>MB><C, 2<5AB> E0@0:B5@870F88 >A=>2=KE A2>9AB2 <0B5@80;0 B>;L:> B5=7>@>< 
53> C?@C38E <>4C;59 (8 ?@>G=>AB=KE E0@0:B5@8AB8:: ?@545;K ?@>G=>AB8 8 
?@545;L=K5 45D>@<0F88 ?@8 @0ABO65=88, A60B88, A42835 8 1>;55 A;>6=KE 
?@>3@0<<0E), 2>7=8:05B =5>1E>48<>ABL 87CG5=8O 2A53> :><?;5:A0 C:070==KE 
O2;5=89, ?@>2545=85 8A?KB0=89 >1@07F>2 <0B5@80;0 ?> 107>2K< 8 A?5F80;L=> 
@07@01>B0==K< ?@>3@0<<0< B5@<><5E0=8G5A:>3> =03@C65=8O 8;8 45D>@<8@>20=8O 
?@8 @07=KE ?0@0<5B@0E =03@C65=89 (C@>2=OE B5<?5@0BC@K, =03@C7:8, 45D>@<0F88, 
A:>@>AB59 45D>@<0F88 8;8 =03@C65=8O, 4;8B5;L=>AB59 AB0489 =03@C65=8O A>AB02=KE 
?@>3@0<<, A:0G:>2 B5<?5@0BC@K 8;8 =03@C7:8 8 B.?.) [92], 8 2=5A5=85 2 «?0A?>@B» 
<0B5@80;0 2A5E A5<59AB2 :@82KE->B:;8:>2 =0 >1O70B5;L=K5 8 4>?>;=8B5;L=K5 
?@>3@0<<K B5@<><5E0=8G5A:>3> =03@C65=8O, >B@060NI8E 7028A8<>ABL MB8E 
>B:;8:>2 >B 2@5<5=8 8 ?0@0<5B@>2 =03@C65=8O (0 2 "?0A?>@B" ;N1>3> "% 3 @57C;LB0B>2 
0=0;870 :0G5AB25==KE A2>9AB2 MB8E :@82KE->B:;8:>2): :@82KE ?>;7CG5AB8 8 
2>AAB0=>2;5=8O, :@82KE @5;0:A0F88, :@82KE 45D>@<8@>20=8O A ?>AB>O==K<8 
A:>@>ABO<8 =03@C65=8O 8;8 45D>@<0F88, :@82KE =03@C65=8O-@073@C7:8, :@82KE 
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F8:;8G5A:>3> =03@C65=8O ?@8 @07=KE ?0@0<5B@0E F8:;>2, :@82KE ?>;7CG5AB8 ?@8 
ABC?5=G0B>< =03@C65=88 (A :CA>G=>-?>AB>O==>9 =03@C7:>9) 8 4@.  

#@8 <0;KE 45D>@<0F8OE 8 A:>@>ABOE 45D>@<8@>20=8O ;8=59=>5 "% 
2O7:>C?@C3>AB8 (1) E>@>H> >?8AK205B 1>;LH8=AB2> =01;N405<KE ?@8 45D>@<8@>20=88 
AB@C:BC@=>-AB018;L=KE <0B5@80;>2 >A=>2=KE MDD5:B>2, A2O70==KE A 48AA8?0F859 
M=5@388 8 =0A;54AB25==>ABLN (?0<OBLN ?@54KAB>@88 =03@C65=8O) [873113]. 

% C25;8G5=85< 45D>@<0F89 (=0?@O65=89) 8 0<?;8BC4 F8:;8G5A:8E =03@C7>: 
?>2545=85 <0B5@80;>2 2A5 O@G5 ?@>O2;O5B =5C?@C3>ABL 8 35><5B@8G5A:CN 8 
D878G5A:CN 8 =5;8=59=>AB8, 2 G0AB=>AB8, 7028A8<>ABL >B 2840 =0?@O65==>-

45D>@<8@>20==>3> A>AB>O=8O, AB@C:BC@=K5 87<5=5=8O 8 8E 2;8O=85 =0 
B5@<><5E0=8G5A:85 A2>9AB20 <0B5@80;0. �7<5=5=85 >1J5<0 ?@8 =03@C65=88, 
@0728B85 @07=KE 284>2 45D5:B>2 8 4@C385 87<5=5=8O AB@C:BC@K, >1J5<=0O ?>;7CG5ABL 
8 @5;0:A0F8O, 2;8O=85 A@54=53> =0?@O65=8O (384@>AB0B8G5A:>3> 402;5=8O) 8 53> 
8AB>@88 =0 >A52K5 8 A4283>2K5 45D>@<0F88 8 A2O70==K5 A =8<8 B5@<><5E0=8G5A:85 
MDD5:BK AB0=>2OBAO 2A5 1>;55 ACI5AB25==K<8 ?@8 >?8A0=88 45D>@<8@>20=8O, 
?@>G=>AB8 8 @07@CH5=8O <0B5@80;>2 [1313,923114].  

�AA;54>20=85 2K@065==>AB8 2O7:>C?@C3>?;0AB8G5A:8E A2>9AB2 8 8E 
7028A8<>AB8 >B ?0@0<5B@>2 ?@>3@0<< =03@C65=8O 8 B5<?5@0BC@K B@51C5B 45B0;L=>9 
@07@01>B:8 8 ?@>2545=8O >1H8@=>9 ?@>3@0<<K 8A?KB0=89 4;O ?>;CG5=8O A5<59AB2 
:@82KE ?>2545=8O <0B5@80;>2 ?@8 107>2KE ?@>3@0<<0E =03@C65=8O, ?>72>;ONI8E 
?>;CG8BL :><?;5:A=CN 8=D>@<0F8N > @5>;>38G5A:8E A2>9AB20E 8AA;54C5<KE 
<0B5@80;>2 8 =5>1E>48<K5 40==K5 4;O @07@01>B:8, 845=B8D8:0F88 8 25@8D8:0F88 
<>45;59 8E ?>2545=8O (4;O 2K1>@0 "% 4;O >?8A0=8O ?>2545=8O <0B5@80;0 2 
7028A8<>AB8 >B >1=0@C65==KE 2 8A?KB0=8OE MDD5:B>2, @07@01>B:8 <5B>48: 
845=B8D8:0F88 8 25@8D8:0F88 ?>AB@>5==>9 <>45;8 ?> 40==K< 8A?KB0=89) [92]. 

#@0:B8G5A:8 206=0O 7040G0 ?@8 MB>< 3 0=0;87 2>7<>6=>AB59 A>:@0I5=8O 
=5>1E>48<>9 ?@>3@0<<K 8A?KB0=89 157 ACI5AB25==>9 ?>B5@8 2 8=D>@<0B82=>AB8 8 
2 045:20B=>AB8 <>45;8@>20=8O. 

!0 ?5@2>< MB0?5 8AA;54>20=8O <0B5@80;0 ?@54AB02;O5BAO =5>1E>48<K< 
?@>25AB8 8A?KB0=8O ?@8 >4=>>A=KE :2078AB0B8G5A:8E =03@C65=8OE (@0ABO65=85, 
A60B85 8;8 A4283) ?> @07=K< ?@>3@0<<0< (A<. =865) ?@8 D8:A8@>20==KE 
B5<?5@0BC@0E 87 @01>G53> 480?07>=0 (A ?>A;54CNI8< 0=0;87>< AB@C:BC@K 
8A?KB0==KE >1@07F>2) 4;O 8AA;54>20=8O =0;8G8O 8 >A>15==>AB59 ?@>O2;5=8O 
A;54CNI8E 206=59H8E MDD5:B>2 (MB> 107>20O G0ABL =5>1E>48<>3> A?8A:0). 
 

%:>@>AB=0S GC2AB28B5;P=>ABP 8 >A>15==>AB8 D>@<O 4803@0<< 45D>@<8@>20=8S 
(��) A ?>AB>S==O<8 A:>@>ABS<8 4> @07@CH5=8S >1@07F0.  

#@8 =03@C65=88 ?> ?@>3@0<<0< ý(�) = ÿ� AB@>OBAO A5<59AB20 >B:;8:>2 ÿ = ÿ(�, ÿ) 8 
�� ÿ = ÿ(ý, ÿ) ?@8 @07=KE A:>@>ABOE 45D>@<8@>20=8O a (8;8 A:>@>ABOE 42865=8O 
70E20B0, :0: G0AB> 1K205B =0 ?@0:B8:5), 87CG05BAO 2K@065==>ABL 7028A8<>AB8 
A5<59AB20 �� ÿ = ÿ(ý, ÿ), <3=>25==>3> 8 :0A0B5;L=>3> <>4C;O, ?@545;0 B5:CG5AB8 
(5A;8 >= 5ABL), =0?@O65=8O 8 45D>@<0F88 ?@8 @07@CH5=88 >B A:>@>AB8 a ?@8 
D8:A8@>20==KE 25;8G8=0E B5<?5@0BC@K; 8AA;54>20=85 ACI5AB2>20=8O @02=>25A=>9 

4803@0<<K (?@545;L=>9 ?@8 A:>@>AB8 45D>@<8@>20=8O, AB@5<OI59AO : =C;N).  
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$8A. 5. �803@0<<K 45D>@<8@>20=8O A @07=K<8 A:>@>ABO<8 ÿ = ÿ(ý, ÿ), ?>@>6405<K5 ;8=59=K< "% 
2O7:>C?@C3>AB8 (1) A @07=K<8 DC=:F8O<8 ?>;7CG5AB8 ?@8 @07=KE A:>@>ABOE 45D>@<8@>20=8O 4:  
(0) ?>@>6405<K5 <>45;O<8 �5;L28=0,  0:A25;;0 8 (>93B0; (b) ?>@>6405<K5 AB5?5==>9 DC=:F859 

?>;7CG5AB8 A ?>:070B5;O<8 n = 0.1 (G5@=K5 ��), n = 0.5 (3>;C1K5) 8 n = 0.9 (:@0A=K5) 
[Fig. 5. Stress-strain curves at different strain rates Ã = Ã(·,a), generated by linear viscoelastic constitutive 

equation (1) with different creep functions at various strain rates a: (a) generated by the Maxwell, Voigt, 

and standard linear solid models; (b) generated by the power-law creep function with exponents n = 0.1 

(black curves), n = 0.5 (blue curves), and n = 0.9 (red curves)] 

 

' 1>;LH8=AB20 AB@C:BC@=>-AB018;L=KE <0B5@80;>2 A5<59AB20 �� ÿ = ÿ(ý, ÿ) 

2>7@0AB0NB ?> a [133,6,7,9,13,88,92] => C <0B5@80;>2 A 87<5=ONI59AO 2 ?@>F5AA5 
45D>@<8@>20=8O AB@C:BC@>9 <>=>B>==>ABL ?> a <>65B =0@CH0BLAO [12].  

