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Abstract. Survival analysis is critical for modeling time-to-event data across medicine,
engineering, and economics. The Beran estimator serves as an efficient nonparametric tool for
estimating conditional survival functions under censoring. However, the conventional Beran
estimator relies on the Euclidean distance for kernel weighting, a metric that fails to account for
heterogeneous scales and correlations among covariates. This limitation can result in suboptimal
weighting when features exhibit multicollinearity or varying measurement units. To address this,
we propose the M-Beran estimator, a generalized formulation that incorporates the Mahalanobis
distance into the kernel smoothing scheme. This modification ensures scale invariance and
leverages the underlying correlation structure of the feature space, transforming the kernel into
an elliptically symmetric form. We evaluate the proposed method through numerical experiments
on real-world survival datasets. Results demonstrate that the M-Beran estimator outperforms the
conventional Euclidean-distance-based Beran estimator, offering improved predictive accuracy.
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AHHOTanusa. AHAJIN3 BbDKMBAEMOCTU MMEET pellaioliee 3HaueHue ISl MOACIUPOBaHUS JaH-
HBIX O BpeMEHHU 10 HACTYIJIEHUSI COOBITUS B MEAMILIMHE, MHXEHEPUU U d3KOoOHOMUKe. OlleHKa
Bepana cayxut 3¢ GeXTUBHBIM HelapaMeTPUIECKUM MHCTPYMEHTOM [IJIsI OLIEHKHW YCIIOBHBIX
GYHKIMI BEDKMBAEMOCTH TIPU LIEH3YPUPOBAHHBIX JaHHBIX. OMHAKO cTaHmZapTHas olleHKa be-
paHa OCHOBaHa Ha €BKJIMIOBOM PACCTOSHUM IJIST B3BCIIMBAHUS SIACP — METPHUKE, KOTOpast He
YUIUTBHIBACT pa3INUMe B MacIITadax MpU3HAKOB M KOPPESIIINN MEXITy HUMUA. DTU OTrpaHNICHUS
MOTYT MPUBECTU K HEONTUMAJIbHOMY B3BEIIMBAHMIO, KOTIA MPU3HAKU JEMOHCTPUPYIOT MYJb-
TUKOJUIMHEAPHOCTh WJIM Pa3iMUHbIe eNUHUIIbI U3MepeHUs. s peleHust 3Toi MpoOaeMbl Mbl
npeanaraeM oueHky M-bepaHa — 00001IeHHYI0 (DOPMYJIUPOBKY, KOTOpasl BKJIIOYaeT paccTo-
ssHue MaxajlaHobuca B cXeMy CIyIaxkMBaHUs siiep. DTa Moaudukalus odecrieunBaeT MUHBapU-
aHTHOCTb K MAacINTady JAaHHBIX M WCIOJb3YeT JICXKAIIyI0 B OCHOBE KOPPEISIUOHHYIO CTPYK-
Typy IIPOCTPAaHCTBA IPU3HAKOB, IPeodpasysd SApPO B SJUIMITHUICCKA CUMMETPUIHYIO (POpPMY.
MpbI onileHHMBaeM TPEAT0XKEHHBIN METO ¢ TOMOIIBIO YUCICHHBIX 9KCIIEPUMEHTOB Ha peabHBIX
Habopax JaHHBIX BpeMeH 10 coObITHil. Pe3ynbraThl MOKa3bIBaloOT, YTO olieHKa M-bepaHa mpe-
BOCXOIUT TPaAWIIMOHHYIO OLIEHKY bepaHa Ha OCHOBE €BKIMIOBA PAaCCTOSTHUSI, 00ecIieunBast
0o0J1ee BHICOKYIO TOYHOCTD ITPeACKa3aH .

KiroueBbie ciioBa: MalllMHHOE OOydyeHUME, aHAIN3 BBKMBAEMOCTHU, olleHKa bepaHa, paccrosiHue
Maxanano6uca, C-uHaekc, YHKILUS BbIXKMBAEMOCTU
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Introduction

Survival analysis, the statistical study of time-to-event data, is essential across diverse fields [1—4].
It guides clinical trials and disease modeling in medicine, predicts system failure in engineering, and
assesses churn or turnover in economics, social sciences, and marketing. Characterized by censoring,
where events may be unobserved, this data complexity motivates the continued development of robust
estimation methods. Among the most fundamental tools for flexible survival analysis is the Beran esti-
mator [5]. Given a set of censored survival times and a vector of covariates, the Beran estimator pro-
vides a nonparametric estimate of the conditional survival function (SF) by applying kernel smoothing
directly to the observed events and censoring processes. Its appeal lies in its ability to model complex,
nonlinear relationships without imposing restrictive parametric assumptions such as proportional haz-
ards [6], making it particularly valuable in applications where the underlying mechanisms are poorly
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understood or where standard models fail. The estimator’s formulation relies on a kernel function that
assigns weights to neighboring observations based on their proximity in the feature space, typically em-
ploying the Euclidean distance.

