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Abstract. This paper presents a family of kernel models based on metrics derived from the
structure of decision trees and random forests. Unlike the standard random-forest proximity,
which only checks whether two observations fall into the same leaf, the proposed metrics also
use information about decision paths, the depth of their divergence, and the depth of their
lowest common ancestor. A weighted variant with trainable depth-dependent parameters is also
introduced. The tree-based metrics are aggregated over a forest and used to construct exponential
kernels. They can also be combined with the Euclidean distance in the original feature space.
We prove that the resulting kernels are positive semidefinite and can therefore be used in
standard kernel methods, including Nadaraya—Watson regression and kernel ridge regression.
The proposed models are evaluated on classification datasets and in a controlled source-to-
target regression experiment with a limited number of labeled target observations. The results
show that information about the internal structure of decision trees can be useful beyond simple
leaf coincidence. Several proposed variants improve upon conventional geometric kernels and
the standard random-forest proximity kernel, while the best-performing metric depends on the
prediction method and the dataset.
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Annoramusa. B pabore mpeaioxkeHO CeMEMCTBO SIIEPHBIX MOZAEJC, OCHOBAHHBIX Ha Me-
TpuKax, GOPMHUPYEMBIX IO CTPYKTYpE AePEBbEB peIIeHUI M CIyYalHBIX JiecoB. B oTimmune or
CTaHAAPTHOM MEpHI OJIM30CTU CIYYaiiHOTO Jieca, KOTOpasl YIYUTHIBACT TOJIBKO TOIMamaHue IBYX
00BEKTOB B ONMH JIUCT, IPEIIOKEHHBIE METPUKM TakKe MCIIOJIb3YIOT MHGMOPMAIIMIO O MYyTIX B
JiepeBe, NIyOMHE MX pacXoXIeHUsl U MIyOMHEe HauMeHbllero oouero npeaka. Kpome toro, pac-
CMaTpHWBaeTCsl B3BEIICHHAs METpHKa ¢ O0yJaeMBIMM TTapaMeTpaMM, 3aBUCIIIAMU OT TTyOWHEI
nepeBa. MeTpUKHU OTIAENbHBIX JI€PEBbEB arperupyloTcs 1Mo JIeCy W UCITOb3YIOTCS JUISI TIOCTPOe-
HUS 3KCITOHEHIMANBHBIX sgaep. OHU TaKxKe MOTYT COUeTaThCsI C €BKIMIOBBIM PACcCTOSIHAEM B
HUCXOIHOM IPOCTPAHCTBE MPU3HAKOB. JIJIsI ITOJIyd4eHHbIX SiIep J0Ka3aHa IOJOXUTEIbHAs I10JIy0-
MpeneJeHHOCTh, YTO IO3BOJISIET IPUMEHSITh UX B CTAHAAPTHBIX SACPHBIX METOAAX, BKIIIOYAs
perpeccuto Hanapasi—YoTcoHa u simepHylo rpeOHeBYI0 perpeccuto. IlpeanoxeHHbIe MoIenn
WCCIIeIOBaHbI Ha 3amavyax KJacCU(MUKAIIMKA U B KOHTPOJHPYEMOM 3KCIIEPUMEHTE IO TTIEpeHOCY
CTPYKTYPBI M3 UCXOTHOM 3a1auyy B IIEJICBYIO 3aJauy PeTPeCCUU ¢ MaJbIM YMCIOM pa3MeUeHHBIX
HabmomeHWii. Pe3yrbraThl TOKA3bIBAIOT, YTO BHYTPEHHSISI CTPYKTYpa ACPEeBbEB MOXKET COIEp-
KaTh IMOJIE3HYI0 MH(GOpMALIKIO, HE OrpaHMYEHHYIO COBIaAeHUEM JIMCTheB. Heckonbko mpe-
JIOXKEHHBIX BapMaHTOB IPEBOCXOAAT TPaAUIIMOHHBIC T€OMETPMYECKHUE SApa M CTaHIapTHOE
AP0 OJAM30CTU CIY4YaiiHOTO Jieca, MPU 3TOM BbIOOp HauboJee MOAXOASIIE METPUKHU 3aBUCUT
OT MeTOoJIa ITPOTHO3MPOBAHUS U Habopa JaHHBIX.

KioueBble cj1oBa: sjepHasi perpeccusi, AepeBbsl pelleHUil, METPUKKM Ha OCHOBE IE€PEBbEB, CIIy-
yaiiHbIe Jieca, siIepHble MEeTOIbl, olleHKa Hamapas—YoTcoHa, ssmepHast rpeGHeBast perpeccust
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Introduction

The random forest algorithm [1, 2] is one of the most widely used ensemble methods in machine
learning. Its practical appeal stems from several complementary properties: averaging over many de-
cision trees reduces overfitting, the resulting model is robust to noise and outliers, and feature-im-
portance estimates provide a useful degree of interpretability. Extremely randomized trees [3] further
develop this paradigm by choosing split thresholds at random. This additional randomization reduces
the computational cost of training, can improve robustness on noisy data, and often yields strong gene-
ralization performance in both classification and regression.