!0 $8A. 5 ?@82545=K A5<59AB20 �� ÿ = ÿ(ý, ÿ), ?>@>6405<K5 ;8=59=K< "% 
2O7:>C?@C3>AB8 (1) A @07=K<8 DC=:F8O<8 ?>;7CG5AB8, ?@8 @07=KE A:>@>ABOE 
45D>@<8@>20=8O: ?>@>6405<K5 <>45;O<8  0:A25;;0, (>93B0 8 �5;L28=0 ($8A. 5(0), 
B@5E725==0O <>45;L A 42C<O C?@C38<8 M;5<5=B0<8, "standard linear solid"), B.5. <>45;O<8 
A DC=:F859 ?>;7CG5AB8 ((#) 2840: ý(�) = ÿ� + � 2 ��2ÿ�, ÿ > 0, ³,´ g 0, � * [0, �],    (2) 

8 ?>@>6405<K5 AB5?5==>9 (# ý(�) = ��� , � * (0; 1), A ?>:070B5;O<8 � = 0.1 (G5@=K5 
��), � = 0.5 (3>;C1K5) 8 � = 0.9 (:@0A=K5) [88,92]. 

!0 $8A. 6 ?@82545=K A5<59AB20 �� ÿ = ÿ(ý, ÿ), ?>@>6405<K5 D878G5A:8 
=5;8=59=K<8 "% 2O7:>C?@C3>AB8 ..!. $01>B=>20 [93,98]: ý(ý(�)) = + ý(� 2 ÿ)�0 �ÿ(ÿ), ÿ(�) = + ý(� 2 ÿ)�0 ý2(ý(ÿ))�ý(ÿ), � g 0, (3) 

>1>1I0NI8< ;8=59=>5 "% 22545=85< 2B>@>9  ( Ç (DC=:F88 =5;8=59=>AB8) [7,9] 

($8A. 6(0)), =5;8=59=K< "% 2O7:>C?@C3>?;0AB8G=>AB8 B8?0  0:A25;;0 [3,6] ($8A. 6(b) 8 
G5@=K5 �� =0 $8A. 6(c)):  ý(�) = ý21þ(ÿ(�)) + ÿ21 + ý(ÿ(ÿ))�ÿ�0 , 8;8 ý� = ý21[þ2(ÿ)ÿ� + ÿÿ21ý(ÿ)],  � > 0,             (4) 

345 þ(�) 8 ý(�) 3 2>7@0AB0NI85  (, C?@02;ONI85 7028A8<>ABLN C?@C3>9 8 
2O7:>?;0AB8G5A:>9 :><?>=5=B 45D>@<0F88 >B =0?@O65=8O) 8 <>45;LN B5G5=8O 
B8:A>B@>?=KE 2O7:>C?@C3>?;0AB8G=KE A@54, CG8BK20NI59 2708<=>5 2;8O=85 

M2>;NF88 AB@C:BC@K 8 ?@>F5AA0 45D>@<8@>20=8O [11,12] ($8A. 6(c,d)). $07=K5 F25B0 
�� =0 $8A. 6(0) A>>B25BAB2CNB @07=K< ?0@0<  ( "% $01>B=>20: :@0A=K5 �� 4;O 
DC=:F88 =5;8=59=>AB8 [7,9]: 
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$8A. 6. �803@0<<K 45D>@<8@>20=8O A @07=K<8 A:>@>ABO<8, ?>@>6405<K5 B@5<O D878G5A:8 
=5;8=59=K<8 "% 4;O 2O7:>C?@C3>?;0AB8G=KE <0B5@80;>2 ?@8 @07=KE A:>@>ABOE 45D>@<8@>20=8O:  

"% $01>B=>20 (3) A @07=K<8  ( (0), "% B8?0  0:A25;;0 (4) ((b) 8 G5@=K5 �� =0 (c)) 8 "%, CG8BK20NI8< 
M2>;NF8N AB@C:BC@K (c,d) [133,6,7,9,12] 

[Fig. 6. Stress-strain curves at different strain rates Ã = Ã(·,a), generated by physically nonlinear Rabotnov 

constitutive equation (3) (a), Maxwell-type constitutive equation (4) ((b) and black stress-strain curves in (c)), 

and the model of thixotropic viscoelastic-plastic media flow accounting for structure evolution (c,d)] 

 ý(�) = ÿ7(1 2 �2�/ý), � g 0, ÿ(�) = ý21 = þ þ�[ ÿ7/(ÿ7 2 �)], � * [0; ÿ7), (5) 

8<5NB 3>@87>=B0;L=K5 0A8<?B>BK, G5@=K5 8 3>;C1K5 �� A>>B25BAB2CNB  (: ÿ(�) = 0.5ÿ(�ÿ + �1/ÿ).   (6) 

�@0A=K5 8 3>;C1K5 �� =0 $8A. 6(d) A>>B25BAB2CNB >48=0:>2><C =01>@C A:>@>AB59 
A42830, => >B;8G0NBAO =0G0;L=K< 7=0G5=85< AB@C:BC@8@>20==>AB8 <0B5@80;0 (>4=8< 
87 <0B5@80;L=KE ?0@0<5B@>2 <>45;8), >B :>B>@>9 7028AOB <>4C;L A42830 8 2O7:>ABL 
(8 2@5<O @5;0:A0F88). �=0;>38G=K5 ?> D>@<5 �� =01;N40NBAO 2 8A?KB0=8OE @07=KE 
<0B5@80;>2 (A<. A5<59AB20 �� #&(- 8 �  =0 53> >A=>25 2> 2B>@>9 G0AB8 AB0BL8). 
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A4 BEAB69 (FBDBC?4EF4-4. '4EFP 1 

#> A5<59AB2C >B:;8:>2 ÿ = ÿ(�, ÿ) (?> 53> 7028A8<>AB8 >B a) <>6=> >F5=8BL 
480?07>= ;8=59=>AB8 ?>2545=8O <0B5@80;0 (?@8<5=8<>AB8 ;8=59=>3> "% 
2O7:>C?@C3>AB8 (1)), B.5. 480?07>= A:>@>AB59, 2 :>B>@>< >B:;8: ÿ = ÿ(�, ÿ) 

?@>?>@F8>=0;5= A:>@>AB8 a (ÿ(�, ÿ)/ÿ =5 7028A8B >B a). #>4G5@:=5<, GB> MB> ;8HL 
=5>1E>48<>5 CA;>285 ;8=59=>AB8, 8 ;CGH5 8A?>;L7>20BL 53> =0@CH5=85 :0: 
4>AB0B>G=>5 CA;>285 =5?@8<5=8<>AB8 ;8=59=>9 B5>@88 [87390,92]: 5A;8 7028A8<>ABL 
>B=>H5=8O ÿ(�, ÿ)/ÿ >B a AB0=>28BAO 70<5B=>9 (?@52KH05B 7040==K9 4>?CA: 2 @01>G5< 
480?07>=5 2@5<5=), B> 8A?>;L7>20BL ;8=59=>5 "% (1) =5;L7O. "B<5B8<, GB> 206=> 
8A?>;L7>20BL 8<5==> >B:;8: ÿ = ÿ(�, ÿ) :0: DC=:F8N 2@5<5=8, 0 =5 45D>@<0F88, 81> 
"% (1) ?>@>6405B �� 2840 ÿ(ý, ÿ) = ÿ(ý/ÿ)ý, 345 ÿ(�) 3 >A@54=5=85 DC=:F88 
@5;0:A0F88 [87,88,92], 8 MB0 DC=:F8O =5 ;8=59=0 ?> a (ÿ(ý, ÿ)/ÿ 7028A8B >B a).  !5;L7O 
8A?>;L7>20BL ;8=59=>5 "% (1) 8 2 B>< A;CG05, :>340 M:A?5@8<5=B0;L=K5 �� 8<5NB 
B>G:8 ?5@53810 ($8A. 6(0)) 8 CG0AB:8 2K?C:;>AB8 2=87 (;8=59=>5 "% ?@8 ;N1KE a 

?>@>6405B 2>7@0AB0NI85 2K?C:;K5 225@E �� ÿ(ý) [88,92] 3 A<. $8A. 5). 

#> A5<59AB2C >B:;8:>2 ÿ = ÿ(�, ÿ) (?> 53> 7028A8<>AB8 >B a) <>6=> >F5=8BL 
480?07>= ;8=59=>AB8 ?>2545=8O <0B5@80;0 (?@8<5=8<>AB8 ;8=59=>3> "% 
2O7:>C?@C3>AB8 (1)), B.5. 480?07>= A:>@>AB59, 2 :>B>@>< >B:;8: ÿ = ÿ(�, ÿ) 

?@>?>@F8>=0;5= A:>@>AB8 a (ÿ(�, ÿ)/ÿ =5 7028A8B >B a). #>4G5@:=5<, GB> MB> ;8HL 
=5>1E>48<>5 CA;>285 ;8=59=>AB8, 8 ;CGH5 8A?>;L7>20BL 53> =0@CH5=85 :0: 
4>AB0B>G=>5 CA;>285 =5?@8<5=8<>AB8 ;8=59=>9 B5>@88 [87390,92]: 5A;8 7028A8<>ABL 
>B=>H5=8O ÿ(�, ÿ)/ÿ >B a AB0=>28BAO 70<5B=>9 (?@52KH05B 7040==K9 4>?CA: 2 @01>G5< 
480?07>=5 2@5<5=), B> 8A?>;L7>20BL ;8=59=>5 "% (1) =5;L7O. "B<5B8<, GB> 206=> 
8A?>;L7>20BL 8<5==> >B:;8: ÿ = ÿ(�, ÿ) :0: DC=:F8N 2@5<5=8, 0 =5 45D>@<0F88, 81> 
"% (1) ?>@>6405B �� 2840 ÿ(ý, ÿ) = ÿ(ý/ÿ)ý, 345 ÿ(�) 3 >A@54=5=85 DC=:F88 
@5;0:A0F88 [87,88,92], 8 MB0 DC=:F8O =5 ;8=59=0 ?> a (ÿ(ý, ÿ)/ÿ 7028A8B >B a). !5;L7O 
8A?>;L7>20BL ;8=59=>5 "% (1) 8 2 B>< A;CG05, :>340 M:A?5@8<5=B0;L=K5 �� 8<5NB 
B>G:8 ?5@53810 ($8A. 6(0)) 8 CG0AB:8 2K?C:;>AB8 2=87 (;8=59=>5 "% ?@8 ;N1KE a 

?>@>6405B 2>7@0AB0NI85 2K?C:;K5 225@E �� ÿ(ý) [88,92] 3 A<. $8A. 5). 

*5;5A>>1@07=> =0G0BL A 8A?KB0=89 =0 45D>@<8@>20=85 A ?>AB>O==K<8 
A:>@>ABO<8 8B D4;DGL9A<S B5D4;J4, ?>A:>;L:C (<8=8<0;L=K5 8 <0:A8<0;L=K5) 
=0?@O65=8O 8 45D>@<0F88 ?@8 @07@CH5=88 ÿ7 8 ý7 (:0: 8 ?@545;K C?@C3>AB8 8 
B5:CG5AB8) ?>A;C60B 206=K<8 >@85=B8@0<8 ?@8 ?;0=8@>20=88 8A?KB0=89 157 
@07@CH5=8O >1@07F0, ?@8 2K1>@5 ?0@0<5B@>2 1>;55 A;>6=KE ?@>3@0<< =03@C65=89 
(=0 =03@C7:C-@073@C7:C, ?>;7CG5ABL 8 2>AAB0=>2;5=85, ABC?5=G0B>5 8 F8:;8G5A:>5 
=03@C65=85 8 4@. 3 A<. =865 8 2B>@CN G0ABL AB0BL8). 