Despite its flexibility, the conventional Beran estimator inherits a fundamental limitation from its re-
liance on the Euclidean metric. In practical applications, covariate vectors often exhibit heterogeneous
scales, complex correlations, and multicollinearity — features that the Euclidean distance is ill-equipped
to handle. Consider, for instance, a clinical study of cancer survival where covariates include tumor
size (measured in millimeters), patient age (in years), and multiple correlated biomarkers; in engineer-
ing reliability, correlated sensor measurements from a monitoring system. In each case, the Euclidean
metric treats each covariate dimension independently and equally. Moreover, it ignores the underlying
correlation structure of the covariate distribution, which can lead to suboptimal weighting: two patients
who appear similar in Euclidean terms may, in fact, be statistically dissimilar if they deviate from the
dominant correlation patterns of the biomarker panel, potentially compromising the accuracy of survi-
val predictions that inform critical clinical decisions.

A solution to these challenges lies in replacing the Euclidean distance with the Mahalanobis dis-
tance [7].

The Mahalanobis distance offers several advantages that are directly relevant to real-world survival
analysis applications. First, it is scale-invariant, automatically accounting for differences in measure-
ment units, whether tumor size in millimeters, gene expression on a log scale, or sensor voltages in
engineering systems, and eliminating the need for separate bandwidths per covariate. Second, and more
importantly, it incorporates the correlation structure of the data, so that distances are measured in terms
of statistical fluctuations rather than raw coordinate differences. Observations that lie along directions
of high variance are considered closer, while those that deviate against the correlation structure are
appropriately penalized. This property is valuable in applications with redundant or highly correlated
predictors, such as the analysis of multiple clinical biomarkers, correlated survey responses in social
science event history studies, or multi-sensor reliability data.

In the context of kernel-based nonparametric estimation, substituting the Euclidean distance with
the Mahalanobis distance transforms the kernel from a product of independent univariate kernels into
a single, elliptically symmetric kernel defined on the standardized and decorrelated feature space. This
simple modification carries profound implications for applied survival analysis. It can help to maximize
the predictive performance of the Beran estimator, such as by maximizing the conditional likelihood of
the observed survival times. While the original Beran estimator and its theoretical properties have been
extensively studied [5, 8, 9], the systematic incorporation of the Mahalanobis distance into its kernel
structure remains relatively underexplored.

The Mahalanobis distance attracts attention in tasks of survival analysis. For example, a nonparamet-
ric weighting approach was proposed in [10], which balances the covariates between treatment groups by
Kernel Mean Matching (KMM) with the Mahalanobis distance kernels. A linear-mixed effects mod-
el and the Cox model for survival time are considered in [11, 12], where the Mahalanobis distance is
used to detect outliers in survival data. In [13], a Moving Multivariate Distance (MMD), based on the
Mahalanobis distance, was proposed to quantify the variability of the multivariate biomarker profile as
a whole from one visit to the next. In [14], flexible machine learning models were evaluated, capable
of incorporating interactions and nonlinear effects from high-dimensional data using the Mahalanobis
distance to estimate individualized treatment recommendations in trials with time-to-event outcomes.
In [15], a method was proposed to match each untreated patient with the nearest treated patient based
on the Mahalanobis distance between patient characteristics.

Techniques based on the Mahalanobis distance and applied in different fields of chemometrics such
as in multivariate calibration, pattern recognition and process control are explained and discussed in
[16]. The most important application of the Mahalanobis distance is related to out-of-distribution
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detection and outlier detection [17—20]. Application of the Mahalanobis distance to a k-means clus-
tering algorithm was studied in [21]. In [22], it is proposed using a Mahalanobis distance metric for
computing the attention weights to stretch the underlying feature space in directions of high contextual
relevance.