In addition to producing predictions, a forest defines an adaptive partition of the feature space.
This observation has motivated the use of random-forest proximities as kernels: two observations are
considered similar if they frequently fall into the same terminal leaf. Such proximities are attractive
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because they inherit the nonlinear and data-dependent geometry of the trained ensemble, but the
usual shared-leaf score is a coarse summary of tree structure. It treats all leaf mismatches equally, even
though two leaves may diverge just below a deep internal node or immediately below the root. It also
ignores whether leaves occupy related subtrees and whether early or late path divergences should be
penalized differently.

This limitation is especially relevant when a tree ensemble is used as a representation rather than
only as a predictor. In kernel classification and regression, the Gram matrix determines the geometry
available to the downstream estimator. It is also relevant in source-to-target structure reuse: a forest
trained on one response may encode a useful hierarchical organization of the input space, and this or-
ganization can be tested as a prior similarity for a related response with fewer labels. In this paper, we
use such a setting as a controlled diagnostic experiment rather than as a full transfer-learning bench-
mark. A proximity based solely on terminal-node equality may therefore underuse the hierarchy that
made the forest informative in the first place.

This paper addresses the lack of a compact framework with explicit theoretical guarantees for
converting different aspects of tree hierarchy into positive semidefinite kernels. We focus on distances
and similarities that are still simple enough to compute from a fitted tree, but richer than the standard
leaf-coincidence score. The proposed constructions use path divergence, lowest common ancestors,
path-indicator embeddings, inverse-depth penalties, and learnable depth weights. These structural
quantities are then aggregated over a forest and combined with Euclidean geometry in the original
feature space.

The contributions of the paper are threefold. First, we formulate several single-tree structural dis-
tances on the quotient space induced by terminal leaves and show how they extend to forests. Second,
we prove positive semidefiniteness of the corresponding exponential and mixed kernels using con-
ditional negative definiteness and Schoenberg’s theorem. Third, we evaluate the resulting models in
supervised classification and in a controlled source-to-target regression experiment that tests reuse
of source-trained tree structure for a related target response with fewer labeled examples. The source
code of the proposed distances is available at https://github.com/MaxGoryunov/tree-distance-kernel.

Related work

Beyond their direct use as predictive models, random forests can also induce kernels and proximity
functions. In [4], the kernel connection function, or KeRF, is introduced, defined as the fraction of
trees in which two observations fall into the same leaf, and, in the population limit, as the probability
of this event. This view makes it possible to interpret random forests as adaptive kernel estimators and
to incorporate forest-induced similarities into kernel methods. The related adaptive-nearest-neigh-
bor interpretation of random forests was developed in [5] with forest predictions expressed through
data-dependent weights determined by terminal cells. Foundational analyses establish consistency for
averaging classifiers [6] and characterize the behavior of a random-forest model under sparse signal
structure [7].

Several related constructions have been proposed. In [8], centered and uniform KeRF estimators
are analyzed, improved convergence rates are derived, and the reproducing-kernel Hilbert space as-
sociated with the centered construction is investigated. In a complementary unsupervised setting [9]
random-forest leaf proximities are used as a data-adaptive similarity for clustering and visualization.

Random-forest-induced similarities have also been used beyond direct supervised prediction. In
[10], an unsupervised random-forest procedure for mixed data that retains the usual advantages of
forest models while identifying clusters is developed. For class-probability estimation [11], aggrega-
tion rules and terminal-node sizes can materially affect calibration. Related forest weighting con-
structions have been used to estimate full conditional distributions and conditional quantiles [12].

The geometry represented by forest proximities has been examined in [13]. The authors argue
that traditional proximity measures, including Breiman’s original definition, may fail to preserve the
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geometry learned by the forest, which can introduce bias and limit their usefulness as kernels. Their
RF-GAP proximity is designed to preserve both geometry and predictive accuracy, making it bet-
ter suited for kernel-based learning. Other work has considered distances between trees themselves:
the Weighted Splitting Variable (WSV) distance [14] measures the difference between trees through
weighted variable usage and can be used to identify representative trees, thereby improving interpreta-
bility of complex ensembles.

Random forests have also been used for metric learning. The Random Forest Distance (RFD)
[15] learns an implicitly position-dependent distance function through a pairwise mapping d)(xl,, xj)
that encodes both the relative position of two points and their absolute location in feature space.
This enables a single metric to adapt to different regions of the input space, combining the locality
of metric-learning methods with the efficiency of global models. Distances can also be computed in
the presence of missing data [16]: instead of sending an observation with a missing split value along
a single path, the method constructs a multi-path subtree PTMP (x) that contains all possible paths ob-
tained by propagating the observation to both children. This approach has been applied to RatioRF and
adapted to other RF distances, including Shi, Zhu, and Ting, and remains robust even with substantial
missingness.

Additional lines of work exploit distances either between classes or between observations. The
RSCT decision-tree algorithm [17] augments impurity criteria with distances between classes, there-
by favoring splits that separate distant classes; both Euclidean and cosine distances are considered.
Experiments show improved classification accuracy relative to a classical Gini-based decision tree,
both for a single tree and for a random-forest ensemble. RF distances are also known to exhibit ro-
bustness in high-dimensional settings [18]: nearest-neighbor classification with RF distances such as
Shi and RatioRF can continue to improve as the number of features grows, because tree partitions
tend to amplify distinctions between observations and counteract distance concentration. Related
approximation results [19] show that observations that are close in the true metric are likely to remain
close under RF distances computed from ensembles of extremely randomized trees; the probability
of poor approximation decreases exponentially with the number of trees, with RatioRF giving tighter
bounds than Shi. Instead, our framework treats tree structure through conditionally negative definite
distances, establishes positive semidefiniteness guarantees under forest aggregation, and introduces
learnable depth-dependent penalties compatible with kernel prediction.