�=0;>38G=> ?@8 =03@C65=88  A ?>AB>O==>9 A:>@>ABLN � > 0 AB@>OBAO 8 
87CG0NBAO A5<59AB20 >B:;8:>2 ý(�, �) 8 �� ý(Ã,�) (8;8 ÿ = ÿ(ý, �)) ?@8 @07=KE 
A:>@>ABOE =03@C65=8O [6,9,90]. �8=59=>5 "% (1) ?@8 ;N1>< b ?>@>6405B 
2>7@0AB0NI85 2K?C:;K5 225@E :@82K5 =03@C65=8O ÿ = ÿ(ý, �) [90], :0G5AB25==> 
1;87:85 ?> D>@<5 : �� =0 $8A. 5. !5;L7O 8A?>;L7>20BL ;8=59=>5 "% (1) 2 B>< A;CG05, 
:>340 M:A?5@8<5=B0;L=K5 :@82K5 =03@C65=8O 8<5NB B>G:8 ?5@53810 8 CG0AB:8 
2K?C:;>AB8 2=87 ($8A. 6). �A5 =5;8=59=K5 "%, @0AA<>B@5==K5 2KH5 [1313], A?>A>1=K 
>?8AK20BL A0<K5 @07=K5 D>@<K :@82KE =03@C65=8O 8 4;O ?@>25@:8 8E ?@8<5=8<>AB8 
=C6=K 1>;55 B>=:85 :>;8G5AB25==K5 8=48:0B>@K [1313,92,114,115].  

Ã( )t bt=
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�028A8<>ABP 4803@0<< 45D>@<8@>20=8S >B B5<?5@0BC@O  

#>AB@>5=85 �� ?@8 D8:A8@>20==KE A:>@>ABOE 45D>@<8@>20=8O, => ?@8 @07=KE 
B5<?5@0BC@0E 87 @01>G53> 480?07>=0, >?@545;5=85 <8=8<0;L=>9 B5<?5@0BC@K,  
?@8 :>B>@>9 =0 4803@0<<5 ?>O2;O5BAO 2K@065==0O ?;>I04:0 B5:CG5AB8 
(3>@87>=B0;L=K9 CG0AB>:), 8AA;54>20=85 7028A8<>AB8 <3=>25==>3> <>4C;O, ?@545;>2 
?@>?>@F8>=0;L=>AB8 8 B5:CG5AB8, =0?@O65=8O 8 45D>@<0F88 ?@8 @07@CH5=88 8 
?>:070B5;O A:>@>AB=>9 GC2AB28B5;L=>AB8 <0B5@80;0 >B B5<?5@0BC@K 8 B.?.  

� :2078AB0B8G5A:8E 8A?KB0=8OE 1>;LH8=AB20 AB018;L=KE <0B5@80;>2 (2 :>B>@KE =5 
?@>8AE>4OB E8<8G5A:85, D07>2K5 8 AB@C:BC@=K5 ?@52@0I5=8O) A @>AB>< B5<?5@0BC@K 
=01;N405BAO A<5I5=85 2=87 :@82KE @5;0:A0F88 8 A<5I5=85 225@E :@82KE ?>;7CG5AB8, 
C25;8G5=85 A:>@>AB59 ?>;7CG5AB8 8 @5;0:A0F88, A<5I5=85 2=87 2A5E ��  8 

 A ?>AB>O==K<8 A:>@>ABO<8 45D>@<8@>20=8O 8;8 =03@C65=8O, C<5=LH5=85 
<3=>25==>3> <>4C;O 8 ?@545;0 B5:CG5AB8 (5A;8 5ABL ?;>I04:0 B5:CG5AB8 =0 ��). � AB0BL5 
[3] MB>B 2>?@>A 87CG5= 4;O =5;8=59=>3> "% B8?0  0:A25;;0 (4) A ?@>872>;L=K<8  ( 8 
7028A8<>ABO<8 <>4C;O C?@C3>AB8 8 2O7:>AB8 ý = ý(ÿ) 8 ÿ = ÿ(ÿ) >B B5<?5@0BC@K 8 
4>:070= :@8B5@89: GB>1K B5>@5B8G5A:85 :@82K5 45D>@<8@>20=8O, @5;0:A0F88 8 
?>;7CG5AB8 "% (4) 25;8 A51O ?@8 87<5=5=88 B5<?5@0BC@K B0: 65, :0: 8 :@82K5 
87>B5@<8G5A:8E 8A?KB0=89 1>;LH8=AB20 AB018;L=KE 2O7:>C?@C3>?;0AB8G=KE <0B5@80;>2, 
A9B5IB8<@B < 8BEF4FBKAB, KFB5O ý < ·, 4 F4>:9 2@5<O @5;0:A0F88 ÿÿ = ·/ý, 5O?< 
G5O64RM<@< HGA>J<S@< ÿ (8;8 3><>;>38G5A:>9 B5<?5@0BC@K, 8;8 >B=>H5=8O : 
B5<?5@0BC@5 AB5:;>20=8O 4;O ?>;8<5@>2). �;O >15A?5G5=8O C1K20=8O ý(ÿ), ÿ(ÿ) 8 ÿÿ(ÿ) 

<>6=>, =0?@8<5@, 7040BL 8E 2 2845 ÿ = ÿ0 ��ý( ³/ÿ), ý = ý0 ��ý( ´/ÿ), ÿ > � > 0.  

 

"A>15==>AB8 :@82OE =03@C65=8S-@073@C7:8-2>AAB0=>2;5=8S <0B5@80;0  

-B8 :@82K5 (�!$) AB@>OBAO ?> @57C;LB0B0< 8A?KB0=89 ?> B@5EAB0489=K< ?@>3@0<<0< 
=03@C65=8O:  ÿ(�) = �� ?@8 � * [0; �1], ÿ(�) = 2�� + 2��1 ?@8 � * (�1; 2�1), ÿ(�) c 0 ?@8 � > 2�1,  (7) 

345 �1 = ÿ/2 > 0 3 4;8B5;L=>ABL ?>;CF8:;0 =03@C65=8O A ?>AB>O==>9 A:>@>ABLN � > 0 

($8A. 7(0)). �AA;54CNBAO :@82>;8=59=>ABL 8;8 ?@O<>;8=59=>ABL 25B28 @073@C7:8 =0 
:@82>9 =03@C65=8O-@073@C7:8, 7028A8<>ABL <0:A8<0;L=>9 8 >AB0B>G=>9 45D>@<0F88 
>B B5<?5@0BC@K 8 A:>@>AB8 =03@C65=8O 8 @073@C7:8, A:>@>ABL 8 ?>;=>B0 
2>AAB0=>2;5=8O ?>A;5 A=OB8O =03@C7:8 [6,114]. !03@C65=8O ?@>2>4OBAO A @07=K<8 
A:>@>ABO<8 �ÿ 4> 25;8G8= <0:A8<0;L=>3> =0?@O65=8O ÿ�ÿ = �ÿ�1 (=0?@8<5@,  ÿ� = ÿÿ7/10, 345 ÿ7 3 <8=8<0;L=>5 =0?@O65=85 ?@8 @07@CH5=88, =0945==>5 2 A5@88 1). 

!0 $8A. 7(0) B@5BLO AB048O A ÿ(�) c 0 >1@570=0: >=0 =0<=>3> 4;8B5;L=55. 
#> @57C;LB0B0< 8A?KB0=8O (7) AB@>OBAO >B:;8:8 3 7028A8<>ABL 45D>@<0F88 >B 
2@5<5=8 ý(�; �1, �ÿ) ?@8 @07=KE ÿ�ÿ = �ÿ�1 ($8A. 8(0,c)), ?> :>B>@K< (?>A;5 8A:;NG5=8O 
?0@0<5B@0 2@5<5=8) AB@>OBAO �!$ ÿ(·;�1, �ÿ) ?@8 @07=KE A:>@>ABOE �ÿ ($8A. 8(b,d)). 

!5>1E>48<> ?>AB@>8BL 8 �!$ ?@8 @07=KE 4;8B5;L=>ABOE =03@C65=8O �1 (A<. =865 8 
[6,114]). !0 $8A. 8(0,b) ?@82545=K >B:;8:8 ý(�; �1, �ÿ) 8 �!$ ÿ(·;�1, �ÿ) >1@07F>2 
:><?>78B0 =0 >A=>25 #&(- A 5 % <5;:>48A?5@A=>3> A5@?5=B8=0 ?@8 @0ABO65=88 ?> 
?@>3@0<<0< (7) ($8A. 7(0)) A �1 = 300 A, ÿ� = ÿÿ7/10, ÿ = 1, . . . ,5, ÿ7 = 16  #0, B.5. ÿ� = 1.6, 3.2, 4.8, 6.4, 8.0  #0 (=0 $8A. 8(0) ?>:070=0 B>;L:> G5B25@BL AB0488 
2>AAB0=>2;5=8O). !0 $8A. 8(c,d) 3 >B:;8:8 ý(�; �1, �ÿ) 8 ÿ(·;�1, �ÿ) =5;8=59=>3> "% B8?0  

Ã Ã(·, )a=
Ã Ã(·, )b=
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$8A. 7. #@>3@0<<K =03@C65=8O (7), (8), (9) 2 8A?KB0=8OE =0 =03@C7:C-@073@C7:C- 2>AAB0=>2;5=85, =0 
?>;7CG5ABL 8 2>AAB0=>2;5=85 8 =0 @5;0:A0F8N =0?@O65=89 A CG5B>< =0G0;L=>9 AB0488  

A @07=K<8 ?0@0<5B@0<8 =03@C65=8O 
Fig. 7. Loading programs (7), (8), (9) for loading-unloading-recovery tests, creep and recovery tests, and 

stress relaxation tests taking into account the initial stage with different loading parameters 

 

 0:A25;;0 (4) (A 2@5<5=5< @5;0:A0F88 ÿÿ = 1) =0 =03@C65=85 (7) A D8:A8@>20==K< �1 = 5 8 @07=K<8 A:>@>ABO<8 � = 0.01ÿ, ÿ = 1, . . . ,8 [6]. 