However, to the best of our knowledge, at the moment, no approach is known that incorporates the
Mahalanobis distance to the Beran estimator. Therefore, following [22], we propose a generalized Beran
estimator that incorporates the Mahalanobis distance into its kernel weighting scheme. We called the
proposed model as the M-Beran estimator. Through real data, it is shown that the M-Beran estimator
outperforms the conventional Beran estimator, using the Euclidean distance.

Background

The Mahalanobis Distance

The Mahalanobis distance is a measure of distance that accounts for the scale and correlation struc-
ture of multivariate data [7]. Unlike the Euclidean distance, which treats all dimensions independently,
the Mahalanobis distance provides a metric that is invariant to affine transformations of the covariate

T
p) be a p-dimensional random vector with mean vector pu =& [X ] and posi-
tive-definite covariance matrix

space. Let X:(xl,...,x

M =Cov(X)=B| (X -p)(X -n)" |

For two vectors x, y € R?, the squared Mahalanobis distance is defined as

d;, (x,y)=(x—y)T M (x-y).

When comparing an observation x to the population mean p, the squared Mahalanobis distance
simplifies to

diy (x.p) = (xx-p) M7 (xx-p).

The Mahalanobis distance possesses several properties that make it particularly attractive for statis-
tical applications. In practice, the population parameters p and M are unknown and can be estimated
from data.

Concepts of Survival Analysis

Unlike standard regression settings, survival data are characterized by the presence of censoring,
which occurs when the event of interest is not observed for some subjects during the study period [23].
Let 7> 0 denote a non-negative random variable representing the survival time, the time until the oc-
currence of the event of interest. The SF S(¢) is defined as the probability that an individual survives
beyond time #: S(#) = P(T > t). Due to censoring, the exact survival time may not be observed for a part
of individuals. The most common form is right censoring, where the study ends before the event oc-
curs or the individual is lost to follow-up. Let C denote the censoring time, and define the observed
time Y = min(7, C) and the censoring indicator & = ]I(T <C ), where 0 = 1 indicates that the event
was observed and 6 = 0 indicates censoring.

When no covariates are present, the SF S(¢) is nonparametrically estimated by the Kaplan-Meier
estimator [24]:

SKM(t): H _i >

()<t r;
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where dj is the number of events at time t(j); g is the number of individuals at risk just before time t(i),
i.e., the number of individuals with ¥ > t(j). A
In most applications, interest lies not in the marginal survival distribution but in how survival de-

pends on covariates X € R”. The conditional SF is defined as
S(t|x) = ]P’(T > t|X = x).

Parametric approaches assume a specific functional form for S(# | x), most notably the Cox propor-
tional hazards model [6]. While the Cox model is widely used due to its interpretability and computa-
tional convenience, its proportional hazards assumption may be violated in practice. Nonparametric al-
ternatives, such as the Beran estimator, offer greater flexibility by avoiding such parametric restrictions.

The Beran Estimator

The Beran estimator [5], also known as the conditional Kaplan-Meier estimator, provides a non-
parametric estimate of the conditional SF S(7 | x) using kernel smoothing. It extends the Kaplan-Meier
estimator to incorporate feature information by weighting observations according to their proximity in
the feature space.

If our goal is to estimate SF S(7 | x,) for a feature vector X, then observations with feature values
close to x,, should receive greater weights than those far away, as they provide more relevant informa-
tion about the conditional distribution. The Beran estimator allows us to extend the Kaplan-Meier
estimator for accounting this idea.

Let (x, 8, ), i =1, ..., n, be instances from the dataset, where ¢, = min (7, C) and 8, = ]I(Y: < Ci).
We assume that £, <7, <..<{ is an ordered sequence of times. Define a kernel function K : R? — R
with bandwidth parameter T > 0 of the kernel. The kernel assigns higher weights to observations with

x, close to a target feature vector x. The Beran estimator of the conditional SF S, (t |x) is defined as:

9

) - ~ Ot(xaxwr)
S, (t|x)—g 1 I—Zijla(x’xf’r)

where the weight a(x, x,, T) can be defined through kernels as
K(x,x,7)
Zj.;lK(x,xj,t)

In particular, the “softmax” operation with a parameter T is obtained when the Gaussian kernel is
used, i.e., there holds

o(x,x,1)=

2
a(x,xi,r) = soﬁmax(— i ]
T

The practical performance of the Beran estimator critically depends on the choice of bandwidth T.
Cross-validation methods are commonly employed to optimize the model parameter 7.