Materials and methods

Decision Trees and Paths. Throughout the paper, I[4] denotes the indicator of an event or logical
statement A: it equals 1 when A4 is true and 0 otherwise.

A decision tree 7 is represented as a finite rooted binary tree with vertex set V, root v, inter-
nal-node set J, and leaf set L. Each internal node v from J is equipped with a split rule, typically of
the form X, < t, which sends a r-dimensional input x to either the left or the right child. Each leaf /
from L stores a local prediction, such as a class distribution in classification or an empirical response
mean in regression.

For every input x, the split rules determine a unique root-to-leaf path

Pr (%)= (Y0¥ ooV )

where the last component is the terminal node reached by x, and t,(x) is the depth of that leaf. The
depth of the root is 0, and the depth of any other node is the number of edges on the path from the
root to that node.

Throughout the single-tree constructions below, the tree 7T is assumed to be fixed. To avoid cum-
bersome notation, the dependence of structural distances and auxiliary quantities on 7 is suppressed
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whenever no ambiguity can arise. The corresponding tree indices are restored in forest-level defini-
tions and aggregation formulae.
Leaf-Induced Quotient Sets. Each leaf / from L of a tree T defines an equivalence class

[¢]= {x e R" : x falls into leaf / of tree T}.

The corresponding quotient set is
X, =R/~ ={[l]:1eL}.

When the tree is fixed, we write X for X. All single-tree structural distances below are defined on
these classes. This makes the value of a distance independent of the particular representative chosen
from a leaf: two observations in the same terminal node are indistinguishable for the structural com-
ponent associated with that tree.

Random Forests. A random forest is an ensemble of decision trees

F={T,.T,,....T,,}.

The trees are trained using randomized procedures, such as bootstrap resampling of observations
and random selection of candidate split variables. Extremely randomized trees additionally rand-
omize split thresholds. Given a new input, the forest aggregates the predictions of its individual trees,
for example by majority vote in classification or by averaging in regression.

In this paper, the forest is also treated as a learned partitioning mechanism. Each tree assigns an
input to a leaf, while the whole ensemble assigns it to a vector of leaves. The method developed below
uses these assignments and the paths leading to them to construct structural distances and kernels.

Nadaraya—Watson Kernel Regression. Let D = {(xl., yl.)}il be a supervised training sample, and

let K (x, xl.) > 0 be a kernel similarity between a query point x and a training point X, The Nadaraya—
Watson estimator predicts a weighted average of the observed responses:

— Z?ZIK(x’xi)yi
> K(x,x,)

For classification, the same formula can be applied to one-hot encoded class labels, yielding es-
timated class probabilities. Thus, kernel regression provides a direct way to turn a similarity function
into either a regression model or a probabilistic classifier.

Kernel Ridge Regression (KRR). KRR is a regularized kernel method in a reproducing kernel Hil-
bert space. Given a kernel K, let K, . be the Gram matrix with entries

Yaw (x)

(Ktrain )ij = K(xi,xj )’

and let

k =(K(x,xl),...,K(x,xn))T.

X

For the regularized least-squares objective with penalty parameter A > 0, the representer theorem
gives coefficients
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¢ =(Kyin +M, )71 .

train

The prediction at a new point x is therefore

ﬁKRR (x) = kxTc = k)cT (Ktrain

+Al, )_1 .

For multi-class classification, the same expression can be applied to one-hot encoded labels or to
one-vs-rest target vectors.

Positive Semidefiniteness Criterion. We use the standard notion of conditional negative definite-
ness. A symmetric function d with d(x, x) = 0 is conditionally negative definite (CND) if, for all finite
Sets X, ..., X, and real coefficients a,...a, with Ziai =0,

i aiajd<xi,xj)30.

i,j=1

By Schoenberg’s theorem [20], d is CND if and only if exp(—yd) is positive semidefinite (PSD)
for every y > 0.

Problem statement

Let X < R" be the input space. In classification, the response space is ) = {1,...,C}; in regres-
sion, ) = R. Given a supervised sample

Dtrain :{(xi’yi)}:l:19 (‘xiayi) EXX)),

the standard objective is to construct a prediction rule g: X — ) that generalizes to unseen observa-
tions. In this paper, g is obtained from a kernel estimator, so the main modeling problem is to construct
a valid kernel

K: XAxX—>R.

The central object of interest is a tree-induced structural function. Let a fitted forest /' assign each
observation x to a collection of terminal leaves. We seek a function fF (x, y) that measures how far two
observations are with respect to this learned forest structure, and then define a kernel of the form

K (x,y)=exp(-D(x,y)),

where D may combine fF with the Euclidean distance in R’. The mathematical requirement is that the

resulting Gram matrix (K (xi,x ; )) be positive semidefinite for every finite sample.
i,j=1

The motivation for this formulation is that standard random-forest proximities usually measure
only how often two observations reach the same terminal leaf. This information is useful but coarse:
it ignores where two paths separate, how deep their common ancestor is, and how leaves are arranged
inside the tree. The problem is therefore to build tree-induced kernels that use richer structural infor-
mation while remaining mathematically valid and computationally practical for kernel-based classi-
fication and regression.