"B:;8:8 >1@07F>2 #&(- =0 B@5C3>;L=K9 8<?C;LA =03@C7:8 (7) ($8A. 8(0,b)) A 
45D>@<0F859, ?@>4>;60NI59 @0AB8 8 2 =0G0;5 @073@C7:8, 8 A 1>;LH8<8 >AB0B>G=K<8 
45D>@<0F8O<8 :0G5AB25==> 25AL<0 AE>4=K A =01;N405<K<8 2 8A?KB0=8OE 
0AD0;LB>15B>=>2, B2U@4KE B>?;82 8 4@C38E <0B5@80;>2. � 8A?KB0=8OE :><?;5:A=KE 
?>;8MD8@=KE =8B59 [114] >= =5 ?@>O2;O;AO. -B>B MDD5:B =5 A2O70= A =5;8=59=>ABLN 
?>2545=8O <0B5@80;0: 53> >?8AK205B 4065 ;8=59=>5 "% (1), 4065 ?@>AB59H0O 
;8=59=0O <>45;L  0:A25;;0 [6]. �!$, ?>@>6405<K5 =5;8=59=K< "% B8?0 
 0:A25;;0 (4) ($8A. 8(c,d)) 8 =5;8=59=K< "% 4;O B8:A>B@>?=KE A@54, CG8BK20NI8< 
M2>;NF8N AB@C:BC@K [11,12], :0G5AB25==> AE>68 ?> D>@<5 A �!$ #&(- 8 :><?>78B>2 
=0 53> >A=>25 =0 $8A. 7(0,b), ?>MB><C (?>A;5 ?@>25@:8 A8AB5<K 8=48:0B>@>2 ?> �!$ 8 
?> :@82K< ?>;7CG5AB8) MB8 "% <>6=> ?@8<5@8BL : >?8A0=8N ?>2545=8O #&(- [6,114]. 
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$8A. 8. "B:;8:8 =0 ?@>3@0<<C =03@C65=8O-@073@C7:8-2>AAB0=>2;5=8O (7): (0,b) M:A?5@8<5=B0;L=K5 
>B:;8:8 ý(�, �) 8 ÿ(ý, �) >1@07F0 �  =0 >A=>25 #&(- ?@8 �1 = 300 A, ÿ� = ÿÿ7/10, ÿ = 1, . . . ,5; (c,d) 

>B:;8:8 ý(�; �1, �ÿ) 8 ÿ(·;�1, �ÿ) =5;8=59=>3> "% B8?0  0:A25;;0 (4) (A 2@5<5=5< @5;0:A0F88 ÿÿ=1 4;O 
D8:A8@>20==>3> t1  = 5 8 @07=KE A:>@>AB59 b = 0.1i, I =1,&,8 

Fig. 8. Responses to the load-unload-recovery program (7): (a,b) experimental responses ·(t,b) and Ã(·,b) 

of the PTFE-based composite samples at t1 = 300 s, Ã� = iÃ7/10, i = 1, . . . ,5; (c,d)3 responses ·(t;t1,bi) and 

Ã(·;t1,bi) of the nonlinear Maxwell-type constitutive equation (4) (with a relaxation time ÿÿ = 1) for a fixed 

t1 = 5 and different strain rates b = 0.01i, i = 1,...,8] 

 

#>;7CG5ABP ?@8 ?>AB>S==>9 =03@C7:5  

�KAB@>5 =03@C65=85 =0 =0G0;L=>9 AB0488 4> 7040==>3> C@>2=O =0?@O65=8O, <>6=> 
AG8B0BL <3=>25==K< ?@8 <0B5<0B8G5A:>9 >1@01>B:5 4;O 55 C?@>I5=8O: ÿ(�) = ÿ� /( �), � > 0, 345 /( �) 3 DC=:F8O )528A0940 ($8A. 7(b), ?5@20O AB048O). �7<5@O5BAO @0728B85 
45D>@<0F88 2> 2@5<5=8 8 AB@>8BAO A5<59AB2> :@82KE ?>;7CG5AB8 (�#) ý(�; ÿ� ) ?@8 
@07=KE C@>2=OE =0?@O65=8O ÿ�  ($8A. 9), 87CG05BAO 7028A8<>ABL A@54=59 8 <8=8<0;L=>9 
A:>@>AB8 ?>;7CG5AB8 >B C@>2=O =0?@O65=8O ÿ�  8 >B B5<?5@0BC@K, A:;>==>ABL <0B5@80;0 
: >3@0=8G5==>9 ?>;7CG5AB8 (=0;8G85 3>@87>=B0;L=KE 0A8<?B>B C :@82KE ?>;7CG5AB8) 
8;8 : CAB0=>282H59AO ?>;7CG5AB8 8 B5G5=8N ?@8 4>AB0B>G=> 2KA>:8E B5<?5@0BC@0E 
(8I5BAO =86=OO 3@0=8F0 B5<?5@0BC@, ?@8 :>B>@KE ?>;7CG5ABL =5 70<54;O5BAO A 
B5G5=85< 2@5<5=8 2?;>BL 4> @07@CH5=8O) [134,8,89,115]. #5@2K9 A;CG09 
<>45;8@C5BAO, =0?@8<5@, ;8=59=K< "% 2O7:>C?@C3>AB8 "% (1) 8;8 =5;8=59=K< "% 
$01>B=>20 (3) A >3@0=8G5==>9 DC=:F859 ?>;7CG5AB8 [4,89,90], 0 2B>@>9 3 MB8<8 65 "% 
A DC=:F859 ?>;7CG5AB8, 8<5NI59 =0:;>==CN 0A8<?B>BC, 8;8 =5;8=59=K< "% 
2O7:>C?@C3>?;0AB8G=>AB8 B8?0  0:A25;;0 [5,8] 8 53> >1>1I5=8O<8 [10,13]. #> 
7028A8<>AB8 M:A?5@8<5=B0;L=KE :@82KE ?>;7CG5AB8 >B =0?@O65=8O ÿ�  >?@545;O5BAO 
480?07>= ;8=59=>AB8 ?>2545=8O <0B5@80;0 (480?07>= =0?@O65=89, 2 :>B>@>< 
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$8A. 9. �@82K5 ?>;7CG5AB8, ?>@>645==K5 "% $01>B=>20 (3) 8 ;8=59=K< "% (1) A @07=K<8  (: (0) �# 
?OB8 ;8=59=KE <>45;59 A @07=K<8 (# (AB5?5==>9 (# 3 �# 1 8;8 (# 2840 (2) 3 HB@8E>2K5 �# 3,5,7,9)  

8 ?OB8 =5;8=59=KE <>45;59 A  ( (6) 8 B5<8 65 ?OBLN (# (�# 2,4,6,8,10) 4;O ÿ� = 1; (b) �# 4;O @07=KE 

=0?@O65=89 ÿ�, ?>@>645==K5 42C<O 20@80=B0<8 "% $01>B=>20 (3) A  ( (5) A þ = ÿ7 = 0.1, 8 @07=K<8 

(#: AB5?5==>9 (# A ?>:070B5;5< n = 1/3 (:@0A=K5 �#) 8;8 (# (2) A » = 0.1, ³ =0.02, ³ = 1, � = 0.5 

[Fig. 9.Creep curves generated by the nonlinear Rabotnov constitutive equation (3) and the linear 

constitutive equation (1) with different creep functions: (a) creep curves of five linear models with different creep 

functions (power-law function 3 creep curve 1 or function of the form (2) 3 dashed creep curves 3,5,7,9) and 

five nonlinear models with a material function (6) and the same five creep functions (creep curves 2,4,6,8,10) 

for ÿ�  = 1; (b) creep curves for different stresses ÿ�  generated by two variants of the Rabotnov constitutive 

equation (3) with material function (5) withþ = 0.005, ÿ7 = 1.5, and different creep functions: power-law 

function with exponent n = 1/3 (red curves) or function (2) with » = 0.1, ³ = 0.02, ³ = 1, ³ = 0.5] 

 

?>40B;82>ABL ý(�; ÿ� )/Ã�  =5 7028A8B >B C@>2=O =0?@O65=8O), B>G=55, 480?07>= 
(=5)?@8<5=8<>AB8 ;8=59=>9 2O7:>C?@C3>AB8). #>4G5@:=5<, GB> MB> ;8HL =5>1E>48<>5 
CA;>285 ;8=59=>AB8 8 ;CGH5 8A?>;L7>20BL 53> =0@CH5=85 :0: 4>AB0B>G=>5 CA;>285 
=5;8=59=>AB8: 5A;8 7028A8<>ABL ?>40B;82>AB8 ý(�; ÿ� )/Ã�  >B ÿ�  AB0=>28BAO 70<5B=>9 
(?@52KH05B 4>?CA:), B> 8A?>;L7>20BL ;8=59=>5 "% 2O7:>C?@C3>AB8 =5;L7O.  

!0 $8A. 9 ?@82545=K �#, ?>@>645==K5 ;8=59=K< "% (1) 8 "% $01>B=>20 (3) A 
@07=K<8  (. !0 $8A. 9(0) ?@82545=K �# ý(�, ÿ� ) = ÿ�ý(�) (A ÿ� = 1) ?OB8 ;8=59=KE 
<>45;59: A (# ý = �0.5/800 (:@820O 1) 8 A G5BK@L<O (# 2840(2): A � = 0, ÿ = 0.0001, � = 0.01 (<>45;L  0:A25;;0), A ÿ = 0, � = � = 0.015, ÿ = 0.1 ((>93B0), A ÿ = 0, � = 0.01, � = 0.005, ÿ = 0.1 (<>45;L �5;L28=0 A B5< 65 2@5<5=5< @5B0@40F88 ÿ = 1/ÿ = 10), <>45;L �N@35@A0 (?>A;54>20B5;L=>5 A>548=5=85 <>45;59  0:A25;;0 8 
(>93B0) A ÿ = 0.1, ÿ = 0.0001, � = 0.01, � = 0.005 (HB@8E>2K5 :@82K5 3,5,7,9), 0 B0:65 3 

�# 2,4,6,8,10 ?OB8 20@80=B>2 "% $01>B=>20 (3) A B5<8 65 ?OBLN (# 8  ( (6) A ÿ = 0.5,  ÿ = 3. ' �# 2,4,6,10 5ABL CG0AB:8 2K?C:;>AB8 2=87, �# 2 (<>45;8 A> AB5?5==>9 (#) 
A>45@68B 2A5 B@8 B8?8G=K5 AB0488 ?>;7CG5AB8 (70<54;5==>9, CAB0=>282H59AO 8 
CA:>@5==>9 ?>;7CG5AB8), �# 6,8 >1;040NB 3>@87>=B0;L=K<8 0A8<?B>B0<8 (:0: 8 5,7). 

#@8<5G0B5;L=>, GB> �# 6 <>45;8 (>93B0 A  ( (6) 8<55B 425 B>G:8 ?5@53810. ' AB5?5==>9 
(# ý(0) = 0, :0: 8 C <>45;8 (>93B0, => 5IU 8 ý� (0) = >, 8 C �# =5B 3>@87>=B0;L=>9 
0A8<?B>BK (B.:. ý(>) = >). �# 3 ;8=59=>9 <>45;8  0:A25;;0 ?@O<>;8=59=0, 0 �# 2 8 10 
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=5;8=59=KE <>45;59 (4;O AB5?5==>9 (# 8 4;O <>45;8 �N@35@A0) 8<5NB 2K@065==K9 
CG0AB>: CAB0=>282H59AO ?>;7CG5AB8 (1;87:8 : ?@O<>;8=59=K<). !0 $8A. 9(b) ?@82545=K 
�# ý(�, ÿ� ) = ÿ(ÿ�ý(�)) A @07=K<8 C@>2=O<8 =0?@O65=8O ÿ�  42CE 20@80=B>2 "% $01>B=>20 
A  ( (5) A þ = 0.005, ÿ7 = 1.5 8 42C<O (#: (# (2) A ÿ = 0.1, ÿ = 0.02, � = 1, � = 0.5 8;8 
AB5?5==>9 (# ý = �1/3/3. �;O AB5?5==>9 (# 3 ÿ� = 0.5; 0.8; 0.9; 1.0; 1.1; 1.2; 1.3; 1.7 

(:@0A=K5 �#), 4;O (# <>45;8 �N@35@A0 3 ÿ� = 0.4; 0.5; 0.6; 0.7; 0.8; 0.9; 1 (GU@=K5 �#); 
AB@5;:0<8 ?><5G5=K �# A ÿ� = 1. �A5 MB8 �# 8<5NB B>G:C ?5@53810 8 2A5 B@8 B8?8G=K5 
AB0488 ?>;7CG5AB8. &.:.  ( ÿ(�) 87 (5) >1;0405B 0A8<?B>B>9 � = ÿ7, B> �# ý(�) = ý þ�[ ÿ7/(ÿ7 2 ÿ�ý(�))] =5>3@0=8G5==> @0ABCB ?@8 ý(�) ³ ÿ7/ÿ� , 5A;8 B>;L:> ÿ� >ÿ7/ý(>)(4;O C:070==KE (# MB> 2K?>;=5=> ?@8 2A5E ÿ� > 0,  

B.:. ý(>) = >), B.5. �# 8<5NB 25@B8:0;L=CN 0A8<?B>BC � = �7(ÿ�), 345 ý(�7) = ÿ7/ÿ�  (<>6=> 
B@0:B>20BL �7 :0: 2@5<O 4> @07@CH5=8O, 0 �7(ÿ� ) :0: :@82CN 4;8B5;L=>9 ?@>G=>AB8 [1,4,91]). 