While the Beran estimator with product kernel is widely used, its reliance on the Euclidean metric
imposes several limitations. First, it assumes that the influence of each feature is separable and that fea-
tures are independent in the distance calculation. As a results, the Euclidean metric ignores correlations
among features, which can lead to suboptimal weighting in the presence of multicollinearity. Second,
it is sensitive to differences in scale: features with larger magnitudes dominate the kernel weights unless
carefully standardized. These limitations motivate the extension to the M-Beran estimator.
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The M-Beran Estimator

The methodological core of our work is the incorporation of the Mahalanobis distance into the ker-
nel weighting scheme of the Beran estimator. It is proposed to replace the Euclidean distance in the
kernel functions of the Beran estimator with the Mahalanobis distance.

Let M be a positive-definite covariance matrix and T > 0 the bandwidth parameter. The M-Beran
estimator of the conditional SF S(¢ | x) is:

i
. (XM (x,X~,r)
= 1_ [
Sn (t|x) }_S[t l_zlj_:llaM (x’xj,r) 9

where aM(x, X, T) is a weight determined by the Mahalanobis distance from the target feature vector x
to each observation’s feature vector and determined for the Gaussian kernel as

d: (x,x,
o(x,x;,7) = softmax —M )
T
Given a sample X5 X, WE first estimate the mean vector of features [i:

:le

n
Second, the sample covariance matrix M is estimated using the mean vector as:

W =— % (x,— ) (x - R).

n—1x=

—

In high-dimensional settings where p > n, M becomes singular, requiring regularization techniques.
The next step is to compute the matrix M~ by inverting the matrix M. The matrix M in high-dimen-
sional settings where p > n, may be not invertible. In this case, regularization can be used as follows:

were where € is a small positive number, and I is the identity matrix.
Then we compute the Mahalanobis distance as:

d2 (x,%,)=(x, ) M~ (x,— ).

The M-Beran estimator operates as follows: at each distinct event time tj, we compute a kernel-
weighted proportion of events, where the weights are determined by the Mahalanobis distance. Obser-
vations with x, close to X in the Mahalanobis sense receive higher weight. The product of one minus
these weighted proportions over all failure times up to 7 yields the estimated conditional survival
probability.

The Mahalanobis distance generalizes the Euclidean distance, namely, if M is a diagonal matrix

M = diag(crl2 ,...,O'i), i.e., its diagonal consists of variances of individual features (M = diag(csl2 ,

ey Gf, )) and other elements are zero, then the Mahalanobis distance is equal to the standardized Eu-
clidean distance.
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Numerical results

To compare the M-Beran estimator with the standard Beran estimator, which uses the Euclidean
distance in kernels, the following real benchmark datasets were used:

* Veterans’ Administration Lung Cancer Study (Veferan) Dataset: 137 observations, 6 features;

* Breast Cancer Dataset: 198 observations, 80 features;

* Lung Cancer Dataset: 228 observations, 9 features;

* German Breast Cancer Study Group 2 (GBSG?2) Dataset: 686 observations, 8 features;

* Monoclonal Gammopathy (MGUS) Dataset: 1384 observations, 5 features;

» Diabetic Retinopathy Dataset: 394 observations, 9 features;

* Ovarian Cancer Survival Data (Ovarien): 26 observations, 4 features.

* Chronic Granulomatous Disease (CGD) Dataset: 203 observations, 16 features.

In order to optimize the model temperature parameters T of the estimators, we perform a 5-fold
cross-validation on the training set. The cross-validation is performed with 100 repetitions. This proce-
dure is realized by considering all possible values of T in a predefined grid. The models are implemented
by using the R software with the main R package “survival”.

Table 1 presents a comparative analysis of the Mahalanobis-based Beran estimator (M-Beran) ver-
sus the standard Beran estimator across eight real survival datasets, using the C-index as the evaluation
metric. The M-Beran estimator outperforms the standard Beran estimator on six out of eight datasets,
demonstrating the general effectiveness of incorporating Mahalanobis distance into kernel-based sur-
vival estimation. The M-Beran achieves its highest C-index on the datasets which likely contain mean-
ingful correlation structures among features that the Mahalanobis distance effectively captures. We can
also note that the dataset Breast Cancer with the worse C-index of the M-Beran estimator has the large
number of features (80 features) in comparison with other datasets, which may affect the estimation of
the covariance matrix. The results indicate that the Mahalanobis distance is a valuable enhancement
to the Beran estimator. The negative result on the Breast Cancer dataset serves as an important caveat,
highlighting that the method is not universally superior and that the choice of distance metric should
be guided by the underlying data structure.