We also consider a controlled source-to-target structure-reuse setting. A source task provides a
comparatively large labeled dataset D, from which a tree ensemble and the associated structural
similarity can be learned. A related target task provides a much smaller labeled dataset Dtgt. The goal is
not to learn a general domain-adaptation model, but to test whether the source-induced tree structure
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remains informative when used as a kernel or metric for a related target response with limited labeled
data.

This formulation leads to four requirements. First, the resulting distances must be well defined on
the leaf quotient spaces induced by individual trees. Second, forest-level aggregation must produce
positive semidefinite kernels suitable for kernel methods. Third, the construction should allow a con-
trolled combination of tree-induced structure and Euclidean geometry in the original feature space.
Fourth, the resulting kernels should be usable in supervised classification, supervised regression, and
controlled source-to-target structure-reuse scenarios.

Method

The method turns a trained tree ensemble into a kernel model in three steps. First, for each tree
T, observations are projected to the quotient space XT determined by terminal leaves. A single-tree
structural distance or dissimilarity f'is then computed on this quotient space. Second, the single-tree
quantities are averaged over the forest. Third, the resulting forest-level structural distance is inserted
into an exponential kernel, optionally mixed with the Euclidean distance in the original feature space.

Thus, each choice of f defines not only a structural interpretation of tree proximity, but also a
complete kernel learning model through the induced Gram matrix. The constructions below differ in
how much of the tree hierarchy they use: terminal-leaf agreement, depth of path divergence, explicit
Euclidean embeddings of leaves, inverse-depth penalties, or learnable depth-dependent weights. For
an ensemble F', the single-tree quantities are aggregated by averaging:

Ly fr (%)

fF(xvy):M ~

The associated exponential forest kernel is

Kv (x,y) = eXp(_YfF (xay)) = ﬁexp(_%frm (x,y)ja

which is positive semidefinite whenever the corresponding single-tree exponential kernels are positive
semidefinite. The forest induces an equivalence relation in which two observations are equivalent if
they are assigned to the same terminal leaf in every tree.

The proposed approach combines two sources of information about object proximity. The struc-
tural component captures similarity with respect to data-dependent tree partitions and can repre-
sent nonlinear local structure that is not apparent under purely Euclidean distances. The geometric
component preserves sensitivity to direct distances between feature vectors. Once a structural forest
distance fF has been obtained, we use the mixed kernel

K (X, 3) = exp {amﬂl—a)M} ’

h G

where A, (x,y) = ||x—y|z , OLE [O,l] is the mixing coefficient, and 6, > 0, & > 0 are scaling parame-
ters for the structural and Euclidean components, respectively. As o tends to 0, the model emphasizes
forest structure; as o tends to 1, it approaches a Euclidean kernel model.

The resulting kernel can be used directly in the Nadaraya—Watson estimator or in KRR. In both
cases, each choice of the structural component f induces a different Gram matrix and therefore a
different learning model.

35



4 |/|HTeJ'IJ'IEKTyaJ'IbeIe CUCTEMbI N TEXHOJIOTUNU, VICKyCCTBeHHbIl‘/II NHTENNEKT >

We introduce four structural choices for f: a shared-leaf distance based on 1—s(x, )), a path-based
distance p, an inverse-depth metric » based on the lowest common ancestor, and a learnable weighted
metric w with depth-dependent weights. The metrics are introduced to capture progressively richer
information contained in a fitted tree: terminal-node agreement, the depth at which two decision
paths separate, explicit finite-dimensional representations of leaves, and learnable depth-dependent
penalties.

Path-Based Structural Kernel Model. Let d > 1 be the maximum depth of a nontrivial tree 7. For
an object x, write its path as

pr(x) :(vo,v1 (x),....v, (x)),

where paths ending before depth d are padded with leaf-specific dummy states. Thus, two observa-
tions in the same leaf have identical padded paths, while observations in different leaves differ imme-
diately after their lowest common ancestor. For two objects x, y, define the first depth at which their
padded paths differ by

diff, (x,y)=min{i€{1,---,d} ZVi(x)i"i(y)}’

when such an index exists. The depth of the lowest common ancestor is

[diff, (x,y)=1 pr(x)= pr ()
l(x’y)‘{ d, pr(x)=pr(¥)

This quantity is the basic structural statistic used by the path-based, inverse-depth, and weighted-
depth metrics. It equals d for observations assigned to the same leaf under the padded-path conventi-
on, which makes the normalized path distance vanish for leaf coincidences.

For a single tree, this model treats two observations as structurally close when their paths diverge
only at a large depth, even if they do not end in the same terminal node. The path-based structural
distance is the complement:

I(x)

=1—
p(x,») y

Hence p(x, ) is zero for objects in the same leaf and increases when their paths separate closer to
the root.