�A;8 8AA;54C5BAO 4;8B5;L=0O ?@>G=>ABL ?@8 ?>;7CG5AB8 [133,91], B> =04> ?@>2>48BL 
8A?KB0=85 4> @07@CH5=8O, GB>1K >?@545;8BL 7028A8<>ABL 2@5<5=8 @07@CH5=8O ?@8 
?>;7CG5AB8 >B =0?@O65=8O, B.5. ?>AB@>8BL :@82CN 4;8B5;L=>9 ?@>G=>AB8 ?@8 40==>9 
B5<?5@0BC@5 8;8 =5A:>;L:> :@82KE ?@8 @07=KE B5<?5@0BC@0E, GB>1K 8AA;54>20BL 
7028A8<>ABL 4;8B5;L=>9 ?@>G=>AB8 >B B5<?5@0BC@K. #> 40==K< 8A?KB0=89 >1@07F>2 =0 
?>;7CG5ABL ?@8 D8:A8@>20==>< C@>2=5 =0?@O65=8O 8 ?@8 @07=KE ?>AB>O==KE 
B5<?5@0BC@0E <>6=> ?>AB@>8BL A5<59AB2> :@82KE ?>;7CG5AB8 8 4;O :064>3> 
=0?@O65=8O 8 ?>AB@>8BL (A?@>3=>78@>20BL) 548=CN :@82CN ?>;7CG5AB8 =0 ACI5AB25==> 
1>;LH5< 8=B5@20;5 2@5<5=8, G5< 2@5<O 8A?KB0=89 (=0 >A=>25 B5<?5@0BC@=>-

2@5<5==>9 0=0;>388, 5A;8 >=0 A?@0254;820 4;O 8AA;54C5<>3> <0B5@80;0). 
 

�>AAB0=>2;5=85 (>1@0B=0S ?>;7CG5ABP) ?@8 ?>;=>9 @073@C7:5 ?>A;5 ?>;7CG5AB8  

�>AAB0=>2;5=85 87CG05BAO 2 8A?KB0=8OE 87 42CE 4;8B5;L=KE AB0489: AB0488 
?>;7CG5AB8 ?@8 4>AB0B>G=> =87:8E =03@C7:0E ÿ� , :0: ?@028;>, =5 ?@52KH0NI8E 
0.5&0.7 ?@545;0 ?@>G=>AB8 ÿ7, 8 =5 A;8H:>< 1>;LH>< 2@5<5=8 8E ?@8;>65=8O T 

(GB>1K 8A:;NG8BL @07@CH5=85) 8 AB0488 2>AAB0=>2;5=8O ?>A;5 ?>;=>9 @073@C7:8 (>=> 
<>65B ?@>4>;60BLAO 4>;3> 8 ?>B><C =0456=> >F5=8BL =5>1@0B8<CN G0ABL 
45D>@<0F88 <>6=> B>;L:> 2 4;8B5;L=KE 8A?KB0=8OE) [4,8,13,89,115]. �A;8 =03@C7:0 8 
@073@C7:0 ?@>2>4OBAO 1KAB@>, <>6=> AG8B0BL 8E <3=>25==K<8 8 AG8B0BL, GB> 
?@>3@0<<0 =03@C65=8O A>AB>8B 87 42CE AB0489 (0 =5 G5BK@5E) 8 >?8AK205BAO 
D>@<C;>9: ÿ(�) = ÿ� [/( �) 2 /( � 2 ÿ)], ÿ� > 0, ÿ > 0,                                                                           (8) 

(?@O<>C3>;L=K9 8<?C;LA =03@C7:8 4;8B5;L=>AB8 T). #> 40==K< 8A?KB0=8O AB@>8BAO 
A5<59AB2> :@82KE ?>;7CG5AB8 8 2>AAB0=>2;5=8O (�#�) ý(�; ÿ� , ÿ) ?@8 @07=KE 
=0?@O65=8OE ÿ�  ($8A. 10) 8 @07=KE 4;8B5;L=>ABOE AB0489 ?>;7CG5AB8 8 2>AAB0=>2;5=8O 
?>A;5 A=OB8O =03@C7:8. �7CG05BAO A:>@>ABL 8 3;C18=0 2>AAB0=>2;5=8O, AB018;870F8O 8 
25;8G8=0 >AB0B>G=>9 45D>@<0F88 (: :>=FC 8A?KB0=8O) 2 7028A8<>AB8 >B C@>2=O 
=03@C7:8 8 4;8B5;L=>AB8 =03@C65=8O (8 B5<?5@0BC@K). 

!0 $8A. 10(0) ?@82545=K M:A?5@8<5=B0;L=K5 �#� >1@07F>2 :><?>78B>2 =0 
>A=>25 #&(- A 5 % A5@?5=B8=0, <>48D8F8@>20==KE 4>7>9 >1;CG5=8O 80 :�@ 2 
@0A?;025 ?> B5E=>;>388 [41,42,46,82], 87<5@5==K5 2 8A?KB0=8OE ?> ?@>3@0<<5 
$8A. 7(0): 4;8B5;L=>AB8 AB0489 ?>;7CG5AB8 8 2>AAB0=>2;5=8O 3 ?> 4 G, ÿ� = ÿÿ7/10, 
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A4 BEAB69 (FBDBC?4EF4-4. '4EFP 1 ÿ = 1, . . . ,5, ÿ7 = 16  #0, B.5. ÿ� = 1.6; 3.2; 4.8; 6.4; 8.0  #0. !0 $8A. 10(b) ?@82545=K 

�#�, ?>@>645==K5 B@5<O "% [13]: 1) ;8=59=K< "% 2O7:>C?@C3>AB8 (1) A DC=:F859 
?>;7CG5AB8 ý = ý��, � = 1/3, ý = 0.03, 3 :@0A=K5 HB@8E>2K5 :@82K5 157 A:0G:0 2 
<><5=B � = ÿ; 2) =5;8=59=K< "% B8?0  0:A25;;0 (4) [8] 3 3>;C1K5 HB@8E>2K5 :@82K5; 
3) =5;8=59=K< "%, ?>;CG5==K< 8E A:@5I820=85< [13] 3 G5@=K5 �#�.     
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$8A. 10. �@82K5 ?>;7CG5AB8 8 2>AAB0=>2;5=8O ý(�; ÿ� , ÿ) 2 8A?KB0=8OE ?> ?@>3@0<<5 (8): (0) �#� >1@07F>2 
:><?>78B>2 =0 >A=>25 #&(- A 5 % A5@?5=B8=0, <>48D8F8@>20==KE 4>7>9 >1;CG5=8O 80 :�@ 2 @0A?;025 ?> 

B5E=>;>388 [41,42]; (b) �#�, ?>@>645==K5 B@5<O "% [13]: ;8=59=K< "% (1) A DC=:F859 ?>;7CG5AB8 ý = ý��, � = 1/3, ý = 0.03 (:@0A=K5 HB@8E>2K5 :@82K5), =5;8=59=K< "% B8?0  0:A25;;0 (4) 

(3>;C1K5 HB@8E>2K5 :@82K5) 8 =5;8=59=K< "%, ?>;CG5==K< 8E A:@5I820=85< [13] (G5@=K5 �#�) 
Fig. 10. Creep and recovery curves ý(�; ÿ� , ÿ) in tests according to the program (8): (a) experimental creep 

and recovery curves of PTFE-based composite samples with 5 % serpentine, modified by irradiation (the 

dose of 80 kGy) in melt according to technology [41,42]; (b) creep and recovery curves generated by three 

constitutive equations [13]: a linear viscoelasticity model (1) with creep function £ = Atu, u = 1/3, A = 0.03 

(red dashed curves), the nonlinear Maxwell-type model (4) (blue dashed curves), and the nonlinear model 

obtained by their hybridization [13] (black creep and recovery curves) 

 

$5;0:A0F8S =0?@S65=89 ?@8 ?>AB>S==>9 45D>@<0F88  

�5D>@<8@>20=85 A 2KA>:>9 A:>@>ABLN =0 =0G0;L=>9 AB0488 4> 7040==>3> C@>2=O 
45D>@<0F88, <>6=> AG8B0BL <3=>25==K< ?@8 <0B5<0B8G5A:>9 >1@01>B:5 4;O 55 
C?@>I5=8O: ý(�) = ý�/(�), ý� > 0. "B:;8:8 <0B5@80;0 8;8 "% =0 B0:85 ?@>F5AAK 3 

A5<59AB2> :@82KE @5;0:A0F88 (�$) ÿ(�; ý�). �7CG0NBAO 7028A8<>ABL �$ >B 2@5<5=8 
(2K?C:;>ABL 2=87, 3>@87>=B0;L=0O 0A8<?B>B0, A?5:B@ 2@5<5= @5;0:A0F88 8 B.?.) 8 >B 
7040==>3> C@>2=O 45D>@<0F88 ý�, >?@545;O5BAO 480?07>= (=5)?@8<5=8<>AB8 ;8=59=>9 
2O7:>C?@C3>AB8 ?> =57028A8<>AB8 M:A?5@8<5=B0;L=>3> <>4C;O @5;0:A0F88  ÿ = ÿ(�; ý�)/ý� >B  (2 ;8=59=>9 2O7:>C?@C3>AB8 ÿ(�; ý�) =5 7028A8B >B  8 A>2?0405B A 
DC=:F859 @5;0:A0F88) [4,7]. #>4G5@:=5<, GB> =57028A8<>ABL ÿ(�; ý�) >B  3 ;8HL 
=5>1E>48<>5 CA;>285 ;8=59=>AB8 8 ;CGH5 8A?>;L7>20BL 53> =0@CH5=85 :0: 
4>AB0B>G=>5 CA;>285 =5;8=59=>AB8. %;54C5B 70<5B8BL B0:65, GB> CB8B5<9 �$ ÿ(�; ý�) 