Table 1
Results of comparison using the C-index metric for the M-Beran estimator
with the standard Beran estimator on real datasets

Dataset Standard Beran M-Beran Difference

Veteran 0.706 0.713 0.007
Breast Cancer 0.517 0.463 —0.054

GBSG2 0.513 0.523 0.01
Retinopathy 0.582 0.588 0.006

MGUS 0.724 0.742 0.018
Lung Cancer 0.646 0.668 0.022

Ovarien 0.774 0.798 0.024

CGD 0.583 0.724 0.141

In order to illustrate the difference in SFs predicted by the standard Beran estimator and the M-Be-
ran estimator for the Veferan dataset, we show the corresponding SFs in Fig. 1, where SFs of the stand-
ard Beran estimator are depicted by solid lines, SFs of the M-Beran estimator are depicted by dashed
lines. The left graph corresponds to the patients with: Karnofsky score — 90, Cell type — Squamous,
Age — 55, Treatment — Standard, Prior therapy — No. The right graph corresponds to the patients with:
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Fig. 1. SFs predicted by the standard Beran estimator and the M-Beran estimator
for two patients from the Veteran dataset
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Fig. 2. SFs predicted by the standard Beran estimator and the M-Beran estimator
for two patients from the Lung Cancer dataset

Karnofsky score — 40, Cell type — Adenocarcinoma, Age — 70, Treatment — Test, Prior therapy — Yes. It
can be seen from Fig. 1 that the M-Beran estimator corrects SFs in accordance with the patient features.

Similar SFs of two patients from the Lung Cancer dataset are shown in Fig. 2. The left graph details
a 55-year-old female with favorable health metrics, where the M-Beran estimator predicts a medi-
an survival of 588 days, nearly double the standard Beran model’s 292 days. In this first scenario, the
blue dashed line stays consistently higher than the orange line, indicating a superior predicted survival
probability for the M-Beran approach. The right plot shows a 75-year-old male with poorer health in-
dicators, where the M-Beran estimator again forecasts a longer median survival of 740 days compared
to the standard model’s 511 days. While the overall SF drops more rapidly for the second patient, the
M-Beran estimator consistently estimates better outcomes than the standard Beran estimator in both
distinct cases.

Fig. 3 illustrates the relationship between instances in the Veteran (the left graph) and Lung Cancer
(the right graph) datasets by using the well-known procedure of the dimensionality reduction called
t-SNE [25].

One can see from Fig. 3 that instances in the both datasets are highly correlated. This implies that
the M-Beran estimator provides better results than the standard Beran estimator. The same can be seen
from Table 1.

Fig. 4 shows the same relationship between instances in the Breast Cancer dataset. As a result, the
standard Beran estimator outperforms the M-Beran estimator as it is also follows from Table 1.
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It is interesting to note that the M-Beran estimator performance depends also on the kernel type. For
example, let us consider the triangular kernel defined as follows:

K(u)= max(0,1—|u|).

Hence, the weight a in the M-Beran estimator is

max(O,l—dfl (x,xi)/r) .
z;;lmax(O,l—dé (x,xj)/r)

o(x,x,1)=

The use of this kernel significantly improves the M-Beran estimator performance for the Veteran
dataset. The C-indices in this case for the standard Beran and M-Beran estimators are 0.582 and 0.724,
respectively. At the same time, results for the Lung Cancer dataset (0.525 and 0.497) demonstrate de-
terioration in accuracy characteristics. This implies that the performance of the M-Beran estimator
depends on many parameters, including the kernel type.

Discussion

Advantages
In the context of survival analysis, particularly when using nonparametric methods like the Beran
estimator, the choice of distance metric is critical because it dictates how “similarity” between patients
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or systems is defined. The Mahalanobis distance is important in survival analysis for the following key
reasons:

1. Survival datasets often contain features measured in vastly different units (e.g., age in years, tumor
size in millimeters, gene expression on a log scale, or sensor voltage). The Euclidean distance is sensi-
tive to the scale of measurement. A variable with a large range will dominate the distance calculation
over a variable with a small range, even if the latter is more predictive of survival. By incorporating the
covariance matrix, it automatically standardizes the variables, ensuring that each covariate contributes
appropriately to the distance metric regardless of its original unit or magnitude. This eliminates the need
for arbitrary manual standardization or tuning separate bandwidths for each covariate.