Proposition 1 (Path-Based Structural Kernel Model). For the path-based model defined by p(x,
y)=1—1I(x,y)/d, the function p is CND. Hence the forest-aggregated path-based kernel is PSD.

Proof. Let V" be the set of non-root states in the padded tree representation, including the leaf-
specific padding states, and define the path-indicator feature map

v, (x), :I[vepT (x)], veV"

Then <\|!T (x),\j/T ( y)> equals the number of shared non-root states on the two padded paths,

which is / (x, y). Hence

k(xy)=1(xp)fd =(d Py (x), d vy ()
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is a PSD kernel with unit diagonal. Therefore, p is CND. Since CND functions are closed under non-
negative linear combinations, the forest average is also CND. The squared Euclidean distance is CND
as well, so the mixed exponent is CND. The PSD property of the corresponding forest and mixed ker-
nels follows by Schoenberg’s theorem.

Leaf-Coincidence Kernel Model. For a single tree, this model uses only terminal-node coincidence
and ignores the depth at which two paths diverge. Let XT(x) e L denote the leaf reached by x. The
single-tree similarity and distance are

sp(x,y)= I[kT (x) =%, (y)], di* (x,y)=1-s,(x,»).

The corresponding forest-level similarity is

s(x,») :ﬁgl[pm (x)=pr, (y)}’

the fraction of trees in which x and y lie in the same leaf. The associated exponential kernel is

K(x,y)= exp(—t(l—s(x,y))), t>0.

This is a distance-based version of the classical random-forest proximity kernel, with ¢ controlling
how strongly leaf mismatches reduce similarity. The same distance can also be used in the mixed ker-
nel to combine leaf coincidence with Euclidean geometry.

Proposition 2 (Leaf-Coincidence Kernel Model). The forest similarity s of the leaf-coincidence mo-
del is PSD. Consequently, 1 — s is CND and exp(—t[1 — s]) is PSD for every 7 > 0.

Proof. Let A (x) denote the leaf reached by x in tree 7 , and let n (x) be a |L |-dimensional unit
vector with Xm(x)—th component equal to one. Then

(M (%), (2)) =1[2,, (x) =2, (¥)]-

With the concatenated feature map

1 T

®(x)=—=(m, (x) seomy (1))

M

we obtain

s(x,y)=<q)(x),<l)(y)>.

Thus, s is PSD and has constant diagonal s(x, x) = 1. Therefore 1 — s is CND, and the exponential
kernel follows from Schoenberg’s theorem.

LCA-Depth Kernel Model. Unlike the path-based distance p, which depends linearly on the nor-
malized LCA depth, this model uses an inverse-depth penalty. Forx, y € XT define
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Using the metric 7 produces a kernel model that assigns a strong penalty to pairs separating near
the root and a smaller penalty to pairs whose lowest common ancestor is deep in the tree. This metric
is useful when early splits are expected to encode coarse, high-level distinctions between observations.

Proposition 3 (LCA-Depth Kernel Model 7). For the LCA-depth model, v is an ultrametric on the
leaf quotient space. In particular, v is CND, and therefore exp(—yr) and the corresponding forest-ag-
gregated mixed kernel are PSD.

Proof. Let x, y,z € X, and set

azl(x,y), bzl(y,z), c=l(x,z).

If two of the three classes coincide, the ultrametric inequality is immediate. Otherwise, the com-
mon ancestors of (x, y) and (y, z) imply that x and z share an ancestor at depth at least min{a, b}.
Hence ¢ > min{a, b}. Since u +— (1 + u)~'is decreasing,

1

r(x,z):LSmax{L —}zmax{r(x,y),r(y,z)}.

l+a 1+b

Thus, 7 is an ultrametric. Every finite ultrametric is CND: it can be written as a nonnegative linear
combination of partition semimetrics induced by its level sets, and each partition semimetric is CND.
Forest averaging and the Euclidean component preserve CND, and Schoenberg’s theorem completes
the proof.

Weighted-Depth Kernel Model. Consider a tree T of depth d. Introduce parameters g € R,j=0,
..., d — 1, and define positive increments

5, =exn(s).
which determine a decreasing sequence of distances
- d-1 -

exp(gj): 2.s;, i€0,d, z,=0.

Jj=1

gl

zZ =

J

Il
—_

By construction, z, > z, + 1 for i < d, so the distance decreases as the shared part of the path be-
comes longer.
The tree distance is then defined as

0 if the leaves containing x and y coincide

w(x.y)= dz_l exp(gj) otherwise

J=1(x.y)

Equivalently, the second case can be written as

I(x,y)-1

w(xy)=z- X exp(g,)

J=0

which is the difference between the maximum path length and the length accumulated along the com-
mon part of the two paths.
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The exponential parametrization s, = eXp(gj) ensures positive, differentiable depth weights, while
the use of absolute depth distinguishes subtrees with similar internal structure but different positions
in the tree.

Proposition 4 (Weighted-Depth Kernel Model w). For the weighted-depth model, with positive in-
crements s, = exp(gj), the distance w is CND. Hence exp(—yw) and the corresponding forest-aggregated
mixed kernel are PSD.

Proof. Use the padded tree representation from the path-divergence definition. For each non-root
padded state v at depth u € {1, ..., d}, set a =s, _, and define the weighted path feature map

1(x), =\a1[ve p, (x)].