(F.9. E6B=EF6B ÿ(�; ÿý�) = ÿÿ(�; ý�)) EB6E9@ A9 74D4AF<DG9F ?<A9=ABEFP CB6989A<S 
@4F9D<4?4: =0?@8<5@, D878G5A:8 =5;8=59=>5 "% $01>B=>20 ?>@>6405B ?>4>1=K5 
:@82K5 @5;0:A0F88 ÿ(�, ý�) = ý(ý�)ý(�) ?@8 <3=>25==>< =03@C65=88 8 A?>A>1=> 
<>45;8@>20BL ;N1>9 B8? 7028A8<>AB8 <>4C;O @5;0:A0F88 ÿ(�; ý�) >B C@>2=O  
 

· ·
·
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$8A. 11. (0) �@82K5 @5;0:A0F88 8 (b) <>4C;8 @5;0:A0F88 ÿ(�; ý�) = ÿ(�;ý� )ý�  4;O ý� = 0.01ÿ, i = 1,...,5, 

?>@>6405<K5 42C<O =5;8=59=K<8 "% $01>B=>20 (3) A  ( (5) A þ = ÿ7 = 0.1 8 @07=K<8 ($:  

A @53C;O@=>9 ($ ý = ý (�2ýÿ + ÿ), ý = 10, ÿ = 1, ÿ = 0.1 (:@82K5 135) 8 =5>3@0=8G5==>9 ($ ý = ý(�2ý + ÿ), ý = 10, ÿ = 0.5, ÿ = 0.1  (:@82K5 6310). ,B@8E>2K5 ;8=88 1´,3´,5´ (:@0A=K5) 8  
6´,8´,10´ (A8=85) 3 �$ ;8=59=KE <>45;59 A B5<8 65 ($ 4;O ý� = 0.01; 0.03;0.05 

Fig. 11. Relaxation curves (a) and relaxation moduli ÿ(�; ý�) = ÿ(�; ý�)/ý� (b) for ý� = 0.01ÿ, i = 1,...,5, 

generated by two versions of nonlinear Rabotnov constitutive equations (3) with the material function (5) 

with þ = ÿ7 = 0.1 and different relaxation functions: the  regular relaxation function ý = ý(�2�/ÿ + ÿ), ý = 10, ÿ = 1, ÿ = 0.1 (curves 135) and the unbounded relaxation function ý = ý(�2ý + ÿ), ý = 10, ÿ = 0.5, ÿ = 0.1 (curves 6310). The dashed lines 1', 3', 5' (red) and 6', 8', 10' (blue) represent the relaxation 

curves of the linear models with the same relaxation functions for ý� = 0.01; 0.03;0.05 

 

45D>@<0F88 (C1K20=85, 2>7@0AB0=85, =5<>=>B>==>ABL) ?@8 =04;560I5< 2K1>@5  ( 
($8A. 11(b)) [7]. �@C385 ?@8<5@K A>1;N45=8O ?>4>18O �$, ?>@>645==KE =5;8=59=K< 
"%, 40NB =5;8=59=>5 "%, ?@54;>65==>5 2 AB0BL5 [1] 8 "% B5G5=8O B8:A>B@>?=KE 
2O7:>C?@C3>?;0AB8G=KE A@54 [11,12]. #> 8A?KB0=8O< ?@8 @07=KE B5<?5@0BC@0E 
8AA;54C5BAO 7028A8<>ABL A5<59AB20 �$ (A:>@>AB8 8 ?>;=>BK @5;0:A0F88) >B 
B5<?5@0BC@K [3].  

!0 $8A. 11(0) ?@82545=K �$ 4;O ý� = 0.01ÿ, ÿ = 1, . . . ,5, ?>@>6405<K5 42C<O 
=5;8=59=K<8 <>45;O<8 $01>B=>20 (3) A  ( (5) A þ = ÿ7 = 0.1, 8 @07=K<8 
DC=:F8O<8 @5;0:A0F88 (($): A ($ (<>45;8 �5;L28=0) ý = ý(�2�/ÿ + ÿ), ý = 10,  ÿ = 1, ÿ = 0.1 (G5@=K5 �$ 135) 8 A =5>3@0=8G5==>9 ($ ý = ý(�2ý + ÿ), ý = 10,  ÿ = 0.1, ÿ = 0.5 (3>;C1K5 �$ 6310). ' >158E <>45;59 ý(>) = 0.1 (>48=0:>2K9 
4;8B5;L=K9 <>4C;L) 8 ?>B><C 8E �$ A >48=0:>2K< ý� 8<5NB >1ICN 0A8<?B>BC  ÿ = 0.1·� . ,B@8E>2K5 ;8=88 1´,3´,5´ (:@0A=K5) 8 6´,8´,10´ (A8=85) 3 �$ ;8=59=KE 
<>45;59 (1) A B5<8 65 ($ 4;O ý� = 0.01; 0.03;0.05. �@820O 53 3 �$ "% $01>B=>20 A 
($ <>45;8 �5;L28=0 ?@8 ramp-45D>@<8@>20=88 A ý� = 0.05 8 �7 = 1 (A<. =865).  

!0 $8A. 11(b) ?@82545=K 3@0D8:8 <>4C;59 @5;0:A0F88 ÿ(�; ý�) = ÿ(�; ý�)/ý� B5E 65 
42CE <>45;59 4;O ý� = 0.01ÿ, ÿ = 1, . . . ,5 (:@82K5 135 8 6310); ÿ(ý�) C1K205B ?> ý�. 
,B@8E>2K5 ;8=88 3 3@0D8:8 <>4C;59 @5;0:A0F88 42CE ;8=59=KE <>45;59: 4;O "% (1) ÿ(�) = ý(�) (=5 7028A8B >B ý�).  
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A4 BEAB69 (FBDBC?4EF4-4. '4EFP 1 

#@8 ;N1KE  ( A5<59AB2> �$ "% $01>B=>20 ÿ(�, ý�) = ý(ý�)ý(�) (8 ;8=59=>3> 
"%(1)) 2>7@0AB05B ?> ?0@0<5B@C ý� (�$ A42830NBAO 225@E A @>AB>< C@>2=O 45D>@<0F88), 
0 :0640O �$ C1K205B ?> 2@5<5=8 (MB> =5>1E>48<K5 8=48:0B>@K 8E ?@8<5=8<>AB8). 
�;O "%, CG8BK20NI53> 2708<=>5 2;8O=85 M2>;NF88 AB@C:BC@K 8 ?@>F5AA0 
45D>@<8@>20=8O [11,12], 2B>@>5 A2>9AB2> A>E@0=O5BAO, 0 ?5@2>5 =0@CH05BAO 87-70 
87<5=5=8O AB@C:BC@8@>20==>AB8 2 ?@>F5AA5 @5;0:A0F88.  
 

�;8S=85 4;8B5;P=>AB8 =0G0;P=>9 AB0488 =03@C65=8S 8;8 45D>@<8@>20=8S =0 
:@82O5 ?>;7CG5AB8 8;8 @5;0:A0F88 

!03@C65=85 =0 8A?KB0B5;L=KE <0H8=0E =5 <>65B 1KBL <3=>25==K< 2 >B;8G85 >B 
8450;870F88 8 A;54C5B 87CG8BL ?>3@5H=>ABL 8 ?@545;K 4>?CAB8<>AB8 B0:>9 8450;870F88), 
8AA;54>20=85 =0;8G8O (8 A:>@>AB8) 70BCE0=8O ?0<OB8 2 7028A8<>AB8 >B A:>@>AB8 8 C@>2=O 
=03@C65=8O [5,7,87] 8 B5<?5@0BC@K [3]. !0?@8<5@, 8A?KB0=8O A ?@>872>;L=K<8 
@BABFBAAO@< =0G0;L=K<8 AB048O<8 45D>@<8@>20=8O ($8A. 7(c)) 8;8 ?> ?@>3@0<<0< A 
?>AB>O==>9 A:>@>ABLN 45D>@<8@>20=8O =0 =0G0;L=>9 AB0488 (ramp tests) A =5A:>;L:8<8 
@07=K<8 4;8B5;L=>ABO<8 =0G0;L=>9 AB0488 �0 (rise time), B.5. A @07=K<8 A:>@>ABO<8 
45D>@<8@>20=8O ÿ = ý�/�0 ?@8 D8:A8@>20==>< F5;52>< C@>2=5 45D>@<0F88 ý� [7,87]: ý(�) = ÿ� ?@8 � * [0; �0], ý(�) = ý� = const ?@8 � g �0.    (9) 

&0:85 8A?KB0=8O 2:;NG5=K 2 52@>?59A:85 8 0<5@8:0=A:85 AB0=40@BK. 
!0G0;L=CN AB048N 45D>@<8@>20=8O 8 2;8O=85 55 4;8B5;L=>AB8 �0 =0 
M:A?5@8<5=B0;L=K5 8 B5>@5B8G5A:85 �$ ÿ(�; ý�, �0), =0 8E >B:;>=5=85 >B �$ ?@8 
<3=>25==>< =03@C65=88 ÿ(�; ý�) 8 =0 ">:=> =01;N45=8O" @5;0:A0F88 � > ý�0, ý > 1, 

A;54C5B CG8BK20BL ?@8 >1@01>B:5 �$, ?>;CG05<KE 2 8A?KB0=8OE <0B5@80;>2, ?@8 

845=B8D8:0F88 "% 8 ?@8 >?@545;5=88 >1;0AB8 ;8=59=>AB8 ?>2545=8O <0B5@80;0 (81> 

845=B8D8:0F88 "% 8 ?@8 >?@545;5=88 >1;0AB8 ;8=59=>AB8 ?>2545=8O <0B5@80;0  
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$8A. 12. �@82K5 @5;0:A0F88 ÿ(�; ý�, �0) ?@8 =03@C65=88 (9) A ý� = 0.1 8 �0/ÿ =10; 5; 10/3; 2; 1, 

?>@>6405<K5 ;8=59=K< "% (1)  (0) 8 =5;8=59=K< "% $01>B=>20 (3) A DC=:F859 =5;8=59=>AB8 (5) (b) [7,87] 

[Fig. 12. Relaxation curves ÿ(�; ý�, �0) generated by the linear constitutive equation (1) (namely, the 

Standard linear solid model) (a) and the nonlinear Rabotnov constitutive equation (3) with the 

nonlinearity function (5) (b) under the ramp loading (9) with ý� = 0.1 and �0/ÿ = 10; 5; 10/3; 2; 1] 



202                              �.�. )BI?B6, �.�. "I?BC>B64, %.�. %?9CJB64, !.!. �4;4D964, #.!. &4D4EB64, �.�. �454=J96, ".%., (4CBD96, �.�. �G?<A 

(81> �0 2;8O5B =0 <>4C;L @5;0:A0F88 ÿ(�; ý�, �0) = ÿ(�; ý�, �0)/ý�) [7,87]. &8?8G=K5 �$ ÿ(�; ý�, �0), B.5. >B:;8:8 =0 ?@>F5AAK (9), ?>:070=K =0 $8A. 12. 