2. In many survival applications (e.g., genomics, multi-sensor engineering monitoring), covariates
are highly correlated. The Euclidean distance assumes orthogonality between dimensions. When two
biomarkers are closely related, Euclidean distance counts the same information twice, making the sim-
ilarity calculation inaccurate. The Mahalanobis distance accounts for the correlation structure of the
data. It measures distance in terms of standard deviations from the mean, penalizing deviations that go
against the natural correlation pattern of the data. This ensures that redundant information does not
artificially inflate the similarity between observations.

3. Nonparametric survival estimators like the Beran estimator rely on kernel smoothing, where ob-
servations closer to the target vector x receive higher weights. Using Euclidean distance creates “spher-
ical neighborhoods”. In a correlated feature space, a spherical neighborhood may include observations
that are statistically dissimilar while excluding those that are relevant but lie along a correlated axis.
The Mahalanobis distance creates “elliptically symmetric neighborhoods” aligned with the data density.
This ensures that the kernel weights are assigned to observations that are truly statistically similar, lea-
ding to a more accurate estimation of the conditional SF S(z | X = x).

4. Survival data is characterized by censoring, meaning information about the event time is missing
for some subjects. This makes the effective sample size smaller and the estimation problem harder. Be-
cause censored data provides less information, it is crucial to maximize the utility of every uncensored
neighbor. A superior distance metric ensures that the few available relevant neighbors are identified
correctly. By reducing bias in neighbor selection, the Mahalanobis distance helps produce more stable
survival curves even when data is sparse due to heavy censoring.

Challenges and disadvantages

While the Mahalanobis distance offers significant advantages over the Euclidean distance in handling
scale and correlation, it also introduces specific challenges and disadvantages in the context of survival
analysis:

1. The Mahalanobis distance requires the inversion of the covariance matrix M. In modern surviv-
al analysis, the number of features p often may exceed the number of observations n. When p > n, the
covariance matrix is singular and cannot be inverted. Even when p < n, if features are nearly collinear,
the matrix becomes ill-conditioned, leading to numerical instability and unreliable distance calcula-
tions. This requires regularization techniques which introduce additional tuning parameters.

2. The Mahalanobis distance relies on the sample mean and sample covariance matrix, both of
which are highly sensitive to outliers. In survival data, extreme values can disproportionately skew the
covariance estimate. This “masking effect” can cause the distance metric to shrink around the outliers,
making actual outliers appear normal and distorting the kernel weights for the majority of observations.
Robust estimators are required but are computationally more expensive.

3. The Mahalanobis distance typically uses a global covariance matrix estimated from the entire
dataset. Survival relationships are often local; the correlation structure between features might differ
across subgroups (e.g., the relationship between age and biomarkers might differ for early-stage versus
late-stage disease). A global metric assumes the correlation structure is constant everywhere, which may
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not align with the local nature of kernel-based estimators like the Beran estimator. A local covariance
would be more appropriate but is difficult to estimate reliably due to data sparsity.

4. Computing the inverse covariance matrix has a computational complexity not less than O(p?),
where p is the number of features. For datasets with a large number of features, this calculation becomes
burdensome, especially if the distance needs to be recomputed repeatedly (e.g., during cross-valida-
tion). This is less of an issue with the Euclidean distance, which requires no matrix inversion.

5. Euclidean distance corresponds to intuitive geometric space (e.g., “5 years difference in age”).
Mahalanobis distance measures distance in terms of standard deviations within a multivariate distri-
bution. It is harder for clinicians or engineers to interpret what a specific Mahalanobis distance value
means in practical terms. Explaining why two patients are “distant” requires explaining the underlying
correlation structure, which can be a barrier to adoption in applied settings.

In sum, the Mahalanobis distance introduces computational burdens, instability in high dimensions,
and sensitivity to outliers. In survival analysis, these limitations often require additional methodological
steps, such as regularization, robust covariance estimation, or dimensionality reduction, to ensure the
metric remains reliable.
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