The inner product

k(x) =((x)x ()

equals the total weight accumulated along the common part of the two padded paths. Its diagonal is

d-1
constant and equal to z, = Z S, If two observations lie in the same leaf, then k(x, y) = z,; otherwise
j=0

I(x,y)-1
k(x, y) = Z;) S Therefore z) — k(x, y) is CND and coincides with w(x, y). Forest averaging and
=

the Euclidean component preserve CND, and Schoenberg’s theorem implies the stated PSD guaran-
tees.

Numerical experiments

The proposed tree-induced kernel models were evaluated in two experimental settings. First, we
study standard supervised learning on classification tasks, using real benchmark datasets. Second, we
study a controlled source-to-target regression setting, where the tree structure and the induced metric
are learned from a source response with more labeled data and then used as a structural similarity for
prediction on a related target response with fewer labeled examples. The experiments compare several
variants of the mixed structural-geometric kernel with classical kernel baselines, random forests, and
nearest-neighbor methods.

Models and baselines. Across all experiments, we compare the proposed tree-induced kernel mo-
dels with standard kernel methods and non-kernel baselines. The first group comprises variants of the
proposed models, with the mixing parameter o tuned over the set {0.0, 0.25, 0.50, 0.75}. Here, zero
corresponds to a purely structural kernel without a Euclidean component.

The learnable variant uses the weighted-depth distance w. In the classification setting, the depth-
weight parameters, mixing parameter o and the bandwidths ¢ and /4 of the structural and Euclidean
components are optimized jointly during training by gradient descent. In the source-to-target re-
gression setting, only the bandwidth and depth-weight parameters are optimized by gradient descent,
while a is selected from the set {0.0, 0.25, 0.50, 0.75} as the value yielding the lowest training loss.
Therefore, we refer to this learnable weighted-depth model as Grad. The trainable parameters of the
Grad model are optimized for 300 epochs using AdamW with a learning rate of 5x10=3 and weight
decay 0.01. The learning rate is adjusted according to a cosine annealing schedule implemented with
CosineAnnealinglLR. Since tree depths are different for the forest trees, for each tree we train a sepa-
rate depth-weight parameter vector during joint optimization. The optimization objective is the mean
squared error for regression tasks and the cross-entropy loss for classification tasks. To reduce the
trivial self-similarity effect, each training observation is excluded from the Nadaraya—Watson sum
when its own prediction is computed. This yields a leave-one-out training objective for all trainable
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parameters. In the classification setting, the parameter o is optimized by gradient descent, and it is
parameterized as the sigmoid of an unconstrained trainable variable to restrict values of o to the range
[0,1]. The bandwidth parameters 6 and /4 are parameterized as exponentials of unconstrained trainable
variables in both learning settings.

We additionally consider three Nadaraya—Watson kernel predictors based on an RBF kernel (RBF),
a Laplace kernel (LAPL), and a mixture of Euclidean and Laplace distances in an exponential kernel
(R+L), where the Laplace kernel employs / ,~horm.

Another baseline is a Nadaraya—Watson predictor based on the random forest kernel (KeRF),
defined as the fraction of trees in which two observations fall into the same terminal leaf. We also
evaluate an extremely randomized random forest (ET) consisting of 100 extremely randomized trees
with a tuned maximum depth on a grid from 1 to 15. The same ensemble of trees is used to construct
the structural component of the proposed kernel models. Finally, we include a k-nearest-neighbor
predictor (KNN), for which the integer-valued number of neighbors K is tuned on a grid from 1 to 10.

Unless stated otherwise above for the Grad model, hyperparameters are selected using grid search
by the target metric AUROC for classification and R? for regression. Each trial is evaluated using 2-fold
cross-validation performed exclusively within the corresponding training partition. For every inner
cross-validation split, preprocessing and the tree ensemble were fitted using only the corresponding
inner-training subset. Thus, the test folds used for the final evaluation do not influence hyperpa-
rameter selection. For all kernel-based methods we tune bandwidth parameters in range [0.0l-dmax,
2-dmax], where dmax is the maximum value over distance matrix, for which the bandwidth is tuned, 20
logarithmically scaled samples are used.

In the supervised classification setting, we evaluate the models using four times repeated stratified
holdout with train size 20%. In each of four repetitions, the data were partitioned into five strati-
fied folds. Each fold was used once as the 20% outer training set, while the union of the remaining
four folds was used as the 80% outer test set. This produced 20 outer train-test splits. Hyperparam-
eters were selected by 2-fold cross-validation performed only within each outer training set. Cate-
gorical features are one-hot encoded and continuous features are standardized. Missing values are
filled by median. All preprocessing transformations are fitted exclusively on each training fold and
then applied to the corresponding test fold. In the supervised learning setting, the training and test
observations are drawn from the same distribution. These experiments therefore examine whether
tree-induced structural kernels improve predictive performance in the absence of transfer between
tasks or domains. Classification performance is measured using the area under the receiver operating
characteristic curve (AUROC). For the multiclass Dermatology and Website Phishing datasets, we
use micro-averaged one-vs-rest AUROC. The experiments use classification datasets obtained from
the UCI Machine Learning Repository [21]. Their main characteristics are summarized in Table 1.