!0 $8A. 12(0) ?@82545=K �$ 135, ?>@>645==K5 ;8=59=>9 <>45;LN �5;L28=0 A 
2@5<5=5< @5;0:A0F88 ÿ = 1 ?@8 45D>@<8@>20=88 ?> ?@>3@0<<5 (9) A ý� = 0.1 8  �0/ÿ = 10; 5; 10/3; 2; 1, B.5. A> A:>@>ABO<8 ÿ = 0.01; 0.02; 0.03;0.05;0,10); :@0A=0O �$ 6 3 

8450;L=0O �$ ÿ(�; ý�) ?@8 <3=>25==>< =03@C65=88 ý(�) = ý�/(�) (?@545;L=0O :@820O 
A5<59AB20 �$ ?@8 �0 ³ 0) [87]. "1I0O 0A8<?B>B0 2A5E �$ ?@8 � ³ > 3 ?@O<0O ÿ = ý�ýÿ = 0.1. �;O A@02=5=8O H@8E-?C=:B8@>< =0<5G5=K �$ ÿ(�; ý�, �0) <>45;8 �5;L28=0 
A C25;8G5==K< 2 10 @07 2@5<5=5< @5;0:A0F88 4;O �0 = 10; 5; 1 (:@82K5 739) 

8 8450;L=0O �$ 10. !0 $8A. 12(b) ?@82545=K �$, ?>@>645==K5 =5;8=59=K< "% $01>B=>20 
(3) A DC=:F859 =5;8=59=>AB8 (5) A þ = 0.1, 4;O B5E 65 ?@>3@0<< 45D>@<8@>20=8O (9) [7].     

 
 

  
(0) (b) 

  
(c) (d) 

$8A. 13. �028A8<>ABL �$ ÿ(�; ý�, �0; �0), ?>@>6405<KE "%, CG8BK20NI8< M2>;NF8N AB@C:BC@K, ?@8 ramp-=03@C65=88 (9)  

A ý� = 1 % (4;O �0 = 0.5 (a) 8 �0 = 0 (b)) 8 ý� = 5 % (c,d) >B 4;8B5;L=>AB8 =0G0;L=>9 AB0488 �0/Ç = 0.1; 1; 3; 5; 7; 10 

Fig. 13. Dependence of the relaxation curves ÿ(�; ý�, �0; �0) generated by the constitutive equation that 

accounts for structural evolution under ramp loading (9) with ý� = 1 % (a) for �0 = 0.5, (b) for �0 = 0)  

and ý� = 5 % (c,d) on the duration of the initial stage �0/Ç = 0.1; 1; 3; 5; 7; 10 
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A4 BEAB69 (FBDBC?4EF4-4. '4EFP 1 

!0 $8A. 13(0,b) ?@82545=K �$ ÿ(�; ý�, �0; �0), ?>@>6405<K5 "%, CG8BK20NI8< 
2708<=>5 2;8O=85 M2>;NF88 AB@C:BC@K 8 ?@>F5AA0 45D>@<8@>20=8O [11,12],  

A 2@5<5=5< @5;0:A0F88 ÿ = 1 8  ( ý = �7�, ?@8 45D>@<8@>20=88 ?> ?@>3@0<<5 (9) 4;O ý� = 1 %, 8 4;8B5;L=>AB59 =0G0;L=>9 AB0488 �0/Ç = 0.1; 1; 3; 5; 7; 10. $8AC=>: 13(0,b) 
>B;8G0NBAO B>;L:> =0G0;L=K< 70=G5=85< AB@C:BC@8@>20==>AB8 <0B5@80;0: �0 = 0.5 

($8A. 13(0)) 8;8 �0 = 0 ($8A. 13(b)). �@0A=0O ?C=:B8@=0O �$ 3 4;O �0 = 0; =0 2A5E 
@8AC=:0E �$ A �0/Ç = 0.1 (G5@=0O HB@8E>20O �$) 1;87:0 : =59. #@8 �0 = 0.5 �$ ÿ(�; ý�, �0; �0) 8<5NB ?@8<5@=> B0:>9 65 284 :0: 8 �$, ?>@>645==K5 ;8=59=K< "% (1) 

($8A. 12(0)), ?>A:>;L:C AB@C:BC@8@>20==>ABL 1KAB@> 2KE>48B =0 AB0F8>=0@=>5 7=0G5=85 
(�7 = 0.98 j 1 4;O @0AA<0B@8205<>9 <>45;8) 8 <5=O5BAO =5 A8;L=> (C25;8G8205BAO 2 2 
@070 : <><5=BC � = 5). !> ?@8 �0 = 0 ($8A. 13(b)) 7=0G5=85 =0?@O65=8O 2 :>=F5 
=0G0;L=>9 AB0488 ÿ�(�0; ý�; �0) = ÿ(�0; ý�, �0; �0) C65 =5 C1K205B <>=>B>==> A @>AB>< 
4;8B !%, 0 4>AB8305B <0:A8<0;L=>9 25;8G8=K ?@8 �0/Ç = 3 (:@0A=0O :@820O) 8 B>;L:> 
?>B>< C1K205B ?> �0. -B> ?@>8AE>48B 87-70 B>3>, GB> AB@C:BC@8@>20==>ABL (A<. 65;BCN 
HB@8E-?C=:B8@=CN :@82CN =0 $8A. 13(d), A =59 A;820NBAO 3@0D8:8 �(�; 1, �0; 0) ?@8 
2A5E �0, :>340 ý� = 1 %) >G5=L 1KAB@> @0AB5B : AB0F8>=0@=><C 7=0G5=8N 8 1KAB@> 
<5=O5BAO >B 0 4> 1: 1>;55 =87:0O A:>@>ABL 2 7=0G8B5;L=> 1>;55 AB@C:BC@8@>20==>< 8 
65AB:>< <0B5@80;5 2K7K205B 1>;LH85 =0?@O65=8O. !0 $8A. 13(c,d) ?@82545=K �$ ÿ(�; ý�, �0; �0) 8 3@0D8:8 AB@C:BC@8@>20==>AB8 �(�; ý�, �0; �0) 4;O ý� =  5 % 8 �0 = 0.5. !0 
MB8E �$ =0?@O65=85 ÿ� C65 =5 O2;O5BAO =081>;LH8<, 81> 87-70 2KA>:>9 A:>@>AB8 
45D>@<8@>20=8O =0 =0G0;L=>9 AB0488 A �0/Ç = 0.1; 1; 3; 5; 7 (2 5 @07 2KH5, G5< =0 
$8A. 13(0,b)) AB@C:BC@8@>20==>ABL CA?5205B 7=0G8B5;L=> C?0ABL ($8A. 13(d)).  

#@8 D8:A8@>20==>9 4;8B5;L=>AB8 =0G0;L=>9 AB0488 A5<59AB2> �$ ÿ(�; ý�, �0; �0) 

<>65B =5<>=>B>==> 7028A5BL >B C@>2=O 45D>@<0F88 ý� (GB> =52>7<>6=> 4;O ;8=59=>3> 
"% (1)) 8 :@82K5 A 1>;LH8< ý� <>3CB =K@OBL =865 87-70 70<5B=>3> ?045=8O 
AB@C:BC@8@>20==>AB8 =0 =0G0;L=>9 AB0488 8 2K720==>3> 8< C25;8G5=8O A:>@>AB8 
@5;0:A0F88.  

 

�803@0<<O 45D>@<8@>20=8S A> A:0G:0<8 A:>@>AB8 45D>@<0F88 8;8 =03@C65=8S  

�AA;54C5BAO 2;8O=85 A:0G:0 A:>@>AB8 45D>@<8@>20=8O 2 =5:>B>@K9 <><5=B 2@5<5=8 
=0 �� ÿ = ÿ(ý, ÿ) 2 8A?KB0=8OE 87 42CE AB0489 A @07=K<8 A:>@>ABO<8: ý(�) = ÿ1� ?@8 � * [0; �1],  ý(�) = ÿ2(� 2 �1) + ÿ1�1 ?@8 � > �1.                                   (10) 

#> =8< AB@>OBAO A5<59AB20 >B:;8:>2 ÿ = ÿ(�; ÿ1, �1, ÿ2) 8 �� ÿ = ÿ(ý, ÿ1, ÿ2) ?@8 
@07=KE A:>@>ABOE 45D>@<8@>20=8O 8 A>?>AB02;ONBAO A �� ÿ = ÿ(�, ÿ1) 8 ÿ = ÿ(�, ÿ2) 

(A<. $8A. 14(0) 4;O B8B0=>2>3> A?;020 �&-6 ?@8 B5<?5@0BC@5 900 °% 87 [116]). &0:85 
8A?KB0=8O 8A?>;L7CNBAO ?@8 8AA;54>20=88 <5B0;;>2 8 A?;02>2 2 A>AB>O=88 
A25@E?;0AB8G=>AB8 [88,1163118], => >=8 2?>;=5 8=D>@<0B82=K 8 4;O 45D>@<0B82=KE 
?>;8<5@>2 A 2KA>:>9 A:>@>AB=>9 GC2AB28B5;L=>ABLN 8 �  =0 8E >A=>25 (8 4;O 35;59 
8 @0A?;02>2 ?>;8<5@>2 2 8A?KB0=8OE =0 A4283): 2 =8E ?> 7028A8<>AB8 25;8G8=K 
A:0G:0 =0?@O65=8O 2 <><5=B �1 >B A:0G:0 A:>@>AB8 ÿ2 2 ÿ1 8 >B A:>@>AB8 70BCE0=8O 
?0<OB8 > ?5@2>9 AB0488 =03@C65=8O <>6=> >?@545;8BL 25;8G8=C ?>:070B5;O 
A:>@>AB=>9 GC2AB28B5;L=>AB8 <0B5@80;0 [88], >A>15==>AB8 7028A8<>AB8 =0?@O65=8O 
B5G5=8O >B A:>@>AB8 8 4@C385 E0@0:B5@8AB8:8 <0B5@80;0. !0 $8A. 14(b) ?@82545=K �� ÿ = ÿ(�; ÿ1, �1, ÿ2), ?>@>6405<K5 G5BK@5E725==>9 ;8=59=>9 <>45;LN 2O7:>C?@C3>AB8 A 
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DC=:F859 @5;0:A0F88 ý(�) = ý1�2�/ÿ1 + ý2�2�/ÿ2 , B.5 ?0@0;;5;L=K< A>548=5=85< 42CE 
<>45;59  0:A25;;0 A 2@5<5=0<8 @5;0:A0F88 ÿ1 = 1, ÿ2 = 10, ?@8 =03@C65=88 (10) 

A �1 = 5; 10; 15, ÿ1 = 1 (:@820O 1 3 �� ÿ = ÿ(�, ÿ1)) 8 ÿ2 = 0.5; 0.1; 0.01 (�� ÿ = ÿ(�, ÿ2) 

3 HB@8E>2K5 G5@=K5 :@82K5 234, 2A5 >=8 >1;040NB 3>@87>=B0;L=K<8 0A8<?B>B0<8 ÿ = ÿ2(ý1ÿ1 + ý2ÿ2)); �� ÿ = ÿ(ý, ÿ1, ÿ2) <>65B 8<5BL B>G:C M:AB@5<C<0 2 8=B5@20;5 ý > ý1, 5A;8 ÿ1 þ� 2 < �1 < ÿ2 þ� 2 (MB> 8;;NAB@8@CNB 3>;C1K5 ��, A>>B25BAB2CNI85 �1 = 1; 3; 5; 6.5). !> =K@>: ?>4 �� ÿ = ÿ(ý, ÿ2) (:0: =0 $8A. 14(0)) ;8=59=>5 "% (1) =5 
<>45;8@C5B. "4=0:> 53> A?>A>1=> <>45;8@>20BL "%, CG8BK20NI55 M2>;NF8N 
AB@C:BC@K ?@8 45D>@<8@>20=88 [11,12]. 
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$8A. 14. �� ÿ = ÿ(�; ÿ1, �1, ÿ2) A> A:0G:>< A:>@>AB8 45D>@<8@>20=8O: (0) �� B8B0=>2>3> A?;020 �&-6 

?@8 B5<?5@0BC@5 900 °% [116]; (b) �� ?>@>6405<K5 ?0@0;;5;L=K< A>548=5=85< 42CE ;8=59=KE 
<>45;59  0:A25;;0 A 2@5<5=0<8 @5;0:A0F88 ÿ1 = 1, ÿ2 = 10 

Fig. 14. Stress-strain curves ÿ = ÿ(�; ÿ1, �1, ÿ2) with a jump in strain rate: (a) stress-strain curves of the 

VT-6 titanium alloy at temperature of 900 °C; (b) stress-strain curves generated by a parallel connection 

of two linear Maxwell models with relaxation times ÿ1 = 1, ÿ2 = 10 

 

#>;7CG5ABP ?@8 ABC?5=G0BOE =03@C65=8SE  

�AA;54CNBAO >B:;8:8 <0B5@80;0 8;8 "% =0 ?@>F5AAK =03@C65=8O A ?@>872>;L=K< 
:>;8G5AB2>< ABC?5=59 ?@8 >4=>>A=K< 8 =5>4=>A=>< =03@C65=8OE, MDD5:BK ?@8 
=5?>;=>9 @073@C7:5, ?@8 ?5@5AB0=>2:5 ABC?5=59 =03@C65=8O, A:0G:8 45D>@<0F88 ?@8 
4>3@C7:5 8 @073@C7:5, =0;8G85 M:AB@5<C<>2 45D>@<0F88 =0 >B45;L=KE ABC?5=OE, 
0A8<?B>B8:0, 70BCE0=85 ?0<OB8 [134,8,89,91,92,115,119,120]. �A?KB0=8O =0 ?>;7CG5ABL 
(?@8 @0ABO65=88-A60B88, A42835, A;>6=>< !�%) ?@8 ABC?5=G0BKE =03@C65=8OE ?>72>;ONB 
C;>28BL 8 >1A;54>20BL @07=K5 0A?5:BK ?>2545=8O <0B5@80;0 8 45B0;8 @50;870F88 
<=>38E MDD5:B>2 A>1@0BL 1>;55 1>30BCN 8=D>@<0F8N 4;O 2K1>@0, 845=B8D8:0F88 8 
25@8D8:0F88 >?@545;ONI8E A>>B=>H5=89 ?> A@02=5=8N A �# ?@8 ?>AB>O==>< 
=0?@O65=88 (B0:85 �# 2A5 <>45;8 >?8AK20NB 045:20B=> ?@8 ?@028;L=>9 =0AB@>9:5).  
� G0AB=>AB8, >=8 ?>72>;ONB >1=0@C68BL ?@87=0:8 =5;8=59=>AB8 2 ?>2545=88 
<0B5@80;0, 8AA;54>20BL 7028A8<>ABL :@82KE ?>;7CG5AB8 >B C@>2=O =0?@O65=8O 8 
?@54KAB>@88 =03@C65=8O [134,8,89,91,92,115,119,120], 2>AAB0=>2;5=85 8 >AB0B>G=CN 
45D>@<0F8N ?@8 ?>;=>9 8 G0AB8G=>9 @073@C7:5 [4,8], 2;8O=85 ?5@5AB0=>2:8 ABC?5=59 
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A4 BEAB69 (FBDBC?4EF4-4. '4EFP 1 

=03@C65=8O [119] A:>@>ABL 70BCE0=8O ?0<OB8, MDD5:BK, A>?@>2>640NI85 A:0G>: 
=0?@O65=8O 2=87 8;8 53> 1KAB@>5 C1K20=85 70 <0;K9 ?@><56CB>: 2@5<5=8 (dip tests, 

non-monotonic creep behavior) [4,89,115], 2;8O=85 A:0G:>2 =0?@O65=8O =0 4;8B5;L=CN 
?@>G=>ABL 8 >B:;>=5=85 >B ?@028;0 ;8=59=>3> AC<<8@>20=8O ?>2@564U==>AB8 
(Miner9s rule, linear damage rule, cumulative damage theory) [120]. 

 

-DD5:BO ?@8 F8:;8G5A:8E =03@C65=8SE A @07=>9 D>@<>9, 0<?;8BC4>9 8 
:>QDD8F85=B>< 0A8<<5B@88 F8:;0 

#@8 <O3:8E ?5@8>48G5A:8E =03@C65=8OE (:>340 70405BAO ?@>3@0<<0 ?> =0?@O65=8N) 
8AA;54CNBAO =0:>?;5=85 >AB0B>G=>9 45D>@<0F88, 2>7@0AB0=85 8;8 C1K20=85 
(2>7<>6=>, AB@5<;5=85 : =C;N) A:>@>AB8 55 =0:>?;5=8O A C25;8G5=85< G8A;0 F8:;>2, 
A:;>==>ABL : @MBG5B8=3C 8;8 ?@8A?>A>1;5=8N <0B5@80;0 (2 7028A8<>AB8 >B 
B5<?5@0BC@K); AB@>OBAO :@82K5 <0;>F8:;>2>3> =03@C65=8O ?@8 @07=KE ?0@0<5B@0E 
F8:;>2 [4,6,89,92,115]. 

!0 $8A. 15(0) ?@82545=K �# 4;O <O3:>3> BFAG?96B7B ABC?5=G0B>3> F8:;8G5A:>3> 
=03@C65=8O A ?>;CF8:;>< ÿ = 5 8 @07<0E>< ÿ� = 1, ?>@>6405<K5 G5BK@L<O ;8=59=K<8 
<>45;O<8 (1) A @07=K<8 (#: 1) <>45;8 A> AB5?5==>9 (# A ?>:070B5;5< � = 0.5  

(GU@=0O �#); 2) <>45;8 �N@35@A0 (2) A ÿ = 0.1 (2@5<O @5B0@40F88 ÿ = 1/» = 10),  ÿ = 0.001, � = 0.015, � = 0.01 (3>;C10O �#); 3) <>45;8 (>93B0 (2) A ÿ = 0.1, ÿ = 0,  � = � = 0.01 (:@0A=0O �#); 4) <>45;8  0:A25;;0 (A8=OO �#) A ý = ÿ� + �, ÿ = 0.001,  
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$<E. 15. �D<6O5 F<>?<G5E>>7> =47DG65=<O, ?>D>645==O5 ?OFPN ?<=5==O<< <>45?O<< (1) E> EF5?5==>= 
$� (GUD=O5 ��) < $� 6<44 (2) (>D4E=O5 >D<6O5 3 <>45?< $>=7F4 , E<=<5 3 <>45?< �4>E65??4,  

7>?G5O5 3 <>45?< �ND75DE4): (4) 4?O >F=G?56>7> EFG?5=G4F>7> F<>?4 E >F4OE>< (�ÿ = ÿÿ, ÿ = 5, ÿ2ý21 = ÿ� , ÿ2ý = 0), (b) 4?O E<<<5FD<G=>7> EFG?5=G4F>7> F<>?4 (ÿ2ý21 = ÿ� , ÿ2ý = 2ÿ� ) 
Fig. 15. Cyclic loading curves generated by five linear models (1) with the power-law creep function 

(black curves) and the creep functions of the form (2) (red curves 3 the Voigt model, blue curves 3 the 

Maxwell models, cyan curves 3 the Burgers models): (a) for a zero-to-tension step cycle with a relaxation 

period (�ÿ = ÿÿ, ÿ = 5, ÿ2ý21 = ÿ� , ÿ2ý = 0); (b) for a symmetric step cycle (ÿ2ý21 = ÿ� , ÿ2ý = 2ÿ� ) 



206                              �.�. )BI?B6, �.�. "I?BC>B64, %.�. %?9CJB64, !.!. �4;4D964, #.!. &4D4EB64, �.�. �454=J96, ".%., (4CBD96, �.�. �G?<A 

� = 0.005 (2@5<O @5;0:A0F88 ÿ = ´/³ = 5) [89].  >45;8 �N@35@A0 8  0:A25;;0 
@53C;O@=K (ý(0) b 0), 8 ?>B><C 8E �# 8<5NB 2 B>G:0E � = ýÿ @07@K2K A> A:0G:0<8 ±ÿ�ý(0); A2>9AB2> � > 0 2K7K205B =0:>?;5=85 ?;0AB8G5A:>9 45D>@<0F88 [4,89].  

' <>45;8 (>93B0 8 AB5?5==>9 <>45;8 � = 0 8 ý(0) = 0, 8 ?>B><C �# =5?@5@K2=K ?@8 
2A5E � > 0. ,B@8E-?C=:B8@=K5 :@82K5 134 3 >1KG=K5 �# MB8E <>45;59 ?@8 
?>AB>O==>< =0?@O65=88 ÿ = 0.5ÿ�  (A@54=5< 70 F8:;), ?@8 4>AB0B>G=> 1>;LH8E � �# 
<>45;59  0:A25;;0 8 �N@35@A0, 8<5NI85 =0:;>==CN 0A8<?B>BC ý = ÿ� + � ;560B =5 
=865, 0 2KH5 AB5?5==>9 �# 1. �;O <>45;8 (>93B0 8 AB5?5==>9 <>45;8 4>?>;=8B5;L=> 
?@82545=K �# A C42>5==>9 4;8B5;L=>ABLN F8:;0, B.5. ÿ = 10 (HB@8E>2K5 :@82K5 5,6). 

!0 $8A. 15(b) ?@82545=K �# B5E 65 ?OB8 ;8=59=KE <>45;59 (1), GB> 8 =0 $8A. 15(0), 
=> 4;O E<@@9FD<KAB7B F8:;8G5A:>3> ABC?5=G0B>3> =03@C65=8O, A>AB>OI53> 87 
>48=0:>2KE ?@O<>C3>;L=KE ?>;CF8:;>2 @0ABO65=8O 8 A60B8O 4;8B5;L=>AB8 ÿ 8 
0<?;8BC4K ÿ� . �A5 �# >3@0=8G5=K =0 ;CG5 � g 0, C 2A5E �# CG0AB:8 2>7@0AB0=8O 8 
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(d) �!$ �(�; �1, �ÿ), 4;O �0 = 0; 0.1; 0.3; 0.5; 0.7; 1  ?@8 <0:A8<0;L=>< =0?@O65=88 s = 3 

Fig. 16. Responses of the constitutive equation that accounts for the mutual influence of deformation and 

structural evolution (with the relaxation time Ç = 1) to the loading-unloading-recovery program (7) with �1 = 2 and different maximum stresses �ÿ = 3; 4; 5; 6 (curves 3, 4, 5, 6) for different initial structuredness 

values w0: (a3c) deformation graphs �(�; �1, �ÿ), structuredness graphs �(�; �1, �ÿ) and loading-unloading-

recovery curves ÿ(�; �1, �ÿ) for w0 = 0;0.5;1 (cyan, blue, and red curves 3', 4', 5', 6'); (d) loading-unloading-

recovery curves ÿ(�; �1, �ÿ) for �0 = 0; 0.1; 0.3; 0.5; 0.7; 1 and maximum stress s = 3 
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