Table 2 reports mean AUROC values over 20 outer test folds (5 folds x 4 repetitions), multiplied by
100. The two best values in each row are highlighted. Grad achieves the best result in most cases, while
simpler non-learnable variants also often exceed classical baselines, including the KeRF built from the
same forest.

For compactness, standard deviations are shown separately in Table 3. These values characterize
the variability of the results across repeated data splits.

We use a controlled source-to-target regression setting to test whether the hierarchical partition
learned by a forest for a source response can be reused as a structural representation for a related target
response. Because the source-target relationship is known by construction, the experiment isolates
structure reuse from uncontrolled changes in domains, covariates, or label semantics.

The controlled setting contains a source task A and a target task B. The complete data-generation,
splitting, training, tuning, and evaluation procedure was repeated in 12 independent experiments.
Each generated dataset contains 210 observations and is divided as follows:
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I
Table 1
Characteristics of the classification datasets
Title Samples Features Classes
Wisconsin Breast Cancer (WBC) 569 30 2
Diabetic Retinopathy (DR) 1151 19 2
EEG Eyes (EEG) 14980 14 2
Haberman (Hab) 306 3 2
Ionosphere (Ion) 351 34 2
Tic-Tac-Toe (TTT) 958 9 2
Website Phishing (WPh) 1353 9 3
Dermatology (Drm) 366 34 6
Table 2
AUROC mean, %
K p r Grad RBF LAPL R+L KeRF ET KNN
WBC 99.29 99.27 99.23 99.34 97.49 98.79 97.91 99.19 98.10 88.60
DR 78.94 78.45 80.28 81.93 74.21 75.90 74.81 81.92 74.18 61.33
EEG 93.87 94.17 94.52 92.14 74.37 92.64 87.23 88.69 94.08 92.50
Hab 65.13 64.49 64.96 65.92 64.97 65.13 64.93 65.77 64.23 55.88
Ton 97.13 96.93 96.67 96.53 89.58 95.14 95.10 96.52 97.38 77.27
TTT 95.60 94.13 93.53 94.53 94.42 94.42 94.53 92.97 94.61 88.78
WPh 96.48 97.01 97.47 97.60 96.37 96.72 96.71 97.13 96.83 82.41
Drm 99.82 99.81 99.74 99.82 76.84 97.78 97.84 99.81 99.54 82.30
Table 3
AUROC standard deviation, %
K p r Grad RBF LAPL R+L KeRF ET KNN
WBC 0.76 0.83 0.74 0.79 0.66 0.68 0.81 0.67 0.73 0.96
DR 2.12 1.95 1.82 2.01 2.95 1.80 2.18 1.58 2.54 2.82
EEG 1.31 0.97 1.17 1.06 2.97 0.98 1.43 0.98 1.03 1.30
Hab 0.60 0.97 0.29 0.51 0.81 0.91 0.78 0.33 0.80 0.73
Ton 0.69 0.91 0.84 0.83 1.11 0.72 0.94 0.76 0.66 2.00
TTT 0.69 1.06 1.03 0.98 1.01 1.28 1.39 1.09 1.43 1.00
WPh 0.66 0.70 0.73 0.83 0.86 0.74 0.83 0.91 0.89 1.70
Drm 0.92 0.70 0.76 0.69 1.76 0.81 0.93 0.75 0.70 1.52

1. D, contains 105 observations (50%) and is used only to train the source forest and construct
the structural metrics.

2. D, contains 35 observations (16.7%) and provides the limited target-task labels used for adap-
tation. The source trees remain fixed. Baseline models are trained directly on the same DB subset.

41



4 |/|HTeJ'IJ'IEKTyaJ'IbeIe CUCTEMbI N TEXHOJIOTUNU, VICKyCCTBeHHbIl‘/II NHTENNEKT >

3. D, contains 70 observations (33.3%) and is used only for final evaluation. All target-model
hyperparameters are selected without access to DT, and performance is reported using R2.

For classification, preprocessing and the tree ensemble were refitted within each inner-training
fold. In the source-to-target experiment, the source forest was fitted on D, and kept fixed, while tar-
get-model hyperparameters were selected by 2-fold cross-validation on D,. This protocol prevents
target-test information from influencing either the source partition or model selection. It therefore
evaluates whether a representation learned from task A remains useful when only a small labeled sam-
ple from task B is available.

The selected synthetic dataset is a multidimensional Archimedean spiral. A parameter ¢ is ran-
domly sampled from the uniform distribution over the interval from 0 to 67w, and the four informative
coordinates follow the smooth embedding x = (¢ sin ¢, 7 cos £, ¢ sin 2¢, t cos 2¢). Four additional Gauss-
ian noise coordinates are appended, giving eight input features in total. The scale of each noise coor-
dinate is matched to the corresponding informative coordinate using c, = median(LXi - median(Xl.)|).
The additional coordinates act as nuisance variables for the source task and make ambient Euclidean
neighborhoods less reliable, while the informative observations remain ordered along one continuous
curved manifold.

For the Linear A source task, the response is y, = 3¢ + 2. The Simple B target response is y, =
= 0.5y, + 0.3|x[|, + &, where ¢ is independent Gaussian noise with standard deviation 0.1. The tar-
get therefore retains a substantial source-task component but also depends directly on feature-space
geometry. This construction is useful for the present purpose because it does not predetermine that
either a purely structural distance or a purely Euclidean distance must be optimal.

The mixing coefficient o controls the Euclidean contribution: oo = 0 gives a purely tree-structural
model, whereas o > 0 combines the transferred structure with direct feature-space geometry. For the
Grad model, o is selected from the set {0.0, 0.25, 0.50, 0.75} using the leave-one-out training loss. For
KRR, A is selected from 15 logarithmically spaced values between 10~'° and 10*. All proposed models
and baselines are tuned under the same data-access restrictions.

Table 4 reports means and standard deviations over all 12 independent experiments, no best-seed
or best-split selection is used. All competing methods are presented depending on the type of kernel
regression (KRR or NW) when applicable. Grad is evaluated only with NW because its trainable met-
ric parameters are optimized through the NW leave-one-out objective.

Table 4
R? (mean =* standard deviation) for the source-to-target structure-reuse task

Method KRR NW

s 0.45+0.07 0.85 + 0.04

p 0.80 £ 0.05 0.88 +0.03

r 0.89 + 0.04 0.86 + 0.04

Grad (w) - 0.90 + 0.02

RBF ~0.06 £ 0.13 0.08 £ 0.10

LAPL 0.43+0.07 0.16 +0.08

R+L 0.35+0.09 0.15+0.09

KeRF —0.1340.14 0.84 +0.03
ET 0.70 £ 0.05
KNN 0.03+0.11
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The strongest baseline is KeRF with NW, which reaches R? 0.84. Several proposed configurations
improve on this reference: s with NW reaches 0.85, p with NW reaches 0.88, r with KRR reaches
0.89, and Grad reaches 0.90. The absolute improvement of Grad over the strongest baseline is 0.06.
Expressed in terms of unexplained variance, 1 — R? decreases from 0.16 to 0.10, a reduction of 37.5%.
This is a practically meaningful gain in a setting where only 35 target-labeled observations are avai-
lable for adaptation.

The results also reveal a useful distinction between fixed and learned structural representations.
The fixed LCA-Depth metric r is strongest with KRR and a = 0, indicating that the source forest alone
captures most of the transferable ordering. The table does not show uniform dominance of every
proposed configuration, which is important for interpreting the result. For example, s combined with
KRR reaches only 0.45, whereas s with NW reaches 0.85; conversely, 7 is stronger with KRR than with
NW. The benefit therefore depends on compatibility between the structural metric and the prediction
rule. Grad provides the highest mean score, but the fixed » configuration is close at 0.89. The evidence
consequently supports a family of tree-induced kernels and an adaptive hybrid model, not a claim that
one metric must dominate on every task.

The real-data classification experiments show a more heterogeneous but still favorable pattern.
The proposed structural kernels improve over classical geometric baselines on several datasets and
often outperform the standard leaf-coincidence kernel. This suggests that terminal-leaf equality is
not the only useful signal contained in a trained forest: the depth and organization of the paths also
contribute to predictive performance. At the same time, the results are not uniformly dominated by a
single structural metric. This is expected, since different datasets may favor different levels of locality:
leaf coincidence is very restrictive, path-based metrics introduce graded similarity, and the weighted-
depth model can adapt the contribution of shallow and deep splits.

The source-to-target regression experiment supports the central motivation for using tree-induced
structure as a reusable representation. A forest trained only on task A remains informative for task B
under limited target supervision, and the strongest results are obtained when the transferred organi-
zation is retained while a controlled Euclidean contribution is allowed.

The scope of this conclusion is deliberately limited. The experiment uses a controlled synthetic
relationship, 210 observations, and a known source-target construction; it does not reproduce the full
variety of real transfer-learning shifts. The reported values are averages over 12 complete independent
repetitions. Finally, positive semidefiniteness guarantees that the proposed functions are valid ker-
nels, not that every forest partition will be useful. Performance depends on whether the source forest
captures structure that is genuinely relevant to the target task.

Conclusion

This paper introduced a family of tree-induced kernel models that combine structural informa-
tion from random forests with Euclidean geometry in the original feature space. The construction is
based on several tree-defined distances and similarities: shared-leaf coincidence, path divergence,
an inverse-depth LCA metric, and a learnable weighted-depth distance. For these constructions, we
established positive semidefiniteness of the associated exponential and mixed kernels under forest
aggregation.

The framework turns each structural metric into a distinct kernel model that can be used with
Nadaraya—Watson prediction or KRR. Empirical results support its usefulness in supervised classi-
fication on real datasets and in a controlled source-to-target regression experiment that tests reuse
of source-trained tree structure for a related target response. In these settings, structural information
beyond leaf equality often improves over the standard random-forest proximity kernel and classical
geometric baselines.
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Future work will apply the proposed framework to real transfer-learning and domain-adaptation
problems in tabular-data settings. A possible theoretical extension is to use the learned tree metrics
to handle auxiliary feature vectors in multiple-instance learning. Another interesting direction is to
study the sensitivity of the models to tree depth and bandwidth selection, and further develop adaptive
depth-dependent weighting schemes. Such extensions would make it possible to calibrate the model
to particular datasets while preserving its connection with positive semidefinite kernel theory.
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